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REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS
OF TYPE AIII/AIV

HIDEYA WATANABE

Abstract. A quantum symmetric pair is a pair of a quantum group and its coideal
subalgebra; the classical limit of the coideal subalgebra becomes the fixed-point subal-
gebra under an involution on a semisimple Lie algebra. Quantum symmetric pairs have
played important roles in many branches of mathematics such as the representation the-
ory of Lie superalgebras, low-dimensional topology, and integrable systems. However, the
classification of the irreducible modules, which is one of the most basic problems in rep-
resentation theory, has not been settled yet. As a first step toward this problem, in this
thesis we study the representation theory of a special class of quantum symmetric pairs.
The main tools are highest weight theory, crystal basis theory, and the representation
theory of Hecke algebras of type B.
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Introduction

Quantum groups. The quantum groups (also called quantized enveloping algebras)
Uq(g), which are certain unital associative algebras over Q(q), were introduced in the mid
of 1980’s by Drinfel’d [Dr85] and Jimbo [J85] independently, with a complex semisimple
Lie algebra g and a parameter q as inputs. From a quantum group, one can construct the
universal R-matrix, which gives a solution to the quantum Yang-Baxter equation. Hence
the quantum groups are important in mathematical physics. The universal R-matrix has
also an application to knot theory ([RT90], see also [Jo85]).
In representation theory, quantum groups have played a central role since their birth.

The classification of finite-dimensional irreducible modules over a quantum group is done
in a way similar to the classical case (i.e., complex semisimple Lie algebra case). Namely,
the finite-dimensional irreducible Uq(g)-modules are classified by the dominant integral
weights. However, there are interesting concepts which are peculiar to the quantum case.
Here, we mention Kashiwara’s crystal bases, Lusztig’s canonical bases, and Jimbo’s q-
Schur duality.

Crystal bases. Crystal bases were introduced in [K90], [K91] as “local” bases of modules
over a quantum group (including the negative part Uq(g)

− of a quantum group) at q = 0.
Crystal bases have much information about modules. For example, each finite-dimensional
module over Uq(g) is uniquely determined by its crystal basis.

Crystal bases extract some combinatorial aspects of module structures. By axiomatizing
such properties, the notion of (abstract) crystals was introduced in [K93b]. Roughly
speaking, a crystal is a finite set with certain structure maps. There is a formula, called
the tensor product rule, which makes a pair of crystals into a new crystal. Thus, the
category of crystals form a tensor category. Note that each crystal basis of a module is a
crystal, and the tensor product of two modules has a crystal basis whose crystal structure
is given by the tensor product rule.

One of the advantages of considering abstract crystals is that we can reduce many
problems in representation theory to those in combinatorics. For example, when g = sln,
the special linear Lie algebra over C, each dominant integral weight is identified with a
partition. Hence the finite-dimensional irreducible modules over Uq(sln) are classified by
partitions. Also, for each partition λ, the set SST(λ) of semistandard Young tableaux
of shape lm is equipped with a crystal structure. Then, the crystal basis of the finite-
dimensional irreducible module corresponding to λ is isomorphic to SST(λ). Moreover,
the crystal structure of SST(λ) is characterized by a special element, called the highest
weight vector with highest weight λ. Hence the problem of decomposing a given finite-
dimensional modules into irreducible modules is reduced to the problem of finding the
highest weight vectors with various highest weights in the crystal basis of the given module.
This is a purely combinatorial problem. Similar combinatorial realizations of crystal bases
are known in the other classical types, i.e., for g = son, the special orthogonal Lie algebra,
and sp2m, the symplectic Lie algebra ([KN94]).

Now, recall that the crystal bases are “local” bases at q = 0, namely, they are not
actual bases. In order to obtain genuine bases, we need to “globalize” the crystal bases.
This leads to the notion of global crystal bases ([K91], [K93a]). A global crystal basis is
a basis whose limit at q = 0 becomes a crystal basis. It is not always true that there is
a global crystal basis which specializes to a given crystal basis. Hence it is an important
problem to clarify when a given crystal basis can be globalized. For example, it is known
that the crystal bases of Uq(g)

− and each finite-dimensional irreducible module have a
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unique global crystal basis. Once we obtain a global crystal basis of a module, we get
more information about the module structure.

Canonical bases. From a geometric point of view, Lusztig constructed canonical bases
for quantum groups of type ADE in [L90a], and of general type in [L91]. In order to
formulate canonical bases, we need the bar-involution, which is a Q-linear involution on
Uq(g) sending q to q

−1. Then, the canonical basis of Uq(g)
− is a basis whose elements are

all invariant under the bar-involution, and which specializes to a “local” basis of Uq(g)
−

as q goes to 0.
Now, let λ be a dominant integral weight, and consider the corresponding finite-

dimensional irreducible Uq(g)-module L(λ). Let vλ ∈ L(λ) be the highest weight vector.
Then, the canonical basis of L(λ) is defined to be the image of the canonical basis of
Uq(g)

− under the surjection Uq(g)
− → L(λ); x 7→ xvλ. Since L(λ) is generated by vλ over

Uq(g)
−, it is equipped with a Q-linear involution that fixes vλ, and is compatible with the

bar-involution of Uq(g). Then, by its construction, the canonical basis of L(λ) is invariant
under this involution.

In [L90b] for ADE type, and in [GL93] for general type, it is proved that Lusztig’s
canonical bases coincide with Kashiwara’s global crystal bases for both irreducible modules
and Uq(g)

−.

q-Schur duality. The quantum group Uq(sln) of type A is deeply concerned with the
Hecke algebras H(Sd) of type A, where Sd denotes the d-th symmetric group. Jimbo
[J86] discovered that the universal R-matrix gives rise to the H(Sd)-module structure on
the tensor product V⊗d of the natural representation of Uq(sln), and furthermore, this
action and the usual action of Uq(sln) on V⊗d form a double centralizer. This fact induces
an exact functor from the category of finite-dimensional Uq(sln)-modules to the category
of finite-dimensionalH(Sd)-modules, and also one in the opposite direction, both of which
send irreducible modules to irreducibles or zero.

The tensor power V⊗d has two distinguishing bases; one is the canonical basis (equiva-
lently, global crystal basis) as a Uq(sln)-module, and the other is the Kazhdan-Lusztig ba-
sis as an H(Sd)-module. The Kazhdan-Lusztig basis is a basis invariant under a Q-linear
involution of V⊗d which is compatible with the bar-involution of H(Sd). In [FKK98],
it is proved that these two bases coincide. This result was then used to formulate the
Kazhdan-Lusztig theory without using H(Sd) directly.

Quantum symmetric pairs. Recently, the quantum symmetric pairs have been getting
attention. A (classical) symmetric pair is a pair (g, gθ) of a complex semisimple Lie
algebra g and the fixed-point subalgebra gθ := {x ∈ g | θ(x) = x} for some Lie algebra
automorphism θ of g such that θ2 = idg. Quantum symmetric pairs were first studied in
[NS95], [N96], [NDS97] as pairs (U,Uı) of a quantum group U = Uq(g) and its coideal
subalgebraUı whose classical limit becomes the universal enveloping algebra U(gθ). Their
aim is to study Macdonald polynomials as quantum zonal spherical functions. A uniform
construction of the quantum symmetric pairs was achieved for finite type in [Le99], and
for any Kac-Moody type in [Ko14].

In an influential paper [BW13], Bao and Wang establish analogs of parts of the theory
of quantum groups in the setting of quantum symmetric pairs of type AIII/AIV. Namely,
they constructed the universal K-matrix (the counterpart of the universal R-matrix),
the bar-involution, and the ı-canonical bases (the counterpart of the canonical bases)



REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS OF TYPE AIII/AIV 5

of U-modules. These were used to complete the Kazhdan-Lusztig theory for the ortho-
symplectic Lie superalgebras osp(m|2n), namely, to solve the long-standing problem of
determining the irreducible characters in the Bernstein-Gelfand-Gelfand category O of
osp(m|2n) (see also [B17] and [BWW18]).

Since then, it has been discovered that many properties of the quantum groups can
be generalized to the quantum symmetric pairs. For example, a systematic construction
of the universal K-matrix ([BaKo15b], [BW18a], [BW18b]), bar-involution ([BaKo15a],
[BW18a], [BW18b]), and the ı-canonical bases ofU-modules andUı ([BW18a], [BWW18],
[BW18b]) have been achieved. Also, for a particular class of the quantum symmetric pairs,
a geometric construction of Uı is given in [BKLW18] (see also [BLM90]).
However, we know little about the representation theory of Uı. The most important

problems such as

• the classification of irreducible modules,
• the complete reducibility of modules,
• the determination of the structure of irreducible modules,

have not been settled yet (see e.g., [GK91] and [AKR17] for partial results). This thesis
is a first step toward these problems.

Results. The main results in this thesis are the multiparameter version of q-Schur duality
in type B and the representation theory of quantum symmetric pairs of type AIII/AIV.
In both results, we treat one of the particular quantum symmetric pairs (Uq(sl2r+1),U

ȷ)
and (Uq(sl2r+2),U

ı). In order to avoid repetition, we only explain results involving Uȷ

here.

q-Schur duality in type BCD. As we have mentioned above, Bao and Wang [BW13] dis-
covered the type B/C analog of Jimbo’s q-Schur duality. In Part 2, we upgrade this
duality to the multiparameter setting. Namely, we introduce a new parameter p, which
may or may not be independent of q. When p = q, our result recovers the one in [BW13],
while the p = 1 case coincides with the type D analog of the q-Schur duality, which is
first discovered in [B17].

Classification of finite-dimensional irreducible modules. In Part 3, we study a certain
module category Oȷ

int, which contains all of finite-dimensional Uȷ-modules. The first step
is the triangular decomposition of Uȷ, which enables us to establish the highest weight
theory. As is well known, the highest weight theory lies at the heart of the classification
of irreducible modules over semisimple Lie algebras and quantum groups. Hence it is
pleasing that this theory is also applicable to the setting of quantum symmetric pairs.
Next, we develop the crystal basis theory for modules in Oȷ

int. Namely, we introduce the
notion of ȷ-crystal bases for Uȷ-modules in Oȷ

int. By analyzing a ȷ-crystal basis of V⊗d

for various d ∈ Z>0, we complete the classification of irreducible Uȷ-modules in Oȷ
int.

As a result, we see that every irreducible module in Oȷ
int is finite-dimensional, and that

the irreducible modules in Oȷ
int are classified by bipartitions (pairs of partitions). In our

crystal basis theory, the assumption that p is algebraically independent of q is essential.
I hope that we can develop similar theory which is applicable to any p, and to other
quantum symmetric pairs in a future work.

New crystals. Like the ordinary crystal basis theory, our new crystal basis theory has
many combinatorical aspects. First of all, we introduce the notion of (abstract) ȷ-crystals.
Then, for each bipartition λ = (λ−;λ+), we equip the set SST(λ) = SST(λ−)×SST(λ+)
of semistandard bitableaux (pairs of semistandard tableaux) of shape λ with a ȷ-crystal
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structure. This is done in a purely combinatorial manner. We prove that the ȷ-crystal
basis of the irreducible module L(λ) corresponding to λ is isomorphic to SST(λ) as an
abstract ȷ-crystal. As a byproduct, we obtain the equality dimL(λ) = | SST(λ)|.

Also, we discover a combinatorial formula (the tensor product rule for ȷ-crystals) which
makes given two ȷ-crystals into a new ȷ-crystal. As in the ordinary crystal case, this
tells us the ȷ-crystal structure of the ȷ-crystal basis of the tensor product M ⊗ N of a
Uȷ-module M with a ȷ-crystal basis, and a Uq(sl2r+1)-module N with an ordinary crystal
basis.

Finally, we mention that our new crystal basis theory is compatible with the ordinary
crystal basis theory. LetM be a Uq(sl2r+1)-module with a crystal basis. Then, the crystal
basis is also the ȷ-crystal basis of M , regarded as a Uȷ-module by restriction. Moreover,
the ȷ-crystal structure of the ȷ-crystal basis is completely determined by its original crystal
structure. This observation enables us to solve the problem of how a given irreducible
Uq(sl2r+1)-module decomposes into irreducible Uȷ-modules (branching rule) in terms of
semistandard tableaux and bitableaux.

Organization. This thesis is organized as follows.
Part 1 is a preliminary part. In Section 1, we review basic concepts concerning Kac-

Moody algebras, Weyl groups, and crystals. Also, we prepare some combinatorial tools
which are frequently used throughout this thesis. In Section 2, we define (classical)
symmetric pairs, and give an example of type AIII/AIV. Sections 3 to 4 are devoted to
quantizing objects which have been introduced so far. Namely, we formulate quantum
groups, braid group actions on them, and quantum symmetric pairs. Also, basic results
about R-matrices, crystal bases, canonical bases, K-matrices and ı-canonical bases are
given. A construction of Poincaré-Birkhoff-Witt-type basis for quantum symmetric pairs
is new. In Section 5, we formulate the notion of Kazhdan-Lusztig bases. These bases are
then used to construct the left cell representations. The aim of Section 6 is to study the
connection between the representation theory of Hecke algebras and that of generalized
q-Schur algebras.

Part 2 is the first half of the main body of this thesis. It contains the q-Schur duality
in type BCD for Uȷ in Section 7, and the one for Uı in Section 8. The results in this part
were obtained in [BWW16].

Parts 3 and 4 are the second half of the main body of this thesis. They treat the
representation theory of (Uq(sl2r+1),U

ȷ) and (Uq(sl2r+2),U
ı). We begin with applying

the construction of the PBW-type basis to Uȷ in Section 9. This enables us to establish
highest weight theory. Section 10 is devoted to the detailed study of the representation
theory of (Uq(sl3),U

ȷ). This is the smallest Uȷ, and hence the results in this section
become fundamental tools in the study for a bigger Uȷ. In Section 11, we prove that each
module in Oȷ

int is completely reducible, and then start the classification of irreducible
modules in Oȷ

int. In Section 12, we introduce the notion of quasi-ȷ-crystal bases, which
is a weak version of ȷ-crystal bases. The main result here is the tensor product rule for
quasi-ȷ-crystals. By studying a particular quasi-ȷ-crystal basis of V⊗d, we complete the
classification of irreducible modules in Oȷ

int in Section 13. Also, we define the notion of
ȷ-crystal bases, and prove that each irreducible module has a unique ȷ-crystal basis whose
ȷ-crystal structure is described in terms of semistandard bitableaux. In Section 14, we
prove the existence and uniqueness of global ȷ-crystal basis of an irreducible module in
Oȷ

int. After studying basic properties of global ȷ-crystal bases in Section 15, we prove
in Section 16 that each global crystal basis of a module in Oȷ

int is compatible with a
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particular filtration. Sections 17 to 21 are the counterparts of Sections 9 to 14 in the
(Uq(sl2r+2),U

ı) case. As the results in Sections 15 and 16 needs so many computations,
we skip the counterparts for Uı. Instead, we would like to develop the general theory
including Uȷ and Uı in a future work.
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Part 1. Preliminaries

In this part, we prepare notations and basic notions needed in later parts. The materials
in this part, except in Section 4, are elementary, and can be found in standard textbooks.

Notation

• n := n− 1
2
for n ∈ Z. Note that −n ̸= −n.

• Matn(R): the ring of n× n matrices with coefficients in a ring R.
• gln = Matn(C): the general linear Lie algebra over C.
• sln = {X ∈ Matn(C) | tr(X) = 0}: the special linear Lie algebra over C.
• Sd: the d-th symmetric group.
• For l,m ∈ Z such that l ≤ m, set [l,m] := {l, l + 1, . . . ,m}.
• For l,m ∈ Z+ 1

2
such that l ≤ m, set [l,m] := {l, l + 1, . . . ,m}.

• Every subsets of Z or of Z+ 1
2
are regarded as a totally ordered set with the usual

ordering.
• Lop: the opposite totally ordered set of a totally ordered set L.
• Aop: the opposite algebra of an algebra A.

1. Kac-Moody algebras

A Kac-Moody algebra is a complex Lie algebra constructed from an integer matrix and
some ingredients. In this section, we review basic results and related concepts concerning
representation theory of Kac-Moody algebras. We mainly follow notations in [HK02].
In Subsection 1.1, we give a definition of Kac-Moody algebras, and the classification of
integrable irreducible modules. In Subsection 1.2, we list basic concepts about Weyl
groups such as length function, reduced expressions, and Bruhat order. In Subsection
1.3, we introduce the notion of crystals, and give the tensor product rule. Subsection
1.4 is devoted to formulating notations regarding partitions. After reviewing Schensted’s
bumping algorithm and Robinson-Schensted-Knuth correspondence in Subsection 1.5, we
equip some combinatorial objects with crystal structures in Subsection 1.6. Also, we show
that RSK correspondence is in fact a morphism of crystals.

1.1. Kac-Moody algebras. Given a complex semisimple Lie algebra, one gets an inte-
ger matrix (Cartan matrix) by extracting partial information about structure of the Lie
algebra. Axiomatizing important properties of such matrices leads to the definition of
generalized Cartan matrix.

Definition 1.1.1. Let I = [1, n] for some n ∈ Z>0.

(1) A generalized Cartan matrix is a matrix A = (ai,j)i,j∈I ∈ Matn(Z) satisfying the
following:
(a) ai,i = 2 for all i ∈ I.
(b) ai,j ≤ 0 for all i ̸= j ∈ I.
(c) ai,j = 0 if and only if aj,i = 0.

(2) A generalized Cartan matrix A is said to be symmetrizable if there exists a diagonal
matrixD = diag(di)i∈I such that di ∈ Z>0 for all i ∈ I, and thatDA is a symmetric
matrix.

(3) A generalized Cartan matix A is said to be of finite type (or, a Cartan matrix) if
it is positive definite.

(4) A generalized Cartan matrix A is said to be indecomposable if there exist no
nontrivial partitions I = I1 ⊔ I2 such that ai,j = 0 for all i ∈ I1, j ∈ I2.
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Definition 1.1.2. Let A be a generalized Cartan matrix. The Dynkin diagram of A is
the (partially) directed graph whose vertices are the elements of I, and i ̸= j ∈ I are
joined by ai,jaj,i edges. The edges between i ̸= j are directed from i to j if |ai,j| < |aj,i|.

Example 1.1.3. Let

A =


2 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 2

 .

Then, its Dynkin diagram is

◦
1

◦
2

◦//

3
◦
4

The following is the classification theorem for indecomposable Catan matrices. Al-
though a similar result for generalized Cartan matrices of affine type (i.e., positive semi-
definite of corank 1) is known, we do not need here.

Theorem 1.1.4. Let A be an indecomposable Cartan matrix. Then, its Dynkin diagram
is isomorphic to one of the diagrams listed in Figure 1 in page 111.

Throughout this section, we fix a generalized Cartan matrix A = (ai,j)i,j∈I . Suppose
that we are given the following objects;

• free Z-modules P , P∨ of finite rank,
• linearly independent elements Π = {αi | i ∈ I} ⊂ P , Π∨ = {hi | i ∈ I} ⊂ P∨,
• a perfect pairing ⟨·, ·⟩ : P∨ × P → Z such that ⟨hi, αj⟩ = ai,j.

Such a quintuple (P, P∨,Π,Π∨, ⟨·, ·⟩) is called a Cartan datum associated with A. Also,
the elements of Π and Π∨ are called the simple roots and simple coroots, respectively. It is
well-known that one can construct a (possibly infinite-dimensional) complex Lie algebra,
called a Kac-Moody algebra, from a Cartan datum.

Definition 1.1.5. The Kac-Moody algebra g = g(A) associated with a Cartan datum
(P, P∨,Π,Π∨, ⟨·, ·⟩) is the complex Lie algebra generated by symbols ei, fi, i ∈ I, and
h ∈ P∨ subject to the following relations; for i, j ∈ I and h, h′ ∈ P∨.

[h, h′] = 0,

[h, ei] = ⟨h, αi⟩ei,
[h, fi] = −⟨h, αi⟩fi,
[ei, fj] = δi,jhi,

(ad ei)
1−ai,j(ej) = 0, i ̸= j,

(ad fi)
1−ai,j(fj) = 0, i ̸= j.

The following is one of the most basic result in Lie theory.

Theorem 1.1.6. Let A be a symmetrizable generalized Cartan matrix, and (P, P∨,Π,Π∨, ⟨·, ·⟩)
a Cartan datum. Then, g(A) is simple (i.e., g(A) has no nontrivial ideal) if and only if
A is an indecomposable Cartan matrix and rkP = rkP∨ = n. In particular, the complex
simple Lie algebras are classified by the Dynkin diagrams listed in Figure 1 in page 111.

Example 1.1.7. Let us give two examples of Cartan datum that are frequently used in
the sequel.
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(1) Let A = (ai,j)1≤i,j≤n−1 be such that

ai,j =


2 if i = j,

−1 if |i− j| = 1,

0 if |i− j| > 1.

Then, A is an indecomposable Cartan matrix whose Dynkin diagram is of type
An−1 (see Figure 1 in page 111). Let ϵ1, . . . , ϵn ∈ Rn be the standard basis of the
Euclidean space Rn. Set

P := Zn/Z(ϵ1 + · · ·+ ϵn), P∨ := {(x1, . . . , xn) ∈ Zn | x1 + · · ·+ xn = 0},
and

αi := ϵi − ϵi+1 + Z(ϵ1 + · · ·+ ϵn) ∈ P, hi := ϵi − ϵi+1 ∈ P∨ (i ∈ [1, n− 1]).

Let ⟨·, ·⟩ denote the pairing P × P∨ → Z induced from the inner product on Rn.
Then, (P, P∨, {α1, . . . , αn−1}, {h1, . . . , hn−1}, ⟨·, ·⟩) is a Cartan datum associated
with A. We call this Cartan datum the sln-type. In this case, the associated
Kac-Moody algebra is isomorphic to sln.

(2) Let (P, P∨, {α1, . . . , αm+n−1}, {h1, . . . , hm+n−1}, ⟨·, ·⟩) be the Cartan datum of slm+n-
type. Then, (P, P∨, {αi | i ̸= m}, {hi | i ̸= m}, ⟨·, ·⟩) is a Cartan datum associated
with a Cartan matrix (ai,j)i,j ̸=m. We call this Cartan datum the s(glm⊕gln)-type.
In this case, the associated Kac-Moody algebra is isomorphic to s(glm ⊕ gln); the
Lie algebra consisting of X ∈ Matm+n(C) such that

X =

(
A O
O B

)
, A ∈ Matm(C), B ∈ MatnC, tr(X) = 0.

Let Aut(g) denote the group of Lie algebra automorphisms on g. Here, we prepare
some important elements of Aut(g).

Lemma 1.1.8. Let i ∈ I.
(1) There exists a unique ω ∈ Aut(g) that sends ei, fi, h to fi, ei,−h for all i ∈ I,

h ∈ P∨.
(2) The linear endomorphisms exp(ad−ei) and exp(ad fi) are elements of Aut(g).

Set h := C⊗ZP
∨ ⊂ g. Then, it is a Cartan subalgebra (i.e., a self-normalizing nilpotent

subalgebra) of g. Since we have a perfect pairing ⟨·, ·⟩ : P∨ × P → Z, the dual space
h∗ := HomC(h,C) is identified with C⊗Z P . For λ ∈ h∗, set

gλ := {g ∈ g | [h, g] = λ(h)g for all h ∈ h}.
The elements of the set Φ := {α ∈ h∗ \ {0} | gα ̸= 0} are called the roots of g. Set
Φ+ := Φ ∩

∑
i∈I Z≥0αi, and call it the set of positive roots.

Example 1.1.9. When our Cartan datum is the sln-type, we have

Φ = {ϵi − ϵj + Z(ϵ1 + · · ·+ ϵn) | 1 ≤ i ̸= j ≤ n},
Φ+ = {ϵi − ϵj + Z(ϵ1 + · · ·+ ϵn) | 1 ≤ i < j ≤ n}.

Let gQ denote the Lie subalgebra of g over Q generated by ei, fi, and P∨. Also, set
UQ(g) to be the universal enveloping algebra of gQ, that is the quotient algebra of the
tensor algebra of gQ factored by the two-sided ideal generated by xy−yx−[x, y], x, y ∈ gQ.
Now, let us take a look at representation theory. First, set Q+ :=

∑
i∈I Z≥0αi. Let us

introduce a partial order on P . For λ, µ ∈ P , we write λ ≤ µ if µ− λ ∈ Q+.
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For a UQ(g)-module M and λ ∈ h∗, set Mλ := {m ∈M | hm = λ(h)m for all h ∈ P∨},
and Wt(M) := {λ ∈ h∗ | Mλ ̸= 0}. Throughout this thesis, a UQ(g)-module M is always
assumed to satisfy the following conditions:

• M =
⊕

λ∈P Mλ.

• There exist λ1, . . . , λl ∈ P such that Wt(M) ⊂
∪l

i=1(λi −Q+).
• fi acts on M locally nilpotently for all i ∈ I.

A UQ(g)-module M is said to be a highest weight module with highest weight λ ∈ P if
there exists m ∈ M such that M = UQ(g)m, eim = 0 for all i ∈ I, and hm = λ(h)m for
all h ∈ P∨.

Let P+ := {λ ∈ P | ⟨hi, λ⟩ ≥ 0 for all i ∈ I}. The elements of P+ are called the
dominant integral weights.

Example 1.1.10. When our Cartan datum is the sln-type, we have a bijection (see
Subsection 1.4 for the definition of Parn−1)

P+ → Parn−1; λ 7→

(
n−1∑
i=1

⟨hi, λ⟩,
n−1∑
i=2

⟨hi, λ⟩, . . . , ⟨hn−1, λ⟩

)
.

The following theorem states that the irreducible UQ(g)-modules are classified by P+.

Theorem 1.1.11. If L is an irreducible UQ(g)-module, then there exists a unique λ ∈ P+

such that L is a highest weight module with highest weight λ. Conversely, for each λ ∈ P+,
there exists a unique (up to isomorphism) irreducible highest weight module L(λ) with
highest weight λ.

1.2. Weyl groups. Let us introduce the Weyl groups which are important tools in Lie
theory. For each i ∈ I, we define a linear transformation si on h∗ by

si(λ) = λ− ⟨hi, λ⟩αi, λ ∈ h∗.

The subgroup W ⊂ GL(h∗) generated by si, i ∈ I is called the Weyl group of g. W also
acts on h by

si(h) = h− ⟨h, αi⟩hi, h ∈ h.

The action of W on h is extended to the whole of g by

si 7→ exp(ad fi) exp(ad−ei) exp(ad fi) ∈ Aut(g), i ∈ I.
For i ̸= j ∈ I, let mi,j ∈ Z>0 ⊔ {∞} denote the order of sisj. It is known that

mi,j =



2 if ai,jaj,i = 0,

3 if ai,jaj,i = 1,

4 if ai,jaj,i = 2,

6 if ai,jaj,i = 3,

∞ if ai,jaj,i ≥ 4,

Then, the defining relations of W are the following:

s2i = e,

(sisj)
mi,j = e, if mi,j <∞.

This implies that W is determined by the Dynkin diagram if the diagram has no edges
with multiplicity more than 3.

Since W is generated by {si}i∈I , each w ∈ W is expressed as w = si1 · · · sil for some
i1, . . . , il ∈ I. When l is minimal among such expressions, it is called the length of w,
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and is denoted by ℓ(w). An expression of the form w = si1 · · · siℓ(w)
is called a reduced

expression.
Let T := {wsiw−1 | i ∈ I, w ∈ W}. For y, w ∈ W , we write y < w if there

exist t1, . . . , tk ∈ T such that w = tk · · · t1y, and ℓ(ti+1 · · · tiy) > ℓ(ti · · · t1y) for all i =
0, . . . , k − 1. This defines a partial order on W , called the Bruhat order.

If |W | is finite (equivalently, A is of finite type), then there exists a unique element
w0 ∈ W whose length is maximum. w0 is called the longest element of W .

Example 1.2.1. Let d ∈ Z>1.

(1) The Weyl group of type Ad−1 (i.e., the Weyl group associated with the Dynkin
diagram of type Ad−1) is nothing but the d-th symmetric group Sd. It is realized
as the group of permutations of [1, d]. Let si denote the adjacent transposition
(i, i+1). Then, Sd is generated by s1, . . . , sd−1, and the defining relations are the
following:

s2i = 1, 1 ≤ i ≤ d− 1,

sisj = sjsi, |i− j| > 2,

sisi+1si = si+1sisi+1, 1 ≤ i < d− 1.

(2) The Weyl group of type Bd is the group Wd of permutations w of [−d, d] such
that w(−i) = −w(i) for all i = 1, . . . , d. Clearly, there exists an injective ho-
momorphism Sd → Wd of groups which sends si to (−(i + 1),−i)(i, i + 1) for
all i = 1, . . . , d − 1. We identify Sd with its image under this injection. Set
s0 := (−1, 1). Then, Wd is generated by s0, s1, . . . , sd−1, and the defining relations
are the following:

s2i = 1, 0 ≤ i ≤ d− 1,

sisj = sjsi, |i− j| > 2,

sisjsi = sjsisj, 1 ≤ i < d− 1,

s0s1s0s1 = s1s0s1s0.

1.3. Crystals. LetA be a symmetrizable generalized Cartan matrix, and (P, P∨,Π,Π∨, ⟨·, ·⟩)
a Cartan datum. Here, we give combinatorial objects, which will be turned out to be
closely connected to the representation theory of Kac-Moody algebras or quantum groups.

Definition 1.3.1 (cf. [K93b, 1.2]). (1) A crystal of type (P, P∨,Π,Π∨, ⟨·, ·⟩) is a set

B with maps Ẽi, F̃i : B → B ⊔ {0}, i ∈ I, where 0 is a formal symbol and a map
wt : B → P satisfying the following:

(a) φi(b) = εi(b) + ⟨hi,wt(b)⟩, where εi(b) := max{k | Ẽk
i b ̸= 0}, and φi(b) :=

max{k | F̃ k
i b ̸= 0}.

(b) If b, Ẽib ∈ B, then wt(Ẽib) = wt(b) + αi, εi(Ẽib) = εi(b) − 1, and φi(Ẽib) =
φi(b) + 1.

(c) If b, F̃ib ∈ B, then wt(F̃ib) = wt(b) − αi, εi(F̃ib) = εi(b) + 1, and φi(F̃ib) =
φi(b)− 1.

(d) For b, b′ ∈ B and i ∈ I, b′ = Ẽib if and only if b = F̃ib
′.

(2) Let B1,B2 be crystals of the same type. A morphism ψ : B1 → B2 of crystals is a
map B1 → B2 ⊔ {0} satisfying the following:
(a) If b ∈ B1 and ψ(b) ∈ B2, then wt(ψ(b)) = wt(b), εi(ψ(b)) = εi(b), and

φi(ψ(b)) = φi(b).
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(b) If b, Ẽi(b) ∈ B1 and ψ(b), ψ(Ẽib) ∈ B2, then ψ(Ẽib) = Ẽiψ(b).

(c) If b, F̃i(b) ∈ B1 and ψ(b), ψ(F̃ib) ∈ B2, then ψ(F̃ib) = F̃iψ(b).

A crystal can be regarded as an I-colored directed graph; the vertices are the elements

of B, and b, b′ ∈ B are joined by an i-colored arrow from b to b′ if b′ = F̃ib.

Example 1.3.2. Let B be a crystal of slm+n-type. By forgetting the operators Ẽm, F̃m,
we can regard B as a crystal of s(glm ⊕ gln)-type. This defines a functor Resm+n

m,n from
the category of slm+n-type to the category of s(glm ⊕ gln)-type. In terms of the directed
graph, Resm+n

m,n (B) is obtained from B by deleting the arrows colored by m.

Definition 1.3.3. We call b ∈ B a highest weight vector if it is a source, i.e., Ẽib = 0 for
all i ∈ I.

There is a formula (tensor product rule) that makes two crystals into a new crystal.

Definition 1.3.4. Let B1, B2 be crystals of type (P, P
∨,Π,Π∨, ⟨·, ·⟩). The tensor product

B1 ⊗ B2 of crystals B1 and B2 is the crystal whose underlying set is B1 × B2 and whose
structure maps are defined as follows: For each i ∈ I, b1 ∈ B1, b2 ∈ B2,

wt(b1 ⊗ b2) = wt(b1) + wt(b2),

Ẽi(b1 ⊗ b2) =

{
Ẽib1 ⊗ b2 if φi(b1) ≥ εi(b2),

b1 ⊗ Ẽib2 if φi(b1) < εi(b2),

F̃i(b1 ⊗ b2) =

{
F̃ib1 ⊗ b2 if φi(b1) > εi(b2),

b1 ⊗ F̃ib2 if φi(b1) ≤ εi(b2),

where we write b1 ⊗ b2 instead of (b1, b2) ∈ B1 × B2, and we understand b1 ⊗ b2 = 0 if
b1 = 0 or b2 = 0.

To memorize this rule, it is convenient to introduce the notion of i-signatures. For
b ∈ B and i ∈ I, the i-signature sgni(b) of b is the sequence of εi(b) −’s followed by φi(b)
+’s;

sgni(b) = −, . . . ,−︸ ︷︷ ︸
εi(b)

,+, . . . ,+︸ ︷︷ ︸
φi(b)

.

For b1 ∈ B1 and b2 ∈ B2, by Definition 1.3.4, sgni(b1⊗ b2) is obtained by deleting adjacent
pair (+,−) in the concatenation of sgni(b1) and sgni(b2) until there are no such pairs.

Also, Ẽi (resp., F̃i) acts on bk, where k is such that the rightmost − (resp., leftmost +) in
sgni(b1⊗ b2) is originally in sgni(bk). This method is useful particularly when we consider
the tensor product of many crystals.

1.4. Partitions. A partition of n ∈ Z≥0 of length l ∈ Z≥0 is a non-increasing sequence

λ = (λ1, . . . , λl) ∈ Zl
≥0 of nonnegative integers such that |λ| :=

∑l
i=1 λi = n. For

a partition λ, we denote its length by ℓ(λ). Also, ℓ′(λ) denotes the maximal integer
i ∈ [1, ℓ(λ)] such that λi ̸= 0. For each n, l ∈ Z≥0, let Parl(n) denote the set of partitions
of n of length l. Also, set Parl :=

⊔
n≥0 Parl(n). It is usual to write λ ⊢ n in order to

represent that λ is a partition of n.
The dominance order ⪯ on Parl is a partial order defined as follows. For λ, µ ∈ Parl,

we have λ ⪯ µ if the following hold:

(1) |λ| = |µ|.
(2)

∑k
i=1 λi ≤

∑k
i=1 µi for all k = 1, . . . , l.
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A partition λ ∈ Parl is often identified with its Young diagram. For example, the Young
diagram of a partition (4, 2, 1) is

.

The rows (resp., columns) of a Young diagram are indexed by {1, 2, . . .} from top to
bottom (resp., from left to right).

Let (L,≤) be a totally ordered set. A semistandard Young tableau of shape λ ∈ Parl
in letters L is a filling of the Young diagram of λ whose entries weakly increase from left
to right along the rows and strictly increase from top to bottom along the columns. For a
Young tableau T , we denote by T (i, j) ∈ L the letter in the (i, j)-th box. A semistandard
Young tableau is said to be standard if |L| = d, and each letter appears exactly once. The
following are a semistandard but not standard Young tableau of shape (4, 2, 1) in letters
[1, 7], and a standard Young tableau of the same shape in the same letters:

2 2 4 7

5 6

7

, 1 3 4 6

2 7

5

.

We denote by SST(λ;L) (resp., ST(λ;L)) the set of semistandard (resp., standard)
Young tableaux of shape λ in letters L. When L = [1, r] for some r ∈ Z>0, we abbreviate
SST(λ;L) to SSTr(λ). Also, when L = [1, |λ|], we abbreviate ST(λ;L) to ST(λ). Note
that SSTr(λ) = ∅ unless r ≥ ℓ′(λ). For λ ∈ Parl(n), define Tλ ∈ SSTl(λ) by Tλ(i, j) := i
for all i, j.
A bipartition of n ∈ Z≥0 of length (l−, l+) ∈ Z2

≥0 is a pair λ = (λ−;λ+) of parti-
tions such that ℓ(λ±) = l±, and |λ| := |λ−| + |λ+| = n. For each n, l−, l+ ∈ Z≥0, let
Bip(l−,l+)(n) denote the set of bipartitions of n of length (l−, l+). Also, set Bip(l−,l+) :=⊔

n≥0 Bip(l−,l+)(n). Note that we have

Bip(l−;l+)(n) =
⊔

n−+n+=n

(
Parl−(n

−)× Parl+(n
+)
)
.

The dominance order ⪯ on Bip(l−,l+) is a partial order defined as follows. For λ,µ ∈
Bip(l−,l+), we have λ ⪯ µ if the following hold:

(1) |λ| = |µ|.
(2)

∑k
i=1 λ

−
i ≤

∑k
i=1 µ

−
i for all k = 1, . . . , l−.

(3) |λ−|+
∑k

i=1 λ
+
i ≤ |µ−|+

∑k
i=1µ

+
i for all k = 1, . . . , l+.

Also, for λ,µ ∈ Bip(l−,l+), we write λ ⊴ µ to indicate that λ± ⪯ µ±. Then, ⊴ defines
a partial order on Bip(l−,l+). Note that λ ⊴ µ implies λ ⪯ µ.

Let (L±,≤±) be totally ordered sets. A semistandard Young bitableau of shape λ ∈
Bip(l−,l+) in letters L± is a pair (T−, T+) ∈ SST(λ−;L−) × SST(λ+;L+). We denote

by SST(λ;L−, L+) the set of semistandard Young bitableaux of shape λ in letters L±.
Namely,

SST(λ;L−, L+) = SST(λ−;L−)× SST(λ+;L+).

A semistandard Young bitableau is said to be standard if L− = L+, |L−| = d, and
each letter appears exactly once. The following is a standard Young bitableau of shape
(4, 2, 1; 5; 2) in letters [1, 14]:
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5 8

11

, 1 3 6 10 14

2 13

.

For r ∈ Z>0, we set

SST(r,r)(λ) := SST(λ; [−r,−1]op, [1, r]),

and

SST(r+1,r)(λ) := SST(λ; [−r, 0]op, [1, r]).

1.5. Robinson-Schensted-Knuth correspondence and its variants. Given a semi-
standard Young tableau T of shape λ in letters L, and i ∈ L, define a new semistandard
Young tableau T ← i as follows;

(1) Let j be the smallest number satisfying T (j, 1) ≥ i.

(2) Replace T (j, 1) by i ; if there is no such j, then put i at the bottom of the first

column, and stop the algorithm.

(3) Repeat (1)-(2) for the next column with the role of i replaced by T (j, 1) .

This algorithm is called Schenstead’s bumping algorithm.

Example 1.5.1. Let

T = 2 2 4 7

5 6

7

.

Then, T ← 3 is computed as follows:

2 2 4 7

5 6

7

7→ 2 2 4 7

3 6

7

7→ 2 2 4 7

3 5

7

7→ 2 2 4 7

3 5 6

7

Suppose that we are given a word w = (w1, . . . , wd) ∈ Ld and a strictly increasing
sequence r = (r1, . . . , rd) ∈ Zd

>0. We define two Young tableaux P (w) and Qr(w) as
follows. First, P (w) is defined to be (· · · (( w1 ← w2 )← w3 ) · · · )← wd ; hence P (w)

is a semistandard Young tableau in letters L of some shape λ ⊢ d. Next, Qr(w) is defined
to be the semistandard Young tableau in letters {r1, . . . , rd} of the same shape λ whose
(i, j)-th entry is rk if a new box is added in the position (i, j) when we bump the box wk

to the semistandard Young tableau P (w1, . . . , wk−1). We call P (w) the insertion tableau
of w, and Qr(w) the recording tableau of w in letters r.
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Example 1.5.2. Let L = Z, w = (1, 3, 2, 2, 3), and r = (1, 3, 4, 7, 8). Then, P (w) and
Qr(w) are computed as follows:

1 7→ 1

3
7→ 1 3

2
7→ 1 2 3

2
7→ 1 2 3

2

3

= P (w),

1 7→ 1

3
7→ 1 4

3
7→ 1 4 7

3
7→ 1 4 7

3

8

= Qr(w).

Theorem 1.5.3 (Robinson-Schensted-Knuth correspondence, see [S99, Theorem 7.11.5]).
For each strictly increasing sequence r ∈ Zd

>0, the correspondence (w, r) 7→ (P (w), Qr(w))
gives a bijection from Ld to

⊔
λ∈Pard(d) (SST(λ;L)× ST(λ; {r1, . . . , rd})). In particular, we

have a bijection

Ld →
⊔

λ∈Pard(d)

(SST(λ;L)× ST(λ)); w 7→ (P (w), Q(1,...,d)(w)).(1)

Remark 1.5.4. When L is finite, the right-hand side of the bijection (1) is also written
as ⊔

λ∈Par|L|(d)

(SST(λ;L)× ST(λ)) .

Let x ∈ Sd. Then, the map x 7→ (x(1), . . . , x(d)) gives an injection Sd → [1, d]d. Set
P (x) to be the insertion tableau of (x(1), . . . , x(d)), and Q(x) to be the recording tableau
of (x(1), . . . , x(d)) in letters (1, . . . , d). If we identify Sd with its image of the injection
above, then the RSK-correspondence restricts to the following bijection:

Sd →
⊔

λ∈Pard(d)

(ST(λ)× ST(λ)); x 7→ (P (x), Q(x)).(2)

Example 1.5.5. When d = 3, the set Par3(3) consists of

, , .

The elements of ST(λ) for λ ∈ Par3(3) are the following:

1 2 3 , 1 2

3
, 1 3

2
, 1

2

3

.
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The bijection (2) are given by the following assignment:

e 7→

 1

2

3

, 1

2

3

 , s1 7→

 1 2

3
, 1 2

3

 , s2 7→

 1 3

2
, 1 3

2

 ,

s2s1 7→

 1 3

2
, 1 2

3

 , s1s2 7→

 1 2

3
, 1 3

2

 ,

s1s2s1 7→
(

1 2 3 , 1 2 3
)
.

Lemma 1.5.6. Let L be a totally ordered set, w ∈ Ld. Let x ∈ Sd be the maximal element
satisfying wx−1(1) ≤ · · · ≤ wx−1(d). Then, Q(w) = Q(1,...,d)(x), and P (w) is obtained from
P (x) by replacing i with wx−1(i) for each i = 1, . . . , d.

Proof. Clear from the definitions. □
Let Wd act on Zd by

(i1, . . . , id)sj =

{
(−i1, i2, . . . , id) if j = 0,

(i1, . . . , ij+1, ij, . . . , id) if j ̸= 0.

Then, for each w ∈ Wd, we have (i1, . . . , id)w = (iw(1), . . . , iw(d)), where we understand
i−j = −ij.

Now, let r ∈ Z>0. Then, [−r, r]d is decomposed as

[−r, r]d =
d⊔

k=0

⊔
1≤i1<···<ik≤d

{w ∈ [−r, r]d | wi > 0 if and only if i ∈ {i1, . . . , ik}},

and each component is in bijection (as sets) with ([−r, 0]op)d−k × [1, r]k. Hence, the map

w 7→
(
(P (w−), P (w+)), (Q(j1,...,jd−k)(w

−), Q(i1,...,ik)(w
+))
)
,

where {i1, . . . , ik} = {i | wi > 0}, {j1, . . . , jd−k} = [1, d]\{i1, . . . , ik},w+ = (wi1 , . . . , wik) ∈
[1, r]k, and w− = (wj1 , . . . , wjd−k

) ∈ ([−r, 0]op)d−k, gives a bijection

[−r, r]d →
⊔

λ∈Bipr+1,r(d)

(
SST(r+1,r)(λ)× ST(λ)

)
.(3)

We set

P±(w) := P (w±), Q−(w) := Q(j1,...,jd−k)(w
−), Q+(w) := Q(i1,...,ik)(w

+).

Note that P−(w) is obtained from P (−wj1 , . . . ,−wjd−k
) (here, we regard (−wj1 , . . . ,−wjd−k

) ∈
[0, r]d−k) by multiplying each entries by −1.
Let y ∈ Wd. Then, the map y 7→ (y(1), . . . , y(d)) gives an injection Wd → [−d, d]d. Set

P±(y) := P±(y(1), . . . , y(d)), and Q±(y) := Q±(y(1), . . . , y(d)). Then, the bijection (3)
restricts to the bijection

Wd →
⊔

λ∈Bip(d−k,k)(d)

(ST(λ)× ST (λ))
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Example 1.5.7. Let y ∈ W5 be such that (y(1), y(2), y(3), y(4), y(5)) = (3,−4,−1, 5, 2).
Then, (i1, i2, i3) = (1, 4, 5), and (j1, j2) = (2, 3). The associated tableaux are following:

P−(y) = −1 −4 , P+(y) = 2 3

5
, Q−(y) = 2 3 , Q+(y) = 1 5

4
.

Lemma 1.5.8. Let w ∈ Zd. For each i ∈ [1, d], set w−i := −wi. Let y ∈ Wd be the
maximal element satisfying 0 ≤ wy−1(1) ≤ · · · ≤ wy−1(d). Then, Q±(w) = Q±(y), and
P±(w) is obtained from P±(y) by replacing i with wy−1(i).

By replacing [−r, r] with [−r + 1, r + 1], we obtain similar results.

1.6. Kashiwara operators on semistandard Young tableaux. Consider the Cartan
datum of sln-type. Let i ∈ [1, n − 1], and λ ∈ Parn(d). We define two maps (called the

Kashiwara operators) Ẽi, F̃i : SSTn(λ) → SSTn(λ) ⊔ {0} as follows, where 0 denotes a
formal symbol.

Let s = (s1, . . . , sd) ∈ [1, n]d. First, delete sk such that sk ̸= i, i + 1. Next, delete the
adjacent pair (i, i+1). The resulting sequence is of the form si := (i+1, . . . , i+1, i, . . . , i).

