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REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS
OF TYPE AIII/AIV

HIDEYA WATANABE

ABSTRACT. A quantum symmetric pair is a pair of a quantum group and its coideal
subalgebra; the classical limit of the coideal subalgebra becomes the fixed-point subal-
gebra under an involution on a semisimple Lie algebra. Quantum symmetric pairs have
played important roles in many branches of mathematics such as the representation the-
ory of Lie superalgebras, low-dimensional topology, and integrable systems. However, the
classification of the irreducible modules, which is one of the most basic problems in rep-
resentation theory, has not been settled yet. As a first step toward this problem, in this
thesis we study the representation theory of a special class of quantum symmetric pairs.
The main tools are highest weight theory, crystal basis theory, and the representation
theory of Hecke algebras of type B.
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INTRODUCTION

Quantum groups. The quantum groups (also called quantized enveloping algebras)
U,(g), which are certain unital associative algebras over Q(q), were introduced in the mid
of 1980’s by Drinfel’d [[Dr85] and Jimbo [I83] independently, with a complex semisimple
Lie algebra g and a parameter ¢ as inputs. From a quantum group, one can construct the
universal R-matrix, which gives a solution to the quantum Yang-Baxter equation. Hence
the quantum groups are important in mathematical physics. The universal R-matrix has
also an application to knot theory ([RT90], see also [To85]).

In representation theory, quantum groups have played a central role since their birth.
The classification of finite-dimensional irreducible modules over a quantum group is done
in a way similar to the classical case (i.e., complex semisimple Lie algebra case). Namely,
the finite-dimensional irreducible U,(g)-modules are classified by the dominant integral
weights. However, there are interesting concepts which are peculiar to the quantum case.
Here, we mention Kashiwara’s crystal bases, Lusztig’s canonical bases, and Jimbo’s ¢-
Schur duality.

Crystal bases. Crystal bases were introduced in [K90], [K91] as “local” bases of modules
over a quantum group (including the negative part U,(g)~ of a quantum group) at ¢ = 0.
Crystal bases have much information about modules. For example, each finite-dimensional
module over U,(g) is uniquely determined by its crystal basis.

Crystal bases extract some combinatorial aspects of module structures. By axiomatizing
such properties, the notion of (abstract) crystals was introduced in [K93H]. Roughly
speaking, a crystal is a finite set with certain structure maps. There is a formula, called
the tensor product rule, which makes a pair of crystals into a new crystal. Thus, the
category of crystals form a tensor category. Note that each crystal basis of a module is a
crystal, and the tensor product of two modules has a crystal basis whose crystal structure
is given by the tensor product rule.

One of the advantages of considering abstract crystals is that we can reduce many
problems in representation theory to those in combinatorics. For example, when g = sl,,,
the special linear Lie algebra over C, each dominant integral weight is identified with a
partition. Hence the finite-dimensional irreducible modules over U,(sl,,) are classified by
partitions. Also, for each partition A, the set SST(A) of semistandard Young tableaux
of shape Im is equipped with a crystal structure. Then, the crystal basis of the finite-
dimensional irreducible module corresponding to A is isomorphic to SST(A). Moreover,
the crystal structure of SST(\) is characterized by a special element, called the highest
weight vector with highest weight \. Hence the problem of decomposing a given finite-
dimensional modules into irreducible modules is reduced to the problem of finding the
highest weight vectors with various highest weights in the crystal basis of the given module.
This is a purely combinatorial problem. Similar combinatorial realizations of crystal bases
are known in the other classical types, i.e., for g = so,,, the special orthogonal Lie algebra,
and sp,,,, the symplectic Lie algebra ([KIN94]).

Now, recall that the crystal bases are “local” bases at ¢ = 0, namely, they are not
actual bases. In order to obtain genuine bases, we need to “globalize” the crystal bases.
This leads to the notion of global crystal bases ([K91], [K93a]). A global crystal basis is
a basis whose limit at ¢ = 0 becomes a crystal basis. It is not always true that there is
a global crystal basis which specializes to a given crystal basis. Hence it is an important
problem to clarify when a given crystal basis can be globalized. For example, it is known
that the crystal bases of U,(g)~ and each finite-dimensional irreducible module have a
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unique global crystal basis. Once we obtain a global crystal basis of a module, we get
more information about the module structure.

Canonical bases. From a geometric point of view, Lusztig constructed canonical bases
for quantum groups of type ADE in [L90a], and of general type in [L91]. In order to
formulate canonical bases, we need the bar-involution, which is a Q-linear involution on
U,(g) sending ¢ to ¢~'. Then, the canonical basis of U,(g)~ is a basis whose elements are
all invariant under the bar-involution, and which specializes to a “local” basis of U,(g)~
as q goes to 0.

Now, let A be a dominant integral weight, and consider the corresponding finite-
dimensional irreducible U,(g)-module L(\). Let vy € L(X) be the highest weight vector.
Then, the canonical basis of L(A) is defined to be the image of the canonical basis of
U,(g)~ under the surjection U,(g)~ — L(A); x +— xvy. Since L(\) is generated by v, over
U,(g)~, it is equipped with a Q-linear involution that fixes v,, and is compatible with the
bar-involution of U,(g). Then, by its construction, the canonical basis of L(\) is invariant
under this involution.

In [L90H] for ADE type, and in [GL93] for general type, it is proved that Lusztig’s
canonical bases coincide with Kashiwara’s global crystal bases for both irreducible modules

and U,(g)~.

q-Schur duality. The quantum group U,(sl,) of type A is deeply concerned with the
Hecke algebras H(S,) of type A, where &, denotes the d-th symmetric group. Jimbo
[UI86] discovered that the universal R-matrix gives rise to the H(&,)-module structure on
the tensor product V& of the natural representation of U,(sl,), and furthermore, this
action and the usual action of U,(sl,,) on V®? form a double centralizer. This fact induces
an exact functor from the category of finite-dimensional U,(sl,,)-modules to the category
of finite-dimensional H(S,)-modules, and also one in the opposite direction, both of which
send irreducible modules to irreducibles or zero.

The tensor power V& has two distinguishing bases; one is the canonical basis (equiva-
lently, global crystal basis) as a U,(sl,)-module, and the other is the Kazhdan-Lusztig ba-
sis as an H(S,)-module. The Kazhdan-Lusztig basis is a basis invariant under a Q-linear
involution of V¥ which is compatible with the bar-involution of H(&,). In [FKKIg],
it is proved that these two bases coincide. This result was then used to formulate the
Kazhdan-Lusztig theory without using H(&,) directly.

Quantum symmetric pairs. Recently, the quantum symmetric pairs have been getting
attention. A (classical) symmetric pair is a pair (g, g’) of a complex semisimple Lie
algebra g and the fixed-point subalgebra g’ := {z € g | #(z) = 2} for some Lie algebra
automorphism 6 of g such that % = id;. Quantum symmetric pairs were first studied in
[NS95], [N96], [NDSY7] as pairs (U, U") of a quantum group U = U,(g) and its coideal
subalgebra U* whose classical limit becomes the universal enveloping algebra U(g?). Their
aim is to study Macdonald polynomials as quantum zonal spherical functions. A uniform
construction of the quantum symmetric pairs was achieved for finite type in [Le99], and
for any Kac-Moody type in [KoT4].

In an influential paper [BWT3], Bao and Wang establish analogs of parts of the theory
of quantum groups in the setting of quantum symmetric pairs of type AIII/AIV. Namely,
they constructed the universal K-matrix (the counterpart of the universal R-matrix),
the bar-involution, and the :-canonical bases (the counterpart of the canonical bases)
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of U-modules. These were used to complete the Kazhdan-Lusztig theory for the ortho-
symplectic Lie superalgebras osp(m|2n), namely, to solve the long-standing problem of
determining the irreducible characters in the Bernstein-Gelfand-Gelfand category O of

Since then, it has been discovered that many properties of the quantum groups can
be generalized to the quantum symmetric pairs. For example, a systematic construction
of the universal K-matrix ([BaKolsh], [BWIRa], [BWISH]), bar-involution ([BaKaThal,
[BWIRa], [BWIRH]), and the ¢-canonical bases of U-modules and U* ([BWIRal], [BWWIR],
[BWTRH]) have been achieved. Also, for a particular class of the quantum symmetric pairs,
a geometric construction of U’ is given in [BKLWTS] (see also [BLMY0]).

However, we know little about the representation theory of U’. The most important
problems such as

e the classification of irreducible modules,
e the complete reducibility of modules,
e the determination of the structure of irreducible modules,

have not been settled yet (see e.g., [GKYT] and [AKRITY] for partial results). This thesis
is a first step toward these problems.

Results. The main results in this thesis are the multiparameter version of ¢-Schur duality
in type B and the representation theory of quantum symmetric pairs of type AIII/AIV.
In both results, we treat one of the particular quantum symmetric pairs (U,(sly+1), U?)
and (U,(sly42), U*). In order to avoid repetition, we only explain results involving U’
here.

q-Schur duality in type BCD. As we have mentioned above, Bao and Wang [BWI3] dis-
covered the type B/C analog of Jimbo’s ¢g-Schur duality. In Part B, we upgrade this
duality to the multiparameter setting. Namely, we introduce a new parameter p, which
may or may not be independent of g. When p = ¢, our result recovers the one in [BWT3],
while the p = 1 case coincides with the type D analog of the ¢-Schur duality, which is
first discovered in [BT7].

Classification of finite-dimensional irreducible modules. In Part B, we study a certain
module category O, which contains all of finite-dimensional U?-modules. The first step
is the triangular decomposition of U7, which enables us to establish the highest weight
theory. As is well known, the highest weight theory lies at the heart of the classification
of irreducible modules over semisimple Lie algebras and quantum groups. Hence it is
pleasing that this theory is also applicable to the setting of quantum symmetric pairs.
Next, we develop the crystal basis theory for modules in O} ;. Namely, we introduce the
notion of j-crystal bases for U’-modules in O . By analyzing a j-crystal basis of V&4
for various d € Z-o, we complete the classification of irreducible U’-modules in O} ,.
As a result, we see that every irreducible module in O, is finite-dimensional, and that
the irreducible modules in O}, are classified by bipartitions (pairs of partitions). In our
crystal basis theory, the assumption that p is algebraically independent of ¢ is essential.
I hope that we can develop similar theory which is applicable to any p, and to other

quantum symmetric pairs in a future work.

New crystals. Like the ordinary crystal basis theory, our new crystal basis theory has
many combinatorical aspects. First of all, we introduce the notion of (abstract) j-crystals.
Then, for each bipartition A = (A7; AT), we equip the set SST(A) = SST(A™) x SST(A™)
of semistandard bitableaux (pairs of semistandard tableaux) of shape A with a j-crystal
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structure. This is done in a purely combinatorial manner. We prove that the j-crystal
basis of the irreducible module L(A) corresponding to A is isomorphic to SST(A) as an
abstract j-crystal. As a byproduct, we obtain the equality dim L(X) = | SST(A)].

Also, we discover a combinatorial formula (the tensor product rule for j-crystals) which
makes given two j-crystals into a new j-crystal. As in the ordinary crystal case, this
tells us the j-crystal structure of the j-crystal basis of the tensor product M ® N of a
U’-module M with a j-crystal basis, and a U,(slay+1)-module N with an ordinary crystal
basis.

Finally, we mention that our new crystal basis theory is compatible with the ordinary
crystal basis theory. Let M be a U,(sly,+1)-module with a crystal basis. Then, the crystal
basis is also the j-crystal basis of M, regarded as a U’-module by restriction. Moreover,
the j-crystal structure of the j-crystal basis is completely determined by its original crystal
structure. This observation enables us to solve the problem of how a given irreducible
U,(sly,41)-module decomposes into irreducible U-modules (branching rule) in terms of
semistandard tableaux and bitableaux.

Organization. This thesis is organized as follows.

Part 0 is a preliminary part. In Section O, we review basic concepts concerning Kac-
Moody algebras, Weyl groups, and crystals. Also, we prepare some combinatorial tools
which are frequently used throughout this thesis. In Section B, we define (classical)
symmetric pairs, and give an example of type AIII/AIV. Sections B to @ are devoted to
quantizing objects which have been introduced so far. Namely, we formulate quantum
groups, braid group actions on them, and quantum symmetric pairs. Also, basic results
about R-matrices, crystal bases, canonical bases, K-matrices and -canonical bases are
given. A construction of Poincaré-Birkhoff-Witt-type basis for quantum symmetric pairs
is new. In Section B, we formulate the notion of Kazhdan-Lusztig bases. These bases are
then used to construct the left cell representations. The aim of Section B is to study the
connection between the representation theory of Hecke algebras and that of generalized
g-Schur algebras.

Part B is the first half of the main body of this thesis. It contains the ¢-Schur duality
in type BCD for U’ in Section [, and the one for U* in Section B. The results in this part
were obtained in [BWWT6].

Parts B and @ are the second half of the main body of this thesis. They treat the
representation theory of (U,(slyy41), U?) and (U,(sly42), U*). We begin with applying
the construction of the PBW-type basis to U’ in Section B. This enables us to establish
highest weight theory. Section [ is devoted to the detailed study of the representation
theory of (U,(sl3), U’). This is the smallest U7, and hence the results in this section
become fundamental tools in the study for a bigger U’. In Section [, we prove that each
module in O/, is completely reducible, and then start the classification of irreducible
modules in O),. In Section [, we introduce the notion of quasi-j-crystal bases, which
is a weak version of j-crystal bases. The main result here is the tensor product rule for
quasi-j-crystals. By studying a particular quasi-j-crystal basis of V¥, we complete the
classification of irreducible modules in O}, in Section [3. Also, we define the notion of
g-crystal bases, and prove that each irreducible module has a unique j-crystal basis whose
g-crystal structure is described in terms of semistandard bitableaux. In Section [, we
prove the existence and uniqueness of global j-crystal basis of an irreducible module in
O! . After studying basic properties of global j-crystal bases in Section [H, we prove

int*
in Section G that each global crystal basis of a module in O}, is compatible with a
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particular filtration. Sections [[4 to PO are the counterparts of Sections U to I in the
(Uy(slgr42), U*) case. As the results in Sections I3 and I8 needs so many computations,
we skip the counterparts for U*. Instead, we would like to develop the general theory
including U’ and U"* in a future work.
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Part 1. Preliminaries

In this part, we prepare notations and basic notions needed in later parts. The materials
in this part, except in Section A, are elementary, and can be found in standard textbooks.

NOTATION

° @::n—%fornEZ. Note that —n # —n.

e Mat, (R): the ring of n x n matrices with coefficients in a ring R.

e gl, = Mat,(C): the general linear Lie algebra over C.

e s, = {X € Mat,(C) | tr(X) = 0}: the special linear Lie algebra over C.
G4: the d-th symmetric group.

For [, m € Z such that [ < m, set [l,m] :={l,l+1,...,m}.

For [,m € Z+% such that [ < m, set [[,m] :={[,l+1,...,m}.

Every subsets of Z or of Z + % are regarded as a totally ordered set with the usual
ordering.

e [°P: the opposite totally ordered set of a totally ordered set L.

e A°P: the opposite algebra of an algebra A.

1. KAC-MOODY ALGEBRAS

A Kac-Moody algebra is a complex Lie algebra constructed from an integer matrix and
some ingredients. In this section, we review basic results and related concepts concerning
representation theory of Kac-Moody algebras. We mainly follow notations in [HK02].
In Subsection I, we give a definition of Kac-Moody algebras, and the classification of
integrable irreducible modules. In Subsection 2, we list basic concepts about Weyl
groups such as length function, reduced expressions, and Bruhat order. In Subsection
=3, we introduce the notion of crystals, and give the tensor product rule. Subsection
4 is devoted to formulating notations regarding partitions. After reviewing Schensted’s
bumping algorithm and Robinson-Schensted-Knuth correspondence in Subsection I3, we
equip some combinatorial objects with crystal structures in Subsection 3. Also, we show
that RSK correspondence is in fact a morphism of crystals.

1.1. Kac-Moody algebras. Given a complex semisimple Lie algebra, one gets an inte-
ger matrix (Cartan matrix) by extracting partial information about structure of the Lie
algebra. Axiomatizing important properties of such matrices leads to the definition of
generalized Cartan matrix.

Definition 1.1.1. Let I = [1,n| for some n € Z,.

(1) A generalized Cartan matrix is a matrix A = (a; ;)i jer € Mat,(Z) satisfying the

following:

(a) a;; =2 foralli e I.

(b) Q; 5 S 0 for all ¢ 7é.] el

(c) a;; =0 if and only if a;; = 0.

(2) A generalized Cartan matrix A is said to be symmetrizable if there exists a diagonal
matrix D = diag(d;);er such that d; € Z~ for alli € I, and that DA is a symmetric
matrix.

(3) A generalized Cartan matix A is said to be of finite type (or, a Cartan matrix) if
it is positive definite.

(4) A generalized Cartan matrix A is said to be indecomposable if there exist no
nontrivial partitions I = I U I, such that a;; = 0 for all i € Iy, j € I».
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Definition 1.1.2. Let A be a generalized Cartan matrix. The Dynkin diagram of A is
the (partially) directed graph whose vertices are the elements of I, and i # j € [ are
joined by a; ja;,; edges. The edges between i # j are directed from i to j if |a; ;| < |a;l.

Example 1.1.3. Let

2 -1 0 0
-1 2 -1 0
A= 0o -2 2 -1
0O 0 -1 2
Then, its Dynkin diagram is
o O=—0 o

1 2 3 4

The following is the classification theorem for indecomposable Catan matrices. Al-
though a similar result for generalized Cartan matrices of affine type (i.e., positive semi-
definite of corank 1) is known, we do not need here.

Theorem 1.1.4. Let A be an indecomposable Cartan matriz. Then, its Dynkin diagram
18 isomorphic to one of the diagrams listed in Figure 0 in page ITI1.

Throughout this section, we fix a generalized Cartan matrix A = (a; ;)i jer. Suppose
that we are given the following objects;

e free Z-modules P, PV of finite rank,

e lincarly independent elements Il = {a,; |i € [} C P, IV ={h; |i € I} C PY,

e a perfect pairing (-,-) : P¥ x P — Z such that (h;, ;) = a; ;.
Such a quintuple (P, PY, I, 11V, (-, -)) is called a Cartan datum associated with A. Also,
the elements of IT and IT" are called the simple roots and simple coroots, respectively. It is
well-known that one can construct a (possibly infinite-dimensional) complex Lie algebra,
called a Kac-Moody algebra, from a Cartan datum.

Definition 1.1.5. The Kac-Moody algebra g = g(A) associated with a Cartan datum
(P, PV, 11,11V, (-,-)) is the complex Lie algebra generated by symbols e;, f;; i € I, and
h € PV subject to the following relations; for 7,7 € I and h,h' € P".

[, h'] =0,

[h, ei] = (h, ci)es,

[k, fi] = —(h, aq) fi,

[ei, f3] = 0i jhi,

(ade;)' " (e;) =0, i#j,

(ad fi)' =" (f;) = 0, i #j.
The following is one of the most basic result in Lie theory.

Theorem 1.1.6. Let A be a symmetrizable generalized Cartan matriz, and (P, PY,IL IV, (-, -))
a Cartan datum. Then, g(A) is simple (i.e., g(A) has no nontrivial ideal) if and only if

A is an indecomposable Cartan matriz and tk P =tk PV = n. In particular, the complex
simple Lie algebras are classified by the Dynkin diagrams listed in Figure O in page ITI1.

Example 1.1.7. Let us give two examples of Cartan datum that are frequently used in
the sequel.
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(].) Let A= (ai7j)1§i7j§n_1 be such that

2 if i = 7,
Qi = -1 if |Z —]| = ].,
0 if |i — j| > 1.

Then, A is an indecomposable Cartan matrix whose Dynkin diagram is of type
An_1 (see Figure M in page II). Let €1, ...,€, € R™ be the standard basis of the
Euclidean space R™. Set

P:=7"]Z(e,+ +e,), P :={(x1,...,2,) €Z" |21+ -+, =0},
and
ai=¢— € +Ze+-+e)EP, hi=¢—€e€P (i€[l,n—1)]).

Let (-,-) denote the pairing P x P — Z induced from the inner product on R™.
Then, (P, PY,{c1,...,an_1},{h1,...,hn_1},(:,+)) is a Cartan datum associated
with A. We call this Cartan datum the sl,-type. In this case, the associated
Kac-Moody algebra is isomorphic to sl,,.

(2) Let (P, PY, {1, .., &min-1},{P1,- - hnsn-1}, (-, -)) be the Cartan datum of sl,,, ;.-
type. Then, (P, PY,{a; | i # m},{h; | i # m},(-,-)) is a Cartan datum associated
with a Cartan matrix (a; ;); jzm. We call this Cartan datum the s(gl,, ® gl,,)-type.
In this case, the associated Kac-Moody algebra is isomorphic to s(gl,, @ gl,,); the
Lie algebra consisting of X € Mat,,,(C) such that

X = (g g) , A€ Mat,(C), BeMat,C, tr(X)=0.
Let Aut(g) denote the group of Lie algebra automorphisms on g. Here, we prepare
some important elements of Aut(g).

Lemma 1.1.8. Leti € I.
(1) There exists a unique w € Aut(g) that sends e;, fi,h to fi,e;,—h for all i € I,
h € PY.
(2) The linear endomorphisms exp(ad —e;) and exp(ad f;) are elements of Aut(g).

Set h:= C®z PY C g. Then, it is a Cartan subalgebra (i.e., a self-normalizing nilpotent
subalgebra) of g. Since we have a perfect pairing (-,-) : P¥ x P — Z, the dual space
h* := Home(h, C) is identified with C ®7 P. For A € b*, set

g :={g€g|[hgl=Ah)g forall h € b}.

The elements of the set ® := {« € h*\ {0} | go # 0} are called the roots of g. Set

¢, :=DdN Ziel Z>pcv;, and call it the set of positive roots.

Example 1.1.9. When our Cartan datum is the sl,-type, we have
O={e—€¢+Zer+ -+e)|1<i#75<n},
(I)+:{€i—€j+Z(€1+"'+€n) | 1§Z<j§n}

Let go denote the Lie subalgebra of g over Q generated by e;, f;, and PY. Also, set

Ug(g) to be the universal enveloping algebra of gg, that is the quotient algebra of the

tensor algebra of gg factored by the two-sided ideal generated by xy—yx—[z,y], x,y € go.

Now, let us take a look at representation theory. First, set Q@ := . ; Z>oa;. Let us
introduce a partial order on P. For A\, u € P, we write A < pif p— A € Q.
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For a Ug(g)-module M and X € h*, set M) :={m € M | hm = A(h)m for all h € PV},
and Wt(M) := {\ € b* | M) # 0}. Throughout this thesis, a Ugp(g)-module M is always
assumed to satisfy the following conditions:

o M =@,cp M
e There exist Ay,...,\ € P such that Wt(M) c U\_,(\ — Q4).
e f; acts on M locally nilpotently for all ¢ € I.

A Ugp(g)-module M is said to be a highest weight module with highest weight A € P if
there exists m € M such that M = Ug(g)m, e;m = 0 for all ¢ € I, and hm = A(h)m for
all h € PY.

Let P, := {\ € P | (hj,A\) > Oforalli € I}. The elements of P, are called the
dominant integral weights.

Example 1.1.10. When our Cartan datum is the sl,-type, we have a bijection (see
Subsection T4 for the definition of Par,_;)

n—1 n—1
P, — Par,_1; A +— (Z hio AV Y (R A), - (B 1,/\)>.
=1 =2

The following theorem states that the irreducible Ug(g)-modules are classified by P;.

Theorem 1.1.11. If L is an irreducible Ug(g)-module, then there ezists a unique \ € Py
such that L is a highest weight module with highest weight . Conversely, for each A € Py,
there exists a unique (up to isomorphism) irreducible highest weight module L(\) with
highest weight X.

1.2. Weyl groups. Let us introduce the Weyl groups which are important tools in Lie
theory. For each ¢ € I, we define a linear transformation s; on h* by

Sz<)\) =)\ — <hz7 /\>O./Z‘, A € h*
The subgroup W C GL(bh*) generated by s;, i € I is called the Weyl group of g. W also
acts on h by
si(h) = h—(h,a;)h;, h €.
The action of W on b is extended to the whole of g by
s; — exp(ad f;) exp(ad —e;) exp(ad f;) € Aut(g), i€ 1.
Fori# j eI, let m;; € Z-oU {oo} denote the order of s;s;. It is known that

(2 if Qi Q5 = O,

3 if Qi Q5 = ].,

m;; = 4 if Q5 Q55 = 2,
6 if Qi Q55 = 3,

L OO if Qi Q4 Z 4,

Then, the defining relations of W are the following:

2 _
s; = e,

(sis;)™7 =e, if m;; < oo.
This implies that W is determined by the Dynkin diagram if the diagram has no edges
with multiplicity more than 3.

Since W is generated by {s;}ier, each w € W is expressed as w = s;, - - - s, for some
i1,...,5; € I. When [ is minimal among such expressions, it is called the length of w,
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and is denoted by £(w). An expression of the form w = s;, ---s;,,, is called a reduced
expression.

Let T := {wsw™ | i € I, w € W}. For y,w € W, we write y < w if there
exist t1,...,t € T such that w = tg---t1y, and £(t;q - - tiy) > L(t; -+ - tyy) for all i =
0,...,k — 1. This defines a partial order on W called the Bruhat order.

If [W| is finite (equivalently, A is of finite type), then there exists a unique element
wy € W whose length is maximum. wy is called the longest element of W.

Example 1.2.1. Let d € Z+;.

(1) The Weyl group of type Ay (i.e., the Weyl group associated with the Dynkin
diagram of type A4_1) is nothing but the d-th symmetric group &,. It is realized
as the group of permutations of [1,d]. Let s; denote the adjacent transposition
(1,14 1). Then, &, is generated by s1,...,s4_1, and the defining relations are the
following:

s2=1, 1<i<d-—1,
$iS; = 854, |Z —j| > 2,
8;8i+1S8; = Si+15iSi+1, 1 S 1< d—1.

(2) The Weyl group of type By is the group W, of permutations w of [—d,d]| such
that w(—i) = —w(i) for all i+ = 1,...,d. Clearly, there exists an injective ho-
momorphism &, — W, of groups which sends s; to (—(i + 1), —i)(¢,i + 1) for
all i = 1,...,d — 1. We identify &, with its image under this injection. Set
so := (—1,1). Then, W, is generated by sg, s1, ..., Sq—1, and the defining relations
are the following:

st=1, 0<i<d-—1,
8iS; = 8j8;, |1 —7j] > 2,
8;8jS; = S;8iSj, 1<i<d-— 1,

S0515081 = S1S0S150-

1.3. Crystals. Let A be a symmetrizable generalized Cartan matrix, and (P, PV, II, IV, (-, -))
a Cartan datum. Here, we give combinatorial objects, which will be turned out to be
closely connected to the representation theory of Kac-Moody algebras or quantum groups.

Definition 1.3.1 (cf. [K93h, 1.2]). (1) A crystal of type (P, PY,ILIIV, (-,-)) is a set
B with maps F;, F, : B — B LU {0}, ¢ € I, where 0 is a formal symbol and a map
wt : B — P satisfying the following:

(a) @i(b) = &i(b) + (hs, wt(b)), where &;(b) := max{k | E*b # 0}, and ¢;(b) :=
max{k | F¥b # 0}.
(b) If b, E;b € B, then wt(E;b) = wt(b) + o, e;,(E:b) = ;(b) — 1, and ¢;(E;b) =
wi(b) + 1.
(c) If b, Fib € B, then wt(Fb) = wt(b) — ai, ei(Fb) = &;(b) + 1, and o;(Eb) =
@i(b) — 1. N _
(d) For b,b' € Band i € I, b = E;bif and only if b = EF}b'.
(2) Let By, By be crystals of the same type. A morphism ¢ : By — By of crystals is a
map By — By L {0} satisfying the following:
(a) If b € By and ¥(b) € By, then wt(¢(b)) = wt(b), €;(¢(b)) = &;(b), and
pi(Y(0)) = @i(b).



REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS OF TYPE AIII/AIV 13

(b) If b, Ez(b) € By and ¥ (b), @D(Eib) € By, then ¢(Eib) :Ei¢(b)-
(c) IE b, Fi(b) € By and ¢(b), ¥(F;b) € By, then ¢(Fib) = Fip(b).

A crystal can be regarded as an I-colored directed graph; the vertices are the elements
of B, and b,b’ € B are joined by an i-colored arrow from b to b’ if v/ = F;b.
Example 1.3.2. Let B be a crystal of sl,,,-type. By forgetting the operators Em, ﬁm,
we can regard B as a crystal of s(gl,, @ gl,)-type. This defines a functor Resnml;” from
the category of s, ,-type to the category of s(gl,, ® gl,)-type. In terms of the directed
graph, Res"*"(B) is obtained from B by deleting the arrows colored by m.

m,n

Definition 1.3.3. We call b € B a highest weight vector if it is a source, i.e., E-b =0 for
all7 € I.

There is a formula (tensor product rule) that makes two crystals into a new crystal.

Definition 1.3.4. Let By, By be crystals of type (P, PY,II, 11", (-, -)). The tensor product
B ® By of crystals By and B, is the crystal whose underlying set is B; x By and whose
structure maps are defined as follows: For each i € I, by € By, by € B>,

Wt(b1 & bg) = Wt(bl) + Wt(b2)7

E'(b @ by) = E‘ﬂn (% bo if ;(by) > gi(b2),
i(01 & 02 by ® Eiby if ;(b1) < &i(by),
Fi(by ® by) = Eiby ® by if ©;(by) > &i(ba),
B bi @ Fibs if i(b1) < ei(ba),

where we write by ® by instead of (by,bs) € By X By, and we understand b; ® by = 0 if
b1 =0or bg = 0.

To memorize this rule, it is convenient to introduce the notion of i-signatures. For
b€ B and i € I, the i-signature sgn,(b) of b is the sequence of ¢;(b) —’s followed by ;(b)
+s;

sgn;(b) =—, ..., — 4+, ..., +.
— ——
€i(b) ©i(b)

For b; € By and by € By, by Definition =34, sgn, (b, ® be) is obtained by deleting adjacent
pair (+,—) in the concatenation of sgn,(b;) and sgn,(bs) until there are no such pairs.
Also, E; (resp., E) acts on by, where k is such that the rightmost — (resp., leftmost +) in
sgn,; (b1 ® by) is originally in sgn,(bg). This method is useful particularly when we consider
the tensor product of many crystals.

1.4. Partitions. A partition of n € Zx( of length | € Z>( is a non-increasing sequence
A= (M,...,\) € ZL, of nonnegative integers such that [\ := S>'_ A, = n. For
a partition A\, we denote its length by £()\). Also, #(\) denotes the maximal integer
i € [1,€(\)] such that A; # 0. For each n,l € Z>q, let Par;(n) denote the set of partitions
of n of length [. Also, set Par; := | | ., Par;(n). It is usual to write A - n in order to
represent that A is a partition of n.

The dominance order < on Par; is a partial order defined as follows. For A, u € Pary,
we have \ < p if the following hold:

(1) [A] = [ul.
2) SE <SS piforallk=1,...,1

n>0
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A partition A € Par; is often identified with its Young diagram. For example, the Young
diagram of a partition (4,2,1) is

The rows (resp., columns) of a Young diagram are indexed by {1,2,...} from top to
bottom (resp., from left to right).

Let (L, <) be a totally ordered set. A semistandard Young tableau of shape A € Par;
in letters L is a filling of the Young diagram of A whose entries weakly increase from left
to right along the rows and strictly increase from top to bottom along the columns. For a
Young tableau 7', we denote by 7'(i,j) € L the letter in the (4, j)-th box. A semistandard
Young tableau is said to be standard if |L| = d, and each letter appears exactly once. The
following are a semistandard but not standard Young tableau of shape (4,2,1) in letters
[1,7], and a standard Young tableau of the same shape in the same letters:

212147 1131416
5|6 207
7 5

We denote by SST(A; L) (resp., ST(A; L)) the set of semistandard (resp., standard)
Young tableaux of shape A in letters L. When L = [1,r] for some r € Z~, we abbreviate
SST(A; L) to SST,.(N\). Also, when L = [1,|A]], we abbreviate ST(\; L) to ST(A). Note
that SST,(A) = 0 unless r > ¢()\). For A € Par;(n), define Ty € SST;(A\) by T»(4,7) := i
for all 1, j.

A bipartition of n € Zxq of length (I7,1%) € Z%; is a pair A = (A7;AT) of parti-
tions such that ¢(A%) = [%, and |A] := |A7| + |AT| = n. For each n,l=,IT € Zs, let
Bip(;- ;+)(n) denote the set of bipartitions of n of length (I7,1%). Also, set Bip- ;+, 1=
Ll,.>0 Bibg- 4+)(n). Note that we have

Bip -+ (n) = |_| (Par;-(n™) x Par;+(n")).

n—+nt=n

The dominance order =< on Bip- ;+) is a partial order defined as follows. For A, p €
Bip(- ;+), we have A < p if the following hold:

1) 1Al = [,
2) S A< pforallk=1,...,1".
AN+ A <|p |+ pwf forall k=1,...,1".

Also, for A, pu € Bip- ;+y, we write A < p to indicate that AT < pt. Then, < defines
a partial order on Bip- ;). Note that A < p implies A < p.

Let (L%, <*) be totally ordered sets. A semistandard Young bitableau of shape X €
Bip- s+ in letters L* is a pair (I, T%) € SST(A";L~) x SST(A*; L*). We denote
by SST(X; L=, L™) the set of semistandard Young bitableaux of shape X in letters L*.
Namely,

(
(
(

SST(A; L™, LT) = SST(A™; L™) x SST(AT; L*).
A semistandard Young bitableau is said to be standard if L~ = L*, |L7| = d, and

each letter appears exactly once. The following is a standard Young bitableau of shape
(4,2,1;5;2) in letters [1, 14]:
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For r € Z~, we set
SST("’,"‘) (A) = SST()\7 [_Z? _l]opv [la Z])a
and

SST (41,1 (A) := SST(X; [—r,0]°P, [1,7]).

1.5. Robinson-Schensted-Knuth correspondence and its variants. Given a semi-
standard Young tableau T of shape A in letters L, and ¢ € L, define a new semistandard
Young tableau T' < |i| as follows;

(1) Let j be the smallest number satisfying 7'(j,1) > 1.
(2) Replace |T'(j,1) | by ; if there is no such j, then put || at the bottom of the first

column, and stop the algorithm.
(3) Repeat (1)-(2) for the next column with the role of || replaced by |T'(j,1) |

This algorithm is called Schenstead’s bumping algorithm.

Example 1.5.1. Let

T — 417
Then, T < | 3|is computed as follows:
417 41T 122047 417
3 6
7
Suppose that we are given a word w = (wy,...,wy) € L? and a strictly increasing
sequence r = (r1,...,74) € Z%,. We define two Young tableaux P(w) and Q,(w) as

follows. First, P(w) is defined to be (- -+ (([wy] < [wa]) = [w3]) ) < [wa]; hence P(w)
is a semistandard Young tableau in letters L of some shape A F d. Next, Q,(w) is defined
to be the semistandard Young tableau in letters {r,...,74} of the same shape A whose
(1,7)-th entry is ry if a new box is added in the position (4, j) when we bump the box
to the semistandard Young tableau P(wq,...,w,_1). We call P(w) the insertion tableau
of w, and Q,(w) the recording tableau of w in letters r.
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Example 1.5.2. Let L = Z, w = (1,3,2,2,3), and r = (1,3,4,7,8). Then, P(w) and
Qr(w) are computed as follows:

Ut 8] f2 8] [ 1[2]3 ] p,
3| |2 2 2
3

oI NN N S A I S I N Y sy
3 |3 3 3

Theorem 1.5.3 (Robinson-Schensted-Knuth correspondence, see [S99, Theorem 7.11.5]).
For each strictly increasing sequencer € 7, the correspondence (w,r) — (P(w), Qr(W))
gives a bijection from L% to Uneparya) (SST(A; L) X ST(A; {r1,...,74})). In particular, we
have a bijection

(1) L'— | ] (SST(\ L) x ST(V); w = (P(W), Qqi,...) (W)
AePar (d)

Remark 1.5.4. When L is finite, the right-hand side of the bijection () is also written
as

|| (SST(X L) x ST(N)).

