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Abstract

Joint Optimization of Structure and Control for Fully
Actuated UAVs Based on Value Function Minimization

Supervisor: Professor Mitsuji Sampei

This dissertation investigates a joint optimization scheme of the structure and control for
fully actuated unmanned aerial vehicles that can achieve general motion in 3-dimensional
space. The control performance such as energy consumption and settling time is heavily
affected by both the control law and the plant parameters of the controlled object. However,
regular optimal control problems consider optimization only over the control input and fail
to utilize the plant parameters to further improve the performance. Given this problem, the
objective of this work is to simultaneously acquire both the optimal control input and optimal
plant parameters that minimize an objective function. To achieve this goal, the optimal
value function, which corresponds to the minimum cost of optimal control, is reinterpreted
and further minimized as a function of plant parameters. This method is called “joint
optimization” of the structure and control as the two optimization problems are connected
via the same objective function. Both analytical and numerical methods are developed in
this work, and they can be used to determine the optimal plant parameters for different
control tasks, which are specified by the objective function and the set of initial states.

First, a fully actuated hexarotor is introduced as the main application of joint optimiza-
tion in this dissertation. A fully actuated hexarotor has six rotors fixed on its body, and
they are tilted so that the vehicle can generate force and torque in every direction and
around every axis. The vehicle dynamics is modeled based on aerodynamics and rigid body
dynamics, and the model is then transformed into a second-order system on the special
Euclidean group SE(3). A theorem shows that nonplanar structures can be transformed
into planar structures without changing the force and torque acting on the center of mass.
This property greatly simplifies the subsequent discussion because considering only planar
structures is sufficient for the analysis of the force and torque. Moreover, related research is
classified by using this simplification method, and it is shown that there exist two standard
classes of fully actuated hexarotors. To measure the full-actuation performance, the dynamic
manipulability of hexarotors is then defined and analyzed for the two classes of hexarotors.
Theorems prove that the dynamic manipulability is suitable for the evaluation of directional
characteristics of acceleration. It is suggested that the structural design of the hexarotor
should be considered with its control task because the acceleration characteristics change
according to the position and orientation of rotors. An overview of the experiment system

is given, and a preliminary experiment is also conducted.



Secondly, an analytical method for joint optimization is presented based on an analytical
optimal controller for rigid body dynamics. Before developing the optimal control method, a
double-geodesic PD controller on SE(3) is described, which provides the basis of the optimal
controller. The closed-form solution of the optimal control input and the corresponding value
function are then shown for the cases where the vehicle is under zero gravity or the force of
gravity is compensated by an input transformation. Theorems prove the optimality of the
present control law and stability of the closed-loop system via the Hamilton-Jacobi-Bellman
equation and the Lyapunov theorem. An analogy to linear optimal control is also given.
The analytical value function is then minimized with respect to the plant parameters. An
application to a fully actuated hexarotor shows that the optimal design for nongravity cases
corresponds to the maximization of the dynamic manipulability, and it is validated also by
simulations.

Finally, a numerical method for joint optimization is studied to consider more general
dynamics and objective functions. In particular, we tackle the application to a fully actuated
hexarotor considering the input energy cost for gravity compensation. A nonlinear model
predictive control method is proposed based on an exact discretization of the rigid body
dynamics using a geometric integrator via the Cayley map for SFE(3). The exact discretiza-
tion allows picking a coarse sampling period without losing the precision of the integrated
dynamics. Moreover, the recursive discretization technique is combined with the geometric
integrator to drastically reduce the computational effort of optimization. On-board simu-
lations of flight control show that the present numerical optimal control method runs on a
low-cost single-board computer in real time while considering the gravity compensation cost.
An experiment using the fast model predictive controller further validates the effectiveness of
the proposed method. The numerical controller is then reused to calculate the value function
for the specified plant parameters and initial states. Parameter optimization of rotor tilt
angles is then carried out by using particle swarm optimization so that the simulated value
function is minimized to the nearly-global optimum. The result shows that the fast numerical
control method not only provides a real-time controller but also is meaningful for reducing
the computation time of the parameter optimization. It is also demonstrated that parame-
ter optimization based on dynamic manipulability maximization is not energy-efficient when

considering the cost of gravity compensation.
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Chapter 1

Introduction

1.1 Motivation

The aging society has been becoming a serious problem for developed countries. According
to the government, the labor force population in Japan is steadily decreasing, and the active
population in 2050 is estimated to be approximately only half of the overall population [1].
The number of people who maintain the existing infrastructures will also decrease, which
would cause occupational safety problems. For example, inspection and maintenance of
high-rise buildings or power lines are dangerous labors that may put the workers at risk of
falling. It is reported that the most common cause of fatal occupational injuries in Japan
is the fall accident [2]. To prevent such tragedies and to achieve a sustainable society, it is

important to assist or automate these hazardous tasks by technology.

Multirotor unmanned aerial vehicles (UAVSs), also widely known as “drones”, are expected
to help to solve this issue because of their ability to hover, the high dynamical performance,
and the affordable price. However, the standard type of UAV is underactuated, i.e., the
horizontal force cannot be generated without tilting the body, and this property limits the
application of UAVs. To overcome this problem, fully actuated UAVs are studied recently.
Fully actuated UAVs attract academy and industry as a versatile platform for 3-dimensional
physical interaction with environments. The vehicle has at least 6 rotors, actuators that
consist of electric motors and propellers, fixed on the body, and they are tilted so that the
vehicle can accelerate in every direction and around every axis. Throughout this dissertation,

we consider the design and control of a fully actuated UAV.
The design and control of a dynamical system are tightly coupled through the system

model because the both affect control performance such as energy consumption and settling
time. However, regular control problems consider optimization of the control performance
only over the control input, and they fail to utilize the plant parameters for the further
improvement. This is because optimal control problems assume that the design of the plant

should be performed prior to the control design. Given this problem, we suggest that the
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Fig. 1.1: Parallel hexarotor. This structure cannot exert direct force in horizontal directions.

design of the controlled object should be determined by the control objectives, and thus we

tackle optimization of structure and control in this dissertation.

The objective of the optimization is to simultaneously acquire both the optimal control
input and optimal plant parameters that minimize an objective function. To achieve this
goal, we reinterpret and minimize the value function of the optimal control problem as
a function of plant parameters. This method is called “joint optimization” of structure
and control because the two optimization problems are connected via the same objective
function. In this dissertation, we consider the cases where the task specifications of control
are described with an objective function and the set of initial states, and we aim to obtain
the optimal structure and control suited to the specifications. We develop both analytical
and numerical optimal control methods for rigid body dynamical systems, and the minimum
cost will be further minimized with respect to the plant parameters, which yields the optimal

plant and controller simultaneously.

What makes it important to consider the structural optimization of the fully actuated
UAV is that the acceleration properties vary according to the structure of the vehicle. Specif-
ically, the positions and orientation of the rotors are the key parameters of the directions in
which the vehicle can accelerate with less energy consumption. When considering different
types of tasks, the directions in which the vehicle is “good at” accelerating should be cho-
sen differently. For example, aerial transportation needs larger capacity of payloads than
other applications. On the other hand, an aerial vehicle should be robust against horizontal
external force when it performs a building inspection task. This structural design problem

motivates our work, and will be tackled in the subsequent discussions.
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1.2 Background and Literature Review

1.2.1 Fully Actuated Multirotor UAV

Multirotor UAVs are increasingly utilized as inexpensive equipments for industrial applica-
tions such as environment monitoring [3] and building inspection [4]. Compared to conven-
tional unmanned helicopters, they are light-weight and mechanically simple, and thus they
attract many researchers and engineers in this decade. One of the primal challenges for
multirotor UAVs is aerial manipulation. The multirotors are equipped with robotic arms for
control tasks such as assembly [5] and perching [6]. However, it is known that conventional
parallel multirotors, such as one shown in Fig. 1.1, are not suitable for object manipulation
because they cannot generate force horizontally without tilting the body. In order to com-
pensate for the body angles, they have to carry additional actuators for their manipulator
arms. Moreover, parallel multirotors lack the wind disturbance rejection performance for
the same reason, which makes it difficult to conduct outdoor tasks. Since the demands for
acrial manipulation are increasing, as tackled by [5] and [7], it is important for vehicles to
be able to generate horizontal force without changing the attitude.

To achieve this ability, alternative types of the UAV structures are proposed in [8-20).
There, multi-rotor UAVs with 6 rotors called hexarotor are considered, and their rotor
arrangement and tilt angles are changed from the typical hexarotor structure. For example,
Toratani [10] suggests a nonplanar structure shown in Fig. 1.2(a), and Kaufman et al. [17]
present a nonparallel structure in Fig. 1.2(b). This makes the hexarotors fully actuated; all
the 6 degrees of freedom associated with the translational and rotational motion become
independently controllable. A geometric control method and the experimental result are
reported by Ryll et al. [21], and it is shown that the full-actuation property brings advantages
in interaction tasks. These kinds of structures, however, have been found heuristically, and
it is thus difficult to explain which type of the structure is suitable for a specific application.

A systematic approach to obtain a suitable structure is a design optimization scheme.
Various methods for hexarotor UAV design optimization have been tackled recently. Kiso et
al. [22] present a structural design optimization method for a certain class of hexarotor UAVs
using the maximum acceleration and the dynamic manipulability as the performance index
of the vehicle. Rajappa et al. [12] minimize control effort by using numerical simulations
for a predefined reference trajectory to design the optimal structure. Mehmood et al. [14]
insist that the maximum translational and rotational acceleration should be optimized, and
they numerically solve the optimization problem subject to some constraints on the rotor
thrust force. In these articles, however, the rotor arrangement is not considered, and they
end up treating a very limited class of the hexarotor structure. Furthermore, they show
only numerical results for certain parameters, and no analytical or physical explanation of
optimality is explicitly given.

In the author’s previous research, we have presented the analysis of the hexarotor struc-
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(a) (b)

Fig. 1.2: Example of nonregular hexarotor structure. (a) The rotors are tilted symmetrically
and placed on the edges of a double-tetrahedron [10]. (b) The structure is planar and the
rotors are tilted in a symmetric manner [17].

ture and a design optimization method using the dynamic manipulability measure [23] and
dynamic manipulability ellipsoid [24]. In [25], we have also shown that the many structures
from related research can be classified into two special classes of the hexarotor based on the
analysis of the dynamical model. This dissertation uses the results shown in these papers to

motivate the application of the joint optimization scheme of the structure and control.

1.2.2 Optimal Control of Rigid Body Motion

To control the mobile robot systems such as a fully actuated UAV, we need to consider
control methods tailored for rigid body kinematics and dynamics. The rigid body motion is
described with a dynamical model in the special Euclidean group SFE(3). The dynamics must
be constrained on the group, and thus we need to consider specific control laws to achieve
regulation and tracking. For example, [26] presents coordinate-free geometric proportional-
derivative (PD) controllers on SE(3) and its subgroup SO(3), the special orthogonal group,
based on the metrics defined on the groups. Lee et al. [27] study a trajectory tracking
controller of a quadrotor aerial vehicle on SFE(3) using an intrinsic attitude tracking error
defined in SO(3). Such a control strategy can also be applied to optimal control problems.
Examples from [28] and [29] consider the cost of control input for continuous-time kinematic
systems on Lie groups. Lee et al. [30] tackle an optimal control problem of a discrete-time
kinematic system on SO(3). Liu et al. [31] show an analytic solution of a quadratic optimal
control problem on a compact Lie group such as SO(3) by using the logarithm map. The
author of this dissertation has presented an analytic optimal control method for SE(3)
considering a quadratic objective function with specific weight matrices [32]. It utilizes the
double-geodesic PD controller by Bullo and Murray [33] to obtain an analytical solution of
the optimal control problem on SE(3). It also shows an application of the control of a fully

actuated hexarotor aerial vehicle, which can be identified with a fully actuated rigid body.
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In general, however, it is difficult to solve optimal control problems analytically. For
example, [32] cannot consider external force such as the force of gravity, and the objective
function is limited to a certain form. Hence, we need numerical methods if we consider con-
straints or complex objective functions. The key to numerical optimal control for rigid body
motion is proper discretization of the dynamics constrained on Lie groups. The simplest pos-
sible way of discretization is a forward Euler approximation in a vector space [34]. Although
this approach can be sufficient for many other cases, it is not recommended for rigid body
systems because the Lie group structure is not preserved after the integration. In related
research [35-37], geometric integrators are used to overcome this problem. Lee et al. [35]
investigate structure-preserving optimal control of discrete-time rigid body systems. They
propose a computational approach based on a Lie group variational integrator (LGVI) and
Newton methods to solve a minimum-energy control problem. Kobilarov and Marsden [36]
study a generalized method of LGVI-based discrete optimal control for both fully actuated
and underactuated systems on any Lie group. In these studies, conditions regarding the
variational principle and optimality are combined into a system of nonlinear equations, and
the optimal control problem becomes equivalent to a nonlinear root-finding problem. How-
ever, LGVI-based optimal control methods usually require optimization over both states (or
costates) and inputs. This results in a larger-scale problem that can be intractable on em-
bedded controllers in real time due to the curse of dimensionality. Moreover, these methods
are only concerned with minimum-energy control problems where the objective function is

limited to the total of the squared input norms.

For the purpose of developing a more versatile optimal control method for free-floating
mobile robots such as spacecraft or fully actuated hexarotors [25], we adopt nonlinear model
predictive control (NMPC) with a geometric integrator. In particular, we focus on fast
computation of NMPC for embedded controllers in real time. To develop such a numerical
optimal control method, we need to reduce the number of decision variables while preserving
the Lie group structure. Instead of optimizing the sequence of both states and inputs,
we employ the so-called recursive discretization technique [38, Chapter 10] to eliminate
states from the decision variables. To apply the technique, we use a geometric integrator
based on the Cayley map for SE(3) [37,39] instead of an LGVI. The geometric integrator
with the Cayley map preserves the Lie group structure, and it enables us to pick a coarse
sampling interval for the prediction and to reduce the number of decision variables. Next,
we calculate the analytic gradient of the objective function with respect to the sequence
of inputs, exploiting the sparsity of intermediate Jacobian matrices. The novel usage of
the geometric integrator together with the recursive discretization technique reduces the

computational effort while maintaining the precision of the predicted trajectory.

The contribution is notable because this work includes a real-time on-board NMPC
experiment for an aerial vehicle system that has fast dynamics and inherent instability.

In fact, many NMPC schemes for mobile robot systems presented in [36,40-43], for example,
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show that various control objectives are achieved but have no experimental validations.
Moreover, experiments of NMPC usually employ high-performance processors, e.g. Intel
Core i7 CPUs, for calculation on the ground [44-46]. To the author’s knowledge, there are
only a few exceptions such as a study on NMPC for aerial manipulation using an aerial
vehicle [47] and their later work on obstacle avoidance control [48]. Although they perform
experiments with NMPC computation on an embedded computer, the optimal control law
is used to generate the reference trajectory, and it is not used for real-time control. In
this dissertation, on the other hand, we tackle real-time control of such an unstable system
with an NMPC running on an embedded controller. Furthermore, we use the fast optimal
control method to simulate the optimal trajectory and to calculate its minimal cost, and we
determine the optimal hexarotor structure for different control tasks by minimizing the cost

with respect to the plant parameters.

1.2.3 Simultaneous Design of Structure and Control

For typical design of mechanical systems, we usually design the plant parameter and control
separately. However, it is not often considered whether the designed structure is suitable
for the designed control law and vice versa. Since the performance evaluation is not shared
among the structural and control designs in many cases, there possibly exist suboptimality

problems caused by trade-offs between the design and control.

This problem is a classical problem in the field of vibration control of flexible structures,
as discussed in [49-55]. These studies usually deals with linear time-invariant systems,
and thus they consider frequency-domain characteristics such as poles and zeros [51, 53]
or closed-loop Hs and H,, norms [54]. These methods expect the plant parameters to
maximize the easiness of control rather than to suit a specific task. On the other hand,
several studies minimize costs of optimal control such as linear quadratic regulation [50,55]
and minimum time control [52]. These methods can be considered as task-oriented methods,
which optimize the actual performance for the specified tasks. In [50], a linear combination
of the structural cost and the linear quadratic control cost is optimized. This approach
produces Pareto optima, namely a set of optimal structures and control inputs, and thus we

need to arbitrarily select a desired solution from the set.

For robotic systems, [56] tackles design optimization of modular robotic devices for a
given reference trajectory and a set of available parts. [57] optimizes the inertia of a quadro-
tor together with the linearized attitude controller. [12] optimizes the UAV structure for a
predefined reference trajectory but does not optimize the parameters of the control law, as

it only evaluates the input cost for the nominal trajectory tracking.
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1.3 Contributions

The main contribution of this work is to give both analytical and numerical solutions to the
joint optimization problem of the structure and control for fully actuated hexarotor UAVs.
The control task is specified with an objective function and a set of initial states. Compared
to other design optimization methods for the UAV structures, our approach does not need the
trajectory to track. In other words, our method simultaneously designs the optimal control
inputs, the corresponding optimal trajectories, and the optimal plant parameters for specified
control tasks. Out method also considers the nonlinear dynamics and a nonlinear objective
function for the task specifications. The optimization problem tackled in this dissertation
does not fit with any of the aforementioned related reserch because of the nonlinear dynamics
and the unknown optimal trajectory.

Other contributions are listed below:

e We analyze the acceleration characteristics for fully actuated hexarotor UAVs. We
show that any nonplanar hexarotor is equivalently represented by planar structures.

Some important properties of the dynamic manipulability is also presented.

e We propose an analytical solution to a special case of a nonlinear optimal control
problem on SE(3). The optimal control law is novel because the analytical solution is

not trivial, and such methods for the systems on SF(3) are not reported by others.

e We present a fast NMPC method for rigid body dynamics using a geometric integra-
tor. We show that the present exact discretization method based on the Cayley map
for SE(3) allows us to reduce the number of decision variables of optimization while

maintaining the prediction horizon duration.

e We also show that the fast optimal control method achieves real-time computation on

a low-cost embedded computer by on-board simulations and an experiment.

1.4 Outline of Dissertation

In Chapter 2, we formulate the concept of joint optimization of the structure and control
along with mathematical preliminaries of rigid body dynamics and optimal control. We first
introduce the mathematical representation of a rigid body pose (position and orientation).
In particular, a Lie group SF/(3) and its parametrization on a Lie algebra se(3) will be used
to represent the pose and its dynamics. The Hamilton-Jacobi-Bellman equation and model
predictive control scheme are described as the basics of nonlinear optimal control to prepare
for the definition of the main problem. Finally, as the goal of this work, we define the joint
optimization problem of the structure and control with a few simple examples to illustrate
the idea.
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As a motivating application of the joint optimization scheme, we describe a fully actuated
hexarotor system in Chapter 3. A fully actuated hexarotor is an unmanned aerial vehicle
that is capable of linear and angular acceleration in any direction and axis, and it is modeled
as a fully actuated rigid body system. Through an analysis of dynamic manipulability of
the hexarotor, we show that the directional properties of acceleration varies depending on
the rotors’ positions and tilt angles. Several characteristics of the dynamical model are also
derived to reduce the complexity of the design optimization problem. At the end of the
chapter, an experimental vehicle and its testbed are introduced.

