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Abstract

This thesis deals with the characterization of Analog-to-Digital converters (ADCs). Unlike test-
ing of ADC, whose interests are in selecting good dies with the minimum cost, or unlike the
ADC standards, whose interests are in defining the compatible and exchangeable specifications,
this thesis analyzes the intrinsic properties of ADC aiming at the design improvements.

Conventionally, an ADC is evaluated by linearity and distortion. Linearity is sensitive as it
is, because it can relate the internal module with measured results. Thus the study on it goes to
the finer behavior around the code transition level (CT level). Distortion measurement usually
does not have such resolutions. The characterization for design requires to obtain the deviation
at each conversion for any input. Usual test signals are ramp signals for linearity and sinusoidal
signals for distortion. The question is if they are sufficient to characterize an ADC, and if not,
how we can obtain deviations for other signals.

In this thesis, the linearity analysis is formulated as the maximum likelihood (ML) estima-
tion problem for a rising ramp input. This framework displays the statistical nature of A-to-D
conversion. One result is an explicit formula of the input equivalent noise. The basic tools for
distortion analysis are the powerful waveform reconstruction technique that I named “Euclidean
reordering” and the difference wave analysis method. Applying the methods into flash ADCs, I
have newly identified a distortion pattern that I named “dog-tooth.” A low power bipolar latch
design also demonstrates the capability of the methods.

In order to get the deviation for each conversion, we first define the equivalence of signals.
Then we need a practical method to estimate the ideal value for the conversion. This procedure
is performed in the least mean square basis using convolution methods. I propose two candidates
for composite test signals, the “two-tone signal” and the “duplex sine signal.” They characterize
ADCs involving the frequency responses that monotone sinusoidal waves cannot.

Tools developed in this thesis are powerful by themselves. The combination of them is not
only possible but also necessary for more precise characterization of ADCs. But it remains for
the future study.
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Chapter 1

Introduction

The noble mission of Analog-to-Digital converter (ADC) is to digitize a signal from its contin-
uous form into a series of discrete numbers. The discrete form of data is processed in digital
domain. According to the semiconductor technology progress, relative cost for digital process-
ing becomes lower and lower, so significant part of signal processing has been executed in digital
domain. The digital signal processing is an important part of various modern electronic systems
such as communication, broadcasting, storage, radar, measurement, and etc. The role of ADC
becomes more important since digital signal processing is necessity rather than desirableness,
while most signal sources arise in continuous form.

As the range of the applications extends, the evaluation techniques have also made progress.
There are lots of papers, articles and books on the subject,e.g.[1] [2] [3]. Several standards are
available now,e.g. IEEE 1057 “IEEE Standard for Digitizing Waveform Recorders” [4], IEEE
1241 “IEEE Standard for Terminology and Test Methods for Analog-to-Digital Converters” [5],
and IEC 60748-4 “Semiconductor Devices - Integrated circuits - Part 4-3: Interface integrated
circuits - Dynamic criteria for analog-digital converters (ADC)” [6]. By now, many converter
professionals deem the measurement methods are well-established.

On the other hand while designing fast ADCs, I felt insufficiency of standard measurement
methods for ADC characterization. For example, how do we identify the cause of distortion
from the signal-to-noise ratio? Or, how are transistor sizes of circuits optimized from the mea-
surement? In the end, the purpose of standards is not to analyze ADC but to evaluate the ADC
performance and to provide the compatible values for ADC users. ADC designers need more
minute analyses than those which standards provide. My original motivation is to develop links
from various evaluations to the individual design parameters in the circuits. Fig. 1.1 depects the
situations a little bit generally. The purpose of the study is to enforce links between the design
and the evaluation in both directions.

During the efforts, my focus shifted gradually on the characterization itself. Real ADCs
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show various aspects in operation that seems out of the scope of common specifications. An
anxiety is whether a pure sine wave that is commonly used as a test signal can fully describe the
ADC characteristics. The intermodulation measurement using the two-tone test signal might be
a remedy. But this evaluation is rarely used for ADC, at least in baseband applications. Further
still the same anxiety remains if it is sufficient.

Viewing the ADC as a black box, analog input and the clock are the action to it. Digital
output is the reaction. This input-output response reflects their natures stemming from their
internal structures. Then what input and what analysis are appropriate to characterize ADC?
This view point shown in Fig. 1.2 becomes the subject of thesis.

In this introductory chapter, we reconsider Analog-to-Digital (A-to-D) conversion process
from its foundation. This procedure clarifies what we are doing in conventional measurement and
provides us a universal view point of ADC characterization. We see a unique role of ramp and
sine signals. Then we review the linearity evaluation using ramp signals and find the necessity
of the extension. Next we examine the distortion evaluation using sine waves and clarify the
problems. The quantitative contributions of definite causes of errors are evaluated in Section 1.4,
which shows the sensibility differences of evaluation methods and the necessities of the finer
resolution of analysis. The organization of the thesis is the last section in this chapter.

1.1 Decomposition of the A-to-D conversion process

The A-to-D conversion process consists of two elementary steps. One is scaling and the other is
digitizing. This conceptual discrimination is helpful to clarify the subjects.

The scaling is related to the definition of “fidelity.” Usually the continuous form of signal
is called “analog” and the discrete form is called “digital,” but in fact, both expressions should
be analogous to the original signal in appropriate interpretations. Generally in signal processing,
signals are analogous (or equivalent) if they overlap by three-parameter changes,i.e. the ampli-
tude, the time origin and the level. In short, signals have three dimensions of freedom. The signal
v(t) is equivalent to the input signalu(t), if the following equation holds.

v(t) = a u(t − t0) + b . (1.1)

The distortion is understood as the deviation of the output signalw(t) from the best fit equivalent
input signalv(t).

In general conditions, we have no way to know the true inputu(t) so that the equivalentv(t).
Real systems for communication, storage or any other, make use of constraints for waveforms to
recover the signal. In measurement, we have freedom to select a specific waveform foru(t). Some
choices make the ideal signalv(t) estimation fairly easy. One choice is a ramp signal and another
is a sine signal. For a line part of the rampu(t), any equivalentv(t) also has a corresponding line
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part. Thus a line fitting method works for the estimation. For a sine signal, equivalent signals
are also a sinusoid with the same frequency. The three parameter estimation method [5] or the
FFT method [7] takes the estimation role. The traditional test signals seem to be almost limited
to these two choices.

While both signals provide the deviation from the ideal signal, two signals have been used to
investigate different aspects of ADC. A ramp signal usually characterizes the linearity, in which
deviations are grasped code by code. On the other hand, a sine signal characterizes dynamic
performance at high frequency. The distortion is usually grabbed by its relative power.

A very important comment on equation (1.1), three parameters must be constant independent
of the input signalu(t). Traditional test methods seem indifferent to the point. The input ampli-
tude is adjusted at each measurement [5, 5.5] and the offset is usually ignored. I devote Chapter 4
to provide a remedy.

The rest of the A-to-D conversion is the digitizing process. It has two dimensions. One is
the time direction (sampling) and another is the value direction (quantizing). Both processes are
closely related in signal processing, but ADCs treat them rather independently. Fig. 1.3 shows
two processes. The performance index of the time direction is the maximum conversion rate.
The sampling jitter is the main concern. The performance index of the value direction is the
bit-width. Both sampling time and quantization levels are usually uniformly distributed.

The inevitable error of digitizing is called “quantization error.” The definition implies the
difference between the continuous wave and the quantized wave in Fig. 1.3. As seen from the
figure, the difference between ADC output data and the original wave, which is the definition of
digitizing error, should be discriminated from quantization error in principle.

1.2 Linearity evaluation issues

This section depicts traditions on linearity measurement. We see a ramp signal plays a conceptual
role as well as the practical importance in linearity measurement. Thus we comprehend the
necessity of the expansion of linearity measurement.

Linearity of ADC is a character of its input-output transfer curve. An example of the ideal
transfer curve of 3-bit ADC is shown in Fig. 1.4. Two reference voltages,VRB andVRT , are
equally separated into 8 levels. The code transfer levels (CT levels) are placed at each center of
the reference levels in this case. There is no code transition corresponding to the code 8, since it
requires an extra (4-th) bit to express the code. In some converters, the overflow output indicates
the CT level.

The nominal interval for one bit is called “LSB.” This term is probably ported from the
computer term “least significant bit.” This term originally, with the opposing term the most
significant bit or MSB, solely designates a bit position of binary code. In converter community,
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the LSB is used as a unit of the designed resolution of the ADC.

Using this term, the CT level in the transfer curve Fig. 1.4 has a half LSB offset from the
reference voltage. This is not mandatory but merely a design matter. From this choice, the
output code for the center voltage (VRB+VRT ) / 2 becomes the center for the code 4, or the code
0 in two’s complement format. This property is often preferable for many applications.

Fig. 1.5 shows a reference level design of this CT level definition. The external reference
voltages are divided by internal resisters. The resistive voltage drop by parasitic resisters Rst,
Rsb, and external PCB traces, can be compensated by Kelvin feedback [1]. The method senses
the target voltages,VRT andVRB in this case, and forcesVRT F andVRT B so that the sense voltages
become the target voltages. Since the reference resisters can keep their regularity fairly easily
within a chip, the reference voltages can be controlled precisely. The status of comparators forms
“thermometer code.” The comparator number 8 is optional for the overflow bit. It can be placed
quite regularly in this design of reference levels.

The output of ADC is a digital code. Fig. 1.4 takes a straight binary code. Two’s complement
code is also appropriate, then the range of codes becomes -4 to 3. Gray code is still another can-
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didate and sometimes used. Since the encoding is the back-end process of the A-to-D conversion,
it has rather minor effects on the ADC characteristics.

Nonlinearity is a deviation from the ideal line. The problem is the best choice of the ideal
line. There are several choices. To define the discussion, we consider the CT point of the CT
level exists at the left end of the step. The first candidate is to connect both ends, which are the
first CT point from 0 to 1 and the last CT point from 6 to 7 as circled in Fig. 1.4. This definition is
called an ‘end-point’ calibration. Since two ends are obtained by one measurement, this becomes
(probably) the most commonly used choice of the ideal line. IEEE Std. 1241 does not treat how
to define the ideal line but solely used this definition. A weak point of the definition is there is no
decisive reason to give the privilege to both ends. If the ADC is defective at either end, the ideal
line will be inappropriate.

The best fit line determined by all CT points using the least mean square criterion is another
candidate. This definition is robust for a few malfunctions of CT levels but requires more calcu-
lation than end-point calibration. In some applications, some of the CT levels are more important
than the rest. Then the more weight should be placed on those important CT levels to determine
the ideal line.

Following to the determination of the ideal line, one LSB is defined the distance between
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codes, or equivalently as an inverse of the inclination. In end-point calibration,

LSB size=
C2n−1 −C1

2n − 2
(1.2)

wheren is the bit width of the ADC andCk is the CT level for the CT fromk− 1 tok.
The linearity error is defined as the distance between CT points and the ideal line. The

distance can be measured for x-axis (VIN direction) or y-axis (code direction). If we use the
LSB unit for input, both measurements provide the same value. Many literatures,e.g.[1] [5] [8],
do not care the error direction and do mixed treatments in figures and equations, presumably in
this reason. However, because the errors should be evaluated in the converted output code, we
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Table 1.1: Binary and Gray codes (3-bit example)

straightbinary two’s complement gray
(decimalinterpretation) (decimalinterpretation)

000(0) 100(-4) 000
001(1) 101(-3) 001
010(2) 110(-2) 011
011(3) 111(-1) 010
100(4) 000( 0) 110
101(5) 001( 1) 111
110(6) 010( 2) 101
111(7) 011( 3) 100

hadbetter deem the errors exist inVIN direction both in theory and in practice. This conceptual
difference brings the actual difference if we determine the ideal line using the least square method
since the method treats two axis asymmetrically.

Arrows in Fig. 1.4 indicate the linearity error called the integral non-linearity (INL). This
terminology should have a historical origin, but I have no source to identify it. We take the
direction with theVIN axis from the ideal line to CT levels. So all arrows in Fig. 1.4 aim at the
negative direction.INL1 is the INL for the CT level from 0 to 1.INL7, or more generallyINL2n−1

for n-bit ADC is the INL for the last CT. If we adopt an end-point calibration,INL2n−1 becomes
0.

The difference between adjacent INLs is called the “differential non-linearity” (DNL).

DNLk = INLk+1 − INLk . (1.3)

The value coincides with the step width (code bin) of the transfer curve. Though INLs contain all
information of non-linearity, DNL is defined separately probably because it has different nature
form INL. In some applications such as visual signal processing, DNL is more important.

Fig. 1.6 shows a linearity plot of a real measurement. Linearity errors are obtained at each
code like this figure. Sometimes the maximums and the minimums of DNL and INL are used
as the representative values for linearity specification. But the point is, results for all CT levels
are obtained during the processing of the data in linearity measurement. This property makes the
linearity test very sensitive for ADC characterization.

There are two topologies for linearity measurement setup, the closed loop and the open loop.
Historically, the closed loop integrating servo system in Fig. 1.7 was devised first.
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The ADC output is compared to the target code. The analog integrator circuit formed by an
operational amplifier integrates the comparator output code density. The negative polarity of the
feedback loop makes the ADC output codes converge around the target code. The digital voltage
meter (DVM) measures the input voltage VIN corresponding to the target code. In a sense, this
setup is the direct implementation of the input-output relation of the A-to-D conversion.

The system has problems in accuracy and in speed. The DVM can easily be quite precise, but
the input VIN has ripples brought by the loop delay. The ripple effect to the accuracy is difficult
to evaluate. The convergence time after the target code change and the measurement time of
the DVM are often unendurable for mass production. More over, the clock frequency that the
servo loop can operate may be much lower than the ADC conversion frequency. Then full speed
linearity measurement is impossible.

In order to reduce the convergence time in servo system, the advanced closed loop system
replaces the comparator and integrator into a more sophisticated digital controller block and a
precise DAC as shown in Fig. 1.8 [9]. This configuration needs the DAC is much more precise
(at least 2-bit, preferably more than 4-bit precise) than the ADC. This precision is achievable
since the clock frequency of the DAC can be much slower than the ADC under the test.

The open loop measurement system takes the condition that the test signal is a line, a part of
ramp signal or a triangular wave. The test bench is shown in Fig. 1.9. The open loop system is
practical for low resolution and fast ADCs. The configuration is also an appropriate theoretical
model of linearity measurement as we will see below.

In ramp method, one problem hidden in servo method has appeared. It is the noise of ADC.
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The real ADC does not have a one-to-one relation between input and output, but the output
code fluctuates around the CT level like shown in Fig. 1.10. In servo method, the noise has
automatically been averaged without noticing.

Some primitive ideas to determine the CT level are proposed.

1. midst of the first and the last transitions

2. centroid of transitions (known as “tally-and-weight method”)

3. interval of code occurrences (known as “histogram method” or “code density method”)

Along with the advanced methods trying to determine the CT level at the minimum sampling
count, the problem becomes gradually been grasped as a statistical inference “CT level estima-
tion” [9] [10] [11] [12] [13] [14] [15]. IEEE Std. 1241 [5] also takes this framework. The
estimation stands on likelihood methods, which have much solider foundation than above primi-
tive ideas. Chapter 2 enhances the methods.
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Figure1.11: Back-to-back test setup for ADC functionality and distortion

The causes of the noise are various, some of them are externally and some of them are kick-
back from output changes. Comparators in the ADC also have their intrinsic noise. We cannot
eliminate the noise completely and the noise should be treated as one of characteristics of the
ADC as well as DNL and INL. To keep the noise level within the system requirements is one
important matter in ADC design.

The transfer function of ADC is conceptual because there is no one-to-one relationship be-
tween the input and the output. One reason is noise as just mentioned.

Another reason is the transfer curve dependency on the input slew rate. Any ADCs follow the
input change with limited speed. If the input slew rate is not negligible to the tracking speed, the
conversion results deviated from those of the DC input voltage. Even when the slew rate is rather
low, it is possible the transfer curve for rising signal and that for falling signal are different.

The deviations depending on the input frequency have different mechanisms from those de-
termining DC linearity. We can see them as the warping of the transfer curve or high frequency
distortion. Anyway we want to characterize them separately. Later in Section 1.3, we see how
much the transfer curve affects the distortion.

1.3 Distortion evaluation issues

We start with the history of the distortion measurement. Many parts of current ADC test methods
seem still dragging history, rather than derived from principles. On early days, ADCs were
usually evaluated by “back-to-back” fashion as shown in Fig. 1.11 [1]. The output of the test
ADC under the test is connected to a DAC that is already known functional. This configuration
is mainly for testing the functionality of the ADC rather than specify its performance numerically.
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Theinput frequencyfin and the clock frequencyfclk are often selected as following:

fin =
fclk

n
+ α (1.4)

whereα is a small offset frequency andn is a positive integer. The numbern is usually low
order powers of two, such as 1, 2, or 4. Other ratios are possible but only simple fractions
are practical. Whenn = 1, the condition is called “beat frequency test,” because DAC output
frequency becomesα instead offclk+α by aliasing of sampling. Sinceα is much lower frequency
than fclk + α, the DAC operation is substantially relaxed. Whenn = 2, the condition is called
“envelope test.” The clock frequency to the DAC is often decimated by 1/2 at this condition, then
the output becomes the frequencyα and the DAC operation is further relaxed by the slower clock
frequency.

The input does not have to be a sine wave but usually it is because (1) it was the only practical
choice for high frequency signal source in the olden days, and (2) the beat wave can be measured
by an audio distortion meter if it is a sine wave.

The offset frequencyα can be positive and negative. Both selections produce much the same
beat wave seemingly. Negativeα had often been used in the past. This tradition would have its
root in the sampling theorem. It state if the input frequency is lower than the half of the sampling
frequency (Nyquist frequency) then the input continuous wave can be recovered perfectly by the
sampled discrete data. However the theorem is irrelevant to the measurement. We only need a
beat wave. Moreover at a negativeα, the phase order of the beat wave is opposite to the original
wave. In effect, time axis becomes opposite, from right to left. Falling side of the beat wave is
the rising side of the original wave. This effect is noticeable if we can use asymmetric input such
as sawtooth waves. Recently positiveα is preferably chosen by these reasons.

The DAC output is a reconstructed waveform that is analogous to the ADC input signal and
ideally which differs only in frequency and quantization errors. In reality, especially in classic
ADCs, the beat waveform often shows a number of deficits of the ADC.

The photograph in Fig. 1.12 is an example of old measurement of an 8-b 300 MSps flash
ADC designed in 1980’s. The clock frequencyfclk is 200 MHz. The input frequencyfin is 24.99
MHz. The RF generator output is fed into the ADC analog input VIN through a low pass (or band
pass) filter that cut all harmonic distortions of the source as in Fig. 1.11. That was the practical
and effective way to ensure the purity of the input wave. The output is decimated by four and
the resulting DAC output is the beat sine wave of 10 kHz. The distortion meter indicated -42.2
dB. At this purity, no distortion is noticeable in the displayed beat wave. Another wave in the
photograph is the notch filter output from an audio distortion meter. By doing this I have expected
the notched wave should magnify the distortion. But to my regret, it was hard to interpret what
the waveform means.
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Figure 1.12: Beat wave and notched wave for 8-b 300 MSps flash ADC,fin = 24.99 MHz,
fclk = 200 MSps,∆ f = −10 kHz

Another example in Fig. 1.13 is clearer. The photograph is cited from [1]. Warping of 4-
cycle ripples in the descending slope (the rising slope of the original wave) is noticeable in the
wave. This is the typical distortion pattern for classical 8-bit flash ADCs, since the top-level
layout of latched-comparator blocks is folded 4 times following the pioneer work [16]. This
internal structure arises 4 cycles of ripples by two mechanisms. The analog input VIN line is
separated into 8 lines. The voltage drops from top to bottom by currents for parasitic capacitor
charge. The clock distributions are also divided into 8 lines. Then the sampling timing differs
slightly from top to bottom. We can separate these causes by several measurements of various
input frequencies and magnitudes. This quantitative separation of the distortion cause helps us
to improve the ADC design. This is a typical application of ADC characterization.

Expanded view in Fig. 1.13 shows the degradation of DNL. A simple interpretation is the
sampling delay variations of latched-comparators. Some variations are systematic that stems
from the irregularity of the layout. They should be reduced though it might be difficult to elimi-
nate them completely. The rests of variations are random. They are controlled by size of transis-
tors. They also depend on circuit topologies. We must design the variations within the acceptable
level. The reconstructed waveform provides valuable information for redesign.

Another type of error sometimes happens in beat wave as illustrated in Fig. 1.14. This error is
called “sparkle.” It is natural and inevitable that sparkles appear at the highest edge of conversion
rate, but the problem is it sometimes appears at much lower clock frequency than designated or
expected from simulation. Some of sparkles happen regularly at specific positions of beat wave,
but troublesome sparkles happen intermittently, say once a million clocks. This rate is called
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Full-scale view Expanded view

Figure1.13: Beat wave of 8-b 20 MSps flash ADC,fin = 19.98 MHz, fclk = 20 MSps,α = −20
kHz (cited from [1])

10−6 TPS (Times-Per-Samples).
Beat frequency test is handy to check the functionality of the ADC, but it is difficult to specify

the ADC numerically. The audio distortion meter can provide the signal-to-noise ratio but the
results rely on the DAC performance. Thus modern measurement systems replaced the DAC and
the oscilloscope by a logic analyzer and a PC system as shown in Fig. 1.15. The audio distortion
mater was replaced by an FFT program. That means the post evaluation is done in digital domain.
The output signal does not have to be low frequency that relaxes the input frequency condition
from (1.4). On the other hand, the intuitive views that beat waves presented had been lost in the
frequency domain analysis.

Fig. 1.16 shows a possible ADC output sequence. This is an artificial example, not measured
one. I will show later how it is made. There are 1024 samples, where relative frequencyfclk =

1024 andfin = 275. I will reveal other input parameters later. The output code ranges from 0
to 63, which simulates an ideal 6-bit ADC. In this high input frequency, we see rather random
patterns in the output sequence. If we connect sampled points, which imitates the DAC output in
traditional measurement, the situation looks worse.