/\GPar|L‘ (d)

Let * € &4. Then, the map x + (x(1),...,2(d)) gives an injection &4 — [1,d]?. Set
P(z) to be the insertion tableau of (z(1),...,z(d)), and Q(x) to be the recording tableau
of (z(1),...,z(d)) in letters (1,...,d). If we identify &, with its image of the injection
above, then the RSK-correspondence restricts to the following bijection:

(2) Si— || (ST xSTW); 2 = (P(x),Q(x)).

AePar,(d)

Example 1.5.5. When d = 3, the set Par3(3) consists of

The elements of ST(\) for A € Pars(3) are the following:
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The bijection (B) are given by the following assignment:

s |11 e [LEL2]12]) o 3 311
2 3 3 2 9
3
S§981 13712 , S182 12, 3 )
2 3 3 2
513231H<123,123

Lemma 1.5.6. Let L be a totally ordered set, w € L. Let x € &4 be the mazimal element

.....

P(x) by replacing i with wy—(;y for eachi=1,....d.

Proof. Clear from the definitions. U
Let W, act on Z% by
. ) (—iy,d9,...,1q) if j =0,
(i1, 0a)s; = 1 . o . L
! (TR I PR ¥) if 7 #£0.
Then, for each w € Wy, we have (i1,...,iq)w = (iw@),-- -, tw@)), Wwhere we understand
Z',j — —’lj

Now, let r € Z~q. Then, [—r,7]? is decomposed as

d
[—r,r]? = |_| |_| {w e [-r,r]® | w; > 0if and only if i € {i1,...,ix}},

k=0 1<i; <-<ip<d

and each component is in bijection (as sets) with ([—r,0]°?)?=* x [1,7]*. Hence, the map

where {i1,...,0} ={i | w; >0}, {j1, ..., Jar} = [L,d\{i1, ..., 0}, W' = (wiy,...,w;,) €
[1,7]%, and w™ = (wj,,...,w;, ) € ([-r,0]°°)?* gives a bijection

(3) =)t =[] (SSTarin(A) x ST(N)).

A6Bipr+1,r (d)

We set

Note that P~ (w) is obtained from P(—wyj,, ..., —w;,_,) (here, weregard (—wj,,...,—w,, ,) €
[0,7]%7%) by multiplying each entries by —1.

Let y € Wy. Then, the map y — (y(1),...,y(d)) gives an injection Wy — [—d, d]?. Set
PE(y) := PE(y(1),...,y(d)), and Q*(y) := Q*(y(1),...,y(d)). Then, the bijection (B)
restricts to the bijection

Wa—= | ] (ST(A) x ST(N))

AEBIP(g_, k) (d)
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Example 1.5.7. Let y € W;5 be such that (y(1),y(2),y(3),y(4),y(5)) = (3,—4, —1,5,2).
Then, (i1,12,13) = (1,4,5), and (j1, j2) = (2,3). The associated tableaux are following:

_ —1|—4 213 - 213 11(5
P (y> = ) P+(y) = ) Q (y) = ) Q+(y) =
5 4
Lemma 1.5.8. Let w € Z%. For each i € [1,d], set w_; == —w;. Lety € Wy be the

mazimal element satisfying 0 < wy-1q) < -+ < wy-1(4. Then, Q*(w) = Q*(y), and
P=(w) is obtained from P*(y) by replacing i with w,-1.

By replacing [—r, r| with [—r 4+ 1,7 + 1], we obtain similar results.

1.6. Kashiwara operators on semistandard Young tableaux. Consider the Cartan
datum of sl,-type. Let i € [1,n — 1], and A € Par,(d). We define two maps (called the

Kashiwara operators) E;, F; : SST,(A) — SST,(A) U {0} as follows, where 0 denotes a
formal symbol.

Let s = (s1,...,54) € [1,n]¢. First, delete s; such that s # i, + 1. Next, delete the
adjacent pair (¢,7+1). The resulting sequence is of the form s; := (i+1,...,i+1,4,...,47).
Then, define El(s) to be the sequence obtained from s by replacing s; by i, where sy is
the rightmost 7 + 1 in s;; if there is no 7+ 1 in s, then we define EZ(S) = 0. Also, we define
ﬁ’z(s) to be the sequence obtained from s by ~rep1acing s; by 7+ 1, where s; is the leftmost

i in s;; if there is no i in s;, then we define Fji(s) = 0.

Example 1.6.1. Let s =(2,1,2,1,3,3,2,3,2,1,1,1,3). Then, we have

Hence,
S8 =(2,1,2,1,3,3,2,3,1,1,1,1,3), and fis; = (2,1,2,1,3,3,2,3,2,2,1,1,3).
Given T € SST,,()), the sequence
ME(T) := (T (1, A1), T(L, \—=1),...,T(1,1), T(2, \a), ..., T(2,1),..., T(n,\p),..., T(n,1))

is called the Middle-Eastern reading of T'. It is known that there exists a unique 7" €
SST,,(A\) such that ME(T") = E;(ME(T)) if E;(ME(T')) # 0. Then, we define

ET = {T/ ?f §Z<ME(T>) # 0,
0 if B(ME(T)) =0.

ET is defined similarly.

Also, for s € [1,n]¢ and T € SST, (), we set wt(s) == S0 €, + Z(er + -+ + €,),
wt(T') := wt(ME(T)). The following are fundamental and well-known facts in represen-
tation theory of sl,.

Proposition 1.6.2 (see e.g., [HK02| or [Kw0Y]). Let A\, u € Par,(d).
(1) The sets [1,n]% and SST,(\) with maps E;, F;,wt are crystals of sl,-type.
(2) The map SST,(A\) — [1,n]% T — ME(T) is an injective morphism of crystals.
(3) SST,,(\) is connected, and it has a unique highest weight vector Ty. Moreover, Ty

is a unique element of weight wt(Ty).
(4) SST,(\) =~ SST, () if and only if \; — p;, @ € [1,n] are constant.

Remark 1.6.3. Comparing the tensor product rule (Definition [=34) with the construc-
tion above, we see that [1,n]? ~ [1,n]®?.
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Here, recall Robinson-Schensted-Knuth correspondence

L= [ ] (SST.() xSTO) = [ | | ] (SSTu(N) x {Q}).

AePary (d) Ae€Pary (d) QEST(N)

The right-hand side is equipped with a crystal structure if we identify SST,,(\) x {Q}
with SST,,(\).

Theorem 1.6.4 (see [Kw(Y, Theorem 4.6]). Robinson-Schensted-Knuth correspondence

Lo = ] |_| (SSTH(N) x {Q}).

AePary, (d) QEST(A

s an isomorphism of crystals.

Next, we give to [—r,7]? and SST(11,)(X), A € Bip,y,(d) crystal structures of
s(gl,1 @ gl,)-type. To do so, it is convenient to shift the indices [1,2r] of the Cartan
matrix of sly,,; as [—7r,7]. Then, [—r,7]? is equipped with an sy, -crystal structure. By
Example T332, [—r, r]¢ with E;, F;,wt, i € [—r,r] \ {1} is an s(gl,,, @ gl,)-crystal. Note
that for i € [1,7] and s € [—r,7]?, we have

Efz(s) = —ﬁz(—s)a ﬁ—i(s) = —Ez(—s%

where —(iy, . .., iq) = (—iy, ..., —ia) for (i, ..., iq) € [-1 ,r]%. Hence, [1,7]% with E}, F}, wt,
i € [2,7] is an sl,-crystal, and [—7,0]¢ with E_Z,F_Z,Wt i € [1,7] is an sl 1-crystal.

For T = (T~,T+) € SST (41 (A), set ME(T) 1= (ME(T~), ME(T*)) € [—r,r]%; the
concatenation of ME(T™) and ME(T™). Then, for i € [2,7] and X € {E, F'}, we have

X,(ME(T)) = (ME(T"), X,(ME(T"))) = ME(T~, X,(T")).
Also, for ¢ € [1,7] and X € {E, F'}, we have
X_i(ME(T)) = (=Yi(~ ME(T")), ME(T")) = ME(-Y;(~T"), ME(T")),

where Y is the unique element of {E,F} \ {X}, and —T~ is obtained from T~ by
multiplying the entries by —1. From this observation, we have the following.
Proposition 1.6.5. Let A, pt € Bip(,;q,(d).

(1) The map ME : SST(, 41, (X) = [—r, 7] is an injective morphism of crystals.
(2) SST (11, (A) is connected, and it has Tx := (=Tx-,Tx+) as a unique element such
that

E(Tx) = 0= F_;(Ty) for alli € [2,7],j € [L,7].

Moreover, Ty is a unique element of weight wt(TY).
(3) SST(rs1,)(A) = SST(ry10(pe) if and only if X — pi are constant.
(4) The bijection

[_Tv T]d — U |_| (SST(T+1,T) (A) X {Q}) :

)‘eBip(r+1,r) (d) QGST(A)
is an isomorphism of crystals of s(gl,.., ® gl,.)-type

Also, we have corresponding results for s(gl,., & gl,,)-crystals [—r 4+ 1,7 + 1]* and
SSTT+1,T+1(A>‘
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2. SYMMETRIC PAIRS

The aim of this section is to define admissible pairs, and give examples of symmetric
pairs of type AIII/AIV in Subsection ??. In Subsection P2, we briefly explain how
admissible pairs and real semisimple Lie algebras are related to each other.

2.1. Admissible pair. Recall that we have fixed a Cartan datum (P, PY, I, 11V, (-,-))
associated with a generalized Cartan matrix A = (a; ;) jes. In this subsection, we assume
that A is of finite type Since (-, ) : P¥ x P — Z is a perfect pairing, for each i € I, there
exists a unique w;” € P¥ such that (w;, a;) = 9, ; for all j € I.

Definition 2.1.1. A Dynkin involution of A is a bijection 7 : I — I such that 72 = id;,
and ar(;) ;) = a;; for all 4,5 € 1.

Example 2.1.2. (1) id; is always a Dynkin involution.
(2) For each i € I, there exists a unique j € I such that —wq(c;) = ;. This induces
a Dynkin involution, which we denote by —wy.
(3) When our Cartan datum is the sl,-type, the map 7(i) := n — i is a Dynkin
involution.

Let I, C I. Then, (P, PY,{a; |i € I.},{h;| i € L.}, (:,-)) is a Cartan datum associated
with Ae := (a;;)ijer,- Note that A, is also of finite type. We denote g, and W, the
Kac-Moody algebra and the Weyl group associated with this Cartan datum, respectively.
Let w, € W, denote the longest element. Also, set p) := %Za@w a, where @, =

@4_ N Zjé[. ZOCJ
Definition 2.1.3. Let [ = I, U I, be a partition of I, and 7 a Dynkin involution of A.
The pair (I,,7) is said to be admissible if the following conditions are satisfied:

(1) 7(1,) = I,.

(2) —wae(v;) = arq) for all i € I,

(3) (pd, ;) € Z for all j € I, such that 7(j) = j.

Example 2.1.4. (), 7), where 7 is a Dynkin involution, and (I, —wj) are admissible pairs.

Remark 2.1.5. The admissible pairs are in bijection with the Satake diagrams, which
arises in the classification of real simple Lie algebras ([A62]). See Figure @ in page 12
for the lists of the Satake diagrams when A is indecomposable. There, the black nodes
represents the elements of I,, and the arrows represents the nontrivial orbits of 7|, .

Let (I,,7) be an admissible pair, and assume that there exists a linear involution 7
on P and PV such that 7(o;) = arq), T(hi) = he@), and (7(h),7(X)) = (h,A) for all
i€l, hePY, A& P. Then, 7 is extended to the whole of g(A) by setting 7(e;) = e-q),
7(fi) = fre) for all i € I. Also, let s(I,,7) : Q — C* be a group homomorphism such
that

o s(a;) =1forallie I, or 7(i) =
o s(oj) € {1,—1} forall i ¢ I, and ’7'( ) # 1.
o s(aj)s(ar () = (=1)%) for all i ¢ I, and 7(i) # 1.

Then, s(I,,T) 1nduces an automorphism Ad(s(/,, 7)) € Aut(g) defined by
Ad(s(e, 7)) (x) = s(Le, 7))z, T € go-

Similarly, let s : Q@ — C* be a group homomorphism defined by s(a;) = —1 for all i € I,
and define Ad(s) € Aut(g). Now, set

0 := Ad(s(Is,7)) owe o7 0 Ad(s) ow € Aut(g(A)).
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This is a Lie algebra involution on g. It is known that the fixed-point subalgebra g’ :=
{z € g | O(x) = x} is a reductive Lie algebra; in particular, it is the Kac-Moody algebra
associated with a Cartan datum for some Cartan matrix.

Definition 2.1.6. A symmetric pair is a pair (g, g?) for some admissible pair (I,, 7).

Since g’ is reductive, most parts of its algebra structure becomes clear once we recognize
its Cartan subalgebra.

Proposition 2.1.7 ([Cel?, Theorem 2.5 and 2.7]). Let (g, g%) be a symmetric pair. Then,
there exists a subset I'g C & such that the subspace

(6°nb) & @ Clea + fa)
a€ely

is a Cartan subalgebra of g’ if we choose ey € go and f. € g_o appropriately.

Example 2.1.8. Suppose that our Cartan datum is the sl,-type. Set 7(i) := n — i.
Then, ((), 7) is an admissible pair, and the associated involution 6 is the restriction of the
involution on gl, given by

Eij— Enjicinyi—; (1<, <n),

where E; ; denotes the matrix having entries 1 at (7, j), and 0 elsewhere. For 1 <i < j <n
and 1 <k < |22 ], set

Bi,j = Ez’,j + En+1—i,n+1—j7
Hi = (B2 4k, 240 — Bz jrrrn2)4040) = (B2 mk1 2] ka1 — Bz otz 2)-k42)-
Then, g° is generated by By, Bags, ..., By1m, Hi, - .. ’HLnT—IJ, and spanned by B

1<i<j<n 1<kE<|%2] Fori=1,...,[2] set

i,j)Hka
B; = Q|2 41— + a|mj + -+ Q|2 | 1—pi-
Then, I'y = {8 | 1 <i < [§]}.
(1) Let n = 2r + 1 for some r € Z~y. Then, the subalgebra spanned by
H17 CIC 7H1“7 BT’,T+27 BT—17T+37 ey B1727"+1

is a Cartan subalgebra of g°.

Set
( ep -
By yirrit1 — Brivorviv ife=2,...,r,
e =1 Bri1,11 ifi=r+1,
| Bijit1 + Bar—it2,i+1 ifi=r+2...,2r
Br—i+1,r—i+2 - Br—i+1,r+i ife=2,...,r,
fi = Br,r+1 le:T—l—l,
| Bor—it1,2r—it+2 + Bar—it, ife=r+2...,2rn
(L(H; + Br—iv14is1 — Broivorti) ifi=2...r,
- T(Hi — Bryio) ifi=r+1,
%(Hi—r — Bor_it1,i+1 + Bar—it2:) iti=r+2,...,2rn
\Zzzl(khzr_k_lrl + (T + 1)Bk,2r—k+2) lf = 1.
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Then, we have

(2 if i = 4,
[hise;] = ¢ —1 ifli—jl=1land (2<i,5<rorr+1<4,y),
0 otherwise,
(—2 if i = j,
[hi, fi] =<1 ifli—jl=1and 2<i,j<rorr+1<i,j),
L0 otherwise.
Since the subalgebra spanned by hy,...,he, is a Cartan subalgebra of g?, we

conclude that g’ ~ s(gl, @ gl,,,).
(2) Let n = 2r + 2 for some r € Z~y. Then, the subalgebra spanned by

H17 ce 7Hra BT+1,7‘+27 Br,r—‘r?n BRI Bl,2r+2

is a Cartan subalgebra of g’. Set

o Bryivirvive — Broivortite ifi=1,...,n,
(R . .
Borioiivo + Biy1it2 ifi=r+1,...,2r
= Br—i+1,r—i+2 - Br—z’+1,r+i+1 ife=1,...,r,
i = .
Boy_iv1i41 + Bor—ig1,2r—it2 ifo=r+1,...,2n
1 . .
E(HZ + Br—i+1,7‘+i+2 — B'I’—i+2,T+i+1) if¢ = ]_, Lo, Ty
)1 e
hi = 5(Hi—r — Bor—it1,i42 + Bor—iv2,i41) ifi=r+1,...,2r
Biary2 + Bagryr + -+ Bryi42 if i = 0.

Then, we have

2 if 1 = j,

[hise;] = ¢ —1 ifli—jl=1and (1 <i,j<rorr+1<i,j),
0 otherwise,
(2 ifi=j

[his fi] =<1 ifli—jl=1and (1 <i,j<rorr+1<i,j),
0 otherwise.

Since the subalgebra spanned by hg, k1, ..., ho, is a Cartan subalgebra of g, we
conclude that g’ ~ s(gl.., ® gl,,1).

Remark 2.1.9. As we have seen in Example B, the Lie subalgebra [ of sl,,,, generated
by e, fi, i € [1,m+mn— 1]\ {m} and h € P" is isomorphic to s(gl,, ® gl,,). However, the
subalgebra g’ in Example 28, which is also isomorphic to s(gl,,®gl,) ((m,n) = (r+1,7)
or (r+ 1,7+ 1)), does not coincide with .
Set
Pi= PJ/{A—6(\) | A€ P},
P’ :={he P |0(h)=h}.

We have the induced pairing (-,-) : P¥ x P, = Z.
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2.2. Admissible pairs and real semisimple Lie algebras. Here, we explain the re-
lations between admissible pairs and real semisimple Lie algebras. For detail, see for
example [O04]. Let g be a complex semisimple Lie algebra, and (/,, 7) an admissible pair.
Set

0 :=w, 0T ow € Aut(g),

where W’ € Aut(g) is defined by w(e;) = —f; and w(h;) = —h,;.

Let ¢ be the R-algebra automorphism of g defined by <(e;) = —fi, s(h;) = —h;, and
s(v~1r) = —v/—1¢(z),i € I, v € g. Then, §'s = ¢f' is an R-algebra automorphism of g,
and hence g% := {x € g | &'s(x) = 2} is an R-subalgebra of g. Then, the assignment

(Is,7) — gel<

gives a bijection between the set of admissible pairs and the isomorphism classes of real
semisimple Lie algebras.

3. QUANTUM GROUPS

The quantum groups for general simple Lie algebras were first introduced independently
by Drinfel’d [Dr85] and Jimbo [I85] in order to solve the quantum Yang-Baxter equation.
In this section, we mainly follow the notation of Hong-Kang’s book [HK02] and Lusztig’s
one [[L93]. After giving the definition of quantum groups in Subsection BT, we state the
classification theorem for irreducible modules over quantum groups in a suitable category
in Subsection B2. Subsection B33 is devoted to formulating Lusztig’s canonical bases.
Subsections B4 and B3 are about Kashiwara’s crystal basis theory. In Subsection B,
we explain how to construct canonical bases (equivalently, global crystal bases) of tensor
product modules. In Subsection B7l, we see how the quantum groups are related to the
underlying Kac-Moody algebras.

3.1. Definition. First, we introduce the quantum integers and related notations.

Definition 3.1.1. Let ¢ be an indeterminate.

(1) For m € Z, set [m] := qZ:qq:lm.

(2) For m € Zso, set [m]! := [[%,[i]; we understand [0]! = 1.

(3) For m > n € Zsq, set [7] := %

(4) For a € Z, set [m], to be the [m] evaluated at ¢ = ¢*, and define [m],! and [']

in a similar way.

Let A be a symmetrizable generalized Cartan matrix A with a symmetrizing matrix
D = diag(d;);e; such that d;’s are coprime to each other. For each i € I, set ¢; := q%,
and

1
B = =B, F"i= = F' (n € Lx).

[TL] d; ! [n] d;*

Definition 3.1.2. The quantum group U,(g) associated with g is the unital associative
algebra over Q(q) generated by E;, F;, i € I and Kj, h € PY subject to the following
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relations; for ¢,j € I and h,h' € PV,

Ky =1,

Ky Ky = Kpqp,

KyE; = ¢ EK,,

KnFy = q " F Ky,

K, — K;!
El.Fj — F}EZ = (Si’j—_ll, (We set Kz = Kdihi)7
q;i — g,
17a¢7j
SY AP OB E Y —0 4

s=0
1—[11'7]'
S FIRFTT =0, i

s=0

We often use the following automorphisms. That they are actually automorphisms is
straightforwardly verified by using the presentation above.

Lemma 3.1.3. (1) There exists a unique Q-algebra automorphism ~ on U,(g) that

sends E;, Fy, Ky, q to E;, F;, K_,,q” ", respectively for alli € I, h € PV. We call
this automorphism the bar-involution on U,(g).

(2) There exists a unique Q(q)-algebra automorphism w on Uy(g) that sends E;, F;, K},
to F;, E;, K_j,, respectively for alli € I, h € PY.

(3) There exists a unique Q(q)-algebra anti-automorphism o on U,(g) that sends
E;, F;, K}, to F;, BE;, K}, respectively for alli € I, h € PV.

(4) There exists a unique Q(q)-algebra anti-automorphism o on U,(g) that sends E;, F;, K},
to ;F; K", ¢iE;K;, Ky, respectively for alli € I, h € PV.

Set Q := > ,c;Za; C P, and call it the root lattice. Then, we have the root space
decomposition

Uq(g) = @ Uq(g)aa

acQ
where
Uy9)a = {7 € Uyg) | KoK, ' = ¢z for all h € PV}

3.2. Highest weight theory for U,(g). In the representation theory of U,(g), highest
weight theory is a basic and strong tool. We begin with the triangular decomposition of
U,(9). Let Uy(g)™,U,(9)° U,(g)~ denote the subalgebra of U,(g) generated by E; (i € I),
Ky, (h € PY), F; (i € I), respectively. Note that the subalgebra U,(g)° is different from
the subspace U,(g)o. Then, we have an isomorphism

Uyfg)” ® Uq(g)o @ Uq(9)" ~Uy(g); fOh®e— fhe

of vector spaces. We call this isomorphism the triangular decomposition of U,(g).

Definition 3.2.1. Let M be a U,(g)-module.

(1) For each A € P, the subspace My := {m € M | Kym = ¢"m for all h € PV} is
called the A\-weight space of M.

(2) A € P issaid to be a weight of M if M) # 0. Let Wt(M) denote the set of weights
of M.
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(3) M is said to be a weight module if it is the direct sum of its weight spaces;
M = @AEP M.

(4) M is said to be a highest (resp., lowest) weight module with highest (resp., lowest)
weight A € P if it is generated by a nonzero vector my € M, such that E;m =0
(resp., F;m =0) for all i € I.

(5) M is said to have a bar-involution if there exists a Q-linear involution = on M
such that T-m =7 - m for all x € U,(g) and m € M.

Note that by the triangular decomposition of U,(g), each weight of a highest weight
module with highest weight A € P is less than or equal to A.

Definition 3.2.2. Let A € P.
(1) Let I()\) be the left ideal of U,(g) generated by E; (i € I) and K, —q¢'" (h € PV).
Set
V(A) = Uyl9)/1(N),
and call it the Verma module with highest weight .
(2) Let L(A) denote the unique irreducible quotient of V'(\), and call it the irreducible
highest weight module with highest weight .

Definition 3.2.3. Let Oy, denote the category of U,(g)-modules M satisfying the fol-
lowing;
(1) M is a weight module.
(2) There exist pq, ..., ftm, € P such that Wt(M) C U2, (i — Q+).
(3) For each i € I, F; acts on M locally nilpotently, i.e., for each m € M, there exists
N € Z~g such that FNm = 0.

Note that V(A) and L(\) are not necessarily objects of Oy (condition (3) may be
false). The following are basic results about the category Ojy.

Theorem 3.2.4 (see e.g., [HKD2)). (1) The category Oiw is semisimple, i.e., each
M € Oy 15 a direct sum of irreducible modules.
(2) L(A) € Ouy if and only if A € P,
(3) L()\) is finite-dimensional if and only if X € P,.
(4) If X € Py, then L()) is a lowest weight module with lowest weight wo(A).

3.3. Canonical bases. The notion of canonical bases (or, (lower) global crystal bases)
for U,(g) and its modules were introduced by Lusztig [L90a], [L91] and Kashiwara [K90],
[K9T] independently. In this subsection, we briefly recall Lusztig’s formulation. For
simplicity, we assume that our Cartan matrix is of type ADE.

First, we prepare the following.

e Ay :={f€Q(q)| f is regular at ¢ = 0}.

o A= @[Qa q_l]‘

e A, :={f€Q(q)| f is regular at ¢ = oo}.
Definition 3.3.1. Let V be a Q(g)-vector space and = € {0,0,00}. An A, -lattice of V'
is a free A -submodule U, of V' such that Q(q) ®a, U, = V.

Let U,(g)a be the A-subalgebra of U,(g) generated by EZ-(”), Fi(”), Ky with 7 € I,
n € Zsg, h € P¥. Also, define U,(g)% to be the A-subalgebra generated by Ei(") (resp.,
R(")), icl,n€Zsy.

Next, we need Lusztig’s braid group action on U,(g).
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Proposition 3.3.2 ([L93, Chapter 37|). Let i € I and e € {1,—1}. Then, there exist
unique algebra automorphisms T; . and T}', on Uy(g) satisfying the following: Fori,j € I,
he PV,

/ _Kieﬂ if j =1,
,I;,e(Ej) = e er () o (s) oo .
—ERT ifj=1i
7}’,6(@) = _ r_—er (S) . ('f‘) . . .
AL if j =1,
Ty () = vrer () () L
—KiE: ifj=1i

T‘i”—e(F') = —er (7 s e .
, ’ Z'I“FS:—ai’j(_l)rq’i 'F;( )F]E( ) Zf.] # Z?
712'/76(Kh) = T’i/,/—e(Kh> = Ksi(h)'
Moreover, the families {1}, | i € I} and {1}, | i € I} satisfy the braid group relation,
i.e., we have fori # j €1,
T T, =T T T;, -+ (both sides have my; factors),
and similar relations for T}, ’s.

In the sequel, we set T; := T} ;. Thanks to the braid relation, for each reduced expression
w = s; -5, €W, the composite

T,:=T, T,
is well-defined.
Let wy € W denote the longest element, and fix a reduced word i = (iy, is,...,iy) for
wo (i.e., wg = S;, -+ - S; is a reduced expression). For each k =2,... N, set

Ig—1

(Eiy)-
Also, for each ¢ = (¢1,¢9,...,cn) € ZJZVO, set
B(ie) := B@)Y - B,

Example 3.3.3. Suppose that our Cartan datum is the sl3-type. In this case, there are
only two reduced words for wp; i; := (1,2,1) and iy := (2,1,2). We have

E(il)l = Ly, E(i1)2 = By By — qEnr By, E(i1>3 = [,

E(i2)1 = Ey, E(i2)2 = E1Ey — qEsEy, E(is)s; = E.
Note that E(iy)s and E(iz)s are not proportional, while they are in their classical limits.

Theorem 3.3.4 ([L90a, Proposition 2.3)). Let i = (i1,...,ix) be a reduced word for wy.
(1) B(i) :={E(i;c) | c € Z%,} is an A-basis of U,(g)4-

(2) The Ag-subspace L spanned by B(i) is independent of the choice of i.
(3) The image B of B(i) under the projection L — L/qL is a Q-basis of L/qL, and

it is independent of the choice of i.

Definition 3.3.5. We call B(i) and B the Poincaré-Birkhoff-Witt-type basis and the
crystal basis of U,(g)%, respectively.
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Theorem 3.3.6 ([L90a, Theorem 3.2]). The restriction of the projection w: L — L/qL
to the Q-subspace LN U,(g)k N L is an isomorphism of Q-vector spaces. In particular,
the inverse image B := w~Y(B) of the crystal basis B is an Ag-basis of L, an A-basis of
U,(9)%, and an A -basis of L.

Definition 3.3.7. B is called the canonical basis (or, lower global crystal basis) of U,(g) ™.

Let A € P,, and consider the irreducible highest weight module L(\) with highest
weight A. Fix a lowest weight vector vy,n) € L(A)wen)- Then, there exists a unique
bar-involution on L(A) fixing vy,(y)-

Theorem 3.3.8 ([LY0a, Theorem 8.10]). Let A € Py
(1) B(A) := {bvwy) | b € B} \ {0} is an A-basis of L(N)a := Uyg(8) auwo(n)-
(2) Let L(N) be the Ag-subspace of L(\) spanned by B(\). Then, the image B()\) of
B(X) under the projection L(\) — L(N)/qL(N) is a Q-basis of L(X)/qL(N).
(3) The restriction of w to the Q-subspace LNL(N\)aNL is an isomorphism of Q-vector
spaces, and it maps B(\) to B(\) bijectively.
Definition 3.3.9. B()) is called the canonical basis of L(\).

3.4. Crystal bases. Here, we introduce Kashiwara’s crystal bases for modules in Oj.
A key fact is that the subalgebra of U,(g) generated by E;, K;, F; is isomorphic to U, (sls)
for all i € I. Such a triple (F;, K;, F;) is called an sl,-triple.

Let M € Oiy. For each i € I and m € M, (A € P), there exist unique N € Z>,
my € Myika, NKer E; (k=0,1,..., N) such that

N
k=0

With this expression, we set

N N

= k— = k

Em = E Fi( l)mk, Fom = g Fi( +1)mk.
k=1 k=0

This defines linear maps E’i, E : M — M, called the Kashiwara operators on M. The
following is clear from the definition.

Proposition 3.4.1. The Kashiwara operators commute with the U,(g)-homomorphisms.

Definition 3.4.2. A crystal lattice of M is an Ay-lattice £ of M satisfying the following:
(1) L=@&D,cr Lr, where £, := LN M,.
(2) L is closed under the Kashiwara operators.

Let £ be a crystal lattice of M. Since the Kashiwara operators preserve L, it induces
Q-linear endomorphisms on £/qL; we denote them by the same symbols.

Definition 3.4.3. A crystal basis of M is a pair (£, B) of a crystal lattice £ of M and a
Q-basis B of L/qL satisfying the following:

(1) B = |l,ea By, where By:=Bn (L2/qLy).

(2) Ei(B) c BU{0} and F;(B) C BU{0} for alli € I.

(3) For each b,b' € B and i € I, one has f;b =V if and only if b = ¢;b'.
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Let (£, B) be a crystal basis of M. We define maps €; : B — Zxq, @; : B— Z>o (i € 1),
and wt : B — A by

ei(b) := max{k | EFb # 0}, ¢;(b) := max{k | F*b # 0}, wt(b) := X if b € By.

Remark 3.4.4. Let (£,B) be a crystal basis. Then, (B, Ei,ﬁ,wt) is a crystal of type
our Cartan datum. In what follows, we always regard B as a crystal. Historically, the
notion of crystals was introduced by axiomatizing the crystal bases.

Definition 3.4.5. Let M, M’ € O, and (L, B), (L', B’) crystal bases of M, M’, respec-
tively. We say (£, B) and (£, B') are isomorphic if there exists an isomorphism M — M’
of U,(g)-modules which restricts to an isomorphism £ — £’ of Ay-modules, and induces
a bijection B — B’ of sets.

Clearly, an isomorphism of crystal bases induces an isomorphism of crystals. The
following is the existence and uniqueness theorem for crystal bases of finite-dimensional
irreducible modules.

Theorem 3.4.6 ([K9T, Theorem 2]). Let A € Py, vy € L(\) a highest weight vector. Set
L(A) := SpanAO{ﬁ1 e film |l € Z>o, i1,...,0 € I},

B :={fi, -+ fivr+qLN) | | € Zso, in,... i € I} \ {0}

Then, (L(X\),B(\)) is a unique (up to isomorphism) crystal basis of L(\).

When our Cartan matrix is of type ABCD, there is a combinatorial realization of the
crystal bases of irreducible modules in Oy ([KNY4]). In particular, we have the following.

Theorem 3.4.7. When our Cartan datum is the sl,-type (in this case, Py is identified
with Par,_q; see Example T110), we have an unique isomorphism B(A) ~ SST,()\) of
crystals.

Remark 3.4.8. For A\, u € Par,, SST,,(\) ~ SST,, (1) if and only if \; — u; are constant
(see Proposition 62 (@)). Hence, it is convenient to set L(\) := L(\), L(A) := L(N),
B(X) := B(\), where

~

A= (= Ay X2 — Ay ooy At — An) € Pary_y .

The following is the existence and uniqueness theorem for crystal bases of modules in
Oint-
Theorem 3.4.9. Let M € Oyy. By the complete reducibility, we have M ~ @szl L(A)
for some A\i,..., Ay € Py.
(1) Let v : M — @y, L(\) be an isomorphism of U,(g)-modules. Then,

@) ()

1s a crystal basis of M.
(2) Let (L, B) be a crystal basis of M. Then, it is isomorphic to (EB;V:l L( M), |_|],€V:1 B()\k)>.

Remark 3.4.10. Suppose that our Cartan datum is the sl ,-type. Let M € Oy,
and (£, B) a crystal basis. Let U,(l) be the subalgebra of U,(g) generated by E;, F;, K},
i€ [l,m+n—1]\ {m}, h € PY. Then, (£,B) is a crystal basis of M regarded as a

U,()-module; the crystal structure is the same as Res;, 1"(B).
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3.5. Global crystal bases. In this subsection, we explain how to “globalize” crystal
bases in order to get genuine bases of modules, and recall basic properties of global
crystal bases.

Definition 3.5.1 ([K93a, Definition 2.1.2]). Let V' be a Q(g)-vector space, U, an A,-
lattice of V' for & € {0,0, 00}. The triple (Uy, U, U,,) is said to be balanced if the canonical
map

UNUNUyx — Uo/qUO; u»—>u+qUO
is an isomorhism of Q-vector spaces.

Let V' be a Q(q)-vector space with a balanced triple (Uy, U, Uy,). Take a Q-basis B of
Uos/qUy. Since we have an isomorphism G : Uy /qUy — Uy N U N Uy of Q-vector spaces,
which is the inverse of the canonical map UyNU N Uy — Uy/qUy, we obtain an A ,-basis
G(B) = {G(b) | b € B} of U, for each z € {0,0,00}. We call G(B) the global basis of V/
associated to the balanced triple (Uy, U, Uy, ) and the basis B.

Lemma 3.5.2. Let V,Uy,U,Us, B, G be as above. Tuke a subset B' C B and set U, to
be the A-span of G(B') := {G(b) | b € B'} for each x € {0,0,00}. Also, let V' be the
Q(q)-span of G(B'). Then, the following hold:

(1) (U}, U, U,) is a balanced triple with the global basis G(B').
(2) (Uy/U, UJU', Us JUL,) is a balanced triple with the global basis {G(b) + V' | b €
B\ B'}.

Let V' € O, and (L, B) its crystal basis. Suppose that V' admits a bar-involution.
Note that £ is an A -lattice of V.

Definition 3.5.3. Let V, L, B be as above. We say that V' has a global crystal basis if
there exists a Ua-submodule Va of V' which is an A-lattice forming a balanced triple
(L,Va, L). The associated global basis G/(B) is called a global crystal basis of V.

Example 3.5.4. Let A € P,. Then, the canonical basis B(\) of L()) is the global crystal
basis associated with the balanced triple (£()), L(A)a, £(X)). When we emphasize the
crystal structure of B(A), we call B(\) the global crystal basis of L(\), rather than the
canonical basis.

Let M € Oy be a U,(g)-module with a bar-involution, (£, B) a crystal basis of M,
and Ma a Ua-submodule of M. Suppose that M has a global crystal basis G(B) with
the associated balanced triple (£, Ma, L).

