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Abstract

This thesis addresses performance analysis of evolving dynamical network systems, which
are constructed by the connection of multiple dynamical subsystems in a step-by-step
manner. First, we propose an index of localizability on the basis of the retrofit con-
troller. The retrofit controller enables the distributed design of a local controller such
that the entire network system is kept stable for any variations of the other neighboring
subsystems excluding the subsystem of interest. The localizability index measures the
degree of the performance invariance for the variation of neighboring subsystems exclud-
ing the subsystem of interest, rather than conventional robust performance evaluated by
the worst-case performance. Subsequently, the performance improvement problem for
the evolving network system is addressed; the La-gain of the entire network system is
reduced as the number of subsystems increases. We assume that each subsystem has
passivity property, which is characterized by two matrix parameters. The parameters
contribute to evaluate the La-gain of the model set, which is defined as the Lo-gain of
the worst-case system for all dynamical systems satisfying parameter-integrated passivity.
We find a class of subsystemns, i.e., conditions on the passivity parameters of subsystems
to achieve the performance improvement of the feedback system. Moreover, we address
the performance improvement problem for homogeneous network systems, where multi-
ple identical subsystems are interconnected. In this analysis, each identical subsystem
is described by a sub-network system involving multiple dynamical components, each of
which includes a single integrator. Then, we find a class of the network structure to
achieve the performance improvement; the disturbance sensitivity of the entire network
system, evaluated by the Hoo-norm, is reduced as the number of the components inside

each subsystem increases.



Contents

1 Introduction 1
1.1 Background . . . . . . .. 1

1.2 Contribution of Thesis . . . . . . . . ... .. L 3
1.3 Organization . . . . . . . .. . e 5

2 Quantitative Analysis of Controller Design Localizability 11
2.1 Introduction . . . . . . ... 11
2.2 Preliminary: System Description and Retrofit Controller Design . . . . . . . 12
2.2.1  System Description . . . . . .. ... oo 12

2.2.2 Retrofit Controller . . . . . . . .. ... o 14

2.3 Quantitative Analysis of Localizability for Retrofit Controller Design . . . . 15
2.4  Application to Placement of Retrofit Controller in Power Systems . . . . . . 19
2.4.1 Power System Model . . . . . . .. .. .. 19

2.4.2 Problem Setting and Solution for Retrofit Controller Placement . . . 20

2.4.3 Numerical Experiment . . . . . . . .. ... . 0oL 21

2.5 Chapter Summary . . . . . . . . ... 24

3 Performance Improvement via Iterative Connection of Passive Systems 25

3.1 Introduction . . . . . . . .. L 25
3.2 Motivating Example . . . . . . . Lo o 26
3.2.1 Nonlinear Power System Model . . . . . . ... ... ... ... ... 26
3.2.2  Decentralized Control for Power System . . . . . ... .. ... ... 28
3.2.3 Motivating Example: Disturbance Response of Power System . . . . 29
3.3 Problem Setting of Model-set-based Performance Analysis . . . ... .. .. 31
3.3.1 Model-set-based Performance Improvement Problem . . . . ... .. 31
3.3.2 Definition of Dissipativity and Passivity . . . .. . .. .. ... ... 32

3.4 Performance Improvement of Passive Systems . . . . . . ... ... ... .. 34



Contents

3.4.1 Performance Evaluation and Improvement of Feedback Systems . . . 34
3.4.2 Performance Analysis and Improvement of Iterative Feedback Systems 41

3.5 Performance Improvement Analysis of Frequency Control in Power Systems 45
3.5.1 Linearized Power System Model . . . . . . . ... ... .. ... .. 45
3.5.2  Analysis of Model Set of Power System Based on Port-Hamiltonian

Systems . . . . .. 47
3.5.3 Performance Improvement Analysis of Power System . . . . . .. .. 51
3.6 Summary of Chapter . . . . . . . . ... L 52

Disturbance Sensitivity Analysis of Evolving Network Systems from View-

point of Network Structure 55
4.1 Introduction . . . . . . . . . L 55
4.2 System Description . . . . . . .. L 56

4.3 Numerical Analysis: Relation between Disturbance Sensitivity and Sparsity
of Network . . . . . . . . . . 63

4.4 Main Result: Disturbance Sensitivity Analysis of Homogeneous Network

SYStEIMS . . . ... e e e e 65
4.5 Chapter Summary . . . . . . . . . ..o e 72
Conclusion 73
5.1 Summary of Results . . . . . . . ... . 73

5.2 Future Works . . . . . . 74

i



Chapter 1

Introduction

1.1 Background

Analysis and synthesis of large-scale dynamical network systems have been developed in
much literature [1-12|. Throughout this thesis, we explicitly focus on the fact that actual
network systems generally evolve as involving additional subsystems. A typical example
is a power system with a large number of renewable energy (RE) resources, such as pho-
tovoltaic (PV) and wind-turbine generators. As illustrated in Fig. 1.1, let us consider an
existing power system including thermal and nuclear power generators. This power sys-
tem is supposed to be incrementally updated by installing some renewable energies and
renewable energy farms into the existing power system. In such a situation, the respective
renewable energies are not installed into the existing power system at once, but gradually
installed. Under these installation, the entire power system must stably maintain a desired
constant power frequency in power supply and demand. As shown in this example, practi-
cal large-scale network systems tend to vary its composition because multiple subsystems
are connected to a baseline system in a step-by-step manner. Motivated by this fact, such
a network system is referred to as an ewvolving network system in this thesis. We need
to develop a suitable design strategy that achieves the desired specification of the entire
network system at any stage of the subsystem addition, such as the stability, consensus,
synchronization, sufficient control performance, and so on.

One naive approach to achieve the desired specification of the entire network system
at every stage of subsystem addition is to design one feedback controller in a centralized
manner. However, it is not easy to design and implement such a centralized controller due
to obtaining the resultant high dimensional controller. To explicitly address this issue, there

have been developed decentralized and distributed control methods for general network
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Figure 1.1: Evolving power system. Renewable energies, such as photovoltaic and wind
turbine generators, are gradually installed in an existing power system composed of thermal

and nuclear generators.

systems [13-16]. In the notion of the decentralized and distributed control, the entire
network system is stabilized by multiple controllers, each of which utilizes only the local
measurement of each subsystem and is implemented to the subsystem, rather than a single
controller in a centralized manner. In most decentralized and distributed control methods
[13-16], the local controller design is based on the premise that the information of the
whole system model is available. From a practical viewpoint, not only the implementation
of the local controller but also its design should be performed in a distributed manner [17]
(this is also called modularized manner [18]); each local controller (subsystem) is designed
independently of the others except for their brief specification. Under the modularized
design as well as the decentralized and distributed control, our final goal of this thesis
is to develop a design strategy of the evolving network system, in particular, the local
specification for subsystems and a suitable connection rule among subsystems, to achieve
the stability and the sufficient control performance. It should be emphasized here that the
design strategy should achieve not only the stability and sufficient control performance of
the “present" network system but also those of the “future" network system that evolves

by gradual subsystem addition.