A First Fourier Transform (FFT) procedure provides a clear picture of the distortion. Fig. 1.18
shows the power spectrum of the data Fig. 1.16. The abscissa is frequency relative to the sampling
clock frequency 1024. The spectrum of the fundamental tone is found at 275 as generated.
The ordinate is the relative power putting the fundamental tone as 0 dB. The second harmonics
appears at 474. This is the aliased frequency 1024− 275× 2. The minus sign of the calculation
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Figure1.15: Modern distortion measurement system

means that the frequency is phase reversed in fact. The third harmonics appears at 199= 1024−
275× 3 and the firth at 76= 275× 4 − 1024. The powers of harmonics are -43.668 dB (2nd),
-42.974 dB (3rd), -45.728 dB (4th) and -44.182 dB (5th), respectively.

Several typical values are obtained from FFT results. To simplify definitions, we denote
the power ofk-th harmonics asp(k). This is the square of the amplitude of the spectrum. In
this definition, the powers of the fundamental tone and the second harmonics arep(1) andp(2)
respectively. The index does not correspond to the frequency directly. Only the DC offset power
p(0) is independent of the fundamental tone frequency. Take the numberN so that{p(k)|0 ≤ k ≤
N} cover all spectral components.

The following definitions try to accord IEEE Std. 1241-2010 [5], but they look simpler mostly
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Figure1.16: An artificial example of the outputs of 6-bit flash ADC

because we use the harmonic order instead of the frequency order.1

Signal-to-noise-and-distortion ratio (SINAD or SNDR) This is the ratio of signal powerp(1)
to noise and distortion (NAD) power.

SINAD = 10 log10
p(1)

N∑
k=2

p(k)

(1.5)

wherethe denominator is the NAD power.

Total harmonic distortion(THD) This is the ratio of signal powerp(1) and low order harmon-
ics.

THD = 10 log10
p(1)

n∑
k=2

p(k)

(1.6)

wheren varies depending on specifications or vendors from 5 in [1] to 10 in [5].
1Thereare several variations in specifications commonly used. Moreover, traditional terms are a little bit confus-

ing. ‘Signal’ in definitions means fundamental tone, ‘harmonic’ in harmonic distortion means ‘low’ order harmonics,
‘noise’ and ‘spurious’ usually have different meanings but are identical as spectral components.
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Figure1.17: An artificial example of the outputs of 6-bit flash ADC, the same data with Fig. 1.16
except they are connected

Signal-to-noise ratio (SNR) . This is the ratio of signal powerp(1) and the spectral components
other than harmonic distortions.

SNR= 10 log10
p(1)

N∑
k=n+1

p(k)

(1.7)

wheren coincideswith the THD definition.

Spurious-free dynamic range(SFDR)This is the ratio of signal powerp(1) and the largest
other harmonic component.

SFDR= 10 log10
p(1)

max
k∈[2,N]

p(k)
(1.8)

Thechoice ofn in above definitions usually does not change values too much because spectra
from 6 to 10 are rather small relative to other terms.

One noticeable feature that all representative value definitions in frequency domain have is
that the DC levelp(0) does not appear. This is probably because signals are traditionally AC
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Figure1.18: Power spectrum of data in Fig. 1.16

coupled fluently in the flow. This is pertinent to monotone signals, but the problem is how
much extent this is appropriate for practical input waveforms. If the ADC has varying DC offset
depending on the frequency, this ignorance may arise the under estimation of the distortion. I
say it as the zeroth order distortion. In the other words, this is the fluctuation of the DC level
parameterb in (1.1) depending on the input signalu(t).

Another feature is slightly difficult to notice that they are macro indexes. The values do not
correspond to individual codes or samples. From this feature the distortion indexes have less
resolution than linearity in ADC analyses. We will examine the property quantitatively in next
section.

By these definitions the spectrum in Fig. 1.18 is represented as follows.

SINAD 34.349 dB
THD 36.541 dB (38.005 dB)
SNR 38.369 dB (36.369 dB)
SFDR 42.974 dB
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Parenthetic numbers in THD and SNR indicate the value whenn = 5 in the definitions while
the preceding numbers usen = 10. The obtained precision is far beyond the back-to-back mea-
surement system using DAC in Fig. 1.11. This is the conclusive advantage of the digital signal
processing. However, the spectrum might have lost a sign of internal deficits of ADCs from its
macro nature.

The power spectrum Fig. 1.18 looks very common in real measurement. The fact is it is a
quite artificial clipped sinusoid shown in Fig. 1.19. The clipping induces odd number harmonics.
The wave also has a small offset in order to induce the second harmonics. This simple distor-
tion is hidden from the ADC outputs in Fig. 1.16 by the intentionally selected sampling ratio.
This example demonstrates the deficiency of frequency domain analysis for characterization of
distortion. Time domain analysis has more resolution and complements the deficits of frequency
domain analysis.

Two difference waves are shown in Fig. 1.19. Both are magnified by 8 for visibility. One is
the deviation from the base sinusoid by offsetting and clipping. Another is the distortion given
as the residue from the fundamental tone calculated by FFT. The distortion wave has a spectral
component of the fundamental tone because the amplitude of the fundamental tone differs from
the original sinusoid by clipping. We can say this is the first order harmonic distortion. There is
another way of the first order distortion appearance as phase shift. The first order distortion does
not matter if the input is sinusoid or alike. However it may matter for real signals, especially if the
signal spectrum covers over the ADC input frequency range. In other words, they are fluctuation
of parametersa andt0 in (1.1). We will deal with the methods to analyze them in Chapter 4.

The real measurement also emphasizes the importance of time domain analysis. Fig. 1.20
shows a measured data of a 10-b 75 MSps ADC proto type. This ADC suffers from insufficient
performance which SINAD shows only 40.81 dB at 15 MHz input. Since odd number harmonics
are dominant, we can guess the clipping like distortion. But it is difficult to say how it distorts
the signal from this frequency domain results.

Fig. 1.21 shows the reconstructed waveform from the same measurement in Fig. 1.20. The
reconstruction method makes use of a special relation between the input frequency and the clock
frequency. It is the substantial extension of the beat condition (1.4) that provides the most flexible
frequency setting. The funny numbers reflect the constraint. We will deal with unabridged theory
in Chapter 3. We can see the reconstructed waveform as if it is sampled at quite time resolution in
one input period. Fig. 1.21 also shows the “difference wave” between the reconstructed waveform
and the base tone calculated by FFT from the waveform.2

The base tone is nearly invisible since the reconstructed wave is overlapped. The difference
wave is magnified by eight for visibility. The distortions over 10 LSB are recognized around the

2Theadjective ‘residual’ used in [17] might be more natural than ’difference,’ but I use the latter in this thesis
according to my convention.
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peak of the reconstructed signal. After noticed the distortion manner, we can analyze them with
the assist of other measurements or simulations. In this particular case, the cause of this distortion
is identified as the insufficient comparator speed. It would be hard to reach the solution only by
the spectrum in Fig. 1.20.

1.4 Distortion posed by definite causes

The purpose of this section is to demonstrate the importance of resolution of the analysis for
ADC characterization. Linearity measurement provides micro indexes that are deviation of indi-
vidual codes, while distortion measurement provides only macro indexes that cannot be located
to codes or sampled data. Concretely speaking, we examine the sensitivity difference by evalu-
ating SINAD by five causes,i.e. quantization error, noise, DNL, INL and sparkles. These causes
aredefinitesince they are basically independent of the input.
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Figure1.20: Power spectrum measurement of a 10-b ADC prototype: Fi= fin = 14.8840 MHz,
Fc= fclk = 49.9712 MSps

Quantization error distributes almost uniformly in one LSB for various input. Then the power
pqn of the quantization error is expressed by the voltage average

pqn =

∫ 1/2

−1/2
v2dv

=
1
3

[
x3

]q/2

−q/2

=
1
12

(1.9)

wherethe power is measured by square of LSB unit. This type of averaging is sometimes called
“phase space average” from terminology in ergodic theory. On the other hand, if the input is the
full scale sinusoid forn-bit ADC, the power of the signalpsig is expressed by the time average

psig =

∫ 1

0

(
2n−1 sin(2πt)

)2
dt
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Figure1.21: Reconstructed waveform and the difference wave of a 10-b ADC prototype: Fi=
fin = 14.8840 MHz, Fc= fclk = 49.9712 MSps

= 22n−3 (1.10)

so we get the well-known expression of SINAD of an ideal ADC.

SINADideal = 10 log
psig

pqn

= 10log
22n−3

1/12

= (20log 2)n− 30 log(2)− 10 log
1
12

≈ 6.02n− 9.03+ 10.79

= 6.02n+ 1.76 (1.11)

The idea of the Effective Number of Bits (ENOB) is to solve (1.11) forn. It is calculated by
using measured SINAD as

ENOB=
SINAD − 1.76

6.02
. (1.12)



24 Intr oduction

In practice, SINAD is not measured in a full scale input in order to avoid clipping of the signal. As
a result, measured SINAD does not reach the theoretical limit. The IEEE Std. 1241-2010 [5, 9.4]
prescribes to compensate the amplitude. This stance is consistent with the assumption behind the
equation (1.11). On the other hand, low order harmonics, such as second or third, often show the
tendency to be smaller for smaller inputs. Amplitude compensation may provide unfairly good
results using small input signals. Several books [1] [18] take a position not to compensate the
amplitude in the definition.

The most misleading feature of the ENOB will exist in the fact that quantization noise and
low order harmonics have different characters in the ADC performance. Those who do not know
the term very well tend to assume, for example, a real 12-bit ADC of 10-bit ENOB has the
equivalent performance of the ideal 10-bit ADC.

Next we evaluate INL and DNL separately. To consider a sine wave input, we assume the
ADC input full range from -1 to 1. As a simple INL model, or as a working assumption, we take
a second polynomial expression. Higher order warping is often observed in real ADCs but we
will not lose the essence by this restriction.

dout(vin) = 2n−1 vin + a (v2
in − 1) (1.13)

wheredout(vin) is the ADC output code from−2n−1 to 2n−1. We treat it here as a real number.

dout(−1) = −2n−1

dout(0) = −a

dout(1) = 2n−1

so a is the INLmax of the n-bit ADC. To be strict, INL is defined fordout, not for vin. But if
|a| << 1 that ordinary ADCs satisfy, we can reverse the equation (1.13) approximately

vin ≈ dout + a (1− dout2) (1.14)

then we do not have to care this too much. For the sine wavevin = sin(2πf t),

dout(sin(2πf t)) = sin(2πf t) + a (sin(2πf t)2 − 1)

= sin(2πf t) − a cos(2πf t)2

= sin(2πf t) − a
2

(1+ cos(4πf t)) (1.15)

The second term of (1.15) is the distortion. The constant parta/2 is DC offset of the converted
signal. This term is ignored following the definition of SINAD in Section 1.3. Then the power
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pinl is averaged over the period

pinl =

(a
2

)2
∫ 1

0
cos(2πt)2dt

=
a2

8
(1.16)

Theignorance of the constant parta/2 will bring a problem as pointed out along with the SINAD
definition in Section 1.3. DC offset for the full scale input isa/2 from (1.15), while it approaches
to a for smaller input. Then the DC offset is modulated by varying amplitude of the signal. It
will contribute to the distortion in the conversion process.

To evaluate the DNL effect, we use the space averaging (the code averaging in this case). Let
the code transition level for codek as

Ck = k+ Xk (1.17)

whereXk is a random variable with zero mean, and we use LSB unit in the expression. TheXk

can include the time dependent value as well as a static deviation. The space averaging of the
error powerpk is calculated

pk =

∫ 1/2+Xk+1

−1/2+Xk

x2dx

=

[
x3

3

]1/2+Xk+1

−1/2+Xk

=
1
3

((
1
8
+

3
4

Xn+1 +
3
2

X2
n+1 + X3

n+1

)
−

(
−1

8
+

3
4

Xn+1 −
3
2

X2
n+1 + X3

n+1

))
=

1
12
+

1
4

(Xn+1 − Xn) +
1
2

(X2
n+1 + X2

n) +
1
3

(X3
n+1 − X3

n) (1.18)

Total DNL power is also the average ofpk. In the average, the second and the last term of (1.18)
are cancelled individually. So total power of the space averagepspace

pspace = E
(∑

k pk

n

)
(1.19)

≈ 1
12
+ E

(∑
k X2

k

n

)
=

1
12
+
σ2

dnl

2
+ σ2

n (1.20)
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wheren is the number of code levels,σdnl is the static DNL that is double of the variance of CT
levelsσ2

dnl = 2σ2
CT, andσn is the input equivalent noise that is posed onXk. Thus coefficients of

σCT andσn become same. But the effects are different, becauseσCT is fixed in each chip while
σn appears each conversion.

The numbern is two to the power of the ADC bit-width. This is large to ignore a single
or a few DNL changes in evaluation ofpspace. For example, if one DNL deviates by 0.1 LSB
more, it will be detected by linearity measurement but thepspace modification will hide in the
measurement error by the division byn. This is the sensitivity difference between the micro
index and the macro index.

A single sparkle is almost independent of the input. So the sparkle of sizeds LSB of rater
has the powerpsparkle

psparkle= d2
s r . (1.21)

In linearity measurement, the samples are usually very small compared to 1/r, we expect no
sparkle in the data. However if there is one sparkle, its power becomes much larger than the
equation (1.21) to

p′sparkle=
d2

s

m
(1.22)

wherem is the number of the data used for distortion calculation. If the sparkle is small such as
ds = 10 LSB and the data is sufficiently large likem= 16384,

p′sparkle= 102/16384≈ 0.0061

which is negligible compared to the quantization noise 1/12 ≈ 0.0833. On the other hand,
if ds = 30, p′sparkle ≈ 0.055 becomes comparable to the quantization noise. According to the
application, 10-bit sparkle does matter, while it cannot detect by distortion measurement. This is
one of the reasons we should measure the sparkle rate independently.

The total distortion SINADmodelneglecting sparkle noise becomes

SINADmodel = log
psig

pspace+ pinl

= 10 log
22n−3

1
12
+
σ2

dnl

2
+ σ2

n +
a2

8

= (20log 2)n− 30 log(2)− 10 log

(
1
12
+
σ2

dnl

2
+ σ2

n +
a2

8

)
≈ 6.02n− 9.03− 10log

(
1
12
+
σ2

dnl

2
+ σ2

n +
a2

8

)
(1.23)
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Table 1.2 shows some calculation results for 6-bit ADC. Since DNL is roughly three to five
times ofσDNL, σDNL may around 0.1 LSB. The bottom line of the table is a realistic case, which
indicates 2 dB degradation from an ideal ADC.

Table 1.2: Some calculations of static distortion effects

σDNL σn INL SINAD
(LSB) (LSB) (LSB) (dB)

0.0 0.0 0.0 37.88
0.1 0.0 0.0 37.39
0.2 0.0 0.0 36.18
0.0 0.2 0.0 36.95
0.0 0.0 0.5 36.50
0.1 0.1 0.5 35.97

1.5 Organization of the thesis

In this introductory chapter, we have reviewed the analog-to-digital conversion process to its
principle. We understand how it deviates at the arbitrary input signal is the key to characterize
and to analyze the ADC. The conventional methods cover the range roughly described as the
following schema.

ramp signal −→ linearity error
sine signal −→ distortion

The above two input signals have a common feature that the ideal output is easily determined
from the output data. We have observed what the schema implied.

• Linearity measurement is sensitive but it eliminates the statistical nature around the code
transition level (CT level).

• Power spectrum in frequency domain is much less sensitive since it does not provide the
error at each conversion.

• Distortion by a sine signal will not cover possible distortions in real signals.
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Purposesof this work are to overcome these constraints of conventional evaluation methods.
The solutions provide more minute information of the ADC characters, which help the ADC
performance improvements in turn. These problems require somewhat different theories. They
are rather independent, but also they aim at the same direction, further resolution of analysis.
They can be applied separately or in combination.

Chapter 2 deals with the enhancement of linearity measurement. We grasp it as a CT level
estimation. One principal idea is to break a ramp output into a set of binary sequences. Two
maximum likelihood equations (ML equations) for each CT level are derived without assuming
a specific noise distribution. Then the logistic noise distribution is introduced to approximate
the ML equations. Histogram method is verified from one ML equation. Another ML equation
provides an explicit formula to evaluate the input equivalent noise. This is the information that the
conventional linearity measurement has eliminated. Several examples demonstrate the usefulness
of the input noise evaluation. We see the solutions given on the logistic noise approximation are
valid in expectation mean for broader range of noise distributions including Gaussian noise.
Variances of the estimation are explicitly provided for both Gaussian and logistic noise. As
an application of the noise estimation, a latch circuit design is examined Effects of comparator
hysteresis are also treated.

Chapter 3 deals with the general theory of waveform reconstruction for distortion analysis. I
call the method “Euclidean reordering.” In fact, the method itself is not new at all [17] [19] [20]
[21] [22]. My contribution is consolidation of previous works into one theory. The difference
wave accompanied with the reconstructed waveform plays an important role in the analysis. This
is what provides the error at each conversion. Applying the method into flash ADCs, I have
newly identified a distortion phenomenon that I named “dog-tooth.” Mechanisms of dog-tooth
are analyzed by using and extending the difference wave analysis. A low power bipolar latch
circuit is introduced, which demonstrates the ability of the difference wave analysis.

In Chapter 4, we extend the difference wave analysis to general test signals other than sine
waves. The least mean square estimation is provided for general signals. Composite signals
characterize ADCs in practical signal conditions that monotone signals cannot. I propose two
candidates for test signals: “two-tone signal” and “duplex sine signal.” I show numerical exam-
ples of difference wave for both signals. These preliminary results exhibit the capability of the
composite signals for the characterization of ADC.

Chapter 5 provides conclusions and the future work. I included my personal history of the
research.

Appendix A introduces a series of flash ADCs. The measured data in the thesis are mainly
taken from them. They are featured by strong error suppression capability and its low power,
stemmed from their unique architecture.



Chapter 2

Linearity analysis as the code transition
level estimation

Linearity is a sensitive measure for ADC characterization. The sensitivity stems from its res-
olution of each code transition (CT). In chapter 1, I noticed finer resolution will be obtained
by analyzing the behavior around the CT level further. In this chapter, we grasp the linearity
measurement as the estimation of CT levels. Maximum likelihood (ML) criteria and expectation
value calculations provide quite minute results. I show various applications for measurement and
design.

2.1 Derivation of the maximum likelihood equations

2.1.1 Decomposition of ADC outputs

First, I illustrate the problem that we deal here. The ramp out in Fig. 2.1 (upper) shows an
example of the measured output sequence of an ADC. The test setup in Fig. 1.9 is used. The
input is an ascending ramp signal generated by a waveform generator. The abscissa is the sample
number of the output sequence. The ordinate is the output code. This ADC is 6-bit and its output
code is straight binary from 0 to 63. The details of the design are provided in Appendix A. The
input signal starts well-below of the ADC range bottom, so that earlier codes in Fig. 2.1 stick to
zero. Along with the input signal rises, we observe ascending steps with vibrations at each code
transition. Eventually the input goes over the ADC range top and the output codes will stick to
63, though Fig. 2.1 does not show the region. As easily seen, the output codes around each CT
level are vibrating. This is more or less common nature in ADCs. The phenomena are primarily
brought by noise, internal or external, of the ADC, because the input changes very slowly, the
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Figure2.1: Measured output of an ADC of a ramp input (upper) and corresponding binary se-
quences (lower)

clock jitter does not affect the result. The problem is how we can define the true code transition
behavior from the vibrating pattern.

As the input ramp signal rises, the probability of each output code occurrence also varies.
Since our concern is not the code value itself but the code transition level, we had better deal each
code transition separately. This idea is unique compared to previous works in literature [10] [23]
that treat all CT levels as a whole. This decomposition is possible in reasonable conditions as
follows.

Generally speaking, each code transition corresponds to one internal state change in the ADC.
We can assume there is one and only one comparator corresponding to it, at least virtually. We
denote this comparator asC(n), which is corresponding to the code transition fromn − 1 to n.
In flash ADCs, the corresponding comparator is actually unique to each transition. In pipeline
ADCs, physically the same comparator works several times as a corresponding comparator. That
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is to say, by the concept of the corresponding comparator, we view various types of ADC as an
equivalent flash ADC.

For normal ADCs, we can expect the following monotonicity condition:
monotonicity: ADC is monotonicwhen for alln,

C(n) = 0 ⇔ dout < n

C(n) = 1 ⇔ dout ≥ n,

wheredout is the ADC output data and⇔ stands for “equivalent to.” It is easy to see the above
two conditions are actually contraposition.

The monotonicity in this sense is rather difficult to verify by measurements and it should be
guaranteed by design. This way of monotonicity definition differs from IEEE Std. 1241-2010 [5],
but conceptually the same idea with [13].

The termmonotonicityis usually referred to the input-output characteristics [5]. However
if noise exits, especially when the noise source is internal, it is difficult to define a monotonic
relation between input and output, as the curve in Fig. 2.1 depicts. We avoided this difficulty by
introducing internal states.

The monotonicity enables us to neglect other comparators to determine each internal com-
parator state from detectable output data. In effect by this condition, the ADC degenerates into
a set of individual comparators. So the model we have to treat consists of only one comparator.
Applying this concept into a ramp out, we have binary sequences corresponding to each CT level.
Lower part of Fig. 2.1 depicts the concept. To grasp a picture of what we are doing further, let us
focus on the corresponding comparatorC(2) as an example. Under the monotonicity condition, if
dout < 2 thenC(2) = 0 and ifdout ≥ 2 thenC(2) = 1. TheC(2) sequence in Fig. 2.1 is obtained
by this procedure.

2.1.2 Stochastic binary sequence driven by input noise

The next issue is to define the appropriate criterion to determine the CT level from the binary
sequence. This work is carried out by parameter fitting of the probability curve. We assume the
ADC input is an ascending ramp, so we expect the probability curve increases monotonically as
shown in Fig. 2.2.