Proposition 3.5.5 ([K93a]). Leti € I, b€ B andm € Zsq. Then, we have the following.
D Son F'MA =@ yes AGW).

g (V)>m

2) Yo EVMA =@ yes AGY(Y).

(
(2)
Lpl(b’)>m
(3) FiGI(b) = [£:(b)+1]0, G (Fib)+Y" oV PGV for some ), € ¢ = Qlq].
£ >e;(b)+1
(4)

4) E;G(b) = [gpl(b)—i—l]diGﬂ(Eib)—l—Z yeB Eb,bGj(b’) for some sg,)b € qf ‘Pl(bl)(@[q].

Pi(t) > () +1
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For A € P,, set I\(M) to be the sum of submodules of M isomorphic to L(A). Also,
we set

WA(M) 1= Wen (M) /Wr(M).

Recall that B = |_|,]§V:1 By, By ~ B(\) for some Ay € Py. For b € B, set I(b) := Ay if
be B,.

Theorem 3.5.6 ([K93a], [L93]). Let M, L, B, Ma be as above. Then, for each A € Py,

the following hold:
(1) Wer(M) has a global crystal basis Wx(G(B)) := {G(b) | I(b) = A} with the asso-
ciated balanced triple (Wsx (L), Wx(Ma), Wir (L)), where Wiy (L) := Wer (M) N

L, and so on.

(2) Wex(M) has a global crystal basis W x(G(B)) := {G(b) | 1(b) = A} with the asso-
ciated balanced triple (W (L), Wix(Ma), Wo (L)), where W x(L) := Wy (M) N
L, and so on.

(3) WA(M) has a global crystal basis W(G(B)) = {G(b) + Wx(M) | I(b) = A}
with the associated balanced triple (W(L), Wx(Ma), Wi(L)), where Wy(L) :=
Wer(L)/Wea(L), and so on.

(4) There exists a U-module isomorphism & : L(A)¥™ — Wiy (M) which induces an
isomorphism

(L™, (LO)A)®™, L)) 2 (WA(£), Wa(Ma), WA(L)),
where my := dim Homy (L(X), M) denotes the multiplicity of L(\) in M.

Corollary 3.5.7. For each N € Py, the irreducible highest weight module L(\) has a
unique (up to a scalar multiple) global crystal basis.

3.6. Tensor product modules. The quantum group U,(g) has a coassociative Hopf
algebra structure with the structure maps defined as follows.

e The comultiplication A : U,(g) — U,(g) ® U,(g)
AB)=EK '+1®E, A(F)=Fe1+K,®F, AK,) =K,® K}
e The counit € : U,(g) — Q(q)
€e(E;) =0, €F;)=0, eK,=1
e The antipode S : U,(g) — U,(g).
S(E) = —EK;,, S(F)=-K7F, S(K)=K"
Given finitely many U,(g)-modules M, ..., M,,, one can consider the tensor product

module M; ® - -+ ® M, by means of A, which is well-defined by the coassociativity of A.

The following gives a representation theoretical meaning to the tensor product rule for
crystals.

Proposition 3.6.1 ([K91, Theorem 1]). Let M, M' € Oy, and (L,B), (L', B'") crystal
bases. Then, (L @a, L, B & B') is a crystal basis of M @ M'. (Note that B ® B’ is the
tensor product of crystals B, B'; see Definition [[-33)
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Example 3.6.2. Suppose that our Cartan datum is the sl,-type, and consider the vector
representation V; ie., V=@ Q(q)u;, on which U,(sl,) acts as follows;

5i -6
KZ'UJ' =q"*’

it+1,j uj?

Eiuj = di41,5u;,

Fiu]‘ = 5i,jui+1~
Set L := @., Aou;, and B := {u;+¢L | i € [1,n]}. Then, it is easily checked that (L, B)
is a crystal basis of V. Also, the assignment B — [1,n]; u; + ¢L + i is an isomorphism
of crystals. Consequently, we have an isomorphism

B® — [1,n]% uy, @ -+ @ uy, + gL = (iy, ..., iq)
of crystals.

Let M and N be U,(g)-modules with bar-involutions. Then, the involution (+— ® ™) on
M ® N is not a bar-involution on M ® N, in general. This is because Ao™ # (—® 7 )oA
on U,(g). The difference between these two maps is described by Lusztig’s quasi- R-matrix.

Theorem 3.6.3 ([L93, Theorem 4.1.2]). For each 1 € Q, there exists a unique O, €
Uq(9)} @ Ug(g)=,, satisfying the following.

(1) @ =1®1.

(2) Set © := > ©,. Then, we have

HEQ+
O- (T )oA(x)=AT) -0, foralxzecUyg).
Definition 3.6.4. We call O the quasi-R-matrix of U,(g).
By using the quasi- R-matrix ©, one can construct a bar-involution on M ® N.

Proposition 3.6.5 ([L93, Lemma 24.1.2]). Let M, N be U,(g)-modules in Oiy with bar-
involutions. Then, the automorphism ~ on M ® N defined by

men:=0(Mmen), meM neN
18 a bar-involution on the tensor product module M @ N.

Proposition 3.6.6. Let M, N be as before. Assume that M and N have global crystal
bases By and By whose underlying crystal basis are (Lyr, Byr) and (L, By), respectively.
Then, for each by € By; and by € By, there exists a unique by © by € M & N such that
b1<>b2 = b1<>bg and

b1 © by € by ® by + Z ay, by o0y @ by for some ay 0, 5, € qQg]-
b/leBM, bIQEBN
wt(b))>wt(b1), wt(by)<wt(b2)

In particular, By o By := {byoby | by € By, by € By} is a global crystal basis of M @ N
whose underlying crystal basis is (Ly @ Ly, By @ By).

Proof. This is because ©g = 1 ® 1, and ©,, € Uy(g),; ® U,(g)=, for all p € Q. O

Remark 3.6.7. The quasi- R-matrix O is also used to construct the universal R-matrix.



32 H. WATANABE

3.7. Classical limit. In this subsection, we briefly review technique to take a classical
limit. Set
A, :={f€Qlq)]| fis regular at ¢ = 1}.
For a,n € Z and h € P, set .
(Kn;n)a = Kng™ -1
q*—1

Let U,(g)a, be the A;-subalgebra of U,(g) generated by E;, F;, ¢ € I and (K};0),
h € PY. Then, U,(g)a, ®a, Q becomes a Q-algebra, where Q is equipped with an A;-
algebra structure via the homomorphism A; — Q; f(q) — f(1).

Theorem 3.7.1 ([HKO2, Theorem 3.4.9]). There exists a unique isomorphism Uy (g) a, ®a,
Q — Ugl(g) of Hopf algebras that sends E; @ 1, F; @ 1, (K;0)1 @1 to e, fi, h, respectively
forallieI, he PV,

Definition 3.7.2. Let B be a Q(g)-subspace of U,(g). The classical limit of B is the
subspace (B NUy(g)a,) ®a, Q of Ug(g).

4. QUANTUM SYMMETRIC PAIRS

In this section, we “quantize” symmetric pairs to obtain quantum symmetric pairs. In
Subsection B, we define quantum symmetric pairs following [BWIRa]. In Subsection
A2, we define the intertwiners (or, the quasi- K-matrices). They are used to construct the
bar-involution of U’-modules, and 2-canonical bases. In Subsection E=3, we construct the
Poincaré-Birkhoff-Witt-type basis of U’. This kind of basis was first considered in [W17]
in type AIII/AIV.

4.1. Coideal subalgebra U". Let (I,,7) be an admissible pair. The Lie algebra involu-
tion 7 on g(A) induces a Q(g)-algebra involution 7, on U,(g) in an obvious way;
T(](Ei) = ET(i)7 Tq(Fi) = FT(i)7 Tq(Kh) = KF(h% (AS Ia h e PY.
Set
0, =Ty, oT,0ow € Aut(U,(g)).

Definition 4.1.1 ([BWIRa, Definition 3.5]). Let (; € +¢%, x; € Z[q,q7 ] for i € I, be
such that

(1) k; = 0 unless 7(i) = 14, (h;,a;) = 0 for all j € I,, and (hy, ;) € 2Z for all k € I,

such that 7(k) = k and (hy, ;) =0 for all j € .
(3) G = Groy if (0(i), ;) = 0.
\" o — hi,Q o TWe(Orj

(4) GiGrgpy = (—1)@reilg; (h2pertialard),
The algebra U* with parameters (;, k;, @ € I, is the Q(g)-subalgebra of U,(g) generated
by the following elements:

Ei + CiTw. (FT(z))Kz_l + KiKz‘_:l? (XS [O> Ei7Fi7 (S IO) Kh7 h € sz'
For each i € I, set

B JE+ Gl (Fra) Kt + ki K ifi € I,
O E if i € I.,.

Remark 4.1.2. When (I,,7) = (I,—wy), the U" is nothing but U,(g). Hence, the
quantum symmetric pairs are thought of as generalizations of the quantum groups.
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Remark 4.1.3. The algebra U® is a quantum analog of Ug(g®), i.e., the classical limit
of U" is isomorphic to Ug(g’) (see Theorem B3 below). However, U® is not isomorphic
to the quantum group U,(g’), whose classical limit is also isomorphic to Ug(g?). A
unified construction of such a coideal was first given by Letzter [Le99]. Later, Kolb
[KoTd] generalized her construction to arbitrary Kac-Moody algebra (not necessarily of
finite type). In Kolb’s construction, the parameters (;, k; can be chosen more freely. The
constraints for (;, k; in Bao-Wang’s definition are needed to guarantee the existence of the
bar-involution on U* (see Lemma B8 below).

Lemma 4.1.4 ([Le99, Cor 4.2]). The algebra U* is a right coideal of U,(g), that is, we
have

A(U") c U @ U,(g).
Consequently, for a U*-module M and U,(g)-modules Ny, ..., N, the tensor product M &
Ny ® ---® N; has a well-defined U*-module structure via A.

Theorem 4.1.5 ([Le99, Theorem 4.8]). If Gilg=1 = s(Lo, T) (7)), then U is a subalgebra
of U whose classical limit is Ug(g?), and it is mazimal with this property.

The following gives a presentation of U" by generators and relations which resembles
that of quantum groups.

Theorem 4.1.6 ([Kol4, Theorem 7.1]). Let B be the free Q(q)-algebra generated by F;,
i € I, By, i € I, and K, h € PY. Let Il : B — U" be the algebra surjection which
sends F;, B;, K}, to F;, B;, K. Then, there exist C;; € B, 1,7 € I such that KerIl s the
two-sided ideal of B generated by the following elements:

Ky—1,

KhKh’ — Kthh/ h, h/ € Plv,

KyFK_ — g™ F heP' icl,

KyBK_p —¢"™™ B, heP' iel,

K, — K1
,FiBj—BjE—F(Si’j—_ll iEI., jEI,
17ai’j
S (-1 FEORFETT it el
s=0
170,2"]' 1
- aq/ ] —a; i—S8 . .
XX—W{ ﬂ BiB;B, "~y i#jel
o

S
s=0

(3

Remark 4.1.7. It is known that C;; =0if ¢ ¢ {j,7(¢),7(j)}. Also, Kolb computed C; ;
explicitly for ¢,j with a;; = 0, —1, —2. Recently, more explicit expressions in /, = case

U* has also the bar-involution.

Lemma 4.1.8 ([BWIRa, Lemma 3.15]). There exists a unique Q-algebra automorphism
= on U* that sends E;, B;, Ky, q to E;, B;, K_j,,q ", respectively for all j € I,, i € I,
h € PY. We call this automorphism the bar-involution on U".

Definition 4.1.9. Let M be a U-module. A Q-linear automorphism ~ on M is said to
be a bar-involution on M if =2 = id,;, and zm = zm for all z € U* and m € M.
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4.2. Intertwiners. The bar-involution on U" is not the restriction of the bar-involution
on U,(g). When a confusion is possible, we denote by ¢ the one on U,(g), and by 9"
on U'. Accordingly, we call a bar-involution of a U,(g)-module a w-involution, and a
bar-involution of a U-module a 1-involution. The difference between these two bar-
involutions are described by the intertwiner (also known as the quasi- K-matrix) Y.

Theorem 4.2.1 ([BWIRa, Theorem 4.8], see also [BaKol5h, Theorem 6.10]). For each
v € Q4, there exists a unique Y, € U,(g), satisfying the following:

v

(1) To=1.
(2) Set T =3, o Tu. Then, we have
Y (z)Y = T(x) for all x € U
Moreover, T, = 0 unless 0(v) = —v.

By using T, one can make a ¢-involution into a ’-involution.

Proposition 4.2.2. Let M be a U,(g)-module in O with a -involution. Then, T o ™
s a Y'-involution on a U'-module M .

Also, by combining the quasi-R-matrix ©, one can make a v'-involution from a -
involution and a *-involution. To explain this, set

0" :=A(T)oBo (YT '®1).
Then, we have the following.

Proposition 4.2.3. Let M be a U'-module with a ¢*-involution, and N a U,(g)-module
with a Y-involution. Then, the automorphism — on M & N defined by

men:=0"(MmMen), meM, neN
18 a Y'-involution on the U'-module M & N.

Remark 4.2.4. Given two U,(g)-modules M, N with bar-involutions, there are two ways
to construct a bar-involution on the U-module M ® N; one is to apply Proposition B222
to M ® N after applying Proposition B63 to M, N, the other one is to apply Proposition
23 to M, N after applying Proposition 222 to M. Clearly, these two constructions
coincide.

Theorem 4.2.5 ([BWIRa, Theorem 5.7]). Let M € Oy be a Uy(g)-module with a global
crystal basis B and a ¥-involution ;. Let ¢y, := T oy Then, for each b € B, there
exists a unique b* € M such that ¥}, (b*) = b" and

b' e b+ Z ay b’ for some ay 5, € qQ|q].

b'eB
wt(b')>wt(b) and wt*(b')=wt*(b)

In particular, B* := {b" | b € B} is an 1-canonical basis of M.
Definition 4.2.6. We call B* the 2-canonical basis of M associated with B.

Definition 4.2.7. Let M be a finite-dimensional U’-module with a given Q(g)-basis B".
Suppose that M = @,.p, M,, where M, := {m € M | Kym = ¢""*)m for all h € P}.
The pair (M, B*) is called a based U*-module if the following hold:

(1) B* = |,cp, By, where B}, := B*'N M,.

(2) The A-submodule Ma of M generated by B* is a U -submodule of M.

(3) M has a t'-involution.
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(4) Let £ be the Ag-submodule of M generated by B*. Then, the image of B* under
the canonical map £ — L£/qL forms a Q-basis of L/qL.

Theorem 4.2.8 ([BWWIR, Theorem 4]). Let (M, B") be a based U'-module, and N a
U,(g)-module with a global crystal basis B. Let ¥, y denote the '-involution of M @ N
constructed as in Proposition [[.2.3. Then, for each by € B* and by € B, there exists a
unique by 0, by € M @ N such that ¢§\47N(b1 0, by) = by 0, by and

b1 o, by € b1 @by + Z Ay gy 0,00 @ Uy for some ayy 4 4, € qQ[g].
bieB", byeB
wt(bh)>wt(b2)
In particular, if we set B* o, B := {b; ¢, by | by € B", by € B}, then (M ® N,B*<, B) is a
based U'-module.

Definition 4.2.9. We call B* ¢, B the -canonical basis of the tensor product module
M ® N associated with B, B.

4.3. PBW-basis of U’. In this subsection, we construct a Poincaré-Birkhoff-Witt type
basis of U*. First, we give a filtration on U* by setting

deg(F;) = deg(K,) =0, deg(Bj)=1, i€l, he P’ jel

Then, U’ becomes a filtered algebra; if we set U! , m € Z>( to be the subspace spanned
by xy---xy, x1,...,0 € {F;, Ky, B}, > deg(zx) < m}, then we have U, := 0 C
U, cUj C-,and U,U,, C U, .. Hence, one can consider its graded algebra
grU = Y~ U’ /U’ _,, and the canonical isomorphism gr : U* — grU" of vector
spaces.

For J = (j1,...,Jn) € I", set E; := E; ---E; . Clearly, {E; | J € U,_,I"} spans
U,(g)*. Then, one can take a subset J of |-, I" in a way such that {E; | J € J} forms
a basis of Ug(g)*. For J = (j1,...,jn) € T, set

BJ I:le"'Bjn, Wt(J) ::aj1+---+ajn.
Note that K, B;K_; = ¢V B; for all h € P¥ and J € J.

Proposition 4.3.1 ([KoT4, Proposition 6.2]). Let U, denote the subspace of U* spanned
by By, J € J. Then, {B; | J € J} is a basis of U';, and the multiplication map

U, @ U @ U(g.)” - U
is an isomorphism of vector spaces, where U? :=U* N U,(g)°.

Now, we are able to say more about C; ;s in Theorem ET8. In fact, [Kol4, Theorem
7.1] also states that

H(CZ‘J‘) € Z BJUZ’OUq(g.)_.
JeJ
wt(J)<(1—a;,j)o+oy
Proposition 4.3.2. There exists a unique algebra homomorphism U,(g)™ — gr U which
sends E; to Bj, j € I. Moreover, it induces an isomorphism p : Uy(g)" — gr(U").

Proof. By the defining relation of U, it is easy to verify the existence of the desired
surjection Uy(g)* — gr U’, and that its image is gr(U?;). Let p : Uy(g)* — gr(U?;) be the
algebra surjection which sends E; to Bj, j € I. Recall that U,(g)" and U’ have bases
{E;|JeJ}and {B;|J e J}, respectively. Then, the composite gr—'op sends E; to
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By, J € J. This implies that gr—' op : Uy(g)* — U is an isomorphism of vector spaces,
and hence, so is p = grogr~!op. This proves the proposition. O

Leti= (i1,...,in) € IV be areduced word for the longest element wy, € W. Recall that
we have constructed the root vectors E(i)x, k = 1,..., N, and the PBW basis {E(i;c) |
c € ZY,} of U,(g)". Applying the Q(¢)-algebra involution w to this PBW basis, we obtain
a PBW basis {F(i;c) := w(E(i;c)) | c € ZY,} of U,(g)~. Set B(i;c) := gr ' op(E(i; c)).

Theorem 4.3.3. Leti € IV and i, € I™* be reduced words for wy € W and w, € W,,
respectively. Then,

{B(i;c)K,F(ia;ca) | c € Zgo, he P’ c,c ng;,}

s a basis of U".

5. KAZHDAN-LUSZTIG BASES

In this section, we formulate variants of the Kazhdan-Lusztig bases following [KL7Y],
[DeoR7], and [LO3]. Throughout this section, we fix a generalized Cartan matrix A. Let
W = (s; | i € I) denote the Weyl group. In Subsection B, we introduce the Hecke
algebra of W with unequal parameters, and some involutions on it. After formulating
the Kazhdan-Lusztig bases in Subsection b=, we use them to recall the notion of left cell
representations of W in Subsection b23. A combinatorial description of the left cells in
type B with particular parameters will be important for us. In Subsection b4, we define a
nondegenerate symmetric bilinear form on the Hecke algebra. Finally, in Subsection b3,
we consider a parabolic analog of the constructions above.

5.1. Hecke algebras with unequal parameters. Let [' be an abelian group with a
total order < that is compatible with the group structure; if g7 < g¢o, then we have
gg1 < ggo for all g € T'. Set

I't:={gel]|g>1}
Fix a map I — I' U{1}; ¢ — ¢; such that ¢; = ¢; whenever s; and s; are W-conjugate.
Such a map is called a weight function.

Example 5.1.1. (1) Let A be the indecomposable Cartan matrix whose Dynkin di-
agram is of type Ay_1 (see Figure M in [IM). As we have seen earlier, the Weyl
group is the symmetric group &4 = (s1,...,S4-1). Let ¢ be an indeterminate, and
[':={¢" | n € Z"} equipped with the total order defined by

" <q"ifn < m.
Then, we have
Zl] =Zlg,q"], Z[["]=qZlg), Z[7]=q'Z[g""].

The map {1,...,d—1} =TT U{1};i— ¢ is a weight function.

(2) Let A be the indecomposable Cartan matrix whose Dynkin diagram is of type
By (see Figure M in IIT). As we have seen earlier, the Weyl group is the group
Wy = (s0,81,...,84-1). Let p,q be indeterminates, and I' := {p*¢' | k,I € Z"}
equipped with the total order defined by

PP <p ¢ itk <k or (k=K and 1<)

Then, we have

ZIN) =Zlp.p ' q.q7 "], Z[TY] =pZlp,q.q 1®qZlq), Z[L7|=p 'Zp ' q,q |Bg ' Zg .
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The map {0,1,...,d — 1} = ' U {1};7 > ¢ defined by

] if i =0,
= q ifi#0
is a weight function.

Definition 5.1.2. The Hecke algebra H = H(W, {q; }icr) of W associated with the weight
function i — ¢; is the associative algebra over Z[I'] generated by {H; | i € I} subject to
the following relations:

o (Hi—q ") (H;+q)=0forallicl.

e HiH;H,;---= H;H;H,--- (both sides have m, ; factors) for all i # j € I.

For each w € W with a reduced expression w = s;, ---s;,, the product H;, --- H;, is
independent of the choice of a reduced expression of w; we denote it by H,. Similarly,
Qw ‘= i, - - @i, is well-defined.

The ring Z[I'] is equipped with a Z-linear automorphism ~ which sends ¢ to g~ for all
g € T. Let U,V be modules over Z[I']. We say a Z-linear map f : U — V is anti-linear if
it satisfies f(au) = af(u) for all a € Z[I'] and u € U. In the sequel, we will often use the
following automorphisms on H, all of which are involutions.

Lemma 5.1.3.

(1) There exists a unique anti-linear algebra automorphism —~ of H such that H, =
H;El. We call it the bar-involution on H.

(2) There exists a unique anti-linear algebra automorphism sgn of H such that sgn(H,,) =
(-1 H,. Here, {: W — Z=q denotes the length function on W.

(3) There exists a unique Z[']-algebra anti-automorphism (-)° of H such that H’, =
Hy-1.

Moreover, all of these automorphisms commute with each other.
For y,w € W, define r,,, € Z[I'| by
H, = Z Tywly.
yeW
It is well-known and easily proved that 7, ,, = 1 for all w € W and r;,, = 0 unless y < w.

5.2. Kazhdan-Lusztig bases. Let us formulate the Kazhdan-Lusztig basis and the dual
Kazhdan-Lusztig basis.

Theorem 5.2.1 ([KL.7Y9, Theorem 1.1], [LO3, Theorem 5.2]). For each w € W, there
exists a unique C,, € H such that

(1) Cy = Cy.
(2) Cop=Hy+>_, ., cyuwlly for some c,,, € Z[I'']. Here, < denotes the Bruhat order
on W.

Remark 5.2.2. Set I'” := {g € I' | g < 1}. Note that we have Z[I'*] = Z[I'"]. Replacing
Z[I't] with Z[I'"], we see the following: For each w € W, there exists a unique D,, € H
such that

(1) Dy = Dy

(2) Dy, = H, + Z
Remark 5.2.3. Noting that the automorphisms ~ and sgn commute with each other, it
is easy to verify that D, = (—1)“") sgn(C,).

dy.wH, for some d,,, € Z[I'"].

y<w
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It is obvious from the definitions that both {C,, | w € W} and {D,, | w € W} form
Z[I']-bases of H. We call the former the Kazhdan-Lusztig basis, and the latter the dual
Kazhdan-Lusztig basis of H.

5.3. Left cell representations. Let us recall from [KL79] the notion of left cells of W
and the associated left cell representations by means of Kazhdan-Lusztig bases.
Definition 5.3.1. Let y,w € W.

(1) y = w if the coefficient of C, in C,,C,, expanded in the Kazhdan-Lusztig basis
is nonzero for some ¢ € [.

2) y <p w if there exist y = yo,y1, ...,y = w € W such that y;_1 — y;.

3) y?wifyngandngy.

)

)

set of left cells of W.
(6) For X, Y € L(W), X < Y if x <; y for some (equivalently, all) z € X,y € Y.

Remark 5.3.2. By Remark b273, we obtain the same equivalence relation as ~ if we

replace C,’s by D,,’s.
For each X € L(W) and x € X, set

Cex = P A2C,. Cox = P AZC,, C% =C<,x/Cc,x.

y<rx y<LT
L
D, x = P AzD,, Do, x= P AzD,, D% =D x/D.x.
y<Lx y<rw

Note that these are independent of the choice of z € X. We denote the image of
m € C<, x (resp., m € D<, x) under the quotient map C<,x — C% (resp., D<,x — D%)
by [m]x (resp., [m]).

Lemma 5.3.3. Let X € L(W). Then, C<,x, C<,x, D<,x, and D, x are left ideals
of H, and consequently, C% and D% are left H-modules. Moreover, C% has a basis
{[Ce]x | * € X}, while D% has a basis {[D,] | * € X}.

Proof. The assertions are obvious from the definitions. U

We call C% the left cell representation of H associated with X € L(W). Also, we call
the bases {[C,]x | € X } and {[D,]'y | # € X} the Kazhdan-Lusztig basis of C% and
the dual Kazhdan-Lusztig basis of D%, respectively.

In general, it is difficult to describe the left cells explicitly. However, when our Hecke
algebra is associated with a weight function in Example b1, a combinatorial description
of the left cells is known.

Proposition 5.3.4. (1) Suppose that our Hecke algebra is associated with the weight
function given in Example I3 (). Let x,y € &,. Then, x and y are in the

same left cell of &4 if and only if Q(z) = Q(y).
(2) Suppose that our Hecke algebra is associated with the weight function given in
Ezample BC12 (B). Let z,w € Wy. Then, z and w are in the same left cell of W,

if and only if (Q(2), @7 (2)) = (@~ (w), Q" (w)).
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Proof. (1) is found in [BB0O5, Theorem 6.5.1]. Let us prove (2). Let y € W, and write
y(i) =€y (6 € {+, -}, yi € {1,...,d}). Let iy <--- <y, j1 <--- < j besuchthat ¢, =
+ if and only if i = i, for some m, and ¢; = — if and only if ¢ = j, for some n. Set A~ (y)
to be the insertion tableau of (y;,,...,y;,), B~ (y) the recording tableau of (y;,,...,y;,) in
letters (j1,...,51), AT (y) := P™(y), and B*(y) := @ (y). Then, by [BI0O3, Theorem 7.7],
z and w are in the same left cell of W, if and only if (B*(z), B~ (2)) = (Bt (w), B~ (w)).
Hence, it suffices to show that we have (B*(z), B (2)) = (B*(w), B~ (w)) if and only
if (Q(2),Q7(2)) = (@ (w),QT(w)). However, it is clear that A~ (y) = —P~(y), and
hence, B~ (y) = Q@ (y). This proves the assertion.

U

Remark 5.3.5. Suppose that our Hecke algebra is associated with the weight function
given in Example 611 (2). Let X € L(W,) and y € X. By Proposition 634 (2), the
bitableau (Q~ (y), @1 (y)) depends only on X, not on each y € X. We call it the bitableau
of X, and denote by Q(X). Also, we denote by sh(X) the shape of Q(X).

5.4. Bilinear form on #H. Let H* := Homyr(#H,Z[I']). H* has a left H-module struc-
ture given by

(Hf)(H') = f(H’H'), forall feH* H H €#H.

Let {h, | w € W} C H* be the dual basis of { H,, | w € W}, that is, they are characterized
by hy(Hy) = 6y, for all y,w € W.

Lemma 5.4.1. For each w € W and i € I, the following holds.

H;h, = hsz'w » wa < s;w,
how + (¢ — Gi) P if s;iw < w.
Proof. For each y € W, we compute as

(Hsihu)(Hy) = o (Hs Hy)

B hy(Hs,y) if s;y > v,
ho(Hsyy + (¢ — @) Hy) if s;y <y

1 if s;y >y and s;y = w,
)1 if s;y <y and s;y = w,
et —w if s;y <y and y = w,

0 otherwise
) hsw(Hy) if s;w > w,
a (hspw + <Qi_1 — ¢;)hy)(Hy) if s,w < w.

This implies

Hih, — g » %f siw > w,
hsiw + (Qi - Qi)hw if S;w < w.

Thus, the proof completes. O

There exists an anti-linear automorphism = of H* defined by f(H) = f(H) for f € H*,
HeH.



40 H. WATANABE
Lemma 5.4.2. For each w € W, we have

I = Towyly-
y2w

In particular, h_wo = hy,, where wy € W denotes the longest element.

Proof. Let y € W. Then, we have

E(Hy) = hw(Fy) = hw(z Tz,sz> = T,y

z<y

Since hy, = D yew hw(H,)h,, the assertion follows. O

Let {C* | w € W} C H* denote the dual basis of {C,, | w € W}.

Proposition 5.4.3. C7 is characterized by the following two conditions:

(1) TG =Cs,
(2) Cp = hw + ., Ch 2l for some ¢, € Z[TF].

Z>wW TW,2

Proof. Thanks to Lemma B4, one can prove that there exists a unique C!, € H* such
that C}, = C;, and C,, — hy, € ,-,, Z['"|h, in a similar way to Theorem 5Z1. Hence,
it suffices to show that C7;, satisfies the two conditions.

The first condition is verified as follows. For each y € W, we have

C_;Z(Cy) = C{Z(Uy) = C;Z(Cy) = 6y,w = 5y,w = C:;(Cy)'

Since {C, | y € W} is a basis of H, we obtain C¥ = C.
Next, we prove the second condition. For each y € W, we can write H, = C, +
Y sey b2y O for some b, , € Z[I'"]. Then, we have

Co =Y Co(H)hy=hy+ > buyhy,

yeWw y>w

This completes the proof. O
‘H and H*, and their bar-involutions are related as follows.

Lemma 5.4.4. The linear map d : H — H*; H — H - hy, gives an isomorphism of left
H-modules. Moreover, we have

(1) d(Hy) = hyw, for ally € W.
(2) d(H) = d(H) for all H € H.

Proof. By Lemma b2, the linear map ¢ : H — H*; H, — h, is an isomorphism of
left H-modules. On the other hand, the map ¢ : H - H; H — H - H,, is clearly an
isomorphism of left H-modules. Thus, the composite map d := o) : H — H* is an
isomorphism of left H-modules satisfying

d(H)=¢(H-Hy,,)=H-¢(H,,)=H-h,, forall HeH.
Also, we have, for all y € W,
d(Fy) = QD(Fy Hy,) = SO(Hy_Jl cHy-1Hywy) = 0(Hywy) = Py,
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Finally, for each H, H' € H, we have
ACH)(H') = (H - hy ) (') = by ()" H')

U

A(HY(H') = d(H)(H') = hey(H'H') = Ty, (ﬁH) .
Then, the equality d(H) = d(H) follows from the facts that hy, = hy, and (ﬁ)b — H":
the former is proved in Lemma B4, and the latter is in Lemma bT3. U
Using this isomorphism, we define a bilinear form (- | -) on H by
(H|HY:=dH')(H), (HH €H).
Clearly, this bilinear form satisfies (H' | HH") = (H’H' | H") for all H, H', H" € H.
Lemma 5.4.5. The bilinear from (- | -) is symmetric.

Proof. Let Hy,Hy € H. 1t suffices to show that hy,(H3H1) = hy,(H]H>). Since H), =
H,,, it holds that h,(H”) = hy,(H) for all H € H. Then, the assertion follows from an
casy equation (H5H,)" = H}H,. O

The next proposition justifies the name “dual Kazhdan-Lusztig basis”.

Proposition 5.4.6. The bases {Cy, | w € W} and {Dyw, | w € W} are dual to each
other with respect to (- | -), that is, we have (Cy | Dy) = 6yww, for all y,w € W.

Proof. Recall that D,, = Zy<w dy.wH, with dy,,, = 1 and d,,, € Z[I'"] for all y < w.
Then, we have B

d(Dy) = d(D,,) = d(D,),
d(Dw) = d(D_W) = d(z dy wH Z dy 'why'wo = Z dzwo,whz-
y<w y<w z>wwo
This and Proposition 643 show that d(D,,) = C;,, . Hence, it holds that (C, | D,,) =
Crtso (Cy) = 0y wwy, Which proves the proposition. O

Next, we aim to describe the duality between C%’s and D%’s.

Lemma 5.4.7. Let y,w € W, X € L(W). Then, the following hold.

(1) y = w if and only if wwy — 1 ywo.
(2) y <p w if and only if wwy < ywy.
(3) Xwg :={zwy |z € X} € L(W).

Proof. We first prove part (1). Suppose that y —, w. Then, there exists i € I such
that (Cs,Cy | Dyw,) # 0. This implies that (Cy, | Cs,Dyw,) # 0, and hence, we obtain
wwy — 1, ywy. Replacing y, w by ywgy, wwy, we also have the opposite indication. This
proves part (1). Assertion (2) is an immediate consequence of (1). We prove part (3).
Let x € X. Then, X = {y e W | x <y y < x}. By part (2), we have v <, y < z if
and only if xwy < ywy <y zwy. This implies that Xwy = {z € W | 2wy <1 z <1 zwy},
and it is a unique left cell of W containing zwg. Thus, the proof completes. U

Lemma 5.4.8. The bilinear from (- | -) induces a non-degenerate bilinear form on C% x
D%.,- Moreover, {[Cy]x | x € X} and {[Daw,)xu, | © € X} form bases which are dual to
each other.
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Proof. Let z € X, y,w € W be such that y <, x and wwy <p zwy. It suffices to show
that (Cy | Dy,) = 0 for all u <;, zw and (C,, | Dyw,) = 0 for all v <, z. Both are obvious
from Lemma 6277 (2). O

Proposition 5.4.9. Let X € L(W). Then, we have an isomorphism D%, ~ C% of

H-modules.

Proof. 1t suffices to show that the characters chpy —of D%, and cher of C% coincide
v

with each other. For each w € W, we compute as

ChC)L( (Hu) = Z(Hw[ca:]X | [wao]/Xwo>

zeX

- <[C:C]X | wal[Dzwo]/Xwo>

= ChD)L(wO (Hw—1) = ChDiwo (Hw)
Thus, the proof completes. 0

5.5. Parabolic Kazhdan-Lusztig bases. Throughout this subsection, we fix a subset
J C I such that the parabolic subgroup W of W generated by {s; | j € J} is finite. Let
JIW denote the set of minimal length coset representatives for W;\W, and w; € W, the
longest element. Also, we set

Ty = qu, Y Gy Hu €H.
weW
Lemma 5.5.1. Let j € J. Then, the following hold.
(].) ZL’JH]‘ = qj_lxj.
(3) x; = Cy,. In particular, T; = x .

Proof. The assertion (1) follows from a direct calculation and the fact that W; = {w €
Wy lw < s;whuU{w e W, | sjw < w}. The assertion (2) follows from the definition of
x; and the facts that W; = {w™ | w € W}, and ¢, = ¢, for all w € W. The proof of

(3) can be found in [X94, Proposition 1.17 (2)]. O
By Lemma 51 (1), the right ideal z;H of H has a basis {x;H,, | w € 7W}. Also, by
Lemma b5 (3), z;H is closed under the involution . Hence, we can construct analogs

of the Kazhdan-Lusztig basis and the dual Kazhdan-Lusztig basis of H in the ideal z;H:

Theorem 5.5.2. [Deof7, Proposition 3.2]

(1) For each w € "W, there exists a unique 'C,, € x;H such that
(a) /Cy,, =7C,.
(b) 'Cow = x5(Hw + 3 yerw ey wH,y) for some 'c,,, € Z[T].
y<w

(2) For each w € W, there exists a unique ’D,, € x;H such that
(a) 7Dy, = 7D,
(b) "Dy = x5(Hy + Y crw ?dywHy) for some 7d,,, € Z[T'~].
y<w
Clearly, {/C,, | w € W} and {/D,, | w € W} are linear bases of x;H. We call
them the parabolic Kazhdan-Lusztig basis and the dual parabolic Kazhdan-Lusztig basis
of x;H, respectively. The following two propositions tell us how parabolic versions and
usual ones relate to each other.
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Proposition 5.5.3. [Dea87, Proposition 3.4] Let w € 7W. Then, 'C\y = Cy -
Proposition 5.5.4. Let w € “W. Then, 'D,, = x;D,,.

