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Abstract

Quantum Chromo-Dynamics (QCD) is widely accepted as the fundamental theory of elemen-
tary particles of quarks and gluons. This fact is supported by the good agreement between
experimental observations and various theoretical predictions, lattice QCD, perturbative QCD,
QCD sum rules and so on. Hadrons are composite particles consisting of quarks and gluons, so
that their properties themselves are one of the main topics which should be clarified from QCD.
Perturbative approaches in QCD are not applicable in the low energy region where most of the
light hadrons live since the effective coupling constant becomes larger in the region. Further-
more, in addition to such a practical problem, some effects which in principle cannot be taken
into account by the perturbation theory are believed to play important roles in the lower energy
region. Thus, one states that a “non-perturbative” approach is necessary to resolve such prac-
tical and/or fundamental problems. Due to the above theoretical difficulty, related physics with
hadron properties, confinement and spontaneous breaking of chiral symmetry, may not be satis-
factorily understood from QCD even today. In association of recent development of computers,
the lattice QCD simulation as a numerical approach has become a powerful non-perturbative
method and clarifies hadron properties and the related physics. On the other hand, analytic
approaches are also important to understand QCD more deeply. The QCD sum rule is one
of the analytic non-perturbative approaches and is utilized to study hadrons from around the
same time as the lattice QCD entered the stage. The QCD sum rule is a method to calculate
a hadronic spectral function (SPF), which we would like to know from QCD in order to study
hadron properties. This method consists of roughly two stages: construction of integral rules
for SPF from QCD and determination of SPF from them.

The construction of integral rules is based on two important key words, analyticity and
factorization. The analyticity of a correlation function leads to a dispersion relation, which
gives the relation between the integral of SPF with a kernel and the correlation function in
the virtual momentum region. Factorization enables us to obtain the correlation function in
the special form: a sum of condensates multiplied by their Wilson coefficients. This is called
operator product expansion (OPE). It is the condensate that reflects non-perturbative effects.
Thus, we construct integral rules of SPF taking into account non-perturbative effects.

For the determination of SPF, traditionally one assumes its functional form to be simplified
being “one pole + continuum”. Although this scheme is successful to extract the information
on the lowest (ground) state in the analyzed channel, one must ignore other (or excited) states.
Recently, there appears an evolution to tackle this difficulty, that is, the application of the
maximum entropy method (MEM) to QCD sum rules. In this method, by the help of the
Bayesian probability, one can uniquely determine SPF from the integral rule without any strong
assumption on its functional form as is done in the traditional method. It is, however, known
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by some studies that only one peak is reproduced from the usual integral rule of Borel sum rules
with MEM. From this point of view, we realize that there remain fundamental problems in the
stage of construction of the integral rules.

In this thesis, two attempts are proposed to bring fundamental improvement of the QCD
sum rule or go beyond the QCD sum rule. The first attempt is the generalization of the Borel
sum rule to the complex variable sum rule. By carefully considering the analyticity in the
stage of construction of integral rules, we show that the parameter of the integral rule, which is
conventionally considered to be real values, can have also complex values. This simple discovery
leads to the complex Borel sum rule (CBSR), where the Borel mass is generalized to have not
only real values but also complex ones. It is shown that the analysis system using CBSR and
MEM has the ability to reproduce the second peak. This approach is applied to charmonia
(bound states of charm and anti charm quarks) at finite temperature. By temperature effects
hadrons are expected to become free from the confinement to disappear (melt). Thus, the
melting temperature is one of the important quantities to study the confinement. In this study,
both the melting temperatures of the ground and excited states are estimated.

The second attempt is to take an infinite summation of partial series in the OPE. It is the
OPE in the whole system of QCD sum rules that reflects the non-pertarbative future of QCD to
hadronic SPF. Usually one truncates the expansion at a certain dimension of operators because
the values of higher dimensional condensates are not well known and the calculation of their
Wilson coefficients becomes more and more difficult. However, it is theoretically interesting
to study what kind of roles such a truncated infinite series plays. It is shown that by using
the Schwinger-Dyson equations one can systematically take an infinite summation of a partial
series in the OPE. Actually, the infinite summation of the power series of (gq) is analytically
obtained by this approach, which results in the explicit pole shifts of correlation functions
depending on (gq). The result is theoretically interesting since the non-vanishing (Gq) is a signal
of the spontaneous chiral symmetry breaking. Furthermore, it is discussed how the QCD sum
rule analysis can be modified when such an infinite summation of non-perturbative effects is
introduced.
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Chapter

Introduction

In this chapter, we briefly overview some essential concepts in hadron physics as a linking bridge
with the present studies. The outline of the thesis is also given in the last section of this chapter.

1.1 Quark and hadron

The quarks are the elementary particles appearing in the standard model. Historically, the
concept of quark has been first introduced in the quark model to systematically classify the
newly discovered particles (hadrons) as composite particles of quarks [1-3]. Today the six kinds
of quarks are discovered and distinguished by the quantum number called flavor: up, down,
strange, charm, bottom and top. Their masses are shown in Table 1.1. The interaction between
(among) quarks is induced by gluons. The dynamics of the quarks and the gluons is described
by Quantum Chromo-Dynamics (QCD). QCD is established as a non-Abelian SU(3) gauge field
theory [4] whose internal degrees of freedom is called color. The quarks appear in QCD as the
Dirac fermions which are the triplet states of the color. The gluons are the gauge fields in QCD
which are the octet states of the color.

Flavor Mass
up 2.2J_r8:2 MeV
down 4.7102 MeV
strange 96f§ MeV
charm 1.27+ 0.03 GeV
bottom 4187503 GeV
top 1602 GeV

Table 1.1: Flavor of quarks and their masses [5]. The u, d, and s quark masses are the current
quark masses in MS bar scheme at a scale of 4 ~2 GeV. The ¢ and b quark masses are the
running masses in the MS scheme. t quark mass is the MS bar mass from direct measurements.

Hadrons are the composite particles consisting of quarks. Mass spectra of hadrons and
their properties are some of the main topics which should be clarified from QCD. In QCD,
nevertheless, the perturbation theory, which is an analytic approach, is known not to be available
in the low energy region where typical light hadrons live since the effective coupling constant
becomes larger in the region. Furthermore, in addition to such a practical problem, some effects
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CHAPTER 1. INTRODUCTION

which in principle cannot be taken into account by the perturbation theory are believed to
play important roles in the lower energy region. Thus we conclude that “non-perturbative”
approaches are necessary to resolve such practical and/or fundamental problems.

1.2 Basic properties of QCD

In this section, we will quickly overview the basic properties of QCD, especially, about the
symmetries and the effective coupling constant. Let us first write down the QCD Lagrangian:

) 1 v
Locp = Zq‘f(z D —myg)qs — gTr[GWG“ ]. (1.1)
f

qr is a Dirac fermion field appearing in QCD, namely quark, and the subscript f represents its
flavor. my is the current mass of each quark with flavor f. Further, let us note that the quark
field has two implicit subscripts as ¢*, where o and 7 represent its spinor and color indices,
respectively. The gauge field A}, appearing in the definition of the covariant derivative,

D, = 8, — igAlT", (1.2)

is called gluon. T is the generator in the fundamental representation in color SU(3) acting on
the color space of a quark. The field strength tensor G, is defined as *

?
Guw = ;[DN,D,,]. (1.3)

From this simple lagrangian, we can, in principle, predict all the physics in QCD: the hadron
spectroscopy, hadron scattering, QCD phase diagram and so on.

1.2.1 Gauge symmetry

Since QCD is constructed as the non-Abelian SU(3) gauge theory [4], the Lagrangian is defi-
nitely invariant under the (local) gauge transformation. Here we will briefly check that. The
transformation of the classical fields are defined as

q¢ — Ulx)g, (1.4)
D, — U(x)D,U'(x),
where U(x) = exp(i0®(x)T?). From these definitions, it is almost obvious that the first term in

the Lagrangian is invariant under the gauge transformation. The invariance of the second term
is also understood in the following. By the definition of the field strength, it is transformed as

G — U(2)Gu (2)UT () (1.6)

according to Eq. (1.5). Thus, the invariance of the second term in the Lagrangian under the
gauge transformation is evident by the trace invariance under cyclic permutation. Finally, we
have checked the gauge invariance of the Lagrangian.

*Note that G¢

%

is defined as G, = TG .
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1.2 Basic properties of QCD

1.2.2 Isospin symmetry

When we ignore the mass difference among different flavored quarks, the QCD Lagrangian
becomes invariant under the flavor SU(Ny) transformation. Here let us suppose f = u,d
considering the small mass difference between them. The transformation is defined as

qar — exp(iby 1))y, (L.7)
where [* = U—;, which is the generator of SU(2) acting on the flavor space. o2 is the Puli
matrices. The conserved current followed from Noether’s theorem is

J‘Lju — (jf’y'u’[fa]ff/qf/ (18)
The conserved charge of its time-component is called isospin. It is used as the good quantum
number to classify the hadrons.
1.2.3 Chiral symmetry

In the massless limit, the QCD Lagrangian has the chiral symmetry. Here let us consider such
a limit for v and d quarks due to their quite small masses . The Lagrangian becomes invariant
under the transformation defined as

¢F — exp(i04 7)1 ) (1.9)

Note that this transformation also acts on the spinor space due to ~°.
The conserved current followed from Noether’s theorem is

JZ“ == (Yf’}/u’)p[fa]ff/q]c/. (110)

Let us briefly comment on the well-known physical meaning of the chiral symmetry. In the
massless limit, QCD also holds the isospin symmetry and the relevant conserved current J{i“ .
Then we have the two kinds of conserved charge densities, Jgo and J“}O. By taking their linear
combination of them, we can alternatively construct two kinds of charge densities as follows

1
cr= (" + 3% = af PRI spap, (L.11)
1
e =L T80 = ghPulllpa (1.12)
where Pr = $(1++°) and P, = $(1—~°). Since Pg and Py, are projection operators to the right-

handed and left-handed components in the spinor space, Eq.(1.11) and Eq.(1.12) mean that
the isospin is independently conserved even in each right-handed and left-handed components.

TThis approximation is meaningful when we focus on physics where only the light quarks participate. In QCD
sum rules analyses, for example, spectra of the light hadrons can be well reproduced in the limit. And sometimes
we also discuss this limit for the strange quark due to its relatively smaller mass than the masses of the charm,
bottom and top quarks.

11



CHAPTER 1. INTRODUCTION

:Q2

2
AQCD

Figure 1.1: Schematic picture of QCD effective coupling constant.

1.2.4 Effective coupling constant in QCD

The effective coupling constant of QCD was calculated and investigated [6,7] according to the
analyses by the renormalization group [8-10]. At the leading order in the perturbation in the
MS scheme, the effective coupling constant is given as

2y _ Am 2_ _ 2
QS(Q ) = (11 _ %7’”) IHAQLQ (Q q )7 (113)

QCD

where Agep is called QCD scale defined as a momentum where the effective coupling constant
reaches the unphysical pole in the low momentum region. Agcp is regarded as the typical scale
where the perturbation theory critically breaks down and it is considered that “ non-perturbative
effects” exist and play crucial roles in the low energy region. Though it is widely used in various
contexts, the word of non-perturbative effects do not seem to be clearly defined. One possible
definition may be as follows. Non-perturbative effects are any existing terms in Green functions
which, in principle, cannot be introduced by the perturbation theory. In this thesis, we use the
word of non-perturbative effects as this meaning.

On the other hand, the coupling constant logarithmically decreases at large momentum
transfer. This property is usually called asymptotic freedom. By the asymptotic freedom, we
have a chance of reliable calculations by perturbations for the hard process in QCD. When
ny < 16, the behavior of the effective coupling can be schematically shown in Fig.1.1. It is
believed that the unphysical pole survives even if we take all perturbative corrections of the
beta function. It can be confirmed in the actual results up to three loops [11-15].

12



1.3 Spontaneous chiral symmetry breaking in QCD

1.3 Spontaneous chiral symmetry breaking in QCD

The masses of v and d quarks are of the order of several MeV as shown in Table 1.1. Nevertheless,
typical light hadrons have the masses of the order of 1 GeV. This mysterious mass gap is believed
as a consequence of spontaneous chiral symmetry breaking in QCD, as is indicated by the
NJL model [16]. In this section, first we will summarize the general definition of spontaneous
symmetry breaking and Nambu-Goldstone (NG) theorem. Then we will discuss spontaneous
chiral symmetry breaking in QCD.

1.3.1 Spontaneous symmetry breaking (SSB)

Let us consider a classical field theory described by the action which is invariant under a cer-
tain group transformation. In this situation, we can define the relevant conserved current J*,
satisfying 0,J" = 0, according to the Noether’s theorem.
After the quantization, the conserved charge operator, @ = [ J° (x)d3z, satisfies Heisenberg
equation
Q,H] =0, (1.14)

where H is Hamiltonian. @ is identical with the generator which induces the relevant transfor-

mation on any state in the Hilbert space as follows:

|state)’ = exp(i0Q)|state). (1.15)

Definition of SSB

The statements so far are trivial to be concluded by the symmetry of the classical action. How-
ever, the vacuum |0) has the non-trivial nature: it can satisfy either of following two conditions

(a) Qo) = 0, (1.16)
(b) Q0) o« |0). (1.17)

The condition (a) means that the vacuum is an eigenstate of ) and its eigenvalue is zero. On
the other hand, the condition (b) means that the vacuum is not an eigenstate of (). Spontaneous
symmetry breaking is defined as the situation (b). When SSB is realized the vacuum does not
have the symmetry by the definition, so that it is transformed into another state which has the
same energy because of Eq. (1.14).