In order to get the probability transition curve, let us take a model in Fig. 2.3. The noisevn

is assumed to be additive. The origin is not necessarily internal, but we incorporate the external
noises also intovn. The input ramp signalvin is sampled so as the input ofk-th sample isvin[k].
Restricting the interest range to an ascending slope, we can denote

vin[k] = a (k− k0) + vre f (2.1)
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Figure2.2: Comparator state sequence and an image of its probability curve

where the notation [k] stands fork-th sample value of the continuous signalvin. By this notation,
we can use the same name for both discrete and continuous values.

The equation (2.1) implies the transition level of the inputvin that crosses the reference volt-
agevre f is k0. In the equation (2.1), the slopea is a controllable parameter in practical measure-
ments and it can be treated as a known variable. There are reliable ways to estimated it separately.
We do not care the absolute valuevre f , neither. Instead, the comparator offset we want to estimate
is incorporated intok0. Thus we rewrite the input signal equation (2.1) neglectingvre f

vin[k] = a (k− k0) (2.2)

and simplify our problem ask0 estimation. Generallyk0 is a real variable, but we treat is as
an integer assuming the slopea is small enough that an integer can approximate the real value.
The comparator outputh[k] is a binary sequence that takes a value in{0,1}. In textbooks on
probability, the binary sequence is called as Bernoulli trials [24] [25].

Let denote the probability density function (PDF) of the noise of varianceσ2
n as pn(vn/σn).

The functionpn itself is normalized and has no offset. So we assume followings:

pn(v) ≥ 0 (2.3)∫ ∞

−∞
pn(v) dv = 1 (2.4)∫ ∞

−∞
v pn(v) dv = 0 (2.5)
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Figure2.3: ADC noise measurement system on a degenerated comparator model∫ ∞

−∞
v2 pn(v)dv = 1 (2.6)

The ph = Prob[h = 1] denotes the probability ofh[k] = 1, which is

ph(vin/σn) =
∫ vin/σn

−∞
pn(x)dx (2.7)

as understood from Fig. 2.4. The equation (2.7) is the cumulative distribution function (CDF) of
the noise. In short, noise CDF is the comparator output PDF. Substituting (2.2) to (2.7) for the
sampled value,

ph[k] = ph

(
a (k− k0)
σn

)
. (2.8)

2.1.3 Maximization of the likelihood function

From discussions in Section 2.1.2, we have a binary series{· · · ,h[k−2], h[k−1],h[k], h[k+1] · · ·}
for the designated CT level, whereh[k] ∈ {0,1} is a corresponding comparator value of thek-th
data. Theph[k] stands for the probabilityh[k] = 1 and in reverse the probabilityh[k] = 0 is
1 − ph[k]. We assume each occurrenceh[k] is independent. Then the possibility that we get a
particular sequence forms the followinglikelihood function

L =
∏

k

ph[k]h[k](1− ph[k])1−h[k] . (2.9)

We omit the range ofk unless the explicit expression is necessary.
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The likelihood function is proportional to the probability the particular sequence happens,
but it is not probability since it is not normalized, i.e. the integral of whole range may not be
one. We adopt the criterion that the best estimate ofk0 should maximize the probability of the
occurrence, and so the likelihood function.

Taking logarithm of both sides of (2.9), we get the log-likelihood function

logL =
∑

k

(
h[k] log ph[k] + (1− h[k]) log(1− ph[k])

)
. (2.10)

Substituting (2.8) toph[k] and differentiating (2.10) byk0,

∂ logL
∂k0

=
∑

k

(
ah[k] p′h[k]

ph[k]
−

a (1− h[k]) p′h[k]

1− ph[k]

)
= a

∑
k

p′h[k]

(1− ph[k])ph[k]
(h[k] − ph[k]) (2.11)

where

p′h[k] =
dph(v)

dv

∣∣∣∣∣
v= a (k−k0)

(2.12)

and similarly differentiating (2.10) by 1/σn,

∂ logL
∂1/σn

=
∑

k

p′h[k]

(1− ph[k]) ph[k]
(k− k0)(h[k] − ph[k]) . (2.13)
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Theformulas look simpler by introducing the weight functionW(v)

W(v) =
p′h(v)

(1− ph(v)) ph(v)
(2.14)

andweighting coefficients

w[k] = W (a (k− k0)) (2.15)

=
p′h[k]

(1− ph[k]) ph[k]
. (2.16)

Thenat the maximum of the likelihood functionL, by requiring (2.11) and (2.13) to be zero, we
get the following simultaneous ML equations.∑

k

w[k] (ph[k] − h[k]) = 0 (2.17)∑
k

w[k] (k − k0) (ph[k] − h[k]) = 0 . (2.18)

In equations,h[k] is a binary sequence extracted from measured data andk0 is a variable to be
determined.

The noise PDF definesph[k] and alsow[k], which can be so non-linear that equations are very
difficult to solve. Numerical algorithms such as Newton-Raphson seem only practical method
as in [10] [23] in other literature. However, we have something to investigate the ML equations
before going to a numerical resort.

2.2 The maximum likelihood equations of some specific noise
distributions

We have not assumed any specific noise PDFs so far. In this section, we look into some special
cases of practical importance.

2.2.1 Gaussian distribution

When the noise is Gaussian, the specific form ofph(v) in (2.7) isphg(v) below:

phg(v/σn) =
1

√
2πσn

∫ v

−∞
exp

(
− x2

2σ2
n

)
dx

=

1+ erf

(
v
√

2σn

)
2

(2.19)
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Figure2.5: Weight function for Gaussian distribution and its asymptotic lines

where erf is the error function [26]. Substituting (2.19) to (2.14), we get the weight function for
Gaussian noise

Wg(v) =

2
√

2exp

(
− v2

2σ2
n

)
√
πσn

1− erf

(
v
√

2σn

)2 (2.20)

Fig. 2.5 shows the weight function whenσn = 1. The curve is concave and symmetrical with
respect tov = 0. The value atv = 0 is

Wg(0) =
2
√

2
√
πσn

≈ 1.595769
σn

(2.21)

The term ph[k] − h[k] in equations (2.17) (2.18) takes the value around 0.5 with alternative
polarities near the code transition. In this region, the weight function for Gaussian noise is
roughly constant and takes the minimal value. At the regions apart from the code transition,
most of (ph[k] − h[k])’s are close to zero, but if not, the value is close to+1 or -1, and has a
large weight. Such the occurrences have a greater affect on the solutions of (2.17) and (2.18)
than those around the code transition.

The asymptotic expansion ofWg(v) is

σn Wg(v) =
|v|
σn
+
σn

|v| − 2

(
σn

|v|

)3

+O

(σn

|v|

)5 (2.22)
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soWg(v) approximately proportional to|v| for large|v|. Fig. 2.5 also shows the asymptotic lines.
Weight function introduced in [27] is similar to these asymptotic lines, while merely the

origin is shifted. The weight function is the basis of thetally and weightmethod discussed in [10].
From ML point of view, the method is optimal only upon an implausible noise distribution far
from Gaussian.

2.2.2 Logistic distribution

In the previous subsection, we assumed the Gaussian CDF and then derived the weighting func-
tion (2.20). Next here, we assume a constant weighting function first.

W(v) ≡ w0 . (2.23)

This is the assumption to weigh every output code equally without considering its point of oc-
currence. Or we can say equivalently this assumption is to ignore the order of occurrence of the
data.

To get the explicit formula of the noise PDF, substitute the assumption (2.23) to (2.14), ob-
taining an ordinary differential equation (ODE)

d ph(v)
dv

= (1− ph(v)) ph(v)w0 . (2.24)

This ODE is known as alogistic equation[26]. When the noise offset is zero, or equivalently the
conditionph(0) = 0.5, the solution of (2.24) gives alogistic function

ph(v) =
exp(w0 v)

1+ exp(w0 v)
(2.25)

Theσ2
n calculated from (2.25) is

σ2
n =

∫ ∞

−∞
v2 d

dv

(
exp(w0 v)

1+ exp(w0 v)

)
dv=

π2

3w2
0

(2.26)

sowe get the logistic probability curve of the standard deviationσn

phl(v/σn) =

exp

(
π
√

3

v
σn

)
1+ exp

(
π
√

3

v
σn

) . (2.27)

We call the noise with logistic distribution aslogistic noise.
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The logistic probability curve (2.27) is close to the Gaussian probability curve (2.19), but it
is slightly steeper aroundv = 0 and has longer tails where|v| is large. Fig. 2.6 shows both curves
of σn = 1.

The ML equations (2.17) (2.18) for logistic noise have the following simple forms.∑
k

(ph[k] − h[k]) = 0 (2.28)∑
k

(k− k0) (ph[k] − h[k]) = 0 . (2.29)

There are subtle situations in theory and practice. As shown in Fig. 2.5, the occurrence of
rare case in Gaussian noise should have more weight than fluent cases. Equations (2.28) and
(2.29) are obtained by ignoring the order of the occurrence. On the other hand, the precise noise
distribution should not be Gaussian nor logistic. In addition, the rare case affects less on the CT
level estimation. Hence it will be acceptable we take (2.28) and (2.29) as approximations of the
ML equations (2.17) and (2.18) for practical noise distributions. Later in section 2.5, we will
investigate legitimacy of the approximation.

One more comment. If we rewrite formally the equation (2.28) to
∑

k p[k] =
∑

k h[k], we can
say both summations of theoretical probabilities and of measured data meet each other. Similarly
we can interpret the equation (2.29) as the first order moment equation. The forms (2.28)(2.29)
are preferable not to be rewritten because they converge whenk→ ∞.
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2.3 Solutions of the maximum likelihood equations

Even after eliminating the weight function, the approximated ML equations (2.28) (2.29) are still
non-linear both for the CT levelk0 and the noise parameterσn. But if we select the range ofk
wide enough aroundk0, approximate solutions become quite simple.

2.3.1 Optimal code transition level estimation

If the measurement range is wide enough, earlyh[k]’s are 0 and lateh[k]’s are 1. So ifkr is large
enough andka < k0 − kr < k0 + kr < kb,

k0−kr−1∑
k=ka

pk ≈ 0 (2.30)

kb∑
k=k0+kr+1

pk ≈ kb − (k0 + kr) (2.31)

Since logistic distribution is symmetric

phl(−v) = 1− phl(v) (2.32)

then

k0+kr∑
k=k0−kr

phl[k] ≈
∫ k0+kr

k0−kr

phl (a(k− k0)) dk

=

∫ kr

−kr

phl (a k) dk (2.33)

=

∫ kr

0
(phl (−a k) + phl (a k)) dk

= kr + 1 .

From (2.30) (2.31) (2.33)

kb∑
k=ka

phl[k] =

k0−kr−1∑
k=ka

+

k0+kr∑
k=k0−kr

+

kb∑
k=k0+kr+1

 phl[k]

≈ kr + 1+ kb − (k0 + kr) (2.34)

= kb − k0 + 1 .
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Substituting(2.34) into the ML equation (2.28), we get the approximate version of the ML equa-
tion

kb − k0 + 1−
kb∑

k=ka

h[k] = 0 (2.35)

or

kb − k0 + 1−
kb∑

k=ka

h[k]

= kb − k0 + 1−
kb − ka + 1−

kb∑
k=ka

(1− h[k])


=

kb∑
k=ka

(1− h[k]) + ka − k0 = 0 (2.36)

thus

k0 = ka +

kb∑
k=ka

(1− h[k]) . (2.37)

Sinceh[k] is measured data andka is known, the Eq. (2.37) determines the transition levelk0

for the logistic noise. The sum term of Eq. (2.37) is identical to the count of 0’s in the binary
sequence. The very important feature of (2.36) is that it does not depend on the parameterσn nor
a.

2.3.2 Optimal linearity measurement

Here we consider the linearity measurement constructed from (2.36). For the code transition
from n− 1 to n, let’s denote the expressionk0 of (2.37) ask(n)

0 andh[k] ash[k](n). Then

k(n)
0 = kb −

kb∑
k=ka

h[k](n) (2.38)

and ifkb is large enough also fork(n+1)
0

k(n+1)
0 = kb −

kb∑
k=ka

h[k](n+1) . (2.39)



2.3Solutions of the maximum likelihood equations 41

 0

 1

 2

 3

 4

 5

 6

 7

 0  500  1000  1500  2000  2500  3000

 0  500  1000  1500  2000  2500  3000

0
1

0
1

0
1

0
1

0
1

≤0

ramp out

data number

do
ut

C(1) sequence

C(2) sequence

C(3) sequence

C(4) sequence

CT1

CT2

CT3

CT4

CT5

C(5) sequence

≤1

≤2

≤3

≤4

B
in

ar
y 

se
qu

en
ce

s

Code 3 occurrences

Figure2.7: Interpretation of CT level estimations, Eq. (2.37): The best CT level estimation for a
binary sequence is 0’s count, which is the sample number under the CT level. So the difference
of adjacent CT levels is the code count, or better known as “histogram” or “code density.”

Subtracting (2.38) from (2.39), we get

k(n+1)
0 − k(n)

0 =

kb∑
k=ka

(
h[k](n+1) − h[k](n)

)
. (2.40)

Noting thath[k](n+1) − h[k](n) is the characteristic function that thek-th output isn, the right side
of (2.40) is equal to the code bin count ofn. This is the criteria the histogram (or code density)
method adopts. Fig. 2.7 depicts the situation.
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2.3.3 Optimal input noise variance estimation

Another ML equation (2.29) provides the noise varianceσn. To see this, calculate the left side of
(2.29) ∑

k<k0

+
∑
k>k0

 (k0 − k) (ph[k] − h[k])

=
∑
k<k0

(k0 − k) ph[k] −
∑
k<k0

(k0 − k) h[k]

+
∑
k>k0

(k− k0) (1− ph[k]) −
∑
k>k0

(k− k0) (1− h[k])

and from the symmetry condition (2.32)∑
k<k0

(k0 − k) ph[k] =
∑
k>k0

(k− k0) (1− ph[k]) (2.41)

then (2.29) turns to

2
∑
k<k0

(k0 − k) ph[k] =
∑
k<k0

(k0 − k) h[k] +
∑
k>k0

(k− k0) (1− h[k]) . (2.42)

Using (2.27) and (2.8) ∑
k<k0

(k0 − k) ph[k] ≈
∫ 0

−∞
(−k)phl (ak) dk

=
σ2

n

4a2
. (2.43)

Using(2.42) and (2.43) we have the explicit expression of the variance

σ2
n = 2a2

∑
k<k0

(k0 − k) h[k] +
∑
k>k0

(k− k0) (1− h[k])

 (2.44)

wherea is a known variable that is determined from the inclination either of the terminal-based
straight line or of the best-fit straight line [5]. So we can easily calculate (2.44) from measured
data.

The first term of the right side is the moment of the occurrences ofh[k] = 1 before the
code transition, and the second term is the moment of the occurrences ofh[k] = 0 after the
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Figure 2.8: Interpretation ofσn equation: and the first moment of the opponent occurrences
around the CT level

code transition. The sum is conceptually the same with the physical moment of the opponent
occurrences of the binary sequence given from the measured data. Fig. 2.8 illustrates the physical
image of these terms. Thus the formula (2.44) claims that the normalized moment using the
mean code bin widtha, by the factor 2a2, provides the input noise varianceσ2

n. We summarize
the equations in Table 2.1.

Theσn calculated by (2.44) is useful for several ways.

• ADC’s static performance is not solely decided by DNL/INL, but also affected by the
intrinsic noise. I daringly say the noise variance is the third index of linearity having
matching importance with DNL/INL.

• It also includes the information of the measurement accuracy.

• Implementation of the equation (2.44) is straightforward that is easy to use in simulation.

• It will be appropriate to use in calibration, too.

I will show a Perl script ofσn calculation later in Table 2.3.
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Table 2.1: The equations for the CT level estimation and the input noise estimation

CT level estimation k̂0 =
∑

k

(1− h[k])

Inputnoise variance σ̂2
n = 2a2

∑
k<k0

(k0 − k)h[k] +
∑
k>k0

(k− k0)(1− h[k])



2.4 Ordinary and out of ordinary examples of linearity mea-
surement

The formula (2.44) providesσn at each transition. This feature enables us to plot the linearity
with σn’s. Fig. 2.9 illustrates an example of measured linearity of a 6-bit ADC, the same data
already used in Fig. 2.1. Small warping of INL is observable in this particular ADC, while the
standard deviations look fine.

Fig. 2.10 and Fig. 2.11 are intended to demonstrate the inherent drawback of the code density
method. It shows an artificial example that swapped the output code 5 and 6 of the ramp measured
in Fig. 2.1. As Max [27] has pointed out, both DNL and INL are the same with Fig. 2.9 because
the code bin counts do not change. However, the big difference appears in the calculated standard
deviation. When the swapped codes are more apart, the deviation becomes larger. Thus the
deviation measure by (2.44) redeems the drawback of the code density method.

Fig. 2.12 shows a block diagram of an ADC that can deceive the code density method by a
different manner. This ADC has an ordinal 3-bit core and one bit uniform pseudo random binary
sequence (PRBS) generator. Since the code density method does not distinguish a ramp signal
from a uniformly distributed random signal, this one-bit extension exhibits very good linearity in
the code density method.

Applying the same idea to the original 6-bit data in Fig. 2.1, we get Fig. 2.13. The figure
shows a quasi 7-bit ramp out numerically appended a pseudo-random bit. Except noisier, the
curve looks similar to the 6-bit one rather than a 7-bit ramp. Fig. 2.14 shows the linearity.
Though the INL is doubled by halved LSB, the DNL is very small. The code density method
does not detect the trick. We see the standard deviation curve reveals the difference.

The above situation is not solely imaginary. The similar effect may really happen if the ADC
noise is very large. DNL errors could be averaged by the noise so that the good linearity might
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Figure2.9: An example of linearity plot with standard deviations

be observed by the code density method. In such a case, the standard deviations given by (2.44)
become large all in all.
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Figure2.10: Ramp output made by swapping code 5 and 6 from measured data
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2.4Ordinary and out of ordinary examples of linearity measurement 47

ADC
body

vin dout3vrt

vrb +-
+-
VRT

VRB

VIN

VLSB

VLSB

D2

D1

D0

PRBS 
generator

dout2dout1dout0
Figure2.12: One-bit digitally extended ADC

 0

 5

 10

 15

 20

 25

 30

 35

 40

 0  5000  10000  15000  20000

o
u

tp
u

t 
co

d
e

data number

Figure2.13: Ramp output of quasi-seven-bit ADC



48 Linearity analysis as the code transition level estimation

-0.5

 0

 0.5

 1

 1.5

 0  20  40  60  80  100  120

L
S

B

code

dnl

inl

std

Figure2.14: Linearity plot of quasi-seven-bit ADC with standard deviations

2.5 Expectation of estimations

The equations of the CT level estimation (2.36) and noise variance estimation (2.44) are derived
for logistic noise. This section shows these equations are unbiased estimations for wider range
of noise distributions, including Gaussian noise.

Before going forward to main discussion, I explain the subtle situation by a simple example.
If the measured data of a single value is a set{d0,d1,d2}. To estimate the true valuedt, we usually
calculate the averagea1

a1 =
d0 + d1 + d2

3
. (2.45)

If the measurement is unbiased, the expectation of each data is

E [d0] = E [d1] = E [d2] = dt (2.46)

so

E [a1] =
E [d0] + E [d1] + E [d2]

3
=

3dt

3
= dt . (2.47)

Thisresult means the equation (2.45) is an unbiased estimation ofdt. The point is there are many
other equations that have the same property. For example,

a2 = 0.25d0 + 0.25d1 + 0.5d2
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a3 = 0.1d0 + 0.2d1 + 0.7d2 .

Generally, as far as the coefficients satisfy

w0 + w1 + w2 = 1 (2.48)

The expectation ofa = w0d0 + w1d1 + w2d2 is unbiased.

E [a] = (w0 + w1 + w2) dt = dt . (2.49)

This example indicates “unbiased” is a quite loose requirement for the estimation.
Now, we go back to estimations in Table 2.1. They are

k̂0 =
∑

k

(1− h[k]) (2.50)

σ̂2
n = 2a2

∑
k<k0

(k0 − k)h[k] +
∑
k>k0

(k− k0)(1− h[k])

 (2.51)

where ˆ indicates the estimation of the value. The former equation (2.50) provides the CT level
estimation and the latter equation (2.51) provides noise variance. I repeat that they are optimal
in ML sense only for logistic noise, while they are valid for much wider noise distribution in
expectation sense.

Note sinceh[k] is binary, the expectationh[k] = 1 is its probability.

E [h[k]] = ph[k] (2.52)

Here we assume the noise distribution is symmetric

ph[k0 − k] ≡ 1− ph[k0 + k] (2.53)

for all k. This is a discrete version of (2.32). Then the expectation of the right hand side of (2.50)
becomes

E

∑
k

(1− h[k])

 = ∑
k

(1− ph[k])

=

∑
k<k0

(1− ph[k]) +
∑
k<k0

ph[k])

 +
−∑

k<k0

ph[k] +
∑
k>k0

(1− ph[k])

 (2.54)

=
∑
k<k0

1 (2.55)
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The lower limit of the sum in the last formula is the first data number, so the sum provides the
data count beforek0, which is the estimation̂k0. In short, we derived the equation (2.50) from
the symmetry condition (2.53). Note that not only logistic noise but also Gaussian noise satisfies
the symmetry condition.