Proof. For each y € W, define y; € W; and 7y € W to be the unique elements satisfying
y=y; y and €(y) = €(y;) + £(’y). Then, we have

$Jl)w :Zﬂl]ji:(%hw]¥y

y<w

=2y (Ho+ ) dy,wHyJHJy>

y<w

=x5 | Hy +qu1d HJ> (by Lemma 55 (1))

y<w

=2y | Ho+ > Y ¢ 'duyuH,

ye cJW xeW;
y<w TY<w

This shows that x;D,, —x;H, € @yerw Z[l ™|z, H,. Hence, by Theorem b2 (2), x;D,,
y<w

coincides with 7 D,,. O
For a later use, let us consider x;C, and x;D, for general y € W.

Proposition 5.5.5. Let y € W. Then, we have
x;Cy = Z ! Cy,

wel W
wjw<Ly

for some ., € Z[I'].
Proof. Let us write
z;Cy = Z a,’Cy = Z yCy e  for some o, € Z[T].
welW weW

Also, by the definition of <;, we can write

2,Cy= > B.C. for some f. € Z[T.

2<ry

This shows a,, = 0 unless w w <g, ¥. O

Lemma 5.5.6. [L03, Theorem 6.6 (b)] Let w € W and i € I be such that s;w < w. Then,
it holds that H;D,, = —q;D,,.

Proposition 5.5.7. Let y € W\ W. Then, z;D, = 0.

Proof. Since y ¢ 'W, there exists j € J such that s;y < y. For such j, we have x;H; =
—x; (Lemma b5 (1)) and H;D, = —¢; D, (Lemma b58). Hence, we obtain

xyDy, = qix;H;D, = —q?;zuDy
which implies z;D, = 0, as desired. 0
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Set Py = qu, Y pew, %~ € Z[I']. Note that, by Lemma 551 (1), it holds that x5 =
Pjyx ;. Then, for each H, H' € H, we have
(x;H | 2;H'Y = (22H | H') = P;(H | H') € P;Z[T;
here, we use Lemma 551 (2). Hence, we can define a Z[I']-valued bilinear form (- | -);
on /M by |}y = 5|

—P_J

Proposition 5.5.8. The basis {'C,, | w € "W} and {'Dy,uwy, | w € "W} are dual
to each other with respect to (- | -);, that is, we have ('Cy | "Dy)s = 6w ww, for all
y,w e W,

Proof. Let y,w € 7W. We compute as follows:

1
<JCy ’ JDw>J = F<JCy | JDw>

J
1

= E(ijy | 2;D,) (by Proposition B553 and b))

= (Cu,y | Dw) (since Cy,, =7C, € 2;H)

= 0w, ywwo = Oywyuww, (DY Proposition b48).

This proves the proposition. 0

6. GENERALIZED ¢-SCHUR ALGEBRAS

In this section, we introduce variants of the ¢g-Schur algebra as the centralizer algebra of
a right H-module. In Subsection B, we define a right H-module T(7) and its centralizer
algebra S(7), and then list their fundamental properties. In Subsection B2, we upgrade
the left cell representations to the S(m) setting. In Subsection B3, we describe the relations
between the left cell representations of H and those of S(7).

6.1. Fundamental properties. We follow ideas in [DDPWO0R, Chapter 9.1]. Let 7 be
a finite index set. Suppose that we are given a map 7 — {J | J C I and W is finite}.
We denote by I, the image of A € m under this map. For each A € 7, we abbreviate Wy,
Wr,, L1y, etc. to W)\, Wy, Ty, etc..

Definition 6.1.1. Associated with 7, we define a right H-module T(7) := @, ©AH,
and its centralizer algebra S(7) := Endy(T(7)); we let S(7) act on T(7) from the left.

It is obvious that T(rm) has two bases {*C, | A € 7, w € *W} and {*D,, | A €
7, w € *W}; we call them the Kazhdan-Lusztig basis and dual Kazhdan-Lusztig basis,
respectively.

For each m = ), .. my € T(n) with my € 2\H, we define m € T(7) to be >, . .
Also, for each f € S(7), define f € S(r) by f(m) = f(m) for all m € T(r). This gives
anti-linear automorphisms ~ on T(7) and S(7).

For each \ € 7, define p, € S(7) to be the composite

pr: T(7) — 2 \H — T(m)

of the projection and the inclusion. Clearly, {py | A € 7} is a family of orthogonal
idempotents with » . px = idr(r. Hence, we have a decomposition

S(m) = @ PAS(T)pu,  paS(m)p, = Homy (2, H, xyH).

A UET
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Take f € Homy/(x,H, x\H) arbitrarily. Since z,H is generated (as a right H-module) by
x,, the f is determined by f(z,) € xyH. Let us write

flz,) = Z wp(f)eaH,,  for some ¢y, € Z[I.
weAW
Lemma 6.1.2. Let w € *W and j € I, be such that w < ws;. Then, we have
C)\,w,/t(f) = Qjck,wsj-,u(f)'

Consequently, we have

f(xu) = Z Z qgch,w,u(f)xz\wa

werWr yeW,
wyerWw

and hence, f is determined by (cxw,(f))werws € Z[TTW", where "W := AW n (FIV) L,
Proof. We have
qj’lf(il?u) = f(z.H;)

= f(z,)H;

= Z CA,w,,u(f)x)\(stj' + (q]—l - Qj)Hw) + Z C/\,w,,u(f>x)\st]~
werW werW
ws;<w ws;>w

= Z (C/\,wsj',u(f) + (q]—l - Qj)c)\,w,,u(f))x)\Hw + Z C)\,ij,u<f)x)\Hw'
werW werW
ws; <w ws;>w

Comparing the coefficients of x) H,,, we obtain the assertion. O

Conversely, given (cxuw,u)werwn € Z[T]"" there exists a unique g € Homy (z,H, 2\ H)
such that ¢y .,(9) = cxw, for all w € *WH. Thus, we obtain an Z[[']-linear isomorphism
between Z[T']"" and Homy, (z,H, 23 H). We need the following result about the elements
of AWK,

Lemma 6.1.3 ([DDPWOR, Theorem 4.18]). Let A\, u € 7. For each x € *WH, there exists
a unique J, C I such that W _ is finite, and the multiplication map

Wy x {z} x =W, = WyaW,; (u,2,v) = uzv
is a bijection, where =W, := *WNW,. Moreover, we have {(uzv) = {(u)+{(z)+L(v) for
allu e Wy and v € JzWu. Also, J, is characterized by the equality W;, =z 'Wyxz N W,.

For \,n € 7w and x € *W*, define &, ., € Homy (2, H, x\H) to be the one corresponding
t0 (Op e )werwn € Z[TT ™", where 2/ € W, is the longest element in "W, (J, is as in
Lemma BT73). Then, the next proposition is clear.

Proposition 6.1.4. { ., | A, u € m, @ € *WF} forms a basis of S().
For each \, pu € m, x € *W*, set

Mz = Quyza! Z q;lHu) - x)\Hm Z Qx’qv_le-

weW zW, velz W,

Lemma 6.1.5. Let \,u € 7, x € *W*.
(]‘) 77&,1,“ = Nu,z=1 )~
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_ _ 1 _ 1
Enaepu(Tp) = Mgy = B, apu T = BrUA " TInapue

Exen = Exens where e denotes the identity element of W.

(1) By the definition of 2/, we have y := wyxz' is the longest element in W zW,,.
Also, it is easily checked that the map W — W, w + w™! gives a bijection
WiaW,, — W,a~'W,. Since this bijection preserves the length, y~! is the longest
element in W,z~'W,. Then, we compute ngh‘w as follows:

n;,xu =Gy Z q;le_l =Gy Z q;lew = Qy—1 Z Q;le = Npz=1 -

(2)

weWyzW, weW,z—1 W)y wEW,z =1 W)y
By the definition of &, , ,, we have
2 : -1
5A,x,u(xu> = dx'qy x)\ny

yeWy,
zye W

= Z Z Qx'qyflqwkqngmy (by the definition of x})

yEWN z€Wy
zye W

= Z QwAQI%c’Q;le = M\z,u-
weWxzW),

This proves the first equation. Next, we have

Map Ty = gk,x,u(xi) = P,uf)\,ac,u(xu) = P,un)\,m,/u
which implies the second equality. Finally, the third equality follows from the fact
that M = g)\,m,u(xu> € o\H.
It suffices to check that &y, .(2,) = &reu(zy) for all v € m. Only the non-trivial
case is when v = pu. Since we have

5/\76#(%&) = 5&6,#(‘@#) = Meps

the problem is reduced to proving that 7, ., is fixed under the involution . One
can write

Mo = O Quslety Ho =122 Y qugy ' Hy,.

wEW\W,, yerW,

On the other hand, we have
ATy = AT, NI, Z C]e’qy_lHy = Prn1,%x Z Qe’qy_lHy-

yerw, yerw,
Hence, we obtain
1
Men = mm)\xm
which is invariant under ~~. Thus, the proof completes.

O

The anti-automorphism on S() induced from the one b on T(7) has the following good
compatibility with the basis {&x ., }-

Proposition 6.1.6. The linear map b : S(m) — S(7); Exep — Eua—1x defines an Z[I-
algebra anti-automorphism on S(r).
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Proof. We have to verify that (5A7m7ﬂ~§,{7y,y)b =&yt nupryforall \ v,k and z € *WH,
y € "W". Since the both sides are equal to zero unless k = 1, we may assume that kK = p.
Let us write

(4) Enap Euyr = Z c:€rz,  for some ¢, € Z[I].

2EAWY
Applying the both sides to z, € T(x), by Lemma B3 (2), we obtain
1
(5) Frr])\,x,,unu,y,u = Z CMzv-
H A
zerWH

To prove the assertion, we compute as follows:

1
Evy—1 §M7x—17/\(1’)\> = I Moy Mzt 0 (by Lemma B3 (2))
i

1
= (—P Mz m,%y)b (by Lemma B3 (1))
"

= ( Z 0277,\%#)b (by equation (B))

zeAWY

= 3 cmna (by Lemma T3 (1)
zeAWY

= Z c:€y 10 (2)) (by Lemma B3 (2))
zeAWY

= (Enap g,u,y,l/)b(xk) (by equation (H)).
This shows that &,,-1., - £ua-1x = (Exep - Euyw)’s and hence, the proof completes. OJ
Recall the bilinear form (- | -}y = (- | )1, on 2\H defined in Section BA.

Proposition 6.1.7. Let A\, € 7, m € x\H, and n € x,H. Then, for each w € *WH, we
have

(M| Exwn ()2 = (E (M) | 7).

Proof. We compute as follows:

(1| €)= - | Enmal)

1
— PP, (m | Mxw ) (by Lemma B3 (2))
1
= Tﬂ(n%w_l,,\m | n) (by Lemma BT3 (1))
1
= (G a(m) [ m)  (by Lemma 613 (2)
m
= (& o (m) | 7).
This proves the proposition. 0

Define a bilinear form (- | -)r on T(7) by (m | n); := dr,(m | n), for all A\, p € ,
m e x H, n €z, H.
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Corollary 6.1.8. The two bases {*Cy, | A € m, w € *W} and {*Dyyww, | A € 7, w €
AW} of T(w) are dual to each other with respect to the bilinear form (- | -).. Moreover,
for allm,n € T(r) and x € S(x), we have (m | xn), = (x°m | n)x.

6.2. Cell representations Let X € L(W) and z € X. Set

Cont) =@ @ 2P Dol = @ 7P

AET werW AET werW
w xw< T w< T
Cox(m) =D D 2z Deyx(m) =D D 2D
AET werW AET we W
w w< T w<LT
O)L((Tr) = OSLX (W)/O<LX (71—)7 Dgl( (7T> = DSLX (W)/D<LX(7T>'

, Note that these objects are independent of the choice of x € X. We denote the image
of m € C<,x(m) (resp., D<,x(m)) under the quotient map C<, x(7) — C%(m) (resp.,
D<,x(m) = D%(m)) by [m]x (resp., [m]).,
Proposition 6.2.1. Let X € L(W).

(1) C<, x(m) is a S(m)-submodule of T (7).

(2) C., x(m) is a S(m)-submodule of T (7).

(3) CL(m) is a left S(w)-module having a basis {[*Cylx | X € m, w € W NwyX}.

Here, wyX :={wyx | z € X}.

Proof. We will prove only (1) since the proof of (2) is similar to that of (1), and (3) follows
from (1) and (2). Fix z € X. In order to show that C<, x(7) is a S(m)-submodule, it
suffices to verify that &y, ,/C, € C<,x(m) for all \,u € 7, y € *WH, and w € "W such
that w,w <p z. By Proposition b53 and Lemma GT3 (2), we have

1
12 — —
5/\4/# Cw - €>‘7y7u/cw,uw - P /’7)\7y7/'1‘0w;4w'
1%

Also, by Lemma 613 (2), we have ny,, = &y..(2,) € 22H; one can write 0y, , = o H
for some H € H. Then, HC,,, is a linear combination of C’w/, w' < waw(<y x).
Hence, by Proposition B33, 2y HCy,, 1s a linear Combination of C » for w” € "W with
waw” <p w'(<p x). Therefore, we have &3y, Clw = 5 My Copw € C’<LX( ). However,
since &y Cu € TaH = D.cnyy Z[I'C:, we conclude that f,\,y,u“C € C<, x(m). This
completes the proof. O

Similarly, one can prove the following: D<, x(m) and D, x(m) are S(7)-submodules,
and D% (7) is a left S(7)-module having a basis {*D,]x | A € 7, w € "W N X}.

6.3. Functor F,. Let F : H-mod — S(7)-mod be the functor from the category H-mod
of finite-dimensional H-modules to the category S(m)-mod of finite-dimensional S(r)-
modules defined by

Fr(M) = T(m) @3 M.
Since T(7) ~ @, ., vaH () as right H( )-modules, we have

) @I)\M

AET

Let X € L(W) and consider F,(C<, x). For each A € 7, the subspace x)C<, x is the
subspace of x\H spanned by x,Cy, w <, = for some x € X. Hence, it is spanned by
4 Cyp, w € *W for some a, € Z[I'|\ {0}. This proves that Q(I') ®zr) Fr(C<,x) =
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C<, x(m) as S(m)-modules, where C<, x(7) := Q(I') ®zir) C<, x(7), and so on. Similarly,
we obtain the following.

Proposition 6.3.1. Let X € L(W).
(1) Q') @z F«(C<,x) ~ Ccpx(m).
(2) Q') @z Fx(Ccpx) ~ Copx(m).
( ) ( <X ) = D<LX(7T)
( ) (D<LX)ND<LX( )

Let H := Q(T') ®zrj H. By Proposition 529, we have D%~ C% as a left H-module.
This proves the following;:

Proposition 6.3.2. Let X € L(W). Then, we have an isomorphism D%, (m) ~ C% ()
of S(m)-modules.
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Part 2. g-Schur duality

In this part, we apply the general theory developed so far, and show that the quantum
symmetric pairs of type AIII/AIV with no black nodes and the Hecke algebra of type B
with unequal parameters satisfy the quantum Schur duality. This result was obtained in
[BWWTG|, generalizing the equal parameter version in [BWT3] and the type D setting in
[B17]. In Subsection [, we define the quantum symmetric pair (U, U’) as a particular
quantum symmetric pair introduced in Section B. In Subsection [, we state the first
half of the main results here, namely, the double centralizer property of U’ and H. After
studying the relations of U’ and the generalized g-Schur algebra in detail in Subsection
[3, we state the second half of the main results, that is, the coincidence of the +-canonical
basis and the Kazhdan-Lusztig basis in Subsection 4. Subsections Bl to B4 are the
counterparts of the above for the other quantum symmetric pair (U, U").

7. (U, H)-DUALITY

Let W = Wy = (so,81,-..,84-1) be the Weyl group of type By, and consider the
Hecke algebra H associated with the datum given in Example B0 (2). Set Az :=

Zlp,p~t,q,q7"], and H := Q(p, q) @a, H.

7.1. Quantum symmetric pair (U, U’). Throughout this subsection, fix r,d € Z,.
Set I:=[—r,r], I:=[L,r].

Let (P, PY,II, 11V, (-,-)) be the root datum of sly,,;-type constructed in Example [1I-2
(). Here, we replace I with I, and the index set of the standard basis of R™ with [—r, r].
Then, the quantum group U,(sly,41) associated with this Cartan datum is generated by
E, F, K icl

Set U = Ugi1 = Q(p, q¢) ®q(q) Uy(sl2r41). The bar-involution on Uy(sly11) can be
extended on U by setting p := p~L.

Next, let us consider the quantum symmetric pair U’ associated with the admissible
pair given in Example ZZT-8. If we choose parameters appropriately, we have

Ey+p 'FL K if i =1,
Bi=< E.1+pK_{Fy ifi=—1,
Ei+ F_K;' if i # +1.

Set

[FaE B@’ fz = B*Z’ kz = KlK:zl, 1 el
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Then, U7 is the subalgebra of U generated by e;, f;, k', i € I7, and the defining relations
become

kiki'=1=k 'k,

kik; = k;k;,

kiejki_l = q<hi_h*i’ai>ej,

kifiky t =gt g

eie; —eje; =0=fifi— fifi, li—jl>1,

ePe; —eiejeitesel) =0=f0f; = fififi+ 17 li—il=1,

P fi—erfrer + frel” = —er(pgky +p g R,

f1(2)€1 — fierfi + €1f1(2) = —(pgkr +p~'q k) fu

Proposition 7.1.1. There exists a unique Q(p, q)-algebra anti-automorphism o on U’
that sends e;, fi, ki to p~0i1q o fik ! poiiqe;ks, ki, respectively for all i € IV,

Proof. Recall the anti-automorphism g on U from Lemma B3 (@). By restricting it to
U’, we obtain the desired anti-automorphism on U. O

Proposition 7.1.2. There exists a unique Q(p, q)-algebra anti-automorphism o’ on U’
that sends e;, fi, k; to fi, e;, k;, respectively for all i € T7.

Proof. Clear from the presentation above. U

7.2. (U7, H)-duality. Let V denote the natural representation of U. Namely, it is a
(2r+1)-dimensional Q(p, ¢)-vector space with a basis u_,, ..., u_1, ug, u1, . . ., u, equipped
with a U-module structure defined by

i1 =6
Kiuj =q Wuj,
Ein = 52-7jui_1,

Féuj = 5i_17jui
This U-module V has a unique bar-involution fixing each u_,,...,u,. Then, the d-th
tensor product V¥ of V is equipped with a U-module structure, and a bar-involution,

which is constructed from the one on V by means of the quasi- R-matrix ©.
Let Z := [—r,7]? denote the set of all sequences (i1, ...,i4). Fori= (i1,...,iq) € Z, set

Ui = Uy @ @ Uy, e vl
Then, V& has a basis {u; | i € Z}.
Recall that the Weyl group W of type By acts naturally on Z; for (iy,...,i4) € Z and
jelld-1],

(’i17 . ,id) S0 = (—’i17i2, e ,id>,

(ila N ,id) * 85 = (?:1, N 7ij—17ij+17ij7ij+2a e 7id)-
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This action can be lifted to the action of H on V®? as follows; for i = (iy,...,i4) € Z and
j € [17 d— 1]7
'p_lui, if 1 =0,
uj - Hy := Ui-sq if 11 > 0,
| Ui + (p~! = p)us, if i, <0,
(¢ s, if 45 = ij11,
Ui + Hj =K Ui.s 5 if ij < ij+1,
\ui-sj- —+ (qil — q)ui, if ’ij > Z'j+1.

and H-module structure on V¢ by ® and U, respectively. Then, these two actions form
double centralizer;

®(UY) = Endg(V®?), V(H) = Endy, (V)P
7.3. Surjection &. As a right H-module, V®¢ decomposes as
Vel =PV, Vi=uH,

ieZ
where Z := {(i1,...,1q) €Z|0 <y <--- <iz}. It is straightforward to verify that for
each i € Z,, we have

VP4~ 2 H,
where I; := {j € [0,d — 1] | i-s; = i}. Here, set @ = {A = (Xo,..., \,) € Z}
Sr_oXi = d}. Note that the map A — iy := (0*,...,7*) gives a bijection m — Z;
here, we abbreviate the sequence (k, ..., k) of [ copies of k to k!. Then, by considering
the map A — I;,, we obtain an isomorphism of right H-modules

n: V&~ T(x?); us,h v 2zh (i€ 7, h € H).

Y

Combining this isomorphism, we obtain the surjection
¢€: U’ — Endg(T(7?)) = S(7?); 2 = no®(z)on .

In this subsection, we describe this surjection explicitly.
For i € I7, define two maps €, f; : 7 — 77 LU {0}, where 0 denotes a formal symbol, as
follows. For \ € 77, we set

S Aoy s MmN+ L — L A, .o, ) if \; >0,
o if \; =0,

and

Fx= (Aos s Aicos i = LA+ 1, Ay, -, ) if i1 >0,
o if \;_; = 0.

Recall that S(n?) has a basis {{ ., | \,pu € 77, € *W*H}. By convention, we set
Enep =0 A=0o0r p=0.

Proposition 7.3.1. Leti € I7. Then, we have

E(e;) = Z Gnens  E(fi) = Z EFnen

Aemd PNt
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Proof. We prove only the statement for fi; the proofs for f;, ¢ # 1 and for e; are similar.
It suffices to show that

E(f1)(zr) = &7 enl@)
for all \ € n7.
Recall the comultiplication A of U; we have

d d
A(d—l)(EZ> Zl®k 1®E®(K )®d ko Ald= 1(E) ZK;&d—k@)Fi@l@k—l'

k=1 k=1
Then, we compute as

frug, = (PK:;lFL + E_1)ui,

0
-1 _A o—k
=pq q° E G0 M Ugro—k 1 0k—1 1M pAr

Ao

E Ao—k
+ q 0 uokfl,—l,oko_k,l)‘l,...,7‘)‘7
k=1

pg” 129/\0 Uz H/\o 1 Hyg— k-1

Ao
n Z qu—kuﬁ(/\)HAO_l o H HoH, - H, 4
k=1

Ao
= pg2Po=D) Z q_k+1ufl()\)H>\o—1 o Hyg— o)
k=1

2(XAo—1) Zp—l —(Xo+k— 2 1(>\)H>\0_1"‘HlHOHl"'Hk—l'

On the other hand, we have
éfl)\,e,)\(x)\) = nfl)\’e,)\ Z 4y’ qv 1;,
UEfl/\Wx
where 2’ is the longest element of J?l)‘W,\. It is easy to see that

AW = {s30-1" " Sao—(e1) | K= 1,0, Ao U {8rg—1 - 818081+ 81 | K =1,..., Ao},

2(M0—1)

and hence, ¢, = pq . Therefore, we have

§(f)xa) = nlfius) = fflx,e,,\(%),
as desired. This completes the proof. O
From this result, we see the compatibility of automorphisms on U? and S(77).
Corollary 7.3.2. Let x € U?. Then, we have
§o(@) = &), (@) = ().

Proof. Tt suffices to prove the assertions for z € {e;, fi, k7' | i € P}. When z = ¢;, f;, it
follows from Proposition 8310 When x = k™', it is easily verified by a direct calculation.
O
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Corollary 7.3.3. There ezists a nondegenerate bilinear form (- | -) on V¥ such that
(zu | v) = (u | o’(z)v)

for all x € U? and u,v € V=1,

Proof. The bilinear form defined by

(ulv) = () [9(V)m (u,0€ V)
is clearly nondegenerate. Moreover, for each z € U’ and u,v € V&, we have
(zu [ v) = (n(zu) | n(v))w
() (n(w)) [ n(v))ms
n(u) | €@@) (0(0)))m
n(w) [ £(0?(2))(n(v)))ms
(

This proves the corollary. 0

7.4. 1-canonical basis of V®¢ and KL-bases. It is easy to see that the basis B; :=
{u_y,...,u,} of V is the canonical basis of V. Hence, we can construct the canonical
basis B := B{? of the tensor product module V&,

On the other hand, as we have seen in the previous subsection, we have an isomorphism
n: V& ~ T(77) of right H-modules. Hence, V®? has another basis; the parabolic KL-
basis {n71(*Cy) | A € 7, w € *W}.

Theorem 7.4.1. The 1-canonical basis B and the parabolic KL-basis {n~'(*C,) | X €
™, w €W} of V¥ coincide with each other.

Proof. By definitions of the :-canonical basis and the parabolic KL-basis, it suffices to
show that the bar-involution 1 on the tensor product module V®9 is compatible with
the bar-involution = on T(7") under 7, namely no* = = on. " is characterized by the
following two conditions:

(1) ¥*(uy) = uy for all A € 77

(2) Y (xuy) = Y"(x)uy for all A € 77 and x € U,
Hence, in order to show that no* =~ on, it is enough to verify that n=t o~ n(uy) = uy,
and 77t o = on(auy) = Yauy for all A € 77 and x € U, The first one follows from the

fact that n(uy) = x, is bar-invariant. The second one is an immediate consequence of
Corollary [372. U

In what follows, we identify V®¢ with T(7?) via the isomorphism 7 regarding not only
the module structures but also the bar-involutions, and the skew-invariant forms.

8. (U',’H)-DUALITY

8.1. Quantum symmetric pair (U, U"). Throughout this subsection, fix r,d € Z.
Set I:= [—r,r], I':=[1,71].

Let (P, PY,II, 11V, (-,)) be the root datum of sly,,o-type constructed in Example 12
(m). Here, we replace I with I, and the index set of the standard basis of R™ with
[—r+ 1,7 + 1]. Then, the quantum group U,(sly,;2) associated with this Cartan datum
is generated by E;, F;, Kiﬂ, 1€l
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Set U = Usgq2 = Q(p, q) ®q(q) Ug(slar12). The bar-involution on U,(sly12) can be
extended on U by setting p := p~ 1.

Next, let us consider the quantum symmetric pair U* associated with the admissible
pair given in Example ZZTR. If we choose parameters appropriately, we have

Ei+F K ! if i # 0,
Bi = 1.1 e -
P K, ifi=0.

q9—q-

Ey + qFo Kyt + =2

Set
t:= By, ¢;:= By, fi:=B_, kj:= KK} icl.

Then, U* is the subalgebra of U generated by ¢, e,, f;, k! i € I*, and the defining relations
become -

kikit=1=k 'k,
kitk; ' =1t
kielkgl = q<hi_h""a'7>el,
kifiky ' =g heeeide,
eiej —eje; =0=fifi — fifi, |i—jl>1,
et —te; =0= fit—tf;, 1#1,
ele; —eiesei+ese’ = 0= [0 f; = fififi+ LE li—dl =1,
ef)t —e;te; + tef) =0= ff)t — fitfi + tff), li — 7] > 1,
t(2)el —teit + elt(g) = ey,
tDfr —tfit + ft® = fu.
Proposition 8.1.1. There exists a unique Q(p, q)-algebra anti-automorphism o on U
that sends t,e;, fi, ki tot, qfik:;l, qeiki, ki, respectively for all i € I'.
Proposition 8.1.2. There exists a unique Q(p, q)-algebra anti-automorphism o on U’

that sends t,e;, fi, k; tot, fi, ei, ki, respectively for all v € I.

8.2. (U',’H)-duality. Let V denote the natural representation of U. Namely, it is a
(2r+2)-dimensional Q(p, q)-vector space with a basis u_,41,...,u_1,u1, ..., u,41 equipped
with a U-module structure defined by

Kiuj = q‘;i’j_‘si“’juj,

Ezul = 5i+17ju£-,

Eul = 51'7]‘11,@.
This U-module V has a unique bar-involution fixing %_,41,...,u,41. Then, the d-th
tensor product V¥ of V is equipped with a U-module structure, and a bar-involution,
which is constructed from the one on V by means of the quasi- R-matrix © (see Lemma
Let Z := [—r + 1,7 + 1]¢ denote the set of all sequences (i1, .. .,i4). Fori= (i1,...,iq) €
Z, set

Ui 1= Ujy @+ @ Uy, e ved,
Then, V¥ has a basis {u; | i € Z}.
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Recall that the Weyl group W of type By acts naturally on Z; for (i,...,i4) € Z and
j € [17 d— 1]7

(’il, Ce ,id) +Sp = (—’il,iz, c. ,id),
(ila N ;id) * 85 = (ila N 7ij—17ij+laij7ij+2; Ce ,id).
This action can be lifted to the action of H on V® as follows; for i = (iy,...,iq) € Z and
j S [17 d— 1]7
Utan, iti >0,
ui- Hy:=¢ . .
Ui s + (p - p)uiu if 1 < 07
qilui, if ’ij = Z'j+1,
Uj - Hj =9 Uis,, if ij < ij+1,
Ui.sj -+ (q_l — q)ui, if ’ij > ij+1.

Theorem 8.2.1 ([BWWI6, Lem 2.6]). Let us denote the structure map of U'-module
and H-module structure on V& by ® and U, respectively. Then, these two actions form
a double centralizer;

®(U") = Endg(V®%), ¥(H) = Endy. (V&P

8.3. Surjection ¢. As a right H-module, V®¢ decomposes as

where Z := {(i1,...,iq) €Z|0 <4y <--- <1i4}. It is straightforward to verify that for
each i € Z,, we have

Vi~ zxH,
where ; ;= {j € [1,d —1] | i-s; = i}. Here, set 7 := {\ = (Ar,..., A1) € ZL}'
ZTH \; = d}. Note that the map A + iy := (1,..., 7 + 1*+1) gives a bijection 7 — T,.

=1
Then, by considering the map A — I;,, we obtain an isomorphism of right H-modules

A0
n: V&~ T(n"); u,h b (i€’ h € H).
Combining this isomorphism, we obtain the surjection
¢:U" = Endyg(T(7") = S(7*); 2 = no®(z)on .

In this subsection, we describe this surjection explicitly.
For i € I', define two maps ¢;, f; : 7 — 7 U {0}, where 0 denotes a formal symbol, as
follows. For A € 7', we set

Sy (A A A+ L A — L Ay, .o, Avp) if Aip1 >0,
v 1f )\z’+1 == 0,
and
J’(,V)\ o ()\1,...,)\1'_1,)\7;—1,)\i+1+1,/\i+2,...,)\r+1) if )\1>07
o if \; = 0.

Recall that S(7") has a basis {&y., | A\,u € 7, & € *WH}. By convention, we set
Sap=0if A=0o0r u=0.
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Proposition 8.3.1. Leti € I'. Then, we have
Ele) = anens )= Enen:
Aemt remt

Proof. We prove only the statement for f;; the proof for e; is similar. It suffices to show
that

UAICIVERTIWINCIY)

for all A € 7.
Recall the comultiplication A of U; we have for j € T,

d
AUD(E) = 3 KEH o F 156D,
k=1

Then, we compute as follows:

= Fiuy
Ai
_ Xi—k
T 2T U a1 k1 gk
k=1
A
=uz Ak H - H
= Upa q A= 14I0 ;—2 Ai—(k—1)5
k=1

where )\1’,; = )\1 + )\2 + -+ >\z
On the other hand, we have

—1
§ﬁ)\7e,)\(x)\) = nﬁk,e,)\ = xﬁ Z qz'qy Hv?
’UEfiAWA

where 2’ is the longest element in fi)‘W)\. It is easy to see that
TAW, = {sam180-2 Saa—i-1) | K =1, . A}

and hence, ¢,y = ¢*~!. Therefore, we have

s
Ef)() = nlfan) = 5, > ¢ Ha i Hyy o Hay 1) = €y o (22),
k=1
as desired. This completes the proof. [l

Proposition 8.3.2. We have £(t) = >, . (5,\7509\4—(]’\12’:2:{,\,67,\). Moreover, £(t) = £(t).

Proof. 1t suffices to show that

o1
EB) () = (Eraon + qu; f;lae,n(u)

for all \ € 7",
Recall the comultiplication A of U; we have for j € I,

d
A(d71)<Ej) _ Z 1®(k=1) Q Ej ® (Kjfl)@(dfk).

k=1
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Then, we compute as

_ IR L
tuy = (Eo + oKy + —— Ky )ua
q—q!
R
= Eyuy + q)‘lp—p_lu,\
q—dq
< p—p~
= Z q)\l_kulk—17_1’1)\17k72)\27“‘ + qkl—_lu,\
o1 - o q—4q
“ p—p~!
= (Y TFHH, - Hyy o+ ).
1 q—4q
On the other hand, we have
A1—1
Enson(T2) = asor = 22 (D> ¢ FHHy - Hy),
k=0

and
fA,e,,\(x,\) = TMxe X = T
Thus, we obtain

1
E(t)(zx) = n(tuy) = (Exsor + quz 5_1&,6,,\)(%)’

which proves first equation of the proposition.

In order to prove the second equation, it suffices to show that x ,\(221:_01 M RHGH, -

- :i) is bar-invariant. By induction on k, one can verify that
q9—q

k—1
exHoHy - Hy = xy(HoHy - Ho+ Y ¢ g — ¢ Y HoHy -+ Hi+ (p—p ")d).
=0

Then,
A1—1
Tx Y M VRHoHy - Hy
k=0
A—1 k—1
— Z —A\+1+k HoH: - H k—1-1 _ —1HHH T R
=y ) 4 oHy - Hy+ Y ¢ q—q ) HoHy---Hi+(p—p')g
k=0 =0

Hi+

— w A -1
=) (Z (q—/\1+1+l + Z q—A1+1+qu—1—l(q _ q_l))HoHl - H+ Z (p _ p—l)q—/\1+1+2k>
k=0

=1 k=141

A1—1 -1
1o g P P
= 1) (Z " HoHy o Hy (g0 l)m)
=1

Hence, it follows that xx(zzlgl MV RHGH, - - Hy+gh %) is bar-invariant, as desired.

This completes the proof.
Corollary 8.3.3. Let x € U*. Then, we have

E(o'(x) =€(x),  E(¥'(x)) = E(a).

O
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Corollary 8.3.4. There ezists a nondegenerate bilinear form (- | -) on V®? such that
(zu | v) = (u | o' (z)v)
for all x € U* and u,v € V¥,

8.4. 1-canonical basis of V®? and KL-bases. It is easy to see that the basis B; :=
{u—rg1, ... u_1,uy, ..., upp1} of V is the canonical basis of V. Hence, we can construct
the canonical basis B := B{? of the tensor product module V&,

On the other hand, as we have seen in the previous subsection, we have an isomorphism
n : V& ~ T(n*) of right H-modules. Hence, V®? has another basis; the parabolic KL-
basis {n~1(*Cy,) | A € 7', w € "W},

Theorem 8.4.1. The 1-canonical basis B and the parabolic KL-basis {n~1(*C,) | A €
', w € W} of V4 coincide with each other.

In what follows, we identify V¥ with T(7?) via the isomorphism 7 regarding not only
the module structures but also the bar-involutions, and the skew-invariant forms.
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Part 3. Representation theory of U’

The aim of this part is to develop highest weight theory and crystal basis theory for
UY. The results here are contained in [WT7] and [WTS].

9. BASICS OF THE QUANTUM SYMMETRIC PAIR (U, UY)

The aim of this section is to formulate what we will study in this part. In Subsection B,
we decompose U’ into three parts by means of PBW-type basis constructed in Subsection
A=3. This decomposition leads us to the highest weight theory for U’. In Subsection B2,
we define analogs of Verma modules and irreducible highest weight modules.