System design and control problems to guarantee the stability of the evolving network
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Chapter 1. Introduction

system have been studied on the basis of various concepts; see e.g., expanding construc-
tion [13], plug and play control [19], and compositional stabilization [20]. Furthermore,
passivity, or more generally, dissipativity [21-23] is one of the key properties to preserve the
stability of the evolving network system. As stated in the passivity theorem [24], the feed-
back system composed of passive subsystems is kept stable and also passive. On the basis
of the passivity property, the evolving network system guarantees the stability as long as
each subsystem has the passivity property and the subsystems are interconnected under a
specific connection rule. In fact, there have been studied in many papers; e.g., cooperative
control [25-28], synchronization problem [29], various application such as power network
systems [30-32] and biological network analysis [33]. In addition to guaranteeing the entire
stability, there have been some studies addressing the performance analysis of the evolv-
ing network systems; see e.g., optimal controller design in a distributed manner [34], the
dissipativity-based analysis [35], and the passivity-index based analysis [36,37]. We note
that these papers provide the controller design and the dissipativity conditions for each
subsystem that guarantee the robust performance of the entire network system evaluated
by e.g., the worst-case performance. On the premise that the composition of the entire
network system may be change by connection of additional subsystems, it is also important
to suppress the degree of the performance deterioration in addition to the certification of
the worst-case performance. Furthermore, it is desire to improve the entire control perfor-
mance by the evolution of the network system, rather than preserving or not deteriorating

the stability and the control performance.

1.2 Contribution of Thesis

With the background as stated in Section 1.1, this thesis addresses the quantitative per-
formance analysis of the evolving network system toward the development of the design
strategy. In particular, we focus on the two new types of performance specifications for the
evolving network system, rather than conventional robust performance evaluated by the
worst-case performance. One is localizability for the distributed design of the controller,
which is a new performance measure and is proposed in Chapter 2. To explain the concept
of the localizability, we extract the subsystem of interest from the entire network system.
Then, the entire network system is described by the standard feedback system composed
of the subsystem of the interest and the other subsystems excluding the subsystem of in-
terest. Under such a situation, we consider the local controller design for the subsystem of
interest. The model parameters and system structure in the other subsystems are assumed

to be may change due to the redesign of local controllers in the subsystems and the new
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subsystem addition. In the framework of the conventional robust controller design [38], the
variation of the other subsystems is described by the uncertainty with a norm constraint.
Then, the robust performance, which is defined as the worst-case performance of the entire
network system for all uncertainties satisfying the norm constraint, is well-utilized for the
controller design. However, such a norm constraint in the uncertainty cannot be practi-
cally estimated in prior to analysis or controller design of the evolving network system.
Motivated by this fact, we propose an index of the localizability, which is defined for the
uncertainty feedback system without the norm constraint on the basis of the retrofit control
method [39-41|. The retrofit control method enables the distributed design of the local
controller that guarantees the stability of the entire network system for any variation in
the unbounded uncertainty part, i.e., the other subsystems excluding the subsystem of
interest, as long as the entire system before implementing the retrofit controller is stable.
The localizability measures the degree of the invariance of the control performance for any

variation belonging to the uncertainty set, rather than the worst-case performance.

Another specification for the evolving network system discussed in this thesis is the
performance improvement; the control performance of the entire network system, evalu-
ated by e.g., Lo-gain, is reduced as the number of subsystems increases. We first focus
on the local specification, namely, model set for subsystems to achieve the performance
improvement. In addition, the network structure in the evolving network system is con-
fined to the standard feedback connection. Each subsystem is described by model sets,
rather than detailed models such as the state-space representation or transfer function. To
describe the model set, we integrate two matrix parameters into the passivity. The matrix
parameters enable a more flexible description of the model set than the scalar parameters
introduced in the precious works; e.g., passivity indices [36,37] and ~-passivity [42]. We
define the Ls-gain of “the model set" as the Lo-gain of the worst-case system belonging
to the model set. Then, the matrix parameters characterizing the subsystems enables to
evaluate the Lo-gain of the model set describing a feedback system composed of two passive
subsystems. It should be noted that the detailed model is not required for the performance
analysis. Then, we find conditions on the matrix parameters to achieve the performance
improvement, i.e., the La-gain of the model set describing the feedback system is strictly
reduced to that describing the disconnected subsystem. The performance improvement
problem concerning general feedback system is extended to that concerning an iterative
feedback system, which expresses a special class of the evolving network systems. The

performance improvement problem for the feedback system is discussed in Chapter 3.

Subsequently, we address the performance improvement problem for the homogeneous

network system, where multiple identical subsystems are interconnected. In this analysis,
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Chapter 1. Introduction

the network structure to achieve the performance improvement is focused on, rather than
the local specification for subsystems discussed in Chapter 3. The analysis of the network
structure to achieve the performance improvement has been studied for some papers [7-9].
However, we note that the analyses in the conventional works are valid for only consensus
network systems in which each subsystem is described by a single integrator. In this thesis,
each subsystem in the network system is described by a sub-network system, referred as
to a cluster, which is composed of multiple distinct nodes. In addition, each node is
described by a dynamical system including a single integrator. The description is general
in the sense of expressing, e.g., a single integrator and a second-order oscillator in the first-
and second-order consensus network systems employed in [5-12]. In this analysis, we pay
attention to the network structure among clusters and that among nodes inside each cluster,
referred respectively as to external and internal network structure. Through numerical and
theoretical analyses, we find that the external and internal network structures tend to be
sparse and dense such that the performance improvement is achieved: the Hoo-norm of the
network system is strictly reduced as the number of subsystems increases. In particular,
in the theoretical analysis, it is shown that in the limit of sufficient large number of nodes,
the evolving network system achieves the minimum H.-norm, evaluated by the maximum
eigenvalue associated with the external network if the internal structure is described by
the complete graph.

The main contributions of this thesis are twofold. One is to propose the concept of
localizability, which measures the degree of the performance invariance for any variation in
the unbounded uncertainty. This is discussed in Chapter 2. Another contribution is find a
solution to the local specification for subsystems and the network structure such that the
performance improvement is achieved for a special class of the evolving network systems,

which is discussed in Chapter 3 and 4.

1.3 Organization

The remainder of this thesis is organized as follows. In Chapter 2, we propose an index
of the localizability for the distributed controller design. To define the localizability, the
retrofit control system is introduced. Then, the localizability is defined as the Hoo-norm of
the error system based on the isolation of the subsystem of interest extracted from the entire
control system. In the end of this chapter, the retrofit controller placement problem for
a PV-integrated power system is analyzed by using the proposed localizability. Chapter
3 addresses the performance improvement problem for feedback systems. To formulate

the problem, we illustrate an example to motivate the performance improvement problem
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through the frequency control of power system with RE farms. First, the general problem
setting is formulated. To provide a solution to the problem, we define the parameter-
integrated passivity describing a model set. With the model set, a solution to the problem
is provided, i.e., conditions on the parameters to achieve the performance improvement
is derived. Finally, the frequency control of the power system is analyzed based on the
performance improvement analysis. In Chapter 4, we analyze the disturbance sensitivity
of the homogeneous network system that has two specific network structures, evaluated
by Hoo-norm. In the analysis, we numerically and theoretically find suitable network
structures to achieve the performance improvement. Finally, Chapter 5 concludes this

thesis.



Chapter 1. Introduction

NOTATION: The following notation is to be used throughout this thesis.