In Chapter 4, we study an analytical method of joint optimization for a fully actuated
hexarotor under zero gravity. An optimal control problem of a rigid body dynamics on
SE(3) is defined and solved analytically for special cases. We also show that the resulting
optimal control law resembles the double-geodesic PD controller presented in the literature.
We then consider plant parameter optimization that minimizes the corresponding value
function of the optimal control law. The result shows that the optimal design in this case
is to maximize the dynamic manipulability of the hexarotor, and finally the effectiveness of
the joint optimization scheme is verified with simulations.

The method in Chapter 5 extends the method in Chapter 4 to more general applications.
In particular, we tackle a joint optimization problem of a fully actuated hexarotor under
gravity. Towards the goal, we first develop a numerical optimal control method for the
rigid body dynamics using the Cayley map on SE(3). The numerical optimization can be
efficiently computed, and we show that the NMPC law based on this method runs on an
embedded controller in real time. The method is then diverted to numerically obtain the
optimal parameters of the fully actuated hexarotor. The numerical method can additionally
take the cost for gravity compensation into account, and the parameter optimization results
in more practically reasonable structures than that obtained in Chapter 4. The effectiveness
of the proposed method is verified through both simulations and an experiment.

Finally, Chapter 6 concludes this dissertation.



Nomenclature

Physical Constant
Ic c R3><3

p € Rxo

G € Ry

mERZO

Coordinate Frame

gar € SE(3)

Inertia tensor
Mass density of the air
Gravitational acceleration constant

Mass

1th rotor’s frame
Vehicle body frame on the center of mass

Inertial frame

Transpose

Open interval {z | @ < 2 < b} or ordered pair
Closed interval {z | a < x < b} or Lie bracket
=" Az

n X n identity matrix

n x n and n X m zero matrix

Set of 3-dimensional homogeneous transformation ma-

trices
Set of 3-dimensional rotation matrices

Homogeneous transformation matrix (or pose in short)

of frame X, relative to frame %,
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Pab € R

Ra € SO(3)

v? € RO

w? € RS

Vb= [,UZT WZT]T c RS
vs € RO

w® € RS

a

Vs = |:,UST wsT]T c ]Rf)'

a a a

F, e RS

R, (0),R,(0), R.(8) € SO(3)

S@J C9

Fully Actuated Hexarotor

61'6(_ ) )

Vi € (_ga %)

ME
ol

Kk € Ryg
o€ Ry
7€ R
g’[GR>O
fieR
r € Ryg

wgr € Ryg

wgr € Rog

wd E R>0

NOMENCLATURE

Position of frame X, relative to frame X,
Rotation matrix of frame >, relative to frame 3,
Body velocity of frame ¥,

Body angular velocity of frame ¥,

Body twist of frame >,

Spatial velocity of frame >,

Spatial angular velocity of frame X,

Spatial twist of frame 3,

Wrench acting on frame ¥,

Rotation matrices respectively representing rotation by

the angle 0 in x,y, and z axes

Shorthand notations of sin#, cosf

Inward /outward tilt angle of the ith rotor

Sideward tilt angle of the ith rotor

Counter torque constant of the propeller
Decomposed element of the dynamic manipulability
Counter torque of the ith rotor

Rotation direction of the ¢th rotor

Thrust force of the ith rotor

Distance between a rotor and the center of mass

Rotational dynamic manipulability measure of the hexaro-

tor

Translational dynamic manipulability measure of the

hexarotor

Dynamic manipulability measure of the hexarotor



NOMENCLATURE

Other Symbols

J

S

Objective function
Number of prediction steps
Sampling period / Control period

Value function
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Chapter 2
Preliminaries

This chapter defines mathematical symbols and introduces notions of rigid body motion and
nonlinear optimal control. Based on the fundamentals, we set up a concept of design opti-
mization that simultaneously determines both physical parameters of the controlled object
and the control law. We call this type of problem joint optimization of the structure and
control.

The rest of this chapter is organized as follows. In Section 2.1, we provide mathematical
foundations of rigid body motion. The nonlinear optimal control problem is then defined,
and two solution methods are explained in Section 2.2. In Section 2.3, we define the goal of
this work, joint optimization of the structure and control, with a few simple examples that

motivates the need of this work. Section 2.4 summarizes this chapter.

2.1 Mathematical Representation of Rigid Body Mo-
tion

In this section, we introduce mathematical foundations of rigid body motion. The states of
a rigid body can be expressed with an element of the special Euclidean group and its cor-
responding algebra. We give the notion of these mathematical tools and formulas regarding
them in this section.

In this dissertation, O,, and O, «,,, respectively, denote the n xn and n x m zero matrices,
and I, denotes the n x n identity matrix. All the coordinate frames are Cartesian and right

handed. We suppose that the body is not deformable.

2.1.1 Dynamical Systems on SFE(3)
Rigid Body Pose and SE(3)

The pose, namely the position and orientation, of a rigid body in the 3-dimensional Euclidean

space is expressed as an ordered pair of a 3-dimensional position vector and a 3-dimensional

13
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Fig. 2.1: Rigid body pose

rotation matrix, as illustrated in Fig. 2.1. The set of all 3-dimensional rotation matrices

forms special orthogonal group SO(3), and it is defined as follows:
SO3):={ReR* | R'TR=RR" =I5, detR=1}.

Let p € R? and R € SO(3) be the 3-dimensional position and orientation of a rigid body,

respectively. Then the pose of a rigid body is written in a matrix form

p
Ol><3 1

g = c R4X4

This matrix is referred to as the homogeneous transformation matriz, and it represents both
the pose and coordinate transformation in 3-dimensional Euclidean space. The set of all the
homogeneous transformation matrices is called special Fuclidean group SE(3). The following

definition of SE(3) is more formal and considered with the Lie group structure of SFE(3):
SE(3) := SO(3) x R?,

where X denotes semidirect product of groups. In this dissertation, we use a notation
g € SE(3) to express both the ordered pair (R,p) and the homogeneous transformation

matrix depending on the context.

The Lie algebras so0(3) and se(3) related to the groups SO(3) and SE(3), respectively,

consist of matrices

w=wW)"=|ws 0 —w| €s0(3)
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and

~

w (%

V= (V)=
() Ol><3 0

] € se(3),

- T .
where v € R?, w = [w; wp w3]' €R? and V = [vT wT] € RS v and w can be seen as the

rate of change in linear and rotational components of g, which are the linear and angular
velocities of the rigid body, respectively. Here, the “wedge” operator (-)" is used to identify
the elements of the Lie algebras with real vectors. We also define the “vee” operator ()" as

the inverse of the wedge operator. An element of s0(3) is skew-symmetric because it satisfies

o= -0

First Order System on SE(3)

Gg=gV?° (2.1)

where V0 = [0*TwbT]T = (g71g)Y € R® is the twist (linear and angular velocity) in the
body frame. This system is said to be left invariant as the equation is invariant under left

translation, i.e.,

d ~
—hg = (hg)V?
7h9 (hg)V?”,

where h € R* is a constant matrix. It is also possible to obtain a corresponding right

invariant system as follows:
g="Vy.

Here, V?® denotes the twist in the spatial frame. In this dissertation, we use the body twist

V' rather than the spatial twist if the frame notation is not present, unless otherwise noted.

Second Order System on SE(3)

A second order dynamical system on SFE(3) has a form

. g"}b
Vb = Utotal, (22)

where w0 denotes the total linear and angular acceleration including the control input and

acceleration due to the force applied to the body.
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Newton-Euler Equation of Rigid Body Dynamics

Consider a rigid body with the mass m € R and the inertia tensor Z € R3*3. Let g € SE(3)
and V°® € RS be the pose and the body twist of the rigid body, respectively. Assume that
the wrench (force and torque) F € R® and the force of gravity expressed in the body frame

Fgrav = (23)

are acting on the center of mass. Here, G € R denotes the gravitational acceleration constant.
Then, the rigid body dynamics evolve according to the first order left invariant system on
SFE(3) and the Newton-Euler equation of motion [58].

g=gV"
mls Os| -, mwtv®
VP + =F — F,av 2.4
Os T & (Zw) ¢ (24)

We transform the equations of motion by canceling the second term of (2.4), namely the
Coriolis force and gyroscopic torque, via feedback linearization. The dynamics are finally

expressed as the following second order system on SFE(3) in the form of equation (2.2):

g=gV"
VPl =y, — Ugray (2.5)
where
-1 ~b, b
mls Oz w’v
Ue = — R
O3 I T710%(Zwh)
is the acceleration control input of the body applied to the center of mass, and ugay = %Fgrav.

2.1.2 Coordinate Frames and Transformations
Properties of Homogeneous Transformation Matrices

Consider coordinate frames >, %, and Y., and assume that the poses of the coordinate
frames ¥, and X, relative to the frame 3, are written as g,;, and g,., respectively. Likewise,
the pose of 3, and X, looked from 33, frame are, respectively, written as gy, and gp.. Then,

the homogeneous matrices have the following properties:

e The inverse of the homogeneous transformation matrix represents transformation in

the opposite direction: gy, = g;bl.
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e The pose of ¥, relative to frame . is given by the product of transformations: g,. =

9vaYGac-

Transformation of Twist and Wrench

We now show the relation between multiple twist or wrench that are observed and expressed
in different coordinate frames. First of all, we introduce the adjoint representation of the

group element g € SE(3) as follows:

R PR

Ad, =
Os R

Then, V?

., which is the body twist of ¥, relative to frame ¥, is given as

Vabc - ‘Adgb_c1 V:lbb + ‘/E)lz):

If the frames 3 and X, are attached on the same rigid body, then Vi, = Ad -1 V3.
Now, suppose that >, and Y. are attached on the same rigid body, and wrench F, is
acting on .. From an equation of the instantaneous work V2T F, = VAT F} we obtain

(Ady1 Vo) T Fo =V B

c

5.+ the relation between wrench Fy, and F is formulated as

Since Ad -1 = Ad
gbc
F,=Ad,  F. (2.6)

Note that when we calculate the sum of wrench applied to different locations on a rigid body,
we must transform all of it to an arbitrary coordinate frame before taking the sum. We will
use this formula (2.6) in Section 3.1 to calculate the total wrench that is generated by the

actuators.

2.1.3 Several Parametrization of SFE(3)

Elements of SFE(3) can be expressed in different forms other than the homogeneous trans-
formation matrices. Some methods of the parametrization of SE(3) exist, and we describe
some of them that are used in this dissertation. The motivation of parametrization is to
reduce the number of parameters from 4 x 4. The minimum possible number is 6, which is
the intrinsic degrees of freedom of rigid body translation and rotation. In other words, a
homogeneous transformation matrix has 10 independent constraints among 16 elements of
the matrix. However, due to a topological property of SO(3), the pose cannot be expressed

with only 6 parameters without suffering from singularity. We also illustrate this property
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for each parametrization method.

Position Vector and Euler Angles

Euler angles or Roll-Pitch-Yaw angles, a variant of Euler angles, are the most common
parametrization of 3-dimensional rotation. The original Euler angles are defined as follows

by the sequence of rotation in axes with the order Z-X-Z7:

where a, 3, and 7 are the angles. Likewise, the Roll-Pitch-Yaw angles (also known as Tait-

Bryan angles) are usually defined as follows:

R = R.(a)R,(B)R.(7).

R, (0),R,(0), and R.(#) € SO(3) are rotation matrices representing rotation by the angle ¢
in z,y, and z axes, respectively.

This parametrization is useful when the object rotates around zero angles, and thus many
applications such as airplanes or underactuated multirotors rely on this representation. How-
ever, it suffers from the so-called ” gimbal lock” phenomenon, where two of the three rotation

axes become parallel when the dynamical equation is described with these parameters.

Exponential Coordinates

The exponential maps exp : se(3) — SE(3), s0(3) — SO(3) are, respectively, given as
follows [58]:

% =~ Us—exp(@)ié+nn "¢
exp(y) = {7 Il (2.7)
O1x3 1
~ sin ([|n]]) ~ 1 — cos(||n]])
XP) = Bt T >
if ||n|| # 0, and otherwise,
N I R
eV = 3 ¢ , el =13
01><3 1

The exponential map for SE(3) described in (2.7) can be regarded as the extended version
of Rodrigues’ formula of rotation, which is identical to the equation (2.8).

The logarithm map log : SE(3) — se(3) is the inverse of the exponential map [58, 59,
and it is used to obtain the twist ¢ € se(3) that is required to move the pose from the

-~

identity, i.e., g = exp(¢)). For SO(3), the logarithm of a rotation matrix R can be calculated



2.1. MATHEMATICAL REPRESENTATION OF RIGID BODY MOTION 19

exp

v €5el3) s 9€SEB)
Cay !
D© € se(3) Cay

Fig. 2.2: Relation among 9, ¢©, and g.

as follows:

(R RT)’

l\.’JI»—t

sin"'(llal) 5 ¢ 0
log(R) = H e @ for lall # '
O3 for [ja]| =0

By applying the "vee” operator, we can obtain the 3-dimensional vector form of the rotation
matrix R. This parametrization of SO(3) is known as the axis-angle representation or the
rotation vector. As the name suggests, log(R)" corresponds to the axis vector of rotation
multiplied by the angle.

For SE(3), we have

1 log(R))
tog(g) — [1E(R) (15 = $10g(R) + (1 = a(l[log(R)"I)) 124 2>p] Col3)

O1x3 0

where a(y) = (y/2) cot(y/2), for log(R) # O3, and we also have

Os p

log(g) = Org 0
1x

for log(R) = O3. By applying the ”vee” operator, we obtain the twist vector

¥ = log(g)” € R°. (2.9)
The vector ¢ can be considered as a 6-dimensional parametrization of the pose g.

Remark 2.1. This parametrization becomes singular when the attitude is at trR = —1.
The singular attitudes corresponds to the rotation by £x rad in any axis. Only for poses

with such orientation, there exist two possible values representing the same pose.

Cayley Map

Several definitions of the Cayley map exist in the literature. In this dissertation, we refer
to [39] for the definition. Let ¢/© € se(3) and g € SE(3). The Cayley map for SE(3) is a
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mapping from the Lie algebra se(3) to the group SFE(3) defined as follows:

Cay (©) = (I, — @) Y (I +9©) = g, (2.10)
Cay~Y(g) = (9 + )" (g — L) = ¥©.

We call »© € RS the Cayley parameter of g in this dissertation. The Cayley parameter is
another 6-dimensional parametrization of the pose of a rigid body. The symbol (-)© denotes
a vector regarding the Cayley map and its derivatives. Fig. 2.2 shows the relation among
these symbols that we use throughout this dissertation.

In contrast to the exponential map, the Cayley map does not represent the mapping from
the physically meaningful twist to the pose. It is thus important to obtain transformations
between the actual twist 1 and the Cayley parameter ¢/©. Here, we define the Cayley
parameter corresponding to ¢ = log(g) = [ST nT}T as Y© = [é’@T 77©T}T. We separately
consider the translational and rotational parts denoted by & and 7, respectively. Direct
calculation of 1/© = Cay ' (exp(¢))¥ yields

T tan 12l 52
£© - 1777 2 - 2 n 2 57 (211)
2[[nl| Il il
— A(n)E€R3%3
[I721l
tan 24
n® = —21n. (2.12)
[l

if 7 # Osy;. Likewise, n© = O3y and ¢© = %f hold if n = O3x;. Note that lim, o ¢© =
¢©|n:03x1 holds, and thus (2.11) and (2.12) are continuous at 7 = Osy;.

Fig. 2.3 shows the relation between the axis-angle representation n = log(R)Y and the
Cayley parameter 7© in (2.12). The axis-angle representation for the rotation matrix R
except for tr(R) = —1is in B, := {n € R¥| ||n|| < 7}, namely, an open ball of radius T,
and the conversion to the Cayley parameter corresponds to stretching of the ball to the
whole space R?. 7© corresponds to the classical Rodrigues parameter, which is one of the
representations of 3-dimensional rotation [60]. In fact, we have the same relation between

the Rodrigues parameter 7© and the corresponding rotation matrix R, as in (2.10).
R=(Is=17°)"'(Is+1°)

Therefore, we can interpret ¥©, the Cayley parameter for SE(3), as an extended version of

the Rodrigues parameter.

Remark 2.2. The Cayley parametrization also has singular orientations when the atittude
satisfies trR = —1. With such orientation, the norm of the rotational part becomes infinity,

and the parameter loses the information of the rotation axis.
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A 0
n©
"I taunM
\ RS 2
Cay™ ' (R)
‘@ o0

Fig. 2.3: Relation of log(R) and Cay '(R). The conversion from the axis-angle representa-
tion to the Cayley parameter corresponds to stretching of an open ball to R3.

2.2 Nonlinear Optimal Control

In this section, we briefly describe analytical and numerical methods for solving nonlinear
optimal control problems. An optimal control problem seeks the control input and the
corresponding trajectory that minimize a function, which is called objective function or
cost function, subject to the system dynamics. Two methods are described to provide the
foundation of our later discussions.

2.2.1 Hamilton-Jacobi-Bellman Equation

Consider the following optimal control problem:

ty
n(nn)/ L(x(t),u(t))dt + L¢(z(tf)) subject to &(t) = f(x(t),u(t)), (2.13)
u(z,t) Jo

where ty > 0 is the terminal time, z(t) € R™ is the state variable, u(t) € R™ is the
input vector, L : R® x R™ — R is an incremental cost function, and Lg(z(ts)) € R is
the terminal cost. Note that the dynamical model of the controlled system is expressed
as equality constraints in the optimization problem. The Hamilton-Jacobi-Bellman (HJB)

partial differential equation [61] is

oU (z,t) . _
— + &1;% {VU(x,t) - f(x,u) + L(z,u))} =0

where the scalar function U(z,t) is called value function, which represents the minimum

value of the cost when the optimal control input v* is applied. The boundary conditions of
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the value function are

ty

U((0).0) = min [ La(o) u(t)dt + LyGaey)
u(z,t) Jo

and U(z(ty),ty) = Us(z(ty)). The part that is minimized in the above equation is called

Hamiltonian, and the minimizer of the Hamiltonian becomes the optimal control input.

In this dissertation, we assume that the value function is time-invariant, and the terminal

condition is ¢y = oo and Uf(ty) = 0. For this special case, we obtain the following HJB

equation.

I&il)l {U(x) + L(z, u)} =0 (2.14)
According to the Bellman’s dynamic programming principle, the optimal control problem
(2.13) becomes equivalent to solving the HJB equation (2.14) with respect to the unknown
value function U. It is proved that the HJB equation is the necessary and sufficient condition
of the optimality of the control input.

The shortcoming of this approach is that it requires the exact solution of the HJB dif-
ferential equation. Although we can expect that the value function takes the similar form

to the objective function, it is difficult to obtain in general.

2.2.2 Model Predictive Control

Instead of solving the HJB equation, we can use numerical optimization algorithms to acquire
the optimal control input that minimize the objective function. Now, we consider a finite-

horizon discrete-time nonlinear optimal control problem

N

rginZL(xk,uk) + Us(zn) subject to  xpy1 = f(wg, ur), (2.15)
-

where w = (ug, uy, ..., uy_1) and & = (1, T2, ..., xx) denote the sequence of the control
input and the state trajectory, respectively, and N denotes the number of time steps to be
concerned. By solving this problem numerically, we can obtain the optimal control input
sequence u* and the corresponding trajectory *. If the dynamical model precisely describes
the system dynamics, the optimal trajectory is achieved by applying the input sequence at
each time step.

