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Abstract: The linear quadratic regulator (LQR) is widely used in active structural controls (ASCs). However, at the
present stage, the influence of the design parameters (LQR weighing matrices) on the vibration characteristics of the control
system has not been explicitly expressed. In particular, the estimation of the required control force has not been conducted.
Therefore, the LQR weighting matrices are mainly selected by trial and error, making it very difficult to design a control
system that achieves the desired performance. To solve this problem, an equivalent model of the single degree of freedom
active model (structure with active control) is constructed, using which, a calculation method for the weighing matrices that
does not require a trial and error approach to satisfy the desired control performance is proposed. Thereafter, the concept of
a transitional response spectrum under a specific earthquake wave, which is widely used in structural design, is promoted
as a control force spectrum that can be used to estimate the maximum control force. Finally, the design of a passive base
isolation (PBI) reactor is discussed as an example, and the performance-oriented design method for the PBI structure
combined with ASC is proposed that simultaneously satisfies the limitation conditions of the responses and control force.

1. INTRODUCTION

To minimize damages to superstructures due to violent
earthquakes and to resume operation immediately after
earthquakes, in Japan, the use of passive base isolation (PBI)
structures increased sharply after the great Hanshin
earthquake (Y. Tanaka et al., 2011). At present, the PBI
structure is widely used globally, not only in public buildings
and high-rise apartments, but also in major constructions (G.
P. Wamn et al., 2012). Applying the PBI structure to nuclear
power stations is a topic of worldwide research (S. Ryu et al.,
2013, N. Takemi et al., 2013, A. S. Whittaker et al., 2014, H.
Asano et al., 2014 and M. Kumar et al., 2017). However, by
the end of 2017, there were no instances of nuclear power
stations using the PBI structure in Japan (T. Hiraki et al.,
2017). A possible reason for this is that though the PBI
structure can decrease the absolute acceleration response on
superstructures, it is difficult to control the displacement
response within the allowable range, because the natural
period of the PBI layer is relatively long (M. Kumar et al.,
2017). To solve this problem, the authors conducted research
on the PBI structure combined with active structural control
(ASC) (Y. Chen et al., 2018 and K. Miyamoto et al., 2018).
The linear quadratic regulator (LQR) is a widely used method
in ASC controller design. The controller designed by LQR
ensures asymptotic stability and minimizes control energy (A.

Preumont et al., 2008). Thus, LQR is suitable for vibration
control, and is widely used in ASCs (F. Casciati ef al., 2012
and S. Korkmaz et al., 2011).

In conventional structural design, by using the response
spectra of earthquake waves, it is possible to estimate the
maximum responses of the model, without the need of
numerical simulations. If the equivalent natural period and
equivalent damping ratio of the ASC model can be described
theoretically, the response spectrum can be used at the
controller design stage, and the controller design can be
simplified. However, at the present stage, using the LQR
weighing matrices as parameters of LQR design, the effects
on the equivalent natural period and the equivalent damping
ratio of the control system are ambiguous. Hence the LQR
weighing matrices are chosen using a trial and error approach,
to achieve the desired control performance (A. Preumont et
al., 2008). To solve this problem, T. Fujii ef al. considered the
single degree of freedom (SDOF) semi-active structural
control system as a research topic, and theoretically clarified
the influence of the LQR weighing matrices on the vibration
characteristics of the control system (T. Fujii et al., 2013).
However, the model used in T. Fujii ef a/. did not consider the
structural internal damping, thus limiting its fields of
application, making it incompatible with the model of the PBI
structure combined with ASC. On the other hand, V. K.
Elumalai et al. considered the SDOF magnetic levitation



system as a research topic, and the paper proposed an
algebraic method for calculating the LQR weighing matrices,
which achieves the equivalent natural angular frequency and
equivalent damping ratio (V. K. Elumalai et al., 2017).
However, V. K. Elumalai et al. did not investigate the impact
of specific factors on control system vibration characteristics,
making it difficult to use the proposed method in ASC design.
Moreover, when ASC is applied in construction, the required
control input can be significantly large, as expected. It is
therefore necessary to deduce the theoretical equation that can
be used to theoretically estimate the maximum control force.

