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Abstract

Understanding quantum many-body systems with interactions is an important problem com-
mon to various fields of physics, such as atomic physics, condensed matter physics, nuclear
physics, and particle physics. Among others, ultracold atoms have provided ideal grounds to
study strongly interacting systems and to explore exotic quantum states because of their high
controllability. We can widely control the strengths of the interactions from weak to strong as
well as the geometry of the systems. In order to deepen our understanding of quantum many-
body systems with interactions, we in this thesis investigate two types of one-dimensional (1D)
systems realizable with ultracold atoms; bosons and spinless fermions near two-body resonances
and bosons near a three-body resonance.

One-dimensional systems near two-body resonances have been intensively studied because,
in the homogeneous cases, they are exactly solvable systems. The energy spectra and thermo-
dynamic quantities exactly obtained by the Bethe ansatz have greatly contributed to deepening
our comprehension of many-body systems in 1D. On the other hand, the exact computations of
correlation functions, which encode information about excitations of the systems, are in general
much more complicated even in the integrable systems.

Motivated by this background, we derive a series of exact relations for correlation functions
in bosons and fermions near two-body resonances. These relations called universal relations
originate from the universal properties of the resonant systems: Their properties depend on
the interactions only through the scattering lengths characterizing the low-energy scattering.
The universal relations are strong constraints on the systems because the relations hold for any
particle number, scattering length, temperature, and with or without a trapping potential. The
relations include the asymptotic behaviors of correlation functions in high-energy regime as well
as the energy relations, in which the energies are expressed in term of the momentum distribu-
tions. The universal relations involve two- and three-body contacts, which are the integrals of
local pair and triad correlations, respectively.

Firstly we derive, in both bosons and fermions, universal relations for static correlation
functions such as static structure factors and momentum distributions within the first-quantized
formalisms. The power laws of the static correlation functions for large momentum and the
energy relations are obtained. The coefficients in these power-law behaviors are proportional
to the two-body contact. We clarify that the three-body contact makes no contribution to the
bosonic energy relation, but it plays a crucial role in the fermionic one.

Secondly, we derive universal relations for dynamic correlation functions for bosons. Using
the operator product expansion (OPE) in the field theoretical formalism, we obtain the large-
energy-momentum behaviors of the dynamic structure factor, the dynamic current correlation,
and the single-particle spectral density as well as the quasiparticle energy and the scattering
rate in high-energy regime. While the behaviors of the dynamic structure factor and the current
correlation are proportional to the two-body contact, that of the single-particle spectral density
is proportional to the number density. Because of the interrelation between 1D bosons and
fermions near two-body resonances, the results of the dynamic structure factor and the current



correlation for bosons also hold for the fermions.

Thirdly, the quantum field theory for fermions near a two-body resonance is studied to derive
universal relations for the single-particle spectral density. Unlike for bosons, the regularization
is necessary for the field theory for fermions. Performing a renormalization group analysis, we
find that not only two-body but also three-body couplings are renormalized and clarify that the
renormalization of the three-body coupling is associated with the appearance of the three-body
contact in the fermionic energy relation. Applying OPE to the constructed field theory, we
investigate the large-energy-momentum behavior of the single-particle spectral density. As a
result, the behavior is found to be proportional to the number density.

The high controllability of ultracold atoms allows us to extinguish their two-body interaction,
leading to the realization of unique systems governed by the three-body interaction, which is
otherwise hidden behind the two-body interaction. In such systems, novel bound states, which
are not stabilized by two-body interactions, are expected to appear. From this perspective, 1D
bosons with a resonant three-body interaction are investigated in this thesis. We reveal that
they form few-body bound states as well as a many-body droplet stabilized by the quantum
mechanical effect. Their binding energies relative to that of three bosons are all universal
and the ground-state energy of the dilute droplet is found to grow exponentially as Fx/Es —
exp(8N?/37) with increasing particle number N > 1. This exponential growth of Ey results
from the asymptotic freedom associated with the three-body interaction in 1D.

While our studies of the resonantly interacting systems in 1D are motivated by highly tun-
able ultracold atoms, the properties of the systems are universal in the sense that they are
independent of microscopic details of the interaction potentials. Accordingly, our result can
be applied not only to ultracold atomic gases in elongated traps but also other 1D quantum
systems in which microscopic length scales associated with interactions are much smaller than
other length scales such as the scattering lengths, thermal de Broglie wavelengths, and mean
interparticle distances.
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Chapter 1

Introduction

1.1 Strongly correlated many-body systems

Strongly correlated many-body systems appear in a variety of fields of physics, such as atomic
physics, condensed matter physics, nuclear physics, and particle physics. These systems include
strongly correlated electron systems such as high-T, superconductors [1], superfluid nuclear
matters expected to be realized in neutron stars [2, 3], and strongly interacting quark—gluon
plasmas produced in heavy ion collisions [4-7]. While the strongly correlated systems exhibit
many interesting phenomena, understanding of their physical properties is always challenging.
Among others, ultracold atoms are highly tunable systems, where we can widely control their
quantum statistics, interaction, and spatial dimensionality [8-10]. This high controllability
allows us to systematically investigate quantum many-body systems from a weakly-interacting
regime to a strongly correlated regime. Therefore, the ultracold atoms have been providing ideal
grounds to deepen our knowledge of strongly interacting many-body systems.

1.2 Ultracold atoms and universal properties near resonances

Ultracold atoms are atomic gases produced by laser cooling [11] and evaporative cooling [12].
Typically, these gases have densities n between 102 and 10 atoms per cm?® and they are
maintained at temperatures 7' in the nanokelvin range. The atomic gases reach the quantum
degenerate regime T < 0.1Tyeq, where Tyee = h2n?/3/(kpm) is the quantum degeneracy tem-
perature with m being the mass of the atoms. Since there are a variety of atomic species and
isotopes, we can obtain ultracold Bose or Fermi gases as well as mixtures of bosons and fermions.
For instance, "Li, 23Na, 3K, 8"Rb, 133Cs, and 1" Yb are bosonic atoms, while 5Li, K, 85Rb,
and 1"3YD are fermionic ones. Since atoms have various hyperfine states, we can also choose the
number of internal states.

For ultracold bosonic atoms or fermionic atoms with two internal states, the s-wave scattering
length as, which characterizes the low-energy scattering amplitude of two particles, can be
tuned by an external magnetic field B near a Feshbach resonance [13]. Near the resonance, the
scattering length can be parametrized as a simple function of B [14], as = ang[1 — A/(B — By)],

1



100

50t
£
S
_50,
~100 ‘ ‘ ‘ ‘
395 400 405 410
B [G]
Figure 1.1: Scattering length as near a Feshbach resonance for 3°K. The resonance position
By = 402.4 G and the resonance width A = —52 G are determined by the experiment in
Ref. [15].

where apg denotes the off-resonant value of the scattering length, By is the resonance position,
at which ag is divergent, and A is the resonance width. Figure 1.1 shows that as takes arbitrary
values from —oo to co. In the case of a single-component Fermi gas, the s-wave scattering is
forbidden by Fermi-Dirac statistics, and thus the p-wave scattering is dominant. The p-wave
scattering can also be magnetically controlled via a p-wave Feshbach resonance [16].

The van der Waals interaction between atoms is short ranged and its range is typically
ro ~ 1 nm. In the case of ultracold atoms with mass m near a s-wave resonance, 7o is much
smaller than the thermal de Broglie wavelength A\p = h/y/27mmkgT and the mean interatomic

1/3 as well as the absolute value of the scattering length:

, Jas|. (1.1)

distance n~

rg < Ap, n71/3
In this resonant regime, the scattering length is the only relevant length scale associated with
the interaction potential, so that the system has universal properties: A variety of physical
quantities depend on the interaction only through the scattering length, i.e., become independent
of microscopic details of the interaction potential. For example, in the unitary limit as — oo, the
Fermi gas becomes a strongly interacting system called the unitary Fermi gas, and the number
density n is the only dimensionful scale of the system [17]. Therefore, the thermodynamic
function of the unitary Fermi gas is given by a function of a single variable 1/nA3,, which is
independent of the interaction potential. Another example is the existence of a series of three-
body bound states called Efimov trimers for identical bosons near a s-wave resonance [18-21].
The binding energy of the n-th Efimov trimer follows the universal scaling law B(™ ~ (22.7)72n,
The experimental signature of the Efimov trimers has been also observed with ultracold atoms
such as 33Cs [22]. The universal physics near resonances including the unitary Fermi gas and the
Efimov trimers can be described by the zero-range models, where the short-range interactions
are reduced to contact interactions with rg — 0.



Since such universal properties appear as long as systems are in the resonant regime in
Eq. (1.1), the studies of the universal properties can be applied not only to ultracold atoms
but also other resonant systems. Accordingly, such studies play an important role as a bridge
among various subfields of physics. In nuclear physics, the neutron-neutron s-wave scattering
length as ~ —18.5 fm is much larger than the range of the nuclear force 1o ~ 1 fm [23]. A
dilute neutron matter at low temperature, which is expected to be realized in the inner crust
of neutron stars, reaches the regime in Eq. (1.1) [24], and thus the neutron matter shares the
universal properties with ultracold Fermi gases near s-wave resonances. On the other hand, the
physics of the Efimov trimers is studied not only from the perspectives of atomic and molecular
physics [22,25], but also from the point of views of nuclear physics [26] and condensed matter
physics [27].

Recently, a series of exact relations, called universal relations, for a system near a resonance
have received much attention [28-30]. The universal relations are strong constraints on the
system because they hold for any number of particles, scattering length, temperature, and with
or without a trapping potential. In particular, it is valuable that these relations provide exact
information of the system even in the strongly correlated regime. In the relations, various
quantities including power-law tails of correlation functions in frequency-momentum space, the
energy, and the derivative of a free energy with respect to a coupling constant are related to
so-called contact parameters, which measure short-range correlations of the system. While the
universal relations were originally found in a 3D Fermi gas with an s-wave interaction [28-30],
they have been generalized to various systems such as Bose gases [31, 32], lower-dimensional
gases [32-35|, and quantum gases with higher partial-wave interactions [36-38] as well as to
nuclear systems [39]. The relations have also been verified experimentally in 3D Fermi gases
with s-wave and p-wave interactions [40,41].

1.3 One-dimensional systems near two-body resonances

The 1D counterparts of the zero-range models have been intensively studied since 1960s and
greatly contributed to the advancement of our understanding of strongly interacting many-body
systems in 1D because, in the homogeneous cases, they are exactly solvable systems [42,43].
Among others, the zero-range model for 1D bosons in the absence of a trapping potential has a
long history [44,45]. In 1960, Girardeau investigated 1D bosons with an infinitely strong repul-
sion and found that their energy eigenstates are related to those for spinless free fermions through
the Bose-Fermi mapping [46]. These strongly interacting bosons are called the Tonks-Girardeau
gas. Because of the existence of the Bose-Fermi mapping, various physical quantities such as
thermodynamic quantities are identical between the Tonks-Girardeau and the noninteracting
Fermi gases. In this sense, the Tonks-Girardeau gas is frequently referred to as “fermionized”
bosons. After three years of the Girardeau’s work, Lieb and Liniger studied the zero-range
model of bosons with a delta-function interaction potential, which is now called the Lieb-Liniger
model [44]. For a finite repulsive interaction, Lieb and Liniger exactly computed the ground
state energy in the thermodynamic limit as well as the excitation spectrum by using the Bethe
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Figure 1.2: (Left) Configuration of two pairs of counter-propagating laser beams to produce a

2D optical potential which is periodic in the z and y directions. (Right) Atoms in a 2D optical
periodic potential with a large amplitude. The atoms can freely move only along the z-axis,
leading to an array of 1D tubes. The optical potential around its each minimum can be well
approximated by a tightly confining harmonic oscillator potential along the transverse direction.

ansatz method and revealed the existence of the gapless excitation. Thermodynamic quantities
and the excitation spectrum at finite temperature was studied by Yang and Yang in 1969 [47].
On the other hand, in the case of attractive interaction, McGuire found that the ground state
of N-bosons is a cluster-like bound state, whose binding energy grows as N? with increasing
particle number [48].

Until about two decades ago, such 1D bosons had been mainly studied from a purely the-
oretical perspective. This situation changed with a proposal to realize 1D atomic systems by
Olshanii in 1998 [49]. He showed that 1D systems with a delta-function interaction potential
can be obtained by confining a 3D ultracold atomic gas with a contact s-wave interaction in a
highly elongated harmonic trap. Such a 1D confinement can be realized by using a 2D optical
lattice (see Fig. 1.2). Six years later, 1D Bose gases were experimentally realized with ultracold
8TRb and the fermionized properties of the Tonks-Girardeau gas were observed [50]. This exper-
imental achievement has stimulated many theoretical and experimental studies of 1D systems
near resonances [45].

On the other hand, 1D spinless fermions near a resonance can be obtained by confining a
3D Fermi gas near a p-wave resonance in a highly elongated harmonic trap [51]. These fermions
can be described by the fermionic zero-range model [52]. Cheon and Shigehara found that
all energy eigenstates of the fermionic zero-range model are mapped into those of the bosonic
zero-range model and vice versa via the Girardeau’s Bose-Fermi mapping [52]. This Bose-Fermi
correspondence is a natural generalization of the interrelation between the Tonks-Girardeau gas
and the free fermions. As a consequence of the Bose-Fermi correspondence, the energy spectrum,
thermodynamics and density correlation functions are identical between bosons and fermions
related to each other through the Bose-Fermi mapping. Accordingly, many results derived in the
bosonic model can be directly applied to the fermionic one. However, some correlation functions
such as a momentum distribution and a single-particle spectral density are different between
bosons and fermions, and these correlation functions for fermions have been much less revealed

4
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Figure 1.3: Mechanism of the emergence of two- and three-body interactions among nucleons
due to virtual pions and delta particles. The solid, dotted, and bold solid lines indicate the
propagations of a nucleon, a pion, and a delta particle, respectively. Figure (a) denotes the one-
pion exchange process leading to the two-body potential V5 between nucleons, while Figs. (b) and
(¢) denote two-pion exchange processes without and with a virtual delta excitation, respectively.
Because of the virtual excitation, the process (c¢) gives rise to the three-nucleon interaction V.

than those for bosons.

While the thermodynamic quantities in the zero-range models can be exactly computed
by the Bethe ansatz, the exact calculations of correlation functions are in general much more
complicated even in integrable systems [54]. One of the great successes in such a problem is
Haldane’s theory of quantum liquids, where the low-energy behaviors of correlation functions
at zero temperature were found to be universal [55]. These universal properties of correlation
functions originate from the quantum many-body fluctuation in 1D. In this thesis, we investigate
another kind of universal properties i.e., universal relations for correlation functions, which is
effectively determined by few-body physics. Although these universal relations are powerful by
themselves, the relations combined with the Bose-Fermi correspondence and the exact contact
parameters obtained by the Bethe ansatz provide us more detailed information about correlation
functions.

1.4 Three-body interactions

Most of the physical systems we are interested in consist of two or more constituents interacting
with each other. The key to understanding of such systems is to clarify how interparticle
interactions affect their properties. While interactions between atoms, molecules, or nucleons
(proton and neutron) are usually treated as pairwise ones, interactions among three or more
particles which cannot be expressed in terms of the pairwise potentials, in general, appear [56—
59]. However, the three and higher-body interactions are usually so weak that they are hidden
behind two-body ones [60].

Three- and higher-body interactions often result from virtual excitations. Here we explain



the mechanism of the emergence of two- and three-body interactions in the case of three-nucleon
systems [59]. Within the low-energy effective theory of nucleons, virtual particles other than
nucleons are integrated out and replaced with interaction potentials. Figure (a) indicates that
the exchange of one virtual pion between two nucleons gives the pairwise Yukawa potential V5.
A two-pion exchange process with the propagation of a virtual nucleon [depicted in Fig. 1.3 (b)]
can be expressed in terms of V5 because it can be separated into two one-pion exchange processes
[shown in Fig. 1.3 (a)] by cutting the virtual nucleon line. On the other hand, there is another
two-pion exchange process shown in Fig. 1.3 (c), in which an excited state called a delta particle
appears as a virtual state. This process cannot be separated into the one-pion exchange depicted
in Fig. 1.3 (a), and thus it provides the three-body interaction V3, which cannot be expressed
as the sum of the two-body interactions.

As mentioned in the previous sections, ultracold atoms provide ideal grounds where inter-
atomic interactions are widely tunable. Taking advantage of these features, we can make a
two-body interaction so week that the system is governed by a three-body interaction. Re-
cently, various proposals to independently tune two- and three-body interactions in ultracold
atomic systems have been put forward [61-71]. It is predicted that the systems with three-body
interactions exhibit many interesting phenomena [61-71]. For example, a weakly interacting
Bose-Einstein condensate with a two-body attraction and a three-body repulsion is predicted to
be formed into a self-binding droplet [72]. Three-body repulsions are also expected to stabilize
paired bosonic superfluids [64, 73-76] and the Pfaffian state, whose excitations called anyons
obey the non-Abelian statistics and have received much attention in the context of topological
quantum computations [77].

Resonant three-body interactions have been studied in dimensions higher than one. In
3D bosons, such a three-body interaction is predicted for large and negative s-wave scattering
lengths when a Efimov trimer crossed the three-particle threshold [61,72]. In 2D bosons, it was
found that a resonant three-body attraction stabilizes a series of exotic four-body bound states
called semisuper Efimov tetramers, whose sizes follow a universal scaling law [78]. In this thesis,
we investigate what bound states are formed because of the interplay of the resonant three-body
interaction and the one-dimensionality.

1.5 Purposes and outline of this thesis

In order to deepen our understanding of interacting quantum many-body systems in various
fields of physics, we in this thesis investigate two types of 1D systems from the viewpoint of the
universal properties near resonances; bosons and spinless fermions near two-body resonances
and bosons near a three-body resonance.

This thesis is organized as follows. In Chapter 2, we review previous works related to our
study. In particular, we introduce how to describe universal properties near two-body resonances,
details of the Bose-Fermi correspondence and of the Bethe ansatz, and how to realize a 1D
system governed by a resonant three-body interaction. Chapters 3, 4, and 5 are devoted to
deriving universal relations in bosons and fermions near two-body resonances. In Chapter 3,
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we derive universal relations for static correlation functions including a static structure factor
and a momentum distribution. Universal relations for dynamic correlation functions are studied
for bosons in Chapter 4 and for fermions in Chapter 5. In Chapter 6, we investigate universal
properties of bound states of bosons with a resonant three-body interaction. We summarize this
this thesis in Chapter 7. Throughout this thesis, we set h = 1.






Chapter 2

Review of resonantly interacting
systems in 1D

In this chapter, we review previous works in resonantly interacting quantum systems in 1D.
First, we review the universal properties of bosons and fermions near two-body resonances in
Section 2.1. Section 2.2 is devoted to the review of the Bethe ansatz to exactly solve the
Schrédinger equations in the homogeneous cases. In Section 2.3, we introduce how to realize 1D
bosons with a resonant three-body interaction. In the end of this chapter, we summarize the
chapter.

2.1  Universalities near two-body resonances in 1D

We begin by reviewing 1D scattering problems for two identical particles with short-range inter-
actions to understand the universalities of low-energy physics with large scattering length and
how to describe the universal properties. We follow Refs [30,79] below.

Suppose that two identical particles with their mass m interact with each other via a potential
U(x), which is symmetric U(x) = U(—x) and has a range ro, i.e., U(x) = 0 for |z| > ry. Because
of statistics of particles, a wave function for relative motion satisfies ¥ p(—z) = ¥ p(z) for spinless
bosons and ¢ p(—x) = —¢p(z) for spinless fermions. For |z| > 7o, ¥p(z) and ¢ p(x) solve the
free Schrodinger equation, and thus they can be expressed as

Yp(z) = cos(kx) + f. (k) ™l (2.1a)
Yr(x) = isin(kz) + fo(k)sgn(x)e*, (2.1b)

where sgn(z) = z/|z|, k > 0 is a relative momentum, and f.(k) and f,(k) are even- and odd-
wave scattering amplitudes,! respectively. These scattering wave functions can be also written

! For distinguishable particles in 1D, a wave function outside the range takes the form of t(z) = ™ +
fip (k;sgn(z)) e™1*! which is in analogy to a 3D scattering state 1(r) = ™™ + fap(k,0)e’*" /r. Futhermore, the
1D scattering amplitude can be separated into even- and odd-parity parts: fip (k;sgn(z)) = fe(k) + fo(k)sgn(z),
which is in analogy to the partial wave expansion in 3D; fap(k,60) = >_,°, fi(k)P/(cos6). Here Pi(cosf) is a the
Legendre polynomial.



in terms of phase shifts:

V() = oW cos [k|z| + 655 (k)] (2.2a)
Yr(z) = —ie®oFsgn(z) sin [k|z| + 65 (k)] - (2.2b)

The scattering amplitudes are thus related to the phase shifts by the following relations:

) = oo T (23

folk) = ——— 5;D(k) — (2.3b)
For sufficiently low energy kro < 1, cot 67 (k) and cot 67 (k) can be expanded as

cot ¢ (k) = ka$p + O(k?), (2.4a)

cot 07p (k) = kal‘fD + O(k), (2.4b)

where real-valued parameters a{p, and afp are 1D scattering lengths in even-wave and odd-wave
channels, respectively. Using Eqs. (2.2) and (2.4), we can find that, for krg < 1, wave functions
at x = rg satisfy the following equations:

¥p(ro) + (aip — r0)¥p(ro) =0, (2.5a)
Yr(ro) + (afp — ro)p(ro) ~ 0. (2.5b)

Here ¢(z) denotes the derivative of ¢ (z).