Next we go to the noise variance estimation (2.51). Using (2.2) and (2.7),

E

∑
k<k0

(k0 − k)h[k] +
∑
k−k0

(k− k0)(1− h[k])


=

1
a

∑
k<k0

(
−vin[k]

∫ vin[k]

−∞
pn(x/σn)dx

)
+

∑
k0<k

(
vin[k]

∫ ∞

vin[k]
pn(x/σn)dx

)
≈ 1

a2

(∫ 0

−∞
(−v) ·

(∫ v

−∞
pn(x/σn)dx

)
dv+

∫ ∞

0
v ·

(∫ ∞

v
pn(x/σn)dx

)
dv

)
(2.56)

Integration by parts of the first term of the last equation provides∫ 0

−∞
(−v)

(∫ v

−∞
pn(x/σn)dx

)
dv

=

[
−v2

2

∫ v

−∞
pn(x/σn)dx

]0

−∞
+

1
2

∫ 0

−∞
v2pn(v/σn)dv (2.57)

where the first term converses to 0 by a CDF property. With the similar calculation of the second
term of (2.56), we have

E

∑
k<k0

(k0 − k)h[k] +
∑
k−k0

(k− k0)(1− h[k])

 = 1
2a2

∫ ∞

−∞
v2pn(v/σn)dv (2.58)

The integral providesσn from (2.6). Thus we have calculated the expectation of noise variance
(2.51).

2.6 Variance of the estimation

The ML estimation given by (2.50) is also subject to statistical fluctuations. The estimation error
is evaluated as the variance of the estimation. Practical importance of ML estimation is that the
variance of the estimation tends to be the minimum asymptotically underregularconditions. This
property is calledefficiencyin statistics [25]. The efficiency is much more restricting condition
than unbiasedness. In stead of dealing with this subject straightly, we focus on the variance of
estimations (2.50) and (2.51).
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Thevariance of (2.50) is

Var( k̂0) = E
[
k̂2

0 − E
[
k̂0

]2
]

= E


∑

k

(1− h[k])

2

−
∑

k

(1− ph[k])

2
= E


∑

k

h[k]

2 −
∑

k

ph[k]

2

(2.59)

The first term becomes

E


∑

k

h[k]

2 = E

∑
k

h[k]2

 + E
[∑∑

k,l
h[k]h[l]

]
(2.60)

Using the following properties of binary sequence

h[k]2 = h[k] (2.61)

(h[k]h[l ] = 1) ⇔ (h[k] = 1)&(h[l ] = 1) (2.62)

the equation (2.60) becomes

E


∑

k

h[k]

2 = ∑
k

ph[k] +
∑∑

k,l
ph[k]ph[l ]

=
∑

k

ph[k] +

∑
k

ph[k]

2

−
∑

k

ph[k]2 (2.63)

so (2.59) is calculated as
Var( k̂0) =

∑
k

(ph[k] − ph[k]2) . (2.64)

Approximating the sum by the integral using (2.8),

Var( k̂0) ≈
∫ ∞

−∞

ph

(
a(k− k0)
σn

)
− ph

(
a(k− k0)
σn

)2 dk

=
σn

a

∫ ∞

−∞

(
ph(v)− ph(v)2

)
dv (2.65)

The integral is a constant depending on the noise distribution. For logistic noise (2.27) we can
get an exact value ∫ ∞

−∞

(
phl(v) − phl(v)2

)
dv=

√
3
π
≈ 0.551329 (2.66)
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For Gaussian noise (2.19), it is∫ ∞

−∞

(
phg(v) − phg(v)2

)
dv=

5

6
√
π
≈ 0.470158 (2.67)

Thoughthe CT estimation (2.50) is efficient only for logistic noise, the variance is smaller in
Gaussian noise.

Next, we calculate the variance of the noise variance estimation (2.51). Let defineY

Y = σ̂2
n/(4a) (2.68)

and letk0 = 0 to simplify the calculation. The result is unchanged.

Var (Y) = E
[
Y2

]
− (E [Y])2 (2.69)

The first term becomes

E
[
Y2

]
= E


∑

k<0

(−k)h[k] +
∑
k>0

k(1− h[k])

2
= E


∑

k<0

(−k)h[k]

2 + 2E

∑
k<0

(−k)h[k]

 ∑
k>0

k(1− h[k])


+ E


∑

k>0

k(1− h[k])

2 (2.70)

Exchanging the order of square and expectation using the similar technique in (2.63),

E
[
Y2

]
= (E [Y])2 +

∑
k

k2(ph[k] − ph[k]2) (2.71)

Substituting (2.71) to (2.69) and using (2.68) we get

Var
[
σ̂2

n

]
= 4a4

∑
k

k2(ph[k] − ph[k]2) (2.72)

What we want isVar [σ̂n], which is not a square root of (2.72). It takes a little bit more steps.
Let consider ˆσ2

n as a random variable expressed as

σ̂2
n = σ

2
n(1+ X) (2.73)
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whereX is also a random variable. If the estimation ˆσ2
n is good,|X| << 1. Then

Var [σ̂n] = Var
[
σn

√
1+ X

]
≈ σ2

nVar
[
1+

X
2

]
=

Var
[
σ2

nX
]

4σ2
n

=
Var

[
σ2

n(1+ X)
]

4σ2
n

=
Var

[
σ̂2

n

]
4σ2

n

(2.74)

so

Var [σ̂n] =
a4

σ2
n

∑
k

k2(p[k] − p[k]2) . (2.75)

Approximatingthe sum (2.75) with the integral,

Var [σ̂n] ≈
a4

σ2
n

∫ ∞

−∞

(v
a

)2
ph

(
v
σn

)
− ph

(
v
σn

)2 dv
a

= aσn

∫ ∞

−∞

(
ph(v)− ph(v)2

)
dv (2.76)

The integral in (2.76) is the same within the CT level estimation variance (2.65).
As a result,

Var (k̂0) ≈
0.5σn

a
(2.77)

Var [σ̂n] ≈ 0.5aσn (2.78)

are appropriate for both Gaussian and logistic noise. The equation (2.77) looks against the in-
tuition the steeper inclinationa gives the lower estimation error. The fact is, depending ona,
data count becomes 1/a while the standard deviation becomes 1/

√
a so that the accuracy also

becomes 1/
√

a in effect.

2.7 Numerical experiments on estimation variance

From (2.77), the CT level estimation error is inversely proportional to the ramp slopea. To
confirm the result, I executed numerical experiments. Main body of the experiment is described
in Perl script. The comparator model in Fig. 2.4 is one sentence.
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Table 2.2: The estimation variance of the CT level and the noise

CT level variance Var(k̂0) =
σn

a
K

Noisevariance Var [σ̂n] = aσnK

K for noise CDFph

∫ ∞

−∞

(
ph(v)− ph(v)2

)
dv

K for logistic noise

√
3
π
≈ 0.551329

K for Gaussian noise
5

6
√
π
≈ 0.470158

$compout[$j] = ( ( ($i * $slew) - $sigma * nrand() ) < 0) ? 0 : 1;

where nrand() is a noise function, which is Gaussian noise in this case. Specifically for Gaussian
noise generation, I used “rand()” function in Perl for uniform random numbers in [0, 1) and Box-
Muller method. One trivial comment is Box-Muller method has to exclude 0 as a source random
number. Perl has a useful expression to avoid rand()==0.

do {$x = rand()} while ($x == 1 || $x == 0);

though the possibility is very low so that the care might be unnecessary.
For logistic noise, I adopt the transformation method by the inverse of the logistic distribution

(2.27)

p−1
hl (x) =

√
3
π

log
( x
1− x

)
(2.79)

wherex is a uniform random number in [0,1) that rand() function generates.
The Perl script in Table 2.3 is the core part of the data processing. This is a straight im-

plementation of (2.50) and (2.51). The array$cout contains a binary sequence of comparator
outputs. It can be a measured data of ADC reduced to a binary sequence for each CT. The array
$sum counts occurrences of 0. The moment to the opposite values are accumulated to$sumi. At
the exit of the routine,$sum hask̂0 and$sumi times 2a2 becomes ˆσ2

n.
Fig. 2.15 shows a result for CT level estimations by (2.50). The ordinate shows the CT level

estimation variance and abscissa is the slopea. The varianceσn is fixed to 1. Data counts in each
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Table 2.3: Perl script of code transition estimation

my $sum = 0;

my $sumi = 0;

for $i (0..$#cout) {

if ($cout[$i]==0) {

$sum++;

}

}

for $i (0..($sum - 1)) {

$sumi += $cout[$i] * ($sum - $i);

}

for $i (($sum + 1) .. $#cout) {

$sumi += (1-$cout[$i]) * ($i - $sum);

}

slopebefore and after the CT level are 4/a respectively. Doing so, the slope covers±4σn that
insures the comparator outputs start at stack-to-0 and end at stack-to-1. Variance is calculated
from 1000 times repetitions for eacha. The line is the theoretical equation (2.77) that matches
experimented data. Fig. 2.16 shows a result forσn estimations by (2.51). This result also shows
a good coincidence. Gaussian noise has a tendency of slightly smaller estimation error than
logistic noise as theoretical calculations (2.66) and (2.67) had shown.

2.8 Comparison with the conventional noise simulation

Let us compare the noise estimation (2.51) with the conventional histogram method. This exam-
ple becomes also an application of the equation for a comparator design.

Fig. 2.17 is a simulated schematic cited from [28]. This is one of modern dynamic latches
with double tails. The first stage is a differential amplifier. While the CLP is low, the amplifier
state is reset that clears the hysteresis. The second stage is a comparator to generate logic level
signals and the third stage is a SR latch to hold the compared result. The device parameters are
typical for TSMC 0.18µm. The dimension of the input differential NMOS pair is W/L=10µm /
1 µm, and other transistors are PMOS W/L=3 µm / 0.18µm and NMOS W/L=1.5µm / 0.18µm.
These parameters are not tuned so well, only the PMOS loads of the input differential pair are
multiplied by two to enhance the reset speed.
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(comparator)

3rd stage
(SR latch)

Figure2.17: Schematics of the simulated latch

The transient simulation with noise option is executed. Fig. 2.18 shows a result. The clock
frequency is 500 MHz. The noise parameters are noisefmax=10G, noisefmin=1, and noiset-
min=0.5n. The test bench is scripted by Verilog-A and the comparator outputs are collected also
by the Verilog-A script as a series of binary data.

Voltages are VDDA=2.5 V, VREFP=VREFN=1.0 V. The input is a differential ramp signal
and the common voltage is 1.0 V. The initial values are VINP=0.9995 V and VINN=1.0005 V.
The value exchanges after 20000 clocks, so the slew ratea = 0.1µV/clk and there are 10000
clocks each before and after crossing. The ramp condition is decided after several trials. The
comparator outputs are 0’s at first and 1’s finally. Under these boundary conditions, the vibrations
around CT level have better be as many as possible.

Post processing is done by a Perl script similar as described in the previous section. The result
isσn = 187.128031µVrms. From the equation (2.78),Var [σ̂n] ≈ 0.5·0.1 ·187.128031µV2/clk,
thenσ̂n ≈ 3.1µV/

√
clk. Thus we can expect the effective digit of thisσn estimation is about

two.
Points in Fig. 2.19 shows simulated data with traditional histogram method that counts the

occurrence of comparator output being high for each reference level. The same range with the
ramp method is divided into 20 levels. At each level, the comparator is simulated for 1000 clocks.
So the total data count is set to same with the ramp method. The curve in Fig. 2.19 is a theoretical
Gaussian noise ofσn = 187.128031µVrms. It looks a good coincidence.
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Figure2.18: Transient noise simulation output of a latch output sequence
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Figure2.20: Comparator state change diagram

2.9 Noise estimation with comparator hysteresis

Modern CMOS comparators have very small hysteresis so that the necessity to care about hys-
teresis has been reduced recently. However there exists an unavoidable hysteresis mechanism as
far as the comparator has to drive the load latch and to invert its state according to the compari-
son result. The mechanism tends to become outstanding at the highest rate of conversion rate. If
hysteresis exists, results in this chapter have to be modified.

The hysteresis effect is expressed as the reference level shift. The probabilityph(v) that the
comparator output is 1 with hysteresis±vhist is expressed as

ph(v) =

{
ph(v+ vhys) if the previous state is 0
ph(v− vhys) if the previous state is 1

(2.80)

wherevhys is normalized by noiseσn. Fig. 2.20 depicts the comparator state changes more
comprehensively. The circled 0 and 1 stand for the comparator state. Arrows from and into them
indicate the state change. Each equation attached to the arrow is the probability the state change
happens.

At the equilibrium state, which we can expect when the input changes slowly enough, the
entrance rate into 1 and the exit rate from 1 are equal, so the probability of 1-state ¯ph(v) satisfies

(1− p̄h(v))ph(v− vhys) = p̄h(v)(1− ph(v+ vhys)) . (2.81)

Solving (2.81) for ¯ph(v), we have the explicit expression of the equivalent transfer probability.

p̄h(v) =
ph(v− vhys)

1− ph(v+ vhys) + ph(v− vhys)
. (2.82)

The p̄h(v) keeps the properties of a distribution function. They are:
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• Non-decreasing
If v1 < v2 then p̄h(v1) ≤ p̄h(v2)

• Limit values

lim
v→−∞

p̄h(v) = 0

and

lim
v→∞

p̄h(v) = 1

• Right-continuous

lim
v→+v1

p̄h(v) = p̄h(v1)

Fig. 2.21 shows some distribution functions with hysteresis for Gaussian noiseσn = 1 calcu-
lated by the equation (2.81). It looks the effective noise variance getting smaller as the hysteresis
becomes larger. Logistic noise provides much the same curves. Fig. 2.22 supports this observa-
tion.
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2.10 Summary

This chapter described the linearity analysis as a CT level estimation. The results are summarized
as follows.

1. Breaking a ramp sequence into binary sequences of individual CT levels, we have derived
two maximum likelihood equations (ML equations).

2. ML equations include weight functions determined by the noise distribution. Gaussian
distribution has larger weight for rare case events. On the other hand, we have derived the
logistic distribution that has even weight, or equivalently, ignoring the order of the sampled
data.

3. For logistic noise, the ML equations are solvable analytically. In other words, the logistic
approximation makes the ML equations solvable. Table 2.1 shows solutions.

4. One solution validates a histogram test for the CT level estimation. This seems natural
since the histogram test ignores the sample order.

5. Another solution of the ML equation provides the explicit expression of the input equiva-
lent noise.
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6. Thenoise expression reflects the behavior around the CT level. It has a right to be the third
index (sub-micro index) of linearity, following DNL (micro index) and INL (macro index).

7. Several applications are shown. They demonstrate the noise expression complements the
drawback of the histogram method that ignores the sample order.

8. The equations obtained by the logistic approximation are valid for much wider class of
noise, including Gaussian noise, in expectation sense.

9. Variances of the estimation are provided explicitly. Exact constants both for logistic noise
and Gaussian noise are obtained (Table 2.2). These formulas provide the confidence level
of the estimation.

10. The noise expression is applied to a latch circuit noise simulation and compared to the
conventional method. Good coincidence is obtained.

11. The fact that hysteresis of comparators diminish the input equivalent noise is examined.

The method in this chapter is developed for a ramp input here. Theoretically, we can extend
the input to any signal as far as we can pose the probability on each sample. The signal can be
high frequency sine wave. Combined with the reconstruction technique unrolled in Chapter 3,
we will be able to analyze the noise properties quite minutely at high frequencies. This extension
is the future work.



Chapter 3

Distortion analysis with the use of
difference waves

Distortion is usually carried out in frequency domain. However as we have seen in Chapter 1,
it has rather poor sensitivity for ADC analysis. Time domain analysis has much finer resolution
by providing deviations of individual samples. The “waveform reconstruction” technique is a
basic tool for time domain analysis. In this chapter, we establish the most general reconstruction
method that I named “Euclidean reordering.” The technique has very old roots, so as it is difficult
to identify a specific origin. I compose the most thorough description of the theory. Combining
the Euclidean reordering method and the frequency domain analysis, we introduce the “difference
wave analysis.” Applications of the methods with subsidiary analysis techniques demonstrate the
ability.

3.1 Theory of the waveform reconstruction

Permutation methods are the method that reorders the series of sampled data taking advantage of
special relations between input and clock frequencies. As such, coherent sampling is appropriate,
though it is not mandatory. Fig. 3.1 shows an example. The input sine wave is sampled at a
constant interval in time order. Fifteen clock periods match three input periods exactly. Numbers
at sampling points in the figure show the phase order of the input. If we reorder the samples in
these numbers, we have fifteen samples in an input period. This is three times finer resolution
compared to the original that has roughly four samples in a period. The permutation methods are
individuated by the setting of input and clock frequencies and the attendant algorithm.

In coherent sampling, the ratio of the input frequencyfin and the clock frequencyfclk is
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Figure3.1: An example of sampling: 3 input periods for 14 samplings

expressed as multiples of the common base frequencyf0,

fin = nin f0 (3.1)

fclk = nclk f0 , (3.2)

wherenin andnclk are positive integers. These numbers are more essential than frequencies in
the theory. Let us call them as theinput frequency numberand theclock frequency number
respectively.

IEEE Std 1241-2010 [5] provides two specific permutation methods in “Section 4.4 Equivalent-
time sampling and undersampling.” The standard presents two more techniques in “Annex D
(informative) Presentation of sine-wave data.” One is “modulo-time plot” [17] and the other is
used by Blair [21]. They are different in appearance and they have different limitations. However
they can be treated uniformly in one theory.

In one permutation method in IEEE Std 1241-2010, the clock frequency numbernclk in (3.2)
is about a multiple of the input frequency numbernin in (3.1) but smaller just by one, that is
nclk/nin = (LD − 1)/D whereL andD are integers. In practice,D is set tonin. Then we have the
condition thatnin andnclk satisfy:

nin L = nclk + 1. (3.3)

The condition of Fig. 3.1 isnin = 3 andnclk = 14. SoL = 5 satisfies the equation (3.3).
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For reordering, we look in Fig. 3.1 and find that first samples at every period form a phase
order. The second samples have the same property. This property will be more easily seen by
Table 3.1. Sampled data number are placed sequentially from left to write in each raw and then
from top to bottom. Reordering takes the data from top to bottom in each column and then from
left to right.

Table 3.1: A sampling rectangle: 14 samples in 3 periods

0 3 6 9 12
1 4 7 10 13
2 5 8 11 (0)

In an interpretation, the equation (3.4) is a rectangular condition that the length isnin and the
height isL. The area becomesnclk + 1. The difficulty in this method to find appropriatenin and
nclk that suit for the evaluation targets, thought it is not very difficult.

The equation (3.3) can be written as

L nin − nclk = 1. (3.4)

This form is convenient as a standard form in this section.
Another extraction method in IEEE Std. 1241-2010 is equivalent to the envelope test in

essence. In this case, the condition is

−nin + nclk = 1 (3.5)

or it is also possible that
nin − nclk = 1. (3.6)

We do not have to reorder the sampled data in these cases. The sampled waveform looks same
for sine wave input in (3.5) and (3.6). The fact is the order is opposite. Since the sine wave is
time-reflection symmetric, we do not notice the difference. Equation (3.6) is a special case of
(3.4) whereL = 1.

“Modulo time plot” [17] does not reorder the measured data in narrow sense. Instead, it
plots the measured data by residue of the input phase as x-coordinate. Inherently the data are
not arranged in the sampled order and the resulting plot consists of points that are disconnected.
This method is implemented in MATLAB [29] and available through the Internet.

Thek-th sample phaseϕk is

ϕk =
fin
fclk

k+ ϕ0 =
nin

nclk
k+ ϕ0 (3.7)
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wherethe period is normalized as 1. We can putϕ0 = 0 without losing generality as far as the
phase difference matters. So the residue ofϕk is expressed using a fractionrnclk

fin
fclk

k+ v =
r

nclk
(3.8)

or
k nin + v nclk = r (3.9)

wherer andv are integers and 0≤ r < nclk. The equation (3.9) is rewritten as

k nin = −v nclk + r (3.10)

which is a standard integer division formula. The dividend isk nin, the divisor isnclk, the quotient
is −v and the residue isr. Equivalently modulo time plot calculatesr and reordering is executed
when the data is plotted according tor.

Inspired by the method, Pápay [19] [20] proposed a direct reordering method. He called it
“uniform permutation” of samples following the literature [30] in 1977. His method is identical
with our method that we call “Euclidean reordering.” We have already used it for over twenty
years without knowing prior works. The same method is commercially available,e.g. the ADC
toolbox by Synopsis [22].

“Euclidean reordering” is named from Euclidean algorithm in elementary number theory. As
we soon show in (3.22), the frequency condition in Euclidean reordering relaxes the equation
(3.4) essentially to the limit for the permutation method.

It is well-known that ifnin andnclk are relatively prime, sampling time is uniformly spaced
over an input period [5, 5.4] [17] [21]. The term ‘uniformly spaced’ seems ambiguous. We state
it precisely in Theorem 1.

Theorem 1 (Maximum different phase theorem)When sampling a periodical signal of the in-
put frequency number nin by the clock of nclk, and let n0 be the greatest common divider (gcd) of
nin and nclk,

n0 = gcd(nin,nclk) (3.11)

then successive nclk/n0 samples have all different phases of the input signal, while no further
sample has a different phase. As a special case if nin and nclk are relatively prime, all successive
nclk samples have different phases of the input signal.

Proof 1 Since the initial phase does not change how many different phases are sampled at given
ratio of nin and nclk, we assume the first sample phase is zero. Then, the phase of the k-th sampled
data pk is

pk =
2πk nin

nclk
. (3.12)
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From periodical nature of the input signal, only the residue of k nin by nclk matters. That is to say,
if the residue is different, the phase is different, and vice versa. In other words, all samples can
be tagged by integers from 0 to nclk − 1 of the phase order. Understanding this principle, the rest
of the proof is a standard in elementary number theory.

Consider the minimum integer k′ > 0 that satisfies

k′ nin ≡ 0 (modnclk) (3.13)

where≡ is a notation of congruence, c.f. [31].
Existence of k′ is easy to see by translating (3.13) into the following Diophantine (integer)

equation
k nin = q nclk (3.14)

which has infinite number of solutions, particularly k= nclk and q= nin.
All elements in{k nin (modnclk) | k = 0,1,2, · · · , k′ − 1} are different, because if

k1 nin ≡ k2 nin (mod nclk) (3.15)

for 0 ≤ k1 < k2 < k′, then
(k2 − k1) nin ≡ 0 (modnclk) (3.16)

that k2− k1 satisfies equation (3.13) and0 < k2− k1 < k′ , which contradicts the minimality of k′.
On the other hand from (3.13),

k′nin ≡ 0nin (mod nclk) (3.17)

so k= k′ and k= 0 provide the same congruence classes. As a result, there are just k′ elements
in {k nin (modnclk) | k ∈ N}, whereN is a set of whole integers.