9.1. Triangular decomposition of U’. Recall that &, = {e; —¢; | —r < i < j <r}
denotes the set of positive roots of ® of U with respect to the simple roots IT = {¢; —€;41 |
—r < i <r}. We decompose @ into three parts as:

Q=P oUDy LDy,

O :={e—€;|i+j <0},
Q)= {e; —¢; | i+ 75 =0},
Do :={e—¢;|i+j >0}

For example, when r = 3, the positive roots are displayed as follows:

(_3’3)
/N
(—3,2) (—2,3)
SN N
(=3,1) (—2,2) (—1,3)
SN N SN
(—3,0) (—2,1) (—1,2) (0,3)
SN N SN SN
(—=3,-1) (—2,0) (—1,1) (0,2) (1,3)
N NN N SN
(=3,-2)  (=2,-1) (—1,0) (0,1) (1,2) (2,3).

Here, (i, j) represents €; —¢;. Then, the roots in @ lie on the vertical line through (-3, 3),
those in ®_g on the left to the line, and those in &+ on the right.
Here, we recall the notion of reflection orders (or convex orders).

Definition 9.1.1. A total order < on @, is said to be a reflection order if it satisfies
the following: for each o, € &, and a,b € Ry, if aa + 08 € &, and o < [, then
a<ax+bs < p.

Proposition 9.1.2 ([D93, Proposition 2.13]). Let W (I) denote the Weyl group associated
with our Cartan datum. Let i = (i1,...,in) be a reduced word for wy € W(I). Set
a(i)g == 84y -+ si,_,(ag,). Then, the total order < on @, defined by a(i)y < --- < a(i)n
1s a reflection order. Moreover, this correspondence gives a bijection between the set of
reduced words for wy € W (L) and the set of reflection orders on ®.
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Lemma 9.1.3. There exists a reflection order < on ®, such that
(6) q)<0 =< (I)Q =< (P>0.
Here, for subsets A,B C ®,, A < B means that « < 3 for all« € A and f € B.

Proof. Tt suffices to construct such a reflection order. For simplicity, we write (i, j) instead
of ¢ —¢; for i < j. We decompose Py into ®.o_ = {(3,5) € Po | 7 < 0} and
Qo4 = {(i,7) € Py | j > 0}. Similarly, we set ®5o_ := {(i,j) € ®>o | ¢ < 0} and
D4 :={(i,j) € ®>o | i > 0}. Let us define a total order < on & by:

(1) @co- < Pgy < g < Do < q’>0,+;

(2) for (i,7), (i, j") € o, (4,7) < (¢,j") if and only if i < ¢’ or (i =4 and j < j');
(3) for (¢,7), (i, 7") € ®eo, (4,5) < (¢, ') if and only if j < jlor(j=j andi<i);
(4) for (i,7), (i, 5") € ®o, (i,7) < (¢ ,]’) fand only if j < j';

(5) for (4,7), (¢, ’) € b, (i,7) < (¢,7") if and only if i < ¢’ or (i =4 and j < j');
(6) for (i,7), (¥, 7") € ®so+, (4,7) < (7, ") if and only if j < j' or (j = j" and i <').

Then, < is a reflection order on ®, satistying &y < &y < P-g; the proof is straightfor-
ward. 0
Example 9.1.4. When r = 3, this total order is given as follows:

3,-2) < (-3,-1) < (=3,0) < (—2,—-1) < (=2,0) < (—=1,0)

3,1) < (=2,1) < (-3,2)
<(=1,1) < (=2,2) < (-3,3)
<(—2,3 1,3
1

=<(0,

(=
<(=
(=
( ) ) ( 17 2) = (_ ) )
) <(0,2) < (1,2) < (0,3) < (1,3) < (2,3).
Fix a reflection order < satisfying condition (B) in Lemma BT3. Let i be the reduced
word for wy € W(I) corresponding to =< under the bijection of Proposition T2, We set

E; ;= E(i); for —r <i < j <r, where k is such that ¢, —¢; = s;, - - - 5;,_, (v, ). For each
i,j, define B ; := gr~' op(E;;), and set

f*j,*i = E;] lf Z +] < O, h = E/

—1 Z’

eiji=E; ifi+j5>0.

Remark 9.1.5. By the construction, the classical limit of £; ; becomes a scalar multiple

of Bytit1,4j41 for all —=r <i < j <r (see Example 218 (I)).

Theorem 9.1.6. The ordered monomials (Hi+j<0 fff/_z) (Hz(h;)bl) (Hl L kld) (Hi+j>0 effj’-j),
a; j,bi, cij € Z>o, d;i € Z form a linear basis of U’.

Let us compute some of the root vectors. By [LSY1, Lemma 1] (with a slight modifica-
tion), we have

Eivj =B Bl if (i = 1,4) < (4, 9),
Eijr1=[Ej, Bl i (4,7) < (5,7 +1).
In particular, it holds that
Ea=[E,E ], E iyin = [[E@> E_i i, E—ﬂh for1<i<r-—1.
Thus, we obtain

(7) h/1 = [e1, fil1, h;‘+1 = [[€i+17h;]1>fi+1}1-
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This shows that the hl’s are independent of the choice of a reflection order < satisfying
condition (B) in Lemma BT3.

Let U, (resp., U}, UL,) denote the subspace of U’ spanned by all ordered monomials
in f_;_; (vesp., hi,e; ;). Then, we have an isomorphism of vector spaces

U ~U,Q (Ug) 0% vao) RuL,

We call this linear isomorphism the triangular decomposition of U7 associated with the
reflection order <, and U’ (resp., U} @ U?°, U’,)) the negative part (resp., Cartan part,
positive part) of U’. The triangular decomposition enables us to establish an analog of
highest weight theory for the representation theory of UJ.

Remark 9.1.7. Unlike the ordinary triangular decomposition of a quantum group, the
three parts of U7 are just subspaces, not subalgebras. In addition, the negative part and
the positive part may depend on the choice of a reflection order. However, by equation
(@), the Cartan part is independent of such a choice.

9.2. Verma modules and their irreducible quotients. Recall P, and P’ from page

2. When considering U’, we denote them by P, and PJV, respectively. For ¢ € 7, set
Bi=hi—h_j=¢€_1—€ —¢c_j+e_(_1) € PJV.

For each i € IV, there exists a unique §; € R ®z P, such that (5;,6;) = d;; for all j € IV.

Set
N = Z Z9;, and vy; := the image of o; in Pjv.

By the definitions, we haw;e]I

3 ifi=45=1,

2 ifi=j#1,

-1 if|i—j| =1,

0 if |i — 5] > 1.

Set Q) = .cp Z>0%i, and define a partial order < on A’ by:

(8) p < Xif and only if A — p € Q7.

For a U’-module M and m € M, we say that m is of weight A € A7 if it satisfies

(Bi,vi) = (hi — hi, ;) =

kim = q<ﬁi’)‘>m
for all ¢« € I7; we denote by M, the subspace consisting of all m € M of weight .
Lemma 9.2.1. Let M be a U7-module and A € N. For each v € I/, we have
fi(My) C My—,, ei(My) C My,
P<200f; This follows immediately from the relations k; f;k; U= ¢Bo—m) f; and kie;k; 1 =
qPiide;. U

Recall the triangular decomposition of U’

U =0, Q (W QU) QUL

and the root vectors f_;_;, h;, e; ; associated with a reflection order satisfying condition
(B) in Lemma OT3. Let (UL,); denote the subspace of U, spanned by all ordered
monomials in e; ;’s other than 1.
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Definition 9.2.2. Let A\ € A7 and H! € Q(p,q), © = 1,2,...,r. The Verma module
V'(A;H') over U’ with highest weight A associated with H' := (H],..., H) € Q(p,q)" is
defined to be

V'(IH) :=U/I(\H),

where I(\; H') denotes the left ideal of U? generated by (U,), and k; — ¢%N K} — H!
for i € IV.

Remark 9.2.3. Verma modules V/(\; H’) can be 0.

By the triangular decomposition of U’ a nonzero Verma module V'(\; H') has a unique
maximal submodule, and hence, it has a unique irreducible quotient. We denote it by
L'(A\;H') and call it the irreducible highest weight U’-module with highest weight A
associated with H', or simply, with highest weight (A; H’).

Definition 9.2.4. A nonzero U7-module M is called a highest weight module with highest
weight (A, H') € A7 xQ(p, q)" if there exists m € M, such that (UL,)m =0, him = H/m
for i € IV, and M = U’m. We call such an m a highest weight vector of M with highest
weight (A; H').

Our definition of highest weight modules over U7 depends on the choice of a reflection
order satisfying condition (B) in Lemma BT3. However, their U’-module structure is
independent of such a choice, as we explain below.

Let M be a highest weight U’-module with highest weight (A; H') associated with a
reflection order <. Let v € M be a highest weight vector. Take another reflection order

=, and denote the corresponding root vectors by f; ;, b, e} ;. Then, we see from equation
(@) that A = h}. Also, by the triangular decomposition associated with <, we have
1€ D (Ul ® (e U) @ (Uly),;
vueQ?,
v<p
here, (U,)_, == {x € U, | kizk;' = ¢"¥x for all i € I}, and define (UL,), sim-
ilarly. Therefore it holds that e; ;v = 0 for all 4,5. In addition, by expandmg fi; in
ordered monomials in f] ;, h{, €] ., we see that f; ;v is a linear combination of f; ,v’s. From

these, we conclude that M is a highest weight module with highest weight (A; H") associ-
ated with <’. In particular, if we denote Verma modules and their irreducible quotients
associated with <" by V”(-;-) and L"(-;-), respectively, then we have

V' (H) =V"(NH), L'(\H)=L"(\H).

Hence, in what follows, we use only the reflection order given in the proof of Lemma B173.
Let (9] denote the category of all U’-modules M satisfying the following:

int
(M1) M is decomposed into weight spaces, i.e., M = @5, M.
(M?2) Each weight space is finite-dimensional.
(M3) There exist finitely many weights pq, ... 1, € A7 such that each weight A € A7 for
which M) # 0 satisfies A < p; for some i =1,...,n.
(M4) e; and f; act on M locally nilpotently, that is, for each m € M, there exists N € N
such that e¥m =0= f¥m
Note that Verma modules and their irreducible quotients are not necessarily objects of
O}, 1.e., the actions of f; on these modules are not always locally nilpotent. Also, O
has an mﬁmte—dlmensmnal object as we will see in the next section.
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10. THE CASE r =1

In this section, we restrict our attention to U{, the smallest U’. In Subsection I, we
classify all the irreducible highest weight modules. Subsection II2 is devoted to proving
the complete reducibility.

10.1. Classification of the irreducible modules in O],. We introduce some more

notation.

Definition 10.1.1. (1) For z € U and n € Z+g, 2 = ﬁ; we set (¥ := 1, and
2™ =0 if n < 0.

(2) For z,y € U and a € Z, [z,y], := 2y — ¢"yz.
(3) For an invertible element h, {h} := h+ h~'.
(4)
n

n

For an integer n € Z, {n} := {pq"} = p¢" +p~'q "

-+

he case r = 1, the root vectors are
f0,1 = f1, hll = [61,f1]1, €0,1 = €1.

Then, the following are easy to verify.
Lemma 10.1.2. In U7, we have
(s fil-r = —[2{paki} fi, [er, byl = —[2]ei{pgk1}.

Lemma 10.1.3. For each n € Z>, we have

e/ = 170 (= [n = U{pg"k1}) + ¢ Ve,

Note that when r = 1, we have A7 = Z§, and ; = 36,. Let M € O} ,. By the definition
of O], there exists a € Z such that M,s, # {0} and M35, = {0}. Since the action of
L, preserves the weights, it defines a linear endomorphism of M,s,. In order to consider
the Jordan canonical form for the action of k] on M,s, , we extend the base field Q(p, ¢) to
its algebraic closure Q(p, ¢) until the proof of Proposition IT4. Let us write the Jordan

canonical form as:

Jdl (Nl)
sz (/Q)

S (fim)

where Jy,(11;) denotes the Jordan block of size d; whose eigenvalue is u; € Q(p,q). We
take a basis {v;, | j=1,...,m, k=1,...,d;} of M,s in such a way that

h’lvj,k = KUk + Vj k—1
forall j=1,...,m, k=1,...,d;, where v, := 0. By Lemma T3, we have
(9) e fi"vik = (n; — [n = W{a —n}) " Dvjn + A" Vv
Proposition 10.1.4. We have pu; = [N;][{a — N; — 1} for some N; € Zq. In particular,
each 1; belongs to Q(p, q).

Proof. Consider the case & = 1. By the local nilpotency of f;, there exists a unique
nonnegative integer N; such that

fl(Nj)vj,l # 0 and fl(NjH)vjyl =0.
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Then, by equation (H), we have
0=en /1" Vo = (= [N = N; = DA™ oy
Since lej)ij # 0, we conclude that p; = [N;[{a — N; — 1}, as desired. O
Proposition 10.1.5. Each d; is equal to 1, that is, b is diagonalizable on Mys, .

Proof. We use the notation NNV; in the proof of Proposition IITA. Assume, for a contra-
diction, that there exists d; > 1. By equation (H), we have

erfMvye = (1 — [n = U{a = n}) F" Vo + 7 Do

for all n > 0. Let N} denote the unique nonnegative integer such that

(N +1)

1050 #0, and fi v = 0.

When N} > Nj, we have

() () (V)
0= (p; — [Nj{a = Nj = 1})fy 7vjo+ fi Tvja = (w5 — [INjH{a — Nj = 1}) fi 7 vj0.

This implies that y; = [Nj][{a— Nj—1} # [N;]{a — N; — 1}, which causes a contradiction.
When NJ = Nj, we have

0= (; = [N;H{a = N; = INA g0+ £ 030 = 77w
This contradicts the definition of N;. When N} < N;, we have
(N}) (N7)
0= (u; — [NJ{a = Nj =11 fi "vje+ f1 "1
Applying ejlvj on both sides, we obtain
N;+1
0= H (nj — [l —1{a —1})vjo + Xv;; for some X € Q(p,q).
1=1
Since the coefficient of v; 9 is nonzero, this contradicts the linear independence of v;; and
vj2. This proves the proposition. 0

Theorem 10.1.6. For each a € Z and b € Z>y, there exists a unique (b+ 1)-dimensional
irreducible Ui -module L(a;b) € O, such that

L(a;b) = @D Q(p, q)vn,

Upn = ffn)vo, k1vg = q“vy, h/ﬂ)o = [b]{a —b- 1}“0-

J

! o is isomorphic to L(a;b) for some a € Z

Conversely, each irreducible U] -module in O
and b € ZZO'

Proof. Tt is straightforward to show that L(a;b) is a (b4 1)-dimensional irreducible U7-
module, and so we omit the details. Let V' € O], be an irreducible Uj-module. By

the definition of O/, there exists an integer a € Z such that Vs, # 0 and e;V,5 = 0.
Also, by Propositions T4 and 3G, there exist b € Zso and v € Vg, \ {0} such that

fl(b)v # 0, fl(bH)U =0, and hjv = [b]{a—b—1}v. Hence the Uj-submodule generated by v
is identical to @Z:o Q(p,q) fn)v, which is isomorphic to L(a;b) by the definitions of v, a,
and b. Since V is irreducible, we have V = Ujv ~ L(a;b). This proves the theorem. [J
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Note that L(a;b) is the irreducible quotient L'(A; H') of the Verma module V'(\; H')
with highest weight (A; H') = (ady; [b]{a—b—1}). Hence, Theorem IOTA gives a necessary
and sufficient condition for L'(A; H') to be an object of Oy,.

Corollary 10.1.7. Let a € Z and H, € Q(p,q). Then, the irreducible highest weight
module L'(ady; Hy) belongs to O, if and only if H; = [bl{a — b — 1} for some b € Zxy.
Moreover, the assignment (a,b) — [L(a;b)], where [L(a;b)] denotes the isomorphism class
of L(a;b), gives a bijection from Z x Zsq to the set of isomorphism classes of irreducible

U7 -modules in O,
10.2. Complete reducibility. Set z = hf + 22k + [“ — ke Ul
Lemma 10.2.1. In U}, we have

afi=q ' fiz,  mer =qeiz.

Let a € Z and b € Z>, and take a highest weight vector v € L(a;b). Then we have

n Y 2 14+a 2 1,—1—a n
afv =g ([b]{a—b—1}+[1]7f]q2 +”f_‘; )fl”

Let z1(a,b,n) denote the coefficient of fl(n)v on the right-hand side, that is,
_pqa—b—n(qb-i-l + q—b—1> N p—lq—a+2b n+1

q—q! q—q!
It is easy to verify that the function Z — Q(p,q), n — z1(a,b,n), is injective for all
a,be .

Lemma 10.2.2. Let M € O’
sequence of the form

(10) 0— L(a;b) = M 5 L(a';0') = 0
splits.

Proof. Let v € L(da’,') be a highest weight vector, and take u € 7 (v). Since Uj-
module homomorphisms preserve generalized eigenspaces of z;, we may assume that u
is a generalized eigenvector of z; with eigenvalue z;(a’,0’,0). Then, e u is a generalized
eigenvector of z; with eigenvalue z;(a’, b, —1). Since m(eju) = eym(u) = e;v = 0, it follows
that eyu € «(L(a’,1')). However, the eigenvalues of z; on L(a,b) are z;(a,b,n), 0 <n <b.
Therefore, e;u = 0, and hence we obtain a section v — wu of . This proves the lemma. [

z1(a,b,n) ==

a,a’ € Z, and b, € Zso. Then, each short exact

int’

Now, the complete reducibility of U?-modules in O/ follows from a standard argument;

int
see, for example, [HK02, Section 3.5].
Theorem 10.2.3. Every Uj-module in O}, is completely reducible.

Corollary 10.2.4. Let M € O/ .. Then, M is decomposed into a direct sum of z-
eigenspaces with possible eigenvalues zi(a,b,n), a € Z,0 < n < b. In particular, if
zym = z1(a,b,0)m for some m € M, then e;m = 0.

11. COMPLETE REDUCIBILITY AND THE IRREDUCIBLE MODULES

The aim of this section is to upgrade the results in Section I to general r. In Subsection
[T, we define a braid group action on U’ and U’-modules. In Subsection T2, we give a
partial classification of the irreducible highest weight modules. The complete reducibility
is proved in Subsection IT23.
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11.1. Braid group action on U’ and U’-modules. Throughout this subsection, we
fix e € {1, —1}.

Proposition 11.1.1 ([KPTI, 4.5)). For i € 7\ {1}, there exist unique automorphisms

/

7! and 1!'__ on U7 satisfying the following:

(—kefi  ifj=i, —ektifj=1,

Tic(e) =14 ¢ if i —jl > 1, 7 (f)) =9 fi if i —jl>1,
lej eide  ifli—j]=1, i fil-e  fli—jl=1,
(—fike i i=i, —kfe; ifj =1,

T _(ej) = 1 € if li — gl > 1, T (f)) =4 fi if li — gl > 1,
leiejle i li—jl=1, [fis fil-e — ifli—=jl=1,
kY ifi =4,
T (ky) =7 (k) = S K; if i —jl > 1,

kik;,  if|i— ] = 1.
Moreover, {T{’e}igﬂj\{l} and {T{f,e}iem\u} satisfy the braid relation of type A,_1.
Proof. Set 7; := 7, (vesp., 7{'_.), i € P\ {1}. We need to verify that the defining relations

for U7 hold if we replace e;, f;, ki by 7;(e;), 7;(fi), 7j(ki), respectively. One immediately
finds that the nontrivial assertions are

o(e1)’m(f1) — (¢ + ¢ )me)(fi)m(er) + 1 fi)ma(er)”
—(q+ g rle)(pama(kr) +p g (k) ),
mo(f1)*ra(er) = (¢ + ¢ ) ma(fr)maler)m2(fr) + Ta(er) ma(f1)
—(g+a ) para(kr) +p~ g (k)" 72(fr).
These are checked by direct calculation, or by means of a computer program GAP [GAPTE|

with a package Quagroup (see [KPTT, 4.5]). Also, one can verify the braid relation in the
same way as for the braid group action on U. This proves the proposition. 0

Also, we define a braid group action on U’-modules in Oj,. Since U’-contains (r — 1)
slo-triples (e;, ki, fi), @ € P\ {1}, most parts of the propositions in this subsection follow

form the ordinary quantum group theory. Hence, we omit the details.

Definition 11.1.2. Let M € O},.
phisms 7, and 7/, on M by:

e(—ac a b C
Tz’,,e(m> = Z (_Q)bq ( +b)fi( )65 )fz( )my
a,b,cGZZO
a—b+c=n

—ac a b
Tilje(m) _ z : ( q>bqe( —+b) ()f )6 )m
a,b,c€Z>q
—a+b—c=n

where n € Z, and m € M is such that kym = ¢"m.

Proposition 11.1.3 (see [L93, Proposition 5.2.2]). Let M € O ., i € IV \ {1}, and let

A € N be such that (B;,\) >0, j € {0,1,...,(8i,\)}; we set h:= (5;, \) —
(1) If n € M), is such that e;n = 0, then Ti/’e(f(])n) = (—1)q (Jhﬂ)f(h)n
(2) If € € M_y is such that f,€ =0, then 7/, (e€) = (—1)7¢C 0Pt

For each ¢ € I\ {1}, we define two linear automor-
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Proposition 11.1.4 (see [L93, Proposition 5.2.3]). Let M € O},
m € M,.
/

(1) We have T,LETZ . =1idy —TZ TS

(2) We have Tz’fe(m) = (—1)% ’\)qe( 0 A)7'{76(771).
Proposition 11.1.5 (see [L93, Proposition 37.1.2]). Let M € O/ . andi € '\ {1}. Then,
for each m € M and x € U, we have

Tielaem) =7 (2)7i (m), 7 (em) = 7] ()7 (m).

i e P\ {1}, and

In what follows, we write 7; = 7,/ for i € '\ {1}.

11.2. Classification of the irreducible modules in O;. Recall the triangular de-
composition U? = U, ® (U) @ U??) @ UL ; associated with the reflection order < defined
in the proof of Lemma BT3. Also, recall from (@) in Section 82, the explicit form of the
root vectors h; € Uy, i € I = [1, r}. We remark that an irreducible highest weight module
is determined by the eigenvalues of k;’s and h.’s for a highest weight vector. However,

Rh;’s are sometimes difficult to deal with.

Proposition 11.2.1. Let V/(\;H') be the Verma module with highest weight (A\; H'),
and v € V'(\;H') a highest weight vector. Then, H' is determined by the ;- - mo(h})-
eigenvalue of v for i € V.

Proof. For each i € IV, set ef (i) := e;---eger fifo -+ fi. By equation (@), the R} is of the
form

h; = 2{: ai(0)To(1) " - To(2i),
oEGy;
where Gy; denotes the 2i-th symmetric group, a;(0) € Q(q), x; = e;41—; for 1 < j <4,
and z; = fj—; for i +1 < 7 < 2i. From this, noting that v is a highest weight vector, we
deduce that hlv is of the form

hiv = (ef(i)+ Z gjef(j)) v

1<j<i
where g; € Q(q). Therefore, the ef(j)-eigenvalue of v for j < i determine the hl-eigenvalue
H/

Also 7; -+ To(h]) is of the form

7'2 h/ Z b : (21)

c€By;

where b;(0) € Q(g). In the same way as above, the 7; .- 1 (h])-eigenvalue of v is de-
termined by the ef(j)-eigenvalue of v for j < i. Conversely, the 7; - - - 72(h})-eigenvalue
of v for j < i altogether determine the ef(j)-eigenvalue of v for j < ¢, which, in turn,
determine the hi-eigenvalue H of v. This proves the proposition. 0

This proposition enables us to replace hjv with 7; - - - o(h})v for i € I. Then, we define
hi, i € IV, by hy := [eq, fi]1 and h; := 7 - - - 72(hy). Also, we set V(A H) := V/(\;H') and
L(\H) = L'(\H'), where H = (Hy, ..., H,) is uniquely determined by the equations
hiv = Hv, i € IV, where v € V'(\; H') is a highest weight vector.

Remark 11.2.2. For each £ = 1,...,r, the classical limit specializes hy € U’ to
— By kt1rki1 + Zle H; € g° (see Example ZZI8 ().
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Let L € O, be an irreducible U?-module. By condition (M3), there exists A € A7 such

that Ly # 0 and L, = 0 for all u > A. By the case r = 1, h; acts on Ly semisimply.
Lemma 11.2.3. We have
[, holo = [ha, (q — ¢~ 1) (falea, ]y — 7 q? faeaki )]0 € U’(eg, e2hy, e2h7),
where U’ (e, eshy, esh?) denotes the left ideal of U? generated by ez, eshy, esh?.
Proof. By direct calculation (or by using GAP). OJ

This lemma implies that [k, ho]oLyx = 0, namely, the actions of h; and hy commute
with each other on L.

Lemma 11.2.4. Leti,j € V. If j #i,i+ 1, then we have 7j(h;) = h;.

Proof. The assertion in the case j > ¢+ 1 follows from the definitions of 7; and ;. When
J <1, by the braid relation for the 7;’s, we see that
7i(hi) = 7(TiTic1 - - 72) (1)
=T, TipoTTjp1Tj - - To(h1)
=T T i1 Ta(ha)
=Tt Tj42T54175 'TszH(hl)
=1;--1(h1) = h;.

This proves the lemma. 0

Proposition 11.2.5. Let L € O/  be an irreducible module. Take N\ € A such that

int

Ly # 0 and L, = 0 for all p > X. Then, the actions of hi,...,h, commute with each
other on L.

Proof. Let 7,7 € IV be such that j < ¢. By Lemma [X373,
[hj, hilo = 75 - - ma([h1, hilo) = 75 - - - 7o - - - T3([h1, h2)o)-
Also, by Lemma IR32
7j o 1oTi - 73([he, holo) € U7 (myi(es), 7i(e2) by, 7.(e)h3),

where 7;; denotes 7; - - - To7; - - - 73. Since 7;;(e2) € UI(ULg)4, the vectors 7;;(ex)hl, | =
0,1,2, act on Ly by 0. This proves the proposition. 0

As a corollary of this proposition, we can take a simultaneous eigenvector v € L) for
hi,..., h.. Let H; € Q(p,q) denote the eigenvalue of h;. Then the submodule generated
by v is a highest weight module. Since L is irreducible, we conclude that L is isomorphic
to L(A\; H) for some A € A7, H € Q(p,q)".

Next, we investigate a necessary condition for L(\; H) being a nonzero object of O/

int-
Lemma 11.2.6. Let M € O/ ., v € M be such that e;v =0 and hyv = [b]{a —b— 1} for
some a € L, b € Z>y. Letn € Z~y. Then, there exist unique vg, vy, ...,v, € M satisfying

the following:

(1) 2(n)v = D ko Vk-
(2) eyvr, =0, hyop, = [b+ kl[{a+n — (b+ k) — 1}uvg.

Proof. As the proof of this lemma needs some lengthy calculation, we put it in Subsection
T4. O
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Lemma 11.2.7. Let M € O}, be a U}-module, v € M a highest weight vector with kv =
q“v, hijv = Hyv for some a1 € Z, as € Lxo, Hi, Hy € Q(p,q). If Hi = [bi]{a1 — by — 1}

for some by € Z>q, then Hy = [by + bo]{a; + az — (by + b2) — 1} for some 0 < by < ay.

Proof. By the representation theory for U,(sly), we have f5>*'v =0, and 7, ' (v) = fz(az)v.

Set u := 75, ' (v). We claim that e;u = 0 and hyu = Hou. The former is true as we have
e1 fa = faer. The latter follows from an easy calculation

hiu = 75 (1o (hy)v) = 75 H (hov) = Hau.

Then, by the case r = 1, Hy must be of the form Hy = [b]{a; + as — b — 1} for some
0 < b < aj+as. Here, by Lemma IO0—X8@, it must hold that b = b;+by for some 0 < by < ao.
This proves the assertion. 0

Theorem 11.2.8. Each irreducible module in O}, is isomorphic to L(A\;H) for some
ANeN and H= (Hy,...,H,) € Q(p,q)" satisfying the following:
(1) a; == (Bi, A) >0 for each i € "\ {1}.
(2) For each i € IV, there exists b; € Z>o such that 0 < b; < a; fori € '\ {1} and
Hi=b+ - +bl{ar+-+a— b1+ +b)—1} fori e I

Proof. We have shown that each irreducible module in O} is isomorphic to L(\; H) for

int

some A € A7 and H € Q(p,q)". It is easy to verify that L(A; H) belongs to O}, if and
only if fNv =0, i € IV, for a sufficiently large N, where v € L()\; H) is a highest weight
vector. By the case r = 1, the equality f{*v = 0 is equivalent to the existence of b; € Z
satisfying the equality Hy = [by]{a; —b; —1}. Also, by the representation theory of U,(sl),
the condition fNv =0, i > 2, implies a; > 0.

It remains to determine the possible values of Hy, ..., H,. By Lemma T2, there
exists bg c ZZO such that b2 S a9 and HQ = [bl + bg]{(ll + as — (bl + bg) - 1} Let 2 Z 3,
and assume that for all j < i, H; = [by+---+b;[{a1+---+a; — (by+---+b;) — 1} for some
0 <b; <a;. Set T; := (1;_17;) - - - (1374) (T273), and consider the subalgebra T;(U3) C U.
We have T;(k1) = ky - - ki—1, T;(k2) = ki, Ti(h1) = hi—1, and T;(hy) = h;. If we regard L
as a Uj-module via the algebra homomorphism 7; : U} — U7, the v is a highest weight
vector such that

kv = ¢q@ Tty kov = q%v, hiv = H;_qv, hov = Hyv.

By lemma T2, H; must be of the form [b; + -+ +b; 1 + b;]{a; + -+ a;1 +a; — (by +
<o+ b1+ b)) — 1} for some 0 < b; < a;. This proves the theorem. O

From now on, we write L(a;b) instead of L(\;H), where a = (ay,...,a,) and b =
(by,...,b,) are such that a; = (5;, ), H; = [by+---+b[{(a1 +---+a;) — (b1 +---+b;) —1}.
This causes no confusion since a € Z", while A € A7. We call L(a; b) the irreducible highest
weight U’-module with highest weight (a;b).

Now, let us see the classical limit of highest weight modules. Let L be a highest weight
U’-module, and v € L a highest weight vector. Set La, := Uy v.

Lemma 11.2.9. La, ®a, Q is a highest weight module over Ug(g®) with respect to the
Cartan subalgebra described in Example 28 (). Moreover, if L ~ L(a;b), then for each
k=1,...,r, we have
k
By _ji1pik1(v®@ 1) = Z(ai —2b)(v®1).

=1
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Proof. By Remark T2, we have
k

(=Br—kyriks1 + ZHi)(U ®@1)=Mhol)(vel)=2 Z bi.

i=1
Also, it is easy to see that

Hi(v®1) = (Kp-n_;0)q®1)(v®1) = v ® 1.
Then, the assertion follows immediately. U

Let A € AV and H € Q(p, q)" satisfy the conditions (1) and (2) in the theorem. Set
a =max{a; — (2> _, b;—> . ,a;),0}, a" == —min{a; — (2>_ b, —> :_,a;),0}, and

AT = (a_+zr:bi,a_+Xr:bi7---7a_+braa_) ’
i=1 =2

A= (cﬁ + Z(ai —b;),at + Z(ai —b;),...,a" + arbr,cﬁ) .
=2

=3
This assignment gives a bijection from

{(a,b) € Z" x ZL, |0 < b; < a; forall i =2,...,r}
to

P = P! :={X € Bip(11,) | Arj; = 0or AJ =0}
The inverse map 7 is given by the following formula; for A € Bipy, .,y such that A, ; =0
or Af =0, if we write m(X) = (a, b), then we have

ar =2A7 = Ay — A7, @i = A7 = A F AL AT b= A7 = A

For A € Bip(,;1,, set L(A) := L(m(A)). Then, for A, u € Bip(,4,), we have L(X) =~
L(p) if and only if 7(X) = 7(), which is in turn equivalent to that AF¥ — p:* are constant.

11.3. Complete reducibility. In this subsection only, we set A := U’, and write B for
U’ with p replaced by p~l¢. In order to avoid confusion, we denote by e, f EAED the

generators of A, and by e, f2, k”*! those of B. Consider the anti-algebra homomorphism
S : A — B over Q(p,q) defined by:

Sef') = —ePkP,  S(f) = kPP, S = kP
It is straightforwardly checked that S is indeed an anti-algebra homomorphism. In addi-

tion, S is invertible:

S7HeP) = kel STHE) = SR STHRD) = K

For an A-module M € O}, define a B-module S.(M) := M"Y by:
(z-g)(m) =g(S'(z)-m) forze€B, geM’, meM,

where MY denotes the restricted dual of M, i.e., MY = @, ,, Homg, 4 (M, Q(p, q)).
Similarly, we associate an A-module S*(N) with each B-module N.

Lemma 11.3.1. Let L € O], be the irreducible highest weight A-module with highest
weight (\; H). Then, S.(L) is the irreducible lowest weight B-module with lowest weight
(=N H) for some H € Q(p,q)".
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Proof. Let v € L be a highest weight vector, and let ¢ € S,(L) be a unique element
satisfying g(v) =1 and g(u) = 0 for all w € L, p < A. Then, we have

(kPg)(v) = g(k{""'v) = ¢~ N g(v),
(P g)(v) = g(S~ (A )),
where h? € B is the elements corresponding to h; € U’. Since S~ (hZ)v € Ly = Q(p, q)v,
we have S71(hP)v = Hlv for some H! € Q(p,q), and hence hPg = H!g. Therefore, Bg is
a lowest weight module with lowest weight (—\; Hi, ..., H)).
Now, it remains to show that S.(L) is irreducible. Suppose that N C S.(L) is a B-
submodule. Then S*(N) is a quotient of S*(S.(L)) ~ L. Since L is irreducible, S*(N) is

identical either to 0 or to L, and hence N is identical either to 0 or to S,(L). Thus, S.(L)
is irreducible. This proves the lemma. [l

Lemma 11.3.2. Let M be an A-module in O} .. Suppose that M contains an irreducible

submodule L ~ L(\;H) for some A € NV and H € Q(p,q)". Then, M ~ L& (M/L).
Proof. 1t suffices to show that the short exact sequence
0—=L>MS M/L—0

splits. By the previous lemma, S,(M) has an irreducible submodule S,(L). Applying S*
to the inclusion S.(L) < S.(M), we obtain a surjection M — L of A-modules. Since the

composite map L — M —» L is nonzero, it follows from Schur’s lemma that this composite
map is an isomorphism of A-modules. By composing the inverse of this isomorphism with
the surjection M — L, we obtain a retraction of «. This proves the lemma. U

Now, the complete reducibility of the U’-modules in O}, and the consequences below,
follow from a standard argument; see, for example, [HK02, Section 3.5].

Theorem 11.3.3. Every U’-module in O}, is completely reducible.
Corollary 11.3.4. Every highest weight module in O is irreducible.

Theorem 11.3.5. Let M € O),. Irreducible decomposition of M is unique in the follow-

g sense. If we have two irreducible decompositions M = EBJEJ = Dcx L¥ for some

index sets J and K, then there exists a bijection ¢ : J — K such that L;~ L?Y) for all
j € J. Moreover, for each j € J, the number of j' € J such that Lj ~ L; is finite.