However, this optimal control approach is a feedforward method, and it is vulnerable
to disturbances applied to the controlled system. The model predictive control (MPC)
scheme repetitively solves the numerical optimal control problem (2.15) to overcome this
issue. Fig. 2.4 illustrates the scheme. Here, T" denotes the sampling period of the prediction.

The time frame of duration N'T" considered in the optimal control problem is called prediction



2.2. NONLINEAR OPTIMAL CONTROL 23

Fig. 2.4: Model predictive control scheme. The optimal control input sequence w*(t) and
the corresponding solution trajectory x*(¢) at time ¢ is calculated by solving a finite horizon
optimal control problem with the initial state z(¢). The first value of the optimal input
sequence is applied to the system. This process is executed in every time step.

horizon. We can choose arbitrary control period in general. In this dissertation, however,
we set the control period to 7" for simplicity. In each control period at time ¢, we solve the
optimization problem numerically for the observed initial state z(¢) and obtain the optimal
input sequence uw*(t) and the corresponding solution trajectory *(t). Then, the initial value
of the input sequence, namely, ug(t), is applied to the system until the next control period.
This approach is also referred to as the receding horizon scheme.

The main drawback of this approach is that the optimization problem must be solved
in each control period, while it is difficult to guarantee. This is the reason that the use of
MPC schemes on embedded systems for real-time applications is limited. In Chapter5, we
will develop a fast nonlinear MPC (NMPC) method specialized in the rigid body dynamics
in the 3-dimensional space. The presented approach uses the so-called recursive discretiza-
tion technique among many approaches to remedy the issue. The recursive discretization
! technique [38, Chapter 10] is a method to minimize the number of decision variables of
the optimal control problem (2.15). The method uses a fact that the state trajectory in the
objective function and constraints can be expressed as a function of the initial state and the
sequence of control inputs. This idea is closely related to the direct shooting method, which
the objective function is evaluated by actually simulating the trajectory for a given sequence
of inputs.

Moreover, in this dissertation, a geometric integrator based on the Cayley map for SFE(3)
is introduced to compute the exact change in the pose. The method allows us to pick coarse

sampling periods while maintaining the accurate trajectory prediction and to further reduce

'Here, “discretization” does not mean the discretization that converts a continuous-time system to a
discrete-time system, and the name is according to the convention.
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the number of decision variables. At present, general purpose NLP solver has a polynomial
time complexity, and thus it is important to work on a small number of variables to achieve

fast computation.

2.3 Problem Settings of Joint Optimization of Struc-

ture and Control

The purpose of this section is to define a design optimization problem of both the physical
parameters and the control input for dynamical systems.

Control performance such as input energy and settling time can be affected by both the
control law and the plant parameters of the controlled object. Although it is natural to
consider plant optimization for the improvement of the control performance, it is not inves-
tigated well while the optimal control is eagerly developed in theory and applications. In
the view of this motivation, we propose an optimal plant design method based on optimal
control, that is, minimization of the value function corresponding to the optimal control
problem. This approach gives optimally determined plant parameters with associated opti-
mal control law simultaneously. We call this approach joint optimization because the two
different optimization problems, design optimization and optimal control, are connected via
the same objective function.

Now, we illustrate the idea of joint optimization with a simple example of a first-order

integrator system.

Example 2.1. Let x € R and v € R be the state variable and the control input, respec-
tively. Consider the first-order integrator system & = fu, where 6 > 0 is a plant parameter
representing the input gain. The objective function to minimize along the trajectory of the

dynamics is defined as

le/ (qx2+ru2)dt,
2 Jo

where ¢ > 0,7 > 0 are the weight constants. Then, the HJB equation for this optimal control

problem is formulated as

1 1
muin {équ + §ru2 + g—gGU} =0,

and the value function U and the optimal control input v* are readily calculated as

qr
. hoU

U ===

r Oz
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To obtain the optimal plant parameters, we can minimize either the maximum or average
value of U over the initial state set Xy with respect to the plant parameter. In this simple

example, maximizing € yields minimization of U regardless of the initial state.

The result of Example 2.1 might seem trivial because the state will converge faster when
the gain parameter 6 is larger. However, this result does not simply apply to every case. In
the next example, we illustrate the dependence of optimal parameters on initial states by

considering a little more complex case where the plant parameters are mutually constrained.

Example 2.2. Let z,u € R% Consider a 2-dimensional linear system

. 6, 0
T = u,
0 6,

where 6; € R and 0, € R are the plant parameters, and assume that they are constrained

by 61 + 0, = 1. Now we consider the following cost function to minimize:

1 oo
J=3 / (2" Qz +u' Ru) dt,
0
where Q = diag(qi1, g22) € R**? and R = diag(ry1,re2) € R**? are positive definite weight
matrices. As the solution of this optimal control problem, the value function and the corre-

sponding optimal control input are calculated as follows:

. NCIEEE 0

26,
V411ril 0
* -1 20
u=-R 01 Vazaraz | ¥
20,
Note here that the minimum value of U with respect to 8 = [0; 65]" depends on the

initial state because of the plant parameter constraint. For example, if the weight matrices
are Q = I, R = I, and the initial state is 7o = [a b]", the minimum cost for the optimal

control is U = % + %. Tedious calculation leads to the optimal plant parameters
1 2

_a 0. — +b
Taxb P axb

01

As seen by this simple example, the optimal parameters vary according to the initial
states even if the objective function is not changed.

From this observation, we suggest that the control task should be defined not only by an
objective function but also by a set of initial states. We finally define the joint optimization

problem of the structure and control as follows:
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Definition 2.1. Assume that the system dynamics are parameterized with d design pa-
rameters € R? and suppose that the control task is described by an objective function
J(z,u | 0), constraints C(z,u | #) =0, D(z,u | 6) <0, and a set of initial states X,. The
effort of optimal control is defined as the minimum value of the objective function J (i.e., the
value function U(xq | )) with respect to the constraints and dynamics, for an initial state
x9 € Xg. Then, joint optimization of the structure and control is to minimize the effort of

optimal control U over the initial state set X, by modifying the design parameters 6.

Note that the minimization can be either performed for the mean or maximum value of

the optimal control effort U.

2.4 Chapter Summary

In Section 2.1, we have introduced the mathematical foundation of rigid body dynamics.
First-order and second-order systems on the special Euclidean group SE(3) are discussed
and it is shown that the Newton-Euler equation of rigid body motion can be transformed
into a second-order system on SF(3). We have also described some parametrizations of rigid
body pose to formulate state vectors corresponding to the matrix element of SFE(3). Some
useful formulas are provided at the end of the section.

In Section 2.2, we have treated the basics of nonlinear optimal control problem. We have
introduced Hamilton-Jacobi-Bellman equation as the necessary and sufficient condition of
optimality. The model predictive control scheme is also introduced as a numerical approach
for the optimal feedback control problem. The two solution methods will be later used in
the analytical and numerical optimal control methods in Chapter 4 and 5, respectively.

As the main goal of this work, we have set up the concept of joint optimization of the
structure and control in Section 2.3. The idea of the joint optimization scheme is to reuse
the value function of the optimal control problem as the objective function to minimize with

respect to the plant parameters. Two simple examples are given to illustrate the concept.



Chapter 3

Fully Actuated Hexarotor UAV

This chapter introduces dynamical model and the properties of a fully actuated hexarotor
UAV, which is the main application of this research. A hexarotor UAV is a multirotor UAV
equipped with six rotors. The standard-type hexarotor shown in Fig. 1.1 can generate force
only in the upper direction, and thus the vehicle is underactuated; it can only control 4
degrees of freedom out of 6. In this work, we change the position and orientation of each
rotor as seen in Fig. 3.1 to make the vehicle fully actuated. The full-actuation property allows
us to control the translational and rotational motion independently, resulting in general 3D
motion capability and enhanced robustness against horizontal external force. In this chapter,
we analyze how the full-actuation property varies according to the rotor positions and tilt

angles, aiming to find the optimal structure of the fully actuated hexarotor.

The rest of this chapter is organized as follows. In Section 3.1, we derive the dynamical
model of a fully actuated hexarotor UAV based on aerodynamics and rigid body dynamics.
Then, the relation between the thrust force generated by each rotor and the total wrench
applied to the center of mass is analyzed in Section 3.2. We prove that nonplanar structures
can be transformed into planar structures without changing the relation. The fact greatly
simplifies the subsequent discussion because considering only planar structures is sufficient
for the analysis regarding the wrench. Moreover, related research is classified by using this
simplification method, and it is then shown that there exist two standard classes of fully
actuated hexarotors. In Section 3.3, we define the dynamic manipulability of the hexarotor
as an index of full-actuation performance. The analysis on the dynamic manipulability
shows that it is suitable for the characteristics evaluation of the structure itself. Section 3.4
describes our experimental vehicle and its testbed along with the result of a preliminary

experiment. This chapter is written based on the author’s previous work [23-25] 1.

27
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Fig. 3.1: Hexarotor model. In this work, we consider nonplanar/nonparallel structures. The
six rotors can be tilted and placed arbitrarily, but they are fixed during flight.

3.1 Modeling

In this dissertation, each rotor is modeled such that it can generate desired amount of thrust
force f; in one direction. The counter torque 7; is simultaneously generated proportionally
to the thrust force, as shown in Fig. 3.2. This relation is explained by a well known approx-
imation of the aerodynamic phenomenon around the rotor. The following model is obtained

by assuming that the flow rate is constant [62]:

fi= PA(Qz‘T)2Cf,
T, = S‘i,OA(Qﬂ’)Q'f’Cn

where p € R is the mass density of the air, and ¢; € {—1,1} is the rotation direction of the
ith rotor. r, A, 2; € R are the radius, surface area, and the angular velocity of the propeller,
respectively. Cy € R and C; € R are coefficients determined by the shape of the propeller.

Since p,r, A, Cy, and C, are constant, we obtain

fi = kg

2
Ti = k82 = Gk fi,

where k = ﬁ—; Quite a few studies use this approximation model of the rotor thrust force and
torque (for example, [8,12,14,15,18]). In this dissertation, we additionally assume that the

1©2018 IEEE. Partly reprinted, with permission, from [25].
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Fig. 3.2: Rotor model. The rotors can generate desired amount of thrust force in each
direction. At the same time, counter torque around the same axes are also generated pro-
portionally to the force.

rotor can generate the command force instantaneously and neglect the delay of the thrust
force due to the inertia of a propeller. We suppose also that the aerodynamic interference

among rotors is sufficiently smaller than the thrust force.

Figure 3.1 illustrates the hexarotor model and symbols. We suppose that the rotors can
be arbitrarily placed and tilted, allowing nonplanar or nonparallel structures other than one
presented in the figure. Note that the structure is fixed during flight, and thus the vehicle
has 6 inputs for controlling the 6 degrees of freedom of the rotation and translation of a
3-dimensional rigid body. The vehicle is said to be fully actuated if the rotor inputs span
the 6-dimensional space.

We now derive a dynamical model of a hexarotor UAV based on rigid body dynamics.

We first transform the rotor wrench (force and torque) expressed in the ith rotor frame ¥,
T T
Frﬂ"i = |:O 0 fz ‘ 0 0 "’izfz:| = [f?“i?"i—r ‘ Triri]

into the wrench F,,, expressed in the vehicle body frame at the center of mass ..

F.. =Ad F... (3.1)

9r;c

Here, we have used the transformation formula of wrench in equation (2.6). By taking sum

of F,,,, we obtain the net wrench applied to the center of mass of the vehicle as follows:

6
fe
F.= Zl F.. = [T] .
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Then, the Newton-Euler equation of this system is derived as follows:

mls Os| |0° mwbe?
¢ ol =F.+ Foay, 3.2
O3 TI]| |ub WO (TuWb) ¢ (3:2)

where Fj,y, is defined in (2.3) with R = R,.. vfz and wé’ are the body translational and angular
velocity of the vehicle, respectively. Note that the equation of motion (3.2) is formulated in
the vehicle’s body frame ...

Note also that the equilibrium of this system is defined as

Vb =04, V' = 0O, (3.3)

and arbitrary body orientations are admissible as the equilibrium points if and only if the
vehicle is fully actuated. The control objective is, however, to stabilize the equilibrium at
Roe = I3, poc = Osx1, and (3.3). This does not lose the generality since we can attach the

body frame Y. in arbitrary directions relative to the shape of the vehicle.

3.2 Structure

We now parametrize the system model (3.2) with a set of plant parameters. We refer to
this set as a hexarotor structure since the plant parameters affects the actual mechanical

structure.

Definition 3.1. Consider a hexarotor expressed with rotor positions p.,, € R?, rotor orien-
tations R.,, € SO(3) and counter torque directions ¢; € {—1,1} for ¢ € {1,...,6}, vehicle

mass m € R and an inertia matrix Z € R3*3. A quintuple

5= ({pm’p oo 7p07‘6}7 {Rcm; RIS RCT6}7 {gla <o 7§6}7 m, I) € 67
G = (R*)% x (SO(3))% x {~1,1}° x R x R¥*?

is called hexarotor structure.

Dynamical characteristics of the vehicle can be described with these variables since they
appear in the equation of motion (3.2) as constants. We draw attention to the fact that
the relationship between the thrust force and vehicle acceleration varies according to the
hexarotor structures, and we analyze the relationship especially for varying positions and

orientations of the rotors in this work.

3.2.1 Transformation of Nonplanar Structures

By analyzing the effect of the positions of rotors on the wrench applied to the center of

mass, we can see that every hexarotor structure can be transformed into planar structures.
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Suppose the orientation of a rotor is constant. For the ith rotor, the thrust force and counter
torque are expressed in the body frame ¥. as in (3.1). By extracting the terms regarding

Der;, We have
®; = ch(Rg«ipcny\frm' (3.4)

This part is related to torque at the center of mass and is generated only by the rotor thrust
force. Furthermore, it is shown that the other parts, translational force and torque due to
the rotor counter torque, are not affected by the rotor position. This provides the following

important property of the rotors:

Theorem 3.1. Consider a hexarotor UAV model in (3.2). The wrench F, applied to the
center of mass does not change according to the position translation of rotors in the thrust

force directions.

Proof. We first substitute the rotor position p.., with the following equation using e; =
001]"

/
Per; = Per, + cRcri €3.

Here, ¢ € R is a parameter, and R..e3 € R? is a directional unit vector of the thrust
force. The above equation expresses the translation of the rotor in the thrust force direction.
Assigning this to (3.4) yields
N
q)i = Ly, (RCTTZP/C” + 063) friri
cri(Rjrq;p/cm)Afrm + Rer, (ce3 X fri,) - (3.5)

R
R

By the fact e3 X f,,,, = €3 X fies = Osx1, it is shown that the equation (3.5) does not depend
on c. Therefore, the force and torque are not affected by the translation of rotors along the

thrust force axes. [

Remark 3.1. Note that there exist physical parameters varying according to the rotor
translation. For example, the position of the center of mass and the moment of inertia might
vary but we assume that the change is sufficiently small and negligible. This assumption is
reasonable, since practically the dominant mass of the vehicle is from the battery, and other

electric components are usually placed near the battery.

By using this property of the UAV, we can obtain a simplified planar structure from
nonplanar structures, as shown in Fig. 3.3. We now introduce the following lemma to show

that any nonplanar structure can be transformed into a planar structure by this process.

Lemma 3.1. For any set of six lines /1, ..., /s on the Euclidean space, there exists at least

one plane P that passes through the origin and has an intersection with each line.
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Fig. 3.3: Simplification of a nonplanar structure. By using the unvarying property of the
relationship between the rotor thrust force and wrench, we can translate the rotors along
their thrust force directions to find an equivalent planar structure.

Fig. 3.4: Mlustration of Lemma 3.1. According to Lemma 3.1 and Proposition 3.1, every
nonplanar hexarotor structure can be transformed into a planar structure while keeping the
relation between thrust force and vehicle acceleration.

Proof. 1t is directly proved by the following facts:
1. There exists a vector that is not perpendicular to a finite number of vectors.

2. A plane that passes through the origin can be uniquely determined for a normal unit

vector n.

3. A line / intersects with a plane P if and only if ¢ is not perpendicular to the normal

vector n of P.

From 1., there exists a vector n that is not perpendicular to any six lines /1, ..., fs. A plane
P through the origin with its normal vector n is uniquely determined by 2. Then, it follows
from 3. that all the six lines intersect with the plane P since they are not perpendicular to

the normal vector n. OJ

The statement is illustrated in Fig. 3.4. From Lemma 3.1, there always exists a plane that

has intersections with all the six thrust force axes. Therefore, combined with Proposition 3.1,
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it shows that every hexarotor structure can be transformed into a planar structure. The
transformation does not alter the relation between thrust input force and vehicle output

acceleration. This important property is summarized in the following corollary.

Corollary 3.1. Consider a hexarotor whose positions of rotors are not located on a plane.
Then, there exist a planar structure that has the same relation between the thrust force of

each rotor and the vehicle wrench at the center of mass.

This corollary greatly reduces the complexity of the problems regarding the wrench as it

becomes sufficient to consider only planar structures.

3.2.2 Special Types of Hexarotor Structures

From Corollary 3.1, we can narrow down the target to planar hexarotors. We also suppose
several additional assumptions on symmetry to define two special classes of hexarotors.
Symmetric-Coplanar-Tilted-Rotor Structure

We now assume the following symmetry to define a special type of the hexarotor structure.

Definition 3.2. The hexarotor structure satisfying the following conditions for all the rotors
(i € {1,...,6}) is called symmetric-coplanar-tilted-rotor (SCTR) structure.

L. Rer, = R.(5Hm) Ry(Bs) Ru((—1)"7s)
2. Per, = R(SEm) [r 0 0]

3. ¢ = (=1)"t

4. T, = diag(Zy,, Zn, Z,)

Here, R,, R,, R. € SO(3) are rotation matrices around x, y, and z axes, respectively.
Bs, s € (—m/2,m/2) are rotor tilt angles, and r > 0 is the distance between a rotor and
the center of the mass of the vehicle.

For SCTR structures, rotors are placed on the vertexes of a regular hexagon with the
radius r, and they are tilted by s and g around two axes, as shown in Fig. 3.5. We also

assume symmetry of the inertia tensor Z., which is natural for symmetric hexarotors.

Parallel-Coplanar-Tilted-Rotor Structure

Likewise, we define another special type of the hexarotor structure with different rotor tilt

angles.

Definition 3.3. The hexarotor structure satisfying the following conditions for all the rotors
(1 € {1,...,6}) is called parallel-coplanar-tilted-rotor (PCTR) structure.
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Fig. 3.5: Rotor tilt angles. Rotors are tilted in two axes, and the angles are denoted by
By and y.y. B is the inward/outward angle, and ~(. is the sideward angle. The rotation
direction of 3 is different among the two classes of hexarotor structures.

Table 3.1: Classification of related research

| SCTR \ PCTR | NA |
Jiang [8], Giribet [9], Toratani [10], Jiang [8], | Park [20]
Kotarski [11], Rajappa [12], | Shimizu [18], Okuma [13],
Mehmood [14, 15] Convens [19]
Kaufman [17], Crowther [16] (8s = p = 0) —

L R, = R.(5m) Ry (1)1 Bp) Ra((—1)" 1p)
2), 3), and 4) in Definition 3.2.

