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TOKYO INSTITUTE OF TECHNOLOGY

Abstract
Graduate Major in Nuclear Engineering, Department of Trans-disciplinary Science

and Engineering, School of Environment and Society

Doctor of Philosophy

Methods for determination of nuclear fission probability and fission barrier
heights

by KEAN Kun Ratha
Student ID: 16D58362

Fission cross section is very important in many domains, such as nuclear physics,
nuclear astrophysics and applications in nuclear technology. Fission probability (Pf )
and barrier height (B f ) are the key input information to evaluate fission cross sections.
These physical quantities can be determined by both experiment and theory. The ob-
jective of this work is thus to propose new method to experimentally and theoretically
determine B f . Experimental determination of fission cross sections or B f for short-
lived nuclei by neutron-induced fission approach is more often or even impossible
due to the difficulties of target preparations, e.g., radioactive nature. Multi-nucleon
transfer reactions (MNT) have been applied as an alternative approach to deduce B f
from the Pf distribution spectrum as a function of the excitation energy of the com-
pound nucleus. Traditionally, light ion beams, e.g., 1−3H, 3,4He and 7Li etc., have been
used. However, in the JAEA tandem accelerator facility, the use of heavier ions 18O
allow to study wider range of isotopes in a single experiment compared to the use of
lighter ones. For this purpose, experiments employing 18O beam on 237Np was car-
ried out. In the experiments, 18O beam (∼ 162.0 MeV, ∼ 0.5 pnA) was accelerated to
bombar the 237Np target (76.3 µg/cm2 thick) on a natural nickel backing (300 µg/cm2

in thickness). The detection system was composed of four multi-wire proportional
counters (MWPCs) and of a segmented silicon ∆E-E telescope which serve for the de-
tection of fission fragments and ejectiles, respectively. Pf (max) and B f were obtained
by fitting the Pf spectra with the Hill-Wheeler’s fission barrier penetration formula.
Our B f s agree well with the literature data, thus demonstrating the potential of the
MNT reactions to obtain fission-barrier data which is not accessible for fission studies
via neutron- or light charged-particle induced reactions. However, the magnitude of
Pf s disagree with the literature data, probably due to the different transferred angular
momentum during the collisions. We also performed theoretical analysis of the B f .
The B f s, estimated by the quadrupole-deformation constrained Hartree-Fock + BCS
theory using the Skyrme forces, namely SkM* and SLy4, are too large with respect to
our data and the literature data. Although, it was well known from Strutinsky cal-
culations that the restriction of the nuclear shapes to axial symmetry assumed in our
calculations leads to too high barriers, we studied the nuclear medium effect repre-
sented by the density dependent force term of the energy density functional including
three- and more-body forces. As a result, we found that the many-body force is shown
to have a significantly large impact on the barrier height magnitude of heavy nuclei.
Newly modified Skyrme parameter sets for SkM* and SLy4 are proposed. As a grand
summary, we studied on B f by both a novel experimental technique and theory.
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Chapter 1

Introduction

Since its discovery by Hahn and Strassmann in 1939, the fission characteristics have
been extensively studied by both experiment- [4] and theory-wise [62, 61]. For both
fundamental and applied aspects, the interpretation of how nuclei undergo fission
and fission cross section are of special interest. Fission cross section is a challenging
research topic not only in the physics phenomena, but also in the applications, such
as nuclear-astrophysics and nuclear technology.

In astrophysics, to answer the most common questions about the nature, such as
the origin of the elements necessary for life, the age of the universe and the formation
and evolution of the Suns, the stars and the Galaxies, the detailed stellar model with
high precision must be developed [59]. The compound nuclear cross sections play a
crucial role in the understanding of the nucleosynthesis of the heavy elements beyond
56Fe, which takes place by the neutron capture on the lighter seed of nuclei, so-called
"s" (slow neutron capture) and "r" (rapid neutron capture) processes.

The present electric powers generated by nuclear reactors represents around 11%
of the total production worldwide. Management of nuclear waste, and in particular,
of long-lived minor actinides produced in these reactors, is one of the most important
issues in the use of nuclear power. Among the radioactive species in nuclear wastes,
minor actinide nuclei (neptunium, americium and curium isotopes) are the most haz-
ardous as they concentrate ≈ 95% of the radioactivity, even though they are observed
only ≈ 0.2 % of the total volume of the generated waste [38]. In order to deal with
nuclear waste management problems, it thus requires very accurate measurements of
the fission cross section to transmute them into short-lived fission products in such a
system as accelerator-driven systems (ADS) or by fast reactors.

The fission barrier height introduced by Bohr and Wheeler [13] is one of the most
fundamental quantities to describe fission. The fission barrier height and its curvature
are one of the essential parameters to estimate the fission cross section. The partial
half-life for spontaneous fission of heavy nuclei is closely connected with the hight
of the barrier. In the classical liquid-drop picture, the fission barrier is created by a
balance between the attractive surface energy and the repulsive Coulomb force which
shows an inverted parabolic shape as a function of deformation in a rather simple
(parabolic) way. The single-humped fission barrier, see, e.g., Fig. 2.1, which arises in
the macroscopic liquid drop approach, is dramatically modified by introducing shell
correction energies [66]. These microscopic corrections modify the smooth parabolic
barrier, producing a double- or triple-humped fission-barrier shape, see, e.g., Fig. 2.3
or Fig.2 of [39]. The double-humped fission barrier can be also reproduced by the
Hartree-Fock (HF) theory. The pure microscopic HF approach (+ Skyrme force [72])
allows to calculate fission barrier heights for the first time in 1973 [26], despite the
fact that the results do not agree with experimental ones and with those calculated
with the shell-correction method. However, it was a first step to confirm that the two-
humped barrier is able to be reproduced in this model. Although the reason has been
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well understood from Strutinsky calculations that the restriction of the nuclear shapes
to axial symmetry in calculations leads to too high barriers by about 0.5–2 MeV, we
cast out on another factor “the nuclear medium effect”.

Up to now, information on the fission barrier profile in actinide nuclei has been
derived using neutron-induced fission and nucleon-transfer reactions with light pro-
jectiles, such as (d,p) [23, 28, 21], (t,p) [6, 21] and (3He,d) [7] reactions. In these meth-
ods, the fission probability is usually measured as a function of excitation energy of
the fissioning nucleus. The height of the fission barrier is then equal to the excitation
energy of the nucleus, corresponding to the half-maximum of the fission probability
curve for the first chance fission [70]. However, such methods require the use of sta-
ble or long-lived target nuclei, which limits the range of accessible nuclei along the
beta-stability line, and thus the number of the isotopes which can serve as targets for
such kind of studies. This explains the relative scarcity of the available experimental
data on the fission barrier profile: to our knowledge, there are fission barrier data
available on just 33 nuclei in the best-studied actinide region [18, 12], out of a few
hundred known between uranium and californium.

Recently, it is demonstrated that reliable fission data, e.g., fission fragment mass
and kinetic-energy distributions, can be assessed via multi-nucleon transfer (MNT)
reactions of 18O beam interacting with actinide targets, such as 232Th, 238U, etc. [44,
34]. Due to a large number of MNT channels accessible in reactions with 18O beam,
low-energy fission data for about twelve nuclides can be simultaneously taken in a
single experiment. For instance, the study [34] reports on the fission fragment mass
distributions (FFMDs) for twelve isotopes of uranium, neptunium and plutonium
measured in the 18O + 238U reaction.

The aims of this work is to determine the fission barrier heights experimentally
and theoretically. In experiment, the present work deals with the extension of the
MNT method for determining the fission-barrier height. For a given excitation en-
ergy, due to the use of a relatively heavy projectile (18O), the excited states populated
in the fissioning nucleus can be different in terms of spin and parity compared to those
created in traditional neutron-induced or one- or two-nucleon transfer reactions with
light projectiles, such as 3He. This may result in a different fission probability, and
thus may affect the fission-barrier height. Therefore, it becomes important to bench-
mark the MNT technique by comparing the data on fission probabilities and barriers
with available literature data. We also performed a theoretical analysis of the fission
barrier in order to find out new Skyrme parameter sets. In the calculation, we em-
ployed the quadrupole-deformation constrained Hartree-Fock + BCS theory with the
Skyrme forces, namely SkM∗ and SLy4.
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Chapter 2

Theoretical and methodological
background

In this chapter, the essential backgrounds for both theory and experimental approach
have been provided which are useful to understand the experiments. For theoretical
backgrounds, we mention the concepts of fission barrier height and fission processes
by starting from the classical liquid-picture to the shell-correction model (the Strutin-
sky approach). In methodological background, we introduce the principle of nuclear
reactions by using the classical picture of heavy ion collisions, in particular the multi-
nucleon transfer technique.

2.1 Nuclear fission

2.1.1 Discovery of fission

In an attempt to explain the resulting radioactivity as coming from a new element
(Z = 93) or even several "transuranium elements", the experiment was performed by
Enrico Fermi and his collaborators in Rome in May 1934. In the experiment, the neu-
trons moderated by paraffin were used to bombar the uranium (Z = 92). However, a
wide variety of radioactivities were observed, and radiochemical properties were too
unexpected to explain in this way. The phenomenon could not be understood until
1938, Hahn-Strassman and Maitner-Frisch identified the new process (called fission)
in which a nucleus is split into fragments (normally two, but three in few cases). Soon
after revealing the existence of fission, Maitner and Frisch also proposed a qualitative
explanation of the process based on the analogy of a charged liquid drop.

2.1.2 The liquid drop model (LDM)

This model relies on the basic idea of considering a nucleus as a uniformly charged
liquid drop. The stability or disintegration (fissioning) of a nucleus is controlled by
balance between the attractive nuclear force described by a (classical) surface tension
and the repulsive Coulomb force.

This same model is the basis of the semi-empirical formula extended by Weizsäker
[74] and Bethe [11, 10], in which the total mass (binding energy) of a nucleus is ex-
pressed as:

E(N, Z) = aV(1 + kV I2)A + aS(1 + kS I2)A2/3+

cdZ(Z− 1)A−1/3 + cexcZ4/3A−1+

P(N, Z) + δE(N, Z) (2.1)
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FIGURE 2.1: (a) Schematic representation of the potential energy con-
tours of a fissionable nucleus is plotted as a function of the quadrupole
β2 and hexadecapole β4 deformation parameters. (b) The variation of
potential energy along with the increasing the deformation β2, and the
minimum potential corresponds to β2 = 0 (spherical shape). [This fig-

ure taken from [12]]

with the mass number A is the sum of the number of proton Z and the number of

neutrons N, A = N + Z, and I =
N − Z

A
.

Here aV and aS represent so-called volume and surface energies, kV and kS the
asymmetry coefficients, the terms with cd and cexc indicate the direct and exchange
Coulomb energies, P(N, Z) is the paring energy (∼± 2 MeV) and δE(N, Z) is the
shell correction energy term originated from the quantum mechanical effect. All other
terms, except δE and P(N, Z), are the smooth function of N and Z and mainly con-
tribute to the binding energy (& 99% in a heavy nucleus). Equation (2.1) can be sum-
marized as

E(N, Z) = ELDM(N, Z) + P(N, Z) + δE(N, Z), (2.2)

where ELDM(N, Z) illustrates the liquid drop energy, which accounts for all terms.
We note that in most early LDM calculations, the deformed nuclear surface can be

determined by the multipole expansion in a spherical harmonic Yλ,µ(θ, φ):

R(θ, φ) = R0[1 + ∑
λ,µ

βλ,µYλ,µ(θ, φ)]. (2.3)

Here R0 is the nuclear radius at the spherical shape, βλ,µ is the deformed shape pa-
rameter. Figure 2.2 shows examples of nuclear shape due to the different deformation
types associated with λ, µ. From left to right, first row, βλ,µ = 0, β20 > 0, β20 < 0 and
β40 > 0 indicate sphere, prolate spheroid, oblate spheroid and hexadecapole shape,
while the second row illustrates triaxial ellipsoid (β22 6= 0), reflection asymmetric
octupole (β30 6= 0), tetrahedron (β32 6= 0), reflection asymmetric octupole with very
large quadrupole and hexadecapole deformation (β20 � 0). If one assumes that a
nucleus undergoing fission remains symmetric with respect to its rotation around its
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FIGURE 2.2: The representation of nuclear shapes with respect to the
typical values of the deformation parameters βλ are shown. First row,
βλ,µ = 0, β20 > 0, β20 < 0 and β40 > 0 indicate sphere, prolate
spheroid, oblate spheroid and hexadecapole shape, while the second
row, triaxial ellipsoid β22 6= 0, reflection asymmetric octupole β30 6= 0,
tetrahedron β32 6= 0, reflection asymmetric octupole with very large
quadrupole and hexadecapole deformation β20 � 0. It was taken from

[47].

deformation axis (µ = 0), β2 = β20 and β4 = β40 are called quadrupole and hexade-
capole deformation parameters, respectively.

To explain the fission process, according to the deformed shape of the nucleus,
the deformation energy represented by the parameter β, has been introduced into
the model . The deformed energy Ede f

LDM(β) is defined as the difference between the
energy at a given deformation β and at a spherical shape (β = 0). To this difference,
only surface and Coulomb terms take part. Due to the conservation of nuclear volume
(incompressible nuclear matter), the volumic term falls out. The deformed energy can
be therefore expressed as the sum of the surface and the Coulomb energy:

Ede f
LDM(β) = ESur f (β) + ECoul(β). (2.4)

Note that both terms are normalized to zero at a spherical shape (β = 0).
In the LDM, the critical parameter known as the "fissionability" or (fissility) pa-

rameter χ is defined as the ratio of the Coulomb energy to the twice of the surface
energy for a charged sphere of radius R0:

χ =
ECoul(0)

2ESur f (0)
(2.5)

with

ECoul(0) =
3
5

Z2e2

R0
; ESur f (0) = 4πR0τ. (2.6)

Here τ represents the surface tension, which can be related to the surface term in Eq.
(2.1) as

τ = aS(1 + kS I2)/4πr2
0 (2.7)
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with the empirical relation

R0 = r0A1/3; r0 ' 1.2 f m. (2.8)

Combining Eqs. (2.5 – 2.8), besides the relatively weak I2–dependence of τ, the fissil-
ity parameter chi is observed to go like Z2/A. We frequently write

χ =

(
Z2

A

)
(

Z2

A

)
crit

· (2.9)

With the above constants and given empirical values aS ' 18MeV; kS ' −2.5, we
obtain (

Z2

A

)
crit
≈ 45− 50 (2.10)

In the LDM (Bohr-Wheeler), this barrier maximum is written as

B f

ESur f (0)
=

98
15

(
1− χ3 − 11368

34425(1− χ)4

)
. (2.11)

The main results of the LDM can be summarized as following:

1. For χ < 1, all nuclei with the spherical configuration (all βλ = 0) have minimum
potential energies, see Fig. 2.1. Thus, the LDM estimates that these nuclei are
stable in their spherical ground states. For χ > 1, the negative Ede f

LDM(β) and
there is no barrier toward fission. The unstability against quadrupole deforma-
tion (β2 = 0) of a nucleus with a spherical shape occurs, then the nucleus un-
dergoes self-deforming until fission (known as spontaneous fission). Therefore,
all nuclei with χ > 1 have been predicted by the LDM to go into spontaneous
fission. Note that a heavy actinide nucleus has χ ' 0.8 for (Z2/A) = 40.

2. For 0.7 . χ < 1, the deformation energy has a maximum so-called saddle point
with the positive energy B f positive with respect to the ground state (fission
barrier height). This result is obtained only if β2 and β4 are used, see Fig. 2.1.
The LDM overestimates the fission barrier height compared to the measured
data, as shown in Tab. 2.1. The LDM barrier heights vary in the range 15–9
MeV, whereas the measured data give around between 5.5 and 6.5 MeV. Con-
sequently, the LDM provides the wrong quantitative behavior of fission barrier
heights.