11.4. Proof of Lemma TT-26. Throughout this subsection, we fix a U3-module M €
O? . Recall from the case r = 1 that M is decomposed as:

int*
M= P My,

a€Z
b7n€ZZO

Mopo={ue M |equ=0, kyu = q*u, hyu = [bj{a — b — 1}u},
abn f1 ( abO)

Recall that hy = [eq, fi]1 and hy = 72(h1). Set f3 := ¢ 2 [617 [f1;f2]1}1 —p g foki
For each a € Z and b,n € Zx, we define f;;(a,b,n) € U’, i =1,2,3, by

forla,byn) =" " i+ (pg" " — p g ) fo — UL,
foola,bn) ==pg® "2 — (" + ¢ o+ p TR,
q

fé,g(a, b, n) n_2f_£ + (pqa—2b—1 . p—lq—a+2b+1)f2 . q”+2f§-
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Also, we define three linear maps f;;, i = 1,2,3, by

fé,z(m) = fé,i(a'7 ba n)m for m € Ma,b,n-

— —1
Set A = hy + 204
Lemma 11.4.1. We have the following:

(1) [p1, fohh = ¢ 1.
(2) [0, foh = 2 for
B) R, e =—p (a2 =121 — fo (a7 (g — g )R] + [2lp g7 k")) Ky

Proof. This is easy and straightforward. O

Proposition 11.4.2. Let a € Z, b,n € Z>, and m € Myp,. Then, we have

fé,1(m) € May1p41ms f§2<m) € Mat1pn, fé:s(m) € Mo—2p-1,n-1-

Proof. Since h; and k; act on m as scalar multiplication, so does hY; explicitly, we have
hi{m = h{(a,b,n)m, where
p—l q—a+3n+1

h{(a,b,n):=n+1]b—nl{a—b—n—1} —¢q[n]b—n+1{a—b—n} + =
By Lemma T2, we have
WY fsm = qh{(a, b,n) fsm + ¢* fom,
hi fam = qhi(a,b,n) fam + ¢* fym
Ry fym = q"'hi(a,b,n) fym — p (Q’Sf_é —[21fs — fo (q’l(q —q ){(a,0,n) +[2]p~'q 1q*“+3”>) ¢ "
= —pq" " fym 4 pg " (q‘l(q — ¢ "h{(a,b,n) + [2]p‘1q‘“+3"‘1) fomn
+ (g7 (a, b,n) + pg~"(2]) fym

Therefore, b defines a linear endomorphism on the vector space spanned by {f_ém, fom, fim}
whose representation matrix is

qhy(a,b,n) 0 —pgt3n=3
(11) ¢ gh{(a,b,n) pg* " g —q "] (a,b,n)+ ¢ (2]
0 ¢ q 'h{(a,b,n) + pg**"[2]

Hence, in order to prove Proposition T4, it suffices to show that the following three
vectors

qb—n—l pqa—b—n—Q —n—2
pq _p lq—a+b ’ ( b+1 + q—b—l) , pqa—Qb—l —p lq a+2b+1
q—b+n+1 p—lq—a+b+n+2 _qn+2

are eigenvectors of the matrix (I0l) with eigenvalues hf(a+1,b+ 1,n), h{(a+1,b,n), and
h{(a—2,b—1,n—1), respectively. This can be checked by using a computer, or possibly
by direct calculation. 0
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We normalize f; ; as follows:
1

f2,1(a7 b,n) = (@ — g {a—2b— 1}]65,1(&7 b,n),
1 /

f272((1, b7 n) = _{a _ b}{a —9h _ 1}f272(a7 ba n)a

f2,3(a> ba n) = 1 fé,B(a7 b7 n)a

(¢ —g"){a—b}
and define linear maps fo;, i = 1,2, 3, by fa;(m) = fa.(a,b,n)m for m € M, ,,. Then,
for each m € My, we have fom = (fa1 + foo + fa3)m. Thanks to this equality and
Proposition 22, in order to compute fy;(m), it is enough to decompose fom into three
hi-eigenvectors with distinct eigenvalues. The computation becomes easier when n = 0
since in this case, foz(m) = 0. Also, it follows that fom € Myi1p410 ® Mat1p0 for
m € M, 0. Repeating this, we have

(12) f2(n)m c @ Ma+n,b+k,0 for n € 2207 m e Ma,b’g.
k=0
This completes the proof of Lemma IT-24.

12. QUASI-)-CRYSTAL BASES

Now, we develop a new crystal basis theory. In Subsection T2, we define quasi-j-
crystal bases in a very straightforward manner. In Subsection 2, we prove that the
tensor product module of a U’-module with a quasi-j-crystal basis, and a U-module with
a crystal basis, has a quasi-j-crystal basis. This result gives the tensor product rule for
quasi-j-crystals in Subsection [23.

12.1. Quasi-j-crystal bases. Recall that U? = UJ has (r — 1) sly-triples: (e;, k;, f;) for
i = 2,...,r. Hence, one can define Kashiwara operators, f; and ¢;, in the same way as
in the crystal basis theory for quantum groups (see Subsection B4). Also, by the results

from Section [, we can define Kashiwara operators, f; and e;. Let us give the precise
definition of these operators.

Definition 12.1.1. Let M be a U’-module. By the complete reducibility of UJ-modules
in @ . one can uniquely write M ~ @Aep,ly L(X)®™ for some my € N. Let vy, 1 <

int»

i < my be a basis of the weight space of L(X)®™* of highest weight. We define linear
operators f; and €; on M by

ﬁ(f1n)vx,i) = 1(n+1)v>\,i, gi(fl(n)UA,i) = ffn_l)vx,i-

Note that this definition is independent of the choice of vy ;’s.

Set Ao :={f/9 € Qp.q) | f,9 € pPQlp,q,¢7 '] + Qlal, g & pQp, ¢, ¢~ '] + ¢Qq]}; namely,
A, consists of all those h € Q(p, ¢) for which lim,_,o(lim, ,o k) exists. (Recall that p and

q are independent.)

Definition 12.1.2. Let M be a U’-module and £ an Ay-submodule of M. We say that
L is a quasi-j-crystal lattice of M if

(gL1) L is a free Ag-module of rank dimg, q) M, and Q(p, q) ®Ao L=M,
(aL2) £ =P, cn, £, where Ly := LN M)y,
(qL3) fi(L) C L and €;(L) C L for all i € IV.
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If £ is a quasi-j-crystal lattice of M, then the Kashiwara operators induce Q-linear
maps, denoted by the same symbols, on £/qL.

Definition 12.1.3. Let M be a U’-module, £ an Ag-submodule of M, and B a subset
of L/qL. We say that (L, B) is a quasi-j-crystal basis if

(qB1) L is a quasi-j-crystal lattice of M,

(qB2) B is a Q-basis of L/qL,

(aB3) B = [ |,cps B, where By := BN (L£y/qLy),

(gB4) fi(B) c BU{0} and &(B) C B L {0} for all i € I7,

(qB5) for each b,0’ € B and i € I, one has fz( ) =10 if and only if b = €;(V').

Definition 12.1.4. For a quasi-j-crystal basis (£, B) and i € IV, we define three maps
gOlZB—>Z20, €iZB—>Z20, andwt]:B—>Abe

0i(b) == max{n | f*(b) # 0}, ;(b) := max{n | €*(b) # 0}, wt’(b) := X if b € B,.
Example 12.1.5. Let » = 1. For each A € P}, the irreducible UJ-module L(A) has the
following quasi-j-crystal basis. Fix a highest weight vector v € L(X). Let £(A) denote the
A-lattice spanned by {fln)v |0 <n < Xo—A-1}, and set B(A) := {fl(")v—l—ﬁ()\)/qﬁ()\) |
0 <n<Ay—A_1}. Then, the Kashiwara operators f; and e; act on £(A) by:

AM) = 5, & (fPv) = £ Ve,

It is straightforward to check that (£L(A), B(A)) is indeed a quasi-j-crystal basis of L(A). In
addition, one has ¢ (fv+¢L) = Ag—A_1—n, e1(fVv+qL) = n, and wt?(fv+qL) =
(2A0 — A_l — )\1 — 3”)51

Definition 12.1.6. Let M be a U’-module and (£, B) a quasi-j-crystal basis of M. The
quasi-j-crystal graph associated with (£, B) is the colored directed graph with vertex set

B and edges b = U, where b,V € B, i € IV are such that flb =10.
We often identify B with its quasi-j-crystal graph.

Proposition 12.1.7. Let M € O}
For each i € I? and m € Ly, consider the expression m = Z;V:o fi(j)mj, where m; €
M4y, N Kere;. Then, the following hold:
(1) mje L forall j=0,...,N.
(2) If m+qL € B, then there exists a unique jo such that u; € gL for all j # jo, and
m~+qL =mj, + qL.

be a Ul-module with a quasi-j-crystal basis (L, B).

int

Proof. The assertion follows from the same argument as the ordinary crystal basis theory.
OJ

Proposition 12.1.8. Let M € O}, be a U’-module with a quasi-j-crystal basis (L, B).
Let X € A7 and set a := (A, ). For each u € Ly NKerey, consider the unique expression
U = ZI])V:() up, where uy, € My is a UJ-highest weight vector of such that kyu, = q“up and
hiuy = [b]{a — b — 1}uy. Then, the following hold:
(1) up € L for allb=0,...,N.
(2) If u+ qL € B, then there exists a unique by such that w, € gL for all b # by, and
u+qL = up, + qL.



76 H. WATANABE

Proof. We prove the assertion by induction on N. When N = 0, there is nothing to
prove. When N > 0, consider leu € L. Since we have ENu = fl(N)u = I(N)uN,
it holds that fl(N)uN € L. Hence we have uy = ’é{VfI(N)uN € L. This implies that
u—uy = le)v:—ol up and v — uy € L N Kerey, and hence, by induction hypothesis, we
have u, € L for all b. Now, let us assume that u + gL € B. Set by := ¢1(u + ¢L). Since
0 fou = Zévzbo fl(bO)ub, it holds that 0 < by < N. Then, we have Zévzbo fl(bO)ub € L\qL,
and Zé\;bo-i-l f1(b0+1)ub = f}’(’“u € qL. Thus, we have u, € ¢L for all b > by, and
FEu +qL = f(u+qL) (equivalently, uy, +qL = u+qL). Then, we have u—uy, € qL,
and hence, u, € gL for all b # by. This completes the proof. 0

Now, the following theorem can be proved in a similar way to the ordinary crystal basis
theory.

Theorem 12.1.9. Let M € O}, be a Uj-module. Then, M has a quasi-j-crystal basis
(£,B). Moreover, if M ~ @ycp L(XN)®™ for some my € Zsq, then there exists an

isomorphism M — @Aeplj L(X)®™x of Ul -modules which induces an isomorphism

(£,B) = | @ L), || B(Y™

AePy AePy

12.2. Tensor product rule. Recall that U’ is a right coideal of U, i.e., A(U?) C U’®U.
Hence, we are interested in the U’-module structure of the tensor product of a U’-module
and a U-module. Let V = V.. denote the vector representation of U. If we set L = L, :=
Dic_rj Aoui, B =B, :={u; +qL | i € [-r,r]}, then, (L, B) is an ordinary crystal basis
of V.

We first consider the case r = 1. Recall that the irreducible Uj-module L(A), A € P}
has a quasi-j-crystal basis (L(X), B(X)). If L(X) = L(a;b) for some a € Z and b € Z>0,
then we write L(a;b) = L(X), B(a;b) = B(A).

Proposition 12.2.1. Let a € Z, b € Z>y. Then we have an isomorphism
L(a;b) ® V~ Lla+2;b+1)® L(a—1;0) & L(a — 150 — 1)
of Uj-modules. Moreover, (L(a;b)QL, B(a;b)®@B) is a quasi-)-crystal basis of L(a;b)@V.
Proof. Let v € L(a;b) be a highest weight vector, and set
v@ = v ® U,

¢ " Mg—q") a—2b
v::v®U1— fa—b-1) fiv ® ug — pg* v @ u_q,

v = f1o ®@ug — ¢"[blv @ u_1 — pg" " 2[blv ® uy.
Then, by direct calculation, we obtain
ho[0]=[b+1){(a+2) = (b+1) —1}40]
hief 1] = [bl{(a — 1) — b — 1}of 1]
hv—1]=p—1{(a—1) - (b—1) — 1} 1]
These equations, together with Corollary 24 and Theorem I TH, show that U{v@ o
L(a+2;b+1), Ult[1] ~ L(a—1;b), and U{v ~ L(a—1;b—1). Since dim(L(a; b)@V) =
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3b = (b+1)+b+(b—1) =3 ,__, dim UJu| k], we see that L(a; b)@V = Ul 0] U? v@
UJo[1]. Also, we calculate as:

?}@ (n 1) v®u_1—i—q”fl(n)v@uo—l—pq“_"ﬂfl(n_l)v@ul
v ® uy + qL(a;b) @ L if n=0,
f(" Yo @u_ 1+qL(a;b) L if0<n<b+1,
n) q—n{a_b_ } q—b+n+1(qn+1_q—n—1) (n+1)
1N =
fl (U) {Cl—b— } fl U®U1 {(I—b—l} fl U®U0
a—2b
g Ma—b—n—-1} @
T apog i veu

Gfl(”)v®u1+q£(a;b)®L if 0 <n<b,
fl(")(v) =q"[n+ 1]f1("+1)v ® ug — ¢°[b — n]fl(n)v @ u_1 — pg” """ 2[b — n]fi(n)v @ u,
e f" "y @ug+ qL(a:b) L f0<n<b-—1.

Since fr(vk]) = () (V[k]), k € {0,4£1}, these equations imply that the Ag-span of
{ﬂ”(v) | k € {0,£1}, n € Zso} coincides with L(a;b) ® L, and that {ﬂ”(v) +
qL(a;b) L | k € {0,£1}, n € Z>o} \ {0} is identical to B(a;b) ® B. Now, it is easy to
verify that (L(a;b) ® L, B(a;b) ® B) is a quasi-j-crystal basis of L(a;b) ® V. This proves
the proposition. O

We give the quasi-j-crystal graph of B(a;b) @ B:

U_1 —> Uy Uuy .

fov) . . .

More generally, we obtain the following theorem. As in the ordinary crystal basis theory,
the proof is given by embedding the crystal basis of a Us-module into (L&Y, B®Y) for a
suitable .

Theorem 12.2.2. Let M be a Uj-module with a quasi-j-crystal basis (L1,B1), and N
a Usz-module with a crystal basis (Lo,B3). Then, M ® N has a quasi-j-crystal basis
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(L1 ® Lo, By ® By), on which the Kashiwara operators act as follows:

~ _ e E_1(by) if e1(b1) < e-1(b2),
Nilbresb) = {fl(bl) ® by if e1(b1) > e-1(ba),
_ @by ifer(br) < ei(b),
61(b1 ® b2) = {gl(bl) ® by Zf gl(bl) > g,l(bQ).

Now, we turn to the case of a general r. Recall that Kashiwara operators ﬁ and e; for
i # 1 are defined by means of the sly-triple (f;, k;,e;). Therefore, the next proposition
follows from a standard argument; see, for example, [HK02, Section 4.4].

Proposition 12.2.3. Let M be a U’-module having a quasi-j-crystal basis (L, B). Then
(LRL, BRB) is a quasi-j-crystal basis of M@V, on which the Kashiwara operators act as

follows: f1 and €, acts as described in Theorem TZZ2; fori € I\ {1},b € B,j € [-r,r],

(0 if j =i and f2(b) =0,

~ b® u, 7 ':i—land:bzo,

fib®u;) = fi=i-1and 5b) =0,
b® u_; if j=—(i—1) and ¢;(b) = 0,
[ fi(D) ®u;  otherwise,
(b® u;; if j =1 and fi(b) =0,

(b @) = 0 ij = (2 1)~and e;(b) =0,
b®u_—1y ifj=—iande(b) =0,
L€i(b) ®u;  otherwise.

The action of ﬁ for i # 1 is visualized as:

—1

.

U—_; —_— u,(i,l) U Ui—1 — Uy .
b o< o ° ° °
ﬁ(b) ° ° ° ° °
ﬁoi(b)fl(b) ° ° ° ° °
70 w) . . . .«

The following theorem describes the tensor product rule for the Kashiwara operators

fv’s and €’s in full generality. The proof is given by embedding the crystal basis of a
U-module into (L®Y, B®") for a suitable N.
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Theorem 12.2.4. Let M be a U7-module having a quasi-j-crystal basis (L1, By), and N
a U-module having a crystal basis (Lo, By). Then, M ® N has a quasi-j-crystal basis
(L1 ® Lo, By ® By), on which the Kashiwara operators act as follows: for by € By and

by € By,
= b ® 571(52)
by ®by) =< ~ =
filbr 2) {fl(b1)®bz
~ b1 ® ﬁ—1(b2)
b by) = =
€1(b1 ® bg) {51(b1)®b2
(b1 @ E_(by)
Filby @ by) = 4 ~
il 2) fi(bl>~® by
(b1 ® Fi(bo)
(b1 @ F_i(b)
€i(by ®@by) =< _
c ( ! 2) 6i(b1)~® bg
\bl ® El(bQ)

if e1(b1) < e-1(ba),

if e1(b1) = e-1(b2),

if e1(b1) < e-1(b2),

if e1(b1) > e_1(b2),

if €i(ba) < @i(b1) and g;(by) < e_;(be), or

if €i(b2) = @i(b1) and £i(b1) + €i(b2) — pi(b1) < e—(b2),
if £i(bs) < @i(by) and z5(b) > & (ba),

if €i(b2) = i(b1) and €;(b1) + €i(ba) — pi(b1) = e-i(b2),
if €i(ba) < @i(b1) and ;(by) < e_;(ba), or

if €i(b2) > @i(b1) and &;(b1) + &i(b2) — pi(b1) < e-i(b2),
if €i(b2) < @i(b1) and g;(by) > e_;(bs),

if €i(b2) > @i(b1) and €;(b1) + €i(b2) — @i(b1) > e_;(b2)

In order to memorize this tensor product rule for quasi-j-crystal bases, we introduce
the notion of i-signatures for quasi-j-crystal bases. For b € B and i € 7, the i-signature
sgn,(b) of b is the sequence of ¢;(b) —’s followed by ;(b) +’s. For by € By and by € By,
Theorem T2X27 tells us that sgn,(b; ® by) is obtained by deleting adjacent pair (+, —)
in the concatenation of sgn*,(by) and sgn,(b;) when ¢ = 1, and in the concatenation of
sgn®,(by), sgn;(b1), and sgn, (b2) until there are no such pairs, where sgn*,(bs) is obtained
from sgn_,(by) by reversing the sequence, and switching + and —. Then,

(b, @ E_;bs
ﬁbl ® by
| b1 ® Fibs
(b, @ F_;by
&by ® by
b1 ® Eiby

fi(b1 ® by) =

€i(by ® by) =

if the leftmost + in sgn,(b; ® by) is originally in sgn*,(by),
if the leftmost + in sgn;(b; ® by) is originally in sgn,(b;),

if the leftmost + in sgn,(b; ® by) is originally in sgn,(by),

if the rightmost — in sgn;(b; ® by) is originally in sgn*,(by),
if the rightmost — in sgn,(b; ® by) is originally in sgn,(b;),
if the rightmost — in sgn,(b; ® by) is originally in sgn,(bs).

This description is useful particularly when we consider the tensor product of many crys-

tals.

Corollary 12.2.5. Let N € Oy be a U-module with a crystal basis (L',B'). Then,
(L', B) is also a quasi-j-crystal basis of N. Furthermore, for each b € B and i € IV, we
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have the following:

= JEL() if €i(b) < e_4(b),
ho= {E@ i) = =40,
20 = Fab)  ifeb) <eu(b),
l E;(b) if €i(b) > e_i(b).

Proof. Apply Theorem 2224 for the trivial U’-module M = C. U

12.3. Abstract quasi-j-crystals. As in the ordinary crystal basis theory, we define the
notion of (abstract) quasi-j-crystals as sets with structure maps €;, ﬁ-, 1 €7, and wt’.

By Corollary 2ZZ3, we can define a functor from the category of crystals of sly,. -
type to the category of quasi-j-crystals. Since E’l and ﬁl do not appear in the formula
of Czor(l)llary 273, we can regard this functor to factor through the forgetting functor
ReST:’—"]_.J"

Lemma 12.3.1. Let B be a crystal of s(gl,, ® gl,.)-type. Then, B is equipped with a

quasi-j-crystal structure such that the structure maps ¢;, f; are defined by the formula in
Corollary TZZ1.

Recall that we have given to [—7,7]? and SST(,41,9(A), A € Bip(,;,, a crystal structure
of s(gl,.; @ gl,)-type. By Lemma I3, they are also equipped with quasi-j-crystal
structures. Let us describe these structures in a purely combinatorial way.

Let s = (s1,...,8q4) € [—r,7]% First, set s; to be s, where s, is obtained by reversing
the sequence s_; (see Subsection I8). Then, €,(s) is obtained from s by replacing s; with
0, where s is the rightmost —1 in sy; if there is no —1 in sy, then €;(s) = 0. Also, ﬁ(s)
is obtained from s by replacing s; with —1, where s; is the leftmost 0 in sy; if there is no
0 in sy, then fi(s) = 0.

Next, for i € I?'\ {1}, set s; to be the sequence obtained by deleting the adjacent pair
(—(i—1),1) in the concatenation of s followed by s; until there are no such pairs. Then,
¢;(s) is obtained from s by replacing s with —(i — 1), where sy, is the rightmost —i in s;;
if there is no —i in s;, then ¢;(s) is obtained from s by replacing s; with ¢ — 1, where s
is the rightmost i in s;; if there is no 44, then &(s) = 0. Also, f;(s) is obtained from s by
replacing s; with —¢, where s, is the leftmost —(i — 1) in s;; if there isno —(i — 1) in's;,
then ﬁ(s) is obtained from s by replacing s; with i, where s; is the leftmost ¢ — 1 in s;; if
there is no £(i — 1), then f;(s) = 0.

Finally, for T" € SST(41,)(A), #;(T) is the unique 7" € SST(,11,(A) such that
(ME((T")7),ME((T")")) = 2;(ME(T~), ME(T™)) if ;(T) # 0 (x € {e, f}).

13. QUASI-)-CRYSTAL BASES OF IRREDUCIBLE U’-MODULES

The aim of this Section is to prove the existence of quasi-j-crystal basis of an irreducible
U’-module. In Subsection I3, we apply the results obtained in Sections B to B in order to
prove that a quasi-j-crystal basis of V®¢ is compatible with an irreducible decomposition.
In Subsection 32, we show that certain quasi-j-crystal basis of an irreducible U7-module
is identified with the set of semistandard Young bitableaux. In Subsection I373, we finally
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define j-crystal bases as a generalization of quasi-j-crystal bases, and prove the existence
and uniqueness.

13.1. Quasi-j-crystal basis of V®?, In this section, we study the quasi-j-crystal basis
(L®4, B®?) of V®? in detail. One of the key facts is the following.

Theorem 13.1.1 ([BIO3, Theorem 7.7]). Let X € L(W). Then, C% is an irreducible left
H-module.

Recall the functor F,, : H-mod — S(77)-mod defined by Fry(M) := T(n?) @4 M. This
functor induces another functor

F?: H-mod — U’-mod; M — V& @y M.

By the (U’, H)-duality, this functor sends an irreducible module to an irreducible module
or 0. Set L(W)o:={X € L(W) | F/(Ck) # 0}. Then, for each X € L(W), there exists
a unique X(X) € P? such that F/(C%) ~ L(X(X)). With this notation, we have

Ve~ B LIAX)).
XeL(W)o
On the other hand, By Proposition B30, we have F7(C%) ~ CL(#?) for all X € L(W).
Hence, we obtain L(A(X)) ~ Ck(77) for all X € L(W)j.

Proposition 13.1.2. Let X € L(W)y. Then, C<, x(7?), C.,x(7?), and C%(7’) have
quasi-)-crystal bases.

Proof. Let x € X. Recall that the three modules have the parabolic KL-bases
{*Cy | X e, we W, and wyw <, z},
{*Cy | A€, we W, and wyw <, 7},
{Culx | X €@, we W, and wyw € X},

respectively. Set L<, x, L., x, £(X) to be the Ay-span of these bases, and B<, x, B<, x,
B(X) to be the image of these bases under the projections L<,x — L<,x/qL<,x,
Lo, x— Lo, x/qlc,x, LX) — L(X)/qL(X), respectively.

Since L<,x C L% we have 7;(L<,x) C L% for all z € {e, f}, i € . Moreover,
since these Kashiwara operator preserves the submodules, we have 7;(L<,x) C L% N
C., x(m?) = L, x. Now, it is straightforward and easy to verify that (L<, x,B<,x) is a
quasi-j-crystal basis of C<, x(77). Similarly, we see that (L., x,B<, x) is a quasi-j-crystal
basis of C, x (7).

Since the Kashiwara operators preserve both £, x and L, x, they also preserve £(X).
Hence, we conclude that (£(X),B(X)) is a quasi-j-crystal basis of C% (7). O

Proposition 13.1.3. For each X € L(W )y, there exists a highest weight vector vy € V&4
satisfying the following:
(1) Ly := Ulvy ~ C&(7?).
(2) (Lx,Bx) is a quasi-j-crystal basis of Lx isomorphic to (L(X),B(X)), where
Lx =L%NLx, Bx :=B%N(Lx/qLx).
(3) L®d = @XeL(W)O Lx, and B®? = UXEL(W)O Bx.
Proof. Recall the bilinear form (- | -) on V®? in Corollary Z33. We prove that there

exist highest weight vectors vy satisfying the conditions (1) and (2) by induction on
X with respect to the partial order <; on L(WW),. Assume that X is minimal. Then,
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we have C<, x(n7) = Ck(n?) =~ L(A(X)). Hence, there exists a highest weight vector
vx € C<, x(77). Now, it is clear that vy satisfies the condition (1) and (2).

Next, assume that we have chosen highest weight vectors vy satisfying the conditions
(1) and (2) for all Y <;, X. Let C” denote the orthogonal complement of C., x(7?) in
C<, x(m?) with respect to (- | -). By the skew invariance of (- | -), C" is a U’-submodule.
Moreover, since (- | -) is nondegenerate, we have C<; X (n?) = C., x(n?)® (", and hence,
C" ~ C&(n?) ~ L(A(X)). Since C<, x(n’) is spanned by the parabolic KL-basis, C" is
spanned by the vectors of the form !C,, + Tiw Withi € 7, w € W, wyw <, x for some
r e X, ri, €Dy <, x 4Ly Therefore, each highest weight vector vy of C' satisfies the
conditions (1) and (2). O

13.2. Combinatorial description of B(X). By Propositions PO and POT3, we have

a decomposition

(13) B®= |_| B(X (X) = {ui,w | A €, w €W, and wyw € X}
XeL(W)o

of quasi-j-crystals. Also, by Theorem 5234 (B), u; and u; (i,j € [—7,7]%) belong to B(X)
for some X € L(W)y if and only if Q*(i) = Q*(j). Hence, each B(X) is of the form
B(X) = {ui [ i€ [-r7r]" (Q7(1),Q7(1) =Q}), QeST(\), X € Bip(y,)(d).
On the other hand, we have a decomposition
(14> B®d — |_| |_| (SST(T—H,T)()‘) X {Q})
AeBil:)(r+1,7') (d) QGST(A)
of an s(gl,,; ® gl,)-crystal. By Lemma I231 and arguments in Subsection I3, this

decomposition is also a decomposition of a quasi-j-crystal.

Theorem 13.2.1. We have L(W)o ={X € L(W) | sh X € Bip,4
X € L(W)o withsh X = X € Bip(,.1,(d), we have B(X) = {(T, Q)
where Q := Q(X), and Lx ~ L(A).

y(d)}. Also, for each
T € SST(11m(N)},

7.

Proof. The first statement is obtained by comparing the decompositions (II3) and (I4).

Let X € L(W)o, A € Bip(,41,(d) and (Q7;QF) € ST(A) be such that SST(X) x

{(Q7;Q7)} = Bx. Then, SST(A) x {(Q~;Q@")} contains a unique element by such that
ﬁ,sz:Elb)\:Ofor alli=1,...;,rand 7 =2,...,r

Under the isomorphism SST(A) x {(Q7;QT)} =~ SST(A) of crystals of type s(gl, ., ®gl,.),

the element by is identified with Ty = (Ty; Ty ) € SST(A). Since wt’(by) is maximal

among wt?(B;), we have by := vx + qLx, where vx € Ly is the U-highest weight vector.

Suppose that Ly = L(u) for some g € P?. Then, we have ¢q(bx) = po— p—1. Recall from
the proof of Lemma [T270 that 7, '(vy) is a UJ-highest weight vector of highest weight

(teo, p—2; p2). This implies that gpl(f;max)b)\) = po— p_s. Also, from the proof of Theorem
82374, T, ' (vx) is a Ud-highest weight vector of highest weight (f40, sb—(i—1), H—i; Bi—1, f4i)
for all 2 > 3. Hence, we have

(101( max( ?inax max)( inax max) . (fzmax max) ) — [,l;o _ “_’L'
Applying the same argument to Ty, we obtain the following:

wt’(ba) = wt/(Tx), po—p—i=Ao— A foralli=1,...
Solving this system of equations, we conclude that g ~, A, and hence, Ly ~ L(A). O
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int”

Corollary 13.2.2. For each A € Bip,;,)(d), we have 0 # L(X) € Of

4

This completes the classification of irreducible modules in O ,.

13.3. j-crystal bases. In general, a quasi-j-crystal graph of an irreducible U’-module
is neither connected nor unique. In this subsection, we introduce the notion of j-crystal
bases as quasi-j-crystal bases satisfying some additional conditions. And we prove the
existence and uniqueness theorem for j-crystal bases, and that they are connected.

Let A € Bip(,,,)(d), and take a left cell X € L(W) satistying C% =~ L(X). Recall
that C% has a basis {*Cy,]x | A € 7/, w € *W, and wyw € X}, and it is in one-to-
one correspondence with SST(A); we denote by by the basis element corresponding to
T € SST(A). For each i € {2,...,r}, we define linear endomorphisms ¢;; and fy on L(A)
by

_ b |1 if’éjT:Oforalljzl,,..,i—landﬁj_T:Oforalljzzwn’i_lj
ei’(bT>:

1
=7 2

0 otherwise,

~ bT/ if gi/ bT/ = bT,
2 (br) =
fu(br) {O otherwise.

Note that the condition &7 = 0 forall j = 1,...,4 — 1 and Ej_%T = Oforallj =
2,...,1 — 1 is equivalent to ¢;7 = Oforall j = 1,...,i — land e;T = Oforall j =
2. i—1.

Let X’ € L(W) be such that C%, ~ C%. Since the linear map [Cy/]x: — [Cylx, v’ € X',
w € X with P¥(w') = P*(w) gives an isomorphism C%, — C% of H-modules, the
definition of ¢ and f; are independent of the choice of X as long as we have C% ~ L(X).

Also, we define linear endomorphisms ¢e; and ﬁ-/, i €{2,...,r} on each U’-module in
O/ . by the complete reducibility.

int
Remark 13.3.1. Later, we will give more intrinsic definitions of e; and ﬁ/.

Definition 13.3.2. Let M € O/, be a U’-module with a quasi-j-crystal basis (£, B). We

say that (£, B) is a j-crystal basis if it satisfies the following:

(yC 1) L is preserved by the operators € and ﬁ/, i€ (2,7].

(7C 2) We have ey(B) C BL{0} and fy(B) C BU {0} for all i € [2,7].
Let A € Bip(,;1,), and v € L(A) be a highest weight vector. Set

LX) == Spany {fiy - fuv | 1 € Zso, dv,... i € P UL, 7'},
BA) = {fi, -+ fyv+ aLA) |1 € Lo, in,..., i € P U2, .. 7'} \ {0},

Theorem 13.3.3. Let A € P?. Then, (L(X),B(A)) is a unique j-crystal basis of L(X).

Proof. Let X € L(W) be such that C% ~ L(\). By the definition of &y and fy, it is clear
that they preserve £(X), and induce maps B(X) — B(X)U{0}. Therefore, (L(X), B(X))
is a j-crystal basis of C%.

Next, we show that B(X) is connected as a j-crystal basis. To do so, it is convenient to
identify B(X) with SST(X). Let Ty denote the unique highest weight vector of SST(X).
For T € SST(A), set

d(T) =Y (T (i, ) — |To(i, 5)]),

]
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where T'(7,7) denotes the integer in the (i, j)-box of T. Then, we have d(7T") > 0, and
d(T) = 0 if and only if T" = T;. We prove that T is connected to Ty by induction on d(7).
When d(T) = 0, we have T' = Tj, and there is nothing to prove. When d(7T") > 0, there
exists i € IV such that ;7 # 0 or ;T # 0. Hence, T is connected to either €T or e;T.
Since d(¢;T) = d(e;T) = d(T) — 1, the induction proceeds. This proves that SST(A) is
connected. Moreover, we obtain

SST(A) = {fi, -+ fiTo | | € Zso, i1,..., iy € PU{2, ... 7"}}\ {0}

Let v € C% be the unique highest weight vector satisfying v + ¢£(X) = Ty. By
above argument, for each T" € SST(A), there exist iq,...,4 € PU{2,...,7'} such that

= fi, -+ fuTo. This implies that f; --- fiv + ¢£(X) = T, and therefore, £(X) is
Spanned by such vectors. Thus, the proof completes. O]

Now, the existence and uniqueness theorem for j-crystal basis can be proved in the
same way as the ordinary crystal basis theory.
Theorem 13.3.4. Let M € O, be a U’-module. Then, M has a j-crystal basis (L, B).
If M >~ @ycps LA™ for some mx € Zxo, then there evists an isomorphism M —
Dircpr LA™ inducing an isomorphism (L, B) = (Dxcps LA™, Dxepr BA)F™).

14. GLOBAL J-CRYSTAL BASES

This section is devoted to globalizing j-crystal bases of irreducible U’-modules. In
Subsection [, we introduce the notion of global j-crystal bases, and give some examples.
In Subsection 42, we prove the existence of global j-crystal basis of an irreducible U7-
module.

14.1. Global j-crystal bases. Let U, be the A-subalgebra of U’ generated by 6§n), f, i(n), k;tl,
1€V, n € Zsyg.

Lemma 14.1.1 ([L93, 1.3.5]). Let A be a Q(q)-algebra, x,y € A such that vy = ¢*yz.
Then, for each n € Z~qo, we have

e

Lemma 14.1.2. We have U), C U,.

Proof. Tt suffices to show that e(n f(n) c€Upforalliel’, ne Z>0 We prove e ) € Ua;
the proof for fi € Uy is similar. Setting  := E; and y := p™*1 F_;K; ", we sce that

e =x+y, wy=qyr
Then, we can apply Lemma IZ7171, and obtain

_ Z qt(nft)y(t)x(nft).

It is easy to see that y(*) = p~%1tgdia = 1>F(t)Kt € Ua. Hence, the assertion follows. [J

Let V be a U’-module in &/

. with a j-crystal basis (£, B). Assume that V' admits a
Y’-involution on V.
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Definition 14.1.3. Let V, £, B, be as above. V is said to have a global j-crystal basis
if there exists a U} -submodule Va of V' which is an A-lattice forming a balanced triple

(L, Va,L). The associated global basis G?(B) is called a global j-crystal basis of V.

Example 14.1.4. Let XA € P/ and consider the irreducible Uj-module L(X). Recall that
L(A) is (Mg — A_1 + 1)-dimensional with a basis G?(\) := {fl(n)v |0 <n <A — A1},
where v denotes a highest weight vector. Also, L(A) has a j-crystal basis (L(X), B(A)),
where £(A) is the Ag-span of GZ(X), and BA) = {f™v+qLA) |0 < n < Ag— Aq}.
Set L(A)a to be the A-span of G?(X). Note that there exists a unique v’-involution =
on L(A) fixing v. Then, (L(X), L(A)a, £L(A)) is a balanced triple, and G?(A) is a global
g-crystal basis of L(X).

Proposition 14.1.5. Let M € O}, with a global j-crystal basis G'(Bys), and N € Oy

with a global crystal basis G(By) Then, (G?(By) ¢, G(Bn)) is a global j-crystal basis of
M ® N.

Proposition 14.1.6. Let M € Oy be a U-module with a global crystal basis G(B)
associated to a crystal basis (L, B), a ¥-involution ¥y, and a U a-submodule Ma. Then,
(L, B) is a y-crystal basis, (L, Ma,3,(L)) is a balanced triple, and G?(B) := G(B), is the
global j-crystal basis associated to the balanced triple (L, Ma,y},(L)) and the basis B.