As in the first condition, the direction of the outward/inward tilt angle fp is different
from that of the SCTR structure, and it is illustrated in Fig. 3.5. In the PCTR structure,
thrust force directions of diagonal rotors are identical. For the special cases 8.y = 0, the
structure belongs to both SCTR and PCTR.

3.2.3 Classification of Hexarotors

In fact, many structures from related research can be classified into SCTR and PCTR struc-
tures. Table 3.1 shows the classification summary of hexarotor structures from the following
articles: [8-20]. In the following, we describe how to identify the class by giving examples

about some of these articles.

Case 1: SCTR Structure

For example, the hexarotor structure illustrated in Fig. 3.6 is proposed by Kotarski et al. [11]
and is equivalent to an SCTR structure. Although the rotors are displaced alongside the
beams as shown in the figure, the structure can be directly transformed into a planar struc-

ture with rotor translation in the thrust force direction.
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Fig. 3.6: Nonplanar hexarotor in Kotarski et al. [11]. The rotors are tilted and displaced
alongside the beams. This structure belongs to SCTR.

e

Fig. 3.7: Nonplanar hexarotor in Okuma et al. [13]. The rotors are placed and oriented
so that the force and torque vectors can be simply decoupled. The 1st and 6th rotors are,
respectively, colored with red and green.

Case 2: PCTR Structure

Another example is the structure presented by Okuma et al. [13] (Fig. 3.7). It is a nonplanar
structure that is capable of uniform acceleration in every direction and around every axis.
We show that this nonplanar structure belongs to PCTR.

First, p; and t;, respectively, denote the position of the i¢th rotor and the thrust force

direction, and they are defined as

P1= —P4a=6€3, Po = —Ps = —€3, P3 = —Pe = €1,

ty =ty = eg, log =t5 = ey, 13 =1 = €3.

Here, we use the notation e; = [100]", ea =[010]", e3 =1[00 1]". We then translate the
rotors by +1 toward each thrust force direction as in Fig. 3.8 so that the rotor arrangement

becomes planar. The translated rotor positions denoted by p; become as follows.
/ / / / /
P1 = =Py =€3 = €2, Pp = —P5g =€1 — €2, P3 = —Pg = €1 — €3

These position vectors and their linear combinations are perpendicular to a vector n =

[111]7/4/3 since the inner products are zero. Therefore, all the six rotors are placed on a
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Fig. 3.8: Rotor translation. We can translate the rotors towards a hexagon, and the rotor

angles match the conditions in Definition 3.3. Therefore, the structure in Fig. 3.7 belongs
to PCTR.

plane normal to n. Moreover, pi,...,p; form a regular hexagon on the plane as illustrated
in Fig. 3.8.

We now calculate the rotation matrix representing the orientation of the frame fixed to
the plane. We take the vector n, the normal vector of the plane, as the new z-axis and the
direction vector toward p} as the new z-axis. By the orthogonality and the determinant

constraint of the rotation matrix, we obtain

0 2 1

V6 o V3

R —=|-4i 1 L
on V2 V6 V3
I S

V2 V6 V3

as the rotation matrix representing the new vehicle frame relative to the original frame.
To determine the rotor tilt angles, we then solve the following equation about the PCTR

structure for fp and vp.

(t— 1)

R t.=R.
o1 ( 3

) Ry ((=1)""8p) R ((=1)""7p) €5

We finally obtain the solution

2 ) 1
Bp = 2tan"? <\/;— \/;> . vp =tan ! \/g,

and thus the nonplanar structure in Fig. 3.7 belongs to PCTR.

Case 3: Not Applicable

The structure proposed by Park et al. [20] is not classified in the two classes, as shown in
Table 3.1, because the values of the rotor position and orientation obtained by optimization

are not provided in the paper. The structure might belong to PCTR since the rotors are
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Fig. 3.9: Elongated structure. Structure similar to [20] can be derived from a kind of
parallel-coplanar-tilted-rotor structure.

tilted in a similar manner, as shown in Fig. 3.9.

Remark 3.2. Although most of the related research seems to treat different types, the
structure is classified into the SCTR or PCTR structure. This suggests that there exists
room for further investigation into different types of fully actuated hexarotors. However,
it is difficult to obtain meaningful force relations for asymmetrically or randomly placed
rotors. Moreover, an asymmetrical structure has a practical problem of unbalanced load
among rotors, leading to energy inefficiency or frequent breakdown of a certain rotor. For

these reasons, we consider these special classes throughout this dissertation.

3.3 Manipulability Analysis

We now evaluate the full-actuation capability of a hexarotor by considering the mapping
from the rotors’ thrust force to the vehicle acceleration. This leads to the definition of
dynamic manipulability of the hexarotor, which is newly defined in this research. The
dynamic manipulability is used to visualize and compare the acceleration characteristics of

hexarotor structures.

3.3.1 Dynamic Manipulability of Hexarotor UAV

The dynamic manipulability is an index quantifying the ability of omnidirectional accelera-
tion and has been widely used in the field of robot manipulators since it was proposed by
Yoshikawa [63]. The definition of conventional dynamic manipulability for a robot manipu-

lator requires a matrix called manipulator Jacobian describing the relationship between the
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Fig. 3.10: Effect of p,. Output points p., are considered since the translational motion
depends on the output point.

joint velocity and the Cartesian velocity of the output point. However, hexarotors do not
have any joints. Therefore, an adapted version of the dynamic manipulability suited to the
hexarotor is considered in this work.

We now consider a point attached to the vehicle coordinate frame X, as the output
point of the UAV. This is because the translational acceleration of the point depends on the
position relative to the center of mass, as shown in Fig. 3.10. We also assume that the initial
state of the vehicle is at the origin with gravitational compensation applied. This means
that the position, attitude angles, the translational and rotational velocity are all zero, and
the vehicle remains still in the air. The translational and angular acceleration at an output

point p., € R® in ¥, are written as

[Q}b
b
“p

By differentiating this by the rotors thrust force f = [fi,..., fs]" € R® we obtain the

following matrix describing the relationship between the rotor thrust force and the vehicle

[ = 9 % | b

of |at| ~ | T,

Here, I';, I, € R3*% are submatrices of I' corresponding to the translation and rotation.
Using these matrices, we finally define the DMM of the hexarotor UAV as follows.

-1

mI3 03
03 Ic

I 3 _ﬁcp
Os; I

acceleration:

€ RO*6, (3.6)

Definition 3.4. Consider a point p,, € R?® attached to .. Then, the absolute value of the
determinant of the matrix T' in (3.6) at p.,, namely wy = |det(T)| = /det(TTT) > 0, is
called DMM of the hexarotor UAV at the output point p.,. Moreover, wq = \/W >0
and wg, = \/m > 0 are called translational and rotational DMM at the output point

Dep, Tespectively.

The DMM of the hexarotor evaluates the input-to-output relationship between the rotors
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thrust force and the vehicle acceleration, whereas that of a robot manipulator associates the
joint torque with the end effector acceleration. This definition is a natural application of
DMM to the hexarotor UAV. In the case of wy = 0, the UAV cannot accelerate in a certain
direction or around a certain axis because the degrees of freedom are lost, and DMM of
robot manipulators also has the same property.

Definition 3.5. The set of feasible acceleration u = [0 &'|" of the output point p,, € R3

with unit spherical input thrust force fi,..., fs becomes a 6-dimensional ellipsoid
u' (T =1
and is called dynamic manipulability ellipsoid (DME) of the hexarotor at p,,.

We can calculate the principal axes of the DME by singular value decomposition of the
Jacobian matrix I'. The singular vectors represent the directions of the acceleration, and the
associated singular values are the magnitude for each direction. Moreover, the volume of the
DME is proportional to DMM, indicating that the manipulability increases as the ellipsoid

becomes large.

Remark 3.3. In the definition of DMM and DME, the force of gravity is compensated, and
the thrust force is not limited. Hence, the value of DMM does not depend on the orientation
of the body frame .. On the other hand, the DME is rotated according to the body frame
rotation while the shape and the scale of the DME does not change. Therefore, the dynamic

manipulability is a suitable measure for the evaluation of the structure itself.

3.3.2 Properties of Manipulability for Special Structures

In this section, we derive the DMM of the hexarotor UAV with the SCTR or PCTR structure

in detail for the preparation of the main results of this chapter.

Lemma 3.2. DMM w, of a hexarotor UAV with the SCTR or PCTR structure at the output
point p., can be written as follows.

wy = \Jdet (T + (P — og) TTY ) det (T,T) (3.7)
Here, po, = [0 0 2,]" is a special point fixed to the vehicle frame, and z, is

Ty,r cos(fs) cos?(vs) sin(Bs)
m (k? — K2 cos?(Bs) cos?(ys) + 12 cos?(fBs) cos?(vs) + kr cos(fs) sin(27s))

Zq:

for SCTR structures, and z, = 0 for PCTR structures.
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Proof. Suppose that I',I'| is a nonsingular matrix. Then, by using the property of the

determinant of block matrices [64], we obtain

r.r) .o’
det(IT") =det | "0 T 3.8
(rr7) [M; L (3.8)
=det (I, — T.T) (0,0))'T,1) ) det(I,T,)).
Moreover, assigning the relationship between I',. and I';, that is,
1 0
I'y=——f.—pepl's, 3.9
t maff Dep ( )
to (3.8) yields
nrrrh) = 12f — Pl ) T (T )
tLp rtop m@f c cptr r rt
1 /0
= — o= f ) NI = ey
() TR <

Finally, direct calculation considering assumptions of the SCTR or PCTR structure yields

1 0 -1 T/\_A
E(wfc) LTI = ([0 0 2] ) =

Ftr;r(FTF;r)_l - ﬁcq - pcp- (310)
Then, combining (3.8) and (3.10) results in (3.7). O

Remark 3.4. In the proof above, we assume that the matrix I',I'] is nonsingular. This

assumption is always true in this work since only fully actuated hexarotors are considered.

Remark 3.5. p., is an unique point in 3, associated with the structure of the UAV. In the
special case v = 0 and k < 1, this point can be interpreted as the center of percussion of
the vehicle. At such a point, the horizontal acceleration is eliminated. In other words, the

following acceleration cancels each other.
1. The horizontal acceleration by the sum of thrust force.

2. The horizontal acceleration of the point generated by the torque applied to the center

of mass.

Therefore, the translational and rotational motion is considered to be decoupled at the

unique point pg,.
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3.3.3 Invariance of DMM

The two special types of the hexarotor structure provides an important property; invariance
of the DMM under the output point of the vehicle. If the hexarotor has this characteristic,
the DMM is not influenced by the output point. Therefore, we can say that it can be used
as an performance index describing the structure itself and is uniquely determined by the

structure. First, we have the following lemma:

Lemma 3.3. Rotational DMM wy, of a hexarotor UAV with the SCTR or PCTR structure

is invariant under the output point p,.

Proof. The proof is straightforward. By the definition of I', ', is written as

o ,__
I, = a7 (Z.'7.) .
where Z. € R?*3 is a constant matrix, and 7. € R? is the torque applied to the center of mass.
Therefore, I', does not depend on the output point, and as a result, wg, = /det(I,I']) is
invariant under p.,. O

We now state the one of the main analysis results for the hexarotor UAVs with the SCTR
or PCTR structure, using Lemmas 3.2 and 3.3.

Theorem 3.2. DMM w, of a hexarotor UAV with the SCTR or PCTR structure is invariant
under the output point p,,.

Proof. We show that det ((I'y + (Pep — Peq)Iy)I') ) is invariant since the invariance of det (I, I,
has been proved in Lemma 3.3. First, the equation (3.9) yields

N 10 A 10 . !
(Ft + (pcp _pcq)rr)rz— - (EWJCC - pcqrr) (Ew.fc - pcprr) .

Then, by extracting the terms regarding p, from the above equation, we obtain

A T__li T _ T Ty—1 T &
( 8ffc pcq )( pcprr) - maffc (Fr Fr (FTFT) Frrr)pcp

- 03.

This equation shows that det ((Ft + (Pep — Peg)Tr)T ) is invariant under p.,. Therefore,
DMM of a hexarotor UAV with the SCTR or PCTR structure is invariant under the output
point. ]

Now, we briefly summarize Lemma 3.3 and Theorem 3.2. These theorems show that the
total DMM wy and rotational DMM wy, are invariant under p.,. On the other hand, the
translational DMM wg; varies depending on the output point since the translation motion

of the vehicle depends on the position of the output point.
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3.3.4 Separation and Decomposition of DMM

Based on the previous discussions, another important theorem and its corollary are acquired.

Theorem 3.3. The DMM of the hexarotor with the SCTR or PCTR structure at the
special output point p., = [0 0 z,]" is decomposed into elements about six translational and

rotational axes.
Wq = Otz0ty0tz0r2x0ryOrz

Here, o4y and o, are the DMMs about translational and rotational axes, respectively, for

() € {z,y, 2}, and z, is determined uniquely to the structure.

Corollary 3.2. DMM wjy of a hexarotor UAV with the SCTR or PCTR structure at p., in
the equation (3.7) is equal to the product of wg and wy,, that is,

Wqg = WatWqy-- (311)

Proof. By substituting the output point p., = p., into (3.7), the DMM w, at the special

point becomes

wy = \/det(FtFtT) det(T,I']) = wgrwyr,

which leads to (3.11). Moreover, I',T'] and I',I"] become diagonal, and T',I'; = O3 holds
for both SCTR and PCTR structures. Since the determinant of a diagonal matrix is the
product of the diagonal elements, the DMM at the special point p., can be decomposed into

the product of the DMMs about each axis, and now we have
Wdt = OtzO0tyOtzy Wdr = OpgOryOrz.
The values of o,y and o, are written in Appendix A.2. O

From Corollary 3.2, two important results can be stated when we choose p,, as the output
point of DMM.

1. The translational and rotational DMM can be separately considered. We can use each
DMM in mechanical or control design to characterize the translational and rotational

maneuverability of the hexarotor.

2. Scalar multiplication of each DMM does not affect the shape of the total DMM w,
except for the scale. Namely, we can ignore the difference of units between translation

and rotation.
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Fig. 3.11: DME of conventional parallel hexarotor. The translational DME has no volume
since the vehicle can only accelerate in the z-axis. The total DMM is zero, and this means
that the vehicle is underactuated.

Therefore, the translational, rotational, and the total DMM at p. can be used as full-
actuation performance indices characterizing the structure of the UAV itself.

Moreover, the singular values of I' at p., correspond to the square root of the diagonal
elements of I'T'", and the singular vectors are the standard bases of 6-dimensional space.
As a result, we can visualize the 6-dimensional DME by two 3-dimensional DMEs about
translation and rotation since they are decoupled at p.,. The rotor distance r, mass m, and
inertia Z,, 7, are all set to 1, and the counter torque constant  is 0.01 m in the following
examples.

First, we show the translational and rotational DMEs of a conventional parallel hexarotor
in Fig. 3.11. The translational DME has no volume, and thus the total DMM becomes
wg = 0. This means that the vehicle cannot accelerate in horizontal directions, and the
system is underactuated.

The nonparallel structure in Fig. 1.2(b) is proposed by [17], and it belongs to both SCTR
and PCTR. The rotor is tilted so that it becomes perpendicular to the next rotor, and the
tilt angles are B = 0, v = tan~! v/2. The DMEs of the structure are shown in Fig. 3.12. The
translational DME is spheric since the vehicle can evenly accelerate in any directions. On
the other hand, we observe the largest singular value for the z-axis of the rotational DME
meaning that it can rotate more quickly around z-axis than the other axes. The value of the
DMM is wy = 5.7768, which is 85% of the maximum DMM. This indicates that the vehicle
has both capabilities of isotropic translational acceleration and agile rotation.

The nonplanar structure from [13] shown in Fig. 3.7 belongs to PCTR structure, as stated
in the previous section. The structure is designed so that the vehicle can translate and rotate
evenly in any directions and around any axes. Both the translational and rotational DMEs
are spherical, as shown in Fig. 3.13, and this proves the design concept. However, the total

DMM wy = 2.8284 is less than half of that of the nonparallel structure in the second example,
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Translational DME Rotational DME

Fig. 3.12: DME of nonparallel hexarotor proposed by [17]. As the structure is designed
to be capable of uniform translational acceleration, the translational DME is a sphere. In
contrast, the rotational DME is stretched toward the z-axis.

Translational DME Rotational DME

\&/,.-""_"
L

x

Fig. 3.13: DME of nonplanar structure proposed by [13]. The structure belongs to PCTR.
It is designed for uniform acceleration in every direction, and the spherical DMEs reflect the
design principle.

in trade for the isotropic acceleration characteristics.

From the examples above, we can state that the DME and DMM are well suited to the
evaluation of acceleration characteristics of hexarotor with SCTR and PCTR structures.
Moreover, by using Theorem 3.1 and Lemma 3.1, we have shown that we can treat not only

planar structures but also many nonplanar structures.

3.4 Experimental System

In this section, we describe the experimental system and perform a preliminary experiment.
The experimental system is designed so that all the computation regarding control can be

performed on the vehicle. Due to the small space of the room, we also need to make the
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Fig. 3.14: Experimental vehicle.

vehicle as small as possible. Therefore, the challenge of the system design is the tradeoff
between power, in the sense of both mechanics and computation, and dimensions of the

vehicle.

3.4.1 System Description
Hardware

Fig. 3.14 is a picture of the experimental vehicle. Mechanical constants of the vehicle are
shown in Table 3.2. The main frame and rotor arms of the vehicle are made of carbon
fiber reinforced polymer, and they are connected with 3D printed adapter parts. We can
reconfigure the rotor tilt angles freely by replacing the adapter parts.

Each rotor is made out of a Turnigy MultiStar Viking 1808 brushless DC motor with
the KV value 2600 and a 4-inch propeller whose pitch is 4 inch. The motors are driven by
MultiOne 20A speed controllers at the PWM frequency 400 Hz. The battery is a Hyperion
G7 silicon-graphene lithium battery packed with 3 cells (nominal voltage 11.1V) with the
capacity 1300 mAh.

Software

Figure 3.15 shows the system diagram of the experimental system. The control laws are

implemented on a Raspberry Pi 3B+ single-board computer and a 3D Robotics Pixhawk
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Fig. 3.15: Experimental system.

Table 3.2: Mechanical constants
m 0.63 kg

I, 25x107 kgm?
I, 4.6x1073 kgm?

r 0.11 m
K 0.016 m
fmax 3 N

Mini flight controller [65] by using Simulink and Embedded Coder support packages from
MathWorks [66], [67]. On Raspberry Pi, a high-level controller such as nonlinear model
predictive control or position feedback control is performed. On the other hand, a low-level
force or velocity controller runs on Pixhawk Mini. The pose of the vehicle is measured by
OptiTrack motion tracking system [68] by observing the reflective markers on the body.
The pose data is sent to the high-level flight controller via UDP on wireless LAN. The
twist is estimated using a backward Euler method, and it is smoothed by a low-pass filter.
Raspberry Pi and Pixhawk Mini communicate with each other in MAVLink protocol [69] on

a USB virtual serial port to command the control input and gather the sensor data.
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Safety Feature

The “arming” command that enables or disables the rotors’ outputs is continuously sent
from Raspberry Pi to Pixhawk Mini. Timestamp is attached with the pose information, and
the safety program checks if new data are available or not. To ensure safety, if the arming
command or pose information is not received for a certain time period, the flight controller

safely stops all the rotors regardless of the control input signals.