From the assumption (3.11),

n′in =
nin

n0
(3.18)

n′clk =
nclk

n0
(3.19)

are relatively prime integers. Substituting (3.18)(3.19) into (3.14)

k n′in = q n′clk (3.20)

so k is a multiple of n′clk = nclk/n0. Among those k’s, k′ is determined as

k′ = nclk/n0 (3.21)

by the minimality requirement of k′.
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Figure3.2: An example of the sampling phases,nin = 3, nclk = 16

Fig. 3.2 shows an example ofnin = 3, nclk = 16. In a similar way as we assumed in the
previous proof, the first sample is taken at the input phase 0. The sampling step is 2πnin/nclk =

3π/8. The phase sequence{pk} is tagged by the following integer sequence.

0, nin, 2nin, 3nin, 4nin, 5nin, · · · (mod nclk)

≡ 0,3,6, 9,12,15,18,21,24,27,30,33,36,

39,42,45 · · · (mod 16)

≡ 0,3,6, 9,12,15,2,5, 8,11,14,1, 4,7,10,13,0, · · ·

This sequence includes all integers from 0 to 15 (=nclk − 1) in a period as proved.
A special case of interest that satisfies the maximum different phase theorem is the condition

that nclk is a power of two andnin is odd. This condition provides easy and flexible frequency
settings compared to the IEEE method. In addition, this sample count is convenient for FFT
post-processing.

Unlike the IEEE method, the general reconstruction process for the condition in Theorem 1
is not so obvious. In fact, the procedure is more like picking up samples periodically rather than
sorting. This is the operation that literature [30] [19] called “uniform permutation.” Our term is
“cyclic pickup” of the sampled data sequence of the lengthnclk. The word ‘cyclic’ means to treat
the sequence as a loop. In other words, the first data in the sequence is deemed to be the next
data of the last data. Theorem 2 provides the foundation of the procedure.
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Theorem 2 (Cyclic pickup) Let the input frequency number nin and the clock frequency number
nclk be relatively prime. Then there is an integer u that cyclic pickup of every u-th data provides
the data in the input phase order. The number u is determined as a solution of the Diophantine
equation

u nin + v nclk = 1. (3.22)

All solutions of (3.22) are equivalent as a cyclic pickup. If u is negative, the u-th pickup means
the reverse direction pickup.

Proof 2 As mentioned in the proof of Theorem 1, we can label the sampled sequence as an
ordered set of integers

D = {k nin (modnclk) | k = 0,1,2, · · · ,nclk − 1}. (3.23)

Each value of the element in D is the phase order of samples, assuming the first sampling phase
is zero. Since nin and nclk are relatively prime, D includes all integers from 0 to nclk − 1. So there
is an integer u that satisfies

u nin ≡ 1 (modnclk) (3.24)

from Theorem 1. The equivalent translation of (3.24) provides the equation (3.22). Counting the
first data as 0, u-th data in D has the first non-zero phase of the input.

The next u-th ‘cyclic’ pickup from D satisfies

2u nin ≡ 2 (modnclk) (3.25)

that is the second phase of the input. Thus the repetition of this operation provides the rearrange-
ment of the sampled data in phase order.

If the first sampling phase is not zero, the resulting data sequence starts at the non-zero phase,
but it is arranged in phase order in cyclic mean nevertheless.

If (u, v) is a solution of (3.22), it is easy to see(u + nclk, v − nin) is also a solution of (3.22).
Repeatedly, we can make infinite number of solutions of the equation (3.22). However from the
nature of the cyclic pickup, u-th reverse pickup is equivalent to the(u+ nclk)-th forward pickup.
Thus we see the solutions of (3.22) provide a unique cyclic pickup and we do not have to worry
about the polarity of u.

Whenn0 = gcd(nin,nclk) > 1, obviouslyn′in andn′clk in (3.18)(3.19) takes the same role in
Theorem 2. That is, any frequency ratio is permissible, but effective samples are diminished
depending on the frequency ratio.

In the condition of Fig. 3.2, that isnin = 3, nclk = 16, a set of solutions of the equation (3.22)
is u = 11 andv = −2. As Theorem 2 declares, the phase difference in eleven sample interval,
3 · 11 · π/8 ≡ 17π/8≡ π/8, is the unit phase distance in the reconstructed waveform.
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Theequation (3.22) includes the IEEE Std condition (3.4) as a special case. In this meaning,
Euclidean reordering is a true generalization of the IEEE method. The modulo time plot equation
(3.9) is the multiple of (3.22) byr. The condition for modulo time plot is identical with Euclidean
reordering. The method directly calculates the phase numberr instead of finding the pickup
intervalu.

The Euclidean algorithm is a well-known algorithm that provides a solution of the equation
(3.22). We provide a compact proof in a convenient form for implementation.

Theorem 3 (Euclidean algorithm) Let a0 = nin and a1 = nclk. Repeat the calculation of the
quotient qk and the remainder0 ≤ ak+1 < ak, which satisfies

ak−1 = qkak + ak+1 for k = 1,2, · · · (3.26)

until an+1 = 0. Then u and v that satisfy the equation (3.22) are provided as(
u v
∗ ∗

)
=

( 0 1
1 −qn

)( 0 1
1 −qn−1

)
· · ·

( 0 1
1 −q1

)
(3.27)

where asterisks denote the elements that we do not matter and that are usually different.

Proof 3 The matrix form of the equation (3.26) is(
ak

ak+1

)
=

( 0 1
1 −qk

)(
ak−1

ak

)
(3.28)

This operation keeps the gcm of ak−1 and ak, so the gcm of a0 = nin and a1 = nclk. Since the
sequence{ak} forms strictly reducing positive integers multiplied by this common gcm, it must
reach zero value. If an+1 = 0, then an = gcm(nin,nclk) = 1. That is( 1

0

)
=

( 0 1
1 −qn

)( 0 1
1 −qn−1

)
· · ·( 0 1

1 −q1

)(
nin

nclk

)
=

(
u v
∗ ∗

)(
nin

nclk

)
=

(
u nin + v nclk

∗ .
)

(3.29)

The second equation is obtained from the matrix multiplication from left to right that provides u
and v as in (3.27). A part of the last equation is the equation (3.22).
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The calculatedu often becomes negative. If we prefer forward order picking-up, we can
replace it byu+ nclk.

List in Table 3.2 is an implementation of Euclidean reordering. The Euclidean algorithm part
is imported from an elegant embodiment in [31, Figure 6.1]. This is the multiplication of the
matrices in (3.29) from right to left written in recursive form.

The input frequency number and the clock frequency number are stored in $a and $bbefore-
hand respectively.

It is worth notifying that the Nyquist frequency has little role in ADC evaluation. Euclidean
reordering works fine for any frequencies satisfying the equation (3.22), even if the input fre-
quency is over the Nyquist frequency.

3.2 Reconstructed waveform and difference wave analysis

This section provides practical applications of the Euclidean reordering.

Data count in real analysis should be large enough to analysis. In simulation, samples may be
limited by 256 through 1024 due to the CPU time. The number is usually enough for distortion
analysis. In measurement, much larger samples are preferable for clearer view of the ADC
properties. In modern measurement systems, 65536 samples are practical. This number seems
sufficient for 6-bit ADC analysis. Larger number will become appropriate in future with further
storage and faster processors. Accuracy of the measurement instrument is another bound. Jitter
in the analog input and the clock will make further data meaningless.

Fig. 3.3 is a measured example of the reconstructed waveform of a 6-bit ADC,fin = 1.01133
MHz and fclk = 100.27008 MHz. The base frequencyf0 is 1.53 kHz,nin = 661 andnclk = 216 =

65536. The output code of this ADC is binary from -31 to 31. The input amplitude is adjusted
to slightly smaller than the full scale monitoring the logic analyzer display. The phase of the
reconstructed waveform is not adjusted. As a result, the phase is randomly reconstructed. The
phase will be easily adjusted.

The reconstructed waveform in Fig. 3.3 looks fine and it is difficult to recognize the distor-
tion. A remedy is the “difference wave,” which shows the difference between the reconstructed
waveform and the ideal wave. The point of the idea is the ideal wave. What is it and how do
we get it? We will treat the question later in Chapter 4, but here we simply define the ideal
wave as the best fit sinusoid in the least mean square (LMS) sense. The sinusoid is obtained by
three parameter estimation method [5], or as a byproduct of FFT calculation [7]. Since there are
numerous references on FFT, I describe the story briefly. Let the reconstructed waveformwr(τ)
whereτ is the phase number from 0 tonclk − 1. The discrete Fourier transform (DFT) theory
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Table 3.2: Perl script of Euclidean reordering

########## Euclidean algorithm ###################################

my $m = 1;

my $g = $a;

my $v = 0;

my $w = $b;

my $t;

my $q;

my $s;

while ($w != 0 ) {

$q = int($g / $w); # quotient

$t = $g - $q * $w; # remainder

$s = $m - $q * $v;

($m, $g) = ($v, $w);

($v, $w) = ($s, $t);

}

if ($m < 0) { $m += $b; }

my $y = ($g - $a * $m) / $b;

if ($g != 1) {

printf(STDERR "Error: nin and nclk are not mutual primitive.\n");

exit 1;

}

########## reordering #########################################

my @indat = <>;

if ($#indat+1 < $b) {

printf(STDERR "Error: samples are too short. %g\n", $#indat);

exit 2;

}

my $i = 0;

my $ii = 0;

do {

do {

print $indat[$ii + $i];

$i = ($i+$m) % $b;

} until ($i == 0);

$ii += $b;

} until ($#indat+1 < $ii + $b);



3.2Reconstructed waveform and difference wave analysis 73

o
u
tp

u
t 
c
o
d
e

phase number

-30

-20

-10

 0

 10

 20

 30

 0  10000  20000  30000  40000  50000  60000

Figure 3.3: A reconstructed waveform of measured data:fin = 1.01133 MHz andfclk =

100.27008 MHz

states there is an expression ofwr(τ)

wr(τ) = a0 +

nclk/2−1∑
k=1

(ak cos(2πkτ/nclk) + bk sin(2πkτ/nclk)) . (3.30)

The FFT is the algorithm that provides the DFT coefficients quite efficiently. The ideal wave
wi(τ) is the fundamental tone with the offset.

wi(τ) = a0 + a1 cos(2πτ/nclk) + bk sin(2πτ/nclk). (3.31)

From the general theory of orthogonal systems [32, 16.4] [33, Volume I, Chapter I], the coeffi-
cientsa0, a1 andb1 provide the LMS estimate ofwr(τ). Three parameter estimation provides the
same coefficients by different way. The power ofk-th spectrump(k) is

p(k) = a2
k + b2

k k ∈ [0,nclk/2− 1] (3.32)

whereb0 = 0. From the definition, the rest of the series (3.30) coincides the difference wave
wd(τ) in integerτ.

wd(τ) =
nclk/2−1∑

k=2

(ak cos(2πkτ/nclk) + bk sin(2πkτ/nclk)) . (3.33)
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Figure3.4: A reconstructed waveform with the difference wave:fin = 1.01133 MHz andfclk =

100.27008 MHz

The difference wave provides very valuable information. The analysis of the wave is a key
in time domain analysis. The wave provides not only the distortion amplitude but also distortion
form and phase relative to the input signal. In other words, it indicates how the ADC distorts.
Thus the difference wave shows internal properties of the ADC.

Fig. 3.4 appended the ideal sinusoid and the difference wave in Fig. 3.3. The magnitude of
the difference wave is magnified by 4 for visibility. Form this figure, we can recognize a warping
in the difference wave.

One tip for analysis is that the difference wave thickness is roughly one LSB size. The
distortion is gauged by this unit. From this tip, the warping in the difference wave is about 1 LSB
peak-to-peak. Since the warping happens at low frequency for the ADC, the linearity error is
suspected. The linearity plot in Fig. 3.5 shows 1-LSB warping in INL, which is consistent with
the difference wave distortion. In fact, this ADC has a function to bend the linearity at code±8.
There was the design error that could not turn off the function completely.

More often, the warping happens at higher input frequency. Waves in Fig. 3.6 show an
example. They are dated measured data of a 10-bit flash ADC. Samples in a period are only
1024. At low frequency input, the ADC provides fairly good performance. The SINAD in
fin = 0.5124 MHz is 57.49 dB. The steps in the difference wave perceptible at the peak and the
bottom of the reconstructed waveform are dog-tooth we examine in Section 3.3. This is the first
appearance of the phenomena but it had not identified yet at that time. Another character most
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Figure3.5: Linearity plot of the 6-bit ADC in Fig. 3.4

clearly seen in Fig. 3.6(d) is that the distortion is not symmetrical at rising slope and falling slope
of the input. In this specific ADC, the cause of the asymmetry is identified, by further analysis
assisted by theoretical calculations and simulation, as the internal coupling in the chip between
the analog input line and the base line of the current sink of the comparators.

Sparkles found in Fig. 3.6(f) stem from delay mismatch in internal latched-comparator blocks.
Another tip is, since one period of the reconstructed waveform corresponds to the input signal
period 1/ fin, the sampling period is equivalent to 1/(nclk fin). From the timing error in Fig. 3.6(f)
looks about 5 samples, we can evaluate the timing error as 5/(nclk fin) ≈ 200 psec.

Sometimes, timing jitter spoils SINAD. Fig. 3.7 shows an example. This ADC has a problem
in its test clock system. Jitter is a noise of time direction. The feature of jitter is that the width
of the difference wave becomes larger where the input slew rate is large. We can identify the
tendency in Fig.3.6 (f). In a different point of view, while the thickness of the difference wave is
much the same, we can reason that jitter of the measurement system is negligible.

On the other hand, additive noise appends a flat thickness on the difference wave as shown
in Fig. 3.8. This ADC has a CMOS 6-bit flash ADC with self-calibration. Pursuing the highest
performance, the comparator size is intentionally small and the calibration should compensate the
errors. However several incidents, not fully identified, brought the failure of the compensation
mechanism, resulting in such a large noise. Fig. 3.9 is the same data of discrete dots. This way
of plot enables to see the ADC does not have missing codes (outputs of all codes in between) but
codes are overlapped roughly four LSB.

Generally speaking, identification of malfunction mechanism is often challenging and cre-
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(c) fin=5 MHz (d) fin=10 MHz

(e) fin=15 MHz (f) fin=20 MHz

Figure3.6: Input frequency dependency of the difference wave in a 10-bit flash ADC. Precisely,
(a) fin = 0.5124 MHz, (b)fin = 1.0980 MHz, (c)fin = 5.0508 MHz, (d) fin = 10.0284 MHz, (e)
fin = 15.0060 MHz, (b)fin = 19.9386 MHz, and thoroughlyfclk = 74.9568 MHz.
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Figure3.7: Difference wave affected by large jitter:fin = 49.999640 MHz andfclk = 99.614720
MHz

ative task. A single method including the difference wave analysis will not do all, even how
strong it may be. Measurements in various conditions, such as the input frequency, the clock fre-
quency, supply voltages, temperature and so on are important. The way to process the measured
data is also important. Good assumptions are often critical to the solution. Simulation is the aux-
iliary method that works in many cases. Sometimes, physical analyses of the chip are required.
Even so, I am sure the reconstruction technique here is powerful technique to characterize the
ADC.
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Figure3.8: Difference wave affected by large additive noise:fin ≈ 50 MHz andfclk = 200 MHz
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Figure3.9: Difference wave affected by large additive noise (disconnected points)
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Figure3.10: Gaps observed in a modified beat test:fin = 125 MHz+ α, fclk = 500 MHz

3.3 Dogtooth-like distortion

As a good application of the reconstruction technique, this section aims to identify the error
phenomena that we call “dog-tooth.” While investigating the cause of the phenomena I propose
an additional analysis technique, the “previous wave plot.” I also devise an extra simulation
technique that reorders the outputs of a comparator with the inputs. The technique helps to
design a comparator circuit without constructing a whole ADC.

3.3.1 Observation of the phenomena

Pursuing low power design of flash ADCs, I have gradually noticed there seems a general dis-
tortion pattern in reconstructed waveforms. More specifically, the error looks like a snag that
appears at about the same delay after “extremum,”i.e. a peak or a bottom. The phenomena are
first observed a 10-bit flash ADC prototype as already shown in Fig. 3.6. The same phenomenon
is also found in Matsuzawa [34, Figure 6.22]. Since the design is completely different, it should
have common nature in the distortion. I cite the figure in Fig. 3.10. This is an oscilloscope screen
shot measured in envelope frequency test. In the test, an 8-bit flash ADC (device-under-the-test)
and a DAC are back-to-back connected as Fig. 1.11. The input is sine wave offin = 125MHz+α
and the ADC operates atfclk = 500MHz. Clock to the DAC are decimated by 4 so the DAC
output forms a beat wave of frequencyα.

To identify the phenomena, we have measured a 6-bit 500 MSps flash ADC. It is a bipolar
flash ADC with a number of improvements over classic ADCs. The base architecture and circuits
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areexplained in Appendix A. The key advantage is its immunity against two major error mecha-
nisms,bubblesandmetastability[35]. Bubbles are anomaly of the internal thermometer code of
flash ADCs. They may bring large encoding errors, or sparkles. Metastability is the occasional
inability of a front-end latched-comparator to resolve a small differential input into a valid logic
level. In this ADC, bubbles within 7 LSB do not bring a large sparkle error. Metastable errors are
suppressed within one LSB. From the requirement by the target system, this ADC is designed to
operate at double sampling mode, and the input bandwidth is designed to be 100 MHz, well be-
low the Nyquist frequency. In order to reduce the power consumption, we have reduced currents
of the front-end latched comparators accordingly. This limited bandwidth has been beneficial for
dog-tooth measurements as we see eventually.

In this particular measurement, due to the speed limit of our logic analyzer, ADC outputs are
decimated by four. In this case, the clock frequency numbernclk in the equation (3.2) has to be
modified to

fclk = 4nclk f0. (3.34)

This modification keeps most of the reconstruction procedure, only to use the newnclk.
Fig. 3.11 and Fig. 3.12 illustrate reconstructed waveforms. The targetfclk in both measure-

ments is 500 MHz, while targetfin in Fig. 3.11 is 100 MHz andfin in Fig. 3.12 is 150 MHz.
The valuenclk = 216 = 65536 is chosen for enough resolution and handy data size. The base
frequencyf0 is around

f0 = fclk/nclk/4 ≈ 500 MHz/65536/4≈ 1.90735 kHz

from the conditions (3.34). Considering minimum resolution of signal generators,f0 is truncated
as 1.9 kHz. So thatfclk = 498.0736 MHz. Sincenin only has to be an odd number as commented
just after the formula (3.2),fin step becomes very fine, only 2f0 = 3.8 kHz. Selectedfin values
are 99.9989 MHz= 52631× 1.9 kHz in Fig. 3.11 and 1499.993 MHz = 78947× 1.9 kHz in
Fig. 3.12.

The measured data in Fig. 3.11 show slight bumps, which are clearer in Fig. 3.12. They
coincide with the phases where the input signal crosses the codes 8, 16, 24, etc., or borders of
equally divided of the ADC full scale by eight. This property reflects the internal structure of the
ADC, which is built up by eight blocks [36].

At the higher input frequency in Fig. 3.12, new bumps appear in the difference wave, which
we call “dog-teeth.”

Fig. 3.13 shows the power spectrum of the reconstructed waveform. Resulting from reorder-
ing, the power spectrum is naturally sorted by harmonic order. Fundamental harmonic frequency
corresponds to the input frequency and its power spectrum is normalized as 0 dB. The rest of
harmonics are equivalent to the power spectrum of the difference wave due to the orthogonality
of Fourier series.
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Figure3.11: Reconstructed waveform:fin = 99.9989 MHz,fclk = 498.0736 MHz
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Figure3.12: Reconstructed waveform:fin = 149.9993 MHz,fclk = 498.0736 MHz
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Figure3.13: FFT results of data in Fig. 3.11 and Fig. 3.12,fclk = 498.0736 MHz

Compared to the difference wave in time domain, power spectrum plot lost various features
of the distortion.1 For one thing, the SINAD of the data in Fig. 3.12 is 31.9 dB, not so degraded
from 34.0 dB in Fig. 3.11 but dog-teeth appear at thisfin. For the second, a slight warping of the
difference wave in Fig. 3.11 is hard to recognize in frequency domain.

Knowing the result in Fig. 3.12 solely, dog-teeth seemed to occur just after extrema of the
input signal. So a mechanism was suspected that comparators at around extrema do not swing
fully, resulting the sampling delay variation. The variance must be recovered after each ex-
tremum. There might be a discontinuity at that recovery. If this assumption is correct, dog-teeth
cannot be far apart from extrema.

In order to determine the places the dog-teeth appear, we measured at different input fre-
quencies. Fig. 3.14 shows results. In the figure, initial phases of the reconstructed waveforms
have been intentionally shifted for visibility. Obviously dog-teeth move later steadily asfin gets
higher. They even move across 90 degrees atfin = 300 MHz, where no longerjust after the
extremum. This observation clearly contradicts the above assumption.

One noticeable feature in Fig. 3.14 is that dog-teeth after peak and after bottom occur at the
same delay from the extrema. Since comparator circuits in different reference levels usually do
not operate so symmetrically, especially for single (not complimentary) circuit this ADC adapts,

1In fact, some information in Fourier transform is really lost since the power spectrum plot ignores the phase
information.
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Figure3.14: Input fin dependency of dog-teeth atfclk = 498.0736 MHz

this observation suggests the mechanism is more global than local functions of comparators.
Fig. 3.15 shows thefclk dependency at the samefin ≈ 200 MHz. Phases of the reconstructed

waveforms have been intentionally shifted so as dog-teeth take the same abscissa. We see the
dog-tooth place shifts earlier as the clock frequency becomes higher. Since the input frequency
is unchanged in those measurements, this shift should not be attributed to individual comparators
in the flash ADC. This is another clue that contradicts the above assumption.

