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On the universal s/, invariant of ribbon bottom tangles

SAKIE SUZUKI

A bottom tangle is a tangle in a cube consisting of arc components whose boundary
points are placed on the bottom, and every link can be represented as the closure of
a bottom tangle. The universal s/, invariant of n—component bottom tangles takes
values in the n—fold completed tensor power of the quantized enveloping algebra
Uy (sly), and has a universality property for the colored Jones polynomials of n—
component links via quantum traces in finite dimensional representations. In the
present paper, we prove that if the closure of a bottom tangle 7" is a ribbon link, then
the universal s/, invariant of 7' is contained in a certain small subalgebra of the
completed tensor power of Uy (sl3). As an application, we prove that ribbon links
have stronger divisibility by cyclotomic polynomials than algebraically split links for
Habiro’s reduced version of the colored Jones polynomials.

57TM27; 5TM25

1 Introduction

For each ribbon Hopf algebra H, Reshetikhin and Turaev [12] defined invariants of
framed links colored by finite dimensional representations. A universal invariant (see
Lawrence [6; 7] and Ohtsuki [11]) associated to H is an invariant of framed tangles and
links defined without using representations. The universal invariant has a universality
property such that the colored link invariants constructed by Reshetikhin and Turaev
are obtained from the universal invariants by taking trace in the representations attached
to the components of links.

A quantized enveloping algebra Uy = Uy(sl,) of the Lie algebra s/, is a complete
ribbon Hopf Q[/]—algebra. By the universal sl, invariant, we mean the universal
invariant associated to Uj. In [3], Habiro studied the universal invariant of bottom
tangles (see Section 2) associated to an arbitrary ribbon Hopf algebra, and in [4],
he studied the universal s/, invariant of bottom tangles in detail. The universal s/,
invariant of an n—component bottom tangle takes values in the n—fold completed tensor
power U, }‘IX’" of Uj. For every oriented, ordered, framed link L, there is a bottom
tangle whose closure is isotopic to L. The universal invariant of bottom tangles has
a universality property such that the colored link invariants of a link L is obtained
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1028 Sakie Suzuki

from the universal invariant of a bottom tangle 7" whose closure is isotopic to L, by
taking the quantum trace in the representations attached to the components of links. In
particular, one can obtain the colored Jones polynomials of links from the universal
s/, invariant of bottom tangles.

An n—component link L is called a ribbon link if it bounds a system of n ribbon
disks in S3. Mizuma [9] derived an explicit formula for the first derivative at —1 for
the Jones polynomial of 1-fusion ribbon knots, and in [10], she estimated the ribbon
number of those knots by using the formula. Eisermann [2] proved that the Jones
polynomial V(L) € Z[v,v™!] of an n—component ribbon link L is divisible by the
Jones polynomial V(0") = (v+ v~')" of the n—component unlink O”.

A ribbon bottom tangle is defined as a bottom tangle whose closure is a ribbon link. In
the present paper, we study the universal s/, invariant of ribbon bottom tangles.

1.1 Main result

Set v = exp %, g = v2. We have Z[g,q~ '] C Z[v,v"!] C Q[h]. Let Jr denote the
universal s/, invariant of a bottom tangle 7.

Habiro [4] proved that the universal s/, invariant J7 of an n—component, algebraically-
split, O—framed bottom tangle 7" is contained in (Z/{BV)®” a certain Z[q,q ']~ —subalg-
ebra of U, ®n . He also defined another Z[q, ¢~ !]-subalgebra Uy vy ®n (Z/{ev)@” and
stated the followmg conjecture for boundary bottom tangle. (A bottom tangle is said to
be boundary if it bounds mutually disjoint Seifert surfaces in [0, 1]*, see [3] for the
detail.)

Conjecture 1.1 (Habiro [4]) Let T be an n—component boundary bottom tangle
with 0—framing. Then we have Jr € (U, evy~®n,

We shall define another subalgebra (Uy ev)@" C Uy ev)~®” (Here, we do not know
whether the inclusion is proper or not, but the definition of (U ev)@n is more natural
than that of (Uev)~®" in our setting.) The main result of the present paper is the
following, which we prove in Section 5.

Theorem 1.2 Let T be an n—component ribbon bottom tangle with 0—framing. Then
we have Jr € (quV)A@”.

An n—component bottom tangle 7" is called a slice bottom tangle if T is concordant
to the n—component trivial bottom tangle, where the trivial bottom tangle is the bottom
tangle taking the shape as N ... N (see Section 2 for the definition of the concordance
of bottom tangles). The following is a generalization of Conjecture 1.1 and Theorem
1.2.

Algebraic € Geometric Topology, Volume 10 (2010)



On the universal sl invariant of ribbon bottom tangles 1029

Conjecture 1.3 If an n—component bottom tangle T is concordant to a boundary
bottom tangle (in particular, if T is a slice bottom tangle), then we have Jr € (U;V)A@” .

1.2 An application to the colored Jones polynomial

Here, we give an application of Theorem 1.2. We use the following g—integer notations.
lg=q'=1.  Ailgn=1i}qli—1}q...{i —n+1}q. {n}g!={njqn.
[ilg = {i}g/{}q.  [nlg! = [nlgln—1lq ... [1g. (i1, = {iYan/{n}q),
fori eZ,n>0.

For / > 1, let V; denote the /—dimensional irreducible representation of Uy. Let R
denote the representation ring of Uy over Q(v), that is, R is the Q(v)—algebra

with the multiplication induced by the tensor product.

Habiro [4] studied the following polynomials in ¥,

ki = {1} ! H(V p2itl _ =21y e .

for / > 0, and proved the following theorem.

Theorem 1.4 (Habiro [4]) Let L be an n—component, algebraically-split, 0—framed
link. We have

{2lj + 1}q,lj +1

J / / e - 5 9 _1 9
LPII’ ’pn (1}q .97 ]
forly,...,1, >0, where j is a number such that [; = max{/;}1<ij<n.
Here J, . B .., is the colored Jones polynomial of L associated to P/ P’ (see

Section 4). "The above theorem is an important technical step in Hab1r0 S constructlon
of the unified Witten—Reshetikhin—Turaev invariants for integral homology spheres.
Habiro [4] also proved that Conjecture 1.1 would imply the following Theorem 1.5,
with a ribbon link replaced by a boundary link. Thus, Theorem 1.5 follows from
Theorem 1.2 and Habiro’s argument in [4].

Theorem 1.5 Let L be an n—component ribbon link with 0—framing. We have
J

{ZZj + 1}q,lj+1
L; P

, € I, ... I, ... 1.
1 ,P {l}q Iy lj In

Algebraic €& Geometric Topology, Volume 10 (2010)



1030 Sakie Suzuki

for ly,...,I, >0, where j is a number such that [; = max{/;},<;<,. Here, for [ >0,
I; is the ideal in Z[q, g~ '] generated by the elements {I —k}4'{k}4! fork =0,...,1,
and Ij, denotes omission of Ij; .