Then, define Ẽi(s) to be the sequence obtained from s by replacing sk by i, where sk is

the rightmost i+1 in si; if there is no i+1 in s, then we define Ẽi(s) = 0. Also, we define

F̃i(s) to be the sequence obtained from s by replacing sl by i+1, where sl is the leftmost

i in si; if there is no i in si, then we define F̃i(s) = 0.

Example 1.6.1. Let s = (2, 1, 2, 1, 3, 3, 2, 3, 2, 1, 1, 1, 3). Then, we have

s1 = (2, ·, ·, ·, ·, ·, ·, ·, 2, 1, 1, 1, ·).
Hence,

ẽ1s1 = (2, 1, 2, 1, 3, 3, 2, 3, 1, 1, 1, 1, 3), and f̃1s1 = (2, 1, 2, 1, 3, 3, 2, 3, 2, 2, 1, 1, 3).

Given T ∈ SSTn(λ), the sequence

ME(T ) := (T (1, λ1), T (1, λ1−1), . . . , T (1, 1), T (2, λ2), . . . , T (2, 1), . . . , T (n, λn), . . . , T (n, 1))
is called the Middle-Eastern reading of T . It is known that there exists a unique T ′ ∈
SSTn(λ) such that ME(T ′) = Ẽi(ME(T )) if Ẽi(ME(T )) ̸= 0. Then, we define

ẼiT :=

{
T ′ if Ẽi(ME(T )) ̸= 0,

0 if Ẽi(ME(T )) = 0.

F̃iT is defined similarly.
Also, for s ∈ [1, n]d and T ∈ SSTn(λ), we set wt(s) :=

∑d
i=1 ϵsi + Z(ϵ1 + · · · + ϵn),

wt(T ) := wt(ME(T )). The following are fundamental and well-known facts in represen-
tation theory of sln.

Proposition 1.6.2 (see e.g., [HK02] or [Kw09]). Let λ, µ ∈ Parn(d).

(1) The sets [1, n]d and SSTn(λ) with maps Ẽi, F̃i,wt are crystals of sln-type.
(2) The map SSTn(λ)→ [1, n]d; T 7→ ME(T ) is an injective morphism of crystals.
(3) SSTn(λ) is connected, and it has a unique highest weight vector Tλ. Moreover, Tλ

is a unique element of weight wt(Tλ).
(4) SSTn(λ) ≃ SSTn(µ) if and only if λi − µi, i ∈ [1, n] are constant.

Remark 1.6.3. Comparing the tensor product rule (Definition 1.3.4) with the construc-
tion above, we see that [1, n]d ≃ [1, n]⊗d.
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Here, recall Robinson-Schensted-Knuth correspondence

[1, n]d →
⊔

λ∈Parn(d)

(SSTn(λ)× ST(λ)) =
⊔

λ∈Parn(d)

⊔
Q∈ST(λ)

(SSTn(λ)× {Q}).

The right-hand side is equipped with a crystal structure if we identify SSTn(λ) × {Q}
with SSTn(λ).

Theorem 1.6.4 (see [Kw09, Theorem 4.6]). Robinson-Schensted-Knuth correspondence

[1, n]d →
⊔

λ∈Parn(d)

⊔
Q∈ST(λ)

(SSTn(λ)× {Q}).

is an isomorphism of crystals.

Next, we give to [−r, r]d and SST(r+1,r)(λ), λ ∈ Bip(r+1,r)(d) crystal structures of
s(glr+1 ⊕ glr)-type. To do so, it is convenient to shift the indices [1, 2r] of the Cartan
matrix of sl2r+1 as [−r, r]. Then, [−r, r]d is equipped with an sl2r+1-crystal structure. By

Example 1.3.2, [−r, r]d with Ẽi, F̃i,wt, i ∈ [−r, r] \ {1} is an s(glr+1 ⊕ glr)-crystal. Note
that for i ∈ [1, r] and s ∈ [−r, r]d, we have

Ẽ−i(s) = −F̃i(−s), F̃−i(s) = −Ẽi(−s),

where−(i1, . . . , id) := (−i1, . . . ,−id) for (i1, . . . , id) ∈ [−r, r]d. Hence, [1, r]d with Ẽi, F̃i,wt,

i ∈ [2, r] is an slr-crystal, and [−r, 0]d with Ẽ−i, F̃−i,wt, i ∈ [1, r] is an slr+1-crystal.
For T = (T−,T+) ∈ SST(r+1,r)(λ), set ME(T) := (ME(T−),ME(T+)) ∈ [−r, r]d; the

concatenation of ME(T−) and ME(T+). Then, for i ∈ [2, r] and X ∈ {E,F}, we have

X̃i(ME(T)) = (ME(T−), X̃i(ME(T+))) = ME(T−, X̃i(T
+)).

Also, for i ∈ [1, r] and X ∈ {E,F}, we have

X̃−i(ME(T)) = (−Ỹi(−ME(T−)),ME(T+)) = ME(−Ỹi(−T−),ME(T+)),

where Y is the unique element of {E,F} \ {X}, and −T− is obtained from T− by
multiplying the entries by −1. From this observation, we have the following.

Proposition 1.6.5. Let λ,µ ∈ Bip(r+1,r)(d).

(1) The map ME : SST(r+1,r)(λ)→ [−r, r]d is an injective morphism of crystals.
(2) SST(r+1,r)(λ) is connected, and it has Tλ := (−Tλ− , Tλ+) as a unique element such

that

Ẽi(Tλ) = 0 = F̃−j(Tλ) for all i ∈ [2, r], j ∈ [1, r].

Moreover, Tλ is a unique element of weight wt(Tλ).
(3) SST(r+1,r)(λ) ≃ SST(r+1,r)(µ) if and only if λ±

i − µ±
i are constant.

(4) The bijection

[−r, r]d →
⊔

λ∈Bip(r+1,r)(d)

⊔
Q∈ST(λ)

(
SST(r+1,r)(λ)× {Q}

)
.

is an isomorphism of crystals of s(glr+1 ⊕ glr)-type

Also, we have corresponding results for s(glr+1 ⊕ glr+1)-crystals [−r + 1, r + 1]d and
SSTr+1,r+1(λ).
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2. Symmetric pairs

The aim of this section is to define admissible pairs, and give examples of symmetric
pairs of type AIII/AIV in Subsection ??. In Subsection 2.2, we briefly explain how
admissible pairs and real semisimple Lie algebras are related to each other.

2.1. Admissible pair. Recall that we have fixed a Cartan datum (P, P∨,Π,Π∨, ⟨·, ·⟩)
associated with a generalized Cartan matrix A = (ai,,j)i,j∈I . In this subsection, we assume
that A is of finite type. Since ⟨·, ·⟩ : P∨×P → Z is a perfect pairing, for each i ∈ I, there
exists a unique ϖ∨

i ∈ P∨ such that ⟨ϖ∨
i , αj⟩ = δi,j for all j ∈ I.

Definition 2.1.1. A Dynkin involution of A is a bijection τ : I → I such that τ 2 = idI ,
and aτ(i),τ(j) = ai,j for all i, j ∈ I.
Example 2.1.2. (1) idI is always a Dynkin involution.

(2) For each i ∈ I, there exists a unique j ∈ I such that −w0(αi) = αj. This induces
a Dynkin involution, which we denote by −w0.

(3) When our Cartan datum is the sln-type, the map τ(i) := n − i is a Dynkin
involution.

Let I• ⊂ I. Then, (P, P∨, {αi | i ∈ I•}, {hi | i ∈ I•}, ⟨·, ·⟩) is a Cartan datum associated
with A• := (ai,j)i,j∈I• . Note that A• is also of finite type. We denote g• and W• the
Kac-Moody algebra and the Weyl group associated with this Cartan datum, respectively.
Let w• ∈ W• denote the longest element. Also, set ρ∨• := 1

2

∑
α∈Φ•,+

α, where Φ•,+ :=

Φ+ ∩
∑

j∈I• Zαj.

Definition 2.1.3. Let I = I• ⊔ I◦ be a partition of I, and τ a Dynkin involution of A.
The pair (I•, τ) is said to be admissible if the following conditions are satisfied:

(1) τ(I•) = I•.
(2) −w•(αi) = ατ(i) for all i ∈ I•.
(3) ⟨ρ∨• , αj⟩ ∈ Z for all j ∈ I◦ such that τ(j) = j.

Example 2.1.4. (∅, τ), where τ is a Dynkin involution, and (I,−w0) are admissible pairs.

Remark 2.1.5. The admissible pairs are in bijection with the Satake diagrams, which
arises in the classification of real simple Lie algebras ([A62]). See Figure 2 in page 112
for the lists of the Satake diagrams when A is indecomposable. There, the black nodes
represents the elements of I•, and the arrows represents the nontrivial orbits of τ |I◦ .

Let (I•, τ) be an admissible pair, and assume that there exists a linear involution τ̃
on P and P∨ such that τ̃(αi) = ατ(i), τ̃(hi) = hτ(i), and ⟨τ̃(h), τ̃(λ)⟩ = ⟨h, λ⟩ for all
i ∈ I, h ∈ P∨, λ ∈ P . Then, τ̃ is extended to the whole of g(A) by setting τ̃(ei) = eτ(i),
τ̃(fi) = fτ(i) for all i ∈ I. Also, let s(I•, τ) : Q → C× be a group homomorphism such
that

• s(αi) = 1 for all i ∈ I• or τ(i) = i.
• s(αj) ∈ {1,−1} for all i /∈ I• and τ(i) ̸= i.
• s(αj)s(ατ(j)) = (−1)⟨2ρ∨• ,αj⟩ for all i /∈ I• and τ(i) ̸= i.

Then, s(I•, τ) induces an automorphism Ad(s(I•, τ)) ∈ Aut(g) defined by

Ad(s(I•, τ))(x) = s(I•, τ)(α)x, x ∈ gα.

Similarly, let s : Q→ C× be a group homomorphism defined by s(αi) = −1 for all i ∈ I,
and define Ad(s) ∈ Aut(g). Now, set

θ := Ad(s(I•, τ)) ◦ w• ◦ τ̃ ◦ Ad(s) ◦ ω ∈ Aut(g(A)).
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This is a Lie algebra involution on g. It is known that the fixed-point subalgebra gθ :=
{x ∈ g | θ(x) = x} is a reductive Lie algebra; in particular, it is the Kac-Moody algebra
associated with a Cartan datum for some Cartan matrix.

Definition 2.1.6. A symmetric pair is a pair (g, gθ) for some admissible pair (I•, τ).

Since gθ is reductive, most parts of its algebra structure becomes clear once we recognize
its Cartan subalgebra.

Proposition 2.1.7 ([Le17, Theorem 2.5 and 2.7]). Let (g, gθ) be a symmetric pair. Then,
there exists a subset Γθ ⊂ Φ+ such that the subspace

(gθ ∩ h)⊕
⊕
α∈Γθ

C(eα + fα)

is a Cartan subalgebra of gθ if we choose eα ∈ gα and fα ∈ g−α appropriately.

Example 2.1.8. Suppose that our Cartan datum is the sln-type. Set τ(i) := n − i.
Then, (∅, τ) is an admissible pair, and the associated involution θ is the restriction of the
involution on gln given by

Ei,j 7→ En+1−i,n+1−j (1 ≤ i, j ≤ n),

where Ei,j denotes the matrix having entries 1 at (i, j), and 0 elsewhere. For 1 ≤ i < j ≤ n
and 1 ≤ k ≤ ⌊n−1

2
⌋, set

Bi,j := Ei,j + En+1−i,n+1−j,

Hk := (E⌊n
2
⌋+k,⌊n

2
⌋+k − E⌊n

2
⌋+k+1,⌊n

2
⌋+k+1)− (E⌊n

2
⌋−k+1,⌊n

2
⌋−k+1 − E⌊n

2
⌋−k+2,⌊n

2
⌋−k+2).

Then, gθ is generated by B1,2, B2,3, . . . , Bn−1,n, H1, . . . , H⌊n−1
2

⌋, and spanned by Bi,j, Hk,

1 ≤ i < j ≤ n, 1 ≤ k ≤ ⌊n−1
2
⌋. For i = 1, . . . , ⌊n

2
⌋, set

βi := α⌊n
2
⌋+1−i + α⌊n

2
⌋−i + · · ·+ α⌊n

2
⌋+1−n+i.

Then, Γθ = {βi | 1 ≤ i ≤ ⌊n
2
⌋}.

(1) Let n = 2r + 1 for some r ∈ Z>0. Then, the subalgebra spanned by

H1, . . . , Hr, Br,r+2, Br−1,r+3, . . . , B1,2r+1

is a Cartan subalgebra of gθ.
Set

ei :=


Br+i,r+i+1 −Br−i+2,r+i+1 if i = 2, . . . , r,

Br+1,r+1 if i = r + 1,

Bi,i+1 +B2r−i+2,i+1 if i = r + 2, . . . , 2r,

fi :=


Br−i+1,r−i+2 −Br−i+1,r+i if i = 2, . . . , r,

Br,r+1 if i = r + 1,

B2r−i+1,2r−i+2 +B2r−i+1,i if i = r + 2, . . . , 2r,

hi :=


1
2
(Hi +Br−i+1,r+i+1 −Br−i+2,r+i) if i = 2, . . . , r,

1
2
(H1 −Br,r+2) if i = r + 1,

1
2
(Hi−r −B2r−i+1,i+1 +B2r−i+2,i) if i = r + 2, . . . , 2r,∑r
k=1(kh2r−k+1 + (r + 1)Bk,2r−k+2) if i = 1.



22 H. WATANABE

Then, we have

[hi, ej] =


2 if i = j,

−1 if |i− j| = 1 and (2 ≤ i, j ≤ r or r + 1 ≤ i, j),

0 otherwise,

[hi, fj] =


−2 if i = j,

1 if |i− j| = 1 and (2 ≤ i, j ≤ r or r + 1 ≤ i, j),

0 otherwise.

Since the subalgebra spanned by h1, . . . , h2r is a Cartan subalgebra of gθ, we
conclude that gθ ≃ s(glr ⊕ glr+1).

(2) Let n = 2r + 2 for some r ∈ Z>0. Then, the subalgebra spanned by

H1, . . . , Hr, Br+1,r+2, Br,r+3, . . . , B1,2r+2

is a Cartan subalgebra of gθ. Set

ei :=

{
Br+i+1,r+i+2 −Br−i+2,r+i+2 if i = 1, . . . , r,

B2r+2−i,i+2 +Bi+1,i+2 if i = r + 1, . . . , 2r,

fi :=

{
Br−i+1,r−i+2 −Br−i+1,r+i+1 if i = 1, . . . , r,

B2r−i+1,i+1 +B2r−i+1,2r−i+2 if i = r + 1, . . . , 2r,

hi :=


1
2
(Hi +Br−i+1,r+i+2 −Br−i+2,r+i+1) if i = 1, . . . , r,

1
2
(Hi−r −B2r−i+1,i+2 +B2r−i+2,i+1) if i = r + 1, . . . , 2r,

B1,2r+2 +B2,2r+1 + · · ·+Br+1,r+2 if i = 0.

Then, we have

[hi, ej] =


2 if i = j,

−1 if |i− j| = 1 and (1 ≤ i, j ≤ r or r + 1 ≤ i, j),

0 otherwise,

[hi, fj] =


−2 if i = j,

1 if |i− j| = 1 and (1 ≤ i, j ≤ r or r + 1 ≤ i, j),

0 otherwise.

Since the subalgebra spanned by h0, h1, . . . , h2r is a Cartan subalgebra of gθ, we
conclude that gθ ≃ s(glr+1 ⊕ glr+1).

Remark 2.1.9. As we have seen in Example 2, the Lie subalgebra l of slm+n generated
by ei, fi, i ∈ [1,m+ n− 1] \ {m} and h ∈ P∨ is isomorphic to s(glm ⊕ gln). However, the
subalgebra gθ in Example 2.1.8, which is also isomorphic to s(glm⊕gln) ((m,n) = (r+1, r)
or (r + 1, r + 1)), does not coincide with l.

Set

Pı := P/{λ− θ(λ) | λ ∈ P},
P∨
ı := {h ∈ P∨ | θ(h) = h}.

We have the induced pairing ⟨·, ·⟩ : P∨
ı × Pı → Z.
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2.2. Admissible pairs and real semisimple Lie algebras. Here, we explain the re-
lations between admissible pairs and real semisimple Lie algebras. For detail, see for
example [O04]. Let g be a complex semisimple Lie algebra, and (I•, τ) an admissible pair.
Set

θ′ := w• ◦ τ̃ ◦ ω′ ∈ Aut(g),

where ω′ ∈ Aut(g) is defined by ω(ei) = −fi and ω(hi) = −hi.
Let ς be the R-algebra automorphism of g defined by ς(ei) = −fi, ς(hi) = −hi, and

ς(
√
−1x) = −

√
−1ς(x), i ∈ I, x ∈ g. Then, θ′ς = ςθ′ is an R-algebra automorphism of g,

and hence gθ
′ς := {x ∈ g | θ′ς(x) = x} is an R-subalgebra of g. Then, the assignment

(I•, τ) 7→ gθ
′ς

gives a bijection between the set of admissible pairs and the isomorphism classes of real
semisimple Lie algebras.

3. Quantum groups

The quantum groups for general simple Lie algebras were first introduced independently
by Drinfel’d [Dr85] and Jimbo [J85] in order to solve the quantum Yang-Baxter equation.
In this section, we mainly follow the notation of Hong-Kang’s book [HK02] and Lusztig’s
one [L93]. After giving the definition of quantum groups in Subsection 3.1, we state the
classification theorem for irreducible modules over quantum groups in a suitable category
in Subsection 3.2. Subsection 3.3 is devoted to formulating Lusztig’s canonical bases.
Subsections 3.4 and 3.5 are about Kashiwara’s crystal basis theory. In Subsection 3.6,
we explain how to construct canonical bases (equivalently, global crystal bases) of tensor
product modules. In Subsection 3.7, we see how the quantum groups are related to the
underlying Kac-Moody algebras.

3.1. Definition. First, we introduce the quantum integers and related notations.

Definition 3.1.1. Let q be an indeterminate.

(1) For m ∈ Z, set [m] := qm−q−m

q−q−1 .

(2) For m ∈ Z≥0, set [m]! :=
∏m

i=1[i]; we understand [0]! = 1.

(3) For m ≥ n ∈ Z≥0, set
[
m
n

]
:= [m]!

[n]![m−n]!
.

(4) For a ∈ Z, set [m]a to be the [m] evaluated at q = qa, and define [m]a! and
[
m
n

]
a

in a similar way.

Let A be a symmetrizable generalized Cartan matrix A with a symmetrizing matrix
D = diag(di)i∈I such that di’s are coprime to each other. For each i ∈ I, set qi := qdi ,
and

E
(n)
i :=

1

[n]di !
En

i , F
(n)
i :=

1

[n]di !
F n
i (n ∈ Z≥0).

Definition 3.1.2. The quantum group Uq(g) associated with g is the unital associative
algebra over Q(q) generated by Ei, Fi, i ∈ I and Kh, h ∈ P∨ subject to the following
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relations; for i, j ∈ I and h, h′ ∈ P∨,

K0 = 1,

KhKh′ = Kh+h′ ,

KhEi = q⟨h,αi⟩EiKh,

KhFi = q−⟨h,αi⟩FiKh,

EiFj − FjEi = δi,j
Ki −K−1

i

qi − q−1
i

, (we set Ki := Kdihi
),

1−ai,j∑
s=0

(−1)sE(s)
i EjE

(1−ai,j−s)
i = 0, i ̸= j,

1−ai,j∑
s=0

(−1)sF (s)
i FjF

(1−ai,j−s)
i = 0, i ̸= j.

We often use the following automorphisms. That they are actually automorphisms is
straightforwardly verified by using the presentation above.

Lemma 3.1.3. (1) There exists a unique Q-algebra automorphism · on Uq(g) that
sends Ei, Fi, Kh, q to Ei, Fi, K−h, q

−1, respectively for all i ∈ I, h ∈ P∨. We call
this automorphism the bar-involution on Uq(g).

(2) There exists a unique Q(q)-algebra automorphism ω on Uq(g) that sends Ei, Fi, Kh

to Fi, Ei, K−h, respectively for all i ∈ I, h ∈ P∨.
(3) There exists a unique Q(q)-algebra anti-automorphism σ on Uq(g) that sends

Ei, Fi, Kh to Fi, Ei, Kh, respectively for all i ∈ I, h ∈ P∨.
(4) There exists a unique Q(q)-algebra anti-automorphism ϱ on Uq(g) that sends Ei, Fi, Kh

to qiFiK
−1
i , qiEiKi, Kh, respectively for all i ∈ I, h ∈ P∨.

Set Q :=
∑

i∈I Zαi ⊂ P , and call it the root lattice. Then, we have the root space
decomposition

Uq(g) =
⊕
α∈Q

Uq(g)α,

where

Uq(g)α = {x ∈ Uq(g) | KhxK
−1
h = q⟨h,α⟩x for all h ∈ P∨}.

3.2. Highest weight theory for Uq(g). In the representation theory of Uq(g), highest
weight theory is a basic and strong tool. We begin with the triangular decomposition of
Uq(g). Let Uq(g)

+, Uq(g)
0, Uq(g)

− denote the subalgebra of Uq(g) generated by Ei (i ∈ I),
Kh (h ∈ P∨), Fi (i ∈ I), respectively. Note that the subalgebra Uq(g)

0 is different from
the subspace Uq(g)0. Then, we have an isomorphism

Uq(g)
− ⊗ Uq(g)

0 ⊗ Uq(g)
+ ≃ Uq(g); f ⊗ h⊗ e 7→ fhe

of vector spaces. We call this isomorphism the triangular decomposition of Uq(g).

Definition 3.2.1. Let M be a Uq(g)-module.

(1) For each λ ∈ P , the subspace Mλ := {m ∈ M | Khm = q⟨h,λ⟩m for all h ∈ P∨} is
called the λ-weight space of M .

(2) λ ∈ P is said to be a weight ofM ifMλ ̸= 0. Let Wt(M) denote the set of weights
of M .
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(3) M is said to be a weight module if it is the direct sum of its weight spaces;
M =

⊕
λ∈P Mλ.

(4) M is said to be a highest (resp., lowest) weight module with highest (resp., lowest)
weight λ ∈ P if it is generated by a nonzero vector mλ ∈ Mλ such that Eim = 0
(resp., Fim = 0) for all i ∈ I.

(5) M is said to have a bar-involution if there exists a Q-linear involution · on M
such that x ·m = x ·m for all x ∈ Uq(g) and m ∈M .

Note that by the triangular decomposition of Uq(g), each weight of a highest weight
module with highest weight λ ∈ P is less than or equal to λ.

Definition 3.2.2. Let λ ∈ P .
(1) Let I(λ) be the left ideal of Uq(g) generated by Ei (i ∈ I) and Kh−q⟨h,λ⟩ (h ∈ P∨).

Set
V (λ) := Uq(g)/I(λ),

and call it the Verma module with highest weight λ.
(2) Let L(λ) denote the unique irreducible quotient of V (λ), and call it the irreducible

highest weight module with highest weight λ.

Definition 3.2.3. Let Oint denote the category of Uq(g)-modules M satisfying the fol-
lowing;

(1) M is a weight module.
(2) There exist µ1, . . . , µm ∈ P such that Wt(M) ⊂

∪m
i=1(µi −Q+).

(3) For each i ∈ I, Fi acts on M locally nilpotently, i.e., for each m ∈M , there exists
N ∈ Z>0 such that FN

i m = 0.

Note that V (λ) and L(λ) are not necessarily objects of Oint (condition (3) may be
false). The following are basic results about the category Oint.

Theorem 3.2.4 (see e.g., [HK02]). (1) The category Oint is semisimple, i.e., each
M ∈ Oint is a direct sum of irreducible modules.

(2) L(λ) ∈ Oint if and only if λ ∈ P+.
(3) L(λ) is finite-dimensional if and only if λ ∈ P+.
(4) If λ ∈ P+, then L(λ) is a lowest weight module with lowest weight w0(λ).

3.3. Canonical bases. The notion of canonical bases (or, (lower) global crystal bases)
for Uq(g) and its modules were introduced by Lusztig [L90a], [L91] and Kashiwara [K90],
[K91] independently. In this subsection, we briefly recall Lusztig’s formulation. For
simplicity, we assume that our Cartan matrix is of type ADE.

First, we prepare the following.

• A0 := {f ∈ Q(q) | f is regular at q = 0}.
• A := Q[q, q−1].
• A∞ := {f ∈ Q(q) | f is regular at q =∞}.

Definition 3.3.1. Let V be a Q(q)-vector space and x ∈ {0, ∅,∞}. An Ax-lattice of V
is a free Ax-submodule Ux of V such that Q(q)⊗Ax Ux = V .

Let Uq(g)A be the A-subalgebra of Uq(g) generated by E
(n)
i , F

(n)
i , Kh with i ∈ I,

n ∈ Z>0, h ∈ P∨. Also, define Uq(g)
±
A to be the A-subalgebra generated by E

(n)
i (resp.,

F
(n)
i ), i ∈ I, n ∈ Z>0.
Next, we need Lusztig’s braid group action on Uq(g).
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Proposition 3.3.2 ([L93, Chapter 37]). Let i ∈ I and e ∈ {1,−1}. Then, there exist
unique algebra automorphisms T ′

i,e and T
′′
i,e on Uq(g) satisfying the following: For i, j ∈ I,

h ∈ P∨,

T ′
i,e(Ej) =

{
−Ke

i Fi if j = i,∑
r+s=−ai,j

(−1)rqeri E
(r)
i EjE

(s)
i if j ̸= i

T ′
i,e(Fj) =

{
−EiK

−e
i if j = i,∑

r+s=−ai,j
(−1)rq−er

i F
(s)
i FjF

(r)
i if j ̸= i,

T ′′
i,−e(Ej) =

{
−FiK

−e
i if j = i,∑

r+s=−ai,j
(−1)rqeri E

(s)
i EjE

(s)
i if j ̸= i,

T ′′
i,−e(Fj) =

{
−Ke

iEi if j = i,∑
r+s=−ai,j

(−1)rq−er
i F

(r)
i FjF

(s)
i if j ̸= i,

T ′
i,e(Kh) = T ′′

i,−e(Kh) = Ksi(h).

Moreover, the families {T ′
i,e | i ∈ I} and {T ′′

i,e | i ∈ I} satisfy the braid group relation,
i.e., we have for i ≠ j ∈ I,

T ′
i,eT

′
j,eT

′
i,e · · · = T ′

j,eT
′
i,eT

′
j,e · · · (both sides have mi,j factors),

and similar relations for T ′′
i,e’s.

In the sequel, we set Ti := T ′
i,1. Thanks to the braid relation, for each reduced expression

w = si1 · · · sil ∈ W , the composite

Tw := Ti1 · · ·Til
is well-defined.

Let w0 ∈ W denote the longest element, and fix a reduced word i = (i1, i2, . . . , iN) for
w0 (i.e., w0 = si1 · · · siN is a reduced expression). For each k = 2, . . . , N , set

E(i)1 := Ei1 , E(i)k := Ti1 · · ·Tik−1
(Eik).

Also, for each c = (c1, c2, . . . , cN) ∈ ZN
≥0, set

E(i; c) := E(i)
(c1)
1 · · ·E(i)(cN )

N .

Example 3.3.3. Suppose that our Cartan datum is the sl3-type. In this case, there are
only two reduced words for w0; i1 := (1, 2, 1) and i2 := (2, 1, 2). We have

E(i1)1 = E1, E(i1)2 = E2E1 − qE1E2, E(i1)3 = E2,

E(i2)1 = E2, E(i2)2 = E1E2 − qE2E1, E(i2)3 = E1.

Note that E(i1)2 and E(i2)2 are not proportional, while they are in their classical limits.

Theorem 3.3.4 ([L90a, Proposition 2.3]). Let i = (i1, . . . , iN) be a reduced word for w0.

(1) B(i) := {E(i; c) | c ∈ ZN
≥0} is an A-basis of Uq(g)

+
A.

(2) The A0-subspace L spanned by B(i) is independent of the choice of i.
(3) The image B of B(i) under the projection L → L/qL is a Q-basis of L/qL, and

it is independent of the choice of i.

Definition 3.3.5. We call B(i) and B the Poincaré-Birkhoff-Witt-type basis and the
crystal basis of Uq(g)

+
A, respectively.
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Theorem 3.3.6 ([L90a, Theorem 3.2]). The restriction of the projection π : L → L/qL
to the Q-subspace L ∩ Uq(g)

+
A ∩ L is an isomorphism of Q-vector spaces. In particular,

the inverse image B := π−1(B) of the crystal basis B is an A0-basis of L, an A-basis of
Uq(g)

+
A, and an A∞-basis of L.

Definition 3.3.7. B is called the canonical basis (or, lower global crystal basis) of Uq(g)
+.

Let λ ∈ P+, and consider the irreducible highest weight module L(λ) with highest
weight λ. Fix a lowest weight vector vw0(λ) ∈ L(λ)w0(λ). Then, there exists a unique
bar-involution on L(λ) fixing vw0(λ).

Theorem 3.3.8 ([L90a, Theorem 8.10]). Let λ ∈ P+.

(1) B(λ) := {bvw0(λ) | b ∈ B} \ {0} is an A-basis of L(λ)A := Uq(g)
+
Avw0(λ).

(2) Let L(λ) be the A0-subspace of L(λ) spanned by B(λ). Then, the image B(λ) of
B(λ) under the projection L(λ)→ L(λ)/qL(λ) is a Q-basis of L(λ)/qL(λ).

(3) The restriction of π to the Q-subspace L∩L(λ)A∩L is an isomorphism of Q-vector
spaces, and it maps B(λ) to B(λ) bijectively.

Definition 3.3.9. B(λ) is called the canonical basis of L(λ).

3.4. Crystal bases. Here, we introduce Kashiwara’s crystal bases for modules in Oint.
A key fact is that the subalgebra of Uq(g) generated by Ei, Ki, Fi is isomorphic to Uq(sl2)
for all i ∈ I. Such a triple (Ei, Ki, Fi) is called an sl2-triple.
Let M ∈ Oint. For each i ∈ I and m ∈ Mλ (λ ∈ P ), there exist unique N ∈ Z≥0,

mk ∈Mλ+kαi
∩KerEi (k = 0, 1, . . . , N) such that

m =
N∑
k=0

F
(k)
i mk.

With this expression, we set

Ẽim :=
N∑
k=1

F
(k−1)
i mk, F̃im :=

N∑
k=0

F
(k+1)
i mk.

This defines linear maps Ẽi, F̃i : M → M , called the Kashiwara operators on M . The
following is clear from the definition.

Proposition 3.4.1. The Kashiwara operators commute with the Uq(g)-homomorphisms.

Definition 3.4.2. A crystal lattice of M is an A0-lattice L ofM satisfying the following:

(1) L =
⊕

λ∈Λ Lλ, where Lλ := L ∩Mλ.
(2) L is closed under the Kashiwara operators.

Let L be a crystal lattice of M . Since the Kashiwara operators preserve L, it induces
Q-linear endomorphisms on L/qL; we denote them by the same symbols.

Definition 3.4.3. A crystal basis of M is a pair (L,B) of a crystal lattice L of M and a
Q-basis B of L/qL satisfying the following:

(1) B =
⊔

λ∈Λ Bλ, where Bλ := B ∩ (Lλ/qLλ).

(2) Ẽi(B) ⊂ B ⊔ {0} and F̃i(B) ⊂ B ⊔ {0} for all i ∈ I.
(3) For each b, b′ ∈ B and i ∈ I, one has f̃ib = b′ if and only if b = ẽib

′.
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Let (L,B) be a crystal basis of M . We define maps εi : B → Z≥0, φi : B → Z≥0 (i ∈ I),
and wt : B → Λ by

εi(b) := max{k | Ẽk
i b ̸= 0}, φi(b) := max{k | F̃ k

i b ̸= 0}, wt(b) := λ if b ∈ Bλ.

Remark 3.4.4. Let (L,B) be a crystal basis. Then, (B, Ẽi, F̃i,wt) is a crystal of type
our Cartan datum. In what follows, we always regard B as a crystal. Historically, the
notion of crystals was introduced by axiomatizing the crystal bases.

Definition 3.4.5. Let M,M ′ ∈ O, and (L,B), (L′,B′) crystal bases of M,M ′, respec-
tively. We say (L,B) and (L′,B′) are isomorphic if there exists an isomorphism M →M ′

of Uq(g)-modules which restricts to an isomorphism L → L′ of A0-modules, and induces
a bijection B → B′ of sets.

Clearly, an isomorphism of crystal bases induces an isomorphism of crystals. The
following is the existence and uniqueness theorem for crystal bases of finite-dimensional
irreducible modules.

Theorem 3.4.6 ([K91, Theorem 2]). Let λ ∈ P+, vλ ∈ L(λ) a highest weight vector. Set

L(λ) := SpanA0
{f̃i1 · · · f̃ilvλ | l ∈ Z≥0, i1, . . . , il ∈ I},

B(λ) := {f̃i1 · · · f̃ilvλ + qL(λ) | l ∈ Z≥0, i1, . . . , il ∈ I} \ {0}.
Then, (L(λ),B(λ)) is a unique (up to isomorphism) crystal basis of L(λ).

When our Cartan matrix is of type ABCD, there is a combinatorial realization of the
crystal bases of irreducible modules in Oint ([KN94]). In particular, we have the following.

Theorem 3.4.7. When our Cartan datum is the sln-type (in this case, P+ is identified
with Parn−1; see Example 1.1.10), we have an unique isomorphism B(λ) ≃ SSTn(λ) of
crystals.

Remark 3.4.8. For λ, µ ∈ Parn, SSTn(λ) ≃ SSTn(µ) if and only if λi − µi are constant

(see Proposition 1.6.2 (4)). Hence, it is convenient to set L(λ) := L(λ̂), L(λ) := L(λ̂),
B(λ) := B(λ̂), where

λ̂ := (λ1 − λn, λ2 − λn, . . . , λn−1 − λn) ∈ Parn−1 .

The following is the existence and uniqueness theorem for crystal bases of modules in
Oint.

Theorem 3.4.9. Let M ∈ Oint. By the complete reducibility, we have M ≃
⊕N

k=1 L(λk)
for some λ1, . . . , λN ∈ P+.

(1) Let ψ :M →
⊕N

k=1 L(λk) be an isomorphism of Uq(g)-modules. Then,(
ψ−1

(
N⊕
k=1

L(λk)

)
, ψ−1

(
N⊔
k=1

B(λk)

))
is a crystal basis of M .

(2) Let (L,B) be a crystal basis ofM . Then, it is isomorphic to
(⊕N

k=1 L(λk),
⊔N

k=1 B(λk)
)
.

Remark 3.4.10. Suppose that our Cartan datum is the slm+n-type. Let M ∈ Oint,
and (L,B) a crystal basis. Let Uq(l) be the subalgebra of Uq(g) generated by Ei, Fi, Kh,
i ∈ [1,m + n − 1] \ {m}, h ∈ P∨. Then, (L,B) is a crystal basis of M regarded as a
Uq(l)-module; the crystal structure is the same as Resm+n

m,n (B).



REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS OF TYPE AIII/AIV 29

3.5. Global crystal bases. In this subsection, we explain how to “globalize” crystal
bases in order to get genuine bases of modules, and recall basic properties of global
crystal bases.

Definition 3.5.1 ([K93a, Definition 2.1.2]). Let V be a Q(q)-vector space, Ux an Ax-
lattice of V for x ∈ {0, ∅,∞}. The triple (U0, U, U∞) is said to be balanced if the canonical
map

U0 ∩ U ∩ U∞ → U0/qU0; u 7→ u+ qU0

is an isomorhism of Q-vector spaces.

Let V be a Q(q)-vector space with a balanced triple (U0, U, U∞). Take a Q-basis B of
U0/qU0. Since we have an isomorphism G : U0/qU0 → U0 ∩ U ∩ U∞ of Q-vector spaces,
which is the inverse of the canonical map U0 ∩U ∩U∞ → U0/qU0, we obtain an Ax-basis
G(B) = {G(b) | b ∈ B} of Ux for each x ∈ {0, ∅,∞}. We call G(B) the global basis of V
associated to the balanced triple (U0, U, U∞) and the basis B.

Lemma 3.5.2. Let V, U0, U, U∞,B, G be as above. Take a subset B′ ⊂ B and set U ′
x to

be the Ax-span of G(B′) := {G(b) | b ∈ B′} for each x ∈ {0, ∅,∞}. Also, let V ′ be the
Q(q)-span of G(B′). Then, the following hold:

(1) (U ′
0, U

′, U ′
∞) is a balanced triple with the global basis G(B′).

(2) (U0/U
′
0, U/U

′, U∞/U
′
∞) is a balanced triple with the global basis {G(b) + V ′ | b ∈

B \ B′}.

Let V ∈ Oint, and (L,B) its crystal basis. Suppose that V admits a bar-involution.
Note that L is an A∞-lattice of V .

Definition 3.5.3. Let V,L,B be as above. We say that V has a global crystal basis if
there exists a UA-submodule VA of V which is an A-lattice forming a balanced triple
(L, VA,L). The associated global basis G(B) is called a global crystal basis of V .

Example 3.5.4. Let λ ∈ P+. Then, the canonical basis B(λ) of L(λ) is the global crystal

basis associated with the balanced triple (L(λ), L(λ)A,L(λ)). When we emphasize the
crystal structure of B(λ), we call B(λ) the global crystal basis of L(λ), rather than the
canonical basis.

Let M ∈ Oint be a Uq(g)-module with a bar-involution, (L,B) a crystal basis of M ,
and MA a UA-submodule of M . Suppose that M has a global crystal basis G(B) with
the associated balanced triple (L,MA,L).

Proposition 3.5.5 ([K93a]). Let i ∈ I, b ∈ B and m ∈ Z≥0. Then, we have the following.

(1)
∑

n≥m F
(n)
i MA =

⊕
b′∈B

εi(b
′)≥m

AGȷ(b′).

(2)
∑

n≥mE
(n)
i MA =

⊕
b′∈B

φi(b
′)≥m

AGȷ(b′).

(3) FiG
ȷ(b) = [εi(b)+1]diG

ȷ(F̃ib)+
∑

b′∈B
εi(b

′)>εi(b)+1
φ
(i)
b′,bG

ȷ(b′) for some φ
(i)
b′,b ∈ q

2−εi(b
′)

i Q[q].

(4) EiG
ȷ(b) = [φi(b)+1]diG

ȷ(Ẽib)+
∑

b′∈B
φi(b

′)>φi(b)+1
ε
(i)
b′,bG

ȷ(b′) for some ε
(i)
b′,b ∈ q

2−φi(b
′)

i Q[q].
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For λ ∈ P+, set Iλ(M) to be the sum of submodules of M isomorphic to L(λ). Also,
we set

W⪰λ(M) :=
∑
µ⪰λ

Iµ(M),

W≻λ(M) :=
∑
µ≻λ

Iµ(M),

Wλ(M) := W⪰λ(M)/W≻λ(M).

Recall that B =
⊔N

k=1 Bk, Bk ≃ B(λk) for some λk ∈ P+. For b ∈ B, set I(b) := λk if
b ∈ Bk.

Theorem 3.5.6 ([K93a], [L93]). Let M,L,B,MA be as above. Then, for each λ ∈ P+,
the following hold:

(1) W⪰λ(M) has a global crystal basis W⪰λ(G(B)) := {G(b) | I(b) ⪰ λ} with the asso-
ciated balanced triple (W⪰λ(L),W⪰λ(MA),W⪰λ(L)), where W⪰λ(L) := W⪰λ(M)∩
L, and so on.

(2) W≻λ(M) has a global crystal basis W≻λ(G(B)) := {G(b) | I(b) ≻ λ} with the asso-
ciated balanced triple (W≻λ(L),W≻λ(MA),W≻λ(L)), where W≻λ(L) := W≻λ(M)∩
L, and so on.

(3) Wλ(M) has a global crystal basis Wλ(G(B)) := {G(b) + W≻λ(M) | I(b) = λ}
with the associated balanced triple (Wλ(L),Wλ(MA),Wλ(L)), where Wλ(L) :=
W⪰λ(L)/W≻λ(L), and so on.

(4) There exists a U-module isomorphism ξ : L(λ)⊕mλ → Wλ(M) which induces an
isomorphism

(L(λ)⊕mλ , (L(λ)A)
⊕mλ ,L(λ)

⊕mλ
) ≃ (Wλ(L),Wλ(MA),Wλ(L)),

where mλ := dimHomU(L(λ),M) denotes the multiplicity of L(λ) in M .

Corollary 3.5.7. For each λ ∈ P+, the irreducible highest weight module L(λ) has a
unique (up to a scalar multiple) global crystal basis.

3.6. Tensor product modules. The quantum group Uq(g) has a coassociative Hopf
algebra structure with the structure maps defined as follows.

• The comultiplication ∆ : Uq(g)→ Uq(g)⊗ Uq(g)

∆(Ei) = Ei ⊗K−1
i + 1⊗ Ei, ∆(Fi) = F ⊗ 1 +Ki ⊗ Fi, ∆(Kh) = Kh ⊗Kh.

• The counit ϵ : Uq(g)→ Q(q)

ϵ(Ei) = 0, ϵ(Fi) = 0, ϵ(Kh) = 1.

• The antipode S : Uq(g)→ Uq(g).

S(Ei) = −EiKi, S(Fi) = −K−1
i Fi, S(Ki) = K−1

i .

Given finitely many Uq(g)-modules M1, . . . ,Mm, one can consider the tensor product
module M1 ⊗ · · · ⊗Mm by means of ∆, which is well-defined by the coassociativity of ∆.
The following gives a representation theoretical meaning to the tensor product rule for

crystals.

Proposition 3.6.1 ([K91, Theorem 1]). Let M,M ′ ∈ Oint, and (L,B), (L′,B′) crystal
bases. Then, (L ⊗A0 L′,B ⊗ B′) is a crystal basis of M ⊗M ′. (Note that B ⊗ B′ is the
tensor product of crystals B,B′; see Definition 1.3.4)
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Example 3.6.2. Suppose that our Cartan datum is the sln-type, and consider the vector
representation V; i.e., V =

⊕n
i=1Q(q)ui, on which Uq(sln) acts as follows;

Kiuj = qδi,j−δi+1,juj,

Eiuj = δi+1,jui,

Fiuj = δi,jui+1.

Set L :=
⊕n

i=1A0ui, and B := {ui+qL | i ∈ [1, n]}. Then, it is easily checked that (L,B)
is a crystal basis of V. Also, the assignment B → [1, n]; ui + qL 7→ i is an isomorphism
of crystals. Consequently, we have an isomorphism

B⊗d → [1, n]d; ui1 ⊗ · · · ⊗ uid + qL⊗d 7→ (i1, . . . , id)

of crystals.

LetM and N be Uq(g)-modules with bar-involutions. Then, the involution ( · ⊗ · ) on
M⊗N is not a bar-involution onM⊗N , in general. This is because ∆◦ · ̸= ( · ⊗ · )◦∆
on Uq(g). The difference between these two maps is described by Lusztig’s quasi-R-matrix.

Theorem 3.6.3 ([L93, Theorem 4.1.2]). For each µ ∈ Q+, there exists a unique Θµ ∈
Uq(g)

+
µ ⊗ Uq(g)

−
−µ satisfying the following.

(1) Θ0 = 1⊗ 1.
(2) Set Θ :=

∑
µ∈Q+

Θµ. Then, we have

Θ · ( · ⊗ · ) ◦∆(x) = ∆(x) ·Θ, for all x ∈ Uq(g).

Definition 3.6.4. We call Θ the quasi-R-matrix of Uq(g).

By using the quasi-R-matrix Θ, one can construct a bar-involution on M ⊗N .

Proposition 3.6.5 ([L93, Lemma 24.1.2]). Let M,N be Uq(g)-modules in Oint with bar-
involutions. Then, the automorphism · on M ⊗N defined by

m⊗ n := Θ(m⊗ n), m ∈M, n ∈ N

is a bar-involution on the tensor product module M ⊗N .

Proposition 3.6.6. Let M,N be as before. Assume that M and N have global crystal
bases BM and BN whose underlying crystal basis are (LM ,BM) and (LN ,BN), respectively.
Then, for each b1 ∈ BM and b2 ∈ BN , there exists a unique b1 ⋄ b2 ∈ M ⊗ N such that
b1 ⋄ b2 = b1 ⋄ b2 and

b1 ⋄ b2 ∈ b1 ⊗ b2 +
∑

b′1∈BM , b′2∈BN

wt(b′1)>wt(b1), wt(b′2)<wt(b2)

ab′1,b′2;b1,b2b
′
1 ⊗ b′2 for some ab′1,b′2;b1,b2 ∈ qQ[q].

In particular, BM ⋄BN := {b1 ⋄ b2 | b1 ∈ BM , b2 ∈ BN} is a global crystal basis of M ⊗N
whose underlying crystal basis is (LM ⊗ LN ,BM ⊗ BN).

Proof. This is because Θ0 = 1⊗ 1, and Θµ ∈ Uq(g)
+
µ ⊗ Uq(g)

−
−µ for all µ ∈ Q+. □

Remark 3.6.7. The quasi-R-matrix Θ is also used to construct the universal R-matrix.
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3.7. Classical limit. In this subsection, we briefly review technique to take a classical
limit. Set

A1 := {f ∈ Q(q) | f is regular at q = 1}.
For a, n ∈ Z and h ∈ P , set

(Kh;n)a :=
Khq

an − 1

qa − 1
.

Let Uq(g)A1 be the A1-subalgebra of Uq(g) generated by Ei, Fi, i ∈ I and (Kh; 0)1,
h ∈ P∨. Then, Uq(g)A1 ⊗A1 Q becomes a Q-algebra, where Q is equipped with an A1-
algebra structure via the homomorphism A1 → Q; f(q) 7→ f(1).

Theorem 3.7.1 ([HK02, Theorem 3.4.9]). There exists a unique isomorphism Uq(g)A1⊗A1

Q→ UQ(g) of Hopf algebras that sends Ei⊗ 1, Fi⊗ 1, (Kh; 0)1⊗ 1 to ei, fi, h, respectively
for all i ∈ I, h ∈ P∨.