Order parameters

Although the SSB is the nature of the vacuum satisfying (b), we alternatively use the order
parameter to judge whether the SSB actually occurs in the systems in our interests. The order
parameter of SSB (O) is defined with an arbitrary local operator A(z) as follows:

(0) = (0][Q, A(x)][0). (1.18)

The value of the order parameter is definitely zero when the vacuum satisfies the condition (a).
On the other hand, it takes a non-zero value when the vacuum satisfies the condition (b), namely,
the SSB is realized. So the non-zero value of the order parameter is the alternative definition of

the SSB:

13



CHAPTER 1. INTRODUCTION

non-zero (b): SSB case.

() = {0 (a): non-SSB case

(@) also seems to be a more naive order parameter. However, if it does not vanish it must
diverge in proportion to the volume because of the space integration. On the other hand, the
order parameter defined as Eq. (1.18) does not diverge in proportion to the volume because the
effective region of the integration is limited to finite one by the commutation and causality .

Nambu Goldstone theorem

We write down Nambu-Goldstone theorem:

When the SSB occurs, there exist zero-energy bosons (NG boson) |NG) and the matriz
element (0|JH|NG) does not vanish.

The proof can be found in standard textbooks of the field theory (see, e.g. [17] ).

1.3.2 Spontaneous chiral symmetry breaking in QCD and mass generation

Let us take the chiral limit to discuss spontaneous chiral breaking in QCD, so that it is charac-
terized as follows:

Conserved current : gy*+°I%,

Conserved charge : fd3:an5I“q,

Order parameter : (qq) = (¢*¢*) (¢ and « are the color and spinor indices, respectively),
e NG boson : Pion (7),

where we choose §y°I°q as A(x) in Eq. (1.18) to derive the order parameter and (gq) is called
chiral condensate or quark condensate.

Let us understand the relation between the spontaneous chiral symmetry breaking and the
quark (non-perturbative) effective mass. In the momentum space, the order parameter is written
by using the quark propagator as follows:

a0 =] [ 350w, (119

where the trace acts in both the spinor and color space. The quark self-energy is generally
decomposed into the two parts as follows:

S (k) = 1e( Ka(k?) + 1,b(K)), (1.20)

where 1, and 1, are identity operators in the color and spinor spaces, respectively. By using this
expression, the order parameter is rewritten as

_ d*k i K1 — a(k?)) + 15b(k?)
<QQ> =-3 TI“{/ (27_‘,)4 (1 _ a(kQ))Q k2 _ (lf(k:(Qk)Q))Q :|7 (121)

A(z), B(0)] = 0 where = is space-like.

14



1.3 Spontaneous chiral symmetry breaking in QCD

Spontaneous chiral symmetry breaking <——=> Quark effective mass ——=> Existence of non-perturbative effects

in massless QCD
(qg) #0  (Q|0) % 0) b(k*) # 0
7
Vv

Hadron mass generation except for pion

Figure 1.2: Logical correlation diagram about spontaneous chiral symmetry breaking in QCD.
The relation between the quark effective mass and hadron mass is not logically evident at least
by the discussion here.

where the factor of 3 comes from the trace in the color space. Since the traces of the gamma
matrices are zeros, it finally leads to

_ d*k i b(k?)
<QQ> =—12 / (271‘)4 (1 _ a(k.2))2 L2 _ (15(1?1)2))2 (1.22)

This expression tells us the important logic as follows.
1. The spontaneous chiral symmetry breaking is equivalent to non-vanishing b(k?).

2. It can be concluded that there must exist non-perturbative effects in the quark self-energy
if b(k?) does not vanish’, because perturbative calculations cannot bring a finite value
of b(k?) in the case of the massless limit. In other words, spontaneous chiral symmetry
breaking is induced by non-perturbative effects.

3. When the chiral symmetry is spontaneously broken, the quark acquires effective mass by
non-perturbative effects because of the non-vanishing b(k) term.

Intuitively speaking, since the hadrons consist of quarks, one would think that the hadrons
should also acquire the masses due to the effective quark mass associated with the spontaneous
symmetry breaking. However, we have not clarified the mechanism yet, in which a pion can stay
massless although the constituent particles are massive. The logic stated above is diagrammat-
ically summarized in Fig.1.2.

§The opposite logic cannot be concluded, namely, b(kQ) can become zero even when there exist non-perturbative
effects.
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CHAPTER 1. INTRODUCTION

1.4 From QCD to Hadron

Let us briefly overview the guideline to investigate hadron properties from QCD.

1.4.1 Correlation function

The main object for studying hadron spectroscopy from QCD is a hadronic two point function,
correlation function, defined as

() = i / dei (0|77 ()71 (0)0), (1.23)

in the momentum space. J(z) is called current operator, which annihilates a hadron state. It
must be a composite operator unlike elementary particles since hadrons are composite particles
consisting of quarks. We define the operator in such a way to identify the quantum numbers
and flavors of quarks in hadrons. We usually use J¢ as the quantum number. J, P and C' are
the total angular momentum, parity and charge conjugate, respectively. In meson cases, J(x) is
typically given by a bilinear form. The typical examples are seen in Table. 1.2.

Type Bilinear form J¢
Scalar qq 0T
Pseudoscalar  iqvysq 0t
Vector qvuq 1=

Axial vector  gy*vs5q 1+t

Table 1.2: Typical bilinear form.

Furthermore we also consider the isospin as the quantum number though the isospin sym-
metry is not exact in the real world due to the difference between the quark current masses. To
construct a current operator with definite isospin, we take an appropriate linear combination.
The current operators of typical light hadrons are summarized in Table 1.3. In baryon cases,
such an operator was studied by Ioffe [18] for the first time.

1.4.2 Spectral representation

Spectral representation makes the physical meaning of the hadronic correlation function clear.
We derive the spectral representation of the hadronic correlation function in the coordinate
space (0|TJ(z)J(0)|0). Suppose that J is a scalar current for simplicity.

Firstly, we assume the complete set as follows:

Z/d4k|k,n) (k,n| =1, (1.24)

where k is the four momentum and n represents all the other possible quantum numbers. In-
serting this complete set between the two current operators, we obtain

(OITJ()J(0)T]0) = Z/d4k{ 0(2°) (0] J () |k, n) (k,n| J(0)"]0)
+6(—2°) (0] J(0)T [k, ) (k,n| J(x) 0) }. (1.25)
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1.4 From QCD to Hadron

Hadron current operator I JIC

£ uu + dd 0 0+t
2
a uu — dd 1 0++
2
. ULYs5U + CZZ"Y5d 0 o+
2
— . . J d
0 Gingu — divsd |y
2
M T
N uy*u 4+ dy*d 0 1--
2
po uytu — dy*d 11—
2
f uytysu + dyfysd gy
2
a a’Y#'YE)U - d’Yu’YBd 1 1++

2

Table 1.3: Current operators for the typical light mesons.

Using the relation O(z) = eif xO(O)e_iP ¥ and the translation invariance of the vacuum, we
obtain

(OIT I ()7 (0)T]0) = Z/d%{e_“”@(mo)+eik“9(—$°)} [ (01T () [k, ) [

3 [t [l
- — Jo 2Em,k:

x| (01T () [k, n) [Fo_p, - (1.26)

At the second line, we have changed the coordinate system of the integrand by using m? instead
of k¥, where m? = (k)2 — k2. That is, after integrating it with respect to the three-momenta on
a mass shell and we integrate it with respect to masss. E,, = vm? + k? in the denominator
comes from the Jacobian determinant for the variable translation. We implicitly utilize the
assumption that an intrinsic value of four momentum lies on the forward light-cone, k0 > 0
and m? > 0. It is one of the conditions called spectral ansatz which is generally required to let
the field theory to be physically meaningful. In fact, | (0|J(0)|k, n) iO:Em,
three-momentum if it is on the same mass shell. To understand it, let us change the notation as
(O] (0) |k, m) [po=p,, ,, = (0]J(0)|m?, k,n). In the Lorentz transformation, there definitely exists
A satisfying

. does not depend on

m?,k,n) = U(A) [m?, &/, n) (1.27)
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CHAPTER 1. INTRODUCTION

for arbitrary k and k’. Since the vacuum is Lorentz invariant and J is scalar, we obtain

0|J(0)|m2, k,n) = OUNUT(A)JO)U(A)|m? K n) (1.28)
= (0J(0)|m? K',n) . (1.29)

Because the amplitude does not depend on k, Eq. (1.26) can be written as follows:

3 e~ thr (0 etkrg(_ 0N
(2w)3§nj / dm?) (0]7(0)|m?, n) |2 / gﬂ’;{ (27) + 2Em7k( o=

The integrand is nothing but the definition of the Feynman propagator of the scalar field. Then
finally we obtain

4 - —ika

1T ()T (0)10) = (27)? En: / dm?| (07(0)m2, n) |2 / (;’;4 )

So the correlation function in the momentum space is represented as follows:
M) — i / d4qe™ ™ (0[T.7 ()7 (0)|0) (1.31)
_ (o) Zn:/dm2| (07 (0)[m?, n) |2q2—;112—|—i6' (1.32)

Further, we can obtain its imaginary part as follows:

Ttll) = @0 Y [ dn? 0IO) ) Po(a? - ) (1)
= p(d%), (1.34)
where we used the identity Im[xiie] = —76(x). Tt is important that | (0|.J(0)|m?,n) |? is nonzero

only when the state |m2 n) has the same quantum numbers as J. Since we suppose that a
hadron is a state in the complete set (or quantum superposition of them), the position of a
peak appearing in p(q?) is nothing but the mass m? of the hadron which we are interested in.
Furthermore if a continuum spectrum appears, we can regard it as two particle states whose
total quantum numbers are same as J. So, the onset of continuum is the threshold where the
two particles are created. By using the spectral representation, we can understand that the
imaginary part of correlation function shows the property of the hadron. We usually call p(g?)
spectral function and this is our main target.
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1.5 Outline of this thesis

1.5 Outline of this thesis

The thesis is organized as follows.

Chapter 1-3 are devoted to review. In Chapter 1, some basic topics in QCD are reviewed. In
Chapter 2, the technique of QCD sum rule is briefly explained. In Chapter 3, operator product
expansion in covariant gauge is explained.

Chapter 4-7 are the main parts of the studies in this thesis. In chapter 4, complex Borel sum
rules (CBSR) is constructed and test analyses are given. In chapter 5, we apply CBSR to the
charmonia at finite temperature. In Chapter 6, the technique for the partial infinite summation
in the OPE is constructed and applied to the four typical light meson channels. In Chapter 7,
the summary and conclusion of this thesis are given.
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Chapter

Basics of QCD sum rules

2.1 Overview of QCD sum rules

QCD sum rules can be regarded as systems to obtain hadronic spectral functions from QCD
[19,20]. The systems consist of roughly two stages. The first one is the construction of integral
rules for a hadronic spectral function from the first principle of QCD:

Locp — F(X)= /000 p(s)K (s, X)ds, (2.1)

where F'(X) is calculable but p(s) is not. X represents the parameter of integral rules, e.g. the
Borel mass. We sometimes refer to this equation itself as “sum rule”. The second one is the
determination of the spectral function from the obtained integral rules:

F(X)= /000 p(s)K(s,X)ds —  p(s)=--- (2.2)

This is a kind of the inverse problem. Therefore, in this stage, we can consider the problem
separately from the details of the QCD calculation.

The construction of integral rules is, in principle, based on two important concepts: the
analyticity and factorization. The analyticity of the correlation function gives the dispersion
relation which is the relation between the integral value of the spectral function multiplied by
an integral kernel and the correlation function. Thus we can construct the integral rule about a
spectral function if an appropriate approximation for the correlation function in the hard region
is given. Although a perturbative calculation in the hard region might work well because of
the asymptotic freedom of QCD, it is known that a naive perturbation theory is insufficient
to construct valid sum rules to determine a physical spectral function. It is understood that
non-perturbative effects play important roles even when the momentum of the external line lies
in the hard region. The momentum of the internal line in the loop integration generally runs
over all the momentum region. When the internal momentum becomes soft, non-perturbative
effects strongly contribute to correlation functions. Thus, the factorization strategy is employed
to introduce such non-perturbative effects, resulting in the so-called operator product expansion
(OPE). In this expansion, a correlation function can be expressed by the basic parameters of
QCD (the quark masses and the coupling constant) and also additional parameters (the vacuum
expectation values of composite operators). Actually the latter is an object reflecting the non-
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CHAPTER 2. BASICS OF QCD SUM RULES

perturbative effects, so that we can introduce non-perturbative effects by estimating their values
from other theoretical approaches or phenomenology.

To determine the spectral function from the obtained integral rules, historically, a method
called “one pole + continuum ansatz” has been used. In this method, the functional form
of a spectral function is assumed to be one delta function and step function though a real
spectral function must have more complicated structures. Nevertheless, such a simplified model
is known to be successful to determine the mass of the ground state of the hadron. Recently, the
application of the maximum entropy method (MEM) to QCD sum rules is suggested. In this
method, we do not put any strong assumptions on the spectral function. We can, in principle,
determine the mass of not only the ground state but also excited states by the MEM. However,
it is known by some studies [21,22] that only one peak is reproduced from the usual integral
rule (Borel sum rules) with MEM. This problem is resolved by the generalization of Borel sum
rules to the complex type, which is one of main topics in this thesis.

In early days, the technique of QCD sum rules was widely applied to various hadrons in
vacuum [18-20,23-48]. Later, they were also applied to hadrons at finite temperature [49-60]
and density [61-88]. QCD sum rules are important tools even today especially for analyses
at finite density. It is because the lattice QCD, another approach based on QCD, has the
“sign problem” [89], which makes analyses at finite density by lattice QCD simulation almost
impossible.

From the next section, we review the formalism of QCD sum rules and see the practical analyses.
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2.2 Construction of sum rules

2.2 Construction of sum rules

2.2.1 Dispersion relation

We implicitly assume the analyticity of a correlation function: The analytic continuation of the
correlation function has no singularity on the complex plane except for the positive real axis
where physical states lie. The residue theorem with this assumption leads to the equation

H(qQ)ZfC ! wds, (2.3)

2mi (s — ¢2)

where the contour C' is shown in Fig.2.1. n is a positive integer which is sufficiently large to
eliminate the contribution from the circular path in the R — oo limit.