3. For χ > 0.39, the nucleus is always stable against rotationally asymmetric (rep-
resented by µ 6= 0) and reflection (left/right) asymmetry (also called mass
asymmetry) for λ odd deformation. In fact, only parameter βλ with λ even
doesn’t vanish. As a result, the LDM is not able to interpret the mass asymme-
try in fission.

In short, main failures of the LDM, such as no static deformations of nuclear
shape (or potential energy), wrong estimations of fission barrier heights and no
asymmetric fission, come from the missing of the quantum mechanical (shell)
effects. Remember that the order of magnitude of the empirical shell-corrections
compared to the ground masses [52] is:
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TABLE 2.1: Comparing the calculated LDM fission barrier height (Bthe
f )

with the experimental barrier data (Bexp
f ), both in MeV. The value of

fissility parameter χ has been calculated using (Z2/A)crit = 50. [the
data from Wilets, 1964 [46]].

Isotope χ Bthe
f Bexp

f

233Th 0.694 15.58 6.44
232Th 0.697 15.08 5.95
239U 0.707 13.51 6.15
238U 0.710 13.06 5.80
232Ra 0.713 12.68 6.18
237U 0.713 12.63 6.40
235U 0.719 11.79 5.75
233U 0.725 10.96 5.49
238Np 0.725 10.92 6.04
237Np 0.729 10.53 5.49
239Pu 0.739 9.39 5.48

|δE| = |δM| ' 5− 15MeV. (2.12)

Even though this value is too small with respect to the total binding energies of heavy
nuclei (∼ 1000 - 2000 MeV), it turns out to be absolutely significant when compared
to the fission barrier heights.

Therefore, the LDM can qualitatively describe the fission process, but the shell
effects need to be take into account in order to be a quantitative theory.

2.1.3 The (deformed) shell model

In the shell model [31, 50], the quantum mechanical structure of a nucleus can be
described as a system of Z protons and N neutrons. Nucleons (proton or neutron)
are assumed to move independently inside the mean potential created by the mutual
interaction between them. For each kind of this nucleon with mass "m" and a wave
function "ψi(r)", the Schrödinger equation can be written as

Hψi(r) =

[
− h̄2∆

2m
+ V(r)

]
ψi(r) = ε iψi(r), (2.13)

where the Hamiltonian H is the sum of the kinetic energy of a nucleon (-
h̄2∆
2m

) and

the mean potential V(r). Potentials Vn(r) and Vp(r) constitute a local (central) and
a spin-orbit part. Vp(r) additionally includes the Coulomb interaction among the
protons. The eigenvalue ε i of H, representing a single particle energy of each particle,
is obtained by solving this equation.

In order to connect with the fission, we most prefer the Nilsson model (deformed
shell model) [53] which extends the shell model to deformed nuclei. In the Nilsson
model, the deformed nuclear shape leads to the deformation of potentials Vn(r) and
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FIGURE 2.3: Schematic representation of the deformed nuclear poten-
tial (well (I) and well (II)) as well as corresponding nuclear shapes
(asymmetric deformation in the second barrier region) along with the
deformation β in the A ≈ 240 region is illustrated. It includes defer-
ent fission types, namely spontaneous, isomer, subbarrier and normal
fission. B f (1) and B f (2) stands for the inner and outer barrier, respec-

tively.

Vp(r) as well. As a consequence, the solution of the Schrödinger equation is also as a
function of the deformation parameter β. In the independent particle model, the total
energy of a nucleon system in a nucleus can be expressed as

E(β) =
N

∑
i=1

εn
i (β) +

Z

∑
i=1

ε
p
i (β). (2.14)

Strictly speaking, the justification of the shell model is provided by the Hartree-
Fock theory (which will be discussed exclusively in Chapter 6), where Eq. (2.14) does
not illustrate the total binding energy.

Minimizing the energy E(β) with respect to β results in the deformation of the
ground state at β0. From the Nilsson spectra (εi(β0)) at the ground state, it is possible
to deduce other properties of the nuclei, such as spin, magnetic moment and single
particle spectra of odd-A nuclei.

The model meets its failure when extended to large deformations. The deforma-
tion energy in Eq. (2.14) was observed to increase very sharply and not to produce any
reasonable fission barrier height [54]. Similar results were also seen in the two-center
shell model (e.g. [60]).

The reason for this breakdown is due to the exclusion of self-consistency of em-
ployed mean deformed potentials and of the formula (2.14) for the total energy. At
small (ground state) deformations, experimental data from spectroscopy enables to
parametrize the shell model with satisfaction. However, when extended to the large
deformations, it turns out that results depend strongly on parameters and how po-
tentials deformed.

This brings Myers and Swiatecki [52] to discuss the relation between the non-
uniformities of the shell model spectra εi and the magnitude of empirical values in
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shell corrections δE in Eq. 2.1. For the magic nucleon numbers, it is observed large
gaps, which cause the increase of binding energy (negative δE).

It was Strutinsky [65, 66], who introduced the quantitative method for the calcu-
lating δE well known as the shell correction method (or Strutinsky method).

2.1.4 The shell-correction method (SCM) ("Strutinsky method")

Strutinsky used his own strategy to formulate the shell correction δE for each type of
nucleon as

δEp(n) =
Z(N)

∑
i=1

ε
p(n)
i − Ẽp(n). (2.15)

Here for each kind of particle, the first term is the sum of the ocupied level energies
while the second term represents its mean energy.

Ẽp(n) =

〈
Z(N)

∑
i=1

ε
p(n)
i

〉
· (2.16)

The total energy of the nucleus can thus be written as:

E(N, Z, β) = ELDM(N, Z, β) + P(N, Z) + δEp(Z, β) + δEn(N, β), (2.17)

This demonstrates that the average parts of the single-particle energies is renormal-
ized by the LDM energy. Therefore, one did obtain the modified total energy by
combining the correct mean energy of the LDM with the correct fluctuating part δE
of the shell model energy of Eq. 2.14.

The essential results of the SCM can be summarized as:

1. The produced double-humped fission barrier behavior (B f 1 inner and B f 2 outer
barrier), see Fig. (2.3), allows to interpret the fission isomers, although it had
been discovered long time ago [57]. At present, most actinide nuclei are well
recognized to have two barriers.

2. Calculated and experimental fission barrier heights quantitatively agree each
other, normally within roughly 1-2 MeV, except for neutron-poor lighter ac-
tinides (Th-anomaly).

3. There are excellent agreement between the ground-state deformation and the
experimental ones. For example, discrepancies between calculated and experi-
mental ground-state masses δE (δM) are within around 1-2 MeV, but very large
for 208Pb region (Pb-anomaly).

4. It explains qualitatively the mass asymmetry of the fission products, see Fig.
(2.3), governed by the shell effects for both at the outer saddle point and at the
scission point.

5. It predicts a possible island (or several) of stable nuclei with Z ≈ 114–126 or
larger. In brief, the existence of "the superheavy nuclei".

To summarize, the Srutinsky technique provided a breakthrough in the theory
of fission barrier height, enabling for the first time to calculate the fission bar-
rier heights with satisfaction and also to explain the fission isomers as shape
isomers. It plays a balance role between the LDM and the shell model.
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2.1.5 Fission process and barrier penetration

For heavy nuclei in the A ≈ 240 region, a nucleus can undergo fission in different
ways, namely, spontaneous, isomer, subbarrier and normal fission, see Fig. 2.3. To
make nuclear fission happening, it requires the necessary minimum energy to distort
a nucleus to the point (saddle point), see Fig.2.1, where this nucleus is split into two
(or three parts) which is well recognized as fission process. This energy can either
come from external agent, e.g., neutron bombardment or self deformation in theirs
ground states (spontaneous fission via quantum tunneling effect). If a nucleus un-
dergo fission spontaneously from its ground state, and then it might be trapped in
the second well before continuing to fission. This phenomenon is called isomer fis-
sion. If one imping a nucleus with a particle, e.g., a neutron, the nucleus might get
excited with the excitation energy higher than the highest fission barrier or in between
the two barrier tops. The former is called normal fission and the later is subbarrier
fission. Remind that most actinide nuclei are known to have double barriers (inner
and outer barrier), see Fig. 2.3, or third barriers are suggested for some other actinide
nuclei, e.g., thorium isotopes.

The magnitude of fission barrier heights contribute to the various observations
of the fission phenomena. For instance, if one is much higher than other, then only
the information on the height and curvature of the highest peak can be observed
experimentally. In this case, no sub-barrier resonance will occur. In contrast, if two
peaks have comparable heights, in some cases there are observations of sub-barrier
resonances in the fission probability spectra near the top of the lowest peak. For
many doubly-even-isotopes of uranium and plutonium, the existence of resonance
structures have been previously provided in the fission probability spectra [6].

Fission barrier, in particular its height, is a basis to interpret the fission in nuclear
reaction studies. Such data are experimentally derived from the fission rate (or fis-
sion probability) distributions which will be discuss in details in Chapters 4 and 5.
In the Hill-Wheeler’s barrier penetration calculation based on the assumption of the
inverted parabola barrier (harmonic oscillator form) gives the barrier penetration (or
barrier transmission coefficient) [33] as

Pf(E∗) =
Pmax

1 + exp
(

2π(B f − E∗)
h̄ω

) , (2.18)

where E∗ is excitation energy, and three fitting parameters Pmax, B f and h̄ω represent
maximum fission probability reached by the 1st chance fission, fission barrier height
and its curvature, respectively.

The term h̄ω represents the barrier thickness. The larger value of h̄ω, the thinner
barrier. The slope of the measured Pf distribution is strongly related to h̄ω values. If
the barrier is thick, there is a small probability to have the tunneling effect below the
barrier peak resulting in the sharp rising of the probability spectrum. The opposite
is true in the case of the large value of h̄ω. The half-lives of the spontaneous fission
are highly connected with not only the effective height of the barrier but also to the
width and the inertial parameter related with the nuclear collective motion along the
fission path. Usually, h̄ω deduced by Hill-Wheeler’s expression is very large with re-
spect to that obtained by the statistical model which is based on the double humped-
assumption [22]. However, Bf of the Hill-Wheeler is also applied in the statistical
model.
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2.2 Heavy ion collisions

When two nuclei collide each other, different types of reactions may occur. Three
qualitatively distinct reactions, such as distant, grazing and close collisions, are shown
in Fig. 2.4. The reaction type is strongly associated with interplay between the
Coulomb and nuclear interactions. As the nuclear interation is a short range type,
this kind of the interaction is involved only in a quite limited range of the impact
parameter b and with the bombarding energy Ecm to overcome the Coulomb barrier
V(R) associated with the reduced-wavelength, the wavelength of the relative motion
of the colliding nuclei, which can be determined as

λ = k−1(R) ≈
(

A1 + A2

A1A2
× 20MeV

Ecm −V(R)

)1/2

fm, (2.19)

where A1 and A2 denote mass numbers of colliding nuclei. If the nuclear interaction
of the colliding system is ignored, the potential energy barrier is only the Coulomb
interaction V(R) given as

V(R) =
Z1Z2e2

R
· (2.20)

If colliding system are lighter nuclei, the interaction radius R can be determined by

R = [1.36(A1/3
1 + A1/3

2 ) + 0.5] fm, (2.21)

and if colliding system are heavier nuclei, the interaction radius can be determined
by

R = [1.16(A1/3
1 + A1/3

2 ) + 2.4] fm. (2.22)

The distinction is again based on the impact parameter b or the corresponding
angular momentum l = bp∞/h̄, where p∞ represents the asymptotic initial relative
momentum. Here, bgr is defined as the grazing impact parameter which is the im-
pact parameter of the grazing trajectory (the nuclear interaction threshold) at which
the nuclear interaction just begins. At bgr, the nuclear interactions are very weak by
definition. We also define an interaction radius R as the closest distance of approach
between the centers of the nuclei on the grazing trajectory. The ejectile scattered in
a particular angle due to the grazing collision is called grazing angle which is deter-
mined in the center-of-mass system (CM) as

θgr(CM) = 2arcsin
[

2
(

ECM

V(R)
− 1
)]−1

(2.23)

This angle can also be calculated by using LYSE++ software [45]. The results are al-
most the same. If b is lager than bgr, only Coulomb interaction is involved. It is called
a distant collision or elastic (Rutherford) scattering. This is the most dominant part of
nuclear collision which will be observed in the particle identification plot (Fig. 4.5) in
chapter 4. It is indicated as "Elastic Scattering". There are two kinds of close collision
when b is smaller than bgr. If a projectile fuses with a target nucleus in a intermediate
stage, it is known as a compound-nucleus formation collision. If only some nucleons
are exchanged between them, it is a dissipative collision or direct reaction. Sine the
nucleus is not transparent enough, the dissipative collision mainly occurs around the
nuclear surface. It takes longer time for projectile to interact with the nucleons of the
target nucleus in the compound-nucleus formation collision (10−18s - 10−16s) than in
the dissipative collision (10−22s). In our study, we concentrate on the multi-nucleon
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FIGURE 2.4: Distant, grazing and close collisions are shown in the clas-
sical picture of heavy ion collisions.

transfer reaction which is a type of the dissipative collision. Taken our measurement
as a compelling example, the 18O was bombarded on 237Np target at Ecm = 150.48
MeV (Elab = 162 MeV) above the interaction barrier V(R) calculated to be ≈ 85 MeV
at R ≈ 12.62 fm, we obtain λ ≈ 0.12 fm, which is small with respect to characteristic
lengths (e.g. surface thickness ≈ 2 fm) of the colliding system. The grazing angle in
the center of mass frame (θgr(CM)) is 45.910 for this colliding system. For 18O + natNi
reaction with same beam energy as the above reaction, the grazing angle (θgr(CM))
is 16.950. These grazing angle are very useful information for placing the telescope
detector in the forward direction (Chapter 3, Sec. 3.3.1) which is very sensitive to
the high intensity of elastic scattering particles. In our case, we placed our telescope
detector between these two angles.

2.3 Multi-Nucleon Transfer Reaction

The multi-nucleon transfer (MNT) approach (also called surrogate method) is an
alternative technique to the neutron-induced fission allowing for the fission cross-
section studies on a much wider range of nuclei. It is noted that "surrogate method"
is mentioned in the sens that when it is employed to derived the neutron-induced
cross section of the desired nucleus. In 1970s, the surrogate approach was introduced
by [21, 14] at the Los Alamos National Laboratory. This technique regained its pop-
ularity, when two groups at the Centre Etudes Nucléaires de Bordeaux Gradignan
(CENBG) and the Lawrence Livermore National Laboratory used it to extract cross
section of interest for reactor physics [75, 76, 56, 16, 25, 24, 37, 41]. The recent studies
have been also attempted to derive the (n,γ) cross section with this technique [23].
Usually, the information on a fission barrier profile has been derived for actinide nu-
clei stemming from nucleon-transfer reactions with light projectiles, such as (d,p) [23,
28, 21], (t,p) [6, 21] and (3He,d) [7] reactions up to now. In the MNT, see Fig. 2.5,
the nucleus of interest is created in collisions of a beam with target nuclei, via the
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FIGURE 2.5: Schematic representation of multi-nucleon-transferred
method. Three possible decay modes (fission, gamma and neutron

emission) are indicated.

exchange of nucleons between them. As a result of the reaction, an ejectile and a cor-
responding compound nucleus are obtained. Since the formed compound nucleus is
excited, it may therefore de-excite via different modes (or exit channels): either fis-
sion, or emission of gamma-rays or neutrons, etc. Actual beam-target combination
used in the MNT determines the number of created compound nuclei, thus allowing
a simultaneous study of their decay channels.