When the scattering lengths are much larger than the range, |a{p|, |ajp| > ro, low-energy
properties of the systems depend on the interactions only through the scattering lengths. These
universal properties of two-body physics originate from the existence of the well-defined zero-
range limit 7o — -+0. In this limit, interparticle interactions can be treated as contact interac-
tions. The contact interactions lead to the contact boundary conditions, which are obtained by
taking the zero-range limit of Eqgs. (2.5):

Y5(+0) + afpYp(4+0) =0, (2.6a)
Yr(+0) + afp(+0) = 0. (2.6b)

From these boundary conditions, phase shifts for bosons and fermions in this limit are found to
be

cot 07p (k) = kaip, (2.7a)
1
cot, (s(fD(k') = @, (27b)

respectively. The models in which the phase shifts in the forms of Eqs. (2.7) hold for any k are
called zero-range models. In the zero-range models, the scattering lengths are the only length

10
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Figure 2.1: One-dimensional scattering lengths (a) for bosons and (b) for fermions.

scales which arise from interactions. Therefore, the zero-range models are found to describe
effective theories of 1D systems near resonances (|a{pl, |ajp| > r9). One way to represent
the zero-range models is to use the free Schrodinger equation for |z| > 0 combined with the
contact boundary conditions in Eqs. (2.6). We take advantage of this formalism to clarify
essential properties of 1D bosons and fermions near resonances in the next section. Two other
representations of the zero-range models are also introduced in Section 2.1.2.

Before proceeding to the next section, we note that, in the case of ultracold atoms, the 1D
scattering lengths afp and a{p, are related to parameters controllable via Feshbach resonances.
As mentioned in Section 1.3, 1D bosons (fermions) with a contact interaction can be realized
by confining 3D bosons (fermions) with an s-wave (a p-wave) interaction in a highly elongated
harmonic trap, V(z,y,2) = %mw%azz + %mwf_(gf + 22) with w, < w, [49,51]. The transverse
motion of the trapped atoms is “frozen” to the zero point oscillation, and thus they can freely
move only along the x-axis. For bosons, a{p, can be expressed in terms of the transverse oscillator

length a; = /h/(mw, ) and the 3D scattering length as [49]:

aSp = ay (]C(\1//52)| — 2) , (2.8)

where ((z) is the zeta function. On the other hand, a{, for fermions can be expressed in terms
of a; = +/h/(mw,) and the 3D scattering volume v, which characterizes the p-wave scattering
amplitude at low energy [51]:

o _ SUp 31¢(3/2)] vp -
=P (1 + oo a?i) . (2.9)

By tuning as and v, via magnetic Feshbach resonances, a{p and afp can be widely controlled
[see Figs. (a) and (b)].
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2.1.1 Contact boundary conditions and Bose-Fermi correspondence

The expressions of the zero-rage models with Eqs. (2.6) allow us to easily find an excellent and
practical relation between bosons and fermions [46,51-53]. When we set af, = a{p = a, both
bosonic and fermionic wave functions satisfy the same contact boundary condition,

P(+0) + ay'(+0) = 0, (2.10)
as well as the free Schrédinger equation for |z| > 0:

1 d?

—E@w(x) = Ey(x). (2.11)

Although bosons and fermions obey the different statistics, all bosonic energy eigenstates ¥ ()
are mapped to fermionic ones ¢ (x) in one-to-one via

Yr(z) = sgu(x)Pp(z). (2.12)

Since Eq. (2.11) determines energy eigenvalues and %sgn(z) = 0 for |z| > 0, this mapping pre-
serves the energy eigenvalues between bosons and fermions. This interrelation between bosons
and fermions is called Bose-Fermi correspondence. This is a natural generalization of the well-
known correspondence between impenetrable bosons and free fermions with a% = a% = —0 [46].
The Bose-Fermi correspondence originates from the special property of 1D, in which the anti-
symmetrizing factor has the simple form of sgn(x). In order to clarify the consequences of the
Bose-Fermi correspondence, we set a{p = a{p, = a in the rest of this thesis.

The representation through Eqs. (2.10) and (2.11) also allows us to find another property of
the zero-range models. When two particles approach each other, x — 0, wave functions behave
non-analytically [see Fig. 2.2]:

Ya(2) = 68 (2)ta(+0) + O(?), (2.13)

where o = B, F' labels statistics of particles and

D2) = (1 Jz|/a), (2.14a)
@ () = (sgn(x) — z/a), (2.14b)

are the dimensionless two-body scattering-state wave functions with zero energy. Figure 2.3
shows how the scattering length a controls the non-analyticity of the wave functions. Recalling
that a wave function of free particles are a smooth plane wave, we can see that bosons (fermions)
become non-interacting for a — +oo (a — —0).

The zero-range models with the contact boundary conditions can be easily generalized to N-
body physics. The zero-range models with N particles describe 1D quantum many-body systems
in the resonant regime, where the interaction range ry is much smaller than other length scales
such as a scattering length a, a mean interparticle distance lean, and a thermal de Broglie
wavelength Ay ~ 1/v/mkgT. In ultracold atom experiments, particles are often trapped by a

12
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particles.
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smooth potential V' (x). For this reason, we take a trapping potential into account. The N-body
energy eigenfunctions of both zero-range models solve the free Schrodinger equation over the
domain where all particles are separated from each other:

o1 o2
S lmsmag +Vi@)| Uz, an) = EV(zy,--- ,an) (2.15)
P 2m Ox;
with ;5 = x; —x; # 0 for any 1 <14 < j < N. When each pair of particles 1 <1i < j < N come
into contact with each other, the eigenfunctions satisfy the contact boundary conditions:
mi}iinw (14 ady,,) V(z1,-- ,an) =0. (2.16)
Energy eigenfunctions for bosons (fermions) are solutions totally symmetric (antisymmetric) in
the exchange of particles. The Bose-Fermi correspondence in Eq. (2.12) is generalized to N-body
problems as follows: For any bosonic solution ¥p(x1,- - ,zx) with energy F, the corresponding
fermionic solution Wp(z1,--- ,2y) with the same energy always exists, and they are related to
each other through the Girardeau’s Bose-Fermi mapping? [46]

Up(xi, - ,2n) = Az, -+ ,an)UB(21, -+, 2N). (2.17)

Here the N-body mapping factor A(x1,---,xn) is given by

1<i<j<N

The non-analytic behaviors of two-body wave functions in Eqgs. (2.13) are also generalized
to many-body wave functions: From Egs. (2.15) and (2.16), we can see that, when two particles
i < j come close to each other with their center-of-mass coordinate X;; = (x; + x;)/2 fixed, ¥,

becomes proportional to the non-analytic two-body wave functions ¢>§3) (xi5) in Eq. (2.14):

Uo(z, o an) = 02 (i) Pasi (Xijs {k bipij) + O(23), (2.19)
where
Doij (Xijs {1k rtig) = u]l-il)n+0 Uo(21,--,2N) (2.20)

is a smooth function of X;;. In Chapter 3, we prove that the non-analytic behaviors in Egs.(2.19)
lead to universal relations for correlation functions.

The Bose-Fermi correspondence is known to make a variety of physical quantities identical
between bosons and fermions with the same scattering length a{, = afp = a. Since the
energy spectrum {E;}; is identical between bosons and fermions, the partition function Z =
>, exp[—E;/(kpT)] at temperature T is also identical. As a result, with a and 7" fixed, bosons
and fermions have the same thermodynamics.

2 When bosons and fermions with periodic (or more generally twisted) boundary conditions are considered,
there is a subtle issue in the Bose-Fermi mapping as mentioned in Section 3.3.
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The Bose-Fermi correspondence also makes some correlation functions for bosons the same
as those for fermions. Since |A(z1,---,2zn)| = 1, the absolute value of the wave function ¥p
in Eq. (2.17) is the same as that of ¥5. Consequently, both states have the same probability
distribution of finding M particles at the positions z1,...,z:

N!

g, o) = (N_M)!/dxMH...de Wolar,...,en) (2.21)

where o = B, F' labels statistics of particles and V¥, is normalized as f dxq - --de|‘lla\2 = 1.
Hereafter, we abbreviate the label o = B, I for quantities identical between ¥p and Vp.
Because of the correspondence of gps(z1, ...,z ), the following quantities are also identical for
Up and Vg the density profile n(x) = g1 (), the static structure factor

1 .
Sth) =1+ / dxyday e ) gy (21, w9) — n(@1)n (@), (2.22)
and the two- and three-body contact densities
Co(z) = go(x, x), Cs(x) = gs(x,z, ), (2.23)

which measure the probabilities that two and three particles come into contact with each other
at the position x, respectively. The two- and three-body contacts are given by the integrals of
Cao(z) and Cs(x) over x:

Cy = /dx Co(x), Cs = /d:v Cs(x). (2.24)

The correspondence of Cy was previously pointed out in Ref. [80]. As shown in Chapters 3-5,
C5 and C5 play roles as contact parameters in universal relations.

The correspondence of gps(x1,...,2zp) for bosons and fermions is naturally generalized to
systems at nonzero temperature 7. With a and T fixed, the canonical ensemble average of
gu (1, ..., ) is identical between bosons and fermions. In particular, the two-body contact
plays an important role in the thermodynamics of bosons and fermions. By using the Hellmann-
Feynman theorem, one can find that C5 is the thermodynamic quantity conjugate to the inverse

(8(?5@% B % (2.25)

While some correlation functions including S(k) are, by definition, identical between ¥ p and

scattering length [81],

where F' is the free energy.

W, other correlation functions are different between them. One of representative examples is a

momentum distribution
2
pa(k) = N/dxg cdry '/dazle_ikmlllla(xl, coo,TN)| - (2.26)

Although pp(k) and pr(k) are not identical with each other, we show in the next chapter that
there are two nontrivial connections between them resulting from the Bose-Fermi correspon-
dence.
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2.1.2 Other representations of the zero-range models

In the previous section, we define the zero-range models by combining the contact boundary
conditions in Eq. (2.16) with the free Schrodinger equation [Eq. (2.15)] over the domain where
all particles are separated from each other. However, in many cases in quantum mechanics,
we usually start with a Hamiltonian or a Lagrangian. Using the method of pseudopotentials,
Egs. (2.15) and (2.16) can be written as a single Schrodinger equation. In this framework,
bosons and fermions with contact interactions can be described by the following first-quantized
Hamiltonians [44, 53]:

= _i —iai“/( ) —125( ) (2.27)
v L 2mos; " ma s o .
N
1 92 2a ,
Hp = ; [_Qm@x? + V(xi)] T ;5 (i) Dij, (2.28)

where the regularized differential operator D;; acts on a fermionic wave function as

DijVp = lim [ 9 Up(xy,:-- ,xN)} (2.29)
Tij=+40 Lij
with the center of mass coordinate X;; = (x; + x)/2 of the pair of fermions 4, j and the other
N — 2 coordinates {1 ; fixed.
The zero-range models are also described in second-quantized formalisms. The quantum
field theory of bosons is given by the Lagrangian density

2
to=d' (i0+ 52~ V()| 0 + —of6loo. (2.30)
m ma

where ¢ = ¢(t,x) is a complex bosonic field. If is straightforward to derive Lp from the
first-quantized Hamiltonian Hp in Eq. (2.27). While the quantum field theory for bosons is
well defined without a regularization, that for fermions requires a regularization procedure. In
Ref. [80], it was found that the quantum field theory described by the Lagrangian density

2
Lo = ! (004 55 = V@) ) v+ 32 v0ruP (2.31)

with a fermionic field ¢» = 9 (¢, ) reproduces a two-body problem in the fermionic zero-range
model. However, this quantum field theory is not enough for three or more fermions: If three-
or higher-body problems were considered, one would be faced with logarithmic ultraviolet diver-
gences which cannot be canceled by the renormalization of vo. This implies that additional terms
which act on three- or higher-body states are required at low energy scale in order to express
the fermionic zero-range model within a field theory framework. In Chapter 5, we construct
the quantum field theory for fermions near a two-body resonance. One of advantages of field
theoretical formalisms is that we can use the operator product expansion to derive universal
relations for dynamic correlation functions for large energy and momentum.
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2.2 Bethe ansatz

In this section, we review the Bethe ansatz method to solve the Schrodinger equations of the
zero-range models without a trapping potential [44]. Here, we consider N bosons with an even-
wave interactions described by the Hamiltonian
N
1 0* 2
Hp=—— — - — 0(x; —xy). 2.32
B 2m < 0z ma ; (i — ;) ( )

The procedure shown below is also applicable to fermions with an odd-wave interaction. We
impose periodic boundary conditions on a wave function

\Ij(xl7 ’xl, ,mN):\I/(xl, 7xl+L, ,ajN) (233)

with a period L. Because of Bose-Einstein statistics, the wave function should be symmetric
under the exchange of particles:

\Il(x17"' ,$N):\I’($p1,"' 71;PN)7 (234)
where P is a permutation
1 2 ... N
P = . (2.35)
P P, --- Py
For this reason, it is sufficient to consider the wave function ¥ (z1, z2,- - ,zxN) over the domain

0<z <z9<---<xy < L. The boundary conditions (2.33) combined with Eq. (2.34) leads
to the constraint on ¥ (xy,xo, - ,zN)

U (0,29, ,xny_12N) = Y (z2,23, - ,xN, L). (2.36)

Over the domain 0 < x7 < 290 < --- < xny < L, the Schrodinger equation reduces to that for
free particles:

1 XL 92
“om 2 87:22\1143317332’ oan) = EV (21,29, ,2N). (2.37)
We find a solution of the form
N
U (x1,22, + ,TN) = ZApeXp iZ)\pjx]- , (2.38)
P j=1

where {\;} are quantum numbers called quasi momenta. This ansatz is called the Bethe ansatz,
and the corresponding state is called the Bethe state. Here, all the {)\;} are assumed to be
distinct. The Bethe state has a series of conserved charges

Q=> () (1=0,1,2--). (2.39)
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For example, the number of particles NV, total momentum P, and energy F are given by

N Q 1 N
_ _ 0. — ‘ _ 2 b )2
N = Qy, P—Ql—;)\], E=_ 2mj:1()\]), (2.40)

respectively.
Let us now determine unknown quantities Ap and A; in Eq. (2.38). The contact interaction
in the Hamiltonian (2.32) leads to the boundary conditions

0 0 2
< _+> \I/<(£I?1,LL'2,"' 7$N) =0. (241)
Orj1 Oxj  a 1= 10+
Substituting (2.38) into this yields
Z:Ap(i)\pj+l — i)\Pj +2/a) exp Z'()\pjJrl + /\pj)xj + 1 Z Ap, x| =0, (2.42)
P kA j+1
leading to
Ap(i)\Pj+1 — i)\pj + 2/a) + Ap/(i)\Pj — i)\pj+1 + 2/@) =0 (2.43)
with
1T 2 - 45=-1 4 4j+1 5+2 --- N
P = J J7oarlbat . (2.44)
P P -+ Py P Pj Pigo oo Pn
By introducing new notations
APl,P2:"'7Pjan+17"'7PN = Ap, (2.45)
APy Py, Py, Py Py = AP, (2.46)
AN — Am +2i/a
Sim = 2.47
b N = Am — 2i/a’ (2.47)
Eq. (2.43) leads to
Apr A S
P _ PPy Py, Py PN SPj,PjH- (2.48)

Ap B APl,Pm--'7Pj,Pj+1,"-,PN
Next, we evaluate the boundary condition (2.36). The left hand side of Eq. (2.36) equals
U (0,29, ,xN) = ZAPLPQV”»PN exp [i(Ap,z2 + -+ + ApyanN)], (2.49)
P
while the right hand side equals
U (x,- - ,xN,L) = Z Agexp [i(Ag,z2 4+ -+ Agy_ 2N + Aoy L)]
Q
= ZAPQ"" 7p]\]’pleMPlL exp [i()\p2332 —+ o+ )\pN.I‘N)] . (2.50)

P
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Thus, we have

iAp, L
Apy.py, Py = APy, Py P71 (2.51)

By using Eq. (2.48) iteratively, the left hand side of this equation is rewritten as

AP1,P27P3,~" PN AP2,P1,P3,P4'" ,Pn APQ,“' Pn_1,P1,PN
Apy,py Py Py APy, P3P Py Py APy Py Py, Py

N
= (H Sp]wpl) Ap,.... Py.P;- (2.52)

k=2

Apy Py, Py = X Apy,... Py.P

Changing the index P; — j and using Eq. (2.47), Eq. (2.51) leads to the Bethe ansatz equations:

Aj— A —2i/a
HA — M\ +2i/a’ (2.53)

2.2.1 Repulsive case

By recalling that the coupling constant in Eq. (2.32) is proportional to —1/a, a negative scat-
tering length a < 0 leads to a repulsive interaction between bosons. In this case, all the quasi
momenta {\;} are real valued, which corresponds to the fact that there is no bound state. It is
convenient to use a function

Al
O(\) =iln (l i ‘2 > = 2tan"! <)\\2a|> , —m <O\ <. (2.54)
tT 2

Rewriting Eq. (2.53) as

- -1 i+ QizAwlal Ak)lal
ixiL
Nl = H o Ak — ol (2.55)
k=11 —
and taking the logarithm of both sides, we obtain
N
ML+ 0N — M) = 2mn;. (2.56)
k=1
Here, n; defined by
N -1
is a half odd integer when N is even and an integer when N is odd. From Eq. (2.56), the
proposition
n; < ng - )\j < Mg, (2.58)
nj; = Ng - /\j = A, (2.59)
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can be proven by contradiction [54]. Since {\;} are assumed to be distinct, we can take {n;}
and {);} in ascending order

ny <ng <---<npy, (2.60a)
A< Ao <o < Ap. (2.60b)

If the set of n; is given, a wave function is uniquely determined by solving Eq. (2.56). For
instance, the ground state corresponds to the following set of n; [86]:
N -1

nj:_T+j_17 (]:17277N) (261)

We now consider the thermodynamic limit of the ground state:
N — o, L — oo, n = N/L = fixed. (2.62)

We note that n denotes not an integer but the number density. The system is characterized only
by a single dimensionless parameter v = 2/(n|a|) > 0. The discrete variable n; in Eq. (2.61)
can be replaced by continuous one:

yi=ni/L—y, A= AQy). (2.63)

Equations (2.60) make A(y) a monotonically increasing function in y, and thus the regions of y
and A are limited as

N -1
_TLV<3;,<TL7N7 %:7213 —>g7 (2.64)

~K<A<K, (2.65)

where the cutoff K is an unknown parameter. Define the density of states in quasi-momentum
space as

dy
A)=—=. 2.66
=2 (2.66)
Because of Ay = An/L = (nj41—n;)/L = 1/L, the summation of a function F'();) is evaluated
as

SNFN)=L > AyF(Ay))

i=1 —n/2<y;<n/2

n/2
:L/' dy FO\(»))

—n/2
— L[ dZZFO
/K DEO)

K
) / A FOVE(N). (2.67)

-K
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For example, the conserved charge in Eq. (2.39) is given by
Q=) (M) = L/ dANF(N). (2.68)
In the thermodynamic limit, the Bethe equations (2.56) reduce to

N
W), ;kz S-00) ~ M) =v. (2.69)

Equation (2.67) replaces this summation by an integral:

K
) | / aw S-0O) ~ N)FN) =y, (2.70)

Differentiating the both sides with respect to A, we obtain

1 Y 4lal N
27T+/K27T4+()\—)\/)26L2f()\) = 271)

On the other hand, Eq. (2.68) provides the number density n = Qg/L in terms of f(\):

K
n= / X F(N). (2.72)

-K

The unknown quantities K and f(A) for any v = 2/(n|a|) > 0 are determined by numerically
solving Eq. (2.71) combined with Eq. (2.72). Once K and f(\) are determined, we can obtain
the ground-state energy density

E 1 (K
E:L:m/Kd)\)\ fn. (2.73)

By using the Hellmann-Feynman theorem, a two-body contact density is also obtained [81,82]:

Co €

Co=—=m———. 2.74
2=7 T ™A1 a) (2.74)
For sufficiently small or large 7, the analytical expression of Cy is also obtained as
n? for v<1,
%w2’y_2n2 for v> 1.

In the case of finite temperature T' > 0, we can also exactly compute Co by the method of the
thermodynamic Bethe ansatz [81,82]. In addition, the Bethe ansatz allows us to obtain the
exact three-body contact density C3 = C3/L [82-85].
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Figure 2.4: (a) Two-component bosons in a 1D optical lattice. (b) Single-particle levels of bosons
in the spin sector. The two states |1) and ||) are energetically separated by A and coupled to
each other through the Rabi oscillation with a frequency (2, leading to a level repulsion.