Definition 3.7.2. Let B be a Q(q)-subspace of Uq(g). The classical limit of B is the
subspace (B ∩ Uq(g)A1)⊗A1 Q of UQ(g).

4. Quantum symmetric pairs

In this section, we “quantize” symmetric pairs to obtain quantum symmetric pairs. In
Subsection 4.1, we define quantum symmetric pairs following [BW18a]. In Subsection
4.2, we define the intertwiners (or, the quasi-K-matrices). They are used to construct the
bar-involution of Uı-modules, and ı-canonical bases. In Subsection 4.3, we construct the
Poincaré-Birkhoff-Witt-type basis of Uı. This kind of basis was first considered in [W17]
in type AIII/AIV.

4.1. Coideal subalgebra Uı. Let (I•, τ) be an admissible pair. The Lie algebra involu-
tion τ̃ on g(A) induces a Q(q)-algebra involution τq on Uq(g) in an obvious way;

τq(Ei) = Eτ(i), τq(Fi) = Fτ(i), τq(Kh) = Kτ̃(h), i ∈ I, h ∈ P∨.

Set
θq := Tw• ◦ τq ◦ ω ∈ Aut(Uq(g)).

Definition 4.1.1 ([BW18a, Definition 3.5]). Let ζi ∈ ±qZ, κi ∈ Z[q, q−1] for i ∈ I◦ be
such that

(1) κi = 0 unless τ(i) = i, ⟨hi, αj⟩ = 0 for all j ∈ I•, and ⟨hk, αi⟩ ∈ 2Z for all k ∈ I◦
such that τ(k) = k and ⟨hk, αj⟩ = 0 for all j ∈ I•.

(2) κi = κi.
(3) ζi = ζτ(i) if ⟨θ(hi), αi⟩ = 0.

(4) ζiζτ(i) = (−1)⟨2ρ∨• ,αi⟩q
−⟨hi,2ρ•+w•(ατi)⟩
i .

The algebra Uı with parameters ζi, κi, i ∈ I◦ is the Q(q)-subalgebra of Uq(g) generated
by the following elements:

Ei + ζiTw•(Fτ(i))K
−1
i + κiK

−1
i , i ∈ I◦, Ei, Fi, i ∈ I•, Kh, h ∈ P∨

ı .

For each i ∈ I, set

Bi :=

{
Ei + ζiTw•(Fτ(i))K

−1
i + κiK

−1
i if i ∈ I◦,

Ei if i ∈ I•.

Remark 4.1.2. When (I•, τ) = (I,−w0), the Uı is nothing but Uq(g). Hence, the
quantum symmetric pairs are thought of as generalizations of the quantum groups.
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Remark 4.1.3. The algebra Uı is a quantum analog of UQ(g
θ), i.e., the classical limit

of Uı is isomorphic to UQ(g
θ) (see Theorem 4.1.5 below). However, Uı is not isomorphic

to the quantum group Uq(g
θ), whose classical limit is also isomorphic to UQ(g

θ). A
unified construction of such a coideal was first given by Letzter [Le99]. Later, Kolb
[Ko14] generalized her construction to arbitrary Kac-Moody algebra (not necessarily of
finite type). In Kolb’s construction, the parameters ζi, κi can be chosen more freely. The
constraints for ζi, κi in Bao-Wang’s definition are needed to guarantee the existence of the
bar-involution on Uı (see Lemma 4.1.8 below).

Lemma 4.1.4 ([Le99, Cor 4.2]). The algebra Uı is a right coideal of Uq(g), that is, we
have

∆(Uı) ⊂ Uı ⊗ Uq(g).

Consequently, for a Uı-module M and Uq(g)-modules N1, . . . , Nl, the tensor product M ⊗
N1 ⊗ · · · ⊗Nl has a well-defined Uı-module structure via ∆.

Theorem 4.1.5 ([Le99, Theorem 4.8]). If ζi|q=1 = s(I•, τ)(ατ(i)), then Uı is a subalgebra
of U whose classical limit is UQ(g

θ), and it is maximal with this property.

The following gives a presentation of Uı by generators and relations which resembles
that of quantum groups.

Theorem 4.1.6 ([Ko14, Theorem 7.1]). Let B be the free Q(q)-algebra generated by Fi,
i ∈ I•, Bi, i ∈ I, and Kh, h ∈ P∨

ı . Let Π : B → Uı be the algebra surjection which
sends Fi, Bi, Kh to Fi, Bi, Kh. Then, there exist Ci,j ∈ B, i, j ∈ I such that KerΠ is the
two-sided ideal of B generated by the following elements:

K0 − 1,

KhKh′ −Kh+h′ h, h′ ∈ P∨
ı ,

KhFiK−h − q⟨h,−αi⟩Fi h ∈ P∨
ı , i ∈ I•,

KhBiK−h − q⟨h,αi⟩Bi h ∈ P∨
ı , i ∈ I,

FiBj −BjFi + δi,j
Ki −K−1

i

qi − q−1
i

i ∈ I•, j ∈ I,

1−ai,j∑
s=0

(−1)sF (s)
i FjF

(1−ai,j−s)
i , i ̸= j ∈ I•,

1−ai,j∑
s=0

(−1)s
[
1− ai,j

s

]
qi

Bs
iBjB

1−ai,j−s
i − Ci,j, i ̸= j ∈ I.

Remark 4.1.7. It is known that Ci,j = 0 if i /∈ {j, τ(i), τ(j)}. Also, Kolb computed Ci,j

explicitly for i, j with ai,j = 0,−1,−2. Recently, more explicit expressions in I• = case
(without any assumption on ai,j) were given in [CLW18].

Uı has also the bar-involution.

Lemma 4.1.8 ([BW18a, Lemma 3.15]). There exists a unique Q-algebra automorphism
· on Uı that sends Ej, Bi, Kh, q to Ej, Bi, K−h, q

−1, respectively for all j ∈ I•, i ∈ I,
h ∈ P∨

ı . We call this automorphism the bar-involution on Uı.

Definition 4.1.9. Let M be a Uı-module. A Q-linear automorphism · on M is said to
be a bar-involution on M if · 2 = idM , and xm = xm for all x ∈ Uı and m ∈M .
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4.2. Intertwiners. The bar-involution on Uı is not the restriction of the bar-involution
on Uq(g). When a confusion is possible, we denote by ψ the one on Uq(g), and by ψı

on Uı. Accordingly, we call a bar-involution of a Uq(g)-module a ψ-involution, and a
bar-involution of a Uı-module a ψı-involution. The difference between these two bar-
involutions are described by the intertwiner (also known as the quasi-K-matrix) Υ.

Theorem 4.2.1 ([BW18a, Theorem 4.8], see also [BaKo15b, Theorem 6.10]). For each
ν ∈ Q+, there exists a unique Υν ∈ Uq(g)

+
ν satisfying the following:

(1) Υ0 = 1.
(2) Set Υ :=

∑
ν∈Q+

Υν. Then, we have

ψı(x)Υ = Υψ(x) for all x ∈ Uı.

Moreover, Υν = 0 unless θ(ν) = −ν.

By using Υ, one can make a ψ-involution into a ψı-involution.

Proposition 4.2.2. Let M be a Uq(g)-module in Oint with a ψ-involution. Then, Υ ◦ ·
is a ψı-involution on a Uı-module M .

Also, by combining the quasi-R-matrix Θ, one can make a ψı-involution from a ψ-
involution and a ψı-involution. To explain this, set

Θı := ∆(Υ) ◦Θ ◦ (Υ−1 ⊗ 1).

Then, we have the following.

Proposition 4.2.3. Let M be a Uı-module with a ψı-involution, and N a Uq(g)-module
with a ψ-involution. Then, the automorphism · on M ⊗N defined by

m⊗ n := Θı(m⊗ n), m ∈M, n ∈ N
is a ψı-involution on the Uı-module M ⊗N .

Remark 4.2.4. Given two Uq(g)-modules M,N with bar-involutions, there are two ways
to construct a bar-involution on the Uı-module M ⊗N ; one is to apply Proposition 4.2.2
to M ⊗N after applying Proposition 3.6.3 to M,N , the other one is to apply Proposition
4.2.3 to M,N after applying Proposition 4.2.2 to M . Clearly, these two constructions
coincide.

Theorem 4.2.5 ([BW18a, Theorem 5.7]). Let M ∈ Oint be a Uq(g)-module with a global
crystal basis B and a ψ-involution ψM . Let ψı

M := Υ ◦ ψM . Then, for each b ∈ B, there
exists a unique bı ∈M such that ψı

M(bı) = bı and

bı ∈ b+
∑
b′∈B

wt(b′)>wt(b) and wtı(b′)=wtı(b)

ab′,bb
′ for some ab′,b ∈ qQ[q].

In particular, Bı := {bı | b ∈ B} is an ı-canonical basis of M .

Definition 4.2.6. We call Bı the ı-canonical basis of M associated with B.

Definition 4.2.7. Let M be a finite-dimensional Uı-module with a given Q(q)-basis Bı.
Suppose that M =

⊕
ν∈Pı

Mν , where Mν := {m ∈ M | Khm = q⟨h,ν⟩m for all h ∈ Pı}.
The pair (M,Bı) is called a based Uı-module if the following hold:

(1) Bı =
⊔

ν∈Pı
Bı

ν , where B
ı
ν := Bı ∩Mν .

(2) The A-submodule MA of M generated by Bı is a Uı
A-submodule of M .

(3) M has a ψı-involution.
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(4) Let L be the A0-submodule of M generated by Bı. Then, the image of Bı under
the canonical map L → L/qL forms a Q-basis of L/qL.

Theorem 4.2.8 ([BWW18, Theorem 4]). Let (M,Bı) be a based Uı-module, and N a
Uq(g)-module with a global crystal basis B. Let ψı

M,N denote the ψı-involution of M ⊗N
constructed as in Proposition 4.2.3. Then, for each b1 ∈ Bı and b2 ∈ B, there exists a
unique b1 ⋄ı b2 ∈M ⊗N such that ψı

M,N(b1 ⋄ı b2) = b1 ⋄ı b2 and

b1 ⋄ı b2 ∈ b1 ⊗ b2 +
∑

b′1∈Bı, b′2∈B
wt(b′2)>wt(b2)

aıb′1,b′2;b1,b2b
′
1 ⊗ b′2 for some aıb′1,b′2;b1,b2 ∈ qQ[q].

In particular, if we set Bı ⋄ı B := {b1 ⋄ı b2 | b1 ∈ Bı, b2 ∈ B}, then (M ⊗N,Bı ⋄ı B) is a
based Uı-module.

Definition 4.2.9. We call Bı ⋄ı B the ı-canonical basis of the tensor product module
M ⊗N associated with Bı, B.

4.3. PBW-basis of Uı. In this subsection, we construct a Poincaré-Birkhoff-Witt type
basis of Uı. First, we give a filtration on Uı by setting

deg(Fi) = deg(Kh) = 0, deg(Bj) = 1, i ∈ I•, h ∈ P∨
ı , j ∈ I.

Then, Uı becomes a filtered algebra; if we set Uı
m, m ∈ Z≥0 to be the subspace spanned

by x1 · · ·xl, x1, . . . , xl ∈ {Fi, Kh, Bj},
∑

deg(xk) ≤ m}, then we have Uı
−1 := 0 ⊂

Uı
0 ⊂ Uı

1 ⊂ · · · , and Uı
mU

ı
m′ ⊂ Uı

m+m′ . Hence, one can consider its graded algebra
grUı :=

∑∞
m=0U

ı
m/U

ı
m−1, and the canonical isomorphism gr : Uı → grUı of vector

spaces.
For J = (j1, . . . , jn) ∈ In, set EJ := Ej1 · · ·Ejn . Clearly, {EJ | J ∈

∪∞
n=0 I

n} spans
Uq(g)

+. Then, one can take a subset J of
∪∞

n=0 I
n in a way such that {EJ | J ∈ J } forms

a basis of Uq(g)
+. For J = (j1, . . . , jn) ∈ J , set

BJ := Bj1 · · ·Bjn , wt(J) := αj1 + · · ·+ αjn .

Note that KhBJK−h = q⟨h,wt(J)⟩BJ for all h ∈ P∨
ı and J ∈ J .

Proposition 4.3.1 ([Ko14, Proposition 6.2]). Let Uı
J denote the subspace of Uı spanned

by BJ , J ∈ J . Then, {BJ | J ∈ J } is a basis of Uı
J , and the multiplication map

Uı
J ⊗Uı,0 ⊗ Uq(g•)

− → Uı

is an isomorphism of vector spaces, where Uı,0 := Uı ∩ Uq(g)
0.

Now, we are able to say more about Ci,j’s in Theorem 4.1.6. In fact, [Ko14, Theorem
7.1] also states that

Π(Ci,j) ∈
∑
J∈J

wt(J)<(1−ai,j)αi+αj

BJU
ı,0Uq(g•)

−.

Proposition 4.3.2. There exists a unique algebra homomorphism Uq(g)
+ → grUı which

sends Ej to Bj, j ∈ I. Moreover, it induces an isomorphism p : Uq(g)
+ → gr(Uı

J ).

Proof. By the defining relation of Uı, it is easy to verify the existence of the desired
surjection Uq(g)

+ → grUı, and that its image is gr(Uı
J ). Let p : Uq(g)

+ → gr(Uı
J ) be the

algebra surjection which sends Ej to Bj, j ∈ I. Recall that Uq(g)
+ and Uı

J have bases
{EJ | J ∈ J } and {BJ | J ∈ J }, respectively. Then, the composite gr−1 ◦p sends EJ to
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BJ , J ∈ J . This implies that gr−1 ◦p : Uq(g)
+ → Uı

J is an isomorphism of vector spaces,
and hence, so is p = gr ◦ gr−1 ◦p. This proves the proposition. □
Let i = (i1, . . . , iN) ∈ IN be a reduced word for the longest element w0 ∈ W . Recall that

we have constructed the root vectors E(i)k, k = 1, . . . , N , and the PBW basis {E(i; c) |
c ∈ ZN

≥0} of Uq(g)
+. Applying the Q(q)-algebra involution ω to this PBW basis, we obtain

a PBW basis {F (i; c) := ω(E(i; c)) | c ∈ ZN
≥0} of Uq(g)

−. Set B(i; c) := gr−1 ◦p(E(i; c)).

Theorem 4.3.3. Let i ∈ IN and i• ∈ IN• be reduced words for w0 ∈ W and w• ∈ W•,
respectively. Then,

{B(i; c)KhF (i•; c•) | c ∈ ZN
≥0, h ∈ P∨

ı , c• ∈ ZN•
≥0}

is a basis of Uı.

5. Kazhdan-Lusztig bases

In this section, we formulate variants of the Kazhdan-Lusztig bases following [KL79],
[Deo87], and [L03]. Throughout this section, we fix a generalized Cartan matrix A. Let
W = ⟨si | i ∈ I⟩ denote the Weyl group. In Subsection 5.1, we introduce the Hecke
algebra of W with unequal parameters, and some involutions on it. After formulating
the Kazhdan-Lusztig bases in Subsection 5.2, we use them to recall the notion of left cell
representations of W in Subsection 5.3. A combinatorial description of the left cells in
type B with particular parameters will be important for us. In Subsection 5.4, we define a
nondegenerate symmetric bilinear form on the Hecke algebra. Finally, in Subsection 5.5,
we consider a parabolic analog of the constructions above.

5.1. Hecke algebras with unequal parameters. Let Γ be an abelian group with a
total order < that is compatible with the group structure; if g1 < g2, then we have
gg1 < gg2 for all g ∈ Γ. Set

Γ+ := {g ∈ Γ | g > 1}.
Fix a map I → Γ+ ⊔ {1}; i 7→ qi such that qi = qj whenever si and sj are W -conjugate.
Such a map is called a weight function.

Example 5.1.1. (1) Let A be the indecomposable Cartan matrix whose Dynkin di-
agram is of type Ad−1 (see Figure 1 in 111). As we have seen earlier, the Weyl
group is the symmetric group Sd = ⟨s1, . . . , sd−1⟩. Let q be an indeterminate, and
Γ := {qn | n ∈ Zn} equipped with the total order defined by

qn ≤ qm if n ≤ m.

Then, we have

Z[Γ] = Z[q, q−1], Z[Γ+] = qZ[q], Z[Γ−] = q−1Z[q−1].

The map {1, . . . , d− 1} → Γ+ ⊔ {1}; i 7→ q is a weight function.
(2) Let A be the indecomposable Cartan matrix whose Dynkin diagram is of type

Bd (see Figure 1 in 111). As we have seen earlier, the Weyl group is the group
Wd = ⟨s0, s1, . . . , sd−1⟩. Let p, q be indeterminates, and Γ := {pkql | k, l ∈ Zn}
equipped with the total order defined by

pkql ≤ pk
′
ql

′
if k < k′ or (k = k′ and l ≤ l′).

Then, we have

Z[Γ] = Z[p, p−1, q, q−1], Z[Γ+] = pZ[p, q, q−1]⊕qZ[q], Z[Γ−] = p−1Z[p−1, q, q−1]⊕q−1Z[q−1].
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The map {0, 1, . . . , d− 1} → Γ+ ⊔ {1}; i 7→ qi defined by

qi :=

{
p if i = 0,

q if i ̸= 0

is a weight function.

Definition 5.1.2. The Hecke algebra H = H(W, {qi}i∈I) ofW associated with the weight
function i 7→ qi is the associative algebra over Z[Γ] generated by {Hi | i ∈ I} subject to
the following relations:

• (Hi − q−1
i )(Hi + qi) = 0 for all i ∈ I.

• HiHjHi · · · = HjHiHj · · · (both sides have mi,j factors) for all i ̸= j ∈ I.
For each w ∈ W with a reduced expression w = si1 · · · sil , the product Hi1 · · ·Hil is

independent of the choice of a reduced expression of w; we denote it by Hw. Similarly,
qw := qi1 · · · qil is well-defined.

The ring Z[Γ] is equipped with a Z-linear automorphism · which sends g to g−1 for all
g ∈ Γ. Let U, V be modules over Z[Γ]. We say a Z-linear map f : U → V is anti-linear if
it satisfies f(au) = af(u) for all a ∈ Z[Γ] and u ∈ U . In the sequel, we will often use the
following automorphisms on H, all of which are involutions.

Lemma 5.1.3.

(1) There exists a unique anti-linear algebra automorphism · of H such that Hw =
H−1

w−1. We call it the bar-involution on H.
(2) There exists a unique anti-linear algebra automorphism sgn ofH such that sgn(Hw) =

(−1)ℓ(w)Hw. Here, ℓ : W → Z≥0 denotes the length function on W .
(3) There exists a unique Z[Γ]-algebra anti-automorphism (·)♭ of H such that H♭

w =
Hw−1.

Moreover, all of these automorphisms commute with each other.

For y, w ∈ W , define ry,w ∈ Z[Γ] by

Hw =
∑
y∈W

ry,wHy.

It is well-known and easily proved that rw,w = 1 for all w ∈ W and ry,w = 0 unless y ≤ w.

5.2. Kazhdan-Lusztig bases. Let us formulate the Kazhdan-Lusztig basis and the dual
Kazhdan-Lusztig basis.

Theorem 5.2.1 ([KL79, Theorem 1.1], [L03, Theorem 5.2]). For each w ∈ W , there
exists a unique Cw ∈ H such that

(1) Cw = Cw.
(2) Cw = Hw+

∑
y<w cy,wHy for some cy,w ∈ Z[Γ+]. Here, < denotes the Bruhat order

on W .

Remark 5.2.2. Set Γ− := {g ∈ Γ | g < 1}. Note that we have Z[Γ+] = Z[Γ−]. Replacing
Z[Γ+] with Z[Γ−], we see the following: For each w ∈ W , there exists a unique Dw ∈ H
such that

(1) Dw = Dw.
(2) Dw = Hw +

∑
y<w dy,wHy for some dy,w ∈ Z[Γ−].

Remark 5.2.3. Noting that the automorphisms · and sgn commute with each other, it
is easy to verify that Dw = (−1)ℓ(w) sgn(Cw).
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It is obvious from the definitions that both {Cw | w ∈ W} and {Dw | w ∈ W} form
Z[Γ]-bases of H. We call the former the Kazhdan-Lusztig basis, and the latter the dual
Kazhdan-Lusztig basis of H.

5.3. Left cell representations. Let us recall from [KL79] the notion of left cells of W
and the associated left cell representations by means of Kazhdan-Lusztig bases.

Definition 5.3.1. Let y, w ∈ W .

(1) y →L w if the coefficient of Cy in CsiCw expanded in the Kazhdan-Lusztig basis
is nonzero for some i ∈ I.

(2) y ≤L w if there exist y = y0, y1, . . . , yl = w ∈ W such that yi−1 →L yi.
(3) y ∼

L
w if y ≤L w and w ≤L y.

(4) y <L w if y ≤L w and y ̸∼
L
w.

(5) Each equivalence class of W/ ∼
L
is called a left cell of W . We denote by L(W ) the

set of left cells of W .
(6) For X,Y ∈ L(W ), X ≤L Y if x ≤L y for some (equivalently, all) x ∈ X, y ∈ Y .

Remark 5.3.2. By Remark 5.2.3, we obtain the same equivalence relation as ∼
L

if we

replace Cw’s by Dw’s.

For each X ∈ L(W ) and x ∈ X, set

C≤LX =
⊕
y≤Lx

AZCy, C<LX =
⊕
y<Lx

AZCy, CL
X = C≤LX/C<LX ,

D≤LX =
⊕
y≤Lx

AZDy, D<LX =
⊕
y<Lx

AZDy, DL
X = D≤LX/D<LX .

Note that these are independent of the choice of x ∈ X. We denote the image of
m ∈ C≤LX (resp., m ∈ D≤LX) under the quotient map C≤LX → CL

X (resp., D≤LX → DL
X)

by [m]X (resp., [m]′X).

Lemma 5.3.3. Let X ∈ L(W ). Then, C≤LX , C<LX , D≤LX , and D<LX are left ideals
of H, and consequently, CL

X and DL
X are left H-modules. Moreover, CL

X has a basis
{[Cx]X | x ∈ X}, while DL

X has a basis {[Dx]
′
X | x ∈ X}.

Proof. The assertions are obvious from the definitions. □

We call CL
X the left cell representation of H associated with X ∈ L(W ). Also, we call

the bases {[Cx]X | x ∈ X } and {[Dx]
′
X | x ∈ X} the Kazhdan-Lusztig basis of CL

X and
the dual Kazhdan-Lusztig basis of DL

X , respectively.
In general, it is difficult to describe the left cells explicitly. However, when our Hecke

algebra is associated with a weight function in Example 5.1.1, a combinatorial description
of the left cells is known.

Proposition 5.3.4. (1) Suppose that our Hecke algebra is associated with the weight
function given in Example 5.1.1 (1). Let x, y ∈ Sd. Then, x and y are in the
same left cell of Sd if and only if Q(x) = Q(y).

(2) Suppose that our Hecke algebra is associated with the weight function given in
Example 5.1.1 (2). Let z, w ∈ Wd. Then, z and w are in the same left cell of Wd

if and only if (Q−(z), Q+(z)) = (Q−(w), Q+(w)).
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Proof. (1) is found in [BB05, Theorem 6.5.1]. Let us prove (2). Let y ∈ Wn, and write
y(i) = ϵiyi (ϵi ∈ {+,−}, yi ∈ {1, . . . , d}). Let i1 < · · · < ik, j1 < · · · < jl be such that ϵi =
+ if and only if i = im for some m, and ϵi = − if and only if i = jn for some n. Set A−(y)
to be the insertion tableau of (yj1 , . . . , yjl), B

−(y) the recording tableau of (yj1 , . . . , yjl) in
letters (j1, . . . , jl), A

+(y) := P+(y), and B+(y) := Q+(y). Then, by [BI03, Theorem 7.7],
z and w are in the same left cell of Wn if and only if (B+(z), B−(z)) = (B+(w), B−(w)).
Hence, it suffices to show that we have (B+(z), B−(z)) = (B+(w), B−(w)) if and only
if (Q−(z), Q+(z)) = (Q−(w), Q+(w)). However, it is clear that A−(y) = −P−(y), and
hence, B−(y) = Q−(y). This proves the assertion.

□

Remark 5.3.5. Suppose that our Hecke algebra is associated with the weight function
given in Example 5.1.1 (2). Let X ∈ L(Wd) and y ∈ X. By Proposition 5.3.4 (2), the
bitableau (Q−(y), Q+(y)) depends only on X, not on each y ∈ X. We call it the bitableau
of X, and denote by Q(X). Also, we denote by sh(X) the shape of Q(X).

5.4. Bilinear form on H. Let H∗ := HomZ[Γ](H,Z[Γ]). H∗ has a left H-module struc-
ture given by

(Hf)(H ′) = f(H♭H ′), for all f ∈ H∗, H,H ′ ∈ H.

Let {hw | w ∈ W} ⊂ H∗ be the dual basis of {Hw | w ∈ W}, that is, they are characterized
by hy(Hw) = δy,w for all y, w ∈ W .

Lemma 5.4.1. For each w ∈ W and i ∈ I, the following holds.

Hihw =

{
hsiw if w < siw,

hsiw + (q−1
i − qi)hw if siw < w.

Proof. For each y ∈ W , we compute as

(Hsihw)(Hy) = hw(HsiHy)

=

{
hw(Hsiy) if siy > y,

hw(Hsiy + (q−1
i − qi)Hy) if siy < y

=


1 if siy > y and siy = w,

1 if siy < y and siy = w,

q−1
i − qi if siy < y and y = w,

0 otherwise

=

{
hsiw(Hy) if siw > w,

(hsiw + (q−1
i − qi)hw)(Hy) if siw < w.

This implies

Hihw =

{
hsiw if siw > w,

hsiw + (q−1
i − qi)hw if siw < w.

Thus, the proof completes. □

There exists an anti-linear automorphism · of H∗ defined by f(H) = f(H) for f ∈ H∗,
H ∈ H.
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Lemma 5.4.2. For each w ∈ W , we have

hw =
∑
y≥w

rw,yhy.

In particular, hw0 = hw0, where w0 ∈ W denotes the longest element.

Proof. Let y ∈ W . Then, we have

hw(Hy) = hw(Hy) = hw(
∑
z≤y

rz,yHz) = rw,y.

Since hw =
∑

y∈W hw(Hy)hy, the assertion follows. □

Let {C∗
w | w ∈ W} ⊂ H∗ denote the dual basis of {Cw | w ∈ W}.

Proposition 5.4.3. C∗
w is characterized by the following two conditions:

(1) C∗
w = C∗

w.
(2) C∗

w = hw +
∑

z>w c
∗
w,zhz for some c∗w,z ∈ Z[Γ+].

Proof. Thanks to Lemma 5.4.2, one can prove that there exists a unique C ′
w ∈ H∗ such

that C ′
w = C ′

w and C ′
w − hw ∈

⊕
y>w Z[Γ+]hy in a similar way to Theorem 5.2.1. Hence,

it suffices to show that C∗
w satisfies the two conditions.

The first condition is verified as follows. For each y ∈ W , we have

C∗
w(Cy) = C∗

w(Cy) = C∗
w(Cy) = δy,w = δy,w = C∗

w(Cy).

Since {Cy | y ∈ W} is a basis of H, we obtain C∗
w = C∗

w.
Next, we prove the second condition. For each y ∈ W , we can write Hy = Cy +∑
z<y bz,yCz for some bz,y ∈ Z[Γ+]. Then, we have

C∗
w =

∑
y∈W

C∗
w(Hy)hy = hw +

∑
y>w

bw,yhy.

This completes the proof. □

H and H∗, and their bar-involutions are related as follows.

Lemma 5.4.4. The linear map d : H → H∗; H 7→ H · hw0 gives an isomorphism of left
H-modules. Moreover, we have

(1) d(Hy) = hyw0 for all y ∈ W .

(2) d(H) = d(H) for all H ∈ H.

Proof. By Lemma 5.4.1, the linear map φ : H → H∗; Hw 7→ hw is an isomorphism of
left H-modules. On the other hand, the map ψ : H → H; H 7→ H · Hw0 is clearly an
isomorphism of left H-modules. Thus, the composite map d := φ ◦ ψ : H → H∗ is an
isomorphism of left H-modules satisfying

d(H) = φ(H ·Hw0) = H · φ(Hw0) = H · hw0 for all H ∈ H.

Also, we have, for all y ∈ W ,

d(Hy) = φ(Hy ·Hw0) = φ(H−1
y−1 ·Hy−1Hyw0) = φ(Hyw0) = hyw0 .
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Finally, for each H,H ′ ∈ H, we have

d(H)(H ′) = (H · hw0)(H
′) = hw0

((
H
)♭
H ′
)
,

d(H)(H ′) = d(H)(H ′) = hw0(H
♭H ′) = hw0

(
H♭H ′

)
.

Then, the equality d(H) = d(H) follows from the facts that hw0 = hw0 and
(
H
)♭

= H♭;
the former is proved in Lemma 5.4.2, and the latter is in Lemma 5.1.3. □

Using this isomorphism, we define a bilinear form ⟨· | ·⟩ on H by

⟨H | H ′⟩ := d(H ′)(H), (H,H ′ ∈ H).

Clearly, this bilinear form satisfies ⟨H ′ | HH ′′⟩ = ⟨H♭H ′ | H ′′⟩ for all H,H ′, H ′′ ∈ H.

Lemma 5.4.5. The bilinear from ⟨· | ·⟩ is symmetric.

Proof. Let H1, H2 ∈ H. It suffices to show that hw0(H
♭
2H1) = hw0(H

♭
1H2). Since H♭

w0
=

Hw0 , it holds that hw0(H
♭) = hw0(H) for all H ∈ H. Then, the assertion follows from an

easy equation (H♭
2H1)

♭ = H♭
1H2. □

The next proposition justifies the name “dual Kazhdan-Lusztig basis”.

Proposition 5.4.6. The bases {Cw | w ∈ W} and {Dww0 | w ∈ W} are dual to each
other with respect to ⟨· | ·⟩, that is, we have ⟨Cy | Dw⟩ = δy,ww0 for all y, w ∈ W .

Proof. Recall that Dw =
∑

y≤w dy,wHy with dw,w = 1 and dy,w ∈ Z[Γ−] for all y < w.
Then, we have

d(Dw) = d(Dw) = d(Dw),

d(Dw) = d(Dw) = d(
∑
y≤w

dy,wHy) =
∑
y≤w

dy,whyw0 =
∑

z≥ww0

dzw0,whz.

This and Proposition 5.4.3 show that d(Dw) = C∗
ww0

. Hence, it holds that ⟨Cy | Dw⟩ =
C∗

ww0
(Cy) = δy,ww0 , which proves the proposition. □

Next, we aim to describe the duality between CL
X ’s and D

L
X ’s.

Lemma 5.4.7. Let y, w ∈ W , X ∈ L(W ). Then, the following hold.

(1) y →L w if and only if ww0 →L yw0.
(2) y ≤L w if and only if ww0 ≤L yw0.
(3) Xw0 := {xw0 | x ∈ X} ∈ L(W ).

Proof. We first prove part (1). Suppose that y →L w. Then, there exists i ∈ I such
that ⟨CsiCw | Dyw0⟩ ̸= 0. This implies that ⟨Cw | CsiDyw0⟩ ̸= 0, and hence, we obtain
ww0 →L yw0. Replacing y, w by yw0, ww0, we also have the opposite indication. This
proves part (1). Assertion (2) is an immediate consequence of (1). We prove part (3).
Let x ∈ X. Then, X = {y ∈ W | x ≤L y ≤L x}. By part (2), we have x ≤L y ≤L x if
and only if xw0 ≤L yw0 ≤L xw0. This implies that Xw0 = {z ∈ W | xw0 ≤L z ≤L xw0},
and it is a unique left cell of W containing xw0. Thus, the proof completes. □

Lemma 5.4.8. The bilinear from ⟨· | ·⟩ induces a non-degenerate bilinear form on CL
X ×

DL
Xw0

. Moreover, {[Cx]X | x ∈ X} and {[Dxw0 ]
′
Xw0
| x ∈ X} form bases which are dual to

each other.
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Proof. Let x ∈ X, y, w ∈ W be such that y <L x and ww0 <L xw0. It suffices to show
that ⟨Cy | Du⟩ = 0 for all u ≤L xw0 and ⟨Cv | Dww0⟩ = 0 for all v ≤L x. Both are obvious
from Lemma 5.4.7 (2). □
Proposition 5.4.9. Let X ∈ L(W ). Then, we have an isomorphism DL

Xw0
≃ CL

X of
H-modules.

Proof. It suffices to show that the characters chDL
Xw0

of DL
Xw0

and chCL
X

of CL
X coincide

with each other. For each w ∈ W , we compute as

chCL
X
(Hw) =

∑
x∈X

⟨Hw[Cx]X | [Dxw0 ]
′
Xw0
⟩

=
∑
x∈X

⟨[Cx]X | Hw−1 [Dxw0 ]
′
Xw0
⟩

= chDL
Xw0

(Hw−1) = chDL
Xw0

(Hw).

Thus, the proof completes. □
5.5. Parabolic Kazhdan-Lusztig bases. Throughout this subsection, we fix a subset
J ⊂ I such that the parabolic subgroup WJ of W generated by {sj | j ∈ J} is finite. Let
JW denote the set of minimal length coset representatives for WJ\W , and wJ ∈ WJ the
longest element. Also, we set

xJ := qwJ

∑
w∈WJ

q−1
w Hw ∈ H.

Lemma 5.5.1. Let j ∈ J . Then, the following hold.

(1) xJHj = q−1
j xJ .

(2) x♭J = xJ .
(3) xJ = CwJ

. In particular, xJ = xJ .

Proof. The assertion (1) follows from a direct calculation and the fact that WJ = {w ∈
WJ | w < sjw} ⊔ {w ∈ WJ | sjw < w}. The assertion (2) follows from the definition of
xJ and the facts that WJ = {w−1 | w ∈ WJ}, and qw−1 = qw for all w ∈ W . The proof of
(3) can be found in [X94, Proposition 1.17 (2)]. □
By Lemma 5.5.1 (1), the right ideal xJH of H has a basis {xJHw | w ∈ JW}. Also, by

Lemma 5.5.1 (3), xJH is closed under the involution · . Hence, we can construct analogs
of the Kazhdan-Lusztig basis and the dual Kazhdan-Lusztig basis of H in the ideal xJH:
Theorem 5.5.2. [Deo87, Proposition 3.2]

(1) For each w ∈ JW , there exists a unique JCw ∈ xJH such that

(a) JCw = JCw.
(b) JCw = xJ(Hw +

∑
y∈JW
y<w

Jcy,wHy) for some Jcy,w ∈ Z[Γ+].

(2) For each w ∈ JW , there exists a unique JDw ∈ xJH such that

(a) JDw = JDw.
(b) JDw = xJ(Hw +

∑
y∈JW
y<w

Jdy,wHy) for some Jdy,w ∈ Z[Γ−].

Clearly, {JCw | w ∈ JW} and {JDw | w ∈ JW} are linear bases of xJH. We call
them the parabolic Kazhdan-Lusztig basis and the dual parabolic Kazhdan-Lusztig basis
of xJH, respectively. The following two propositions tell us how parabolic versions and
usual ones relate to each other.
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Proposition 5.5.3. [Deo87, Proposition 3.4] Let w ∈ JW . Then, JCw = CwJw.

Proposition 5.5.4. Let w ∈ JW . Then, JDw = xJDw.

Proof. For each y ∈ W , define yJ ∈ WJ and Jy ∈ JW to be the unique elements satisfying
y = yJ

Jy and ℓ(y) = ℓ(yJ) + ℓ(Jy). Then, we have

xJDw = xJ
∑
y≤w

dy,wHy

= xJ

(
Hw +

∑
y<w

dy,wHyJHJy

)

= xJ

(
Hw +

∑
y<w

q−1
yJ
dy,wHJy

)
(by Lemma 5.5.1 (1))

= xJ

Hw +
∑
y∈JW
y<w

∑
x∈WJ
xy<w

q−1
x dxy,wHy

 .

This shows that xJDw−xJHw ∈
⊕

y∈JW
y<w

Z[Γ−]xJHy. Hence, by Theorem 5.5.2 (2), xJDw

coincides with JDw. □

For a later use, let us consider xJCy and xJDy for general y ∈ W .

Proposition 5.5.5. Let y ∈ W . Then, we have

xJCy =
∑

w∈JW
wJw≤Ly

αw
JCw,

for some αw ∈ Z[Γ].

Proof. Let us write

xJCy =
∑

w∈JW

αw
JCw =

∑
w∈JW

αwCwJw for some αw ∈ Z[Γ].

Also, by the definition of ≤L, we can write

xJCy =
∑
z≤Ly

βzCz for some βz ∈ Z[Γ].

This shows αw = 0 unless wJw ≤L y. □

Lemma 5.5.6. [L03, Theorem 6.6 (b)] Let w ∈ W and i ∈ I be such that siw < w. Then,
it holds that HiDw = −qiDw.

Proposition 5.5.7. Let y ∈ W \ JW . Then, xJDy = 0.

Proof. Since y /∈ JW , there exists j ∈ J such that sjy < y. For such j, we have xJHj =
q−1
j xJ (Lemma 5.5.1 (1)) and HjDy = −qjDy (Lemma 5.5.6). Hence, we obtain

xJDy = qjxJHjDy = −q2jxJD,

which implies xJDy = 0, as desired. □
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Set PJ := qwJ

∑
x∈WJ

q−2
x ∈ Z[Γ]. Note that, by Lemma 5.5.1 (1), it holds that x2J =

PJxJ . Then, for each H,H
′ ∈ H, we have

⟨xJH | xJH ′⟩ = ⟨x2JH | H ′⟩ = PJ⟨H | H ′⟩ ∈ PJZ[Γ];

here, we use Lemma 5.5.1 (2). Hence, we can define a Z[Γ]-valued bilinear form ⟨· | ·⟩J
on xJH by ⟨· | ·⟩J := 1

PJ
⟨· | ·⟩.

Proposition 5.5.8. The basis {JCw | w ∈ JW} and {JDwJww0 | w ∈ JW} are dual
to each other with respect to ⟨· | ·⟩J , that is, we have ⟨JCy | JDw⟩J = δy,wJww0 for all
y, w ∈ JW .

Proof. Let y, w ∈ JW . We compute as follows:

⟨JCy | JDw⟩J =
1

PJ

⟨JCy | JDw⟩

=
1

PJ

⟨CwJy | xJDw⟩ (by Proposition 5.5.3 and 5.5.4)

= ⟨CwJy | Dw⟩ (since CwJy =
JCy ∈ xJH)

= δwJy,ww0 = δy,wJww0 (by Proposition 5.4.6).

This proves the proposition. □

6. Generalized q-Schur algebras

In this section, we introduce variants of the q-Schur algebra as the centralizer algebra of
a right H-module. In Subsection 6.1, we define a right H-module T(π) and its centralizer
algebra S(π), and then list their fundamental properties. In Subsection 6.2, we upgrade
the left cell representations to the S(π) setting. In Subsection 6.3, we describe the relations
between the left cell representations of H and those of S(π).

6.1. Fundamental properties. We follow ideas in [DDPW08, Chapter 9.1]. Let π be
a finite index set. Suppose that we are given a map π → {J | J ⊂ I and WJ is finite}.
We denote by Iλ the image of λ ∈ π under this map. For each λ ∈ π, we abbreviate WIλ ,
wIλ , xIλ , etc. to Wλ, wλ, xλ, etc..

Definition 6.1.1. Associated with π, we define a right H-module T(π) :=
⊕

λ∈π xλH,
and its centralizer algebra S(π) := EndH(T(π)); we let S(π) act on T(π) from the left.

It is obvious that T(π) has two bases {λCw | λ ∈ π, w ∈ λW} and {λDw | λ ∈
π, w ∈ λW}; we call them the Kazhdan-Lusztig basis and dual Kazhdan-Lusztig basis,
respectively.

For each m =
∑

λ∈πmλ ∈ T(π) with mλ ∈ xλH, we define m ∈ T(π) to be
∑

λ∈πmλ.

Also, for each f ∈ S(π), define f ∈ S(π) by f(m) = f(m) for all m ∈ T(π). This gives
anti-linear automorphisms · on T(π) and S(π).

For each λ ∈ π, define pλ ∈ S(π) to be the composite

pλ : T(π) ↠ xλH ↪→ T(π)

of the projection and the inclusion. Clearly, {pλ | λ ∈ π} is a family of orthogonal
idempotents with

∑
λ∈π pλ = idT(π). Hence, we have a decomposition

S(π) =
⊕
λ,µ∈π

pλS(π)pµ, pλS(π)pµ = HomH(xµH, xλH).
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Take f ∈ HomH(xµH, xλH) arbitrarily. Since xµH is generated (as a right H-module) by
xµ, the f is determined by f(xµ) ∈ xλH. Let us write

f(xµ) =
∑

w∈λW

cλ,w,µ(f)xλHw, for some cλ,w,µ ∈ Z[Γ].

Lemma 6.1.2. Let w ∈ λW and j ∈ Iµ be such that w < wsj. Then, we have

cλ,w,µ(f) = qjcλ,wsj ,µ(f).

Consequently, we have

f(xµ) =
∑

w∈λWµ

∑
y∈Wµ

wy∈λW

q−1
y cλ,w,µ(f)xλHwy,

and hence, f is determined by (cλ,w,µ(f))w∈λWµ ∈ Z[Γ]λWµ
, where λW µ := λW ∩ (µW )−1.

Proof. We have

q−1
j f(xµ) = f(xµHj)

= f(xµ)Hj

=
∑

w∈λW
wsj<w

cλ,w,µ(f)xλ(Hwsj + (q−1
j − qj)Hw) +

∑
w∈λW
wsj>w

cλ,w,µ(f)xλHwsj

=
∑

w∈λW
wsj<w

(cλ,wsj ,µ(f) + (q−1
j − qj)cλ,w,µ(f))xλHw +

∑
w∈λW
wsj>w

cλ,wsj ,µ(f)xλHw.

Comparing the coefficients of xλHw, we obtain the assertion. □
Conversely, given (cλ,w,µ)w∈λWµ ∈ Z[Γ]λWµ

, there exists a unique g ∈ HomH(xµH, xλH)
such that cλ,w,µ(g) = cλ,w,µ for all w ∈ λW µ. Thus, we obtain an Z[Γ]-linear isomorphism

between Z[Γ]λWµ
and HomH(xµH, xλH). We need the following result about the elements

of λW µ.

Lemma 6.1.3 ([DDPW08, Theorem 4.18]). Let λ, µ ∈ π. For each x ∈ λW µ, there exists
a unique Jx ⊂ I such that WJx is finite, and the multiplication map

Wλ × {x} × JxWµ → WλxWµ; (u, x, v) 7→ uxv

is a bijection, where JxWµ := JxW ∩Wµ. Moreover, we have ℓ(uxv) = ℓ(u)+ℓ(x)+ℓ(v) for
all u ∈ Wλ and v ∈ JxWµ. Also, Jx is characterized by the equality WJx = x−1Wλx ∩Wµ.

For λ, µ ∈ π and x ∈ λW µ, define ξλ,x,µ ∈ HomH(xµH, xλH) to be the one corresponding
to (δx,wqx′)w∈λWµ ∈ Z[Γ]λWµ

, where x′ ∈ Wµ is the longest element in JxWµ (Jx is as in
Lemma 6.1.3). Then, the next proposition is clear.

Proposition 6.1.4. {ξλ,x,µ | λ, µ ∈ π, x ∈ λW µ} forms a basis of S(π).

For each λ, µ ∈ π, x ∈ λW µ, set

ηλ,x,µ := qwλxx′

∑
w∈WλxWµ

q−1
w Hw = xλHx

∑
v∈JxWµ

qx′q−1
v Hv.

Lemma 6.1.5. Let λ, µ ∈ π, x ∈ λW µ.

(1) η♭λ,x,µ = ηµ,x−1,λ.
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(2) ξλ,x,µ(xµ) = ηλ,x,µ = 1
Pµ
ηλ,x,µ · xµ = 1

Pλ
xλ · ηλ,x,µ.

(3) ξλ,e,µ = ξλ,e,µ, where e denotes the identity element of W .

Proof. (1) By the definition of x′, we have y := wλxx
′ is the longest element inWλxWµ.

Also, it is easily checked that the map W → W, w 7→ w−1 gives a bijection
WλxWµ → Wµx

−1Wλ. Since this bijection preserves the length, y−1 is the longest
element in Wµx

−1Wλ. Then, we compute η♭λ,xµ as follows:

η♭λ,xµ = qy
∑

w∈WλxWµ

q−1
w Hw−1 = qy

∑
w∈Wµx−1Wλ

q−1
w−1Hw = qy−1

∑
w∈Wµx−1Wλ

q−1
w Hw = ηµ,x−1,λ.

(2) By the definition of ξλ,x,µ, we have

ξλ,x,µ(xµ) =
∑
y∈Wµ

xy∈λW

qx′q−1
y xλHxy

=
∑
y∈Wµ

xy∈λW

∑
z∈Wλ

qx′q−1
y qwλ

q−1
z Hzxy (by the definition of xλ)

=
∑

w∈WλxWµ

qwλ
qxqx′q−1

w Hw = ηλ,x,µ.

This proves the first equation. Next, we have

ηλ,x,µ · xµ = ξλ,x,µ(x
2
µ) = Pµξλ,x,µ(xµ) = Pµηλ,x,µ,

which implies the second equality. Finally, the third equality follows from the fact
that ηλ,x,µ = ξλ,x,µ(xµ) ∈ xλH.

(3) It suffices to check that ξλ,e,µ(xν) = ξλ,e,µ(xν) for all ν ∈ π. Only the non-trivial
case is when ν = µ. Since we have

ξλ,e,µ(xµ) = ξλ,e,µ(xµ) = ηλ,e,µ,

the problem is reduced to proving that ηλ,e,µ is fixed under the involution · . One
can write

ηλ,e,µ =
∑

w∈WλWµ

qwλ
qe′q

−1
w Hw = xλ

∑
y∈λWµ

qe′q
−1
y Hy.