In this paper, the performance-oriented design method is
proposed that simultaneously satisfies the limitation
conditions of the responses and control force. Moreover, it
requires neither trial and error nor numerical simulations,
which simplifies the controller design.

The equivalent model (Figure 1(b)) of the active model
(Figure 1(a)), considering structural internal damping, is
constructed. The influence of the design parameters
(weighing matrices) on the structural characteristics (stiffness
coefficient and damping coefficient) and vibration
characteristics (natural period and damping ratio) is
theoretically clarified. A calculation method for the LQR
weighing matrices is proposed by using the constructed
equivalent model to achieve the desired equivalent natural
period and equivalent damping ratio. Furthermore, a new
spectrum of a specific earthquake wave called the control
force spectrum is proposed, which can be used to estimate the
necessary maximum control force at the controller design
stage. This makes it possible to calculate the weighing
matrices for the design of the controller, which
simultaneously satisfy the limitation conditions of responses
and control force. Moreover, it requires neither trial and error
nor numerical simulations. The remainder of the paper is
organized as follows.

The mathematical modeling of the SDOF active model
is presented in Section 2. Section 3 presents the construction
of the equivalent model of the active model, considers the
influence of the weighing matrices on the structural
characteristics of the equivalent model, and details the
calculation method for the weighing matrices. A control force
spectrum is proposed in Section 4. In Section 5, a controller
design method for the PBI structure with ASC that
simultaneously satisfies the limitation conditions of responses
and control force is proposed. Section 5 also presents a
discussion of the design of the PBI type reactor as an example,
to confirm the validity of the proposed design method.
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(&) Active model
SDOF model with active control

(b) Equivalent model
Figure 1

2. DESIGN OF CONTROL SYSTEM

Given that it is necessary to solve the algebraic Riccati
equation (ARE), the structure is assumed to be an SDOF
model. The dynamics of an SDOF control system are
described by the following equation:

MX(t) + coX(t) + kox(t) = d(t) —u(t) €))
where m is the mass; ¢ is the damping coefficient; k is the
stiffness coefficient of the structure, which is defined by (2)
and (3); x(9), d(f), and u(?) are the response displacement,
disturbance force, and control force, respectively.
_A4n®-m
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where T is the natural period of the structure, and ¢p is the

Ko @)

damping ratio.
The state-space representation of (1) is
2(t) = Az(t) + B,d(t) — B,u(t) )

where z(7) is a state vector, 4 is a system matrix, B, is input
matrices for u(f), Bsis input matrices for d(f), which is defined

by (5).

2t =[x®) x®OF (52)
0 1
A= {_ L C_o} (5b)
m m
B, =B, = [o i} (5¢)
m

Figure 2 presents the block diagram of the control system
used in this study.

d()

Figure 2 Block diagram of control system

The feedback control law
u(t) =K, - z(t) (6)
is used, where Kp is the state-feedback gain that is designed

using the LQR method, which determines the state-feedback
gain by minimizing the following performance index:

J= J:C (z(t)"Qz(t) +u(t)" Qu(t))dt (7)

where R (> 0) is the weighing matrix for the control force, and
Q is the weighing matrix (semi-positive) defined by
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Thus, Kp is defined as
K, =R'B]P ©)
where P is a semi-positive symmetrical solution of the

following ARE:
ATP+PA-PB,R'B/P+Q=0 (10)

3. EQUIVALENT MODEL

3.1 solution of the ARE
Given that the solution of the ARE is a symmetrical
matrix, it is written as

pll p12 :|
P= 11
|: p12 p22 ( )
Substituting (5), (8), and (11) into (10) yields
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Rewriting (12) yields
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Expanding (13) yields
k 2
22 py 0B =0 (14a)
2p, 2% 1, P2 o (14b)
12 T
D _C_op _ﬁp _ PPy _ 14
11 m12 mzz mzR_ (C)