2.2.2 Attractive case

By recalling that the coupling constant in Eq. (2.32) is proportional to —1/a, a positive scattering
length a > 0 leads to an attractive interaction between bosons. In this case, the ground state of
N bosons is known to be a bound state with binding energy [48]

N(N? —-1)

By —
N 6ma?

(2.76)

Because of By ~ N3 for large N, we cannot take the thermodynamic limit of the ground state.
The Bose-Fermi correspondence predicts that a N-fermion bound state with the same binding
energy also exists for a > 0. In Chapter 5, we study two- and three-fermion bound states within
a field theory framework.

2.3 Lattice realization of a three-body interaction

This section is devoted to the review to realize 1D bosons without two-body but with three-
body interactions and to make the three-body interaction resonant. Our scheme is based on
the proposal in Ref. [70], where 3°K atoms with two hyperfine states |F,mp) = |1,—1) = |1)
and [1,0) = |]) under the magnetic field B = 58 G are considered (see Fig. 2.4). As shown
in Fig. 2.4(b), these two states are energetically separated by the detuning A and coupled
to each other through the Rabi oscillation with a frequency €2, where A and 2 are tunable in
ultracold atom experiments [87]. Scattering lengths characterizing the intra- and intercomponent
interactions in this system read aq ~ 1.7 nm, a|| ~ 9.4 nm, and aq| ~ —2.8 nm [15,88]. The
bosonic atoms are confined in an optical lattice with the lattice constant [ = A/2 = 532 nm
and the anisotropic intensities V, = Vj,./4 = 15 x 272/m)?, leading to the axial hopping
parameter t, ~ 27 x 30 Hz with negligible radial ones ¢, . as well as the on-site interaction
strengths gy ~ 2w x 1.1 kHz, g | ~ 27 x 6.1 kHz, and g4 ~ —27 x 1.8 kHz within the harmonic
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approximation® [8]. As a result, the system can be described by the lattice Hamiltonian in 1D:

=ty > > (b boiv1 + 0] 1b0i) +ZH1, (2.77)

o=1,] 1

A

0 gaa
H; = —g(bLbTi - bLbu') - E(b%bii + bL‘bTi) +

A (2.78)

oi o'

where b,; and bl

»; are annihilation and creation operators of a boson with spin o at the lattice

point i, respectively. Diagonalizing H; in the one-boson sector, we can see that the single-particle
spinor eigenstates are energetically separated by the gap vQ2 + AZ2.

We now consider the low-energy physics relative to the spin gap vQ2 + AZ2. In this case, the
relevant degrees of freedom are atoms in the lower-energy spin state. Virtual excitations to the
higher-energy spin state lead to the emergence of effective three- and higher-body interactions
in a similar way as in nucleon systems in Section 1.4. As shown above, the on-site coupling
constants |g,o/| ~ kHz in Eq. (2.78) are much larger than the hopping parameter ¢, ~ 27 x 30 Hz.
We assume that A and € are also much larger than ¢,. This assumption allows us to treat
effective multibody interactions as on-site interactions, leading to the effective single-component
Hamiltonian

Heop = —t, Z (blbig1 + bl bi) + ZUQH“ (2.79)
. .U, -
Uetri = Zl . SR (2.80)

Here b; and b;r are annihilation and creation operators of a boson in the lower-energy spin state at
the lattice point ¢, respectively, and the effective N-body coupling constant Uy depends on the
parameters (A, ) in the original Hamiltonian (2.77). We note that the “effective” interactions
Uy do not have to be larger than t,.

We now determine the dependence of Uy on (A, 2). To achieve this, we can focus on single-
site problems because t, is much smaller than A, Q, and |g,./|. Since the low-energy physics
of the two-component system is described by the effective Hamiltonian of Eq. (2.79), the lowest
eigenvalue of H; has to be identical with the eigenvalue of ﬁeffﬂ; in the N-boson sector,

R N o N NI
(N|Uegi |N) = z_:l F’;(Mbj”bﬂ]\f) = E-:l Unm, (2.81)

where |N) = T(bT)N |[vac). The operator H; in the N-boson sector has three types of non-

% Note the differences from Ref. [70] by the factor of 2 because our oscillator lengths are £, = v/2£, . ~ 86 nm.
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Figure 2.5: (a) Curve in the plane of Rabi frequency €2 and detuning A along which the effective
two-body interaction energy Us vanishes. The dot marks the point at which both Us and Us
vanish. (b) Effective three-body interaction energy Us as a function of © with A simultaneously
tuned to fix Uy = 0. The solid (dotted) curve corresponds to A along the solid (dotted) curve
in (a). These figures are taken from Ref. [89] (© 2018 American Physical Society.

vanishing matrix elements:

N:— N Ni(Ny — 1) N (N, —1)
(Np, Ny Hi| Ny, N}y = —A=L 5 L gy 2T + g ; + 91Nt N,

(2.82)
Ny(Np+1

(N4, N, |H;|Ny —1,N, +1) = —QT(;), (2.83)
Ny +1)N

(N3 Ny HIN; + 1N, - 1) =~V DT (2.84)

where [Ny, N}) = ﬁ(b&)NT(bL)NHvac) with Ny + N = N. It is easy to numerically

T. J/.

calculate the lowest eigenvalue of H; in the N-boson sector. The obtained eigenvalue Fy should
equal Eq. (2.81): Ey = Zgzl Up——X . Therefore, the effective coupling constants Uy are

"pl(N—n)!
obtained as
VAZ 402
Uy =E = —%, (2.85)
Us = By — 2U4, (2.86)
Us = B3 — 3U; — 3Us, (2.87)
- (2.88)

where the analytic expression of Ej is used. Figure 2.5(b) shows the curve of the vanishing
two-body interaction in the plane of (2, A) and Fig 2.5(b) shows Us as a function of 2 with
Us = 0 fixed. At the point of (2, A) ~ 27 x (3.4, 2.8) kHz (shown by the dot in Fig 2.5(b)), both
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of two- and three-body interactions vanish, so that Us along the curve of Uy = 0 changes its
sign at this point from attractive to repulsive with increasing €2. As a result, we can realize 1D
bosons without two-body but with tunable three-body interactions. We note that effective four-
and higher-body interactions also appear but are negligible as far as the low energy physics is
concerned.

2.3.1 Three-body resonance

In order to construct the effective theory of 1D bosons near a three-body resonance, we start
with the problem of a three-body bound state without two-body but with attractive three-body
interactions Us < 0 within the single-component model. From Eq. (2.79) with Uy = 0, we can
see that the binding energy Bs > 0 is determined by the integral equation

1 V3 47r/\/§d 47rd 1
105 ~ 1672 J, pl/o P2 By ¥ 2t, 5 [1— cos(p - én)]’

where é; = (v/3,1)/2, é2 = (—v/3,1)/2, and é3 = (0, —1) and p = (p1,p2) is a set of momenta
conjugate to relative coordinates (Jacobi coordinates) of three bosons. In particular, Bz in the

(2.89)

weak attraction limit Us/t; — —0 is found to be exponentially small [89]

Bs — T2t, exp( U |) (2.90)
3

This behavior of Bs shows that, when the three-body interaction is weakly attractive, the system
is near a three-body resonance in the sense that the length scale associated with the three-body

2t,
az =y —- B, 6exp<2\[7r’U3|> > (2.91)

becomes much larger than the microscopic length scale [. Near the three-body resonance, the

bound state

long-range properties of the system depend on the interaction only through a3 and thus become
universal in a similar way to those near a two-body resonance. Hereafter, ag is referred to as a
three-body scattering length.

To obtain the effective field theory describing the universal properties near this resonance,
we take the continuum limit [ — 0 with t,1% = 1/2m, I x i = z, b;/\/1 = ¢(x), and U,1> = u,/m
fixed. Consequently, the lattice Hamiltonian in Eq. (2.79) with Us = 0 reduces to

Hom = [ o (020 + G2 08 @)oo (2.92)

We note that the interaction terms corresponding to four- and higher-body couplings vanish in
the limit of [ — 0 because all of them depend on positive powers of [. In the continuum limit,
the binding energy Bjs can be expressed in terms of m and the three-body scattering length in
Eq. (2.91) as

By =—. (2.93)

2
mas

In Chapter 6, this quantum field theory is investigated in detail.
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2.4 Summary

This chapter was devoted to a review of previous works on resonantly interacting quantum
systems in 1D. In Section 2.1, the zero-range models describing the universal properties of
bosons and fermions near two-body resonance were introduced. By using contact boundary
conditions, it was found that these two systems are related to each other via the Bose-Fermi
mapping in Eq. (2.17). Because of the existence of this mapping, these systems have the same
thermodynamics and static structure factor. In addition, contact interactions were found to
provide non-analytic behaviors of wave functions when two particles come into contact with each
other. We also reviewed representations of the zero-range models in first- and second-quantized
formalisms. In Section 2.2, we introduced the Bethe ansatz, which is used to exactly solve the
Schrédinger equations of the zero-range models without a trapping potential. In particular, the
energy and contact densities in the thermodynamic limit for negative scattering length are found
to be calculable. In Section 2.3, we introduced the way to realize a 1D system governed by a
resonant three-body interaction. By tuning the detuning and Rabi frequency for two-component
bosons in an optical lattice, we can make an effective two-body interaction vanishing and an
effective three-body one resonant.

26



Chapter 3

Universal relations for static
correlation functions

In this chapter, correlation functions for 1D bosons and fermions near two-body resonances
are studied from the viewpoint of universal relations. In the zero-range models for bosons
and fermions, we derive the power-law tails of the static structure factor and the momentum
distribution in the large momentum regime in Section 3.1. We note that, because the interaction
range 7o is regarded as rg — 0 in these models, the large momentum regime in the models
corresponds to the following region:

At n a7t < R < gt (3.1)

where A7 is the thermal de Broglie wavelength, n is the number density, and a is the 1D scattering
length. The energy relations, in which the sums of kinetic and interaction energies are expressed
in terms of momentum distributions and contact parameters, are derived in Section 3.2. We
clarify the consequences of the Bose-Fermi correspondence in these universal relations and verify
them for homogeneous systems. For simplicity, we focus on energy eigenstates without a trap
in the thermodynamic limit or those of trapped gases in Sections 3.1 and 3.2. The results
derived in these two sections are generalized to finite-size systems and statistical ensembles in
Section 3.3. In Section 3.4, we exactly compute the momentum distribution for N fermions at
infinite scattering length and demonstrate that the relations for fermions hold in this case. We
conclude this chapter in Section 3.5.

3.1 Tails of correlation functions

In this section, we study asymptotic behaviors of static structure factors and momentum dis-
tributions in the large momentum limit. We start with the expression of the zero-range models
with contact boundary conditions: When each pair of particles 1 <14 < j < N come into contact
with each other, bosonic and fermionic energy eigenfunctions, Vg and Vg, satisfy

lim (14 ad;) Walz1,- - on) =0 (3.2)

ZTij—+
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with @ = B, F'. Over the domain where all particles are separated from each other, both ¥p
and U solves the free Schrodinger equation:

N

> < Lo +V(:U¢)> Uo(z1, -, an) = EWa(21,- -+, 2N), (3.3)

2m Ox2
i=1 i

where bosons and fermions have the same mass m and a trapping potential V(z) is a smooth
function of . When two particles ¢ < j come close to each other, ¥, behaves as follows:

Uo(ar, ,an) = 00 (@) Pasij (Xiji {zn brrzig) + Ola), (3.4)

where x;; = z; —x; and X;; = (z;+x;)/2 are relative and center-of-mass coordinates of particles
1,7, respectively,

B@) = (1 - |z/a), (3.50)
() = (sgn(x) — x/a), (3.5b)

are the zero-energy two-body scattering-state wave functions, and
Bt (Xiji {Tr}upiy) = lim U, (951 e X S x, T $N> (3.6)
sig g i,J et REAS Y] 5 7T .
is smooth with respect to Xj;.

3.1.1 Static structure factors

We first turn to the large-momentum behaviors of static structure factors defined by
S(k) =1+ % /d$1d$26_ik(zl_$2)[92($1,162) —n(z1)n(z2)], (3.7)
where
go(21,5) = N(N — 1) /dmg e edan [ U@ 7)) (3.9)

and n(z) = g1(z). The key point to evaluate S(k) for large k is that the Fourier transform of
a function having discontinuities or discontinuous derivatives in isolated points obeys a power
law at |k| — oco. The density profile n(z) in Eq. (3.7) is a smooth function, so that its Fourier
transformation rapidly vanishes for |k| — oo. On the other hand, substituting Eq. (3.4) into
Eq. (3.8), we can see that the singularity of ¥, makes the pair correlation function go(x1,z2)
singular at short distance, x12 — O:

g2(x1,m2) = N(N — 1) /dfﬂz o dy [P (212) 2 Pagiz(Xi2; {zr ep12) > + O(zd,)

= ¢ (212)]? Ca(X12) + O(ay), (3.9)
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where
Co(X) = ga( X, X) = N(N — 1) / dvs - Ao | Do (X: {oxhosso)? (3.10)

was used. This singular term proportional to |zrj2| makes a dominant contribution to S(k) in
the large-k limit. By changing integration variables z1,x2 — x19, X192, the large-k behavior of
S(k) reads

1 .
S(h) =1+ + / di1g e~ *212| @) (115) | / dX12Co(X12)
— i —ikx12 _ 2 2
=1+ N drioe (1 2’1‘12‘/@4—%12/& )02 (3.11)

with Cy = [dX C2(X). Using the Fourier transforms, [dze ** = 276(k), [dxe ™**|z| =
—2/k?, and [dx e **x2 = —27§"(k), we obtain the power-law tail of S(k) for |k| — oo:

) 4Cy
s =1+ /%%

(3.12)

We note that this result is derived from the boundary conditions (3.4) satisfied by all eigenstates
of the zero-range models. Therefore, Eq. (3.12) holds for any eigenstate.

3.1.2 Momentum distributions

Next, let us turn to momentum distributions defined by

2
pa(k) = N/d$2~~da:N ’/dazle_ikmllﬁa(xl,...ja:]\z) (3.13)

with normalization [ dk/(27) pa(k) = N. In the case of bosons, the power-law tail of pp(k) at
large k was derived by Olshanii and Dunjko in a similar way to that for S(k) [90]. Their result
is written as

AC
lim pg(k) = a2k:24 (3.14)

|k|—o00

in our definition of Cs.
We now derive the tail of pp(k). The Fourier transform of Uy with respect to x; at large k
is dominated by the singularity in Eq. (3.4):

N
/dl‘le_ikxqup(l'l, ey -TN) >~ Z €_ikx7 cI)F;lj(xﬁ {$k}k7ﬁ17j) /dxlje_ikx1j¢g) (.’Elj), (3.15)

=2

where the change of variables z1 — x1; was performed. By using [dz e~ *Tson(z) = —2i/k and

[dx e~y = 2mi §'(k) = 0 for k # 0, we obtain

N
) 21
/d.%'161kx1\1/F(x1""’ - TZ ZkIJCI)F 115 $]7{mk}k¢17]) (3.16)
j=2
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Substituting this into Eq. (3.13) yields

2
N
-2t
k) NN/dl‘Q-"d:EN TZE ki P o, (@ {ente1j)] - (3.17)

Jj=2

Recalling that ®p,1;(x;; {xk}rz1,;) is @ smooth function of x;, we can see that the cross terms
in the modulus squared are written as the Fourier transforms of functions continuous at xj = 0,
where j,[ # 1, with respect to ;. These terms thus rapidly vanish in the large-£ limit, and
Eq. (3.17) reduces to

N
4
pr(k) =~ kzZN/dﬁ?“'dmN @ poj (2 {mn b roer )
j=2

4

= 2NV - )/dxz e day [ (w0 {xndee 2) (3.18)

where the antisymmetry of the wave function was used in the last line. By using Eq. (3.10) and
= [dzCy(z), pr(k) is found to have the following power-law tail:

4
lim_ pr(k) = 22

202 3.19
k| =00 k2 (3.19)

This is consistent with the result derived by using the operator product expansion [80].

Let us compare Eq. (3.19) with Eq. (3.14). As mentioned in the end of Section 2.1.1, the
Bose-Fermi mapping (2.17) does not make pp(k) and pp(k) identical, and we indeed find that
they obey different power laws at large momentum. Nevertheless, Eqs. (3.14) and (3.19) show
that pp(k) and pp(k) are related to each other at |k| — oo through the two-body contact:
limyp 00 a’ktpp(k) = limy o0 k%pr(k) = 4Cy. This is one of the nontrivial connections be-
tween pp(k) and pp(k) resulting from the Bose-Fermi correspondence.

At the end of this section, we apply Egs. (3.12), (3.14), and (3.19) to the ground states of
uniform Bose and Fermi gases with a negative scattering length. In this case, n(x) =n = N/L
and Ca(x) = Cy = Cy/L are constant with L being the system size. In the thermodynamic
limit, the states are characterized only by the dimensionless parameter v = —2/(na) > 0. As
mentioned in Section 2.2.1, Co can be numerically calculated for arbitrary v > 0 by the Bethe
ansatz [82]. This numerical result combined with Eqs. (3.12), (3.14), and (3.19) completely
determines the large-k asymptotics of S(k) and p,(k) for arbitrary v > 0. For sufficiently
small or large 7, the analytical expression of Cy is also obtained as Cy ~ n? for v < 1 and
Co 4 72y ~2n? for v > 1. By substituting these expressions into Egs. (3.12), (3.14), and (3.19),
we obtaln the explicit forms of the tails for v < 1 and ~ > 1, which are consistent with the
large-k limit of the previous results in Refs. [91-93].
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3.2 Energy relations

In order to derive the energy relations for 1D bosons and fermions, we use first-quantized Hamil-
tonians with pseudopotentials:

2
Hp=Hy— — y .
B = Hy ma Zé(%])a (3 20)
1<)
Hp = Hy— — ch’ (i) Dy (3.21)
Z<j

with

N

Hy = Z (—27171;; + V(z,-)) : (3.22)

Here, the linear operator D;; acts on a fermionic wave function as D;;Vp = a%j\ll jal wij—ro With
the center of mass coordinate X;; = (z; + x;)/2 of the pair of fermions 7, j and the other N —2
coordinates {xy}r-; ; fixed.

The energy relation for bosons is easily derived by evaluating the expectation value of Hp
with respect to ¥ [94]:

dk k? C
E — Etrap = /ﬂ_pB(k) - 72, (323)

where Ey,p = [dzV(z)n(z) is a trapping energy. We note that the kinetic energy for bosons is
ultraviolet convergent because of Eq. (3.14).

In the case of fermions, an appropriate regularization procedure is however required to derive
the energy relation. If the expectation value of Hp with respect to ¥ r was naively evaluated, one
would be faced with divergences from both kinetic and interaction energies. Indeed, Eq. (3.19)
provides

k2 k% 4Cs

— 2 —_— -24
2mplrr(/{:) 5 2 constant (3.24)

for |k| — oo, and thus the kinetic energy has an ultraviolet divergence. In this paper, we perform
the regularization of the fermionic theory in the following way: First, we introduce a function
fe(z) with a range € > 0, which is finite for |z| < €, rapidly vanishes for |x| > ¢, and approaches
the derivative of the delta function in the zero-range limit, lim._,q fc(z) = §'(x). We then replace
8 (x) in Eq. (3.21) with fe(z):

Hp — HY = Hy— = Z fe(wi;) Dyj. (3.25)

z<]

©)

After evaluating the expectation value of HI(,
e — 0. Our approach is motivated by the method used in Ref. [95].

with respect to U, we take the zero-range limit
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3.2.1 Kinetic and trapping energies

Let us evaluate the expectation value of Hy with respect to Up. In the previous section, we show
in the limit ¢ — 0 that pp(k) behaves as 1/k? for large momentum. For finite ¢ > 0, Eq. (3.19)
holds as long as |k| is much smaller than 1/e but much larger than the other momentum scales
in the system. However, the momentum distribution rapidly vanishes for |k| > A ~ 1/¢, which is
easily demonstrated in the case of a simple finite-range potential such as a square-well potential.
As a result, a contribution from the region |k| > A to the kinetic energy is negligible. The
expectation value of Hy is thus found to be
A dk W2k?

doy - denyUsHUp ~ [ LY (k) + B, 2
[ oo donWitiobe = [ () + Fiy (3.20)

where a trapping energy Eiap = [ daV(z)n(z) is convergent in the limit e — 0 and the same
as that for bosons.
We next evaluate the interaction energy

2a
— 25" [ day - doy Ui (i) Dig . 2
Ur mi<j/ Ty N Vi fe(wij)DijVp (3.27)

The interaction energy has only two contributions, U }2) and Ul(;?’), remaining in the limit € — 0.

Here, the contribution UI(TM) comes from the configurations R;, ... ;,, where only M particles at

Tiy, -+, T, interact with each other.