In the MNT, compound-nuclear cross sections can be appropriately described by
the statistical Hausser-Feshbach theory (H-F) [30]. For the reactions leading to an
energy region in the final nucleus, the average cross section per unit energy in the
outgoing channel can be described by a level density given as:

dσH−F
αχ (Epro)

dEχ
= πλ2 ∑

Jπ

ω J
α ∑

lsl′ s′ I′

T J
αlsT J

χl′ s′
ρI′ (E∗

′
)Wαχ(J)

∑
′
χ”s”l” T J

χ”s”l” + ∑χ”s”l” I”

∫
T J

χ”s”l” ρI”(E∗”)dEχ”

. (2.24)

Here α represents the entrance channel (projetile + target) and χ denotes the cor-
responding exit channel (ejectile + compound nucleus), Epro is the kinetic energy
of the projectile, and λχ represents the reduced wavelength in the incident chan-
nel. The channel spin is denoted by −→s =

−→
i +
−→
I , where i and I are spin of the

incident particle and the target, respectively. The compound-nucleus angular mo-
mentum and parity are represented by Jπ. The statistical-weight factor ω J

α is calcu-
lated as (2J + 1)/[(2i + 1)(2I + 1)]. In similar way, The spin of the exit-channel χ

is
−→
s
′
=
−→
i
′
+
−→
I
′
, where i

′
and I

′
are spin of the ejectile particle and the compound-

nucleus, respectively. The relative orbital angular momentum in the entrance and exit
channels are l and l

′
, respectively. The transmission coefficients is Tαls and the level

density of spin I
′

of the residual nucleus at the excitation energy E∗ is denoted by
ρI”(E∗”). One has to account the energetically possible final channels (decay chan-
nels), and therefore in the denominator it should include the contributions from de-
cays to discrete level region in the residual nucleus (the first sum in the denominator,
∑
′
) and the contributions from decays to regions described by a level density in the

residual nucleus (the second sum in the denominator involving an energy integral
of a product between transmission coefficients and level densities in the compound
nucleus). By taking into account the correlations between the incident and the outgo-
ing reaction channels, width fluctuation corrections Wαχ(J) has been introduced into
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the expression (Eq. (2.24)) [51, 32]. In writing Eq. 2.24, the parity quantum number
has been suppressed except that of the compound nucleus. As a matter of fact, the
level density principally depends on parity even though this dependency is usually
neglected in the applications. The parity conservation must be respected for all sums
over quantum numbers. More often, the width fluctuations Wαχ(J) are unimportant,
and assumed to be one. In such a case, for a given total spin and parity Jπ, in the
expression there exist two separated terms, one of which contains the transmission
coefficients Tαls for the entrance channel, while the other T J

χl′ s′
shows the decay prob-

ability into exit channel (e.g. gamma emission, neutron emission and fission, etc.); we
sum over transmission coefficients of the exit channels divided by the denominator
being all energetically possible decay channels. This leads to the remarkable assump-
tion of the Hauser-Feshbach model, that the compound nucleus lose the memory of
its formation, and that the conservation of the total spin and the parity of the com-
pound nucleus system must be followed. In order to calculate the cross section em-
ploying Hauser-Feshbach formula, there require information, such as nuclear binding
energy, spins and parities of both ground and excited states, γ-branching ratios for
these states, nuclear level densities, and transmission coefficients for particles, pho-
tons, and fission. The developments of the requisite models and codes as well as the
formulation of the recommended parameters [18] have been done with much effort.
The method has been satisfactorily utilized to reproduce the available experimental
cross section data. It is considered as complementary approach to estimate in the ab-
sence of experimental data.The uncertainties of the calculations are associated with
the amount and quality of the available experimental constraints. For a compelling
example, the measurements of the neutron resonance yields average level spacings
and thus restrictions for the level densities near the neutron separation energy. Av-
erage radiative widths give information on the product of the level density and the
γ-ray strength function related to the calculations of capture cross section. In the
case of unavailable constraining data, one must depend on systematics or extrapola-
tions, which remarkably brings additionally increased uncertainties in the calculated
cross sections. It is valuable to microscopically calculate the relevant quantities, par-
ticularly, reactions on isotopes far from the valley of stability have been extensively
calculated, but the uncertainties are difficult to quantify up to present.

In the surrogate method, the cross section expressed in Eq. (2.24) is actually the
quantity of interest due to the fact that, for (n,f) cross section, one need to integrate
over all final-state energies corresponding to the energies of the transition states built
on the top of the fission barriers for fission. After the integration, the desired cross
section thus becomes

σαχ(Epro) = ∑
J,π

σCN
α (E∗, J, π)GCN

χ (E∗, J, π), (2.25)

where σCN(E∗) is the cross section of compound nucleus populated at the excitation
energy E∗ with spin and parity Jπ, and GCN

χ (E∗, J, π) represents the branching ratio of
the decay modes (channels) or decay probability χ. In typical applications, σCN(E∗ for
individual spin is usually calculated by the optical model with reasonable accuracy,
while the theoretical prediction of GCN

χ (E∗, J, π) is often quite uncertain. The objective
of the surrogate reaction is therefore to indirectly determine this quantity.

Equation (2.25) is just a simplified from of Eq. (2.24) in the absence of width-
fluctuations corrections, in which the factorization indicates the explicit indepen-
dence between the formation and the decay of the compound system. According
to this independent hypothesis, the formation factor σCN

α (E∗, J, π) in Eq. (2.25) can
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be replaced by a factor, which represents any other mechanism leading to the equi-
librium of the compound nucleus as expected. For developing the surrogate-reaction
method, this feature has been exploited.

In a surrogate experiment, the decay of a created compound nucleus is detected
in coincidence with the detection of outgoing particle (ejectile). The probability for
populating the compound nucleus, with particular value E∗ and Jπ, is denoted by
FCN

δ (E∗, J, π). The quantity

Pδχ(E∗) = ∑
J,π

FCN
δ (E∗, J, π)GCN

χ (E∗, J, π), (2.26)

which yields the decay probability into the channel χ can be experimentally, by mea-
suring Nδ, the total surrogate events (number of ejectile scattering events), and Nδχ,
the number of the coincident events between the direct- reaction particle (ejectile) and
the observable leading to identification of the corresponding exit channel:

Pexp
δχ (E∗) =

Nδχ

Nδεχ
. (2.27)

Here εχ represents the detection efficiency of the exit channel χ for the reaction in
which the ejectile is detected. The efficiency for the detection of the ejectile is not
necessary to be determined due to fact that it has been canceled in the ratio. We
note that Pexp

δχ (E∗) is in fact angular dependent, which arises from the fact that the
population FCN

δ (E∗, J, π) of the compound nucleus strongly relevant to the angular-
momentum transferred in the surrogate reaction, and therefore the scattering angle
of the ejectile.

In most of the applications in cross section determination of the surrogate method
up to now, one has usually employed the approximations, such as the Weisskopf-
Ewing (WE) limit approximation [73] of the Hausser-Feshbach theory and the surro-
gate ratio approach [25, 24]. Since the surrogate ratio approach is not the scope of our
work, we will discuss only the Weisskopf-Ewing limit approximation.

In this Weisskopf-Ewing limit approximation, the branching ratios are assumed
to be independent of the spin and parity Jπ, GCN

χ (E∗, J, π) –> GCN
χ (E∗), and the cross

section expressed in Eq. (2.25) for the reaction of interest becomes

σWE
αχ (Epro) = σCN

α (E∗)GCN
χ (E∗), (2.28)

where σCN
α (E∗) is the cross section for populating the compound nucleus at excitation

energy E∗,

σCN
α (E∗) = ∑

Jπ

σCN
α (E∗, J, π), (2.29)

which can be calculated by employing the reasonable optical model. The great simpli-
fication [FCN

δ (E∗, J, π) ≈ 1] has been taken in the Weisskopf-Ewing limit such that the
branching ratios GCN

χ (E∗) can be directly determined from the measured coincidence
probabilities Pexp

δχ (E∗),

Pexp
δχ (E∗) = GCN

χ (E∗), (2.30)

and the cross section of interest given as

σWE
αχ (Epro) = σCN

α (E∗)Pexp
δχ (E∗). (2.31)
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The correlations between the kinetic energy of the projectile Epro and the excitation
energy of the compound nucleus E∗ can be written as

Epro =
Atar + Apro

Atar
× (E∗ − Spar), (2.32)

where Atar and Apro are the number of nucleons in the target and the projectile, re-
spectively, and Spar denotes the energy cost to remove a particle from the compound
nucleus (separation energy).
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Chapter 3

Experiments

In this chapter, we describe the beam production and experimental setup used in this
work. Fission of nuclei produced in the MNT channels of the 18O + 237Np reaction
was studied by using the 18O beam with the energy of 162 MeV and intensity of 0.5
pnA, supplied by the JAEA tandem accelerator in Tokai, Japan.

3.1 Accelerator

The accelerator began its operation in 1982, and serves for the fundamental researches
using heavy ion beam, concentrated mainly in the domains of nuclear physics, nu-
clear chemistry, material science and so on. Figure 3.1 shows an outside view of the
tandem accelerator facility building, and figure 3.2 illustrates the schematic represen-
tation of the accelerator. The tandem is an electrostatic accelerator type of terminal
voltage which can be increased up to 18 MV. This accelerator is composed of several
main parts which are ion sources, pre-acceleration tube, mass analyzing magnet, ac-
celerator tubes, an electron striper, insulation gas (SF6), a charge analyzing magnet, an
energy analyzing magnet. There are two kinds ion sources, a negative ion source and
the positive ion source (therminal (ECR) ion source). Many kinds of available ions
ranging from hydrogen to bismuth can be used. Some negative ions, e.g 18O used in
our experiment, can be extracted from the negative ion source with the injection en-
ergy of 50–350 keV, and then pre-accelerated by passing through the pre-acceleration
tube, see Fig. 3.2. The negative ions are bent and mass-purified by a mass analyz-
ing magnet and accelerated upward by the negative (low energy) accelerator tube
with the terminal voltage U = 18 MV. The electrons of these accelerated-negative-ions
were removed by the electron stripper (carbon foil), and then become positive ions
with charge (q = 8e) accelerating again downward by the positive (high energy) ac-
celerator tube with the same terminal voltage as the negative accelerator tube. While
accelerating negative ions, one gets its energy of 1 terminal voltage U (e.g. 18 MeV
if U = 18 MV), then after passing the stripper, its charge state becomes ’q’, and ac-
celerating down will give the extra energy q×U. Thus, its total energy is (q+1e)×U
where "e" is the electron charge. In the numerical application, the 18O beam energy
employing in our experiment was determined to be 162.0 MeV with q = 8e and U =
18 MV. Finally, the mono-energetic beam is exported to the experimental room after
analyzing by the energy analyzing magnet. The extracted beam for the experiments
has high accuracy (100 keV) and of 1 mm in diameter. For the detailed information,
visit the JAEA official website [3].
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FIGURE 3.1: The JAEA accelerator has been installed inside the build-
ing. The photo from JAEA website [3].

3.2 Target

The target, shown in Fig. 3.3, was made by electro-deposition of 237Np material with
a thickness of 76.3 µg/cm2 on a natural nickel backing (300 µg/cm2). The impurity
in the 237Np target is negligible. Note that the target purity is crucial in this measure-
ment technique since if the impurity is significant, scattering events from the impurity
elements will be contaminated in the single spectrum as shown in Fig. 4.9(a). It leads
to the wrong deduction of fission barrier height and the fission probability. To quan-
tify contribution from the backing (i.e., interaction of 18O with natNi) to the measured
data, a dummy natNi target (300 µg/cm2 thick) was used with identical beam and
geometry conditions. The target was placed at center of the detection system, see
Fig. 3.6(a). The target was prepared with a help of a chemistry group in the heavy-
element nuclear science (HENS) at Japan Atomic Energy Agency (JAEA). To avoid the
radioactive contamination, the target was transferred from the preparation room to
the vacuum chamber (Fig. 3.4 (c)) in the experimental room by putting in the target-
handling container (Fig. 3.4 (a)). The target was inserted into and released from the
container via a target-mounting ladder (Fig. 3.4 (b)) by attaching to the target holder
connected with the target-catcher. The container was connected to the target handling
shaft, as indicated by the yellow arrow, which can slided down and up to adjust to the
beam level by a remote controller. The target status can be observed by the camera
viewer mounted to the camera view port. We note that many targets can be attached
at the same time with this target holder.

3.3 Detection system

The schematic representation of the detection system is shown in Fig. 3.5 and 3.6. The
ejectile was detected by the ∆E− E silicon telescope (cf. Fig. 3.6(b) and its photo (c)),
while the fission fragments were detected by two pairs of the multi-wire proportional
counters (MWPCs, cf. Fig. 3.6(a) and one of the their photos (d)). All the detectors
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FIGURE 3.2: The representation of the JAEA tandem accelerator struc-
ture. The photo from JAEA website [3].
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237Np + Ni

FIGURE 3.3: The 237Np target electro-deposited on a nickel backing is
shown.

were installed inside the vacuum chamber of 1 m in diameter with the pressure in the
order of 10−15 Pa as shown in Fig. 3.5.

3.3.1 Si ∆E-E telescope detector

The telescope was positioned in a forward direction (of the beam) at a distance of 80
mm from the target. The telescope consists of ten Si ∆E detectors and a Si E detector,
Fig. 3.6(b). Each ∆E detector has a thickness of 75 ± 1 µm and the azimuthal angle
acceptance of ∆ ϕ = 22.50. The E detector is divided into 16 annular stripes of the
300 µm-thick each to detect the ejectiles at different scattering angles. The inner and
outer radius of the detector are 24.0 mm and 48.0 mm corresponding to scattering
angles between 16.70 and 31.00, respectively. The position of the ∆E–E detector had
been chosen such that the lowest acceptant angle must be reasonably higher than the
grazing angle θ ≈ 12.930 for 18O + natNi reaction with the beam energy of 162.0 MeV.
In this way, it permits to avoid the disturbance from too much current generated by
the elastic scattering of 18O on the properly functioning of the telescope. The energy
of an ejectile, Etotal , was measured as a sum of energy loss, ∆E, generated by pass-
ing through one of ten ∆E detectors and the remaining energy (residual energy), Eres,
totally deposited in one of the 16 strips of the E detector (Etotal = ∆E + Eres). The tele-
scope serves not only for measuring the ejectile energy but also for its identification,
and therefore it allows for identifying the corresponding compound nucleus.

3.3.2 Multi-Wires Proportional Counters (MWPCs)

Each MWPC (200×200 mm2), see Fig. 3.6(a) and (d), has 100 vertical and 100 horizon-
tal tungsten wires coted with gold (two successive wires combined as one). Between
the vertical and horizontal wires, there is a gold plate (2 µm-thick) used as a cathode.
It has a mylar window of 3 µm thick. For this experiment, each MWPC was placed at
the distance of 224 mm which is measured between the center of the cathode and the
target. It covers the solid angle of 0.67 sr each. During the operation, the isobutane
gas is filled and continuously flowed inside the MWPC with the pressure set to be 1.5
Torr. See also [55] for the description of the operation conditions.
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FIGURE 3.4: The target was transferred to the vacuum chamber (c)
by putting in the target-handling container (a); and the target was at-

tached to the target-mounting ladder (b).

3.4 Acquisition system

The main acquisition system was located in the control room, and its photo is shown
in Fig. 3.7. The charges were independently collected for ∆E, E and MWPCs de-
tectors. The coincidence events between these detectors were selected based on the
timestamps (one timestamp = 200 ns). During the operations, ∆E, E and MWPCs
were biased with ∼ 10–20 V, -50 V and ∼ 400 V, respectively. The leaked currents
were observed to be ∼ 0.10–0.60 µA for ∆E and E, respectively.

