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Abstract

Ceaseless progress in ultracold atom experiments allows us to control system pa-
rameters at will. For example, the strength of the interaction between atoms can be
arbitrarily tuned by varying a magnetic field via Feshbach resonances, which is un-
precedented in other fields of physics. This technique applied to two-component
Fermi gases led to the realization of smooth evolution from a Bardeen-Cooper-
Schrieffer (BCS) superfluid of Cooper pairs to a Bose-Einstein condensation (BEC)
of tightly bound molecules. This phenomenon is called “BCS-BEC crossover.” Fur-
thermore, the dimensionality can be tuned by confining atoms with an optical lattice
generated by two counterpropagating laser beams. By confining Fermi gases in the
two-dimensional (2D) space, the BCS-BEC crossover in 2D has also come to the
reach of experimental investigation. In addition to tuning the interaction and di-
mensionality at will, we can control the quantum statistics and internal degrees of
freedom. Therefore, ultracold atoms provide an ideal platform to study quantum
many-body systems.

In general, phenomena induced by magnetic fields are important in various fields
of physics. Therefore, by taking advantage of the experimental abilities to control
system parameters of ultracold atoms at will, it is worthwhile to investigate phenom-
ena induced by magnetic fields with ultracold atoms. However, atoms are electrically
neutral, so that their orbital motion does not occur by magnetic fields. So far, enor-
mous research efforts have been devoted to developing experimental techniques to
create synthetic magnetic fields. One approach is to optically couple internal states
of atoms so that neutral atoms can behave like charged particles in a magnetic
field, which provided a new route towards the realization of topological physics with
ultracold atoms. This approach was further extended to create “antiparallel” mag-
netic fields which are equal in magnitude but opposite in directions for different spin
components of atoms.

In this thesis, we investigate the ground-state properties of an attractive Fermi
gas with two spin components subjected to antiparallel magnetic fields in the mean-
field approximation. Whereas the attractive interaction generally favors the Cooper
pairing, the antiparallel magnetic fields lead to the Landau-level formation with op-
posite chiralities for different spin components of atoms. Therefore, we can expect



interesting physics to be realized by competition or cooperation between the Cooper
pairing and antiparallel magnetic fields. Moreover, attractively interacting Fermi
gases with two spin components in antiparallel magnetic fields may be viewed as a
simulator of analogous phenomena in other fields of physics, such as exciton con-
densation and chiral condensation in a magnetic field, where two particles forming
a pair have opposite charges and thus experience opposite Lorentz forces.

Firstly, we study a 2D spin-balanced Fermi gas in antiparallel magnetic fields. We
find that the mean-field phase diagram at zero temperature consists of superfluid and
quantum spin Hall insulator phases and closely resembles that of the Bose-Hubbard
model, which consists of superfluid and Mott insulator phases. The resulting two
phases are separated by a second-order quantum phase transition classified into the
universality class of either the dilute Bose gas or XY model. We also calculate some
physical quantities to elucidate the ground-state properties in the superfluid phase.
In particular, we show that the pairing gap is enhanced by antiparallel magnetic
fields as a consequence of magnetic catalysis.

Next, we study a 2D spin-imbalanced Fermi gas in antiparallel magnetic fields.
By employing the mean-field approximation, we find that the Fulde-Ferrell (FF)
state is energetically favored over the Larkin-Ovchinnikov (LO) state in the weak-
coupling limit. We then clarify the mean-field phase diagram at zero temperature in
the space of the attraction, average chemical potential, and Zeeman field analytically
at weak coupling as well as numerically beyond it. We find that the resulting phase
diagram shows the rich structures consisting of quantum Hall insulator, unpolarized
superfluid, and FF phases separated by various first-order and second-order quantum
phase transitions. Moreover, we show that the FF phases occupy the reasonable
portions of the phase diagram, so that they may, in principle, be realized by ultracold
atom experiments.

Finally, we study a three-dimensional (3D) spin-imbalanced Fermi gas in an-
tiparallel magnetic fields with the ansatz of the FF' state. Under the condition that
fermions occupy the lowest Landau level, we find that the mean-field thermodynamic
potential of a 3D spin-imbalanced Fermi gas in the magnetic fields corresponds to
that of a one-dimensional (1D) spin-imbalanced Fermi gas without magnetic fields
at weak coupling. We then clarify that the ground-state phase diagram consists of
fully polarized normal, unpolarized superfluid, and FF phases. By calculating the
collective excitation spectrum, we show that the long-range order exists in the weak-
coupling limit, where our system is effectively described by a 1D spin-imbalanced
Fermi gas without the magnetic fields.
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Chapter 1

Introduction

Attractively interacting fermions with two spin components appear in various fields
of physics such as condensed matter physics and nuclear physics. When the at-
tractive interaction between fermions is weak, two fermions with different spin com-
ponents form a Cooper pair by the BCS mechanism. Therefore, the ground state
exhibits superconductivity or superfluidity by the condensation of Cooper pairs.
On the other hand, when the attractive interaction is strong, two fermions form a
bound molecule, which obeys the Bose-Einstein statistics. Therefore, the ground
state also exhibits superconductivity or superfluidity by the BEC of tightly bound
molecules. It is known that these weak and strong coupling regimes in the ground
state are connected without phase transitions. Such smooth evolution from a con-
densation of Cooper pairs to a BEC of tightly bound molecules is called “BCS-BEC
crossover” [1, 2].

Originally, the problem of the BCS-BEC crossover was studied by Eagles in the
context of superconductivity in metals with a low electron density [3]. Leggett also
considered the crossover problem in the context of superfluid *He [4, 5]. Nozieres and
Schmitt-Rink extended Leggett’s study to investigate the evolution of the critical
temperature across the BCS-BEC crossover [6]. Whereas authors in Refs. [3, 4, 5, 6]
focused on the 3D case, early studies of the crossover problem in 2D was carried out
by Miyake [7] and Randeria [8, 9]. Despite these theoretical studies, the BCS-BEC
crossover was not realized until 2004.

In 2004, the 3D BCS-BEC crossover was firstly observed in ultracold gases of
fermionic *°K and °Li atoms [10, 11]. In these experiments, the strength of the
attractive interaction between fermions can be arbitrarily tuned by varying a mag-
netic field via Feshbach resonances [12, 13], which is unprecedented in other fields
of physics. Moreover, the dimensionality can be tuned by confining atoms with an
optical lattice generated by two counterpropagating laser beams [14]. Therefore,
by confining Fermi gases in the 2D space [15, 16, 17], the 2D BCS-BEC crossover
has also come to the reach of experimental investigation [18, 19, 20, 21, 22, 23,
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CHAPTER 1. INTRODUCTION

24, 25, 26, 27, 28, 29, 30, 31, 32]. Until now, for example, the observation of the
Berezinskii-Kosterlitz-Thouless (BKT) transition [33, 34, 35, 36] and the measure-
ment of the thermodynamic equation of state have been reported in Refs. [28, 29]
and Refs. [26, 30, 31], respectively. More recently, motivated by the experimental re-
alization of a spin-imbalanced Fermi gas in 3D [37, 38] and 2D [27], the ground-state
phase diagram of a spin-imbalanced Fermi gas in 2D has been studied theoretically
by several authors [39, 40, 41, 42]. They were interested in elucidating how much
area in the ground-state phase diagram is occupied by the Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) state, where the Cooper pairing takes place with nonzero mo-
mentum [43; 44]. In addition to tuning the interaction, dimensionality, and pop-
ulation imbalance at will, we can also control the quantum statistics and internal
degrees of freedom. Therefore, ultracold atoms provide an ideal platform to study
quantum many-body systems.

In general, phenomena induced by magnetic fields are important in various fields
of physics. Therefore, by taking advantage of the experimental abilities to con-
trol system parameters of ultracold atoms at will, it is worthwhile to investigate
phenomena induced by magnetic fields with ultracold atoms. However, atoms are
electrically neutral, so that their orbital motion does not occur by magnetic fields.
So far, enormous research efforts have been devoted to developing experimental tech-
niques to create synthetic magnetic fields [45, 46, 47, 48, 49]. In a synthetic magnetic
field, neutral atoms can behave like charged particles in a magnetic field. A sim-
ple way of creating synthetic magnetic fields is to rotate ultracold gases [45, 46].
This utilizes the fact that a Coriolis force in a rotating system corresponds to a
Lorentz force in a magnetic field. Rotating atomic gases were observed by several
groups [50, 51, 52, 53]. Another approach to creating synthetic magnetic fields is
to couple internal states of atoms by laser beams [47, 48, 49]. In this approach,
synthetic magnetic fields were firstly implemented for 8Rb BECs [54, 55]. Recently,
this approach was further extended to create “antiparallel” magnetic fields, which
act on two different spin components of atoms with the same magnitude but in op-
posite directions [56, 57, 58|. In particular, Beeler et al. implemented antiparallel
magnetic fields for 8Rb BECs with two spin components and observed the spin
Hall effect [56]. Although antiparallel magnetic fields have not been implemented
for Fermi gases, there is a proposal to use fermionic “°K atoms confined in a quasi-
2D space [56]. If fermions with two spin components in antiparallel magnetic fields
are realized in ultracold atom experiments, we can expect the quantum spin Hall
insulator composed of two quantum Hall states with opposite chiralities for different
spin components [59, 60, 61]. We note that attractively interacting Fermi gases with
two spin components in antiparallel magnetic fields may be viewed as a simulator
of analogous phenomena in other fields of physics, such as exciton condensation and
chiral condensation in a magnetic field, where two particles forming a pair have
opposite charges and thus experience opposite Lorentz forces [62, 63, 64].

2



In the context of the chiral condensation in a magnetic field, the magnetic catal-
ysis and inverse magnetic catalysis have been known as interesting phenomena in-
duced by a magnetic field [63, 64]. The magnetic catalysis means an enhancement
of dynamical symmetry breaking by a magnetic field [63, 64]. In the mechanism
of the magnetic catalysis, a magnetic field enhances the condensation of pairs of a
fermion and an antifermion with opposite charges, which is in contrast to the case of
superconductivity. In a superconductor, a magnetic field tends to break a charged
Cooper pair of two electrons with opposite magnetic moments because a magnetic
field induces the orbital motion of a charged Cooper pair and the frustration of the
magnetic moment pointing in the opposite direction from the magnetic field. It was
revealed in Refs. [65, 66, 67] that the essence of the magnetic catalysis is the dimen-
sional reduction, D — D — 2, in the low-energy dynamics of the pairing fermions in
a magnetic field. This reduction results from the fact that the motion of fermions
is restricted in the directions perpendicular to the magnetic field. More recently,
the lattice studies of quantum chromodynamics revealed that the critical tempera-
ture for the chiral symmetry restoration phase transition decreases with an external
magnetic field, although the chiral condensation at 1" = 0 increases with an external
magnetic field. This suppression is referred to as “inverse magnetic catalysis” [64].

In this thesis, we investigate the ground-state properties of an attractive Fermi
gas with two spin components subjected to antiparallel magnetic fields in the mean-
field approximation. Whereas the attractive interaction generally favors the Cooper
pairing, the antiparallel magnetic fields lead to the Landau-level formation with
opposite chiralities for different spin components of atoms. Our purpose is to deeply
understand how the antiparallel magnetic fields and Cooper pairing compete or
cooperate to give rise to interesting physics. Many theoretical works have been made
on ultracold gases in antiparallel magnetic fields. For 2D Bose gases, the ground-
state phase diagram was investigated in Refs. [68, 69, 70] and Yoshino et al studied
collective modes [71]. For 3D Fermi gases, the superfluid transition temperature
was investigated in Ref. [72]. For ultracold gases in optical lattices, the ground-state
phase diagram of 2D Fermi gases was investigated in Refs. [73, 74, 75, 76, 77]. The
critical BCS and BKT transition temperatures of 2D Fermi gases were studied in
Refs. [77, 78, 79]. Zeng et al. proposed a way to realize higher-order topological
superfluidity by using ultracold atoms in optical lattices [80]. We note that our
continuum model of an attractive Fermi gas with two spin components in antiparallel
magnetic fields is related to the time-reversal invariant Hofstadter-Hubbard model
in the flat-band regime [77, 78]. In Ref. [78], it was shown that a pairing gap and
superfluid density are proportional to the coupling constant at weak coupling.

This thesis is organized as follows. In Chapter 2, we review the previous works
for 2D quantum systems: BCS-BEC crossover, Bose-Hubbard model, and magnetic
catalysis. In Chapter 3, we investigate a 2D spin-balanced Fermi gas in antipar-
allel magnetic fields. We determine the ground-state phase diagram and discuss



CHAPTER 1. INTRODUCTION

the universality class of quantum phase transitions. We also calculate some physical
quantities to clarify ground-state properties. In Chapter 4, we investigate a 2D spin-
imbalanced Fermi gas in antiparallel magnetic fields and determine the ground-state
phase diagram analytically at weak coupling as well as numerically beyond it. In
particular, we elucidate how much area in the ground-state phase diagram is occu-
pied by the FFLO state. In Chapter 5, we investigate a 3D spin-imbalanced Fermi
gas in antiparallel magnetic fields with the ansatz of the FF state. We determine
the ground-state phase diagram under the condition that fermions only occupies in
the lowest Landau level. We also calculate the collective excitation spectrum to
discuss the stability of the superfluid state. We summarize this thesis in Chapter 6.
Throughout this thesis, we set A = 1.



Chapter 2

Review of two-dimensional
quantum systems

In this chapter, we review three topics on 2D quantum systems: BCS-BEC crossover,
Bose-Hubbard model, and magnetic catalysis. These topics are useful to better
understand our study of an attractive Fermi gas in antiparallel magnetic fields.

2.1 BCS-BEC crossover

In Section 2.1.1, we follow Ref. [81] and review the scattering problem in 2D. In
Section 2.1.2, we follow Ref. [41] and review the ground-state phase diagram of a 2D
Fermi gas with population imbalance under the ansatz of the FF state, where the
order parameter has a spatially varying phase with a constant magnitude, A(x) =
Ape'@® within the mean-field approximation.

2.1.1 Scattering problem

We consider two fermions with two different spin components interacting via a short-
range potential V' (r) with a range ry, which is assumed to only depend on the
magnitude of the relative coordinate r. The 2D Schrodinger equation in the center-
of-mass frame is given by

- V)] otr) = o) 2.
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CHAPTER 2. REVIEW OF TWO-DIMENSIONAL QUANTUM SYSTEMS

with the particle mass m and the energy E. The wave function can then be written

as ¢(r) = R(r)T(y) and the Schrodinger equation can be separated into two parts:
T 1) = —£7(p) (22)

dQOQ ¥) = P)s :

1 d d >
{—%% ( dr) +— +VI(r )} R(r) = ER(r). (2.3)
The quantum number ¢ corresponds to the angular momentum around the axis
perpendicular to the plane and takes integer because the wave function 7'(¢) has to
be single-valued.

In the asymptotic limit » — oo, the wave function can be written as a superpo-
sition of an incident plane wave and a scattered wave,

¢(T) N eikrcoscp .

f(k)e™, (2.4)

8ﬂkr

where k = k7 is the relative momentum with its magnitude k defined by E = k?/m.
The scattering amplitude f(k) can then be expanded in the partial waves as

k) = Z(Z — de0) cos(le) fe(k), (2.5)

=0
where the function f;(k) is related to the phase shift ¢, by the following expression:

—4
cotdy — 1

fo(k) = (2.6)

In the low-energy limit, for example, the phase shift for the s-wave (¢ = 0) can be
expanded as

2
cotdp(k) = ——1In (

™

) +0(K), (2.7)

a2p
where asp > 0 is a 2D scattering length.