3.2.2 Evaluation of Ul(f)
In the region Rj2, the wave function behaves as Eq. (3.4), leading to
—aDpVp(zy, - 2n) = Prao(Xiz; {zktrz2)- (3.28)

The integral region Ri2 can be rewritten as

/ d$1 . de — / d.TlQ/ XmQ/ d.’L'3 e dmN’ (329)
Ri2 —€ % 12

where the symbol R), refers to the region where all fermions at z3,...,zy are not affected by
the interaction, i.e., |x1;], |xo;| > € for i =3,..., N and |z;;| > € for 3 < j <k < N. By taking

the antisymmetry of ¥ into account, U I(FZ) is given by

N(N -1 2 [€
UI(:2) = (2) X — [ dxi fe($12)¢g:2)($12)
m —€
X / dX12/ d.%'g"'d.%'N|(I)F;12(X12§{xk}k#1,2)|2 —I—O(G). (3.30)
-0 T2

Because power counting with respect to € provides dz1s = O(e), fo(r12) = O(e7?), [sgn(x12) —
r12/a] = O(1) and dX12 = O(1), we need to evaluate the integral over R}, up to O(e?). It is
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convenient to rewrite this integral as follows:

Co(X
/ drs - den|Pra2(Xio; {zn s 2))? = m —/ drs - den|®ras(Xio; {2k brrn 2)]?,
R, ( - ) S12

(3.31)

= RN¥=2 — R}, is the complement of R}, and Eq. (3.10) was used. The last term

where Si2
is dominated by the region where only one of the remaining fermions approaches the pair of

fermions 1, 2, and thus it reads
/ drg - don|®paz(Xio; {og ez 2)|
S12

max{x1,r2}+€
= (N - 2)/ dwg/N 3d$4"-de‘N\‘I)F;12(X12;X12,J?4,"' an)P+0(€%). (3.32)
RN—

min{xz,z2}—€

Note 23 = X194 O(¢) in the integral region. Using Eq. (3.6) and the definition of g3(z1, 22, z3),

gg(xl,xg,:z;g) = N(N— 1)(N— 2)/ d$4~-d.CCN’\I/F(.I1,”- ,I'N)‘Q, (333)

RN-3
as well as C3(X) = g3(X, X, X), we obtain

max{z1,r2}+e C (X )
/Sl2 dws - den|Ppaa(Xio; {or ez 2)* = ( )/n drs3 NV - (N =2 + O(€”)

nin{z1,x2}—€

_ (26 + |212]) C3(X12)
_ N(ﬁ_i) 224 0(). (3.34)

By using Egs. (3.31) and (3.34), Ug) in Eq. (3.30) is found to be
v =L [ e
Po= E X192 f€<$12> Sgn<$12>(02 — 2603) — T2 F + Cs + 0(6), (3.35)
where C5 = [dX C5(X) is the three-body contact.

3.2.3 Evaluation of US’)

We now evaluate the contribution U }(,3) given by

N(N —1)(N —2) -2
Ul(ag) _ M I ) ~2a dry---den Vi [fe(x12) D12 + fe(213) D13 + fe(w23) Das|
3 -2 m Riss
N(N —-1)(N -2
_ NI ZDINZ2) [ ey W foens)[-aDp U, (3.36)
m Ri23

The integral region can be rewritten as

€ 00 max{z1,x2}+e
/ dry---dey = / dzis / dX19 / d.%'3/ dzy---dry + 0(63). (3.37)
Ri23 —€ —00 min{z1,z2}—¢ RN-3
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Over the region Rj23, ¥} is evaluated as

Uip(wy, -+ o) = g’)(ﬂﬁl,l‘%333)<I)};123(X12;3347 -, on) + O(e), (3.38)
where
cbg’) (1,2, x3) = sgn(z12)sgn(xi3)sgn(zas), (3.39)
Ppao3(Xiza, - yony) = lim Up(X 4+, X, X — €' 24, ,zN). (3.40)
e e’ —+0

Here, (;Sg) (1, x2,x3) is the zero-energy three-body scattering-state wave function and the prod-
uct of three sign functions in qﬁg)(acl, x9,x3) comes from the antisymmetry in the exchange of
fermions at x1, 2, x3. On the other hand, —aD12V p is evaluated as

—aD1oVp (21, ,on) = Pry12(X12; 23, 24, ,2n) + O(€)
= ®p93(Xi2;24, -+, zN) + O(e), (3.41)
where 23 = X152 + O(e€) was used in the last line. As a result, Eq. (3.36) is found to be
1 € max{z1,x2}+e
U}(,"g) = m/ dxi2 fe(xu)/ dx3 ¢§)(x1,$2,9€3)

—€ min{z1,x2}—€

X / Xmg N(N — 1)(N — 2)/ da:4‘ --d.’L‘N |CI)F;123(X12;.T4, tee ,xN)’2 +O(6)

— 00 RN-3

=C3(X12)
1 €
= E dx1o fe(a?lg)[QE Sgn(xlg) — I12]Cg + O(E) (342)

3.2.4 Evaluation of the total energy
Summing up Egs. (3.35) and (3.42) yields
Up =UP +UP 1+ 0(e)

C € 1 /C €
= EZ dx1a fe(z12) sgn(zi2) — . <a2 + 2C3> / dz1a fe(x12) 12 + O(€). (3.43)

Since f(x) rapidly vanishes for |x| > €, we can replace the integration region [—e, €] with
(—00,00). In general, an integral [* dx F(x)G(x) can be rewritten in terms of the Fourier
transforms F(k) = [*_dk/(2r) F(z) and G(k) = [*_dk/(27) G(z) as follows:

/ " e F(2)G(z) / R (3.44)

NS oo 2T

Since lim_, g fe(z) = §'(x), the Fourier transform of f¢(x) can be evaluated as that of ¢’(z) for
|k| < A and rapidly vanishes for |k| > A. Combining this Fourier transform with that of the
sign function, —2i/k, the integral in the first term in Eq. (3.43) reads

) A N A
dk . (=2 dk
/_6 71z fe(®12) sgn(z12) /—A o7’ ( k ) /A 27 o
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On the other hand, the integral in the second term in Eq. (3.43) is evaluated as

/6 dzis fe(l‘lg) T = /OO dzis 5,($12) x12 + 0(6) =—-1+ 0(6). (3.46)

—€ —00

Substituting Egs. (3.45) and (3.46) into Eq. (3.43) yields

A
k20,  Cy  2C
UF:_/ dk2Ch | Ch | 203

e +O(e). (3.47)

Combining this with Eq. (3.26) and taking the limit of € ~ 1/A — +0, we arrive at the following
energy relation:

E = Birap = lim om 2 ) tmatm (348)

oo J_A %2777,

A 2
dk k 4C,\  Cy  2C
<pF(k) 2) + 224 28

This is a novel universal relation including the three-body correlation in 1D. We note that
Eq. (3.48) is similar to the energy relation for 3D bosons, where the Efimov effect takes place [18],
in the sense that both of them involve the three-body contacts [31].

In Ref. [80], the energy relation for 1D fermions with an odd-wave interaction was proposed by
using the quantum field theory described by the Lagrangian density in Eq. (2.31). However, the
proposed relation does not include the three-body contribution. To demonstrate the necessity of
this contribution, we apply Eq. (3.48) to the ground state of a uniform Fermi gas with a — —o0
in the thermodynamic limit. In this case, the Fermi gas corresponds to the ideal Bose gas and
has E = Eiyap = 0, Co/N = n, and C3/N = n? with n(z) = n. The momentum distribution,
pr(k)/N = 4n/(k? 4+ 4n?), is also exactly calculated [91,92]. By substituting these into both
sides of Eq. (3.48), one can see that Eq. (3.48) holds in this case and that the three-body contact
makes an essential contribution to the energy of fermions.

We now compare the energy relations for bosons and fermions. Although the left-hand sides
of Egs. (3.23) and (3.48) are the same, the right-hand sides look quite different, in particular,
in the absence or presence of a term proportional to C3. Nevertheless, Eqgs. (3.23) and (3.48)
connect pp(k) and pp(k), which is the other nontrivial connection of p, (k) resulting from the
Bose-Fermi correspondence.

3.3 Generalization of results

The universal relations [Egs. (3.12), (3.14), (3.19), (3.23), and (3.48)] presented in the previous
sections can be generalized to bosons and fermions with a finite system size L < co. Although &
is not continuous but quantized, the power-law tails of correlation functions [Eqgs. (3.12), (3.14),
and (3.19)] hold for these systems. The energy relations for these systems can be obtained by
replacing the integrals in Egs. (3.23) and (3.48) with the sum over k: ffA dk/(2m) — Lt Do lkl<A-
In the next section, we demonstrate Egs. (3.19) and (3.48) for a finite-size fermionic system at
unitarity a — oo.

Here, we note that, when wave functions with periodic (or more generally twisted) boundary
conditions are considered, the Bose-Fermi mapping sometimes makes boundary conditions for
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the mapped state different from those for the original state [44,52]. The Bose-Fermi mapping

is given by
\IJF(xla to ,l‘N) = A(.Z’l, to ,QJ‘N)\I/B(.iEl, T ,.I'N), (349)
where the mapping factor has the form
Afwr,--yon) = ] sen(ey) (3.50)
1<i<j<N
with 0 <z < Lforl=1,---,N. We can easily find the following property of A(z1,---,zn):
A(zy,-+,0,--- ,xy) = (—1)N_1A(ac1, oo Ly ). (3.51)
This means that, if and only if N is even, A(x1,---,xy) makes boundary conditions for the

mapped state opposite in sign from those for the original state. For example, ¥ with periodic
boundary conditions corresponds to ¥ with antiperiodic (periodic) ones if N is even (odd).
On the other hand, the mapping factor does not change hard wall boundary conditions [96,97].

Since the universal relations hold for any energy eigenstates, any statistical ensemble of the
bosonic eigenstates satisfies Eqs. (3.12), (3.14), and (3.23), while any statistical ensemble of the
fermionic eigenstates satisfies Egs. (3.12), (3.19), and (3.48). This set of the ensembles includes
not only a canonical ensemble in thermal equilibrium but also a generalized Gibbs ensemble,
which is expected to describe the stationary properties after a quantum quench in integrable
systems [98].

3.4 Fermions at unitarity

In this section, we study the ground state of a finite number of spinless fermions in the limit
of a — oo. For simplicity, we consider fermions corresponding to free bosons with periodic
boundary conditions without an external potential:

\I/F(xl,...,l']v):L_N/zA(.ZUl,...,xN), (352)

where 0 < x; < L. This state has E = Fiyap =0, Co = N(N —1)/L, and C3 = N(N — 1)(N —
2)/L2.

We now compute pr(k) for the ground state. Because the wave function in Eq. (3.52) satisfies
periodic (antiperiodic) boundary conditions if N is odd (even), k is quantized as k = 2l /L
[k = (2l + 1)m/L], where [ is an integer. The momentum distribution is given by
2

L L L
:N/ dmg/ dry / dxq \I’F(xl,azg,--- ,.x]v)ei“ml (353)
0 0 0
with normalization L= >, pr(k) = N. By using Eq. (3.50), this reads
NL_N/ dx1/ day e~ tk@1=a1) H [/ dujsgn(x; — xj)sgn(x) — l’j):|
L L ' / N1
= NLN/ dxl/ day e= R @ =) (L = 9zy — 2 )" . (3.54)
0 0
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For k = 0, we can easily obtain pp(k = 0) = L. To calculate pr(k) for k # 0, we introduce a
indefinite integral I;(z; k) for convenience:

! s

Ii(z;k) = /dz e* (L + 22)! Z : )' e** (L + 22)15. (3.55)

8:0

By changing the integration valuable 2} — z = 2| — x1, pr(k) for k # 0 can be evaluated as

Lxl
pr(k#0)=NL™ /dwl/ e** (L — 2|2[)N !

= NL=OND [Ty 1(0; k) + In_1(0; —k)]
L
_ NI / do [Ty 1 (—1: k) + In 1 (21 — Li—k)] . (3.56)
0
Since e*F = (—1)V~1, the integrand is found to be zero:
N-1
) (N =1)! ~
IN—l(—CL'H k‘) + IN—l(xl Z s+1 ( — _)S)'e—zkarl (L _ 2m1)N_1_5
s=0 ’
% [l—i—e“"’L (1)
= 0. (3.57)
Substituting Eq. (3.55) into Eq. (3.56) yields
LN/2] 2s
N! 2
717 e
r(k #0) Z RET (kL> : (3.58)

where the floor function [N/2| equals (N —1)/2 if N is odd and N/2 if N is even. Consequently,
we obtain the momentum distribution

N2 s 25
pFL(k:) = 0k0 + (1= o) ; M (,i) : (3.59)

Note that the wavenumber k can take the value of k = 0 only when N is odd. Taking the large-k
limit, we have pp(k) — 4N(N —1)/(k?L), which is consistent with Eq. (3.19). In addition, we
confirmed that the energy relation for a finite-size system holds,

h2k? 4C. 2h2C:
- Z < - /<;22> + B o, (3.60)

m

by using Mathematica.
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3.5 Summary

We studied 1D bosons and fermions which are related to each other through the Bose-Fermi
mapping (3.49) and derived the power-law tails of S(k) and p,(k) at large k and the energy
relations. We found the following three facts in these universal relations: S(k) has the identi-
cal tail between bosons and fermions; the Bose-Fermi correspondence results in two nontrivial
connections between pp(k) and pr(k) through their tails and through the energy relations; and
the three-body contact makes no contribution to the energy relation for bosons, but it makes an
essential contribution to that for fermions. Furthermore, Egs. (3.12), (3.14), and (3.19) together
with the Bethe ansatz completely determine the large-k tails of S(k) and p, (k) for uniform
Bose and Fermi gases at any temperature. We also computed pp(k) for the ground state of N
fermions in the limit of @ — oo and confirmed Egs. (3.19) and (3.48) in this case.

We can consider some applications and generalizations of the universal relations presented
in this chapter. Our relations can be used as reliable tests on numerical studies of correlation
functions [99-103]. One may compute higher-order corrections to Egs. (3.12), (3.14), and (3.19)
at large momentum in a similar way to 2D and 3D cases [31,104]. It should be interesting to
see whether and how C3 appears in these corrections. One can also generalize energy relations
to 1D bosons and fermions with finite effective ranges [105-107], where a three-body correlation
will make an essential contribution in the fermionic case as in Eq. (3.48).
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Chapter 4

Dynamic correlation functions for
bosons

The previous chapter is devoted to deriving the exact relations for static correlation functions
such as static structure factors and the momentum distributions for 1D bosons and fermions.
In this chapter, we turn to dynamic correlation functions of bosons such as a dynamic structure
factor and a single-particle spectral density. The dynamic correlation functions provide infor-
mation about excitations of systems. The dynamic structure factor S(w, k) encodes information
about the degrees of freedom which can be excited by density perturbations with energy and
momentum transfer (w, k) and, in ultracold atom experiments, it can be measured with Bragg
spectroscopy [108] or Fourier sampling of time-of-flight images [109]. The single-particle spectral
density Ap(w, k) provides the probability that a particle or a hole with energy w and momentum
k propagate, and it is measurable using stimulated Raman transition combined with additional
spin flips [109, 110].

We investigate the exact asymptotics of dynamic correlation functions in the high-energy
regime of 1D bosons. To derive these asymptotic behaviors, the operator product expansion
(OPE) based on a field theoretical formalism is more useful than the method used in Chap-
ter 3. Throughout this chapter, we focus on a thermal equilibrium state which is spatially
homogeneous, i.e., a trapping potential is absent.

The outline of this chapter is as follows: In Section 4.1, we introduce the quantum field
theory for resonantly interacting bosons and explain OPE. By using OPE, we calculate the
large-energy-momentum behaviors of dynamic correlation functions including a density corre-
lation (Section 4.2), a current correlation (Section 4.3), and a single-particle Green function
(Section 4.4). The summary of this chapter is given in the last section.

For simplicity, we use the following shorthand notations in the rest of this thesis:

X = (Xo,Xl) = (t,x), (41)

9 9
d= s = g (42)
A9 B = %[A&B — (0A4)B), (4.3)



K = (Ko, K1) = (w, k), 4.4
K'XEKoXo—Kle, (45)

/ = /dXo dXy, (4.6)

/ /dKodK}, (@7)

F(K) + (K - —K) )+ F(—K) (4.8)

with Xo = ¢ being a time, X; = z a spacial coordinate, Ky = w an energy, K1 = k a momentum.
The symbol (O) denotes the canonical ensemble average of an operator O:

Tr[Oe~H/ (ko T)]

(0) = Trle A/GT] (4.9)
4.1 Quantum field theory of bosons
We investigate the quantum field theory described by the Lagrangian density
i (5 o 2 1 oty
Lp=¢"(i0+ %) o+ —0'¢¢0, (4.10)
2m ma

where ¢(X) is a bosonic field, a is a one-dimensional scattering length. In order to make
calculations in this chapter simpler, we perform the Hubbard-Stratonovich transformation [111]:
By using the path-integral formula for a complex bosonic field d,

/D(d, de ma Jx 14" = 1 (4.11)
the partition function of the system reads
[ Do ot e Er@6D — [ (g, o1 d, et oot ) (4.12)
with the new Lagrangian density
82
= ¢! (mt + 2) ¢+ —( d'd + d'¢* + ¢'2d). (4.13)

Because the Euler-Lagrange equation for d' leads to d = ¢, d is found to be an auxiliary dimer
field. The term of df¢? in L'y converts two bosons into a dimer, while #2d a dimer into two
bosons. In the field theoretical formalism, the two-body contact density can be expressed as

= (901 pe) = (d'd). (4.14)
The propagator of a boson iG(K) is given by
1

GK)= ————. (4.15)
Ko— 540+
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(b) iA(K).

Figure 4.1: Feynman diagrams for (a) the full dimer propagator and (b) the two-body scattering
amplitude. The solid, dotted, and dashed lines indicate iG(K), iDg)), and iD(K), respectively.
The boson-dimer vertex is 2i/(ma).

On the other hand, the full propagator of a dimer iDp(K) is obtained by summing up all the
bubble diagrams in Fig. 4.1(a):

iDp(K) = iDY) + iDW1p(K)DY + i DV I p(K) DWW +
i

_ , (4.16)
1/D ~ 5 (K)
where Dg]) = —mua is the bare dimer propagator and
2i
IIp(K) = W/P G(K/2+ P)G(K/2 — P) (4.17)

is the dimer self-energy. The integral in IIz(K) can be carried out by the residue theorem:

27 dPydP: 1 1
HB(K) = 55 . 21 2 2
m=a 2m)? (B+m) g (-m)"
2 L [ dP, 1
RGN A Cvy N
0— 3 +10*
1
= — 4.18
ma? Pk (4.18)
with Bx = \/K7/4 — mKy — i0+. Substituting this into Eq. (4.16), we obtain
ma
Dp(K)=—————. 4.19
) = T 1 ) 1)

41



The scattering amplitude of two bosons ¢A(K') depicted in Fig. 4.1(b) is related to the dimer
propagator through

4 4 1

——5Dp(K) = ma—1/8k

A(K) = - m2a

(4.20)

where K = (Ky, K1) is a set of total energy Ky and center-of-mass momentum K of incoming
atoms.

4.1.1 Operator product expansion

The operator product expansion (OPE) is one of field theoretical methods to investigate corre-
lation functions. This method was invented independently by Kadanoff [112], Polyakov [113],
and Wilson [114]. Recently, OPE in the context of atomic physics was also reviewed in Ref. [30].
The statement of OPE is that the operator product A(X)B(0) can be given by a sum of local
operators O;(X):

AX)B(0) =Y WIH(X)04(0). (4.21)

i
The quantities Wfé (X) called Wilson coefficients are c-number functions of the separation X.
The operators O;(X) can be composed of field operators and their derivatives. In a quantum

field theory framework, we often investigate the expectation value of a time-ordered product in
Fourier transform:

Gap(K)=—i / *X e XT[A(X) B(0)], (4.22)
where T denotes the time-ordering operator. According to OPE, this can be expressed as

Gan(K) =D WIH(K)O:. (4.23)

Hereafter, a shorthand notation O; = O;(X = 0) is used. In general, the Wilson coefficient
Wfé (K) has the form

, 1 . Ky
Wos(K) = Klei+3_AA_AB ok <2mK0) ) (4.24)
where ffjg is a dimensionless function. Here, Ay is the scaling dimension of O(X), which is
defined so that the equal-time correlation function (O(0, X;)O7(0)) with small separation X
behaves as 1/]X1|?4¢. We note that, in a non-relativistic field theory, momentum has dimension
1 and energy has dimension 2 because of a parabolic dispersion relation.

Dynamic correlation functions studied in the rest of this chapter are given by the expecta-
tion values of operator products Gap(K). Equation (4.24) shows that the large-K behavior of
Gap(K) is in general governed by Wilson coefficients of local operators with low scaling dimen-
sions. If such Wilson coefficients are determined, OPE is available to the investigation of the
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asymptotic behaviors of the coefficients for large energy Ky and momentum K in Fourier trans-
forms. Because OPE is an operator identity, it is a natural method to derive universal relations
for the correlation functions. By taking the expectation values of both sides of OPE (4.23) with
respect to some state or ensemble of the system, the expression of (Gap(K)) for large K can be
obtained. Since this expression holds for any state and ensemble, it is a universal relation.