3.4.1 Acquisition system of a Multi-Wires Proportional Counter (MWPC)

In our experiment, only the cathodes were used. Note that the wires are employed
for the fission fragment mass distribution and the total kinetic energy of the fission
fragments (TKE) measurements. An example of the schematic representation of the
acquisition system for a cathode (Cath) of a MWPC is illustrated in Fig. 3.8. The
main acquisition devices were composed of three fast amplifiers, a CFD standing for
constant fraction discriminator, a divider, a gate generator ( ORTEC G.G) and a QDC
(Charge to Digital Converter). One fast amplifier (Philip Science company) located
in the experimental room to bring the signals to the control room while two others
(CAEN company) placed in the control room to amplify logic signals. The CFD, made
by ORTEC, with a delay of 10 ns converts an analog signal to a logic signal and to
discriminate the noise below setting threshold. Analog signals can be checked by an
oscilloscope. After that the signals were split by two, one was amplified again by two
fast amplifier and the other was sent to the CFD. After passing through the CFD, the
digital signal was slit again by a divider, and these split signals were sent to a scalar to
display counting rates and to the G.G to make QDC gate of 50 ns. The analog signal
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FIGURE 3.5: The ∆E− E silicon telescope, the MWPCs and the target
were placed inside the vacuum chamber of 1 m in diameter with the
pressure in the order of 10−15 Pa. For MWPCs, the input and output

for the isobutane gas.

after delayed 200 ns was sent to a QDC signal (sig.). If this signal is inside the QDC
gate, this signal is accepted. Otherwise, it was rejected.

3.4.2 Acquisition system of a ∆E detector

Acquisition system schematic representation of a ∆E detector out of 10 is shown. ∆E
detectors were divided into two sides, A (∆E1, 2, 3, 4 and 6) and B (∆E7, 8, 9, 10 and
12), see Fig. 3.9. Note that number 5 and 11 were empty. The signal processing is ex-
actly the same for all the detectors, and the acquisitions of these two sides connected
by a logic "OR". For an example, the system of a ∆E1 was constituted of two ampli-
fiers (MDS-8 amp and 778 amp), a CFD, two scalars, two FI/FO (Fan In/Fan Out)
and PDC signal (PDC sig.). A negative signal was sent to FE02 PDC (Peak to Digital
Converter) and also sent to CFD after amplifying again by a fast amplifier (778 amp).
The signal was extracted to display counting rates by a scalar and to a ORTEC G.G to
make a PDC common gate of 2 µs (FE02 PDC com. gate). PDC signals were accepted
only if they inside the common gate.

3.4.3 Acquisition system of an E detector

Acquisition system schematic representation of a E detector is shown. There were
also two sides, A (EA1, 2, ..., 16) and B (EB1, 2, ..., 16), corresponding to sides of ∆E
detectors, see Fig. 3.10. All strips for each side were connected to the common devices
which are an amplifier (N568B amp), a divider a LED (Leading Edge Discriminator),
a CFD two FI/FOs. Both sides were connected to the common devices, such as two
FI/FO, two ORTEC G.G2 and a coincidence (coin.). These components have already
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FIGURE 3.6: Schematic representation of the experimental setup.
Panel (a) shows the arrangement of the four MWPCs surrounding the
237Np(+Ni) target used to detect the fission fragments, and the ∆E− E
telescope employed to identify the ejectiles. Panel (b) gives the ex-
panded view of the ∆E − E detector. Panels (c) and (d) illustrate the

images of telescope detector and MWPC, respectively.

been described for ∆E1 detector, except LED which is used for noise rejections. The
signal processing is also similar to dE detector. Additionally, we made a veto via coin.
to reject signals generated by two nearby strip at the same time when a particle hits
one strip near the boundary, and a signal also generated in a nearby strip at the same
time.
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FIGURE 3.7: The photo of the main acquisition system is located in the
control room.

FIGURE 3.8: Acquisition system schematic representation of the cath-
ode (Cath) of a Multi-Wire Proportional Counter is shown. There are
also acquisition systems for the wires but only the cathode is presented

here since it was the only requirement for our work.

FIGURE 3.9: Acquisition system schematic representation of a ∆E de-
tector out of 10 is shown. ∆E detectors were divided into two sides, A
and B. The acquisitions of these two sides connected by a logic "OR".
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FIGURE 3.10: Acquisition system schematic representation of a E de-
tector is shown. There were also two sides (A and B) corresponding to

sides of ∆E detectors.
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Chapter 4

Data analysis

We show, in this chapter, the process of the data analysis in order to derive the fission
probability and the fission barrier heights.

4.1 Energy Calibration

The energy calibrations were performed for both ∆E and E detector using a software
LYSE++ [45] to calculate the energy loss and the energy remaining of an ejectile pass-
ing through ∆E. The energy calibrations were performed as following: 1D spectra (the
uncalibrated spectra) have been plotted for ∆E (Fig. 4.1) and E (Fig. 4.2) (the upper-
spectra for 18O + 237Np(+natNi) and the lowers for 18O +natNi reactions). Figures. 4.1
and 4.2 shows the energy distribution (but express in channels) of the ejectiles pro-
vided by detectors ∆E1 and E1, respectively, in a pair ∆E1–E1. These channels need
to be converted into energies. For the conversion, we calculated, first of all, the energy
loss ∆Elos of the elastic scattering of 18O which penetrates a ∆E detector with different
effective thickness L(θ) corresponding to the various scattering angles θ. In order to
calculate the energy loss and remaining by LISE++, it requires the input information,
such as the effective thickness and the elastic scattering energy Eel(θ) of 18O. As illus-
trated in Fig. 4.3, the effective thickness was computed as L(θ) = d/sin(47.80 + θ).
The elastic scattering energy Eel(θ) was determined by using the conservation law
of linear momentum and energy. The calculation results of L(θ), Eel(θ), ∆Elos and
Erem are indicated in Table 4.1. Finally, the calibrations were achieved by the en-
ergy re-normalizations according to ∆E = [∆E(ch) × ∆Elos)]/∆Eav and Ere = [E(ch)
× Erem)]/Eav for ∆ E and E detector, respectively, in every ∆E-E pair. ∆Eav and Eav are
the average energies obtained by fitting the 1D spectra (e.g. Figs. 4.1 and 4.2) for ∆E
and E detector with the Gaussian function (solid.. curve), respectively.

4.2 Particle Identification Plots (PID)

Examples of particle identification plots (PID) made using the ∆E-E detector are shown
in Fig. 4.4 and 4.5. Figure 4.5 (a) and (b) show the registered ejectile data for the
237Np(+natNi) and dummy natNi targets, respectively. These plots show the energy
loss ∆E versus the total energy E of the ejectiles. The different (A, Z) lines associated
with specific ejectiles are well separated, making it possible to identify specific reac-
tion channels clearly. On each plot, we applied banana-like gates(Fig. 4.4 red curves),
using a functional to select the charge and mass of the ejectile in the ∆E− E telescope
by using the method outlined in [67]. We note that there are 10×16 PID plots in total,
which correspond to the number of ∆E and E combinations. For deducing the fission
probability and fission barrier height, only strips 4–10 were taken due to the poor
statistic for rests. The signals were strongly disturbed by the high elastic scattered
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TABLE 4.1: The number of strips, the scattering angle θ corresponding
to each strip with respect to the beam direction, the effective thick-
ness L(θ) of a ∆E detector traversed by the ejetiles according to each
strip, the elastic scattering energy Eel(θ) of the ejectile 18O correspond-
ing to each scattering angles and the energy loss Elos and energy re-
maining Erem of 18O after passing through ∆E with different effective

thicknesses are presented.

# strips θ (degree) L(θ)(µm) Eel(θ) (MeV) Elos(MeV) Erem(MeV)

1 17.2 82.75 160.90 47.49 113.42
2 18.1 82.16 160.79 47.13 113.65
3 18.99 81.60 160.67 46.80 113.87
4 19.88 81.07 160.54 46.49 114.05
5 20.77 80.57 160.41 46.20 114.21
6 21.67 80.09 160.27 45.92 114.35
7 22.56 79.63 160.13 45.66 114.47
8 23.45 79.20 159.98 45.42 114.56
9 24.35 78.79 159.83 45.20 114.63
10 25.24 78.41 159.67 44.99 114.68
11 26.13 78.05 159.50 44.80 114.71
12 27.03 77.71 159.33 44.62 114.71
13 27.92 77.39 159.16 44.46 114.70
14 28.81 77.10 158.98 44.32 114.67
15 29.71 76.82 158.80 44.18 114.62
16 30.6 76.56 158.61 44.06 114.55

events of 18O generated by 18O + 237Np reaction in strips 1–3, while strips 11-16 were
shadowed by the frame of the ∆E detectors.

4.3 Excitation Energy Determination

To calculate the excitation energy of the compound nucleus, we apply the conserva-
tion law of linear momentum and energy. By assuming that the target nucleus was at
rest with respect to laboratory frame of the reference, see Fig. 4.7, the conservation of
linear momentum can be written as

−→
P pro =

−→
Pej +

−→
Pre, (4.1)

where
−→
P pro,

−→
Pej and

−→
Pre represent the momentum of the projectile, the ejectile and the

residual (compound) nucleus, respectively. We square the
−→
P pro, we obtain

P2
pro = P2

ej + P2
re − 2PproPejcos(θ). (4.2)

Here θ is the scattering angle compared to the beam direction, see Fig. 4.6 or 4.7. The
conservation of energy of the colliding system is written as

mproc2 + Epro + mtarc2 = mejc2 + Eej + E∗ej + mCNc2 + ECN + E∗CN , (4.3)
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FIGURE 4.1: The above spectrum, the energy distribution (express in
channels) ∆E(ch) of the ejectiles provided by detector ∆E1 in the com-
bination with the segment E1 for 18O + 237Np (this spectrum was plot-
ted using only one among 518 data files). The above spectrum, the
energy distribution (express in channels) ∆E(ch) of the ejectiles pro-
vided by detector ∆E1 in the combination with the segment E1 for 18O
+ 58Ni (this spectrum was plotted using 21 data files). Green curves are

Gaussian fitting.
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FIGURE 4.2: The above spectrum, the energy distribution (express in
channels) E(ch) of the ejectiles provided by detector E1 in the combi-
nation with ∆E1 for 18O + 237Np (this spectrum was plotted using only
one data file). The below spectrum, the energy distribution (express
in channels) E(ch) of the ejectiles provided by detector E1 in the com-
bination with ∆E1 for 18O + 58Ni (this spectrum was plotted using 21

data files). Green curves are Gaussian fitting.

where mpro, mtar, mej and mCN are the rest masses of the projectile, the target, the
ejectile and the compound nucleus, respectively. c is the peed of light. Epro, Eej
and ECN are the kinetic energy of the projectile, the ejectile and the compound nu-
cleus, respectively, while the E∗ej and E∗CN represent the excitation energy of the ejec-
tile and the compound nucleus, accordingly. For the interpretation of the experi-
mental data, hereafter we assume that the excitation energy of the exit channel is
given to the recoiled nucleus (E∗ej = 0). By introducing the Q value which is equal to
931.5× ((mpro + mtar)− (mej + mCN)) (MeV) and the relation E = P2/2m, the excita-
tion of the compound nucleus is given as

E∗CN = Q + Epro − Eej − ECN . (4.4)

Here Epro is the beam energy (162.0 MeV) and Eej is equal to Etotal , while ECN expresses
as

ECN =
1

mCN

(
mproEpro + mejEej − 2

√
mpromej × EproEej × cos(θ)

)
(4.5)
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β

θ
47.80Beam direction

FIGURE 4.3: The method to calculate the effective thickness L of ∆E
detector penetrated by the ejectile is indicated. ∆E detectors have a
cone angle of 47.80 and a thickness of 75± 1 µm. The ejectile scattering

angle with respect to the beam direction is denoted by θ.

FIGURE 4.4: Energy loss ∆E versus residual energy E obtained from
the ∆E-E telescope for a combination of ∆E1 and E5. It was obtained
using 18O + 237Np(natNi). The elastic scattering energies were normal-

ized to 1 for both ∆E and E.
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each.

FIGURE 4.6: The kinematic representation of the interaction between
heavy projectile and nucleus target. An exited compound-nucleus and

an ejectile scattered at angle θ are indicated.

4.4 Uncertainty Analysis

There are two type of uncertainty in this work, such as the excitation energy uncer-
tainty due to the measuring system and the statistical uncertainty.

Let’s have a function of multi-variables y = f(x1, x2, ..., xn), its uncertainty can be
calculated as

(∆y)2 =(
∂y
∂x1

∆x1)
2 + (

∂y
∂x2

∆x2)
2 + (

∂y
∂x3

∆x3)
2... + (

∂y
∂xn

∆xn)
2+

2(
∂y
∂x1

)(
∂y
∂x2

).Cov (x1; x2) + 2(
∂y
∂x1

)(
∂y
∂x3

).Cov (x1; x3) +

2(
∂y
∂x2

)(
∂y
∂x3

).Cov (x2; x3) + ..............................................., (4.6)

where ∆x1, ∆x2, .... and ∆xn indicate the uncertainty of the variables x1, x2, ... and
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FIGURE 4.7: The kinematic representation of linear momentum for the
colliding system with an ejectile scattered at angle θ are indicated.

xn, respectively. "Cov" represent the covariance. In Eq. (4.4), Q, Epro, Eej and ECN
are all independent physical quantity and by applying Eq. (4.6), the covariance terms
vanish, and the excitation energy uncertainty can therefore be derived as

∆E∗CN =
√
(∆Q)2 + (∆Epro)2 + (∆Eej)2 + (∆ECN)2, (4.7)

where ∆Q is the uncertainty of Q value deduced from the uncertainty of masses of
the colliding system, and ∆Epro, ∆Eej and ∆ECN are the kinetic energy uncertainties
of the projectile (beam), the ejectile and the compound nuleus, respectively. ∆Epro =
100 keV. ∆Eej = 0.38 MeV is obtained as the energy resolution (FWHM = 0.9 MeV) of
the ∆E detector divided by 2.634. The FWHM was derived from the fit to the elastic
scattering peak (∼ 160 MeV) of the total energy spectra, see an example in Fig. for
both 18O + 237Np (blue) and 18O + natNi (red). ∆ECN can also be calculated according
to Eq. (4.6).

On the right hand side of Eq. (4.7), by numerical applications, the most dominant
term is ∆Eej, and the rests can be negligible. As a result, the uncertainty of excitation
energy is that of the ejectile kinetic energy (∆E∗ ≈ ∆Eej = 0.38 MeV).

To plot histograms with the excitation distribution on the horizontal axis, e.g. Fig.
4.9, one needs to compromise between the bin size and the excitation energy un-
certainty. Thus, the histogram bin size should be around 0.8 MeV (0.4 MeV of bin
uncertainty), which is roughly twice the the uncertainty of the excitation energy. Oth-
erwise, the uncertainty of excitation energy will be ignored if one choose bin size
considerably smaller than 0.8 MeV.