Now, we assume the attractive interaction, which has a range r, much shorter
than the mean interparticle distance and the thermal de Broglie wavelength. There-

fore, the attractive interaction can be effectively considered as a contact, s-wave
interaction and the two-body problem is described by the following Hamiltonian:

]{?2
H= — |k) (k (k,K') k) (K 2.8
Xk:m! |- ;;g ) |k) (K], (2.8)



2.1. BCS-BEC CROSSOVER

where L is the linear size of the system. The contact interaction g(k, k') = (k|g|k’)
is taken to be constant g > 0 up to a large ultraviolet cutoff ky ~ 1/rg. It is
convenient to describe the interaction between two fermions in terms of a T matrix,
which is obtained from the following series,

1 1

TE)=—-g+(-¢)—(—g)+ = — 2.
(B)=—g+( 9>E_q2/m( g9) + T I(E) (2.9)
where the one-loop polarization bubble is given by
A
m 1
I(F)=— 2.1
(E) 2m Jo de 2¢ — F (2.10)

with an energy cutoff A = k% /(2m). When we set £ = —¢, with ¢, > 0, the relation
between the coupling constant g and the binding energy ¢, is obtained by the pole
of the T" matrix,

1 m [ 1

—=1l(—¢)=— [ d .
g (=e) 2m Jo 626+€b

(2.11)

Therefore, a two-body bound state always exists for the attractive contact interaction
in 2D and its binding energy ¢, is given by €, = 2Ae™#/(m9) We can use Eq. (2.11)
to remove the dependence on A in the physics beyond the two-body problem by
replacing the coupling constant g with the two-body binding energy ¢.

When we consider the on-shell scattering of two fermions at incoming momenta
+k, into outgoing momenta +k; with k = |k;| = |ky|, the scattering amplitude
f(k) is related to the T' matrix, f(k) = mT(k*/m). Then, the relation between the
binding energy €, and the 2D scattering length asp is given by €, = 1/(ma3p).

Finally, we note that the 2D scattering length asp is related to the 3D scattering
length asp, which is tuned via Feshbach resonances. In ultracold atom experiments,
2D atoms are realized by confining atoms in a highly anisotropic trapping potential
U(x) = mw?2?/2 + mw? (22 + y*)/2 with w; < w, and the motion of trapped
fermions along the z direction is restricted to their zero-point oscillation [15, 16, 17].
According to Refs. [1, 82], by considering the low-energy scattering, the 2D scattering
length asp can be expressed as

T T Q,
— ) exp =y /T 2.12
f2p =4 0.905eXp( \/ga;;D) (2.12)

with a transverse harmonic-oscillator length a, = 1//mw,. In particular, if a, >
—aszp > 0, the dimensionless coupling constant mg can be approximated by

mg = —v/8r 22 (2.13)

Qy

within the Born approximation.
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2.1.2 Ground-state phase diagram

We consider attractive 2D fermions with population imbalance, which are described
by the following Hamiltonian:

2 * V2 2 * *
H = U;i/d T ¢ () {—% - ua] o () — g/d z 61(x) 8] (%) 6y (x) 1 (),
(2.14)

where m is the mass of fermions and p, is the chemical potential for each spin
component. To determine the ground-state phase diagram in the plane of the average
chemical potential 1 = (p1++1;)/2 and Zeeman field h = (py —py)/2, we perform the
standard mean-field approximation with the ansatz of the FF state, A(x) = Aye’?®,
The resulting mean-field thermodynamic potential at zero temperature takes the
form [41],

1 ~ A2 1
Op = —— | k| E, — & — 0 A’k E,.,0(—Ep, 2.1
MF 47'{'2/ < k — &k 2 + Eb) + Ar2 C;:/ kal(—Era), (2.15)

where we have used Eq. (2.11) to remove the logarithmic divergence. Here, we have
defined

Epe = By + (h - Q) , (2.16a)
2m

E, =1\/&+ A2, (2.16b)

& =ex— Il (2.16¢)

with €, = k%/(2m) and 1 = p — Q?/(8m). The pairing gap Ay and momentum Q
are determined so as to minimize the thermodynamic potential in Eq. (2.15).

For h =0 and @ = 0, the BCS-BEC crossover in 2D is described by solving the
gap and number equations simultaneously, 0Qyg/0Ag = 0 and n = —0QyE/Ou. At
the fixed p, their solutions take simple forms [7, 8, 9],

Ag = (e +2p), (2.17a)

er = p+ % (2.17b)

with the Fermi energy er = 7n/m, so that the ground state is unpolarized super-
fluid (SF) for p > —e/2.

Next, we consider the case h > 0 but ) = 0. The location of the minimum of
Oy for the unpolarized SF phase is unchanged with increasing h, although a second
minimum corresponding to the polarized normal (N) phase appears at Ay = 0. By

8



2.1. BCS-BEC CROSSOVER

substituting the solution in Eq. (2.17a) into Eq. (2.15), the local minimum Qgp
corresponding to the SF phase is found to be

Qsp =~ (n+ %)2 (2.18)

where we have assumed > —¢,/2. On the other hand, the local minimum Qy
corresponding to the N phase with Ag = 0 becomes

m

O = =2 [0 = 10— ) + (u+ B0+ 1)) (2.19)

where the case @+ h < 0 corresponds to the vacuum without fermions. For u +
h > 0, the first term in Eq. (2.19) is zero if the polarized N phase has one Fermi
surface (i.e., fully polarized N phase) and nonzero if the polarized N phase has two
Fermi surfaces (i.e., partially polarized N phase). The critical Zeeman field A, of a
first-order quantum phase transition between the SF and N phases is determined by
solving Qsp = {2n, which leads to

L (V2D (1< ),
h =V (2.20)

€
€p <,u + Z) (1> phe),

where g1 = (1 4+ v/2)ey/2 separates the fully and partially polarized N phases. We
note that the polarized superfluid or Sarma phase [83] is always located at the local
maximum of the thermodynamic potential in 2D [84, 85]. In contrast to the 2D
case, the Sarma state becomes the stable ground state of a 3D Fermi gas in the
strong-coupling limit [86, 87, 88, 89, 90, 91].

Next, we consider the case h > 0 and @ # 0. The author in Ref. [41] showed
a continuous phase transition from the N phase with Ay = 0 to the FF phase with
Ay > 0 and @ # 0. The critical Zeeman field hgp of its continuous phase transition
is determlned by simultaneously solving @ = Q.(u, hpr) and S(hpr, @,0) = 0, where
Qc(p, h) = /2(u+ h) — \/2(p — h) is the difference in the Fermi wave vectors of
two spm components and S(h,Q,Ag) is defined via OQyp/0Ag = —2A0S(h, Q, Ay).
The function S(h, @, 0) can be obtained analytically [41],

\/ 211€p

<%> (@ > Q.),

S(h, Q,0) =

1

——log
: (2.21)
1

in
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0 —
25|

2.0

H/eEp

Figure 2.1: Mean-field ground-state phase diagram in the plane of the chemical
potential p and Zeeman field h in units of the two-body binding energy ¢,. The solid
curve shows the boundary of the first-order phase transition, whereas the dotted
curves show that of the second-order phase transition.

and therefore, we obtain

hFF = \/2,&61, — EZ, (222)

Qe = 2\/6. (2.23)

The ground-state phase diagram within the mean-field approximation is depicted
in Fig. 2.1. It consists of polarized N, unpolarized SF, and FF phases as well as the
vacuum (vac) without fermions. The polarized N and SF (FF) phases are separated
by the first-order (second-order) quantum phase transition with the phase boundary
he in Eq. (2.20) [hpr in Eq. (2.22)]. Two boundaries, h. and hgp, meet at © = 5¢,/4,
and therefore, for 1 > 5¢,/4, the phase boundary h,, derived as the first-order phase
transition between the N and SF phases, becomes the first-order phase transition
between the SF and FF phases. Since the thermodynamic potential for the FF state
is slightly lower than that for the N state, the true h. for u > 5e,/4 will be slightly
lower than that depicted in Fig. 2.1.

10



2.2. BOSE-HUBBARD MODEL

2.2 Bose-Hubbard model

Ultracold Bose gases on an optical lattice are well described by the Bose-Hubbard
model [1], which was introduced by Fisher et al. [92] to investigate the superfluid-
insulator transition. In 1989, Jaksch et al. proposed a way to implement the Bose-
Hubbard model in ultracold atom experiments [93]. Motivated by this proposal,
the quantum phase transition from a superfluid to a Mott insulator was observed
in 3D by Greiner et al. [94], in 1D by Stoferle at al. [95], and in 2D by Spielman
et al. [96, 97]. In this section, we review the mean-field phase diagram of the Bose-
Hubbard model at zero temperature. We follow Refs. [1, 98, 99].

2.2.1 Ground-state phase diagram
The Bose-Hubbard model is defined by the following Hamiltonian:

i =—1%" (bbe+ b)) + %Zﬁjmj N -uYn, (2.24)
J J

(J:k)

where (j, k) denotes the set of nearest-neighbor sites and n; = IA);I;] represents the
number operator at site j with bosonic creation and annihilation operators, 1;; and

~

b;, respectively. Here, J > 0 is the hopping amplitude between nearest-neighbor
sites, U > 0 is the on-site repulsive interaction, and p is the chemical potential. We
now consider the 2D square lattice with N, lattice sites.

The ground state of the Bose-Hubbard model is determined by the competition
between the hopping amplitude J and the on-site interaction U. In the limit J/U >
1, the interaction U can be negligible compared to the hopping J and the ground
state is an ideal BEC where all N bosons occupy the lowest Bloch state. The many-
body wave function of this ground state can be written as

(Un) g X (Z 6}) 0) (2.25)

with the vacuum state |0). On the other hand, in the limit J/U < 1, the hopping J
can be negligible compared to the interaction U. Considering v = N/N;p, = 0,1, ..,
the ground state is a Mott insulator, which consists of v localized bosons per site.
The many-body wave function of this ground state can be written as

Wa),o o [] (6})” 0). (2.26)
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Therefore, by increasing the ratio J/U, we expect the quantum phase transition
from a Mott insulator phase to a superfluid phase.

To investigate this quantum phase transition, we perform the mean-field approx-
imation with ¢¥p = <b;> — (b,), which leads to

- U
H=>" [4J¢g + (g — 1) = iy =4I (b +b;) } ZHMFJ (2.27)
J

Therefore, one can see that it is sufficient to minimize the Hamiltonian fAIMFJ per
site. We drop the subscript j for brevity and write Hyr = Hy + V with

5 U
Hy = 4Jy% + 5 A= 1) = pi, (2.28)

V = —4Jyp(b" +b). (2.29)

When we choose eigenstates |v) of the number operator n as unperturbed states,
the Hamiltonian H, can be diagonalized in the basis {|v)} and its unperturbed
ground-state energy is found to be

~ U
(v|Ho|v) = 4JyF + FVv—1) - = 4Jy3 + Ey, (2.30)
where we have used 7 |v) = v|v) (v = 0,1,2,...). The order parameter ¢p is
determined so as to minimize the energy Eyy = (v|Hwr|v). By performing the
usual perturbation theory up to the fourth order in ¥ assumed to be small, the
energy Fyr is given by

Enir = Eo + Ext, + Exthy + O (v%) (2.31)
with
Ey = %V(V —1) — pv, (2.32a)
B, =47 [1 — 47 (U(V _”1) —+ M”leV)} , (2.32D)
B 4 viv—1) (v+ 1) (v+2)
Ee=]) [(U(v S = (U —3) —20) (= Uv)2u—Uv + 1))

- <U(V —Vl) o :—+U1u> <(U(u —Vl) — et (My_JrUl,/)z)} . (2.32¢)

According to Ref. [98], the coefficient E, is positive, and therefore, the quantum
phase transition between an insulator phase with ¥ = 0 and a superfluid phase

12
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B - | |
v=3
2 a -
o superfluid
% 1 ______________ ]
L v=1
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W00 002 004 006 008
J/U

Figure 2.2:  Mean-field ground-state phase diagram in the plane of the chemical
potential p and the hopping amplitude J in units of the on-site interaction U. The
phase diagram consists of three phases corresponding to the vacuum, superfluid, and
Mott insulator labeled by the filling factor v = 1,2,.... They are separated by the
second-order quantum phase transition located at Eq. (2.33).

with ¥p # 0 is of the second order. Its phase boundary is determined by solving
FE5 =0, which leads to the critical chemical potential

[y = %(U(Zu —1)—4J)+ %\/U2 —8JU(2u +1) + (4J)2, (2.33)

where the subscripts £ represent the upper and lower halves of the phase boundary.

The ground-state phase diagram of the Bose-Hubbard model is depicted in Fig. 2.2.
The insulator phase with ¢5 = 0 is divided into different phases by the filling factor
v =20,1,2.... Since the filling factor represents how many bosons occupy per site,
the phase with v = 0 corresponds to the vacuum without bosons. On the other
hand, the phase with v = 1,2,... corresponds to a Mott insulator. This state is
incompressible because its density does not change when the chemical potential is
varied. The tip of each Mott lobe is located at

W1 — 2P
(% %) :< v+ vy \/u2+u—1>, (2.34)

4
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which is obtained by solving p, = p—. The rest of the phase diagram is occupied
by the superfluid with {5 # 0.

The nature of the continuous phase transition between the Mott insulator and
superfluid phases is captured by considering the effective theory for the complex
bosonic parameter. In Ref. [92], Fisher et al. showed that at the tips of the Mott
lobes, the effective theory becomes that of the XY model, that is, the quantum phase
transition is in the universality class of the XY model. In this phase transition, the
density remains unchanged from that in the Mott insulator. On the other hand,
away from the tips of the Mott lobes, Fisher et al. showed that the quantum phase
transition always involves a change in the density and is in the universality class of
the dilute Bose gas.

2.3 Magnetic catalysis

In Section 2.3.1, we review free Dirac fermions in a magnetic field in (2+1) D and
show that a magnetic field induces the condensation of fermion-antifermion pairs.
Then, we review interacting Dirac fermions in a magnetic field in (2+1) D and show
that a magnetic field induces the dynamical fermion mass in Section 2.3.2. We follow
Refs. [63, 64].

2.3.1 Free Dirac fermions in a magnetic field

To understand the dimensional reduction, we firstly consider charged Dirac fermions
subjected to a magnetic field with its magnitude B > 0 in (2+1) D, which are
described by the following Lagrangian density:

L=V(iv"D, —m)¥, (2.35)

where m is the mass of Dirac fermions. The covariant derivative D, = 0, — ieA,
with the fermion charge e > 0 depends on the external gauge field A,. Without loss
of generality, we choose the vector potential as A, = (0,—A) with A = (—By,0).
Here, we use the four-dimensional representation of the Dirac matrices y*:

o__ (03 0 1 iUl 0 2 iUg 0
7 - (O _0_3) ) 7 - ( O _2'01) ’ 7 - ( 0 _2'02) ’ (236)

where o; (i = 1,2,3) are the Pauli matrices. We note that in the massless limit
m — 0, the Lagrangian density in Eq. (2.35) is invariant under the global U(2)
transformations with the generators Ty = I, Ty = ~°, Ty, = —i~?, and Ty = 375,

where
3 (0 1 5 (0 1
0 —Z(I o) V= o) (2.37)

14
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The mass term breaks the U(2) symmetry down to the U(1) x U(1) symmetry with
the generators Ty and T3. By solving the Dirac equation of motion, the energy
spectrum E,, (n =0,1,2,...) is given by

En_o = +m, (2.382)
E,>1 = £Vm? + eBn. (2.38b)

The density of state for the lowest Landau level with n = 0 is eB/(27), whereas that
for higher landau level with n > 1is eB/m.