In the case of resonantly interacting 1D systems with a scattering length a, the dimensionless
function in Eq, (4.24) depends on the dimensionless coupling 1/(Kja) as well as K1 /v/2mKj.
If the coefficient includes the large- K tail generated by a contact interaction, the function can
be expanded at large K1 with K1/v/2mKj and a fixed:

0;
K 1 1\ Vas K
O; 1 O; 1
i , —— — J— 1 _— 4+ e 425
fas <¢m K> <K> 945 < 2mK0> (4.25)

As a result, Eq. (4.24) in the large-energy-momentum limit can be evaluated as

. 1 L\YE o (K
Woz K — o; (51 4 4.26
AB( ) KlA@i-‘rfi—AA—AB (K1a> 9aB ( QmKo) ( )

This expression of ijg (K) shows two essential facts: First, the large-K behavior of Wfé (K)
is directly linked to its behavior for 1/|a| < 1. Second, the exponent Nf]g shifts the power-law
decay of ng (K) at large K;. Because the coupling constant for bosons is proportional to —1/a
[see Eq. (?77)], the limit of 1/|a| — 0 corresponds to a non-interacting bosons. In this case, Ap
can be simply obtained by dimensional analysis. For example, a one-body operator defined by

Oup = 61(19,)"(~i0,)’¢ (4.27)

has Ap,, = 2a + b+ 1 because of Ay, =1, Ay, = 2, A, = 1/2. Because the large-K tail of
Wfé(K ) should vanish in a non-interacting theory, the exponent for bosons must be positive
ij’g > (0 and it can be determined by perturbative calculations combined with dimensional
analysis. On the other hand, 1D fermions with a contact interaction is strongly interacting in
the limit of 1/a — 0, and thus a non-perturbative treatment is necessary to determine Wfé (K)
as shown in the next chapter.

In the rest of this chapter, we take advantage of OPE to clarify how the two-body contact
density Co = (d'd) affects dynamic correlation functions for bosons in the large-K limit. In
order to determine the Wilson coefficient of dfd, we have to take the following local operators
into account: the unit operator

1 (4.28)
with Ay = 0, one-body operators
TR e
Oap = ¢'(10;)*(—i0; )’ (4.29)

with Ap, , =2a+b+1 <4, and a dimer density operator
d'd ~ ¢'¢lp¢ (4.30)
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with Agiy; = 2. As shown later, the other local operators makes higher-order contributions in
powers of 1/K; and 1/v/mKj or no contributions in a state which we are interested in.

The Wilson coefficients of above operators can be determined step by step by the following
matching procedure [29].

e Step 1: Evaluate the expectation values of local operators in the right hand side of Eq.
(4.23) with respect to a one-body state |¢pp), which consists of one particle with a set of
energy and momentum P. Note that only the unit and one-body operators have non-zero
expectation values in this case.

e Step 2: Evaluate the expectation value of Gap(K) in the left hand side of Eq. (4.23) with
respect to |¢p).

e Step 3: Expand the expectation value (¢p|Gap(K)|pp) in P.

e Step 4: Demand that both sides of the equation match up to order in P, to which we want
to calculate the correlation function (Gap(K)). Finally, this matching for the one-body
state determines the Wilson coefficients of the unit and one-body operators.

e Step 5: Repeat the same matching procedure for a two-body or a one-dimer state. In
this case, only the unit, one-body, and two-body operators including dfd survive in the
right-hand side. Therefore, we can obtain the Wilson coefficient of dfd.

As mentioned in Section 2.2.1, the canonical ensemble average of Co = (d'd) can be exactly
computed by the Bethe ansatz. Combining this result with WX?(K ) obtained by the match-
ing procedure, we can completely determine the large-K behavior of the correlation function
(Gap(K)) for any coupling constant and temperature.

4.2 Density correlation

In this section, we investigate the dynamic structure factor S(K). We begin with a time-ordered
product of the number density operators:

oK) = —i / X EXT [n(X)n(0)] (4.31)

with n(X) = ¢f(X)¢(X). The dynamic structure factor is given by the imaginary part of the
expectation value of G, (K) [111]:

Im[(Gp (K))]

S(K) = _71'(1 + e~ Ko/(kpT))" (4.32)

In the case of a thermal equilibrium state, S(K) satisfies
S(Ko, K1) = eXo/keD) 5(— Ky, —K), (4.33)
S(Ko, K1) = S(Ko, — K1), (4.34)
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K K
T t
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P p p P K+P P P -K+P P

(a) (b) (c)

Figure 4.2: Diagrams for the expectations values of (a) (¢p|l|¢p), (b) (¢p|Oupldp), and (c)
(¢p|Gnn(K)|¢p). The open dots in (b) and (c) denote operators at X = 0, while the filled dots
in (c) the Fourier transform of n(X). Energy and momentum are conserved at the filled dots.

so that we can assume Ky > 0, K1 > 0 without loss of generality. For large K, Eq. (4.31) can
be expanded in terms of local operators:

Grn(K) = > Wi (K)O;. (4.35)
Inserting this OPE in Eq. (4.32) yields

S(K) =+ St (W5 (1)] (05) + (e Ko/ ) (4.36)

We note that all the local operators O; which we take into account are Hermitian [see Eqgs. (4.28)—
(4.30)], leading to real-valued (O;).

4.2.1 One-body sector

Now we determine the Wilson coefficients of the unit and one-body operators by the matching
procedure mentioned in Section 4.1.1. We calculate the expectation values of both sides of
Eq. (4.35) with respect to a one-body state |¢p), in which a boson has a set of energy and
momentum P.

Step 1: Expectation values of local operators

The expectation values of the unit operator and one-body operators in the right hand side of
Eq. (4.35) equal

(op|llop) = (PP|oP), (4.37a)
(6pP|Oaplop) = —(Po)*(P1)’[G(P)]?, (4.37b)

respectively. These expectation values can be expressed in terms of Feynman diagrams as
Figs 4.2(a) and 4.2(b). As a result, we obtain the expectation value of the right hand side:

S W) (@p|Oilor) = W (K)(@plép) + Y Wit (K) x (=1)(P)*(P)'[G(P)]%. (4.38)
% a,b

45



Step 2: Expectation value of the operator product

The expectation value of the left-hand side of Eq. (4.35) is given by the diagrams in Fig. 4.2(c).
The result is

(@P|Gun(K)|¢p) = — [G(K + P) + G(—K + P)| [G(P)]*. (4.39)

Step 3: Expansion of (¢p|G,,(K)|¢pp) in P
By expanding G(+K + P) in powers of P, Eq. (4.39) reads

a+b
(DI Gn (K)|6p) = ﬁ (a v G(K)

(K —K)) (1B (PGP (4.40)
a,b

(Ko)?0(K1)

Step 4: Matching both sides

By comparing Eq. (4.40) with Eqgs. (4.38), the Wilson coefficients are determined as follows:

wh =0, (4.41)

a+b
W) = ot o + O~ (442

In particular, the explicit forms of O, with A(Da,b < 4 are

Wt (K) = G(K) + (K — —K), (4.43a)
WO (k) = %[G(K)]z +(K - —K), (4.43D)
2
W30 (1) = [Géﬁ o (ff;) GE)P + (K — —K), (4.43¢)
3
00 = ZHOUOP + (T2) G+ (6 K (143
Ouo(K) = —[G(K)2 + (K — —K), (4.43¢)
WO (K) = —%[G(K)]S +(K = —K). (4.43f)

The OPE (4.35) in the one-body sector can be expressed diagrammatically as shown in Fig. 4.4(a).

Because of
1 1 1 K?
——Im[G(K)]=——-Im | ——5—— | =9¢ <K0 - 1> , (4.44)
T T Ko — ﬁ + 30+ 2m

all the one-body operators make contributions to the large- K behavior of S(K) [Eq. (4.36)] only
at the single-particle peak Ko = K2/(2m).
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Sl OO0

Figure 4.3: (a) Diagram for the expectation value of the dimer density (d'd)s. (b) Diagram
making a nontrivial contribution to (O, p)2.

Figure 4.4: (a) Diagrammatic expression of OPE (4.35) in the one-body sector. This structure
of the one-body sector is also included in OPE (4.35) in the two-body sector as shown in (b).
The Wilson coefficients in Egs. (4.41) make diagrams in both sides of (b) cancel with each other.

4.2.2 Two-body sector

To determine the Wilson coefficient of dfd, we calculate the expectation values of both sides
of Eq. (4.35) with respect to two-body state |¢g /2, ¢g/2), in which two bosons have the same
energy (Qp/2 and momentum @)1 /2.

Step 1: Expectation values of local operators

First, we calculate the expectation values of local operators in the right-hand side of Eq. (4.35).
The expectation value of d'd is given by the diagram in Fig. 4.3(a):
4 m2a?

(dld)s = ——[G(Q/N'IDB(Q)] = =~ GQ/2'AQ), (4.45)

where Eq. (4.20) was used and we define
(O)2 = (bq/2, 80 /2|0190 /2, D0 2)- (4.46)

The Wilson coefficients ngf”’(K ) in Eq. (4.41) make some diagrams for the expectation value
of the right-hand side canceled by those for the left-hand side [see Fig. 4.4(b)]. As a result,
we should consider only one diagram shown in Fig. 4.3(b) to calculate the expectation values

<Oa,b>2:

Fig. 4.3(b) = [G(Q/2))'[A(Q))Io, ,(Q). (4.47)
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where integrals corresponding to the loop in Fig. 4.3(b) are given by

2
Io, ,(Q) =i / ((;7:;(620 ~ R)™(Q1 — R)'G(R)C(Q — R)P (4.48)

The integrations can be carried out by the residue theorem, and thus their explicit forms with
Ao, , < 4 are given by

m2

10,,(Q) = W’ (4.49a)
I0,,(Q) = g 63 Qh (4.49D)
10,,(Q) = 47;; 14+ B3), (4.49¢)
I0,4(Q) = 5 ﬂg ——=Q1(Q] +1283), (4.49d)
Lo, ,(Q) = 3% 5252 (@1 —1200), (4.49¢)
Io,,(Q) = 16B3 Q1 (Qi/4-55) - (4.49f)
For convenience, we define
= [G(Q/2)]'[AQ))*. (4.50)

The expectation value of the right-hand side of Eq. (4.35) divided by N3 is thus found to be

0; ; m2a
T W (/f\(/_2)<02>2 Wi g - W e Q) +0(Q) (4.51)

i Ao, , <4

with O(Q) = O(Bg) + O(Q1). From Egs. (4.43) and (4.49), the sum over Ap, , < 4 equals

> WO (K)o, (@) = ") 1 GIACUD g2 gz <K1G()>

3
Ao, ,<4 45@ 2

()Ql

+285— > + "5 (Q1 +126) <K1C:,L(K)> +2Q16% mlettn [G(K)]2]

+ (K = —K). (4.52)

Step 2: Expectation value of the operator product

We turn to the expectation value (G, (K))2 of the left-hand side of Eq. (4.35). As mentioned
above, (G, (K))2 includes diagrams which are canceled trivially by those of the right-hand
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(a) (b) (c)

(d) (e) (f)

Figure 4.5: All graph topologies contributing to the expectation value (G, (K

side through the result of the one-body sector [see Fig. 4.4(b)]. By neglecting these diagrams,

(Gnn(K))2 is given by six types of diagrams in Fig. 4.5:

<gnn(K)>2 = <gnn(K)>(a) + <gnn(K)>(b <gnn( )> (c) + <gnn(K)>(d)

+ <gnn(K)>(e) + <gnn(K>>

These diagrams make the following contributions:

(G (K)) iy _ G(K+Q/2)\* .
T = 4A(K+Q)< A(Q) ) + (K = —K),
(Gun(E))) _ G +Q/2) _
N, T MK +Q) ( A0) >I1(K,Q)+(K% K),
%fj»@ = —A(K + Q)II(K, Q)] + (K — —K),
(Gn(K))@)  4G(K + Q/2)G(-K + Q/2)
No AQ) ’
<gnn(K)>(e) .
T — _IZ(Ka Q)7
(G (K)) (1) = L(K,Q) + (K — —K),
N

where integrals corresponding to loops in the Feynman diagrams are given by

KQ—J/G JG(K +Q -~ R),
/G G(R+ K)G(Q — R)G(Q — K — R),
3(K,Q) =1 / G(R G(Q+K —R).
Analytical expressions of these integrals are shown in Appendix A.
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(4.54d)
(4.54e)

(4.54f)

(4.55a)
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Step 3: Expansion of (G,,(K))2 in Q
Before expanding Eqgs. (4.54) in @, we define
(Grn (K)) (a)+ (1) +(c) _ (Gnn(K))(a) N (Grn(K)) (1) N (Grn(K)) ()

Ny No N Na

2
_A(K + Q) < (2@ (K +Q/2) - Li(K. Q)) + (K = —K), (4.56)
(Gon ED @) _ (G E)) @) {Gnn(E)) e
NQ N N2 N2
_ G A Q/j)(g()_f( Q2 L k.Q) (4.57)

As shown in Appendix A, the integrals, I1(K,Q), Io(K,Q) and I3(K,Q), can be expanded as
follows [see Egs. (A.3), (A.11), and (A.19)]:

L(K,Q) = —G(K) [2;”[{ + % + G(K)BKk + G(K) 121621] +O(Q), (4.58)
m|G(K)]?  m[G(-K))?
+ 281 + 28 n + 0(Q), (4.59)

I5(K,Q) + (K —~ ~FK) = KKfﬂ - m;ff)Q) UL | (1 _K>]

+ Y Wart(K)lo,,(Q) +0(Q), (4.60)

Ao b<4

where the sum in the last line coincides with Eq. (4.52). Using these expressions combined with

2 m ma

15 e~ (4.61)
we can expand Egs. (4.56), (4.57) and (4.54f) as
nn K a C ma m ’
(4.62)
Gun Byt _ m7a ey mIGEOF e L 1 4 o), (4.63)

28K

G K)oy _ [(K%BK - (mK°)2> L) N

2m
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Y Wt (K)o, ,(Q) + 0(Q), (4.64)

respectively. Summing up Egs. (4.62)—(4.64), we can obtain the expansion of (G, (K))2 with
respect to Q:

nn 2 m2a mlG 2
Euldle | atoG (5 + g+ 6Kk ) + o) - 2
+< - mKo) ) [Géi”:(ff%—K)}
+ Y W (@) +0(Q)
A@ab 4
KlG(K) Y4 G(K) G(K)\?
" l ) () e
+ Y W (K)o, ,(Q) + O(Q). (4.65)

Ao, , <4

Step 4: Matching both sides

In order to determine the Wilson coefficient of dfd, we compare the expectation values of both
sides of the OPE (4.35). As shown in Eq. (4.51), the right hand side is evaluated as

o; . m2
3 Wi (/I\(/2)<OZ>2 WALK) + S W (K)o, ,(Q) + 0(Q), (4.66)

i Ao, , <4

while the left hand side as Eq. (4.65). As a result, Wff;Ld(K ) is found to be

Wdfd(m:m[ 1 (KlG(K)>4+4G1(fL()_4<G(K))2

nn 1—aBk m K2 m

+ (K = —K). (4.67)

4.2.3 Dynamic structure factor in the large-K limit

We now evaluate the high-energy-momentum behavior of S(K) [Eq. 4.36] away from the single-
particle peak. Since there is no contribution from the one-body operators to S(K) for K #
K2/(2m) as shown in Section 4.2.1, the imaginary part of W,‘f:Ld(K ) dominates S(K) in the
large- K limit:

1
S(K) = ——Im [Wﬁ,ﬁd(K)} Co+ O (K™T) (4.68)
with Co = (d'd). Tlg order of corrections can be estimated as follows: First, we focus on two-
body operators df (i 9; )*(—i 0, )bd with scaling dimensions A = 2+2a+0b. The expectation value
of the operator d(—i0, )d with odd parity Vanlshes for a thermal equilibrium state. Therefore,

the Wilson coefficients of df (zg)d and df(— 28 )2d provide next-to-leading terms in Eq. (4.68).
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4

Figure 4.6: All graph topologies of diagrams contributing to the Wilson coefficient W,?:L%?) (K)
to leading order in K ~'. We note that the doted line denotes iDg) = —ma and the boson-dimer
vertex is 2i/(ma).

Because their scaling dimensions are higher than that of dfd by 2, the corrections from these
operators are found to be O(K~7). On the other hand, the corrections from three- and higher-
body operators can be evaluated in the perturbation theory. For instance, the Wilson coefficient
of ¢3¢3 for large K is dominated by diagrams depicted in Fig. 4.6:

1‘3¢3 4

Wi (K) = —5— ([G(K)]3 +A[G(K)PG(-K) + (K — —K)) +O(K™T). (4.69)

However, the leading terms are real for Ko # K?/(2m), and thus we can obtain Im] ff:l%g] =
O(K~T). Similarly, Wilson coefficients of all the three- and higher-body operators are found to
make contributions of the order of O(K~7).

Since K is assumed to be positive, the imaginary part of W,‘f;d(K) in Eq. (4.67) for Ky #
K2/(2m) reads

EE Wil (K)| = ©(mKy — K3/4) x

s

m mKo — K2/4 <K1G(K))4'

o 4.70
T 14 a?2(mKo— K#/4) (4.70)

m
The Heaviside step function ©(mKgy— K% /4) represents the two-particle threshold, which is also
pointed out in the 2D and 3D cases [115,116]. The inequality Ko > K3 /(4m) follows from the
fact that, in order to excite two particles with center-of-mass momentum K, the energy Kj is
required to be larger than their center-of-mass energy K?%/(4m).

Substituting Eq. (4.70) into Eq. (4.68), we can obtain the large-K behavior of S(K) above
the two-particle threshold:

S(K) =

mCy  /mKy— K} /4 < K,

4
O(K™"). 4.71
m 1+a?(mKy— K?/4) mKo—K%/2> ol ) e

This behavior holds when /mKjy and K; are much larger than n, 1/|a|, and /mkgT. As
mentioned in Section 2.2.1, the two-body contact density can be exactly calculated for arbitrary
coupling strength and temperature by the Bethe ansatz method. Substituting this exact result
of Cy into Eq. (4.71), we can completely determine the large- K behavior of S(K) for any coupling
strength and temperature.
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In the end of this section, we prove that, with a and T fixed, the Bose-Fermi correspondence
makes S(K) for bosons identical to that for fermions with a contact interaction. By using a
complete set of energy eigenstates |x) with number of particles N, the Lehmann representation
of S(K') defined by Eq. (4.32) can be obtained:

| e-Ba/(heT) )
S(K) = ZZTKM”(KDW’ 6(Ko + Ex — Ep), (4.72)
A p

where L is the system size, I, is the energy of the state |u), and 72(K7) is the Fourier transform
of n(0, x). The matrix element of (K1) can be rewritten in terms of wave functions as follows:

(AA(K) ) = N / doy---day e WY (0, on)Up ey o), (473)

where ¥p ,(z1,---,zn) is a wave function corresponding to |u). Because of the Bose-Fermi
correspondence, a fermionic wave function corresponding to ¥pg , is given by

Vpu(zy,--,2N) = H sgn(zi;) Ve (x1, -, 2N), (4.74)
1<i<j<N

leading to
U@, an)Upu(zr, - an) = (21, on)¥pu(Tr, - an). (4.75)

Furthermore, ¥, and ¥, have the same energy £,. Consequently, the dynamic structure
factor in Eq. (4.72) is found to be identical between bosons and fermions, and our result in
Eq. (4.71) holds for fermions.

4.3 Current correlation

In this section, we study the large- K behavior of the current correlation function defined by

m[(Gj;(K))]

AJ(K) = _71'(1 + e—KO/(kBT))’ (476)
where j(X) = —iqu@ngb(X)/m is a current operator and
Gi(K) = —i / X e XT[(X)4(0)] (4.77)

Because of the U(1) symmetry of the system, A;(K) is closely related to the dynamic structure
factor S(K') [116]. The U(1) symmetry gives the continuity equation for the number density
and current operators:

On(X) + 0,5(X) = 0. (4.78)
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Performing the Fourier transform and evaluating the matrix elements with respect to energy
eigenstates (\| and |u) yields

E, — E)

T ) ==

(Al (K1) ), (4.79)

where j(K;) and 7(K) are the Fourier transforms of j(0, X;) and n(0, X;), respectively, and
E) is the energy of |\). The Lehmann representations of A;(K) and S(K) are

1 e e Ba/T) ,
Aj(K) = ZZTW\U(Kl)WH 6(Ko + Ex — E,), (4.80)
A
e Br/(hsT) )
=71 Z [(A[R (L) ) |70(Ko + Ex — Ey), (4.81)

respectively. Therefore, Eqs. (4.79)-(4.81) lead to a simple relation between A;(K) and S(K):

2
A (K) = <2’> S(K). (4.82)

From this relation, we can see that the Bose-Fermi correspondence makes A;(K) identical be-
tween 1D bosons and fermions as well as S(K). By substituting Eq. (4.71) into Eq. (4.82), the
large-K behavior of A;(K) above the two-particle threshold, Ky > K7/(4m), is obtained as
follows:

mCs mKy— K3 /4 K2K?