R the set of all real numbers

R4 the set of all nonnegative real numbers

C the set of all complex numbers

L3 the Lo-space, i.e., the set of all square integrable functions
R the set of all real and rational n x m transfer matrices
RPprxm the set of all proper transfer matrices in R™*™

RHY™ the set of all stable transfer matrices in RP™*™

col(x;)ier the vector where a scalar x; for ¢ € Z are arranged in vertical
€; the unit vector where the only ith entry is one,

while the others are zero

1, the n-dimensional vector where all entries are one

I, the n X n identity matrix

Oy, the n X n square matrix where all entries are zero

{M}i; the (7,7) entry of a mtrix M

MT the transpose of a matrix M

M1 the inverse of a matrix M

Mt a generalized inverse of M satisfying MMM = M

Im M the image of a matrix M

Ker M the kernel of a matrix M

M&® N the Kronecker product of matrices M and N

A(M) the minimum eigenvalue of a real symmetric matrix M

(M) the maximum eigenvalue of a real symmetric matrix M

a(M) the maximum singular value of a matrix M

diag(X1, Xo,...,X,) the diagonal matrix in which diagonal elements consist of
complex-valued matrices Xy, k € {1,2,...,n},

simply denoted by diag(X})
V(M) the eigenspace corresponding to A(M)

In what follows, the subscript n is often omitted for notational simplicity, e.g., employ-
ing Lo instead of Ly. In addition, we distinguish the notation of the system description

and that of its transfer matrix. For example, let us denote the system by G. Then, its
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1.3. Organization

transfer matrix is denoted by G(s). Let us define the truncation operator as

f@t)tel0,T)
(Prf)(t) = ,
0 otherwise.
Then, the extended Lo-space is defined as
Loe := {v|Prv € Lo, VT € [0,0)}.

For v € LLge and T' € R, the finite time Lo-nor is defined as

olliar = ( /0 ! HU(T)HQdT);

In addition, for v € Lo, the Lo-norm is defined as
1
3
|2d7'> :

lollzs = ( AN

For a causal and Lo-stable system ¥ with the input u and output y, the Lo-gain of the

system is defined as

YllL
ISl = sup 1yllz,
ueLo\{0} 12l L,

Letting be X(s) be the transfer function of ¥, we define the Hoo-norm of the system ¥ as
1E]loo := sup 7 (E(jw))
weR
The matrix M is said to be irreducible if it cannot be conjugated into block triangular

form by a permutation matrix P, i.e., there does not exist P that

AT My Mo

0 My

where M11 and M2 are square matrices. Two linear spaces X and Y are said to be disjoint
if X NY = {0} holds. The matrix M is said to be an M-matrix if it has nonpositive
off-diagonal entries and all real parts of the eigenvalues of M are positive [43]. Then, the
symbol M denotes the set of all M-matrices. For a matrix M € R"*™ and a causal operator
F i Lge — g, their direct product is defined as

{MinF - {MhaF
M F =

i {M}ml}— T {M}mn}-



Chapter 1. Introduction

Let M be a complex-valued matrix partitioned as

M = Mu My c C(p1+p2)><(Q1+lJ2)

Moy Moo

and let Ny € C2*P2 agnd N, € C%*P1 be two other matrices. Suppose that there exist
(Ip, — Moo Ny)™t and (I, — M11Ny) L. Then, the lower linear fractional transformation
(LFT) [38] with respect to Ny is defined as

Fo(M, Ng) := My + MyaNo(I,, — MagNp) ™ Mo
The upper LFT with respect to Ny is defined as
Fu(M, Ny) := Mag + Moy Ny(I,, — M1 Ny) ™ Mys.

We use G = {V,€} to denote an unweighted undirected graph where V is the set of
vertices and &£ is the set of edges, in other words, (v;,v;) € £ if and only if v; and v;
are interconnected. For the undirected graph G, we define the graph Laplacian matrix £
where the the (v;, vj)th entry is equal to —1 if (v;,vj) € £ holds and is zero otherwise, and
diagonal entries satisfies {L}i; = — >, ,,{L}ij. For matrices A, B, C, and D, we use the

following notation of

= C(sI — A)"'B+D.
D






Chapter 2

Quantitative Analysis of Controller

Design Localizability

2.1 Introduction

This chapter proposes a new performance measure, which is called by localizabity, on the
basis of the retrofit control [39-41|. The retrofit controller is a plug-in type local controller
such that the stability of the resultant feedback system is preserved for any variation of
neighboring subsystems other than the subsystem of interest as long as the feedback system
before implementing the retrofit controller is stable. It should be noted that the design of
the retrofit controller requires only a model of the subsystem of interest. Then, we define
the localizability index as the Hoo-norm of an error system defined based on the isolation
of the subsystem of interest from the entire system. The localizability index measures the
degree of the performance deterioration for any variation of neighboring subsystems other
than the subsystem of interest. It is shown that the localizability index requires only the
model parameters of the subsystem of interest in the upper bound evaluation. Finally, we
illustrate a numerical analysis of retrofit controller placement problems for power systems

by using the localizability index.

This remainder of chapter is organized as follows. In Section 2.2, the retrofit control
is introduced. In Section 2.3, the localizability index is defined for the feedback system
to which the retrofit control is implemented. Then, it is shown that the localizability is
evaluated by only the model of the subsystem of interest. On the basis of the localizability
index proposed in Section 2.3, we numerically analyze the placement problem of teh retrofit

controller in a PV-integrated power system.
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2.2. Preliminary: System Description and Retrofit Controller Design

______________________ G Ere

_____________________________

Figure 2.2: Control system G (Gg, K)

2.2 Preliminary: System Description and Retrofit Controller

Design

2.2.1 System Description

We consider an interconnected system Gpe composed of two dynamical systems G and
GEg as illustrated in Fig. 2.1. The interconnected system Gpy, is assumed to be a stably
operated system, which has been already controlled by some preexisting controllers. From
this fact, the interconnected system Gpye is called by a preexisting system in this chapter.
From the preexisting system Gpr, we extract the subsystem of interest, which is called
by a local system G. On the other hand, a part of subsystems other than the local
system is called by an environment Gg. Towards further improvement of the local control
performance, we implement a local controller K, which utilizes a local measurement, to

the local system G, as illustrated in Fig. 2.2.

12



Chapter 2. Quantitative Analysis of Controller Design Localizability

The local system G is described by

w Guww Guwd Guu i T I T
v v
z G Ghoa Gy
= d|=G|d]|, (2.1)
Yy Gyv Gyd Gyu
u u
v I 0 0 - T

where w € R” and v € R® denote the interconnection signals from G and Gg, respectively.
The symbols z € RP and d € R? denote the control output and the disturbance input,
respectively, and y € Rf and u € R™ denote the measurement output and the control
input, respectively. The symbol Ge, denotes the transfer function matrix from the signal
* to the signal e. In the following, we utilize the same notation as the system description
G, Gg, and K for the notation of its transfer function. From (2.1), we see that the
interconnection signal v from Gf is included in the output signal of G. This implies that
the interconnection signal v is measurable in addition to the signal y. On the other hand,

the environment Gg is described by
v = Ggw. (2.2)

The preexisting system Gpye is described by

z
w

y | = Gpre , (2.3)
u

v

where Gpye € CUTPH8)x(a+7) ig described by
Gpre := Fu(G, Gg).

The local controller K is described by

Y
u=K
v

Then, the control system Ga(Gg, K) in Fig. 2.2 is described by

2z = Ga1(GE, K)d,

13



2.2. Preliminary: System Description and Retrofit Controller Design

where G.1(Gg, K) € CP*? is described by
Gan(GE, K) = Fy(Fu(G,GE), K).