Proof. That (L, B) is a j-crystal basis has already been stated in Theorem ??7. Let us
prove the rest. By Theorem B3, it is clear that £ (resp., Ma) is spanned by G’(B) over
Ay (resp., A), and that v},(L) is spanned by G’(B) over A.. Hence, the canonical ho-
momorphism LNMa N, (L) — L/qL is an isomorphism, and therefore, (£, Ma, ,(L))
is balanced. Finally, by Lemma [ T3, the Us-module My is also a U’ -module. This
proves the proposition. ]

14.2. Global j-crystal bases of irreducible U’-modules.

Lemma 14.2.1. Let M, N be U-modules. Suppose that they have bilinear forms (-,-)
such that (zu,v) = (u,o(x)v) for all x € U and u,v € M or u,v € N. Then, the
bilinear form (-,-) on M @ N defined by (m @ n,m' @ n') := (m,m’)(n,n’) also satisfies
(xu,v) = (u, o(x)v) for allz € U and u,v € M @ N.

Proof. 1t suffices to show that
(0®o)oA=Aoyp
on U. This is easily achieved by applying the both sides on the generators of U. O

Proposition 14.2.2. Let (-,-) be the bilinear form on V®? defined by (us;, u;) := &  for
all i,j € Z,. Then, we have (zu,v) = (u, o(x)v) for all z € U and u,v € V&4,

Proof. By Lemma 47271, it suffices to prove the assertion when d = 1, which is easy. [

Let X € L(W). Then, C%(7?) ~ L(X) for some A € P?. Since L(\) is a highest weight
module, there exists a unique A € 77 and w € *W such that [*C,,]x € C%(77) is a highest
weight vector.

Recall the isomorphism D%, =~ C% of left #-modules from Proposition b24d. Set
C% == Q(p.q) ®a, C%, and define D%, and D%, (77) similarly. Then, we have

D%, (7’) = T(w’) ®u DX, ~ T(n) @ Ck ~ Cx ()
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as left U’-modules. Hence, [*Du,wuwo)xw, € DXu,(7) is also a highest weight vector.
Thus, we obtain two isomorphisms

oo : L) — Ch(?); va = [Cyulx,
QOD : L(A) — Dg(vwo (71-]), UX = [)\Dwxwwo]/Xwo
of U7-modules, where vy € L() is a fixed highest weight vector.

Definition 14.2.3. Let A € P? and vy € L(X) be a highest weight vector. Define the
bilinear form (-,-); on L(A) by (ux,va)1 = 1 and (xm,n); = (n,0?(x)n); for all z € U,
m,n € L(X).

Proposition 14.2.4. Let XA € P?. Then, the bilinear form (-,-)1 is nondegenerate.
Proof. For m,n € L(X), set (m,n) := (pc(m) | ¢p(n))m. Then, we have

(UM’UA) = <[)‘Cw]x | [/\Dw/\wwo]l)(w())ﬂ =1,
and

zec(m) | pp(m))m = (pc(m) | o?(x)pp(n))m = (m,o’(z)n).

{
Hence, we have (-,-) = (-, +);. Then, it is clear that {¢' ([*C,]x) | p € 77, y € *“WNw, X}
and {5 (" Duywo)xwy) | 1 € 7, y € "W N Xwp} form bases which are dual to each
other with respect to (+,-);. This proves the proposition. 0

(xm,n) =

Recall that the set {(u,y) | p € 7/, y € *W Nw,X} is identical to B(X). For each
b e B(A), set

Glow(®) =00 (["Cylx),  Glp(0) = @D (" Doy )

where (u,y) is the pair corresponding to b. Then, Gi (X)) := {Gy],.(b) | b € B(A)} and
Glo(A) == {G1,(b) | b€ B(A)} are bases of L(X).

Definition 14.2.5. Let A € P’(d), and vy € L(A) be a highest weight vector. Define a
bilinear form (-,-)s on L(A), and a ¢/-involution 43 on L(X) by

(xn,Un)2 =1, (zm,n)y = (m, o(x)n)y for all z € U/, m,n € L(A),
¥a(va) = va.
Let (L(X), B(A)) be the unique j-crystal basis of L(A) such that vy + ¢L(X) € B(A).

Theorem 14.2.6. Let A € P’(d). Then, the following hold.

(1) ¢>\( low( ) = 10W< ) for all b € B(X).

(2) VA(G1,(0) = G, (b) for all b € B(A).

(3) 10W( ) and G, ( ) are dual bases with respect to (-, ).

(4) LA) = {m € L(/\) | (m,m)s € Ag}. Consequently, (-,-)2 induces the bilinear
form (-, )0 on L(X)/qL(N) defined by (m~+qL(X), n+qL(A))o = limg_,o(lim,_0(m, n)2).

(5) {GL,,,(b) | b€ B(A)} forms an almost orthonormal basis with respect to (-, )2, i.€.,

we have (G, (b), G1,., ()2 € Oy + qAg for all b0 € B(X).

(6) (b,b)g = bpyy for all b,b" € B(A).

(7) Let L(X)a be the A-span of Gi,,(X). Then, (L(X), L(X)a, Y3 (L£(X))) is balanced.
Moreover, the global basis associated to B(A ) is {G1,,(b) | b€ B(X)}. In particular,

L(A) has a global j-crystal basis.



REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS OF TYPE AIII/AIV 87

Proof. Ttems (1) and (2) are obvious from the definition of Gf,
follows from the proof of Proposition [4"24.

To prove the rest, observe that L(\) is realized as a subquotient of V®¢ by using
Kazhdan-Lusztig basis elements. To be precise, let X € P? be such that L(\) ~ C%(7?)
and z € X. Then,

(b) and GY,(b). Ttem (3)

Span AOw I NET, wer, waww <y o
Cg((ﬂ']) — 1% Q(IMJ){ | AW =L }

Spang, ) 1#Cy | p € ™, y € "W, wyy <p x}

Then, items (4)-(6) follows from the definition of the Kazhdan-Lusztig basis, and the
bilinear form (-, -) on V®? constructed in Proposition IZ=22. To prove item (7), it suffices
to show that L(A)a is a U -module. It follows from the fact that the A-submodule of
V@ spanned by the Kazhdan-Lusztig basis is a Ua-module, and that U’ C Ua,. O

15. BASIC PROPERTIES OF GLOBAL CRYSTAL BASES

In this section, we study j-crystal bases mainly for U-modules. In Subsection [5, we
state basis properties of global j-crystal bases arising as j-canonical bases of U-modules.
In Subsection [h™2, we prove some general facts concerning global j-crystal bases, and
state the main result of this section; its proof is given in the next section. In Subsection
L3, we define two families of operators on U’-modules, which give an intrinsic meaning
of Kashiwara operators for j-crystal bases.

15.1. j-canonical bases. For partitions p C A, define the skew partition A/u in a usual
way. For bipartitions g C A, define the skew bipartition A/p to be (A~ /pu™; AT /ut). A
skew partition A/ is said to be a horizontal strip if each column of A/u contains at most
one box. We say that A/ is a horizontal strip if A*/u® are.

For X € Bip(,4,, we refer the i-th row of A~ to as the —(i — 1)-th row of A, and the
j-th row of A" to as the j-th row of A. Also, for 7, set A; to be the length of the i-th row

of A, i.e.,
o A <o,
' A if i > 0.
For i € IV, set A lii= (Ao, A1,..., A5 A1,..., Ay) € Bip;yy,;. For T € SST(41,)(A)

and ¢ € IV, set T |; to be the semistandard tableau obtained from T by deleting the boxes
whose entries are less than —i or greater than i. Note that we have

Tx li=Txp-

For T € SST(;11,)(A) and i € [—r, 7], set T(i) to be the number of boxes of T whose
entries are 1.

Let M € Oiy be a U-module with a crystal basis (£,B). Then, we have a unique
irreducible decomposition B = |_|é:1 B;, where B; ~ B()\;) for some \; € Pars, ;. By
retaking \;’s if necessary, we may assume that |\;| — [A\;| < 2r + 1 for all ¢, j, and that
there exists @ such that (A;)2,41 = 0. Then, \’s are uniquely determined; we set P(M) =
P.(M) = {\,...,N}. For b € B, we define I(b) = I,(b) € P(M) to be \; if b €
B;. Also, set C(b) = C,.(b) C B denote the connected component of B containing b.
Furthermore, if we write b = El e Elbo for some iq,...,7 € I, where by denotes the
highest weight vector in C'(b), then define T, € SST(,11,(L(b)) by T}, := E, - ~EZT0,
where Ty € SST 41, (1(b)) corresponding to by € C(b) € B(I(b)).
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For M € O], with a j-crystal basis (£,B) and b € B, we define P/(M), I’(b), C?(b),
and 7} in a similar way.

Let M € Oy be a based U-module with a crystal basis (£, B), a global crystal basis
G(B), a y-involution 1y, and a balanced triple (£, Ma, ¥ (L)). Set ¢}, := T othp. We
denote by G?(B) the associated j-canonical basis. Recall that v, is a ¢’-involution on

M, and (L, Ma,,(L)) is a balanced triple with the associated global basis G?(B).
Lemma 15.1.1. Let b € B. Let us write as
G'(b) = G(b) + > e

/

eB
wt? (b )=wt? (b) and wt(b)<wt(b)
for some ¢y, € qAg N A. Then, we have cyp = 0 unless
(15) o) Q00 or |PV)7] < |I7(b)~|.

Proof. By the construction of G’(b), it suffices to show that ¢7,(G(b)) is a linear combi-
nation of G(b') with ¥’ satisfying (I3). Since ¢},(G(b)) = TG(b) € U~G(b), it suffices to
show that for each [ € Z>( and iy, ...,%; € I, we have

F, -+ F,,G(b) € Spang, ,{G (V') | V' satisfies condition (I5)}.

We prove it by induction on [. When [ = 0, there are nothing to prove. So, assume
that [ > 0 and that Fj,_, --- F;, G(b) € Spang, ,{G (V') | b’ satisfies condition (IH)} for all
i1,...,01 € I. If iy # 1, then, by Proposition B58, we have

F,G(¥) € Spangy, , {G(") | P(V) < (1))

for all ¢/ satisfying condition (IH). Since |[17(b")~| = |I7(b')~| for all b with I7(b") < I7(b"),
b" satisfies condition (I3).

If 4 = 1, then wt(F;,G(0')) = wt(G(V')) — ag. This immediately implies that F;, G(b') €
Spang, y1G (V") | [I7(6")~| < [I7(b')~|}. Therefore, Fj, --- I, G(b) is a linear combination

of G(b') with [I7(b')~| < |I?(b)~|. Thus, the proof completes. O
Proposition 15.1.2. Letbe B and i € I\ {1}. Then, we have
e;G7(b) = [pi(b) + 1)GU(Ed) + > ey, GO(Y),
v eB\{E;b}
wt? (b )=wt? (b)+v; and wt(b')<wt(b)+a,
1,62 (0) = [p=i(b) + 1|GY(Eib) + > ya G )
v eB\{E_;b}

wt? (b )=wt’ (b)—v; and wt(t')<wt(b)+a—;
for some e,(,i?b, b(,lb € A. Moreover, 62?,2 = b(,lb = 0 unless I'(b) Q II(V') or |IP(b')7| <
[7(b)~ |

Proof. We prove the assertion only for e;; the proof for f; is similar. By Lemma [T,
we can write

G(b)=Gb)+ > cyG)
b'eB\{b}
for some ¢y, € A such that ¢y = 0 unless 17(b) < [7(V) or |I7(V')~| < |I7(b)~|. Since
e; € Uy(l), it holds that

e:G(b) € Span, {G(H") | P'(b) 9 (V) or [P(¥)| < [I(b)"]}.



REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS OF TYPE AIII/AIV 89

Hence, it suffices to show that [e;G/(b) : G/(E;b)] = [;(b) + 1]. By the definitions of e;
and G?(b), €;G?(b) is the sum of E;G(b) and a linear combination of weight vectors of
M of weight lower than wt(b) + «;. We know from Proposition B53 (4) that [E;G?(D) :
G(E;b)] = [¢s(b) + 1]. Hence, we have [e;G?(b) : G?(E;b)] = [:(b) + 1]. This proves the

assertion. [l

15.2. Global j-crystal bases. Let M € O}, (£,B) a j-crystal basis of M, ¢}, a ¢’-
involution, and Ma a U’ -submodule of M. Suppose that M has a j-global basis G?(B)
with the associated balanced triple (£, Ma,¥3,(L)).

Following [K02], let us introduce modified Kashiwara operators:

Definition 15.2.1. Forn € Z, set

t>0,—n
) .= Z FrD g (8 k),
t>0,—n

where

t—1

An(tz) = (=1 T = ¢ ™),

—

I
)

S

~+

-1
( 1>tptqt(1 n) t qs(l_qn+2s).
s=0
Lemma 15.2.2. Let M € O}, with the j-crystal basis (L,B). For n € Z, we have
nt
f™e e, and L = frL modulo L.

Proof. 1f i # 1, then the statement follows from [K02, Proposition 6.1]. Hence, we prove
the case when i = 1. It suffices to prove the following: For each u € £ such that e;u = 0,
kiu = q®u, ey fiu = [b]{a — b — 1}u with a € Z and b € Z>,, we have fln)flm)u = cf1(m+n)
for some c € 1 + qAo N A. First of all, we have

Z(n) ¢(m) a—3my | +nllb—m+t o (m4n)
i e = Z an(t;q ) H{a—b—m—l—s}fl u.
s=0

m—t t
t>0,—n

an,(t;x) :

We compute the coefficient, say A, of the right-hand side as follows.

t—1
A Z At g2 {ern] [b—m+t} H(1+p2q2(a bomts)

t>0,—n —t ¢ 5=0
= Z B, +p? Z Bigt,
t>0,—n t>0,—n
whete B, i A, (1 2) 272 [F4] an g € Zlp, . with [[Z(Lepqteb-me)) —

1 + p?g;. By the proof of [K(O2, Proposition 6.1], we have B, € 1 + ¢Z[q]. Also,
it is clear that p*> ., _, Big: € p°Z[p,¢,q""]. Thus, we have j?l(n)fl(m)u € L and
Fi plmdyy — plmtmy — gy modulo ¢£. This proves the lemma. O
Proposition 15.2.3. Lett € IV, b € B and m € Z>o. Then, we have the following.

(1) Yoo £ Ma =@ yes AGUY).

gi(b')>m
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2) Soom e Ma =@ yes AGWV) ifi # 1.

@i (' )>m

(3) £i:G(b) = [2:(b) + 1] G (f:b) v e 1sobf,bGﬂ<b'> for some oy, € ¢*~=*)Qlq).
>e;(0)+
(4) ;G?(b) = [ps(b) +1]G(€;b) + Z yeB agf)bGj(b’) for some al(f)b € ¢ #Qlq]
J(V)>pi(b)F1 ’
ifi 1.

Proof. Since (e;, ki, fi), © # 1 forms an sly-triple, most of the assertions follows from
Proposition B5H. What we have to prove are assertions (1) and (3) for ¢ = 1. First, we
prove part (1) by induction on m. When m = 0, the both sides of the equation to be
proved are 0. Assume that assertion (1) holds for all m’ > m. Let ¥/ € B be such that
er(') = m. Set b := &b, and consider u := f{™GI(b)). By the definition of ™ and
Lemma 22, we have

u— ™G (b)) Zfl Mp and u+qL =V

n>m
By our inductive hypothesis, we can write

u— AN = > ap G

b'eB
61(bll)>m

for some a;: € A. Then, we can take a), € ¢Q[q] in a way such that ay — @y = ab, — aj,..
Set v :==u— )., a,G(V) = flm)GJ(b{)) + > (ayr — ap)G?(V'). Then, we have v €
Ma N L, Y (v) = v, and v —|— gL = u+ qL = b'. These implies that v = G?(V), and
therefore, G'(V') € 5, F™ M4 Hence, we obtain 3 MpaDP yes AGY).

e (b')>m

n>m

We prove the opposite inclusion. For each A € A7, we have

(Ma)s C Y AGY(D)

beB)y

= ) AGMD)+ Y AG(Y)
bEB)\ bIEBA
51(b):0 81(bl)>1

C D AGD) + Y A (Ma)rins,-
beBy n>1
e1(b)=0

Hence, we obtain

AWMa)c Y ARGE0) + > A™ A (Ma)rins,

beB), n>1
€1(b)=0
c Y ARG+ A (Ma) s,
beB)y n>1
e1(b)=0
ST AMG0)+ Y AG(Y)  (by induction hypothesis).
beEB), b eBy
e1(b)=0 e1(t)>m

Also, by the argument above, fl(m)GJ(b) with €1(b) = 0 is contained in °_y)-,, AG’(V).
This completes the proof of part (1).
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Next, we turn to prove assertion (3) for i = 1 by descending induction on m := £1(b).
When m is maximum among {e1(0') | ¥ € B}, we have by (1) that

HGB) €D [Ma= Y AG(Y) =0,
n>m e1(b)>m

and the equation in (3) holds. Assume that (3) is true for all m’ > m. As in the proof of
(1), let us write

@) = [MEE) + Y @),
veB
61(bl)>m

GU(fib) = ["VGE) + D dp G

b'eB
e1(b’)>m+1

for some ¢y, dyr € A. Then, we have

HGD) = [m+ 1 A"VEE) + Y e LG

e1(b)>m
=[m+ 1"V Er) + Y w(a®) HUERY) + > e, G)
e1(b)>m e1(b")>e1 (V) +1
=[m+ UG (b)) + D w(a®)+UCHRY) + > e, GW")
El(b’)>’m 81(b”)>61(b’)+1
= Y Im+1de ).
bv'eB
e1 (") >m+1

Thus, we obtain that f;G/(b) = [&;(b) + 1GI(fib) + Y wes gol(j)bGj(b’) for some
Ei(b/)>€i(b)+1 ’

go,()f?b € A. It remains to prove that go,()f?b € ¢>=1)Q[q]. Let us write

()= fu

k>m

for some uy, € Ly (p)+ky, such that eju, = 0. Note that G7(b) + ¢£ = u,, + ¢L. Then, we
have
AG®) = [m+ 1] D, + > [k +1] D,
k>m

and that £, € £, "M, +qL = fib. Hence, we have f1G?(b) = [m+ 1]G*(f1b) +
Y ksmlk A+ 1]f1(k+1)uk modulo ¢>~™L. Then, rewriting fl(kH)Uk as a sum of G?(/), 1(b) <
k 4+ 1 with coefficients in A, we conclude that the coefficient of G’(V') in f1G?(b) lies in
AN A =25 ®)Q|g]. This completes the proof. O

For a bipartition A € P?(M), define Ix(M), Werx(M), Wox(M), and Wx(M) in a
similar way as I, Wxy, W.y, and W), respectively.

Definition 15.2.4. We say that M has the property (x) if there exists a poset (5, <)
and a map s : B — S satisfying the following:
(1) The abelian group @ := ) _._; Za; acts on S freely; the action is written additively.
(2) o<o+Aforall A e @Q.,0€S.
B)o+A<d +Aforall\e€Q,o0<0 €S8S.
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(4) s(b) = s(V') only if wt(b) = wt(b') for all b,0’ € B.
(5) Forbe Band i P\ {1}, s(Eb) = s(b) + ay if Eb # 0.
(6) Fori e’ \ {1},

e (b) = [pi(b) + 1)G*(Eub) + > ey, G (V).
V' eB\{E;b}
wt? (b )=wt? (b)+7; and s(b')<s(b)+a;
£,GY(b) = [p_s(b) + 1|GY(E_b) + 3 F G
v'eB\{E_;b}

wt? (b )=wt? (b)—v; and s(b')<s(b)+o_;
for some el(f?b, fb(/i’)b €A.

Lemma 15.2.5. Let M € O, and L, B, v}, Ma as above.

(1) If r =1, then M has the property (x).
(2) If M € Oy and the global j-crystal basis is the j-canonical basis, then M has the
property ().

Proof. Setting S and s to be A and wt, respectively, part (1) is obvious, and part (2)
follows from Proposition IhT2. 0

The main result in this paper is the following:

Theorem 15.2.6. Suppose that M has the property (x). Then, for each X € PI(M), the
following hold:

(1) Wex(M) has a global j-crystal basis Wex(G?(B)) := {G(b) | 1(b) = A} with the
associated balanced triple (Wex(L), Wex(Ma), Wex(¥3,(L))), where Wex(L) =
Wea(M)N L, and so on.

(2) Wea(M) has a global j-crystal basis W x(G?(B)) := {G?(b) | 1(b) = A} with the
associated balanced triple (Wex(L), Wex(Ma), Wea(¥3,(L))), where W (L) =
Wea(M)N L, and so on.

(3) Wa(M) has a global j-crystal basis Wx(G?(B)) := {G?(b) + Wea(M) | 1(b) = A}
with the associated balanced triple (Wx(L), Wx(Ma), Wa(¢},(L))), where Wx(L) :=
Wex(L)/Wer(L), and so on.

(4) There ezists a U’-module isomorphism & : L(A)®™ — Wi (M) which induces an
isomorphism

(LT, (LA A) ™ A (L(A) ) 22 (WA(L), Wa(Ma), Wa(¥3,(£))),
where my = dim Homy, (L(X), M) denotes the multiplicity of L(X) in M.
The proof will be given in Section [8.

Corollary 15.2.7. Let A € P?. Then, Gi, (\) is a unique global 3-crystal basis of L(X)
satisfying the property ().

15.3. Operators ¢;+ and fﬁ. The definitions of e;; and f;/ are artificial, namely, they
are defined by means of a distinguished basis G} (X), A € P? (in Subsection [33, it is

low

denoted by {by | T € B(A)}). Here, we define new operators ¢+ and fi+ for i € I7\ {1},
and then, explain that the operators e; and f; on j-crystal bases are in fact intrinsic.

Lemma 15.3.1. Let r > 2, A € P’, and consider the irreducible highest weight module
L(X). As a Ul_-module, L(X) is multiplicity-free.



REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS OF TYPE AIII/AIV 93

Proof. Let b € B(A) be a U’_,-highest weight vector with highest weight, say, u € P’ ;.
If we identify B(X) with SST(X), we have T} |,_1= T),. Since the entries of the boxes of
T}, corresponding to A/p are either —r or r, it must hold that A/p is a horizontal strip.
Conversely, given pu € P’_; such that A/p is a horizontal strip, there exists a unique
b € B(A) which is a U’_;-highest weight vector with highest weight p. This proves the
lemma. 0

Lemma 15.3.2. Let r > 2, A € P7. Let b € B(X) be such that €..b # 0. Then, there
exist unique b’ € B(X) and j € I\ {1} satisfying the following:

e V' is a U’_,-highest weight vector.

o There exist unique g; € {0, 1} for each j <1 < r—1 suchthatb = fy f_1)zr—1 -+ fjz50.

Proof. By the definition of €,/, b is a U’_,-highest weight vector with highest weight, say,
p € P)_, such that (7))~ = Ty . Then, TZ , |,_1 is obtained from 7}, by adding a box
to the (5 — 1)-th row for some uniquely determined j € I\ {1}. Set b,_; := €,.b.
Now, we have exactly one of the following; €,_1b,_1 # 0 or €n_1yb,—1 # 0. Choose a
unique &,; € {0),/} in a way such that b, 5 := €r_1y=r—1b,—y # 0. Then, T} |, is
obtained from 7}, by adding a box to the (j —1)-th row. Repeating this procedure,
we obtain ¢; € {(),/} and b;_; € B(X) for j < i <r—1. By the construction, Tb]jf1 lr_1is
obtained from T}, by adding a box to the (j — 1)-th row, which turned out to be
T,s, where p' € PJ_; such that pj = py, + 95 j—1, k € {—(r —1),...,r — 1}. Hence, b;_;
is a U _,-highest weight vector, and we have b = f fo_1ysr-1 - -+ f;=5b;_1. This proves the
assertion. ]

Set E,(A) :={pe P _,|p =X |1 and At /u" is a horizontal strip}. Then, the
assignment
{be B(A) | e b#0} = E.(XN); b— I2_(b)
is bijective. To each p € E,.(\), we associate b,b' € B(X), j € IV \ {1}, and ¢; € {0,/},
Jj <1 <r7r—1asin Lemma [3=32

Let 7 > 2. We define operators &+ and fi+ on every U’-modules in O}, inductively for
all 2 <[ <r. Let A € P7. We define the linear operator ¢,+ on L(X) by

Er+ 1= @ pa(p) o mer o pi(p),

HEER(A)

where b, € B() is the corresponding element to p € E,.(A), p1(p) is the projection from
L(A) to the one-dimensional subspace L(ft)wts(u);
L(M)Wt](“) < L(“) multipmty free L(A)’

and po(p) is the projection from L(A) to the one-dimensional subspace fv(r_l)sr,l o fs LU sy

f(T,1)5r71 e fj(‘jL(l"/)th(u’) C L(N/) — L(N),

multiplicity free

where & = 0 if e, =0, and & = + if &, =/ for = j,...,r — 1. Also, we define f.+ by
fro= P &lopa(w),

HEER(A)
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where € " is the inverse of the linear isomorphism €,+ : L(f) () — fv(T_l)aT_l - Jéaj L") wis (-

Finally, we extend the definitions of e,+ and fr+ to a general U’-module M € O/ by the

complete reducibility of M. "
Proposition 15.3.3. Let A € P? and v € L(A) a highest weight vector. Then, we have
LX) = Spang {fiy - fuv | 1 € Zso, ir,..., 5 € PU{2T,... 17},
BO) = {fi - fuv +aLA) | 1 € Zso, 1.0 € PU{2T, ... .07}}\ {0},
Moreover, on B(X), we have & = &+ and fy = fiv for alli € '\ {1}.

Proof. We proceed by induction on r. Assume that the assertion holds for all 2 <[ < r
(we assume nothing when r = 2). Let p € E.(X) and by, b/, p’ be as above. By the
uniqueness of the j-crystal bases for U7_;-modules, there exists a unique v, € £(A) such
that U}_ v, = L(p), v, + gL(A) = by,. Then, we can write

p =Gl B+ Y Gl (1)
v eB(AN)\{bu}
for some ay € qAg. Note that this equation implies that ¢ (v,) € Gi (€b,) + ¢L(A).
Also, we have

1 _ B _
et = Gl b+ Y @Gl () (since 2by, = Bb,)
[S%(bu) + ” YEBA)

for some ¢y € A. Again, by the complete reducibility of the U’_,-crystal bases, there
exists a unique v, € L£(A) such that Ul_ v,y = L(p'), v +¢L(A) = b'. By our induction
hypothesis, we have u := ﬁrfl)ar,l . -]?jsj (V) € LX) NUL_ vy and u+ ¢gL(A) = €.b,,.
Then, we can write
u= Gl (@by) + Y dyG, (1)
beB(N)

for some dy € qAy. Hence, we have
e+ (vy) € G (€by) + gL(N).

Since we took p € E,.(X) arbitrarily, this equation ensures that €,+ preserves £(A) and
B(X) U {0}, and that €,+ = €, on B(%\V) By the definition of f,+, it also preserves L(\)
and B(A) U {0}, and coincides with f,» on B(X). Now, the assertions are clear by the
definition of (L(X), B(A)). O
Corollary 15.3.4. Let M € O], be a U’-module with a j-crystal basis (L,B). Then

int

¢y =6 and fy = fir on B for alli € P\ {1}.

16. PROOF OF THEOREM 24

The aim of this section is to complete the proof of Theorem Th2Z8. We first give a
proof for the r = 1 case in Subsection 61, and then, for a general r in Subsection G2

For a U’-module M with a global j-crystal basis G?(B), and for m € M, b € B, let
[m : G7(b)] denote the coefficient of G7(b) in m.

16.1. The case r = 1. In this subsection, we prove Theorem [52@ for r = 1.
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Proof of Theorem IhZd. We proceed by descending induction on A with respect to <.
Assume that the statement holds for all A’ = A. Replacing M with M /W,._ (M), we may
assume that A is maximal among P’(M). Let by,...,b,, € B and uy,...,U,, € L be
distinct highest weight vectors of type A with u; +q£L = b;, i« = 1,...,my. By retaking
the w;’s if necessary, we may assume that [u; : G’(b;)] = §;; for all ¢, j. Fix ¢ arbitrarily,
and set b := b;, u := u;. Then, we can write

u = Gj(b) + Z Cb/GJ(b/), Cy € (]A()

DE)#A
We first prove that ¢, = 0 for all & with &1 (0’) = 0. Assume contrary, and take b’ € B\ {b}
such that ¢y # 0, e1(b") = 0, and (V') is minimal among {1 (") | e # 0, 1(0") = 0}.
Set p := I7(b'). Then, we have wt’(p) = wt?(A), in particular, o = Ag. Since p # X, we
have ¢1(b') = po — p—1 > Ao — A_1 = ¢1(b). Hence, we have

_fl(cpl(b)-i-l)G](b) = ¢y (G](ﬁ‘ﬂl(b)ﬁ-lb/) + Z db”,b’G](b’/))

1/

e1(b")>p1(b)+1

+ Z Z db””,b’” GY (b////> 7

b A b
e1(b"")>e1 (") +1(b)+1
for some d, 5, € A. By our assumption, the coefficient of G7 (ﬂ‘pl(b)ﬂb’ ) in the right-hand
side is equal to ¢y. On the other hand, the left-hand side is fixed by 17,, and it belongs
to Ma. Therefore, we have ¢y € gAy N A and ¢y = ¢y, which implies ¢y = 0.

Next, we prove that ¢y = 0 for all & with €;(b’) > 0. Assume contrary that ¢, # 0
for some such O'. Set p := I7(0'). Since A is maximal, we have po + p_1 < Ao + A_1.
Substituting o = Ao + e1(0'), p—1 = Ao — @1 (V), and Ag — A_1 = ¢1(b), we obtain
©1(b') > p1(b) + 1(b'). We may assume that (e1(V'), ¢1(b')) is minimal (with respect to
the lexigographical order) among such b’s. Then, for all t = 1,...,e1(0') + 1, we have

e1(V) +¢1(b) +1] -,
’ er(V) G

This implies that ¢y € qAy, ¢y = ¢y, and ¢y [El(b/);(ﬁ})(b)“} cAforallt=1,...,e(V)+1.

Now, it suffices to show that ¢y € A, which follows from next lemma.
This far, we have proved that G’(b) = u, and hence, we have e;G(b) = 0 and U] G (b) ~
L(A). Then, for alln =1,... A — A_1, we have

FGm) = M= flu.

The left-hand side belongs to Ma, while the right-hand side belongs to £. Moreover, we
have o, (f{ G (b)) = f™MGI(b), and flu + gL = frb. This implies that f{G/(b) =
G?(f{'b). Thus, the proof completes. O

_fe® gy — ¢, (FPr O 4 (other terms).

Lemma 16.1.1. Let A € Q(p,q), m > n € Zsg. Suppose that A[™™] € A for all
t=1,...,n+ 1. Then, we have A € A.

Proof. Let us write A = B/C for some B, C' € AgNA that are coprime. By the hypothesis,
C is a common devisor of [m:t] ,t=1,...,n+1. Hence, it suffices to show that the greatest
common divisor of them in Z[g| is equal to 1. This is equivalent to say that the greatest
common divisor of a; ;== [m+¢t|][m+t—1]---[m+t—n+1],t=1,...,n+ 1 is equal to
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[n]!. Since [I] = ¢~ [ 1,24y ®a, where &5 = ®4(¢°) denotes the d-th cyclotomic polynomial
in variable ¢?, we have

n—1
b= g =T T 2

1=0 15d|(m+t—1)

which is the irreducible decomposition of b; in Z[¢?]. Then, we have

b= ®;", where mgy:=[{0<1<n—1]d(m+t—1)}|

d>2

and hence,

ged (bt) - H (I);nin1gt§n+1(md7t).

1<t<n+1 d>2

We prove that miny<icny1(mq;) = [5] for all d. It is clear that mg, > |5 for all ¢ since
{m4+tm+t—1,.... m+1t—(]5]d—1)} contains exactly [%| integers divisible by d.
If mini<pcny1(mae) > [5], then {m +t — [5]dm+t—([5]d+1),.... m+t—(n—1)}
contains at least one multiple of d for all £. Then, for ¢ = 1, there exists I, € {[5]d, [ 5]|d+
1,...,n— 1} such that m 4+ 1 — ([5|d 4+ [1) € dZ. Set t' := n — I, 4+ 1, and consider the
integers

n n
d d
These are (n — [%]d) consecutive integers with (m +1 —{;) +1 = 1 modulo d. Since
n — |5]d < d, they have no multiples of d. Hence, we have min; << y1(mq,) = 5] for all
d > 2. Thus, we obtain

m+t —|=]dm+t —(|=|d+1),....m+t —(n—1)=(m+1-1;)+1.

n n n

n Ly
1stsn+l d>2 d=2 1=2 \1#£d'|l 1=2
This proves the lemma. 0

16.2. The case r > 2. Now, we are ready to prove Theorem 228 by induction on 7.
When r = 1, we have already completed the proof. Let r > 2 and assume that the
assertions hold for all " < r.

Lemma 16.2.1. Let A € P’(M) be a mazximal element, b € B such that I’(b) = A and
e;b =20 for alli € I7. Suppose the following:

(1) There exists a homomorphism & : L(A) — M of U’?-modules such that {(GY,,(T3)) =
G(V') for all b € CI(b) which is strongly connected to some b" € C?(b) with
wt?(b) <7 wt’(b").

(2) & commutes with the i’ -involutions on L(X) and M.

(3) [§(Glow(T3)) - G7(b)] = 1.

Then, we have

EGL T =)+ Y e+ Y wd)
b’'eB\{b} Y'eCI(Y), ez
T, =T, s(0")<s(b')

for some ¢y, cyr € Ay.
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Pmof Since U’-module homomorphisms preserve j-crystal lattices, we have {(Gy, . (T})) €
L, and &(GY,(T])) + gL = b. Let us write

EGLT)) =G0+ Y awG'b)
b’ eB\{b}
for some ¢ € qA,. Also, since £ commutes with /-involutions, we have ¢, = ¢, ¢y = cy.
We claim the following: if &’ € B\ {b} satisfies
(1) ey # 0 and s(V') is maximal among {s(b") | b" € B\ {b} and ¢y # 0},

then T}, (—i) > A_; for all i = 0,1,...,7. By the case r = 1, we have I{(b') > I{(b), which
implies 7},(0) = T7(0) = Ao, and T},(—1) > T}(—1) = A_;. We proceed by induction on
i. Assume that ¢ > 2, and that T}, (—(i — 1)) > A_(;_yy for all ¥’ satisfying (). Suppose
that there exists 0’ satisfying (1) such that 7}, (—i) < A_;. Let 0" € B\ {b} be such that
s(0") = s(b') and ¢_p is minimal among such elements. Recall that s(b”) = s(b') implies
wt(0") = wt(V'), and hence, T}, (—i) = T}, (—i) < A_;. Then, we have

e_i(0") =@, (V")+ T (= — 1)) = Ty (—i) > T (—(i — 1)) — A + @ (b").
By the minimality of ¢_;(b”), it holds that

(1) ) — ¢
[fi Z ey GIb) : GU(fib)] = e |:90—i(b//):| 70
b eB\{b} ¢
for all ), (—(i—1)) = A_;+1 <t < T}, (—=(i—1)) = A_; +¢_i(b")+ 1. On the other hand,
O (T y) is the sum of Gf,(T%,) and an A-linear combination of Gy, (73) such that

low low fto

be C7(by) is strongly connected to b"” € C’J(bt) with Wtj(b) < wt?(b""). Hence, we have
E(G1o(Th)) = 176Gl Z @G (b

= 160+ £° Z WwG(b) + 66 (0)
v'eB\{b} b

for some a; € A. Here, note that we have Ejf}b =0forallj=1,... 1, [€(GY,,( ftb)) :

Go(fib)] = 1, and s(fIb") is maximal among {s(b"”) | ¥" # fgb and [¢(Gly (Th,)) -

G?(b")] # 0}. Then, by our induction hypothesis on ¢, we obtain that T]th”( (1 — 1))

T2 (—(2 — 1)) = A_;, which is a contradiction since ¢ > T}, (—(z — 1)) — A_; + 1. Hence

fib
we must have [£(GY,( ffb)) : GY(f")] = 0. Since

(G (T3, T = ||+ 1060 G + 0z

and the second and the third term of the right-hand side lies in A, we obtain
t
" €A
“ [‘P—i(b”)]
for all T),(—(1 — 1)) = A +1 <t < T}, (—(i—1)) = A_i + ¢_;(") + 1. By Lemma IG1,
this implies ¢ = 0.