In the massless limit m — 0, the spontaneous U(2) symmetry breaking takes
place already in the free theory. The condensate (0|W(x)¥(z)|0) can be expressed
as

(0] (2)¥(2)|0) = — lim Tr[S(=, y)], (2.39)
Yy—x
where z# = (t,7) denotes the space-time coordinate. The fermion propagator

S(z,y) = (O|T[¥(x)¥(y)]|0) can be calculated by using the Schwinger proper-time
approach [100]. In the limit m — 0, the condensate is given by

(019 (2)¥(x)[0)

tanh(eB
= — lim lim —3 d*k / ds exp [—s (m2 + k2M + k:g)}
A—oom—0 277 1/A2 eBs
> d
= — lim lim —o L emep coth(eBs)

A—oo m—0 27r3/2 1/A2 \/_

— ~ lim lim — [2A+f—+0<mr%>]

A—oco m—0 27T 3/2 | |
eB

= —%sign(m), (2.40)

where we have introduced an ultraviolet cutoff A in the intermediate calculation.
This is a specific phenomenon in (2+1) D because the corresponding result in (3+1)
D is given by (0|W(z)¥(z)|0) ~ eBmlog(m), which goes to zero in the limit m — 0.
To understand the physical origin of this phenomenon, we note that the singular 1/m
behavior in the parentheses of Eq. (2.40) comes from the infrared region (s — oo) of
the integral over s. At s — oo, the function eB coth(eBs)/\/s approaches eB/s'/?
for B # 0 and 1/s%2 for B — 0. Since the 1/s%2 behavior originates in the d-
dimensional Gaussian integral over k, a magnetic field is found to reduce the (2+41)-
dimensional dynamics to the (0+1)-dimensional dynamics, which is the dimensional
reduction.

15
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2.3.2 Interacting Dirac fermions in a magnetic field

We next consider the Nambu-Jona-Lasinio (NJL) model in (241) D, which is useful
to see that a magnetic field induces the dynamical fermion mass. The NJL model
invariant under the U(2) transformations is described by the following Lagrangian
density:

_ G _ _
L=Vin"D,V + o [(DU)? + (U7*0)* + (Vi T)?] (2.41)
where G is the coupling constant and the fermionic fields carry an additional color
index a« = 1,2,..., N. By performing the Hubbard-Stratonovich transformation,
the Lagrangian density becomes

- _ 1
L=Viy"D, ¥ — V(o +~v°7 +iy°)V — %(02 + 774+ \%). (2.42)

The equation of motion for the auxiliary fields o, 7, and A is given by 0 = —G (UW),
7= —G(U2V), and A\ = —G(Wi° V), respectively. The effective action can then
be written as

L(o,7,\) = d’x (0® + 72+ N?) —ilogdet [iv" Dy, — (0 +7°7 +i7°N)] .

(2.43)

26

To obtain the effective potential V (o, 7, A), we perform the derivative expansion
of the effective action in the auxiliary fields. Because of the U(2) symmetry, the
effective potential V (o, 7, \) depends on o, 7, and \ via p? = % + 72 + A2, so that
it is sufficient to consider 7 = A = 0. We also assume ¢ to be independent of the
space-time coordinates. By using the Schwinger proper-time approach [100], the
effective potential is given by

V(o) = g [% G — %) o2 —V/2(eB)**¢ (—% 1+ %) — a?} +0 ((%2>4;)

where g = NGA /7 is the dimensionless coupling constant and ¢ is the generalized
Riemann zeta function [101]. The auxiliary field ¢ minimizing the effective potential
V(o) is determined by solving the gap equation 0V (o)/do = 0,

1 1 eB eB 1 o? 1
AM-——)o="2 el —)+0o(=]. 2.45
R T FGreag)roz) e
By comparing Egs. (2.35) and (2.42), the solution of the gap equation is found to
be the fermion dynamical mass mqyn.

16
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In the limit B — 0, the gap equation reduces to

o? = oA (% - é) , (2.46)

which leads to the fermion dynamical mass

(9 —V7)
My = M b v, (2.47)

0 (9 < V).

Therefore, it is found that no fermion dynamical mass exists in the weak-coupling
limit ¢ — 0. On the other hand, for B # 0, we obtain the approximate solution in
the weak-coupling limit g — 0,

B#0 eB
m =GN—. 2.48
dyn o ( )
In Ref. [66], it was also shown that the dynamical mass takes a finite value at any
strength of the coupling constant when a magnetic field is nonzero. This dynamical
generation of a fermion mass by a magnetic field is an important consequence of
magnetic catalysis.

2.4 Summary

In this chapter, we reviewed topics related to our study of an attractive Fermi
gas in antiparallel magnetic fields. In Section 2.1, we introduced the BCS-BEC
crossover in 2D. We discussed the scattering problem in 2D and derived the relation
between the coupling constant and the two-body binding energy. Under the ansatz
of the FF state, it was found in Fig. 2.1 that the mean-field phase diagram of a
2D spin-imbalanced Fermi gas at zero temperature consists of the polarized normal,
unpolarized superfluid, and FF phases as well as the vacuum without fermions. In
Section 2.2, we introduced the Bose-Hubbard model in 2D and it was found in
Fig. 2.2 that the mean-field phase diagram at zero temperature consists of three
phases corresponding to the vacuum, Mott insulator, and superfluid phases. In
Section 2.3, we reviewed the magnetic catalysis. We introduced the Lagrangian
density for free Dirac fermions in (2+1) D and a magnetic field proved to induce
the spontaneous symmetry breaking already in the massless free theory. We also
introduced the NJL model to describe interacting Dirac fermions in (241) D and a
magnetic field was found to enhance the dynamical generation of a fermion mass.
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Chapter 3

Ground-state properties of a
two-dimensional spin-balanced
Fermi gas

In this chapter, we study the ground-state properties of a two-dimensional (2D) spin-
balanced Fermi gas with an attractive interaction subjected to antiparallel magnetic
fields in the mean-field approximation. Firstly, we introduce the action of our system
and derive the zero-temperature thermodynamic potential by using the functional
integral method in Section 3.1. By minimizing the thermodynamic potential, the
zero-temperature phase diagram of the system is investigated in Section 3.2. To
elucidate ground-state properties in the superfluid state, we calculate some physical
quantities such as pairing gap, chemical potential, condensate density, sound velocity,
superfluid density, binding energy, and effective mass in Section 3.3. We derive
the Ginzburg-Landau action to discuss the universality class of the quantum phase
transition in Section 3.4 and we finally summarize this chapter in Section 3.5.

In this and next chapters, and appendixes, we use shorthand notations, (x) =
(t,z), [de = foﬂ dr ffOL d*x, §(x—2') = §(1—7")6*(x —x'), where 7 is the imaginary
time and @ is the 2D spatial coordinates, (k) = (iwn, ke, 1), Do) = Do 2ok Do
and Opp = 0wy, Okp ke, 01y, Where w, = (2n + 1)7/f is the fermionic Matsubara
frequency with n € Z, k, = 27n,/L is the wave number in the z direction with
n, = 0,%1,..., £mwpl?/(4r), and [ = 0, 1,... labels Landau levels. Whereas the
inverse temperature § and the linear size of the system L are kept finite in the
intermediate calculations, we take the zero-temperature and the thermodynamic
limits 3, L — oo at the end.
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CHAPTER 3. GROUND-STATE PROPERTIES OF A TWO-DIMENSIONAL
SPIN-BALANCED FERMI GAS

3.1 Zero-temperature thermodynamic potential

3.1.1 Model

In this chapter, we consider 2D attractive fermions with two spin components of
atoms in antiparallel magnetic fields, which are described by the following imaginary-
time action:

5= [wow@ (aT _ A @ u) 00 ()

= 2m
p / 0 6 ()8} (2) 6, (1)1 (). (3.1)

Here, m and p are the mass and chemical potential of fermions, and g > 0 is the
coupling constant. In this action, fermions with two spin components are described
by the Grassmann fields ¢}, ¢, with o = (1,1). We choose the spin-dependent vector
potentials as

A(@) = A, (@) = — By, (3.2)

so that fermions with different spin components experience antiparallel magnetic
fields with its magnitude B > 0; Vx Ai(x) = —V x A|(x) = Bz. By employing the
usual Hubbard-Stratonovich transformation [102], we can decouple the interaction
term in the action (3.1) by introducing a complex pair field A(x), which leads to

9

—0. + [V+iAq(z)]? +u A(z)
— [ dx " (x i 2m 4 2 d(x 3.3
/ (=) A*(z) o, o | PO (3

with the Nambu-Gor’kov spinor ®(z) = [¢4(z), ¢} (2)]".
Here, we expand the Nambu-Gor’kov spinor over the eigenfunctions of the single-
particle Hamiltonian. The eigenfunction in the Landau gauge is given by

—iwnT+ikzx

o) = 30— Fily — hath) (3.4)

with
A= (L) 55
N A, \is |
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being the [-th eigenfunction of the harmonic oscillator with the Hermite polynomial
H, (%), which solves the Schrédinger equation

V —iByz]?
—#)@g(x) = exk(T) (3.6)
with the single-particle energy provided by ¢ = wp(l+1/2) [103]. Here, (5 = 1/V/B
and wp = B/m denote the magnetic length and cyclotron frequency, respectively.
The eigenfunction also satisfies the orthogonality relation

[dn i) = b (37)
and the completeness relation

Y Xil@)xx(a') = 6(a' — ). (3.8)
k

By substituting ®(x) = ), Y (2)®(k) with ®(k) = [(ZT(k), ggj(k)]T into the action
in Eq. (3.3), we obtain

S = /dxM =N (k)G (R K)D(K), (3.9)

9 kK

where the inverse Nambu-Gor’kov propagator is defined by

(iwn - §Z)5k,k' A(k7 k/)

Gk K)=|""2
( ’ ) A*Uﬂ/,k) (iwn+§l)5k7k/

(3.10)

with & = ¢ — p and A(k, k) = Jdx x;(x)A(x)xw (z). By integrating out the
fermionic fields ¢} (k) and ¢,(k), we obtain the effective action written in terms of
the pair fields:

2
Set = /dm % — Trin G~ (k, k). (3.11)

While this effective action is formally exact with the understanding of the renormal-
ization procedure discussed below, we need some approximation to proceed with our
theoretical analysis.
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3.1.2 Mean-field approximation

Let us employ the mean-field approximation by setting A(z) = Ag > 0, which leads
to

Ak K') = Ag /dx i (@) xw () = Dok - (3.12)

Therefore, we obtain the thermodynamic potential Qyp = Sef|A(2)=a0/ (BL?) in the
mean-field approximation:

AZ 1 Z o
with
iy [GeYuk) (Gohwe(k)]  fiws —& Ao
Co )= |Gy (B) <Gal>22<k>] ‘[ Do iwptg) O

By performing the fermionic Matsubara summation and taking the limits £, L. — oo,
the zero-temperature thermodynamic potential is found to be

AQ
Qpp = =0 — 8
g 2m

S (B - &) — @), (3.15)

=0

where E; = /& + A is the quasiparticle energy. The detail of the Matsubara sum-
mation is shown in Appendix A. We introduce an energy cutoff A because the second
term in Eq. (3.15) is logarithmically divergent. This logarithmic divergence should
be removed by the same form of divergence hidden in the coupling constant [104]:

1 A 1 2A
L _ My (_) , (3.16)
g 27 ) 2e te€, 4w €p

where €, = 2Ae=*7/(m9) > ( is the binding energy of a two-body bound state in the
vacuum without magnetic fields. This binding energy always exists for g > 0 in 2D,
and thus, can be used to parameterize the attractive interaction [8, 9].

By separating the divergent part from the second term, combining the first term
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3.2. GROUND-STATE PHASE DIAGRAM

in Eq. (3.15), and taking the limit A — oo, we obtain

mAy 2A 0N —¢) MWp AZ
-2 [ (1) 200 5 (3

B mA? 2wp 1 1 Mwp — A2
=)o) T8 e

=0

where ¥(z) = dln[I'(z)]/dz is the digamma function defined as the logarithmic
derivative of the gamma function I'(z). Here, we have used the relation [101],

PY(z+1)—Y(2) = > (3.18)

and the asymptotic expansion of the digamma function,

U(:) = () — 5=+ 0 ( 12> | (3.19)

z

3.2 Ground-state phase diagram

In this section, we investigate the ground-state phase diagram of the system. The
pairing gap A is determined so as to minimize the thermodynamic potential (3.17).
Let us consider the case when the chemical potential 1 does not match any Landau
level (i.e. & # 0 for all [ € Ny). To clarify a quantum phase transition, we expand
the thermodynamic potential up to the quartic order in A, assumed to be small:

Oup = Co + CoA2 + C4AL + O(AY), (3.20)

where the coefficients C; (i = 0,2,4) are given by

o= ~"52 > el ~&) = 52w o= 2 (3:210)
m 2wp 1 W -
=4 [1“ (e_b>“”<§ w_) Z;(KZ &)]
m 2wp 1 " 1 W
F(B)-va-&)rwG-5)] e
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mwp =1
Cy = —
b6 12:; &

m w1 H w1 H
with v = [1/2 + p/wg]0(u) being the filling factor per spin. The coefficient Cj
coincides with the thermodynamic potential in the normal state. Because Cj is
positive, we find a second-order quantum phase transition from a normal state with
Ay = 0 to a superfluid state with Ay > 0 by increasing the two-body binding energy
€. The boundary of this phase transition is determined by solving Cy = 0, which

leads to
€ 1 I 1 L
— =2exp | Y| z—— |+ | z——+V]|]. (3.22)

The mean-field phase diagram at zero temperature is depicted in Fig 3.1. The
normal state with Ag = 0 is separated into different phases by the filling factors
v =20,1,.... The normal density therein is given by

0C, _ mws, (3.23)

T

so that the phase with v = 0 corresponds to the vacuum, where no particles are
present. On the other hand, for v > 0, fermions with each spin component fill the
v-th Landau level. Therefore, the phase with v > 0 corresponds to a quantum spin
Hall (QSH) insulator consisting of two quantum Hall states with opposite chiralities
for different spin components [59, 60, 61]. The rest of the phase diagram is occupied
by the pair superfluid state with Ay > 0. In particular, only when the chemical
potential lies right at a Landau level (i.e. § = 0 for all I € Ny), we find that the
superfluid state persists down to the weak-coupling limit ¢, — 0. We note that the
phase diagram obtained here has a similar structure to that of the Bose-Hubbard
model which consists of superfluid and Mott insulator phases [92].

3.3 Physical quantities in the superfluid state

3.3.1 Pairing gap and chemical potential

The BCS-BEC crossover in the superfluid state is described by the number density
equation,

. Or __ Mmwp G &
R T 2(1 Ez)’ (3.24)

=0
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Figure 3.1: Mean-field ground-state phase diagram in the plane of the chemical
potential o and the two-body binding energy ¢, in units of the cyclotron frequency
wp. The phase diagram is composed of three phases corresponding to the vacuum,
the superfluid, and the QSH insulator labeled by the filling factor v = 1,2,.... They
are divided by the second-order quantum phase transition located at Eq. (3.22). The
tips of the QSH insulators are indicated by the dots.

together with the gap equation, 0Qyr/0A¢ = 0:

In (2“’3) o <— - é) _wBlio; <Eil - é) = 0. (3.25)

Firstly, we consider the strong-coupling limit ¢, — co. By using p < 0, |p| > Ao,
the number density equation reads

mwB " 1 mA2
- — — | ~ 3.26
Z & 47TwB (2 w3> Ac(—p)’ (3:26)

while the gap equation becomes
— A
0~In < > —
ZO ;

() s
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= () 4 (%) (3.27)

By combining Eqgs. (3.26) and (3.27), we obtain

b exp [m <_—“) + E—F} ~—E (3.28)
2ep €p — U €r

with ez = mn/m being the Fermi energy. Therefore, the pairing gap and chemical
potential are given by

A 2

Y (3.29)
(S (S

LA (3.30)
€r 2€F

which correspond to the results obtained in the context of the BCS-BEC crossover
without magnetic fields [7, 8, 9]. One can understand this fact because, in the strong-
coupling limit, the pairs of fermions with different spin components become tightly
bound spin-singlet molecules, for which antiparallel magnetic fields cancel out.

Next, we consider the weak-coupling limit ¢, — 0 and wg/ep = 2/(2lp + 1). The
chemical potential then approaches the (ly + 1)-th Landau level (ly € Ny), so that
we set = wp(lo+1/2)+0p (|dp] < wp). In this case, the number density equation
reduces to

€Er [ gl
2F R
wp \/5,u +A2 ; L El}

= [
1+ + 1-—
\/(5,u +A2 Z I 124 (Ag/wp)? Z VI + (Ao jwp)?