In the following discussion, we assume that both local system and preexisting system
are internally stable, i.e., G and F,(G,Gg) are stable. For simplicity of notation, the set

of environment G that is allowed in this problem setting is denoted as
SE = {GE‘]‘—u(G,GE) < RHOO}

Furthermore, we assume to design the local controller K in a distributed manner; for the
local controller design, only the model parameters of G are assumed to be known, while

those of the environment Gg are unknown.

2.2.2 Retrofit Controller

Most of conventional robust control problems [44] impose some norm-bounded condition
with respect to the environment GE (the uncertainty part), e.g., for some constant p,
IGE|lso < w holds. The problem setting in this chapter imposes the internal stability of the
preexisting system Gpre, while it does not explicitly impose the norm-bounded condition
with respect to Gg. This premise of new robust control finds out a specific structure in the
local controller, which reflects only the model parameter of the local system. This implies
that the local contrller is designable in a distributed manner. Such a special local controller
is called by a retrofit controller [39—41]. The retrofit controller K enables to guarantee the
internal stability of the control system Gun(Gg, K) for any Gg € Sg.

Let us consider the local controller given by
K=K [ Iy —Gy ] , (2.4)

where K € C™*¢ is the transfer function such that K(I; — Gy, K)~" € RH holds, i.e.,
Kisa stabilizing controller for the local system G isolated from the environment Gg. For

simplicity of notation, we denote the set of all stabilizing controllers K as
Sk = {K|K(I; — GuK) ™' € RHoo}.

In the following proposition, we provide the stability of the control system with the local

controller in the form of (2.4).

Proposition 1. Suppose that G is internally stable and Gy, is left invertible. Then, the
control system G (G, K) is internally stable for any Gg € Sg if and only if K has the
form of (2.4) with K € Sk.

14



Chapter 2. Quantitative Analysis of Controller Design Localizability

The proof of Proposition 1 is omitted in this thesis; see e.g., [40,41].

Proposition 1 characterizes the class of all local controllers such that the control system
Gan(GE, K) is internally stable for any Gg € Sg. The local controller given by the form
of (2.4) is called by a retrofit controller |[39-41|. From (2.4), the retrofit controller consists
of a part Gy, of the model parameter G and the controller K € Sk that stabilizes the
local system G,,. This implies that the retrofit controller design requires only the model
parameter of G, not that of Gg. The retrofit controller given by (2.4) is a simplified version.
More general form of the retrofit control without the measurement of the interconnection

signal v is also proposed in [39-41].

2.3 Quantitative Analysis of Localizability for Retrofit Con-

troller Design

As stated in Proposition 1, the retrofit controller enables to guarantee the internal stability
of the control system Gy (G, K) for any Gg € Sg. In the control performance, it is desir-
able to have high robustness in the sense that the local control performance ||Gan (G, K)||co
is kept invariant for any variation in the environment Gg. In this chapter, such robustness
is called by the localizability for the distributed design of the local controller. In this sec-
tion, confining our attention of the local controller to the retrofit controller, we give the
quantitative analysis of the localizability for the retrofit controller design.

We assume that the environment G is changed to Gg due to adding the perturbation
A to Gg. Then, the perturbated environment is described by

Gg = Fu(Gg, A).

Because the perturbation A is assumed to be changed such that the preexisiting Gpye is

kept stable, the set of all admissible perturbation A is described by
SA = {A‘}—U<GE,A) € SE}

We define an error system between the retrofit control system with A and that without A

as
2 =Gu(A K)w, (2.5)
where the transfer matrix Ger (A, K) € CP*? is given by

Ger(A, K) := Gan(Gr, K) — Gan(G, K). (2.6)

15



2.3. Quantitative Analysis of Localizability for Retrofit Controller Design

Using the error system (2.5), the localizability index for the retrofit controller design is

defined as follows.

Definition 1. Consider the control system G.n(Gg, K) with the retrofit controller (2.4).
Then,

f(AK) == |[|Ger (A, K)o
15 said to be a localizability index for the distributed design of the local controller.

The localizability index f(A, K) is defined as the Hoo-norm of the error system Ge, (A, K).
To give an interpretation of f(A, K), we consider f(A,K) = 0. Then, it follows that
1Ganl(GE, K)||oo = ||Ganl(GE, K), K)|lso. This implies that the local control performance
|Gan(GE, K)|loo is invariant for any variation in the environment Gg. From this fact, we
see that the value of f(A, K) assesses the influence of the environment Gg to the local
control performance ||Ga(Gg, K)||oo, in other words, the degree of the deterioration of the
control performance for any variation of the environment.

In the following discussion, we state how to calculate the localizability index f(A, K).
Note that it is impossible to directly calculate f(A, K) because the model parameters of
the environment Gg are assumed to be unknown. Instead of the direct calculation, we
develop an estimation method of f(A, K) based on its upper or lower bound. To this end,

we first provide the upper bound of f(A, K) in the following theorem.

Theorem 1. Consider the control system G,(Gg, K) with the retrofit controller (2.4).
Then, for any A € Sa, it follows that

(A K) < ae(K), (27)
where nonnegative constants are given by

a = |G (Qr — QE)]loos
e(K) = || Fo(IL, K)o,

and the transfer matrices Qg, Qg € C**7, and II € Crt0x(@+m) ig described by

QE = GE(L« — GwvéE)fl, (28)

Qg = Gr(I, — GuGr) ™', (2.9)
Gwd qu

II:= . (2.10)
Gyd Gyu

16



Chapter 2. Quantitative Analysis of Controller Design Localizability

Proof. Let us consider Go(Gg, K) with the retrofit controller (2.4). Letting Q € C™**
be

Qx = K(I; — G, K)™, (2.11)

we have

sz sz qu
Gan(Gg, K) = Fy | Fu ,GE |, K

1 0 0
Gwv Gwd qu
sz sz qu
= fu J:E 7K ’ CTYE
Gy Gya | Gyu
I 0 0
Gw’u Gwd + quQKLyd
== ]:’U, 7GE
sz sz + quQKLyd
= sz + quQKGyd + GZUQE(Gwd + quQKGyd>- (212)

Note that Qg = 0 holds if Gg = 0 holds. Then, from (2.6), we show that Ge (A, K) is

equivalent to
Ge(A, K) = G2(Qp — Q) (Gud + GuuQxGya). (2.13)
It follows that

f(AvK) = HGZU(QE - QE)(Gwd + quQKGyd)Hoo
S HGZU(QE_QE)||ooHGwd+quQKGyd||oo (214)

Let us consider a feedback system composed of

=11 , (2.15)

17



2.3. Quantitative Analysis of Localizability for Retrofit Controller Design

and u = Ky. Then, its transfer function Fo(II, K) is equivalent to
FoILK) = Gya + GuwuQxGya- (2.16)

From (2.14) and (2.16), we show that, for any A € Sa, (2.7) holds. O

As stated in Theorem 1, the localizability index f(A, K) is bounded by ae(K), which

is the product of the unknown parameter a and the known parameter ¢(K). Then, ¢(K)

is described by the Hoo-norm of the feedback system composed of

and u = Ky. This implies that the value of a(K) assesses the control performance from

the disturbance d injected into G to the interconnection signal w.