Separating the contour into some parts and taking the limit (R — oo ,¢ — +0), we obtain
the so-called dispersion relation:

I(¢?) = /0 p(s(; ds 4 (plynomial in ¢?), (2.4)

where p(s) = 2Im[II(s)]. This equation gives the relation between the integral value of the
spectral function and the correlation function in the Euclidean region ¢> < 0 . By calculating
the left hand side in the asymptotic free region 1 < —¢?, we can obtain the integral rules for
the spectral function which contains the low energy region. The polynomial term in the right
hand side can not be estimated by perturbative approaches since it contains the contribution
from the low energy region. However, this troublesome extra term can be eliminated as will

explained later. The detailed derivation of the dispersion relation is given in Appendix A.

Im

s

Figure 2.1: The contour integral C' on the complex plane. The wavy line denotes the non-analytic
cut (or poles) of II(¢?) on the positive side of the real axis.
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CHAPTER 2. BASICS OF QCD SUM RULES

2.2.2 Operator product expansion

By the asymptotic freedom in QCD, there is a chance that we can estimate the correlation
function in the left hand side of Eq.(2.4) in the deep Euclidean region by the perturbation
theory. Nevertheless, non-perturbative effects can participate even if the momentum of the
external line is sufficiently large and are known to be negligible. Such effects come from the
interval of the loop integration where the momentum is soft. The effects are related with the
unphysical pole of the effective coupling constant in the lower energy region. In QCD sum
rules, therefore, we do not employ the usual perturbation theory. To introduce non-perturbative
effects, we separate the region of integration into the soft and hard parts and estimate each part
by different approaches. For the hard region, we employ the perturbation supposing there are
not large contributions from non-perturbative effects. For the soft energy region, we perform
the power expansion with respect to a soft momentum, so that non-perturbative effects can
be approximately introduced by vacuum expectation values of some operators. The above
treatment, in fact, results in the so-called operator product expansion (OPE). In this section, we
explain only the symbolical expression of the OPE. The more detailed discussion and calculation
technique will be given in the next chapter, to understand that the significance of OPE is nothing
but the scale factorization.

Symbolical expression of the OPE

The OPE is originally Wilson’s assumption [90]. Let us consider two operators, A(z) and
B(0). When the distance of the space-time coordinates become very close, their product can be
expanded into the summation of local operators multiplied by coefficients as follows:

T[A(z)B(0)] £=% ZCi(x)Oi(g)- (2.5)

C; is the C-number coefficient called Wilson coefficient. If this expansion is applied to T'[.J(z).JT(0)]
and the Fourier transformation is taken, the following expression is obtained for the correlation
function.

(%) 2% 37 Gula?)010i10) = IO, (2.6)

Here C;(q?) = i [ d*2e*C;(z). The large |¢?| limit corresponds to the short distance limit
between the two points in the position space. This expansion is also regarded as an expansion
by order of the dimension of local operators. Because each term should have the same mass
dimension as the correlator, the dimension of the coefficient is determined by that of the operator.
Supposing that the correlator has dimension D and the local operator has the dimension d, the
coefficient C' must have dimension (D —d). Thus, the coefficient C' behaves as the (q%)(d*D /2 s0
that higher dimensional terms are suppressed in the large ¢%. Oy is the identity operator in QCD
and its Wilson coefficient is the perturbative series. The other operator O;’s consist of quark and
gluon operators and their vacuum expectation values are generally called “vacuum condensate”,
e.g. quark condensate (gq), gluon condensate (G?) and so on. They are objects which reflect
non-perturbative effects in the OPE. But some of them vanish, when they are sandwiched by the
vacuum, due to the symmetries of QCD. Practically we calculate only the Wilson coefficients up
to some dimension and treat condensates as additional parameters of QCD. Although we can,
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2.2 Construction of sum rules

in principle, obtain their values from QCD, we do not have any analytic approaches for them
because they are non-perturbative objects. In QCD sum rules, the left hand side in Eq. (2.4) is
symbolically obtained by the OPE as follows:

O (g% m, g, (qa), (G?),---) =/ p(8;2 ds + (ploynomial in ¢°), (2.7)
0

where m is the quark mass and ¢ is the coupling constant. In addition to such fundamental
parameters of QCD, the left hand side explicitly depends on condensates which are not funda-
mental parameters. Since, for example, (Gq) is the order parameter of the spontaneous chiral
symmetry breaking, this equation gives the relation between hadron properties and the spon-
taneous chiral symmetry breaking. Similar interpretations are possible for other condensates if
they have such physical meanings. Given the value of condensate, this equation can be regarded
as the integral rules for the hadronic spectral function. However, this integral rule must be
improved to eliminate the polynomial terms.
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CHAPTER 2. BASICS OF QCD SUM RULES

2.2.3 Borel sum rules

We have already derived the sum rules Eq. (2.7) by using the dispersion relation and the OPE.
However, it includes the unknown polynomial term which generally diverges. Even if we reg-
ularize it by a certain regularization technique, the remaining finite part depends on the reg-
ularization point and the scheme. To avoid such ambiguities, we generally must eliminate the
polynomial terms by doing differentiation some times. For the meson case, only the one-time
differentiation is enough. Then the simplest sum rule is

o) _ /OO (p(s)ds. (2.8)
0

8q2 s — q2)2

We can repeat differentiation and it leads to the so-called moment sum rules.

There are other types of improved sum rules: Borel sum rules, Gaussian sum rules and
phase rotated sum rules. Since Borel transformed sum rules are conventionally used for some
technical reasons, we here briefly explain its formalism. The Borel transformation can eliminate
ambiguities coming from polynomial terms, regardless of the order of the power in polynomial
terms. Furthermore, convergence of the OPE gets better by the Borel transformation. The
Borel transformation for a real variable X is defined by the operator as

. . xn 0 \"
Bro= Jim o =5i(~ax) 29)
X/n=M?

Setting X = —¢? and applying this transformation to Eq. (2.7), the polynomial terms are
eliminated by the infinite order differential. By assuming that the Borel transformation is
commutative to the integration, we obtain the Borel sum rules:

1~
GOPE(MQ;maga <QQ>7<GG>’) = ]\4—2/0 € /M2p(8)d37 (210)

where GOPE(M?) = B[_qz}HOPE(qQ) and we used the formula:

- 1 1 2

Bi_p—— = —me ¥/ 2.11
-y — g2 2 (2.11)

Note that the original parameter ¢2 in the dispersion relation is transformed into M? which is

called Borel mass. By the formula

. 1 (=)™ 1

B[—q2](q2)n: nl (M2)n (212)

we find that the convergence of the OPE is actually improved by the Borel transformation.
Namely higher dimensional terms in the original OPE are suppressed by the factorial coefficients.
To calculate the Borel transformation of a function there are two ways. One is naively using its
definition Eq.(2.9). In the other way, we employ the dispersion relation again. For functions
which have the same analyticity as the correlation function, we have

f(qQ) _ /Oo lwds + (polynomial term) . (2.13)
0

T s—q?
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2.2 Construction of sum rules

By performing the Borel transformation to each side and, we have the general formula:
> 2 1 . 1 73/M2
Bi_g2f(q7) = ; ;Imf(s + ze)me ds, (2.14)

where we used Eq.(2.11). The polynomial term of the right hand side vanishes by the Borel
transformation.

2.2.4 Condensate

Finally, to get the integral rules, we have to know the values of condensates. We summarize the
value of typical condensates.

The quark condensate (gq) is the lowest dimensional condensate among gauge invariant ones
in QCD. The most famous way to determine its value is using the Gell-Mann-Oakes-Rennet
(GMOR) relation [91] as follows:

m2 f2 = —2(my + ma)(qq) (q¢=u,d), (2.15)

where my, fr, my, and my are the pion mass, pion decay constant, up and down quark masses,
respectively. Using this relation and the phenomenological values of the other parameters, we
obtain

(Gq) = —(240 &+ 10MeV)?, (2.16)

where we supposed the flavor SU(2) symmetry. Note that this is the value normalized at 1GeV.
Recently, the lattice QCD simulations, e.g. [92,93], also estimate the value of (¢g) with a smaller
error. Since (gq) is an order parameter of the spontaneous chiral symmetry breaking, non-
vanishing (gq) is believed to be the origin of the much larger hadron mass generation than the
light quark masses. On the other hand, it must vanish when the chiral symmetry is completely
restored. Actually, the investigation using the chiral effective theory [94] and the lattice QCD
simulation [95] elucidated the chiral symmetry restoration at finite temperature.

When we analyze hadrons including the strange quarks, the value of the strange quark
condensate is also necessary. The various values are reported as the ratio to the quark condensate
in QCD sum rules analyses [96-103]. Among them, the standard value is estimated in analyses
of strange baryons [96], resulting in

$55) _g8+02. (2.17)

The next higher dimensional condensate is (2G?) = (2G**G4,) whose dimension equals
four. The value of this condensate is estimated by QCD sum rules analyses of charmonium [19].
Because the charmonium condensate (¢c) can be transformed into (2:G?) by the heavy quark
expansion [19], (2:G?) only appears as the condensate in the OPE. Thus, we determined its
value so that the experimental value of the charmonium mass is well reproduced by the QCD
sum rules, resulting in

<%G2> = 0.012 £ 0.004GeV* . (2.18)
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The theoretical value of the gluon condensate has an ambiguity as other values are reported in
Ref. [104,105]

2.3 Determination of spectral function from sum rules

Since sum rules are just integral rules for the spectral function, we need a method to determine
the spectral function from obtained sum rules. Let us review the conventional method called
“one pole + continuum ansatz” and novel one called “maximum entropy method (MEM)”.

2.3.1 One pole 4+ continuum ansatz

The characteristic of this model is that we assume the functional form of the spectral function
to be only one sharp peak plus continuum state with a threshold as follows:

p(s) = A3(s — m2) + 6(s — s@%lmﬂpe”'(s). (2.19)

where I1P"*(s) is the perturbative term in the OPE. The three free parameters of the hadron
mass m?, residue A and threshold parameter sy are determined so that obtained sum rules
are well satisfied in the following manner. Substituting Eq. (2.19) into the Borel sum rules

Eq. (2.10), we obtain

1 o0
)\e_m2/M2 _ G(MQ) . / e_S/MQImeert'(s)dS. (2'20)

T Jso
Differentiating this equation with respect to 1/M?, we get

2 00
—-m?2/M? — _w _ 1/ ge_s/MQImeert'(S)dS- (221)

2
meAe o0/M2) 7,

Finally, Eq.(2.21) divided by Eq.(2.20) results in the hadron mass as the function with the
variable of the Borel mass as follows:

9 —gg%?) — % SZO Se_S/MZImee”‘(s)ds

G(M?) — %fsio e~s/M?TmIIpert-(s)ds

= m?(M?). (2.22)

2 is constant, the right hand side of Eq. (2.22) also should be so. However, it clearly

Since m
depends on the Borel mass M and sg, so that we usually pick up a finite region of the Borel mass
and a certain so where the function m?(M?) approximately behaves as a constant and employ
the value of constant as the physical hadron mass. For example, when the OPE in the p meson

channel is calculated as follows:

1 32
Segry 4 00

@2 9(q2) (a9)*, (2.23)

1
OPE(¢%) = —7log(—q2) +

m?2(M?) behaves as shown in Fig. 2.2. At s = 1.5GeV?, the curve seems to be almost flat in
the plotted region, so that the value of about 0.65 GeV? is regarded as m?. This is consistent
with the experimental value of m% = 0.59GeV?2.
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Figure 2.2: Borel curve at the various threshold parameters.

2.3.2 Maximum entropy method

The maximum entropy method enables us to determine the spectral function without reducing
its parameter space to specific functional forms such as “pole 4+ continuum” ansatz, by the help
of the Bayesian probability theory. In MEM, a function which maximizes @, defined below, is
determined as the spectral function.

Qlp] = aS[p] — Lip]. (2.24)

The detailed derivation is given in Ref. [106]. Let us here mention that in actual analyses we
do not investigate p(s) but the corresponding spectral function whose argument is w ( = /s ).
Hence, we will use p(w) from now on. S[p| stands for the Shannon-Jaynes entropy. This term
insures the positive definiteness of the spectral function because of the logarithm in its definition:

Sl = | dulp(e) — mlw) — ) log 22 (2.25)
pl = wlp(w) — m(w) — p(w) log —=]. .
0 m(w)

Here, m(s) is some positive definite function called default model, which is an input of the
MEM framework. S[p] takes its maximum value when p(w) = m(w). In this method, thus, the
spectral functions is determined as m(w) if there is not L(p). In this sense, we usually choose
m(w) as some function which approximates the asymptotic form of the spectral function in the
higher energy region. The dependence of the determined spectral function on its choice should
be usually examined in the analyses.

L[p] is called likelihood function. This term contains all the information provided by the
sum rules. In the case of the Borel sum rules, it is expressed as

1 [GOPE(MZ) =[5 dw 2WML367£U2/M1'2P(W)’2
Lip] = 5 > o ; (2.26)

i
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Figure 2.3: p meson spectral function determined by MEM.

where the subscript ¢ specifies the discretized Borel mass. The lower limit of the Borel mass is
systematically determined by considering the convergence of the OPE. On the other hand, there
are no such ways for the upper limit, so that we usually choose the typical one and check that
the spectral function does not strongly depend on the choice. o; is the error of the OPE data
GOPE(M,L-Q), which is determined by the uncertainties of the vacuum condensates and other input
parameters, e.g. the quark masses and the coupling constant. NN is the number of discretized
Borel masses. Note that the MEM is consistent with the chi-square fitting if the entropy term
S is ignored.