On the other hand, we have

xλxµ = xλxIλ∩Iµ
∑

y∈λWµ

qe′q
−1
y Hy = PIλ∩Iµxλ

∑
y∈λWµ

qe′q
−1
y Hy.

Hence, we obtain

ηλ,e,µ =
1

PIλ∩Iµ
xλxµ,

which is invariant under · . Thus, the proof completes.
□

The anti-automorphism on S(π) induced from the one ♭ on T(π) has the following good
compatibility with the basis {ξλ,x,µ}.

Proposition 6.1.6. The linear map ♭ : S(π) → S(π); ξλ,x,µ 7→ ξµ,x−1,λ defines an Z[Γ]-
algebra anti-automorphism on S(π).
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Proof. We have to verify that (ξλ,x,µ·ξκ,y,ν)♭ = ξν,y−1,κ·ξµ,x−1,λ for all λ, µ, ν, κ and x ∈ λW µ,
y ∈ κW ν . Since the both sides are equal to zero unless κ = µ, we may assume that κ = µ.
Let us write

ξλ,x,µ · ξµ,y,ν =
∑

z∈λW ν

czξλ,z,ν for some cz ∈ Z[Γ].(4)

Applying the both sides to xν ∈ T(π), by Lemma 6.1.5 (2), we obtain

1

Pµ

ηλ,x,µηµ,y,ν =
∑

z∈λWµ

czηλ,z,ν .(5)

To prove the assertion, we compute as follows:

ξν,y−1,µ · ξµ,x−1,λ(xλ) =
1

Pµ

ην,y−1,µ · ηµ,x−1,λ (by Lemma 6.1.5 (2))

= (
1

Pµ

ηλ,x,µ · ηµ,y,ν)♭ (by Lemma 6.1.5 (1))

= (
∑

z∈λW ν

czηλ,z,ν)
♭ (by equation (5))

=
∑

z∈λW ν

czην,z−1,λ (by Lemma 6.1.5 (1))

=
∑

z∈λW ν

czξν,z−1,λ(xλ) (by Lemma 6.1.5 (2))

= (ξλ,x,µ · ξµ,y,ν)♭(xλ) (by equation (4)).

This shows that ξν,y−1,µ · ξµ,x−1,λ = (ξλ,x,µ · ξµ,y,ν)♭, and hence, the proof completes. □

Recall the bilinear form ⟨· | ·⟩λ = ⟨· | ·⟩Iλ on xλH defined in Section 5.5.

Proposition 6.1.7. Let λ, µ ∈ π, m ∈ xλH, and n ∈ xµH. Then, for each w ∈ λW µ, we
have

⟨m | ξλ,w,µ(n)⟩λ = ⟨ξ♭λ,w,µ(m) | n⟩µ.

Proof. We compute as follows:

⟨m | ξλ,w,µ(n)⟩λ =
1

Pλ

⟨m | ξλ,w,µ(n)⟩

=
1

PλPµ

⟨m | ηλ,w,µn⟩ (by Lemma 6.1.5 (2))

=
1

PλPµ

⟨ηµ,w−1,λm | n⟩ (by Lemma 6.1.5 (1))

=
1

Pµ

⟨ξµ,w−1,λ(m) | n⟩ (by Lemma 6.1.5 (2))

= ⟨ξ♭λ,w,µ(m) | n⟩µ.

This proves the proposition. □

Define a bilinear form ⟨· | ·⟩π on T(π) by ⟨m | n⟩π := δλ,µ⟨m | n⟩λ for all λ, µ ∈ π,
m ∈ xλH, n ∈ xµH.
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Corollary 6.1.8. The two bases {λCw | λ ∈ π, w ∈ λW} and {λDwλww0 | λ ∈ π, w ∈
λW} of T(π) are dual to each other with respect to the bilinear form ⟨· | ·⟩π. Moreover,
for all m,n ∈ T(π) and x ∈ S(π), we have ⟨m | xn⟩π = ⟨x♭m | n⟩π.

6.2. Cell representations. Let X ∈ L(W ) and x ∈ X. Set

C≤LX(π) :=
⊕
λ∈π

⊕
w∈λW

wλw≤Lx

Z[Γ]λCw, D≤LX(π) :=
⊕
λ∈π

⊕
w∈λW
w≤Lx

Z[Γ]λDw,

C<LX(π) :=
⊕
λ∈π

⊕
w∈λW

wλw<Lx

Z[Γ]λCw, D<LX(π) :=
⊕
λ∈π

⊕
w∈λW
w<Lx

Z[Γ]λDw,

CL
X(π) := C≤LX(π)/C<LX(π), DL

X(π) := D≤LX(π)/D<LX(π).

, Note that these objects are independent of the choice of x ∈ X. We denote the image
of m ∈ C≤LX(π) (resp., D≤LX(π)) under the quotient map C≤LX(π) → CL

X(π) (resp.,
D≤LX(π)→ DL

X(π)) by [m]X (resp., [m]′X).,

Proposition 6.2.1. Let X ∈ L(W ).

(1) C≤LX(π) is a S(π)-submodule of T(π).
(2) C<LX(π) is a S(π)-submodule of T(π).
(3) CL

X(π) is a left S(π)-module having a basis {[λCw]X | λ ∈ π, w ∈ λW ∩ wλX}.
Here, wλX := {wλx | x ∈ X}.

Proof. We will prove only (1) since the proof of (2) is similar to that of (1), and (3) follows
from (1) and (2). Fix x ∈ X. In order to show that C≤LX(π) is a S(π)-submodule, it
suffices to verify that ξλ,y,µ

µCw ∈ C≤LX(π) for all λ, µ ∈ π, y ∈ λW µ, and w ∈ µW such
that wµw ≤L x. By Proposition 5.5.3 and Lemma 6.1.5 (2), we have

ξλ,y,µ
µCw = ξλ,y,µCwµw =

1

Pµ

ηλ,y,µCwµw.

Also, by Lemma 6.1.5 (2), we have ηλ,y,µ = ξλ,y,µ(xµ) ∈ xλH; one can write ηλ,y,µ = xλH
for some H ∈ H. Then, HCwµw is a linear combination of Cw′ , w′ ≤L wµw(≤L x).
Hence, by Proposition 5.5.5, xλHCwµw is a linear combination of λCw′′ for w′′ ∈ λW with
wλw

′′ ≤L w
′(≤L x). Therefore, we have ξλ,y,µ

µCw = 1
Pµ
ηλ,y,µCwµw ∈ 1

Pµ
C≤LX(π). However,

since ξλ,y,µ
µCw ∈ xλH =

⊕
z∈λW Z[Γ]λCz, we conclude that ξλ,y,µ

µCw ∈ C≤LX(π). This
completes the proof. □
Similarly, one can prove the following: D≤LX(π) and D<LX(π) are S(π)-submodules,

and DL
X(π) is a left S(π)-module having a basis {[λDw]

′
X | λ ∈ π, w ∈ λW ∩X}.

6.3. Functor Fπ. Let Fπ : H-mod→ S(π)-mod be the functor from the category H-mod
of finite-dimensional H-modules to the category S(π)-mod of finite-dimensional S(π)-
modules defined by

Fπ(M) := T(π)⊗H M.

Since T(π) ≃
⊕

λ∈π xλH(π) as right H(π)-modules, we have

Fπ(M) =
⊕
λ∈π

xλM.

Let X ∈ L(W ) and consider Fπ(C≤LX). For each λ ∈ π, the subspace xλC≤LX is the
subspace of xλH spanned by xλCw, w ≤L x for some x ∈ X. Hence, it is spanned by
aw

λCw, w ∈ λW for some aw ∈ Z[Γ] \ {0}. This proves that Q(Γ) ⊗Z[Γ] Fπ(C≤LX) ≃
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C≤LX(π) as S(π)-modules, where C≤LX(π) := Q(Γ)⊗Z[Γ] C≤LX(π), and so on. Similarly,
we obtain the following.

Proposition 6.3.1. Let X ∈ L(W ).

(1) Q(Γ)⊗Z[Γ] Fπ(C≤LX) ≃ C≤LX(π).
(2) Q(Γ)⊗Z[Γ] Fπ(C<LX) ≃ C<LX(π).
(3) Fπ(D≤LX) ≃ D≤LX(π).
(4) Fπ(D<LX) ≃ D<LX(π).

Let H := Q(Γ)⊗Z[Γ]H. By Proposition 5.4.9, we have DL
Xw0
≃ CL

X as a left H-module.
This proves the following:

Proposition 6.3.2. Let X ∈ L(W ). Then, we have an isomorphism DL
Xw0

(π) ≃ CL
X(π)

of S(π)-modules.
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Part 2. q-Schur duality

In this part, we apply the general theory developed so far, and show that the quantum
symmetric pairs of type AIII/AIV with no black nodes and the Hecke algebra of type B
with unequal parameters satisfy the quantum Schur duality. This result was obtained in
[BWW16], generalizing the equal parameter version in [BW13] and the type D setting in
[B17]. In Subsection 7.1, we define the quantum symmetric pair (U,Uȷ) as a particular
quantum symmetric pair introduced in Section 4. In Subsection 7.2, we state the first
half of the main results here, namely, the double centralizer property of Uȷ and H. After
studying the relations of Uȷ and the generalized q-Schur algebra in detail in Subsection
7.3, we state the second half of the main results, that is, the coincidence of the ı-canonical
basis and the Kazhdan-Lusztig basis in Subsection 7.4. Subsections 8.1 to 8.4 are the
counterparts of the above for the other quantum symmetric pair (U,Uı).

7. (Uȷ,H)-duality

Let W = Wd = ⟨s0, s1, . . . , sd−1⟩ be the Weyl group of type Bd, and consider the
Hecke algebra H associated with the datum given in Example 5.1.1 (2). Set AZ :=
Z[p, p−1, q, q−1], and H := Q(p, q)⊗AZ H.

7.1. Quantum symmetric pair (U,Uȷ). Throughout this subsection, fix r, d ∈ Z>0.
Set I := [−r, r], Iȷ := [1, r].

Let (P, P∨,Π,Π∨, ⟨·, ·⟩) be the root datum of sl2r+1-type constructed in Example 1.1.7
(1). Here, we replace I with I, and the index set of the standard basis of Rn with [−r, r].
Then, the quantum group Uq(sl2r+1) associated with this Cartan datum is generated by
Ei, Fi, K

±1
i , i ∈ I.

Set U = U2r+1 := Q(p, q) ⊗Q(q) Uq(sl2r+1). The bar-involution on Uq(sl2r+1) can be
extended on U by setting p := p−1.
Next, let us consider the quantum symmetric pair Uȷ associated with the admissible

pair given in Example 2.1.8. If we choose parameters appropriately, we have

Bi =


E1 + p−1F−1K

−1
1 if i = 1,

E−1 + pK−1
−1F1 if i = −1,

Ei + F−iK
−1
i if i ̸= ±1.

Set

ei := Bi, fi := B−i, ki := KiK
−1
−i , i ∈ Iȷ.
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Then, Uȷ is the subalgebra of U generated by ei, fi, k
±1
i , i ∈ Iȷ, and the defining relations

become

kik
−1
i = 1 = k−1

i ki,

kikj = kjki,

kiejk
−1
i = q⟨hi−h−i,αj⟩ej,

kifjk
−1
i = q−⟨hi−h−i,αj⟩fj,

eiej − ejei = 0 = fifj − fjfi, |i− j| > 1,

e
(2)
i ej − eiejei + eje

(2)
i = 0 = f

(2)
i fj − fifjfi + fjf

(2)
i , |i− j| = 1,

e
(2)
1 f1 − e1f1e1 + f1e

(2)
1 = −e1(pqk1 + p−1q−1k−1

1 ),

f
(2)
1 e1 − f1e1f1 + e1f

(2)
1 = −(pqk1 + p−1q−1k−1

1 )f1.

Proposition 7.1.1. There exists a unique Q(p, q)-algebra anti-automorphism ϱ on Uȷ

that sends ei, fi, ki to p
−δi,1q1+δi,1fik

−1
i , pδi,1qeiki, ki, respectively for all i ∈ Iȷ.

Proof. Recall the anti-automorphism ϱ on U from Lemma 3.1.3 (4). By restricting it to
Uı, we obtain the desired anti-automorphism on Uȷ. □

Proposition 7.1.2. There exists a unique Q(p, q)-algebra anti-automorphism σȷ on Uȷ

that sends ei, fi, ki to fi, ei, ki, respectively for all i ∈ Iȷ.

Proof. Clear from the presentation above. □

7.2. (Uȷ,H)-duality. Let V denote the natural representation of U. Namely, it is a
(2r+1)-dimensional Q(p, q)-vector space with a basis u−r, . . . , u−1, u0, u1, . . . , ur equipped
with a U-module structure defined by

Kiuj := qδi−1,j−δi,juj,

Eiuj := δi,jui−1,

Fiuj := δi−1,jui

This U-module V has a unique bar-involution fixing each u−r, . . . , ur. Then, the d-th
tensor product V⊗d of V is equipped with a U-module structure, and a bar-involution,
which is constructed from the one on V by means of the quasi-R-matrix Θ.
Let I := [−r, r]d denote the set of all sequences (i1, . . . , id). For i = (i1, . . . , id) ∈ I, set

ui := ui1 ⊗ · · · ⊗ uid ∈ V⊗d.

Then, V⊗d has a basis {ui | i ∈ I}.
Recall that the Weyl group W of type Bd acts naturally on I; for (i1, . . . , id) ∈ I and

j ∈ [1, d− 1],

(i1, . . . , id) · s0 := (−i1, i2, . . . , id),
(i1, . . . , id) · sj := (i1, . . . , ij−1, ij+1, ij, ij+2, . . . , id).
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This action can be lifted to the action of H on V⊗d as follows; for i = (i1, . . . , id) ∈ I and
j ∈ [1, d− 1],

ui ·H0 :=


p−1ui, if i1 = 0,

ui·s0 , if i1 > 0,

ui·s0 + (p−1 − p)ui, if i1 < 0,

ui ·Hj :=


q−1ui, if ij = ij+1,

ui·sj , if ij < ij+1,

ui·sj + (q−1 − q)ui, if ij > ij+1.

Theorem 7.2.1 ([BWW16, Theorem 4.4]). Let us denote the structure map of Uȷ-module
and H-module structure on V⊗d by Φ and Ψ, respectively. Then, these two actions form
double centralizer;

Φ(Uȷ) = EndH(V
⊗d), Ψ(H) = EndUȷ(V⊗d)op

7.3. Surjection ξ. As a right H-module, V⊗d decomposes as

V⊗d =
⊕
i∈I+

Vi, Vi := uiH,

where I+ := {(i1, . . . , id) ∈ I | 0 ≤ i1 ≤ · · · ≤ id}. It is straightforward to verify that for
each i ∈ I+, we have

V⊗d
i ≃ xIiH,

where Ii := {j ∈ [0, d − 1] | i · sj = i}. Here, set πȷ := {λ = (λ0, . . . , λr) ∈ Zr+1
≥0 |∑r

i=0 λi = d}. Note that the map λ 7→ iλ := (0λ0 , . . . , rλr) gives a bijection πȷ → I+;
here, we abbreviate the sequence (k, . . . , k) of l copies of k to kl. Then, by considering
the map λ 7→ Iiλ , we obtain an isomorphism of right H-modules

η : V⊗d ≃ T(πȷ); uiλh 7→ xλh (i ∈ πȷ, h ∈ H).

Combining this isomorphism, we obtain the surjection

ξ : Uȷ → EndH(T(πȷ)) = S(πȷ); x 7→ η ◦ Φ(x) ◦ η−1.

In this subsection, we describe this surjection explicitly.

For i ∈ Iȷ, define two maps ẽi, f̃i : π
ȷ → πȷ ⊔ {0}, where 0 denotes a formal symbol, as

follows. For λ ∈ πȷ, we set

ẽiλ :=

{
(λ0, . . . , λi−2, λi−1 + 1, λi − 1, λi+1, . . . , λr) if λi > 0,

0 if λi = 0,

and

f̃iλ :=

{
(λ0, . . . , λi−2, λi−1 − 1, λi + 1, λi+1, . . . , λr) if λi−1 > 0,

0 if λi−1 = 0.

Recall that S(πȷ) has a basis {ξλ,x,µ | λ, µ ∈ πȷ, x ∈ λW µ}. By convention, we set
ξλ,x,µ = 0 if λ = 0 or µ = 0.

Proposition 7.3.1. Let i ∈ Iȷ. Then, we have

ξ(ei) =
∑
λ∈πȷ

ξẽiλ,e,λ, ξ(fi) =
∑
λ∈πȷ

ξf̃iλ,e,λ.



REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS OF TYPE AIII/AIV 53

Proof. We prove only the statement for f1; the proofs for fi, i ̸= 1 and for ei are similar.
It suffices to show that

ξ(f1)(xλ) = ξf̃1λ,e,λ(xλ)

for all λ ∈ πȷ.
Recall the comultiplication ∆ of U; we have

∆(d−1)(Ei) =
d∑

k=1

1⊗k−1 ⊗ Ei ⊗ (K−1
i )⊗d−k, ∆(d−1)(Fi) =

d∑
k=1

K⊗d−k
i ⊗ Fi ⊗ 1⊗k−1.

Then, we compute as

f1uiλ = (pK−1
−1F1 + E−1)uiλ

= pq−1qλ0

λ0∑
k=1

qλ0−ku0λ0−k,1,0k−1,1λ1 ,...,rλr

+

λ0∑
k=1

qλ0−ku0k−1,−1,0λ0−k,1λ1 ,...,rλr

= pqλ0−1

λ0∑
k=1

qλ0−kuf̃1(λ)Hλ0−1 · · ·Hλ0−(k−1)

+

λ0∑
k=1

qλ0−kuf̃1(λ)Hλ0−1 · · ·H1H0H1 · · ·Hk−1

= pq2(λ0−1)

λ0∑
k=1

q−k+1uf̃1(λ)Hλ0−1 · · ·Hλ0−(k−1)

+ pq2(λ0−1)

λ0∑
k=1

p−1q−(λ0+k−2)uf̃1(λ)Hλ0−1 · · ·H1H0H1 · · ·Hk−1.

On the other hand, we have

ξf̃1λ,e,λ(xλ) = ηf̃1λ,e,λ = xf̃1λ

∑
v∈f̃1λWλ

qx′q−1
v Hv,

where x′ is the longest element of f̃1λWλ. It is easy to see that

f̃1λWλ = {sλ0−1 · · · sλ0−(k−1) | k = 1, . . . , λ0} ⊔ {sλ0−1 · · · s1s0s1 · · · sk−1 | k = 1, . . . , λ0},

and hence, qx′ = pq2(λ0−1). Therefore, we have

ξ(f1)(xλ) = η(f1uλ) = ξf̃1λ,e,λ(xλ),

as desired. This completes the proof. □
From this result, we see the compatibility of automorphisms on Uȷ and S(πȷ).

Corollary 7.3.2. Let x ∈ Uȷ. Then, we have

ξ(σȷ(x)) = ξ(x)♭, ξ(ψȷ(x)) = ξ(x).

Proof. It suffices to prove the assertions for x ∈ {ei, fi, k±1
i | i ∈ Iȷ}. When x = ei, fi, it

follows from Proposition 8.3.1. When x = k±1
i , it is easily verified by a direct calculation.

□
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Corollary 7.3.3. There exists a nondegenerate bilinear form ⟨· | ·⟩ on V⊗d such that

⟨xu | v⟩ = ⟨u | σȷ(x)v⟩
for all x ∈ Uȷ and u, v ∈ V⊗d.

Proof. The bilinear form defined by

⟨u | v⟩ := ⟨η(u) | η(v)⟩πȷ (u, v ∈ V⊗d)

is clearly nondegenerate. Moreover, for each x ∈ Uȷ and u, v ∈ V⊗d, we have

⟨xu | v⟩ = ⟨η(xu) | η(v)⟩πȷ

= ⟨ξ(x)(η(u)) | η(v)⟩πȷ

= ⟨η(u) | ξ(x)♭(η(v))⟩πȷ

= ⟨η(u) | ξ(σȷ(x))(η(v))⟩πȷ

= ⟨η(u) | η(σȷ(x)v)⟩πȷ

= ⟨u | σȷ(x)v⟩.
This proves the corollary. □

7.4. ı-canonical basis of V⊗d and KL-bases. It is easy to see that the basis B1 :=
{u−r, . . . , ur} of V is the canonical basis of V. Hence, we can construct the canonical
basis B := B⋄d

1 of the tensor product module V⊗d.
On the other hand, as we have seen in the previous subsection, we have an isomorphism

η : V⊗d ≃ T(πȷ) of right H-modules. Hence, V⊗d has another basis; the parabolic KL-
basis {η−1(λCw) | λ ∈ πȷ, w ∈ λW}.

Theorem 7.4.1. The ı-canonical basis B⋄d and the parabolic KL-basis {η−1(λCw) | λ ∈
πȷ, w ∈ λW} of V⊗d coincide with each other.

Proof. By definitions of the ı-canonical basis and the parabolic KL-basis, it suffices to
show that the bar-involution ψı on the tensor product module V⊗d is compatible with
the bar-involution · on T(πı) under η, namely η ◦ψı = · ◦ η. ψı is characterized by the
following two conditions:

(1) ψı(uλ) = uλ for all λ ∈ πȷ.
(2) ψı(xuλ) = ψı(x)uλ for all λ ∈ πȷ and x ∈ Uȷ.

Hence, in order to show that η ◦ψı = · ◦η, it is enough to verify that η−1 ◦ · η(uλ) = uλ,
and η−1 ◦ · ◦ η(xuλ) = ψȷxuλ for all λ ∈ πȷ and x ∈ Uȷ. The first one follows from the
fact that η(uλ) = xλ is bar-invariant. The second one is an immediate consequence of
Corollary 7.3.2. □
In what follows, we identify V⊗d with T(πȷ) via the isomorphism η regarding not only

the module structures but also the bar-involutions, and the skew-invariant forms.

8. (Uı,H)-duality

8.1. Quantum symmetric pair (U,Uı). Throughout this subsection, fix r, d ∈ Z>0.
Set I := [−r, r], Iı := [1, r].
Let (P, P∨,Π,Π∨, ⟨·, ·⟩) be the root datum of sl2r+2-type constructed in Example 1.1.7

(1). Here, we replace I with I, and the index set of the standard basis of Rn with
[−r + 1, r + 1]. Then, the quantum group Uq(sl2r+2) associated with this Cartan datum
is generated by Ei, Fi, K

±1
i , i ∈ I.
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Set U = U2r+2 := Q(p, q) ⊗Q(q) Uq(sl2r+2). The bar-involution on Uq(sl2r+2) can be
extended on U by setting p := p−1.
Next, let us consider the quantum symmetric pair Uı associated with the admissible

pair given in Example 2.1.8. If we choose parameters appropriately, we have

Bi =

{
Ei + F−iK

−1
i if i ̸= 0,

E0 + qF0K
−1
0 + p−p−1

q−q−1K
−1
0 if i = 0.

Set

t := B0, ei := Bi, fi := B−i, ki := KiK
−1
−i , i ∈ Iı.

Then, Uı is the subalgebra ofU generated by t, ei, fi, k
±1
i , i ∈ Iı, and the defining relations

become

kik
−1
i = 1 = k−1

i ki,

kikj = kjki,

kitk
−1
i = t,

kiejk
−1
i = q⟨hi−h−i,αj⟩ej,

kifjk
−1
i = q−⟨hi−h−i,αj⟩ej,

eiej − ejei = 0 = fifj − fjfi, |i− j| > 1,

eit− tei = 0 = fit− tfi, i ̸= 1,

e
(2)
i ej − eiejei + eje

(2)
i = 0 = f

(2)
i fj − fifjfi + fjf

(2)
i , |i− j| = 1,

e
(2)
i t− eitei + te

(2)
i = 0 = f

(2)
i t− fitfi + tf

(2)
i , |i− j| > 1,

t(2)e1 − te1t+ e1t
(2) = e1,

t(2)f1 − tf1t+ f1t
(2) = f1.

Proposition 8.1.1. There exists a unique Q(p, q)-algebra anti-automorphism ϱ on Uı

that sends t, ei, fi, ki to t, qfik
−1
i , qeiki, ki, respectively for all i ∈ Iı.

Proposition 8.1.2. There exists a unique Q(p, q)-algebra anti-automorphism σı on Uȷ

that sends t, ei, fi, ki to t, fi, ei, ki, respectively for all i ∈ Iȷ.

8.2. (Uı,H)-duality. Let V denote the natural representation of U. Namely, it is a
(2r+2)-dimensionalQ(p, q)-vector space with a basis u−r+1, . . . , u−1, u1, . . . , ur+1 equipped
with a U-module structure defined by

Kiuj := qδi,j−δi+1,juj,

Eiuj := δi+1,jui,

Fiuj := δi,jui+1.

This U-module V has a unique bar-involution fixing u−r+1, . . . , ur+1. Then, the d-th

tensor product V⊗d of V is equipped with a U-module structure, and a bar-involution,
which is constructed from the one on V by means of the quasi-R-matrix Θ (see Lemma
3.6.5).

Let I := [−r + 1, r + 1]d denote the set of all sequences (i1, . . . , id). For i = (i1, . . . , id) ∈
I, set

ui := ui1 ⊗ · · · ⊗ uid ∈ V⊗d.

Then, V⊗d has a basis {ui | i ∈ I}.



56 H. WATANABE

Recall that the Weyl group W of type Bd acts naturally on I; for (i1, . . . , id) ∈ I and
j ∈ [1, d− 1],

(i1, . . . , id) · s0 := (−i1, i2, . . . , id),
(i1, . . . , id) · sj := (i1, . . . , ij−1, ij+1, ij, ij+2, . . . , id).

This action can be lifted to the action of H on V⊗d as follows; for i = (i1, . . . , id) ∈ I and
j ∈ [1, d− 1],

ui ·H0 :=

{
ui·s0 , if i1 > 0,

ui·s0 + (p−1 − p)ui, if i1 < 0,

ui ·Hj :=


q−1ui, if ij = ij+1,

ui·sj , if ij < ij+1,

ui·sj + (q−1 − q)ui, if ij > ij+1.

Theorem 8.2.1 ([BWW16, Lem 2.6]). Let us denote the structure map of Uı-module
and H-module structure on V⊗d by Φ and Ψ, respectively. Then, these two actions form
a double centralizer;

Φ(Uı) = EndH(V
⊗d), Ψ(H) = EndUı(V⊗d)op

8.3. Surjection ξ. As a right H-module, V⊗d decomposes as

V⊗d =
⊕
i∈I+

Vi, Vi := uiH,

where I+ := {(i1, . . . , id) ∈ I | 0 < i1 ≤ · · · ≤ id}. It is straightforward to verify that for
each i ∈ I+, we have

Vi ≃ xIiH,

where Ii := {j ∈ [1, d − 1] | i · sj = i}. Here, set πı := {λ = (λ1, . . . , λr+1) ∈ Zr+1
≥0 |∑r+1

i=1 λi = d}. Note that the map λ 7→ iλ := (1λ1 , . . . , r + 1λr+1) gives a bijection πı → I+.
Then, by considering the map λ 7→ Iiλ , we obtain an isomorphism of right H-modules

η : V⊗d ≃ T(πı); uiλh 7→ xλh (i ∈ πı, h ∈ H).

Combining this isomorphism, we obtain the surjection

ξ : Uı → EndH(T(πı)) = S(πı); x 7→ η ◦ Φ(x) ◦ η−1.

In this subsection, we describe this surjection explicitly.

For i ∈ Iı, define two maps ẽi, f̃i : π
ı → πı ⊔ {0}, where 0 denotes a formal symbol, as

follows. For λ ∈ πı, we set

ẽiλ :=

{
(λ1, . . . , λi−1, λi + 1, λi+1 − 1, λi+2, . . . , λr+1) if λi+1 > 0,

0 if λi+1 = 0,

and

f̃iλ :=

{
(λ1, . . . , λi−1, λi − 1, λi+1 + 1, λi+2, . . . , λr+1) if λi > 0,

0 if λi = 0.

Recall that S(πı) has a basis {ξλ,x,µ | λ, µ ∈ πı, x ∈ λW µ}. By convention, we set
ξλ,x,µ = 0 if λ = 0 or µ = 0.
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Proposition 8.3.1. Let i ∈ Iı. Then, we have

ξ(ei) =
∑
λ∈πı

ξẽiλ,e,λ, ξ(fi) =
∑
λ∈πı

ξf̃iλ,e,λ.

Proof. We prove only the statement for fi; the proof for ei is similar. It suffices to show
that

ξ(fi)(xλ) = ξf̃iλ,e,λ(xλ)

for all λ ∈ πı.
Recall the comultiplication ∆ of U; we have for j ∈ I,

∆(d−1)(Fj) =
d∑

k=1

K
⊗(d−k)
j ⊗ Fj ⊗ 1⊗(k−1).

Then, we compute as follows:

fiuλ = (E−i + FiK
−1
−i )uλ

= Fiuλ

=

λi∑
k=1

qλi−ku...,i−1λi−1 ,iλi−k,i+1,ik−1,i+1λi+1 ,...

= uf̃iλ

λi∑
k=1

qλi−kHλ1,i−1Hλ1,i−2 · · ·Hλ1,i−(k−1),

where λ1,i := λ1 + λ2 + · · ·+ λi.
On the other hand, we have

ξf̃iλ,e,λ(xλ) = ηf̃iλ,e,λ = xf̃i

∑
v∈f̃iλWλ

qx′q−1
v Hv,

where x′ is the longest element in f̃iλWλ. It is easy to see that

f̃iλWλ = {sλ1,i−1sλ1,i−2 · · · sλ1,i−(k−1) | k = 1, . . . , λi},

and hence, qx′ = qλi−1. Therefore, we have

ξ(fi)(xλ) = η(fiuλ) = xf̃iλ

λi∑
k=1

qλi−kHλ1,i−1Hλ1,i−2 · · ·Hλ1,i−(k−1) = ξf̃iλ,e,λ(xλ),

as desired. This completes the proof. □

Proposition 8.3.2. We have ξ(t) =
∑

λ∈πı(ξλ,s0,λ+q
λ1 p−p−1

q−q−1 ξλ,e,λ). Moreover, ξ(t) = ξ(t).

Proof. It suffices to show that

ξ(t)(xλ) = (ξλ,s0,λ + qλ1
p− p−1

q − q−1
ξλ,e,λ)(xλ)

for all λ ∈ πı.
Recall the comultiplication ∆ of U; we have for j ∈ I,

∆(d−1)(Ej) =
d∑

k=1

1⊗(k−1) ⊗ Ej ⊗ (K−1
j )⊗(d−k).
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Then, we compute as

tuλ = (E0 + qF0K
−1
0 +

p− p−1

q − q−1
K−1

0 )uλ

= E0uλ + qλ1
p− p−1

q − q−1
uλ

=

λ1∑
k=1

qλ1−ku1k−1,−1,1λ1−k,2λ2 ,... + qλ1
p− p−1

q − q−1
uλ

= uλ(

λ1∑
k=1

qλ1−kH0H1 · · ·Hk−1 + qλ1
p− p−1

q − q−1
).

On the other hand, we have

ξλ,s0,λ(xλ) = ηλ,s0,λ = xλ(

λ1−1∑
k=0

qλ1−1−kH0H1 · · ·Hk),

and

ξλ,e,λ(xλ) = ηλ,e,λ = xλ.

Thus, we obtain

ξ(t)(xλ) = η(tuλ) = (ξλ,s0,λ + qλ1
p− p−1

q − q−1
ξλ,e,λ)(xλ),

which proves first equation of the proposition.
In order to prove the second equation, it suffices to show that xλ(

∑λ1−1
k=0 qλ1−1−kH0H1 · · ·Hk+

qλ1 p−p−1

q−q−1 ) is bar-invariant. By induction on k, one can verify that

xλH0H1 · · ·Hk = xλ(H0H1 · · ·Hk +
k−1∑
l=0

qk−1−l(q − q−1)H0H1 · · ·Hl + (p− p−1)ql).

Then,

xλ

λ1−1∑
k=0

qλ1−1−kH0H1 · · ·Hk

= xλ

λ1−1∑
k=0

q−λ+1+k

(
H0H1 · · ·Hk +

k−1∑
l=0

qk−1−l(q − q−1)H0H1 · · ·Hl + (p− p−1)ql

)

= xλ

(
λ1−1∑
l=1

(q−λ1+1+l +

λ1−1∑
k=l+1

q−λ1+1+kqk−1−l(q − q−1))H0H1 · · ·Hl +

λ1−1∑
k=0

(p− p−1)q−λ1+1+2k

)

= xλ

(
λ1−1∑
l=1

qλ1−1−lH0H1 · · ·Hl + (qλ1−q−λ1 )
p− p−1

q − q−1

)
.

Hence, it follows that xλ(
∑λ1−1

k=0 qλ1−1−kH0H1 · · ·Hk+q
λ1 p−p−1

q−q−1 ) is bar-invariant, as desired.

This completes the proof. □
Corollary 8.3.3. Let x ∈ Uı. Then, we have

ξ(σı(x)) = ξ(x)♭, ξ(ψı(x)) = ξ(x).
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Corollary 8.3.4. There exists a nondegenerate bilinear form ⟨· | ·⟩ on V⊗d such that

⟨xu | v⟩ = ⟨u | σı(x)v⟩
for all x ∈ Uı and u, v ∈ V⊗d.

8.4. ı-canonical basis of V⊗d and KL-bases. It is easy to see that the basis B1 :=
{u−r+1, . . . , u−1, u1, . . . , ur+1} of V is the canonical basis of V. Hence, we can construct

the canonical basis B := B⋄d
1 of the tensor product module V⊗d.

On the other hand, as we have seen in the previous subsection, we have an isomorphism
η : V⊗d ≃ T(πı) of right H-modules. Hence, V⊗d has another basis; the parabolic KL-
basis {η−1(λCw) | λ ∈ πı, w ∈ λW}.

Theorem 8.4.1. The ı-canonical basis B⋄d and the parabolic KL-basis {η−1(λCw) | λ ∈
πı, w ∈ λW} of V⊗d coincide with each other.

In what follows, we identify V⊗d with T(πȷ) via the isomorphism η regarding not only
the module structures but also the bar-involutions, and the skew-invariant forms.



60 H. WATANABE

Part 3. Representation theory of Uȷ

The aim of this part is to develop highest weight theory and crystal basis theory for
Uȷ. The results here are contained in [W17] and [W18].

9. Basics of the quantum symmetric pair (U,Uȷ)

The aim of this section is to formulate what we will study in this part. In Subsection 9.1,
we decompose Uȷ into three parts by means of PBW-type basis constructed in Subsection
4.3. This decomposition leads us to the highest weight theory for Uȷ. In Subsection 9.2,
we define analogs of Verma modules and irreducible highest weight modules.

9.1. Triangular decomposition of Uȷ. Recall that Φ+ = {ϵi − ϵj | −r ≤ i < j ≤ r}
denotes the set of positive roots of Φ of U with respect to the simple roots Π = {ϵi−ϵi+1 |
−r ≤ i < r}. We decompose Φ+ into three parts as:

Φ+ = Φ<0 ⊔ Φ0 ⊔ Φ>0,

Φ<0 := {ϵi − ϵj | i+ j < 0},
Φ0 := {ϵi − ϵj | i+ j = 0},

Φ>0 := {ϵi − ϵj | i+ j > 0}.

For example, when r = 3, the positive roots are displayed as follows:

(−3, 3)

(−3, 2)
��
��
�

(−3, 1)
��
��
�

(−3, 0)
��
��
�

(−3,−1)
��
��
�

(−3,−2)
��
��
�

(−2,−1)
??

??
?

(−2, 0)
??

??
?

(−2,−1)
��
��
�

(−1, 0)
??

??
?

(−2, 1)
??

??
?

(−2, 0)
��
��
�

(−1, 1)
??

??
?

(−1, 0)
��
��
�

(0, 1)

??
??

?

(−2, 2)
??

??
?

(−2, 1)
��
��
�

(−1, 2)
??

??
?

(−1, 1)
��
��
�

(0, 2)

??
??

?

(0, 1)
��
��
�

(1, 2)

??
??

?

(−2, 3)
??

??
?

(−2, 2)
��
��
�

(−1, 3)
??

??
?

(−1, 2)
��
��
�

(0, 3)

??
??

?

(0, 2)
��
��
�

(1, 3)

??
??

?

(1, 2)
��
��
�

(2, 3).

??
??

?

Here, (i, j) represents ϵi−ϵj. Then, the roots in Φ0 lie on the vertical line through (−3, 3),
those in Φ<0 on the left to the line, and those in Φ>0 on the right.

Here, we recall the notion of reflection orders (or convex orders).

Definition 9.1.1. A total order ⪯ on Φ+ is said to be a reflection order if it satisfies
the following: for each α, β ∈ Φ+ and a, b ∈ R>0, if aα + bβ ∈ Φ+ and α ≺ β, then
α ≺ aα + bβ ≺ β.

Proposition 9.1.2 ([D93, Proposition 2.13]). Let W (I) denote the Weyl group associated
with our Cartan datum. Let i = (i1, . . . , iN) be a reduced word for w0 ∈ W (I). Set
α(i)k := si1 · · · sik−1

(αik). Then, the total order ⪯ on Φ+ defined by α(i)1 ≺ · · · ≺ α(i)N
is a reflection order. Moreover, this correspondence gives a bijection between the set of
reduced words for w0 ∈ W (I) and the set of reflection orders on Φ+.
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Lemma 9.1.3. There exists a reflection order ⪯ on Φ+ such that

Φ<0 ≺ Φ0 ≺ Φ>0.(6)

Here, for subsets A,B ⊂ Φ+, A ≺ B means that α ≺ β for all α ∈ A and β ∈ B.

Proof. It suffices to construct such a reflection order. For simplicity, we write (i, j) instead
of ϵi − ϵj for i < j. We decompose Φ<0 into Φ<0,− := {(i, j) ∈ Φ<0 | j ≤ 0} and
Φ<0,+ := {(i, j) ∈ Φ<0 | j > 0}. Similarly, we set Φ>0,− := {(i, j) ∈ Φ>0 | i < 0} and
Φ>0,+ := {(i, j) ∈ Φ>0 | i ≥ 0}. Let us define a total order ⪯ on Φ+ by:

(1) Φ<0,− ≺ Φ<0,+ ≺ Φ0 ≺ Φ>0,− ≺ Φ>0,+;
(2) for (i, j), (i′, j′) ∈ Φ<0,−, (i, j) ≺ (i′, j′) if and only if i < i′ or (i = i′ and j < j′);
(3) for (i, j), (i′, j′) ∈ Φ<0,+, (i, j) ≺ (i′, j′) if and only if j < j′ or (j = j′ and i < i′);
(4) for (i, j), (i′, j′) ∈ Φ0, (i, j) ≺ (i′, j′) if and only if j < j′;
(5) for (i, j), (i′, j′) ∈ Φ>0,−, (i, j) ≺ (i′, j′) if and only if i < i′ or (i = i′ and j < j′);
(6) for (i, j), (i′, j′) ∈ Φ>0,+, (i, j) ≺ (i′, j′) if and only if j < j′ or (j = j′ and i < i′).

Then, ⪯ is a reflection order on Φ+ satisfying Φ<0 ≺ Φ0 ≺ Φ>0; the proof is straightfor-
ward. □
Example 9.1.4. When r = 3, this total order is given as follows:

(−3,−2) ≺ (−3,−1) ≺ (−3, 0) ≺ (−2,−1) ≺ (−2, 0) ≺ (−1, 0)
≺(−3, 1) ≺ (−2, 1) ≺ (−3, 2)
≺(−1, 1) ≺ (−2, 2) ≺ (−3, 3)
≺(−2, 3) ≺ (−1, 2) ≺ (−1, 3)
≺(0, 1) ≺ (0, 2) ≺ (1, 2) ≺ (0, 3) ≺ (1, 3) ≺ (2, 3).

Fix a reflection order ⪯ satisfying condition (6) in Lemma 9.1.3. Let i be the reduced
word for w0 ∈ W (I) corresponding to ⪯ under the bijection of Proposition 9.1.2. We set
Ei,j := E(i)k for −r ≤ i < j ≤ r, where k is such that ϵi− ϵj = si1 · · · sik−1

(αik). For each
i, j, define E ′

i,j := gr−1 ◦p(Ei,j), and set

f−j,−i := E ′
i,j if i+ j < 0, h′i := E ′

−i,i, ei,j := E ′
i,j if i+ j > 0.

Remark 9.1.5. By the construction, the classical limit of E ′
i,j becomes a scalar multiple

of Br+i+1,r+j+1 for all −r ≤ i < j ≤ r (see Example 2.1.8 (1)).

Theorem 9.1.6. The ordered monomials
(∏

i+j<0 f
ai,j
−j,−i

) (∏
i(h

′
i)
bi
) (∏r

i=1 k
di
i

) (∏
i+j>0 e

ci,j
i,j

)
,

ai,j, bi, ci,j ∈ Z≥0, di ∈ Z form a linear basis of Uȷ.

Let us compute some of the root vectors. By [LS91, Lemma 1] (with a slight modifica-
tion), we have

Ei−1,j = [Ei,j, Ei]1 if (i− 1, i) ≺ (i, j),

Ei,j+1 = [Ej+1, Ei,j]1 if (i, j) ≺ (j, j + 1).

In particular, it holds that

E−1,1 = [E1, E−1]1, E−(i+1),i+1 =
[
[Ei+1, E−i,i]1, E−i+1

]
1

for 1 ≤ i ≤ r − 1.

Thus, we obtain

h′1 = [e1, f1]1, h′i+1 =
[
[ei+1, h

′
i]1, fi+1

]
1
.(7)
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This shows that the h′i’s are independent of the choice of a reflection order ⪯ satisfying
condition (6) in Lemma 9.1.3.
Let Uȷ

<0 (resp., U
ȷ
0,U

ȷ
>0) denote the subspace of U

ȷ spanned by all ordered monomials
in f−j,−i (resp., hi, ei,j). Then, we have an isomorphism of vector spaces

Uȷ ≃ Uȷ
<0

⊗(
Uȷ

0

⊗
Uȷ,0

)⊗
Uȷ

>0.

We call this linear isomorphism the triangular decomposition of Uȷ associated with the
reflection order ⪯, and Uȷ

<0 (resp., U
ȷ
0

⊗
Uȷ,0, Uȷ

>0) the negative part (resp., Cartan part,
positive part) of Uȷ. The triangular decomposition enables us to establish an analog of
highest weight theory for the representation theory of Uȷ.

Remark 9.1.7. Unlike the ordinary triangular decomposition of a quantum group, the
three parts of Uȷ are just subspaces, not subalgebras. In addition, the negative part and
the positive part may depend on the choice of a reflection order. However, by equation
(7), the Cartan part is independent of such a choice.

9.2. Verma modules and their irreducible quotients. Recall Pı and P
∨
ı from page

22. When considering Uȷ, we denote them by Pȷ and P
∨
ȷ , respectively. For i ∈ Iȷ, set

βi := hi − h−i = ϵi−1 − ϵi − ϵ−i + ϵ−(i−1) ∈ P∨
ȷ .

For each i ∈ Iȷ, there exists a unique δi ∈ R ⊗Z Pȷ such that ⟨βj, δi⟩ = δi,j for all j ∈ Iȷ.
Set

Λȷ :=
∑
i∈Iȷ

Zδi, and γi := the image of αi in P
∨
ȷ .

By the definitions, we have

⟨βi, γj⟩ = ⟨hi − h−i, αj⟩ =


3 if i = j = 1,

2 if i = j ̸= 1,

−1 if |i− j| = 1,

0 if |i− j| > 1.

Set Qȷ
+ :=

∑
i∈Iȷ Z≥0γi, and define a partial order ≤ on Λȷ by:

µ ≤ λ if and only if λ− µ ∈ Qȷ
+.(8)

For a Uȷ-module M and m ∈M , we say that m is of weight λ ∈ Λȷ if it satisfies

kim = q⟨βi,λ⟩m

for all i ∈ Iȷ; we denote by Mλ the subspace consisting of all m ∈M of weight λ.

Lemma 9.2.1. Let M be a Uȷ-module and λ ∈ Λȷ. For each i ∈ Iȷ, we have

fi(Mλ) ⊂Mλ−γi , ei(Mλ) ⊂Mλ+γi .

Proof. This follows immediately from the relations kifjk
−1
i = q⟨βi,−γj⟩fj and kiejk

−1
i =

q⟨βi,γj⟩ej. □
Recall the triangular decomposition of Uȷ

Uȷ ≃ Uȷ
<0

⊗(
Uȷ

0

⊗
Uȷ,0

)⊗
Uȷ

>0,

and the root vectors f−j,−i, h
′
i, ei,j associated with a reflection order satisfying condition

(6) in Lemma 9.1.3. Let (Uȷ
>0)+ denote the subspace of Uȷ

>0 spanned by all ordered
monomials in ei,j’s other than 1.
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Definition 9.2.2. Let λ ∈ Λȷ and H ′
i ∈ Q(p, q), i = 1, 2, . . . , r. The Verma module

V ′(λ;H′) over Uȷ with highest weight λ associated with H′ := (H ′
1, . . . , H

′
r) ∈ Q(p, q)r is

defined to be

V ′(λ;H′) := Uȷ/I(λ;H′),

where I(λ;H′) denotes the left ideal of Uȷ generated by (Uȷ
>0)+ and ki − q⟨βi,λ⟩, h′i −H ′

i

for i ∈ Iȷ.

Remark 9.2.3. Verma modules V ′(λ;H′) can be 0.

By the triangular decomposition of Uȷ, a nonzero Verma module V ′(λ;H′) has a unique
maximal submodule, and hence, it has a unique irreducible quotient. We denote it by
L′(λ;H′) and call it the irreducible highest weight Uȷ-module with highest weight λ
associated with H′, or simply, with highest weight (λ;H′).