As shown in Theorem 1, the localizability index f(A, K) is bounded from above by a
product of the unknown parameter o and the known parameter s(f( ). This implies that
the localizability f(A, K) can be estimated in the sense of the upper bound. To give a
meaning of the known parameter £(K), we consider a feedback system F(IT, K) composed
of Il and K , which is the stabilizing controller for the local system. We see that the value
of e(K) is equivalent to the Hoe-norm of F;(II, K). This means that the value of e(K)
assesses the suppression performance of the system with the disturbance, which is injected

into G, and the signal w that injects into the environment Gg.

Furthermore, we consider the retrofit controller design to minimize the ocalizability
index f(A,K). In the retrofit control problem, the model of Gg is not assumed to be
available for the controller design. Due to this fact, we cannot directly find the retrofit
controller K to minimize the value of f(A,K). To overcome this issue, Theorem 1 is
utilized for the retrofit controller design problem to minimize the value of f(A, K) without
the model information about Gg. From (2.7), the minimum value of f(A, K) with respect
to K is bounded from above by the product of a and the minimum value of e(K) with
respect to K. Note that the minimization problem of £(K) is reduced to that of the M-
norm of the feedback system Fy(IL, K). This implies the minimization problem corresponds

to the design problem of the optimal H., controller for II.
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Figure 2.3: PV-integrated IEEJ EAST 30-machine model. In the model, one generator is
replaced with one PV plant. In the figure, synchronous generators and loads are represented
by the circles and arrows, repectively, and the buses indicates the bold lines. In the figure,

the blue colored region depicts the local system.

2.4 Application to Placement of Retrofit Controller in Power
Systems

In this section, the placement problem of the retrofit controller is addressed through an

example of power systems. Then, the result is analyzed by the localizability index.

2.4.1 Power System Model

Asg illustrated in Fig. 2.3, the power system model is based on the IEEE EAST 30-machine
power model in which one generator is replaced with one PV plant. The [EEE EAST
30-machine power model [45] represents the power system in the eastern half of Japan.
The power system model is composed of 29 generators, 31 loads, 108 buses, and one PV

plant. The local system, which is illustrated in the blue colored region in Fig. 2.3, includes
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2.4. Application to Placement of Retrofit Controller in Power Systems

7 generators and one PV plant. The local system G linearized around an equilibrium point

is described by

= Az + Byv + Bu + Byd,

:Cw +Dv )
a- v Ty (2.17)

z=0C,z,

y = Cx + Duv,

where z € R is the state of generators in the local system. FEach generator has the
state with 13 dimensions, which includes the rotor angle, frequency deviation, magnetic
flux of an excitation system, and so on. The symbol v € R denotes the voltage at the
bus in the environment which is connected to G. Let u := [u; us ... u7]’ € R7 and
y:=1[y1y2 ... y7]" €R7. Then, u; and y; € R,i € {1,2,...,7} denote the input injected
into the excitation system and the frequency deviation in each generator, respectively. The
symbol z € R denotes the average of all frequency deviations in G. In addition, the symbol

d € R denotes the disturbance and is assumed to be injected into all generators in G.

2.4.2 Problem Setting and Solution for Retrofit Controller Placement

Let us implement one retrofit controller to only the ith generator. Then, (2.17) is rewritten

as

= Az + D,v+ BE;u+ Byd,

w = Cyx + Dy,

G: b ! (2.18)
z=C,z,

y = E;Cx + D,

where the matrix F; := eieg— e R7™¥7 represents the selection of the ith generator to which
the retrofit controller is implemented. The stabilizing controller K in the retrofit controller
is designed as the Hoo controller that minimizes the Hoo-norm of the system with the input
d and the output w.

The aim of this section is to provide the placement of the retrofit controller that min-
imizes the localizability of the control system. In this chapter, the localizability means
the robustness in the sense that the control performance with respect to the frequency
deviation average in the local system is kept invariant to some extent for any variation of
the model parameters of the generators in the power system excluding the local system. To

provide a solution for the controller placement problem, we utilize the localizability index
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Chapter 2. Quantitative Analysis of Controller Design Localizability

Table 2.1: Localizability index and controllability Gramian for each controller port selec-
tion. This table cites from [46].

i ming gz(K) W;

1 0128 242.8
2 21.7 192.2
3 20.2 (0262.4
4 15.0 194.6
5 18.3 150.8
6 31.5 159.2
7 44.7 169.2

f(A, K), in particular, the value of e(K). Let us consider the transfer function II; € C3*14
described by

- I'(sI —A)~'B; I'(sI — A)~'BE;

Elc(SI — A)ile EzC(SI — A)ilBEz
Then, the optimal controller placement i, is given by

fop = argmiinmlgnai(f(), s.t. K € Sk,

A

where €;(K) € R is given by

ei(K) = | Fe(ILi, K) oo

2.4.3 Numerical Experiment

Table 2.1 illustrates the value of ming &;(K) in the case that the retrofit controller is
implemented to the ith generator. To compare the controller placement method based
on the controllability Gramian, Table 2.1 also illustrates the trace of the controllability

Gramian, which is defined as
o0 T
Wi = / eATBE;FE;BT e Tdr.
0

From Table 2.1, we see that it is optimal to implement to the 1st generator in the sense of

the localizability index. On the other hand, in the sense of the controllability Gramian, it
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=6-Portl =¥ Port2 “=Port3

90 $-Portd -€ Port5 <*=Port6
=#Port7 =0 No controller

Number of PV

Figure 2.4: Hoo-norm of the control system Gy (Gg, K) versus the number of PVs. This
table cites from [46].

is optimal to implement to the 3rd generator. Figure 2.4 shows Figure 2.4 shows the Hoo-
norm of the control system under the variation of Gg. The power system in next generation
is supposed to be gradually reduce its inertia because PVs are replaced with existing
synchronous generators. Due to this fact, the deterioration of the control performance with
respect to the frequency deviation in the entire power system is concerned. Motivated by
this fact, the variation of is expressed by replacing generators in Gg with PVs In addition,
in Fig. 2.4, we assume that Gg continue to be changed until all 50% of, i.e., 11 synchronous
generators in the environment Gg are completely replaced with PVs. From Fig. 2.4, the
variation of the Hoo-norm of Gan(Gg, K) is minimum for the variation of G, in the case of
the implementation to the 1st generator. This fact shows the effectiveness of the controller
placement based on the localizability index. Furthermore, we see that the Hoo-norm of
Gan(Gg, K) is also minimum in the case of the implementation to the 1st generator in
spite of theoretically not being guaranteed. This fact indicates that the localizability index

is also related to the local control performance.