Considering both the two terms, it can be understood that in the MEM we do an analysis
like a chi-square fitting with the constraint of positive definiteness on a spectral function. «
is a positive real number and in principle a free parameter, on which the spectral function
maximizing Q[p] depends. However, it is possible to systematically determine its range and to
calculate a weighted average of the obtained spectral functions over «, which gives the final
solution. For the details of this procedure, we refer to [21,106].

For example, the p meson spectral function determined by MEM is shown in Fig. 2.3, where
we used the Borel sum rule with the same OPE as Eq.(2.23). The region of the Borel mass
is chosen to be 0.8GeV < M < 1.3GeV. Looking at this figure, we observe a peak in the
lower energy region. Its position is about 0.74 GeV, which agrees well with the p-meson mass
0.77 GeV.
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Chapter

Development of complex Borel sum rules

Borel transformed QCD sum rules conventionally use a real valued parameter (the Borel mass)
for specifying the exponential weight over which hadronic spectral functions are averaged. In
this chapter, it is shown that the Borel mass can be generalized to have complex values and that
new classes of sum rules can be derived from the resulting averages over the spectral functions.
The real and imaginary parts of these novel sum rules turn out to have damped oscillating
kernels and potentially contain a larger amount of information on the hadronic spectrum than
the real valued QCD sum rules. As a first practical test, we have formulated the complex
Borel sum rules for the ¢ meson channel and have analyzed them using the maximum entropy
method, by which we can extract the most probable spectral function from the sum rules without
strong assumptions on its functional form. As a result, it is demonstrated that, compared to
earlier studies, the complex valued sum rules allow us to extract the spectral function with a
significantly improved resolution and thus to study more detailed structures of the hadronic
spectrum than previously possible.

4.1 Introduction

The spectral function of hadrons is one of the main targets in studies of low energy QCD. At
low energy, non-perturbative approaches are inevitable as the coupling constant is large and the
QCD vacuum has non-trivial quark and gluon condensates. In order to take into account effects
of these vacuum condensates, QCD sum rules [19,20,96] have been extensively used to explore
hadron spectra.

QCD sum rules utilize the operator product expansion (OPE) for evaluating correlation
functions, which is valid in the deep Euclidean four-momentum region. A dispersion relation
based on analyticity of the correlation function on the other hand yields a relation between an
integral over the spectral function and the vacuum condensates. Inverting the integral rela-
tion and extracting the spectral function thus is the central issue of QCD sum rule analyses.
In conventional approaches, the spectral function is most often parametrized using a “pole +
continuum” functional form, whose parameters are determined to satisfy the sum rule. This
technique is, however, not always applicable because in reality the spectral functions are not
restricted to a particular shape.

Recently, a new method was proposed that directly provides the spectral function without
assuming a functional shape [21]. It utilizes the maximum entropy method (MEM), which
generally helps to determine the most probable spectral function from an integral relation [106].
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Thus, the obtained spectral function is chosen from infinitely many functional forms, while the
conventional approach only gives the best fitted “pole 4+ continuum” type function. So far, this
novel method has been applied to the p-meson [21] and nucleon [22,117] channels in vacuum and
to charmonium [59] and bottomonium [60] channels at finite temperature. It has, however, not
yet shown its full strength, giving only the ground state peak structure, while usually neither
reproducing excitation nor continuum spectra. We believe that this is not a consequence of
the limitation of MEM, but rather due to the limited information provided by the conventional
QCD sum rules.

In this chapter, we propose to extend the QCD sum rules to the complex plane of the
squared-momentum, z = ¢2, by which we are able to extract more information on the spectral
function.” As the sum rules are based on the analytic continuation of the correlation function
on the ¢? plane, they can be naturally generalized to the complex plane. As a result, it is found
that after using the Borel transform to enhance the convergence of the OPE, the Borel sum rule
is valid also for the complex Borel parameter.

Applying the MEM to the newly constructed sum rules, we study the spectral function of
the vector meson composed of the strange quark (ss), i.e. the spectral function in the ¢ meson
channel. Our results show that the new sum rule improves the reproducibility of the spectral
function compared to the conventional Borel sum rules, in particular in the large momentum
region.

This chapter is organized as follows. In Section 4.2, we explain the central idea of our novel
complex Borel plane sum rules, demonstrate in detail how the sum rules are constructed and
discuss their properties. After all, it will be shown that our formulation can be considered to
be just a simple generalization of conventional Borel sum rules to complex Borel mass values.
Next, we briefly introduce MEM and define the likelihood function for the complex Borel plane
sum rules to apply MEM to them in Section 4.3. In Section 4.4 the results of the analyses are
outlined. Here, we will not only show the results of the complex Borel plane sum rules but also
the ones of the original Borel sum rules for comparison. Summary and conclusions are given in
Section 4.6.

4.2 Complex Borel sum rules

In this section, we formulate the complex Borel sum rules (CBSR). The general procedure is the
same as that used for deriving the conventional QCD sum rules with real variables (RBSR).

4.2.1 Dispersion relation on the complex plane

The basic idea of the CBSR is to consider the squared four-momentum ¢ as a complex parameter
when deriving the sum rules. The validity of this generalization is guaranteed by the dispersion
relation.

The elementary ingredients of the derivation, Cauchy’s residue theorem and the analyticity
of the correlator, do not restrict ¢ to real numbers but rather allow it to have any value on the
complex plane except the region around the positive real axis (see Fig. 4.1). In other words, for
the correlator I1(¢?), Cauchy’s residue theorem and analyticity guarantee

1 2"1(s)

II(z) = i b mds, (4.1)

*Extension of QCD to the complex ¢* plane has been proposed earlier by Toffe and Zyablyuk [118].
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Im

Figure 4.1: The contour integral C' on the complex plane of the variable s, used in Eq.(4.1). For
the actual calculations, the radius of the outer circle of C' is taken to infinity. The wavy line
denotes the non-analytic cut (or poles) of II(s) on the positive side of the real axis.

for any complex z = ¢%. Here, n is a positive integer, chosen to be large enough for the integral
to converge. The detailed definition of the II(¢?) depends on the specific channel. In the case
of the vector channel, which will be studied in this chapter, IT1(¢?) can be defined as shown in
Eq.(21). Following the same steps used when deriving the conventional sum rules, we obtain
the following dispersion relation (see Appendix A for details):

II(z) = /000 ps) ds + (polynomial in z), (4.2)

s—z

where p(s) = 2ImII(s + ie) (for a real s and an infinitesimal € (> 0)) is the spectral function.
Although this looks just like the conventional diversion relation, it potentially contains novel
kinds of sum rules for the spectral function, extracted from both its real and imaginary parts.
Our strategy is employing Eq.(4.2) as a starting point for deriving the actual sum rules.

4.2.2 Analytic continuation of the OPE

In QCD sum rules, it is common to replace the left hand side of Eq.(4.2) by its respective OPE,
which is valid in the deep Euclidean region, i.e. large real (—¢?). Extending this to the complex
plane, we consider the OPE for the complex variable z = ¢°. In practice, the OPE must be
truncated at a certain operator dimension and one can only hope that it converges at sufficiently
large (—q?). In the region where the OPE is convergent, the left hand side of Eq.(4.2) can be
extended to the complex argument z as IIOPF(z), which is the analytically continued function
of HOPE(q2). It is important to note that HOPE(q2) depends on ¢? only through the Wilson
coeflicients and therefore has the same vacuum expectation values of the local operators. After
all, we obtain the complex sum rules as,

s —Z

IOPE(2) = / pls) ds + (polynomial in z). (4.3)
0
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4.2.3 Borel transformation

The unknown polynomial in Eq.(4.3) can be removed by the Borel transform, defined by

~ . xXn o0 \n
BWV:X%iQGZ?ﬁ(_EQ)’ (4.4)
X/n=M?

where X is a real variable.

By substituting z = |2|e(®=™) where 0 is defined as shown in Fig. 4.1, Eq.(4.3) can be
considered as a relation depending on |z| and . As polynomials in z are linear combinations of
|2|Fe#(=m) " differentiating Eq.(4.3) infinite times by |z| eliminates them. It is hence understood
that B[I 2|] is suitable for our present purposes. On the right hand side of Eq.(4.3), the integral
term is transformed as

2] 0 "/Oo p(s)
B = i -
“Z]/ S—st \lgiloo (n—l)!( 5121) 0 s

|z|/n=M
. |z|n /00 n! inf
= lim ‘ $)ds
|z|/n=M (4.5)
n & \z|ei9 n+1
= lim (7) s)ds
JTEMW/ st P

1 0 1 s —(n+1)
M@wé(“meJ pls)ds.

The integral kernel is transformed into an exponential function if the limit n — oo can be inter-
changed with the integral over s. At first sight, this seems to be a trivially allowed manipulation,
but a careful inspection, in fact, shows that it is not necessarily correct. Relying on a theorem
(which is similar to Lebesgue’s “dominated convergence theorem”), it is possible to show that
the two operations indeed can be interchanged for cos > 0. An explicit proof of this statement
is given in Appendix B. On the other hand, for cosf < 0, one sees that the n — oo limit and
the integral over s are not interchangeable. This is so because if one could interchange the limit
with the integral, the ensuing integrand would diverge exponentially at large s — oo, which is
apparently inconsistent with the left hand side, which remains finite for cos 8 < 0, as we will see
in the discussion given below. We thus conclude that only for cos§ > 0, the Borel transform
leads to the following result:

. > p(s) 1 /OO —s/(M2e™?)
B P s = —— . 4.
[21] /0 s— 20" 1en |, © p(s)ds (4.6)

Note that this region includes cosf =1 (# = 0), which gives the RBSR.

Next, let us discuss the Borel transformation of the left hand side of Eq.(4.3). As above, we

(6—m)

substitute z = |z|e’ into the given analytically continued OPE expression and then apply
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BHZ”. Doing this, we obtain

2 k
By 2~ =0,
. Nk (_1)k 1 k
Bia1 (E) B (k—1)!<M2ei9) ’
A k AP\ i Ar2ai00k (4.7)
BHZ”Z ln( /1,2> = k(M e ) y

N 1 k 1 1 2,0
_ —s/(M2e)
Bz (s—z) (k — 1) (M2e0)k° ’

for which detailed derivations are given in Appendix C. Here let us compare these results with
the following pre-existing formulae for the corresponding real functions:

B[ q?] <i2 <J\;2)k7

A q
Blg (¢)FIn (—p) - —k!(MQ)’f,

. 1 k 1 1 2
_ —s/(%)
B (7= ) (k= )1 (M2)F° '

These all suggest that the Borel transformation of the analytically continued of OPE equals that
of the original OPE with a complex valued Borel mass. We can thus set

By, I(z) = GOPE (M), (4.9)

where GOPE(MQ) is defined as GOPE(MQ) = B[ qg]HOPE(q2),

Finally, we obtain

1 [ee]

GOPPM?) = / M pds (ReM2] > 0) (4.10)
0

where M? = M?e®. This form of the complex plane QCD sum rule is nothing but the well known

real valued Borel sum rule, in which the real Borel mass is replaced by its complex analogue,

M?. Therefore, the complex Borel plane sum rules is found to be a simple generalization of the

ordinary Borel sum rules to the complex Borel mass plane and of course includes the latter at
0 =0.

4.2.4 Properties of the CBSR

Although the CBSR of Eq.(4.10) looks similar to its real counterpart, its content is quite different.
Since Eq.(4.10) is complex valued, it simultaneously gives two sum rules which can be obtained
from its real and imaginary part. Specifically, we have

Re[GOPE(MR)] = [T KR (MP55)p(s)ds,
oo (4.11)
mGOPEM?)] = [T KIM?5)p(s)ds,

0
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Figure 4.2: The kernels K®(M?2;5s) (solid lines) and K'(M?;s) (dashed lines), shown as a
function of s, for various values of § and M?2.

where K®(M?;5) and K'(M?;s) are defined as

KR(MQ; s) = Re[# o8/ M2 }

1 —(cos 0/M?)s : 2 (412)
=3¢ cos [ (sinf/M?)s — 0],
1 e
1 —(cos8/M?)s - : 2 ( . )
= ¢ sin [ (sin/M?)s — 0].

Both K® and K' are damped oscillating functions of s, as shown in Fig. 4.2 for several
combinations of M? and #. As can be observed in these plots, the oscillations have various
frequencies, phases and damping factors depending on the values of M? and . We can hence
expect that, compared with the RBSR, the sum rules with these kernels have the potential to
resolve finer structures of the spectral function.

As a further point, let us note here that the sum rules with complex Borel masses and their
complex conjugates are not independent. Looking at the explicit form of the kernels, it is clear
that the right hand sides of the sum rules with complex conjugated Borel masses satisfy

TKRMPis)p(s)ds = [T KMMEss)p(s)ds,
0o 0 (4.14)



4.3 The maximum entropy method

In turn, the left hand side satisfies, according to the Schwarz reflection principle,

GOPE(M2) = GOPE(A2), (4.15)

Therefore the complex Borel sum rules are in essence identical to their complex conjugated
counterparts.

4.2.5 Effective domain in complex Borel space

It is important to specify the region on the complex Borel plane, in which the CBSR of Eq.(4.10)
(or Eq.(4.11)) can be effectively used for the analysis of the spectral function. Firstly, the CBSR
does not work for Re[M?] < 0, as we have explained in section 4.2.3. Secondly, the region with
Im[M?] < 0 gives sum rules with the same content as those with positive imaginary part of
M?2. Thirdly, we have to make sure to exclude the region, where the OPE might not be a valid
approximation. To this end, we use the condition employed in standard QCD sum rule analyses,
namely, we demand that the highest order OPE term is smaller than a critical ratio r. of the
whole OPE expression. We thus impose

’dmax(MZ)‘

|GOPE(AM2)] < Te, (4.16)

which is used in the RBSR analyses with a typical value of r. = 0.1. For the present work,
we will employ the same value. The only difference to the RBSR is that we here take ratios of
moduli of complex valued functions instead of real ones. Eq.(4.16) produces a closed curve in
the complex Borel mass plane in whose inner region the sum rules cannot be used.