Remark 1.6 For m > 1, let ®,,(q) € Z|q] denote the mth cyclotomic polynomial. Tt
is not difficult to prove that I;,/ > 0, is contained in the principal ideal generated by
[L, @, () &™) where f(I,m) = max{O, |_l+71J — 1}. Here for r € Q, we denote
by |r]| the largest integer smaller than or equal to r.

Remark 1.7 As we have mentioned, Eisermann [2] proved that the Jones polynomial
V(L) € Z[v, v™'] of an n—component ribbon link L is divisible by the Jones polynomial
V(0") = (v 4+ v~1)" of the n—component unlink O". This result does not follow
directly from Theorem 1.5. However, we give another proof of it in the author’s
dissertation [13] by proving a refinement of Theorem 1.2 involving a subalgebra of
U }‘lg’” smaller than ((7;")@” . We do not describe it in the present paper since the proof
in [13] is quite complicated and also since we expect further refinements.

We expect Theorem 1.5 to be useful for detection of non-ribbonness of a link. For
example, it is easy to check that the Borromean rings does not have the divisibility
given in Theorem 1.5, hence it is not a ribbon link as is well known, see Section 6 for
the detail. However, we have few examples so far.

1.3 Organization of the paper

The rest of the paper is organized as follows. In Section 2, we define bottom tangles
and ribbon bottom tangles. In Section 3, we define the quantized enveloping algebra
Uy, and its subalgebras. In Section 4, we consider the universal s/, invariant of bottom
tangles and ribbon bottom tangles. In Section 5, we prove Theorem 1.2. In Section 6,
we consider the cases of the Borromean tangle and the Borromean rings.

2 Bottom tangles and ribbon bottom tangles

In this section, we recall from [3] the notion of bottom tangles. We also define the
notion of ribbon bottom tangles, which is implicit in [3].

2.1 Bottom tangles

An n—component bottom tangle T = T7 U ... U T, is an oriented, ordered, framed
tangle in a cube [0, 1]* consisting of n arcs T, ..., T, whose boundary points are

Algebraic € Geometric Topology, Volume 10 (2010)



On the universal sl invariant of ribbon bottom tangles 1031

on the bottom line [0, 1] x {%} x {0}, such that for each i =1, ..., n, the component
T; runs from the 2ith boundary point to the (2i — 1)th boundary point, where the
boundary points are ordered by the first coordinate. As usual, we draw a bottom tangle
as a diagram in a rectangle, see Figure 1 (a),(b). For each n > 0, let BT,, denote the

17— - - - = 1
/_/_l____/I
I : | T T | Co T T T
T
:Tl: 2 T3: | | | ‘
I | \
| |/ L) ! / | |
[ D7 B Gy '___i_ S YL -
| _g/__\ﬂJ_/
£ . _ _ _ a1/
(a) (b) ©

Figure 1: (a) A 3—component bottom tangle 7" = 77 U T, U T3. (b) A
diagram of 7" in a rectangle. (c) The closure of T'.

set of the isotopy classes of n—component bottom tangles, and set BT = J,,>¢ BT .

The closure of T is the link obtained from 7" by pasting a “U—shaped tangle” to each
component of 7', as depicted in Figure 1 (c). For any link L, there is a bottom tangle
whose closure is isotopic to L.

The linking matrix Lk(T) of a bottom tangle 7 = T U ...U T} is defined as that of
the closure of 7". Thus, for 1 <i # j <n, the linking number of 7; and 7 is defined
as the linking number of the corresponding components in the closure of 7', and, for
1 <i < n, the framing of 7; is defined as the framing of the closure of 7;.

Two bottom tangles 7', T’ € BT, are concordant if there is a proper embedding

S 10, 110, 1] < [0, 1 x [0, 1]
such that f(]]"[0,1]1x {0}) = T x {0}, f(J]"[0,1]x {1}) = T’ x {1}, and

fﬂlﬂ&ﬂx@JDz&TxMﬂz&waJ}

2.2 Ribbon bottom tangles

Definition 2.1 A bottom tangle 7" € BT is called a ribbon bottom tangle if and only
if the closure of T is a ribbon link.

Algebraic € Geometric Topology, Volume 10 (2010)



1032 Sakie Suzuki

A system of ribbon disks for an n—component bottom tangle 7= 77 U...U T, is an
immersed surface with ribbon singularities in [0, 1]* consisting of 7 disks bounded
by the link T = (T Uy U...U(T, Uyy), where y; C [0, 1] x {%} x {0} is the line
segment such that dy; = d7; for 1 <i <n.

Proposition 2.2 A bottom tangle T € BT, is a ribbon bottom tangle if and only if it
admits a system of ribbon disks.

Proof Let X C S3 be a system of ribbon disks for the link T. Up to isotopy in S3
fixed on the link 7', we can assume that X C [0, 1]? x [—1, 1].. If we admit introducing
new ribbon singularities, we can transform X into a system of ribbon disks for the
bottom tangle 7' by pulling the segment part y; C [0, 1] X {%} x {0} straight down to
the [0, 1]x {1} x {1}, and transforming [0, 1]* x[1, 1] into [0, 1]* by isotopy of S3.

For example, see Figure 2. O
s v

L g — — <

I I

_ o gl
DD

v _ _ _ v

(a) (b) (©

Figure 2: (a) A system of ribbon disks for the closure link T.(0b)A system
of ribbon disks for a link isotopic to 7. (c) A system of ribbon disks for the
bottom tangle 7 .

3 The quantized enveloping algebra U, and its subalgebras
We mostly follow the notations in [4].

3.1 The quantized enveloping algebra U,

Recall that v = exp %, and ¢ = v2. We denote by Uj, the h—adically complete Q[[4]-
algebra, topologically generated by the elements H, E, and F, satisfying the relations

K- K1

HE-FEH=2FE, HF-FH=-2F, EF—-FE= -
V—U

Algebraic € Geometric Topology, Volume 10 (2010)
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where we set

K =vH =exp—.
v exp2

We equip Uy, with a topological Z—graded algebra structure with deg FF =—1, deg E =
1, and deg H = 0. For a homogeneous element x of Uy, the degree of x is denoted
by |x]|.

There is a unique complete ribbon Hopf algebra structure on Uy such that

AH)=HQ1+1QH, e(H) =0, S(H)=—H,
A(Ey=EQ1+KQ®E, e(E) =0, S(Ey=—-K'E,
A(F)=F®K '+1®F, e(F) =0, S(F) = —FK.

The universal R-matrix and its inverse are given by

_,2—1\n

n=0 [n]'

_—1\n
@ R =y e Y pnen g en o),
= [n]!

where D = vz HOH — exp (%H@ H) € U};éz and
i —i

i]= =" [l =l —1]...01]

v

for i € Z,n > 0. The ribbon element and its inverse are given by
r:Z&K_lgzzng&, V_I=ZO(K,3=Z,BK_10(,
where R=Y a®pB,and R'=(S®1)HR=Y a®§B.