The elements of the P matrix, such as pi, pi2, and p2, are
obtained using the ARE in (10):

Py, = —Mk,R +,/m?kZR? + m?q,R (15)

Py =—MC,R +/M’cZR? + 2m°Rp,, +MQ,R (16)

c K
p11:_0p12+_0p22+% (17)
m m m°R

Moreover, given that P is a semi-positive matrix, it yields

Py >0, Py >0, Py - Py > PS (18)
Finally, p1» and p», are defined as

Py, =-Mk,R +/m?kZR? + m?q,R (19a)

Dy =—MC,R+4/M?C2R? + 2m°Rp,, + M2q,R (19b)

From (17) and (19), the analytical solution of the ARE
can be obtained using the SDOF model.

3.2 Construction of the equivalent mode
Substituting (5c) and (11) into (9) , Kp is

K =R*'B/P :i{o i:‘[ Pu p12:|

R m | Pz P22 (20)
:[% %}:[KPI sz]

where Kp; and Kp, are

KPlzﬂkc?"‘Ch%_ko (21a)

K, = ch —2mkK, +2\/m2k02 + mz%% +0 % —C, (21b)

Substituting (20) and (5a) into (6) yields the control force:

u(t) = Kp - z(t) = [Kp, KP2]|:§§:§:|

(22)
= Kpy - X(t) + Kp; - X(t)
Substituting (22) into (1) gives the vibration equation of the
equivalent model:
mx(t) + (Co + KPz)X(t) + (ko + KPl)X(t) =d(t) 23
MX(t) + . X(1) K X(t) —dpy @
where keq and ceq represent the stiffness coefficient and

damping coefficient of the equivalent model and are defined
by the following equation.

keq =k, +Kp;

f 24
= k02+ql% ( a)



Coq =Co + Kp,

=\/c§ —2mk, +2./m2k2 +m2q1% +q2%

From (24a), it can be seen that kq is dependent on ko, g1,
and R. When ¢,=0, the value of ke is equal to kp. When ¢ is
increased, the value of k. increases. When the value of R is
sufficiently large, the value of k.q approaches 4.

From (24b), it can be seen that c.q is dependent on c, ko,
m, q1, g2, and R. When ¢,=¢,=0, the value of c.q is equal to co.
When g, or ¢, is increased, the value of c.q increases. However,
the influence of g1 on ceq is smaller than that of ¢», given that
¢q1 is in the double route. When the value of R is sufficiently
large, the value of cq approaches cy.

As is commonly known, the natural angular frequency
g, natural period Tq, and damping ratio Seq of the equivalent
model are

(24b)

W,y = r‘:lq (25a)
2
T, ="
o (25b)
C
Cog =" 2
. 2Ma,, (25¢)

In addition, the control force of the equivalent model can be
obtained by the difference between (1) and (23).
u(t) = (Ko —Keg)X(1) + (Co —Ccq ) X() (26)

From (26), the control force of the equivalent model can
be calculated using the responses of the equivalent model and
ko, keg, co and ceq.

Solving (24a) and (24b), the elements of O, such as ¢
and ¢», can be determined by

0, = (kezq,lar - kOZ)R (273)

qZ = (Ce?q,tar - Cg + zmko - 2‘, m2k02 + mquéJR (27b)

Furthermore, if the control system is represented in a
controllable canonical form, (27) is identical to that proposed
by V. K. Elumalai et al.

The calculation procedure of the LQR weight selection
method is summarized below.

Step 1. Specify the natural period and damping ratio of the
structure (75 and ¢p), and calculate the value of &y and
co using (2) and (3).