For every E∗ value, fission probability Pf can be extracted from the recorded data
with help of the following expression (from Eq. (2.27) for the fission channel):

Pf(E∗) =
Ncoin

ej (E∗)

Nsing
ej (E∗)ε(E∗)

(4.8)

Here, Ncoin
ej is a number of the selected ejectiles in coincidence with both fission

fragments, Nsing
ej is the total number of the selected ejectiles (=singles), and ε is the
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FIGURE 4.8: The total energy spectra provided by the ∆E-E telescope
for both 18O + 237Np (blue) and 18O + natNi (red). The elastic peaks are

at ∼ 160 MeV.

fission detection efficiency.
The statistical uncertainty was calculated using the expression

∆N =
√

N, (4.9)

where N is the number of events. In this work, the statistical uncertainty was also
applied for the determination of the probability uncertainty according to Eq. (4.8),
and we obtain the expression

(
∆Pf (E∗)

Pf

)2

=

(
∆Ncoin

ej

Ncoin
ej

)2

+

∆Nsing
ej

Nsing
ej

2

+

(
∆ε

ε(E∗)

)2

− 2
Cov

(
Nsing(E∗); Ncoin(E∗)

)
Nsing(E∗)Ncoin(E∗)

− 2
Cov

(
Ncoin(E∗); ε(E∗)

)
Ncoin(E∗)ε(E∗)

+ 2
Cov

(
Nsing(E∗); ε(E∗)

)
Nsing(E∗)ε(E∗)

(4.10)

Since there is correlation between the number of event (Ncoin or Nsing) and the effi-
ciency ε, the last two covariance terms can be disregarded. But the covariance be-
tween single events and the coincident events has significantly impact on the final
uncertainty. In this work for the simplification, we neglect this covariance term al-
though over estimation of final uncertainty by 30% if it was not taken into account
according to [41]. This is due to reason that it will not affect the conclusion of the
method validation. We also can demonstrate that the efficiency can be considered as
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constant with the excitation energy. As a consequence, the probability uncertainty is
given

∆Pf (E∗) = Pf

√√√√√(∆Ncoin
ej

Ncoin
ej

)2

+

 ∆Nsing
ej

(Nsing
ej )2

2

(4.11)

4.5 Single, coincident and probability spectra
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FIGURE 4.9: Data for the 237Np(18O,15N)240Pu reaction. (a) Singles
spectra for 15N as measured in the ∆E− E telescope, see main text for
details. (b) Spectra for 15N events from the ∆E− E telescope in coinci-
dence with fission fragments detected by the MWPCs. R.C.E stands for
random coincidence events. (c) Deduced fission-probability (Pf) spec-
trum. The increase in Pf at 6.50 MeV and at ∼14 MeV is due to the 1st

and 2nd fission chances of 240Pu, respectively.

Figure 4.9 demonstrates details of the analysis for the specific transfer channel
237Np(18O,15N)240Pu. Figure 4.9(a) shows a singles energy spectrum of the 15N ejec-
tiles recorded with the 237Np(+natNi) and dummy targets (blue rectangles and yellow
triangles, respectively), which are taken from the corresponding data in Fig. 4.9(a) and
(b). Difference between the two curves (red circles) is the net ejectile spectrum related
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FIGURE 4.10: ∆Ts is the average different time stamp (Ts) between Ts
provided by a telescope ((Ts(E) + Ts(∆E)) detector and a pair of MWPCs
(Ts(MWPC1) + Ts(MWPC4)]) or (Ts(MWPC2) + Ts(MWPC3)]), can be
written as: ∆Ts = [(Ts(E) + Ts(∆E) - Ts(MWPC1) + Ts(MWPC4)]/2 (top)
and ∆Ts = [(Ts(E) + Ts(∆E) - Ts(MWPC2) + Ts(MWPC3)]/2 (bottom).
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to the 237Np target. This subtraction was done after normalization on the beam dose
evaluated from the elastically-scattered peak of 18O. Fig. 4.9(b) gives the 15N data from
Fig. 4.9(a), coincident with fission events in the MWPCs (blue rectangles). This part of
the data can be affected by random coincidencies (black stars) with events from differ-
ent origin, introduced in the ejectile-fragment coincidence gate (2 µs). To remove the
random events, we plotted the number of counts (fission events) as a function of ∆Ts
which is defined as the average different time stamp (Ts) between Ts provided by a
telescope ((Ts(E) + Ts(∆E)) detector and a pair of MWPCs (Ts(MWPC1) + Ts(MWPC4))
or (Ts(MWPC1) + Ts(MWPC4)), can be written as: ∆Ts = [(Ts(E) + Ts(∆E) - Ts(MWPC1)
+ Ts(MWPC4)]/2 or ∆Ts = [(Ts(E) + Ts(∆E) - Ts(MWPC2) + Ts(MWPC3)]/2, see Fig.
4.10 (top) and (bottom), respectively. The flat area come from the random coincident
origin. The random events containing in the green area under the peak with ∆Ts be-
tween 2 and 6 or 400 ns and 1200 ns) were subtracted by the selected events covering
the green area with ∆Ts between 50 and 54 or 10000 ns and 10800 ns (black stars in
Fig. 4.10(b)). It should be noted that random coincidences are very significant for
the 16−18O ejectiles, particularly at the excitation energies of 0–5 MeV as indicated in
Fig. 4.11. This is due to the influence of events from scattering (see the horizontal 18O
beam tail in Fig. 4.5), which are not entirely suppressed by the fragment-fragment-
ejectile condition used in the data analysis. However, it can be seen in Fig. 4.9(b)
that the impact of random coincidences on the remaining ejectile data is negligible.
The red circles in Fig. 4.9(b) show the result after subtracting the random coincidence
events from the coincidence spectrum.

By using Eq. (4.8) and the background subtracted data from Fig. 4.9(a) and (b), the
P f (240Pu) distribution was obtained, as shown in Fig. 4.9(c).

The efficiency is mainly determined by the solid angle covered by the MWPCs,
which is 7.5% after accounting for a 25% shadowing of the two forward-placed MW-
PCs by the ∆E− E telescope. Owing to the fact that the fission setup was able to de-
tect both fission fragments, the efficiency correction was determined for each transfer
channel according to the formula

ε = 7.5%× N1

N2
, (4.12)

where N1 and N2 stand for the number of ejectiles coincident with both fission frag-
ments (triple coincidence) and with fragments detected by backward MWPC (double
coincidence), respectively. The fission detection efficiencies were determined accord-
ing to Eq. 4.12 for different excitation energy E∗ ranges (5 MeV interval) and for
different channels, as shown in Table 4.2. The dependence of ε on the transfer channel
was found to be rather small: the average fission detection efficiencies, ε = 4.28(21)%,
4.82(24)%, 4.65(23)% for 237Np(18O, 16O)239Np, 237Np(18O, 16N)239Pu and 237Np(18O,
15N)240Pu, respectively. Similarly, only a weak dependence of ε on E∗, not exceeding
5%, was deduced, except for 0–5 MeV due to very statistics. The insensitivity of the
efficiency to the excitation energy was also found in the comprehensive study [40].

Figure 4.12 presents fission probabilities (blue filled symbols) for the np, 2np and
2n transfer channels for the 237Np(18O,16N)239Pu, 237Np(18O,15N)240Pu and–18O,16O)–
239Np reactions, respectively. The three isotopes are of a great interest for the nuclear
power cycle which explains the availability of a wealth of experimental data on their
fission probabilities and barriers, thus making them suitable candidates for bench-
marking the MNT method.
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FIGURE 4.11: The coincident spectra are shown for 237Np(18O,
18O)237Np, 237Np(18O, 17O)238Np and 237Np(18O, 16O)239Np channels,
respectively. The random coincidences are observed to be important

for these channels.
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TABLE 4.2: The fission detection efficiencies were determined accord-
ing to Eq. 4.12 for different excitation energy E∗ ranges (5 MeV inter-

val) and for different channels.

E∗ (0–5 MeV) Channels N1 N2 ε (%)

17O(18O, 17O)238Np 136 485 2.80

16O(18O, 16O)239Np 27 198 1.36

16N(18O, 16N)239Pu 27 198 1.36

15N(18O, 15O)240Pu 27 198 1.36

E∗ (5–10 MeV) Channels N1 N2 ε (%)

17O(18O, 17O)238Np 1135 2055 5.52

16O(18O, 16O)239Np 455 823 5.53

16N(18O, 16N)239Pu 613 1015 6.04

15N(18O, 15O)240Pu 169 294 5.75

E∗ (10–15 MeV) Channels N1 N2 ε (%)

17O(18O, 17O)238Np 2247 3784 5.94

16O(18O, 16O)239Np 929 1656 5.61

16N(18O, 16N)239Pu 1440 2349 6.13

15N(18O, 15O)240Pu 860 1430 6.01

E∗ (15–20 MeV) Channels N1 N2 ε (%)

17O(18O, 17O)238Np 2694 4446 6.06

16O(18O, 16O)239Np 1584 2759 5.74

16N(18O, 16N)239Pu 2580 4143 6.23

15N(18O, 15O)240Pu 2528 4199 6.02
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4.6 Fitting Method

The selected bin of 0.8 MeV for the plots in Fig. 4.9 result in just a few data points
in the rising – and most important – part of the fission probability (Pf ) curves. This
rather poor energy resolution excludes observation of any resonance (class-II or well
(II)) sub-barrier structures, which are sensitive to both the inner and outer barrier
heights [12]. On the other hand, it is well known [22] that the use of a single-humped,
Hill-Wheeler-type approximation, allows a consistent derivation of the height of the
barrier to be made corresponding to the higher one as determined by the models
involving the two-humped fission barrier description.

Consequently, in the present work, the fission barrier heights were deduced from
Pf from Fig. 4.12, fitted with the Hill-Wheeler’s expression (Eq. 2.18) for the bar-
rier penetration. The fitting was performed using CERN ROOT code ( Chi-square
method), over the range of the sub-barrier and first-chance fission. The fitted curves
are illustrated in Fig. 4.12 in green, whereas the deduced B f are compared to litera-
ture values in Table 5.1. The obtained curvatures are in the range of 1-5 MeV, which
in general largely different from 1 MeV known from the literature. However, the
fission-barier curvature cannot be deduced in a correct way with this approach (sim-
ply inverted parabola), which replaces the complex (in general, two-humped) barrier
structure in actinides with a simple inverted parabola. Therefore, in the following,
only (Pf ) and (B f ) will be considered.
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FIGURE 4.12: Fission probability as a function of excitation energy for
239Pu (a), 240Pu (b) and 239Np (c). Green solid line on each plot shows
the fit function from Eq. 4.12 applied to the sub-barrier and first-chance

fission parts of the data only.
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Chapter 5

Experimental Results and
Discussion

5.1 Fission Barrier Heights and discussions

The fission barrier heights of the three nuclei 239Np and 239,240Pu were determined
to be B f (239Np) = 5.86 ± 0.09 MeV, B f (239Pu) = 6.14 ± 0.12 MeV and B f (240Pu) =
6.25 ± 0.32 MeV. Table 5.1 compares the obtained B f values with the RIPL3 library
[18] (evaluation from the neutron-induced cross-sectons), as well as with known data
from several transfer reactions using light projectiles, such as 238Pu(t,p)240Pu [6] and
238U(3He,d)239Np [7]. We note that the cited literature data [6, 7, 18] provide informa-
tion on the first (inner) and the second (outer) barrier height (cf. Table 5.1).

It follows from the Table that our B f values agree well with the maximal of the
two barrier heights, i.e. with the inner barrier height, for the studied nuclei. In par-
ticular, this agreement remains within one-sigma interval with the transfer-reaction
results, carried out for actinide nuclei using transfer reactions [28, 6]. By using a sta-
tistical model including the double-humped fission barrier concept to describe the
fission decay, peaks and curvatures for two barriers were determined for some cases,
but only information for one of the barriers are given for all other cases. As for the
empirical data from RIPL3 [18], their inner barrrier heights are reproduced by our
results with a high precision: within 1% for 239Pu and 4% for 240Pu.

5.2 Fission Probabilities and discussions

Fission probabilities from Fig. 4.12 are of importance, from the point of view of re-
action rate calculations for given conditions (reactor or stellar neutron spectra, for
instance). In this respect, it is wort noting that transfer reactions are the only tool
to access the low-energy part of the Pf spectrum (i.e., below the neutron-separation
energy Sn) in nuclei with an even number of neutrons (i.e., for which B f6Sn).

For the maximal values of the Pf of the compound nuclei in Fig. 4.12, we observe
some discrepancies between our results and the literature data obtained using lighter
ion beams [6, 7, 27, 20]. In particular, for 240Pu formed in the 236U(12C,8Be) reaction
[20] one obtains Pmax = 0.6 at E∗ = 8 MeV, whereas our experient delivers a somewhat
lower value of Pmax = 0.4, at the same excitation energy. This discrepacy increases for
239Np studied in the 239U(3He,t)239Np reaction [27], where Pmax = 0.7 at E∗ = 6 MeV
is significantly larger than the present result of Pmax = 0.17 (E∗ = 7 MeV). Finally, the
238Pu(d,p)239Pu reaction delivers Pmax = 0.5 at E∗ = 7 MeV [7] for 239Pu, in contrast to
our value of Pmax = 0.9.

Concerning the latter case, it is well established [23] that results from a (d,p) re-
action should be corrected for the deutron breakup, which creates protons as ejectiles
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TABLE 5.1: Fission barrier heights B f for 239Np and 239,240Pu isotopes
from this work, in comparison to the literature data.

Isotope Reference B f (MeV)(inner, outer)

239Np This work: (237Np(18O,16O)239Np) 5.86 ± 0.09
RIPL3 [18] —
238U(3He,d)239Np [7] 5.85 ± 0.30, 5.50 ± 0.30

239Pu This work: (237Np(18O,16N)239Pu) 6.14 ± 0.12
RIPL3 [18] 6.20, 5.70

240Pu This work: (237Np(18O,15N)240Pu) 6.25 ± 0.32
RIPL3 [18] 6.05 , 5.15
238Pu(t,p)240Pu [6] 5.80 ± 0.20, 5.45 ± 0.20

and leads to an overestimation of the event number in the singles spectrum and, con-
sequently, to an underestimation of the fission probabilities.

Our lower Pf values for 239Np and 240Pu nuclei can be explained by the differ-
ence in the geometry between the present and the mentioned experiments (the ejec-
tile detector angle relative to the beam axis), which makes the final results sensitive to
the induced angular momentum effect, which alters level densities that affect fission
probability sensitively.
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FIGURE 5.1: The fission probability of 239Np as a function of the exci-
tation energies for two different scattering angle ranges of the ejectile

16O.

The above conjecture is strongly supported by our experimental data. In particu-
lar, one observes that the magnitude of the fission probability is sensitive to the angle
of the registered ejectile, given by the ring of the ∆E− E telescope, with respect to the
beam direction. For example, in the 237Np(18O,16O)239Np reaction, the Pmax value can
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TABLE 5.2: The inner fission barrier heights B f for 239Np and 239,240Pu
isotopes from this work compared with the theoretical calculation us-
ing the constrained Hartree-Fock + BCS model with Skyrme interac-

tions (SkM* and SLy4).

Isotope This work SLy4 SkM*

239Np 5.87 ± 0.09 10.3 8.50
239Pu 6.14 ± 0.12 10.1 8.25
240Pu 6.25 ± 0.32 10.6 8.76

be changed by a factor of two, as indicated in Fig. 5.1. For the effects of the angular
momentum transfer on the fission barrier height, due to the poor statistics, any defini-
tive conclusion could not be drawn with high degree of confidence, thus leaving the
question open to further investigations.

The Pf dependence on the ejectile angle was also observed in the 238U(d,p) reac-
tion, though the effect was found to be smaller [23]. The magnitude of the effect is
expected to be linked to the projectile mass (18O in the present study and 3He in [23]);
this topic makes a subject for dedicated further study.