We use notations D =) D[Jlr] ® D[Jg], and D! =Y D ® Dy, We shall use the
following formulas.

3 ) DL®Dy =D (A®1)D = Dy3 Das,
) (e®1)(D) =1, (S®HD=D""
5) D(1®x)=(K*'®x)D,

where Dy3 =) D[Jlr] RIR D[Jg], Dy3=1® D, and x is a homogeneous element of
Uy.

Algebraic €& Geometric Topology, Volume 10 (2010)



1034 Sakie Suzuki
3.2 Subalgebras Uz, and U;’  of U,

Let Uz denote Lusztig’s integral form of Uy (see [8]), which is defined to be the
Z[v, v~ ']-subalgebra of U, generated by K, K~', E® = E"/[x]!, and F® =
F"/[n]! for n > 1. Set

E(n) — (v—lE)n/[ ] | — v—%n(n—i—l)E(n)
F(n) F”Kn/[l’l] [ —Lnn- I)F(n)Kn

for n > 0. Let Uz 4 denote the Z]g, g~ ']-subalgebra of Uz generated by K, K~ !,
E® and F™ for n > 1. Note that

UZ = UZ,q ®Z[q,q‘1] Z[U, U_l].

Let Uy e" denote the Z[q, g~ !]-subalgebra of Uy, ,q generated by K<, 2 K72, E™ and
F® for n=>1. Uz g4 is equipped with a (Z/27)-graded Z|[q, q_l]—algebra structure

Uzq=US, ®KUS,.

There is a Hopf Z[q, g~ ']-algebra structure on Uz, inherited from Uy such that

(6) AK) =K' ® K',
n
(7 A(E(n)) — Z E@m=i) i ® E(j)’
Jj=0
~ n ~ . . ~ .
8) A(F(n)) — Z Fn-Dgi g F(]),
j=0
©) SEHK) =K,
(10) S:l:l(E(n)) — (_l)nq%n(n:Fl)K—nE(n)’
(11) S:I:l(ﬁ(n)) — (_l)nq—%n(niFl)K—nﬁ(n)’
(12) e(K') =1,
(13) e(E™) = e(F™) = 8,0,

fori e Z,n>0.

Algebraic € Geometric Topology, Volume 10 (2010)
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3.3 Subalgebras U, and quev of Uy,

Let U denote the Z[v, v~']-subalgebra of U, generated by the elements K, K~!,
(v—v 1) E, and (v—v~ 1) F (see De Concini and Procesi [1]). Set

e=v"Y(¢g—-1)E, f=(q—1)FK.

Let (74 denote the Z[q, g~ ']-subalgebra of Uz, generated by the elements K, K e
and f. Note that

(7 = Uq ®Z[q,q_1] Z[U, U_l].
Let qu" denote the Z[q,q~!]-subalgebra of UEV’ 4 generated by the elements K2,
K=2, ¢ and f. We have
e =T,nug,, T, = U & KT,
There is a Hopf Z[q, ¢~ !]-algebra structure on Uq inherited from Uy, such that

n

(14) A" =Y [, K @,
j=0
n . . . . .
(15) A(f™) = Z[’J’.]qq—J(”—J)fn—J Ki® [,
j=0
(16) S:I:l(el’l) — (_l)nq%n(l’l:Fl)K—l’lel’l’
(17) SEL(S™) = (~1ytg~ 2 FD g
(18) e(e") = e(f") = bn,0.
for n > 0.
‘We have
min(m,n) :
(19) ™" = Y q2P P [ [ 5], ST H—m—n+2p}g pe™ P,
p=0

for m,n > 0. Here, for i € Z and p > 0, we set

where
(H+jlg=q"" —1=¢'K—1,
for j € Z.

Algebraic €& Geometric Topology, Volume 10 (2010)



1036 Sakie Suzuki

The following lemma, which is a Z[g, g~ ']-version of a well known result for U by
De Concini and Procesi [1], can be proved by using the formula (19).

Lemma .3.1 . Uq (resp. l_fqev) is freely Z[q,q~']—spanned by the elements f* K7 ¥
(resp. [1K2I k) withi,k>0and j €Z.

3.4 Adjoint action
We use the left adjoint action ad: U, ® Uy, — Uy, defined by
ad(a®b) =Y _d'bS(a"),

for a,b € Uy, where A(a) =) a’ ® a’. We also use the notation a>b = ad(a ® b).

The following proposition is suggested by Habiro. In fact, Habiro and Le [5] prove
a generalization of a Z[v, v~!]-version of the following proposition with i = 0 to
quantized enveloping algebras for all simple Lie algebras.

Proposition 3.2 Fori =0, 1, we have
irrev irrev
Uzq> KU CK'US.
Proof In view of Lemma 3.1, it is enough to prove that x > f/1 Ki2¢f3 € K2 U;V for

every x € {K, K1, E(”), Fm | n >0} and iy,i3 > 0, i, € Z. By computation, we
have

(20) K:f:l [>]('i1 Kizei3 :q:l:(i3—i1)f‘i1 Ki2€i3,
Q1) EMp fiigizels =

min(7y,) 1 L . . . .
> (—1)yrqzP Pt OERITRPIL phmP K2y iy iy, p)e TP
p=0
(22) FWp fiigizeis =
min(i3,n)
Z ([%p(p+l)_n(il+i2)+2i2p[ié’]qfil+n_pKi2g(i3,i2,il,}’l, p)eiz,—P,
p=0
where

y4
. . . 1 _ _ . _ . . _
glir iz iz,n, p) =Y (=1)°q2 CHTDTCmpHI[ 2] [noptiatists=l] K25,

s=0

The right hand sides of (20)—(22) are all contained in K 20¢, hence we have the
assertion. O

Algebraic € Geometric Topology, Volume 10 (2010)
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4 The universal s/, invariant of bottom tangles

In this section, we define the universal s/, invariant of bottom tangles [3], and study
the values of it. Then we discuss the case of ribbon bottom tangles.

4.1 Decorated diagrams

We use diagrams of tangles obtained from copies of the fundamental tangles, as depicted
in Figure 3, by pasting horizontally and vertically. A decorated diagram of a bottom

, \\, /\/ U,/\

Figure 3: Fundamental tangles. The orientations of the strands are arbitrary.

tangle 7' € BT is a diagram P of T together with finitely many dots on strands,
each labeled by an element of Uj. We also allow pairs of dots, each connected by an
oriented dashed line which is labeled by an element of U h® 2 see Figure 4 (a). If the

:l \,\’)\\Z w ‘\\%)714 = Z vt 4 )J[2]

R

(a) (b)

Figure 4: A decorated diagram P

element y e U ;18’2 on it is symmetric, we do not have to specify the orientation of a
dashed line.