With all these restrictions, the effective domain for the sum rule lies in the first quadrant of
the M? imaginary plane with an excluded small | M?| region, as shown schematically in Fig. 3.

4.3 The maximum entropy method

Advantages of the CBSR can be most efficiently exploited with the help of the maximum entropy
method (MEM). This method enables us to determine the spectral function from the sum rules
without assuming a specific functional form such as the popular “pole + continuum” ansatz.
Therefore, the more detailed the available information from the OPE is, the more realistic and
accurate the spectral function obtained by MEM will be. Conversely, without enough physical
information, the extracted spectral function will depend strongly on the “default model”, which
is an input of the MEM analysis, as will be explained below. In this sense, the CBSR is very
useful for the MEM analysis as it provides more physical information thanks to the rich structure
of its kernels. In the next few paragraphs, we shall briefly explain the essence of MEM and point
out some issues specific to the analysis presented in this chapter.

MEM will lead us to the spectral function p that maximizes

Qlpl = aslp] - Lip, (4.17)

where S[p] stands for the Shannon-Jaynes entropy, defined by
Sl = [ dulp(e) - mlw) - ple)log 221 (418)
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Im

Mr2 Re

Figure 4.3: A schematic illustration of the data points to be used in the MEM analysis and their
respective distribution on the complex plane of the squared Borel mass M?2.

Here, m(w) is some positive definite function called default model. (Note that we change the
variable from s to w = /s in the following.) S[p] ensures the positive definiteness of the spectral
function and takes the maximum value at p(w) = m(w).

L[p] is the likelihood function, which incorporates physical information provided by the sum
rule. In the case of the real valued Borel sum rules, it is expressed as

1 1
L =—Y =

where the subscript ¢ (= 1,... N) specifies the discretized Borel mass and o; is the error of the

o] 9 2
GOPE(M?) — /0 dwﬁﬂe—ﬁ/%(w) : (4.19)

(2

OPE data GOPE(M?). The error is determined from the uncertainty of the vacuum condensates.
The factor 2w, appearing in the integrand of Eq.(4.19) is a result of the variable change from s
to w.

The parameter « is a positive real number on which the spectral function maximizing Q|[p]
depends. The range of this parameter is determined by MEM and we take a weighted average of
the obtained spectral functions over « to get the final solution. For the details of this procedure,
we refer the interested reader to [21].

In the application of MEM to the complex Borel plane sum rules, some modification in the
likelihood function is necessary. As one complex Borel mass gives two sum rules, the real and
imaginary parts, the likelihood function can be expressed as the sum of them as

1 1 oo 2
Lp] = ﬁz P Re[GOPE(M?j)] —/ dw QwKR(M?j;WQ)p(w)
S 0 (4.20)
1 o0 2
+—3 Im[GOPE(ME)] — /0 dw 2wK ! (M2 0%)p(w) ] _
ij

The subscripts 75 here specify the discretized complex Borel mass M?j in the (2-dimensional)
R

complex plane, and N is the total number of the chosen Borel masses. The variances o,;; and
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1

o;; are the ambiguities of the real and imaginary parts of GOPE(M%).

The discretized Borel masses are chosen in the first quadrant, according to the previous
discussion and as shown in Fig. 4.3. We here can make use of the full allowed range of the
argument of M? = M?2e? whichis 0 < 0 < 5. It is expected that choosing Borel masses which
cover this whole range will provide the most complete amount of information on the spectral
function provided by the CBSR. We will hence in the following use Borel masses M?j which are
evenly distributed in 0 < 6 < Z. The lower boundary of |M?| is determined to satisfy Eq.(4.16).
For the upper boundary, |M?2|, we do not have a definite restriction and in principle may choose
it freely. We will illustrate the dependences of the results on different choices of M? in the
specific example given in the next section.

4.4 Analyses of OPE data

In this section, the CBSR is applied to the analysis of the spectral function for the ¢ meson
channel as a first test of the validity of our method. We compare the results with those of the
RBSR.

4.4.1 The CBSR for the ¢ meson

We consider the sum rule for the vector meson composed of s and §, where s is the strange
quark. The interpolating field operator is J*(z) = 5(z)y*s(x), which is supposed to create the
¢ (1020) meson from the vacuum.

The correlation function

T (¢2) = i / d'a 7% (0| T(J* (2).J* (0)|0)

(4.21)
= (¢"¢" — 9" ¢*)(¢°)
describes the spectrum of the ¢ meson and its excited states.
The OPE of the function II(g?) has been obtained [20] as follows:

O R L L

=—-— — ) In(—= — 4+ 2m4(3s)—
a 472 T 2 212 g2 T g (4.22)

(=G%) 1 224mas , 51 '
At e

Note that in writing down the above result, we have assumed the vacuum saturation approxima-
tion for the dimension 6 four-quark condensate term and have parametrized the possible violation
of this approximation by the parameter x. Replacing ¢ with z = |z[e/™%) in Eq.(4.22) and
performing the Borel transformation, we can easily derive the OPE for the CBSR:

1 o 3m? 1
OPE 2 Sy S g
MY =0t ) = g i 2 (4.23)
+<—0;:G2> 1 11270, 5 1

o M sl " e

where M? = M?e®. As we mentioned, this form is equal to that of the real valued Borel sum
rule, the Borel mass being simply replaced by the complex Borel mass. When we use the polar
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form for M2, the respective real and imaginary parts can be explicitly given as follows:

( L(l N %) _ 3mZcosf +om <§S>c0529 N (2G?) cos20 1127ra5’i<58>200839
4m? T2t MR 0]\14\41 12 M42 81 M6
= W/o e (cosO/M)s (g [(sin@/M?)s — 6] p(s)ds,
(4.24)
3m?2 sin _sin20  (%2G*)sin20  1127as ,_  ,sin30
om2 A 2l ML 12 M LTRSS T

= m/ooef(COSG/MQ)s sin [(Sin 9/M2)5 . 9]p(8)d8.
0

The values and uncertainties of the quark mass, strong coupling constant and and vacuum
condensates appearing in the OPE used in our analysis are given in Table 5.1.

We choose 7. = 0.1 in the condition (4.16) for the domain of valid complex Borel mass. It is
then restricted outside the region specified in Fig. 4.4.

(qq) —(0.2723 £+ 0.0018)% GeV? [92]
(2=G?) 0.012 £ 0.0036 GeV* [119]
(s) (0.8£0.1){qq) [96]
ms 95+ 5 MeV [120]
K 2+ 1 [121]
as(u = 1GeV) 0.505 4 0.0167 [122]

Table 4.1: Values and respective uncertainties of the condensates and other parameters used for
evaluating the OPE of Eq.(4.24).

09 |

0.8 |

0.7

Im[M?] [GeV?]

0 01 02 03 04 05 06 07 08 09 1

Re[M?] [GeV?]

Figure 4.4: The allowed (prohibited) regions of the complex OPE are shown as white (black)
areas in the complex M? plane. The convergence criterion, determining the two areas and their
boundary, is given in Eq.(4.16).
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4.4.2 Analysis results with a single default model and M? value

In our MEM analysis, we have some freedom to choose the default model m(w) and the outer
circle radius M?2. A reasonable choice for m(w) should reflect our prior knowledge on the spectral
function, because it gives its most probable form when no constraints from the sum rules are
available. A suitable choice for its form is thus, as has been already discussed in [21], a function
which tends to zero at low energy and approaches the perturbative high energy limit for large w.
A parametrization which has these properties and smoothly interpolates between the low and
high energy limit, is given as
1 Qg 1

Mitep(w) = @(1 +—) = (4.25)

Note that p(s) in Eq.(4.24) is dimensionless in this case and is supposed to go to the asymptotic
value, ﬁ(l + 22) at high energy. For a first trial, we will use wp = 4 GeV and § = 0.2 GeV
in the analysis of this subsection and later examine the effects of other default models. As
for M?, it should generally not be too large because for large M?, the damping factor of the
kernels becomes weak, which means that the integrals over the spectral function in Eq.(4.24)
will have large contributions from the continuum. M? should on the other hand not be taken
too small to allow a sufficiently large interval above the prohibited region shown in Fig. 4.4. As
a parameter satisfying these conditions, we choose M2 = 1 GeV? and will later investigate the
effects of different choices for this value. For comparison, we have also analyzed the RBSR of
the ¢ meson channel with MEM, as it was done for the p meson in [21]. The Borel mass for
this analysis was taken as 0.69 GeV? < M? < 1 GeV?, which corresponds to the real axis of the
area shown in Fig. 4.4.

The obtained results are shown in Fig. 4.5. Three peaks are generated in the analysis of
the CBSR. The estimated errors on the MEM results are shown by the three horizontal limes at
each peak. Among the three peaks, the first and second peak are statistically significant and can
therefore presumably be considered to represent physical resonances. Further discussions on this
point will follow in the next subsections. The third peak is on the other hand not statistically
significant and hence no conclusions on its physical existence can be drawn. The positions of
the first two peaks are given in Table 4.2, where it is observed that the peak positions agree
quite well with the respective experimental values. Comparing this with the result of the RBSR
on the right plot of Fig. 4.5, it is seen that for the latter case, only one relatively broad peak is
extracted, which can be considered to be a smeared version of the first two peaks obtained from
the CBSR. This is a reasonable result, as the CBSR contains more detailed information on the
spectral function and thus allow for a better resolution of its MEM extraction.

CBSR RBSR Experiment
1st peak [GeV] 0.94 1.15 1.02
2nd peak [GeV] 1.74 1.68

Table 4.2: Position of the peaks, extracted from the MEM analysis results shown in Fig. 4.5.
The first two columns list the values obtained from the complex and real Borel sum rules, while
the corresponding experimental values are given in the third column.
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Figure 4.5: The analysis results of the CBSR (left plot) and RBSR (right plot). The solid lines
show the spectral function extracted from the MEM analysis. The dashed lines show the default
model defined in Eq.(4.25).

4.4.3 Analysis results with various choices of the default model and M?

To get an idea on the systematic uncertainties of our results, it is important to study the
dependence of the generated spectral functions on the default model and the used value of M?2.
We will for this purpose not only use default models of the form given in Eq.(4.25), but also
another version which contains no information on the asymptotic behavior of the spectrum at
high energy. The most simple form of such a default model would be just a constant, however,
much smaller than the asymptotic value, ﬁ(l + %=) ~ 0.03. For this reason, the following
function is chosen as an alternative default model:

mo(w) = 107°. (4.26)

For M?2, we take 1, 2, 5, 20 and 60 (all in units of [GeV?]) to investigate the effect of a larger
choice for this parameter. We have totally carried out ten different analyses for both the CBSR
and RBSR, using two types of default models (mgtep Or mg) and the above-mentioned five values
of M2. The corresponding results are shown in Fig.4.6 and Fig.4.7, respectively. The positions
of the peaks are given in Tables 4.3 and 4.4.

Let us firstly examine the high energy region of the obtained spectral functions. Looking
at the results with mg(w) on the right side of Fig. 4.6, it is clear that for larger M2, the
spectral functions approach the perturbative high energy limit at large w values. This shows
that the continuum can be reproduced by the CBSR irrespective of the chosen default model.
In contrast, it is found that the reproduction of the continuum is much worse for the RBSR. As
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Figure 4.6: The analysis results of the CBSR using two default models (mgtep on the left side
and mgo on the right side) and five values of M2. The solid lines give the spectral function
determined from the MEM analysis, while the dashed lines show the employed default model.

can be observed on the right side of Fig.4.7, MEM tries to reproduce some sort of continuum,
but can only generate a strongly oscillating function with a large artificial peak somewhat above
w = M,. Although the continuum is reproduced for the results with mgtep(w) on the left side of
Fig. 4.7, this behavior is simply a consequence of the default model used in this specific case.

Next, we focus on the low energy parts of the spectrum. For the lowest peak, which corre-
sponds to the ¢ meson ground state, the obtained positions do not depend much on the choice of
m(w) or on the value of M2, which means that the CBSR are sensitive to this state and that the
MEM can extract it with only small systematic uncertainties. Specifically, it can be observed
in Table 4.3 that the position of the lowest peak only moves as much as 30 MeV when m(w) or
M? are varied. The situation is again less clear for the RBSR results. The position of the 1st
peak has a much stronger dependence on the choice of m(w) and M? (see Table 4.4). Moreover,
even the statistical significance remains only for M? = 1 and 2 GeVZ.

In the CBSR spectra of Fig. 4.6, it is furthermore seen that a statistically significant second
peak is found for M2 values up to 2 GeV?2. As can however be read off from Table 4.3, compared
to the ground state, the position of this second peak depends significantly on m(w) and M2. It
moreover loses its statistical significance for M,,2 > 5GeV? and seems to be a part of the small
oscillations that appear at the edge of the continuum for the largest few values of M?2. The
properties of the second peak, therefore, depend on the MEM input parameters to some degree
and it is not completely clear whether this peak is of physical origin or merely an artifact of the
MEM analysis. We will further discuss this question in the the mock data analysis of the next
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2 2 Mgte mo
M [GeV] 1st peak [GeV] gnd peak [GeV] 1st peak [GeV] 2nd peak [GeV]
60 0.97 1.91 0.95 1.85
20 0.96 1.89 0.95 1.85
5 0.95 1.85 0.96 1.84
2 0.95 1.81 0.95 1.80
1 0.94 1.74 0.94 1.74

Table 4.3: Position of the peaks, extracted from the MEM analysis results shown in Fig. 4.6.
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Figure 4.7: Same as for Fig. 4.6, but using the RBSR as input for the MEM analysis.

subsection.