Through the numerical experiment as illustrated in Fig. 2.4, we show that the variation
of ||Gan(GE, K)||oo is minimum for the variation of Gg in the case of the implementation
to the 1st generator. However, focusing on the other cases of the implementation to the

other generators in Table 2.1 and Fig. 2.4, we see that there are not necessarily correlations
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Figure 2.5: Localizability index f(A, K) versus the number of PVs. This table cites
from [46].

between the value of ming &;(K) and the degree of the variation of ||Gan(GE, K)||oo- This
comes from the conservativeness of the evaluation ae(f( ) in the sense of upper bound.
In other words, there is a limit in the estimation of the localizability index under using
only the available local information without using the model of Gg. Figure 2.5 shows the
actual value of f(A, K) when Gp is changed. As seen in Fig. 2.4 and Fig. 2.5, we see that
the evaluation of f(A,K) by ae(K) is conservative because there are some correlations
between the actual value of f(A, K) and the variation of ||Gan(Gg, K)|lco- On possible
way to reduce such conservativeness in the evaluation is that the identified environment
model Gg is utilized for the estimation of f(A, K), in particular, the value of a. In fact,
the paper [47] has proposed the retrofit control method into which the modeling technique
for the environment is integrated. In this chapter, the model of Gg is not assumed to be
available for the estimation of f(A, K). However, under the assumption of obtaining the
interconnection signal v from Gy, the model of Gg can be identified by using some closed-
loop identification techniques. The identified environment model contributes to provide a

less conservative estimation of f(A, K).
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2.5. Chapter Summary

2.5 Chapter Summary

In this chapter, we proposed the localizability index for the feedback system to which the
retrofit controller is implemented. The localizability index was defined as the Hoo-norm
of the error system between the control system with and without the environment. The
proposed index measured the degree of the performance invariance for any variation in the
environment, in other words, that how much the control performance of the local system
is kept invariant with respect to the variation of the environment. Then, it was shown
that the estimation of the localizability index requires only the model parameters of the
local system in the sense of the upper bound. Through an example of PV-integrated power
systems, we analyze the retrofit controller placement problem and show the effectiveness

of the placement based on the localizability index.
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Chapter 3

Performance Improvement via
Iterative Connection of Passive

Systems

3.1 Introduction

In this chapter, the problem of the performance improvement is addressed for a feedback
system composed of two passive systems. We employ a model set description for each
subsystem: each subsystem is assumed to be passivity property that is characterized by
two matrix parameters. The parameters are utilized for the evaluation of Lo-gain of the
model set, which is defined as the worst-case system in the model set. The feedback system
composed of the performance-integrated passive systems is also passive. In addition, the
parameters characterizing the model set describing the feedback system is given as the
parameter transition. Then, we derive conditions on the passivity parameters such that
the performance improvement is achieved; the Lo-gain of the model set describing the
feedback system is strictly reduced as compared to that describing the subsystems. In
the above discussion, only parameters characterizing the model set of subsystems is not
required for the Ls-gain evaluation of the feedback system. In this sense, the problem
addressed in this paper is referred to as the model-set-based analysis. Subsequently, the
model-set-based analysis of the feedback system is extended to that of an iterative feedback
system, which is a special class of the evolving network system as shown in Fig. 3.1. Then,
conditions on the passivity parameters to achieve the gradual improvement are derived.
The remainder of this chapter is organized as follows. In order to motivate the model-set

based analysis, Section illustrates an example of the frequency control of power systems
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3.2. Motivating Example

1st phase

2nd phase

Figure 3.1: Evolution of a baseline system Y by gradually connecting multiple subsystems

>; in a step-by-step manner.

involving a large number of RE resources. We formulate the general model-set-based
quantitative analysis, in particular, performance improvement problem in Section 3.3.1.
Then, the performance-integrated passivity is defined. Under the preliminary in Section
3.3.1, a solution to the performance improvement problem for general feedback and iterative
feedback systems are presented in Section 3.4. In other words, we derive a condition on
model set of subsystems to achieve the performance improvement. Based on the model-
set-based analysis in 3.4, we perform the analysis of the frequency control of the power

system in 3.5. Finally, Section 3.6 concludes this chapter.

3.2 Motivating Example

3.2.1 Nonlinear Power System Model

As illustrated in Fig. 3.2, a power network system that is constructed by installing some
RE farms in a baseline power system. The RE farms are composed of a large number of
RE resources and the baseline power system is composed of Ng generators, N, loads, and
Np buses. In addition, Ng RE farms are connected to some fixed buses in the baseline

power system. We suppose that there are no isolated buses in the baseline power system;

The contents of Sections 3.2, 3.3, and 3.4 and Figures 3.2, 3.3, 3.4, and 3.5 in this chapter cite from
the following reference: (©2020 IEEE. Reprinted, with permission, from "Performance improvement via
iterative feedback connection of passive systems, IEEE Transactions on Automatic Control, 2019(online),
DOI:10.1109/TAC.2019.2930806. ”
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i.e., the topology of the network in the baseline power system is described by the strongly
connected graph [48]. Let V := {1,2,..., N} be the label set of the buses. Then, the
buses in the power system are classified as buses with generators, those with loads, those
with RE farms, and those to which nothing is connected. In particular, the label sets of
RE resource and generator nodes are denoted by Vg := {1,2,..., Ny} and Vg C V \ Vg,
respectively. The power system model is represented by the dynamic component describing
generator dynamics in the node Vg and the static part describing the power flow equations
between nodes.

(Generator dynamics) The dynamics of each generator are described as follows:
52‘ =w;, m;w; + d;w; = P — Pgi, 1 € Va, (31)

where m; > 0 and d; > 0 denote the inertia constant and the damping coefficient, re-
spectively, and §; and w; are the rotor angle and the frequency deviation of the rotor, re-
spectively. The mechanical power input Pp; is generated by a first-order turbine-governor

dynamics [49] that is given by

Tipmi = _Pmi + P;:n - kwiwiv (32)

where 7; > 0, k,, > 0, and P}

+; are the time constant, the governor gain, and a desired

reference input. In addition, Py; is the electrical output given by
EV; .
Pgi = i sm(éi — 91),

Tdi

where x4;, E;, and V; are the direct axis transient reactance, the voltage magnitude behind
the direct axis transient reactance of ¢th generator, and the voltage magnitude at a terminal
bus of the ¢th generator, respectively. The symbol ; denotes the phase angle of the ith
terminal bus.

(Power flow equation) Suppose that the baseline power system is a lossless network.

Then, the power flow between some connected buses can be represented as

Np
Poi =Y Bi;ViVjsin(6; — 0;), (3.3)
JEN;
Np
Qez‘ = —Bz‘iViQ - Z BZ]VIVJ COS(@Z‘ — Hj), (34)
JEN;

where N; and B;; > 0 is the index set associated with the neighborhood of the ith bus
and the susceptance between the ith and jth buses, respectively. The symbol Fr; and Pg;
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Baseline Power System

@7 P ZZE  Renewable (@): Generator | : Load

@‘@ Energy Farm

Figure 3.2: A power network system involving some renewable energy farms, which com-
prise a large number of RE resources. In the power system, a baseline power system is

composed of multiple generators and loads.

denote the active power of the load and the RE resource, while Qr; be the reactive power
of the load. In addition, the reactive power of each generator is given by
EV; v,

Qgi = T COS((Si — 91) xdi.

For each node ¢ € V, the power flow equation is described by the following algebraic

equation

—Poi + Py — Py + Pri = 0,
—Qei + Qgi — Qr; = 0.