Definition 9.2.4. A nonzeroUȷ-moduleM is called a highest weight module with highest
weight (λ;H′) ∈ Λȷ×Q(p, q)r if there exists m ∈Mλ such that (Uȷ

>0)+m = 0, h′im = H ′
im

for i ∈ Iȷ, and M = Uȷm. We call such an m a highest weight vector of M with highest
weight (λ;H′).

Our definition of highest weight modules over Uȷ depends on the choice of a reflection
order satisfying condition (6) in Lemma 9.1.3. However, their Uȷ-module structure is
independent of such a choice, as we explain below.

Let M be a highest weight Uȷ-module with highest weight (λ;H′) associated with a
reflection order ⪯. Let v ∈ M be a highest weight vector. Take another reflection order
⪯′, and denote the corresponding root vectors by f ′

i,j, h
′′
i , e

′
i,j. Then, we see from equation

(7) that h′′i = h′i. Also, by the triangular decomposition associated with ≺, we have

e′i,j ∈
∑

ν,µ∈Qȷ
+

ν<µ

(Uȷ
<0)−ν ⊗ (Uȷ

0 ⊗Uȷ,0)⊗ (Uȷ
>0)µ;

here, (Uȷ
<0)−ν := {x ∈ Uȷ

<0 | kixk−1
i = q⟨βi,−ν⟩x for all i ∈ Iȷ}, and define (Uȷ

>0)µ sim-
ilarly. Therefore, it holds that e′i,jv = 0 for all i, j. In addition, by expanding fi,j in
ordered monomials in f ′

i,j, h
′′
i , e

′
i,j, we see that fi,jv is a linear combination of f ′

i,jv’s. From
these, we conclude that M is a highest weight module with highest weight (λ;H′) associ-
ated with ⪯′. In particular, if we denote Verma modules and their irreducible quotients
associated with ⪯′ by V ′′(·; ·) and L′′(·; ·), respectively, then we have

V ′(λ;H′) = V ′′(λ;H′), L′(λ;H′) = L′′(λ;H′).

Hence, in what follows, we use only the reflection order given in the proof of Lemma 9.1.3.
Let Oȷ

int denote the category of all Uȷ-modules M satisfying the following:

(M1) M is decomposed into weight spaces, i.e., M =
⊕

λ∈Λȷ Mλ.
(M2) Each weight space is finite-dimensional.
(M3) There exist finitely many weights µ1, . . . µn ∈ Λȷ such that each weight λ ∈ Λȷ for

which Mλ ̸= 0 satisfies λ ≤ µi for some i = 1, . . . , n.
(M4) ei and fi act onM locally nilpotently, that is, for each m ∈M , there exists N ∈ N

such that eNi m = 0 = fN
i m.

Note that Verma modules and their irreducible quotients are not necessarily objects of
Oȷ

int, i.e., the actions of fi on these modules are not always locally nilpotent. Also, Oȷ
int

has an infinite-dimensional object as we will see in the next section.
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10. The case r = 1

In this section, we restrict our attention to Uȷ
1, the smallest Uȷ. In Subsection 10.1, we

classify all the irreducible highest weight modules. Subsection 10.2 is devoted to proving
the complete reducibility.

10.1. Classification of the irreducible modules in Oȷ
int. We introduce some more

notation.

Definition 10.1.1. (1) For x ∈ U and n ∈ Z>0, x
(n) := xn

[n]!
; we set x(0) := 1, and

x(n) := 0 if n < 0.
(2) For x, y ∈ U and a ∈ Z, [x, y]a := xy − qayx.
(3) For an invertible element h, {h} := h+ h−1.
(4) For an integer n ∈ Z, {n} := {pqn} = pqn + p−1q−n.

In the case r = 1, the root vectors are

f0,1 = f1, h′1 = [e1, f1]1, e0,1 = e1.

Then, the following are easy to verify.

Lemma 10.1.2. In Uȷ
1, we have

[h′1, f1]−1 = −[2]{pqk1}f1, [e1, h
′
1]−1 = −[2]e1{pqk1}.

Lemma 10.1.3. For each n ∈ Z≥0, we have

e1f
(n)
1 = f

(n−1)
1

(
h′1 − [n− 1]{pq−nk1}

)
+ qnf

(n)
1 e1.

Note that when r = 1, we have Λȷ = Zδ1 and γ1 = 3δ1. LetM ∈ Oȷ
int. By the definition

of Oȷ
int, there exists a ∈ Z such that Maδ1 ̸= {0} and M(a+3)δ1 = {0}. Since the action of

h′1 preserves the weights, it defines a linear endomorphism of Maδ1 . In order to consider
the Jordan canonical form for the action of h′1 onMaδ1 , we extend the base field Q(p, q) to

its algebraic closure Q(p, q) until the proof of Proposition 10.1.4. Let us write the Jordan
canonical form as: 

Jd1(µ1)
Jd2(µ2)

. . .
Jdm(µm)

 ,

where Jdi(µi) denotes the Jordan block of size di whose eigenvalue is µi ∈ Q(p, q). We
take a basis {vj,k | j = 1, . . . ,m, k = 1, . . . , dj} of Maδ1 in such a way that

h′1vj,k = µjvj,k + vj,k−1

for all j = 1, . . . ,m, k = 1, . . . , dj, where vj,0 := 0. By Lemma 10.1.3, we have

e1f
(n)
1 vj,k = (µj − [n− 1]{a− n})f (n−1)

1 vj,k + f
(n−1)
1 vj,k−1.(9)

Proposition 10.1.4. We have µj = [Nj]{a−Nj − 1} for some Nj ∈ Z≥0. In particular,
each µj belongs to Q(p, q).

Proof. Consider the case k = 1. By the local nilpotency of f1, there exists a unique
nonnegative integer Nj such that

f
(Nj)
1 vj,1 ̸= 0 and f

(Nj+1)
1 vj,1 = 0.
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Then, by equation (9), we have

0 = e1f
(Nj+1)
1 vj,1 = (µj − [Nj]{a−Nj − 1})f (Nj)

1 vj,1.

Since f
(Nj)
1 vj,1 ̸= 0, we conclude that µj = [Nj]{a−Nj − 1}, as desired. □

Proposition 10.1.5. Each dj is equal to 1, that is, h′1 is diagonalizable on Maδ1.

Proof. We use the notation Nj in the proof of Proposition 10.1.4. Assume, for a contra-
diction, that there exists dj > 1. By equation (9), we have

e1f
(n)
1 vj,2 = (µj − [n− 1]{a− n})f (n−1)

1 vj,2 + f
(n−1)
1 vj,1

for all n ≥ 0. Let N ′
j denote the unique nonnegative integer such that

f
(N ′

j)

1 vj,2 ̸= 0, and f
(N ′

j+1)

1 vj,2 = 0.

When N ′
j > Nj, we have

0 = (µj − [N ′
j]{a−N ′

j − 1})f (N ′
j)

1 vj,2 + f
(N ′

j)

1 vj,1 = (µj − [N ′
j]{a−N ′

j − 1})f (N ′
j)

1 vj,2.

This implies that µj = [N ′
j]{a−N ′

j−1} ̸= [Nj]{a−Nj−1}, which causes a contradiction.
When N ′

j = Nj, we have

0 = (µj − [Nj]{a−Nj − 1})f (Nj)
1 vj,2 + f

(Nj)
1 vj,1 = f

(Nj)
1 vj,1.

This contradicts the definition of Nj. When N ′
j < Nj, we have

0 = (µj − [N ′
j]{a−N ′

j − 1})f (N ′
j)

1 vj,2 + f
(N ′

j)

1 vj,1.

Applying e
N ′

j

1 on both sides, we obtain

0 =

N ′
j+1∏
l=1

(µj − [l − 1]{a− l})vj,2 +Xvj,1 for some X ∈ Q(p, q).

Since the coefficient of vj,2 is nonzero, this contradicts the linear independence of vj,1 and
vj,2. This proves the proposition. □
Theorem 10.1.6. For each a ∈ Z and b ∈ Z≥0, there exists a unique (b+1)-dimensional
irreducible Uȷ

1-module L(a; b) ∈ Oȷ
int such that

L(a; b) =
b⊕

n=0

Q(p, q)vn,

vn = f
(n)
1 v0, k1v0 = qav0, h′1v0 = [b]{a− b− 1}v0.

Conversely, each irreducible Uȷ
1-module in Oȷ

int is isomorphic to L(a; b) for some a ∈ Z
and b ∈ Z≥0.

Proof. It is straightforward to show that L(a; b) is a (b + 1)-dimensional irreducible Uȷ
1-

module, and so we omit the details. Let V ∈ Oȷ
int be an irreducible Uȷ

1-module. By
the definition of Oȷ

int, there exists an integer a ∈ Z such that Vaδ1 ̸= 0 and e1Vaδ1 = 0.
Also, by Propositions 10.1.4 and 10.1.5, there exist b ∈ Z≥0 and v ∈ Vaδ1 \ {0} such that

f
(b)
1 v ̸= 0, f

(b+1)
1 v = 0, and h′1v = [b]{a−b−1}v. Hence the Uȷ

1-submodule generated by v

is identical to
⊕b

n=0 Q(p, q)f
(n)
1 v, which is isomorphic to L(a; b) by the definitions of v, a,

and b. Since V is irreducible, we have V = Uȷ
1v ≃ L(a; b). This proves the theorem. □
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Note that L(a; b) is the irreducible quotient L′(λ;H′) of the Verma module V ′(λ;H′)
with highest weight (λ;H′) = (aδ1; [b]{a−b−1}). Hence, Theorem 10.1.6 gives a necessary
and sufficient condition for L′(λ;H′) to be an object of Oȷ

int.

Corollary 10.1.7. Let a ∈ Z and H ′
1 ∈ Q(p, q). Then, the irreducible highest weight

module L′(aδ1;H
′
1) belongs to Oȷ

int if and only if H ′
1 = [b]{a − b − 1} for some b ∈ Z≥0.

Moreover, the assignment (a, b) 7→ [L(a; b)], where [L(a; b)] denotes the isomorphism class
of L(a; b), gives a bijection from Z× Z≥0 to the set of isomorphism classes of irreducible
Uȷ

1-modules in Oȷ
int.

10.2. Complete reducibility. Set z1 := h′1 +
[2]pq
1−q2

k1 +
[2]p−1q−1

1−q−4 k−1
1 ∈ Uȷ

1.

Lemma 10.2.1. In Uȷ
1, we have

z1f1 = q−1f1z1, z1e1 = qe1z1.

Let a ∈ Z and b ∈ Z≥0, and take a highest weight vector v ∈ L(a; b). Then we have

z1f
(n)
1 v = q−n

(
[b]{a− b− 1}+ [2]pq1+a

1− q2
+

[2]p−1q−1−a

1− q−4

)
f
(n)
1 v.

Let z1(a, b, n) denote the coefficient of f
(n)
1 v on the right-hand side, that is,

z1(a, b, n) := −
pqa−b−n(qb+1 + q−b−1)

q − q−1
+
p−1q−a+2b−n+1

q − q−1
.

It is easy to verify that the function Z → Q(p, q), n 7→ z1(a, b, n), is injective for all
a, b ∈ Z.

Lemma 10.2.2. Let M ∈ Oȷ
int, a, a

′ ∈ Z, and b, b′ ∈ Z≥0. Then, each short exact
sequence of the form

0→ L(a; b)
ι−→M

π−→ L(a′; b′)→ 0(10)

splits.

Proof. Let v ∈ L(a′, b′) be a highest weight vector, and take u ∈ π−1(v). Since Uȷ
1-

module homomorphisms preserve generalized eigenspaces of z1, we may assume that u
is a generalized eigenvector of z1 with eigenvalue z1(a

′, b′, 0). Then, e1u is a generalized
eigenvector of z1 with eigenvalue z1(a

′, b′,−1). Since π(e1u) = e1π(u) = e1v = 0, it follows
that e1u ∈ ι(L(a′, b′)). However, the eigenvalues of z1 on L(a, b) are z1(a, b, n), 0 ≤ n ≤ b.
Therefore, e1u = 0, and hence we obtain a section v 7→ u of π. This proves the lemma. □
Now, the complete reducibility ofUȷ-modules in Oȷ

int follows from a standard argument;
see, for example, [HK02, Section 3.5].

Theorem 10.2.3. Every Uȷ
1-module in Oȷ

int is completely reducible.

Corollary 10.2.4. Let M ∈ Oȷ
int. Then, M is decomposed into a direct sum of z1-

eigenspaces with possible eigenvalues z1(a, b, n), a ∈ Z, 0 ≤ n ≤ b. In particular, if
z1m = z1(a, b, 0)m for some m ∈M , then e1m = 0.

11. Complete reducibility and the irreducible modules

The aim of this section is to upgrade the results in Section 10 to general r. In Subsection
11.1, we define a braid group action on Uȷ and Uȷ-modules. In Subsection 11.2, we give a
partial classification of the irreducible highest weight modules. The complete reducibility
is proved in Subsection 11.3.
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11.1. Braid group action on Uȷ and Uȷ-modules. Throughout this subsection, we
fix e ∈ {1,−1}.

Proposition 11.1.1 ([KP11, 4.5]). For i ∈ Iȷ \ {1}, there exist unique automorphisms
τ ′i,e and τ ′′i,−e on Uȷ satisfying the following:

τ ′i,e(ej) =


−kei fi if j = i,

ej if |i− j| > 1,

[ej, ei]e if |i− j| = 1,

τ ′i,e(fj) =


−eik−e

i if j = i,

fj if |i− j| > 1,

[fi, fj]−e if |i− j| = 1,

τ ′′i,−e(ej) =


−fik−e

i if j = i,

ej if |i− j| > 1,

[ei, ej]e if |i− j| = 1,

τ ′′i,−e(fj) =


−kei ei if j = i,

fj if |i− j| > 1,

[fj, fi]−e if |i− j| = 1,

τ ′i,e(kj) = τ ′′i,−e(kj) =


k−1
i if j = i,

kj if |i− j| > 1,

kikj if |i− j| = 1.

Moreover, {τ ′i,e}i∈Iȷ\{1} and {τ ′′i,−e}i∈Iȷ\{1} satisfy the braid relation of type Ar−1.

Proof. Set τi := τ ′i,e (resp., τ
′′
i,−e), i ∈ Iȷ \{1}. We need to verify that the defining relations

for Uȷ hold if we replace ei, fi, ki by τj(ei), τj(fi), τj(ki), respectively. One immediately
finds that the nontrivial assertions are

τ2(e1)
2τ2(f1)− (q + q−1)τ2(e1)τ2(f1)τ2(e1) + τ2(f1)τ2(e1)

2

= −(q + q−1)τ2(e1)(pqτ2(k1) + p−1q−1τ2(k1)
−1),

τ2(f1)
2τ2(e1)− (q + q−1)τ2(f1)τ2(e1)τ2(f1) + τ2(e1)τ2(f1)

2

= −(q + q−1)(pqτ2(k1) + p−1q−1τ2(k1)
−1)τ2(f1).

These are checked by direct calculation, or by means of a computer program GAP [GAP16]
with a package Quagroup (see [KP11, 4.5]). Also, one can verify the braid relation in the
same way as for the braid group action on U. This proves the proposition. □
Also, we define a braid group action on Uȷ-modules in Oȷ

int. Since Uȷ-contains (r − 1)
sl2-triples (ei, ki, fi), i ∈ Iȷ \ {1}, most parts of the propositions in this subsection follow
form the ordinary quantum group theory. Hence, we omit the details.

Definition 11.1.2. Let M ∈ Oȷ
int. For each i ∈ Iȷ \ {1}, we define two linear automor-

phisms τ ′i,e and τ
′′
i,e on M by:

τ ′i,e(m) =
∑

a,b,c∈Z≥0

a−b+c=n

(−q)bqe(−ac+b)f
(a)
i e

(b)
i f

(c)
i m,

τ ′′i,e(m) =
∑

a,b,c∈Z≥0

−a+b−c=n

(−q)bqe(−ac+b)e
(a)
i f

(b)
i e

(c)
i m,

where n ∈ Z, and m ∈M is such that kim = qnm.

Proposition 11.1.3 (see [L93, Proposition 5.2.2]). Let M ∈ Oȷ
int, i ∈ Iȷ \ {1}, and let

λ ∈ Λȷ be such that (βi, λ) ≥ 0, j ∈ {0, 1, . . . , (βi, λ)}; we set h := (βi, λ)− j.
(1) If η ∈Mλ is such that eiη = 0, then τ ′i,e(f

(j)
i η) = (−1)jqe(jh+j)f

(h)
i η.

(2) If ξ ∈M−λ is such that fiξ = 0, then τ ′′i,e(e
(j)
i ξ) = (−1)jq(e(jh+j))e

(h)
i ξ.
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Proposition 11.1.4 (see [L93, Proposition 5.2.3]). Let M ∈ Oȷ
int, i ∈ Iȷ \ {1}, and

m ∈Mλ.

(1) We have τ ′i,eτ
′′
i,−e = idM = τ ′′i,−eτ

′
i,e.

(2) We have τ ′′i,e(m) = (−1)(βi,λ)qe(βi,λ)τ ′i,e(m).

Proposition 11.1.5 (see [L93, Proposition 37.1.2]). Let M ∈ Oȷ
int and i ∈ Iȷ\{1}. Then,

for each m ∈M and x ∈ Uȷ
r, we have

τ ′i,e(xm) = τ ′i,e(x)τ
′
i,e(m), τ ′′i,e(xm) = τ ′′i,e(x)τ

′′
i,e(m).

In what follows, we write τi = τ ′′i,1 for i ∈ Iȷ \ {1}.

11.2. Classification of the irreducible modules in Oȷ
int. Recall the triangular de-

composition Uȷ = Uȷ
<0⊗ (Uȷ

0⊗Uȷ,0)⊗Uȷ
>0 associated with the reflection order ⪯ defined

in the proof of Lemma 9.1.3. Also, recall from (7) in Section 9.2, the explicit form of the
root vectors h′i ∈ Uȷ

0, i ∈ Iȷ = [1, r]. We remark that an irreducible highest weight module
is determined by the eigenvalues of ki’s and h′i’s for a highest weight vector. However,
h′i’s are sometimes difficult to deal with.

Proposition 11.2.1. Let V ′(λ;H′) be the Verma module with highest weight (λ;H′),
and v ∈ V ′(λ;H′) a highest weight vector. Then, H′ is determined by the τi · · · τ2(h′1)-
eigenvalue of v for i ∈ Iȷ.

Proof. For each i ∈ Iȷ, set ef(i) := ei · · · e2e1f1f2 · · · fi. By equation (7), the h′i is of the
form

h′i =
∑
σ∈S2i

ai(σ)xσ(1) · · · xσ(2i),

where S2i denotes the 2i-th symmetric group, ai(σ) ∈ Q(q), xj = ei+1−j for 1 ≤ j ≤ i,
and xj = fj−i for i + 1 ≤ j ≤ 2i. From this, noting that v is a highest weight vector, we
deduce that h′iv is of the form

h′iv =

(
ef(i) +

∑
1≤j<i

gj ef(j)

)
v,

where gj ∈ Q(q). Therefore, the ef(j)-eigenvalue of v for j ≤ i determine the h′i-eigenvalue
H ′

i.
Also, τi · · · τ2(h′1) is of the form

τi · · · τ2(h′1) =
∑
σ∈S2i

bi(σ)xσ(1) · · ·xσ(2i),

where bi(σ) ∈ Q(q). In the same way as above, the τi · · · τ2(h′1)-eigenvalue of v is de-
termined by the ef(j)-eigenvalue of v for j ≤ i. Conversely, the τj · · · τ2(h′1)-eigenvalue
of v for j ≤ i altogether determine the ef(j)-eigenvalue of v for j ≤ i, which, in turn,
determine the h′i-eigenvalue H

′
i of v. This proves the proposition. □

This proposition enables us to replace h′iv with τi · · · τ2(h′1)v for i ∈ Iȷ. Then, we define
hi, i ∈ Iȷ, by h1 := [e1, f1]1 and hi := τi · · · τ2(h1). Also, we set V (λ;H) := V ′(λ;H′) and
L(λ;H) := L′(λ;H′), where H = (H1, . . . , Hr) is uniquely determined by the equations
hiv = Hiv, i ∈ Iȷ, where v ∈ V ′(λ;H′) is a highest weight vector.

Remark 11.2.2. For each k = 1, . . . , r, the classical limit specializes hk ∈ Uȷ to
−Br−k+1,r+k+1 +

∑k
i=1Hi ∈ gθ (see Example 2.1.8 (1)).
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Let L ∈ Oȷ
int be an irreducible Uȷ-module. By condition (M3), there exists λ ∈ Λȷ such

that Lλ ̸= 0 and Lµ = 0 for all µ > λ. By the case r = 1, h1 acts on Lλ semisimply.

Lemma 11.2.3. We have

[h1, h2]0 = [h1, (q − q−1)(f2[e2, h1]1 − p−1q2f2e2k
−1
1 )]0 ∈ Uȷ(e2, e2h1, e2h

2
1),

where Uȷ(e2, e2h1, e2h
2
1) denotes the left ideal of Uȷ generated by e2, e2h1, e2h

2
1.

Proof. By direct calculation (or by using GAP). □
This lemma implies that [h1, h2]0Lλ = 0, namely, the actions of h1 and h2 commute

with each other on Lλ.

Lemma 11.2.4. Let i, j ∈ Iȷ. If j ̸= i, i+ 1, then we have τj(hi) = hi.

Proof. The assertion in the case j > i+1 follows from the definitions of τj and hi. When
j < i, by the braid relation for the τj’s, we see that

τj(hi) = τj(τiτi−1 · · · τ2)(h1)
= τi · · · τj+2τjτj+1τj · · · τ2(h1)
= τi · · · τj+2τj+1τjτj+1τj−1 · · · τ2(h1)
= τi · · · τj+2τj+1τj · · · τ2τj+1(h1)

= τi · · · τ2(h1) = hi.

This proves the lemma. □
Proposition 11.2.5. Let L ∈ Oȷ

int be an irreducible module. Take λ ∈ Λȷ such that
Lλ ̸= 0 and Lµ = 0 for all µ > λ. Then, the actions of h1, . . . , hr commute with each
other on Lλ.

Proof. Let i, j ∈ Iȷ be such that j < i. By Lemma 18.3.3,

[hj, hi]0 = τj · · · τ2([h1, hi]0) = τj · · · τ2τi · · · τ3([h1, h2]0).
Also, by Lemma 18.3.2,

τj · · · τ2τi · · · τ3([h1, h2]0) ∈ Uȷ(τj,i(e2), τj,i(e2)hj, τj,i(e2)h
2
j),

where τj,i denotes τj · · · τ2τi · · · τ3. Since τj,i(e2) ∈ Uȷ(Uȷ
>0)+, the vectors τj,i(e2)h

l
j, l =

0, 1, 2, act on Lλ by 0. This proves the proposition. □
As a corollary of this proposition, we can take a simultaneous eigenvector v ∈ Lλ for

h1, . . . , hr. Let Hi ∈ Q(p, q) denote the eigenvalue of hi. Then the submodule generated
by v is a highest weight module. Since L is irreducible, we conclude that L is isomorphic
to L(λ;H) for some λ ∈ Λȷ, H ∈ Q(p, q)r.

Next, we investigate a necessary condition for L(λ;H) being a nonzero object of Oȷ
int.

Lemma 11.2.6. Let M ∈ Oȷ
int, v ∈M be such that e1v = 0 and h1v = [b]{a− b− 1} for

some a ∈ Z, b ∈ Z≥0. Let n ∈ Z>0. Then, there exist unique v0, v1, . . . , vn ∈M satisfying
the following:

(1) f
(n)
2 v =

∑n
k=0 vk.

(2) e1vk = 0, h1vk = [b+ k]{a+ n− (b+ k)− 1}vk.

Proof. As the proof of this lemma needs some lengthy calculation, we put it in Subsection
11.4. □
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Lemma 11.2.7. Let M ∈ Oȷ
int be a Uȷ

2-module, v ∈M a highest weight vector with kiv =
qaiv, hiv = Hiv for some a1 ∈ Z, a2 ∈ Z≥0, H1, H2 ∈ Q(p, q). If H1 = [b1]{a1 − b1 − 1}
for some b1 ∈ Z≥0, then H2 = [b1 + b2]{a1 + a2 − (b1 + b2)− 1} for some 0 ≤ b2 ≤ a2.

Proof. By the representation theory for Uq(sl2), we have f
a2+1
2 v = 0, and τ−1

2 (v) = f
(a2)
2 v.

Set u := τ−1
2 (v). We claim that e1u = 0 and h1u = H2u. The former is true as we have

e1f2 = f2e1. The latter follows from an easy calculation

h1u = τ−1
2 (τ2(h1)v) = τ−1

2 (h2v) = H2u.

Then, by the case r = 1, H2 must be of the form H2 = [b]{a1 + a2 − b − 1} for some
0 ≤ b ≤ a1+a2. Here, by Lemma 11.2.6, it must hold that b = b1+b2 for some 0 ≤ b2 ≤ a2.
This proves the assertion. □

Theorem 11.2.8. Each irreducible module in Oȷ
int is isomorphic to L(λ;H) for some

λ ∈ Λȷ and H = (H1, . . . , Hr) ∈ Q(p, q)r satisfying the following:

(1) ai := (βi, λ) ≥ 0 for each i ∈ Iȷ \ {1}.
(2) For each i ∈ Iȷ, there exists bi ∈ Z≥0 such that 0 ≤ bi ≤ ai for i ∈ Iȷ \ {1} and

Hi = [b1 + · · ·+ bi]{a1 + · · ·+ ai − (b1 + · · ·+ bi)− 1} for i ∈ Iȷ.

Proof. We have shown that each irreducible module in Oȷ
int is isomorphic to L(λ;H) for

some λ ∈ Λȷ and H ∈ Q(p, q)r. It is easy to verify that L(λ;H) belongs to Oȷ
int if and

only if fN
i v = 0, i ∈ Iȷ, for a sufficiently large N , where v ∈ L(λ;H) is a highest weight

vector. By the case r = 1, the equality fN
1 v = 0 is equivalent to the existence of b1 ∈ Z≥0

satisfying the equality H1 = [b1]{a1−b1−1}. Also, by the representation theory of Uq(sl2),
the condition fN

i v = 0, i ≥ 2, implies ai ≥ 0.
It remains to determine the possible values of H2, . . . , Hr. By Lemma 11.2.7, there

exists b2 ∈ Z≥0 such that b2 ≤ a2 and H2 = [b1 + b2]{a1 + a2 − (b1 + b2)− 1}. Let i ≥ 3,
and assume that for all j < i, Hj = [b1+ · · ·+bj]{a1+ · · ·+aj−(b1+ · · ·+bj)−1} for some
0 ≤ bj ≤ aj. Set Ti := (τi−1τi) · · · (τ3τ4)(τ2τ3), and consider the subalgebra Ti(U

ȷ
2) ⊂ Uȷ.

We have Ti(k1) = k1 · · · ki−1, Ti(k2) = ki, Ti(h1) = hi−1, and Ti(h2) = hi. If we regard L
as a Uȷ

2-module via the algebra homomorphism Ti : U
ȷ
2 → Uȷ

r, the v is a highest weight
vector such that

k1v = qa1+···+ai−1v, k2v = qaiv, h1v = Hi−1v, h2v = Hiv.

By lemma 11.2.7, Hi must be of the form [b1 + · · ·+ bi−1 + bi]{a1 + · · ·+ ai−1 + ai− (b1 +
· · ·+ bi−1 + bi)− 1} for some 0 ≤ bi ≤ ai. This proves the theorem. □

From now on, we write L(a;b) instead of L(λ;H), where a = (a1, . . . , ar) and b =
(b1, . . . , br) are such that ai = (βi, λ), Hi = [b1+ · · ·+bi]{(a1+ · · ·+ai)−(b1+ · · ·+bi)−1}.
This causes no confusion since a ∈ Zr, while λ ∈ Λȷ. We call L(a;b) the irreducible highest
weight Uȷ-module with highest weight (a;b).

Now, let us see the classical limit of highest weight modules. Let L be a highest weight
Uȷ-module, and v ∈ L a highest weight vector. Set LA1 := Uȷ

A1
v.

Lemma 11.2.9. LA1 ⊗A1 Q is a highest weight module over UQ(g
θ) with respect to the

Cartan subalgebra described in Example 2.1.8 (1). Moreover, if L ≃ L(a;b), then for each
k = 1, . . . , r, we have

Br−k+1,r+k+1(v ⊗ 1) =
k∑

i=1

(ai − 2bi)(v ⊗ 1).
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Proof. By Remark 11.2.2, we have

(−Br−k1,r+k+1 +
k∑

i=1

Hi)(v ⊗ 1) = (hk ⊗ 1)(v ⊗ 1) = 2
k∑

i=1

bi.

Also, it is easy to see that

Hi(v ⊗ 1) = ((Khi−h−i
; 0)q ⊗ 1)(v ⊗ 1) = aiv ⊗ 1.

Then, the assertion follows immediately. □

Let λ ∈ Λȷ and H ∈ Q(p, q)r satisfy the conditions (1) and (2) in the theorem. Set
a− := max{a1− (2

∑r
i=1 bi−

∑r
i=2 ai), 0}, a+ := −min{a1− (2

∑r
i=1 bi−

∑r
i=2 ai), 0}, and

λ− :=

(
a− +

r∑
i=1

bi, a
− +

r∑
i=2

bi, . . . , a
− + br, a

−

)
,

λ+ :=

(
a+ +

r∑
i=2

(ai − bi), a+ +
r∑

i=3

(ai − bi), . . . , a+ + a−r br, a
+

)
.

This assignment gives a bijection from

{(a,b) ∈ Zr × Zr
≥0 | 0 ≤ bi ≤ ai for all i = 2, . . . , r}

to

P ȷ = P ȷ
r := {λ ∈ Bip(r+1,r) | λ−

r+1 = 0 or λ+
r = 0}.

The inverse map π is given by the following formula; for λ ∈ Bip(r+1,r) such that λ−
r+1 = 0

or λ+
r = 0, if we write π(λ) = (a,b), then we have

a1 = 2λ−
1 − λ−

2 − λ+
1 , ai = λ−

i − λ−
i+1 + λ+

i−1 − λ+
i , bi = λ−

i − λ−
i+1.

For λ ∈ Bip(r+1,r), set L(λ) := L(π(λ)). Then, for λ,µ ∈ Bip(r+1,r), we have L(λ) ≃
L(µ) if and only if π(λ) = π(µ), which is in turn equivalent to that λ±

i −µ±
i are constant.

11.3. Complete reducibility. In this subsection only, we set A := Uȷ, and write B for
Uȷ with p replaced by p−1q. In order to avoid confusion, we denote by eAi , f

A
i , k

A,±1
i the

generators of A, and by eBi , f
B
i , k

B,±1
i those ofB. Consider the anti-algebra homomorphism

S : A→ B over Q(p, q) defined by:

S(eAi ) = −eBi kBi , S(fA
i ) = −k

B,−1
i fB

i , S(kAi ) = kB,−1
i .

It is straightforwardly checked that S is indeed an anti-algebra homomorphism. In addi-
tion, S is invertible:

S−1(eBi ) = −kAi eAi , S−1(fB
i ) = −fA

i k
A,−1
i , S−1(kBi ) = kA,−1

i .

For an A-module M ∈ Oȷ
int, define a B-module S∗(M) :=M∨ by:

(x · g)(m) = g(S−1(x) ·m) for x ∈ B, g ∈M∨, m ∈M,

where M∨ denotes the restricted dual of M , i.e., M∨ =
⊕

λ∈Λȷ HomQ(p,q)(Mλ,Q(p, q)).
Similarly, we associate an A-module S∗(N) with each B-module N .

Lemma 11.3.1. Let L ∈ Oȷ
int be the irreducible highest weight A-module with highest

weight (λ;H). Then, S∗(L) is the irreducible lowest weight B-module with lowest weight
(−λ;H′) for some H′ ∈ Q(p, q)r.
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Proof. Let v ∈ L be a highest weight vector, and let g ∈ S∗(L) be a unique element
satisfying g(v) = 1 and g(u) = 0 for all u ∈ Lµ, µ < λ. Then, we have

(kBi g)(v) = g(kA,−1
i v) = q−(βi,λ)g(v),

(hBi g)(v) = g(S−1(hBi )v),

where hBi ∈ B is the elements corresponding to hi ∈ Uȷ. Since S−1(hBi )v ∈ Lλ = Q(p, q)v,
we have S−1(hBi )v = H ′

iv for some H ′
i ∈ Q(p, q), and hence hBi g = H ′

ig. Therefore, Bg is
a lowest weight module with lowest weight (−λ;H ′

1, . . . , H
′
r).

Now, it remains to show that S∗(L) is irreducible. Suppose that N ⊂ S∗(L) is a B-
submodule. Then S∗(N) is a quotient of S∗(S∗(L)) ≃ L. Since L is irreducible, S∗(N) is
identical either to 0 or to L, and hence N is identical either to 0 or to S∗(L). Thus, S∗(L)
is irreducible. This proves the lemma. □
Lemma 11.3.2. Let M be an A-module in Oȷ

int. Suppose that M contains an irreducible
submodule L ≃ L(λ;H) for some λ ∈ Λȷ and H ∈ Q(p, q)r. Then, M ≃ L⊕ (M/L).

Proof. It suffices to show that the short exact sequence

0 −→ L
ι−→M

π−→M/L −→ 0

splits. By the previous lemma, S∗(M) has an irreducible submodule S∗(L). Applying S
∗

to the inclusion S∗(L) ↪→ S∗(M), we obtain a surjection M ↠ L of A-modules. Since the

composite map L
ι−→M ↠ L is nonzero, it follows from Schur’s lemma that this composite

map is an isomorphism of A-modules. By composing the inverse of this isomorphism with
the surjection M ↠ L, we obtain a retraction of ι. This proves the lemma. □
Now, the complete reducibility of the Uȷ-modules in Oȷ

int, and the consequences below,
follow from a standard argument; see, for example, [HK02, Section 3.5].

Theorem 11.3.3. Every Uȷ-module in Oȷ
int is completely reducible.

Corollary 11.3.4. Every highest weight module in Oȷ
int is irreducible.

Theorem 11.3.5. Let M ∈ Oȷ
int. Irreducible decomposition of M is unique in the follow-

ing sense. If we have two irreducible decompositions M =
⊕

j∈J Lj =
⊕

k∈K L
k for some

index sets J and K, then there exists a bijection ϕ : J → K such that Lj ≃ Lϕ(j) for all
j ∈ J . Moreover, for each j ∈ J , the number of j′ ∈ J such that Lj′ ≃ Lj is finite.

11.4. Proof of Lemma 11.2.6. Throughout this subsection, we fix a Uȷ
2-module M ∈

Oȷ
int. Recall from the case r = 1 that M is decomposed as:

M =
⊕
a∈Z

b,n∈Z≥0

Ma,b,n,

Ma,b,0 = {u ∈M | e1u = 0, k1u = qau, h1u = [b]{a− b− 1}u},

Ma,b,n = f
(n)
1 (Ma,b,0).

Recall that h1 = [e1, f1]1 and h2 = τ2(h1). Set f ′
2 := q−2

[
e1, [f1, f2]1

]
1
− p−1q−1f2k

−1
1 .

For each a ∈ Z and b, n ∈ Z≥0, we define f ′
2,i(a, b, n) ∈ Uȷ, i = 1, 2, 3, by

f ′
2,1(a, b, n) := qb−n−1f ′

2 + (pqa−b − p−1q−a+b)f2 − q−b+n+1f ′
2,

f ′
2,2(a, b, n) := pqa−b−n−2f ′

2 − (qb+1 + q−b−1)f2 + p−1q−a+b+n+2f ′
2,

f ′
2,3(a, b, n) := q−n−2f ′

2 + (pqa−2b−1 − p−1q−a+2b+1)f2 − qn+2f ′
2.
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Also, we define three linear maps f ′
2,i, i = 1, 2, 3, by

f ′
2,i(m) := f ′

2,i(a, b, n)m for m ∈Ma,b,n.

Set h′′1 := h1 +
p−1qk−1

1

q−q−1 .

Lemma 11.4.1. We have the following:

(1) [h′′1, f2]1 = q2f ′
2.

(2) [h′′1, f
′
2]1 = q2f2.

(3) [h′′1, f
′
2]−1 = −p

(
q−3f ′

2 − [2]f ′
2 − f2

(
q−1(q − q−1)h′′1 + [2]p−1q−1k−1

1

))
k1.

Proof. This is easy and straightforward. □

Proposition 11.4.2. Let a ∈ Z, b, n ∈ Z≥0, and m ∈Ma,b,n. Then, we have

f ′
2,1(m) ∈Ma+1,b+1,n, f ′

2,2(m) ∈Ma+1,b,n, f ′
2,3(m) ∈Ma−2,b−1,n−1.

Proof. Since h1 and k1 act on m as scalar multiplication, so does h′′1; explicitly, we have
h′′1m = h′′1(a, b, n)m, where

h′′1(a, b, n) := [n+ 1][b− n]{a− b− n− 1} − q[n][b− n+ 1]{a− b− n}+ p−1q−a+3n+1

q − q−1
.

By Lemma 11.4.1, we have

h′′1f
′
2m = qh′′1(a, b, n)f

′
2m+ q2f2m,

h′′1f2m = qh′′1(a, b, n)f2m+ q2f ′
2m,

h′′1f
′
2m = q−1h′′1(a, b, n)f

′
2m− p

(
q−3f ′

2 − [2]f ′
2 − f2

(
q−1(q − q−1)h′′1(a, b, n) + [2]p−1q−1q−a+3n

))
qa−3n

= −pqa−3n−3f ′
2m+ pqa−3n

(
q−1(q − q−1)h′′1(a, b, n) + [2]p−1q−a+3n−1

)
f2m

+ (q−1h′′1(a, b, n) + pqa−3n[2])f ′
2m.

Therefore, h′′1 defines a linear endomorphism on the vector space spanned by {f ′
2m, f2m, f

′
2m}

whose representation matrix isqh′′1(a, b, n) 0 −pqa−3n−3

q2 qh′′1(a, b, n) pqa−3n−1(q − q−1)h′′1(a, b, n) + q−1[2]
0 q2 q−1h′′1(a, b, n) + pqa−3n[2]

 .(11)

Hence, in order to prove Proposition 11.4.2, it suffices to show that the following three
vectors qb−n−1

pqa−b − p−1q−a+b

−q−b+n+1

 ,

 pqa−b−n−2

−(qb+1 + q−b−1)
p−1q−a+b+n+2

 ,

 q−n−2

pqa−2b−1 − p−1q−a+2b+1

−qn+2


are eigenvectors of the matrix (11) with eigenvalues h′′1(a+1, b+1, n), h′′1(a+1, b, n), and
h′′1(a− 2, b− 1, n− 1), respectively. This can be checked by using a computer, or possibly
by direct calculation. □
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We normalize f ′
2,i as follows:

f2,1(a, b, n) :=
1

(qb+1 − q−b−1){a− 2b− 1}
f ′
2,1(a, b, n),

f2,2(a, b, n) := −
1

{a− b}{a− 2b− 1}
f ′
2,2(a, b, n),

f2,3(a, b, n) := −
1

(qb+1 − q−b−1){a− b}
f ′
2,3(a, b, n),

and define linear maps f2,i, i = 1, 2, 3, by f2,i(m) = f2,i(a, b, n)m for m ∈ Ma,b,n. Then,
for each m ∈ Ma,b,n, we have f2m = (f2,1 + f2,2 + f2,3)m. Thanks to this equality and
Proposition 11.4.2, in order to compute f2,i(m), it is enough to decompose f2m into three
h1-eigenvectors with distinct eigenvalues. The computation becomes easier when n = 0
since in this case, f2,3(m) = 0. Also, it follows that f2m ∈ Ma+1,b+1,0 ⊕ Ma+1,b,0 for
m ∈Ma,b,0. Repeating this, we have

f
(n)
2 m ∈

n⊕
k=0

Ma+n,b+k,0 for n ∈ Z≥0, m ∈Ma,b,0.(12)

This completes the proof of Lemma 11.2.6.

12. Quasi-ȷ-crystal bases

Now, we develop a new crystal basis theory. In Subsection 12.1, we define quasi-ȷ-
crystal bases in a very straightforward manner. In Subsection 12.2, we prove that the
tensor product module of a Uȷ-module with a quasi-ȷ-crystal basis, and a U-module with
a crystal basis, has a quasi-ȷ-crystal basis. This result gives the tensor product rule for
quasi-ȷ-crystals in Subsection 12.3.

12.1. Quasi-ȷ-crystal bases. Recall that Uȷ = Uȷ
r has (r − 1) sl2-triples: (ei, ki, fi) for

i = 2, . . . , r. Hence, one can define Kashiwara operators, f̃i and ẽi, in the same way as
in the crystal basis theory for quantum groups (see Subsection 3.4). Also, by the results

from Section 10, we can define Kashiwara operators, f̃1 and ẽ1. Let us give the precise
definition of these operators.

Definition 12.1.1. Let M be a Uȷ-module. By the complete reducibility of Uȷ
1-modules

in Oȷ
int, one can uniquely write M ≃

⊕
λ∈P ȷ

1
L(λ)⊕mλ for some mλ ∈ N. Let vλ,i, 1 ≤

i ≤ mλ be a basis of the weight space of L(λ)⊕mλ of highest weight. We define linear

operators f̃1 and ẽ1 on M by

f̃1(f
(n)
1 vλ,i) = f

(n+1)
1 vλ,i, ẽi(f

(n)
1 vλ,i) = f

(n−1)
1 vλ,i.

Note that this definition is independent of the choice of vλ,i’s.

SetA0 := {f/g ∈ Q(p, q) | f, g ∈ pQ[p, q, q−1] +Q[q], g /∈ pQ[p, q, q−1] + qQ[q]}; namely,
A0 consists of all those h ∈ Q(p, q) for which limq→0(limp→0 h) exists. (Recall that p and
q are independent.)

Definition 12.1.2. Let M be a Uȷ-module and L an A0-submodule of M . We say that
L is a quasi-ȷ-crystal lattice of M if

(qL1) L is a free A0-module of rank dimQ(p,q)M , and Q(p, q)
⊗

A0
L =M ,

(qL2) L =
⊕

λ∈Λȷ Lλ, where Lλ := L ∩Mλ,

(qL3) f̃i(L) ⊂ L and ẽi(L) ⊂ L for all i ∈ Iȷ.



REPRESENTATION THEORY OF QUANTUM SYMMETRIC PAIRS OF TYPE AIII/AIV 75

If L is a quasi-ȷ-crystal lattice of M , then the Kashiwara operators induce Q-linear
maps, denoted by the same symbols, on L/qL.

Definition 12.1.3. Let M be a Uȷ-module, L an A0-submodule of M , and B a subset
of L/qL. We say that (L,B) is a quasi-ȷ-crystal basis if

(qB1) L is a quasi-ȷ-crystal lattice of M ,
(qB2) B is a Q-basis of L/qL,
(qB3) B =

⊔
λ∈Λȷ Bλ, where Bλ := B ∩ (Lλ/qLλ),

(qB4) f̃i(B) ⊂ B ⊔ {0} and ẽi(B) ⊂ B ⊔ {0} for all i ∈ Iȷ,
(qB5) for each b, b′ ∈ B and i ∈ Iȷ, one has f̃i(b) = b′ if and only if b = ẽi(b

′).

Definition 12.1.4. For a quasi-ȷ-crystal basis (L,B) and i ∈ Iȷ, we define three maps
φi : B → Z≥0, εi : B → Z≥0, and wtȷ : B → Λȷ by

φi(b) := max{n | f̃n
i (b) ̸= 0}, εi(b) := max{n | ẽni (b) ̸= 0}, wtȷ(b) := λ if b ∈ Bλ.

Example 12.1.5. Let r = 1. For each λ ∈ P ȷ
1 , the irreducible Uȷ

1-module L(λ) has the
following quasi-ȷ-crystal basis. Fix a highest weight vector v ∈ L(λ). Let L(λ) denote the
A0-lattice spanned by {f (n)

1 v | 0 ≤ n ≤ λ0−λ−1}, and set B(λ) := {f (n)
1 v+L(λ)/qL(λ) |

0 ≤ n ≤ λ0 − λ−1}. Then, the Kashiwara operators f̃1 and ẽ1 act on L(λ) by:

f̃1(f
(n)
1 v) = f

(n+1)
1 v, ẽ1(f

(n)
1 v) = f

(n−1)
1 v.

It is straightforward to check that (L(λ),B(λ)) is indeed a quasi-ȷ-crystal basis of L(λ). In

addition, one has φ1(f
(n)
1 v+qL) = λ0−λ−1−n, ε1(f (n)

1 v+qL) = n, and wtȷ(f
(n)
1 v+qL) =

(2λ0 − λ−1 − λ1 − 3n)δ1.

Definition 12.1.6. Let M be a Uȷ-module and (L,B) a quasi-ȷ-crystal basis of M . The
quasi-ȷ-crystal graph associated with (L,B) is the colored directed graph with vertex set

B and edges b
i−→ b′, where b, b′ ∈ B, i ∈ Iȷ are such that f̃ib = b′.

We often identify B with its quasi-ȷ-crystal graph.

Proposition 12.1.7. Let M ∈ Oȷ
int be a Uȷ-module with a quasi-ȷ-crystal basis (L,B).

For each i ∈ Iȷ and m ∈ Lλ, consider the expression m =
∑N

j=0 f
(j)
i mj, where mj ∈

Mλ+jγi ∩Ker ei. Then, the following hold:

(1) mj ∈ L for all j = 0, . . . , N .
(2) If m+ qL ∈ B, then there exists a unique j0 such that uj ∈ qL for all j ̸= j0, and

m+ qL = mj0 + qL.

Proof. The assertion follows from the same argument as the ordinary crystal basis theory.
□

Proposition 12.1.8. Let M ∈ Oȷ
int be a Uȷ-module with a quasi-ȷ-crystal basis (L,B).