A = T 2k — K2/4) (m, — K22 T O ) (4.83)

4.4 Single-particle correlation

This section is devoted to investigating the single-particle properties at large energy and mo-
mentum in thermal equilibrium. The single-particle Green function is defined as the canonical
ensemble average of the following time-ordered operator product:

Gyt (K) = —i / X e TXT [¢(X)¢T(0)] : (4.84)
Its imaginary part provides the single-particle spectral density
1
Ap(K) = —;Im[(QwT(K»]. (4.85)

For large K, the operator product in Eq. (4.84) can be expressed in terms of local operators:

g¢¢’r Z ¢¢T (4'86)

We determine Wilson coefficients up to the order of O(K ~%) because of Wde(K )= O(K%) as

shown later.
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Figure 4.7: Diagrams contributing to (a) (¢p|1|¢p), (b) (¢p|Ouslép), and (c) <¢)p|g¢¢f (K)|op).
In (b) and (c), operators at X = 0 are denoted by the open dots, while the Fourier transform
of ¢(X) by the filled dots. Energy and momentum are conserved at the filled dots.

4.4.1 One-body sector

To determine the Wilson coefficients by the matching procedure, we first take the expectation
values of both sides of the OPE (4.86) with respect to a one-boson state |¢p).

Step 1: Expectation values of local operators

The expectation values of the unit operator and one-body operators in the right hand side of
Eq. (4.86) are

(¢pILlop) = (orlop),  (op|Oapldr) = —(Po)*(P1)'[G(P))*. (4.87)

These expectation values can be expressed in terms of Feynman diagrams as Fig. 4.7(a) and (b).
The expectation value of the right hand side thus reads

Z ot (K (0P| Oilop) = W (K)(oplop) — ngb Po)"(P)’[G(P)%. (4.88)

Step 2: Expectation value of the operator product

The expectation value of the left-hand side depicted in Fig. 4.7(c) is given by

(0P|Gygt (K)|0p) = (¢p|op)G(K) + [G(P)PA(K + P)[G(K)]”. (4.89)

Step 3: Expansion of (¢p|G,4i(K)|pp) in P

By expanding A(K + P) in powers of P, Eq. (4.89) reads

a—+b
(OrtGo (R o) = GU) (orior) + 3 }b,m[G(K)P(Po)l<P1>b[G<P>P. (4.90)
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Step 4: Matching both sides

By comparing Eq. (4.88) with Eqgs. (4.90), the Wilson coefficients are determined as follows:

Wiy (K) = G(K), (191)
Oa b 1 8a+bA(K) 2
W (K) = ——— 75—+ |G(K)]". 4.92
Pt ( ) alb! 8(K0)a8(K1)b[ ( )] ( )
Unlike W (K) in Eq. (4.42) for the density correlation, W e *(K) is affected by the interaction
through A(K). As a result, the imaginary part of W 5 (;Tb( ) survives away from the single-

particle peak, Ko # K?/(2m). The orders of the Wilson coefficients for 1, Opo = ¢'¢, and
Op1 = ¢1(—i0, )¢ are found to be

Wi (K) = O(K™?), (4.93)
WO (K) = O(K ), (4.94)
WO (K) = O(K~°), (4.95)

respectively, while those for the other one-body operators are negligible within our accuracy.

4.4.2 Two-body sector

Next, consider the expectation values of both sides of OPE (4.86) with respect to a dimer state
|dg), in which a dimer have a set of energy and momentum @ = (Qo, Q1)-

Step 1: Expectation values of local operators

The expectation values of local operators in the right hand side of Eq. (4.86) can be expressed
in terms of Feynman diagrams as Figs. 4.8(a), (b) and (c), and they are evaluated as

(do[1ldg) = (dgldg), (4.96a)
(dold'd|dg) = —[Dp(Q)], (4.96b)
4

(do|Oapldg) = _W[DB(Q)FIOM,(Q), (4.96¢)

where I, , is defined by Eq (4.48). The expectation value of the right hand side thus reads

f
Z i (K) (do|Oildg) = G(K) (dgldg) — [Dp(Q)PPWi,H(K)
a b
D@ |y Y0 W) lim To,,(Q)+0(@) |
O b<4

(4.97)

where W(; St (K) = G(K) was used. We note that the integrals o, ,(Q) corresponding to the
loops in Fig. 4.8 (c) are divergent in the limit of  — 0. These divergences are canceled by that
in the left hand side.
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Figure 4.8: Diagrams contributing to (a) (dg|l|dg), (b) (dg|d'd|dg), (c) (dg|Oasldg), and (d)
(dQ|G et (K)|dg). (e) Boson-dimer scattering amplitude iT'(K, Q; K', Q).

Step 2: Expectation value of the operator product

The expectation value of the left-hand side of Eq. (4.86) is given by the diagrams in Fig. 4.8(d),

and it is evaluated as
(dg|Gyut (K)|dq) = G(K)(dgldg) + [Dr(Q)*[G(K)*T(K, Q; K, Q), (4.98)

where the boson-dimer scattering amplitude T'(K’, Q'; K, Q). As shown in Fig. 4.8(e), the am-
plitude can be expanded as follows:

T(K,Q: K',Q ZT(” K,Q:K'.Q", (4.99)
n=0

where n is the number of loops in a Feynman diagram and the n-th term is given by the

recurrence relations

TOK,Q: K", Q") = ;l SG(Q - K), (4.100a)

TM(K,Q; K',Q "=D(K,Q; R, K +Q — R)G(R)G(Q' — R)

x Dp(K +Q — R). (4.100b)
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Step 3: Expansion of (dg|G,t(K)|dg) in Q

Equation (4.98) can be expanded in @ as follows:

(dq|Gppt (K)|dq) = G(K){dgldq) + [Dp(Q)*[G(K))? ClgigloT(K’ Q; K, Q)+0(Q)|. (4.101)
From Eqgs. (4.100), we can see that limg_.o T'(K, Q; K, Q) has divergences coming from the loops
in Fig 4.8 (e), which are canceled by those of the right hand side.

Step 4: Matching both sides

Comparing Eq. (4.97) with Eq. (4.101), the Wilson coefficient W¢¢T (K) is provided by

WEL(K) = ~[G(K)PT™ (K, 0; K., 0), (4.102)

where the regularized amplitude is defined as

W L (K)
Tfeg<K,Q;K,Q)zT(K,Q;K,Q>+—m§a2 > [gzg*wzoa,b@) (4.103)
AOa,,b§4

and this is convergent at @ = 0.
We now determine Wg (ﬁ(K ) to leading order in 1/K. As mentioned in Section 4.1.1, the per-
turbation theory combined with dimensional analysis is available to compute Wilson coefficients

for large K. By recalling

AK) = m;lcﬂ Dy(K) = :w—i/ﬂx =0(a™) (4.104)
and
Wat () 1 gerhau)

G2~ alb! 9(Ko)*d(F )P’ (4.105)

the sum in Eq. (4.103) is estimated as

4 W b( )
(Q) = O(CL_3). (4-106)
m2a2 Aozb:<4 [G(K))?

On the other hand, Egs. (4.100) lead to T (K, Q; K', Q") = O(a~("*?)). Therefore, Eq. (4.103)
at @) = 0 is evaluated as

T8(K,0; K,0) = TO(K,0; K,0) + O(a™®)
4G(-K) _
Because T"*¢(K,0; K,0) has dimensions 0, dimensional analysis shows that the corrections in
this equation have the order of O(K ~3). Consequently, Wg;f(K ) to leading order is obtained:

1G(-K

m2a?

W (K) = )[G(K)]2 +O(K). (4.108)

Pt
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4.4.3 Single-particle properties at high energy

We turn to study the single-particle properties of 1D bosons in the large-K limit. In a similar
way as in the OPE of G,,,,(K), the perturbative theory allows us to see that only the Wilson
coeflicients of the local operators

o
1, Opo=0'¢, Op1 =0 (—id;)p, did (4.109)

are dominant within our accuracy. By evaluating the canonical ensemble average of the OPE (4.86),
the single-particle Green function for large K reads

(Gt (K Z (K (4.110)

Because the current density of the thermal equilibrium state (¢ ( zg) is zero, we obtain
(G (K)) = Gic + W (K)n + WELK) € + O(K™T) (4.111)

with n = (¢T¢) = (Op o) and C2 = (d'd). The self-energy ¥(K) defined by

(Ggopt (K)) = @ (4.112)

is written as

W (K)  WYEK)
_ gt Pt -3
S(K) = <& G GO, (4.113)
By using Eq. (4.108) and
W0 (K) 4 1 1
gt VO % R -3
[G(K)]? ma (1 + afBK + (aﬂK)2> TOE™), (4.114)

the analytic form of ¥(K) up to O(K ~?) is found to be

4 1 1 4CH G(—K
B(K) = _m%t <1 - aPr " (aﬁK)2> " 2m2(a2 ) +O(K™). (4.115)

The pole of the single-particle Green function gives the quasiparticle energy E(K7) and

scattering rate I'(K):
E(K)) = Re[KP],  T(K)) = —2Im[K ), (4.116)

where the pole solves the following equation:

ole K2 ole
KPoe) = ﬁm(l{ép ) Ky). (4.117)

59



Expanding Képde) in both sides with respect to 1/|K;]| as

2 2
(pole) _ K4 _ K 1—
KO = 7m+(5K0 = %—FZEl_n‘Kl‘ n, (4118)
n=0
we obtain
K2
0Ky =X (277111(0 + O(K).
4dn 2i 4 4C, _3
=—1 — — O(K™). 4.119
ma ( N a| K| a2K12> ma?K? +OE™) ( )
As a result, the quasiparticle energy and scattering rate in the high-energy regime are found to
be
K? n\> C n\*
B(Ky) =L |1+4y(— ) —29*(2v+ 5 | [ — O(K;® 4.120
) =58 1+ () —2* (24 0) () vou®|. @)
K? n \*
MKy =2 89 = O(K™° 4.121
(x) Qm[v(w)+< )| (1.121)
where v = —2/(na) is a dimensionless coupling. We note that the quasi-particle residue Z (K1)
within our accuracy is
Zl=1- iRe[E(K)] =14+ 0(K™3). (4.122)
K Ko=K2/(2m)

The single-particle spectral density near the peak, Ky ~ K(()pde), takes the form

1 I'(K1)
AB(K) >~ — 5 1 5
21 [Ko — E(KY1)]? + [3T (K1)
Finally, we compute the large K-behavior of Ap(K) away from the single-particle peak
Ky # Képde). By substituting Eq. (4.111) into Eq. (4.85), Ap(K) can be expanded as

(4.123)

1
Ap(K) = —=Im [WOO’O oot

- e (K)} n— %Im [Wd*d(K)] Co+ O(K™T). (4.124)

By evaluating the imaginary part of WOO’O(K ) in Eq. (4.92), it is found to vanish below the

) oot
two-particle threshold:

(K)} — O(mKy — K2/4) x 2 mBo — Ki/4 (4.125)

m [1+a?(mKy — K?/4)|(mKy — K?/2)2

On the other hand, Eq. (4.108) shows that the leading term of Wg;?(K) in the order of O(K %)
is real away from the single-particle peak. As a result, we obtain the following asymptotic
behavior of Ag(K) for Ko > K%/(4m):

dmny/mKy — K2 /4
Ap(K) = T mEo~ 2 /04)] (mlféo —wzap O(K™). (4.126)

We note that, unlike S(K) and A;(K), the single-particle spectral density is in general

1 00,0

different between bosons and fermions. We will demonstrate this difference by investigating the
OPE for fermions in the next chapter.
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4.5 Summary

In this chapter, the large-energy-momentum behaviors of dynamic correlation functions in 1D
bosons were studied by OPE. Above the two-particle threshold, the dynamic structure factor
[Eq. (4.71)] and the current correlation function [Eq. (4.83)] are dominated by the contribu-
tions from the two-body contact density. These results hold for 1D fermions because of the
Bose-Fermi correspondence and are measurable in ultracold atoms experiments through Bragg
spectroscopy [108] or Fourier sampling of time-of-flight images [109].

We also computed OPE for the single-particle Green function. We determined the high-
energy behaviors of the quasiparticle energy and the scattering rate near the single-particle
peak [Egs. (4.120) and (4.121)]. In addition, the single-particle spectral density away from the
two-particle threshold [Eq. (4.126)] was found to be dominated by the number density in the
large-energy-momentum limit.

As mentioned in Section 2.2.1, the two-body contact density can be exactly calculated for
arbitrary coupling strength and temperature by the Bethe ansatz method. Combining this exact
result of Cy with our results, we can completely determine the large-energy-momentum behaviors
of the dynamic correlation functions for any coupling strength and temperature.
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Chapter 5

Dynamic correlation functions for
fermions

This chapter is devoted to the study of a quantum field theory for 1D fermions which is studied
in Chapter 3 in a first-quantized formalism. As shown in Section 2.1.1, these 1D fermions should
correspond to 1D bosons in Chapters 3 and 4 via the Bose-Fermi mapping. We first construct
the quantum field theory for fermions in Section 5.1. In Section 5.1.1, we use the momentum
shell renormalization group method to renormalize a coupling constant. In order to confirm
that this renormalized theory is consistent with the first-quantized formalism in Chapter 3, we
solve the three-body problem (Section 5.1.2) and rederive the energy relation (Section 5.1.3).
In particular, we clarify why the three-body contact appears in the energy relation from the
viewpoint of the renormalization group. In Section 5.2, OPE is applied to the constructed field
theory in order to study the single-particle properties of fermions in the high-energy regime.
Throughout this chapter, a system is assumed to be homogeneous, i.e., without a trapping
potential.

5.1 Quantum field theory of fermions with contact interactions

In this section, we study a quantum field theory for spinless fermions with contact interactions,
whose Lagrangian density is given by

(. 8% 1 4
Lr=1 Z({)t—i-T Y — 2
m

2mug

o [t (p=i80w) + (v1(=i801) o] + Lytalop. (5.1)
m m

Here, ¥ is a fermionic field and ¢ is an auxiliary bosonic field representing the degrees of

freedom of a dimer. The coupling constant vy characterizes the coupling between two fermions

that approach each other. In fact, when we focus on a two-fermion problem, we can neglect

the last term in £ and carry out the path integrals over ¢ and ¢!, leading to the Lagrangian
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Figure 5.1: Feynman diagrams for (a) the two-body scattering amplitude iA(K, P; K’, P') and
for (b) the full dimer propagator iDr(Q). The solid, dotted, and dashed lines indicate iG(K),
iDl([,?), and iDp(Q), respectively. The fermion-dimer vertex is i/m multiplied by the relative
momentum of two fermions.

density in Eq. (2.31):
=t (101 25 ) s 22 s, (5.2)
B P om om rT T '

On the other hand, the last term in Eq. (5.1) represents the coupling between a fermion and
a dimer, which corresponds to a three-body coupling for fermions. Such a coupling does not
appear in the Lagrangian density for bosons (4.13). This difference results from whether the
quantum field theory for the zero-range model is required to be regularized or not. The field
theory of bosons in the previous chapter is well defined without a regularization. On the other
hand, we have to regularize the fermionic theory (5.1) by making v and vs dependent on the
ultraviolet cutoff scale A so that physical quantities at low energy become independent of A.
Because we are considering the zero-range model describing the low-energy universal properties
of fermions interacting via a short-range pairwise potential, the fermion-dimer coupling constant
vg characterizing the three-fermion coupling vanishes at the ultraviolet scale A.

In order to renormalize vy, we calculate the two-body scattering amplitude iA(K, P; K', P")
of two fermions, where K and P (K’ and P’) are sets of energy and momentum of incoming
(outgoing) fermions. The energy and momentum conservation laws provide K + P = K’ + P'.
Figure 5.1(a) shows that A(K, P; K', P’) is related to the full propagator of a dimer iDp(Q) as
follows:

1 Kl—PlK{—Pl’DF

AK,P;K' P = ——
( s 4y ) ) m2 ) 2

(Q), (5-3)

where () = K + P denotes the set of the total energy )¢ and the center-of-mass momentum .

64



The full propagator iDp(Q) is obtained by summing up all the bubble diagrams in Fig. 5.1(b):

2
iDr(Q) = iDY) +iDPTR(Q)DY +iDf [p(Q) D] + -

l

_ , (5.4)
1/Dg) ~T1p(Q)
where D%O) = —2muwy is the bear propagator of a dimer. The dimer self-energy is given by
i dR, dR
0@ = 5 [~ [ M gop 1 mciar2 - B (55)
with the fermion propagator
1
G(K) = . 5.6
(K) Ko — K2/(2m) +i0* (5.6)
The integration in IIx(Q) can be performed as follows:
1 (Y dRy —mR?
1I — 1
F(Q) 2m2 ./—A 1T R% + 53)
1 A Bg
= "om (w - 2) ’ (51)

where 8o = \/Q%/él —m@o — 107. We note that the momentum scale 3g, which we are inter-
ested in, is much smaller than the cut off A. Substituting this into Eq. (5.4) yields

4m
Dr(Q) = —, 5.8
where the scattering length a is defined by
1 A1
— == —. (5.9)

V9 T 2a

This equation provides the dependence of v2 on the ultraviolet scale A.

A pole of the scattering amplitude A(K, P; K', P') in Eq. (5.3) provides the energy of a
two-body bound state. Equation (5.3) shows that a pole of A(K, P; K, P') is equivalent to that
of Dr(Q). We can find the bound state with binding energy Bs = |Qo| = 1/(ma?), which is
consistent with the binding energy of Eq. (2.76) mentioned in Section 2.2.2.

5.1.1 Renormalization group analysis of v

To renormalize the fermion-dimer coupling vs, we follow the momentum shell renormalization
group method. We evaluate the variation of vs after integrating out the field operators in the
partition function over the high momentum shell Ae™% < |Qi| < A. Hereafter, we adopt a

shorthand
! d d
/ z/ QO/ Q1 (5.10)
Q - Ae=45<|Q1|<A 2m
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Figure 5.2: Diagrams renormalizing the coupling constant vs. All the external energies and
momenta can be set zero. The vertex at which a fermion (solid line) and a dimer (dashed line)
collide with each other is iv3/m.

There are three types of diagrams contributing to the variation of the coupling (see Fig. 5.2):

7 d’U3

= Apub + Atri + Abox, (5.11)

where contributions coming from a bubble diagram, two triangle diagrams, and a box diagram
are provided by

A= (12)" [ G-@Dr@ = s (512
L U3 ! Q% - 81
Ai = 3 X 2/@ G(—Q)DF(Q)G(Q)7 = —\/gﬂ—mvgds, (5.13)

2
V3mm

respectively. We thus obtain the renormalization group equation

dvg 8
@5 VB (v — 1/2)%, (5.15)

= % [ a-@or@ e %]

ds, (5.14)

which is solved by

1 1 8s \
v3(s) = 3 + <v3(0) Y- \/§7r> . (5.16)

As mentioned above, the fermion-dimer coupling must vanish at the ultraviolet scale, i.e., v3(0) =

0. Therefore, the coupling flows into a non-zero value in the infrared limit s — oo:

v3(s — 00) = % (5.17)
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Figure 5.3: STM equation for the fermion-dimer scattering amplitude.

This means that, in the framework of local quantum field theory, the three-body coupling for
fermions emerges at low energy scale even though the microscopic theory includes no three-body
interaction. In Sections 5.1.2 and 5.1.3, we demonstrate that the fermionic quantum field theory
constructed here is consistent with the first-quantized theory studied in Chapter 3.

5.1.2 Three-body bound state

We now study a three-fermion bound state and confirm its consistency with the prediction from
the Bose-Fermi correspondence. We begin with a scattering problem for three fermions by using
the method reviewed in Ref. [19]. The scattering of three fermions is equivalent to that between
a fermion and a dimer. Therefore, we calculate the fermion-dimer scattering amplitude.