Step 2. Specify the desired natural period and damping
ratio of the control system (7eqar and (eqrar), and
calculate the value of keqar and ceq ar using (2) and (3).

Step 3. Arbitrarily assign a value to R. Even if the value of
R is arbitrary, it does not affect the control system in
this design procedure.

Step 4. Substitute keqar, ko, and R into (27a), and calculate
¢ in the weighing matrix Q.

Step 5. Substitute ceqar, M, ko, co, R, and g calculated in
Step 4 into (27b), and calculate ¢, in the weighing

4

matrix Q. If ¢» > 0, use the calculated values of ¢ and
q-> to design the control system. If ¢><0 because the
semi-positive limitation of O cannot be satisfied, go
back to Step 2 and review Teqar OF Ceqtar-
Figure 3 presents the flowchart for the calculation
method of the weighing matrices.

‘ Decide T and ¢ ‘

Decide T’

eq.tar

‘ Calculate g, using (27a). ‘

v

‘ Calculate ¢, using (27b). ‘

v

a0
Yes
END

and

eq,tar ‘ <

Figure 3 Flowchart of caculate procedure
4. CONTROL FORCE SPECTRUM

This section presents the calculation of the theoretical
formula for the maximum necessary control force, and the
proposal of the control force spectrum.

From (24a) and (24b), when ¢i=0, the equivalent
stiffness coefficient k.q and equivalent damping coefficient ceq
are expressed by the following equations:

kg =K 0= =Ky (283)
R
2 21,2 2 1 1
Ceq =4/Co —2MK, +2./m°ky +m qlE+q2E
(28b)
1

Bl Cg‘*’%E

Therefore, at ¢i=0, the equivalent natural angular frequency
e, the equivalent natural period Teq, and the equivalent
damping ratio {,q are given by the following equations,
respectively:

Weq = W (29a)

T =To (29b)
€5 +0;

= Cg _ Ceq _ R (29¢)
* 2Mw,,  2May, 2ma,

From (28), it can be seen that by setting g1 = 0, the
equivalent damping ratio {,q can be adjusted without changing
the equivalent natural period 7, from initial natural period 7p .
By substituting (28a) into (26), the following equation can be



obtained:
u(t) = (Co —Ceq) X (1) (30)
Furthermore, by dividing (30) by the weight of the model m,

the shear force coefficient of the control force C, can be
obtained.

ﬂ _ (CO _Ceq) X
mg

C,(t)= ®) (31)
where g is the gravitational acceleration. Therefore, the shear
force coefficient of the maximum necessary control force
Cupeak can be calculated using the following equation:

(CO - Ceq)

u,peak —

c -Peak{x(t)}

(CO - Ceq) (32)

:—'SV (TO'geq)
mg

where Sy (To ,{q) is the value of the response velocity
spectrum when the equivalent natural period is 7y and the
equivalent damping ratio is {oq . Moreover, by substituting
c=20wom and ceg=2lcqwom into (32), the shear force
coefficient spectrum of the control force (control force
spectrum) is

(deqwom —2¢,@,m)

SC(TO’§0'§eq) =
_ za)o(é/eq _410)

mg

' SV (TO ’ é/eq)
(33)
’ SV (TO ' geq)

From (33), by setting ¢,=0, the control force spectrum S¢
is calculated without using a time domain numerical
simulation. By the velocity response spectrum of the
earthquake wave Sy, it is possible to evaluate the magnitude
of the control force. Moreover, if the initial natural period 7o
and the equivalent damping ratio (¢4 are fixed, the maximum
control force is proportional to the initial damping ratio (o.

5. CONTROLLER DESIGN METHOD FOR PBI
STRUCTURE WITH ASC

In this section, a controller design method for the PBI
structure with ASC, which can satisfy response limitations
and control force limitations simultaneously, is proposed
using the weighing matrices calculation formulas (27) and the
control force spectrum (33). Moreover, the design of the PBI
type reactor with ASC is considered as an example, to confirm
the validity of the design method.