Let λ ∈ Λȷ and set a := (λ, β1). For each u ∈ Lλ ∩Ker e1, consider the unique expression

u =
∑N

b=0 ub, where ub ∈ Mλ is a Uȷ
1-highest weight vector of such that k1ub = qaub and

h1ub = [b]{a− b− 1}ub. Then, the following hold:

(1) ub ∈ L for all b = 0, . . . , N .
(2) If u + qL ∈ B, then there exists a unique b0 such that ub ∈ qL for all b ̸= b0, and

u+ qL = ub0 + qL.
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Proof. We prove the assertion by induction on N . When N = 0, there is nothing to

prove. When N > 0, consider f̃N
1 u ∈ L. Since we have f̃N

1 u = f
(N)
1 u = f

(N)
1 uN ,

it holds that f
(N)
1 uN ∈ L. Hence we have uN = ẽN1 f

(N)
1 uN ∈ L. This implies that

u − uN =
∑N−1

b=0 ub and u − uN ∈ L ∩ Ker e1, and hence, by induction hypothesis, we
have ub ∈ L for all b. Now, let us assume that u + qL ∈ B. Set b0 := φ1(u + qL). Since

0 ̸= f̃ b0
1 u =

∑N
b=b0

f
(b0)
1 ub, it holds that 0 ≤ b0 ≤ N . Then, we have

∑N
b=b0

f
(b0)
1 ub ∈ L\qL,

and
∑N

b=b0+1 f
(b0+1)
1 ub = f̃ b0+1

1 u ∈ qL. Thus, we have ub ∈ qL for all b > b0, and

f
(b0)
1 ub0 +qL = f̃ b0

1 (u+qL) (equivalently, ub0 +qL = u+qL). Then, we have u−ub0 ∈ qL,
and hence, ub ∈ qL for all b ̸= b0. This completes the proof. □
Now, the following theorem can be proved in a similar way to the ordinary crystal basis

theory.

Theorem 12.1.9. Let M ∈ Oȷ
int be a Uȷ

1-module. Then, M has a quasi-ȷ-crystal basis
(L,B). Moreover, if M ≃

⊕
λ∈P ȷ

1
L(λ)⊕mλ for some mλ ∈ Z≥0, then there exists an

isomorphism M →
⊕

λ∈P ȷ
1
L(λ)⊕mλ of Uȷ

1-modules which induces an isomorphism

(L,B)→

⊕
λ∈P ȷ

1

L(λ)⊕mλ ,
⊔
λ∈P ȷ

1

B(λ)mλ

 .

12.2. Tensor product rule. Recall thatUȷ is a right coideal ofU, i.e., ∆(Uȷ) ⊂ Uȷ⊗U.
Hence, we are interested in the Uȷ-module structure of the tensor product of a Uȷ-module
and a U-module. Let V = Vr denote the vector representation of U. If we set L = Lr :=⊕

i∈[−r,r] A0ui, B = Br := {ui+ qL | i ∈ [−r, r]}, then, (L,B) is an ordinary crystal basis
of V.

We first consider the case r = 1. Recall that the irreducible Uȷ
1-module L(λ), λ ∈ P ȷ

1

has a quasi-ȷ-crystal basis (L(λ),B(λ)). If L(λ) = L(a; b) for some a ∈ Z and b ∈ Z≥0,
then we write L(a; b) = L(λ), B(a; b) = B(λ).

Proposition 12.2.1. Let a ∈ Z, b ∈ Z≥0. Then we have an isomorphism

L(a; b)⊗V ≃ L(a+ 2; b+ 1)⊕ L(a− 1; b)⊕ L(a− 1; b− 1)

of Uȷ
1-modules. Moreover, (L(a; b)⊗L,B(a; b)⊗B) is a quasi-ȷ-crystal basis of L(a; b)⊗V.

Proof. Let v ∈ L(a; b) be a highest weight vector, and set

v 0 := v ⊗ u0,

v 1 := v ⊗ u1 −
q−b+1(q − q−1)

{a− b− 1}
f1v ⊗ u0 − pqa−2bv ⊗ u−1,

v −1 := f1v ⊗ u0 − qb[b]v ⊗ u−1 − pqa−b−2[b]v ⊗ u1.
Then, by direct calculation, we obtain

h1v 0 = [b+ 1]{(a+ 2)− (b+ 1)− 1}v 0 ,

h1v 1 = [b]{(a− 1)− b− 1}v 1 ,

h1v −1 = [b− 1]{(a− 1)− (b− 1)− 1}v −1 .

These equations, together with Corollary 10.2.4 and Theorem 10.1.6, show that Uȷ
1v 0 ≃

L(a+2; b+1),Uȷ
1v 1 ≃ L(a−1; b), andUȷ

1v −1 ≃ L(a−1; b−1). Since dim(L(a; b)⊗V) =
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3b = (b+1)+b+(b−1) =
∑1

k=−1 dimUȷ
1v k , we see that L(a; b)⊗V = Uȷ

1v 0 ⊕Uȷ
1v −1 ⊕

Uȷ
1v 1 . Also, we calculate as:

f
(n)
1 (v 0 ) = f

(n−1)
1 v ⊗ u−1 + qnf

(n)
1 v ⊗ u0 + pqa−n+1f

(n−1)
1 v ⊗ u1

∈

{
v ⊗ u0 + qL(a; b)⊗ L if n = 0,

f
(n−1)
1 v ⊗ u−1 + qL(a; b)⊗ L if 0 ≤ n ≤ b+ 1,

f
(n)
1 (v 1 ) =

q−n{a− b− n− 1}
{a− b− 1}

f
(n)
1 v ⊗ u1 −

q−b+n+1(qn+1 − q−n−1)

{a− b− 1}
f
(n+1)
1 v ⊗ u0

− pqa−2b{a− b− n− 1}
{a− b− 1}

f
(n)
1 v ⊗ u−1

∈ f (n)
1 v ⊗ u1 + qL(a; b)⊗ L if 0 ≤ n ≤ b,

f
(n)
1 (v −1 ) = qn[n+ 1]f

(n+1)
1 v ⊗ u0 − qb[b− n]f (n)

1 v ⊗ u−1 − pqa−b−n−2[b− n]f1(n)v ⊗ u1
∈ f (n+1)

1 v ⊗ u0 + qL(a; b)⊗ L if 0 ≤ n ≤ b− 1.

Since f̃n
1 (v k ) = f

(n)
1 (v k ), k ∈ {0,±1}, these equations imply that the A0-span of

{f̃n
1 (v k ) | k ∈ {0,±1}, n ∈ Z≥0} coincides with L(a; b) ⊗ L, and that {f̃n

1 (v k ) +
qL(a; b)⊗ L | k ∈ {0,±1}, n ∈ Z≥0} \ {0} is identical to B(a; b)⊗B. Now, it is easy to
verify that (L(a; b)⊗L,B(a; b)⊗B) is a quasi-ȷ-crystal basis of L(a; b)⊗V. This proves
the proposition. □

We give the quasi-ȷ-crystal graph of B(a; b)⊗B:

u−1

−1 // u0 u1

v

1
��

•
1

��

•1oo •
1

��
f̃1(v)

1 ��

•

1 ��

•

1 ��

•

1 ��
...

1
��

...

1

��

...

1

��

...

1

��
f̃ b
1(v) • • •

.

More generally, we obtain the following theorem. As in the ordinary crystal basis theory,
the proof is given by embedding the crystal basis of a U3-module into (L⊗N ,B⊗N) for a
suitable N .

Theorem 12.2.2. Let M be a Uȷ
1-module with a quasi-ȷ-crystal basis (L1,B1), and N

a U3-module with a crystal basis (L2,B2). Then, M ⊗ N has a quasi-ȷ-crystal basis
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(L1 ⊗ L2,B1 ⊗ B2), on which the Kashiwara operators act as follows:

f̃1(b1 ⊗ b2) =

{
b1 ⊗ Ẽ−1(b2) if ε1(b1) < ε−1(b2),

f̃1(b1)⊗ b2 if ε1(b1) ≥ ε−1(b2),

ẽ1(b1 ⊗ b2) =

{
b1 ⊗ F̃−1(b2) if ε1(b1) ≤ ε−1(b2),

ẽ1(b1)⊗ b2 if ε1(b1) > ε−1(b2).

Now, we turn to the case of a general r. Recall that Kashiwara operators f̃i and ẽi for
i ̸= 1 are defined by means of the sl2-triple (fi, ki, ei). Therefore, the next proposition
follows from a standard argument; see, for example, [HK02, Section 4.4].

Proposition 12.2.3. Let M be a Uȷ-module having a quasi-ȷ-crystal basis (L,B). Then
(L⊗L,B⊗B) is a quasi-ȷ-crystal basis ofM⊗V, on which the Kashiwara operators act as

follows: f̃1 and ẽ1 acts as described in Theorem 12.2.2; for i ∈ Iȷ \ {1}, b ∈ B, j ∈ [−r, r],

f̃i(b⊗ uj) =


0 if j = i and f̃ 2

i (b) = 0,

b⊗ ui if j = i− 1 and f̃i(b) = 0,

b⊗ u−i if j = −(i− 1) and ẽi(b) = 0,

f̃i(b)⊗ uj otherwise,

ẽi(b⊗ uj) =


b⊗ ui−1 if j = i and f̃i(b) = 0,

0 if j = −(i− 1) and ẽ2i (b) = 0,

b⊗ u−(i−1) if j = −i and ẽi(b) = 0,

ẽi(b)⊗ uj otherwise.

The action of f̃i for i ̸= 1 is visualized as:

u−i

−i // u−(i−1) uj ui−1

i // ui

b

i
��

•

i

��

•ioo •

i

��

•

i

��

•

i

��
f̃i(b)

i ��

•

i ��

•

i ��

•

i ��

•

i ��

•

i ��
...

i
��

...

i

��

...

i

��

...

i

��

...

i

��

...

i

��
f̃
φi(b)−1
i (b)

i
��

•

i

��

•

i

��

•

i

��

•

i

��

•

f̃
φi(b)
i (b) • • • • i // •

.

The following theorem describes the tensor product rule for the Kashiwara operators

f̃ ’s and ẽ’s in full generality. The proof is given by embedding the crystal basis of a
U-module into (L⊗N ,B⊗N) for a suitable N .
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Theorem 12.2.4. Let M be a Uȷ-module having a quasi-ȷ-crystal basis (L1,B1), and N
a U-module having a crystal basis (L2,B2). Then, M ⊗ N has a quasi-ȷ-crystal basis
(L1 ⊗ L2,B1 ⊗ B2), on which the Kashiwara operators act as follows: for b1 ∈ B1 and
b2 ∈ B2,

f̃1(b1 ⊗ b2) =

{
b1 ⊗ Ẽ−1(b2) if ε1(b1) < ε−1(b2),

f̃1(b1)⊗ b2 if ε1(b1) ≥ ε−1(b2),

ẽ1(b1 ⊗ b2) =

{
b1 ⊗ F̃−1(b2) if ε1(b1) ≤ ε−1(b2),

ẽ1(b1)⊗ b2 if ε1(b1) > ε−1(b2),

f̃i(b1 ⊗ b2) =


b1 ⊗ Ẽ−i(b2) if εi(b2) < φi(b1) and εi(b1) < ε−i(b2), or

if εi(b2) ≥ φi(b1) and εi(b1) + εi(b2)− φi(b1) < ε−i(b2),

f̃i(b1)⊗ b2 if εi(b2) < φi(b1) and εi(b1) ≥ ε−i(b2),

b1 ⊗ F̃i(b2) if εi(b2) ≥ φi(b1) and εi(b1) + εi(b2)− φi(b1) ≥ ε−i(b2),

ẽi(b1 ⊗ b2) =


b1 ⊗ F̃−i(b2) if εi(b2) ≤ φi(b1) and εi(b1) ≤ ε−i(b2), or

if εi(b2) > φi(b1) and εi(b1) + εi(b2)− φi(b1) ≤ ε−i(b2),

ẽi(b1)⊗ b2 if εi(b2) ≤ φi(b1) and εi(b1) > ε−i(b2),

b1 ⊗ Ẽi(b2) if εi(b2) > φi(b1) and εi(b1) + εi(b2)− φi(b1) > ε−i(b2).

In order to memorize this tensor product rule for quasi-ȷ-crystal bases, we introduce
the notion of i-signatures for quasi-ȷ-crystal bases. For b ∈ B and i ∈ Iȷ, the i-signature
sgni(b) of b is the sequence of εi(b) −’s followed by φi(b) +’s. For b1 ∈ B1 and b2 ∈ B2,
Theorem 12.2.4 tells us that sgni(b1 ⊗ b2) is obtained by deleting adjacent pair (+,−)
in the concatenation of sgn∗

−1(b2) and sgn1(b1) when i = 1, and in the concatenation of
sgn∗

−i(b2), sgni(b1), and sgnu(b2) until there are no such pairs, where sgn∗
−i(b2) is obtained

from sgn−i(b2) by reversing the sequence, and switching + and −. Then,

f̃i(b1 ⊗ b2) =


b1 ⊗ Ẽ−ib2 if the leftmost + in sgni(b1 ⊗ b2) is originally in sgn∗

−i(b2),

f̃ib1 ⊗ b2 if the leftmost + in sgni(b1 ⊗ b2) is originally in sgni(b1),

b1 ⊗ F̃ib2 if the leftmost + in sgni(b1 ⊗ b2) is originally in sgni(b2),

ẽi(b1 ⊗ b2) =


b1 ⊗ F̃−ib2 if the rightmost − in sgni(b1 ⊗ b2) is originally in sgn∗

−i(b2),

ẽib1 ⊗ b2 if the rightmost − in sgni(b1 ⊗ b2) is originally in sgni(b1),

b1 ⊗ Ẽib2 if the rightmost − in sgni(b1 ⊗ b2) is originally in sgni(b2).

This description is useful particularly when we consider the tensor product of many crys-
tals.

Corollary 12.2.5. Let N ∈ Oint be a U-module with a crystal basis (L′,B′). Then,
(L′,B′) is also a quasi-ȷ-crystal basis of N . Furthermore, for each b ∈ B and i ∈ Iȷ, we
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have the following:

f̃1(b) = Ẽ−1(b),

ẽ1(b) = F̃−1(b),

f̃i(b) =

{
Ẽ−i(b) if εi(b) < ε−i(b),

F̃i(b) if εi(b) ≥ ε−i(b),

ẽi(b) =

{
F̃−i(b) if εi(b) ≤ ε−i(b),

Ẽi(b) if εi(b) > ε−i(b).

Proof. Apply Theorem 12.2.4 for the trivial Uȷ-module M = C. □

12.3. Abstract quasi-ȷ-crystals. As in the ordinary crystal basis theory, we define the

notion of (abstract) quasi-ȷ-crystals as sets with structure maps ẽi, f̃i, i ∈ Iȷ, and wtȷ.
By Corollary 12.2.5, we can define a functor from the category of crystals of sl2r+1-

type to the category of quasi-ȷ-crystals. Since Ẽ1 and F̃1 do not appear in the formula
of Corollary 12.2.5, we can regard this functor to factor through the forgetting functor
Res2r+1

r+1,r.

Lemma 12.3.1. Let B be a crystal of s(glr+1 ⊕ glr)-type. Then, B is equipped with a

quasi-ȷ-crystal structure such that the structure maps ẽi, f̃i are defined by the formula in
Corollary 12.2.5.

Recall that we have given to [−r, r]d and SST(r+1,r)(λ), λ ∈ Bip(r+1,r) a crystal structure
of s(glr+1 ⊕ glr)-type. By Lemma 12.3.1, they are also equipped with quasi-ȷ-crystal
structures. Let us describe these structures in a purely combinatorial way.

Let s = (s1, . . . , sd) ∈ [−r, r]d. First, set s1 to be sop−1, where s
op
−1 is obtained by reversing

the sequence s−1 (see Subsection 1.6). Then, ẽ1(s) is obtained from s by replacing sk with

0, where sk is the rightmost −1 in s1; if there is no −1 in s1, then ẽ1(s) = 0. Also, f̃1(s)
is obtained from s by replacing sl with −1, where sl is the leftmost 0 in s1; if there is no

0 in s1, then f̃1(s) = 0.
Next, for i ∈ Iȷ \ {1}, set si to be the sequence obtained by deleting the adjacent pair

(−(i−1), i) in the concatenation of sop−i followed by si until there are no such pairs. Then,
ẽi(s) is obtained from s by replacing sk with −(i− 1), where sk is the rightmost −i in si;
if there is no −i in si, then ẽi(s) is obtained from s by replacing sk with i − 1, where sk
is the rightmost i in si; if there is no ±i, then ẽi(s) = 0. Also, f̃i(s) is obtained from s by
replacing sl with −i, where sl is the leftmost −(i− 1) in si; if there is no −(i− 1) in si,

then f̃i(s) is obtained from s by replacing sl with i, where sl is the leftmost i− 1 in si; if

there is no ±(i− 1), then f̃i(s) = 0.
Finally, for T ∈ SST(r+1,r)(λ), x̃i(T ) is the unique T ′ ∈ SST(r+1,r)(λ) such that

(ME((T ′)−),ME((T ′)+)) = x̃i(ME(T−),ME(T+)) if x̃i(T ) ̸= 0 (x ∈ {e, f}).

13. Quasi-ȷ-crystal bases of irreducible Uȷ-modules

The aim of this Section is to prove the existence of quasi-ȷ-crystal basis of an irreducible
Uȷ-module. In Subsection 13.1, we apply the results obtained in Sections 5 to 6 in order to
prove that a quasi-ȷ-crystal basis of V⊗d is compatible with an irreducible decomposition.
In Subsection 13.2, we show that certain quasi-ȷ-crystal basis of an irreducible Uȷ-module
is identified with the set of semistandard Young bitableaux. In Subsection 13.3, we finally
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define ȷ-crystal bases as a generalization of quasi-ȷ-crystal bases, and prove the existence
and uniqueness.

13.1. Quasi-ȷ-crystal basis of V⊗d. In this section, we study the quasi-ȷ-crystal basis
(L⊗d,B⊗d) of V⊗d in detail. One of the key facts is the following.

Theorem 13.1.1 ([BI03, Theorem 7.7]). Let X ∈ L(W ). Then, CL
X is an irreducible left

H-module.

Recall the functor Fπȷ : H-mod→ S(πȷ)-mod defined by Fπȷ(M) := T(πȷ)⊗HM . This
functor induces another functor

F ȷ : H-mod→ Uȷ-mod; M 7→ V⊗d ⊗H M.

By the (Uȷ,H)-duality, this functor sends an irreducible module to an irreducible module
or 0. Set L(W )0 := {X ∈ L(W ) | F ȷ(CL

X) ̸= 0}. Then, for each X ∈ L(W )0, there exists
a unique λ(X) ∈ P ȷ such that F ȷ(CL

X) ≃ L(λ(X)). With this notation, we have

V⊗d ≃
⊕

X∈L(W )0

L(λ(X)).

On the other hand, By Proposition 6.3.1, we have F ȷ(CL
X) ≃ CL

X(π
ȷ) for all X ∈ L(W ).

Hence, we obtain L(λ(X)) ≃ CL
X(π

ȷ) for all X ∈ L(W )0.

Proposition 13.1.2. Let X ∈ L(W )0. Then, C≤LX(π
ȷ), C<LX(π

ȷ), and CL
X(π

ȷ) have
quasi-ȷ-crystal bases.

Proof. Let x ∈ X. Recall that the three modules have the parabolic KL-bases

{λCw | λ ∈ πȷ, w ∈ λW, and wλw ≤L x},
{λCw | λ ∈ πȷ, w ∈ λW, and wλw <L x},
{[λCw]X | λ ∈ πȷ, w ∈ λW, and wλw ∈ X},

respectively. Set L≤LX , L<LX , L(X) to be the A0-span of these bases, and B≤LX , B<LX ,
B(X) to be the image of these bases under the projections L≤LX → L≤LX/qL≤LX ,
L<LX → L<LX/qL<LX , L(X)→ L(X)/qL(X), respectively.
Since L≤LX ⊂ L⊗d, we have x̃i(L≤LX) ⊂ L⊗d for all x ∈ {e, f}, i ∈ Iȷ. Moreover,

since these Kashiwara operator preserves the submodules, we have x̃i(L≤LX) ⊂ L⊗d ∩
C≤LX(π

ȷ) = L≤LX . Now, it is straightforward and easy to verify that (L≤LX ,B≤LX) is a
quasi-ȷ-crystal basis of C≤LX(π

ȷ). Similarly, we see that (L<LX ,B<LX) is a quasi-ȷ-crystal
basis of C<LX(π

ȷ).
Since the Kashiwara operators preserve both L≤LX and L<LX , they also preserve L(X).

Hence, we conclude that (L(X),B(X)) is a quasi-ȷ-crystal basis of CL
X(π

ȷ). □
Proposition 13.1.3. For each X ∈ L(W )0, there exists a highest weight vector vX ∈ V⊗d

satisfying the following:

(1) LX := UȷvX ≃ CL
X(π

ȷ).
(2) (LX ,BX) is a quasi-ȷ-crystal basis of LX isomorphic to (L(X),B(X)), where
LX := L⊗d ∩ LX , BX := B⊗d ∩ (LX/qLX).

(3) L⊗d =
⊕

X∈L(W )0
LX , and B⊗d =

⊔
X∈L(W )0

BX .

Proof. Recall the bilinear form ⟨· | ·⟩ on V⊗d in Corollary 7.3.3. We prove that there
exist highest weight vectors vX satisfying the conditions (1) and (2) by induction on
X with respect to the partial order ≤L on L(W )0. Assume that X is minimal. Then,
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we have C≤LX(π
ȷ) = CL

X(π
ȷ) ≃ L(λ(X)). Hence, there exists a highest weight vector

vX ∈ C≤LX(π
ȷ). Now, it is clear that vX satisfies the condition (1) and (2).

Next, assume that we have chosen highest weight vectors vY satisfying the conditions
(1) and (2) for all Y <L X. Let C ′ denote the orthogonal complement of C<LX(π

ȷ) in
C≤LX(π

ȷ) with respect to ⟨· | ·⟩. By the skew invariance of ⟨· | ·⟩, C ′ is a Uȷ-submodule.
Moreover, since ⟨· | ·⟩ is nondegenerate, we have C≤L X(πȷ) = C<LX(π

ȷ)⊕C ′, and hence,
C ′ ≃ CL

X(π
ȷ) ≃ L(λ(X)). Since C≤LX(π

ȷ) is spanned by the parabolic KL-basis, C ′ is
spanned by the vectors of the form iCw + ri,w with i ∈ πȷ, w ∈ iW , wiw <L x for some
x ∈ X, ri,w ∈

⊕
Y <LX

qLY . Therefore, each highest weight vector vX of C ′ satisfies the
conditions (1) and (2). □
13.2. Combinatorial description of B(X). By Propositions 20.1.1 and 20.1.2, we have
a decomposition

B⊗d =
⊔

X∈L(W )0

B(X), B(X) = {uiλw | λ ∈ πȷ, w ∈ λW, and wλw ∈ X}(13)

of quasi-ȷ-crystals. Also, by Theorem 5.3.4 (2), ui and uj (i, j ∈ [−r, r]d) belong to B(X)
for some X ∈ L(W )0 if and only if Q±(i) = Q±(j). Hence, each B(X) is of the form

B(X) = {ui | i ∈ [−r, r]d, (Q−(i), Q+(i)) = Q}, Q ∈ ST(λ), λ ∈ Bip(r+1,r)(d).

On the other hand, we have a decomposition

B⊗d →
⊔

λ∈Bip(r+1,r)(d)

⊔
Q∈ST(λ)

(
SST(r+1,r)(λ)× {Q}

)
(14)

of an s(glr+1 ⊗ glr)-crystal. By Lemma 12.3.1 and arguments in Subsection 12.3, this
decomposition is also a decomposition of a quasi-ȷ-crystal.

Theorem 13.2.1. We have L(W )0 = {X ∈ L(W ) | shX ∈ Bip(r+1,r)(d)}. Also, for each
X ∈ L(W )0 with shX = λ ∈ Bip(r+1,r)(d), we have B(X) = {(T,Q) | T ∈ SST(r+1,r)(λ)},
where Q := Q(X), and LX ≃ L(λ).

Proof. The first statement is obtained by comparing the decompositions (13) and (14).
Let X ∈ L(W )0, λ ∈ Bip(r+1,r)(d) and (Q−;Q+) ∈ ST(λ) be such that SST(λ) ×
{(Q−;Q+)} = BX . Then, SST(λ)× {(Q−;Q+)} contains a unique element bλ such that

F̃−ibλ = Ẽjbλ = 0 for all i = 1, . . . , r and j = 2, . . . , r.

Under the isomorphism SST(λ)×{(Q−;Q+)} ≃ SST(λ) of crystals of type s(glr+1⊕glr),
the element bλ is identified with Tλ = (T−

λ ;T+
λ ) ∈ SST(λ). Since wtȷ(bλ) is maximal

among wtȷ(Bt), we have bλ := vX + qLX , where vX ∈ LX is the Uȷ-highest weight vector.
Suppose that LX = L(µ) for some µ ∈ P ȷ. Then, we have φ1(bλ) = µ0−µ−1. Recall from
the proof of Lemma 11.2.7 that τ−1

2 (vX) is a Uȷ
1-highest weight vector of highest weight

(µ0,µ−2;µ2). This implies that φ1(f̃
max)
2 bλ) = µ0−µ−2. Also, from the proof of Theorem

18.3.7, T−1
i (vX) is a Uȷ

2-highest weight vector of highest weight (µ0,µ−(i−1),µ−i;µi−1,µi)
for all i ≥ 3. Hence, we have

φ1(f̃
max
2 (f̃max

3 f̃max
2 )(f̃max

4 f̃max
3 ) · · · (f̃max

i f̃max
i−1 )bλ) = µ0 − µ−i.

Applying the same argument to Tλ, we obtain the following:

wtȷ(bλ) = wtȷ(Tλ), µ0 − µ−i = λ0 − λ−i for all i = 1, . . . , r.

Solving this system of equations, we conclude that µ ∼π λ, and hence, LX ≃ L(λ). □
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Corollary 13.2.2. For each λ ∈ Bip(r+1,r)(d), we have 0 ̸= L(λ) ∈ Oȷ
int.

This completes the classification of irreducible modules in Oȷ
int.

13.3. ȷ-crystal bases. In general, a quasi-ȷ-crystal graph of an irreducible Uȷ-module
is neither connected nor unique. In this subsection, we introduce the notion of ȷ-crystal
bases as quasi-ȷ-crystal bases satisfying some additional conditions. And we prove the
existence and uniqueness theorem for ȷ-crystal bases, and that they are connected.

Let λ ∈ Bip(r+1,r)(d), and take a left cell X ∈ L(W ) satisfying CL
X ≃ L(λ). Recall

that CL
X has a basis {[λCw]X | λ ∈ πȷ, w ∈ λW, and wλw ∈ X}, and it is in one-to-

one correspondence with SST(λ); we denote by bT the basis element corresponding to

T ∈ SST(λ). For each i ∈ {2, . . . , r}, we define linear endomorphisms ẽi′ and f̃i′ on L(λ)
by

ẽi′(bT ) =

{
bẼ

i− 1
2
T if ẽjT = 0 for all j = 1, . . . , i− 1 and Ẽj− 1

2
T = 0 for all j = 2, . . . , i− 1,

0 otherwise,

f̃i′(bT ) =

{
bT ′ if ẽi′bT ′ = bT ,

0 otherwise.

Note that the condition ẽjT = 0 for all j = 1, . . . , i − 1 and Ẽj− 1
2
T = 0 for all j =

2, . . . , i − 1 is equivalent to ẽjT = 0 for all j = 1, . . . , i − 1 and ẽj′T = 0 for all j =
2, . . . , i− 1.

LetX ′ ∈ L(W ) be such that CL
X′ ≃ CL

X . Since the linear map [Cw′ ]X′ 7→ [Cw]X , w
′ ∈ X ′,

w ∈ X with P±(w′) = P±(w) gives an isomorphism CL
X′ → CL

X of H-modules, the

definition of ẽi′ and f̃i′ are independent of the choice of X as long as we have CL
X ≃ L(λ).

Also, we define linear endomorphisms ẽi′ and f̃i′ , i ∈ {2, . . . , r} on each Uȷ-module in
Oȷ

int by the complete reducibility.

Remark 13.3.1. Later, we will give more intrinsic definitions of ẽi′ and f̃i′ .

Definition 13.3.2. LetM ∈ Oȷ
int be a Uȷ-module with a quasi-ȷ-crystal basis (L,B). We

say that (L,B) is a ȷ-crystal basis if it satisfies the following:

(ȷC 1) L is preserved by the operators ẽi′ and f̃i′ , i ∈ [2, r].

(ȷC 2) We have ẽi′(B) ⊂ B ⊔ {0} and f̃i′(B) ⊂ B ⊔ {0} for all i ∈ [2, r].

Let λ ∈ Bip(r+1,r), and v ∈ L(λ) be a highest weight vector. Set

L(λ) := SpanA0
{f̃i1 · · · f̃ilv | l ∈ Z≥0, i1, . . . , il ∈ Iȷ ⊔ {2′, . . . , r′}},

B(λ) := {f̃i1 · · · f̃ilv + qL(λ) | l ∈ Z≥0, i1, . . . , il ∈ Iȷ ⊔ {2′, . . . , r′}} \ {0}.

Theorem 13.3.3. Let λ ∈ P ȷ. Then, (L(λ),B(λ)) is a unique ȷ-crystal basis of L(λ).

Proof. Let X ∈ L(W ) be such that CL
X ≃ L(λ). By the definition of ẽi′ and f̃i′ , it is clear

that they preserve L(X), and induce maps B(X)→ B(X)⊔{0}. Therefore, (L(X),B(X))
is a ȷ-crystal basis of CL

X .
Next, we show that B(X) is connected as a ȷ-crystal basis. To do so, it is convenient to

identify B(X) with SST(λ). Let T0 denote the unique highest weight vector of SST(λ).
For T ∈ SST(λ), set

d(T ) :=
∑
i,j

(|T (i, j)| − |T0(i, j)|),
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where T (i, j) denotes the integer in the (i, j)-box of T . Then, we have d(T ) ≥ 0, and
d(T ) = 0 if and only if T = T0. We prove that T is connected to T0 by induction on d(T ).
When d(T ) = 0, we have T = T0, and there is nothing to prove. When d(T ) > 0, there
exists i ∈ Iȷ such that ẽiT ̸= 0 or ẽi′T ̸= 0. Hence, T is connected to either ẽiT or ẽi′T .
Since d(ẽiT ) = d(ẽi′T ) = d(T ) − 1, the induction proceeds. This proves that SST(λ) is
connected. Moreover, we obtain

SST(λ) = {f̃i1 · · · f̃ilT0 | l ∈ Z≥0, i1, . . . , il ∈ Iȷ ⊔ {2′, . . . , r′}} \ {0}.

Let v ∈ CL
X be the unique highest weight vector satisfying v + qL(X) = T0. By

above argument, for each T ∈ SST(λ), there exist i1, . . . , il ∈ Iȷ ⊔ {2′, . . . , r′} such that

T = f̃i1 · · · f̃ilT0. This implies that f̃i1 · · · f̃ilv + qL(X) = T , and therefore, L(X) is
spanned by such vectors. Thus, the proof completes. □

Now, the existence and uniqueness theorem for ȷ-crystal basis can be proved in the
same way as the ordinary crystal basis theory.

Theorem 13.3.4. Let M ∈ Oȷ
int be a Uȷ-module. Then, M has a ȷ-crystal basis (L,B).

If M ≃
⊕

λ∈P ȷ
π
L(λ)⊕mλ for some mλ ∈ Z≥0, then there exists an isomorphism M →⊕

λ∈P ȷ
π
L(λ)⊕mλ inducing an isomorphism (L,B)→ (

⊕
λ∈P ȷ

π
L(λ)⊕mλ ,

⊕
λ∈P ȷ

π
B(λ)⊕mλ).

14. Global ȷ-crystal bases

This section is devoted to globalizing ȷ-crystal bases of irreducible Uȷ-modules. In
Subsection 14.1, we introduce the notion of global ȷ-crystal bases, and give some examples.
In Subsection 14.2, we prove the existence of global ȷ-crystal basis of an irreducible Uȷ-
module.

14.1. Global ȷ-crystal bases. LetUȷ
A be theA-subalgebra ofUȷ generated by e

(n)
i , f

(n)
i , k±1

i ,
i ∈ Iȷ, n ∈ Z>0.

Lemma 14.1.1 ([L93, 1.3.5]). Let A be a Q(q)-algebra, x, y ∈ A such that xy = q2yx.
Then, for each n ∈ Z>0, we have

(x+ y)n =
n∑

t=0

qt(n−t)

[
n

t

]
ytxn−t.

Lemma 14.1.2. We have Uȷ
A ⊂ UA.

Proof. It suffices to show that e
(n)
i , f

(n)
i ∈ UA for all i ∈ Iȷ, n ∈ Z>0. We prove e

(n)
i ∈ UA;

the proof for f
(n)
i ∈ UA is similar. Setting x := Ei and y := p−δi,1F−iK

−1
i , we see that

ei = x+ y, xy = q2yx.

Then, we can apply Lemma 14.1.1, and obtain

e
(n)
i =

n∑
t=0

qt(n−t)y(t)x(n−t).

It is easy to see that y(t) = p−δi,1tq−δi,1
t(t−1)

2 F
(t)
−iK

t
i ∈ UA. Hence, the assertion follows. □

Let V be a Uȷ-module in Oȷ
int with a ȷ-crystal basis (L,B). Assume that V admits a

ψȷ-involution on V .
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Definition 14.1.3. Let V,L,B, · be as above. V is said to have a global ȷ-crystal basis
if there exists a Uȷ

A-submodule VA of V which is an A-lattice forming a balanced triple
(L, VA,L). The associated global basis Gȷ(B) is called a global ȷ-crystal basis of V .

Example 14.1.4. Let λ ∈ P ȷ
1 and consider the irreducible Uȷ

1-module L(λ). Recall that

L(λ) is (λ0 − λ−1 + 1)-dimensional with a basis Gȷ(λ) := {f (n)
1 v | 0 ≤ n ≤ λ0 − λ−1},

where v denotes a highest weight vector. Also, L(λ) has a ȷ-crystal basis (L(λ),B(λ)),
where L(λ) is the A0-span of Gȷ(λ), and B(λ) = {f (n)

1 v + qL(λ) | 0 ≤ n ≤ λ0 − λ−1}.
Set L(λ)A to be the A-span of Gȷ(λ). Note that there exists a unique ψȷ-involution ·
on L(λ) fixing v. Then, (L(λ), L(λ)A,L(λ)) is a balanced triple, and Gȷ(λ) is a global
ȷ-crystal basis of L(λ).

Proposition 14.1.5. Let M ∈ Oȷ
int with a global ȷ-crystal basis Gȷ(BM), and N ∈ Oint

with a global crystal basis G(BN) Then, (Gȷ(BM) ⋄ı G(BN)) is a global ȷ-crystal basis of
M ⊗N .

Proposition 14.1.6. Let M ∈ Oint be a U-module with a global crystal basis G(B)
associated to a crystal basis (L,B), a ψ-involution ψM , and a UA-submodule MA. Then,
(L,B) is a ȷ-crystal basis, (L,MA, ψ

ȷ
M(L)) is a balanced triple, and Gȷ(B) := G(B)ı is the

global ȷ-crystal basis associated to the balanced triple (L,MA, ψ
ȷ
M(L)) and the basis B.

Proof. That (L,B) is a ȷ-crystal basis has already been stated in Theorem ??. Let us
prove the rest. By Theorem 4.2.5, it is clear that L (resp., MA) is spanned by Gȷ(B) over
A0 (resp., A), and that ψȷ

M(L) is spanned by Gȷ(B) over A∞. Hence, the canonical ho-
momorphism L∩MA∩ψȷ

M(L)→ L/qL is an isomorphism, and therefore, (L,MA, ψ
ȷ
M(L))

is balanced. Finally, by Lemma 14.1.2, the UA-module MA is also a Uȷ
A-module. This

proves the proposition. □

14.2. Global ȷ-crystal bases of irreducible Uȷ-modules.

Lemma 14.2.1. Let M,N be U-modules. Suppose that they have bilinear forms (·, ·)
such that (xu, v) = (u, ϱ(x)v) for all x ∈ U and u, v ∈ M or u, v ∈ N . Then, the
bilinear form (·, ·) on M ⊗ N defined by (m ⊗ n,m′ ⊗ n′) := (m,m′)(n, n′) also satisfies
(xu, v) = (u, ϱ(x)v) for all x ∈ U and u, v ∈M ⊗N .

Proof. It suffices to show that

(ϱ⊗ ϱ) ◦∆ = ∆ ◦ ϱ
on U. This is easily achieved by applying the both sides on the generators of U. □

Proposition 14.2.2. Let (·, ·) be the bilinear form on V⊗d defined by (ui, uj) := δi,j for
all i, j ∈ I+. Then, we have (xu, v) = (u, ϱ(x)v) for all x ∈ U and u, v ∈ V⊗d.

Proof. By Lemma 14.2.1, it suffices to prove the assertion when d = 1, which is easy. □

Let X ∈ L(W ). Then, CL
X(π

ȷ) ≃ L(λ) for some λ ∈ P ȷ. Since L(λ) is a highest weight
module, there exists a unique λ ∈ πȷ and w ∈ λW such that [λCw]X ∈ CL

X(π
ȷ) is a highest

weight vector.
Recall the isomorphism DL

Xw0
≃ CL

X of left H-modules from Proposition 5.4.9. Set
CL

X := Q(p, q)⊗AZ C
L
X , and define DL

Xw0
and DL

Xw0
(πȷ) similarly. Then, we have

DL
Xw0

(πȷ) ≃ T(πȷ)⊗H DL
Xw0
≃ T(πȷ)⊗H CL

X ≃ CL
X(π

ȷ)
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as left Uȷ-modules. Hence, [λDwλww0 ]
′
Xw0
∈ DL

Xw0
(πȷ) is also a highest weight vector.

Thus, we obtain two isomorphisms

φC : L(λ)→ CL
X(π

ȷ); vλ 7→ [λCw]X ,

φD : L(λ)→ DL
Xw0

(πȷ); vλ 7→ [λDwλww0 ]
′
Xw0

of Uȷ-modules, where vλ ∈ L(λ) is a fixed highest weight vector.

Definition 14.2.3. Let λ ∈ P ȷ and vλ ∈ L(λ) be a highest weight vector. Define the
bilinear form (·, ·)1 on L(λ) by (vλ, vλ)1 = 1 and (xm, n)1 = (n, σȷ(x)n)1 for all x ∈ Uȷ,
m,n ∈ L(λ).

Proposition 14.2.4. Let λ ∈ P ȷ. Then, the bilinear form (·, ·)1 is nondegenerate.

Proof. For m,n ∈ L(λ), set (m,n) := ⟨φC(m) | φD(n)⟩πȷ . Then, we have

(vλ, vλ) = ⟨[λCw]X | [λDwλww0 ]
′
Xw0
⟩πȷ = 1,

and

(xm, n) = ⟨xφC(m) | φD(m)⟩πȷ = ⟨φC(m) | σȷ(x)φD(n)⟩πȷ = (m,σȷ(x)n).

Hence, we have (·, ·) = (·, ·)1. Then, it is clear that {φ−1
C ([µCy]X) | µ ∈ πȷ, y ∈ µW∩wµX}

and {φ−1
D ([µDwµyw0 ]

′
Xw0

) | µ ∈ πȷ, y ∈ µW ∩ Xw0} form bases which are dual to each
other with respect to (·, ·)1. This proves the proposition. □

Recall that the set {(µ, y) | µ ∈ πȷ, y ∈ µW ∩ wµX} is identical to B(λ). For each
b ∈ B(λ), set

Gȷ
low(b) := φ−1

C ([µCy]X), Gȷ
up(b) := φ−1

D ([µDwµyw0 ]
′
Xw0

),

where (µ, y) is the pair corresponding to b. Then, Gȷ
low(λ) := {G

ȷ
low(b) | b ∈ B(λ)} and

Gȷ
up(λ) := {Gȷ

up(b) | b ∈ B(λ)} are bases of L(λ).

Definition 14.2.5. Let λ ∈ P ȷ(d), and vλ ∈ L(λ) be a highest weight vector. Define a
bilinear form (·, ·)2 on L(λ), and a ψȷ-involution ψȷ

λ on L(λ) by

(vλ, vλ)2 = 1, (xm, n)2 = (m, ϱ(x)n)2 for all x ∈ Uȷ, m, n ∈ L(λ),
ψȷ
λ(vλ) = vλ.

Let (L(λ),B(λ)) be the unique ȷ-crystal basis of L(λ) such that vλ + qL(λ) ∈ B(λ).

Theorem 14.2.6. Let λ ∈ P ȷ(d). Then, the following hold.

(1) ψȷ
λ(G

ȷ
low(b)) = Gȷ

low(b) for all b ∈ B(λ).
(2) ψȷ

λ(G
ȷ
up(b)) = Gȷ

up(b) for all b ∈ B(λ).
(3) Gȷ

low(λ) and G
ȷ
up(λ) are dual bases with respect to (·, ·)1.

(4) L(λ) = {m ∈ L(λ) | (m,m)2 ∈ A0}. Consequently, (·, ·)2 induces the bilinear
form (·, ·)0 on L(λ)/qL(λ) defined by (m+qL(λ), n+qL(λ))0 := limq→0(limp→0(m,n)2).

(5) {Gȷ
low(b) | b ∈ B(λ)} forms an almost orthonormal basis with respect to (·, ·)2, i.e.,

we have (Gȷ
low(b), G

ȷ
low(b

′))2 ∈ δb,b′ + qA0 for all b, b′ ∈ B(λ).
(6) (b, b′)0 = δb,b′ for all b, b′ ∈ B(λ).
(7) Let L(λ)A be the A-span of Gȷ

low(λ). Then, (L(λ), L(λ)A, ψ
ȷ
λ(L(λ))) is balanced.

Moreover, the global basis associated to B(λ) is {Gȷ
low(b) | b ∈ B(λ)}. In particular,

L(λ) has a global ȷ-crystal basis.
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Proof. Items (1) and (2) are obvious from the definition of Gȷ
low(b) and G

ȷ
up(b). Item (3)

follows from the proof of Proposition 14.2.4.
To prove the rest, observe that L(λ) is realized as a subquotient of V⊗d by using

Kazhdan-Lusztig basis elements. To be precise, let X ∈ P ȷ be such that L(λ) ≃ CL
X(π

ȷ)
and x ∈ X. Then,

CL
X(π

ȷ) =
SpanQ(p,q){λCw | λ ∈ πȷ, w ∈ λW, wλw ≤L x}
SpanQ(p,q){µCy | µ ∈ πȷ, y ∈ µW, wµy <L x}

.

Then, items (4)-(6) follows from the definition of the Kazhdan-Lusztig basis, and the
bilinear form (·, ·) on V⊗d constructed in Proposition 14.2.2. To prove item (7), it suffices
to show that L(λ)A is a Uȷ

A-module. It follows from the fact that the A-submodule of
V⊗d spanned by the Kazhdan-Lusztig basis is a UA-module, and that Uȷ

A ⊂ UA. □

15. Basic properties of global crystal bases

In this section, we study ȷ-crystal bases mainly for U-modules. In Subsection 15.1, we
state basis properties of global ȷ-crystal bases arising as ȷ-canonical bases of U-modules.
In Subsection 15.2, we prove some general facts concerning global ȷ-crystal bases, and
state the main result of this section; its proof is given in the next section. In Subsection
15.3, we define two families of operators on Uȷ-modules, which give an intrinsic meaning
of Kashiwara operators for ȷ-crystal bases.

15.1. ȷ-canonical bases. For partitions µ ⊂ λ, define the skew partition λ/µ in a usual
way. For bipartitions µ ⊂ λ, define the skew bipartition λ/µ to be (λ−/µ−;λ+/µ+). A
skew partition λ/µ is said to be a horizontal strip if each column of λ/µ contains at most
one box. We say that λ/µ is a horizontal strip if λ±/µ± are.
For λ ∈ Bip(r+1,r), we refer the i-th row of λ− to as the −(i− 1)-th row of λ, and the

j-th row of λ+ to as the j-th row of λ. Also, for i, set λi to be the length of the i-th row
of λ, i.e.,

λi :=

{
λ−

−i+1 if i ≤ 0,

λ+
i if i > 0.

For i ∈ Iȷ, set λ ↓i:= (λ0,λ−1, . . . ,λ−i;λ1, . . . ,λi) ∈ Bipi+1,i. For T ∈ SST(r+1,r)(λ)
and i ∈ Iȷ, set T ↓i to be the semistandard tableau obtained from T by deleting the boxes
whose entries are less than −i or greater than i. Note that we have

Tλ ↓i= Tλ↓i .

For T ∈ SST(r+1,r)(λ) and i ∈ [−r, r], set T(i) to be the number of boxes of T whose
entries are i.

Let M ∈ Oint be a U-module with a crystal basis (L,B). Then, we have a unique

irreducible decomposition B =
⊔l

i=1 Bi, where Bi ≃ B(λi) for some λi ∈ Par2r+1. By
retaking λi’s if necessary, we may assume that |λi| − |λj| < 2r + 1 for all i, j, and that
there exists i such that (λi)2r+1 = 0. Then, λ’s are uniquely determined; we set P (M) =
Pr(M) := {λ1, . . . , λl}. For b ∈ B, we define I(b) = Ir(b) ∈ P (M) to be λi if b ∈
Bi. Also, set C(b) = Cr(b) ⊂ B denote the connected component of B containing b.

Furthermore, if we write b = F̃i1 · · · F̃ilb0 for some i1, . . . , il ∈ I, where b0 denotes the

highest weight vector in C(b), then define Tb ∈ SST(r+1,r)(I(b)) by Tb := F̃i1 · · · F̃ilT0,
where T0 ∈ SST(r+1,r)(I(b)) corresponding to b0 ∈ C(b) ∈ B(I(b)).
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For M ∈ Oȷ
int with a ȷ-crystal basis (L,B) and b ∈ B, we define P ȷ(M), Iȷ(b), Cȷ(b),

and T ȷ
b in a similar way.