For every decorated diagram P for an n—component bottom tangle 7" =T U...UT, €
BT,, we define an element J(P) € U h®" as follows. The i th component of J(P) is
defined to be the product of the elements put on the component corresponding to 7;,
where the elements are read off along each component reversing the orientation of P,
and written from left to right. Here we read an element y =) y;11® ypp1 € U h®2 on
dashed line by assuming that the first tensorand is attached to the start point of the
line and the second tensorand to the end point, see Figure 4 (b). (The result does not

Algebraic €& Geometric Topology, Volume 10 (2010)



1038 Sakie Suzuki

depend on how one expresses the element on each dashed line as a sum of tensors.)
For example, for the decorated diagram P depicted in Figure 4 (a), we have

J(P)= Z X2 ® Y2 @ 22w,

where we set y = y11® ¥[2] and z =) z[1] ® z[2]. In what follows, we sometimes
identify a decorated diagram and its image by J. For example, the picture depicted in
Figure 5 represents the formula (5).

K

Figure 5: A graphical version of (5). By the two pictures above, we mean
two decorated diagrams of a bottom tangle which are identical outside the
dotted circles.

4.2 The universal s/, invariant of bottom tangles

For T =T, U...UT, € BT,, we define the universal s/, invariant Jp € U,?” of T
as follows. We choose a diagram P of 7. We denote by C(P) the set of the crossings
of P. We call a map

s:C(P) — {0,1,2,...}

a state. We denote by S(P) the set of states for P. For each state s € S(P), we define
a decorated diagram (P, s) (by abusing the notation) as follows.

We rewrite the R—matrix (1) and its inverse (2) as R¥! = D*! ano R,jf, where
23) Rf =g DF@g-ngen R, = (-1)"F™ @ K~"e".
We use the notations R;7 = R;r[l] ® R;r[z] and R,/ =) R/ ®R .

For each fundamental tangle in P, we attach elements following the rule described in
Figure 6, where “S’”” should be replaced with id if the string is oriented downward,
and with S otherwise, see Figure 7. Thus we have an element J(P,s) € U ;le as the
image of the decorated diagram (P, s) by J.

Set
Jr= Y J(P.s).

seS(P)

Algebraic € Geometric Topology, Volume 10 (2010)
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\f /\ /\ j
(S'®S )( s(c))

(S'®S")( DRj(C)

Figure 6: How to place elements on the fundamental tangles

S’ (x) = X S’(x) =S(x)

Figure 7: The definition of S’

o > (S®1)(DR;)
e l ’>l (1®S)(DR;)

(b)

Figure 8: (a) A diagram P of C € BT,. (b) The decorated diagram (P, s).

1039

As is well known (see Ohtsuki [11]), J7 does not depend on the choice of the diagram
P, and defines an isotopy invariant of bottom tangles.

For example, let us compute the universal s/, invariant J¢ of a bottom tangle C with
a diagram P as depicted in Figure 8 (a), where c¢; (resp. ¢, ) denotes the upper (resp.
lower) crossing of P. The decorated diagram (P, s) for the state s € S(P) is depicted
in Figure 8 (b), where we set m = s(¢1),n = s(cp). We have

Jc

where D! =

> J(P.s)

SES(P)
+ pt I+ p I+ pt et p
D D SRS (DG R ® D R DR
seS(P)
Z (_1)m+nq—n+2mnD—2(f(m)K—Zn " F(n)K 2m m)

m,n=0

> Dy ® Diyy = X Dfjj ® D

Algebraic € Geometric Topology, Volume 10 (2010)
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4.3 The colored Jones polynomial

If V is a finite dimensional representation of Uy, then the quantum trace trlI/ (x)inV
of an element x € Uy, is defined by

! (x) =t (o (K~'x)) € Q[A],
where py: Uj —End(V) denotes the left action of Uy on V', and tr”’: End(V) — Q[/]
denotes the trace in V. For every element y =", a,Vy € R, an € Q(v), we set

try (x) = ) antry" (x) € Q((h))

for x € Uy,. Here Q((h)) denotes the quotient field of Q[A].

The universal s/, invariant of bottom tangles has a universality property for the colored
Jones polynomials of links as follows.

Proposition 4.1 (Habiro [4]) Let L = L, U...U L, be an n—component, ordered,
oriented, framed link in S3. Choose an n—component bottom tangle T whose closure
is isotopic to L. For yy,..., yn € R, the colored Jones polynomial Jp .y, ...y, of L
can be obtained from Jt by

.....

TLiyieyn = (' @ @) (JT).
4.4 Values of the universal s/, invariant of bottom tangles

In this subsection we consider the value of J(P,s) for a decorated diagram (P, s).
Let us prepare some notations.

Forn>1,1<i <n, and for X € Uy, we define X; EUE’” by
Xi=1®-QX®---®1,
where X is at the i th position.

For 1 <i,j<n,andforY =) y1®y; € U}‘lg’z,we define Y;; € Uh®” by

Yij =Y ()i(»))-

For every symmetric integer matrix M = (m;j)1<;, j<n of size n > 1, we define two
invertible elements DM, DM ¢ Uh®” by

DM — 1_[ DZ.’” = l_[ Dizjmii 1_[ (UH2/2):.nii’

1<i,j<n 1<i<j<n 1<i<n

AM _ M mii _ 2m;j H?2/2 p\mii

pM=p" TT &= ] oj™ [T 0"7260
1<i<n 1<i<j<n 1<i<n
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Later, we shall use the following proposition.
Proposition 4.2 Let T =T, U...UT, be an n—component bottom tangle. For every
diagram P of T and every state s € S(P), we have
J(P.s) e D*D (g )"
Before proving Proposition 4.2, we modify the dots of the decorated diagram (P, s).

Then we define three decorated diagrams (P, s5)°, (P, s)®, and (P, s)®, which we use
in the proof of Proposition 4.2.

In what follows, we can work up to the equivalence relation ~ on (Uz 4)®" generated
by multiplication on any tensorands by +¢/, K%/ (j € Z). The modification process
goes as follows. Let ¢ be a crossing of (P, s) with strands oriented downward, and set
m = s(c). As depicted in Figure 9, we replace the two dots labeled by D*! R,ﬂ,j with

two black dots labeled by D*! and two white dots labeled by R,ﬂn:. Then we slide the
R

DR,

Figure 9: The modification process of (P, s) on positive and negative crossings

black (resp. white) dots to the right hand side (resp. the left hand side) of the crossings,
and put the produced element K™ into the same dot of R,ﬁ. Here the transformation
follows from the formulas

DRy = DRty ® Dy Rofpyy = D DK™ Ry ® Rif o Dpoy

and  DT'Ry =) DpjRyy ® DRy = D Ry Dy ® Dy K™ Ry
Note that

(24) K™ Ry ® Ry

(25) Ry ® K" Ry ~ FV @ ™.

~ Fm) @ o™
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Similarly, we modify the dots on the other crossings as depicted in Figure 10. We
have completed the modification. By abusing the notation, we denote by (P, s) the
decorated diagram obtained from the modification.