3.4.2 Preliminary Experiment

As a preliminary experiment, we check that the vehicle is capable of simultaneous linear
and angular acceleration. Regular types of multirotors such as shown in Fig. 1.1 are un-
deractuated, and they cannot accelerate horizontally without using body tilt. To prove the
full-actuation property of the fully actuated hexarotor, we tackle position feedback control
without tilting the body. We have used the hexarotor structure only with the sideward tilt
angle v = 0.4234 rad, which can be classified as SCTR or PCTR structure.

The pose controller runs on Raspberry Pi, and Pixhawk controls the body acceleration
and angular velocity with a PID controller. The high-level pose controller is based on a
double-geodesic PD controller on SE(3), which will be described in Section 4.2, and it
generates the reference acceleration and angular velocity of the vehicle. The low-level PID
controller then computes the reference wrench F,. of the vehicle body, and the wrench is
transformed and distributed to the thrust force of the 6 rotors by using the following equation:

fl R e3 s Rerges -

f=1:1=1_ N F.. (3.12)
f pcrl Rcrl €3 + S1 /QRcrl €3 ... pch RCT‘6€3 + §6K'Rcr6 €3
6

Note that the inverted matrix in (3.12) is nonsingular if and only if the vehicle is fully
actuated. We cannot measure the thrust force of each rotor in this system, and hence the
translational acceleration is controlled by a feedforward input. All the computations are
done in real time on the hexarotor, and no computation is performed on the ground.

In this experiment, the vehicle is first commanded to stay at the initial position, and
then at ¢ = 41 s, the reference y coordinate is changed to 1. The reference attitude and
twist are set to R, = I3 and V.’ = Ogy1, respectively. Figures 3.16 and 3.17, respectively,
show the time evolution of the states (pose and twist) and inputs. As seen in the lower
plot in Fig. 3.16(a), the rotation angles around z and y axes remain smaller than 0.05 rad.
At the same time, the acceleration in y direction is realized, as shown in Fig. 3.17(a). In
Fig. 3.17(b), the time response of the y-acceleration to the reference value is presented.
Although the transient error is observed, we can see that the vehicle immediately responds

to the change in reference acceleration. This result reflects the full-actuation capability of
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the presented hexarotor. This is also confirmed by the pose trajectory during the experiment
illustrated in Fig. 3.18.

Note that the state information in the high-level controller has a latency of approximately
0.15s, as shown in Fig. 3.19. wpix and w,p; in the plot denote the angular velocity around the
z axis estimated on the low-level controller (Pixhawk) and high-level controller (Raspberry
Pi), respectively. This is because the pose information is transferred with a time delay from
the motion tracker server to the high-level controller. To bypass this latency, we send the
inertial sensor values from the Pixhawk to the Raspberry Pi so that the high-level controller

can access the latency-free information on the angular velocity and acceleration.
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Fig. 3.16: Time evolution of states (preliminary experiment)
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Fig. 3.18: Sequence of poses during the preliminary position control experiment. 11 frames
sampled every 0.4 s from the video is manually composited for the illustration purpose. The
experiment confirms that the fully actuated hexarotor can linearly accelerate independently
from the angular acceleration.

Angular velocity [rad/s]

© o o o
A w v o=

31 31.5 32 32.5 33 33.5 34
Time [s]

Fig. 3.19: Latency of the state information. Due to the communication delay from the
motion capture system, the state information has a latency of approximately 0.15s.
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3.5 Chapter Summary

In Section 3.1, we have introduced the dynamical model of a fully actuated hexarotor un-
manned aerial vehicle based on rigid body dynamics and aerodynamics.

In Section 3.2, Theorem 3.1 and Lemma 3.1 prove that any nonplanar structures can
be simplified and transformed into planar structures while preserving the force and torque
applied to the center of mass. We have also defined two special classes of fully actuated
hexarotors and it is shown that many hexarotor structures from related research can be
classified into these two classes.

Section 3.3 defines dynamic manipulability of the hexarotor as the performance index
of full-actuation capability. We have analyzed the manipulability considering the change of
rotor arrangement and tilt angles, and Theorems 3.2 and 3.3 prove 2 important properties
of the dynamic manipulability of the hexarotor; invariance and decomposition. With these
properties, we can ensure that the dynamic manipulability expresses the characteristics of
the vehicle structure itself.

We have also introduced our experimental vehicle and its testbed in Section 3.4. The pre-
liminary experiment shows that the vehicle can accelerate in any direction while maintaining

the attitude, which reflects the full-actuation capability of the presented hexarotor.



Chapter 4

Analytic Optimization Method

This chapter develops an analytic joint optimization scheme for a fully actuated hexarotor
under zero gravity. An optimal control problem provides the best control law regarding
an objective function for a specified dynamical system. We focus on the fact that the
objective function can be further minimized with respect to the plant parameters. As the
byproduct of the optimal control problem, we obtain the value function, which calculates
the optimized value of the objective function. Towards the optimal plant parameter design,
the minimization of the value function is considered in an analytical way. The analytical
method has an advantage over the numerical method that will be developed in Chapter 5
because we can derive a state feedback controller with stability assurance rather than the
numerical sequence of control inputs. This joint optimization method based on the analytic

value function is one of the main results of this work.

The rest of this chapter is organized as follows. Before showing the main results, we
demonstrate the idea of the analytic joint optimization method by showing parameter opti-
mization based on LQR in Section 4.1. Then, in Section 4.2, we derive an optimal control
law for a dynamical system on the special Euclidean group SFE(3). Based on the Bellman’s
principle of dynamic programming, we obtain the HJB equation as the necessary and suffi-
cient conditions of optimality. We show the analytical solutions, the optimal control input
and the corresponding value function, by directly solving the HJB equation. Section 4.3
considers a joint optimization problem based on the analytic optimal control. At the end of
the section, an application to a fully actuated hexarotor UAV shows that the minimization
of the value function results in maximization of dynamic manipulability of the hexarotor.
Section 4.4 summarizes this chapter. This chapter is written based on the author’s previous
work [32] 1.

1©2018 IEEE. Partly reprinted, with permission, from [32].
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4.1 Joint Optimization for Linear Systems

In this section, we show an outline of the analytical joint optimization method by considering

a general parametrized linear system. Consider a linear system
&= A(0)x + B(0)u,

where x € R™ and u € R™ are, respectively, the state and control input, 6 € R™ is a vector
of plant parameters, A(¢) € R™*" and B(f) € R™*™. We assume that the system is

(A(0), B(9)) controllable. We now solve an LQR problem minimizing an objective function
J = / (2" Qx4+ u' Quu) dt,
0

where @), € R"*" and @, € R™*™ are weight matrices. It is well-known that the optimal
value function of this problem is U(x | §) = 2" P(0)z, where P() € R">*"= is the positive

definite solution of an algebraic Riccati equation
A(0)"P(0) + P(O)A(0) — P(O)B(0)Q, ' B(0) " P(0) + Qr = On,.

and the corresponding optimal control input can be calculated as u = —Q;*B(0)" P(0)x.

In the preliminary in Section 2.3, we have shown that the optimal plant parameters 6
should be designed differently for different sets of initial states. In this chapter, on the
other hand, we minimize the value function U(z | 8) with respect to plant parameters for all
possible initial states in R™* instead of choosing an arbitrary set of initial states. To achieve
optimization, we minimize the determinant of P(#) because the value expresses the rate of
magnification when the matrix is seen as a linear map.

We now consider the system in Example 2.2. Recall the value function of the optimal

control problem

Varirio 0
X

U(x|9)=xT[ 281 J@rn
o0,

The determinant of the matrix in the middle is readily calculated as

ot (o) = YT
1V2

Minimizing the value with a constraint ¢; + 5 = 1 yields the optimal plant parameters
91 - 92 - 05

Remark 4.1. This method for linear systems can be easily extended to a case where the

stochastic properties of the initial states are available. Suppose z is a random vector normally
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distributed with the mean vector ;4 and the covariance matrix >.. Then, the expectation value

of the quadratic form U(z | §) = 2" P(f)x is given as
E [z"P(0)z] = tr(P(0)) + p" P(O)p, (4.1)

In particular, if the mean of z is zero, minimization of the expectation value of U becomes
equivalent to minimization of the trace in (4.1) with respect to #. Similar extensions can be

investigated, and further analysis on this topic is a part of our future work.

For the cases with general objective functions, the value function can take various forms,
and thus special considerations are needed for each case. Moreover, the HJB equations
cannot be solved analytically in general. In fact, even though the objective function takes a
quadratic form, the form of the value function might be different in the cases of nonlinear
systems (see [70], for example). In the next section, we provide an optimal control law for
the second-order system on SF(3) with a specific objective function. One should be carefully
noted that the assumption on the existence of analytical solution is usually invalid, and the
analytical method can only be applied to the limited cases. However, minimization for all
initial states is basically an intractable problem for the numerical method, which will be
described in the next chapter. The analytical method here has another advantage that it
provides us with the control law in the form of a function of the states, instead of a sequence
of numerical values. We can analyze the fundamental properties of the controller such as

the closed-loop stability and the region of attraction.

Remark 4.2. Unless the matrix P(f) is positive definite for all parameters 6 in the region
of interest, we cannot ensure the minimization of U by the determinant minimization. For
linear cases, it is proved that a unique positive definite solution matrix of the Riccati equation
exists if and only if the system is (A, B) controllable [71].

4.2 Optimal Control on SE(3)

In this section, we develop an optimal control method for rigid body systems to control fully
actuated hexarotors. The rigid body motion is described with a dynamical model on the
special Euclidean group SE(3). The dynamics must be constrained on the group, as we have

discussed in Section 2.1, and thus we need to consider specific control laws.

4.2.1 Double-geodesic PD Controller on SF(3)

Prior to showing an analytic optimal control method, we present a modified version of a
double-geodesic PD controller on SE(3) proposed by Bullo and Murray [26]. This pro-
vides the basis of analytic optimal control on SE(3) in a similar manner to LQR opti-

mal controller for a second order system, which is technically a PD controller. In this
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section, we assume that log(R) for a rotation matrix R is defined over SO(3)\II where

IT={R e SO(3)|tr R=—1}, and the norm | log(R)"|| takes value within (—m,).
Consider a left invariant second order system on SE(3) in equation (2.2). Let the total

acceleration be wiotal = U, — uUgp. uc is control input, and uyss denotes internal drift to be

compensated by feedforward control. This results in a system

G=gV?° (4.2)
Vb = Ue — Uff.

For this system, the following proposition holds.

Proposition 4.1. (adapted from [26, Theorem 11]) Consider a second order system on
SE(3) in equation (4.2) and let K, K,, and K, be the positive definite gain matrices. Then

the control law

RTK,
Ue = Uff — p — Kdvb
K, log(R)Y
exponentially stabilizes the state ¢ = (R,p) at the origin I, from any initial condition

g(0) = (R(0),p(0)) with tr(R(0)) # —1 and for all K, and w’(0) such that

l®(0)]?

Auin(K) > g e ROV

(4.3)

where Ay (K,,) denotes the minimum eigenvalue of K.

The proof of this proposition is given in [33]. The state error considered in this control
law consists of the position error p and the attitude error log(R)Y, and the gain matrices K,
and K, give weights to the position and attitude errors, respectively.

We would like to consider the acceleration characteristics of the vehicle, and hence the
position error should be expressed in the vehicle body frame, that is, R"p. The following
proposition shows the modified version of Proposition 4.1 according to this error in the body

frame.

Proposition 4.2. Consider a second order system on SE(3) in equation (4.2) and let K,

K,, and K, be the positive definite gain matrices. Then the control law

K,R"
Ue = Uff — p — Kdvb
K, log(R)"
exponentially stabilizes the state ¢ = (R,p) at the origin I, from any initial condition

g(0) = (R(0),p(0)) with tr(R(0)) # —1 and for all K, and w®(0) such that (4.3).

Proof. The proof can be done in the same steps as in [33]. O]
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In the rest of this section, an optimal control law is derived based on this type of PD
controller.

4.2.2 Double-geodesic Optimal PD Controller

We first define ¢(g) := [(R"p)" (log(R)")"]" to compute the state error from the origin.
Then, we consider the following linear quadratic optimal control problem on SE(3):

min J subject to ¢= g‘/}b, Vi=u, — Usg, (4.4)
uC(gvvb)
where
J:/ L(g, V°, up)dt (4.5)
0
_ 1 > 2 b2 2
=5 [ (@l oy IV, + ),
M3 o Os WEN (4.6)
Upp =242 ~b . 1-a - Ve :
O 30 + Sl (dut)”

Here, ||z||% denotes a quadratic form x'"Az. wuy; is a feedforward input to cancel out the
highly nonlinear terms induced by the structure and metric of the space. We use notations
Y = log(R)Y and a(y) = (y/2)cot(y/2). The state feedback control input must satisfy
g — Iy, VP = Ogy1, and u — Ogyq ast — co. M is a 6 x 6 positive definite diagonal matrix
to give weight to each force direction and torque axis. The cube root of the diagonal matrix

M3 consists of the cube roots of each diagonal element, and M =3 denotes the inverse of
M.

W=

We solve this problem directly by using the Hamilton-Jacobi-Bellman (HJB) equation.
Let n be a scalar energy-like function as follows:

n=L(g,V’ u) + (grad U) -

Vb

4(9)]

ou ou

1
b2 2
3 IV A+ S lluella + o q(9) + 57 - (ue = ugy)

DN | —

1 2
=5 lla(9ll},

The value function U must be a unique solution of the HJB equation, as discussed in Sec-
tion 2.2 and found in literature such as [61,72].

H(g,V’ gradU):= min n=0 (4.7)

u.€TSE(3)
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The terms depending on u are as follows:

1, ., U

§”uC”M+W'uc- (4.8)

By using (A.4), we can derive the following optimal control input « that minimizes (4.8).

L oU
= Mt 4.
v (4.9)
Plugging (4.9) into (4.7), we finally obtain
1 1 ou
H = - 2 - b2 Y
IO,y + IV, + 50 it0) — 5 usr = 5 |55
0 (4.10)

as the HJB equation, which is the necessary and sufficient conditions of optimality.

We now solve this differential equation with respect to U. The following theorem is
the main result of this section, which shows the closed-form solution of the optimal control
problem (4.4).

Theorem 4.1. Consider the second order system on SE(3) in equation (4.2) with usf in
(4.6). The optimal control input

w=—M"iqg—3M 3V’ (4.11)
minimizes the cost function (4.5), and the corresponding value function is

V3 ,
U= 5 (Il VP12 3 )+a M3V (4.12)

where M3 and M~ denotes (M3)? and ((M3)2)7!, respectively.

Proof. The closed-loop system expressed with ¢ and V' becomes

RTp+RTp
(0
) _/\bRT
=VPt i a7 b
W + T
= VPV,

Vb = —Mfgq — \/§M’%V” — Uff.
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From (4.12), we obtain

%_[q] :\/qu_f_VbTM%’
% = V3VPTMS + ¢T M5,

By using formulas (A.1), (A.2), and (A.3), the following equation holds:

1 ~ 1—« ¢ ~

qTq — qub (RTp)TWbRTp+_ ¢T Cdb+ (H2 H) ¢Tw2 UJb
—_—— 2~ [91* ~—~~
=0 =01x3 =01x3

Plugging these into Hamiltonian (4.10) yields

1 2
H =Sl

3
Ty/b b2
—VBqTV = S|V
= VbTM%‘/d—qTM%Uff.

1 1. 2 1 1
+ S IV g+ (V3aT +VITME)g = (VBVITME +q" Mgy — allf -y

1
3

We can easily confirm the following relation

qTM%uff = u}fM%q
@bTRTp
~ 1—a -~
_1ghy — el (g
= V'TM5Vy,

— VT AL

and thus H becomes 0. Therefore, the function U satisfies HIBE, and the associated optimal
control input is given by (4.11). O

The detailed derivation of this optimal control law is described in Appendix A.3.

Remark 4.3. The feedforward term and the objective function are physically meaningful

because an analogy to an LQR problem of linear double-integrator system exists. Consider

0
1 Y

r = |1 xg]T € R?, and u € R. Then, the optimal control input minimizing the objective

a double-integrator system & = Ax + Bu, where

01
00

A= . B=
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function

is given by u* = —;B" Pz, where P € R*? is the positive definite solution of an algebraic

Riccati equation

1

M=3 0
ATP+ PA-PBMTBTP+ |7 ’ M1] — 0y,

3

Note that we reuse the notation M on purpose, and M € R only for this remark. By solving

this quadratic equation, we finally obtain

V3 Ms
M3 /3M3

] 5 u = —M_%.lel - \/gM_%.CL"Q.

These solutions correspond to (4.11) and (4.12).

In general, however, the solution P cannot be expressed in a closed form, and we often
resort to numerical methods based on eigenvalue decomposition [73]. In this work, the weight
matrices are determined so as to find the closed-form solution, which is required to minimize
the value function, of the optimal control problem. There may be possibilities to extend
the analytic solution method to more general quadratic objective functions by using this

analogy. This is part of the future work.

4.2.3 Stability Analysis

Although the optimal controller resembles the double geodesic PD controller on SE(3) in
Proposition 4.2, the resulting closed-loop system is different due to the existence of usy. We

show exponential stability of the closed-loop system in the following theorem.

Theorem 4.2. Consider the dynamical system (4.2). The optimal control input (4.11)
exponentially stabilizes the state (g, V?) at (I;, Ogx1) from any initial state as long as the

trajectory does not pass through tr R = —1.

Proof. We first show the positive definiteness of the value function U, which is the Lyapunov

function candidate. Since M is diagonal and

T 1
V3Ig  Ms

M3 /3M3

1
2

q
Vb

q

U= b

(4.13)

N J/

P(M)
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X

Objective Function Optimal Controller

\ HJB Equation \

Optimized Plant
Parameters

Parametrized Plant Value Function —>>]

N\

Fig. 4.1: Schematic of analytic joint optimization

holds, the determinant of the block matrix becomes
det (\/516\/51\4% - M%M%) — det(2M3) > 0

since det M > 0. Therefore, U is positive definite. It is trivial to see from (4.7) that
U= %—gq+ %Vb is negative definite function since L(g, V', u) is positive definite. Moreover,
U is upper bounded with a quadratic function of ¢ and V?. Therefore, the value function
U is a Lyapunov function, and by using [74, Theorem 3.6] we can show that the origin
q = V¥ = Ogy is exponentially stable. The stability is ensured from any initial state as long
as the trajectory does not pass through tr R = —1. O]

The conditions on the initial state are not provided as concretely as those in Proposi-

tions 4.1 and 4.2. This is also a part of our future work.

These control laws are based on the geometrically natural representation of the rigid body
pose and twist. In particular, the control input direction of the rotational part lies along the
geodesic of SO(3), which prevents the unnecessary rotation during the convergence. Other

control laws based on the Fuler angles or Roll-Pitch-Yaw angles cannot ensure this property.

