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Buckling Analysis of a Beam on an Elastic Foundation Considering
Initial Imperfection

Yu SEKIGUCHI*, Ryo SAKAKIBARA**, Chiaki SATO*

* Institute of Innovative Research, Tokyo Institute of Technology
** Department of Mechanical Engineering, Tokyo Institute of Technology
4259 Nagatsuta-cho, midori-ku, Yokohama 226-8503, Japan

Abstract
In order to express buckling of adhesive joints, buckling using Winkler’s elastic foundation
model 1s analyzed. When a compressive load is applied to a beam on the elastic foundation,
buckling occurs at much higher load than when the beam is compressed as a single body.
However, in complete system buckling analysis assuming ideal compressive load, deformation
in the compression process cannot be discussed although buckling load and buckling mode are
obtained. In this paper, adherend deformation and buckling mode shift due to initial
imperfection is investigated with incomplete system buckling analysis assuming the initial
imperfection. Additionally, the phenomena that could occur in the buckling of the adhesive

joints is experimentally discussed.

Key words: Buckling analysis, Winkler model, Beam on elastic foundation, Dissimilar material

bonding, Buckling mode shift



Room temperature

Fig. 1 Buckling of aluminum alloy fasten to steel by rivets.

EREE—FISLDEL
¥ {

oS —-—

(a) (b) (c)
BREHIZLHEN
{ Y,
(d) (e) (f)

Fig. 2 Buckling of a column (a) ~ (c) with difference of buckling modes, and (d) ~ (f) with

difference of boundary conditions.



1Winkler's elastic foundation model

(a) |

Beam

Elastic foundation

—>

Y [

(b) > x

SHIHE

|Winkler's buckling model

M1

(c)

(d)

Fig. 3 Illustrations of (a) a beam on an elastic foundation, (b) Winkler’s model in which the

elastic foundation is replaced by springs, (c) buckling model with free-end, and (d) that with

fixed-end.
50 . 2 2 2 9
Mode change points at (n“(n+1)", n™+(n+1)")
& 40 ' 3
e —(400.41) =
[ <
30 f -
9 9
S S
§ (144,25) ;“
220 2 kS
E (36,13) ” E
= J0,1° =
g 2
4,5
(4.5) @)
0 I I L L
0 100 200 300 400 500
Normalized spring constant k1 EI

50

40

30

20

Mode change points at (nz(n+2)2. n2+(n+2)2)

(225,34)

(64,20)

y=2x!?
‘ ‘ . ‘ (b)
0 100 200 300 400
Normalized spring constant k1 El

500

Fig. 4 Relation between normalized load P and normalized spring constant K at buckling for
(a) free-end, and (b) fixed-end.
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Fig. 5 Buckling mode of the fixed-end condition in complete system buckling analysis.
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Fig. 6 Buckling (a) by bending, (b) by residual stress with thin film, and (c) with thick film.
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Fig. 7 Relation between normalized load and normalized spring constant at buckling with
approximate equation.
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Fig. 8 Load versus deflection in incomplete system Euler buckling.
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Fig. 9 Illustrations of (a) incomplete system buckling with free-end, (b) example of joints using

adhesive and other fasteners jointly, and (c) incomplete system buckling with fixed-end.
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Fig. 10 Buckling mode (deflection curves) and relation between load and deflection of

incomplete system buckling analysis with free-end for (a) and (b) K = 3.0, (c) and (d) K = 8.0,
and (e) and (f) K = 40.0.
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Fig. 11 Buckling mode (deflection curves) and relation between load and deflection of

incomplete system buckling analysis with fixed-end for (a) and (b) K = 3.0, (¢) and (d) K = 8.0,

and (e) and (f) K = 40.0.
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Fig. 12 Experimental equipment.
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Fig. 13 Side view image of the 0.98 mm thickness PMMA beam with the elastic foundation

thickness 10 mm at § = 0.43 mm (No 1 specimen). Black dots are plotted at half of the length
(center) and 5/12 of the length (related to deflection point of buckling mode 6).
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Fig. 14 Experimental result of buckling using the 2.01 mm thickness polymethyl methacrylate
(PMMA) beam without the elastic foundation.
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Fig. 15 Experimental result of buckling using the 0.98 mm thickness polymethyl methacrylate
(PMMA) beam with the elastic foundation for the thickness of (a) 5 mm, (b) 10 mm, (c¢) 15 mm,
and (d) 20 mm.