(3.5)

The generator dynamics (3.1) and (3.2) and the power flow equation (3.5) represent the
power system that includes the RE farms.
3.2.2 Decentralized Control for Power System

RE farms may not provide desirable power outputs due to their uncertain power output.
From this fact, it follows that the fluctuations from the desirable power output behave as

the disturbance. Furthermore, we consider the case where the power outputs of the RE
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farms are compensated with those of battery storages. Then, Pg; is replaced by
Pri = —v; + w; + Py, (3.6)

where v; € R, w; € R, and Pg; € R are the control input, disturbance, and desired power
output. The input and disturbance are related to the battery output and the fluctuating
output of the RE resource, respectively. Each local controller K; is given as a proportional

and integral (PI) controller:
ki, .
K;: v = | kp, + j Yi, 1€ VR, (3.7)

where kp, and kj, are the proportional gain and integral gain, respectively. In addition,
y; € R is defined as

Yi = Z TijWys (3.8)

J€Va
where 7;; € R is a weighting factor of the frequency deviation. The weighting factor is
formally determined in Subsection 3.2.3. Each controller K; is connected to the power
system in a step-by-step manner. Then, we construct the power system in which the input

and output are w := col(w;)icyy and y := col(y;)icvy, respectively.

3.2.3 Motivating Example: Disturbance Response of Power System

The baseline power system employed the IEEJ EAST 30-machine power model representing
the power system in the eastern half of Japan [45], where Ng = 30, Ni, = 31, and N = 107.
In addition, we set Ng = 6. For the generator dynamics, the values of F; and m; were
given by [45], and d; was randomly selected from [0.1 1]. For the governor-free dynamics
(3.2), we set 7, = 1 and k,, = 0.1 for all i € V5. The topology parameters B;; were given
by [45]. For the controller (3.7), k7, was randomly selected from [1 4] and the choice of kp,
is formally given in in Section 3.5. The weighting factor is also formally defined in Section
3.5.

Figure 3.3 illustrates the disturbance responses of the power system. From the fig-
ure, we see that the disturbance effect is suppressed with the increase of the number of
additional controllers. The key to realizing the performance improvement is the passivity
property, which is formally defined in Subsection 3.3.2. Although the detailed analysis of
the power system model is presented in Section 3.5, it should be noted that the linearized
power system with the input v := col(v;)icy, and output y has a passivity property. In

addition, K; has another passivity property. The aim of this paper is to theoretically prove
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Figure 3.3: Disturbance responses of the power system that is composed of the baseline
power system given (3.1), (3.2), and (3.5) and local PI controllers (3.7). The power system
evolves with the increase of the number of the RE farms. Figure (a) shows the disturbance
input that is injected into all RE buses, while Fig. (b) show the average of all frequency
deviations in all generators. The increase of the number of RE farms contributes to in-

creasingly suppress the average. This figure cites from [50].
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the performance improvement. Even if the previous works [36,37,51] are applied to this
example, the performance improvement as illustrated in this example can be neither shown
nor explained. On the basis of this motivation, we aim at finding a special passivity class

of each subsystem such that the performance improvement is achieved.

3.3 Problem Setting of Model-set-based Performance Anal-

ysis
3.3.1 Model-set-based Performance Improvement Problem

We consider a feedback system Xpp (X1, ¥2) composed of two subsystems:
ity =S, 1€ {1, 2}, (39)

where S; : Lo, — Lo, is a causal operator, and u; and y; is the input and output of X;,
respectively. In particular, if ¥; is a linear time-invariant (LTI) dynamical system, S;
represents its transfer function denoted by S;(s), where u;(s) and y;(s) are the Laplace
transforms of u; and y;, respectively. To construct the feedback system, 31 and X9 are
interconnected via a negative feedback manner. Letting w € R™ and z € R™ be the
external input and evaluation output of Ypp(X1,X2), we describe the negative feedback

connection as

up = w — Yo, (3.10)
Ug =Yg = 2. (3.11)

In this chapter, Ypp (X1, X2) is assumed to be well-posed, i.e., there uniquely exist y; and
y2 of Xpp(X1,X2) that belong to L. for all w € Lag..

In order to formulate the performance improvement problem for the feedback system,
we define a notion of model sets and its performance measure. The formulation and a
solution for the problem setting are one of the main contribution of this chapter. Let
Pi,i € {1,2} be model set describing each subsystem ¥;,i € {1,2}, i.e., some specific
property is imposed on all ¥; belonging to P;. Then, we define the model set describing
the feedback system Xpp as

PrB(P1, P2) := {XrB(Z1,22)|X; € Pi,i € {1,2}}.

For example, let us consider ¥; and X are single-input-single-output (SISO) systems. In

such a situation, each model set P;,i € {1,2} describing ¥; is represented by the set of
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all Nyquist plots of X; € P;, as illustrated in Fig. 3.4a. Then, the set of Nyquist plots
of ¥pp, which represents the model set Prg(P1,P2), is shown in Fig. 3.4b. This chapter
addresses the model-set-based performance analysis of the feedback system, such as the

Lo-gain evaluation. To this end, the Lo-gain of the model set P; is defined as follows.

Definition 2. Suppose that all 3; that belong to P; are Lo-stable. Then,
V(Pi) == sup |||z,
3, €P;

15 said to be the La-gain of P;.

The Lo-gain of the model set P; is defined as the worst-case system in P;. The following

problem of performance improvement is addressed in this chapter.

Problem 1: Find P;,i € {1,2} such that the performance improvement is achieved, i.e.,

Y(Prs(P1, P2)) < v(P1) (3.12)
holds.

In this chapter, Problem 1 can be referred to as model-set-based performance improve-
ment problem of Ypp. In this problem setting, the description of ¥;,4 € {1,2} and Xpp are
given by model sets P; and Ppp, rather than detailed models such as a transfer function
and a state-space representation. In the model-set-based analysis, only the model set de-
scribing ¥; is utilized for the performance analysis of Xpp, while the detailed model of ¥;
is not utilized. The aim of this chapter is to find each model set P; such that the Lo-gain
of Pra(P1,P2) decreases as compared to that of Py, i.e., the performance improvement
(3.12) is achieved.

3.3.2 Definition of Dissipativity and Passivity

To describe the model set for input-output systems, we focus on the notion of dissipativity,
in particular (Q, S, R)-dissipativity [21,22], which is defined as follows.

Definition 3. Let Q = QT ¢ R™*™ S € R™*™ and R = R' € R™*™. Then, the system
Y, is said to be (Q, S, R)-dissipative if there exists p; € R such that for any u; € Lo. and

its corresponding output y;,

Tf s 1 T
[ {uE @) = ol Q) - gl @Ru) far = 3y

holds for oll T € Ry,
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Figure 3.4: An explanation of model set for SISO systems: (a) All Nyquist plots of ¥; that
belong P;,7 € {1,2}. (b) All Nyquist plots of Xpp that belong to Prp, which are generated
from ¥; € P;,i € {1,2} in subfigure a.

In the notion of the (@, S, R)-dissipativity, the parameters @, S, and R characterize
the set of dynamical systems. They have been utilized for the qualitative analysis of large-
scale systems [24,26-28, 52|, such as the stability, consensus, and synchronization. In this
chapter, each subsystem is assumed to be (@, S, R)-dissipavity. Then, we aim at finding
conditions on the parameters in the subsystems such that the performance improvement is
achieved. Even though the Lo-gain of (Q, S, R)-dissipative systems is evaluated based on
the the parameters @, S, and R, the performance improvement (3.12) cannot be shown for
the general parameters. In order to solve Problem 1, the (Q, S, R)-dissipativity is restricted
to the passivity [22,53].

Definition 4. Let Q > 0,5 = I,,,, and R > 0. Then, the system %; is said to be (Q, R)-
passive if it is (Q, S, R)-dissipative. In addition, the symbol P(Q, R) denotes the set of all
(Q, R)-passive systems.