4.3 Joint Optimization for Nongravity Case

4.3.1 Optimization

Many control schemes for fully actuated mechanical systems consider the decoupled wrench
or acceleration as the control input, and the actuator input is calculated via inversion. It
means that they simply cancel the relation between actuator inputs and system outputs. If

the Jacobian matrix is nearly singular, the actuator input will be unexpectedly large due to
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the matrix inversion. For example, we can consider the following cost for an optimal control

SRR

Note that the inverse matrix I'"! maps the vehicle acceleration to the rotors thrust force

to avoid this issue.

vector. Here, '~ "I'"! can be interpreted as a weight matrix with the analogy to “u' Ru” of
the well known LQR scheme. With this approach, we can design the behavior of the vehicle
by modifying the structure to change I.

As we have in Corollary 3.3, I'T'" is diagonal for PCTR structure. We now let M =
(T =1 so that u” Mu evaluates the quadratic cost of the rotors thrust force vector f =
I'~tu. p can be chosen to adjust the ratio between the state and control input. The optimal
control input and the corresponding value function for the fully actuated hexarotor are

analytically derived as follows.

win

up = —p 5(ITT)5g — V3u s(ITT)sv?
V3

V==

(gl + 1Vl g )3 ) + " (L)Y (4.14)
As arecapitulation, we write the steps for the present joint optimization scheme (Fig. 4.1):
1. Parameterize the plant with parameters

2. Formulate an optimal control problem

3. Derive an analytic value function of the optimal control by solving the HJB equation
4. Interpret the value function as a function of plant parameters

5. Perform minimization of the value function with respect to plant parameters

Note that the scheme in this chapter requires the analytical solution of the optimal control
problem, which is difficult to obtain in general. In fact, the analytical optimal controller on
SE(3) discussed in the last section cannot explicitly consider the force of gravity acting on
the vehicle due to this limitation. To mitigate this issue, we will develop a numerical method
in Chapter 5.

4.3.2 Optimal Design Example

By exploiting the quadratic form shown in (4.13), we can consider minimization of the value
function for all initial states in the configuration space by minimizing the determinant of
P(M). According to the discussions in Section 4.1, this can be achieved by maximizing
the determinant of I'T'", which coincide with maximization of the DMM w, = \/m .
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Thus, it is shown that the design optimization maximizing DMM is meaningful in the sense
of the optimal control law discussed in the last section.

However, with only maximizing DMM, it is not possible to identify whether the vehicle
can maintain its altitude while hovering. Obviously, the structure that can barely hover with
the maximum thrust force is inappropriate because it cannot move in the upper direction.
Such structure should be excluded from the candidate of optimal structure. Therefore, we
introduce a constraint on rotor thrust force to consider the hovering capability. The nonlinear

constraint we use is written as follows:

mG

- < X
3cosfcosy — Juma

where fi.x is the maximum thrust force of each rotor. This condition means that the vehicle
can accelerate at least G in the upper direction.

For given parameters in Table 3.2, the DMM of the hexarotor with SCTR and PCTR
structures with respect to the rotor tilt angles 5 and + is illustrated in Fig. 4.2. The optimum
shown as a black cross mark in the figure is at (5, ) = (0, 0.8148), and the maximum value
is wg = 1.43 x 10 The resulting matrix regarding the dynamic manipulability (FFT)%

becomes

20 0 0 0

o O O o O
o o o O
[a) o
(@)
D
(@)
w
(@

Note that the optimum is on the boundary of the inequality (4.3.2). The corresponding
structure is visualized in Fig. 4.3. This result show that large tilt angles are necessary to
achieve larger total DMM.

We can also consider minimization of the average of the value function U for a set of
initial states. Note that, in this case, U becomes constant for all initial pose ¢ and the

Jacobian I if the initial twist is V® = Ogyx1, and any structure can be the optimal structure.

4.3.3 Simulation

The optimal control input can be calculated by substituting the values of structural variables

into (4.11). We compare results of the following simulations:

e Simulation 4A:
Optimal control for the optimal structure (wy = 1.43 x 10°) with large tilt angles
B =0, v=0.8148
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wy

x10°

(a) SCTR

(b) PCTR

Fig. 4.2: DMM of the hexarotor. The surface plots on the left show the DMM w,; with
respect to rotor tilt angles § and . The heat maps on the right are the top view of the
surface plots.

e Simulation 4B:
Optimal control for a suboptimal structure (wy = 1.14 x 10°) with small tilt angles

f=m/10, v=0

The initial state is goe(0) = (Poc(0), Roc(0)), V2(0) = [2 0 0.5 0 0 0], where p,.(0) =
(12 —0.5]" and R,.(0) = R.(7/8)R,(w/10). We set a = 0.1 for both simulations to quickly
regulate the states.

The time responses of the state ¢(go.), V.? and thrust force input f ~ I'"'y are shown in
Figs. 4.4, 4.5. The L, norm of the thrust force input I'"'u is also displayed in the figures.
Note that ¢(g,.) — Ogx1 implies go. — ([0 0 0]", I3). For both cases, the state and input
converge to the origin. In Simulation 4A; the value of the cost function is min, J = 5.75,
whereas min, J = 6.99 in Simulation 4B. Since the structure in Simulation 4B has lower

ability of horizontal acceleration, the convergence becomes slower than Simulation 4A. As
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Fig. 4.3: Optimal hexarotor structure. The rotor tilt angles are 5 =0, v = 0.8148, and the
DMM of this structure is wg = 1.43 x 10°, which is 99% of the maximum value of w, in the
example.

we can confirm from the Ls-norm of the control input, it also needs more control effort.
These results mean that the minimum cost of the control can be further minimized by
the structural design optimization, and they verify the effectiveness of the proposed joint

optimization scheme.

Remark 4.4. The thrust force input I'"'u is calculated without the gravity compensation
input. Because of this, the result is only valid for the hexarotor system under zero gravity.
In reality, however, the hexarotor system is subject to the force of gravity, and the energy
consumption of rotors is mostly due to the gravity compensation. To overcome this problem,
we will develop a numerical joint optimization method to explicitly consider the cost of the

compensation in the next chapter.

4.4 Chapter Summary

In Section 4.2, we have newly proposed an analytic optimal control method for rigid body
dynamics, which has closed-form solution of the value function and the corresponding opti-
mal control input. Relying on the Hamilton-Jacobi-Bellman equation, Theorem 4.1 shows
that the control law minimizes the objective function. Furthermore, Theorem 4.2 ensures
exponential stability of the origin from almost every initial state.

Based on the optimal controller, we have developed an analytical method for joint op-
timization of structure and control in Section 4.3. The analytic value function of optimal
control is reinterpreted as a function of plant parameters. An application to a fully actu-
ated hexarotor is then studied, and it is shown that the minimization of the value function
corresponds to maximization of dynamic manipulability of the hexarotor. At the end of the
section, the optimality of the controller and plant parameters has been tested with simula-

tions.
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q(Goc)

[ fllz2 = 5.02

1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time [s]

Thrust force [N]

Fig. 4.4: Simulation 4A: The pose ¢(go.), twist V¥ and the thrust input f ~ I''u} are
shown.

Issues to be tackled include generalization of the analytic optimal controller and a further
analysis on the initial state conditions in Theorem 4.2.
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Fig. 4.5: Simulation 4B: The thrust force is larger than that of Simulation 4A (Fig. 4.4).

The rate of convergence is also slower due to the poor ability of horizontal acceleration.






Chapter 5

Numerical Optimization Method

In this chapter, we develop a numerical optimal control method for the rigid body dynamics
and extend the idea of joint optimization to more general cases. Because the explicit form
of the value function for an optimal control problem is not readily available, the analytical
method proposed in Chapter 4 cannot be used. Nevertheless, we can numerically evaluate
the value function as the result of numerical optimal control described in Section 2.2. We
draw attention to the fact and consider a numerical joint optimization method that utilizes
numerical optimal controller as a source of the value function to minimize. For both control
and parameter optimization, fast computation is the key to solve the problem efficiently.
Motivated by them, we will develop a real-time nonlinear optimal control method specialized
in the rigid body system in the 3-dimensional space in this chapter. Then, the method is

used to perform NMPC and the joint optimization of the structure and control.

The rest of this chapter is organized as follows. Section 5.1 develops a numerical optimal
control method for rigid body systems based on an NMPC scheme. In particular, our focus
of the method is on the real-time execution of the NMPC, which is usually computationally
intensive, on an embedded computer. The reduction of computational effort is done by the
novel usage of a geometric integrator using the Cayley map on SE(3) along with the recursive
discretization technique, which allows us to reduce the number of the decision variables of
the optimization problem. In Section 5.2, we apply the control method to a fully actuated
hexarotor system and carry out an experiment with on-board computation of the NMPC.
The result shows that the present method is real-time feasible and verifies the effectiveness of
the proposed method. Then, the fast optimal controller is reused for the joint optimization
of the structure and control for fully actuated hexarotor aerial vehicles in Section 5.3. By
using the numerical methods, we can optimize the vehicle structure for different control tasks
specified with objective functions of control and sets of initial states. Finally, Section 5.4

summarizes this chapter. This chapter is written based on the author’s previous work [75,76]
1

1©2020 IEEE. Partly reprinted, with permission, from [76].
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5.1 Numerical Optimal Control Method for a Rigid
Body

In this section, we propose a fast and precise model predictive controller for rigid body
dynamics by using exact discretization via a geometric integrator. The controller is used for

both real-time control and the optimal parameter design of a fully actuated hexarotor.

5.1.1 Exact Discretization using Geometric Integrators
Forward-Euler Approximation

To motivate the need of exact discretization methods, we consider a simple forward-Euler

approximation of the system dynamics in the vector space.

es1 = g + gV T, (5.1)

It is well known that this method provides a good approximation if the sampling period T’
and the twist V' are sufficiently small. However, the equation (5.1) does not guarantee that

the resulting matrix gp., is constrained in the group.

Exponential Map

One simple approach to resolve this problem is to use the exponential map for SFE(3) to
integrate the piecewise constant twist of a rigid body [58]. Let Vj, = [v/ wﬂT be the twist
at the kth step, and assume that it is constant for the sampling period 7" > 0. The pose

Jk+1 is then computed as

gre1 = geexp(ViT), (5.2)

In other words, the exponential map generates the pose difference g119, Yin SE(3) from the
constant velocity v, and angular velocity wy. This geometric integration method is referred
to as the Lie-Euler method [34]. (5.2) provides exact discrete time evolution of the rigid
body kinematics and also mathematically constrains g on SE(3), as shown in Fig. 5.1. We
now vectorize the kinematic equation (5.2) as the vector form is more convenient in both the
theory and computation than the matrix representation. Before showing our main results,
we try to use the exponential map and its inverse, logarithm map [59], to obtain a vector
form of (5.2). Applying (2.9) to (5.2) yields

Ypi1 = log(exp(zzk) exp(‘AfkT))V. (5.3)
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2.5
2
1.5
1

B ;

Gr1 = g exp(ViT)\

Fig. 5.1: Exact discretization of rigid body kinematics. The geometric integrator preserves
the group structure during the process of integration.

The new state 1,1 can be expressed as a function of ¢, and Vj, by using the Baker-Campbell-
Hausdorff formula [77]

V1 = Vi +‘7kT+% [@Zka‘/}kT] + 1—12 [@Ek, [?Zk,f/kTH + 1—12 [VkT, [@Zk,f/kTH +oee

where [-, -] denotes the Lie bracket, [Ei,A] — Gb — ba. Tt is reported that one can obtain
the closed-form equation by using dual vectors [78]. However, calculation of log needs a
transcendental function cos™! to extract the angle from the rotation matrix, as mentioned
in [39] and [58, Appendix A]. Moreover, log(g) is not unique for an element of SFE(3) because
the rotation angle may take multiple values 6 + 27n, where 6 is a representative value of
log(g) and n € Z, for a rotation matrix. These characteristics of the logarithm map make it

difficult to obtain a simple discretized model to be used in the prediction part of NMPC.

Cayley Map

To overcome the problems of the logarithm map, we now discretize the rigid body motion
based on the Cayley parameter for SE(3). With an analogy to (5.3), the kinematic equation

of a rigid body can be written in Cayley parametrization as follows:

©
St

©

k+1

= Cay ™! (Cay(2) Cay(V;OT))". (5.4)

© _
Vi1 =
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This is a discrete-time kinematic equation with Cayley parametrization, and it represents
the same time evolution as (5.2). The
We show the detailed closed-form equation of (5.4), which is not in the literature. The

direct calculation yields

L—wiTnd" — 09T @ L —nowe T+

© _ © ©
$r1 = -0 TOT & + [ — 79707 v T, (5.5)
I Is+7
o= > o S W T 5.6
T o070 17— ot o L :
M1 = 72 ORI 7Tk + 1 — 0T, 7%k (5.6)

The corresponding trajectory of the pose on the Lie group SE(3) can be calculated from ©
through the Cayley map (2.10), and thus the trajectory can be constrained on the group.
Moreover, the equations only require matrix and vector computation. Therefore, it is easy
to compute closed forms of mathematical utilities such as the Jacobians of ¢I§H and the
gradient of a function with respect to trajectories defined by this formula. These are useful

for solving an optimal control problem efficiently.

Remark 5.1. The angular velocity parameter w,? must satisfy n,?Tw,g@T # 1; otherwise,

the orientation at the (k + 1)th step becomes unable to calculate.

Remark 5.2. For the case 'r]?Tw,?T > 1 where the orientation leaps across a singular
orientation, the denominator 1 — n,?Tw,?T becomes negative. This might seem as if the
rotation direction is inverted, but it does not affect the result of integration since rotation

by the angles 6 and 6 — 27 gives the same orientation.

We now compare the discretization methods based on the Euler method and the Cayley
map to emphasize the need of geometric integrators. We integrate the kinematic equation
on SE(3) in (2.1) with the constant body twist V® = [0.5 0 0 0.2 0.1 0.3]". The sampling
period for both methods here is chosen as 7' = 0.3 s. Fig. 5.2 shows the time evolution of the
pose starting from the origin shown with dark red color. The box is transformed according
to the resulting matrix ¢ interpreted as an affine transformation matrix in 3 dimensions.
The figure depicts that the scale of the rigid body is no longer preserved, and the body is
also skewed due to the broken orthogonality in the rotation matrix part of g. As a matter
of fact, the Euler method renders the determinant of the rotation matrix up to 3.5 after 100

integration steps in this example, failing to constrain the kinematics on SE(3).

5.1.2 Problem Settings

We now state the problem settings of the optimal control problem for a rigid body dynamical
system expressed with the Newton-Euler equation in 3-dimensional space (2.4). It is shown
in Section 2.1 that the system is written as a second-order system on SE(3) in (2.5). Thus we

can discretize the equation of motion by using the geometric integrator based on the Cayley
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(a) Euler Approximation. (b) Cayley Map.

Fig. 5.2: Comparison of discretization methods. The pose of the rigid body is at the origin
g =1y at t = 0 s (shown with dark red color), and it is driven by the constant twist. The
body is drawn every 10 steps with the sampling period 7" = 0.3 for each step.

map for SE(3). For simplicity, we neglect the second- or higher order terms regarding the
continuous change in the body twist during discretization. This means that both the twist
(linear and angular velocity) and the wrench (force and torque) do not change during a
sampling period. Under this assumption, the whole discrete-time dynamical model of the

second-order system on SE(3) is expressed as follows:

¥, = Cay Y (Cay(2) Cay(V.OT))Y, (5.7)
ngl = Vk© + (uk© + ugav,k)T‘ (5.8)

©

erav i 18 calculated by applying the transformation

Here, the gravitational acceleration term u
(5.11) t0 Ugray-

Remark 5.3. The assumption on constant twist and acceleration may cause numerical
errors in the trajectory prediction. Because we use a model predictive control scheme later
in this section, the error can be treated as a disturbance affecting the twist, and it can be
attenuated by the feedback nature of model predictive control. If the higher order terms
are needed, we can directly compute them by considering the Taylor series expansion of
the Cayley map in the same manner as in [79]. We can also improve the accuracy of the
trajectory by using shorter sampling periods in the transient state. These improvements are

part of our future work.

We now consider nonlinear model predictive control of the discrete-time rigid body dy-
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namics (5.7) and (5.8). For simplicity, we use the same value T for the control period and
the sampling time of the prediction horizon. We solve the following nonlinear programming

problem at each control period:

N
1
7= 3 (I, + VOIS, + 1, ~ 2l ) 5.9)
k=1
w©ffl”i£lb©7 J subject to (5.7), (5.8), u2 < u® <u®.
Wy

The objective function J is a quadratic form of the Cayley parameters, and box constraints
on the acceleration input are considered. Here, we use the notation ||z||% = 2" Az. Q,, Q.,,
and @, are positive semidefinite 6 x 6 weight matrices for the pose, twist, and acceleration
parameters, respectively. We assume that the initial states wé@ and Vo© are given, and
terminal conditions are not specified. The control objective is to achieve g, — I4 by 1/},? —
Ogx1, Vk© — Ogx1. In the objective function, ugm =100 % 0 00]" denotes the equilibrium

input at the desired terminal state g = I4,V = Ogyx1. We consider the input cost %Huk©_1 —

ut@grmHQQu to ensure that the incremental cost becomes zero at the desired terminal state and
©

to induce u© — u. .

The state and input time series are now stacked into vectors as follows:

¢§@ ‘/1© u((? - ugrm

T’b© . Qﬁ%@ V© . ‘/2© U© - Ug@ - ut@grm
- . ) - . I - .

w% V]\C;D u%—l - ugrm

We next rewrite the objective function (5.9) using these time series vectors as

J=-@°TQy°+VOTQ, VO +u®TQ,u®). (5.10)

1
2
Here, Q,, Q.,, and Q, are defined as

Qp:IN®Qp> Q’U:IN®QU7 Qu:IN®Quy

where ® denotes the Kronecker product such that

Iy ® Q, = blkdiag(Q,, ..., Qp).
N

In addition to the relation between log(g) and Cay ' (g) in (2.11) and (2.12), we also need

to derive the relation between the actual linear/angular acceleration u = [u} u/]" € RE
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and the corresponding acceleration in Cayley parametrization u© = [UE?T u%tT T € RS. We

obtain the following equations by taking the time derivatives of (2.11) and (2.12):

uo - &2
' t
_ -/14(w)utr + B<an)urot fOI‘ ||w|| 7é 0 ’ (511)
5Uir for fjwl|] =0
u©t _ dw©
Tro dt
ww T tanM o2
_ (<1+cos||w>||w||2 = el |w||2> trorfor flwf 0 (5.12)
Lllyo for [|w| =0

Here, A is defined in (2.11), and B(v,w) is a nonlinear matrix derived by collecting the terms
of ey from 4 (A(w)v). Similarly, we can also obtain the inverse transformation, which is
used to compute the actual acceleration input u from the virtual control input u®. These
transformations are not mentioned in the related research that uses the Cayley map such

as [37], but they are required in applications.

Remark 5.4. It is easy to see from (2.12) that ||[n©|| — oo as ||n|| = 7. This means that the
Cayley parameter cannot express the rotation by 7 rad in any axes, i.e., tr(R) = —1, and the
parametrization becomes singular at such orientations. Related to this problem, numerical
errors become large if the attitude of the rigid body is near the singular orientations due to
the tangent function in (2.11) and (2.12). A dual quaternion [80] can be used to express the
pose globally without such state-dependent errors, although it is not unique for a pose and

raises the same issue as the logarithm map.

Remark 5.5. The Cayley parameter ¢y© € se(3) can be uniquely determined for a pose
g € SE(3) except for the singular orientations described in Remark 5.4. Stabilization of the
origin ¥© = Og,; results in the pose regulation g — 1.