5 1 /AN &1 &1
:2lo+1+—“+—(—°) -S4+ 35
Vop? + A5 2 \ws l:ll l:ll_
5,& 1 AQ 2
~ U414 —— S+ 1) [ 22 3.31
1 T e (5) .
which leads to
K 1 Ag ’
LN ) I 3.32
L irg—yvtorn (52) (3.32)

Therefore, we find that the chemical potential measured from the (lo+ 1)-th Landau
level decreases with the third power of a pairing gap. On the other hand, the gap
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equation becomes

K I=1 Ao
2
—In (ﬁ) Fop(1) — oy +1) — 2B, (3.33)
€p AO
which leads to
2o ! (3.34)

wp | In(2wp/e) — 27 — 0l + 1)

with 7 = —¢(1) = 0.577... being the Euler-Mascheroni constant. Therefore, we
find that the pairing gap in terms of the small coupling constant (3.16) is expressed
as

AV myg

=, 3.35

on (3.35)
which is consistent with the result obtained in Ref. [78]. The behavior of the pairing
gap exhibits the remarkable linear dependence in contrast to the usual exponential
dependence without magnetic fields [8, 9],

CUNINPNN <_4_7T> _ (3.36)

wp mg

This results from the divergent density of states at Landau levels and such an en-
hancement of dynamical symmetry breaking by magnetic fields is generally referred
to as “magnetic catalysis” [63, 64].

Finally, we calculate the pairing gap and chemical potential for any strength
of the two-body binding energy. To compare with the results obtained without
magnetic fields, we simultaneously solve the number density equation (3.24) and the
gap equation (3.25) in units of the Fermi energy. The pairing gap and chemical
potential with wp/ep = 2 is plotted in Figs. 3.2 and 3.3, respectively. In particular,
one can see that the pairing gap is indeed enhanced remarkably by antiparallel
magnetic fields.

3.3.2 Condensate density

Next, we compute a condensate density n., which is related to the condensation of
Cooper pairs and provided by [105, 106, 107]

1
ne = ﬁ/dm /dm’|\11(:13,:v’)|2, (3.37)

27



CHAPTER 3. GROUND-STATE PROPERTIES OF A TWO-DIMENSIONAL
SPIN-BALANCED FERMI GAS

1.0

0&

o o1 02 03 04
€p/€F

Figure 3.2: Pairing gap A as a function of the two-body binding energy ¢, in units of
the Fermi energy ep. The solid curve shows the result in the presence of antiparallel
magnetic fields with wg/er = 2, while the dotted curve shows Ay = \/2¢pe, without
magnetic fields. The asymptotic behavior of the pairing gap in the weak-coupling
limit [Eq. (3.34)] is also indicated by the dashed curve.

where U(x, ') = (¢,(0,2)p4(0,2')) is the wave function of Cooper pairs. In the
mean-field approximation, we have

U(z,x') = (Go)12(0, 2; 0, ')
= Z(Go)m(k‘)xk(@, x)xx(0,2)

P ke (x—a’) _ 2 o 2
B Z Z 2El ( ) ¢ Fl(y kxeB)Fl(y, kx€8)7

where we have performed the following Matsubara summation:

A} A BE
1 _ 20 o [ PE1Y .
Z (Go)af Z (im — E)(ion + B) 2B, ™" ( 2 ) (3.38)

Therefore, the condensate density at zero temperature is found to be

o0
mwp w— A2
87 E?
1=0

(3.39)

ne =
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Figure 3.3: Chemical potential ;1 as a function of the two-body binding energy ¢,
in units of the Fermi energy er. The solid curve shows the result in the presence
of antiparallel magnetic fields with wp/ep = 2, while the dotted curve shows p =
er —€,/2 without magnetic fields. The asymptotic behavior of the chemical potential
in the weak-coupling limit [Eq. (3.32) with Eq. (3.34)] is also indicated by the dashed
curve.

In the strong-coupling limit ¢, — oo, we obtain

2nCNwBAgoO I A (1 N AZ
2 wp

n N 4€F =0 g N 46FUJB N 46F(—,u)7

which leads to

2n,

1 3.40
e (3.40)

with the pairing gap and chemical potential in the strong-coupling limit [see Egs. (3.29)
and (3.30)]. This is understandable because all n/2 fermion pairs contribute to the
condensation.

In the weak-coupling limit ¢, — 0 with wp/er = 2/(2ly + 1), we obtain

() T

1£lo

2n,  wpAd
~

n  dep
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Figure 3.4: Scaled condensate density 2n./n as a function of the two-body binding
energy €, in a unit of the Fermi energy ep. The solid curve shows the result in the
presence of antiparallel magnetic fields with wg/ep = 2, while the dotted curve shows
the result in their absence [Eq. (3.42)]. The asymptotic behavior of the condensate
density in the weak-coupling limit [Eq. (3.41)] is also indicated by the dashed curve.

B 2 lo e}
wp AO 1 1
~ ZB (20 - -

wpB

= — 14+ 2¢'(1) = ¢ (lo + 1)) (ﬁ) ] : (3.41)

4€F wp

Therefore, we find that the condensate density increases with the second power of a
pairing gap. Moreover, for wg/er = 2, this result shows that at least 50% fermion
pairs condense as soon as an attractive interaction is switched on.

The condensate density beyond the weak-coupling limit is plotted in Fig. 3.4.
We also plot the condensate density obtained without magnetic fields [107]:

2n., 1 € | €F €p
=~ 2T Caretan (/2 (1- 2) ). 3.42
n 2\ 2 {2 e an( 2%, ( 2eF>)} (342)

One can see that the condensate density is also enhanced by antiparallel magnetic
fields as with the pairing gap.

30



3.3. PHYSICAL QUANTITIES IN THE SUPERFLUID STATE

3.3.3 Sound velocity

We now calculate a sound velocity c¢g, which is related to the Nambu-Goldstone
mode due to the broken symmetry. The sound velocity is derived from zeros of
the determinant of the inverse fluctuation propagator M (p) in the low-energy limit
w,p — 0 with the analytic continuation ip, — w + 07 [104, 108]. The inverse
fluctuation propagator M (p) is a 2 X 2 matrix and its elements at zero temperature
are given by

Mll( M22

[g SR I

a 2,2
mwp 9 uyuy v Uy 1
E E Iy —
27 |: ‘ b (p)‘ (ipn - El - El’ ipn + El + El’) + 2€l:| ’

=0 =0'=0

(3.43a)
Miz(p) = Mai(p )
mwB U0 Uy wuvrup vy
= Iy - — - , 3.43b
23S atplf (5 A ) G
where we have defined the functions u;, v; as
1 &
u§:1—vfz§( Ez) (3.44)

and have used a shorthand notation (p) = (ip,,p) with the bosonic Matsubara
frequency p, = 2mn/f (n € Z). In Appendix B, we calculate the effective action in
the Gaussian approximation and derive the inverse fluctuation propagator in detail.
Expanding the elements M (p) and Mja(p) up to the quadratic order in w, p yields

Mii(p) = ag + 1w + asw?® + bop?, (3.45a)
Mi3(p) ~ ag + ajw” + byp?, (3.45b)

where the coefficients are provided in Egs. (B.32). By using this expansion, we
obtain

0 = det M(p)
= My (p)Mir(~p) — [Mia(p)]?
~ [2a9(ay — ay) — ai]w? + 2ag(by — bh)p?, (3.46)
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which vanishes for w = ¢;|p|, and therefore, the sound velocity is found to be

cy = \/ 2a0(b: — b)) (3.47)

a? + 2ag(ab, — ay)

with
Mwp = A2
_ —0 3.48
0T R/ L Ep (3.482)
mwp x—~ &
= — = 3.48b
“T T ; B (3.48b)
/ _ mwp =1
T lz_; E—lg), (3.48c¢)
RS N\ 1 (wuy +vv)? (w1 + vvrg)?
by — by = — I+ =-1 —(I+1
S 47TIZ K 2) E, E + E_y (t+1) E + Epy
(3.48d)
In the strong-coupling limit ¢, — oo, we have
mAg " 1 H m A0 ?
oo M0 (2 ) LT (20 3.49
0= oz 20y Ter \ ) (3-492)
m (1 W m
~ — - — |~ — 3.49b
“ 87rw3¢ (2 wB> 8mu’ ( )
/ m 1 1 l’l' m
—ay ~ — —— — | ~ 3.49
2 =02 327rw]23w (2 w3> 327 p?’ (3-49¢)
7 L p Iz 7
by by ——t oy (- ) () g (1
2R 8mw?, { v <2 wB) ¢< wB) ¢( WB)]
1
~ _ 3.49d
om0 (3.49d)
which lead to
Cg - 2&0(62 — b/2> - A() 1

(3.50)

~ ~ — —=
UFp ag 2/ 2ep(—p) V2

with the Fermi velocity vy = /2€er/m. This result corresponds to the exact result
obtained without magnetic fields [104].
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In the weak-coupling limit ¢, — 0 with wg/er = 2/(2ly + 1), we have

mwp

ag ~ A, (3.51a)
a) =~ —163$Bw’(10 +1), (3.51b)
3
dy — ay = 16777;% (Z—Jz) , (3.51c)
by — bl = ﬁon, (3.51d)
which lead to
G o o2t 5B (3.52)

Vrp Ay — A2 wp

Therefore, we find that the sound velocity increases in proportion to a pairing gap.

The sound velocity is plotted in Fig. 3.5. One can see that the sound velocity in
the presence of antiparallel magnetic fields is always lower than ¢, = vp/v/2 in their
absence [104] unlike the pairing gap and condensate density.

3.3.4 Superfluid density

Now, we calculate a superfluid density n,, which refers to the number density of
fermions involved in the superfluid motion [106]. The superfluid density is deter-
mined as the coefficients of the spatial derivative of phase fluctuations 6(x) in the
effective action Seg:

: / Ao | VO = 5L Z (22 o)l (3.53)

where we have performed the Fourier transformation,
O(z) =Y e PrtiEEg(p) (3.54)
p

with a shorthand notation » = >, > . In our analysis, the phase fluctuation
is introduced by A(z) = Age?®™@ ~ Ay + iAgf(z) = Ay + n(x), and thus, we set
n(xz) = iA¢f(x). By substituting this into the Gaussian part Sg of the effective
action [see Eq. (B.19)],

S = 02 Y [ MO + M) G0+ TPT )|, (3:59)
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Figure 3.5:  Sound velocity ¢;/vp scaled with the Fermi velocity vp = \/2€ep/m

as a function of the two-body binding energy ¢, in a unit of the Fermi energy ep.

The solid curve shows the result in the presence of antiparallel magnetic fields with

wp/ep = 2, while the dotted line shows ¢, /vy = 1/+/2 without magnetic fields [104].

The asymptotic behavior of the sound velocity in the weak-coupling limit [Eq. (3.52)]
is also indicated by the dashed curve.

we obtain

S = B2 A2 My (p) — Muo(p)][B(p) (3.56)

p

By using the inverse fluctuation propagator in the low energy limit w,p — 0 with
the analytic continuation ip, — w + 07, we obtain

AG[Mui(p) = Mia(p)] = Affarw + (az — ay)w? + (b2 — by)p7, (3.57)
and therefore, the superfluid density reads
ny = 8mAZ(by — b}). (3.58)
In the strong coupling limit ¢, — oo, we have

s Aj
Bs o D0 4y, (3.59)
n dep(—p)
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Figure 3.6: Scaled superfluid density ns/n as a function of the two-body binding
energy €, in a unit of the Fermi energy e€z. The solid line shows the result in
the presence of antiparallel magnetic fields with wg/er = 2, while the dashed line
shows the asymptotic behavior of the superfluid density in the weak-coupling limit
[Eq. (3.60)].

where we have used the pairing gap and chemical potential in the strong-coupling
limit [see Eqs. (3.29) and (3.30)]. This coincides with the result obtained without
magnetic fields and means that all fermions participate in the superfluid motion as
tightly bound molecules.

In the weak-coupling limit ¢, — 0 with wg/er = 2/(2ly + 1), we have

Ms 920, (3.60)
n wp
Therefore, we find that the superfluid density increases in proportion to a pairing
gap as with the sound velocity [see Eq. (3.52)]. This result is consistent with the
result obtained in Ref. [78].

The superfluid density is plotted in Fig. 3.6. At zero temperature, it is known
that the superfluid density without magnetic fields is ns/n = 1 [106]. Therefore,
the superfluid density is suppressed by antiparallel magnetic fields compared to that
without magnetic fields. This results from the fact that fermions forming a pair
cannot easily move because of their cyclotron motion. Actually, in the next section,
we see that an effective mass of a two-body bound state is divergent in the weak-
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coupling limit.

3.3.5 Two-body physics

At the end of this section, we discuss the two-body problem. To this end, we
consider the Green function I'"!(p) given by taking the limits Ay, — 0 in the
inverse fluctuation propagator M (p) at zero temperature. Performing the analytical
continuation ip, — w + 0" yields

n-2e(2) <)

m o= | — WB 1
- I 2
i Z{;[Z‘ e (p) oAl 2+ 1

I'=0

(3.61)

Binding energy

A binding energy FE, in antiparallel magnetic fields is determined by solving the
equation I''(w = wp — Ej, p = 0) = 0, which leads to

Yo ] 00 Wi 1
o-un(2) o+ () - $ee i

2(JJB Eb
s (22 o (). s

Therefore, we obtain

E
)]

which corresponds to the boundary of the quantum phase transition from the vacuum
to the superfluid phase with Ay > 0 [see Eq. (3.22)]. The binding energy Ej in
antiparallel magnetic fields is plotted in Fig. 3.7.

In the strong-coupling limit ¢, — oo, we obtain

€p Ey

@ _ep{ ~ By (3.64)

(%] WB

with the asymptotic behavior of ¢ (2) [see Eq. (3.19)]. Therefore, the binding energy
E, is given by

Ey = € + wp. (3.65)
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Figure 3.7: Binding energy FE, in antiparallel magnetic fields as a function of the
two-body binding energy ¢, in their absence in units of the cyclotron frequency
wp. The solid curve shows the result, while the dotted line shows E, = ¢, + wpg,
which is the asymptotic behavior of the binding energy in the strong-coupling limit
[Eq. (3.65)]. We also show the asymptotic behavior of the binding energy FEj, in the
weak-coupling limit [Eq. (3.66)] by the dashed curve.

This is understandable because tightly bound molecules composed of fermions with
different spin components are insensitive to antiparallel magnetic fields. The cy-
clotron frequency wp on the right-hand side of Eq. (3.65) means that two fermions
occupy the lowest Landau level whose energy is wg/2.

In the weak-coupling limit ¢, — 0, we obtain

Ey, — 2wp
b log(2wgp/€y) — v’

(3.66)

where we use the series expansion of ¢ (z) for z # 0,—1,—2,... [101],

W(z) = —y + ZO (z% - le) . (3.67)

One can see that the binding energy FEj, in antiparallel magnetic fields has the same
dependence of the two-body binding energy ¢, in their absence as the behavior of
the pairing gap. [see Eq. (3.34)].
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Effective mass

We can investigate an effective mass m* by considering the momentum dependence
of zeros of '™} (w, p) with w = wp — Ey+p*/(2m*). By expanding the Green function
I'!(w, p) up to the quadratic order in p, we obtain

! (w= P’
w=uwp— £+ p#0
2m*
_m 2wpg Ey
~ip e () 0 (2]
N p? °°[ [+1/2 l
8Twp < I+ Ey/(2wp) 1—1/2+ E,/(2wp)
B [+1 _m 1 ]
[+1/2+ Ey/(2wg) 2m* (I + Ey/(2wp))?