This far, we have proved that if b € B\ {b} satisfies (1), then we have T}, (—i) > A_;
for all i € {0,1,...,7}. In particular, we have I’(§') = A for such ¥ (since A is maximal
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in P?(M)). In this case, the condition T},(—i) > A_; for all ¢ forces b’ to satisfy that
Ty, = T;. Hence, we have

G TN =G0+ > oW+ > W)
b'eB\{b} V'eCI(b), ey zo
T),=T] s(b")<s(v')

as desired. O
Lemma 16.2.2. Let A € P/(M) be a maximal element, j € I\ {1}, b € B such that
DP(b) =X, eb=0 foralli €, and €;;(b) # 0. Suppose the following:
(1) There exists a homomorphism & : L(X) — M of U7-modules such that (G, (1})) =
GI(V') for all V' € C?(b) which is strongly connected to some b € CI(b) with
wt?(b) <7 wt? (V).
(2) & commutes with the i’ -involutions on L(X) and M.
Then, we have

CLLTN =G0+ Y aw@@W)+ > ).

b'eB\{b} b'ECI(Y), ez
T),=T] s(b")<s(b')

for some ¢y, cyr € Ay.

Proof. 1f we can prove that ¢, := [£(GL,,(T})) : G?(b)] = 1, then the assertion follows from
the previous lemma. Hence, we aim to show cp = 1.
By the same argument as before, we have

E(GhlT,): T = |G

for all o € B\ {b} satisfying (). Here, let us assume further that s(b’) > s(b). Then,
we have [ OG0 G =0 since FPGo(b) is a linear combination of GZ(b) with
s(b) < s(b)+ta_; < s(b")+ta_; = s(fIV"). Hence, we have ¢y [w,,-t(b")] € A, and therefore,
cyr = 0 by Lemma I6ID. In particular, we obtain that s(b) is maximal. Then, we have
[ej(eG7(b) + Z cyGI(V)) + G7(€0)] = cyip;(b) +1].
On the other hand, since [e;G{,,(T}) : Gi,,,(€:0)] = [p;(b) + 1], we have
[e; (G () + D ey G (V) : GY(E;b)] = [p;(b) + 1],

and hence, ¢, = 1, as desired. O

}+%m%wwmmﬁWMwmm

We prove Theorem 28 by descending induction (with respect to <) on A. As in the
r = 1 case, we may assume that A is maximal among P?(M). Then, in order to complete
the proof, we have to show the following:

(1) Ix(M) has a basis {G?(b) | I7(b) = A}.

(2) There exists an isomorphism & : L(A)®™ — [y (M) of U-modules which sends
the j-global basis elements of L(X)®™* to those of I(M), where my denotes the
multiplicity of L(A) in M.

Let by,...,by, € B and uy,...,u,, € L be distinct highest weight vectors of type A
with u; +qL = b, t = 1,...,my. By retaking the wu,’s if necessary, we may assume that
[ug : GI(by)] = 0¢, for all t,u. Let & : L(A) — M be the U-homomorphism which sends
Uy O uy.
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Lemma 16.2.3. We have &(Gi,,,(T},)) = G?(b;) for allt =1,... ,mx.

Proof. By the setting above, we can write

§(Glow(T,)) = we = G7(be) + Z ey GI(V), ey € qA.

/

EICAT 2N
Then, we can apply Lemma IGZT to obtain & (G, (T})) = G’(b;) as desired. O
In order to complete the proof, it suffices to prove the following: For eacht =1,... my

and b € C9(by), we have &(Gi (T})) = G7(b). We prove this statement by descending
induction on wt?(b) and I7_,(b). When wt/(b) is maximal, it must hold that b = b, and
in this case, we have already shown that &(G low( ))) = GJ (bt). Suppose that wt’(b) <’
wt’(b;), and the statement holds for all ¥’ € | |/ C’J (b;) such that wt’(b')? > wt?(b) or
wt/(b') = wt/(b) and I7_, (V') = I!_;(b). In this case, since b is not a U’-highest weight
vector, the exists i € IV such that &;b # 0.

Lemma 16.2.4. Suppose there exists i € IV such that €;b # 0. Then, the statement holds.

Proof. Set V/ = éfi(b)b. We prove the lemma by descending induction on £;(¥’). Since
wt?(0') > wt’(b), we have G?(V') = &(G 1OW(Tb],)) € U’G?(b;). We know that G?(b) (resp.,
Gi(T})) is the sum of ﬁai(b))Gj(b’ ) (resp., f i(©) G{OW(T@Z,)) and a ¢Q[g]-linear combi-
nation of G’(V") (resp., Gi,,(T},)) with wt/(0") = wt?(b) and ¢;(0") > &;(b). By our
induction hypothesis, G?(b) — &(Gf,,, (b)) is a ¢Q[g]-linear combination of G’(b")’s, and is
Y}-invariant. Such a vector must be zero, and hence, we obtain G’(b) = &(G1,, (b)). O

Lemma 16.2.5. Suppose there exists j € I?'\ {1} such that e;b # 0 and €;b = 0 for all
1 € V. Then, the statement holds.

Proof. Apply Lemma I622. U

Now, one can complete the proof by combining Lemma I6E2-3-T621 since each b € B
with I7(b) = X is connected to b; for some t = 1,...,may.
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Part 4. Representation theory of U’
This part is the counterpart of Part B for U".

17. BASICS OF THE QUANTUM SYMMETRIC PAIR (U, U")

17.1. Triangular decomposition of U'. Recall that ®, = {€;—¢; | —r <i < j <r+1},
and divide it into three parts as:

Oy =D oU Do Dy,

D= {Ei_ €j ’ Z—i‘l < 0},

(I)() = {61—61 ’ l‘i‘l: 0},

Popi={e—¢ |i+j>0}
Lemma 17.1.1. There ezxists a reflection order = on ®, such that
(16) P o< Py <Dy

Fix a reflection order =< satisfying condition (IB) in Lemma IZT1. Let i be the reduced
word for wy corresponding to <. We set E; ; := Er() for —r+1<i< J <r+1, where
k is such that €; — ¢; = s, -+~ 84, (o, ). For each 4, j, define Ej ; := gr—op(E;;), and set

f*j,*i = El/’l lfl—f—l < O, t; = El_ﬂﬂ_,'_l, 6171 = El/’l lfl‘i‘l > O

Corollary 17.1.2. The ordered monomials <Hz+j<0 fgl_l) (TTi—o(t)™) (Hz k§i> (Hz‘+j>0 ez’i;z')’
aij,bi, ¢ij € Z»o, d; € Z form a linear basis of U )

We have
to=1t, ti = lesti]1, fodl, -
This shows that the ¢;’s are independent of the choice of a reflection order < satisfying
condition (I@) in Lemma [7I.

Let U (resp., Uy, UL,) denote the subspace of U* spanned by all ordered monomials
in f_; ; (vesp., t;,e;;). Then, we have an isomorphism of vector spaces

7 7 7 2,0 7
U= UL, Q (UG RUY) @,
We call this linear isomorphism the triangular decomposition of U* associated with the
reflection order <, and U, (resp., Uy @ U*’, UL ) the negative part (resp., Cartan part,

positive part) of U’. The triangular decomposition enables us to establish an analog of
highest weight theory for the representation theory of U".

17.2. Verma modules and their irreducible quotients. Recall P, and P’ from page
2. For 2 € I, set
51 = hz - h,i =€ — 6@ - (G,ﬂ - E,D € Plv.

For each i € I, there exists a unique 6; € R ®z P, such that (f;,6;) = d;; for all j € I".
Set - -

AN = Z Z0;, and y; := the image of a; in A".

i€l
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By the definitions, we have
2 ifi=j
(Bisvj) = (hi —h_j05) = ¢ =1 if li—j] =1,
0 if |i — 5] > 1.
Set Q' ==Y .1 Z>07:, and define a partial order < on A* by:
(17) p < Aif and only if A — € Q).
For a U'-module M and m € M, we say that m is of weight A\ € A" if it satisfies
km = gNm
for all 7 € T'; we denote by M) the subspace consisting of all m € M of weight .

Lemma 17.2.1. Let M be a U'-module and X € A*. For each i € T', we have
fi(MA) C MA*'@? €£(M)\) C MA+'@7 t(M)\) C M)\.

Recall the triangular decomposition of U’

NUZO®<U1®U’O>®U>O,

and the root vectors f_; ; t}, e;; associated with the reflection order <. Let (ULg),
denote the subspace of U, spanned by all ordered monomials in e; ;’s other than 1.

Definition 17.2.2. Let A € A* and T} € Q(p,q), ¢ = 0,...,r. The Verma module

V'(X\; T') over U* with highest weight A associated with T/ := (T3,...,T") € Q(p,q)"** is
defined to be

V(N T =0 I\ T),

where I(A; T’) denotes the left ideal of U* generated by (U%,),, and k; — ¢'%*) for i € I,
and t; — T/ for i =0,...,r

By the triangular decomposition of U’ a nonzero Verma module V/(\; T') has a unique
maximal submodule, and hence, it has a unique irreducible quotient. We denote it by
L'(A\; T') and call it the irreducible highest weight U*-module with highest weight A as-
sociated with T, or simply, with highest weight (X; T").

Definition 17.2.3. A nonzero U*-module M is called a highest weight module with
highest weight (A\; T') € A" x Q(p, q)" ™ if there exists m € M, such that (U.,);m = 0,
tim =T/m fori=0,...,r, and M = U'm. We call such an m a highest weight vector of
M with highest weight (A\; T”).

Though our definition of highest weight modules over U* depends on the choice of a
reflection order, their U’-module structure is independent of such a choice.
Let O}, denote the category of U’-modules M satisfying the following

int

(M1) M is decomposed into weight spaces, i.e., M = @, . M.

(M?2) Each weight space is finite-dimensional.

(M3) There exists finitely many weights p,...,u, € A" such that the set of weights
A € A" for which M) # 0 satisfies A < y; for some i =1,...,n

(M4) e; and f;, i € I' act on M locally nilpotently.

(M5) t acts on M diagonally, and its possible eigenvalues are (n) for some n € Z, where

n

we set (n) —%.
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Remark 17.2.4. Compared with the definition of O ,, there is an additional axiom in the
definition of O . Without this axiom, we would obtain too many finite-dimensional irre-
ducible modules. In what follows, we see that this additional axiom leads us to beautiful

results.

18. COMPLETE REDUCIBILITY AND THE IRREDUCIBLE MODULES
Throughout this section, we fix e € {1, —1}.
18.1. Braid group action on U".

Proposition 18.1.1 ([KPTI, 4.5]). Fori € I, there exist unique automorphisms 7, and
"

1", on U" satisfying the following:

e

(—kifi  ifi=1, —ek; ¢ ifj=1i,
Ti(e) =S¢ if i — gl > 1, T (i) =8 fi if i — gl > 1,

Llej,ede i li—3dl=1, fis fil-e  ifli—jl=1,
(—fiki® ifj=1, —kfe; if j =1,

7 (ej) = Q¢ if li —jl > 1, T (i) =9 F if li —jl > 1,
e el ifli—j[=1, fis fil-e  ifli—jl =1,

kT ifi=1,
k) =1 (k) =k ifli—jl> 1,

ki ifli—jl=1.

7_{ (t) — [elu [tv fﬂl]—l + tk?l ZfZ = ]_7 7_(/ (t) _ [el’ [t’ fﬂ—l]l + tkl_l Zfl _ 17
- t il t ifi#1.
Moreover, {7 }icr and {7]'_.}icr satisfy the braid relation of type A,.

18.2. Braid group action on U’-modules. In this subsection, we define a braid group
action on U-modules in O! .. Since the proofs of the propositions in this subsection are

int*

almost the same as those in the ordinary quantum group theory, we omit the details.

Deﬁnltlon 18.2.1. Let M € O

i+ For each i € I', we define two automorphisms 7/, and
7. on M by:

e(—ac a) (b c
mom)= > (=)' e fm,

a,b,c€Z>q
a—b+c=n

m)= > (—q) g e el m,

a,b,c€Z>q
—a+b—c=n

where n € Z, and m € M is such that k;m = ¢"m.
Proposition 18.2.2 (see [L93, Proposition 5.2.2]). Let M € O

int >’

be such that (B;, \) >0, j €{0,1,...,(8;, \)}; we set h = (B;, A) —
(1) If n € M, is such that e;n = 0, then Le(f(])n) = (=1)7¢° Jhﬂ f
(2) If £ € M_y is such that f;§ =0, then 7, (e ])5) (—1)7 qleGh+) h)§

Proposition 18.2.3 (see [L93, Proposition 5.2.3]). Let M € O},

int >’

LE]P and let A € \

i €1, and m € M,.
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'’ o ’
(1) We have 7} 7' =idy =7, .7/,

1. ,€
(2) We hafue Tg/,/e(m) = (_1)(ﬁz,>\)qe(5z7>\)7-z"e(m).

=

In what follows, we write 7; = 7/, for i € I,

18.3. Classification of the irreducible modules in O ;. Recall the triangular decom-
position U* = U, ® (Uy @ U"?) @ U.,. We remark that an irreducible highest weight
module is determined by the eigenvalues of k;’s and ¢;’s for a highest weight vector. How-

ever, t.’s are sometimes difficult to deal with.

Proposition 18.3.1. Let V'(\;'T) be the Verma module with highest weight (\;T’).
Then, T' is determined by the ;- - - T (t;,)-eigenvalue of v fori=0,...,r.

This proposition enables us to replace t; with 7;--- 7 (t;) for ¢ € {0,...,r}. Then, we
define t; by to =t, t; = 1;-- - 11(to) for ¢ € {1,...,r}. Also, we set V(\;T) := V'(\; TV)
and L(A\; T) := L'(N\; TY), where T = (Ty, ..., T,) is uniquely determined by the equations
tizv ="Tw,i=0,...,r for a highest weight vector v € V'(\; T).

Let L € O}, be an irreducible U'-module. By condition (M3), there exists A € A* such

int

that Ly # 0 and L, = 0 for all ;1 > A.
Lemma 18.3.2. We have
[to, t1]o = (¢ — ¢~ H)[to, f-1261]0 € U'(ey, exto),

where U'(ey, egty) denotes the left ideal of U generated by ey and egty.

This lemma implies that [to, t1]oLy = 0; namely, the actions of ¢y and ¢; commute with
each other on L,.

Lemma 18.3.3. Leti,j € I'. If j #4,i+ 1, then we have 7;(t;) = ;.
Proposition 18.3.4. Let L € O, be an irreducible module. Take A € A such that

int

Ly#0 and L, =0 for all p > X. Then, the actions of ty, ..., t, commute with each other
on L.

As a corollary of this proposition, we can take a simultaneous eigenvector v € L, for
to,...,t,. Let T; € Q(p,q) denote the eigenvalue of ¢;. Then the submodule generated by
v is a highest weight module with highest weight (X;Tp,...,7,). Since L is irreducible,
we conclude that L is a highest weight module.

Lemma 18.3.5. Let M € O;,, v € M be such that e;v = 0, kyv = q*v for some a € Z>,
and tov = (n) for some n € Z. Let d € Z~qy. Then, there exist unique vg, vy, ..., vq € M

satisfying the following:

(1) A" = Yo v
(2) tovg = (n —m + 2k)vy, for all k =0,...,m.

Proof. As the proof of this lemma needs some lengthy calcluation, we put it in the end of
this section. O

Lemma 18.3.6. Let M € O;, be a Uj-module, v € M a highest weight vector with
kv = ¢, t; = Tyv for some ay € Z>o, To,T1 € Q(p,q). If Ty = (n) for some n € Z,

then Ty = (n — ag + 2by) for some 0 < by < a;.

Theorem 18.3.7. Each irreducible module in O}, is a highest weight module with highest

weight (X\; T) for some A € A* and T = (Tp, ..., T,) € Q(p,q)" " satisfying the following:
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(1) a; :==(Bi, A) >0 for each i € I".
(2) Ty = (n) for some n € Z.
(3) For each i € I', there exists b; € Zxo such that 0 < b; < a; and T;11 = (n — (ay +

From now on, we write L(n; a; b) instead of L(\; T), where n € Z, a = (ay, ..., a,) and

b = (by,...,b,) are such that a; = (6, \), Tix1 = (n— (a1 + -+ -+ a;) +2(by + - - - + b)).
As in the U’-case, there exists a bijection from

{(n.a,b) € ZLy x 254 | 0 < b; < a;.}

to
P =P :={X¢€ Bip(r+1,7‘+1) | A =0or >‘7J~r+1 = 0}.

18.4. Complete reducibility. Consider the anti-algebra automorphism S : U* — U*
over Q(p, q) defined by:

S(e;) = —eski,  S(fi) = =k 'fi, S(k) =k ', S(t)=t.

It is easily checked that S is an anti-algebra homomorphism. In addition, S has the
inverse:

S7Hey) = —kies,  STUfi) =—fiky', STU(k) =k, STI(t) =t
For a U-module M, define a U'-module S, (M) := MY by:
(x-g)(m)=g(S ™ (z)-m) forzeU", g S(M), meM,

where MY denotes the restricted dual of M, ie., MY = @, . Homgp,q (M, Q(p, q))-
Similarly, we define a U-module S*(M) by replacing S—! with S.

Lemma 18.4.1. Let L € O}, be the irreducible highest weight U'-module with highest
weight (A\; T). Then, S.(L) is the irreducible lowest weight U'-module with lowest weight

(=X\; T') for some T" € Q(p, q)" .

Lemma 18.4.2. Let M be a U'-module. Suppose that M contains an irreducible submod-
ule L ~ L(\; T) for some A € A* and T € Q(p,q)". Then, M ~ L & (M/L).

Now, the complete reducibility of the U*-modules in O!, follows from a standard ar-

int
gument; see, for example, [HK02, Section 3.5].

Theorem 18.4.3. Fvery U'-module in O . is completely reducible.

int

Corollary 18.4.4. Every highest weight module in O} s irreducible.

int
Theorem 18.4.5. Let M € O},,. Irreducible decomposition of M is unique in the follow-

ing sense. If we have two irreducible decompositions M = @je] Li =@k L¥ for some

index sets J and K, then there exists a bijection ¢ : J — K such that L; ~ L?G) for all
j € J. Moreover, for each j € J, the number of j' € J such that Lj ~ L; is finite.

18.5. Proof of Lemma IX.3.A. The root vectors of U} are
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Lemma 18.5.1. For n € Z>, the following hold.
elfl(n) _ f;(n)elJF f(n1)CI‘"+1k1— (zj—lkl_l
q—4q
f—l,zf;(n) = qfnfl(n)ff;,z,
0" = K foa + d
0AY = a1 = R sk,
1ot = [ — g ok 4 " e,

Lemma 18.5.2. Let M € O},. For n € Z, let M, denote the t{-eigenspace of M
with eigenvalue (n). Let m € M,. Then, (f_12 £ (pg")*'f1)m € M,+1 and ([e1, t]_1 £

(pg")* e )m € M.

Y

Proof. We prove only the assertion (f_15 + (pg")*' fi)m € M,4; since the another is
similar. By the defining relation of U*, we have

() fim = (12lto fity — f1(t0)* + foym = [2](n)th fym — ((n)* — 1) fym.
Also, it holds that
n+1)+n—-1)=12n), N)?*—1=(n+1)-(n—1).

From these equalities, it is easy to verify that (t{f1 — (n F 1) f1)m is an tj-eigenvector of
eigenvalue (n & 1). Recalling f_; o = [t{, fi]1, we have

(tofr— (nF ) f)m = (frrz+a(n)fo— (n F 1) f)m = (for2 = (pg") " fr)m.

This proves the lemma. [l
n _ _m—1l,.,—n
Since f; = (F-1.2%Pg p];%z +;{§%1’%np g fl), we have

five M, & My

for all v € M,,. Hence,

f1(m)v € GB M, —tok
k=0

for all m € Z>¢. This proves Lemma [8Z33.

19. QUASI-1-CRYSTAL BASES

In the same way as the quasi-j-crystal bases, we define the quasi-i-crystal bases for
module in O},. In this case, the Kashiwara operators are ¢;, f;, i € I'. Since (e;, k;, f;) is

an slo-triple, these operators coincide with the ordinary Kashiwara operators.

19.1. Tensor product rule.

Proposition 19.1.1. Let M be a U'-module having a quasi-j-crystal basis (L, B). Then
(L& L, B®B) is a quasi-j-crystal basis of M @ V, on which the Kashiwara operators act
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as follows: Fori el be B,je{—r+1,r+1},

The action of ]z for i € I' is visualized as:

(0 ifl'zgandff(b): :
b®u_; if j = —i—1 and ¢(b) =0,
(fi(D) ®u;  otherwise,
(b® uiy ifl':gandﬁ(b)zo,
0 if j=—i—1 and e (b) =0,
b@u_i—1 if j=—1i ande;(b) =0,
L€i(b) ®u;  otherwise.
—(i—1) i—1
Uy — U_ﬂ Ul Ud — U;
[ ] é ® [ J ([ ] ([ ]
([ ] [ ([ ] ([ ]
([ ] [ ([ ] ([ ]
[ ] [ ] [ ] $ [ ]

Theorem 19.1.2. Let M be a U'-module having a quasi-i-crystal basis (L,B), and N

a U-module having a crystal basis (L', B').

Then, M @& N has a quasi-i-crystal basis

(LR L BB, on which the Kashiwara operators act as follows: for b € B and b € B,

(b® E_; (1)
fbeb) =1 ~
Lb® E_ (V)

(b® F_y(V)
abeb) =
ab@t) =9z ey
(b ® B4 (V)

Corollary 19.1.3. Let N € Oy be a U-module with a crystal basis (L', B').

Zf €i_1(b,) < (pl(b) and 62(1)) < Ef_(i_l)(b/), or

=
O
L
<
~—
V
5
=
~
=)
N
S
™
|
—~
=
~—
+
O
L
—~
<
~—
|
©
X
—~
=
~—
A
™M
L
|
=
oy
~—

if €i-1 (V) < @i(b) and £;(b) < e_i-1y(V'), or

if €i-1 (V') > ¢i(b) and &;(b) + €1 (V) — @i(b) < e—-1)(V),
if €i-1 (V) < pi(b) and ;(b) > e_—1)(V'),

if €i-1 (V') > ¢i(b) and £;(b) + ;-1 (V) — @i(b) > e_(i—1)(V).

Then,

(L', B') is also a quasi-i-crystal basis of N. Furthermore, for each b € B and i € I', we
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have the following:

f(b) _ E—(z—l)(b) Zf Ei_l(b) < 5_(1_1)(17),
' Fio1(b) if gi1(b) = (1) (D),
A F:f(ifl)(b) if ei-1(b) < e_i—1)(b),
: Ei1(b) if €i-1(b) > €—(i-1) (D).
Proof. Apply Theorem TIT2 for M = L(); @), which is the trivial module of UY. O

Recall that B®Y is identified with [—7 4+ 1,7 + 1]V, and its crystal structure is described
in the beginning of this section. Applying Corollary to the crystal basis (L&Y, B®Y),
we obtain a quasi-j-crystal structure of BV,

Corollary 19.1.4. The quasi-j-crystal basis BEYN = [—r + 1,7 + 1]V obtained from Corol-
lary TIT3 is described as follows: for s € IV, €s (resp., ]715) 1s obtained from s by
replacing the rightmost —1 in sy with O (resp., the leftmost 0 in sq with —1), and is 0 if
there are no —1 (resp., 0) in s1. Fori € I7\ {1}, ¢;s is obtained from s by replacing the
rightmost i in s;with i — 1 if i € s;, or by replacing the rightmost —i in s; with —(i — 1)
if i ¢ s, oris 0 ifi,—i ¢ s;. Finally, ﬁ-s is obtained from s by replacing the leftmost
—(i — 1) in s;with —i if —(i — 1) € s;, or by replacing the leftmost i — 1 in s; with i if
—(i—1)és;, oris0ifi—1,—(i—1) ¢s,.

19.2. Abstract quasi-i-crystals. As in the ordinary crystal basis theory, we define the
notion of (abstract) quasi-i-crystals as sets with structure maps ¢;, f;, i € I', and wt'.

By Corollary TIT3, we can define a functor from the category of crystals of sly, o-
type to the category of quasi-i-crystals. Since EO and ﬁo do not appear in the formula
of Corollary MIT3, we can regard this functor to factor through the forgetting functor
Resgi‘i,lr—&—l'

Lemma 19.2.1. Let B be a crystal of s(gl,,; @ gl,.1)-type. Then, B is equipped with a
quasi-i-crystal structure such that the structure maps é€;, f; are defined by the formula in
Corollary TIT-3.

Recall that we have given to SST(,11,41)(A) a crystal structure of s(gl, ., ® gl ;)-type
for each A € Bip(,;1,1)- Now, we can regard SST(,1,41)(A) as a quasi-i-crystal.

20. QUASI-2-CRYSTAL BASES OF IRREDUCIBLE U’~-MODULES

20.1. Quasi-i-crystal basis of V®¢. In this section, we study the quasi-z-crystal basis
(L®4, B®Y) of V®? in detail.
Recall the functor Fy. : H-mod — S(7*)-mod defined by F~(M) := T(7") ®y M. This

functor induces another functor
F':H-mod — U-mod; M — V& @y M.

By the (U, H)-duality, this functor sends an irreducible module to an irreducible module
or 0. Set L(W)y :={X € L(W) | F/(C%) # 0}. Then, for each X € L(W)j, there exists
a unique A(X) € P* such that F*(Ck) ~ L(A(X)). With this notation, we have

Ve~ B LAX)).
XeL(W)o

On the other hand, By Proposition 6231, we have F*(C%) ~ C%(7") for all X € L(W).
Hence, we obtain L(X(X)) ~ C%(x*) for all X € L(W)j.
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Proposition 20.1.1. Let X € L(W),. Then, C<,x(n"), C.,x(n"), and C%(x") have
quasi-i-crystal bases.

Proposition 20.1.2. For each X € L(W )y, there exists a highest weight vector vy € V&4
satisfying the following:
(1) LX = UZUX = CL( )
(2) (Lx,Bx) is a quasi-i-crystal basis of Lx isomorphic to (L(X), B(X)), where Lx =
L®d N Lx, BX = B®d N (,Cx/qﬁx)
(3) L& = @XEL(W)O Lx, and B! = |_|XEL(W)0 Bx

20.2. Combinatorial description of B(X). By Propositions and PITTA, we have
a decomposition

(18) B® = |_| B(X (X) ={up |i€m, we'W, and wyw € X}

XeL(W)o
of quasi-t-crystals. Also, by Theorem 534 (), u; and v; (i,j € [-r + 1,7 + 1]%) belong
to B(X) for some X € L(W)y if and only if Q*(i) = Q*(j). Hence, eaCh B(X) is of the

form

BX)={w|i€[-r+1r+1" (Q (1).Q7(1))=Q} QeST(A), A€ Bip;,41)(d).

On the other hand, we have a decomposition

(19) B®? — |_| |_| (SST(ri1(A) x {Q})

)‘eBip(r+1,r+1) (d) QEST(A)

of an s(gl.,; ® gl,,)-crystal. By Lemma [T and arguments in Subsection [Y32, this
decomposition is also a decomposition of a quasi-i-crystal.

Theorem 20.2.1. We have L(W)o = {X € L(W) | shX € Bip(,;1,.1)(d)}. Also, for
each X € L(W)o with shX = X € Bip;,41)(d), we have B( ) = {(T Q) | TEe
SST (41,0410 (A)}, where Q := Q(X), and Lx ~ L(X).

20.3. j-crystal bases. In general, a quasi-i-crystal graph of an irreducible U*-module
is neither connected nor unique. In this subsection, we introduce the notion of u-crystal
bases as quasi-i-crystal bases satisfying some additional conditions. And we prove the
existence and uniqueness theorem for -crystal bases, and that they are connected.

Let A € Bip(,;;,,1)(d), and take a left cell X € L(W) satisfying C% ~ L(X). Recall
that Ck has a basis {[{C,]x | i € 7, w € 'W, and wyw € X}, and it is in one-to-
one Correspondence with SST(A); we denote by br the basis element corresponding to

T € SST(A). For each i € [1,7], we define linear endomorphisms ¢y and f; on L(X) by

i-3
0 otherwise,

N b5 r ifng:Oforalljzl,...,i—landEj_%T:Oforalljzl,...,
ez’(bT>

~ bT/ if gi’ bT/ = bT,
2 (br) =
fu(br) {O otherwise.

Note that the condition €;7° = 0 for all j = .1 — 1 and E 1T = 0forall j =
2,...,i— 1 is equivalent to ;7" = 0 for all j = 1 .1 — 1 and eJ/T = 0 forall j =
2,...,1— 1.

i—1,
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Let X’ € L(W) be such that C%, ~ C%. Since the linear map [Cy/]x: — [Cylx, v’ € X/,
w € X with P¥(w') = P*(w) gives an isomorphism C%, — C% of H-modules, the
definition of ¢; and f; are independent of the choice of X as long as we have Ck ~ L(X).

Also, we define linear endomorphisms ¢e; and ﬁ-/, i €{2,...,r} on each U’-module in
O . by the complete reducibility.

int
Remark 20.3.1. Later, we will give more intrinsic definitions of €; and f’;/.
Definition 20.3.2. Let M € O}, be a U-module with a quasi-i-crystal basis (£, B). We

say that (£, B) is an -crystal bzlinstis if it satisfies the following:
(:C 1) L is preserved by the operators;éi/ and ﬁv, ie[l,r].
(:C 2) We have e;(B) c BU{0} and f(B) C BU {0} for all i € [1,r].
Let A € Bip(, 1,41y, and v € L(A) be a highest weight vector. Set
L(A) = SpanAO{ﬁ1 e fiu | L€ Lsg, iy, i € P UL, .. 'Y,
BA) == {fi - fav + L) | 1 € Lo, iy, ..., i € PUL{2,...,0"}}\ {0}
Theorem 20.3.3. Let A € P'. Then, (L(X),B(X)) is a unique v-crystal basis of L(X).
Corollary 20.3.4. (L®4 B®%) is an 1-crystal basis of V®¢. Under the identification

B®d~: I¢, the actions of &, f;, i € I' are described by Corollary [9.1.4, and those of
e, fir, 1 € '\ {1} are given as follows: €ys is obtained from s by replacing the rightmost
iins; withi—1ifes=0forallj=1,....,i—1andeys =0 forallj =2,...,1—1,
and is O otherwise. Finally,

f;/S = {S/ if’é/i,s/ =5,

0 otherwise.

Now, the existence and uniqueness theorem for i-crystal basis can be proved in the
same way as the ordinary crystal basis theory.

Theorem 20.3.5. Let M € O}, be a U'-module. Then, M has an 1-crystal basis (L, B).

If M ~ @ycp. LIN)F™ for some mx € Zsq, then there exists an isomorphism M —
DBicp LXN)P™ inducing an isomorphism (L£,B) — (P yecp: LX), D cp B(X)T™).

21. GLOBAL 2-CRYSTAL BASES

21.1. Global i-crystal bases. Let U’y be the A-subalgebra of U* generated by eE”), fi(n), t, kE
1€ H], n € Z>Q.

Let V' be a U'-module in O;,
Y'-involution on V.

Definition 21.1.1. Let V, £, B, be as above. V is said to have a global +-crystal basis
if there exists a Uy-submodule V of V' which is an A-lattice forming a balanced triple

(L, Va, L). The associated global basis G*(B) is called a global -crystal basis of V.
Proposition 21.1.2. Let M € O, with a global 1-crystal basis G*(Byr), and N € Oy

int

with a global crystal basis G(By) Then, (G'(Byr) o, G(By)) is a global v-crystal basis of
M® N.

Proposition 21.1.3. Let M € Oy be a U-module with a global crystal basis G(B)
associated to a crystal basis (L, 1B), a ¥-involution ¥y, and a U a-submodule Ma. Then,
(L, B) is an 1-crystal basis, (L, Ma,V4,(L)) is a balanced triple, and G’(B) := G(B), is
the global 1-crystal basis associated to the balanced triple (L, Ma, V%, (L)) and the basis B.

with an s-crystal basis (£, B). Assume that V' admits a
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21.2. Global i-crystal basis of irreducible U*-module. Let X € L(W). Then,
Ck(r*) ~ L(A) for some A € P'. Since L(A) is a highest weight module, there exists a
unique A € 7 and w € *W such that [*C,,|x € C%(7*) is a highest weight vector.

Recall the isomorphism D%, ~ C% of left H-modules from Proposition BZ9. Set
C% = Q(p,q) ®a, C%, and define D%, and D%, (77) similarly. Then, we have

DX, (77) = T(7") ®1 D%, ~ T(7") ®n Cx ~ Cx(7')

as left U'-modules. Hence, [*Du,wuo)xw, € Dku, () is also a highest weight vector.
Thus, we obtain two isomorphisms

oo : L) — Ch(7"); va = [*Culx,
QOD : L(A> — D?(wo (ﬂ—l>7 Ux = [)\Dwxwwo]/Xwo
of U'-modules, where vy € L(A) is a fixed highest weight vector.

Definition 21.2.1. Let A € P and vy € L(A) be a highest weight vector. Define the
bilinear form (-,-); on L(A) by (ux,va)1 = 1 and (xm,n); = (n,0?(z)n); for all z € U,
m,n € L(\).

Proposition 21.2.2. Let X € P'. Then, the bilinear form (-,-); is nondegenerate.

Recall that the set {(p,y) | p € @, y € "W Nw,X} is identical to B(A). For each
b e B(A), set

fow(b) = ‘P(_Jl([“oy]X)? thp(b) = ¢Bl([quuywo]le0)7
where (u,y) is the pair corresponding to b. Then, G} (A) := {G} (D) | b € B(A)} and
Grp(A) == {G1,(b) | b€ B(A)} are bases of L(X).

Definition 21.2.3. Let A € P*(d), and vy € L(A) be a highest weight vector. Define a
bilinear form (-, )y on L(A), and a ¢*-involution ¢} on L(X) by

(ua,v)2 = 1, (zm,n)y = (m, o(x)n)y for all x € U', m,n € L(N),
Yi(va) = va
Let (L(X), B(A)) be the unique u-crystal basis of L(A) such that vy + ¢gL(X) € B(A).

Theorem 21.2.4. Let A € P'(d). Then, the following hold.

(1) %( low (0)) = G, (b) for all b € BA).

(2) PA(GLp(0) = G, (b) for all b € B(X).

(3) 10W( ) and G}, ()\) are dual bases with respect to (-,+);.

(4) LA) = {m € L()\) | (m,m)s € Ag}. Consequently, (-,-)2 induces the bilinear
form (-, -)o on L(X)/qL(N) defined by (m~+qL(X), n+qL(X))o = limy_o(lim, o(m, n)2).

(5) {Gi,,(b) | b€ B(A)} forms an almost orthonormal basis with respect to (-,-)a, i.e.,

we have (G}, (b), G}, (V)2 € Sy + qAg for all b0 € B(A).

(6) (b, b/)o = 5b y for all b, b e B()\)

(7) Let L(X)a be the A-span of G, (X). Then, (LX), L(A)a, Y3 (L(AX))) is balanced.
Moreover, the global basis associated to B(A ) is {G}.,(b) | b€ B(A)}. In particular,
L(A) has a global v-crystal basis.
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FIGURE 1. Dynkin diagrams of irreducible finite type, [H72]
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FIGURE 2. Satake diagrams of irreducible symmetric pairs, [BWTRa|
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