We assume that the incoming fermion and dimer have sets of energy and momentum, K
and (), respectively, and the outgoing fermion and dimer have K’ and ', respectively. The
fermion-dimer scattering amplitude iT(K,Q; K', Q') solves the Skornyakov—Ter-Martirosyan
(STM) equation [see Fig. 5.3]:

mT(K,Q: K, Q') = M(K,Q, K') —i/RT(KvQ;R,KJrQ—R)G(R)

x D(K+Q— RM(K',Q',R) (5.18)
where the inhomogeneous term is given by

M(K,Q,K/): Ql _22Ki Ql_lgl_Ki G(Q/ﬁ: K/) +'U3. (519)

Note that the energy and momentum conservation laws provide K + Q = K’ + @Q'. Using
Eq. (5.18), we can expand the amplitude as

T(K,.Q: K, Q)=> T"(K QK,Q), (5.20)
n=0
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where

mTO(K,Q; K', Q") = M(K,Q,K'), (5.21)
TR, QiK' Q) = ~i [ T V(K QiR K +Q - RIG(R)
R
x D(K+Q— RM(K',Q',R). (5.22)

The functions D(K + Q — R) and M(K',Q’, R) are analytic in the lower half plane in Ry. By
using Eq. (5.22) iteratively, T (K, Q; K', Q') for any n is also found to be analytic in the lower
half plane. As a result, the integrand in Eq. (5.18) has only one pole Ry = R3/(2m) — i0" in
the lower half plane in Ry, and Eq. (5.18) reads

mT (K, Q; K',Q') = M(K,Q, K')

_/O;TT(K,Q;R,K+Q — R)D(K +Q - R)M(K',Q', R) Ro=21"
(5.23)

Taking the center-of-mass frame and taking incoming and outgoing fermions on shell, we have

2 2
K:(k7k>7 Q:<E_k7_k)7
2m 2m

2 12
K,: <§,k‘/>, Q,: <E_§7_k/>7
m m

where E is the total energy, and k and k' are the incoming and outgoing relative momenta,
respectively. The on-shell amplitude T'(K,Q; K', Q') = T'(k, k', E) thus solves

mT(k, k', E) = M(k, k', E) + /dq K(qg, k', EyYmT(k,q, E), (5.24)

where the inhomogeneous term and the integral kernel reduce to

1 —3kk’ — 2mFE

kKL E) =~ — = 2
Mk, K, E) LI L RR + K2 — (mE +i00) BT 2 (5.25)
2 K, E
K(g, K, B) = = —— Mla ¥, B) , (5.26)
T2 —mE —i0t —1/a

respectively.
If there is a three-body bound state with energy £ = —x2/m < 0, the amplitude in the limit

of E — —r?%/m takes the following form [19]:

Z* (k) Z(K)

Tk, K FE .
(k. K, ) — E +k%2/m

(5.27)

Comparing the residues of both sides of Eq. (5.24) with respect to E = —x?/m, we find that &
is determined by solving the homogeneous integral equation

Z2(K) = / dg K <qk J:j) Z(q). (5.28)
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. . . o Z(q) .
By introducing a new function z(q) = 7@4/(1’ this reads

1

2 K2
| 2(l) = ——— /dq/\/l (q, K, ) z2(q).
a /%kl2+lﬁl2 T /%k/2+/€2 m

This equation has one solution x = 2/a and z(k') = 1/[(k'a/2)* +1] only when a > 0. The bind-
ing energy B = k?/m = 4/(ma?) is the same as that of a three-boson bound state in Eq. (2.76),

(5.29)

which is consistent with the prediction from the Bose-Fermi correspondence in Section 2.2.2.

5.1.3 Rederivation of the energy relation

We now evaluate the canonical ensemble average of the Hamiltonian to reproduce the energy
relation [Eq. (3.48)] for homogeneous systems (Eirap = 0) within a quantum field theory frame-
work. The Hamiltonian density operator of the system is given by
Hp =iy — Lr
0|2 1 1 R R U3
SO Lt - L[t (w(-ifw) + (w1 -i8ute)] - Buteton. (530)
2m 2musg 2m m

By using the Euler-Lagrange equation for of,

1 Rws V3 t -
2 %w(—laz)w - Eib ph =0, (5-31)

the canonical ensemble average of the Hamiltonian reads

B =[x o) = /dX1[<’am¢’2>— ! <¢*w>+ij<wsonow>] (5.32)

2m 2mus

Substituting the running couplings (5.9) and (5.17) into this, we obtain

b /dX [ (091%) 1 (A ! > (olo) + IWwTsOM

2m \ 7™ 2a
A 2
dk k 1
pu— 1' X s X

Aobo |y 27 2m (pF(k) kz/d 1<90<p>>+ /d ot

1

— [ dXx; (Wil .
+2m/ 1 (YTl oY), (5.33)

where the momentum distribution is expressed in terms of the field operators as

prl) = L [ a2y e 5 (01 (X)0(0)) (5.34)

with L being the system size.
As we will show in the next section, the following equal-time OPEs in coordinate space hold:

HXO(Xo, Y1) = 30 6(X) + O(X1 — Y0), (535)
Plo(X)n(Xo,11) = plelpu(X) + 0(X1 - 1), (5.36)
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where the abbreviation AB(X) = A(X)B(X) is used hereafter. The two- and three-body
contacts are thus written as

Oy = / dXy lim (n(X)n(Xo, Y1) = i / X1 (pF (X)), (5.37a)

Yi—X1

Cy= [axi, I (X0 (X, )

4 Z1—+X1

- 1/dX1 lim <cpTg0(X)n(Xoazl)>

= i/Xm Wty (X)), (5.37b)

respectively. Therefore, Eq. (5.33) combined with Eqgs. (5.37) reproduces the energy relation in
Eq. (3.48) without a trapping potential:

A 2
. dk k 40, Cy  2C%
E=1 — k) — —- — 4+ —. 5.38
Ao _A 27 2m (p( ) k2 >+ma+ m (5:38)

In the above derivation of the energy relation within the field theoretical formalism, we can
see that the emergence of the three-body coupling at low energy scale [Eq. (5.17)] leads to the
appearance of Cs in the energy relation (5.38).

5.1.4 Equal-time OPE

In order to derive Egs. (5.35) and (5.36), we calculate the Wilson coefficients in OPEs:

n(X)n(Xo, Y1) ZWO (X1 —Y1)0i(X), (5.39)
plo(X)n(Xo, Y1) Z 9 (X1 = 1)0i(X). (5.40)
From dimensional analysis, the Wilson coeflicient has the form
=0, CAL X1 — Y,
Wh(X1 = Y1) = (X = Yy)RoimBa=as f (1al> : (5.41)

where Ap is a scaling dimension of an operator O(X). The scaling dimensions of the field
operators 1 and ¢ are Ay = 1/2 and A, = 1, respectively.

We first turn to Eq. (5.39). Because all the matrix elements of n(X)n(Xo, Y1) in the one-
fermion sector vanish, the Wilson coefficient of the unit and one-body operators are found to be
zero. We then evaluate expectation values with respect to a dimer state |pg), in which a dimer
has a set of energy and momentum K.

Step 1: Expectation values of local operators

The expectation value of a local operator ¢fp(X) with A i, = 2 equals

(prle’e(X)leK) = =[Dr(K)P, (5.42)
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Figure 5.4: Diagrams for the expectation values of (a) the local operator ¢fp(X) and (b) the
operator product n(X)n(Xo, Y1) with respect to a fermion-dimer state. The open dots denote
operators at X, while the filled dot indicates the operator n(Xg, Y1)

while those of the other local operators are O(X; — Y7). As a result, the right hand side of
Eq. (5.39) can be expanded as

D Wik = Y)ex|Oi(X)ler) = ~WEL (X =) D] + 00X = Y1) (5.43)

Step 2: Expectation value of the operator product

The expectation value of n(X)n(Xo, Y1) depicted in Fig. 5.4(b) equals

(e |n(X)n(Xo, Y1)|pk) = [DP;?(;()P /RRlG (IQ( + R) G <I2( _ R) GBI (X1-11)

[ (5 w)e (5 w) oo

d ’iR1~(X1—Y1) d / / —iR'-(Xl—Y1)
= —[DF(K)]Q/ fh e 2 2 / Rl Rle / 21 2
2r R+ Pk 2r (R)* + Bx

2
%ELK)] « e~2X1Yily/KE[A=m(Ko+i0T) (5.44)

Step 3: Expansion of (px|n(X)n(Xo, Y1)|¢x) in X1 — Y]

Equation (5.44) can be expanded as

(prIn(X)n(Xo, Y1)lpk) = — +O0(X1 —Y11). (5.45)

Step 4: Matching both sides

By comparing Eq. (5.45) with Eqgs. (5.43), the Wilson coefficient of Ty is found to be W,f:f(Xl =
Y1) = 1/4, leading to Eq. (5.35).

Next, we turn to Eq. (5.40). Because the expectation value of ¢fp(X)n(Xy, Y1) vanishes
when a given state has only one fermion or one dimer, the Wilson coefficients of the unit, one-
fermion, and one-dimer operators equal zero. We then focus on a fermion-dimer state [k pq),
in which K and @ are sets of energy and momentum of the fermion and dimer, respectively.
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Figure 5.5: Diagrams contributing to the expectation values of (a) the local operator 1ol (X)
and (b) the operator product ¢fo(X)n(Xo, Y1) with respect to [Ypor).

Step 1: Expectation values of local operators

The expectation value of the local operator chpTapw(X ) with AWE oty = 3 s given by diagrams
in Fig. 5.5(a), and it is provided by

Wrpoltel oy (X) [ vKeq)

— [C(K)Dr(Q)P [1 —i [ QR K+ Q- G+ - R)]
X [1 — z/ T(R,K+Q—-R;K,QGR)DK+Q— R’)] , (5.46)

while those of the other local operators are O(X; — Y7). As a result, the expectation value of
the right hand side of Eq. (5.40) can be evaluated as

Z ngigo,n(Xl B Y1)<¢K¢Q|01(X)|¢K@Q>
= W;p:ﬁ;w(Xl - 1) (Yrpalb eTev (X) Yk pe) + O(X1 — 1) (5.47)

Step 2: Expectation value of the operator product

The expectation value of the left-hand side of Eq. (5.40) is given by the diagrams in Fig. 5.5(b):

(VoK et o(X)n(Xo, Y1)|[per)
= [G(K)Dp(Q))?

X [1 - z/ T(K,Q;R,K +Q — R)G(R)D(K + Q — R)ei(Rl_Kl)(Xl_Yl)]
R
X [1 - z/ T(R,K+Q—-R;K,QGR)DIK +Q — R’)e“RiKl)(XlYl)] . (5.48)
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Step 3: Expansion of (Yppx|eTo(X)n(Xo, Y1)|Ypex) in X1 — Y

Expanding Eq (5.48), we can see that its leading term coincides with Eq. (5.47):
(Wperleo(X)n(Xo, Y1) lbper) = (Wicpold olov (X)vkpq) + O(X1 Y1), (5.49)

Step 4: Matching both sides

By comparing Eq. (5.49) with Eqgs. (5.47), the Wilson coefficient of 1T is found to be unity,
leading to Eq. (5.36).

5.2 Single-particle correlation

This section is devoted to investigating the single-particle properties at large energy and mo-
mentum in thermal equilibrium. The single-particle Green function is defined as the canonical
ensemble average of the following time-ordered operator product:

Gyt (K) = —i / ?X eBXT [w(X)sz(O)} : (5.50)
Its imaginary part provides the single-particle spectral density
1
Ap(K) = =—Im[(Gyy1 (K))]. (5.51)
m
For large K, the operator product in Eq. (5.50) can be expressed in terms of local operators:

Gyt (K) = Z Wi (K)O;. (5.52)

By recalling Ay, = 1/2 and A, = 1, the local operators with scaling dimensions Ap < 2 are
found as follows: the unit operator

1 (5.53)
with Ap = 0, the number density operator

Ply (5.54)

with Ap = 1, and the current density and dimer density operators

Wi (=i0)w,  oly (5.55)

with Ap = 2. In the bosonic case in Section 4.4, Wilson coefficients for large K can be per-
turbatively calculated. This is because bosons are non-interacting in the limit of 1/a — 0. On
the other hand, fermions strongly interact with each other in this limit. In order to determine
the Wilson coefficient of ¢y in the large-K limit, we have to solve a three-body problem in a
non-perturbative way, which is beyond the scope of this thesis. Hence, in this section, the local
operators with Ap = 0,1 in Egs. (5.53) and (5.54) are taken into account.
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Figure 5.6: Diagrams contributing to (a) (¢Yp[ljp), (b) (YplbTy|yYp), and (c)

(Vp|Gyyt (K)|¢p). In (b) and (c), operators at X = 0 are denoted by the open dots, while
the Fourier transform of ¢)(X) by the filled dots. Energy and momentum are conserved at the
filled dots.

5.2.1 Omne-body sector

To determine the Wilson coefficients by the matching procedure, we take the expectation values
of both sides of OPE (5.52) with respect to a one-fermion state [ip).

Step 1: Expectation values of local operators

The expectation values of the unit operator and the number density operator in the right hand
side of Eq. (5.52) equal

(WplLllvp) = (Yplvp),  (WplTdlvp) = —[G(P)], (5.56)

respectively. These expectation values can be expressed in terms of Feynman diagrams as
Figs 5.6(a) and 5.6(b). As a result, we obtain the expectation value of the right hand side:

Z O () (WplOiltbp) = W (K)(wpltp) — WE () [G(P)2+ O(K™Y).  (5.57)

Step 2: Expectation value of the operator product
The expectation value of the left-hand side of Eq. (5.52) is given by the diagrams in Fig. 5.6(c):
(Wp|Gyut (K)|Wp) = GK)(YplYp) + [G(P)G(K)?A(K, P; K, P). (5.58)

Form Eq. (5.3), the two-body scattering amplitude equals

A(K,P;K,P) = — <K12_mpl>2DF(P+K). (5.59)

Step 3: Expansion of (¢p|G,,t(K)[¢p) in P
By expanding A(K, P; K, P) in powers of P, Eq. (5.58) reads

2
(0rlGuur (K)or) = G welir) (D) DRRYGPIE + 0. (6.00)
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Step 4: Matching both sides

Comparing Eq. (5.60) with Egs. (5.57), we can obtain the Wilson coefficients

Wit (K) = G(K), (5.61)
i _ (KiG(K)\® 1 K?
W) = (M) Do) = LB, (5.62)

5.2.2 Single-particle properties in high energy regime

We turn to study the single-particle properties of 1D fermions in the large- K limit. By evaluating
the canonical ensemble average of OPE (5.52), the single-particle Green function for large K
reads

(Gt (K)) = G +n WP (K) + O(K ) (5.63)

with n = (1), The self-energy X(K) defined by

1
K)) = _ 5.64
oo K)) = oo (5.64)
is found to be
S(K) = M +0(1) = _LKlz +0(1) (5.65)
- [GK))? - mPBk ' '

The pole of the single-particle Green function gives the quasiparticle energy E(K;) and
scattering rate I'(K7):

E(K1) = Re[KP],  T(K;) = —2Im[K P, (5.66)

where the pole solves the following equation:

K}

K(()pole) _ o

+S(KP K). (5.67)

Expanding K(()pde) in both sides with respect to 1/|K;| as

o

K? K?

(pole) _ _ ™ 1-n
KoY =L+ 0Ky =5 + nz:%elnum , (5.68)
we obtain
K? 2in| K
§Ko =X (27;&) +0(1) = 2l O(1). (5.69)
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As a result, the quasiparticle energy and scattering rate in the high-energy regime are found to
be

E(Ky) = gj +0(1), (5.70)
I(Ky) = ‘ﬂfﬂ +o(1). (5.71)

We note that the quasi-particle residue Z(K7) within our accuracy is

Zt=1- iRe[z(K)] =1+0(K™1). (5.72)
Ky Ko=K?2/(2m)

The single-particle spectral density near the peak, Ky ~ K(()pde), takes the form

oL I'(K1)
Ap(K) = 5 [Ko — E(K1))? + [3D(K1)]? (5.73)

While the leading term of I'(K) in Eq. (5.71) is dominated by the contribution from the
number density operator, the corrections to E(K;) in Eq. (5.70) resulting from the interaction
cannot be determined within the accuracy we are currently working. The O(1) terms in E(K;)
include not only the contribution from 1) but also that from . The Wilson coefficient of
@l is expressed in terms of the fermion-dimer amplitude T(K,Q; K', Q') in a way similar to
Wg;@l(K ) in Eq. (4.102). In order to determine sz;f(K ), we have to solve the STM equation
[Eq. (5.18)] in a non-perturbative way.

Finally, we compute the large K-behavior of Ap(K) away from the single-particle peak

Ky # K(()pde). By substituting Eq. (5.63) into Eq. (5.51), Ap(K) for large K is found to be

Ap(K) = —%Im [ W2 ()] + O, (5.74)

By evaluating the imaginary part of Wqﬁ%(K ) in Eq. (5.62), it is found to vanish below the

two-particle threshold:

1 i m  a*/mKo — K /4 K}
—~Im |[WY Y(K)| = O(mKy — K}/4) x — : ; L
- m[ WT( )} (mKo 1/4) x 1+ a2(mKy — K2/4)2 (mKo — K2/2)2 (5.75)

As a result, the large-K behavior of Ar(K) for Ko > K?/(4m) is found to be

mn  a*\/mKy— K} /4 K? 4
ArlK) = =97 2(mKo — K247 (mKo — KZ/2)2 T OE™). (5.76)

Comparing this with Eq. (4.126), we can find that the fermionic single-particle spectral density
for Koy > K?%/(4m) is related to the bosonic one Ag(K):

(K1a)®
4

Ap(K) = Ap(K) + O(K™). (5.77)
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5.3 Summary

In this chapter, we studied the quantum field theory of 1D fermions near a two-body resonance.
First, the renormalization of coupling constants in the field theory was investigated. As a result,
not only the two-fermion coupling constant vy but also the fermion-dimer one vs were found to
depend on the cut off scale. In order to confirm that this renormalized theory is consistent with
the first-quantized formalism in Chapter 3, we solved the three-body problem in Section 5.1.2
and rederived the energy relation [Eq. (5.38)] in Section 5.1.3. In particular, we clarified that the
emergence of the three-body coupling v3 at low energy scale [Eq. (5.17)] leads to the apparence
of the three-body contact in the energy relation.

Applying the constructed field theory to the determination of Wilson coefficients in OPE, we
investigated the single-particle properties in high-energy regime. We computed the high-energy
behaviors of the quasiparticle energy E(Kp) and the scattering rate I'(K;) near the single-
particle peak within the accuracy of O(1) [Egs. (5.70) and (5.71)]. While the leading term
of I'(K7) was determined within our accuracy, the determination of the correction to E(K1)
requires a non-perturbative calculation of the fermion-dimer amplitude. We leave this for future
work. We also found the single-particle spectral density away from the two-particle threshold
[Eq. (5.76)]. In addition, the relation between the bosonic and fermionic single-particle spectral
densities [Eq. (5.77)] was found in the large-energy-momentum limit. Our results in Egs. (5.70),
(5.71), and (5.76) are essential properties of 1D fermions near a two-body resonance because
they hold for arbitrary scattering length a and temperature T'.
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Chapter 6

Bosons with a resonant three-body
attraction in 1D

In Section 2.3.1, it was shown that 1D bosons governed by a resonant three-body interaction can
be realized as a low-energy effective theory of two-component bosons in an optical lattice. In
this chapter, we turn to the effective field theory of 1D bosons near a three-body resonance and
clarify what universal bound states are stabilized in this system. We first solve a three-boson
problem to relate the coupling constant to a three-body scattering length in Section 6.1, so that
the importance of quantum corrections in this system becomes obvious. Section 6.2 is devoted to
a four-boson problem, leading to the discovery of three four-boson bound states. In Section 6.3,
many bosons are found to form a droplet stabilized by the quantum effect and its binding energy
is proven to grow exponentially with increasing particle number. At last, we summarize this
chapter.

6.1 Quantum field theory near a three-body resonance

The Lagrangian density of 1D bosons interacting via a resonant three-body interaction is given
by

il O U3 gty
Lz =" (10 + ¢—6 olioltolololoN (6.1)
m

2m
leading to the corresponding Hamiltonian

us

i = [dn (G100 + 26 Pl (6:2)

Here, the three-body interaction is attractive us < 0.
To renormalize the three-body interaction, we solve a scattering problem of three bosons
with their total energy Ky and the center-of-mass momentum K;. The three-body scattering
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Figure 6.1: Three-body scattering amplitude. The solid line indicates the boson propagator
iG(P) and the vertex —iug/m.

amplitude iA(K) with K = (Ko, K1) is written as a diagram in Fig. 6.1 and reads

. 61 67 61 2
A0 =SS~ ()
6iU3 1

— - (6.3)

where the factor 6 comes from Bose-Einstein statistics. Here, II3(K’) can be expressed in terms
of the boson propagator G(Q) = 1/[Qo — Q?/(2m) + i0*] as

() = - | OU/3+ QIGIK/3 —Q/2 + PIGIK/3—Q/2 = P)

m K%2/6 — mKy —i0+
=——>I0 \/ 1 , 6.4
NELs g( A2 ) (6.4)

where A is a momentum cutoff. The scattering amplitude thus reads

6\/§7T 1

Since a pole of the scattering amplitude corresponds to the energy for a bound state we can
see that there is one three-body bound state with binding energy Bs = |Ky| = = 2‘[”/ “3 in
the center-of-mass frame (K7 = 0). As shown in Eq. (2.93), the binding energy is expressed in

A(K) =

(6.5)

terms of the three-body scattering length a3 as B = 1/(ma3). Therefore, the coupling strength
ug must depend logarithmically on the product of the scale A and the scattering length ag,

Va3

log(ash)’ (6.6)

uz = —

and thus A(K) is found to be

A(K) = 6v/3n ! . (6.7)

™ log (asy/KE/6 — mkK, — 07 )

As shown above, the quantum effect coming from loops in Fig. 6.1 plays a crucial role of in
this quantum field theory. Dimensional analysis of Eq. (6.1) shows that ug is dimensionless and
thus the classical action is invariant under the scale transformation:

r =z, t—= Nt p(x) = ATV 2(x). (6.8)

80



Figure 6.2: STM equation for the boson-trimer scattering [Eq. (6.11)]. The dashed line denotes
the trimer propagator iT'(K).

This means that there is no length scale providing the size of a bound state within the classical
field theory. However, this classical scale symmetry is broken by loop corrections in Fig. 6.1,
so that as provides a length scale to the quantum field theory. This emergence of the scale
generating from the quantum effect is called dimensional transmutation [117].