Our fission barrier data have also been compared with the theoretical prediction
using the constrained Hartree-Fock + BCS model with Skyrme interactions (SkM* and
SLy4), as shown in Tab. 5.2. The model with SkM* and SLy4 overestimate the inner
fission barrier heights. Although the reasons are well understood from the fact that
by the exclusion of axial asymmetry, the fission barrier heights are overestimated by
0.25–2 MeV, we have motivation to find out other essential factors which contribute to
better reproduce the fission barrier height. We investigate the many-body force term
of the Skyrme force.
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Chapter 6

Many-body force effects on fission
barrier height

Although there are many applicable theories accounting essentially for the nucleus
degrees of freedom, microscopic quantum calculations taking into account the nu-
cleon degrees of freedom is desired for the highly-reliable theoretical nuclear data.
Indeed, the shell effect, which can be correctly introduced within microscopic quan-
tum calculations, is known to play an important role in the occurrence of fission [69].
On the other hand, the fission barrier height, which is indispensable for completing
the theoretical nuclear database (for example, see [49, 48, 9, 17]), is a decisive factor
for the occurrence of fission. In this work, based on a microscopic axial symmetry
Z, ρ constraint Hartree-Fock+BCS calculations, the fission barrier height is systemat-
ically studied focusing on the many-body force effect. Here, in terms of explaining
the binding property of neutron-rich light nuclei (e.g., the binding energy of 24O and
so on), the three-body force attracts a special attention in the nuclear physics commu-
nity[29] .

6.1 Hartree-Fock theory

6.1.1 Skyrme interaction

The Skyrme interaction can be expressed as a potential in its original form [72],

V = ∑
i<j

v2
ij + ∑

i<j<k
v3

ijk, (6.1)

where v2
ij and v3

ijk are the two- and three-body term, respectively. For the simplifica-
tion of the calculations, the short-range expansion (with δ function) was employed
for both two- and three-body interaction. The two-body term can be written in the
configuration space with the relative wave vector~k and~k of two nucleons as

v12 = t0(1 + x0Pσ)δ(~r1 − ~r2) (6.2)

+
1
2

t1(1 + x1Pσ)[δ(~r1 − ~r2)k2 + k′2δ(~r1 − ~r2)] (6.3)

+ t2(1 + x2Pσ)~k′δ(~r1 − ~r2)~k + iW0(~σ1 + ~σ2).~k′ × δ(~r1 − ~r2)~k. (6.4)

Here t0, t1, t2 and x0, x1, x2 are the parameters. v12 depends on the relative distance
~r1−~r2 between two nucleons. The spin-exchange operator and the Pauli spin matrices
are denoted by Pσ and~σ, respectively. The short-range limit W0 of the two-body spin-
orbit force can be written,
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W0 = −2
3

π
∫ +∞

0
VLS(r)r4dr. (6.5)

Now~k is the operator (~∇1− ~∇2)/2i acting on the right; while, ~k′ denotes the operator
-(~∇1 − ~∇2)/2i acting on the left.

The Syrme three-body force term has a form with a zero-range force

v3
123 = t3(1 + x3Pσ)δ(~r1 − ~r2)δ(~r2 − ~r3). (6.6)

Here t3 and x3 are also parameters. This term gives a simple phenomenological de-
scription of many-body effects (medium effects) representing the interaction between
two nucleons in the influence of other nucleons. Skyrme interaction can be described
as a type of phenomenological G matrix which is already corrected with the effect of
short-range.

6.1.2 Hartree-Fock (HF) equation

For the Skyrme force, the HF equation can be derived relatively simple, and will be
shown now. The wave functions of nucleon at their ground states are represented by
an product of single wave functions φi(xj) in a Slater determinant form:

ΦHF =
1√
N!

det|φi(xj)|i,j=1,2,3,....N . (6.7)

Here x represents the set (~r, σ and q) which are space, spin, and isospin coordinates
(q = + 1

2 for a proton, q = − 1
2 for a neutron).

The Hamiltonian operator is:

Ĥ = T̂ + V̂ (6.8)

The HF energy or the expectation value of the total energy is obtained

EHF =
〈
ΦHF|Ĥ|ΦHF

〉
(6.9)

=∑
i

〈
i
∣∣∣∣ p2

2m

∣∣∣∣ i
〉
+

1
2 ∑

ij
〈ij |ṽ12| ij〉+

1
6 ∑

ijk
〈ijk |ṽ123| ijk〉 (6.10)

=
∫

H(~r)d3r, (6.11)

where ṽ indicates an antisymmetrized matrix element. We used the Skyrme energy
functional, thus the most general form of the Hamiltonian density H(~r) [42] is ex-
pressed:

H(~r) = εkin + εSkyrme + εCoulomb + εpair + εcm, (6.12)

The total kinetic energy density functional for proton and neutron by accounting for

the slight difference between the proton and the neutron mass (
h̄2

2mp
= 20.749821,

h̄2

2mn
= 20.721260) which becomes important for exotic and heavy nuclei.

εkin =
h̄2

2mp
τn +

h̄2

2mp
τp, (6.13)
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εSkyrme =
1
2

B0ρ2 +
1
2

B3ρα+2 − 1
2
(B′0 + B′3ρα)ρ̃2 + B1(ρτ − j2) (6.14)

+ B′1(ρ̃τ̃ − j̃2
) +

1
2

B2ρ∆ρ +
1
2

B′2ρ̃∆ρ̃− 1
2

B4[ρ∇.J + σ.(∇× j)]

− 1
2
(B4 + b′4)[ρ̃∇. J̃ + σ̃.(∇× j̃)] +

1
2

C1(J − σ.τ) +
1
2

C′1( J̃ − σ̃.τ̃),

εCoulomb =
1
2

e2ρp(r)ρ′p(r)
|r− r′| − 3

4
e2
(

3
π

)1/3

[ρp]
4/3, (6.15)

εcm = − 1
2mA

〈
(P̂cm)2〉 , P̂cm) = ∑

i
P̂i. (6.16)

εpair is correspond to the pairing energy EDD
pair in Sec. 6.1.3. Here, the functionals are

written in terms of a few local densities and currents: local density ρ, kinetic energy
density τ, spin-orbit density J, current j, spin density σ, kinetic spin density τ, and
pair current ξ.

ρq(r) =
N

∑
i=1
|φi(~r, σ, q)|2, (6.17)

τq(r) =
N

∑
i=1
|∇φi(~r, σ, q)|2 (6.18)

Jq(r) = (−i)∑
i
[φ∗i (~r, σ, q)∇φi(~r, σ, q)× σ], (6.19)

jq(r) = −
i
2 ∑

i
[φ∗i (~r, σ, q)∇φi(~r, σ, q)− c.c], (6.20)

σ(r) = ∑
i
[φ∗i (~r, σ, q)σφi(~r, σ, q)], (6.21)

τ(r) = ∑
i

∑
j
[∇iφ

∗
j (~r, σ, q)σ̂∇iφj(~r, σ, q)], (6.22)

ξq(r) = 2 ∑
i=1
|φi|2(~r, σ, q), (6.23)

The index q denotes for either protons or neutrons. It is also useful to define the
isoscalar density ρ = ρp + ρp and the isovector density ρ̃ = ρp − ρp.

The parameter Bi and B′i are useful for the functional form, and they are associated
with the widely employed standard Skyrme parameters ti and xi via

B0 =
3
4

t0,

B′0 =
1
2

t0(
1
2
+ x0),

B1 =
3

16
t1 +

5
16

t2 +
1
4

t2x2,
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B′1 =
1
8
[t1(

1
2
+ x1)− t2(

1
2
+ x2)],

B2 =
9

32
t1 −

5
32

t2 −
1
8

t2x2,

B′2 =
1

16
[3t1(

1
2
+ x1) + t2(

1
2
+ x2)],

B3 =
1
8

t3,

B′3 =
1

12
t3(

1
2
+ x3),

B4 =
1
2

t4 −
1
2

b′4,

C1 = ηtls
1
8
[t1(

1
2
− x1)− t2(

1
2
+ x2)]

C′1 = −ηtls
1
16

(t1 − t2).

The parameter b′4 turns the isovector dependency of the spin-orbit interaction.
For a zero-range tow-body interaction, b′4 = t4/2. The parameter ηtls is inserted as
a switch factor: ηtls = 1 for including the full tensor spin-orbit, whereas, ηtls = 0 is
usually employed to neglect the tensor spin-orbit term.

6.1.3 BCS theory

Pairing interaction is an important ingredient of quantum many-body systems. This
interaction combines two fermions into one boson, so that condensation can take
place as a new feature. For example the superconductivity follows from the pairing
interaction.

There have been proposed two methods of introducing the pairing interaction in
many-nucleon systems; one is the HFB (Hartree-Fock-Bogoliubov) approach, and the
other is the BCS (Bardeen, Cooper, and Schrieffer) approach. In this research, the BCS
type pairing is calculated using the code SkyAX. In order to include the pairing effect,
the following energy density should be added to the standard Skyrme energy density
functional.

Epair = ∑
q

vq

4

∫
dr3ξq(r)2

where vq is the strength parameter, ξq(r) denotes the paring density with the phase-
space weight wa, occupation amplitude ua and non-occupation va (ua =

√
1− v2

a).
More precisely, we introduce the density-dependent pairing

EDD
pair = ∑

q

vq

4

∫
dr3
[{

1− ρ(r)
ρ0

γ}
ξq(r)2

]
where ρ0 is the nuclear saturation density, typically ρ0 = 0.16 f m3. The surface profile
of the pairing is controlled by the corresponding parameter γ, whose standard value
is equal to 1. For the detail of the pairing used in the density functional, see a review
article [64].
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6.1.4 Deformation energies

To obtain a solution with a given deformation, one has to add in eq.(6.12) an external
field (constraint); otherwise one finds automatically a solution for which the energy
is locally a minimum (ground state or eventually, an isomeric state). The shape of a
nucleus may be characterized by the multipole moments of the density:

Qλµ = tr[ ρqλµ]; (tr ≡ trace) (6.24)

here qλµ is the matrix element
〈
α|q̂λµ|β

〉
of the multipole operator q̂λµ

q̂λµ = rλ Yλµ(θ, ϕ); (6.25)

Let us choose for instance the quadrupole moment Q20 = Q2. If HF equation

[T̂ + VHF − λq̂2]φi = εiφi (6.26)

is solved, one obtains a solution with a quadrupole moment Q2. The Lagrange
multiplier λ gives then the local derivative of the deformation energy at the point
Q2 (i.e. the negative driving force, which wants to bring the nucleus back to the
minimum):

λ =
dE(Q2)

d(Q2)
(6.27)

In this way, one can, however, only obtain those regions of the curve EHF(Q2)
which have a positive curvature. To obtain the full curves, one can use a quadratic
constraint.

Note: The Skyrme force has ten adjustable parameters; for the pairing effects (in
BCS approximation [71]) one more parameter is used. Thus, a total of eleven free
parameters are used in all calculations.

6.2 Nuclear medium effect

6.2.1 Density functional theory

Among several microscopic treatments of many nucleon systems we employ nuclear
density functional theory.

Within the zero-range type Skyrme interaction formalism, the Hamiltonian den-
sity of nuclear energy density functional [72] is described as follows:

H =
3
8

t0ρ2 +
1
16

t3ρ2+α + · · · (6.28)

where t0-term mainly includes the two-body force effect, and t3ρ2+α is called the den-
sity dependent term (for the mathematical procedure leading to the Hamiltonian, see
Ref. [36]). According to Ref. [35] , t0-term is claimed to be the most dominant term in
the nuclear energy density functional, and t3-term is the second dominant terms; in-
deed, no bound states exist for 4He and 8He if there is not for t0-term, and the binding
energies of 4He and 8He are drastically changed by the t3-term. We focus on t0 and t3
terms of the energy density functional shown in Eq. (6.28). It is true that the density-
dependent term in the energy density functional approximately represents the effect
of the three-body force and of various in-medium effects. However it is worth noting
before starting the main discussion that such effects cannot be rigorously included
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within Hartree-Fock or Hartree-Fock-Bogoliubov approach (for the connection be-
tween zero-range three body force and the density-dependent term, see [72] and [9]
for additional references). For a recent review explaining the nuclear energy density
functional and the Skyrme parameter set within the usage of heavy-ion collisions, for
example, see [63].

If t3-term purely includes the three-body force effect, α should be equal to 1. On
the other hand, the force parameter α is not generally an integer, due mainly to the
nuclear medium effects as seen in the latter section. As a typical value, α = 1/6 is
employed for SLy4 [19] and SkM* [8] interactions.

6.2.2 Many-body force

Using a mathematical expansion, we try to find an appearance of nuclear medium
effect as represented by ρ2+α with 0 < α ≤ 1 in the surface tension contributions.
Nuclear medium effect includes the three-body, four-body forces and so on. Let us
start with the two-body force (Panel (a) of Figure. 6.1). At the level of the Hamiltonian
density (to be integrated with respect to the spatial directions), the potential part due
to the two-body force (F = −∇V) is represented analogously to the classical electro-
magnetic force

V2body =
k
2!∑i 6=j

ρiρj

|ri − rj|
∼ k

2r
ρ2

i = k2ρ2

at the zero range approximation limit (ρj → ρi), where k denotes the coupling con-
stant, and |ri − rj| is replaced with the specific length r. The multiplication 1/2! ap-
pears by accounting for the double counting. Although k2 depends on r, it is ab-
breviated in the notation. This simply shows the appearance of ρ2 = |ψ|4 term in
the energy density functional (cf. the |ϕ|4-theory of the Lagrangian formalism of the
scaler field theory).

In the same manner, the potential part of the Hamiltonian density due to the three-
body force can be reduced to that proportional to ρ3 (Panel (b) of Figure 6.1).

V3body =
k′

3! ∑
i 6=j 6=h

ρi ρj ρh

(|ri − rj| |rj − rh| |ri − rh|)1/3 ∼ k3ρ3,

where the coupling constant k′ is usually different from k. Since there is no three-body
force in electronic systems, here V3body is assumed to be applied to nucleon systems.
Although the two-body force depends only on the positions/configurations of the
two particles, the three-body force can be different by the positions/configurations of
the three particles. The specific length of three-body force should be different from
that of two-body force. We assume that the representation for the n-body force can be
introduced similarly. Note that what we have shown here is only done by a mathe-
matical expansion (for a rigorous quantum treatment, refer to many-body perturba-
tion theory [29]).

The previous discussion on many-body force effect is the volumetric energy con-
tribution, because only the volumetric density has been considered. Since nuclei are
finite-body systems with their surfaces, the surface energy contribution might play
a non-negligible role in determining the fission dynamics. According to the concept
of the leptodermous expansion (for example, see [68, 58]), the nuclear medium effect
is regarded as certain surface energy contributions. For the volumetric contribution
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i j

i j

h

(a) Two-body force

(b) Three-body force

|ri - rj|

|ri - rh| |rh - rj|

|ri - rj|

FIGURE 6.1: Illustration of the nuclear medium effect as nuclear many-
body force effects. Interactions are shown in the dashed lines. Two-
body force acts between the particles i and j, and three-body force acts
between particles i, j, and h. The three-body force effect is included in

the parameter α of the nuclear energy density functional.

described by V = k2ρ2 + k3ρ3 + · · · , the surface contribution VS becomes

VS = (k2ρ2 + k3ρ3 + · · · )2/3

= k2/3
2 ρ4/3(1 + (k3/k2)ρ + · · · )2/3

∼ k2/3
2 ρ4/3 + 2

3 k3k−1/3
2 ρ7/3.

By representing VS by V expanded by ρ2, the fractional powers 4/3, 7/3, 10/3, · · · are
obtained. If we restrict ourselves to the power larger than 2, the fractional power 7/3
appears at first.

Let us limit ourselves to the power between 2 and 3. By representing VS by V ex-
panded by ρ or ψ, the fractional density dependence with 8/3 appears in the former
case, while that with 7/3 and 17/6 appear in the latter case. In this paper those terms
associated with more than two-body forces is referred to many-body force term. This
simple calculi show that many-body forces tend to manifest in the surface contribu-
tion. If we choose one value for the power (e.g., 7/3), it approximately includes the
mixture of many-body force effects of several kinds. More precisely, a given power of
the density in the Hamiltonian density represent either the effect of a genuine three-
body force or the many-body correlations induced by a two-body force.