4.5 Test analyses by using the mock spectral function

For better understanding what parts of the spectral function can be reliably studied with our
method and what sort of artificial structures might appear in the MEM results, we have carried
out a test analysis using the mock data generated from some specific input spectral function.
Based on the results of this analysis, we will investigate whether the second peak found Figs. 4.5
and 4.6 is physical or just an MEM artifact and will further discuss the different reproducibilities
of the CBSR and RBSR analyses. For the input mock spectral function of the ¢-meson channel,
we employ a relativistic Breit-Wigner peak and a smooth function describing the transition to
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M2 [GeV2 Mgtep mo
r [GeV] 1st peak [GeV] 1st peak [GeV]

60 1.26 1.20

20 1.22 1.21

) 1.20 1.21

2 1.36 1.42

1 1.15 1.13

Table 4.4: Position of the peaks, extracted from the MEM analysis results shown in Fig. 4.7.

the asymptotic value at high energies [123],

3 52.4 1 1
mock(y = 2o 02T 4 4%y
42 4 Aw—m)® 4 T 1 4e6™%

w
F2

P (4.27)

which has been renormalized so that the asymptotic behavior of the spectral function at high
energy is consistent with Eq.(4.22), the OPE used in this chapter. For the parameters appearing
in Eq.(4.27), we use the following values:

m=1.02 GeV, I'=4.26 MeV

(4.28)
wy=1.5GeV, §=04 GeV, as=0.505
The mock data are then numerically generated as shown below for the CBSR case:
mock 2 1 * —w?/M?2. mock
GMON(ME) = —5 e i p™O% (W) 2wdw. (4.29)

In the actual MEM analysis, we have treated GmOCk(M?j) like OPE data, meaning that we use
the the same errors and Borel mass ranges which were used in the OPE data analyses of the
previous sections. Specifically, we have analyzed two cases. In the first case, we have taken
M? = 1GeV? and used myggep(w) of Eq.(4.25) for the default model. The respective results
are shown in Fig. 4.8, which should be compared to Fig. 4.5, where the OPE data have been
analyzed under exactly the same conditions. For the second case, we have used M? = 60 GeV?
with the default model mg(w) of Eq.(4.26), the result being shown in Fig. 4.9. This case
corresponds to the top right plots of Figs. 4.6 and 4.7 for the OPE data analyses.

Firstly, let us investigate the mock data analysis results of the first case with M? = 1 GeV?.
Looking at the left plot of Fig.4.8, it is found that for the CBSR an artificial second peak can be
generated by the MEM analysis even if such a peak is not present in the original spectral function.
This phenomenon can be thought of as a result of the MEM trying to reproduce the continuum,
but not having enough information due to the small value of M?. The extracted spectral function
therefore eventually approaches the default model, leading to an artificial peak. In contrast to the
OPE data analysis result of Fig. 4.5, this peak is however not statistically significant. Also the
strengths of the peaks are different: while the second peak obtained from the OPE data clearly
rises above the continuum, the respective mock data peak does not. These findings show, that
while it is possible that small artificial bumps or peaks can be produced by the MEM analysis,
these will not be as large as the second peak seen in Fig.4.5. We hence can conclude that this
peak is likely to reflect the properties of a physical state, the first excited state of the ¢ meson.
As a further point, comparing both plots of Fig. 4.8, it is observed that CBSR reproduces the
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Figure 4.8: Test analysis results of the CBSR (left plot) and RBSR (right plot) using mock data.
In analogy to Fig. 4.5, we have employed M2 = 1GeV? and Mgtep fOr obtaining these spectra.
The solid lines show the spectral function extracted from the MEM analysis, the thick dashed
lines depict the default model and the thin dashed lines gives the mock spectral function, p™o.

position of the first peak with much better precision than the RBSR. Furthermore, considering
the width of the lowest peak, it is seen that CBSR shows some improvement compared to the
RBSR, but is nevertheless not able to reproduce the very narrow physical width of the ¢ meson.

Next, we examine the results for M? = 60 GeVZ2. From Fig. 4.9, we can confirm that at large
energy CBSR is able to reproduce the continuum without relying on the default model. This
is not the case for the RBSR, which instead of a constant behavior produces large oscillations.
On the other hand, we found that at the lower edge of the continuum, the CBSR generates
artificial oscillations, which are damped out toward higher energies. It is hence understood that
the periodic peaks found in the OPE data analysis above the ground state peak for large values
of M? (see Fig. 4.6) are mainly MEM artifacts. Even though the spectral functions obtained
from the OPE data show a somewhat stronger second peak, which can probably be explained
by the existence of a physical state in that region, this difference is too small to allow any
definitive conclusions. To recapitulate, for large values of M2, the sum rules are dominated by
the continuum (which is thus well reproduced) and contains relatively less information on the
low energy part of the spectrum. For obtaining information on the possible existence of excited
states, one therefore needs to choose small enough M? values.
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Figure 4.9: Same as in Fig. 4.8, but with M? = 60 GeV? and mg. The upper plot gives the
result for the CBSR, while the lower plot shows the spectrum extracted from the RBSR.

4.6 Summary and conclusion

We have in this study constructed the complex Borel plane QCD sum rules (CBSR) and have
applied it to the ¢ meson channel as a first test of its validity and usefulness. We have explicitly
demonstrated that the CBSR can be obtained by simply replacing the Borel mass M? of the real
Borel QCD sum rules (RBSR) with a complex parameter M?2. Since the Borel mass can thus
take values on the complex plane and not only on the real axis, the CBSR allows us to extract
more information on the spectral function than it was previously possible. To check whether the
CBSR works in practice, to examine the quality of the information provided by the sum rules
and to compare the ability of the CBSR with the RBSR, we have studied the ¢ meson channel
with the help of MEM. The main results of this investigation are as follows:

e For both the CBSR and RBSR, the MEM analysis generates a lowest peak, which corre-
sponds to the physical ¢(1020) state. Comparing the results for this peak, the CBSR is
clearly found to be superior to the RBSR. Firstly, the dependence of the peak position on
arbitrary input parameters is much smaller for the CBSR (compare Tables 4.3 and 4.4).
Secondly, the lowest peak generated by the CBSR is, in contrast to the RBSR, always
statistically significant, irrespective of the MEM analysis details.

e Only for the CBSR, a second peak, which may correspond to the first excited state of
the ¢ meson channel, also appears in the obtained spectral function. This peak is only
statistically significant when OPE data close to the origin of the complex Borel mass plane
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are analyzed (i.e. when a rather low M? value is used). Making M? larger, it is found
to mix with artificially generated peaks which have no physical significance. Nevertheless,
the fact that the peak is statistically significant at least for low M? together with the
results of our mock data analysis indicates that this peak is not completely artificial, but a
reflection of an actual physical state. Our calculations show that this state lies in the range
of 1.74 ~ 1.85GeV, which is somewhat larger than the experimental value of 1.68 GeV.
Presently, we cannot make any more precise statements on the mass of this excited state
since the MEM result depends significantly on the default model and the used value of
M?2. In the present analyses, we have treated all the allowed complex angles, #, with equal
weights. Further analyses may be necessary to investigate possible correlation between 6
and the position of the second peak.

e Besides the lowest two peaks, we have shown that the CBSR is capable of reproducing the
continuum at high energy. Specifically, as long as M? is chosen to be sufficiently large, the
MEM analysis generates the correct high energy limit of the spectral function even if the
default model has a different limiting value.

The CBSR hence appears to be a useful tool for analyzing hadronic spectral functions, which
is superior to the conventional RBSR. This finding is in essence a consequence of the higher
resolution of the oscillating kernels of the CBSR and the additional amount of information
provided by the independent sum rules corresponding to each point on the first quadrant of the
complex Borel plane shown schematically in Fig. 4.3. It is important to note here that only by
using MEM, we can exploit the full power of the CBSR, as MEM in principle allows the spectral
function to have any specific (positive definite) form.
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Chapter

Summary and conclusion

In this thesis, we have attempted to improve or to go beyond the QCD sum rule which is a
non-perturbative approach to extract QCD spectral functions. To this end, we reconsidered the
two important key words about the QCD sum rules, analyticity and factorization. So our studies
led to the two novel concepts, the generalization of Borel sum rules to complex type and the
infinite summation of the operator product expansion (OPE). We have achieved the applications
of these ideas to practical analyses, to obtain the novel results in each work. The chapter 1~3
are the review parts to understand the basics of QCD sum rules and OPE. Our main studies
are given in Chapter 4~6 and summarized below.

Complex Borel sum rules

The first work is the generalization of Borel sum rules to the complex type. By deeply considering
the analyticity of correlation functions, we found that the parameter of the dispersion relation,
which is conventionally considered to be a real value, can have also a complex value.

In Chapter 4, we formalized the complex Borel sum rules (CBSR) based on this simple
discovery. In CBSR Borel masses are generalized to have complex values. We organize the
analysis manner where we utilize the maximum entropy method (MEM) to extract spectral
functions from CBSR. We performed the test for our analysis method in the ¢ meson channel.
We found that our approach had the ability to reproduce the second peak in the spectral function.
Namely, we can address the analysis of excited states, which have not done in the conventional
QCD sum rule analyses.

In Chapter 5, this approach was also applied to charmonia (in the vector and pseudoscalar
channels) in vacuum and at finite temperature. The two statistically significant peaks in both
the channels are reproduced. Namely, physical states, J/v, ¢', n. and 7. were reproduced in
our analyses. By introducing finite temperature effects, we observed that all the obtained peaks
are deformed and gradually disappear as the temperature increases. It would be a signal that
the ground and excited states simultaneously disappear in QGP.

Infinite summation of the operator product expansion

The second work is to take an infinite summation of partial series in the OPE. It is the OPE
in the whole system of QCD sum rules that reflects the non-perturbative feature of QCD to
hadronic spectral functions. Usually one truncates the expansion at a certain dimension of
operators. However, it is theoretically interesting to study what kind of role such a truncated
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infinite series plays. This work is motivated by the hope that we can directly calculate hadron
properties without the analytic continuation which is indispensable in the usual QCD sum rules
analyses. Although QCD sum rules work well by the help of the analytic continuation, it, at
the same time, induces uncertainties of the prediction.

In Chapter 6, we proposed the new approach where one can systematically take an infinite
summation of partial series of the OPE by using the Schwinger-Dyson equations. As a first
test, we actually resummed the power series of (gq) by this approach. The obtained correlation
functions of the vector, axial vector and scalar channels show the finite pole shifts proportional to
]((jq>%| It indicates that the hadrons acquire their masses by the spontaneous chiral symmetry
breaking. In the pseudoscalar channel, there does not exist such a pole shift, so that its mass
is still zero even when (Ggq) # 0. It may be regarded as a Nambu-Goldstone boson, pion in the
chiral limit. On the contrary, some negative aspects are observed in the results, e.g. the gauge
parameter does not disappear in the final results of the axial vector and scalar channels.

Summary of the whole study

In the first work we deeply focused on the analyticity (analytic continuation), which is one of the
key words of QCD sum rules, and succeed to construct novel integral rules, CBSR. It is a kind
of improvement of the QCD sum rules. However, we cannot avoid the inverse problem as long
as we utilize the analytic continuation. The inverse problem inevitably brings us uncertainty of
the prediction.

In fact, the second work was devoted to renounce the analyticity from our analyses. To this
end, we thought deeply about the factorization (OPE), which is the other key word of QCD sum
rules, and gained the idea of the infinite summation of the OPE. We actually achieved to sum up
the infinite power series of the chiral condensate by utilizing the SDEs. As a result, we realized
the finite pole shifts of the correlation functions without the analytic continuation. We regard
this work as the first step for the novel analysis which goes beyond QCD sum rules because the
inverse problem is no longer necessary. To resolve the remaining problem mentioned in Chapter
6, we should perform further analyses.
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Appendix

Derivation ot dispersion relation

In this Appendix, we derive the the dispersion relation in detail, to reconfirm that complex ¢ is
allowed to be the parameter. Using the analyticity except for the positive real ¢?, we can apply
the Cauchy’s residue theorem for the correlation function and obtain the following equation:

II(z) = ;ri/cmds’ (A.1)

where the contour is given in Fig.A.1 and z refers to complex ¢°. Fistly, the contour C is
divided as shown in Fig.A.1 to be Cgr + C_ + C¢ 4+ C_, and then n is supposed to be sufficiently

large (but finite) so that the integral along Cg is convergent to be zero when taking the limit
R — o0 and € — 0, to give

1 "I € 00
/ 2"1(s) s S2T0 oo (A2)
27 Jo,, 8"(s — 2)

Next, the contributions of the other contours are considered. The integrals along C_, and
C are calculated together.

n
O L[ )
21 Jo, s”(s —z 2710 Jo_ s"(s — 2)

R N : 0 n s
_ 1/ II(s + ie€) ds + 1/ ¢ II(s z'e) s
21t Jo (s+i€)"(s+ie — z) 211 Jp (s —i€)"(s —ie — z)
)"

— L / 2"(s —1€)"(s —ie — 2)Il(s +ie) — 2"(s +ie)"(s +ie — 2)II(s —ie) (A.3)
27 Jo s2(s — 2)?
_1 / Zmll(s £ie) L o)
™ Jo Sn(s - Z)
€—+0, R—00 / 2"p(s) ds — / &ds + polynomial in z
0 Sn(s — Z) 0 S —Zz

We used following equation on the last line.

zn

1 n—1 Zk
sn(s — z) T s Z gh+1 (A.4)
k=0
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Im

k3

(O

Re

Figure A.1: The contour integral C' on the complex plane of the variable qg, used in Eq.(4.1).

As for the integral along the small half circle C¢, we also use this equation to obtain

1 "Il 2 TI(ee™) |
5 TZL((S)) ds = 2i i(;e ) ¢dd + polynomial in z
i Jo, sM(s — 2 T Jix ee — 2 (A.5)
e—+0, R—oo . .
polynomial in z.

After all, we obtain

s —2Z

H(z)—/ LS)ds + polynomial in z. (A.6)
0

The important point is that the above equation is derived without restricting z to real number.

We would like to mention that although we chosed contour C' which does not contain the origin,

. . —1 ™ .
we can also choose one which contains it. In that case, — Z:é I k!(o) 2F are added in Eq.(A.1).