6.2 Four-body bound states

Next, four-boson bound states are investigated. For convenience, we employ the auxiliary field
method used in the previous two chapters: The Hubbard-Stratonovich transformation is per-
formed to introduce a auxiliary trimer field ¢ ~ %QS?’. The Lagrangian after the transformation
is written as
0? m 1

L= [0+ = — 1t — Z(t1¢? + ¢31). 6.9

3 ¢<t+2m)¢+6u3 5 (t107 +¢11) (6.9)
The propagator iT(K) of a trimer coincides with the three-boson scattering amplitude iA(K)

up to a minus sign:
iT(K)=—iA(K). (6.10)

Following the similar way as in the three-fermion problem in Section (5.1.2), we begin with
a boson-trimer scattering problem. The incoming boson and trimer have sets of energy and
momentum, P = (FPy, P;) and K = (Ky, K1), respectively, and the outgoing boson and trimer
have P’ = (Pj,P]) and K' = (K|, K}), respectively. The boson-trimer scattering amplitude
iF(P,K; P', K') satisfies the Skorniakov—Ter-Martirosian (STM) equation [see Fig. 6.2]:

iF(PK: P K') = % /R G(R)G(K' — P — R) — / F(P,K:Q. P+ K —Q)T(P+ K — Q)G(Q)

Q
X ;/RG(R)G(K’ - Q- R). (6.11)

We note that the energy and momentum conservation laws lead to P + K = P’ + K'. The
integrals over R can be easily evaluated by the residue theorem:

m

4Pk -p’

1 , _
2/R G(R)G(K'— P—R) = (6.12)
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where Bp = \/P?/4 — m(Py +i0"). Equation (6.11) thus reduces to

Lm F(P,K;:Q,P+K—-Q)T(P+K —Q)GQ)
4/8[(/ /BK’—Q '

In a similar way as in Eq. (5.18), we can prove that F(P,K;Q,P+ K —Q), T(P+ K —Q), and
1/Br/—¢ are analytic in the lower half plane in Q9. The integrand in Eq. (6.13) has only one
pole Qo = Q%/(2m) — i0" in the lower half plane, and thus Eq. (6.13) reads

/dQ1 (PK;Q,P+K—-Q)T(P+K-Q)
Br—0

F(P,K; P, K') = (6.13)

F(P,K;P K') =

o (619)

45[(’ Qo= ok

Taking the center-of-mass frame and taking the incoming and outgoing atoms on shell, we have

2 2
p p
p=(L K=[(p-*X _ 6.15
<2m’p>’ ( om’ p>, ( )
/2
p=(2 ) K= E—IL— 6.16
<2m,p>, ( 5 p) (6.16)

where E is the total energy, and p and p’ are incoming and outgoing relative momenta, respec-
tively. The amplitude F(P,K; P',K') = F(p,p’, E) under the on-shell conditions thus solves
the following equation:

[e.o]

F(p,p',E) ZmI(p,p’,E)Jr/ dgK(p',q,E)F(p,q, E), (6.17)

—00

where the exchange of integration valuable ()1 — ¢ was performed, and the inhomogeneous term
and the kernel are provided by

1
Z(p, ’,E = , 6.18
.7, E) 24/3p™ + 2p'p + 3p? — 4mE — 0T (6.18)
3WV3Z(y,q, F

log (ag\/%qz —mE — i0+)

We now turn to four-body bound states, which correspond to the poles of F(p,p’, E). If there
is a four-body bound state with energy £ = —B4 < 0, the amplitude in the limit of £ — —By
takes the form

respectively.

Z(n)ZW)

6.20
F+ By ( )

F(p,p',E) —

By comparing the residues of both sides of Eq. (6.17) with respect to E = —By, the binding
energy is found to solve the homogeneous integral equation

2(/) = / " dgK W q.~Bi)Z(q). (6.21)

—0o0
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Since the kernel has the property K(p', ¢, —B4) = K(—p', —q, —B4), even and odd sectors of the
wave function are decoupled from each other:

2:0) = [ dalK ) £ K(-1 ) Zsla), (622)
0
where Z4 (p') = [Z(p") £ Z(—p')] /2. We numerically find three bound states in the even channel

log(By/Bs) = 13.5447, 4.91925, 0.747826, (6.23)

whereas there is no bound state in the odd channel. These four-boson bound states are universal
in the sense that the ratios of their binding energies to Bs are independent of the microscopic
details.

6.3 Many-body droplet

In this section, we study a many-body droplet, which is the ground state of a large number of
bosons. We use the method developed by Hammer and Son for self-bound bosons with a two-
body attraction in 2D, which relies on the classical field theory applicable to a large number of
bosons [118]. In this 2D case, the validity of the method was confirmed by solving the Schréodinger
equation for up to 26 bosons [119]. Furthermore, in the case of two-body repulsion, the Gross-
Pitaevskii equation with the right choice of coupling was proven to provide the ground state
energy and number density exactly for trapped bosons both in 3D [120,121] and in 2D [122,123].
Here we proceed by considering the same to be true for self-bound attractive bosons in 1D, which
can be confirmed explicitly in the case of two-body attraction! [124].

The ground state energy of N > 1 bosons is determined so as to minimize the energy
functional

_ 1 2, U3 6
B = [ar(l0.06@P + 2 jow)) (6.21)
with respect to ¢(z) regarded as a c-number function satisfying [*°_dx |[¢(z)[* = N. This nor-

malization condition results from particle number conservation and is conveniently incorporated
by expressing the wave function as

o) =\ om 7 (%), (6.25)

where

C= / T aplf (o) (6.26)

! For one-dimensional bosons with a two-body attraction (—1/a < 0), the minimization of Exy =
Jdz 10¢(2)]* — & [dx|p(x)|* with respect to ¢(z) under [ dx|¢(z)|> = N leads to the binding energy

2m

By = —Ey = -2, which is consistent with the large-N limit of the exact result in Eq. (2.76) [124].

6maZ2’
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Figure 6.3: Strength of the scale dependent running coupling in Eq. (6.27). Because attractive
bosons without repulsion and Pauli exclusion are considered, the size of the ground state is
expected to be decreased monotonously with increasing N. Hence, we assume that the size
of the N-boson droplet R is smaller than that of the three-boson bound state ag, leading to
R/ az < 1.

is a functional of f(p). The dimensionless positive function f(x/R) must vanish at |z| > R
for the convergent normalization integral and thus R sets the size of N-boson droplet. In order
to minimize the energy with respect to R, it is essential to take into account the logarithmic
scale dependence of coupling through the renormalization [118,122,123], which was shown in
Eq. (6.6). Because a characteristic momentum scale of bosons confined in a droplet of size R is
A ~ R7!, the three-body coupling constant ug in Eq. (6.24) should have the form,

Vi3

R)=——7"—— 6.27
) = g aa/ ) 020

to the leading logarithmic accuracy. By defining two functionals of f(p),
A= [“alr@r B= [ dplie), (6.28)

and using Egs. (6.25) and (6.27), Eq. (6.24) reduces to
1 NA N3B
E = . 2

omR? < c 308 “3(R)> (6:29)

We minimize this with respect to R and f(p).
First, we fix the shape of the droplet f(p) and minimize F with respect to R. As shown in
Fig. 6.3, when R is large, the scale-dependent attraction in Eq. (6.27) becomes strong, which
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favors smaller R. On the other hand, in the limit R — +0 the coupling becomes weak and thus
the energy is dominated by the kinetic energy, which tends to expand the droplet. As a result,
E is minimized at a finite R, which can be determined by solving dE/dR = 0. The optimal size
Ry and the corresponding binding energy By = —FE|r=g, for N > 1 are obtained as follows:

B
Ry = a3 exp [—\%ACzNQ + O(N)] : (6.30)
2r B,

The binding energy should be maximized further with respect to f(p), which is achieved by
maximizing the ratio B/AC? in the exponent of Eq. (6.31). The variation of B/AC? reads

5 <Ai’2> _ —BC6A + igg@B — 2AB6C (6.32)
with
sa= [~ dpl-21"p)o1 (6.33)
8= [ apolf(o)’ss, (6.34)
5C = /_ dez F(0)6. (6.35)

Therefore, the extremization of B/AC? leads to the following differential equation for the optimal
function to satisfy:

BCf"(p) +3AC[f(p)]” — 2ABf(p) = 0, (6.36)

where f/(p) and f”(p) denote the first and second derivatives of the shape function, respectively.
Under the scale transformation

p—=p=2Axp, fp) = f(p)=pf(p), (6.37)
the ratio B/AC? to be maximized is invariant as follows:
B(f] Jdp[f(p)°

SRS — (6.38)



The rescaling

=2/, fo)= (2%)1/4f<p>, (6.39)

47" (p) + 3[f(p)]> — f(p) = 0. (6.40)

reduces Eq. (6.36) to

This nonlinear equation has a bright soliton solution
= 1

f(p) = Veosh 5 (6.41)

leading to the maximum of the ratio

B[f] 4
Alf) (c1f)
Consequently, we find that the ground state has the size and binding energy
4
Ry = asexp [N2 + O(N)} /R ag X (0.4794550206)N2, (6.43)
\/§7T
8
By = Bsexp [Nz + O(N)] ~ B3 X (4.350150263)N2, (6.44)
\/§7T
as well as the density distribution
N
2
ey p—y . .4
n(e) = [0 = (6.45)

We note that our results in Eqgs. (6.43)—(6.45) are valid for N > 1 as long as the droplet is so
dilute that the mean interparticle separation is much larger than the lattice constant [ in the
microscopic lattice theory in Section (2.3.1). This requires Ry /N > [, that is

3m2 t,
1<K Ny — . 6.46
\ 2 |Us] (6.46)

Here, Eq. (6.43) and the scattering length ag in terms of the microscopic lattice parameters
[Eq. (2.91)] were used.

6.4 Summary

Universal few- and many-body properties of 1D bosons with a resonant three-body attraction
were investigated in this chapter. In Section 6.1, we computed the three-body scattering am-
plitude and showed that quantum corrections results in the scale dependence of the coupling
constant and the emergence of the length scale az. We found three four-body bound states by
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solving the STM equation in Section 6.2 and a many-body ground state, in which bosons form
a dilute droplet stabilized by the quantum effect. We clarified that the ratios of their binding
energies to that of three bosons are universal and found that the size and energy of the dilute
droplet grows exponentially with increasing particle number. These bound states can be in
principle observed in ultracold-atom experiments with two-component bosons trapped in a 1D
optical lattice.
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Chapter 7

Conclusion and outlook

We studied universal properties of 1D quantum systems with resonant interactions, which can
be realized with ultracold atoms by taking advantage of their high controllability. We first
focused on bosons and fermions near two-body resonances. In Chapter 2, we reviewed essential
properties of these two systems. These systems can be described by the zero-range models,
in which particles interact with each other via contact interactions. In addition, we explained
the Bose-Fermi correspondence, which is the interrelation between bosons and fermions with
contact interactions. Because of the Bose-Fermi correspondence, these two systems have the
same energy spectrum, thermodynamics and correlation functions including static and dynamic
structure factors and a current correlation. However, other correlation functions such as a
momentum distribution and a single-particle Green function are different between bosons and
fermions. We also reviewed the method of the Bethe ansatz to solve the Schrédinger equations
for the zero-range models without a trapping potential. By using this method, energy and
contact densities can be exactly computed.

Chapters 3, 4, and 5 were devoted to deriving universal relations for bosons and fermions
near two-body resonances. These relations hold for any energy eigenstates and any statistical
ensembles of the eigenstates with or without a trapping potential, and the relations involve the
contact parameters such as two- and three-body contacts. In Chapters 3, universal relations
for static structure factors S(k) and momentum distributions p, (k) with a = B, F for both
bosons and fermions were derived. The power-law tails of S(k) [Egs. (3.12)], pp(k) [Eq. (3.14)]
and pp(k) [Eq. (3.19)] at large momentum were found, and the coefficients of these tails were
proportional to the two-body contact. We also derived the energy relations in Eqs. (3.23) and
(3.48), in which the sum of kinetic and interaction energies are expressed in terms of p, (k)
and contact parameters. We found the following three facts in these universal relations: S(k)
has the identical tail between bosons and fermions; the Bose-Fermi correspondence results in
two nontrivial connections between pp(k) and pr (k) through their tails and through the energy
relations; and the three-body contact makes no contribution to the energy relation for bosons,
but it makes an essential contribution to that for fermions. Furthermore, our universal relations
for the large-momentum tails together with the two-body contact calculated by the Bethe ansatz
completely determine the large-k asymptotics of S(k) and p, (k) for uniform Bose and Fermi
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gases at any temperature. We also computed pr(k) for the ground state of N fermions in the
limit of a« — oo and confirmed Eqgs. (3.19) and (3.48) in this case.

In Chapter 4, the large-energy-momentum behaviors of dynamic correlation functions for
bosons were studied by using OPE in a field theoretical formalism. For bosons, the quan-
tum field theory was well-defined without a regularization and perturbative calculations were
applicable to determine Wilson coefficients in the large-energy-momentum limit. Above the
two-particle threshold, the dynamic structure factor [Eq. (4.71)] and the current correlation
function [Eq. (4.83)] are dominated by the contributions from the two-body contact density,
while the single-particle spectral density by the contribution from the number density. We also
determined the high-energy behaviors of the quasiparticle energy and the scattering rate near
the single-particle peak [Egs. (4.120) and (4.121)].

In order to derive universal relations for the single-particle spectral density of fermions, we
constructed the quantum field theory for fermions in Chapter 5. Unlike for bosons, the quantum
field theory for fermions was required to be regularized. Performing the renormalization group
analysis, we found that not only the two-fermion coupling constant vy [Eq. (5.9)] but also the
fermion-dimer one v3 [Eq. (5.17)] characterizing the three-fermion coupling are scale dependent.
To confirm that this renormalized theory is consistent with the first-quantized formalism in
Chapter 3, we calculated the energy of the three-fermion bound state and rederived the energy
relation. In particular, we clarified that, in the field theory framework, the emergence of the
three-body coupling vs at low energy scale leads to the appearance of the three-body contact
in the energy relation. Applying OPE to the constructed field theory, we investigated the
single-particle properties in high-energy regime. We computed the high-energy behaviors of the
quasiparticle energy E(K7) and the scattering rate I'(K7) near the single-particle peak within
the accuracy of O(1) [Egs. (5.70) and (5.71)]. While the leading term of I'(K;) was determined
within our accuracy, the determination of the correction to E(K7) requires a non-perturbative
calculation of the fermion-dimer amplitude. We leave this for future work. We also found that
the single-particle spectral density away from the two-particle threshold [Eq. (5.76)] is dominated
by the contribution from the number density. In addition, the relation between the bosonic and
fermionic single-particle spectral densities [Eq. (5.77)] was found in the large-energy-momentum
limit.

One-dimensional bosons near a three-body resonance were also studied in this thesis. In
Section 2.3, we presented the way to realize a 1D system governed by a resonant three-body
interaction with two-component bosons in an optical lattice. We showed that, by tuning the
detuning and Rabi frequency, effective two- and three-body interactions can be independently
controlled. When the effective two-body interaction vanishes and the effective three-body inter-
action is weakly attractive, the low-energy physics of the system is described by the quantum
field theory with a contact three-body attraction. Few- and many-body states in this theory
were investigated in Chapter 6. We first computed the three-body scattering amplitude and
showed that quantum corrections results in the scale dependence of the coupling constant and
the emergence of the length scale, i.e., the three-body scattering length as. There was one
three-body bound state with binding energy Bz = 1/(ma3). We found three four-body bound
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states as well as a many-body ground state, in which bosons form a dilute droplet stabilized by
the quantum effect. We clarified that the ratios of their binding energies to that of three bosons
are universal and found that the size and energy of the dilute droplet grows exponentially with
increasing particle number. These bound states can be in principle observed in ultracold-atom
experiments with two-component bosons trapped in a 1D optical lattice.

In order to deepen our unified understanding of interacting quantum many-body systems in
various fields of physics, we in this thesis studied resonantly interacting 1D systems from the
viewpoint of the universal properties near resonances. The properties we clarified are universal
in the sense that they are independent of microscopic details of the interaction potentials. This
means that our results can be applied to systems in the resonant regime, where microscopic
length scales associated with interactions are much smaller than the scattering lengths, thermal
de Broglie wavelengths, and mean interparticle distances. From this perspective, the exploration
of 1D systems near resonances is an important, interesting future work common to atomic
physics, condensed matter physics, nuclear physics, and particle physics. So far, a variety of
ultracold atomic gases such as “Li, ?*Na, 3°K, 8"Rb, and 3Cs have reached this resonant
regime with the help of magnetic Feshbach resonances. Also, the *He atom in nature has s-
wave scattering length as ~ 10 nm and interaction range r¢9 ~ 0.54 nm, leading to the large
ratio as/ro ~ 20 without the use of Feshbach resonances [21]. Therefore, we can predict that
a dilute “He gas at low temperature confined in 1D geometry exhibits the universal properties
for correlation functions studied here. We expect that such universal properties are tested in
future experiments. On the other hand, it is well known that, at atmospheric pressure, the
liquid *He in low-temperature regime becomes a superfluid. It is interesting how correlations
for “He in 1D change from the universal resonant regime to the superfluid-liquid regime with
increasing number density. In condensed matter physics, the possibility that magnons in 3D
quantum magnets reach the universal resonant regime is pointed out [27]. Similarly, magnons
in 1D spin systems may exhibit the universal properties which we have studied in this thesis.
We hope that our studies in resonantly interacting systems will become a new bridge among
different subfields of physics.
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Appendix A

Calculations of loop Integrals

In this appendix, integrals (4.55) corresponding to the loops in Fig. 4.5 are computed and
expanded in ). As mentioned in Section 4.2, Ko > 0 and K; > 0 is assumed. We begin with
the integral

L(K,Q) = i/RG(R)G(Q _RG(K +Q - R). (A1)

By the residue theorem, I1 (K, Q) can be evaluated as

m? m? 1
h(k,Q) = <25K+Q " 25@) (Br+q + Bq) 2 + K3 /4 (4.2)
Expanding this in @ yields
m m K101
B(K.Q) = ~G(K) | 5+ 5+ G+ ) 2 | vo@. )
Next, we turn to the integral
L(K,Q) = —i /R GR)G(R+ K)G(Q — R)G(Q — K — R). (A4)

In order to compute I5(K, @), it is convenient to evaluate the integral after the Wick rotation:
First, we replace Ky by K, with K4 > 0 and then calculate the integral over R = (Rp, R1).
After the integration, we perform the analytic continuation 1K, — Ko+ i0". The integral after
the Wick rotation can be evaluated as

h(E.Q) =~ [SEGR+RIGQ-RGQ-K-R)
Ro=52+1i0
+ (K = —K) (A.5)
= L (K, Q)+ I25(K,Q) + (K — —K), (A.6)
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where the first and second terms with K = (iKy, K1) are given by

= m3 1 L
12,1(K7Q) QBQK (K1+Q1 ZﬂQ) le4 (K1/2—i5Q)2+/322—K’
3
Da(K,Q) = - 1 :

Expanding 12,1(12', Q) and IQ,Q(K, Q) in Q yields

m3 § §
Ba(R.Q) = 7= (1 + N g Quya - wm)

« G<;LK> (1 ~ (”;f)m(czl/z 4 w@) +0(Q),
m _ \12
Ia(R.Q) = [%f” 1 0(Q).

28—k K1(Q1/2 = iBo-K) — miKy (K1/2 +ifq-K)* + B3

(A.9)

(A.10)

After the analytic continuation iKy; — Ko + i0™, the integral Io(K, Q) within the accuracy of

0(Q) is found to be

K1Q:1G(K) KiQ:1G(—K)
m[GK)]? | m[G(=K)]”
+ B + 98 n +0(Q).
At last, we calculate the integral
3(K,Q) —z/ G(R G(Q + K — R).

By using the residue theorem, we have

I3(K,Q) = I31(K, Q) — I32(K, Q),
where
m? 2iK16q — Bi o — Ki/4+355
45@ (iK1Bq — 5K+Q Ki/A+ 52})27
m3 1
26k+Q (—iK1BK+q + Biryq — Ki/4— B3)*

From 5%(%2 = [% + 532 + K1Q1/2, I3,1(K, Q) can be expanded as follows:

I31(K,Q) =

I32(K,Q) =

2
11 (K, Q) = m?G(K) (1 L KiGE) K1G(K) 7(5)252 <K1§n(K)> (8% + Q3/4)

15
2
+(F2E )> @ (Zﬂé +50t) + 2008 HECE) )

. [K?’ GK))!

2m

G +0(Q)
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(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)



Using Eq. (4.52), we have
Ba(K.Q) + (K = ) = =i

+ > W (K)o, (Q) + 0(Q). (A.17)

On the other hand, I32(K, Q) can be expanded as

1 [GE)]

Lo(K,Q) = B (K1/2 —iBr)* + 0(Q). (A.18)
Therefore, we obtain
1(1.Q)+ (5 — —) = L (g - U s )
+ Y Wart(K)lo,,(Q) + 0(Q). (A.19)
Ao, ,<4
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