_ p2 N m w/ Eb
8mwp 2m* 2wp

Eb 1 Eb 1 Eb 1 Eb
+(Z§‘§){W<Z£>_w<_5+55>_¢<5+§$>}}

(3.68)

Solving I'"}w, p) = 0 with w = wp — E, + p*/(2m*) yields

m*_l Eb Eb Eb 1 Eb 1 Eb !
om (m>[2(@‘1){2¢<@)‘¢<‘5+@)‘w<5+m 1 |
9)

(3.6

The effective mass is plotted in Fig. 3.8. In the strong-coupling limit ¢, — oo
with Eq. (3.65), we have

Eb ZwB
=) ~ == 3.70
wQ@) =3 (3.702)
B, 1 B 1 E wp )
20 — | — R e -4+ — |~ = .70b
(o) v (5ram) wGra)= (7). e
which lead to

m* — 2m (3.71)

as expected from the tightly bound molecules. On the other hand, the effective
mass is divergent in the weak-coupling limit €, — 0, which results from the fact that
fermions forming a pair cannot easily move because of their cyclotron motion.
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Figure 3.8: Scaled effective mass m*/(2m) as a function of the two-body binding
energy €, in a unit of the cyclotron frequency wg.

3.4 Universality class of the quantum phase tran-
sition

We found that the phase diagram obtained in Section 3.2 closely resembles that
of the Bose-Hubbard model which is composed of superfluid and Mott insulator
phases [92]. Here, it was revealed that the quantum phase transition between them
is classified into the universality class of the dilute Bose gas or XY model. This fact
and the mutual resemblance motivate us to elucidate the universality class of the
quantum phase transition in our system.

Let us derive the Ginzburg-Landau action in the vicinity of the quantum phase
transition. To this end, we need to expand the effective action Seg (3.11) up to the
quadratic order in the pair field A(x) assumed to be small and smooth. Actually,
we can determine the Ginzburg-Landau action by comparing it with the effective
action within the Gaussian approximation, which is already obtained in Eqs. (3.17)
and (B.19). Now, we write the Ginzburg-Landau action as follows:

Sar = Co + / dz [AlA*(x)ﬁTA(x) + Ayl8, A(z)?

+ By| VA(@)]? + Cy) A(z)? +C4|A(:c)|4]. (3.72)
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Figure 3.9:  Scaled coefficient A = wpA;/m along the phase boundary of the
quantum phase transition with » = 1. The dot indicates the tip of the QSH insulator.

When we set A(z) = Ay, the above action reduces to the mean-field action Sy (3.17),
so that the coefficients C; (i = 0,2,4) are provided by Egs. (3.21). On the other
hand, the coefficients Ay, Ay, By are obtained by replacing Ag — 0,n(x) — A(z) in
the Gaussian part of the effective action Sg (B.19):

SG‘AQ*)OH *}A 5[1 ZMl]. ‘A 4)0 (p>’2

~ BL Z CL1 an) + a2(2pn)2 + b2p2] ‘A0—>0|z(p)|2

p

_ / da { (~n] ) A @)0A)
() AW + (1l o) V8@ (373

where we have performed the low-energy expansion of the inverse fluctuation prop-

agator (B.31). Therefore, we obtain
b)) — (2o (3.74a)
2 wp ' )

mWB l m et
— — 92 i
Z GF = Brus [ v <2

H
wpB
Ay =Cy = 32:‘% {@z/’ (% ) ( - y)] , (3.74b)
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Figure 3.10:  Scaled coefficient Ay = w4 Ay/m along the phase boundary of the
quantum phase transition with » = 1. The dot indicates the tip of the QSH insulator.

RS 1\ 1 0(E)0(E-1) +0(—E&)0(—&-1)
32_4@;{([ 2) o ! N
B 0(£)6(&i+1) + 0(=&)O(—&i1)
(t+1) EE ]

P L p 7 7
sl (6 8) () (- 5)
TWp 2  wp WB wB
1
— 4 (——i—i-y) + 2¢ (—i—l—y) + 2¢ (1—i+u>1. (3.74¢)
2 wp wp wpB
We plot the coefficients A;, Ay, and By along the phase boundary (3.22) in
Figs. 3.9, 3.10, and 3.11. While Ay, C4y and By are always positive, Cy changes

its sign when the phase boundary located at Eq. (3.10) is crossed. Moreover, we find
that A is related to Cs,

100,

A= ———= 3.75
and therefore, A; vanishes at 9C5/0p = 0 corresponding to the tip of each QSH
insulator labeled by a filling factor v. In Fig. 3.1, we indicate the tip of each QSH
insulator by the dots.
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Figure 3.11: Scaled coefficient B, = w% By along the phase boundary of the quantum
phase transition with ¥ = 1. The dot indicates the tip of the QSH insulator.

When A; = 0, the Ginzburg-Landau action is invariant under the exchange of
A*(x) <> A(x), which signals the particle-hole symmetry emergent in the low-energy
limit. The equation of motion obeyed by the pair field is given by 6SgL/0A*(x) = 0:

—A10;A(x) + A202A(2) = [~BoV? + Co + 2C4| A(z)]?] A(z). (3.76)

Therefore, the equation of motion becomes the non-linear Klein-Gordon equation,
which is relativistic and Lorentz invariant. The quantum phase transition turns
out to be in the universality class of the XY model [99]. On the other hand, away
from the tip of each QSH insulator, A, term in the action is negligible compared to
the non-vanishing A; term. In this case, the equation of motion becomes the usual
Gross-Pitaevskii equation, and therefore, the quantum phase transition turns out to
be in the universality class of the dilute Bose gas [99].

3.5 Summary

In this chapter, we considered a 2D spin-balanced Fermi gas with an attractive in-
teraction in antiparallel magnetic fields and investigated the ground-state properties
within the mean-field approximation. We determined the zero-temperature phase
diagram by minimizing the mean-field thermodynamic potential for a pairing gap.
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When the chemical potential does not match any Landau levels, we found that a
superfluid phase changes into a QSH phase by decreasing the attractive interaction
and two phases are separated by a second-order quantum phase transition. Its
universality class of the quantum phase transition turns out to be that of the XY
model at the tip of each QSH insulator and that of the dilute Bose gas elsewhere,
which closely resembles the phase diagram of the Bose-Hubbard model.

On the other hand, we found that a superfluid state persists down to the weak-
coupling limit when the chemical potential matches some Landau level. We calcu-
lated physical quantities to clarify ground-state properties in the superfluid state.
We found that in the strong-coupling limit, the results in the presence of antiparallel
magnetic fields correspond to that in their absence, although the significant differ-
ence between them appears in the weak-coupling limit. In particular, we found that
a pairing gap exhibits the linear dependence of the small coupling contrast, which is
remarkably different from the usual exponential dependence. Interestingly, a pairing
gap and condensate density are enhanced by antiparallel magnetic fields as a con-
sequence of magnetic catalysis. On the other hand, we found that a sound velocity
and superfluid density are suppressed by antiparallel magnetic fields compared to
that without magnetic fields. This results from the fact that fermions forming a pair
cannot easily move because of their cyclotron motion.
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Chapter 4

Ground-state phase diagram of a
two-dimensional spin-imbalanced
Fermi gas

In the previous chapter, we found that the zero-temperature phase diagram of a
spin-balanced Fermi gas consists of superfluid and QSH insulator phases, which are
separated by a second-order quantum phase transition (see Fig. 3.1). Our purpose
in this chapter is to extend our previous analysis on the zero-temperature phase dia-
gram to the population-imbalanced system with particular attention on the possible
Fulde-Ferrell (FF) and Larkin-Ovchinnikov (LO) phases, which has been discussed
in the context of ultracold atoms [39, 40, 41, 42].

The FF state is an anisotropic superfluid state where the order parameter has
a spatially varying phase with a constant magnitude, A(z) = A¢e®®?®, so that the
Cooper pairing takes place with nonzero momentum [43]. On the other hand, the LO
state is an inhomogeneous superfluid state where the order parameter is periodically
modulated in its magnitude, such as A(x) = Ag cos(p-x) [44]. Although the FF state
is assumed by an ansatz because of its ease to handle theoretically, the LO state has
been known to be energetically favored in the familiar population imbalance systems
such as ultracold Fermi gas [42, 110, 111] and electric superconductor [112, 113]. In
contrast, when the antiparallel magnetic fields are applied, we will find below that
the FF state is energetically favored over the LO state at least in the weak-coupling
limit where the mean-field approximation is employed. In Section 4.1, we clarify
the zero-temperature phase diagram in the space of attractive interaction and two
chemical potentials analytically at weak coupling as well as numerically beyond it
in Section 4.2. Finally, we summarize this chapter in Section 4.3.

By repeating the same procedure performed in Section 3.1, the action for a spin-
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imbalanced case is given by

) 0.+ V-HAT(a:)] n Alz
- / da " (x) ] a W_fAf(m)]z O(z), (4.1)
A ( ) S T 11

where 1, is the chemical potential for each spin component.

4.1 Weak-coupling limit

4.1.1 FF state versus LO state

To discuss the Cooper pairing with an infinitesimal coupling g — 0, we assume that
the chemical potential for each spin component matches some Landau level, i.e., p, =
e, (I, € N), because we showed in the previous chapter that the system is otherwise
insulating. In this case, we can expand the fermionic fields over the eigenfunctions in
Eq. (3.4) restricted to the (I, +1)-th Landau level, whose energy is provided by ¢, =
wp(l, + 1/2), because the mixing with the other Landau levels is negligible in the

weak-coupling limit. By substituting ¢(z) = 7, >, Xiwn,kz,lT(!E)g%(iwn,kmlT)
and ¢y (z) = D> 5, Do Xfwn’kmli(m)%(iwn, k., 1)) into Eq. (4.1), the action reads

Sh. Ak, k) ~
S/ _ (1) an zwn 1w, Vkg kL, ) (I) k’,
/ zw% /kzl; A*(kl k) iwnéiwn,iwn/ékmklz ( )
(4.2)
with &;(k?) = [aT(iWn; ke, lT)u 5’?(%‘}717 ke, li)]T and
B k) = [ X ot (D) 20,0 (43)

measuring the overlap of two fermion wave functions with the pair field A(x). This
action allows us to evaluate and compute the mean-field thermodynamic potentials
for the FF and LO states analytically.
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FF state

Because of the rotational invariance, the pair field in the FF ansatz can be chosen
to be A(x) = Age@ with Ay > 0, for which we obtain

ﬁ(l@, kY = Ag /dm eZQyXWn oot (T) X, et 1, ()

ik QU2 i
NS S / dy ¥ E, (), ()

; 2
Siomsico, s O e, €795 fo Ao (4.4)

Here the overlap is

B B e (1QEs\TT L (Q¥
fo=1,0,00,Q) = e g Ly “\ =5 ) (4.5)

where the function [; »(p) is obtained in Appendix B.2 [see Egs. (B.27) and (B.28)].
The action can then be written as

Wy e+ika€23f Anl ~
5L2 I AC { ~ikaQl f1 A, i, N 0] D(k). (4.6)
wn kg

By integrating out the fermionic fields and taking the limits 5, L — oo, we obtain
the zero-temperature thermodynamic potential in the mean-field approximation,

2
Qpp = % - mWB|fQ|AO
1
=~ (d0— o210l 9 (21fel) (4.7)

Its minimization with respect to Ay and @) leads to

mwp

min Qpp = —g < |fQO|> , (4.8)

where Ay = gmwg|fo,|/(4m) with Qo maximizing |fg|. Although @y =0 for Iy =1
without population imbalance corresponding to the unpolarized superfluid state as

expected from the previous chapter, we find )y # 0 for I+ # [, with population im-

balance corresponding to the FF state. As examples, Qy/lp = V2,2, and /5 — V17
are found for (I4,1;) = (1,0),(2,0), and (2, 1), respectively.
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LO state

The same analysis can be repeated in the LO ansatz, A(x) = Agcos(Qy) with
Ay > 0, for which we obtain

A A —1 *
Bk k) = 50 [do (€974 ) o, (00, (0
eikIQZZB + (_1)lel¢efiszZZB

= 5iwn,iwn/ 5kz,k:§c 9 fQAO
= Oiuoniw , Os €% cos(k, QU3 + ) folo (4.9)
with ¢ = w(l4 —[;)/2. The action can then be written as
A2
I L2_0
S'=p 2%
~ iw, e cos(k. QU5 + ¢) folo] =
- Z kz ¢ (k) {e”s" cos(k. Q% + ) 500 Wn, 2(R)

(4.10)

By integrating out the fermionic fields and taking the limits 5, L — oo, we obtain
the zero-temperature thermodynamic potential in the mean-field approximation,

AZ mwB
Qro=—— A
LO = 2 |f Q| 0
B 1 mwp mwp
=5 (A 21 fal) — 23 ("2 o)) (4.11)
where we have performed the following calculations:
[A@)]* _ Af /”2 2 Lo AF
dz — dy cos”(Qy) —— —, 4.12
BL? / g gL ) pp (@) 29 (4.12)

1 mw Ljz oo, MW
Tz Z | cos(k, Q% + ©)| = 27rf /L/Qdkx | cos(k,Q + )| 2225 7r2B' (4.13)
s -

Its minimization with respect to Ay and @ leads to

o) (4.14)

where Ag = gmwg|fo,|/m with the same @y maximizing |fg.
By comparing Eqgs. (4.8) and (4.14), we find

8
min Qo = __g (mwB

2
min Qpp = % min QLO < min QLO; (415)

and therefore, the FF state proves to be energetically favored over the LO state.
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4.1.2 Phase diagram at weak coupling

Now that the FF state is energetically favored in the weak-coupling limit, we set
A(x) = Age'?Y with Ay > 0 and investigate the ground-state phase diagram at
weak coupling. To this end, we assume that the chemical potential for each spin
component lies slightly off some Landau level, i.e., u, = €, + 0, with |dp,| < wp,
so that the mixing with the other Landau levels is still negligible. By denoting
dpur = Op + 6h and dp = op — dh, the action in Eq. (4.2) with the use of Eq. (4.4)
is modified into

A2 ~ iwp + 0p 4 0h  etF=Q Fo AT ~
I 2—/0 * n Q-0
S = ﬁL g E E P (k) |:e—iszZQBf5AO z'wn _ 5[u + (5h:| CD(k) (416)

Wn kg

By integrating out the fermionic fields and taking the limits £, L — oo, the zero-

temperature thermodynamic potential in the mean-field approximation is found to
be

AL mw mw
e = 28— 8 (( [5.2 [fqhl + ) — " (160 — o+ ool
g 27 2

>

(4.17)

where (2)s = z0(z) for brevity.

The resulting phases are determined by finding the pairing gap Ay and momen-
tum () minimizing the thermodynamic potential {yp. It is minimized by @) always
at () = QQp maximizing |fg|. A phase with Ay > 0 then corresponds to the unpolar-
ized superfluild (SF) or FF state depending on Iy =1 (Qo = 0) or Iy # 1 (Qo # 0).
On the other hand, a phase with Ay = 0 corresponds to the normal state where
the system is composed of two quantum Hall insulators (QHIs) with filling factors
of (vp,vy) = (It +60(dpr), 1y + 0(6py)) for different spin components. In particular,
when vy = v; > 0, the system without population imbalance is the QSH insulator
without time-reversal invariance [59, 60, 61].

It is an elementary analysis to minimize the thermodynamic potential in Eq. (4.17)
with respect to Ay and the obtained phase diagram at zero temperature is depicted
in Fig. 4.1. When |0p| > |0h|, the thermodynamic potential in Eq. (4.17) reduces to

Oy = 20 \/52+ Aol + 61 ) | 418
ME = o ( 1* + [ foo Aol + op (4.18)
which is independent of |§h|. To elucidate a quantum phase transition, we expand
the above thermodynamic potential up to the quartic order in A, assumed to be
small:

E

1 2
Onp = i (|5N‘ +5’u) + |:_ _ Mmwp ‘fQo‘ :| A2 mwpg |fQ0

4 6
o yr— Ay + O (A7)

O 161 |op3 T
(4.19)
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2
? (lh+1,1)
1,
sh | |
S 0 (L) i SF or FF H(h+1, 1 +1)]
1l
(lr, [y +1)
JE=25, Y | R R
Op/Op,

Figure 4.1: Zero-temperature phase diagram at weak coupling in the plane of du
and 0h for p, =~ ¢ in units of du.. The unpolarized SF or FF phase is located at
the center depending on I+ = [| or [y # [}, and the other four phases are QHIs whose
filling factors (v4,v,) are indicated. The quantum phase transitions denoted by the
dotted lines at |du| = du. are of the second order, whereas those denoted by the
solid lines at |0h| = (6u? + 0p?)/(20p.) < Spe and |6h| = |dpu| > dp, are of the first
order.