Let M ∈ Oint be a based U-module with a crystal basis (L,B), a global crystal basis
G(B), a ψ-involution ψM , and a balanced triple (L,MA, ψM(L)). Set ψȷ

M := Υ ◦ ψM . We
denote by Gȷ(B) the associated ȷ-canonical basis. Recall that ψȷ

M is a ψȷ-involution on
M , and (L,MA, ψ

ȷ
M(L)) is a balanced triple with the associated global basis Gȷ(B).

Lemma 15.1.1. Let b ∈ B. Let us write as

Gȷ(b) = G(b) +
∑
b′∈B

wtȷ(b′)=wtȷ(b) and wt(b′)<wt(b)

cb′,bG(b
′)

for some cb′,b ∈ qA0 ∩A. Then, we have cb′,b = 0 unless

Iȷ(b) ⊴ Iȷ(b′) or |Iȷ(b′)−| < |Iȷ(b)−|.(15)

Proof. By the construction of Gȷ(b), it suffices to show that ψȷ
M(G(b)) is a linear combi-

nation of G(b′) with b′ satisfying (15). Since ψȷ
M(G(b)) = ΥG(b) ∈ U−G(b), it suffices to

show that for each l ∈ Z≥0 and i1, . . . , il ∈ I, we have

Fil · · ·Fi1G(b) ∈ SpanQ(p,q){G(b′) | b′ satisfies condition (15)}.
We prove it by induction on l. When l = 0, there are nothing to prove. So, assume
that l > 0 and that Fil−1

· · ·Fi1G(b) ∈ SpanQ(p,q){G(b′) | b′ satisfies condition (15)} for all
i1, . . . , il−1 ∈ I. If il ̸= 1, then, by Proposition 3.5.6, we have

FilG(b
′) ∈ SpanQ(p,q){G(b′′) | Iȷ(b′) ⊴ Iȷ(b′′)}

for all b′ satisfying condition (15). Since |Iȷ(b′′)−| = |Iȷ(b′)−| for all b′′ with Iȷ(b′) ⊴ Iȷ(b′′),
b′′ satisfies condition (15).

If il = 1, then wt(FilG(b
′)) = wt(G(b′))−α1. This immediately implies that FilG(b

′) ∈
SpanQ(p,q){G(b′′) | |Iȷ(b′′)−| < |Iȷ(b′)−|}. Therefore, Fil · · ·Fi1G(b) is a linear combination

of G(b′) with |Iȷ(b′)−| < |Iȷ(b)−|. Thus, the proof completes. □
Proposition 15.1.2. Let b ∈ B and i ∈ Iȷ \ {1}. Then, we have

eiG
ȷ(b) = [φi(b) + 1]Gȷ(Ẽib) +

∑
b′∈B\{Ẽib}

wtȷ(b′)=wtȷ(b)+γi and wt(b′)≤wt(b)+αi

e
(i)
b′,bG

ȷ(b′),

fiG
ȷ(b) = [φ−i(b) + 1]Gȷ(Ẽ−ib) +

∑
b′∈B\{Ẽ−ib}

wtȷ(b′)=wtȷ(b)−γi and wt(b′)≤wt(b)+α−i

f
(i)
b′,bG

ȷ(b′)

for some e
(i)
b′,b, f

(i)
b′,b ∈ A. Moreover, e

(i)
b′,b = f

(i)
b′,b = 0 unless Iȷ(b) ⊴ Iȷ(b′) or |Iȷ(b′)−| <

|Iȷ(b)−|.

Proof. We prove the assertion only for ei; the proof for fi is similar. By Lemma 15.1.1,
we can write

Gȷ(b) = G(b) +
∑

b′∈B\{b}

cb′,bG(b
′)

for some cb′,b ∈ A such that cb′,b = 0 unless Iȷ(b) ⊴ Iȷ(b′) or |Iȷ(b′)−| < |Iȷ(b)−|. Since
ei ∈ Uq(l), it holds that

eiG
ȷ(b) ∈ SpanA{G(b′′) | Iȷ(b) ⊴ Iȷ(b′) or |Iȷ(b′)−| < |Iȷ(b)−|}.
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Hence, it suffices to show that [eiG
ȷ(b) : Gȷ(Ẽib)] = [φi(b) + 1]. By the definitions of ei

and Gȷ(b), eiG
ȷ(b) is the sum of EiG(b) and a linear combination of weight vectors of

M of weight lower than wt(b) + αi. We know from Proposition 3.5.5 (4) that [EiG
ȷ(b) :

G(Ẽib)] = [φi(b) + 1]. Hence, we have [eiG
ȷ(b) : Gȷ(Ẽib)] = [φi(b) + 1]. This proves the

assertion. □
15.2. Global ȷ-crystal bases. Let M ∈ Oȷ

int, (L,B) a ȷ-crystal basis of M , ψȷ
M a ψȷ-

involution, and MA a Uȷ
A-submodule of M . Suppose that M has a ȷ-global basis Gȷ(B)

with the associated balanced triple (L,MA, ψ
ȷ
M(L)).

Following [K02], let us introduce modified Kashiwara operators:

Definition 15.2.1. For n ∈ Z, set

f̃
(n)
i :=

∑
t≥0,−n

f
(n+t)
i e

(t)
i An(t; ki),

f̃
(n)
1 :=

∑
t≥0,−n

f
(n+t)
1 e

(t)
1 an(t; k1),

where

An(t;x) := (−1)tqt(1−n)xt
t−1∏
s=0

(1− qn+2s),

an(t;x) := (−1)tptqt(1−n)xt
t−1∏
s=0

qs(1− qn+2s).

Lemma 15.2.2. Let M ∈ Oȷ
int with the ȷ-crystal basis (L,B). For n ∈ Z, we have

f̃
(n)
i L ⊂ L, and f̃

(n)
i L = f̃n

i L modulo qL.

Proof. If i ̸= 1, then the statement follows from [K02, Proposition 6.1]. Hence, we prove
the case when i = 1. It suffices to prove the following: For each u ∈ L such that e1u = 0,

k1u = qau, e1f1u = [b]{a− b− 1}u with a ∈ Z and b ∈ Z≥0, we have f̃
(n)
1 f

(m)
1 u = cf

(m+n)
1

for some c ∈ 1 + qA0 ∩A. First of all, we have

f̃
(n)
1 f

(m)
1 u =

∑
t≥0,−n

an(t; q
a−3m)

[
m+ n

m− t

][
b−m+ t

t

] t−1∏
s=0

{a− b−m+ s}f (m+n)
1 u.

We compute the coefficient, say A, of the right-hand side as follows.

A =
∑

t≥0,−n

An(t; q
b−2m)

[
m+ n

m− t

][
b−m+ t

t

] t−1∏
s=0

(1 + p2q2(a−b−m+s))

=
∑

t≥0,−n

Bt + p2
∑

t≥0,−n

Btgt,

whereBt := An(t; q
b−2m)

[
m+n
m−t

][
b−m+t

t

]
, and gt ∈ Z[p, q, q−1] with

∏t−1
s=0(1+p

2q2(a−b−m+s)) =

1 + p2gt. By the proof of [K02, Proposition 6.1], we have Bt ∈ 1 + qZ[q]. Also,

it is clear that p2
∑

t≥0,−nBtgt ∈ p2Z[p, q, q−1]. Thus, we have f̃
(n)
1 f

(m)
1 u ∈ L and

f̃
(n)
1 f

(m)
1 u = f

(m+n)
1 u = f̃n

1 f
(m)
1 u modulo qL. This proves the lemma. □

Proposition 15.2.3. Let i ∈ Iȷ, b ∈ B and m ∈ Z≥0. Then, we have the following.

(1)
∑

n≥m f
(n)
i MA =

⊕
b′∈B

εi(b
′)≥m

AGȷ(b′).
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(2)
∑

n≥m e
(n)
i MA =

⊕
b′∈B

φi(b
′)≥m

AGȷ(b′) if i ̸= 1.

(3) fiG
ȷ(b) = [εi(b)+1]Gȷ(f̃ib)+

∑
b′∈B

εi(b
′)>εi(b)+1

φ
(i)
b′,bG

ȷ(b′) for some φ
(i)
b′,b ∈ q2−εi(b

′)Q[q].

(4) eiG
ȷ(b) = [φi(b)+1]Gȷ(ẽib)+

∑
b′∈B

φi(b
′)>φi(b)+1

ε
(i)
b′,bG

ȷ(b′) for some ε
(i)
b′,b ∈ q2−φi(b

′)Q[q]

if i ̸= 1.

Proof. Since (ei, ki, fi), i ̸= 1 forms an sl2-triple, most of the assertions follows from
Proposition 3.5.5. What we have to prove are assertions (1) and (3) for i = 1. First, we
prove part (1) by induction on m. When m = 0, the both sides of the equation to be
proved are 0. Assume that assertion (1) holds for all m′ > m. Let b′ ∈ B be such that

ε1(b
′) = m. Set b′0 := ẽm1 b, and consider u := f̃

(m)
1 Gȷ(b′0). By the definition of f̃

(m)
1 and

Lemma 15.2.2, we have

u− f (m)
1 Gȷ(b′0) ∈

∑
n>m

f
(n)
1 MA and u+ qL = b′.

By our inductive hypothesis, we can write

u− f (m)
1 Gȷ(b′0) =

∑
b′′∈B

ε1(b′′)>m

ab′′G
ȷ(b′′)

for some ab′′ ∈ A. Then, we can take a′b′′ ∈ qQ[q] in a way such that ab′′−ab′′ = a′b′′−a′b′′′ .
Set v := u −

∑
b′′ a

′
b′′G

ȷ(b′′) = f
(m)
1 Gȷ(b′0) +

∑
b′′(ab′′′ − a′b′′)G

ȷ(b′′). Then, we have v ∈
MA ∩ L, ψȷ

M(v) = v, and v + qL = u + qL = b′. These implies that v = Gȷ(b′), and

therefore, Gȷ(b′) ∈
∑

n≥m f
(n)
1 MA. Hence, we obtain

∑
n≥m f

(n)
i MA ⊃

⊕
b′∈B

εi(b
′)≥m

AGȷ(b′).

We prove the opposite inclusion. For each λ ∈ Λȷ, we have

(MA)λ ⊂
∑
b∈Bλ

AGȷ(b)

=
∑
b∈Bλ

ε1(b)=0

AGȷ(b) +
∑
b′∈Bλ

ε1(b′)≥1

AGȷ(b′)

⊂
∑
b∈Bλ

ε1(b)=0

AGȷ(b) +
∑
n≥1

f
(n)
1 (MA)λ+nγ1 .

Hence, we obtain

f
(m)
1 (MA)λ ⊂

∑
b∈Bλ

ε1(b)=0

Af
(m)
1 Gȷ(b) +

∑
n≥1

f
(m)
1 f

(n)
1 (MA)λ+nγ1

⊂
∑
b∈Bλ

ε1(b)=0

Af
(m)
1 Gȷ(b) +

∑
n≥1

f
(m+n)
1 (MA)λ+nγ1

=
∑
b∈Bλ

ε1(b)=0

Af
(m)
1 Gȷ(b) +

∑
b′∈Bλ

ε1(b′)>m

AGȷ(b′) (by induction hypothesis).

Also, by the argument above, f
(m)
1 Gȷ(b) with ε1(b) = 0 is contained in

∑
ε(b′)≥m AGȷ(b′).

This completes the proof of part (1).
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Next, we turn to prove assertion (3) for i = 1 by descending induction on m := ε1(b).
When m is maximum among {ε1(b′) | b′ ∈ B}, we have by (1) that

f1G
ȷ(b) ∈

∑
n>m

f
(n)
1 MA =

∑
ε1(b′)>m

AGȷ(b′) = 0,

and the equation in (3) holds. Assume that (3) is true for all m′ > m. As in the proof of
(1), let us write

Gȷ(b) = f
(m)
1 Gȷ(ẽm1 b) +

∑
b′∈B

ε1(b′)>m

cb′G
ȷ(b′),

Gȷ(f̃1b) = f
(m+1)
1 Gȷ(ẽm1 b) +

∑
b′′∈B

ε1(b′′)>m+1

db′′G
ȷ(b′′)

for some cb′ , db′′ ∈ A. Then, we have

f1G
ȷ(b) = [m+ 1]f

(m+1)
1 Gȷ(ẽm1 b) +

∑
ε1(b′)>m

cb′f1G
ȷ(b′)

= [m+ 1]f
(m+1)
1 Gȷ(ẽm1 b) +

∑
ε1(b′)>m

cb′([ε1(b
′) + 1]Gȷ(f̃1b

′) +
∑

ε1(b′′)>ε1(b′)+1

φ
(1)
b′′,b′G

ȷ(b′′))

= [m+ 1]Gȷ(f̃1b) +
∑

ε1(b′)>m

cb′([ε1(b
′) + 1]Gȷ(f̃1b

′) +
∑

ε1(b′′)>ε1(b′)+1

φ
(1)
b′′,b′G

ȷ(b′′))

−
∑
b′′∈B

ε1(b′′)>m+1

[m+ 1]db′′G
ȷ(b′′).

Thus, we obtain that fiG
ȷ(b) = [εi(b) + 1]Gȷ(f̃ib) +

∑
b′∈B

εi(b
′)>εi(b)+1

φ
(i)
b′,bG

ȷ(b′) for some

φ
(i)
b′,b ∈ A. It remains to prove that φ

(i)
b′,b ∈ q2−ε1(b′)Q[q]. Let us write

Gȷ(b) =
∑
k≥m

f
(k)
1 uk

for some uk ∈ Lwtȷ(b)+kγ1 such that e1uk = 0. Note that Gȷ(b) + qL = um + qL. Then, we
have

f1G
ȷ(b) = [m+ 1]f

(m+1)
1 um +

∑
k>m

[k + 1]f
(k+1)
1 uk,

and that f
(m+1)
1 um ∈ L, f (m+1)

1 um+ qL = f̃1b. Hence, we have f1G
ȷ(b) = [m+1]Gȷ(f̃1b)+∑

k>m[k+1]f
(k+1)
1 uk modulo q2−mL. Then, rewriting f (k+1)

1 uk as a sum of Gȷ(b′), ε1(b
′) ≤

k + 1 with coefficients in qA0, we conclude that the coefficient of Gȷ(b′) in f1G
ȷ(b) lies in

q2−ε1(b′)A0 ∩A = q2−ε1(b′)Q[q]. This completes the proof. □
For a bipartition λ ∈ P ȷ(M), define Iλ(M), W⪰λ(M), W≻λ(M), and Wλ(M) in a

similar way as Iλ, W⪰λ, W≻λ, and Wλ, respectively.

Definition 15.2.4. We say that M has the property (∗) if there exists a poset (S,≤)
and a map s : B → S satisfying the following:

(1) The abelian group Q :=
∑

i∈I Zαi acts on S freely; the action is written additively.
(2) σ ≤ σ + λ for all λ ∈ Q+, σ ∈ S.
(3) σ + λ ≤ σ′ + λ for all λ ∈ Q, σ ≤ σ′ ∈ S.
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(4) s(b) = s(b′) only if wt(b) = wt(b′) for all b, b′ ∈ B.
(5) For b ∈ B and i ∈ Iȷ \ {1}, s(Ẽib) = s(b) + αi if Ẽib ̸= 0.
(6) For i ∈ Iȷ \ {1},

eiG
ȷ(b) = [φi(b) + 1]Gȷ(Ẽib) +

∑
b′∈B\{Ẽib}

wtȷ(b′)=wtȷ(b)+γi and s(b′)≤s(b)+αi

e
(i)
b′,bG

ȷ(b′),

fiG
ȷ(b) = [φ−i(b) + 1]Gȷ(Ẽ−ib) +

∑
b′∈B\{Ẽ−ib}

wtȷ(b′)=wtȷ(b)−γi and s(b′)≤s(b)+α−i

f
(i)
b′,bG

ȷ(b′)

for some e
(i)
b′,b, f

(i)
b′,b ∈ A.

Lemma 15.2.5. Let M ∈ Oȷ
int, and L,B, ψ

ȷ
M ,MA as above.

(1) If r = 1, then M has the property (∗).
(2) If M ∈ Oint and the global ȷ-crystal basis is the ȷ-canonical basis, then M has the

property (∗).

Proof. Setting S and s to be Λ and wt, respectively, part (1) is obvious, and part (2)
follows from Proposition 15.1.2. □

The main result in this paper is the following:

Theorem 15.2.6. Suppose that M has the property (∗). Then, for each λ ∈ P ȷ(M), the
following hold:

(1) W⪰λ(M) has a global ȷ-crystal basis W⪰λ(G
ȷ(B)) := {Gȷ(b) | I(b) ⪰ λ} with the

associated balanced triple (W⪰λ(L),W⪰λ(MA),W⪰λ(ψ
ȷ
M(L))), where W⪰λ(L) :=

W⪰λ(M) ∩ L, and so on.
(2) W≻λ(M) has a global ȷ-crystal basis W≻λ(G

ȷ(B)) := {Gȷ(b) | I(b) ≻ λ} with the
associated balanced triple (W≻λ(L),W≻λ(MA),W≻λ(ψ

ȷ
M(L))), where W≻λ(L) :=

W≻λ(M) ∩ L, and so on.
(3) Wλ(M) has a global ȷ-crystal basis Wλ(G

ȷ(B)) := {Gȷ(b) +W≻λ(M) | I(b) = λ}
with the associated balanced triple (Wλ(L),Wλ(MA),Wλ(ψ

ȷ
M(L))), whereWλ(L) :=

W⪰λ(L)/W≻λ(L), and so on.
(4) There exists a Uȷ-module isomorphism ξ : L(λ)⊕mλ → Wλ(M) which induces an

isomorphism

(L(λ)⊕mλ , (L(λ)A)
⊕mλ , ψȷ

λ(L(λ))
⊕mλ) ≃ (Wλ(L),Wλ(MA),Wλ(ψ

ȷ
M(L))),

where mλ := dimHomUȷ(L(λ),M) denotes the multiplicity of L(λ) in M .

The proof will be given in Section 16.

Corollary 15.2.7. Let λ ∈ P ȷ. Then, Gȷ
low(λ) is a unique global ȷ-crystal basis of L(λ)

satisfying the property (∗).

15.3. Operators ẽi+ and f̃i+. The definitions of ẽi′ and f̃i′ are artificial, namely, they
are defined by means of a distinguished basis Gȷ

low(λ), λ ∈ P ȷ (in Subsection 13.3, it is

denoted by {bT | T ∈ B(λ)}). Here, we define new operators ẽi+ and f̃i+ for i ∈ Iȷ \ {1},
and then, explain that the operators ẽi′ and f̃i′ on ȷ-crystal bases are in fact intrinsic.

Lemma 15.3.1. Let r ≥ 2, λ ∈ P ȷ, and consider the irreducible highest weight module
L(λ). As a Uȷ

r−1-module, L(λ) is multiplicity-free.
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Proof. Let b ∈ B(λ) be a Uȷ
r−1-highest weight vector with highest weight, say, µ ∈ P ȷ

r−1.
If we identify B(λ) with SST(λ), we have T ȷ

b ↓r−1= Tµ. Since the entries of the boxes of
T ȷ
b′ corresponding to λ/µ are either −r or r, it must hold that λ/µ is a horizontal strip.

Conversely, given µ ∈ P ȷ
r−1 such that λ/µ is a horizontal strip, there exists a unique

b ∈ B(λ) which is a Uȷ
r−1-highest weight vector with highest weight µ. This proves the

lemma. □

Lemma 15.3.2. Let r ≥ 2, λ ∈ P ȷ. Let b ∈ B(λ) be such that ẽr′b ̸= 0. Then, there
exist unique b′ ∈ B(λ) and j ∈ Iȷ \ {1} satisfying the following:

• b′ is a Uȷ
r−1-highest weight vector.

• There exist unique εi ∈ {∅, ′} for each j ≤ i ≤ r−1 such that b = f̃r′ f̃(r−1)εr−1 · · · f̃jεj b′.

Proof. By the definition of ẽr′ , b is a Uȷ
r−1-highest weight vector with highest weight, say,

µ ∈ P ȷ
r−1 such that (T ȷ

b )
− = T−

λ . Then, T ȷ
ẽr′b
↓r−1 is obtained from Tµ by adding a box

r − 1 to the (j − 1)-th row for some uniquely determined j ∈ Iȷ \ {1}. Set br−1 := ẽr′b.
Now, we have exactly one of the following; ẽr−1br−1 ̸= 0 or ẽ(r−1)′br−1 ̸= 0. Choose a
unique εr−1 ∈ {∅, ′} in a way such that br−2 := ẽ(r−1)εr−1 br−1 ̸= 0. Then, T ȷ

br−2
↓r−1 is

obtained from Tµ by adding a box r − 2 to the (j−1)-th row. Repeating this procedure,
we obtain εi ∈ {∅, ′} and bi−1 ∈ B(λ) for j ≤ i ≤ r− 1. By the construction, T ȷ

bj−1
↓r−1 is

obtained from Tµ by adding a box j − 1 to the (j − 1)-th row, which turned out to be

Tµ′ , where µ′ ∈ P ȷ
r−1 such that µ′

k = µk + δk,j−1, k ∈ {−(r − 1), . . . , r − 1}. Hence, bj−1

is a Uȷ
r−1-highest weight vector, and we have b = f̃r′ f̃(r−1)εr−1 · · · f̃jεj bj−1. This proves the

assertion. □

Set Er(λ) := {µ ∈ P ȷ
r−1 | µ− = λ− ↓r−1 and λ+/µ+ is a horizontal strip}. Then, the

assignment

{b ∈ B(λ) | ẽr′b ̸= 0} → Er(λ); b 7→ Iȷr−1(b)

is bijective. To each µ ∈ Er(λ), we associate b, b′ ∈ B(λ), j ∈ Iȷ \ {1}, and εi ∈ {∅, ′},
j ≤ i ≤ r − 1 as in Lemma 15.3.2.

Let r ≥ 2. We define operators ẽl+ and f̃l+ on every Uȷ-modules in Oȷ
int inductively for

all 2 ≤ l < r. Let λ ∈ P ȷ. We define the linear operator ẽr+ on L(λ) by

ẽr+ :=
⊕

µ∈Er(λ)

p2(µ) ◦
1

[φr(bµ) + 1]
er ◦ p1(µ),

where bµ ∈ B(λ) is the corresponding element to µ ∈ Er(λ), p1(µ) is the projection from
L(λ) to the one-dimensional subspace L(µ)wtȷ(µ);

L(µ)wtȷ(µ) ⊂ L(µ) ↪→
multiplicity free

L(λ),

and p2(µ) is the projection from L(λ) to the one-dimensional subspace f̃(r−1)δr−1 · · · f̃jδjL(µ
′)wtȷ(µ′);

f̃(r−1)δr−1 · · · f̃jδjL(µ
′)wtȷ(µ′) ⊂ L(µ′) ↪→

multiplicity free
L(λ),

where δl = ∅ if εl = ∅, and δl = + if εl = ′ for l = j, . . . , r − 1. Also, we define f̃r+ by

f̃r+ =
⊕

µ∈Er(λ)

ẽ−1
r+ ◦ p2(µ),
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where ẽ−1
r+ is the inverse of the linear isomorphism ẽr+ : L(µ)wtȷ(µ) → f̃(r−1)δr−1 · · · f̃jδjL(µ

′)wtȷ(µ′).

Finally, we extend the definitions of ẽr+ and f̃r+ to a general Uȷ-module M ∈ Oȷ
int by the

complete reducibility of M .

Proposition 15.3.3. Let λ ∈ P ȷ and v ∈ L(λ) a highest weight vector. Then, we have

L(λ) = SpanA0
{f̃i1 · · · f̃i,lv | l ∈ Z≥0, i1, . . . , il ∈ Iȷ ⊔ {2+, . . . , r+}},

B(λ) = {f̃i1 · · · f̃i,lv + qL(λ) | l ∈ Z≥0, i1, . . . , il ∈ Iȷ ⊔ {2+, . . . , r+}} \ {0}.

Moreover, on B(λ), we have ẽi′ = ẽi+ and f̃i′ = f̃i+ for all i ∈ Iȷ \ {1}.

Proof. We proceed by induction on r. Assume that the assertion holds for all 2 ≤ l < r
(we assume nothing when r = 2). Let µ ∈ Er(λ) and bµ, b

′, µ′ be as above. By the
uniqueness of the ȷ-crystal bases for Uȷ

r−1-modules, there exists a unique vµ ∈ L(λ) such
that Uȷ

r−1vµ = L(µ), vµ + qL(λ) = bµ. Then, we can write

vµ = Gȷ
low(bµ) +

∑
b′∈B(λ)\{bµ}

ab′G
ȷ
low(b

′)

for some ab′ ∈ qA0. Note that this equation implies that ẽr′(vµ) ∈ Gȷ
low(ẽr′bµ) + qL(λ).

Also, we have

1

[φr(bµ) + 1]
ervµ = Gȷ

low(ẽr′bµ) +
∑

b′∈B(λ)

cb′G
ȷ
low(b

′) (since ẽr′bµ = Ẽrbµ.)

for some cb′ ∈ A. Again, by the complete reducibility of the Uȷ
r−1-crystal bases, there

exists a unique vµ′ ∈ L(λ) such that Uȷ
r−1vµ′ = L(µ′), vµ′ +qL(λ) = b′. By our induction

hypothesis, we have u := f̃(r−1)δr−1 · · · f̃jδj (vµ′) ∈ L(λ) ∩Uȷ
r−1vµ′ and u + qL(λ) = ẽr′bµ.

Then, we can write

u = Gȷ
low(ẽr′bµ) +

∑
b′∈B(λ)

db′G
ȷ
low(b

′)

for some db′ ∈ qA0. Hence, we have

ẽr+(vµ) ∈ Gȷ
low(ẽr′bµ) + qL(λ).

Since we took µ ∈ Er(λ) arbitrarily, this equation ensures that ẽr+ preserves L(λ) and
B(λ) ⊔ {0}, and that ẽr+ = ẽr′ on B(λ). By the definition of f̃r+ , it also preserves L(λ)
and B(λ) ⊔ {0}, and coincides with f̃r′ on B(λ). Now, the assertions are clear by the
definition of (L(λ),B(λ)). □

Corollary 15.3.4. Let M ∈ Oȷ
int be a Uȷ-module with a ȷ-crystal basis (L,B). Then

ẽi′ = ẽi+ and f̃i′ = f̃i+ on B for all i ∈ Iȷ \ {1}.

16. Proof of Theorem 15.2.6

The aim of this section is to complete the proof of Theorem 15.2.6. We first give a
proof for the r = 1 case in Subsection 16.1, and then, for a general r in Subsection 16.2.

For a Uȷ-module M with a global ȷ-crystal basis Gȷ(B), and for m ∈ M , b ∈ B, let
[m : Gȷ(b)] denote the coefficient of Gȷ(b) in m.

16.1. The case r = 1. In this subsection, we prove Theorem 15.2.6 for r = 1.
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Proof of Theorem 15.2.6. We proceed by descending induction on λ with respect to ⪯.
Assume that the statement holds for all λ′ ≻ λ. Replacing M with M/W≻λ(M), we may
assume that λ is maximal among P ȷ(M). Let b1, . . . , bmλ

∈ B and u1, . . . , umλ
∈ L be

distinct highest weight vectors of type λ with ui + qL = bi, i = 1, . . . ,mλ. By retaking
the ui’s if necessary, we may assume that [ui : G

ȷ(bj)] = δi,j for all i, j. Fix i arbitrarily,
and set b := bi, u := ui. Then, we can write

u = Gȷ(b) +
∑
b′

Iȷ(b′ )̸⪰λ

cb′G
ȷ(b′), cb′ ∈ qA0.

We first prove that cb′ = 0 for all b′ with ε1(b
′) = 0. Assume contrary, and take b′ ∈ B\{b}

such that cb′ ̸= 0, ε1(b
′) = 0, and φ1(b

′) is minimal among {φ1(b
′′) | cb′′ ̸= 0, ε1(b

′′) = 0}.
Set µ := Iȷ(b′). Then, we have wtȷ(µ) = wtȷ(λ), in particular, µ0 = λ0. Since µ ̸⪰ λ, we
have φ1(b

′) = µ0 − µ−1 > λ0 − λ−1 = φ1(b). Hence, we have

−f (φ1(b)+1)
1 Gȷ(b) = cb′

(
Gȷ(f̃

φ1(b)+1
1 b′) +

∑
b′′

ε1(b′′)>φ1(b)+1

db′′,b′G
ȷ(b′′)

)
+
∑
b′′′ ̸=b′

∑
b′′′′

ε1(b′′′′)≥ε1(b′′′)+φ1(b)+1

db′′′′,b′′′G
ȷ(b′′′′),

for some db1,b2 ∈ A. By our assumption, the coefficient of Gȷ(f̃
φ1(b)+1
1 b′) in the right-hand

side is equal to cb′ . On the other hand, the left-hand side is fixed by ψȷ
M , and it belongs

to MA. Therefore, we have cb′ ∈ qA0 ∩A and cb′ = cb′ , which implies cb′ = 0.
Next, we prove that cb′ = 0 for all b′ with ε1(b

′) > 0. Assume contrary that cb′ ̸= 0
for some such b′. Set µ := Iȷ(b′). Since λ is maximal, we have µ0 + µ−1 < λ0 + λ−1.
Substituting µ0 = λ0 + ε1(b

′), µ−1 = λ0 − φ1(b
′), and λ0 − λ−1 = φ1(b), we obtain

φ1(b
′) > φ1(b) + ε1(b

′). We may assume that (ε1(b
′), φ1(b

′)) is minimal (with respect to
the lexigographical order) among such b′’s. Then, for all t = 1, . . . , ε1(b

′) + 1, we have

−f (φ1(b)+t)
1 Gȷ(b) = cb′

[
ε1(b

′) + φ1(b) + t

ε1(b′)

]
Gȷ(f̃

φ1(b)+t
1 b′) + (other terms).

This implies that cb′ ∈ qA0, cb′ = cb′ , and cb′
[
ε1(b′)+φ1(b)+t

ε1(b′)

]
∈ A for all t = 1, . . . , ε1(b

′)+1.

Now, it suffices to show that cb′ ∈ A, which follows from next lemma.
This far, we have proved that Gȷ(b) = u, and hence, we have e1G

ȷ(b) = 0 andUȷ
1G

ȷ(b) ≃
L(λ). Then, for all n = 1, . . . ,λ0 − λ−1, we have

f
(n)
1 Gȷ(b) = f

(n)
1 u = f̃n

1 u.

The left-hand side belongs to MA, while the right-hand side belongs to L. Moreover, we

have ψȷ
M(f

(n)
1 Gȷ(b)) = f

(n)
1 Gȷ(b), and f̃n

1 u + qL = f̃n
1 b. This implies that f

(n)
1 Gȷ(b) =

Gȷ(f̃n
1 b). Thus, the proof completes. □

Lemma 16.1.1. Let A ∈ Q(p, q), m ≥ n ∈ Z≥0. Suppose that A
[
m+t
n

]
∈ A for all

t = 1, . . . , n+ 1. Then, we have A ∈ A.

Proof. Let us write A = B/C for some B,C ∈ A0∩A that are coprime. By the hypothesis,
C is a common devisor of

[
m+t
n

]
, t = 1, . . . , n+1. Hence, it suffices to show that the greatest

common divisor of them in Z[q] is equal to 1. This is equivalent to say that the greatest
common divisor of at := [m+ t][m+ t− 1] · · · [m+ t− n+ 1], t = 1, . . . , n+ 1 is equal to
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[n]!. Since [l] = q−l
∏

1̸=d|l Φd, where Φd = Φd(q
2) denotes the d-th cyclotomic polynomial

in variable q2, we have

bt := qn(m+t)−n(n−1)
2 at =

n−1∏
l=0

∏
1̸=d|(m+t−l)

Φd,

which is the irreducible decomposition of bt in Z[q2]. Then, we have

bt =
∏
d≥2

Φ
md,t

d , where md,t := |{0 ≤ l ≤ n− 1 | d|(m+ t− l)}|,

and hence,

gcd
1≤t≤n+1

(bt) =
∏
d≥2

Φ
min1≤t≤n+1(md,t)

d .

We prove that min1≤t≤n+1(md,t) = ⌊nd⌋ for all d. It is clear that md,t ≥ ⌊nd⌋ for all t since
{m + t,m + t − 1, . . . ,m + t − (⌊n

d
⌋d − 1)} contains exactly ⌊n

d
⌋ integers divisible by d.

If min1≤t≤n+1(md,t) > ⌊nd⌋, then {m+ t− ⌊n
d
⌋d,m+ t− (⌊n

d
⌋d+ 1), . . . ,m+ t− (n− 1)}

contains at least one multiple of d for all t. Then, for t = 1, there exists l1 ∈ {⌊nd⌋d, ⌊
n
d
⌋d+

1, . . . , n − 1} such that m + 1 − (⌊n
d
⌋d + l1) ∈ dZ. Set t′ := n − l1 + 1, and consider the

integers

m+ t′ − ⌊n
d
⌋d,m+ t′ − (⌊n

d
⌋d+ 1), . . . ,m+ t′ − (n− 1) = (m+ 1− l1) + 1.

These are (n − ⌊n
d
⌋d) consecutive integers with (m + 1 − l1) + 1 = 1 modulo d. Since

n−⌊n
d
⌋d < d, they have no multiples of d. Hence, we have min1≤t≤n+1(md,t) = ⌊nd⌋ for all

d ≥ 2. Thus, we obtain

gcd
1≤t≤n+1

(bt) =
∏
d≥2

Φ
⌊n
d
⌋

d =
n∏

d=2

Φ
⌊n
d
⌋

d =
n∏

l=2

∏
1̸=d′|l

Φd′

 =
n∏

l=2

[l] = [n]!.

This proves the lemma. □

16.2. The case r ≥ 2. Now, we are ready to prove Theorem 15.2.6 by induction on r.
When r = 1, we have already completed the proof. Let r ≥ 2 and assume that the

assertions hold for all r′ < r.

Lemma 16.2.1. Let λ ∈ P ȷ(M) be a maximal element, b ∈ B such that Iȷ(b) = λ and
ẽib = 0 for all i ∈ Iȷ. Suppose the following:

(1) There exists a homomorphism ξ : L(λ)→M of Uȷ-modules such that ξ(Gȷ
low(T

ȷ
b′)) =

Gȷ(b′) for all b′ ∈ Cȷ(b) which is strongly connected to some b′′ ∈ Cȷ(b) with
wtȷ(b) <ȷ wtȷ(b′′).

(2) ξ commutes with the ψȷ-involutions on L(λ) and M .
(3) [ξ(Gȷ

low(T
ȷ
b )) : G

ȷ(b)] = 1.

Then, we have

ξ(Gȷ
low(T

ȷ
b )) = Gȷ(b) +

∑
b′∈B\{b}
T ȷ

b′=T ȷ
b

cb′G
ȷ(b′) +

∑
b′′∈Cȷ(b′), cb′ ̸=0

s(b′′)<s(b′)

cb′′G
ȷ(b′′).

for some cb′ , cb′′ ∈ A0.
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Proof. SinceUȷ-module homomorphisms preserve ȷ-crystal lattices, we have ξ(Gȷ
low(T

ȷ
b )) ∈

L, and ξ(Gȷ
low(T

ȷ
b )) + qL = b. Let us write

ξ(Gȷ
low(T

ȷ
b )) = Gȷ(b) +

∑
b′∈B\{b}

cb′G
ȷ(b′)

for some cb′ ∈ qA0. Also, since ξ commutes with ψȷ-involutions, we have cb = cb, cb′ = cb′ .
We claim the following: if b′ ∈ B \ {b} satisfies

(†) cb′ ̸= 0 and s(b′) is maximal among {s(b′′) | b′′ ∈ B \ {b} and cb′′ ̸= 0},
then T ȷ

b′(−i) ≥ λ−i for all i = 0, 1, . . . , r. By the case r = 1, we have Iȷ1(b
′) ⪰ Iȷ1(b), which

implies T ȷ
b′(0) = T ȷ

b (0) = λ0, and T
ȷ
b′(−1) ≥ T ȷ

b (−1) = λ−1. We proceed by induction on
i. Assume that i ≥ 2, and that T ȷ

b′(−(i − 1)) ≥ λ−(i−1) for all b
′ satisfying (†). Suppose

that there exists b′ satisfying (†) such that T ȷ
b′(−i) < λ−i. Let b

′′ ∈ B \ {b} be such that
s(b′′) = s(b′) and φ−b′′ is minimal among such elements. Recall that s(b′′) = s(b′) implies
wt(b′′) = wt(b′), and hence, T ȷ

b′′(−i) = T ȷ
b′(−i) < λ−i. Then, we have

ε−i(b
′′) = φ−i(b

′′) + T ȷ
b′′(−(i− 1))− T ȷ

b′′(−i) > T ȷ
b′′(−(i− 1))− λ−i + φ−i(b

′′).

By the minimality of φ−i(b
′′), it holds that

[f
(t)
i

∑
b′∈B\{b}

cb′′G
ȷ(b′) : Gȷ(f̃ t

i b
′′)] = cb′

[
t

φ−i(b′′)

]
̸= 0

for all T ȷ
b′′(−(i−1))−λ−i+1 ≤ t ≤ T ȷ

b′′(−(i−1))−λ−i+φ−i(b
′′)+1. On the other hand,

f
(t)
i Gȷ

low(T
ȷ
b ) is the sum of Gȷ

low(T
ȷ

f̃ t
i b
) and an A-linear combination of Gȷ

low(T
ȷ

b̂
) such that

b̂ ∈ Cȷ(bt) is strongly connected to b′′′ ∈ Cȷ(bt) with wtȷ(b) <ȷ wtȷ(b′′′). Hence, we have

ξ(Gȷ
low(T

ȷ

f̃ t
i b
)) = f

(t)
i ξ(Gȷ

low(T
ȷ
b )) +

∑
b̂

ab̂G
ȷ(̂b)

= f
(t)
i Gȷ(b) + f

(t)
i

∑
b′∈B\{b}

cb′G
ȷ(b′) +

∑
b̂

ab̂G
ȷ(̂b)

for some ab̂ ∈ A. Here, note that we have ẽj f̃
t
i b = 0 for all j = 1, . . . , i−1, [ξ(Gȷ

low(T
ȷ

f̃ t
i b
)) :

Gȷ(f̃ t
i b)] = 1, and s(f̃ t

i b
′′) is maximal among {s(b′′′) | b′′′ ̸= f̃ t

i b and [ξ(Gȷ
low(T

ȷ

f̃ t
i b
)) :

Gȷ(b′′′)] ̸= 0}. Then, by our induction hypothesis on i, we obtain that T ȷ

f̃ t
i b

′′(−(i − 1)) ≥
T ȷ

f̃ t
i b
(−(i − 1)) = λ−i, which is a contradiction since t ≥ T ȷ

b′′(−(i − 1)) − λ−i + 1. Hence

we must have [ξ(Gȷ
low(T

ȷ

f̃ t
i b
)) : Gȷ(f̃ t

i b
′′)] = 0. Since

[ξ(Gȷ
low(T

ȷ

f̃ t
i b
)) : Gȷ(f̃ t

i b
′′)] = cb′′

[
t

φ−i(b′′)

]
+ [f

(t)
i Gȷ(b) : Gȷ(f̃ t

i b
′′)] + af̃ t

i b
′′ ,

and the second and the third term of the right-hand side lies in A, we obtain

cb′′

[
t

φ−i(b′′)

]
∈ A

for all T ȷ
b′′(−(i− 1))−λ−i+1 ≤ t ≤ T ȷ

b′′(−(i− 1))−λ−i+φ−i(b
′′)+ 1. By Lemma 16.1.1,

this implies cb′′ = 0.
This far, we have proved that if b′ ∈ B \ {b} satisfies (†), then we have T ȷ

b′(−i) ≥ λ−i

for all i ∈ {0, 1, . . . , r}. In particular, we have Iȷ(b′) = λ for such b′ (since λ is maximal
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in P ȷ(M)). In this case, the condition T ȷ
b′(−i) ≥ λ−i for all i forces b′ to satisfy that

T ȷ
b′ = T ȷ

b . Hence, we have

ξ(Gȷ
low(T

ȷ
b )) = Gȷ(b) +

∑
b′∈B\{b}
T ȷ

b′=T ȷ
b

cb′G
ȷ(b′) +

∑
b′′∈Cȷ(b′), cb′ ̸=0

s(b′′)<s(b′)

cb′′G
ȷ(b′′),

as desired. □
Lemma 16.2.2. Let λ ∈ P ȷ(M) be a maximal element, j ∈ Iȷ \ {1}, b ∈ B such that
Iȷ(b) = λ, ẽib = 0 for all i ∈ Iȷ, and ẽj′(b) ̸= 0. Suppose the following:

(1) There exists a homomorphism ξ : L(λ)→M of Uȷ-modules such that ξ(Gȷ
low(T

ȷ
b′)) =

Gȷ(b′) for all b′ ∈ Cȷ(b) which is strongly connected to some b′′ ∈ Cȷ(b) with
wtȷ(b) <ȷ wtȷ(b′′).

(2) ξ commutes with the ψȷ-involutions on L(λ) and M .

Then, we have

ξ(Gȷ
low(T

ȷ
b )) = Gȷ(b) +

∑
b′∈B\{b}
T ȷ

b′=T ȷ
b

cb′G
ȷ(b′) +

∑
b′′∈Cȷ(b′), cb′ ̸=0

s(b′′)<s(b′)

cb′′G
ȷ(b′′).

for some cb′ , cb′′ ∈ A0.

Proof. If we can prove that cb := [ξ(Gȷ
low(T

ȷ
b )) : G

ȷ(b)] = 1, then the assertion follows from
the previous lemma. Hence, we aim to show cb = 1.
By the same argument as before, we have

[ξ(Gȷ
low(T

ȷ

f̃ t
i b
)) : Gȷ(f̃ t

i b
′′)] = cb′′

[
t

φ−i(b′′)

]
+ cb[f

(t)
i Gȷ(b) : Gȷ(f̃ t

i b
′′)] + af̃ t

i b
′′ ,

for all b′′ ∈ B \ {b} satisfying (†). Here, let us assume further that s(b′) > s(b). Then,

we have [f
(t)
i Gȷ(b) : Gȷ(f̃ t

i b
′′)] = 0 since f

(t)
i Gȷ(b) is a linear combination of Gȷ(̃b) with

s(̃b) ≤ s(b)+tα−i < s(b′′)+tα−i = s(f̃ t
i b

′′). Hence, we have cb′′
[

t
φ−i(b′′)

]
∈ A, and therefore,

cb′′ = 0 by Lemma 16.1.1. In particular, we obtain that s(b) is maximal. Then, we have

[ej(cbG
ȷ(b) +

∑
cb′G

ȷ(b′)) : Gȷ(ẽj′b)] = cb[φj(b) + 1].

On the other hand, since [ejG
ȷ
low(T

ȷ
b ) : G

ȷ
low(ẽj′b)] = [φj(b) + 1], we have

[ej(cbG
ȷ(b) +

∑
cb′G

ȷ(b′)) : Gȷ(ẽj′b)] = [φj(b) + 1],

and hence, cb = 1, as desired. □
We prove Theorem 15.2.6 by descending induction (with respect to ⪯) on λ. As in the

r = 1 case, we may assume that λ is maximal among P ȷ(M). Then, in order to complete
the proof, we have to show the following:

(1) Iλ(M) has a basis {Gȷ(b) | Iȷ(b) = λ}.
(2) There exists an isomorphism ξ : L(λ)⊕mλ → Iλ(M) of Uȷ-modules which sends

the ȷ-global basis elements of L(λ)⊕mλ to those of Iλ(M), where mλ denotes the
multiplicity of L(λ) in M .

Let b1, . . . , bmλ
∈ B and u1, . . . , umλ

∈ L be distinct highest weight vectors of type λ
with ut + qL = bt, t = 1, . . . ,mλ. By retaking the ut’s if necessary, we may assume that
[ut : G

ȷ(bu)] = δt,u for all t, u. Let ξt : L(λ)→ M be the Uȷ-homomorphism which sends
vλ to ut.
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Lemma 16.2.3. We have ξt(G
ȷ
low(T

ȷ
bt
)) = Gȷ(bt) for all t = 1, . . . ,mλ.

Proof. By the setting above, we can write

ξt(G
ȷ
low(T

ȷ
bt
)) = ut = Gȷ(bt) +

∑
b′

Iȷ(b′ )̸⪰λ

cb′G
ȷ(b′), cb′ ∈ qA0.

Then, we can apply Lemma 16.2.1 to obtain ξt(G
ȷ
low(T

ȷ
bt
)) = Gȷ(bt) as desired. □

In order to complete the proof, it suffices to prove the following: For each t = 1, . . . ,mλ

and b ∈ Cȷ(bt), we have ξt(G
ȷ
low(T

ȷ
b )) = Gȷ(b). We prove this statement by descending

induction on wtȷ(b) and Iȷr−1(b). When wtȷ(b) is maximal, it must hold that b = bt, and
in this case, we have already shown that ξt(G

ȷ
low(T

ȷ
bt
)) = Gȷ(bt). Suppose that wtȷ(b) <ȷ

wtȷ(bt), and the statement holds for all b′ ∈
⊔mλ

t=1C
ȷ(bt) such that wtȷ(b′)ȷ > wtȷ(b) or

wtȷ(b′) = wtȷ(b) and Iȷr−1(b
′) ≻ Iȷr−1(b). In this case, since b is not a Uȷ-highest weight

vector, the exists i ∈ Iȷ such that ẽib ̸= 0.

Lemma 16.2.4. Suppose there exists i ∈ Iȷ such that ẽib ̸= 0. Then, the statement holds.