5.1.3 Reduction of Computational Effort

We employ the recursive discretization technique [38, Chapter 10] to eliminate the states w?
and V€ from (5.9). Recursively applying (5.7) and (5.8), we obtain

k
VL (V2 u®) = V@ + 3" (uf +ul,, (2 VONT, (5.13)
j=0
D& W VO u®) = f(... f(FWP,VO),VO) ..., V®), (5.14)

where f (1/),9, Vk©) = Yr41. The objective function (5.9) is then rewritten as a function that

takes only the initial conditions @/}8@ , V0© and the input sequence u©. The resulting nonlinear
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optimization problem becomes as follows:
min JWE,VE u®) subject to u < u® <u®. (5.15)

In this case, the number of decision variables of the NMPC problem is reduced from 18N to
6/N. Moreover, the dynamics constraints (5.7) and (5.8) are no longer needed since they are
satisfied during the calculation of (5.13) and (5.14).

Instead of using finite-difference approximations, we compute the closed-form gradient
of the objective function (5.9) with respect to the input time series u© by utilizing (5.13)
and (5.14). This is because centered finite-difference approximations evaluate the objective
function 12N times, that is, twice the number of decision variables. They usually take more
time than the analytic computation due to the repetitive recursive integration of (5.7) with
(5.14).

From (5.10), the analytic gradient is readily available as follows:

2 Hrp©

oV ©
©Tog 2~ ©T
54© +Ve¥Q, ENG) +u® Q,.

©T
v Q5

The Jacobian matrices gv© and 8 @ are calculated as block lower triangular matrices in
the following equations:

- . rove® .
O% cee e O %% Os
e B oveo
Qu© L e T ou© o
vy oy av?@); ove®  av©
_%((J% duy_o 06_ | dug Ouy_5  Ouy_q |

From (5.13) and (5.14), we have recurrence formulas of the block components as follows:

ou® ou®© o 0u9 oV ©

grav,n—+1 _ grav . n + grav n
ou oY© w@:%g o Ve Vo= % o
a‘/TLC?—I o av© augraw nT

8um o oy

oY oo w© w% o " ave w©=¢% oul

VO=V; vo=y
forn>m+2, m >0, and
8“gav mtl _ avn(?ﬂ — 7] 3%%1 —0
8 © 65 aUmZ:§ — 69 8Umz:; — Y6-

Here, the states wk and V© are precalculated by (5.13) and (5.14) and plugged into Jacobian

8ugrdv 6ugav af

70 ve s g and

matrices

av© Therefore, the gradient can be computed with only
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the initial state w(@ , V0© and the control input sequence u©. Moreover, with the sparse

AYp© Ve
8u© 6u© ?

multiplication can be reduced to less than half of that for dense matrix multiplication.

structure of the Jacobian matrices and

the total computation time for matrix

5.1.4 Acceleration Input Constraint

The input constraints should be imposed on the physical acceleration u, but the control
input is its corresponding Cayley parameter u©, which has no physical meaning. As we
have shown in (5.11) and (5.12), the transformation between u and u® requires the twist
V = [v" w']", which is a part of the state. This means that the simple box constraints
on the actual acceleration u turn into complicated nonlinear constraints on u©, and this is
undesirable.

Although we cannot strictly constrain the actual acceleration, we can approximate the
input constraints when the angular velocity w is sufficiently small. Here, we use the relation
between v and u© in (5.11) and (5.12) for ||w|| = 0. The approximated lower and upper

bounds wuy, and wu,, of the actual acceleration become as follows:
Y ~ © 7 ~ ©
Uy ~ 2ulb, Uyh ~ 2uub.

As we will see in the next section, this approximation is computationally efficient and behaves

well in both the transient and steady states.

5.1.5 On-board Verification of Feasibility

We have implemented the NMPC algorithm on a Raspberry Pi 3 Model B+ single-board
computer (ARMv8 CPU, 1.4 GHz) in C++. We have used the low-storage Broyden-Fletcher-
Goldfarb-Shanno algorithm [81] with box constraints (L-BFGS-B algorithm [82]) imple-
mented in NLopt [83] library to solve the problem (5.15). The dynamics of a rigid body
are simulated by using the discretized model (5.5), (5.6), and (5.8), and the nonlinear pro-
gramming problem (5.15) is solved at each step. We exploit the sparsity of Jacobian matrices

in (5.16) to compute the analytic gradient efficiently.

Remark 5.6. We use standard nonlinear optimization algorithms to minimize .J, instead
of using LGVI-based methods. This is because both the initial and terminal states are
constrained in LGVI-based methods, and imposing some input constraints may result in ill-
conditioned finite-time control problems. In contrast, the terminal state is not constrained
in our approach, and thus such an issue merely arises as long as the constraints are well-

conditioned.

In this section, we show numerical examples for the following two applications:
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e Simulation 5A: Spacecraft with input saturation.
The dynamical model (5.8) and the objective function (5.9) are calculated without
gravity, i.e., G = 0ms~2. The acceleration input is constrained by using the approxi-

mation shown in the last section.

e Simulation 5B: A fully actuated aerial vehicle under gravity.
The dynamical model and the objective function are calculated with gravitational

acceleration constant G = 9.8 ms~2. The control input is not constrained.

Both systems can be modeled as second-order fully actuated systems on SE(3) [25], [84].
For both cases, the weight matrices in the objective function are @, = @, = @, = Is. The
initial state is given by ¥& = Cay (o) and V2 = Ogy1, where gy € SE(3) is the initial
pose. The control objective is to achieve g, — I by w? — Ogx1, Vk© — Ogx1-

Simulation 5A

In Simulation 5A, we consider optimal pose regulation of spacecraft with input saturation.
This can also be identified with a dynamical system of a fully actuated aerial vehicle with

gravity compensation applied. The input is constrained by uu©b =[0.30.30.30.20.20.2]"

and uf% = —ug, that is, u,, =~ [0.6 0.6 0.6 0.4 0.4 0.4]". The gravitational acceleration
constant is set to G = 0, and accordingly, U%«m = ug?amk = Ogx1. The initial pose is defined

as go = (Ro,po), where Ry = R,(5)R.(%) and py = [10 0 0]". The duration of the prediction
horizon is 1 s, and it is divided into N = 20 periods (i.e., "= 0.05 s).

Figure 5.3 shows the optimal trajectory of the pose ¢ and the corresponding Cayley
parameter 1)©. The colors of boxes in Fig. 5.3 (¢) indicate the time on the trajectories. The
initial and terminal poses are displayed with dark red and dark blue boxes, respectively.
Fig. 5.4(a) shows the acceleration parameter input u©. The pose g = Cay(1$©) converges
to the identity under input constraints. The physical acceleration u calculated from the
acceleration parameter u© is shown in Fig. 5.4. Although the approximated lower bound
ayp, is violated at some steps, as illustrated in Fig. 5.4(b), the error is sufficiently small and
is not critical in practice. The computation time is far less than the sampling period, as it
is shown in Fig. 5.6, and the present method successfully achieves real-time computation of
NMPC on board.

As seen in Fig. 5.3 (b), the proposed controller exhibits desirable rotational behavior that
is similar to that of the analytical control law discussed in Section 4.2. This is because the
Cayley map for SE(3) also provides with a geometrically intrinsic representation of the rigid

body pose.

Simulation 5B

In Simulation 5B, we consider control of a fully actuated aerial vehicle without prior gravity

compensation. The gravitational acceleration constant is set to G = 9.8 ms 2. From (2.5)
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and (5.11), the equilibrium input at the desired terminal state is then given as ugm =
004900 O]T. When the control input is only applied to counter the force of gravity, the
input cost equals to %Hug@rav,k +ugrm||%u This value is positive except for w,? = 0g, Vi = Og,
and we can say that the cost for gravity compensation is also included in the objective
function (5.9). The initial pose is Ry = I3, po = [10 6 0], and the acceleration input is not
constrained in this simulation. The prediction horizon duration is 2 s, and it is divided into
N = 20 periods (i.e., T = 0.1 s). We have selected the prediction horizon longer than that
of Simulation 5A to improve stability.

Figure 5.5 shows the optimal pose trajectory and control input. The rigid body decel-
erates by tilting the body in the opposite direction of travel. This notable behavior is the
result of considering the gravity compensation cost. The sum of squared norm of US@ — ugm
is 46.03 when we utilize the body tilt with the acceleration input in the +z-direction of the
body frame. If we force the controller to use only the horizontal acceleration by constrain-

ing the rotational input 19, to be always zero, the value becomes 74.81. This result shows

rot

that the most efficient maneuver under gravity is not the parallel motion. It is also shown

that our present NMPC method and the objective function can deal with the external force,
which is difficult to consider in analytic solution methods.

The measured computation time for the optimization is shown in Fig. 5.7. The opti-

mization takes longer time than that of Simulation 5A because computation regarding ug?av

is additionally required in this case. It is still applicable to real-time applications since the

computation time remains less than half of the control period.

Discussion on Computation Time

Note that long computation time is observed in the first period of the simulations A and
B. We can avoid this by setting a proper initial guess of the input sequence. In practical
applications, this is a minor issue because we can compute the initial input for the initial
state before turning the actuators on.

We have experimented for several other cases with different sets of N and 7" to see how
they affect the computation time. The results are summarized in Table 5.1. We can see that
the longer prediction horizon leads to longer computation, and the required time is not only
affected by the number of prediction steps N, but also by the sampling period T

As seen in Table 5.1, we cannot afford N larger than 20 in this case, since the computation
time significantly increases with increasing N. To achieve real-time computation for a long
prediction horizon together with a fine time resolution, we may need to combine our proposed
techniques with more efficient NMPC algorithms such as the continuation/GMRES method
[85] or the differential dynamic programming approach or differential dynamic programming
approach [86]. We can also consider non-uniform sampling time, as discussed in [87] and [88],
to use a fine sampling time resolution in the transient state while sampling coarsely in the

steady state, which can achieve a long horizon with a small N. Since our discretization
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Table 5.1: Summary of the computation time on a Raspberry Pi embedded computer.

. Minimum Median Maximum
Settings
[ms] [ms] [ms]
Simulation 5A
N =10 0.28 0.29 2.05
T =100 ms
Simulation 5A
N =20 0.84 1.04 11.81
T = 50 ms
Simulation 5A
N =20 0.16 1.52 14.77
T =100 ms
Simulation 5A
N =40 1.11 8.87 130.63
T =100 ms
Simulation 5B
N =20 7.22 9.35 16.98
T =50 ms
Simulation 5B
N =20 4.79 13.12 49.89
T =100 ms
Simulation 5B
N =40 17.24 101.77 460.26
T =100 ms

method based on the Cayley map is geometrically exact, it is easy to apply it to the non-
uniform-sampling NMPC without being concerned about the variable numerical precision
due to approximations. Such additional techniques would be used to further improve the
computational performance, and they are part of our future work.

In this section, we have presented a fast NMPC method for rigid body dynamics that
can run on an embedded computer in real time. We have combined the following methods

to speed up the nonlinear optimization:

o Geometrically exact discretization based on the Cayley map: it allows us to pick coarse

sampling intervals and reduces the required number of prediction steps.

e The recursive discretization technique [38]: it reduces the number of decision variables

by eliminating the sequence of states from the objective function and constraints.

e The analytic gradient of the objective function: with the Cayley-map-based discretiza-
tion, the gradient is easily calculated, and the sparsity of intermediate matrices can be

exploited to speed up matrix multiplication.

Future work includes NMPC with a singularity-free representation of the rigid body

pose, the stability analysis, nonlinear state constraints with reduced computational effort,
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and nonuniform sampling intervals to consider a long prediction horizon with a small number

of prediction steps.
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Fig. 5.3: Time evolution of pose (Simulation 5A): The convergence of the Cayley parameter
P© = [§©T 77©T] ! implies the convergence of the pose g = Cay(1)©) to the identity.
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Fig. 5.4: Time evolution of input (Simulation 5A): Note that the control input u© =

-
[utC?T u9! } in (a) does not represent the physical acceleration. In (b), the linear accel-

eration wug, violates the approximated constraint shown in the red region. However, the
approximation error is sufficiently small and not critical in practice.
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Fig. 5.5: Time evolution of pose and input (Simulation 5B): The rigid body decelerates by
tilting the body in the opposite direction of travel. This behavior is achieved by considering
the cost for gravity compensation.
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Fig. 5.6: Computation time for each sampling period (Simulation 5A). The proposed NMPC
method is feasible in real time on a Raspberry Pi single-board computer.
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Fig. 5.8: Block diagram of the NMPC experiment. The present NMPC method is imple-
mented on the high-level controller.

5.2 Experimental Verification

In this section, we apply the proposed NMPC method to a fully actuated hexarotor system
and conduct a pose control experiment. The objective of the experiment is to show the
real-time feasibility of the proposed method and with some input constraints and the force

of gravity considered.

5.2.1 Experimental Setup

We use an experimental vehicle and its testbed described in Section 3.4. The NMPC algo-
rithm presented in Section 5.1 is implemented on the Raspberry Pi 3B+ embedded computer
used in the feasibility validation in Section 5.1.

Fig. 5.8 shows the block diagram of the experimental system. The high-level controller
running on the Raspberry Pi estimates the current state at 100 Hz and calculates the NMPC
input at 20 Hz (T = 0.05 s). The computed NMPC input u© is converted to the real acceler-
ation vector u by using the inverse maps of (5.11) and (5.12). The Pixhawk Mini implements
the low-level controller, which controls the linear acceleration wy = [Ggref Qyrer azref]T and
the angular velocity w by a feed-forward and PID controller, respectively.

The pose of the vehicle is measured by an OptiTrack motion capture system by observing
the reflective markers on the body, and the information is sent to the high-level controller
via UDP on the wireless LAN at the rate 100 Hz. As mentioned in Section 3.4, the pose
information from the motion capture system to the vehicle has a latency of approximately
0.15s. Due to this latency and the relatively long control period of NMPC, the attitude
dynamics easily become unstable when we use angular acceleration as the control input. It

is especially critical if modeling errors of force and torque exist, which can include unmodeled
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rotor dynamics or the aerodynamic behavior such as the ground effect. As the verification
of the real-time NMPC is the objective of this experiment, we do not directly command the
angular acceleration as the input. Instead, we control the angular velocity with the low-level
controller. The angular velocity input is calculated by (5.8) with the estimated current state
and the NMPC input.

In this experiment, the vehicle is first commanded to stay at the initial pose (R,p) =
(I3,[0 0 0.8] "), and then at t ~ 15 s and 25 s, the reference y coordinate is changed to -1
and 1, respectively. The reference position is set by shifting the origin. The origins of the
attitude and twist are R = I3 and V' = Ogy1, respectively. The objective function is the same
as that of simulations defined in (5.10). We set the weight matrix for the pose to Q, = 5l
in order to penalize the position error, and @), = @), = I for the twist and the control input.
According to the simulation results in the last section, the prediction horizon is defined by
N =20 and T' = 0.05 s. The gravitational acceleration constant is set to G = 9.8ms~2 to
explicitly compensate for the force of gravity. We constrain the horizontal linear acceleration
Agref ANd Qyrer in an interval [—1, 1] by restricting the corresponding Cayley parameters in
u? to an interval [—0.5,0.5].

5.2.2 Result

Figure 5.9 shows the result of this experiment. The pose trajectory and the control input
are displayed in Figs. 5.9(a) and 5.9(b), respectively. The pose successfully converges to the
step reference in the y coordinate. It shows the similar behavior as Simulation 5B in the last
section, which utilizes the body tilt and the thrust force in the upright direction to accelerate
horizontally. In Fig. 5.10(a), the time response of the y-acceleration to the reference value
is presented. We can confirm that the acceleration input constraint in y axis is activated
from t ~ 15 to 15.5 and from ¢ ~ 25 to 26. The computation time for NMPC shown in
Fig. 5.10(b) remains at approximately 0.01 s during the experiment. This time is sufficiently
shorter than the control period 0.05 s, and the result verifies that the present NMPC method
is real-time feasible also in the experimental setup with a low-cost single-board computer.
This result is notable because there are only a few studies that report experiments of the
real-time mobile robot control by on-board NMPC computation. By combining the exact
discretization method and the recursive discretization technique, we have achieved reduction

of the decision variables and the fast analytic computation of the objective function gradient.

Remark 5.7. The experiment shows local stability in presence of disturbances such as
unmodeled dynamics of the battery or rotors. Although the stability is not proved yet, the
stabilizing constraint technique discussed in [38, Chapter 5| could be applied to our case.
The main challenge is that we need to explicitly consider the external force, namely the force

of gravity, in the stability analysis.
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Fig. 5.9: Result of the experiment with a fully actuated hexarotor. The pose trajectory and
the control input are displayed in (a) and (b), respectively.
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Fig. 5.10: Result of the experiment with a fully actuated hexarotor. (a) shows that the ve-
hicle can quickly respond to the acceleration input. The computation time for NMPC shown
in (b) confirms that the present NMPC method is also real-time feasible in the experiment.
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5.3 Numerical Joint Optimization Method

In this section, we develop a numerical joint optimization method based on the numerical
optimal control discussed in the last section. We show that this novel method can deal with
more general objective functions and dynamics. With the fast computation of optimal control

input, we are also able to reduce the computation time of the plant parameter optimization.

5.3.1 Method

Since the exact form of value function is unknown in this case, we can only evaluate the
value function by computing the optimal control input. We consider a discrete set of initial
states Xy and minimize the average value of the cost resulting from the numerical optimal
control (5.10) for each initial state in Xj.

Now we consider how to minimize the simulated minimum cost over the domain of plant
parameters by using some optimization algorithms. The problem is that computing the
gradient of the value function from simulation results can take significant amount of time.
Moreover, the smoothness of the value function is not guaranteed, and thus we cannot
simply use gradient-based algorithms. Another demand is that we would like to obtain a
global minimum if it is possible. From the view of these issues, we employ particle swarm
optimization (PSO) [89] algorithm for this problem. PSO is a gradient-free optimization
algorithm, which moves multiple candidate solutions called “particles” around the solution
space with simple rules. Performing simulations for each particle is basically not the best
idea to implement because the computational time may easily explode when the number
of particles increases. However, with our fast computation method of optimal control for a
rigid body system shown in Section 5.1, it can be solved in short amount of time.

The control input is not constrained in this section.

5.3.2 Result

We carry out optimization of the fully actuated hexarotors with PCTR, SCTR, and generically-
tilted-rotor (GTR) structures in this section. The GTR structure is the structure that the
rotors are independently tilted. The plant parameters for the GTR structure are tilt angles
B and v for each rotor, and thus there exist 12 parameters.
Now, we consider 3 different use-case scenarios of fully actuated hexarotors. The struc-
tural parameters are optimized for the following objective function:
| N
T =520 (1, + VI, + 16, 1)
k=1
M = (T,

[\
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where the matrix I' € R%*6 is defined in (3.6) as the Jacobian matrix from the thrust force
input to the vehicle acceleration. The input weight matrix M is chosen to penalize the
direction in which large thrusts are required to accelerate. p > 0 can be set to adjust the
cost ratio between the state error and the control input, and set to © = 1 in the examples
in this section. This choice of the input weight matrix is the same as that of the analytical
method for hexarotors developed in Section 4.3.