Figure 10: Crossings of the decorated diagram (P, s) after the modification

We define the decorated diagrams (P, s)°, (P,s)®, and (P, s)¢ as follows.

Definition 4.3 (1) Let (P,s)° denote the diagram P together with the white dots
on crossings of (P, s). Note that

o ®
(26) J(P,s)" € (U%‘jq) "
Let N, U and N denote the fundamental tangles defined by
A=\, 0=\_J, n=/

(2) Let (P,s)* denote the diagram P with the black dots labeled by D*! on
crossings of (P, s), and dots on N and U of (P,s).

Figure 11: The picture when we slide a homogeneous x through a dot labeled
by D*!. This is essentially the same with the picture in Figure 5.
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(3) Fori=1,...,n, let P; denote the part of P corresponding to 7;. We call the
2i th (resp. (2i—1)th) boundary point of P the start point (resp. end point) of
P;. On (P,s), we slide all white dots to the start points of the strands of P.
When we slide a white dot through a dot on A or U, a scalar q’ (j € Z) appears,
which we can ignore. When we slide a white dot through a dot labeled by D*!,
a power of K appears, see Figure 11. We attach such an element to a new white
diamond. Let (P;, s)° be the diagram P; with the white diamonds on P;. Set

J(P,s)° = J(P1,)° ®---® J(Py,5)°.

For example, for the decorated diagram (P, s) in Figure 12, we have

Lk(T) = (4 7). DT = p2H* 2k g 1),
J(P,5)° ~ FDl fm ok o FRom — jip o) ~ K72k 1,
J(P.s)* ~ D2 K @ 1), J(Py,$)% ~ K2~ 1.

We reduce Proposition 4.2 to the following two lemmas.

K

D
K—m
_—
K—m
FD) ol Frm) ok \/ F) pm
N

Figure 12: The sliding process for a decorated diagram (P, s), where we
set s(c1) =1,s(c2) = m, and s(c3) = k for the upper, the middle, and the
lower crossings ¢y, ¢a, and c3, respectively. We work up to multiplication by
+q/ K% (j €Z).

Lemma 4.4 For every diagram P of a bottom tangle K € BT with framing r(K) € Z,
let u(P) € Z>¢ be the total number of the copies of N and U which are contained in
P. Then, the sum u(P) + r(K) is even.

Proof Note that the parity of u(P) + r(K) does not change by the Reidemeister
moves RI, RII, RIII, and crossing changes as depicted in Figure 13. Since P is equal
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el Rl D1
S

crossing change

Figure 13: The Reidemeister moves RI, RII, RIII, and the crossing change
to the bottom tangle N up to those moves, we have
u(P)+r(K)y=u(n)+r(N)=0 (mod 2). O
Let U ,? denote the Q[h]-subalgebra of Uy, generated by K, K~!. Set
o0 = T U,
which is the Z[q, ¢~ !]-subalgebra of qu" generated by K2, K2,
Lemma 4.5 We have
J(P.s)* € l”)'Lk(T)(U;vO)@n.

Proof Foreachi =1,...,n, we denote by k; the product of the K*'s on the copies
of N and U of P;. We have
J(P,5)* =D D (e, @ - @ )
:5Lk(T)(K—ml.lK1 Q- @ KMy,

Since we have K™ ™i-ik; € (7;"0 by Lemma 4.4, the right hand side is contained in

ALK(T) (77ev 0\ ® :
D (U;V )®" . This completes the proof. O
Lemma 4.6 Foreveryi =1,...,n, we have

J(P;,5)® ~1.

If we assume Lemma 4.6, then Proposition 4.2 follows from
J(P,s)~J(P,s)*J(P,s)°J(P,s)°
E5Lk(T) (ﬁqev 0)®n_(U£\:q)®n

CDLk(T)(U%:q)@n,

by (26) and Lemma 4.5.
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Proof of Lemma 4.6. For a crossing ¢ of (P, s), we denote by E. (resp. F,) the
white dot on the over (resp. under) strand labeled by () (resp. FG (©)). We slide
those white dots to the start points of strands of P, and count the powers of K labeled
to the white diamonds on each strands.

Note that each time we exchange E. with one of the two dots connected by dashed
line, labeled by D*!, a white diamond labeled by K T$ © appears next to the other
dot, see Figure 11 again. Similarly, if we exchange F, with one of the two dots labeled
by D*!, then a white diamond labeled by K*$ (©) appears next to the other dot.

Let p;(E.) denotes the number of times E. traverses the strand P; during the sliding
process. Define p;(F,) similarly. Then we have J(P;, s)® = K% , where

di= Y s@pi(E)+ pi(Fe)  (mod 2).
ceC(P)

Hence it is enough to prove that p;(E.) + pi(F.) is even for each crossing c. We
prove the assertion with three types of crossings as follows.

(i) Self crossings of P;
(ii) Crossings of P; with P for j #i,l #i
(iii) Crossings of P; with P; for j #1i
Color black or white, in chessboard fashion, the regions of the complements of P; in

the rectangle so that the outermost region is colored white. For example, see Figure 14.
Divide the strand P; into two parts B; and W;, each consisting of segments bounded

NE=

i—1 i i+1
Figure 14: A diagram P = Py U...U P, colored by chessboard fashion
associated to P;. We depict only the (i — 1), i, and (i 4 1)th component.

by self crossing points or the boundary points of P;, such that if one goes along a
segment in W; (resp. B;) to the start point of P;, then one sees a white (resp. black)
region on the left.

Note that the boundary points of the strand Py, i # [, are contained in the white region,
and those of P; are contained in W;.
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(i)

(iii)

Sakie Suzuki

For a self crossing ¢ of P;.

Note that when we trace along P; from the end point to the start point, every
time we traverse the self crossing of P;, B; and W; appear alternatingly. For
every self crossing ¢ € P;, both E. and F, are either in Bp or in Wp. Hence
if we slide E. and F_ to the start point, then the parities of p;(E.) and p;(F¢)
are the same. Thus, p;(E.) + pi(F,) is even.

For a crossing ¢ of P; and P; with j #i,/ #i.

If the crossing ¢ is in the white region, then both p;(E.) and p;(F,.) are
even. If ¢ is in the black region, then both p;(E.) and p;(F,) are odd. Hence
pi(Ec) + pi(F¢) is even in both cases.

(b) (©
Figure 15: The four types of crossings

For a crossing ¢ of P; and P; with j #1i.

See Figure 15. There are four types of crossings such that whether the white dot
on P; isin W; orin B;, and whether the white dot on P; is in the white region
or in the black region.

We assume P; is the over strand, that is, E. is attached on P;. The other case
is almost the same. For (a), since E. starts and ends in W;, p;(E,) is even.
Similarly, since F, starts and ends in the white region, p;(F;) is even. Thus,
pi(Ec)+ pi(F¢) is even. For the other three cases, in a similar way, we can prove
that the parities of p;(E.) and p;(F,) are the same. Hence p;(E.) + pi(F¢)
is even.