However, the final result does not change its form since they are polynomial in z and is exactly
consistent with Eq.(A.6).
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Appendix

Proof that the Borel transformation
interchanges with the integral

In this section, we prove it is possible that Borel transformation interchange with the integral
for 0 < Re[M?] relying on following theorem [166].

Thorem B.0.1 The sequence of continuous function {f,(z)} which is defined in I = (a,o0)
and function g(z) satisfies the following conditions :

e foralln € Nand z € I|f,(z)| < g(x)

° /aoog(x)<oo

e there exists f(x) := limy, 00 fn(x) and f(z) is continuous in I

Then the limit can be interchanged with the integral.
o0

lim fo(z)dz = /aoo (Jggo fn(x)>dx = /aoo f(z)dx (B.1)

n—oo a

Calucutating the Borel transformation of the right hand side of Eq.(4.3), finally we obtain

Bz|/ ) g~ tim [ Bu(s)ds, (B.2)
0 S—2 n—oo J
where . ) (nh1)
s —(n
Fa) = gpga (L yapan) P (B.3)

Therfore, being able to interchanging Borel transformation with integral means

lim Re[F,,(s)]ds :/ lim Re[F,(s)]ds,
nh_)nolo ; Im([F,(s)]ds :/0 JL%OIm[Fn(s)]ds.

We shall prove both them for 0 < cosf by the theorem. First, there exists lim,_,oo Re[F,(s)],
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WITH THE INTEGRAL

which is continuous. Next, the absolute value of the real part can be estimated as follows.

[Re[Fn(s)]] < [Fn(s)]

2 n+1

1 1 2scos b s -3

_W< Ve +n2M4> p(s) (B.5)
1 2scosf\—%

<p(1+=0m) 0

Because function (1 + a/z)~" is monotone decreasing function with the variable z if 0 < a, we
obtain

1 25 cos G\ —N/2
|Re[F(s)]]| < e (1 + W) p(s) (for all n > N), (B.6)
where N is a natural number. We can take finite N so that
o
1
pLs) ds < oo (B.7)

o M2 (14 2c0s0)N/2

because the behavior of p(s) in higher energy region is supposed to be polynomial. Redefining
Re[F,(s)] by taking n = n+ N (it does not matter since we are intereted in n — 00) , we obtain

Re[F(s)]] < % i %&%)m (for all n) (B.8)

Then by identifying g pls) ~73 With g in the theorem, the proof is finished. The proof for the

1 ZscosO\N/2
N M2 )
imaginary part is just the same as above. After all, It is proved that we can interchange the

Borel transformation with the integral for 0 < cos#.
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Appendix

Borel transformation for complex OPE

In this appendix, we derive the Borel transformations of the complex functions given in section
4.2.3, i.e.

B, 2* = o0, (C.1)

B ()" = i) (©2)

#\% (k= 1)\ M2eif) '

B|Z‘zkln(—§) = —RI(M2)E, (C.3)
~ 1 k 1 1 2.0
— —s/(M=e?)

By (s — z) (k — 1)l (M2ei0)k© ’ (C4)

Although we can derive them following the definition of E| 2|, we utilize the following formulas
for the Borel transformation of real functions for simplicity.

B lzlF = 0 (C.5)
. 1\%k 1 1 \*%
Bia (m) = (k—1)!<W) (C.6)
Bz||z|kln(|:2’) = —(=1)FEI(M2) (C.7)
. 1 \* 1 1 e

which are respectively consistent with (4.8).

The strategy is drawing out the phase of z by substituting z = |z[e"(9*”). Then the calcula-
tions are straight forward as follows:

~

B2k = (—e*)k B, z[F =0 (C.9)
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A k A
B\z|(§) = (_elwnylelVf
1 1 1
~ (—e?)F (k—1)! (M2)F
_(=nF 1
(k= 1) (M2ei®)k

(C.10)

R R . 0
B|Z‘Zk In (—%) = B|Z‘(—e19)k\z|kln (‘Z|62 )
1 Iz

_ (_eiG)k[ E‘Z||z|kln (LfQ’) —|—ZHB‘Z|‘Z|IC (C.11)
= (= [—(=1)FKI(M?)¥]
_ _k!(M2ei9)k

Although, as for Eq.(C.4) we can also consider the corresponding formula Eq.(C.8) as above,
it is not clear (actually right) that it is available since the phase cannot be isolated. Then we
directly derive it.

Blzl(si)k: L (n‘ﬂnl)!(_6?2|)n(siz>k

|2]/n=M?
: 2] (k+n—=1)! .., 1 k+n

= lim e ( i )

|z],n— 00 n — 1 ' k — 1 ' S + z eze

e, (n=1! (k=1 2|
~ tim (nM*)™ (k+n —1)! m9< 1 )k+n (C.12)
oo (n—1)! (k—1)! s + nM2e?
~ im (k+n-—-1)! 1 1 ( nM?et >k+n
" oo (n— 1)!(nF) (k — 1) (M2e9)k \s + nM2ei
— 1 1 e_s/(M2ei9)
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Appendix

Verification of the replacement trick

In this Appendix, we confirm validity of the replacement trick @ — D performed in Chapter
3. We will calculate the Wilson coefficient of (7 Ag),, denoted as Cgaq- Then we check if the
relation Cgaq) = 9C q(igq)) 1s satisfied. This relation justifies the replacement trick in this case.
The related diagram is shown in the right side of Fig.D.1. The amplitude is given by

Figure D.1: Schematic picture of the term of (g Ag), in the OPE.

. Pk, dPk
" = 2x(—i) // (QW); (QW)]%

k1,ko,k1+ko<v

Tr (7S (q + k1 + k2)igT*v*S(q + k2)v”

x[G3(k1, ko, —k1 — k2)]§ :|a (D.1)

where the factor 2 comes from the symmetry factor of the diagram. [G3(ki,ko,k3)]$ is the
quark-quark-gluon three-point Green function as diagrammatically defined in Fig. D.2. In the
equations above, the integration with respect to ks was already carried out and both the indices
of the spinor («, 8) and color (4, 7j) of the quarks were omitted.

By the power expansion at the zeroth order with respect to both the k1 and ko, we can
estimate the diagram as follows:

dPky dPks
(2m)P (2m)P

" ~ 2% (=) Tr [’V’“‘S (@)igT**S(q)7"

k1,ko,k1+ko<v

(Gs(k1, k2, —k1—k2)]5 |, (D.2)
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a, A kl

= [Gs k1, ko, ka)]3 57 (27) P67 (ky + ko + k)

o, > < B

ko ks

Figure D.2: Quark-quark-gluon three-point Green function.

where this expansion is diagrammatically shown in the right side of Fig. D.1. The tensor
structure of the integration can be given by

dPky dPks aaf B rra
(2m)D (27)D [Gs(k1, k2, —k1 — kQ)]Mj = [T X gqq (D.3)
k1,k2,k1+ke<v

in vacuum case. By using Eq.(D.3), the trace calculation in Eq. (D.2) can be performed as

follows:
DN ((Dm2 — 2m?) g" + (4 — D)g2g"" — Agq”
v PN DmE = 2m7) g 4 _ L q)ngr[T“T“] Xy (D.A4)
(¢* = m?)
= —D*N Cigtigg) * 9CF Xpaa, (D.5)

where we utilized the calculation result for the coefficient of X5, in Eq. (3.38) since the only
difference between them is the factor of ¢gTr[T*T*].

Next, let us consider the definition of Xy,; in the coordinate space. We define

o w de de dPks s .
(T A3 (2)qf (V) / / / e (%)3(3 (k1zthaoy+hsz) (D.6)

kl,kg,k3<l/
X[Gg(k‘l,kg,kg)]i%ﬁ(Qﬂ')D(SD(kl + ko —l—k)g). (D7)

Using Eq. (D.3) and Eq. (D.7), we obtain

~(@ Agy = DT lim (A (2)g ()T (2)) (D:8)
= Te[y’WTT%) Xyyq (D.9)
= D*CpN Xy, (D.10)

where the negative sign appears since the quarks are anti-commutative fields. Thus Xy, can
be rewritten in the coordinate space as

Xtq7 = gﬂgg\, (D.11)

By substituting Eq. (D.11) for Eq. (D.5), we finally obtain
" ~ gC ((idq)q <AQQ> (D12)

The relation Cg49) = 9C (i94)q) has been proven.
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Appendix

Master formula for one loop integration with
massless fermion

Generally, every one loop integration with massless fermion can be reduced to the linear combi-
nation of one loop scalar integration of the form below:

dPp 1
| e = (ED)

where a and b are positive integers. Here we calculate the analytic result of this integration with
the variable a,b and D.

Utilizing the Feynman parametrization, Aale = F(a‘;f?b fo [ e - B (1 x);aib , Eq.(E.1) trans-
forms into
Ila+b) (! 1 b—l/ dp 1
— de 2 (1 — . E.2
O O) A K= e e s (2
We know the integration formula
/ dPp 1 _i(-1)°T(a — D/2) 1 (E£3)
(2m)P (k2 —2k-P—M?2)>  (4m)P/2T(a) (P2 + M2)a=D/2 '

with the technique of the dimensional regularization. By identifying £k = p, P = ¢(1 — x),
M? = —¢*(1 — 2) and @ = a + b, Eq.(E.2) reads

il'(a+b—D/2 1 L i
(—47T)D/2(1“(:)F(b)(q/2)3z+b—D/2/0 dz 2P/*7! b(l_l‘)D/Q 1=a, (E.4)

(1 — 2)f — Hlatlrey,

After using the result fo we finally obtain the master formula:

T(a+p+2)
dPp 1 _il(D/2—a)(D/2-b(a+b—D/2) (1 a-+b—D/2 L
/ P p2ellp— 2t (—4m)P/2T(a)T(0)T(—a — b+ D) = . (E5)
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Appendix F

The modification of the SDEs with the OPE
by the massive quark propagator

In this Appendix, we list the explicit forms of f’s and f’ when we make the quark mass in the
free propagator finite as

4, drm

q q —m
Note that the the spinor basis of three-point 1PI function for each channel (V, A, S and P)
does not change by this replacement. We also keep the space-time dimension and the gauge

parameter generic. All the the results are listed below:

(F.1)

F.1 Vector

Fi(f1s f2, £ f4)

X2gAO2(D 4 € - 3)

= N Gz e 1P R (@ ) 2XKeagPmCr(D 1€~ 1))
(X' CHD + € =9)(D &~ 1" — 2Xug"ma?Cr(D + €~ 9D+ ¢~ 1)
+m2q (D + €~ 3) + ¢*(~D + € +3))

2X3qg4§q4c2 (D+¢&—-3) (qug2CF(D +&-1)— mq2)

+f2(Q> ( qqg402 (D +&— 1) (q2 (m2 _ q2) — QXQQngCF(D +&— 1))) 2

2X009" CR(D + €~ 2)(D + €~ 1) + ¢ (Xagg*mCr(=3D — 36 +5) +¢* (m — ¢°))

X3:9*Ch(D 4+ € = 1)2 + g% (¢? (m? — ¢?) — 2Xq9*>mCr(D + £ — 1))
(F.2)
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fa(f1, f2, f3, f4)

qqg4§q202 (D—-¢-3) ( qgQQCF(D +&-1)— mq2)

= —fl(Q) (quq 402 (D +&— 1) (q2 (m2 _ q2) — 2qug2mCF(D +£&— 1))) 2

qqg402 (D ‘S - 3)
(X579*CR(D +& = 1)2 + ¢% (¢* (m? — ¢?) — 2X4q9*mCp(D + & — 1))) 2
x[X2,6'CH(D — € = 3)(D + € — 1) — 2Xyg*m*Cp(D — €~ 3)(D + £ — 1)

+f2(q)

+m?gH(D — € = 3) +¢*(~(D+ €~ 3)|

X59°¢*Cr(—D + £+ 3)

+ .
qqg402 (D+&—-1)2+¢*(¢?(m? — ¢?) — 2X459>°mCp(D + £ — 1))

(F.3)

f3(f1, f2, f3, f4)

2X2:9°*CE (D = 2)D + (€ +1)%) (X4q0*Cr(D + € — 1) — mg?)
X2g'CH(D + € —1)2 4 ¢% (¢? (m? — ¢%) — 2X4q9>mCp(D + £ — 1))) 2
1
(X329 CH(D + & = 1)2 + % (¢* (m? — ¢%) — 2X4q9*>mCp(D + & — 1))) 2
X [2X§qg4CF(2X§q(D = 2)g" €+ 1)CE(D + & —1)* = 4X4q(D = 2)g°m(€ + 1)¢*Cp(D + €~ 1)

_fl(q) (

+f2(q)

+2(D = 2m(€ + )" +¢° (D~ 4)D — €2 +5))]

qquLC’2 (D + 5 - 1)
(X329 CH(D + & = 1)2 + % (¢* (m? — ¢%) — 2X4q9*>mCp(D + € — 1))) 2
X [qug4CF(D +&-1) - 2X6°m@®Cr(D + € = 1)+ m*¢* (D + - 1) + (D - £ - 1)

+f3(q)

2X2(D — 1)g*¢*CH(D 4+ £ — 1) (mg® — Xgq9°Cp(D 4+ £ — 1))
(X qqg402 (D+E&—-1)24 ¢ (¢? (m? — ¢%) — 2X4q°>mCp(D + £ — 1))) 2

2X459°(€ + 1)¢*Cr
X2 9*CE(D 4+ € —1)2 + ¢ (¢* (m? — ¢?) — 2Xq9*mCrp(D + £ — 1))

—fa(q)

(F.4)
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F.1 Vector

f1(q)
f2(q)

f3(q)

fa(q)

fa(f1s fo, f3 fa)

qqg402
q ( qqg402 (D +§_ 1) +q ( (m2 —q ) - 2qug2mCF(D +§_ 1))) 2
x[2X2(D = 2)g"(€ ~ CHD + € — 1)? = 4Xq(D — 2)g°m(€ — Vg*Cr(D +€ — 1)

—fi(q)

+2(D — 2)m2(& — 1)g* + ¢ (—(D —4)D + €2 — 5) }

qqg 12C% (( —2)D + (£ — 1)2) (qug2CF(D +£-1)— mq2)
(X@fC%D+§—1)+q%¥0ﬁ—q%—ﬂX@ﬁmCﬂD+§—DD2

2X2:(D — 1)g*¢*C3(D — € — 1) (Xgq9*Cr(D + £ — 1) — mg?)