The following task specifications are expressed as sets of initial states:

1. Vertical lift-up
The initial states are on the z axis at the z coordinates {—10,—9,...,10}, and R =
I3,V = Ogyx to consider position control only in the vertical direction. We expect a

trivial optimal structure, which is a standard underactuated hexarotor in Fig. 1.1.

2. Short-distance transportation
The scenario of transportation within small areas such as a factory or a park involves
position control in every direction. This control task can be described by 182 points

uniformly placed according to the polar coordinates on a sphere with the radius 4 m.

3. Aerial manipulation
Aerial manipulation applications such as building inspection [4] and assembly in the
air [5] should consider the effect of contact with objects. When the vehicle collides
with an object, the velocity becomes discontinuous in time. To create a structure
that responds quickly to such disturbances, we choose non-zero velocity in horizontal
directions as the initial state. This control task is described by 21 points uniformly

placed on a circle on xy-velocity plane with the radius 6 m/s.

The set of initial states is approximated with finite elements, and we minimize the average
value of the value function with respect to the plant parameters.

We use mechanical constants of the experimental vehicle in Table 3.2. To determine
the effect of the prediction horizon duration, we consider two cases: (N,7T) = (10,1) and
(20,0.2). The former aims to obtain moderate input by using the long prediction horizon,

while latter expects quicker state convergence.

Vertical Lift-up

The optimal rotor tilt angles are computed as 3 = 3.263 x 10~7 and v = 1.706 x 10~7, which
are almost zeros. This means that the optimal structure for the vertical lift-up task is the

standard hexarotor structure shown in Fig. 1.1, which corresponds to the intuition.

Short-distance Transportation

The rotor tilt angles of the optimal PCTR structure are computed as fp = 0.1813 and vp =
0.0560. For the SCTR structure, we obtain the optimal rotor tilt angles as g = —0.0035 and
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(a) PCTR (avg. cost: 12.6831) (b) SCTR (avg. cost: 12.6892)

(¢) GTR (avg. cost: 12.8692)

Fig. 5.11: Hexarotor structure optimized for short-distance transportation (NV,7') = (10, 1).

vs = 0.1764. The average costs for these structures are 12.6831 and 12.6892, respectively,
and they are almost identical. Similar results are obtained for the short-horizon case (N,T") =
(20,0.2), where (6p,vp) = (—0.0162,0.0678) and (8s,7vs) = (0.0019,—0.0729). Note that
the costs cannot be compared across different conditions on the prediction horizon.

Figures 5.11 and 5.12 shows the optimal structures for the short-distance transportation
scenario with (N,T) = (10,1) and (20,0.2), respectively. An important finding here is
that the pose regulation does not require large rotor tilt angles even if the vehicle need to
accelerate horizontally. The same conclusion can be drawn by the form of the value function
(4.14) for the nongravity case discussed in Section 4.3, where the cost for the pose does not

depend on the hexarotor structure.

Aerial Manipulation

Figures 5.13 and 5.14 show the optimal structures for (N,7T) = (10,1) and (20,0.2), re-
spectively. For the long-horizon case (NV,7) = (10,1), we obtain the optimal structures
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(a) PCTR (avg. cost: 31.0472) (b) SCTR (avg. cost: 31.0370)

(¢) GTR (avg. cost: 31.1714)

Fig. 5.12: Hexarotor structure optimized for short-distance transportation (N,T) =
(20,0.2).

(Bp,vp) = (0.4487,0.1404) and (f8s,7vs) = (0.0415,—0.4550). Since the average costs of
control are almost equal, we can select either the PCTR or SCTR optimal structure in this
example. Affected by the force of gravity, the rotor tilt angles are not as large as those
calculated in Section 4.3. To compensate for larger initial twist, we may need larger rotor

tilt angles.

5.3.3 Discussion

Figure 5.15 shows optimal trajectories starting from the given initial states. In Fig. 5.15 (a),
we can confirm that the vehicle utilizes the body tilt to accelerate towards the origin. In
contrast to the conclusion of the analytical solution in Section 4.3, the optimal structure for
pose control subject to the force of gravity is shown to be nearly underactuated Fig. 5.15 (b)
shows that the optimal hexarotor rejects the large initial velocity by using both the body tilt

and the horizontal acceleration input. Note that the conclusions here may change according
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(a) PCTR (avg. cost: 34.4150) (b) SCTR (avg. cost: 34.3650)

/

(¢) GTR (avg. cost: 37.5608)

Fig. 5.13: Hexarotor structure optimized for aerial manipulation (N,7") = (10, 1).

to the weight parameters for each element of the pose, twist, and input. These parameters
are, however, considered as part of the task specification, which can be arbitrarily set to

design the desired behavior.

In all the cases, the average costs of the optimized GTR structures fail to overtake those
of optimal SCTR or PCTR structures, although GTR includes both SCTR and PCTR
structures. This is because the convergence of the parameters is slow due to the high dimen-
sional solution space. Larger number of the stall iterations parameter for PSO and sufficient
computation time may solve this issue.

Although some structures that outperforms SCTR and PCTR structures might exist,
structures without symmetry have several problems. In particular, feasibility of the control
input and existence of the equilibrium input are the most critical issues. Relevant issues
about the hovering ability are studied in literature such as [90] and [91]. However, it is not
investigated well for structures with generically tilted rotors at present. It is also difficult to
manufacture such structures since the rotors may easily interfere with other components of
the vehicle.
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(a) PCTR (avg. cost: 42.6102) (b) SCTR (avg. cost: 42.6216)

(¢c) GTR (avg. cost: 43.4146)

Fig. 5.14: Hexarotor structure optimized for aerial manipulation (N,T") = (20, 0.2).

The proposed method is different from that of [12], where the vehicle trajectory is given,
and the parameters of the control law are not optimized together with the UAV design. Our

method can be compared with the previous method in [12] from the following two viewpoints:

1. The proposed method generates the optimal trajectory from the initial point, while

the reference trajectory is given in the previous method.

2. The proposed method can be considered as the cost minimization of a feedback-
controlled structure, while the previous method as that of a feedforward-controlled

structure.

5.4 Chapter Summary

In Section 5.1, we have developed a real-time NMPC method specialized in the rigid body
system. First, the Cayley map for SE(3) is used to obtain a geometrically exact discrete-time

dynamical model of the rigid body kinematics. Second, the recursive discretization technique
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coso

(a) Short-distance transportation (b) Aerial manipulation

Fig. 5.15: Samples of optimal trajectories. The prediction horizon is set to (N, T') = (20,0.2),
and the hexarotor structures are SCTR in this figure. The colors of boxes indicate the time
on the trajectories. The initial and terminal poses are illustrated with dark red and dark
blue boxes, respectively.

is combined with the geometric integrator to reduce the number of decision variables of the
optimal control problem while maintaining the accuracy of the solution trajectory. It is then
shown that the proposed method is real-time feasible by simulations.

In Section 5.2, the proposed fast NMPC method is applied to a fully actuated hexarotor
system. The experimental setup of the hexarotor flight control is described. The result
shows that the proposed approach is also feasible in real time with the experimental setup
considering input constraints and the force of gravity.

In Section 5.3, we reuse the fast numerical optimal control method presented in Section 5.1
to realize the idea of joint optimization of the structure and control in a numerical way. We
suppose that a control task is described with an objective function of control and a set of
initial states. Three different scenarios, the vertical lift-up, short-distance transportation,
and aerial manipulation, are modeled as different sets of initial states. The fast optimal
controller is then used to evaluate the value function, which is the minimum value of the
objective function. The average value of the value function over the set of initial states is
minimized with respect to the rotor tilt angles, and we have finally obtained the optimal

structures for each control task in presence of the force of gravity.
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Conclusions

6.1 Dissertation Summary

In this dissertation, we have investigated joint optimization of the structure and control of
fully actuated unmanned aerial vehicles based on minimization of the value function of the
optimal control problem. The feature of the proposed method is that we can obtain the
optimal control law and the optimal plant parameters simultaneously. Both analytical and
numerical methods are developed in this work, and they are used to determine the optimal
rotor tilt angles for different control tasks, which are specified by the objective function and
the set of initial states. We have first introduced the preliminaries to rigid body dynamics and
optimal control problems. Based on the fundamentals, we have defined joint optimization

of the structure and control by showing simple examples of parametrized linear systems.

We have then defined a dynamical model of a fully actuated hexarotor system, which we
have considered the optimization throughout this dissertation. A fully actuated hexarotor is
an unmanned aerial vehicle that has fully actuated inputs for the translational and rotational
motion in 3-dimensional space. The rotors are tilted and fixed, and the relation between
the wrench applied to the center of mass and the rotor thrust force depends on the location
and orientation of the rotors. We have shown that the nonplanar hexarotor structure can
be simplified and transformed into a planar structure without changing the relation by
analyzing the dynamical model. This property greatly reduces the complexity of the design
optimization problem. The experimental system is introduced, and a preliminary experiment
is carried out, showing that the vehicle can indeed independently generate the force and
torque.

Next, we have developed an analytical method of joint optimization for a fully actuated
hexarotor under zero gravity. An optimal control problem is solved via the Hamilton-Jacobi-
Bellman equation, and the optimal control input is obtained analytically. We have also
obtained the corresponding analytical value function, which we consider minimization with

respect to plant parameters. An application to a fully actuated hexarotor shows that the
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optimal design in this case corresponds to maximization of dynamic manipulability of the
hexarotor. The analytical method has an advantage that it generates the optimal control
input as a function of the state. Simulations show that the proposed joint optimization
scheme effectively reduces the effort of control.

Since the analytical method only deals with the specific dynamical model and the objec-
tive function, we cannot consider the force of gravity acting on the vehicle when we apply the
method to the hexarotor design. To remedy this issue, we have also developed a numerical
method for the joint optimization problem. The optimal control problem is solved by devel-
oping an NMPC scheme tailored for the real-time control of the rigid body dynamics. We
have used a geometric integrator based on the Cayley map for SFE(3) to reduce the number
of decision variables of the finite-horizon discrete-time optimal control problem. On-board
simulations and an experiment show that the present approach is feasible in real time, al-
though the problem is comparatively complex as we consider the force of gravity and the
input constraints. The optimal control method is then used to determine the optimal struc-
ture for the given control task. The approximate value function can be obtained through
the optimal trajectory that is computed during NMPC, and we minimize the function for a
given set of initial states with respect to the plant parameters. The result has more practi-
cal structures than that obtained by the analytical method because the numerical method

explicitly considers the input cost for gravity compensation.

6.2 Future Work

The main further direction is to generalize the method to control and design multi-agent
aerial vehicles systems such as a cooperative transportation system or a formation control
system. For such systems, the number of design parameters increases, and the problem
could be interesting because the optimal parameters could be determined in an unpredictable
way. The main challenge to this future problem is the complexity of the system, which we
cannot expect the analytical solution to the optimal control problem and fast computation of
numerical methods with the current approach. These issues should be solved with technical
improvements.

From the technical aspect, we have several issues to be tackled. One of them is gener-
alization of the analytical optimal controller on SFE(3) presented in Section 4.2. We have
shown the analogy to the LQR controller, which might be helpful to tackle this problem.
Moreover, a stability analysis and further performance improvements of the numerical op-
timal controller should be tackled. Although the stabilizing constraint approach discussed
in [38] could be applied to our system, we need to explicitly consider the external force of
gravity, which constantly inhibits the system dynamics from stabilizing. The computational
performance can be improved for a long prediction horizon by combining present approach
with lower time-complexity algorithms such as the C/GMRES method [85] or differential
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dynamic programming approach [86]. Furthermore, we can incorporate nonuniform sam-
pling periods for the prediction horizon, as discussed in [87] and [88], to evaluate the system

dynamics finely in the transient state and coarsely in the steady state.
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Appendix A

Appendix

A.1 Mathematical Formulas

[ 2"Sx=0if ST =—-95

Consider an n x n skew-symmetric matrix S, and let x € R™. Then, the quadratic form of
x associated with S becomes zero. This property directly follows from the transpose of the

scalar value

'Sz = (v'Sx)" = -2 Sz =0. (A1)

(] axb=7ab

The product of a skew-symmetric matrix in s0(3) and a 3-dimensional real vector corresponds

with the cross product of two vectors:
axb=ab=—ba, (A.2)

where a = [a; ay a3]" € R® and b = [b; by b3]" € R3. In particular, @a = O3y, holds because

a X CL203><1.

[1 Time derivative of the logarithm map

The time derivative of the logarithm map between the group G and the algebra g is calculated
by the following equation [33, Theorem 2]:

d = (-1)"B, .,
N log(g) = Z T adlog(g) Vb7
> !

where g € G, {B,,} are the Bernoulli number, ady is the adjoint representation of the algebra

element X € g, and V= gg~ L.

111
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The explicit expression of the derivative for SO(3) is known as follows [33, Lemma 3]:

d B 1 y log(R)?
G 1os() = (Bt o)+ (1 allloa(RV I BT ) (A9)

where R € SO(3), a(y) = y/2cot(y/2), and w® = RR'.

[ argmin, 2" Az —2"b=A""

Let x € R™ and b € R™. Suppose that A € R™ " is positive definite, and define ¢(z) =

%xTAx — 2"h. Then, the necessary condition of minimum

oc(x)

o zTA-b" =0, (A4)

yields z = A7'b. At this point z, ¢(x) takes minimum value because of the convexity.

A.2 Decomposed DMM

In Theorem 3.3, we have shown that the DMM of the hexarotor with SCTR or PCTR struc-
ture at the special output point can be decomposed in to elements about six translational and
rotational axes. The following are the explicit forms of the elements: For SCTR structure,
the decomposed DMMs are

3(k?A? 4+ 12 C, C2, ST, +KAr Cpg Savy)

ol = g2 = s ~s TS
o m?(k2A +r2Ch, C2_ +kr Cpy Sayg)
2 2
ol — 6063 C'Ys
tz m2 ’
2 2 2 2
2 _ 2 3('% A+r Cﬂs Cvs +AKT Cﬁs SQ’YS)
O = Ury - 1'2 ’
h
- 6(r? Sis +K? C%S Cis —k1r Cgg Savg)
Oy = IQ ’
v

where A = (1 — C% < Ci .). Likewise, we have the following elements for PCTR structure:

3(1-C3, Cip)

2 2

Ota = Oty = m2 ’
2 2
2 _ GCBP C’YP
Ot = mQ ’
s o 3K —=CEC)+rCh, C2L +rr Cpp Sany)
Org = Ury - IQ ’
h
2 2 2
2 6(r* S5, +x*C5, C2 —kr Cg, Sgw,).

Tz 1'2
v
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These equations are obtained by direct calculation.

A.3 Derivation of the Analytical Optimal Controller

First, we consider the candidate of the value function as follows:

T
Kll K12

K12 K22

q
%

q
V

U:

This candidate has a similar form as the objective function. We assume that the matrices

K11, K19, K99 € R¥3 are block diagonal and positive definite.

_ K12T 03
Lo Os  Kon

03 K12R

o [KQQT OS
9 22 —

The feedforward input term regarding the internal drift is assumed to take the following

form:

K/ G(K )
Uff 9

—lKjchu(KJw) + 1*04(||¢H)Kjl ((QZW)A(KJQJ))

2 11>

where K, and K ; are positive definite matrices, and

av

— = U — Uss.
dt ff

Now, we calculate the components of the derivative of the value function candidate one
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by one.
d . 1 ~ 1—a ~
VK, d(i = ||V||§<12 - UTK12TWRTP - §WTK12R¢W + WWTKQRT?QW
T dv T T —1~ I+ —1~
Kig— P =q Kipu.—p RKjorK,; O(Kyv) + 51/1 Kior K 0(Kjw)
11—« i~
T K (@) (K )
P 1 _
= ¢ Kou. + v Kyo(Ky Kiar R p) + 5WTKJ(KJ LK ort)) w
11—« N ~
_ ||w<|:‘2wH)WTKJ(KJ1K12R¢)/\(¢w)
dq . 1 ~ 1—a N
¢ Kn— =q KV —p' RK\11@R p — - Kjptpw + wlﬂfﬁmiﬁw
dt 2 2]l
1% . 1 -
VTKQQ dt == VTKQQUC — UTKQQTK&IW(KMU> + §WTK22RK;1M(KJM)
11—« ~
T Kaan 5 (@0) (K 1)
. 1, N
= VTKQQU/C — (K;;KQQTU)TW(KMU> + §<KJ 1K22RM)TW(KJCU)
11—« N _
= @) T (K ) 05 )

Here, we have used (A.2) to swap the order of the cross product. We then utilize (A.1) to

obtain the conditions on matrices K1, K15, and Ky, to eliminate higher order terms of ¢

and V. The conditions are summarized below.

dq av . (aKy Oy |
VK 'K = ||V TKpu, if Kpp=
127, +q K92—— 7t = [[Vllk, + ¢ Kiou, i 12 05 bE,
% (K%, O
VK. =V Kpu, if Kyp=| M

2 2t 1 . O3 dKj

dg el; O

TKll = QTKHV if K= o ’

it 05 fly

We assume that these conditions hold.

We now have the Hamiltonian of this optimal control problem

U
He1+ %Y
T

1 1
= éqTqu + §VTQUV + UTQuuc + VT K+ q Kigue + V' Kyu. +q" K1V,

(A.5)

(A.6)

(A7)
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and the corresponding optimal control input is
up = —Q, ' (Kiaq + KyV).

By plugging this input back into the original Hamiltonian, we obtain the HJB equation as

follows:

1 1 1
H: — T —VT vV -
2(] Qpq + 9 Q,V + 5

— QTK12Q;1K12Q — qTK12K22Q;1V — VTK22Q;1K12Q — VTK22Q;1K22V +q" KnV

1
¢ KhQ, q + §VTK222Q;1V +q K193KonQ 'V + VI KV

1 1

=50 (@ + E5Q," = 2K5Q,") g+ 5V (Qu + K5,Q," + 2K1 — 2K5,Q,") V
+q' (K12K0Q, " — K15K2Q, ' — K»Q, ' K1y + K1) V

= 0.

This equation yields the following three conditions:

Qp - K122Q;1 =0
Qi+ 2K — K3,Q,' =0
K11 — K15K9Q, ' = 0.

From the assumptions (A.5), (A.6), and (A.7), we obtain

CLQK]Q\/[ 03 ] 1
_ “1—9 A8
QP [ 03 b2K3 Qu ( )
QCLKM — C2Kj4w 03 ] 1
+ =0 A9
Qs [ o | @ (A9)
6[3 03 _ GCK% 03 ] Qfl -0 (A 10)
Os fIy Os  bdK3| " '
Additionally, if
K3, O
M ?; = Qu,
0; K

the closed-form solution of the system of equations can be calculated.

From (A.10), we obtain

acls  Os

Oy [l Oy bdls

6[3 03] o

] Qquzl - Ou
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and this yields
e=uac, f=10bd.

The condition (A.9) yields

0, = (c® = 2a)I3 Os Ky O3
T Os (@2 — 2| | 05 K|’
and similarly, we obtain from (A.8) that
Q o CL2]3 03 K]\}l 03
Pl 0s 0PIs| | Os K7t

By settinga = b=1and ¢ =d = e = f = /3, we finally acquire the closed-form value

function

T

Vil G
Qi  V3Qi

q
V

- q

1
2

All the assumptions used in the derivation are made in order to obtain the closed-form

solution.