Because the fourth-order coefficient of the pairing gap is always positive, we find a
second-order quantum phase transition from a pairing state with Ay > 0 to a normal
state with Ay = 0 by increasing |dp|. The boundary of this phase transition is given
by
mw
8 | el (1.20)
The pairing gap Aq in the pairing state (|du| < dp.) is determined by solving the
gap equation 0Qy\r/0A¢ = 0, which leads to

6 2 __ 5 2
Ay = Y OHe T O (4.21)
|fQ0|

On the other hand, when [0h| > |du| and |0h| > Op., the thermodynamic potential
in Eq. (4.17) becomes

|op| = dpe =g

o2 (6] + 3p). (4.22)
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4.1. WEAK-COUPLING LIMIT

Therefore, the system is in the normal state with Ag = 0, where the thermodynamic
potential is given by
mwp

Oy = — o (|0h| + o). (4.23)

When 0. > |dh| > |0p|, we find that the thermodynamic potential in Eq. (4.17)
has two local minima. One is Qy in Eq. (4.23), and the other is Qp,;; in the pairing
state, which is given by substituting Eq. (4.21) into Eq. (4.18):

QPair = —mWB |:6Mz + 6M2

ol . 4.24
on | 2o M } (424)
The normal and pairing states are separated by a first-order quantum phase tran-
sition and its phase boundary is determined by solving Qx = Qpai, which leads
to

oz 4o’

Oh| = dh, =
|0h] 20

(4.25)

This phase transition continues into another first-order quantum phase transition at
|0h| = |dp| > dp. separating the two QHI phases with different filling factors. The
quasiparticle energy in the SF or FF phase is found to be

51+ | fauMol? = b (4.26)

independent of dp and the ratio

She 1 A
2 [1 + (6,%) ] (4.27)
varies from 1/2 to 1 for 0 < dpu < dp.

The zero-temperature phase diagram in Fig. 4.1 is valid in the vicinity of u, >~ €,
for every [, = 0,1,2,..., which all together leads to the global phase diagram in
the plane of the average chemical potential u = (4 + py)/2 and Zeeman field
h = (puy — py)/2 as depicted in Fig. 4.2. It consists of the QHIs, SF, and FF phases
as well as the vacuum (vac) with v+ = v = 0 and is symmetric under h <> —h with
vt <> vp. The SF or FF, and QHI phases are separated by the second-order (first-
order) quantum phase transition along the direction of p (h), whereas the two QHI
phases with different filling factors (v4,v)) are separated by the first-order quantum
phase transition. We note that a large value of mg = 2.5 is artificially chosen for
Fig. 4.2 in order to make the FF phases visible.
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20—

1.5

noiol
wp t

0.5:

o 05 1o 15 20 25
H/wp

Figure 4.2: Zero-temperature phase diagram in the plane of the average chemical
potential p = (g + gy )/2 and Zeeman field h = (py — ) /2 in units of the cyclotron
frequency wp deduced from Fig. 4.1 for mg = 2.5. See the caption in Fig. 4.1 for
the other details.

4.2 Phase diagram beyond weak coupling

Because the FF phases occupy only the tiny portions of the phase diagram in
the weak-coupling limit, it is important to elucidate how they extend beyond the
weak coupling. To this end, we go back to the action in Eq. (4.1) and expand
the fermionic fields over all the eigenfunctions in Eq. (3.4) so as to allow for the
mixing of the Landau levels. By assuming the FF ansatz, A(z) = Age@Y with
Ay > 0, making the gauge transformation, ¢,(z) — ¢'@%/2¢,(x), and then substi-
tuting ¢4(x) = >, xu(2)dr(k) and ¢ (x) = >, x5 ()@ (k) into Eq. (4.1), the action
reads

S = 5L2%3 =N @ (k)G (k) B(K) (4.28)

with ®(k) = [p(k), 7 (k)]" and

iwn—el—%quJrh Ay

G Yk k) =
(k k) Aq i 6+ L~ h

Ok i
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v 10 /1 +
2m%3 < ) \/75[ L= 61—4—1 l’] W, iw, /6kz k!, - (4 29)

Here, we have employed the following relation,

[+1
gB—Fl \/>Fl 1( 5 Fria(2), (4.30)

and the orthogonality relation in Eq. (3.7). The eigenvalues of the inverse Green
function G~1(k, k') are provided in the form of +FE;, — (h + iw,) (E, > 0,1 =
0,1,2,...,n € Z) for every k,, and therefore, by integrating out the fermionic fields
and taking the limits 8, L — oo, the zero-temperature thermodynamic potential in
the mean-field approximation is given by

A2
Qup = =0 — 228
g 27

S (B - e+ wo(A—e) — ”;‘;B S - E)s. (431)

1=0 =0

The quasiparticle energy E; depends on u, Ay, and ) and is confirmed to have
the asymptotic form of lim;_,, F; = \/(el — p)? + A2, Therefore, the second term
on the right-hand side of Eq. (4.31) is logarithmically divergent and is regularized by
introducing an energy cutoff A. By performing the same renormalization procedure
used to evaluate the thermodynamic potential for a spin-balanced Fermi gas [see
from Eq. (3.15) to Eq. (3.17)], we obtain

2
() (12
A € 2 wp

MWE AZ
- E, — ———+(|h| = E))> | . 4.32
2n Z[ i gt (=) (43

We minimize the resulting thermodynamic potential numerically to find Ay and
@ by employing up to l,.x = 500 quasiparticle energies, which are confirmed to
be enough for convergence of the summation over [. The obtained phase diagrams
are depicted in Fig. 4.3 in the planes of the two-body binding energy ¢, and the
average chemical potential u at (a) h/wp = 0.0, (b) 0.5, and (c¢) 1.0 and in the
planes of ¢, and the Zeeman field h at (d) u/wp = 0.5, (e) 1.0, and (f) 1.5 in
units of the cyclotron frequency wp. They are composed of the QHI (Ay = 0), the
unpolarized SF (Ag # 0,Q = 0), and FF (A # 0,Q # 0) phases and are consistent
with the phase diagram at weak coupling elucidated in the previous section (see
Fig. 4.3). In particular, we find that each FF phase appearing at = (e, +¢;,)/2
and h = (e, —¢;,)/2 with [ # [} in the weak-coupling limit extends well by increasing
the attractive interaction and is eventually replaced by the SF phase with the first-
order quantum phase transition. We also find that the QHI phase is replaced by the
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Figure 4.3: Zero-temperature phase diagrams in the planes of the two-body binding
energy €, and average chemical potential p at (a) h/wp = 0.0, (b) 0.5, and (c¢) 1.0
and in the planes of ¢, and the Zeeman field h at (d) p/wp = 0.5, (e) 1.0, and (f)
1.5 in units of the cyclotron frequency wg. There appear the unpolarized SF and
FF phases as well as QHIs with their filling factors (v4,v,) indicated. They are
separated by the various second-order (dotted curves) and first-order (solid curves)
quantum phase transitions.

54



4.3. SUMMARY

SF phase with the second-order (first-order) quantum phase transition for vy = v
(v4 # v)) by increasing the attractive interaction. Because the FF phases are found
to occupy the reasonable portions of the phase diagram, they may, in principle, be
realized by ultracold atom experiments.

4.3 Summary

In this chapter, we considered a 2D spin-imbalanced Fermi gas with an attractive
interaction in antiparallel magnetic fields and investigated the ground-state phase
diagram within the mean-field approximation.

By evaluating the mean-field thermodynamic potentials for the FF and LO states
analytically, we showed that the FF state is energetically favored over the LO state
in the weak-coupling limit. We then clarified the ground-state phase diagram in the
space of the attractive interaction, average chemical potential u, and Zeeman field
h analytically at weak coupling (see Fig. 4.2) as well as numerically beyond it (see
Fig. 4.3). It was found to show the rich structures consisting of the QHI, unpolarized
SF, and FF phases, where

(i) the SF or FF, and QHI phases are separated by the second-order (first-order)
quantum phase transition along the direction of u (h),

(ii) the two QHI phases with different filling factors (v4,v,) are separated by the
first-order quantum phase transition,

(iii) the FF phase is replaced by the SF phase with the first-order quantum phase
transition by increasing the attractive interaction,

(iv) the QHI phase is replaced by the SF phase with the second-order (first-order)
quantum phase transition for vy = v| (14 # v|) by increasing the attractive
interaction.

In particular, the FF phases were found to occupy the reasonable portions of the
phase diagram, so that they may, in principle, be realized by ultracold atom exper-
iments.
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Chapter 5

Ground-state phase diagram of a
three-dimensional spin-imbalanced
Fermi gas

In the previous chapter, we investigated the ground-state phase diagram of a 2D spin-
imbalanced Fermi gas subjected to antiparallel magnetic fields. We now extend this
previous analysis on the ground-state phase diagram to the 3D case and consider
the FF state to make theoretical treatment easier. In Section 5.1, we clarify the
ground-state phase diagram at weak coupling under the condition that fermions
only occupy the lowest Landau level. We also comment on the case where fermions
occupy higher Landau levels. We discuss the stability of the superfluid state by
calculating the collective excitation spectrum in Section 5.2 and summarize this
chapter in Section 5.3. In this chapter, we use shorthand notation, (z) = (7, ),
[dx = fO’B dr fffOL dx, §(x—1') = §(r—1")6%(x —x'), where 7 is the imaginary time
and  is the 3D spatial coordinates, (k) = (iwn, ke, 1, 52), 200 = D i Dok Do 2ok
and Ok = O,y 0, Okp kr, 01,00k, &, Where wy, = (2n+41)7/f is the fermionic Matsubara
frequency with n € Z, k, = 2mn,/L (k, = 27n./L) is the wave number in the z
(z) direction with n, = 0,+1,...,+mwpL?/(47) (n, € Z), and | = 0,1,... labels
Landau levels.

By repeating the same procedure performed in Section 3.1, the action for a 3D
spin-imbalanced Fermi gas is given by

93D

o |0+ DR NG
- [arar N 20 lew 6
A*(x) —0; — =5

with the coupling constant gsp > 0 in 3D, which is related to the 3D scattering
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length asp by the following expression [114]:

m 1 1 A m
=+ =Y = 5.2
471'(131) gJsp + L3 ; k2 ( )

with an energy cutoff A. We use this equation to remove the ultraviolet divergence
from our theory as with Eq. (3.16) in 2D.

Here, we employ the mean-field approximation and assume the FF state. Be-
cause of the rotational invariance about the axis parallel to the magnetic fields, the
pair field A(x) can be chosen to be A(z) = Age@L¥+iQ=* By making the gauge
transformation, ¢, — €'92*/2¢,. and expanding the Nambu-Gor’kov spinor over the
eigenfunctions of the single-particle Hamiltonian, we obtain

BL3 ZZ‘P Gip (k. k') B (K')

with the inverse propagator Gyp(k, k'),

Giyp (, 1)

_ | liwn = W —wp(l+ 3) + pylorr etk QLE £ 1 (Q1) A

- e_ikaLezszfz'(QL)Ao [iwn + —(kfz(ifb/Q)Q +wp(l+3) — oy
X ity i, s Ok k1, Okis L - (5.3)

5.1 Phase diagram at weak coupling

5.1.1 Lowest Landau level

We consider that each chemical potential slightly lies off the lowest Landau level,
ie., e = wp/2+ dp, with |dp,| < wp, so that the mixing with the higher Landau
levels is negligible. The inverse propagator then reads

iw, — (k- +Qz/2 + 5,U otikeQ L% fOO(QJ_)A

1 /
koK) = :
Gyp (K, k') efzszJ_ZBf J(QU)A i, + B2

Oiton siw, s Ok 1, Ok ! -

(5.4)

By integrating out the fermionic fields and taking the limits £, L. — oo, the zero-
temperature thermodynamic potential is given by

Az mwp [ mwpg >
QMF - — /;mdkz [Ekz - gk’z] + 47T2 ;t/;oodkz E]‘Czae (_Ekza)7 (55)
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Figure 5.1: Mean-field phase diagram in the plane of the chemical potential u =
(pr + py)/2 and Zeeman field h = (puy — py)/2 around (p, h) = (wp/2,0) in units
of the cyclotron frequency wp for mg/¢p = 3.0. The quantum phase transitions
denoted by the dotted curves are of the second order, whereas that denoted by the
solid curve is of the first order.

which has the same form as the thermodynamic potential for an attractive 1D Fermi

gas without the magnetic fields in the mean-field approximation. Here, we have
defined

Ekzi = Ekz + ((Sh, — k;fiz) s (56&)

Br. = \J&. + 1 foo(@1)Aol?, (5.6b)
k2 + Q24

&k, = % —op (5.6¢)

with dp = (dpg + 6py)/2 and dh = (dpr — Spuy) /2.

We numerically minimize the thermodynamic potential in Eq. (5.5) to find the
pairing gap Ay and momentum @ = (0,Q,,Q.). In particular, it is minimized at
Q)1 = 0 maximizing |foo(@1)|. The obtained phase diagram consists of the fully
polarized normal (N), the unpolarized superfluid (SF), and the FF phases as well
as the vacuum (vac) and is depicted in Fig. 5.1. We find that the N or FF and SF
phases are separated by the first-order quantum phase transition, whereas the N and
FF phases are separated by the second-order quantum phase transition. Moreover,
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the partially polarized N does not appear because the thermodynamic potential for
the FF phase is slightly lower than that for the partially polarized N phase. We
note that to determine the phase diagram easily, a large value of mg/lp = 3.0 is
artificially chosen and the solid curve in Fig. 5.1 is actually the boundary between
the N and SF phases, and therefore, the true boundary between the SF and FF
phases is slightly lower than the solid curve in Fig. 5.1.

5.1.2 Higher Landau levels

Let us consider that each chemical potential slightly lies off the (I, + 1)-th Landau
level, i.e., pto = wp(ly +1/2) + 0, with 0 < |dp,| < wp/2. Since fermions can move
in the direction parallel to the magnetic fields, fermions in Landau levels below the
chemical potentials contribute to the pairing. In this case, we can expect different
types of FF states, such as the Cooper pairing with nonzero momentum parallel
to the magnetic fields, perpendicular to the magnetic fields, and both of them.
To determine the phase diagram at weak coupling, we need to include the l; x [
combinations of possible pairings when we evaluate the thermodynamic potential.

5.2 Collective excitation spectrum

In the previous section, we showed that when we only consider the lowest Landau
level, the thermodynamic potential for a 3D Fermi gas in the magnetic fields cor-
responds to that for a 1D Fermi gas in their absence at weak coupling. It is an
important question whether the long-range order exists in the weak-coupling limit.
To answer this question, we now investigate the sound velocity for a 3D Fermi gas
in the magnetic fields.