6.3 Method

6.3.1 Constrained Hartree-Fock+BCS theory

For carrying out the density fuctional calculations, the constrained Hartree-Fock+BCS
theory (CHF) is utilized to impose a constraint on the quadrupole-deformation. The
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TABLE 6.1: Skyrme parameter sets (10 parameters profiling the effec-
tive nuclear force). The proposed interactions (mSLy4 and mSkM*) are
compared to the original interactions (SLy4 and SkM*), where the dif-

ference can be found in the values of t3 and α.

SLy4 SkM* mSLy4 mSkM*
t0 (MeV·fm3) −2488.913 −2645.000 −2488.913 −2645.000
t1 (MeV·fm5) 486.818 410.000 486.818 410.000
t2 (MeV·fm5) −546.395 −135.000 −546.395 −135.000
t3 (MeV·fm3(1+α)) 13777.000 15595.000 14645.710 16004.450
x0 0.834 0.090 0.834 0.090
x1 −0.344 0.000 −0.344 0.000
x2 −1.000 0.000 −1.000 0.000
x3 1.354 0.000 1.354 0.000
W0 (MeV·fm5) 123.000 130.000 123.000 130.000
α 0.166667 0.166667 0.195967 0.179000

TABLE 6.2: Binding energy [MeV] for selected reference nuclei. The
calculated values using original interactions (SLy4 and SkM*) and the

proposed interactions (mSLy4 and mSkM*) are shown.

Experiment (NuDat2 [1]) SLy4 SkM* mSLy4 mSkM*
208Pb 1636.96 1636.96 1632.80 1634.88 1622.40
120Sn 1020.00 1020.00 1017.60 1022.40 1014.00
90Zr 783.90 785.70 763.20 792.00 760.50
40Ca 342.00 346.40 345.20 352.40 346.80
16O 127.63 129.60 130.24 133.92 132.00

master equation is obtained by the variational principle:

δ
〈
ψ|Ĥ − β2Q̂|ψ

〉
= 0,

where Ĥ means the Hamiltonian of many nucleon systems, the quadrupole param-
eter β2 plays a role of the Lagrangian multiplier for the quadrupole constraint β2Q̂,
and the trial function ψ is taken as the Slater determinant. The BCS-type pairing inter-
action is included in Ĥ together with the nuclear and the Coulomb interactions. For
the pairing interaction only neutron-neutron pairs and proton-proton pairs are taken
into account in these calculations. Each deformed state and the corresponding energy
surface are obtained by choosing the values of α and β2 (Figure. 6.2).

The calculation is performed by the SkyAX code [58] in which the quadrupole
deformation is given on the three-dimensional Cartesian coordinate. In the SkyAx
code, the octupole moment is optimized by adding a small octupole moment to the
initial wave functions under the quadrupole constraint. Although the axial symme-
try is assumed for the SkyAX calculations, it does not require anything more for the
quadrupole constraint calculations. Indeed, the quadrupole-deformed nuclei can be
fully described within axial symmetric framework. Two different effective nuclear
interactions SLy4 [19] and SkM* [8] are examined with the density-dependent pairing
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TABLE 6.3: Nuclear radius (proton radius - neutron radius - total ra-
dius) [fm]. The calculated values using original interactions (SLy4 and
SkM*) and the proposed interactions (mSLy4 and mSkM*) are shown.

Note that experimental radius is charge radius.

Experiment [5] SLy4 SkM* mSLy4 mSkM*
208Pb 5.50 5.46 - 5.62 - 5.55 5.53 - 5.62 - 5.56 5.70 - 5.84 - 5.78 5.58 - 5.74 - 5.68
120Sn 4.65 4.59 - 4.73 - 4.68 4.58 - 4.73 - 4.67 4.79 - 4.92 - 4.86 4.68 - 4.83 - 4.77
90Zr 4.27 4.23 - 4.28 - 4.26 4.23 - 4.28 - 4.26 4.40 - 4.47 - 4.43 4.32 - 4.37 - 4.35
40Ca 3.48 3.45 - 3.38 - 3.41 3.46 - 3.40 - 3.43 3.57 - 3.50 - 3.53 3.53 - 3.47 - 3.50
16O 2.70 2.79 - 2.72 - 2.76 2.77 - 2.71 - 2.74 2.83 - 2.76 - 2.80 2.84 - 2.78 - 2.81

interaction. By focusing on the three-body force effects being included in the den-
sity dependent force term, the fission barrier height is systematically calculated for
Thorium, Protactinium, Uranium, Neptunium, Plutonium, Americium, and Curium
isotopes (for a complete list of calculated nuclei, see Figure 6.5 and Table A.1 in Ap-
pendix, and the minor actinides are widely covered. Possibly due to the inclusion
of the pairing interaction, the quality of barrier height calculations for odd-odd, odd-
even and even-odd nuclei are as good as those for even-even nuclei. We have decided
to include those odd nuclei in our analysis.

6.3.2 Skyrme fractional-power perturbation

As seen in Figure 6.5 and Table A.1 in Appendix, the original effective nuclear force
overestimates the fission barrier height, and we propose a modified force parameters
adding a perturbation to the fractional-power. Indeed, as an average of the difference
between experiment and theory is 3.81 MeV (inner barrier) for SLy4, and 2.14 MeV
(inner barrier) for SkM*. It provides us a sound motivation to modify the existing
Skyrme parameter sets; in the following, SLy4 and SkM* are adopted.

The fractional power perturbation optimizes the nuclear medium effects. For any
Skyrme parameters, we focus on the competition between t0ρ2 (two-body force) and
t3ρ2+α (many-body force) in order to have a better description of fission and a better
prediction power for heavy nuclear physics in general. The refit scheme of fractional
power perturbation is shown as follows.

• adding a perturbation δα to fit the theoretically calculated fission barrier heights
to the experiments;

• changing the parameter t3 to keep the quality of the original interaction in terms
of reproducing the basic and static properties;

in this way a whole t3-term is optimized to reproduce the fission property well. The
validity of the fractional power perturbation scheme is checked whether∣∣∣∣1− < ψ|t′3ρ2+α+δα|ψ >

< ψ|t3ρ2+α|ψ >

∣∣∣∣ < 0.05 (6.29)
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is satisfied or not, where δα is a perturbation, and t′3 is a modified parameter of t3.
This condition of permitting 5% difference is reasonable, because almost a few % dif-
ferences of binding energy already exist in the original interactions (Table 6.2). In
summary, for finding better effective interaction parameter sets, the proposed frac-
tional power perturbation makes use of the different mathematical behavior due to
the power index (α) and the multiplication parameter (t3).

In this paper, the experimental inner fission barrier height of 236U is utilized to
modify the effective nuclear force parameters. The differences between the theoretical
and the experimental values are 2.36 MeV for SLy4, and 2.53 MeV for SkM*. For
the modification, the calculated inner fission barrier height of 236U is fitted to the
experimental value, and the binding energy of 236U is also fitted to keep the original
quality of the interactions. As a result to two reference values are optimized by two
variables t3 and α. For the validity check, the binding energies and the radii of 16O,
40Ca, 90Zr, 120Sn, and 208Pb are also utilized, as they are referred to in most of Skyrme
parameter fittings.

6.4 Results and discussions

6.4.1 Validity of Skyrme fractional power perturbation

We propose two modified Skyrme parameter sets mSLy4 and mSkM* starting with
SLy4 and SkM*, respectively. The original values of α is equal to 1/6 = 0.167, and it
is changed from 0.133, 0.142, · · · , 0.217 in parameter-searching calculations. In order
to optimize the calculated fission barrier height, the potential energy surface of 236U
is calculated by changing α and t3 simultaneously. The parameter t3 plays a role
of an adjusting parameter to keep the original value of the binding energy of 236U.
As a result, the potential energy surface is systematically obtained for each α value
(Figure 6.2), and the height of the inner potential barrier located around β = 0.5
is compared to the experiment. Roughly speaking, in terms of the fission barrier
height, we see that α should be around 0.19. Note that the potential surfaces shown in
Figure 6.2 are the potentials calculated by the effective nuclear force with the similar
quality to original SLy4 interaction in terms of binding energy. Almost 0.02 difference
of α-value leads to 4 MeV difference of fission barrier height. It implies the large
impact of many-body force effect on the fission dynamics. In particular we found
that the lower fission barrier heights are calculated by larger α values, and vice versa.
That is, the many-body force effect lowers the fission barrier. This fact was generally
found in all the calculated cases without exceptions. Being distinct from the barrier
height, the deformation of the ground states are not so different for the three cases,
(β ∼ 0.25), as well as the deformation of the barrier tops (β ∼ 0.50). It implies a
quite limited many-body force effect on the deformation. Eventually, according to
the comparison to the experiments, α = 0.196 is chosen for the new α-value for the
modified SLy4 interaction, and α = 0.179 for the modified SkM* interaction (Figure
6.5 and Table A.2 in Appendix).

For the validity check, we use the binding energies of the selected reference nuclei.
Table 6.2 shows the binding energies obtained by the proposed effective interactions.
The difference compared to the experimental values is less than 5%. In the case of
208Pb, the difference is 0.13% for mSLy4, and 0.889% for mSkM*. In the case of 120Sn,
the difference is 0.24% for mSLy4, and 0.588% for mSkM*. In the case of 90Zr, the
difference is 1.03% for mSLy4, and 2.99% for mSkM*. In the case of 40Ca, the difference
is 3.04% for mSLy4, and 1.40% for mSkM*. In the case of 16O, the difference is 4.89%
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for mSLy4, and 3.38% for mSkM*. In summary we see that the condition (6.29) is
satisfied.

For the further validity check, we calculate the root mean square radius of the
reference nuclei (Table 6.3). The difference compared to the experimental values (for
the theory, proton radius) is less than 5%. Indeed, in the case of 208Pb, the difference is
3.51% for mSLy4, and 1.43% for mSkM*. In the case of 120Sn, the difference is 2.92% for
mSLy4, and 0.64% for mSkM*. In the case of 90Zr, the difference is 2.96% for mSLy4,
and 1.16% for mSkM*. In the case of 40Ca, the difference is 2.52% for mSLy4, and
1.42% for mSkM*. In the case of 16O, the difference is 4.59% for mSLy4, and 4.93% for
mSkM*. This is permissible, because almost similar difference can be found for the
original interactions.

As a common feature for both binding energies and nuclear radii, the proposed
method works rather well for heavier nuclei, and larger discrepancies can be found in
the lighter cases. Consequently, in terms of the binding energies and the nuclear radii,
we see that the quality of the original interaction is well preserved in the proposed
mSLy4 and mSkM* interactions.

6.4.2 Density dependence of many-body force

Let us begin with figuring out what is modified by the new interaction. The compe-
tition between two-body force and many-body force is examined by ρ dependence
of

t0ρ2 +
t3

6
ρ2+α. (6.30)

As estimated in Fig. 6.3, there exist minimums in any cases (the most stable density as
an average), and the minimum becomes larger due to the modification. The density
dependent terms (6.30) behave as the attractive force (negative-valued) for the low
density situation, while they behave as the repulsive force (positive-valued) for the
high density situation. This is in accordance with the known fact that the sign of
the many-nucleon force can be mostly repulsive in the mean-field description. This
feature is commonly true to four effective interactions, and quite similar dependence
can also be found for lower densities satisfying ‖ρ‖ < 0.25. As a result, Figure 6.3
shows that the modification is weakening the attractive force.

The parameter analysis clarifies a linear relation between the parameters t3 and α.
In order to determine t3 and α simultaneously, it is practical to have a priori estimate
of t3 values only by imposing the energy condition (6.29). We found a useful relation

t3 = 29774.757α + 8810.842 (6.31)

for SLy4, and
t3 = 34868.794α + 9762.947 (6.32)

for SkM*. The proportional relations are true for both interactions SLy4 and SkM*
(Figure 6.4). The parameter α should not be taken as an independent number, and
here is a simple linear dependence between the multiplication effect (t3 value) and the
power effect (α value). These formulae are utilizable to change the reference nuclei;
e.g., U236. We observe that t3 increases as a linear function of α for both interactions.
This is because ρα decrease when α increase since ρ < 1, thus t3 has to be increased in
order to keep the binding energy the same as that produced by the original interac-
tions (t3 and α). The linear relations between t3 and α can be interpreted as following.
To conserve the binding energy by changing t3 and α, we have to keep the value of
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the term t3
6 ρ2+α. We changed from t3 and α to t′3 and α′ = α + ∆α. We obtained

t′3ρ2+α+∆α = t3ρ2+α. (6.33)

The ρ2+α term can be simplified. Then Eq. 6.33 becomes

t′3ρ∆α = t3. (6.34)

t′3 is deduced as

t′3 =
t3

ρ∆α
. (6.35)

We define
y = ρ∆α. (6.36)

We put the logarithm on both sides of Eq. 6.36, it can be written as

lny = ∆αlnρ. (6.37)

We do the partial derivation on Eq. 6.37

∂lny
∂∆α

=
∂y

y∂∆α
= lnρ. (6.38)

We can write

∂y
∂∆α

= ylnρ. (6.39)

By using Taylor’s expansion, Eq. 6.36 expresses

y = ρ∆α ≈ 1 +
(

∂y
∂∆α

)
∆α=0

∆α. (The higher order terms are ignored .) (6.40)

Since (
∂y

∂∆α

)
∆α=0

= lnρ. (6.41)

We define lnρ = −β assumed to be a constant, we can write

y = ρ∆α ≈ 1− β∆α. (6.42)

Eq. 6.42 is plugged in Eq. 6.35, t′3 can be derived as

t′3 =
t3

1− β∆α
≈ t3(1 + β∆α). (6.43)

We can write t′3 as a function of α′ = α + ∆α

t′3 ≈ t3 + t3β(α + ∆α)− t3βα. (6.44)
≈ t3(1− βα) + t3βα′. (6.45)

We fine two constants which are a = t3β and b = t3(1− βα), and also we substitute
t′3 and α′ by t3 and α, respectively. Finally, we can write the linear relation between t3
and α



6.4. Results and discussions 57

t3 ≈ aα + b. (6.46)

By comparing Eq. 6.46 with Eq. 6.31 and Eq. 6.32, a = 29774.757 and b = 8810.842
for SLy4, and a = 34868.794 and b = 9762.947 for SkM*.

6.4.3 The fission barrier height

The fission barrier height is systematically calculated for 43 nuclei chosen from Tho-
rium, Protactinium, Uranium, Neptunium, Plutonium, Americium, and Curium iso-
topes. The 43 nuclei are selected based on whether the comparable experimental data
[18] are available or not. In Figure 6.5, the fission barrier heights calculated by the
modified interactions are compared to those by the original interactions. As a general
trend, overestimated fission barrier heights are improved by the the modified inter-
actions. As an average for 43 isotopes, the difference of inner barrier height between
experiment and theory is 0.66 MeV for mSLy4, and 0.46 MeV for mSkM*. The pre-
cision of fission barrier height calculations is almost 80% improved from the original
cases, and the modified interaction describes the fission barrier height within 0.7 MeV
errors as an average. Due to the modification, the distribution areas of points in Fig-
ure 6.5 are compressed for the perpendicular direction entailing the parallel shifts.
It implies that the isotope dependence of barrier heights is also well preserved, so
that a rather direct relation between the many-body force term and the fission bar-
rier height is noticed at last. In terms of reproducing the experimental fission barrier
heights, Figures 6.3 and 6.5 may explain why the original SkM* interaction is better
than SLy4 interaction as only SLy4 is located separately from the others in Figure 6.3.
Although x3 = 0.000 is assumed for SkM*, and x3 = 1.354 for SLy4 even within t3
term, such a difference is not significantly noticed in the present systematics. All the
calculated values are shown in Table A.2 (Appendix).