Therefore we have J(P;,s)® ~ 1 for i =1,...,n, this completes the proof. O

Remark 4.7 As defined in [4], let ;" C Ugz,4 denote the subalgebra of Uj, freely
generated over Z[g, ¢ '] by the elements F) K2/ ek for i,k >0, j € Z. Note that
the right hand sides of (24) and (25) are in (Z/{;V)@z. This implies a result stronger than
Proposition 4.2 :

J(P,s) e DD ue)®n.
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This implies the following, which is proved by Habiro when Lk(7") = 0 in the other
way,

Jr e 5Lk(T)(a‘;V)®n’
where (ﬂgv)é” is Habiro’s completion of (L{;V)@’" in [4].
4.5 The universal s/, invariant of ribbon bottom tangles

Habiro [4] studied the universal s/, invariant of 1—component ribbon bottom tangles.
We generalize those to n—component ribbon bottom tangles for n > 1.

For T'€ BTiyj+2.1,j=0,let (adp);,j(T) € BT+ j+1 and (p) (i, j)(T) € BTi4 j+1
denote the bottom tangles as depicted in Figure 16. We use the following lemma.

(ad);,; (T) =

(1p)i,j (T) = U

i+1 i+1

Figure 16: A bottom tangle 7" € BT;;;j1, and the bottom tangles
(adp) @, y(T), (up)@,jH(T) € BTi1j+1. We depict only the (i+1)th and
(i+2)th components of 7', and the (i+1)th components of (adp), (1),
(p) @, (1)

Lemma 4.8 (Habiro [3]) For every bottom tangle T' € BT; j 1>, i, j = 0, we have

Jady); ;) = adi,;j (JT), Jwp)i ;) = i j (JT),

where we set
ad; j =id® @ ad ®id®/: P /T2 5 U2t

- 1®i Q). 7 ®i+j+2 ®i+j+1
ﬂi,j:1d®’®u®1d®J:Uh I - U, T
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Here p: U,®Uy, — Uy, is the multiplication of Uy .

For a 2k —component bottom tangle W = Wy U...U Wy, € BT,k > 0, set

k k
W =| Wy eBTy and W= )Wy, €BTy.
i=1 i=1
For a diagram P of W, let P (resp. P°) denote the part of the diagram P
corresponding to W (resp. W°4). We say a bottom tangle W € BT,y is even-
trivial if W is a trivial bottom tangle. For example, see Figure 17. We also say a
diagram P of W is even-trivial if and only if P has no self crossings. Note that a
bottom tangle W has an even-trivial diagram if and only if W is even-trivial.

Figure 17: An even-trivial bottom tangle W € BTgs. Here W' is depicted
with thick lines.

The following lemma is almost the same as [3, Theorem 11.5].
Proposition 4.9 For any bottom tangle T € BT, the following conditions are equiv-
alent.

(1) T is aribbon bottom tangle.

(2) There is an even-trivial bottom tangle W € BT, k > 0, and there are integers
Ni,..., N, >0 satistying Ny +---+ N, =k, such that

(27) T = M[le,...,Nn] ad?k(W),

where
ad®*: BTy — BTy

is as depicted in Figure 18, and
NN BTN i, — BT,

is as depicted in Figure 19.
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If (27) holds, then we call (W; Ny,..., Ny) a ribbon data for T. For example,
the ribbon bottom tangle u[!-2:%(ad,)®3(W) € BT; with the ribbon data (W €
BTj3;1,2,0), where W is the bottom tangle in Figure 17, is as depicted in Figure 20.

Proof of Proposition 4.9 In view of Proposition 2.2, the proof is almost the same as
that of [3, Theorem 11.5]. O

Figure 19: A bottom tangle T € BT} and the bottom tangle MLNI"“’N"](T) € BT,

20 (ady)® (W) =

Figure 20: The ribbon bottom tangle pu!'2%/(ady)®3(W) e BT; for the
even-trivial bottom tangle W € BTj3 in Figure 17

For n > 1, let

,u[”]: Uh@)”—>Uh, X1 ® - @Xpr> X1X2...Xn
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denote the n—input multiplication. For integers Ny,..., N, >0, Ny +---+ N, =k,
set

,u[N"""N"] — M[Nl] ®...®ﬂ[Nn]; Uh®k — Uh®”.

Proposition 4.10 Let T € BT, be a ribbon bottom tangle with ribbon data (W €
BT5;; Ny,...,Ny). Then we have

where ad®*: U h®2k —-U }‘lgk is the k —fold tensor power of the adjoint action.

Proof By Lemma 4.8, we have

J gy = 2% ().
for T € BTy, and
— [le"'an]
J E)Nl ..... Nul(py = M (J1),
for T € BTy . This implies the assertion. O

5 Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Let 7" € BT}, n > 0, be a ribbon bottom tangle,
and (W € BTj; Ny,...,Ny), k>0, aribbon data for 7. Let Py be an even-trivial
diagram of W, and s € S(Pp) a state. We use this setting throughout this section.
The proof of Theorem 1.2 is outlined as follows.

First, we prove the following proposition.

Proposition 5.1 We have

J(Py.s) e DD Ug & Uk,

Then we consider the contribution of D™ to the adjoint action, and we construct
an element J( Py, s) € (U%Vq ® quv)‘g’k such that

(28) ad®* (J (P, 5)) = ad®* (T (Pw, s)).
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Thus, by Proposition 3.2, we have
(29) ad®* (J (P, 5)) € (U5")®*,

Finally, we define a completion (U ;V)A‘g’k of (U;V)@’k and prove Theorem 1.2, that is,
we prove

Jr = M[le---an] Z ad®k(J(Pw,S)) c (U;V)A@n
seS(Pw)

5.1 Proof of Proposition 5.1

We modify the proof of Proposition 4.2. The key to the proof is the fact
+ + — —~ 77 7
K" Rty ® Ry Rnpn) @ K™ Ry € Uz, ® Ug) N (UG ® Uz ).
which follows from (24) and (25). Since Py is even-trivial, the set C(Py/) of the

crossings of Py is the disjoint union of two subsets

C*®® = {crossings of Py, with Pﬁgd and C° = {crossings of Pf,’ﬂd with P;,’ﬁd .

Thus, on the decorated diagram ( Py, s), we can assume that the element attached to
the white dot on P;'I} (resp. P{};‘d) is contained in quv (resp. Uiv, 4 ). For example, we
attach elements to positive crossings as depicted in Figure 21. Then for the decorated
diagram ( Py, s)°, we have

(30) J(Pw.s)° € (U, ® U .

The rest is analogous to the proof of Proposition 4.2.

- -

Pt~

Figure 21: The three types of positive crossings. We work up to multiplication
by +q’. K¥ (j € Z).

Algebraic € Geometric Topology, Volume 10 (2010)



1052 Sakie Suzuki

5.2 The element J (Pw,s)

In this subsection, we construct the element J (Pw,s) e Uy g ® (7;")@”‘ satisfying
(28).