As we saw in Section 3.3.3, the sound velocity for h = 0 can be obtained from
zeros of the determinant of the inverse fluctuation propagator in the low-energy
limit w, p — 0 with the analytic continuation ip, — w + 0% [104, 108]. The inverse
fluctuation propagator M©®P) is a 2 x 2 matrix and its elements at zero temperature
are given as follows:

3D 3D
MEP (p) = MEP (p)
B m my/mwp (1 1 u)

“hram T s \22 g
mwp [ — 1 - 9
dk. L
o [ g+ S ete
1=0 ke g
ul27kz ulQ/szerz Ul%kz Ul2/7k2+pz
X | - — - . (b.7a)
ipn — B, — Evjeovp. 00+ Eig, + Ep g 4p,
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3D 3D
MEP (p) = MEP (p)

TW/%ZZWM

1=0 I'=
ULk, VL, W ke tpa O s tps Wk VL ke, Ul ey 4p VU ks s ™
: i I3 — — 7 i3 , (5.7b)
W + Lk, + LV kyip, Wn — Lik, — L ke, +p.

where we have used shorthand notations (p) = (ip,,p1,p.), where p, is the mo-
mentum in the direction perpendicular to the magnetic fields, and have defined

ik,
Uy, =1 =0}, = 3 ( 4+ 2= By (5.8)
Eig. = /ggkz + A2, (5.9)
1 k2
= - z . 1
§ik. = W (l+ 2) Ry (5.10)

Expanding the elements Ml(fD) (p) and MSD) (p) up to the quadratic order in w,p
yields

MEP (p) = ag + aiw + asw? + by pd + byp?, (5.11a)
M (p) = a0 + abw® + ¥, p% + bjp? (5.11b)
with
mwp AZ
a0 =153 /Oodk; Z . (5.12a)
mwp 1k
= - dk. Tt 12b
AT S /_OO ZZ(; E?, (5.12b)
mwp 251 k. —l— A2
@2 = =13 /_Oodk Z (5.12¢)

,  mwpg . AQ
= 12
d, 647T2/ dk, §j B (5.12d)
267y, + A
b, = dk E U —"
* 87r2 . < > 26},

2 9 9 .9
B ul,kzul—l,kz + VPR V71 . 1)ul,kzul+1,kz T U, Vit ks (5.12)
Eip + Bk, B + Bk,

1 A2
2B},
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ULk, VL, UWl—1,k, Vi—1k UL, VUl ko, Wi 1k, Vi 1,k
g fke Tk B Lk Uim ke g g 4 qy Bk DLk B LR DU LE: | 5.12f
B, + B, ( ) B, + B, } ( )
262, — AF) k2 A8, + 347

by = 2/ dk. Z 5l,kz( gl,lg’z i) AL 5( §z,kz7 0) 7 (5.120)
1287 Eakz m El’k,z
1287r2 I El“rjkz m EZkz

By using this expansion, we obtain
0 = det M©®P)(p)
3D 3D 3D

= M (p) MG (—p) — (M5 ()]
~ [2a(ay — ab) — ailw® + 2a9(by — b'))p7 + 2a0(b — bh)pz. (5.13)

Therefore, the collective excitation spectrum for p — 0 is found to be

w= /APt + cjp? (5.14)

with

2a0(bL — b/J_)
= 1
L \/2a0(a’2 —as) +a}’ (5.15)

Cn:\/ QQ(,)(b”_b/) 7 (5.15b)

2a0(aly — ay) + a?

where c¢; and ¢ are sound velocities in the direction perpendicular and parallel to
the magnetic fields, respectively. From Egs. (5.12), we obtain

[e.9]

,_mwp [T 1
Gy == 355 /_Oodk ; B (5.16a)

by — b, = /de[( )Elk

l(uz,kzulq,k-z + Uz,kzvzq,kz)

2
(U . Wi ke + Vg Vi1, )

— —(1+1 ,
Eip + Bk, ( ) Eip, +Eiiig,
(5.16D)
wp e > fl k ]{32 3Ag
by — b, = dk, 4 2 5.16
l I~ 6472 /_OO ; El?:kz mEls,kz ( ¢)
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5.2. COLLECTIVE EXCITATION SPECTRUM

12 ¢

12

-0 _. 1 .' 0
. [(kraz p)

Figure 5.2:  Sound velocity ¢, /vr (o =1,]|) scaled with the Fermi velocity vp =
\/2€er/m as a function of the dimensionless coupling 1/(krasp) for wg/ep = 1.
The solid (dotted) curve denotes the sound velocity ¢, /vp (¢)/vp) in the direction
perpendicular (parallel) to the magnetic fields.

To calculate the sound velocities, we use the pairing gap Ay and chemical potential
it obtained by solving the gap and number equations simultaneously:

m my/mwg (1 1 u) mwp /°° > [ 1 1 ]
- = e L IS dk, ——1, (5171
47’(’(13]) 4\/§ C (2 2 wp 872 —o0 ; El,kz gl,kz ( )
_ mwp Sk
— 1— 2= 1
g /_ Oodk; Z { El,kj (5.18)

The sound velocities ¢, and ¢ in Egs. (5.15) are plotted in Fig. 5.2. Both ¢, and
¢y are found to be always positive across the BCS-BEC crossover, which indicates
that the long-range order exists in the weak-coupling limit. One can see that c;
(¢)) decreases (increases) with decrease in the dimensionless coupling 1/(kpasp).
Therefore, at weak coupling, the magnetic fields effectively make our system one-
dimensional, which results from magnetic catalysis. On the other hand, we also find
that ¢, = ¢ at strong coupling, which leads to the isotropic collective excitation
w = ¢ |p|. This is because, in the strong coupling limit, the pairs of fermions with
different spin components become tightly bound spin-singlet molecules, for which
antiparallel magnetic fields cancel out.
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CHAPTER 5. GROUND-STATE PHASE DIAGRAM OF A
THREE-DIMENSIONAL SPIN-IMBALANCED FERMI GAS

5.3 Summary

In this chapter, we firstly investigated the ground-state phase diagram of a 3D
spin-imbalanced Fermi gas in antiparallel magnetic fields. Under the condition that
fermions only occupy the lowest Landau level, we found that the phase diagram is
composed of the fully polarized N, unpolarized SF, and FF phases as well as the
vacuum (see Fig. 5.1). We mentioned that different types of FF states, such as the
Cooper pairing with nonzero momentum parallel to the magnetic fields, perpendic-
ular to the magnetic fields, and both of them, are expected when fermions occupy
higher Landau levels. Next, we calculated the sound velocities, ¢; and ¢, in the
direction perpendicular and parallel to the magnetic fields. Both sound velocities
were found to be positive across the BCS-BEC crossover, which indicates that the SF
phase is stable in the weak-coupling limit, where our system is effectively described
by a 1D spin-imbalanced Fermi gas without the magnetic fields. From the behavior
of the sound velocities at weak coupling (see Fig. 5.2), we found that the magnetic
fields reduce the 3D dynamics to the 1D dynamics effectively, which results from
magnetic catalysis.
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Chapter 6

Summary and outlook

We studied the ground-state properties of an attractive Fermi gas subjected to an-
tiparallel magnetic fields in the mean-field approximation to deeply understand how
the Cooper pairing and antiparallel magnetic fields compete or cooperate to give rise
to interesting physics.

In Chapter 2, we reviewed topics on 2D quantum systems related to our study.
Under the ansatz of the FF state, we showed that the ground-state phase diagram
of a 2D spin-imbalanced Fermi gas without the magnetic fields consists of polarized
normal, unpolarized superfluid, and FF phases (see Fig. 2.1). We also showed that
the ground-state phase diagram of the Bose-Hubbard model consists of Mott insu-
lator and superfluid phases (see Fig. 2.2). By introducing free and interacting Dirac
fermions subjected to a magnetic field in (2 + 1) D, a magnetic field was found to
play an important role in generating the condensation and dynamical fermion mass,
which results from magnetic catalysis.

In Chapter 3, we investigated a 2D spin-balanced Fermi gas in antiparallel mag-
netic fields. By employing the mean-field approximation, the ground-state phase
diagram was found to consist of quantum spin Hall insulator and superfluid phases
and to closely resemble that of the Bose-Hubbard model (see Fig.3.1). When the
chemical potential does not match any Landau levels, we found that the antiparallel
magnetic fields compete with the Cooper pairing, i.e., a superfluid phase changes
into a quantum spin Hall phase by decreasing the attractive interaction. We showed
that two phases are separated by a second-order quantum phase transition classi-
fied into the universality class of either the dilute Bose gas or XY model. On the
other hand, when the chemical potential matches some Landau level, we found that
the antiparallel magnetic fields cooperate with the Cooper pairing i.e., our system
is a superfluid down to the weak-coupling limit. We showed that the pairing gap
and the condensate density are enhanced by antiparallel magnetic fields as a conse-
quence of magnetic catalysis, although the sound velocity and superfluid density are
suppressed by antiparallel magnetic fields.
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CHAPTER 6. SUMMARY AND OUTLOOK

In Chapter 4, we investigated a 2D spin-imbalanced Fermi gas in antiparallel
magnetic fields. By calculating the thermodynamic potential for FF and LO states,
we found that the FF state is energetically favored over the LO state in the weak-
coupling limit. We showed that the ground-state phase diagrams at weak cou-
pling (see Fig. 4.2) and beyond it (see Fig. 4.3) consist of quantum Hall insulator,
unpolarized superfluid, and FF phases. They are separated by various first-order
and second-order quantum phase transitions. When the chemical potential for each
spin component matches some Landau level, we found that the FF phases appear in
the weak-coupling limit. We also clarified that the FF phases occupy the reasonable
portions of the phase diagram.

In Chapter 5, we investigated a 3D spin-imbalanced Fermi gas in antiparallel
magnetic fields under the ansatz of the FF state. When fermions only occupy the
lowest Landau level, we showed that the thermodynamic potential for a 3D spin-
imbalanced Fermi gas in the magnetic fields has the same form as that for a 1D
Fermi gas without the magnetic fields, and the ground-state phase diagram consists
of polarized normal, unpolarized superfluid, and FF phases at weak coupling (see
Fig. 5.1). We calculated the collective excitation spectrum and showed that both
sound velocities in the direction perpendicular and parallel to the magnetic fields
are always positive across the BCS-BEC crossover, so that the long-range order
exists in the weak-coupling limit, where our system is effectively described by a 1D
spin-imbalanced Fermi gas without the magnetic fields.

As for future works, it is an interesting problem to determine the ground-state
phase diagram of a 3D spin-imbalanced Fermi gas in antiparallel magnetic fields
at weak coupling under the condition that fermions occupy higher Landau levels.
As mentioned in Section 5.1.2, we then need to consider the /4 x [ combinations of
possible pairings when each chemical potential slightly lies off the (I, + 1)-th Landau
level, i.e., 1, = wp(lo+1/2)+0u, with 0 < |[0p,| < wp/2. In this case, we can expect
different types of FF states, such as the Cooper pairing with nonzero momentum
parallel to the magnetic fields, perpendicular to the magnetic fields, and both of
them. To elucidate how much area in the ground-state phase diagram is occupied
by the FF states is also of interest.

In the 3D spin-imbalanced case, we assumed the FF state to make theoretical
treatment easier. In the 2D spin-imbalanced case, we determined the ground-state
phase diagram with particular attention on the FF and LO states. In general, we
can write the order parameter as A(x) = ZQ Age@® which is referred to as the
FFLO state [42]. It is also a future work to investigate which of possible FFLO
states are favored in the ground-state phase diagram.

When we extend our study to finite temperature case, fluctuations beyond the
mean-field approximation need to be taken into consideration. For example, the
effect of antiparallel magnetic fields on the critical superfluid temperature was dis-
cussed by including fluctuations in Ref. [72]. It is an important problem to elucidate
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whether antiparallel magnetic fields increase or decrease the critical BK'T transition
temperature compared to that without the magnetic fields.

In this thesis, we elucidated the various ground-state properties of an attractive
Fermi gas in antiparallel magnetic fields. For example, the FF phases were found to
occupy the reasonable portions of the phase diagram of a 2D spin-imbalanced Fermi
gas. For trapped systems, the chemical potential p is replaced by u(x) = po —
U(x) within the local-density approximation, whereas the Zeeman field h remains
constant [1]. By realizing a sufficiently large uo with |h| ~ Nywp/2, a series of
FF phases separated by quantum Hall insulators may appear along the path from
the trap center p(0) = po towards the edge p(|x| — oo) — —oo. We expect that
our studies will stimulate the further development of FFLO physics with ultracold
atoms.

So far, the interaction and dimensionality can be arbitrarily tuned, which leads to
the observation of the quasi-condensation of Cooper pairs in 2D [28]. On the other
hand, the antiparallel magnetic fields may be implemented for a two-component
Fermi gas according to the proposal in Ref. [56]. Therefore, by combining experi-
mental techniques to control the interaction, dimensionality, and magnetic fields, an
attractively interacting Fermi gas in antiparallel magnetic fields may, in principle,
be realized in ultracold atom experiments. To observe a pairing gap in antiparallel
magnetic fields, the thermal energy scale kgT', cyclotron frequency wg, and pairing
gap A¢ must satisfy kgT < hwpg, . According to Ref. [56], the cyclotron fre-
quency is wg ~ 2w x 200 Hz for realistic system sizes of 10 um. For ¢,/er = 0.4 and
er/hwp = 0.5, a pairing gap is given by Ag ~ hwg/2 (see Fig. 3.2), and therefore,
we obtain 7" < 5nK. Since the lowest accessible temperature in Ref. [28] is 64 nK,
the observation of a pairing gap requires to decrease the temperature or increase the
cyclotron frequency and number density.

As mentioned in the Introduction, our system may be viewed as a simulator of
analogous phenomena in other fields of physics, such as exciton condensation and
chiral condensation in a magnetic field [62, 63, 64]. For example, when the long-
range Coulomb attraction between an electron and a hole is screened, the Coulomb
attraction can be approximately considered as the contact interaction [115, 116].
Therefore, we can predict from our studies that a pairing gap for an exciton is
enhanced by a magnetic field. We expect that our studies will provide important
insights into these analogous systems.
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Appendix A

Matsubara summation

In this appendix, we perform the Matsubara summation in two cases.

A.1 Mean-field thermodynamic potential

As the first case, we calculate the mean-field thermodynamic potential (3.13). To
this end, we need to evaluate the following Matsubara summation:

> Indet Gy (k) (A1)

Wn

with the inverse mean-field Green function Gy'(k) given in Eq. (3.14). Now, we
introduce convergence factors because the summation is formally divergent. We
rewrite Eq. (A.1) as

D Indet Gyl =) {111((}51)11 +1In(Gy1)a2 + In (1 - (G(E(f);il(gz]j)m)] . (A2)

W Wn,

According to Ref. [109], convergence factors arise from the equal-time limit of (Gy)11(7) =
- (TCT(T)CHO)} and (Go)aa(T) = — <Tci(7')c¢(0)), which leads to number densities
for each spin components, ny = (Go)11(7 — 07) and n; = —(Gg)aa(T — 07). There-
fore, the first and second term on the right-hand side of Eq. (A.2) are multiplied by
ein0" and e 0" respectively, while the third term does not need the convergence
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APPENDIX A. MATSUBARA SUMMATION

Y

Figure A.1: The integration contour C; with a branch cut Rz < —&;. The Fermi
distribution function ng(z) has single poles at z = iw,,.

factor. Using (Go)oz(—wy) = —(Go)11(+wy), we can obtain

> Indet Gyt =) {2 In(Gy)ue™" +In (1 - (Gglc):il(gz_]i)zz)}

W, Wn

- Z In(Gy M1 — In(Gy ez + Indet Gy oiton0"

Wn,

- Z [ln(lwn - él) - ln(iwn + §z) + ln(iwn — El)(iwn + El)] ei‘*’"0+‘

(A.3)

We notice that all terms in Eq. (A.3) have the same forms as
> Infiw, + &) (A.4)
with & = £&, +FE;. This summation can be evaluated as a contour integral in the
complex plane [102]:

Z In(iw, + &)e™°" = —i, dznp(2)In(z + &), (A.5)
21 1

W,
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A.2. INVERSE FLUCTUATION PROPAGATOR

where the integration contour C is given in Fig. A.1. The Fermi distribution func-
tion np(z) = 1/(e”* + 1) ensures convergence for z — 400, while the convergence
factor e ensures that for = — —oco. Therefore, the integral along the perimeter
vanishes and we obtain

Z In(iw, + &)e“n"" = —% dwnp(w) In(w + & + i) — In(w + & — in)]

W

(A.6)

with a positive infinitesimal 7. Here, we have used the fact that the Fermi function
ng(z) is continuous across a branch cut w < —& and the integrand is zero for
w > —& with n — 0. By integrating out by part and using the Dirac identity

lim -
n—0+ 2 £ in

1
= Fird(z) + P, (A7)

where P(1/z) denotes the principal part of 1/z, we obtain

1 > 1 1

In(iw, + &)e“ " = —— [ dw In(l +e ™ —~
Zn(zw +E&)e 2w ) _ o win(l+e7) wH+&E+m w+E—in

= /OO dw In(1 + e P)o(w + &)
= ln_(olo+ ey, (A.8)
which leads to
> Indet Gy'(k) = In(1+ e ) — In(1 + &™) + In(1 + e ) + In(1 + &™)

= B(E, — &) + 2In(1 + e PF), (A.9)

Therefore, the mean-field thermodynamic potential (3.13) becomes

AQ oo oo
Our = 70 — % ZZ(EZ —&)O(A —e) — % ZZln(l +e 7P

ke 1=0 ke 1=0
A mwp = MWE -
— 0o _1%B — A—¢)— 1 PE 1
p o Z(El &)0( €) e lz(; n(1+ e 7)), (A.10)

where we have used ), 1= mwpL?/(27) corresponding to the density of state per
Landau level. Finally, by taking the limits 3, L — oo, we obtain Eq. (3.15).
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APPENDIX A. MATSUBARA SUMMATION

Cy

Y

+E;

_r’:pn + El’

Figure A.2: The integration contour Cy. The Fermi distribution function ng(z) has
single poles at z = iw,, and the function h; 5(z) has simple poles at z = +Ej, —ip, +
Ey.