Fig. 3.16 shows the reconstructed waveforms of various amplitudes. The results indicate the
dog-tooth place is independent of the input slew rate.

To investigate thefin dependency more minutely, we drew the dog-tooth place vs.fin/ fclk

plot in Fig. 3.17. The clock frequencyfclk is 498.0736 MHz in all data. The dog-tooth places
are measured after the extremum and in unit of the clock period. Explicitly there exists a linear
relation in Fig. 3.17. Its slope is 1/2. Actually, phases in Fig. 3.15 are shifted according to this
speculation, where the parameter isfclk instead offin.

We summarize above observations:

• Dog-tooth error appears at a definite phase that is determined only by the ratio offin/ fclk.
More specifically, the place isπ fin/ fclk radian after each extremum of the input.

• Dog-tooth place does not depend separately onfin or fclk. Only the ratio affects.

• Dog-tooth place does not depend on input magnitude nor slew rate.
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Figure 3.15: Input fclk dependency of dog-teeth atfin ≈ 200 MHz. Precisely (fin, fclk)
= (200.0007 MHz, 319.81568 MHz), (200.00008 MHz, 398.45888 MHz), (199.9997 MHz,
498.07360 MHz), (199.99932 MHz, 597.68832 MHz).
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Figure 3.16: Input amplitude dependency of dog-teeth:fin = 199.9993 MHz, fclk =

498.0736 MHz
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Figure3.17: Dog-tooth place dependency onfin/ fclk, where fclk = 498.0736 MHz

Various documents provide further data if knowing the phenomena. The one-quarter beat
wave in Fig. 3.10 shows dog-teeth where they are expected at 45 degrees after extrema. The
reference ADC in Appendix A also shows dog-teeth in Fig. A.12. Though it has similar design
in this section, it is implemented in different process. We can find more data in the envelope
test condition, wherefin ≈ fclk/2. Then dog-teeth will appear at the midst (zero-crossing) of the
reconstructed sine wave. We observe them in [37, Fig. 14], [38, Fig. 6] and [39]. Especially,
Figure 6 in [39] is quite clear with no other deficits in envelope waves. Though dog-teeth do not
always appear in measurements, we expect that they happen generally and occasionally in many
flash ADCs.
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Figure3.18: Two types of the state change of latches that determine the border of a thermometer
code

3.3.2 An assumption of the error mechanism and investigations

Observations in the previous section suggest that the dog-tooth should stem from very nature of
flash ADCs, rather than characteristics of individual circuits or implementations.

To investigate the mechanism, we now go back to its principle. A flash ADC consists of
a row of comparator-and-latches,c.f. a textbook [18]. One of two inputs of each comparator
is commonly connected to an analog input, while another input is connected to each reference
level individually. Sampling clock holds the state of comparators to latches. The latches form a
thermometer code whose border reflects the input level and then determines the ADC output.

Two types of state changes occur at the border. One is a change from high to low and the
other is from low to high. Fig. 3.18 shows both examples. Boxes in the figure show individual
latch states. It will be natural to assume that two changes have different characteristics.

To know which type of state changes occur at each sampling phase, we need to know the
one-clock previous state of latches. The problem is how the previous state is depicted in the
reconstruction waveform plot. Since the reconstruction operation changed the sampling order,
some inference is required.

However, the reordering operation does not destroy the previous state completely. Let con-
sider a sequence of sampled data. If we put one previous data before the current sequence and
remove the last one we get a new sequence of sampled data with the same length. This operation
is shown Fig. 3.19. The obtained sequence is the previous state sequence. It advances the cur-
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sampled order

Figure3.19: Current and previous state sequences

rent sequence by one clock. We can reconstruct the previous wave from this new data set. The
obtained waveform is very similar with the original reconstructed waveform. Only the phase is
advanced by one clock.

One clock period corresponds to (fin/ fclk)nclk samples. If there is no clock decimation in
the measurement, this value is equal tonin from (3.1)(3.2). Our idea is, instead of reordering,
simply to overlay the one-clock previous fundamental tone on the reconstructed waveform plot.
Fig. 3.20 is an example. The figure shows a reconstructed waveform offin = 199.99932 MHz
and fclk = 597.68832 MHz. The jagged wave is the reconstructed wave and the smooth one is the
derived previous wave.

In a flash ADC, both waves show the border of the thermometer code at that time. Comparator
states above the wave are low and below the wave are high. So the reconstructed wave below the
previous wave results from high-to-low state change, and the waveform above the previous wave
results from low-to-high stage change. At the intersections of two waveforms, different types of
state changes cross over. The previous wave proceeds by 2π fin/ fclk radian than the reconstructed
waveform and the intersections reside at the midst of corresponding extrema. They are just where
we observed dog-teeth.

In Fig. 3.20, the upper part of the reconstructed waveform divided at dog-teeth is pulled
down and the lower part is pulled up. If this is the case as it looks, a straightforward assumption
to explain the phenomena is hysteresis of latched comparators. Fig. 3.21 illustrates this new
assumption.
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Figure3.20: Reconstructed waveform offin = 199.99932 MHz with one-clock previous sine
wave, wherefclk = 597.68832 MHz

In order to verify the assumption, authors wrote a simple Verilog-A script that implements
this block diagram as a 6-bit quantizer. The main body of the script is as follows:
The value ofclock is 0 or 1. The rising edge ofclock is detected bycross function. The
hysteresis is posed onvin instead ofvref (not used explicitly) for easier implementation. The
variablelsb holds one LSB value andvrb holds the bottom reference value.

Fig. 3.22 is an overlaid plot of the two reconstructed waveforms. Dotted one is the measure-
ment data. Connected one is simulated results by the Verilog-A script. The dog-tooth places
coincide very well. Since our model can determine the place but it cannot determine the magni-
tude of the hysteresis, the magnitude is adjusted to the measured data.

We think bubble codes tend to occur around the dog-teeth. There would be sparkles there, if
the ADC has less capability to suppress the bubble code errors.
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Table 3.3: Verilog script of 6-bit ADC with hysteresis

analog begin

@( cross(V(clock) - 0.5, 1) ) begin

vprev = vcurr; // save the quantized value previously

vcurr = V(vin);

if (vcurr > vprev) begin // hysteresis

vcurr = vcurr - vhys;

end else begin

vcurr = vcurr + vhys;

end

code = (vprev - vrb)/lsb; // quantization

if (code < 0) begin // clipping

code = 0;

end else if (code > 63) begin

code = 63;

end

$fstrobe(fout, "%2d", code);

end

V(dout) <+ transition(code, 0, 1n, 1n);

end
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Figure3.21: Hysteresis model of one latched-comparator of a flash ADC

3.3.3 Simulation of dog-tooth distortion using a sole latch

The origin of hysteresis is another problem. Plural mechanisms will contribute to the effect. We
can simulate the mechanism caused by comparator itself fairly easily. With assist by Euclidean
ordering technique, we can reconstruct dog-tooth distortions using only one latch simulation.
The simulation provides the size estimation of dog-tooth.

We take a CMOS latch [28] in Fig. 2.17 that is also used for linearity analysis.
An idea we present here is to simulate the latched comparator with stepping the reference

voltage, instead of constructing a whole ADC. In this simulation, the result is a bit stream of
comparator outputs. We can append the reference level information to it by saving the reference
value as 0 and the slightly higher level as 1. The Euclidean reordering works fine with the tuples
as well as single values, so we can treat the analog input and comparator outputs as a set. A good
point of this idea over conventional treatments of ADC, we can juxtapose the comparator outputs
and the analog input waveform. Then we can visualize the comparison delay and the magnitude
change. Fig. 3.23 shows a result.

We can generate the ADC output-like waveform from Fig. 3.23 by taking the maximum
reference level that the comparator output is high. By slight shift, 0.5 LSB equivalently, the
result can directly be comparable with the input. Fig. 3.24 shows the reconstructed waveform
plot with the input wave. The difference wave is formed for the fundamental tone as usual, not
for the input wave. We can find dog-teeth of 4 mV where the theory expects. Over all shape of
the difference wave is quite similar with the measured data in Fig. 3.12. We think this simple
circuit simulation can explain major part of the dog-tooth mechanism.

Generally speaking, the hysteresis mechanism is common to all latched comparators so that
any types of ADCs may suffer from the same cause of distortion. A flash ADC shows the simplest
form of the error that we call dog-tooth.

In two-step ADCs, the previous wave plot will be as helpful as in flash ADCs for the per-
formance analysis, since the one clock previous state that the previous wave plot clarifies affects
the conversion result in direct manner. In other types of ADCs, such as pipeline, successive
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Figure3.22: Overlaid plot of reconstructed waveforms: the hysteresis model results (connected)
and measured data (dotted) atfin = 199.99932 MHz, fclk = 597.68832 MHz

approximation, orΣ∆ ADCs, this error mechanism appears differently. It will not form a dog-
tooth any more. But still, authors expect that methods we have presented, which are developed
for the dog-tooth analysis, will play an important role to analyze the dynamic performance of
comparators.
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voltages:fin = 355.725 MHz (nin = 255) andfclk = 1428.48 MHz (nclk = 1024)

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0  200  400  600  800  1000

V
IN

 (
V

)

phase number

adout

ideal wave

diff x 4

advanced

Figure3.24: Reconstructed waveform of the simulated data in Fig. 3.23



3.4An application of the difference wave method to a bipolar latch design 93

VIN

CLKN

AVCC

Pre-amplifier Master Latch

ZP

VREF

CLKP

AGND

ZN

Q3

Q1

Q2

Q4

R1 R2 R3 R4

Q5

Q6

Q7 Q8 Q9 Q10

Q12Q11

DVCC

DGND

Q13

Q14

Figure3.25: Conventional bipolar latch

3.4 An application of the difference wave method to a bipolar
latch design

In this section, we demonstrate a capability of the difference wave method to a circuit design.
The reference flash ADC in Appendix A adopted a new architecture for the latch [40]. The circuit
contributes to make the ADC power lower but it is against the common knowledge at the time.
If the difference wave method were not available, it had been too risky to adopt it.

Fig. 3.25 shows a conventional bipolar latched-comparator circuit [41]. The cell repeats 2n−1
times in ann-bit flash ADC. All VINs are connected to one analog input terminal and each VREF
is connected to the individual reference voltage as shown in Fig. 1.5. The circuit consists of a
pre-amplifier and a master latch. The pre-amplifier shifts the signal levels to those defined by
VCC, which keeps the operation range for the master latch. Since the pre-amplifier has wider
common mode range than the master latch, this configuration is useful to expand the analog
input range. Another expectation to the pre-amplifier is to reduce the kick-back noise. Aiming
at further noise reduction, the power supplies as well as grounds for the pre-amplifier and the
master latch are separated in order to diminish the interferences by common impedances.

Emitter followers are placed at every gain stages to diminish the inter-stage coupling. The
input source follower Q1 and Q2 reduce the effect of the pre-amplifier state and the kick back.
Since the input capacitance of Q3 changes whether it is active or inactive, the input capacitance
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Figure3.26: Low power latch by eliminating source followers

of the ADC changes depending on the VIN level without the emitter follower. And the VREF
voltage is modulated by the base current of Q4, INL will also be affected. These become addi-
tional distortion causes. The emitter follower Q5 and Q6 reduces the kick-back from the master
latch. The emitter follower Q13 and Q14 enhance the driving capability of the master latch. They
are also expected to enhance the latch performance driving Q9 and Q10 with lower impedance.

A simple idea to reduce the power is to remove source followers in the circuit. Fig. 3.26
shows the schematic. The slave latch is appended. The distortion by the elimination of the input
source followers is evaluated and compensated to some extent. A good point is this elimination
enhances the common mode range by one VBE which realizes the wider input range of the ADC.
The output emitter follower Q15 and Q16 remain caring the kick back from the load. The latch
loop of Q11 and Q12 is formed without the emitter followers. From my study, the performance
difference is subtle but slightly better without emitter followers in the loop. Further, I think the
latch loop should be isolated from the output loads as far as possible.

The source follower elimination between the pre-amplifier and the master latch posed a prob-
lem, which isdog-tooth. Fig. 3.27 and Fig. 3.28 show reconstructed waveforms from simulation
results of the ADC top schematic. Parasitic capacitors are not extracted but 10 fF is added uni-
formly at every node. When the input frequency is 133 MHz, dog-teeth are about 1 LSB. At 201
MHz, they look over 2 LSB. Since these dog-teeth almost disappeared when the source followers
are inserted, the cause are identified the kick back from the master latch.
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Figure3.27: Schematic simulation results of the low power latch:fin = 133 MHz andfclk = 512
MHz, SINAD=34.17dB
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Figure3.28: Schematic simulation results of the low power latch:fin = 201 MHz andfclk = 512
MHz, SINAD=33.16dB
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Figure3.29: Low power latch with the negative feedback

Here comes an idea to diminish the kick back, “negative feedback from the latch.” Because
the origin of the dog-tooth must be the base currents through Q3 and Q4, which are necessary to
invert the latch state, the negative feedback may compensate the effect. Fig. 3.29 shows the idea.
The slave latch is omitted in the figure but necessary. This configuration couples the pre-amplifier
and the master latch, which is against the previous knowledge, but worked fine.

In order to reduce the current for the NFB amplifier, I modified the circuit further in Fig. 3.30.
In stead of genuine negative feedback, the common resister R3 and R4 are used. The presumption
of the configuration is the transition of the master latch is much wilder than the pre-amplifier
so that the coupling will work as the feedback rather than the bilateral cross-coupling. This
presumption is proved by simulations in Fig. 3.31 and Fig. 3.32. In addition to the dog-tooth
reduction, warping in the difference wave is also diminished. We can control the warping and
dog-tooth adjusting several parameters like R1 to R6, the tail current of the pre-amplifier and that
of the master latch.

This latch circuit shown in Fig. 3.30 is low power. It has only two tail currents. This is
one-quarter of the conventional latch in Fig. 3.25. This reduction contributes to reduce the total
power of the ADC.

Parasitic capacitors tend to worse the distortion . Fig. 3.33 and Fig. 3.35 show the simulation
results after layout. They correspond to Fig. 3.31 and Fig.3.32 respectively. Measured data at the
same conditions are placed in Fig. 3.34 and Fig. 3.36. Measured SINADs are slightly worse than
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Figure3.31: Schematic simulation results of the common resister latch:fin = 133 MHz and
fclk = 512 MHz, SINAD=36.62 dB
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Figure3.32: Schematic simulation results of the common resister latch:fin = 201 MHz and
fclk = 512 MHz, SINAD=36.49 dB

the simulation but the tendency looks similar. The difference seems from micro structures of the
ADC rather than the warping or dog-teeth. We could have lessened the dog-teeth if we adopted
more feedback gain. Since the ADC was the first of this radical latch, I have chosen the moderate
coupling than the minimum distortion by the simulation.

3.5 Summary

This chapter described the distortion analysis at time domain. Summaries are:

1. An unabridged theory of the waveform reconstruction technique is presented. The theory is
based upon Euclidean algorithm. The theory provides not only the most flexible frequency
conditions for reordering but also an efficient practical method.

2. The difference wave analysis method for a sine wave is provided. I dare say this is the
electrocardiogram of ADC.

3. A specific distortion pattern of flash ADCs is identified using the difference wave analysis.
We call it “dog-tooth.” The distortion power is so small that the frequency domain analysis
has lost to find it.
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Figure3.33: Simulation results of the common resister latch with parasitic capacitors:fin = 133
MHz and fclk = 512 MHz, SINAD=34.5 dB
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Figure3.34: Measurements results of the common resister latch:fin = 132.99975 MHz and
fclk = 511.18080 MHz, SINAD=32.9 dB
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Figure3.35: Simulation results of the common resister latch with parasitic capacitors:fin = 201
MHz and fclk = 512 MHz, SINAD=31.5 dB
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Figure3.36: Measurements results of the common resister latch:fin = 201.00015 MHz and
fclk = 511.18080 MHz, SINAD=27.7 dB
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Table 3.4: Tips on the difference wave analysis

◃ Thethickness of the difference wave is about one LSB.

◃ One period of the reconstructed waveform is one period of input. The division by
samples provides the time resolution.

◃ Additive input noise makes the difference wave thicker uniformly. Timing jitter
makes the difference wave thicker proportionally to the input slew rate.

◃ Warping in the difference wave of the same frequency with the reconstructed wave-
form indicates the amplitude estimation error caused by clipping-like (3rd order)
distortion.

◃ A one-clock previous wave plot provides the information of the internal state change
of the ADC.

4. To analyze the cause of the dog-tooth, we devised the “previous wave plot” that is accom-
panied with the reconstructed waveform. The plot designates the dog-tooth places. The
positions suggest its cause is the hysteresis of latched-comparators.

5. We also devised a simulation method of latch hysteresis. It is a new tool of the latch circuit
design.

6. We introduced a new bipolar latch circuit. The topology is featured by its low power. The
difference wave analysis played an essential role since the topology is against the common
knowledge at that time.

I have summarized useful tips on the difference wave analysis in Table 3.4.





Chapter 4

Composite signal analysis

The input signal of the difference wave analysis developed in Chapter 3 was limited to a sine
wave. In this case, the ideal wave is estimated easily by FFT or three parameter estimation. Two
methods provide the identical estimation since both use the same least mean square (LMS) error
criterion. A pure sine wave has another merit that it is easy to generate. On the other hand, a sine
wave input has intrinsic drawbacks as I have noticed in Chapter 1. In this chapter, we further
examine them and cultivate the possibilities of composite waves as a test signal. We see the LMS
criterion is also applicable for various signals as well as for sine waves.

4.1 A generalization of the distortion definition

Signals are transferred and stored in various form. Generally speaking, the absolute value at a
time means nothing. Instead, its shape contains the information. Let us formalize this situation.
Signalsu(t) andw(t) are equivalent when the following relation holds.

w(t) = a u(t− t0) + b . (4.1)

There are three parametersa, b and t0 of freedom. The magnification, the level shift and the
time shift of the waveform do not change the information that the signal contains. We call these
operations M-transform, L-transform and T-transform respectively.

Actual signal processors,e.g.[42], have these three functions. Fig. 4.1 shows the conceptual
diagram of the front end. The variable gain amplifier (VGA) is a part of automatic gain control
that takes on the M-transform. The offset control loop realizes the L-transform. The T-transform
is implemented indirectly by a phase locked loop (PLL) that consists of a phase detector, a loop
filter, a voltage controlled oscillator (VCO), and an ADC. consequently it will be appropriate to
define the distortion of measured data as the residue after three transforms of admissible inputs.
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Figure4.1: Conceptual diagram of an analog front end

The determination of the true input among admissible inputs is a hard work in real systems. As
a matter of fact, the signal processing system exists for it. In measurement, we can use a known
waveform according to our purposes. Then we can adjust three-parameters to obtain the ideal
signal.

This situation is shown in Fig. 4.2. The distortione(t) of the obtained signalw(t) is defined
using the ideal waveform ˆw(t) among the equivalent signals of the input signal.

e(t) = w(t) − ŵ(t) . (4.2)

The problem here is to find the best estimation ˆw(t) from w(t). To be quite general, we can
formalize the problem in Hilbert space. In this scenario, we first define an appropriate norm of
waves|| f (t)|| and then define a subspaceW that the equation (1.1) generates and find a function
ŵ(t) ∈W that satisfy

min ||w(t) − ŵ(t)|| (4.3)

or using orthogonal projectionP onto the subspaceW, the estimation ˆw(t) is defined as

ŵ(t) = P(w(t)) . (4.4)

Let us take the signal power as the norm here. Then the equation (4.3) turns to be the LMS
criterion that is consistent with the conventional sine wave measurements.
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Figure4.2: Equivalence of a signal

The very important point is three parametersa, t0 andb in (4.5) must be constant during
the conversion. It must not vary depending on the waveform. Pure sine waves cannot tell the
dependency. Fig. 4.3 depicts the situation. The input signal magnitude is adjusted at each input
frequency fin. The appropriate cutoff LPF is selected according tofin. It changes the signal
amplitude, too. Finally, the ADC may have different offset depending onfin. This dependency is
completely ignored in definitions of SINAD or SFDR as we have discussed in Section1.4.

In order to examine these anxieties, let use a simple model of the practical ADC in Fig. 4.4.
The frequency response of the ADC is implemented by the first order low-pass filter of the cut-off

frequency 50 MHz. The INL is posed as 0.5 LSB parabola. Other non-idealities in real ADCs
such as higher order distortion, DNL, noise and hysteresis are omitted.

Simulation results are shown in Fig. 4.5. The clock frequencyfclk is 102.4MHz and 1024-
point data are used for FFT. At each input frequencyfin, the input magnitudes are adjusted
manually to fit the ADC full scale. As afraid, the SINAD is quite flat forfin in spite of the
frequency response implemented in the ADC model.
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4.2 Estimation of the ideal signal

Let u(t) be a known input signal. It is transformed by three unknown parameters in equation.

w(t) = au(t− t0) + b+ n(t) (4.5)

wheren(t) includes all distortions and noises introduced by the ADC. Distortions will depend on
the input signal generally, but we approximate it is independent here. Further we restrict the type
of u(t) to be cyclic with a periodT, zero mean and powerpu. We do not discriminate equivalent
waves ofu(t), whether it is the input signal or it is the ideal waveform of the ADC output.

1
T

∫ T

0
u(t) dt = 0 (4.6)

1
T

∫ T

0
u(t)2dt = pu (4.7)

We assume noise average and variance in a period are 0 andσ2
n respectively. Further we assume

it is independent ofu(t).

1
T

∫ T

0
n(t) dt = 0 (4.8)

1
T

∫ T

0
n(t)2dt = σ2

n (4.9)

1
T

∫ T

0
n(t) u(t− τ) dt = 0 for anyτ (4.10)

Let ŵ(t) be the equivalent wave ofw(t).

ŵ(t)
def
= â u(t − t̂0) + b̂ . (4.11)

The LMS estimation ofw(t) is provided as follows using assumptions (4.8), (4.9) and (4.10).