5.1 Design method
Step 0. Specify the following:
mass of structure m
earthquake used in design procedure
limitation of response displacement xXjim
limitation of response velocity X;,,
limitation of response absolute

{X + X.g}lim

acceleration

limitation of initial damping ratio (passive damper)
Colim
limitation of shear force coefficient of control force
Culim

Step 1. Select the equivalent model (equivalent natural
period Tz and equivalent damping ratio (o) that
satisfies the limitation conditions of the responses
(displacement, velocity, and acceleration) in Step 0,
From the response spectrum.

Step 2. Using the control force spectrum (33) of the
earthquake wave used in the design procedure, select
the model that satisfies the limitation of the shear force
coefficient of the control force C,,im and the limitation
of the initial damping ratio {ojim , from the equivalent
models selected in Step 1. Specify the initial damping
ratio {p of the equivalent model.

Step 3. Arbitrarily assign a value to R, set ¢:=0, and
calculate ¢» using (27b) for the selected models.

Step 4. Calculate the state feedback gain Kp by (9), using
the weighing matrices O and R determined in Step 3.

Step 5. Confirm if the designed controller satisfies the
limitation conditions, using a time domain numerical
simulation.

5.2 Design example

An artificial earthquake wave is used, specifically, Art
Hachinohe (phase characteristic: Hachinohe 1968 EW),
which has a pseudo velocity response spectrum ,Sy of 200
cm/s ((=0.05) in the region after the corner period 0.64 s
(Figure 4). In addition, the disturbance force d(?) is calculated
by the following equation:

d(t) =-m¥X, (t) (34)

The structure is a PBI reactor building, and the mass of
the structure is approximately 3.7x108 kg (S. Ryu et al., 2013).

1000 PGA = 1000 cm/s’
— PGV =110 cm/s
C\.(/J
~
g 0
L
. o0
= -1000 : :

0 50 100 150 200 250

t[s]
(a) Accelerogram
400

%)
~
g 200
O, TN TN —
SR+ S ¢ =0.02,—(¢ =0.05,—(¢=0.10
UDQ 0 0 I ‘ |

0 2 4 6

T [s]
(b) Pseudo velocity response spectrum

Figure 4 Art Hachinohe wave



Step 0. Limitation conditions:
Xlim = 40 cm
X;im =150 cm/s
{%+ X%, }im = 300 cm/s?
Cotim=0.1
Culim=0.1
Step 1. Figure 5 presents the relationship between Sp and
S4 of Art Hachinohe, and Figure 6 presents the Sy of
Art Hachinohe. Given that the reduction in responses
is not expected even if the equivalent attenuation
factor is set to 0.4 or more, the equivalent attenuation
factor was examined up to 0.4. Table 1 presents the six
models satisfying the response limitation conditions
of Step 0.

|=——Ceq = 0.10, = =(eq = 0.20, === (g = 0.30, s Ceq = 0.40]
600 A NN

-~

500 — Teq =1.5 S-:_'-

400 | P
2.0 564

{.I‘*F(Tg }lim

S4 [em/s?]

300
200
100 - I -
I
0 | | | 1 Tlim
0 10 20 30 40 50 60

Sp [em]
Figure 5 Relationship between Sp and S

Figure 6 Velocity response spectrum

Step 2. Using (33), Figure 7 presents the relationship
between the initial damping ratios {p and peak shear
force coefficient of control force C,peak Of the six
models selected in Step 1 and the maximum shear
force coefficients of the control force Cipeak. From
Figure 7, only the model with the equivalent natural
period 75=2.5 s and equivalent damping ratio {.q=0.2
satisfies the limitation condition of the initial damping
ratio of {oim and shear force coefficient of the control
force C,jim. Moreover, the model with the initial
damping ratio {p=0.05 has a relatively less passive
damper, and is therefore a passive-damper sensitive
model (Model 1). The model with the initial damping
ratio of {¢=0.1 has a relatively low control force, and
is therefore a control-force sensitive model (Model 2).
In addition, to realize the equivalent model with the
equivalent damping ratios of 0.3 and 0.4, it is
necessary to increase Cyjim OF {0 im.