A.2 Inverse fluctuation propagator

Next, we calculate the following Matsubara summations:

%Z ha2(iw,) (A-11)
with
_ (z = &)(z +ipn + &)
I(z) = (z— BNz + Bz +ipn — Eo)(z + ipn + En)’ (A-12)
ho(z) = A (A.13)

(2 = E)(z + E)(2 + ipp — Ev) (2 + ipn + Ey)’

which appear in the calculation of the inverse fluctuation propagator. We replace
this summation as a contour integral with the integration contour Cs (see Fig. A.2)
in the complex plane:

53 hualisn) =~ § denp(hnalz) (A19)

e Co

Wn
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A.2. INVERSE FLUCTUATION PROPAGATOR

Unlike the previous section, we do not need to introduce convergence factors because
hy ~ 272 and hy(z) ~ z~* ensure that the summation is convergent for |z| — oo.
The function hjs(z) has simple poles at z = £FE;, —ip, + Ey, and therefore, the
residue theorem yields

2,2

%%m(iwn):( u g ) (L= ne(E) — ne(E0)

ipn — B — Ey  ipn+ B + Ey

2,,2 2,,2
vy U Uy v
+ [ - — - ng(E;) —npg(Eyr)), (A.15

(zpn—i—El—El/ zpn—El—{—El/)( v(£) —ne(Er)), (A.15)

1 . wuv U vy U Uy vy
— ho(iw,) = | - — - 1 —np(E) —ny(Ey
53 i) = (M M) (1 () o)

Wn

( wuv U vy wvrup vy

a Ep) —np(Er)) (A1
ipn+El_El/ an_El+El/) (nF( l) nF( l)) ( 6)

with ng(—ip, £ Ey) = np(+Ey). Here, we have defined the functions u;, v; as

1 §
u?zl—v?E§(1+Ell). (A.17)
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Appendix B

Effective action in the Gaussian
approximation

In this appendix, we calculate the effective action in the Gaussian approximation
and derive the inverse fluctuation propagator M(p). To this end, we introduce
quantum fluctuations n(z) of the pair field A(z). Setting A(z) = Ag + n(z) yields
Ak, K = ANodg s + Tk, k') with 7j(k, k') = [dx xi(z)n(x)xw(z) and Gk, k) =
Gal(k)éml + K(/{?, ]{/) with

0 7k k)

K(k, k) = {

We expand the effective action Seg in Eq. (3.11) up to the quadratic order in 7(z)
assumed to be small and smooth, which leads to

2
Sett = /da: A@F Z Indet G (k) — TrIn[0pp + Go(k)K (k, k)]
g i

g n

_ / ar 2O S~ er g (k) - i O (G (k) K k)
~ BL p Zk:l det G5 1(k)
+BLELG0) +77(0) Y lGo(b)K (1, )
o2y @ + % S5 te{Golk) K (b, K)Go(K) K (K, )
p k K’
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APPENDIX B. EFFECTIVE ACTION IN THE GAUSSIAN APPROXIMATION

where we have performed the Fourier transformation,

=) e TP (p), (B-3)

and have used shorthand notations (p) = (ipn,p), >, = >, >, Where p, =
2mn /B (n € Z) is the bosonic Matsubara frequency. The mean-field action Sy and
the Gaussian part Sg of the effective action is found to be

Smr = BLQ%?’ — ) Indet Gy (k) = By, (B.4)
Sq = BL? Z M + % Z Ztr[Go(k)K(k, KNGo(K)K (K, k)]
_ 5L2Z ‘77 +ZZ { (Go)ra (K)T(E', k) (Go)aa (k)T (K, k)

+ 5{(00)12(k')ﬁ(7€/, k) (Goha(k)m(k, &) + C-C-}l :

(B.5)
The mean-field Green’s function Gy (k) is given by
Go(k) = [(Go)ll(k) (G0)12(k)} _ 1 iwn +& =4 }
0 (Go)ar(k) (Go)aa(k) (iwp, — E)(iw, + E)) | Q0 iw, =&
(B.6)

Before we calculate Sg, we show that the first-order term for 77 in Eq. (B.2) vanishes.
By using 7(k, k) = Li(0)[F;(—k.(%)]?, we obtain

5 O +7(0) — 7 L2 Ztr [Go(k)K (k. k)]

= (1(0) +71°(0)) 7 - —Z (Go)aa( —ka ()] ]

— (7(0) + 7(0)) AO m“"BZ 3 (Go)ial / [Fl(m?]

iwn,

_ nﬁo (7(0) + 77 (0)) [ln (2:]—1)3) + 1 (% - i) - :0 (%E; tanh (%) N %)]

— 0, (B.7)
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B.1. GAUSSIAN PART OF THE EFFECTIVE ACTION

where we use the gap equation at finite temperature:

1n(2(:—bB>+¢(%—E>—wB (—tah(BZEl) ;) 0. (B.8)

B.1 Gaussian part of the effective action

Firstly, we calculate the element M, (p) of the inverse fluctuation propagator defined
as

ZMH Z '” ﬁLQ ZZ (Go)ua (KK, k) (Go)aa (k)T (K, ).
(B.9)

By performing the Fourier transformation on (), the function 7(k’, k)77*(k’, k) be-
comes

(k' k) (K, )

_ZZT] /dx/dx o= PnTHip, T +ip-a—ip’ mxk,( )k (@) (@) xw ()
a ZZTI an’px’py)(su" ’Z“’n+lpn6k’ Ko tpa /dy /dy/ e”’yy Zpyy

Xﬂ(y—kxﬁg)Fz/( — (ke + ) B) iy’ — kol ) Fi (Y — (ke + po)l5).
(B.10)

Because our system is translationally invariant in the x direction, we obtain
> D Ak KT (K k)
ke k.
= Z 277 zpn,px,py iw, 1 iwn-Fipn Z /dy /dy’ eiPyy—ipyy’

x Fz(y —y — kLB F(y —y — (ks +px)€2 VE(—kal) Fy (— (ko + pa)lB)
= Z Zn zpn,px,py)éw 1 iwn-Fipn Z /dy /dy’ i (Py—p)y'+i(py+p))y/2
- dk,, ;
= LQ%: 17(0)*0ics,, tom+iv /g /dyepyy

77



APPENDIX B. EFFECTIVE ACTION IN THE GAUSSIAN APPROXIMATION

2

5iwn/ JiWn+1Pn,

mwp ~
=L Z|77(p)2

2mwB
=L Z!n |10 (D) P i+ (B.11)

/ dy eV Fy(y) Fy (y — pol%)

The overlap |1; y(p)| was provided in Ref. [72] and, in the next section, we show

= 242
I (p)] = 1 e lPP (—'Z:'f;) L (ij) (5.12)

with the understanding of the following relation [101]:

’_ l/' o o
L7 (z) = (=) L () (B.13)

with the associated Laguerre polynomial L"(z). Performing the fermionic Matsub-
ara summation [see Eq. (A.15)] yields

3 L2 ZZ (Go)ra (KK, ) (Go)aa (k)T (K &)

TS S ()

=0 I'=0

l Z ('Lwn + an + gl’)(iwn - gl)
iwn, — B)(iw, + E)(iw, + ip, — Ep)(iw, + ip, + Ep)

= 2SN ()

=0 I'=0
2,,2 9 9
w vivp
) B 1_ E - E/
|:(ipn_El—El/ an+El+El/)( nF( l) ’I’LF( l))
2,,2 9 9
vy ujvj;
+ | - - - ne(E;) —np(Ep O(A — ¢ 7
(an+El—El/ an_El"'El/)( F( l) F( l)) ( l)

(B.14)

where an energy cutoff A is introduced because the term at I’ = [ is logarithmically
divergent. Therefore, the element M, (p) reads

Mu(p) = - {10% (220_5) +Y (% - ﬁ)]
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B.1. GAUSSIAN PART OF THE EFFECTIVE ACTION

2,,2
ulul’ Vrop
_ 1— E) — B,
g { ( - El El’ an+El +El’) ( nF( l) TLF( l))
202 2,2
Uy Uy Urvp 1
(an+El El’ an_El+El’)( F( l) F< Z))} 2§l:|

(B.15)
with the renormalization procedure used to evaluate the mean-field thermodynamic

potential (3.15).
Next, we calculate the element Mjs(p) defined as

ZMm 5L2 ZZ (Go)ra( K)(Go)z(K)n(K' k). (B.16)

As with the calculation of the element My (p), the function >, >, n(k', k)n(k, k')
is given by

~ ~ mw
SO A kijlk K = L? BZn DI (D) *0iy i i (B1T)
K,

ke

which leads to

M12(p) mWB ZZ ’]z r\p

=0 I'=

AQ
X =Y - : 0 ——
I5; “ (twn, — Ey) (1w, + Ep)(iw, + ipn, — Ep) (1w, + ipn + Ep)

=SB Y (p)P

1=0 I'=0
UV Uy Uy uv Uy vy
> — 1 —np(E)) —np(Ey
[(ipn+Ez+Ez' ipn—El—E1/> ( v(E) —ne(Ey))
wvUp Uy WUy vy
: — - ng(E;) —np(Ep))|. B.18
(an BB i E +Ez’) (ne(E) — np( l))} ( )

Therefore, we obtain

Sa = 51 3 [Mulp )P + Mislp) GT—) + 7 ()7 )]

=P 7)o () (B.19)
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APPENDIX B. EFFECTIVE ACTION IN THE GAUSSIAN APPROXIMATION

with Moy (p) = My1(—p), M2y (p) = Mi2(p). At the zero-temperature limit § — oo,
the inverse fluctuation propagator reduces to

Mu(p) = = {10% (22}_173) +Y (% - ﬁ)]

le’0) o0 2,2 2,,2
mwg ) ujuy, Vv 1
Ly - 9¢
o Zl:o [Zl,zo ) (z‘pn “E—E  ipat B+ Ezf) ' 2&}’
(B.20a)
mwp > = 9 UVIUp Uy wvruy vy
M _ I _ . B.20b
12(p) o E Z\ L (p)| (ipn +E +Ey  ip, — F — El/) ( )

=0 I'=0

B.2 Calculation of the overlap

According to Ref. [72], we review the calculation of the overlap I, (p) given by

L (p) = / Ay Y Fy () Fy (y — pol?y). (B.21)

To this end, we introduce creation and annihilation operators ¢f, ¢ for the harmonic
oscillator. These operators satisfy the commutator relation [c, ¢'] = 1 and the char-
acteristic equations,

) =VI+1|1+1), (B.22)
ol = Vill—1) (140), (B.23)
0 (1=0), '

where we have defined |I) as Fi(y) = (y|l). By expressing the operators y,d/dy in
terms of the creation and annihilation operators:

Yy = E—B2(cT + ¢), (B.24)
di; = \/5153 (ch —¢), (B.25)
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B.2. CALCULATION OF THE OVERLAP

we obtain

. o2 d
L (p) = / dy e””nyz(y)e Pl B (y)

CT+C) ZQB (cT=e) |l,>

= ()2
_ ezpmpy 3/2 <l| —w cT+wc|l/>

_ eipzpyE%/Z pe /4 <”e w*ct wc’l>

iPe 2 22 n n n_n’'
— P pylp/2—ply /4zzn|n" —w* <l|( ) c ’l/>

n=0 n’=0

3 2 292 l'l/‘ s\ n'
— iPapy /2P /422 n'n/' DI S(—w)"w™ (L= nlll =),
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where w = (p, + ip,)lp/v/2 and we have applied the Baker-Campbell-Hausdorff
formula,

AgB _ oA+B+[A,B]/2 (B.26)

with [A, [A, B]] = [B,[A, B]] = 0. For | > I, the overlap becomes

— l/' Px yg /2— p2€2 /4 - ’ l' 2\ n!
le(p) = y uep ’ (- > n’!(l’—n’)!(n’+l—l’)!(_|w| )

n'=0

l/' / !/
—/ Tl Gy P (D (B.27)

On the other hand, the overlap for I’ > [ becomes

l' ] 2 292 /
]H/(p) = wlﬁelpmpyés/2 pl /4 l lLl 4 (lwl )
" 7 202 Uil
= e B ) L (), (B.25)

where we have used Eq. (B.13), and therefore, we obtain Eq. (B.12). Before moving
to the next section, we expand | (p)]* up to the quadratic order in p. By using

e (P ] ! plE+ O (p'ly) (B.29)
! 2 nie—mro 2 -1 -r+n B B> ‘
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APPENDIX B. EFFECTIVE ACTION IN THE GAUSSIAN APPROXIMATION

we have

! a1 1 2!
2 B I [ 202
|Il,l'(p)| — l/'[(l _ l/)]]Q |: 2 :| |} 2 (1 + =V + 1) p KB}

(00 (r=1-1),
1
1= (1+=)p22 (=1,
1
v (' =1+1),
LO(p*) (otherwise).

B.3 Inverse fluctuation propagator in the low-energy
limit

In this section, we compute the inverse fluctuation propagator in the low-energy

limit w,p — 0 with the analytical continuation ip, — w + i0% to obtain physical

quantities such as sound velocity and superfluid density. Expanding the elements

My (p) and Mi2(p) in Egs. (B.20) up to the quadratic order in w, p with Eq. (B.30)
yields

My (p) = ag + a0 + agw? + byp?, (B.31a)
Mis(p) = ay + ayw® + byp® (B.31b)
with
m 2wp I mwp = [262 + A2 1
= e (2B N | -
o 47T|:0g(€b)+w(2 wBﬂ in ;{ Yo
Mwp = A2
= S ﬁ, (B32a)
1=0 !
mwp <~ &
== > =5 (B.32b)
= i
mwp o 262 + A2
= — B.32
2= " 5or ; B (B-32c)
- 1 i~ . 1\ 26 +AF lu?ul{l +vivl, i+ 1)u12u12+1 + vivi
4 —o 2 2E13 El + El—l El + El+1 '
(B.32d)
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B.3. INVERSE FLUCTUATION PROPAGATOR IN THE LOW-ENERGY

LIMIT
ay = ao, (B.32e)
,  mwp - A2
= — B.32f
“ = Sor ; o (B.32f)
1 Iy A WV U1V UV U1V 41
V), = —— I+-) =2 -2 —2(l4+1)—————"| ., (B.32
27 ir £ K i 2) 27 E+E, UV ETE, (B-32)
where we have used the relations:
Ay
— B.33
w Yok ( a)
up + o = 2L =0 (B.33b)
P 2F?
up — v} = %lz (B.33c)

We note that we use the gap equation (3.25) to show ag = aj,.
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