1
T

∫ T

0
(w(t) − ŵ(t))2dt

=
1
T

∫ T

0
(au(t− t0) − â u(t− t̂0))

2 dt+ (b− b̂(t))2 +
1
T

∫ T

0
n(t)2 dt

≥ σ2
n . (4.12)

where the equation holds when ˆa = a, t̂0 = t0 andb̂ = b.
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Thenwe determine three parameters respectively. The offsetb is expressed by averaging
w(t).

1
T

∫ T

0
w(t) dt =

a
T

∫ t

0
u(t − t0) dt + b

= b . (4.13)

In order to get a formula ofa, we consider the convolution ofw(t) andu(−t), or also known as
the cross correlation betweenw(t) andu(t). Using the symbol∗ for convolution

w(t) ∗ u(−t)
def
=

∫ T

0
w(τ) u(τ − t) dτ

= a
∫ T

0
u(t− t0) u(τ − t) dτ + b

∫ T

0
u(τ− t) dτ +

∫ T

0
n(τ) u(τ − t) dt

= a
∫ T

0
u(τ+ (t − t0)) u(τ)dτ

≤ a
∫ T

0
u(τ)2 dτ . (4.14)

The last transformation is the Cauchy-Schwarz inequality. The equality holds whent = t0. Using
this value aŝt0, we determine

â =

max
t0

(w(t) ∗ u(−t))∫ T

0
u(t)2dt

(4.15)

b̂ =
1
T

∫ T

0
w(t) dt . (4.16)

The calculation cost of a convolution is reasonable in modern computers because it becomes
a simple product after Fourier transform (Wiener-Khinchin theorem).

4.3 Candidates for composite signals

Theoretical requirements for the test signalu(t) in the previous section is rather general. Any
cyclic signal will work fine. Then are there any criteria to select a ’good’ test signal? It had
better be expressed in a simple equation for generation. The waveform should be also simple
for visual recognition. I am not sure what it is, but this section proposes two candidates. One
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Figure4.6: A two-tone signal: sin(2π(t + 0.125))+ sin(2π(3t− 0.125))

is two-tone and another is duplex sine. The latter may have no common name so that I named
it. Both of them are suitable for simulation, while they may be currently difficult to generate in
practical measurement.

A general two-tone signalutt(t) is a sum of two sine waves.

utt(t) = a1 sin(2π(f1t + p1)) + a2 sin(2π(f2t + p2)) + b (4.17)

Two-tone signal is a signal commonly used for intermodulation measurement. For the purpose,
f1 and f2 are relatively close and the initial phase difference does not matter. On the other hand
for waveform reconstruction, the phase difference should be controlled for a designated value.
The frequencies should have a simple fractional ratio so that they are usually quite different. An
example of the waveform is shown in Fig. 4.6. For this specific function, the auto-correlation
utt(t) ∗ utt(−t) has an explicit form

1
2

cos(2πt) + cos(6πt) ,

that is shown in Fig. 4.7. According to the Cauchy-Schwarz inequality, the auto-correlation
function has its maximum value att = 0 as expected.

The “duplex sine”, or sind I named, is a juxtaposition of two sine waves of different frequen-
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Figure4.7: Auto-correlation of a two-tone signal: sin(2π(t + 0.125))+ sin(2π(3t− 0.125))

cies. It is expressed in equations below.

sind(x,a)
def
=


sin

(
2π

x̃
λ

)
when x̃ ≤ a

1− a
a

sin
(
2π

x̃− λ
1− λ

)
whena < x̃

(4.18)

wherex̃ = x − ⌊x⌋. For positivex, x̃ is the decimal fraction ofx. The magnitude of the second
sine wave is selected as the waveform is smooth both at ˜x = 0 and at ˜x = a. In mathematical
term, this property is called a classC1.

Since duplex sine signal has only one additive parameter from a monotone sine wave, the
waveform looks much simpler than two-tone signal. Another difference is its power spectra
spread for a few harmonics from the beginning. Still they are concentrated for low order har-
monics, so Fig. 4.9 shows spectra till 6th order. The ordinate is linear scale of power to grasp
a quantitative image. Though the frequency of the higher component becomes higher asλ gets
larger, the second and third harmonics become smaller.
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Figure4.9: Low order spectra of duplex sine signals: sind(t,2/3), sind(t,21/16) and sind(t,5/6)
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4.4 Reconstruction of two-tone signals

The application of two-tone signal to practice poses a problem how to determine the two fre-
quencies. There are additional requirements for the ratio for reconstruction. In practice, it will
be preferable to select the base tonef1 for first and then to choose the second tonef2 around the
admissible frequencies. One sufficient condition for two tone signal reconstruction is the greatest
common divider (GCD) of two tones is odd, roughly speaking. This sufficient condition seems
sufficient enough for ADC evaluation.

More precise expressions as follows. We take powers of two as the clock frequency number
nclk. Then the input frequency numbernin becomes odd for reconstruction. If two frequenciesf1
and f2 have also integer ratios to the base frequencyf0,

f1 = n1 f0 (4.19)

f2 = n2 f0 , (4.20)

we can take the input frequency number

nin = GCD(n1,n2) . (4.21)

The second tonef2 is calculated

f2 =
m2

m1
f1

wherem2/m1 is a irreducible fraction. Then following equations hold.

n1 = m1nin (4.22)

n2 = m2nin (4.23)

A simple ratio is preferable form2/m1 since thennin andn1 become so different that the recon-
structed waveforms has lot of short cycles and spoils the visibility of the distortion.

The following Perl script providesf1 and f2 from the target frequencyf1 and the base fre-
quencyf0 assumingm2 andm1 are relatively prime.

$nin = (floor($f1 / $f0 / 2 / $m1 + 0.5) * 2 + 1 );

$f1 = $m1 * $nin * $f0;

$f2 = $m2 * $nin * $f0;

As a numerical example, we take the following values for the targetfclk = 100 MHz and
f1 = 10 MHz.

nclk = 1024

f0 = 0.1 MHz

m1 = 1

m2 = 3
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Calculatedvalues are

fclk = 102.4 MHz

nin = 101

f1 = 10.1 MHz

f2 = 30.3 MHz

Let use a simple ADC model in Fig. 4.4 here again. Fig. 4.10 shows the sampled data of 20
µsec simulation. Last 1024 samples are used from just over 2,000 samples (clocks) in simula-
tion in order to avoid initial settling of the simulation. Fig. 4.11 (left) shows the reconstructed
waveform with the input two-tone amplified by 10 for visibility. The parameters of the input
two-tone area1 = a2 = 1, f1 = 1, f2 = 3, p1 = 0.125, andp2 = −0.125 in equation (4.17). The
reconstructed waveform has offset -0.370117 due to INL of the model ADC. Fig. 4.11 (right)
shows the cross correlation of two waves in left of the Figure. From the equation (4.15), the
peak position (954, 15.5087) means right rotation (T-transform) by 954 samples of the base two-
tone. The quotient of 15.5087 by the power of the base two-tone provides the multiplicand for
M-transform. Since the power of the base two-tone happens to be one, the value coincides with
the multiplicand. With the offset adjustment (L-transform) by -0.370117, we get the estimated
wave in Fig. 4.12. As a summary, we get the best estimation of the ideal wave using (4.16) and
(4.15) to (4.17).

ŵ(x) =
15.5087

1.0

(
sin

(
2π

(
x− 954
1024

+
1
8

))
+ sin

(
2π

(
3(x− 954)

1024
− 1

8

)))
− 0.370117. (4.24)

Thecalculated SINAD from the difference wave is 22.65 dB. This is much worse than 36.50 dB
calculated INL distortion in Table 1.2.
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Figure4.10: Simulated sampled sequence for two-tone signal:f1 = 10.1 MHz, f2 = 30.3 MHz
and fclk = 102.4 MHz
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Figure4.11: The reconstructed waveform of two-tone signal (left) and the cross-correlation with
the base wave (right)
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Figure4.12: The reconstructed waveform of two-tone signal with the difference wave

4.5 Reconstruction of duplex sine signals

The calculation for duplex sine signal goes parallel with two-tone signal. Only the condition for
two frequencies is different. The frequencyfin of a duplex sine signal is a combination off1 and
f2.

1
fin
=

1
f1
+

1
f2

(4.25)

Therelations with the parameterλ are

λ =
f2

f1 + f2
=
µ

1+ µ
(4.26)

f1 =
fin
λ

(4.27)

f2 =
fin

1− λ (4.28)

µ =
f2
f1
=
λ

1− λ (4.29)
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whereµ is the frequency ratio of two components. If we consider the frequency resolution of
signal sources, both (4.27) and (4.28) should be within the selection of the source. If we allow
3-digit extension fromfin resolution, we require the condition that both 1000/λ and 1000/(1−λ)
are integer. The choices are limited as shown in Table 4.1, but it looks enough for evaluation. In
simulation, we have enough resolution so that we can use calculated frequencies.

Table 4.1: Admissibleλ’s of duplex sine within 3-digit extension, and less than 10-times fre-
quency ratio. Two center columns show a fractional expression ofλ.

λ = n/m µ = f2/ f1
0.555555555556 5 9 1.250
0.615384615385 8 13 1.600
0.666666666667 2 3 2.000
0.714285714286 5 7 2.500
0.757575757576 25 33 3.125
0.800000000000 4 5 4.000
0.833333333333 5 6 5.000
0.862068965517 25 29 6.250
0.888888888889 8 9 8.000
0.909090909091 10 11 10.000

Thefollowing Perl script calculates the test settings.

$f0 = floor($fc / $nclk / $fres + 0.5) * $fres;

$fc = $f0 * $nclk;

$nin = floor( $f1 * $f2 / ($f1 + $f2) / $f0 / 2 ) * 2 + 1;

$lambda = $f2 / ($f1+$f2);

$mu = $f2 / $f1;

$f1 = $nin * $f0 / $lambda;

$f2 = $nin * $f0 / (1-$lambda);

where inputs are

$nclk clock frequency number

$fres frequency resolution (before extension)

$fc target clock frequency

$f1 target f1 frequency

$f2 target f2 frequency
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andoutputs are, overwriting target frequencies,

$f0 base frequency

$nin input frequency number

$fc calculated clock frequency

$f1 calculated f1

$f2 calculated f2

andλ andµ for the following processing. In practice,µ will be previously selected using or
without using Table 4.1.

As a numerical example, we take the following values for the targetfclk = 100 MHz and
f1 = 10 MHz.

fres = 0.01 MHz

nclk = 1024

µ = 2

Calculated values are

f0 = 0.1 MHz

fclk = 102.4 MHz

nin = 67

f1 = 10.05 MHz

f2 = 20.10 MHz

We use an ADC model in Fig. 4.4 again. Fig. 4.13 shows the sampled data of 20µsec simulation.
Last 1024 samples are used for reconstruction. Fig. 4.14 shows the reconstructed waveform and
the cross correlation to the original duplex sine signal. The ideal wave is expressed from the
peak coordinate (979, 11.5642) of the cross correlation in Fig. 4.14 (right) and the signal average
-0.314453 as

ŵ(x) =
11.5642
0.375

sind

(
x− 979
1024

,
2
3

)
− 0.314453. (4.30)

wherethe denominator 0.375 of the first factor is the power of the input duplex sine signal. The
signal adjustment provides Fig. 4.15. Calculated SINAD is 33.88 dB. The value itself is much
better than 22.65 dB in two-tone test in Fig. 4.12.

In conventional measurement, the input amplitude is adjusted at each frequency [5, 5.5]. This
adjustment changes the M-transform parameter. In a simple ADC model in Fig. 4.4, frequency
response of the ADC disappears by this operation. On the other hand, by using duplex sine signal,
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Figure4.13: Simulated sampled sequence for duplex singe signal:f1 = 10.05 MHz, f2 = 20.10
MHz and fclk = 102.4 MHz
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Figure4.14: The reconstructed waveform of duplex sine signal (left) and the cross-correlation
with the base wave (right)
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Figure4.15: The reconstructed waveform of duplex sine signal with the difference wave

the magnitude adjustment at each frequency remains the frequency response. Fig. 4.16 compares
SINAD of pure sine signals and duplex sine signals. All input amplitudes are adjusted to the full
scale of the ADC in Fig. 4.4. The frequency ratio of duplex sine signal is just 2 (λ = 2/3) in all
simulations. Since the M-transform parameter varies also in duplex sine signal, the SINAD may
not be fully appropriate, but still, the SINAD values seem more practical performance indexes.
Fig. 4.17 shows the difference wave changes at various input frequencies.

4.6 Summary

This chapter extended the difference wave analysis method to general test signals other than
sine waves. This extension is essential to insure the independence of three transforms in A-to-
D conversion of the input,i.e. “M-transform” for magnitude, “T-transform” for time shift, and
“L-transform” for level shift. The summaries are:

1. The least mean square estimation method for generalized test signals is derived.

2. Two candidates for test signal are proposed: the “two-tone signal” and the “duplex sine
signal.”
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Figure4.16: SINAD vs. input frequency: comparison between sine and duplex sine (λ = 2/3)

3. Additional conditions for waveform reconstruction for these two signals are derived.

4. Numerical examples for two signals are investigated. Calculated SINADs are input fre-
quency dependent, while pure sine signal is not.

These results are preliminary but they demonstrate the effectiveness of the composite waves
for the characterization of ADC.
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Figure4.17: The reconstructed duplex sine waveforms (λ = 2/3) of several frequencies





Chapter 5

Conclusion

I conclude the thesis briefly as follows.

The research originally started to improve the performance ADCs. The purpose required
much finer resolution of the ADC characterization. It should be fine enough to determine the
transistor sizes and currents of internal circuits. I get to understand the characterization of an
ADC is, in the end, to get the deviation from the ideal value at each conversion of arbitrary
inputs.

The deviation is composed of three elements: the input dependent distortion, the conversion
history dependent distortion and the noise. The former two elements are decisive and the last
one is random. Only the first one is usually evaluated, but solely using sine waves. Composite
signal analysis in Chapter 4 is required to obtain the deviations for arbitrary inputs. The simplest
form of the conversion history dependency is the dog-tooth distortion of a flash ADC studied in
Chapter 3. The random components append the statistical nature to the conversion. It is grasped
first in linearity measurement as analyzed in Chapter 2, but it exists at any conversion.

Then let me conclude a little bit lengthier with what I wanted and what we have got.

5.1 History of research and main results

This thesis is an achievement of my efforts for ADC design since 1989. Results in the thesis are
reordered by its theoretical structure. I want to state here relating to my personal history.

The first project I engaged was to develop very fast ADCs. I found the design methodology at
that time was quite inadequate. For example, there was no knowledge to determine the compara-
tor current. There were lots of unexpected phenomena, such as sparkles at much lower frequency
than expected, fixed pattern distortions, kick-backs, etc. We needed the development of tools to



124 Conclusion

identify causes of those errors. A little while later, I have gradually noticed the test method itself
was also deficient. The largest anxiety is the test method ignores the frequency dependency of
ADC, since the input sine wave amplitude is adjusted at each frequency setup.

Some years later I got involved in design of various read channel ICs such for HDDs, tape
streamers and optical discs. I became a user-designer of ADC. The experience fed me the knowl-
edge of signal processing, and also strengthened the above anxiety. So the characterization of
ADC became my subject.

When I look back old days, notes and measurement data, I am impressed how I was groping
the way. I feel the present theory looks natural, or even obvious, but it is a pearl of my struggles.

In Chapter 1, we formalized the characterization of ADC. The analog-to-digital conversion
process is decomposed into scaling and digitizing. The scaling is the adjustment of three degrees
of freedom of signal, which are magnitude, time origin, and level. The scaling procedure re-
quires the estimation of the ideal wave. If the signal is linear or sinusoid, the estimation is easy.
Traditional test methods use these signals fairly exclusively. The proposed problem is the choice
of test signals should not be enough.

The linearity measurement by ramp signal introduces the statistical view of the A-to-D con-
version. The distortion measurement by sine wave has indicated the necessity of further resolu-
tion of analysis to use the measurement for ADC design.

In Chapter 2 has dealt with the statistical nature of the conversion. Specifically, linearity mea-
surement by rising ramp signal is studied using the maximum likelihood method (ML method).
The logistic noise is derived as approximations of the ML equations.

In fact, the order of my personal history is opposite. The theory was first inspired while I was
brooding to overcome a deficit in aperture jitter measurement known as locked histogram test [1].
In its principle, the test setup feeds the same signal into the analog input and the clock input. The
sampling timing is adjusted by a delay line. The ADC output should become a constant in the
condition. In practice, the sampled data fluctuate and the obtained histogram is used to calculate
the jitter. The problem in the method is the output data are often limited to a few codes. Then the
sampling timing changes the code distribution and the measurement results substantially. DNLs
at those particular codes may also affect the results.

The idea came to mind was to use a slightly different frequency for the analog input. Then
the beat wave appears in the output. We can focus on a designated code, usually the midst of the
ADC range, and we only have care of the output is larger or smaller than the code. It is a binary
sequence around the designated code transition.

The next idea was needed how to calculate the jitter from the binary sequence. The logis-
tic function (I did not know the name at that time) came to mind to approximate the normal
distribution (my Japanese presentation C-487 in the Institute of Electronics, Information and
Communication Engineers Society Conference 1995). I devised the formula as the much easier
function to handle than the Gaussian distribution. After looking for literatures, I found the func-
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tion name. It is the function frequently used in pattern recognition field, occasionally by more
general sigmoid forms.

After founding the logistic function I have noticed the same idea is applicable to linearity
measurement (my Japanese presentation C-12-45 in the Institute of Electronics, Information and
Communication Engineers General Conference 1998). Naturally, my method breaks down the
ramp signal into binary sequences from the beginning. The method is also related to the wave-
form reconstruction technique from its origin. Figures in Section 3.2 touch the capability of the
difference wave analysis for jitter measurement.

After derived ML equations with a weight function, I found the logistic equation could be
derived from the constant weight assumption. It was surprising to me. The logistic distribution
is not a mere shortcut of Gaussian noise but has a solid position to verify the histogram method
in ML sense.

The difference and the similarity between Gaussian noise and logistic noise have been my
long concern. Many formulas derived for logistic noise are found to be appropriate for Gaussian
noise, too. I have managed to calculate variations of estimation of code transition levels and input
equivalent noise of both noise distributions in Section 2.6. The explicit expressions in Table 2.2
provide the confidence interval of the CT level and the noise estimation.

Chapter 3 deals with distortion analysis. The theory of the waveform reconstruction method
that I named “Euclidean reordering” is provided. The difference wave analysis associated with
the reconstruction method is a powerful tool both for analysis and design. Using the method, I
have identified the dog-tooth distortion. A latch hysteresis simulation technique is also devel-
oped. A new topology of a bipolar latch is developed applying the difference wave method.

The difference wave illustrates the ADC characteristics much more precisely than the power
spectrum. I hope it will become a common practice that ADC papers present the difference wave
as a measured result.

The waveform reconstruction method is not my idea at all. I am inherited the difference wave
method from my predecessors from the very beginning of my experience of ADC. In spite of my
intensive search of the origin, I could not find the root. Pápay [19] shows the same idea later than
us, but he cites older references. He did not say the method is his idea, either. I looked into some
of his references, but to me they dealt with different issues.

The original method I inherited reorders the sampled data literally using working arrays in
the program. I could not understand details of the source code, instead, I managed to make the
cyclic pickup algorithm by myself. It worked fine, but at first, the method was understood only
intuitively to me. Several years were taken for me to establish the Euclidean reordering theory.

The “dog-tooth” distortion was first observed in a 10-bit flash ADC prototype. To reduce the
power, I removed emitter followers in the latched-comparator as possible as shown in Fig. 3.26.
For years I have assumed the cause of dog-tooth as comparator speed change at around extrema.
The invention (JP P2001-198279) of the common resister latch in Fig. 3.30 was in a later project
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whilepursuing better SINAD. There was no connection to the dog-tooth distortion at first. But the
improvement of the dog-tooth by the new latch was recognized immediately after the invention,
since the difference wave method had been established already. More later while I was engaged
in the CMOS comparator design, I suddenly noticed the cause of dog-tooth must be hysteresis.
Data shown in Chapter 3 were taken to verify the insight.

In Chapter 4, we extend the difference wave method to use much general test signals other
than sine wave. After reconstructed the waveform, the LMS estimation of the ideal wave is not
only possible but also cost effective. Two-tone signal and duplex sine signal are investigated for
promising candidates of composite signal analysis. Sweeping the frequency of the duplex sine
signal showed the SINAD degradation of a simple modeled ADC that the sine wave test signal
did not.

The drawbacks of the pure sine wave have been recognized over years personally, but I had
no guideline to choose a specific composite signal. For years, I looked for a set of signals in
vain that forms a closed orthogonal system and is easy to treat. It was difficult since the time-
shift of a signal generates quite different spectra in non-harmonic systems. In 2011, I noticed
the LMS estimation of general class of signals is possible. It is a quite popular technique in
signal processing that I have already known. I should have noticed it before the struggle. My
unique idea is to apply the Euclidean reordering for those composite signals, such as two-tone or
duplex sine signals. Admissible conditions of Euclidean reordering for those composite signals
are obtained. The difference wave analysis as well as SINAD calculation is also shown possible.

5.2 Items for the future study

Thought various knowledge and understanding of ADCs have been provided from this study, the
study lefts a lot of rooms to cultivate.

Linearity analysis combined with Euclidean reordering will extend the horizon of linearity
noise analysis. Any repetitive signal, including saw-tooth, triangular, sine or other composite
signals can be sorted in phase order, and then becomes a target of the CT level estimation. The
noise seems to have some interference with the input. The combination of methods will provide
much finer view of the ADC than mere sight of distortion.

Noise affects the linearity results. I have preliminary data that the variations of repetitive
linearity measurements are not always consistent with the noise evaluations of the ramp signal.
Hysteresis of the comparator may affect the inconsistency but this item needs for further study

Composite signal analysis introduced in Chapter 4 is in its preliminary level. It is an open
question what composite signals are appropriate for standard signals. Combinations of composite
signals will be necessary to characterize an ADC fully. The practical generation methods for
experiments are wanted to be developed.
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Noiseand hysteresis are important concern of a latch design. They should have the input
dependency but the relations between static characters and dynamic characters are also left for
further study.