Lemma 5.2 For homogeneous elements x, y € Uy, we have
+
(ii) Z(D[l] >X)® (D[z] >y) = quXIIylx ® y, and
(i) (WH2K)E! b x = gExI0xI+D

Proof We prove the formulas for the positive signs. Then the other cases are similar.
By the formulas (3)—(5), we have

+
() 3(Dpiyex) ® Dy = X(Dppx Dy ® (Dpyy Dpyy) = x @ K.

Using (i), we obtain

(ii) Z(D[l] >X)® (D[z] PY)=) x® (K|x| >y) = qlxllylx ® y,and
(i) H*/2K)ex = Y(Df D K) » x = gD Dy o x) = ¥ (KX b x) =
gXI0x+D) O

Lemma 5.3 For k >0, let M = (m;,j)1<;,j<2k be a symmetric integer matrix of
size 2k, satisfying my; 5j =0 for 1 <i,j <k.Let X =Xx; ®---®@ X € U®2k be
the tensor product of homogeneous elements x1, ..., X, € Up. We have

ad®k(5MX) — qN(M,X) ad®k ((1 ® KZQl(M,X) ® ._'® 1 ® KZQm(M,X))X)’
where if we set X; = x5;_1 > X»;, then

ai(M,X) = Z maioj—1|Xjl,

1<j<k
NM, X)= Y 2my12jlXillXl+ )Y maicg 2| Xil(1Xi] + 1),
1<i<j<k 1<i<k

Here |X;| = |x2i—1| + |x2i] is the degree of X; defined in Section 3.
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Proof Weuseinductionon }°;<; j<op [mijl. If 3oy <; j<op [mij| =0, thatis, M =0,
then the claim is clear. Let us assume M # 0. Then there is a matrix M’ satisfying
the assertion, and either

M:M/:I:(12i,2j—1+12j—1,2i)7 forl1 <i#j<k, or
M =M+ zi—12j-1+12j-1,2i-1), forl<i#j<k, or
M=M/3|:12i—1,2i—1’ forlflfk,

where 1; ; is the matrix of size 2k such that the (i, j)—component is 1 and the others
are 0. Note that

PM'EW+10) — DM/D,:EJZ, for 1 <i # j <2k, and
DM'EL = DM’ () H?/2 gL for 1 <i <2k.

Then the following formulas using Lemma 5.2 imply the assertion.
d®k(D2i112] X)) =X1® - ®(x2i-1 > D[:ll:]le')®...®(D[:|2:] > Xj)® - -@ X
=X ® - '®(X2i_1 > KiIXf|le-)®.. .®X'j®. @ X,
ad@k(D;ZIIZI ]X) = X1®"'®(D[j2:]le'—1 [>D[j1:]le-)®...®...®Xk
= X1® - ®(x2i1 > KFHilxy))® - ®X;® - ® X,
ad® (D35', 5, 1 X) = X1®--®(Dfj;> Xi)®---®(Dj5 > Xj)®---® X
=gtXiX X @ .9 X;® - ®X;® @ X,
Rk H2/2 +1 _ H2/2 +1
ad®* (VH2K) X)) = Xi®--®((v/2K) T b X))@ ® Xy
AXX+H) y 0. 2 @@ X,

for 1 <i#j=<k. O
By Proposition 5.1, we have
. (DLW —1 Frevy®k
X = (DY (P s) € (U, ® US)®.

Since the linking matrix Lk(W) of W satisfies the assumption of Lemma 5.3, we
obtain the element J (Py,s) € (U’ ¢ ® quv)®k satisfying (28), such that

j(PW,S):qN(1®K20] ®...®1®K2ak)X’
where we set
N =N(@Lk(W),X), and a; =a;(Lk(W), X),

fori =1,...,k, asin Lemma 5.3.
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5.3 Filtrations of U

In this subsection, we define two filtrations {A4,},>0 and {Cp},>0 of (_]qev, which are
cofinal with each other. We give four equivalent definitions for {4,},>0, and two for

{Cplp>0-

For a subset X C (7(;”, let (X )idear denote the two-sided ideal of U;V generated by X .
For p = 0, set

Ap = (UZ,q [>ep>ideal’ A/p = (UZ,q > fp)ideah
BP = (KP(UZ,q > K_pep))ideal, B} = (KP(UZ,q > pr_p))ideal,
_ 7). ey > / :< () o 7 >
Cr <Z Uz £ UFY) ideal” C Z Uz F77 0 UF) ideal’
p'zp p'zp

Proposition 5.4 (i) {A4p}p>0 is a decreasing filtration.

(i) For p = 0, we have

Proof (i) In view of Proposition 3.2, the assertion follows from

Apy1 = ((Uz4g>e)(Uzq>e?))idgea C Ap.

for p > 0.

(i1) By the formulas

31) SPKP = (=1)Pq P’ FCP s KPP c Ug 4> K Pe?,
(32) K PeP = (—1)PqP’ ECP s fPK~P cUp o [PKP,

we have B, = B),. We prove A, = B), then A}, = By, is similar. By Proposition 3.2,
we have

KP(UZ,q > K Pe?) C KP(UZ,q > K 7). Uz q > e?)
C U (UgqveP) C Ap.
Hence we have B, C A, . Conversely, we have
Uz.4 >ef = Uz.,q> KPK™Pe? C Uz 4> K?). Uz qv> K™ ?e?)
CUSKP(Uzgq> K™ Pe?) C Bp.

Hence we have 4, C B,, this completes the proof. O
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Proposition 5.5 (i) For p >0, we have C, = CI;.
(i) For p >0, we have Cy, C Ap.

(iii) If p =0 is even, then we have C,, = Ap.
Proof
(i) We prove Cp C Cp, then Cp D C,, is similar. Using the formula
EC@P  F) g=p — (_1)Pg= 2P+ D k=P E(P),
we have
UZ’qE(p) c Uz, (E(Zp) > ﬁ(p)K—p)
C Uzsqﬁ(p)UZ,q.
Hence we have
UZ,qE(p) > U;V C Uzyqﬁ(p)UZ’q > (7;\/
C U F P o T2
This completes the proof.
(i) In view of Lemma 3.1, it is enough to prove that
E@) Fi K220 Ap,
for p’ > 2p. If iy > p’ > p, then the assertion follows from
Uzq® [TTK*2e C (Ug g fMUS C A, = Ap.
If iy < p’, then we have
E@) b [k 25 € (Uz g /™ )igea N (€™ TP ™ igeal,
C A;-l n Ai3+p’—i1
C Amax{il,i3+p’—i1}9

where the € follows from the formula (21), and the last C follows from Proposition
5.4. Hence the assertion follows from

max{iy, i3+ p' —i1} > 5(is+ p') = p.
(ii1) If p > 0 is even, then we have
KP(Ugq> K PeP) = (—l)pquKp(UZ’q > (ECP) s fPg=PY)
C (UZ,qE(Zp) > quv>ideal C Cyp,
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from (31). Hence we have C,, D B, (= Ap), this completes the proof. O

Corollary 5.6 For p > 0, we have
Czp C hpUh.