Proof. Set b′ := ẽ
εi(b)
i b. We prove the lemma by descending induction on εi(b

′). Since
wtȷ(b′) > wtȷ(b), we have Gȷ(b′) = ξt(G

ȷ
low(T

ȷ
b′)) ∈ UȷGȷ(bi). We know that Gȷ(b) (resp.,

Gȷ
low(T

ȷ
b )) is the sum of f̃

(εi(b))
i Gȷ(b′) (resp., f̃

(εi(b))
i Gȷ

low(T
ȷ
b′)) and a qQ[q]-linear combi-

nation of Gȷ(b′′) (resp., Gȷ
low(T

ȷ
b′′)) with wtȷ(b′′) = wtȷ(b) and εi(b

′′) > εi(b). By our
induction hypothesis, Gȷ(b)− ξt(Gȷ

low(b)) is a qQ[q]-linear combination of Gȷ(b′′)’s, and is
ψȷ
M -invariant. Such a vector must be zero, and hence, we obtain Gȷ(b) = ξt(G

ȷ
low(b)). □

Lemma 16.2.5. Suppose there exists j ∈ Iȷ \ {1} such that ẽj′b ̸= 0 and ẽib = 0 for all
i ∈ Iȷ. Then, the statement holds.

Proof. Apply Lemma 16.2.2. □
Now, one can complete the proof by combining Lemma 16.2.3-16.2.5 since each b ∈ B

with Iȷ(b) = λ is connected to bt for some t = 1, . . . ,mλ.
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Part 4. Representation theory of Uı

This part is the counterpart of Part 3 for Uı.

17. Basics of the quantum symmetric pair (U,Uı)

17.1. Triangular decomposition of Uı. Recall that Φ+ = {ϵi−ϵj | −r ≤ i < j ≤ r+1},
and divide it into three parts as:

Φ+ = Φ<0 ⊔ Φ0 ⊔ Φ>0,

Φ<0 := {ϵi − ϵj | i+ j < 0},
Φ0 := {ϵi − ϵj | i+ j = 0},

Φ>0 := {ϵi − ϵj | i+ j > 0}.

Lemma 17.1.1. There exists a reflection order ⪯ on Φ+ such that

Φ<0 ≺ Φ0 ≺ Φ>0(16)

Fix a reflection order ⪯ satisfying condition (16) in Lemma 17.1.1. Let i be the reduced
word for w0 corresponding to ⪯. We set Ei,j := Ek(i) for −r + 1 ≤ i < j ≤ r + 1, where

k is such that ϵi − ϵj = si1 · · · sik−1
(αik). For each i, j, define E

′
i,j := gr−1 ◦p(Ei,j), and set

f−j,−i := E ′
i,j if i+ j < 0, t′i := E ′

−i+1,i+1, ei,j := E ′
i,j if i+ j > 0.

Corollary 17.1.2. The ordered monomials
(∏

i+j<0 f
ai,j
−j,−i

) (∏r
i=0(t

′
i)
bi
) (∏

i k
di
i

)(∏
i+j>0 e

ci,j
i,j

)
,

ai,j, bi, ci,j ∈ Z≥0, di ∈ Z form a linear basis of Uı.

We have

t′0 = t, t′i+1 = [[ei, t
′
i]1, f−i]1 .

This shows that the t′i’s are independent of the choice of a reflection order ⪯ satisfying
condition (16) in Lemma 17.1.1.
Let Uı

<0 (resp., U
ı
0,U

ı
>0) denote the subspace of U

ı spanned by all ordered monomials
in f−j,−i (resp., t

′
i, ei,j). Then, we have an isomorphism of vector spaces

Uı ≃ Uı
<0

⊗(
Uı

0

⊗
Uı,0

)⊗
Uı

>0.

We call this linear isomorphism the triangular decomposition of Uı associated with the
reflection order ⪯, and Uı

<0 (resp., U
ı
0

⊗
Uı,0, Uı

>0) the negative part (resp., Cartan part,
positive part) of Uı. The triangular decomposition enables us to establish an analog of
highest weight theory for the representation theory of Uı.

17.2. Verma modules and their irreducible quotients. Recall Pı and P
∨
ı from page

22. For i ∈ Iı, set

βi := hi − h−i = ϵi − ϵi+1 − (ϵ−i+1 − ϵ−i) ∈ P∨
ı .

For each i ∈ Iı, there exists a unique δi ∈ R ⊗Z Pı such that ⟨βj, δi⟩ = δi,j for all j ∈ Iı.
Set

Λı :=
∑
i∈Iı

Zδi, and γi := the image of αi in Λı.
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By the definitions, we have

⟨βi, γj⟩ = ⟨hi − h−i, αj⟩ =


2 if i = j,

−1 if |i− j| = 1,

0 if |i− j| > 1.

Set Qı
+ :=

∑
i∈Iı Z≥0γi, and define a partial order ≤ on Λı by:

µ ≤ λ if and only if λ− µ ∈ Qı
+.(17)

For a Uı-module M and m ∈M , we say that m is of weight λ ∈ Λı if it satisfies

kim = q⟨βi,λ⟩m

for all i ∈ Iı; we denote by Mλ the subspace consisting of all m ∈M of weight λ.

Lemma 17.2.1. Let M be a Uı-module and λ ∈ Λı. For each i ∈ Iı, we have

fi(Mλ) ⊂Mλ−γi , ei(Mλ) ⊂Mλ+γi , t(Mλ) ⊂Mλ.

Recall the triangular decomposition of Uı

Uı ≃ Uı
<0

⊗(
Uı

0

⊗
Uı,0

)⊗
Uı

>0,

and the root vectors f−j,−i, t
′
i, ei,j associated with the reflection order ⪯. Let (Uı

>0)+
denote the subspace of Uı

>0 spanned by all ordered monomials in ei,j’s other than 1.

Definition 17.2.2. Let λ ∈ Λı and T ′
i ∈ Q(p, q), i = 0, . . . , r. The Verma module

V ′(λ;T′) over Uı with highest weight λ associated with T′ := (T ′
0, . . . , T

′
r) ∈ Q(p, q)r+1 is

defined to be

V ′(λ;T′) := Uı/I(λ;T′),

where I(λ;T′) denotes the left ideal of Uı generated by (Uı
>0)+, and ki− q(βi,λ) for i ∈ Iı,

and t′i − T ′
i for i = 0, . . . , r.

By the triangular decomposition of Uı, a nonzero Verma module V ′(λ;T′) has a unique
maximal submodule, and hence, it has a unique irreducible quotient. We denote it by
L′(λ;T′) and call it the irreducible highest weight Uı-module with highest weight λ as-
sociated with T′, or simply, with highest weight (λ;T′).

Definition 17.2.3. A nonzero Uı-module M is called a highest weight module with
highest weight (λ;T′) ∈ Λı × Q(p, q)r+1 if there exists m ∈ Mλ such that (Uı

>0)+m = 0,
t′im = T ′

im for i = 0, . . . , r, and M = Uım. We call such an m a highest weight vector of
M with highest weight (λ;T′).

Though our definition of highest weight modules over Uı depends on the choice of a
reflection order, their Uı-module structure is independent of such a choice.

Let Oı
int denote the category of Uı-modules M satisfying the following

(M1) M is decomposed into weight spaces, i.e., M =
⊕

λ∈Λı Mλ.
(M2) Each weight space is finite-dimensional.
(M3) There exists finitely many weights µ1, . . . , µn ∈ Λı such that the set of weights

λ ∈ Λı for which Mλ ̸= 0 satisfies λ ≤ µi for some i = 1, . . . , n.
(M4) ei and fi, i ∈ Iı act on M locally nilpotently.
(M5) t acts on M diagonally, and its possible eigenvalues are ⟨n⟩ for some n ∈ Z, where

we set ⟨n⟩ := pqn−p−1q−n

q−q−1 .
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Remark 17.2.4. Compared with the definition ofOȷ
int, there is an additional axiom in the

definition of Oı
int. Without this axiom, we would obtain too many finite-dimensional irre-

ducible modules. In what follows, we see that this additional axiom leads us to beautiful
results.

18. Complete reducibility and the irreducible modules

Throughout this section, we fix e ∈ {1,−1}.

18.1. Braid group action on Uı.

Proposition 18.1.1 ([KP11, 4.5]). For i ∈ Iı, there exist unique automorphisms τ ′i,e and
τ ′′i,−e on Uı satisfying the following:

τ ′i,e(ej) =


−kei fi if j = i,

ej if |i− j| > 1,

[ej, ei]e if |i− j| = 1,

τ ′i,e(fj) =


−eik−e

i if j = i,

fj if |i− j| > 1,

[fi, fj]−e if |i− j| = 1,

τ ′′i,−e(ej) =


−fik−e

i if j = i,

ej if |i− j| > 1,

[ei, ej]e if |i− j| = 1,

τ ′′i,−e(fj) =


−kei ei if j = i,

fj if |i− j| > 1,

[fj, fi]−e if |i− j| = 1,

τ ′i,e(kj) = τ ′′i,−e(kj) =


k−1
i if j = i,

kj if |i− j| > 1,

kikj if |i− j| = 1.

τ ′i,e(t) =

{
[e1, [t, f1]1]−1 + tk1 if i = 1,

t if i ̸= 1,
τ ′′i,−e(t) =

{
[e1, [t, f1]−1]1 + tk−1

1 if i = 1,

t if i ̸= 1.

Moreover, {τ ′i,e}i∈Iı and {τ ′′i,−e}i∈Iı satisfy the braid relation of type Ar.

18.2. Braid group action on Uı-modules. In this subsection, we define a braid group
action on Uı-modules in Oı

int. Since the proofs of the propositions in this subsection are
almost the same as those in the ordinary quantum group theory, we omit the details.

Definition 18.2.1. Let M ∈ Oı
int. For each i ∈ Iı, we define two automorphisms τ ′i,e and

τ ′′i,e on M by:

τ ′i,e(m) =
∑

a,b,c∈Z≥0

a−b+c=n

(−q)bqe(−ac+b)f
(a)
i e

(b)
i f

(c)
i m,

τ ′′i,e(m) =
∑

a,b,c∈Z≥0

−a+b−c=n

(−q)bqe(−ac+b)e
(a)
i f

(b)
i e

(c)
i m,

where n ∈ Z, and m ∈M is such that kim = qnm.

Proposition 18.2.2 (see [L93, Proposition 5.2.2]). Let M ∈ Oı
int, i ∈ Iı, and let λ ∈ Λı

be such that (βi, λ) ≥ 0, j ∈ {0, 1, . . . , (βi, λ)}; we set h := (βi, λ)− j.
(1) If η ∈Mλ is such that eiη = 0, then τ ′i,e(f

(j)
i η) = (−1)jqe(jh+j)f

(h)
i η.

(2) If ξ ∈M−λ is such that fiξ = 0, then τ ′′i,e(e
(j)
i ξ) = (−1)jq(e(jh+j))e

(h)
i ξ.

Proposition 18.2.3 (see [L93, Proposition 5.2.3]). Let M ∈ Oı
int, i ∈ Iı, and m ∈Mλ.
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(1) We have τ ′i,eτ
′′
i,−e = idM = τ ′′i,−eτ

′
i,e.

(2) We have τ ′′i,e(m) = (−1)(βi,λ)qe(βi,λ)τ ′i,e(m).

In what follows, we write τi = τ ′′i,1 for i ∈ Iı.

18.3. Classification of the irreducible modules in Oı
int. Recall the triangular decom-

position Uı = Uı
<0 ⊗ (Uı

0 ⊗Uı,0) ⊗Uı
>0. We remark that an irreducible highest weight

module is determined by the eigenvalues of ki’s and t
′
i’s for a highest weight vector. How-

ever, t′i’s are sometimes difficult to deal with.

Proposition 18.3.1. Let V ′(λ;T′) be the Verma module with highest weight (λ;T′).
Then, T′ is determined by the τi · · · τ1(t′0)-eigenvalue of v for i = 0, . . . , r.

This proposition enables us to replace t′i with τi · · · τ1(t′0) for i ∈ {0, . . . , r}. Then, we
define ti by t0 = t, ti = τi · · · τ1(t0) for i ∈ {1, . . . , r}. Also, we set V (λ;T) := V ′(λ;T′)
and L(λ;T) := L′(λ;T′), where T = (T0, . . . , Tr) is uniquely determined by the equations
tiv = Tiv, i = 0, . . . , r for a highest weight vector v ∈ V ′(λ;T′).

Let L ∈ Oı
int be an irreducible Uı-module. By condition (M3), there exists λ ∈ Λı such

that Lλ ̸= 0 and Lµ = 0 for all µ > λ.

Lemma 18.3.2. We have

[t0, t1]0 = (q − q−1)[t0, f−1,2e1]0 ∈ Uı(e1, e1t0),

where Uı(e1, e1t0) denotes the left ideal of Uı generated by e1 and e1t0.

This lemma implies that [t0, t1]0Lλ = 0; namely, the actions of t0 and t1 commute with
each other on Lλ.

Lemma 18.3.3. Let i, j ∈ Iı. If j ̸= i, i+ 1, then we have τj(ti) = ti.

Proposition 18.3.4. Let L ∈ Oı
int be an irreducible module. Take λ ∈ Λı such that

Lλ ̸= 0 and Lµ = 0 for all µ > λ. Then, the actions of t0, . . . , tr commute with each other
on Lλ.

As a corollary of this proposition, we can take a simultaneous eigenvector v ∈ Lλ for
t0, . . . , tr. Let Ti ∈ Q(p, q) denote the eigenvalue of ti. Then the submodule generated by
v is a highest weight module with highest weight (λ;T0, . . . , Tr). Since L is irreducible,
we conclude that L is a highest weight module.

Lemma 18.3.5. Let M ∈ Oı
int, v ∈M be such that e1v = 0, k1v = qav for some a ∈ Z≥0,

and t0v = ⟨n⟩ for some n ∈ Z. Let d ∈ Z>0. Then, there exist unique v0, v1, . . . , vd ∈ M
satisfying the following:

(1) f
(m)
1 v =

∑m
k=0 vk.

(2) t0vk = ⟨n−m+ 2k⟩vk for all k = 0, . . . ,m.

Proof. As the proof of this lemma needs some lengthy calcluation, we put it in the end of
this section. □
Lemma 18.3.6. Let M ∈ Oı

int be a Uı
1-module, v ∈ M a highest weight vector with

k1v = qa1v, ti = Tiv for some a1 ∈ Z≥0, T0, T1 ∈ Q(p, q). If T0 = ⟨n⟩ for some n ∈ Z,
then T1 = ⟨n− a1 + 2b1⟩ for some 0 ≤ b1 ≤ a1.

Theorem 18.3.7. Each irreducible module in Oı
int is a highest weight module with highest

weight (λ;T) for some λ ∈ Λı and T = (T0, . . . , Tr) ∈ Q(p, q)r+1 satisfying the following:
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(1) ai := (βi, λ) ≥ 0 for each i ∈ Iı.
(2) T0 = ⟨n⟩ for some n ∈ Z.
(3) For each i ∈ Iı, there exists bi ∈ Z≥0 such that 0 ≤ bi ≤ ai and Ti+1 = ⟨n− (a1 +
· · ·+ ai) + 2(b1 + · · ·+ bi)⟩.

From now on, we write L(n; a;b) instead of L(λ;T), where n ∈ Z, a = (a1, . . . , ar) and
b = (b1, . . . , br) are such that ai = (βi, λ), Ti+1 = ⟨n− (a1 + · · ·+ ai) + 2(b1 + · · ·+ bi)⟩.
As in the Uȷ-case, there exists a bijection from

{(n.a,b) ∈ Zr
≥0 × Zr

≥0 | 0 ≤ bi ≤ ai.}

to

P ı = P ı
r := {λ ∈ Bip(r+1,r+1) | λ−

r+1 = 0 or λ+
r+1 = 0}.

18.4. Complete reducibility. Consider the anti-algebra automorphism S : Uı → Uı

over Q(p, q) defined by:

S(ei) = −eiki, S(fi) = −k−1
i fi, S(ki) = k−1

i , S(t) = t.

It is easily checked that S is an anti-algebra homomorphism. In addition, S has the
inverse:

S−1(ei) = −kiei, S−1(fi) = −fik−1
i , S−1(ki) = k−1

i , S−1(t) = t.

For a Uı-module M , define a Uı-module S∗(M) :=M∨ by:

(x · g)(m) = g(S−1(x) ·m) for x ∈ Uı, g ∈ S(M), m ∈M,

where M∨ denotes the restricted dual of M , i.e., M∨ =
⊕

λ∈Λı HomQ(p,q)(Mλ,Q(p, q)).
Similarly, we define a Uı-module S∗(M) by replacing S−1 with S.

Lemma 18.4.1. Let L ∈ Oı
int be the irreducible highest weight Uı-module with highest

weight (λ;T). Then, S∗(L) is the irreducible lowest weight Uı-module with lowest weight
(−λ;T′) for some T′ ∈ Q(p, q)r+1.

Lemma 18.4.2. Let M be a Uı-module. Suppose that M contains an irreducible submod-
ule L ≃ L(λ;T) for some λ ∈ Λı and T ∈ Q(p, q)r. Then, M ≃ L⊕ (M/L).

Now, the complete reducibility of the Uı-modules in Oı
int follows from a standard ar-

gument; see, for example, [HK02, Section 3.5].

Theorem 18.4.3. Every Uı-module in Oı
int is completely reducible.

Corollary 18.4.4. Every highest weight module in Oı
int is irreducible.

Theorem 18.4.5. Let M ∈ Oı
int. Irreducible decomposition of M is unique in the follow-

ing sense. If we have two irreducible decompositions M =
⊕

j∈J Lj =
⊕

k∈K L
k for some

index sets J and K, then there exists a bijection ϕ : J → K such that Lj ≃ Lϕ(j) for all
j ∈ J . Moreover, for each j ∈ J , the number of j′ ∈ J such that Lj′ ≃ Lj is finite.

18.5. Proof of Lemma 18.3.5. The root vectors of Uı
1 are

f1,2 = f1, f−1,2 = [t, f1]1,

t′0 = t, t′1 =
[
e1, [t, f1]1

]
1
,

e−1,2 = [e1, t]1, e1,2 = e1.
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Lemma 18.5.1. For n ∈ Z≥0, the following hold.

e1f
(n)
1 = f

(n)
1 e1 + f

(n−1)
1

q−n+1k1 − qn−1k−1
1

q − q−1
,

f−1,2f
(n)
1 = q−nf

(n)
1 f−1,2,

t′0f
(n)
1 = f

(n−1)
1 f−1,2 + qnf

(n)
1 t′0,

t′1f
(n)
1 = q−nf

(n)
1 t′1 − q(−2n+1)[2]f

(n−1)
1 f−1,2k1,

e−1,2f
(n)
1 = f

(n−1)
1 t′1 − q(−n+1)f

(n−2)
1 f−1,2k1 + qnf

(n)
1 e−1,2.

Lemma 18.5.2. Let M ∈ Oı
int. For n ∈ Z, let Mn denote the t′0-eigenspace of M

with eigenvalue ⟨n⟩. Let m ∈ Mn. Then, (f−1,2 ± (pqn)±1f1)m ∈ Mn±1 and ([e1, t]−1 ±
(pqn)±1e1)m ∈Mn±1.

Proof. We prove only the assertion (f−1,2 ± (pqn)±1f1)m ∈ Mn±1 since the another is
similar. By the defining relation of Uı, we have

(t′0)
2f1m = ([2]t′0f1t

′
0 − f1(t′0)2 + f1)m = [2]⟨n⟩t′0f1m− (⟨n⟩2 − 1)f1m.

Also, it holds that

⟨n+ 1⟩+ ⟨n− 1⟩ = [2]⟨n⟩, ⟨n⟩2 − 1 = ⟨n+ 1⟩ · ⟨n− 1⟩.

From these equalities, it is easy to verify that (t′0f1 − ⟨n∓ 1⟩f1)m is an t′0-eigenvector of
eigenvalue ⟨n± 1⟩. Recalling f−1,2 = [t′0, f1]1, we have

(t′0f1 − ⟨n∓ 1⟩f1)m = (f−1,2 + q⟨n⟩f1 − ⟨n∓ 1⟩f1)m = (f−1,2 ± (pqn)±1f1)m.

This proves the lemma. □

Since f1 =
(f−1,2+pqnf1)−(f−1,2−p−1q−nf1)

pqn+p−1q−n , we have

f1v ∈Mn−1 ⊕Mn+1

for all v ∈Mn. Hence,

f
(m)
1 v ∈

m⊕
k=0

Mn−m+2k

for all m ∈ Z≥0. This proves Lemma 18.3.5.

19. Quasi-ı-crystal bases

In the same way as the quasi-ȷ-crystal bases, we define the quasi-ı-crystal bases for

module in Oı
int. In this case, the Kashiwara operators are ẽi, f̃i, i ∈ Iı. Since (ei, ki, fi) is

an sl2-triple, these operators coincide with the ordinary Kashiwara operators.

19.1. Tensor product rule.

Proposition 19.1.1. Let M be a Uı-module having a quasi-ȷ-crystal basis (L,B). Then
(L⊗L,B⊗B) is a quasi-ȷ-crystal basis of M ⊗V, on which the Kashiwara operators act
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as follows: For i ∈ Iı, b ∈ B, j ∈ {−r + 1, r + 1},

f̃i(b⊗ uj) =


0 if j = i and f̃ 2

i (b) = 0,

b⊗ ui if j = i− 1 and f̃i(b) = 0,

b⊗ u−i if j = −i− 1 and ẽi(b) = 0,

f̃i(b)⊗ uj otherwise,

ẽi(b⊗ uj) =


b⊗ ui−1 if j = i and f̃i(b) = 0,

0 if j = −i− 1 and ẽ2i (b) = 0,

b⊗ u−i−1 if j = −i and ẽi(b) = 0,

ẽi(b)⊗ uj otherwise.

The action of f̃i for i ∈ Iı is visualized as:

u−i

−(i−1)
// u−i−1 uj ui−1

i−1 // ui

b

i
��

•
i

��

•
ioo •

i

��

•
i

��

•
i

��
f̃i(b)

i
��

•

i
��

•

i
��

•

i
��

•

i
��

•

i
��

...

i
��

...

i

��

...

i

��

...

i

��

...

i

��

...

i

��
f̃
φi(b)−1
i (b)

i
��

•

i

��

•

i

��

•

i

��

•

i

��

•

f̃
φi(b)
i (b) • • • •

i // •

.

Theorem 19.1.2. Let M be a Uı-module having a quasi-ı-crystal basis (L,B), and N
a U-module having a crystal basis (L′,B′). Then, M ⊗ N has a quasi-ı-crystal basis
(L⊗L′,B ⊗B′), on which the Kashiwara operators act as follows: for b ∈ B and b′ ∈ B′,

f̃i(b⊗ b′) =


b⊗ Ẽ−(i−1)(b

′) if εi−1(b
′) < φi(b) and εi(b) < ε−(i−1)(b

′), or

if εi−1(b
′) ≥ φi(b) and εi(b) + εi−1(b

′)− φi(b) < ε−(i−1)(b
′),

f̃i(b)⊗ b′ if εi−1(b
′) < φi(b) and εi(b) ≥ ε−(i−1)(b

′),

b⊗ F̃i−1(b
′) if εi−1(b

′) ≥ φi(b) and εi(b) + εi−1(b
′)− φi(b) ≥ ε−(i−1)(b

′),

ẽi(b⊗ b′) =


b⊗ F̃−(i−1)(b

′) if εi−1(b
′) ≤ φi(b) and εi(b) ≤ ε−(i−1)(b

′), or

if εi−1(b
′) > φi(b) and εi(b) + εi−1(b

′)− φi(b) ≤ ε−(i−1)(b
′),

ẽi(b)⊗ b′ if εi−1(b
′) ≤ φi(b) and εi(b) > ε−(i−1)(b

′),

b⊗ Ẽi−1(b
′) if εi−1(b

′) > φi(b) and εi(b) + εi−1(b
′)− φi(b) > ε−(i−1)(b

′).

Corollary 19.1.3. Let N ∈ Oint be a U-module with a crystal basis (L′,B′). Then,
(L′,B′) is also a quasi-ı-crystal basis of N . Furthermore, for each b ∈ B and i ∈ Iı, we
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have the following:

f̃i(b) =

{
Ẽ−(i−1)(b) if εi−1(b) < ε−(i−1)(b),

F̃i−1(b) if εi−1(b) ≥ ε−(i−1)(b),

ẽi(b) =

{
F̃−(i−1)(b) if εi−1(b) ≤ ε−(i−1)(b),

Ẽi−1(b) if εi−1(b) > ε−(i−1)(b).

Proof. Apply Theorem 19.1.2 for M = L(∅; ∅), which is the trivial module of Uȷ. □
Recall that B⊗N is identified with [−r + 1, r + 1]N , and its crystal structure is described

in the beginning of this section. Applying Corollary 19.1.3 to the crystal basis (L⊗N ,B⊗N),
we obtain a quasi-ȷ-crystal structure of B⊗N .

Corollary 19.1.4. The quasi-ȷ-crystal basis B⊗N = [−r + 1, r + 1]N obtained from Corol-

lary 19.1.3 is described as follows: for s ∈ IN , ẽ1s (resp., f̃1s) is obtained from s by
replacing the rightmost −1 in s1 with 0 (resp., the leftmost 0 in s1 with −1), and is 0 if
there are no −1 (resp., 0) in s1. For i ∈ Iȷ \ {1}, ẽis is obtained from s by replacing the
rightmost i in siwith i − 1 if i ∈ si, or by replacing the rightmost −i in si with −(i − 1)

if i /∈ si, or is 0 if i,−i /∈ si. Finally, f̃is is obtained from s by replacing the leftmost
−(i − 1) in siwith −i if −(i − 1) ∈ si, or by replacing the leftmost i − 1 in si with i if
−(i− 1) /∈ si, or is 0 if i− 1,−(i− 1) /∈ si.

19.2. Abstract quasi-ı-crystals. As in the ordinary crystal basis theory, we define the

notion of (abstract) quasi-ı-crystals as sets with structure maps ẽi, f̃i, i ∈ Iı, and wtı.
By Corollary 19.1.3, we can define a functor from the category of crystals of sl2r+2-

type to the category of quasi-ı-crystals. Since Ẽ0 and F̃0 do not appear in the formula
of Corollary 19.1.3, we can regard this functor to factor through the forgetting functor
Res2r+1

r+1,r+1.

Lemma 19.2.1. Let B be a crystal of s(glr+1 ⊕ glr+1)-type. Then, B is equipped with a

quasi-ı-crystal structure such that the structure maps ẽi, f̃i are defined by the formula in
Corollary 19.1.3.

Recall that we have given to SST(r+1,r+1)(λ) a crystal structure of s(glr+1⊕ glr+1)-type
for each λ ∈ Bip(r+1,r+1). Now, we can regard SST(r+1,r+1)(λ) as a quasi-ı-crystal.

20. Quasi-ı-crystal bases of irreducible Uı-modules

20.1. Quasi-ı-crystal basis of V⊗d. In this section, we study the quasi-ı-crystal basis
(L⊗d,B⊗d) of V⊗d in detail.
Recall the functor Fπı : H-mod→ S(πı)-mod defined by F ı

π(M) := T(πı)⊗H M . This
functor induces another functor

F ı : H-mod→ Uı-mod; M 7→ V⊗d ⊗H M.

By the (Uı,H)-duality, this functor sends an irreducible module to an irreducible module
or 0. Set L(W )0 := {X ∈ L(W ) | F ı(CL

X) ̸= 0}. Then, for each X ∈ L(W )0, there exists
a unique λ(X) ∈ P ı such that F ı(CL

X) ≃ L(λ(X)). With this notation, we have

V⊗d ≃
⊕

X∈L(W )0

L(λ(X)).

On the other hand, By Proposition 6.3.1, we have F ı(CL
X) ≃ CL

X(π
ı) for all X ∈ L(W ).

Hence, we obtain L(λ(X)) ≃ CL
X(π

ı) for all X ∈ L(W )0.
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Proposition 20.1.1. Let X ∈ L(W )0. Then, C≤LX(π
ı), C<LX(π

ı), and CL
X(π

ı) have
quasi-ı-crystal bases.

Proposition 20.1.2. For each X ∈ L(W )0, there exists a highest weight vector vX ∈ V⊗d

satisfying the following:

(1) LX := UıvX ≃ CL
X(π

ı).
(2) (LX ,BX) is a quasi-ı-crystal basis of LX isomorphic to (L(X),B(X)), where LX :=

L⊗d ∩ LX , BX := B⊗d ∩ (LX/qLX).
(3) L⊗d =

⊕
X∈L(W )0

LX , and B⊗d =
⊔

X∈L(W )0
BX .

20.2. Combinatorial description of B(X). By Propositions 20.1.1 and 20.1.2, we have
a decomposition

B⊗d =
⊔

X∈L(W )0

B(X), B(X) = {uiw | i ∈ πı, w ∈ iW, and wiw ∈ X}(18)

of quasi-ı-crystals. Also, by Theorem 5.3.4 (2), ui and uj (i, j ∈ [−r + 1, r + 1]d) belong
to B(X) for some X ∈ L(W )0 if and only if Q±(i) = Q±(j). Hence, each B(X) is of the
form

B(X) = {ui | i ∈ [−r + 1, r + 1]d, (Q−(i), Q+(i)) = Q}, Q ∈ ST(λ), λ ∈ Bip(r+1,r+1)(d).

On the other hand, we have a decomposition

B⊗d →
⊔

λ∈Bip(r+1,r+1)(d)

⊔
Q∈ST(λ)

(
SST(r+1,r+1)(λ)× {Q}

)
(19)

of an s(glr+1 ⊗ glr+1)-crystal. By Lemma 19.2.1 and arguments in Subsection 19.2, this
decomposition is also a decomposition of a quasi-ı-crystal.

Theorem 20.2.1. We have L(W )0 = {X ∈ L(W ) | shX ∈ Bip(r+1,r+1)(d)}. Also, for
each X ∈ L(W )0 with shX = λ ∈ Bip(r+1,r+1)(d), we have B(X) = {(T,Q) | T ∈
SST(r+1,r+1)(λ)}, where Q := Q(X), and LX ≃ L(λ).

20.3. ȷ-crystal bases. In general, a quasi-ı-crystal graph of an irreducible Uı-module
is neither connected nor unique. In this subsection, we introduce the notion of ı-crystal
bases as quasi-ı-crystal bases satisfying some additional conditions. And we prove the
existence and uniqueness theorem for ı-crystal bases, and that they are connected.
Let λ ∈ Bip(r+1,r+1)(d), and take a left cell X ∈ L(W ) satisfying CL

X ≃ L(λ). Recall

that CL
X has a basis {[iCw]X | i ∈ πı, w ∈ iW, and wiw ∈ X}, and it is in one-to-

one correspondence with SST(λ); we denote by bT the basis element corresponding to

T ∈ SST(λ). For each i ∈ [1, r], we define linear endomorphisms ẽi′ and f̃i′ on L(λ) by

ẽi′(bT ) =

{
bẼ

i− 1
2
T if ẽjT = 0 for all j = 1, . . . , i− 1 and Ẽj− 1

2
T = 0 for all j = 1, . . . , i− 1,

0 otherwise,

f̃i′(bT ) =

{
bT ′ if ẽi′bT ′ = bT ,

0 otherwise.

Note that the condition ẽjT = 0 for all j = 1, . . . , i − 1 and Ẽj− 1
2
T = 0 for all j =

2, . . . , i − 1 is equivalent to ẽjT = 0 for all j = 1, . . . , i − 1 and ẽj′T = 0 for all j =
2, . . . , i− 1.
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LetX ′ ∈ L(W ) be such that CL
X′ ≃ CL

X . Since the linear map [Cw′ ]X′ 7→ [Cw]X , w
′ ∈ X ′,

w ∈ X with P±(w′) = P±(w) gives an isomorphism CL
X′ → CL

X of H-modules, the

definition of ẽi′ and f̃i′ are independent of the choice of X as long as we have CL
X ≃ L(λ).

Also, we define linear endomorphisms ẽi′ and f̃i′ , i ∈ {2, . . . , r} on each Uȷ-module in
Oȷ

int by the complete reducibility.

Remark 20.3.1. Later, we will give more intrinsic definitions of ẽi′ and f̃i′ .

Definition 20.3.2. LetM ∈ Oı
int be a Uı-module with a quasi-ı-crystal basis (L,B). We

say that (L,B) is an ı-crystal basis if it satisfies the following:

(ıC 1) L is preserved by the operators ẽi′ and f̃i′ , i ∈ [1, r].

(ıC 2) We have ẽi′(B) ⊂ B ⊔ {0} and f̃i′(B) ⊂ B ⊔ {0} for all i ∈ [1, r].

Let λ ∈ Bip(r+1,r+1), and v ∈ L(λ) be a highest weight vector. Set

L(λ) := SpanA0
{f̃i1 · · · f̃ilv | l ∈ Z≥0, i1, . . . , il ∈ Iȷ ⊔ {2′, . . . , r′}},

B(λ) := {f̃i1 · · · f̃ilv + qL(λ) | l ∈ Z≥0, i1, . . . , il ∈ Iȷ ⊔ {2′, . . . , r′}} \ {0}.
Theorem 20.3.3. Let λ ∈ P ı. Then, (L(λ),B(λ)) is a unique ı-crystal basis of L(λ).

Corollary 20.3.4. (L⊗d,B⊗d) is an ı-crystal basis of V⊗d. Under the identification

B⊗d = Id, the actions of ẽi, f̃i, i ∈ Iı are described by Corollary 19.1.4, and those of

ẽi′ , f̃i′, i ∈ Iı \ {1} are given as follows: ẽi′s is obtained from s by replacing the rightmost
i in si with i − 1 if ẽjs = 0 for all j = 1, . . . , i − 1 and ẽj′s = 0 for all j = 2, . . . , i − 1,
and is 0 otherwise. Finally,

f̃i′s =

{
s′ if ẽi′s

′ = s,

0 otherwise.

Now, the existence and uniqueness theorem for ı-crystal basis can be proved in the
same way as the ordinary crystal basis theory.

Theorem 20.3.5. Let M ∈ Oı
int be a Uı-module. Then, M has an ı-crystal basis (L,B).

If M ≃
⊕

λ∈P ı L(λ)⊕mλ for some mλ ∈ Z≥0, then there exists an isomorphism M →⊕
λ∈P ı L(λ)⊕mλ inducing an isomorphism (L,B)→ (

⊕
λ∈P ı L(λ)⊕mλ ,

⊕
λ∈P ı B(λ)⊕mλ).

21. Global ı-crystal bases

21.1. Global ı-crystal bases. LetUı
A be theA-subalgebra ofUı generated by e

(n)
i , f

(n)
i , t, k±1

i ,
i ∈ Iȷ, n ∈ Z>0.

Let V be a Uı-module in Oı
int with an ı-crystal basis (L,B). Assume that V admits a

ψı-involution on V .

Definition 21.1.1. Let V,L,B, · be as above. V is said to have a global ı-crystal basis
if there exists a Uı

A-submodule VA of V which is an A-lattice forming a balanced triple
(L, VA,L). The associated global basis Gı(B) is called a global ı-crystal basis of V .

Proposition 21.1.2. Let M ∈ Oı
int with a global ı-crystal basis Gı(BM), and N ∈ Oint

with a global crystal basis G(BN) Then, (Gȷ(BM) ⋄ı G(BN)) is a global ı-crystal basis of
M ⊗N .

Proposition 21.1.3. Let M ∈ Oint be a U-module with a global crystal basis G(B)
associated to a crystal basis (L,B), a ψ-involution ψM , and a UA-submodule MA. Then,
(L,B) is an ı-crystal basis, (L,MA, ψ

ı
M(L)) is a balanced triple, and Gȷ(B) := G(B)ı is

the global ı-crystal basis associated to the balanced triple (L,MA, ψ
ı
M(L)) and the basis B.
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21.2. Global ı-crystal basis of irreducible Uı-module. Let X ∈ L(W ). Then,
CL

X(π
ı) ≃ L(λ) for some λ ∈ P ı. Since L(λ) is a highest weight module, there exists a

unique λ ∈ πı and w ∈ λW such that [λCw]X ∈ CL
X(π

ı) is a highest weight vector.
Recall the isomorphism DL

Xw0
≃ CL

X of left H-modules from Proposition 5.4.9. Set
CL

X := Q(p, q)⊗AZ C
L
X , and define DL

Xw0
and DL

Xw0
(πȷ) similarly. Then, we have

DL
Xw0

(πȷ) ≃ T(πı)⊗H DL
Xw0
≃ T(πı)⊗H CL

X ≃ CL
X(π

ı)

as left Uı-modules. Hence, [λDwλww0 ]
′
Xw0

∈ DL
Xw0

(πı) is also a highest weight vector.
Thus, we obtain two isomorphisms

φC : L(λ)→ CL
X(π

ı); vλ 7→ [λCw]X ,

φD : L(λ)→ DL
Xw0

(πı); vλ 7→ [λDwλww0 ]
′
Xw0

of Uı-modules, where vλ ∈ L(λ) is a fixed highest weight vector.

Definition 21.2.1. Let λ ∈ P ı and vλ ∈ L(λ) be a highest weight vector. Define the
bilinear form (·, ·)1 on L(λ) by (vλ, vλ)1 = 1 and (xm, n)1 = (n, σȷ(x)n)1 for all x ∈ Uı,
m,n ∈ L(λ).

Proposition 21.2.2. Let λ ∈ P ı. Then, the bilinear form (·, ·)1 is nondegenerate.

Recall that the set {(µ, y) | µ ∈ πı, y ∈ µW ∩ wµX} is identical to B(λ). For each
b ∈ B(λ), set

Gı
low(b) := φ−1

C ([µCy]X), Gı
up(b) := φ−1

D ([µDwµyw0 ]
′
Xw0

),

where (µ, y) is the pair corresponding to b. Then, Gı
low(λ) := {Gı

low(b) | b ∈ B(λ)} and
Gı

up(λ) := {Gı
up(b) | b ∈ B(λ)} are bases of L(λ).

Definition 21.2.3. Let λ ∈ P ı(d), and vλ ∈ L(λ) be a highest weight vector. Define a
bilinear form (·, ·)2 on L(λ), and a ψı-involution ψı

λ on L(λ) by

(vλ, vλ)2 = 1, (xm, n)2 = (m, ϱ(x)n)2 for all x ∈ Uı, m, n ∈ L(λ),
ψı
λ(vλ) = vλ.

Let (L(λ),B(λ)) be the unique ı-crystal basis of L(λ) such that vλ + qL(λ) ∈ B(λ).

Theorem 21.2.4. Let λ ∈ P ı(d). Then, the following hold.

(1) ψı
λ(G

ı
low(b)) = Gı

low(b) for all b ∈ B(λ).
(2) ψı

λ(G
ı
up(b)) = Gı

up(b) for all b ∈ B(λ).
(3) Gı

low(λ) and G
ı
up(λ) are dual bases with respect to (·, ·)1.

(4) L(λ) = {m ∈ L(λ) | (m,m)2 ∈ A0}. Consequently, (·, ·)2 induces the bilinear
form (·, ·)0 on L(λ)/qL(λ) defined by (m+qL(λ), n+qL(λ))0 := limq→0(limp→0(m,n)2).

(5) {Gı
low(b) | b ∈ B(λ)} forms an almost orthonormal basis with respect to (·, ·)2, i.e.,

we have (Gı
low(b), G

ı
low(b

′))2 ∈ δb,b′ + qA0 for all b, b′ ∈ B(λ).
(6) (b, b′)0 = δb,b′ for all b, b′ ∈ B(λ).
(7) Let L(λ)A be the A-span of Gı

low(λ). Then, (L(λ), L(λ)A, ψ
ȷ
λ(L(λ))) is balanced.

Moreover, the global basis associated to B(λ) is {Gı
low(b) | b ∈ B(λ)}. In particular,

L(λ) has a global ı-crystal basis.
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Figure 1. Dynkin diagrams of irreducible finite type, [H72]
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Figure 2. Satake diagrams of irreducible symmetric pairs, [BW18a]
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[BaKo15a] M. Balagović and S. Kolb, The bar involution for quantum symmetric pairs, Represent. Theory
19 (2015), 186–210.
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[BI03] C. Bonnafé and L. Iancu, Left cells in type Bn with unequal parameters, Represent. Theory 7
(2003), 587–609.

[CLW18] X. Chen, M. Lu, and W. Wang, A Serre presentation for the ıquantum groups,
arXiv:1810.12475.

[DDPW08] B. Deng, J. Du, B. Parshall, and J. Wang, Finite Dimensional Algebras and Quantum Groups,
Mathematical Surveys and Monographs, 150, American Mathematical Society, Providence, RI, 2008,
xxvi+759 pp.

[Deo87] V. V. Deodhar, On some geometric aspects of Bruhat orderings. II. The parabolic analogue of
Kazhdan-Lusztig polynomials, J. Algebra 111 (1987), no. 2, 483–506.

[DJ92] R. Dipper and G. James, Representations of Hecke algebras of type Bn, J. Algebra 146 (1992),
no. 2, 454–481.

[Dr85] V. G. Drinfel’d, Hopf algebras and the quantum Yang-Baxter equation, Dokl. Akad. Nauk SSSR
283 (1985), no. 5, 1060–1064.

[D93] M. J. Dyer, Hecke algebras and shellings of Bruhat intervals, Compositio Math. 89 (1993), no. 1,
91–115.

[FKK98] I. B. Frenkel, M. G. Khovanov, and A. A. Kirillov Jr., Kazhdan-Lusztig polynomials and canon-
ical basis, Transform. Groups 3 (1998), no. 4, 321–336.

[GAP16] The GAP group. “GAP-Groups, algorithms, and programming.” Version 4.8.3, 2016.
https://www.gap-system.org/index.html

[GK91] A. M. Gavrilik and A. U. Klimyk, q-deformed orthogonal and pseudo-orthogonal algebras and
their representations. Lett. Math. Phys. 21 (1991), no. 3, 215–220.

[GP00] M. Geck and G. Pfeiffer, Characters of Finite Coxeter Groups and Iwahori-Hecke Algebras,
London Mathematical Society Monographs. New Series, 21. The Clarendon Press, Oxford University
Press, New York, 2000. xvi+446 pp.

[GL93] I. Grojnowski and G. Lusztig, A comparison of bases of quantized enveloping algebras, Linear
algebraic groups and their representations (Los Angeles, CA, 1992), 11–19, Contemp. Math., 153,
Amer. Math. Soc., Providence, RI, 1993.



114 H. WATANABE

[HK02] J. Hong and S.-J. Kang, Introduction to Quantum Groups and Crystal Bases, Graduate Studies
in Mathematics, 42. American Mathematical Society, Providence, RI, 2002. xviii+307 pp.

[H72] J. E. Humphreys, Introduction to Lie Algebras and Representation Theory, Graduate Texts in
Mathematics, Vol. 9. Springer-Verlag, New York-Berlin, 1972. xii+169 pp.

[J85] M. Jimbo, A q-difference analogue of U(g) and the Yang-Baxter equation, Lett. Math. Phys. 10
(1985), no. 1, 63–69.

[J86] M. Jimbo, A q-analogue of U(gl(N+1)), Hecke algebra, and the Yang-Baxter equation, Lett. Math.
Phys. 11 (1986), no. 3, 247–252.

[Jo85] V. F. R. Jones, A polynomial invariant for knots via von Neumann algebras, Bull. Amer. Math.
Soc. (N.S.) 12 (1985), no. 1, 103–111.

[K90] M. Kashiwara, Crystalizing the q-analogue of universal enveloping algebras, Comm. Math. Phys.
133 (1990), no. 2, 249–260.

[K91] M. Kashiwara, On crystal bases of the Q-analogue of universal enveloping algebras, Duke Math.
J. 63 (1991), no. 2, 465–516.

[K93a] M. Kashiwara, Global crystal bases of quantum groups, Duke Math. J. 69 (1993), no. 2, 455–485.
[K93b] M. Kashiwara, The crystal base and Littelmann’s refined Demazure character formula, Duke

Math. J. 71 (1993), no. 3, 839–858.
[K02] M. Kashiwara, On level-zero representations of quantized affine algebras, Duke Math. J. 112 (2002),

no. 1, 117–175.
[KN94] M. Kashiwara and T. Nakashima, Crystal graphs for representations of the q-analogue of classical

Lie algebras, J. Algebra 165 (1994), no. 2, 295–345.
[KL79] D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math.

53 (1979), no. 2, 165–184.
[Ko14] S. Kolb, Quantum symmetric Kac-Moody pairs, Adv. Math. 267 (2014), 395–469.
[KP11] S. Kolb and J. Pellegrini, Braid group actions on coideal subalgebras of quantized enveloping

algebras, J. Algebra 336 (2011), 395–416.
[Kw09] J.-H. Kwon, Crystal graphs and the combinatorics of Young tableaux, Handbook of algebra. Vol.

6, 473–504, Handb. Algebr., 6, Elsevier/North-Holland, Amsterdam, 2009.
[Le99] G. Letzter, Symmetric pairs for quantized enveloping algebras, J. Algebra 220 (1999), no. 2,

729–767.
[Le17] G. Letzter, Cartan subalgebra for quantum symmetric pair coideals, arXiv:1705.05958.
[LS91] S. Z. Levendorskii and Y. S. Soibelman, The quantum Weyl group and a multiplicative formula

for the R-matrix of a simple Lie algebra, Funct. Anal. Appl. 25 (1991), no. 2, 143–145.
[L90a] G. Lusztig, Canonical bases arising from quantized enveloping algebras, J. Amer. Math. Soc. 3

(1990), no. 2, 447–498.
[L90b] G. Lusztig, Canonical bases arising from quantized enveloping algebras. II, Common trends in

mathematics and quantum field theories (Kyoto, 1990), Progr. Theoret. Phys. Suppl. No. 102 (1990),
175–201 (1991).

[L91] G. Lusztig, Quivers, perverse sheaves, and quantized enveloping algebras, J. Amer. Math. Soc. 4
(1991), no. 2, 365–421.

[L93] G. Lusztig, Introduction to Quantum Groups, Reprint of the 1994 edition, Modern Birkhäuser
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