One goal of the characterization of ADCs will be a modeling. A good model provides accu-
rate results over various situations with reasonable number of parameters. Noise and hysteresis of
comparators should be incorporated in the model. The model should show good coincidence over
composite signals. If it becomes a standard as SPICE model, it will be beneficial for researchers,
designers, and users of ADCs.

My original motivation, to improve ADC design through analysis, is always under the study.
Distortion mechanisms, noise mechanisms and speed limit mechanisms are evaluated and iden-
tified through this study on characterization of ADCs.

I hope my methods will be applied to numerous ADC designs and help the improvements of
them.
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Appendix A

A reference design of a flash ADC

This appendix describes a reference design of a 6-bit flash ADC. In fact, several implementations
of the same architecture are used in this thesis. Types cover 6-bit and 7-bit resolutions, from 100
MSps to 1 GSps, in bipolar and in BiCMOS. They are mass-produced by several millions as a
whole.

I have reported an implementation in 2002 [36]. It is fabricated in bipolar based BiCMOS.
It is designed for 1.8-V operation. The measurement revealed that it operates up to 340 MSps at
1.26 V power supply consuming 36 mW. The conversion rate per power performance index of
1.65 pJ/conv was among the best in fast 6-bit ADCs reported at the time.

To operate at relatively low supply voltage for a bipolar ADC, we developed a novel encoder
scheme together with the unique layout, which improved sparkle error rate substantially. The
encoder circuit was synthesized in a new logic topology that we named “folding logic.” This
original logic topology is not only suitable for low-voltage operation but also fast operation.

A.1 Conventional flash ADC topology and obstacles to fast
and low voltage operation

Figure A.1 shows a simplified schematic of a conventional flash ADC. The principle of operation
is to compare the analog inputVIN voltage with reference voltages, concurrently, using an array
of comparators. Forn-bit width, 2n − 1 comparators are necessary. The reference voltages are
usually generated from a so-called “resistor string” which equally divides between the reference
voltage topVRT and the reference voltage bottomVRB .

In the operation the row of comparators is divided into two regions depending on those states.
One region is formed by high comparators and the other is by low state comparators. This
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FigureA.1: Conventional ADC layout and its stacked series gating

division forms a so-called “thermometer code.” The boundary swings according to the input
voltage. The subsequent encoder stage converts the thermometer code into the binary code.

The encoder scheme usually adopts a combination of a row of differentiators and an encoder
ROM. Differentiators detect the boundary of the comparators’ states, where one side is high and
the other side is low. In normal operation, only one differentiator outputs high. The encoder
ROM adopts a wired-OR (WOR) scheme to generate ann-bit binary output code.

This configuration assumed the supply voltage of 5 V or above, so we have to review totally
the design for 1.8 V operation. Among many problems, the most difficult obstacle for low voltage
operation is the encoder WORs. In Fig. A.1, the encoder is incorporated into the series gating
of four NPN transistors, the first for the differentiator output, the second for encoder WORs, the
third and the fourth for a latch. Additionally some headroom voltage for tail current sources is
required. At 5V operation, this series gating is not only possible but also advantageous both in
speed and power because this is the critical timing path in the conventional flash ADC. However
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sinceVBE is about 0.7 V, this configuration is impossible for 1.8 V operation. We are forced to
leave the classical encoder circuit topology.

A combination of logic gates is the inevitable choice, but the direct conversion of the conven-
tional encoder logic may cancel the power reduction of the low voltage operation by requiring
too much additional current. Besides, the conventional encoder inherently introduces sparkle
error (digital error) mechanisms. The new encoder scheme had better overcome these problems.

Dynamic range of the ADC, i.e.VRT andVRB selection, and the comparator topology are other
design issues for 1.8 V operation. The supply voltage limits the choice of the comparator design
and this ADC adopted a simple differential pair of bipolar transistors. The bases are directly
connected to the analog input and reference voltages. In this form,VRT can be equal to the supply
voltageVCC, which is the highest voltage level in the ADC. Wider dynamic range, or lowerVRB

, is preferable to reduce differential non-linearity (DNL), but it is limited by the comparators’
operating region. The lowest reference voltageVRB must be greater than the base-emitter voltage
VBE plus headroom for the tail current source. Using a MOS transistor as the source, 1.2 V will
be minimum and preferably higher than 1.4 V, when low temperature operation is considered.
The good pair balance of bipolar transistors is helpful to satisfy this constraint. We will discuss
a specific implementation later in section A.5.

A.2 Encoder scheme and the ADC layout

The principle we have chosen to suppress the meta-stable effects is to place as many latch stages
as possible before the critical section in which a meta-stable (threshold level) input condition
may generate sparkle errors. In order to reduce the total number of gates, we also have to try to
reduce the number of latches gradually at stages.

The first idea is to apply the Gray coding directly without a differentiator. Let’s name the
comparator outputs asC1 to C63 from the bottom to the top. The direct Gray encoder for 3 most
significant bits (MSBs)E3 to E5 is

E5 = C32

E4 = C16 & ˜C48

E3 = (C8 & ˜C24) | (C40 & ˜C56)
(A.1)

where the notation for logic expressions follows Verilog-HDL standard [43], specifically ˜ for
negation, & for AND,| for OR, and∧ for exclusive-OR (XOR).

In this encoding, each comparator appears only once. This property is important because if
one comparator output is meta-stable, and if the state propagates to the next stage, only one code
bit from E3 throughE5 becomes meta-stable. Since one code bit change in Gray code means a
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mere shift to the adjacent code, the decision will not matter too much. So we can postpone the
critical section after Gray coding, reducing the number of latches from 7 to 3.

Comparators in Eq. (A.1) are spread over the chip in the traditional placement of Fig. A.1.
These comparators can be placed adjacently by folding the resistor string. Figure A.2 illustrates
the comparator layout. This folding also brings out a natural placement of comparators for the
least significant bits (LSBs). Comparators are grouped into 8 clusters. Each cluster represents
one unique combination of three-bit LSBs. In other words, comparators in each cluster have the
same 3-LSB value. The right upper corner cluster generates 3-bit MSBs, whose LSBs are binary
“000.” In this thesis, we call this architecture the “folded resistor string and grouped comparator
architecture,” or FRSGCA in short.

It should be noted that the small offset variation of the bipolar comparator enables arbitrary
placement of the comparators, which is helpful for the FRSGCA implementation. In contrast,
the interpolation technique common in recent MOS ADCs.

The comparator clusters, other than the MSB, have the same internal encoder and produce an
intermediate one-bit code each. The first LSB encoder is:
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Fi = (Ci & ˜Ci+8) | (Ci+16 & ˜Ci+24)
| (Ci+32 & ˜Ci+40) | (Ci+48 & ˜Ci+56)

(A.2)

wherei = 1 to 7 that corresponds to 3-bit LSBs.
The MSBs of the final two’s complement output are given by the following Gray-binary

converter

D5 = ˜E5

D4 = E4 ∧ E5

D3 = E3 ∧ E4 ∧ E5

(A.3)

We can generalize the converter for wider bits but it requires more terms of XOR, which is
difficult to speed up. This is why we have restricted the MSB width to 3 bits. The following final
LSB encoder generates the binary LSBs.

D2 = F4 ∧ D3

D1 = (F2 ∧ F4) | (F6 ∧ D3)
D0 = (F1 ∧ F2) | (F3 ∧ F4)

| (F5 ∧ F6) | (F7 ∧ D3)

(A.4)

Figure A.3 depicts the latch stages of the ADC. The index of each latch shows the number of
latches. Encoders from Eq. (A.1) to Eq. (A.4) are the combination logics placed between latches.
The final LSB encoder usesD′3 instead ofD3 in Eq. (A.4), which is one latch stage earlier than
D3, to keep the stages consistent.

The LSB encoder does not have the Gray coding advantage. However, the critical section,
most sensitive to meta-stability, comes after five latch stages in this ADC. The probability of a
meta-stable state propagating this far is negligible.

On the other hand, the lower bit encoding scheme is not so immune from the bubble error,
but the sparkle amplitude is limited within 3-bit width LSBs. For example, assume a bubble near
the center of the input range. Specifically, assumeC1 throughC30 andC32 are one and others
includingC31 are zero, thenE5 = 1, E4 = 1, E3 = 1, F7 = 1, andFi = 0 for i = 1, . . . ,6. The
output binary code “000001” is close to the true value.

There are two possible critical timing paths in this FRSGCA encoder. One is the Gray-binary
converter forD3 in Eq. (A.3) and the other is the path fromD′3 to D0 output in Fig. A.3. These
paths are restricted in area and the power consumption occupies only a fraction of the total power.
However they can be the dominant bottleneck of the method. We have to make the paths as fast
as possible. The invention of fast low voltage OR and XOR gates adopted in the encoder was a
key to this ADC development.



140 A reference design of a flash ADC

com-
parator

Final
LSB
encoder

Gray-
binary
converter

Gray encoder
MSB latches

LSB latches

D 5-3

D 2-0

First LSB encoder

critical section
of meta-stable

*7 *7 *3 *3 *3

*3

*4

*7 *7*56 *56 *28

D ’3

FigureA.3: Latch stages of the ADC: the Gray encoder implements Eq.(A.1), the First LSB
encoder implements Eq.(A.2), the Gray-binary converter implements Eq.(A.3), and the Final
LSB encoder implements Eq.(A.4).

A.3 Logic circuit for 1.8-V operation

There are various issues on low voltage operation of bipolar logic circuits. They are well dis-
cussed in [44]. Several ideas to cope with different situations are required to achieve the best
total design.

The base-emitter voltageVBE is the first thing to consider, since this is the parameter we
cannot change easily. It is given as

VBE ≈ VT ln
IC

IS
(A.5)

whereVT = kT /q, IC is the collector current, andIS is the saturation current. From its loga-
rithmic nature,VBE is rather constant over transistor parameters and operation currents. On the
other hand,VT andIS heavily depend on the junction temperature,VBE varies from 0.6 V at high
temperature to 0.9 V at low temperature. At 1.8 V operation and at low temperature, a com-
mon circuit such as an emitter follower driving a differential pair leaves no headroom for the tail
current source.

A simple substitute for the emitter follower is a level shifter utilizing a common impedance
and a differential pair. Figure A.4 shows a practical embodiment.R5, R8 andR9 in the figure
provide this level shift. After sufficient level shift, various logic functions can be realized.
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Preventing transistors from entering heavy saturation is another consideration for low voltage
operation. The circuit in Fig. A.4 must be carefully designed from this point. The requirement
for non-saturation is to keep

VCE > VS AT (A.6)

whereVCE is the collector-emitter voltage andVS AT is the saturation voltage around 0.2 V. For
Q3, this requirement becomes

VCC − VR5− VR3 > VCC − VBE + VS AT (A.7)

then
VBE − VS AT− VR3 > VR5 = Vshift (A.8)

At high temperature,VBE becomes 0.6 V and if the signal swingVswing = VR3 is around 0.2 V,
Vshift is restricted to 0.2 V in one stage.

After two stages of level shifting, the operating level of theQ7 andQ8 pair is lower by 0.4 V
than that of theQ9 andQ10 pair. During transient operation, the level difference is diminished by
the common emitter voltage swing of theQ9 andQ10 pair, roughly one half of theVswing, leaving
little margin to keepQ7 from saturating.

On the other hand at low temperature,Q7 emitter level is as low asVCC − 2Vshift − VBE −
Vswing/2 ≈ 1.8− 0.4 − 0.9− 0.1 = 0.4 V. This is the voltage left for the current source,
which is smaller for bipolar transistors to operate stably. MOS transistors are appropriate for this
purpose because we can design the drain source saturation voltageVDS(sat) of MOS transistors as
low as 0.4 V fairly easily.

As a result, assuming a BiCMOS process, the two-stage level shifter satisfies all requirements
for 1.8 V operation with a narrow margin. Our ADC uses this topology extensively, especially
for clock drivers of latches.

The drawbacks of the circuit in Fig. A.4 are 1) relatively low driving capability and 2) delay
of the level shifter. Improvements to this basic topology were made so that large capacitive loads
could be driven. The idea starts from a simple folding diode shown in Fig. A.5.

The emitter-follower-like transistorQ1 can drive a load with a fairly large parasitic capaci-
tanceCp, and the folding transistorQ2 recovers the signal level. The circuit looks like a differen-
tial pair, but it is not becauseQ2 does not switch. This folding driver more resembles an emitter
follower and it is particularly suitable for long distance signal transfer. For example in our ADC,
it is utilized for the transfer between latches from the first LSB encoder to the final LSB encoder
in Fig. A.3.

Folding circuits usually show gain loss due to current changes in the folding transistor. If the
gain loss is a problem, it is recovered by addingR2 between the collector and the base ofQ2 as
shown in Fig. A.6. SinceR2 does not affectQ2 current, the swing is multiplied by (1+ R2

R1
) times.
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In order to implement various logic functions, we can combine the basic circuit in Fig. A.5
with wired-OR and collector-dot. In spite of both are very common to ECL design, so to our
surprise, this idea gave birth to a general logic family, which we named “folding logic.”

Figure A.7 shows the idea. In the figure, emitters ofQ1 andQ2 form a WOR, as well as theQ3

andQ4 pair. Folding transistorsQ5 andQ6 form a collector-dot. As a whole, the circuit realizes
an AND-OR tree. Generally speaking, folding logic can realize a so-called standard product of
sums [45] in one stage.

Folding logic looks like conventional Diode-Transistor Logic (DTL) especially at the collector-
dot part. Actually while DTL belongs to a saturation logic family, no transistor in folding logic
saturates, similar to ECL. This property makes the folding logic much faster than the DTL.

We usually adopt a complementary configuration of folding logic. Figure A.8 and Fig. A.9
show some practical implementations, an OR gate and an XOR gate respectively. This XOR
circuit is extensively used in this ADC to realize Eq. (A.3) and Eq. (A.4).

The XOR operation of three terms that is required forD3 generation in Eq. (A.3) can be
realized in one stage applying a technique of the standard product of sums. Propagation delays
are roughly 0.6 ns per differential pair and 0.4 ns per folding logic. The time taken for the three
term XOR operation is 1.0 ns.

On the other hand, a XOR stage using the level shifter in Fig. A.4 requires at least three
differential pair stages without counting the input buffer, two for level shift and one for series
gating. The XOR operation of three terms cannot be implemented in one series gating with the
1.8 V power supply limit. It therefore requires two stages of XOR gating which will take 6×
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FigureA.5: Folding driver: the basic form of a folding logic

0.6 ns, or 3.6 ns, over three times slower than folding logic.
Since the output level of a folding logic gate is almost the same as the input level, we can

directly connect some stages of folding logic without input buffers. This technique further im-
proves the speed. We implemented the XOR-OR operation in Eq. (A.4) by this technique.

Using feedback, folding logic is even able to realize a latch. Figure A.10 shows an imple-
mentation. The minimum operating supply voltage can be as low as 1.5 V, i.e.VBE + signal
swing+ headroom voltage for a tail current source. The limit is comparable to the lowest ever-
reported in the reference [44]. Full complementary configuration provides more stable operation
than the multi-level operation in [44]. However this example is shown only to demonstrate the
ability of folding logic. We did not use the latch in this ADC since the circuit requires too many
current sources and elements. As a contrast, a conventional series gating type latch we used [46]
requires only one current source, while a level shifting gate for the clock driver is common to
many latches.

A.4 An implementation

I show one implementation. The process adopted is a bipolar based BiCMOS process [47]. Table
A.1 and Table A.2 show the main characteristics of this process. This process emphasizes the
bipolar transistor characteristics at the expense of the CMOS transistor characteristics to provide
a cost effective BiCMOS solution. Due to the relatively poor performance of the CMOS part, its
major usage in the ADC is limited to DC operations like current sources.

The pair balance of bipolar transistors in the process can be 0.2 mV standard deviation only
by stretching the emitter size moderately. This deviation is roughly one digit of magnitude better
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than the ordinary MOS transistor pair offsets. We have chosen 0.7µm by 3.1µm for the emitter
size.

This good pair balance allows a simple differential pair to satisfy all constraint required for
the input comparator.

The full scale voltageVRT − VRB is traditionally determined by the comparator offset. Ten
times of the offset variation will be enough for one LSB, so that the full scale becomes 128 mV
( = 0.2mV× 10× 26 ) from this constraint. IfVRT = VCC = 1.8 V, thenVRB < VRT − 0.128 V=
1.672 V, making room for the requirementVRB> 1.4 V that we have discussed in section A.1.

On the other hand, bipolar comparators take input current which adversely affects the INL.
The current depends heavily on various parameters likehf e or Tj. Traditionally we have com-
pensated for this effect by feeding currents to the resistor string that match the comparator input
currents. However, the compensation circuit requires its own operation voltageVcompen. Roughly
speaking, the condition isVRT < VCC − Vcompen. There seems to be no circuit capable of making
Vcompensmall enough.

Since the amplitude of INL warping by comparator input currents is independent of the full
scale, wider dynamic range reduces relative INL. We have selectedVRT = VCC andVRB= VCC −
0.3 V from these considerations.

As an additional remedy, each reference point in the resistor string is positioned with an
appropriate offset that compensates for the nominal input currents of comparators. Applying
this technique, pitches between adjacent reference points becomes gradually smaller fromVRB to
VRT. This technique cannot cope with device variations but roughly halves the maximum INL.

Figure A.11 shows the chip micrograph. The area shown in the micrograph is 1.0 mm by
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1.6 mm. The layout is analogous to the drawing in Fig. A.2. The resistor string is the first metal
seen as the slender, whitish rectangular area near the center. The outline of the folded resistor
string is tapered, corresponding to the pitch reduction, and is visible at both upper and lower
edges.

Eight clusters of comparators surround the resistor string. The first LSB encoders are also
included in each cluster. The analog input comes from the upper area and the output goes from
the right edge to the bottom.

A.5 Measured results

Figure A.12 shows the reconstructed waveform of a sinusoidal input to the BiCMOS ADC in
the previous section. The clock frequency is about 330 MHz and the input frequency is about
82 MHz. We can identify dog-teeth in the figure. Figure A.13 shows the SINAD dependency on
the input frequency, measured at the same clock andVCC conditions with Fig. A.12.

Conversion error is measured for the other 6-bit ADC. The test setup is much the same with
the distortion measurement in Fig. 1.15. No LPF is required. The input frequency satisfies
fin = fclk/12 + 10kHz. This specific ADC internally decimates outputs by three so that we
have four envelopes all of 10 kHz. The input amplitude is slightly over the ADC input range
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FigureA.8: A folding OR gate

as both the top and the bottom are clipped by the range and all comparators switch during the
measurements. Since the clock frequencyfclk is high enough over 300 MHz in the measurement,
every fourth data is very close that may change 1 LSB at most. We can detect sparkle error as the
abnormal value than the expectation. In the following measurement, the average of total eight
samples taken before and after at 4-step.

Figure A.14 shows the measured error rate. Since errors tend to be affected directly by the
timing, the abscissa is the clock period instead of the clock frequency. The ordinate is a log-scale
error rate. Errors are counted at two magnitudes, over 4 LSBs and over 10 LSBs. Error rates are
roughly three digit separate in the measured conversion rate. Errors over 10 LSBs should stem
from the MSB generator that the encoder design did not expected.

If the error rate changes exponentially to the clock period, the results should be on a line.
Instead, they look S-shaped and seem divided into three regions. Mid-range is between 2.2 ns
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FigureA.9: A folding XOR gate

and 2.7 ns, and higher and lower ranges are in both sides. At shorter clock period, the output
begins to collapse. On the other hand, when the clock period becomes longer, error rate rapidly
goes too low to measure in reasonable time in our setup. At this region, it seems more appropriate
to see the margin by clock frequency than by error rate.

Figure A.15 shows the error pattern atfclk = 360 MSps (2.78 ns), using the same measure-
ment data of Figure A.14. The abscissa is the expected value and the ordinate is the actual value.
Two’s complement code is used in the figure. The output code that differs more than 4 LSBs
from the expected value is counted as an error. Sizes of circles are proportional to the counts.

Figure A.15 implies that MSB latches are associated with most of sparkle errors. To see the
fact, we have measured the error rate at a small analog input. Results in Figure A.16 are obtained
by the sinusoidal input with the average of the ADC range center and the amplitude of±4 LSB.
This means the input crosses only one MSB comparator (C32) and that happens roughly one-tenth
of the total sample count.

The total error rate in Figure A.16 looks almost independent of the input frequency. That is
the input slew rate is irrelevant to the error rate. The value around 10−6 is consistent with the
different input amplitude measurement in Figure A.15. As the MSB switching time equals to the
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FigureA.10: A folding latch

count of the output code -1, dividing error count by -1 code count provides the malfunction rate
of the MSB latch.

From the uniform design of comparator-latches, LSB latches should have the same malfunc-
tion rate. Then we can proclaim that intrinsic error rate of the ADC at 330 MSps is 10−5 but the
encoder scheme reduces the error rate to 10−6. However, if the input is small and it swings only
around a MSB comparator, error rate jumps 10 times, while if the input swings avoiding MSB
comparators, errors will disappear.
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Table A.1: Characteristics of bipolar transistors

NPN PNP unit
EmitterSize 0.2 x 0.6 1.0 x 1.0 µm2

hfe 90 150 -
VA 15 8.8 V

fTmax 25(VCE=1V) 4.2(VCE=-3V) GHz
fmax 30(VCE=1V) GHz
BVCEO 4.2 5.0 V
Cje 2.7 4.1 fF
Cjc 2.1 8.5 fF
Cjs 10 26 fF

Table A.2: Characteristics of MOS transistors

NMOS PMOS unit
W/L 10/1.0 10/1.1 µm
Vth 0.5 0.5 V
Ids 2.2 1.0 mA
β 1100 370 µA/V2

BVds 11.8 11.3 V
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FigureA.11: Chip micrograph of the ADC: 1.0 mm by 1.6 mm
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