Proof Since e? C h?Uy, we have C,, C Ap C h? Uy, by Proposition 5.5. O

5.4 The completion (ﬁ;v)’é" of (U;V)G’”

In this subsection we define the completion (U ;V)A‘X’" of (U ;V)®”, and prove Theorem
1.2. Let (U qu)A denote the completion in U of l_]qev with respect to the decreasing
filtration {Cp},>0, that is, % )" is the image of the homomorphism

Li_r_n(quv/Cp) — U

P
induced by the inclusion U;V C Uy, which is well defined since C,, C h?U), for
p > 0. For n> 1, we define a filtration {Cp(n)}pZO for (UF")®" by

n
CISH) = ZU;"@...@U;"@Cp®U;V®...®qu"’
j=1
where C,, is at the j th position. Define the completion ((_];V)A@" of (l_fqev)‘g” as the
image of the homomorphism

: r7evy® ®
i (T3 /C{0) = U
y4

For n = 0, it is natural to set

CcO _ Zlg.q7"] if p=0,
» 0 otherwise.

Thus, we have

(T8 = 2[q.q7"].

Recall the setting mentioned at the beginning of this section. For i =1,...,2k, let P;
denote the part of Py corresponding to the i th component of W = Wy U...U Wy,
and C(P;) the set of the crossings on the component P;. For p > 0, we denote by
7, the two-sided ideal of Uz , generated by EW@ F®) ¢ Uz,q- For s € S(Pw), set
|s]; = max{s(c) | ¢ € C(Py)}.
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Lemma 5.7 For each s € S(Py), there are elements w,;—1 € U%"q NZj|,;,_, and
Wy € quv NI, fori =1,...k, such that

J(Pw.s)=w; @ ® .

Proof Let (P;,s)° denote the decorated diagram with P; and white dots of ( Py, 5)°
on P; (see Definition 4.3 for the definition of ( Py, s)°). Recall that one of the elements
EG@) FG@) es()  £5(0) jsabeled on a white dot on a crossings ¢ of the decorated
diagram (P, s)°. Since each of those elements is contained in Zg(.), we have

J(Pi, S)o € ZIsI,- .
Note that
T(Pw,5) ~ (DN TV J(Py,s) ~ J(P1,5)° ® -+ ® J(Pay, 5)°,

where ~ means equality up to multiplication by &g/, K?/(j € Z) on any tensorands.
This and Proposition 5.1 complete the proof. O

Proof of Theorem 1.2. Let |s| = max{s(c) | c € C(Py )} denote the maximal integer
of the image of s. Since every crossing of Py has at least one strand in P;,’ﬂd, we
can assume s(c) = |s| for a crossing ¢ that has a strand of Py; 1, 1 < j <k. Take
elements wy;_1 € qu NZs)y;_, and wy; € UZY N, i =1,...,k, as in Lemma
5.7. We have

waj—1 € L.
Since Zj5 > (7;” C Ci5), we have
Wwayj—1>wyj € C.
In view of Proposition 3.2, we have
ad®* (J(Py.5)) = ad® (w1 ® - @ wy) € G,

Thus by Proposition 4.10, we have

=Y Y NN ad®k(J(py ) € (T
120 seS(Pw),|s|=I

This completes the proof. |
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Remark 5.8 Recall from [4] the Z[q, ¢~ !]-subalgebra (quv)“@" of U }(le . We can
prove the inclusion (U ;V)A®" C (ﬁqu)~®n as follows. We have only to prove C,, C
FpUyg"), for p =0, where Fp(Uy") denotes the two-sided ideal of 14" generated by
e?. In view of Proposition 5.5, we have only to prove A, C Fp(Ug"). Set

[H;i]q ={H +i}q,p/{P}q"
for i € Z, p > 0. One can show that

Uz, = @ FOus E.
i,j=0

where U%V; is the Z[q, ¢~ ']-subalgebra of Uévq generated by K2, K~2 and [H;i ]q
for i € Z, p > 0 (This fact is a variant of a well known fact on Lusztig’s integral form
Uz [8].) Thus it is enough to prove that

fori,j>0and g € Uquo. For a homogeneous element x € Uy, we have

Ko x=¢*¥x and [H;H‘]q > X = [2|xl|+k]qx,

for k € Z, I > 0. Hence we have
0 -1
Uzg>x CZlg.q" Ix.
Then the claim follows from

ED el = (_l)j[j+§2—l ]qe””,

l
FO yopti = Z(_l)kq—ék(k—mk(pﬂ) F—K) op+i k) ~ FpUds).
k=0

6 Examples

The Borromean tangle B € BTj is the bottom tangle depicted in Figure 22. Note that
B is a 3—component, algebraically-split, O—framed bottom tangle, and the closure of
B is the Borromean rings Lp. It is well known that Lp is not a ribbon link. In [4],
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0

Figure 22: The Borromean tangle B € BT3

the following formula of the universal s/, invariant of B is observed.

(33) Jp= Z qm3+n3(_1)n1+n2+n3q2?=1(—%mi(mi+1)—ni+mimi+l—2mi”i—l)

l’l‘ll ,mz,m:,;.
ny.npy.n3=0

F(n3) pmy 7(m3) jny gr—2m> ® Fn) gma p(my) jny gr—2m3
® ﬁ(nz)ems ﬁ(mz)ens K—2m1 ¢ (U'qu)A‘X)S’

where the index i should be considered modulo 3. The following is also observed in

[4].

(=Dig7iC=D0i 4 1}, iy /{1y f i =)=k,

(34) J .p’ pr pr =
Lp;P/,P, P 0 otherwise.

Since 2 it o RIHELULLEL 1, for j = 1, each of (33) and (34) implies that the

Borromean rings L p is not a ribbon link.

Remark 6.1 Let Lg be the 2—component link obtained from a knot K by duplicating
the component. Indeed, L g is a boundary link. In particular, if K is a ribbon knot,
then Lk is aribbon link. We can prove

- - {2m+1}q,m+1
TrxiB P € g An

as follows. By the formulas in [4, Section 8], we have

min(m,n) min(m,n)
D! Dl —kl {m+n},! >V —I(k+1+1) "
Pubri= 3" a7 it L= ) 4 Cemn @) Pr
k=0 k=0
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where [ =m+n—k, P/ = ¢q1(1+1)13;, and

I — {21+1}q'1+1

Chemn(q) = ZEFHLmL ey v — ey [ 200 ] [2020 ][] (1],

{2m+1}q,m+l I
n-

€T

[4, Theorem 6.4] implies that J. Py € Z[q,q~ "] for I > 0, hence we have

min(m,n)
o o —I(k+1+1) ., {2m+1}q,m+l
TLx:B By = Ik BBy = Z q Crmn(@) Tk Py € T In
k=0
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