(X qqg402 (D +&—1)2+ ¢ (g% (m? — ¢%) — 2X4q9°mCr(D + £ — 1))) 2
X2g'C3(D—€-1)
(XZ9*CE(D + £ —1)2 4+ ¢2 (¢> (m? — ¢?) — 2X4q9>mCp(D + £ — 1))) 2

x| X2' CR(D — € = 1)(D + € = 1) + 2X,99°mq*Cp (€2 — (D — 1))

—f2(q)

—f3(q)

+f4(q)

+m’q" (D =€~ 1) +¢°(D +§ — 1))

2qugz(§ —1)Cp (qug]QCF(D +&-1)— mq2)
¢ (Xg79* (=C%) (D + & = 1)? + 2X 59’ mg*Cp(D + £ — 1) — m?q* + ¢%)

—+

2ng(D —2)g1C2(D + £ — 1) — Xq59*°mq?Cp(3D + & — 5) + m2¢* — ¢
4X25(D — 2)g1CF — 2X4q(D — 1)¢*mg?Cp +m?q* — ¢
X29°*Cr(=D + £+ 3)
4X2(D —2)g*C% — 2X44(D — 1)g*>mq?Cp 4+ m?¢* — ¢5
2X,39°CF

. (F.5)

(4X2,(D — 2)g*C% — 2X45(D — 1)g?>mg*Cr + m2q* — ¢°) (2X4q9°mECE — m?¢? + ¢*)

x [zxq?q(p — )¢ C2(D + € — 1) — Xgq9°mq®Cr (D? — 2D + (£ + 1)%)

+m?(€ +1)g* — (£ + 1)¢°
2X,79°Cr

(F.8)

¢* (—4X2,(D — 2)g*C% + 2X44(D — 1)g?mq?Cr — m?q* + ¢%) (2X4q9°m&Cr — m2q? + ¢*)
«[2X2(D = 2)gm(¢ ~ DORD + €~ 1) + ¢ (Xyg (D — 2g2Cr(D +§ —3) + m* (€ — 1))

~X4qg"m*(€ = D*Cr(3D +€ = 5) + ¢°(m — m)]
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F.2 Axial vector

fl(f17f27f3>f4)

qqg402 (D + g - 1)
( qqg46’2 (D+&—1)2+¢?(¢? (m? — ¢?) — 2X 459°mCrp(D + £ — 1))) 2
{ 29 CR(D+ € —1)> = 2Xq0°ma*Cp(D + € — 1) + m*¢*(D+ £ — 1) + ¢*(-D + £ + 1)}

= filg)

2X2.9*¢q* C3(D + £ — 1) (Xgq9*Cr(D + £ — 1) — mq?)
(XZ9*'CE(D + € —1)2 4+ ¢2 (¢> (m? — ¢?) — 2X4q9*mCp(D + £ — 1))) 2
2X2.9'*CE (D —3)* + &2 + 2€) (Xq9*°Cr(D + € — 1) — mg?)
(X2.9*°CE(D 4+ € —1)2 + ¢ (¢> (m? — ¢?) — 2X4q9*°mCp(D + £ — 1))) 2
qqg402
(qug4C%(D +&—1)2 4+ ¢? (¢ (m? — ¢?) — 2X39°mCp(D + £ — 1))) 2
% [2X2,(D = 2)g* (€ + DOR(D +€ = 1)? = 4X,q(D = 2)gm(€ + 1)g*Cr(D + € — 1)

+f2(q)

+f3(q)

+fa(q)

+2(D = 2)m* (€ + 1)g" + ¢° (~(D — 9D + €2 - 5) |

2X4q9° (€ + D)g*Cr

+ .
X2 g'CE(D + € — 1)+ ¢? (¢ (m? — ¢?) — 2X4q9*>mCr(D + £ — 1))

(F.10)
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F.2 Axial vector

Fo(f1, fo, f3 fa)

— _f ( ) qqg4€q202 (D 5 ) (thngCF(D + 5 - 1) - mq2>
- X2 g CE(D+ €~ 12+ ¢ (2 (m? — @) — 2Xyq®mCr(D + € —1))) 2
1) Xy CH(D — ¢~ 1)
? (XL9'C2(D 4+ € —1)2+ ¢% (¢? (m? — ¢?) — 2Xq9>mCp(D 4+ £ — 1))) 2

x| X2' CR(D — € = 1)(D + € = 1) + 2X,99*ma*Cp (€2 = (D — 1))
+m?*¢" (D — €~ 1) + ¢°(=(D + £~ 1))
qqg402
¢* (Xigg'CE(D+ &= 1) + ¢% (¢* (m® = ¢%) = 2Xgq9°mCp(D + { — 1)) ?
x [2Xq2q<D = 2)g4(§ = DOH(D +§ — 1) = 4X44(D = 2)g°m(¢ — 1)’ Cr(D + & — 1)

—f3(q)

+2(D — 2)m2(& — 1)g* + ¢° (D — 4)D — €+ 5) }

2X2 079 1203 ((D 3)2 4 €2 — 25) (qug2CF(D +&-1)— mq2)
( qqg4612 (D +§ - 1) (q2 (m2 - q2) - QXQQQQmCF(D + 5 - 1))) 2
2X4q9%(6 — 1)Cr (mg* — Xyq9*Crp(D + € — 1))
¢ (X339" (—CF) (D + € = 1)? + 2Xq9°mq*Cp(D + € — 1) = m?q* + ¢5)
(F.11)

+f4(q)

F3(f1s fa, f3, fa)

qug4CI27‘(D + é- - 3)
(X29*CE(D + £ —1)2 4+ ¢2 (¢ (m? — ¢%) — 2X4q9>°mCp(D + £ — 1))) 2
[ X2 g CU(D + £ = 3)(D + & — 1)? — 2X 13g*mPCip(D + € — 3)(D + £ — 1)

= fi(q)

+m?* (D +¢—3) +¢° (D—£—3)]
2X2:(D — 3)9"q"CE(D + € - 3) (Xyq9*Cr(D + € — 1) — mg?)
(X2.g*C2(D + € —1)2 + 2 (¢% (m? — @) — 2Xq¢?mCr(D + € — 1))) 2

2X59"CE(D +€ = 1) + ¢ (¢* (m* — ¢*) = Xgqg*mCr(D + £ + 1))
Xagg'CH(D + € =1)2 + ¢% (¢ (m? — ) — 2X4q9?>mCp(D + £ — 1))

—fa(q)

(F.12)
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filg) =

f2(q)

f3(q)

fa(q)

—f3(q)

+f4(q)

Fa(f1, fo, f3, fa)

2X2,(D — 3)g'q?C3(D — € — 3) (Xgq0*Cr(D + € — 1) — mq?)
(X29"C3(D +€ = 1)2+¢* (¢? (m? — ¢?) — 2X4q°mCr(D + £ — 1))

qq94CF(D §— 3)
(X2.g'C3(D + & = 1)2 + ¢ (¢2 (m? — %) — 2X4q¢>°mCp (D + £ — 1))) 2

x| X2g' CR(D — € = 8)(D + € — 1) = 2X,9*mq*Cp(D — £ = 3)(D + £ — 1)

+m’q (D~ €= 3) + (D +¢ - 3)]

X4q9”°Cr(D — € - 3)
X2 g'CE(D + € — 1)? + ¢? (¢ (m? — ¢?) — 2X4q9*mCr(D + £ — 1))

n (F.13)

2qugch
2X,3(D —1)g*>mCr — m2¢? + ¢4

1
“UXZ(D - 2)g CE(D + € 2) + ¢ (¢ (m? — ) — 2Xq®>mCr (2D + € — 4))
X [zxgq(p —2)g*CE(D+¢-2)(D+£—1)

¢ ((€+1)q* (m* = ¢*) — Xgq9°mCp (D* + D(4€ — 2) + (£ — 6) + 1)) } (F.14)
B 2X,79°Cr

q? (2X4q(D — 1)g>mCp — m?¢® + ¢*)

1

% —4Xq2(j(D — 2)94012;(1? +&—2)+2X,50°mq?Cr(2D + § — 4) — m2¢* + ¢b

x|2X2:(D = 2)g*'m(¢ = D)CH(D + & = 1) + ¢*(¢*(Xgq(D — 2)g*Cr(D + £ - 3)

+m (€ = 1) + ¢2(m — me)) — Xygg*m?(¢ — )Cr(3D +¢ - 5))] (F.15)

2X2.(D —2)g*CE(D + & — 1) + ¢* (¢* (m? — ¢*) — Xgq9°mCr(3D + £ — 5))

4X2(D - 2)g*CE(D + £ — 2) + ¢% (¢? (m? — ¢?) — 2X4q9*>mCr(2D + £ — 4))
(F.16)

qqg QQCF(D §— 3)
4X73(D = 2)g*CE(D + € = 2) + ¢% (¢? (m? — ¢?) — 2X4q9*mCr(2D + £ — 4))
(F.17)
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F.3 Scalar

F.3 Scalar

fi(f1, f2)

qq9402 (D+€&-1)
(X3794CE(D + € = 1) + ¢2 (¢% (m? — ¢?) — 2Xy4q¢?>mCp(D + £ — 1))) 2
x| X29* CR(D + €= 1) = 2X,q0*ma*Cr(D + € = 1)* + m?q* (D +€ = 1) + (D — £~ 1)
2X2:(D — 1)g*¢*CH(D 4+ £ — 1) (mg® — Xyq9*°Cr(D 4+ £ — 1))
( qqg402 (D +&—1)2+ ¢ (g% (m? — ¢%) — 2Xyq9°mCr(D + £ — 1))) 2
¢* (X4q9°mCp(D + € — 1) —m*¢* + ¢*)

_ . F.18
qug ( 012?‘) (D +&— 1)2 + 2qu92mq2C'F(D +&— 1) - m2q4 + QG ( )

= filg)

—f2(Q)

fa(f1, f2)
— 1) 2X2.(D —1)g*¢*CH(D — £ — 1) (Xgq9°Cr(D + £ — 1) — mg?)
B e (qug4C%(D +&-1)2+ ¢ (¢2(m? — ¢?) — 2X4q9*mCr(D + £ - 1))) 2
42 _
+f2(q) qqg bt 1)

( qqg402 (D+&—-1)2+¢%(q? (m? — ¢?) — 2X4q9*>mCr(D + & — 1))) 2
x| X2 CRD = € = 1)(D + € = 1) + 2X,q9"ma*Cr (€2 = (D — 1)?)
+m2 (D —€—1)+S(D+¢ - 1)}

X, qg2q20F(D -§-1)

T XZACID €12 1 (@ (m? — ) — 2Xgq?mCr(D 1+ €~ 1))

(F.19)

_ 2X0(D—-1)g*'CR(D + &~ 1) +¢° (¢* (m* — ¢*) — Xgq9°mCF(3D + € - 3))
4X2.(D - 1)g*CE(D + & — 1) + ¢* (¢ (m? — ¢%) — 2Xq9?°mCp (2D + € — 2))
(F.20)

_ qqg QQCF(D §— 1)
4X7:(D = 1)g*CE(D + £ — 1) + ¢% (¢ (m? — ¢2) — 2Xq9>mCr(2D + € — 2))
(F.21)
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F.4 Pseudoscalar

fi(fi, f2)
qq9402 (D+&-1)
(X259 CH(D + € = 1)2 + g% (¢? (m? — ¢%) — 2Xq9*>mCr(D + £ — 1))) 2
[ 2ig CR(D+ €= 1)> = 2X0q0°mg*Cp(D + £ — 1) + m*¢* (D + £ = 1) + ¢*(-D + £ + 1)}
X2.9%¢q* CH(D + € — 1) (Xgq0*Cr(D + £ — 1) — mg?)

= filg)

(D) | qqg402 (D16 171 (& (m? - @) — 2Xoag?mOr(D + € 1)) 2
( qqg402 (D+¢6—-1)2+¢2 (q2 (m2 — q2) —3X,59°mCp(D + & — 1))) (F.22)
X2.94CH(D + € —1)? + ¢% (¢2 (m? — ¢?) — 2X4q9*mCr(D + £ — 1)) '
folf1, f2)
g 2Xag"POHD € 1) (Xyug*Cr(D 4 1)~ ma?)
' (X2.9°C%(D + £ —1)2 + ¢% (¢ (m? — ¢?) — 2X439*°mCr(D 4+ £ — 1))) 2
X2.g'CH(D — ¢ —1)
T2 GCE (D e 12§ @ (R (1P — )~ 2XgggPmCr(D 1€ 1)) 2
[ X2 g CR(D — € —1)(D + & — 1)% + 2X00*ma*Cr (€2 — (D — 1)%)
+m*q* (D — € - 1)+q6<—<D+§— 1))
_ qqg q2CF(D f - 1) (F 23)
X2:94C%(D + € — 1) ¢*(¢? (m? — ¢?) = 2Xq*>mCr(D + & — 1)) '
e = i (—2X2(D —1)g*"CE(D + £ — 1) + Xyq9°mq*Cr(3D + £ — 3) — m?*q* + ¢°)
¢? (2X43(D — 1)g?>mCr — m?¢% + ¢*)
(F.24)

_ iX4q9°Cr(D - € - 1)
f2la) = 2X,5(D —1)g*>mCp — m?¢? + ¢* (F.25)
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