6.4.4 The many-body force effects on heavy nuclei

To show the impact magnitudes of many body force term on the fission barrier height
and the binding energy of heavy nuclei, we calculated the change of fission barrier
height (FB ratio) and the change of binding energy (BE ratio) as a function of the
change of alpha (α ratio), as shown in Figure. 6.6. We changed α value by ±5 %
with respect to its original value. In these calculations, the Skyrme parameter set is
refitted by the fractional power perturbation in terms of keeping the binding energy
of reference nuclei. Note that the above 43 nuclei are employed in these calculations.
As a result, with respect to 5% α-perturbation analysis for both SLy4 and SkM*, the
validity of fractional power perturbation is confirmed in which the the binding energy
is well preserved within 3 % difference, while the fission barrier height achieves 20-
30 % differences. Among several features, we found the fission barrier height is quite
sensitive to the α value. Almost 10 times larger effect of α on the fission barrier height
than on the binding energy is clarified by the fractional power perturbation. It is
remarkable that not only the binding energy of 236U but also the binding energies
of the other nuclei experiences almost the same amount (ratio) of changes. This fact
is also confirmed if the equally conditioned analysis with changing only α value is
executed.
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FIGURE 6.2: (Color online) α dependence of the potential energy sur-
face of 236U for SLy4 and SkM*. The different α values with ±5% from
the original value α = 1/6 are examined, where the 3-digits rounded
α-values are shown for the better comparison. In each case, parameters
α and t3 are optimized simultaneously to fulfill the scheme. Note that
the binding energy of 236U is preserved to be the same. The experi-

mental value for the barrier is 5.0 MeV in this case.
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FIGURE 6.3: (Color online) The density dependence of t0 and t3
terms. The normed estimation is carried out by assuming ‖t0ρ2 +
t3ρ2+α/6‖ ∼ t0 ‖ρ‖2 + t3 ‖ρ‖2+α/6, where note that t3 is negative
value. The curve shows only parabolic dependence, if we take t3 = 0.
Although it is not the exact manner, it is rather practical to see the
curves by making upside down for presuming the competition of at-

tractive t0 and repulsive t3 effects.
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FIGURE 6.4: (Color online) Correlation between parameters t3 and α.
The original t3 and α values are blank squares, and the obtained values
are approximated by the linear regression. Since the total energy is pre-
served by the modification, these lines correspond to the iso-energetic

lines for a whole t3 term.
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FIGURE 6.5: (Color online) Comparison to the experimental fission
barrier height. The experimental and theoretical values are for the hor-
izontal axis, and the vertical axis, respectively. Blue circles denote the
calculations using original parameter set (SLy4 and SkM*), and black
stars denote the calculations using proposed parameter set (mSLy4 and

mSkM*)..
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FIGURE 6.6: The calculated binding energy change (BE ratio) as a func-
tion of the change of alpha (α ratio), and the calculated fission barrier
height change (FB ratio) as a function of the change of alpha (α ratio)
are illustrated. The changes arising from ±5% of α-values from the
original value are plotted (cf. Fig. 6.2) based on the fractional power
perturbation theory. Almost 10 times larger effect on the fission barrier
height than on the binding energy is noticed. Note that the calculated
fission barrier heights of 43 heavy nuclei with both SLy4 and SkM* are

included in these plots.
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Chapter 7

Conclusion and outlooks

7.1 Experiments

In the present work, the fissio barrier heights of 239Np,239,240Pu nuclei were deduced
by using the MNT-idnduce fission reactions. A good agreement between the previous
known data, originating from neutron-induced and particle-induced reaction, was
demonstrated. This fact allows one to confirm the validitgy of the MNT menthod.

The demonstrated agreement of the B f results obtained in the present study with
known fission-barrier data from different neutron (RIPL3) and particle-transfer ((t,p),
(3He,d)) reactions allows one to extend the validity of the transfer-reaction technique
for the fission-barrier studies to the 18O beam.

We find that the MNT-technique with heavy ion beam, e.g 18O as in this case,
allows for a variety of compound nuclei to be created and simultaneously investi-
gated for fission properties. In particular, the 18O + 237Np MNT-reactions producing
oxygen, nitrogen, and carbon isotopes as ejectiles can be used for the fission-barrier
determination, as they produce fissioning elements at sufficiently low excitation en-
ergy. In contrast to this, the compound nuclei of Cm, Bk and Cf corresponding to light
ejectiles such as B, Be and Li, respectively, are poorly produced at the excitation ener-
gies comparable with, or below, the fission-barrier height, which shrinks the number
of the MNT channels suitable for the fission-barrier studies. However, the fission bar-
riers of heavier nuclei can be accessed by using MNT reactions on heavier and more
exotic target nuclei , such as 244Pu, 243Am, 249Cm, 249Bk, 249Cf.

In summary, direct-kinematics multi-nucleon transfer reactions using 18O as pro-
jectile is a useful tool for a simultaneous determination of fission-barrier heights for a
wide range of nuclei in the actinide region.

7.2 Theory

The Skyrme fractional power perturbation is introduced based on the Hartree-Fock+BCS
framework. It improves the description of heavy nuclei by their fission barrier heights
without losing the original quality of the Skyrme interactions. The different mathe-
matical behavior due to the power index (α) and the multiplication parameter (t3)
is essential, and it is confirmed to be working well (Figure 6.6). The perturbation
scheme is successfully carried out by the newly-found relation shown in Figure 6.4.
As an average, the description of fission barrier height is improved by almost 80 %.
The obtained interactions mSLy4 and mSkM* are shown in Table A.2, which are to be
utilized for the fission barrier height measurements. Although the breaking of axial
symmetry has been reported to be a large effect on fission barriers (inner barrier in
actinides by a few MeV [2] roughly corresponding to 0.01 difference of α value), this
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point is not taken into account in the present calculation. In this sense, the proposed
α value still holds the ambiguity around the precision of the order 0.01.

The nuclear medium effect is represented by the density dependent force term of
the energy density functional including three-body force, four-body force and higher-
order many-body forces. The classification of nuclear medium effect is made with
respect to the density dependent force. The modified α values are located between
α = 1/6 and α = 1/3, so that they are regarded as a mixture of several types of many-
body force. Indeed, in Figure 6.3, many-body force effects are moderately changed by
changing α value, where the details of many-body force cannot be identified only
by the α value itself, while it can be assessed by the difference from the parabolic
dependence presented in Figure 6.3.

Eventually, according to a systematic calculation for Thorium, Protactinium, Ura-
nium, Neptunium, Plutonium, Americium, and Curium isotopes, the nuclear many-
body force effect is shown to have a significantly large impact on the description of
heavy nuclei. Indeed, almost several 10 times larger effect on the fission barrier height
than on the binding energy is presented (Figure 6.6). As a minor finding within the
fractional power perturbation results, the lower fission barrier heights are calculated
for larger α values, and vice versa. This fact has been confirmed to be true being
independent of effective interactions (at least for SLy4 and SkM*). The density func-
tional calculations suggest that one possible driving force of nuclear fission is identi-
fied to be the nuclear many-body (more than two-body) force. Although the fission
mechanism has been explained by the competition between the surface tensor and
the Coulomb repulsion, the present research shows the 3-body force plays a role in
the surface tension and the tension acting on the neck.

The nuclear force is still a mysterious issue in sub-atomic physics. The rather
direct relation between the nuclear many-body force and the fission property is sug-
gested in the present article. In terms of nuclear density functional theory, there have
been many works of Skyrme parametrization in the context of finding the ultimate nu-
clear energy density functional (for examples of recent works, see Refs. [42, 43, 15]) .
The proposed scheme will provide a simple solution to the Skyrme parametrization
towards the heavy nuclear physics.

7.3 Grand conclusion

As a grand conclusion, the fission barrier height can be accessed by both experi-
ment using MNT with 18O beam and the theoretical calculation performing the con-
strained HF + BCS with our newly proposed interaction (mSkM* and mSLy4). Our
new proposed-interactions better reproduced the fission barrier heights with respect
to the original interaction SkM* and SLy4 with axial-symmetric assumption, as indi-
cated in Tab. 7.1.
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TABLE 7.1: The inner fission barrier heights B f for 239Np and 239,240Pu
isotopes from this work compared with the theoretical calculation us-
ing the constrained Hartree-Fock + BCS model with Skyrme interac-
tions (SkM* and SLy4) and with new proposed interactions (mSkM*

and mSLy4).

Isotope This work SLy4 SkM* mSLy4 mSkM*

239Np 5.87 ± 0.09 10.3 8.50 —– —–
239Pu 6.14 ± 0.12 10.1 8.25 5.25 5.55
240Pu 6.25 ± 0.32 10.6 8.76 5.59 5.87





65

Appendix A



66 Appendix A.

TABLE A.1: Fission barrier height of heavy nuclei [MeV]: inner barrier
(left) and outer barrier (right). The calculated results using SLy4 and

SkM* are compared to the experimental data [18].

Experiment (RIPL-2 [18]) SLy4 SkM*
230Th 6.10, 6.80 7.21, 9.57 5.73, 6.63
231Th 6.00, 6.70 7.36, 9.12 5.91, 6.35
232Th 5.80, 6.70 7.58, 9.05 6.25, 6.28
230Pa 5.60, 5.80 7.07, 9.65 5.56, 6.28
231Pa 5.50, 5.50 7.14, 8.71 5.65, 6.05
232Pa 5.00, 6.40 7.46, 8.61 6.04, 6.03
233Pa 5.70, 5.80 7.92, 8.80 6.39, 5.97
234Pa 6.30, 6.15 8.57, 9.18 6.76, 6.08
231U 4.40, 5.50 6.90, 6.51 5.34, 5.50
232U 4.90, 5.40 7.10, 8.66 5.63, 5.48
233U 4.35, 5.55 7.49, 8.09 6.01, 5.55
234U 4.80, 5.50 8.02, 8.31 6.45, 6.60
235U 5.25, 6.00 8.77, 8.75 6.99, 5.86
236U 5.00, 5.67 7.36, 8.29 7.53, 6.18
237U 6.40, 6.15 9.86, 8.52 7.93, 6.46
238U 6.30, 5.50 10.2, 8.92 6.37, 6.97
239U 6.45, 6.00 10.7, 9.28 8.70, 8.21

236Np 5.90, 5.40 8.87, 8.27 7.11, 5.49
237Np 6.00, 5.40 9.52, 8.39 7.66, 7.76
238Np 6.50, 5.75 10.0, 8.35 8.16, 6.18
237Pu 5.10, 5.15 8.92, 7.69 7.17, 4.50
238Pu 5.60, 5.10 9.55, 8.14 7.75, 5.34
239Pu 6.20, 5.70 10.1, 8.67 8.25, 5.62
240Pu 6.05, 5.15 10.6, 8.79 8.76, 6.08
241Pu 6.15, 5.50 11.2, 8.81 9.19, 6.34
242Pu 5.85, 5.05 11.6, 8.92 9.48, 6.69
243Pu 6.05, 5.45 11.8, 9.07 9.56, 6.97
244Pu 5.70, 4.85 11.9, 9.34 9.49, 7.19
245Pu 5.85, 5.25 11.7, 10.2 9.37, 7.52

239Am 6.00, 5.40 9.51, 7.50 7.74, 4.75
240Am 6.10, 6.00 10.1, 8.00 8.29, 5.05
241Am 6.00, 5.35 10.7, 8.66 8.87, 5.43
242Am 6.32, 5.78 11.3, 8.54 9.35, 5.89
243Am 6.40, 5.05 11.9, 8.57 9.74, 6.26
244Am 6.25, 5.90 12.1, 8.74 9.81, 8.52
241Cm 7.15, 5.50 10.1, 7.39 8.35, 4.45
242Cm 6.65, 5.00 10.7, 8.04 9.00, 4.94
243Cm 6.33, 5.40 11.5, 8.25 9.53, 5.32
244Cm 6.18, 5.10 12.0, 8.21 9.91, 9.74
245Cm 6.35, 5.45 12.3, 8.51 10.0, 6.02
246Cm 6.00, 4.80 12.4, 9.14 10.0, 6.25
247Cm 6.12, 5.10 12.2, 9.86 9.92, 6.58
248Cm 5.80, 4.80 11.8, 10.7 9.68, 6.02
249Cm 5.63, 4.95 11.5, 10.4 9.40, 5.50
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TABLE A.2: Fission barrier height of heavy nuclei [MeV]: inner bar-
rier (left) and outer barrier (right). The calculated results using the
proposed interaction (mSLy4 and mSkM*) are compared to the experi-

mental values.

Experiment (RIPL-3 [18]) mSLy4 mSkM*
230Th 6.10, 6.80 4.12, 6.17 3.80, 4.75
231Th 6.00, 6.70 4.27, 6.17 4.03, 4.80
232Th 5.80, 6.70 4.50, 6.42 4.32, 4.95
230Pa 5.60, 5.80 3.82, 5.43 3.54, 4.15
231Pa 5.50, 5.50 4.01, 5.47 3.74, 4.11
232Pa 5.00, 6.40 4.19, 5.65 4.03, 4.19
233Pa 5.70, 5.80 5.86, 4.44 4.34, 4.35
234Pa 6.30, 6.15 4.70, 6.11 4.66, 4.55
231U 4.40, 5.50 3.63, 4.72 3.36, 3.37
232U 4.90, 5.40 3.84, 4.84 3.65, 3.45
233U 4.35, 5.55 4.11, 4.99 4.01, 3.56
234U 4.80, 5.50 4.38, 5.28 4.35, 3.76
235U 5.25, 6.00 4.68, 5.56 4.74, 3.97
236U 5.00, 5.67 5.00, 5.89 5.09, 4.27
237U 6.40, 6.15 5.30, 6.15 5.37, 4.50
238U 6.30, 5.50 5.60, 6.51 5.66, 4.78
239U 6.45, 6.00 5.88, 6.90 5.88, 5.05

236Np 5.90, 5.40 4.63, 4.89 4.79, 3.40
237Np 6.00, 5.40 4.98, 5.21 5.15, 3.67
238Np 6.50, 5.75 5.29, 5.51 5.48, 3.93
237Pu 5.10, 5.15 4.55, 4.17 4.77, 2.74
238Pu 5.60, 5.10 4.89, 4.47 5.16, 2.98
239Pu 6.20, 5.70 5.25, 4.85 5.55, 3.31
240Pu 6.05, 5.15 5.59, 5.25 5.87, 3.62
241Pu 6.15, 5.50 5.90, 5.64 6.20, 3.96
242Pu 5.85, 5.05 6.20, 6.06 6.39, 4.21
243Pu 6.05, 5.45 6.46, 6.47 6.52, 4.41
244Pu 5.70, 4.85 6.65, 6.60 6.59, 4.50
245Pu 5.85, 5.25 6.73, 6.43 6.53, 4.16

239Am 6.00, 5.40 4.80, 3.74 5.15, 2.29
240Am 6.10, 6.00 5.19, 4.15 5.59, 2.66
241Am 6.00, 5.35 5.56, 4.53 5.96, 2.99
242Am 6.32, 5.78 5.90, 4.97 6.27, 3.29
243Am 6.40, 5.05 6.22, 5.35 6.52, 3.59
244Am 6.25, 5.90 6.49, 5.75 6.68, 3.78
241Cm 7.15, 5.50 5.12, 3.39 5.56, 1.92
242Cm 6.65, 5.00 5.49, 3.79 5.96, 2.28
243Cm 6.33, 5.40 5.84, 4.21 6.30, 2.61
244Cm 6.18, 5.10 6.18, 4.59 6.54, 2.87
245Cm 6.35, 5.45 6.46, 5.02 6.76, 3.09
246Cm 6.00, 4.80 6.68, 4.91 6.83, 3.12
247Cm 6.12, 5.10 6.77, 4.63 6.79, 2.85
248Cm 5.80, 4.80 6.77, 4.23 6.72, 2.52
249Cm 5.63, 4.95 6.65, 3.79 6.56, 2.14
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