500 300

(a) Smm (b) 10mm .
pooooo e 0o oo e ®® ¢ ¢ ¢ *
400 D:‘ KX KKK K KX * * DDDDDDDDDDDDD a
o KK oo P
- S - (| |
Z. 300 oot 1 Z. %*%%%ﬁxif*%éﬁﬂxx
E E "
a 200 f |
100 |
1 No 1 (Buckling mode:4) * No 1 (Buckling mode:3) *
00 No 2 (Buckling mode:4) No 2 (Buckling mode:3) o
No 3 (Buckling mode:3) o No 3 (Buckling mode:3) o
0 L L g 1 1 0 L L I I
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
Deflection 6 [mm)] Deflection 8 [mm)]
25 2
0 (c) 15mm 00 (d) 20mm
e L . *
200 F.D.DD = " L ok XX * *D* T oo
r o kX XX * * * 150 ok ¥ goo o
« X Qo0 R
Z 150 Z ’?%E&'ﬁolnl-ooo"'.
E g 1007 .
S 100 ¢ S
s0 | No 1 (Buckling mode:3) ® 50 f No 1 (Buckling mode:4) *
No 2 (Buckling mode:4) . No 2 (Buckling mode:3) .
g
0 ] No 3 (Buckling mode:3) o 0 : No 3 (Buckling mode:2) o
0.0 0.1 0.2 0.3 04 0.5 0.0 0.1 0.2 03 04 0.5
Deflection 6 [mm] Deflection 6 [mm)]

Fig. 16 Experimental result of buckling using the 2.01 mm thickness polymethyl methacrylate
(PMMA) beam with the elastic foundation for the thickness of (a) 5 mm, (b) 10 mm, (c¢) 15 mm,
and (d) 20 mm.



Table 1. Theoretical buckling load using adhesive elastic modulus.

Table 2. Buckling load and buckling mode in the experimental results. Gray colored cells are

Thickness 7 Buckling mode

PMMA | Adhesive 6 7
Case 1 5mm 876 75.4N | 83.5N
Case 2 10mm 438 60.2N | 72.4N

0.98mm
Case 3 15mm 292 55.1N | 68.6N
Case 4 20mm 219 52.6N | 66.8N
Case 5 5mm 102 418N | 550N
Case 6 10mm 50.8 403N | 539N

2.0lmm
Case 7 15mm 33.9 398N | 535N
Case 8 20mm 25.4 396N | 534N

the modes observed in the experiments except for the buckling mode.

Table 3. Theoretical buckling load using back-calculated adhesive elastic modulus by a least-

square method for the experimental results.

Thickness Buckling mode
PMMA | Adhesive 2 3 4 5 6 7
Case 1 5mm
Case 2 10mm
0.98mm
Case 3 15mm
Case 4 20mm
Case 5 5mm
Case 6 10mm
2.0lmm
Case 7 15mm
Case 8 20mm

Thickness 7 Buckling mode

PMMA | Adhesive 2 3 4 5 6
Case 1 5mm 2404 | 756N | 345N | 208N | 151N
Case 2 10mm 1202 | 380N | 178N | 114N | 91.3N

0.98mm
Case 3 15mm 801 | 255N | 122N | 82.5N
Case 4 20mm 601 | 193N 66.9N 65.8N | 76.5N
Case b 5mm 279 | 794N 589N | 737N
Case 6 10mm 139 | 418N 430N | 559N

2.0lmm
Case 7 15mm 92.9 | 293N 416N | 548N
Case 8 20mm 69.7 | 231N 409N | 543N