T 520203 |04
255 | | o |
3.0s X [--1-- L
35s | X | X |

|
|
|
0 005 0. 0.2 0.3 0.4

S0.tim C 0
Figure 7 Relationship between ¢, and C,

Step 3. Fixing R=1 and ¢,=0, calculate ¢> using (27b).
Table 2 presents g» calculated using (27b).

Table 2 Parameters of models

Model 1 ‘ Model 2
m [kg] 3.7 % 10%

Teq [8] 2.5
Ceq [-] 0.20
T() ] 2.5

Name

w

o [H 0.05 ]
R [- 1
q |- 0
g [] [ 13x107]

0.10

1.0 x 107

Table 3 Parameters of models

Name | Model 1 | Model 2
Kpy 0
Kpy | 27x10° 1.9 x 10°

Table 1 Peak responses of selectable models
Teq 8] 2.5 3 3.5
Ceq -] 0.2 1031]04]03]04] 04
Dis. [em] 35 | 27 | 22 [ 35 | 28 | 34

Vel. [em/s] | 135 | 125 | 116 | 124 | 116 | 113

Acc. [em/s?] | 245 | 233 [ 258 | 204 | 197 | 172

Step 4. Table 3 presents the state feedback gain Kp of
Models 1 and 2, calculated using (21).

Step 5. Figure 8 presents the responses (displacement x,
velocity Xy, ,and absolute acceleration {X+ X, };,)
and the shear force coefficient of the control force C,
of Models 1 and 2.
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Figure 8 Numerical simulation results of models

From the design example, the following results were

obtained:
(1) From Figures 8(a)-(c), it can be seen that Models 1

and 2 satisfy all the limitation conditions of Step 0.
The validity of the proposed design method can

therefore be confirmed.

(2) From Figures 8(a)-(c), it can be seen that the
responses of Models 1 and 2 are identical. It can
therefore be confirmed that the equivalent natural
period Teq and equivalent damping ratio (cq are the

same for Models 1 and 2.

() From Figure 8(d), it can be seen that the maximum
shear force coefficient of the control force of Model
1 is larger than that of Model 2. This is because the
initial damping ratio of Model 1 ({,=0.05) is smaller

than that of Model 2 ({p=0.10).

6. CONCLUSIONS

In this study, an equivalent model of an active model
with a controller designed using an LQR was constructed for
an SDOF model. This paper also presents the calculation
method for determining the weighing matrices to satisfy the
desired equivalent natural period 74 and equivalent damping
ratio {eq, using the constructed equivalent model. Furthermore,
in this paper, the control force spectrum is proposed, which
can be used estimate the maximum necessary control force.
This makes it possible to design a controller that satisfies the
limitation conditions of the responses and maximum control
force without trial and error, by using the conventional
response spectrum of an earthquake. In the numerical design
example of the PBI type reactor building with ASC, the
validity of the proposed design method is verified. This study
clarified the following points:

(1) The analytic solution of the ARE used in the LQR can
be obtained for SDOF model with damping
coefficient, and the influence of the weighing matrices
on vibration characteristics can be theoretically
demonstrated.

(2) By constructing an equivalent model, which has the
same natural period and damping ratio as the active
model, it is possible to evaluate the peak responses of
the active model without the need of numerical
simulations, by using the response spectrum of an
earthquake wave. It is therefore possible to calculate
the weighing matrices that satisfy the desired
responses.

(3) Inthis paper, a control force spectrum that can be used
to estimate the required maximum control force for a
specific earthquake wave was proposed. By using the
proposed control force spectrum, the required
maximum control power can be estimated at the
controller design stage, without the need of numerical
simulations.
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