In the definition, it is necessary to hold @~ > R because the model-set P(Q, R) should
be non-empty set. The model set P(Q, R) is characterized by the matrix parameters @
and R expressing the passivity level of dynamical systems. In the following discussion, the
model set P; in Problem 1 is confined to P(Q;, R;), i.e., P; = P(Qs, R;i),i € {1,2} holds.
In other words, the (Q, R)-passivity property is imposed on ;.
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3.4 Performance Improvement of Passive Systems

In this section, we provide a solution to Problem 1. First, the performance evaluation of
Lo-gain of P(Q1, R1) and Prp(P1,P2) are provided. In order to achieve the performance
improvement the feedback system, a model set describing subsystems ¥;,7 € {1,2} is
derived by using on the performance evaluation. In other words, conditions on @; and
R;,i € {1,2} is derived such that (3.12) holds. Subsequently, we extend the performance
improvement of the feedback system to that of an iterative feedback system, which is a
class of an evolving network system as stated in Chapter 1. The iterative feedback system

is formally defined in Subsection 3.4.2.

3.4.1 Performance Evaluation and Improvement of Feedback Systems

In order to evaluate the Lo-gain of the model set P(Q, R), we introduce a performance

index given by

1+ VAQMNQ ' - R)
AQ)

Using the index (@, R), we provide the performance evaluation of the Lo-gains of P(Q1, R1)

e(Q,R) := (3.14)

and Prp in the following lemmas.

Lemma 1. Suppose that Q1 > 0 holds. Then, the La-gain of P(Q1, R1) satisfies

V(P1) = e(Q1, Ry), (3.15)

where €(Q1, R1) is given by (3.14).

Lemma 2. Suppose that P; = P(Q;, R;),i € {1,2} holds. Then, letting Qrp > 0 and
Rrp > 0 be given by

Qrp = Q1 + Ry, (3.16)
Rpp = R1(Q2 + R1)'Qs, (3.17)

it holds that Prp(P1,P2) C P(Qws, RrB). Furthermore, if Qrp > 0 holds, the La-gain of
Prp(P1, P2) satisfies

v(Prp) < e(QrB, RrB), (3.18)
where €(+,-) is given by (3.14).
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Proof of Lemma 1. Let Sy =0and ¢ := y; — Qflul. Then, it follows from (3.13) that for
any uj € Lo,

T T
/ QlT(T)Qlﬂl(T)dT < / ulT(T)(Ql_l — Ry)uy(7)dr — p1.
0 0

holds. Because u] (Q7 — Ri)ur < MQ' — R)uf uy and M\(Q1)7{ 7y Q171 hold, we
have that
T B T
)\(Ql)/ g1 (T (r)dr < AQ7! Rl)/ ui (7)ur(T)dr — p1
0 0
holds for all 7' € R. It follows that
il < Y2ONQT R, :
u N —
Y1||L, T = A(Q1) 1||L2,T A(Q1)p1

for all u; € Lo, and T € [0,00). Recalling that y; = 91 + Ql_lul, we have

1 1
Yillzor < |1llner + A= villre,r < e(Q1, Ri)||will e — —5=p1-
lyillz, 1711 L, A(Q1)H [ ( Muillz, G

Because |u1l|z,,7 < ||u1]| L, holds for any u; € Ly, we show that

Sl
NCH

This implies that (3.19) holds as T — oo. It follows that ¥; € P(Q1, R1) with Q1 > 0 is
Lo-stable, and (3.19) is reduced to

Yyl Lor < €(Q1, Ry)|lutl|z, — (3.19)

131|2, < e(Q1, R1) (3.20)

with (@1, Rl) of (3.14).

Finally, to show (3.15), we aim to find an example of the “worst” ¥; in P(Q1, R1) such
that (3.20) is satisfied with the equality. Let us consider the state space representation of
31 given by

AQl) TSJrl

2\/)\ (QUAQT! - Ry) L1 VAQUAQ -~ Ry)
Ql) uas),

where @1 > 0 and Ry > 0 with Ql_l > R;. Then, we see that ¥; € P(Q1, R1) holds.
Note that the value of ¢(Q, R) in (3.14), which corresponds to performance criterion of
P(Q1, R1), is equivalent to the actual La-gain ||¥1]|z,. This completes that (3.15) holds.
O
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Proof of Lemma 2. From Definition 4, we have that there exists prg € R such that the
following inequality

2 T
3 / (2uT (Fyi(r) — v (N Qupi(r) — ul () Rows (7)) dr
i=1 70

T

2w —Ri  In i
:/TZ wi) uil7) dr > prB
O i=1 | y(7) L —Qi| |yi(7)

holds for all 7" € Ry. Using (3.10) and (3.11), we show

_ T ) .

_ w(r) —y2(r) | |[R1 Im | |w(T) = y2(7T) N yi(r)| |[—Re Im | |3(7)
| wnl(7) Im —Gh yi(7) | y2(7) Im  —Q2| |ya2(7)
_’U)(T)- ' _—Rl Iy Ry _ _U}(T)_

= | 2(7) In —Q1—Ry 0 2(r) | - (3:21)
_yz(T)_ | 0 —Q2 — Ry | _y2(7)_

Note that Ker (Q2 + R1) C Ker R; holds. It follows that Q2 + R; > 0 and
Ri(Q2+R) Q2+ Ry) = Ry (3.22)

hold. This implies that completing the square with respect to ys is applied to the right
hand side of (3.21). It follows that (3.21) satisfies
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Substituting (3.22) into —R; + R1(Q2 + Rl)TRl, we show that

-
/T w(T) —Rrp I, w(T)
0

(1) L, —Qes| |2(7)

dr Z PFB (323)

holds for all T € R, where Qpp and Rpp are given by (3.16) and (3.17), i.e., Xpp(X1, X2) €
P(QrB, Rrp) holds. In addition, applying (3.20) to Xpp(X1, X2) € P(Qrs, Rrp), we show
that Prg C P(Qrp, Rrp) holds. This proves Lemma 2. O

As stated in Lemma 1, the value of £(Q1, R1) in (3.14) evaluates the Lo-gain of the
model set P(Q1, R1). In particular, it should be emphasized that (P (Q1, R1)) provides a
tight performance evaluation for which only the passivity parameters (1 and R is utilized.
We see that the detailed models of 3 is not required for the Ls-gain evaluation. On the
other hand, Lemma 2 provides the performance evaluation of the Lo-gain of Prg(P1, P2).
The evaluation is provided based on an outer-approximation of Prg (P, P2), which is given
by P(QrB, Rr). The outer-approximation is explicitly characterized by the parameter
transition in (3.16) and (3.17). Let us consider Yyp described by a SISO system. Then,
the outer-approximation P(Qrp, Rrp) is expressed by the disk region that contains the
model set Ppp(P1,P2), as shown in Fig. 3.5. It should be emphasized that only the
passivity parameters characterizing each subsystem is utilized for the quantitative analysis
of the feedback system, while the detailed model of the subsystem is not utilized. With
the parameters in the outer-approximation, the Lo-gain of Ppp can be evaluated in the
sense of the upper bound ¢(Qrp, Rrp). To provide a solution to Problem 1, we introduce

the following supplementary lemma.

Lemma 3. Let Y >0 and Z > 0. Then, (i) V(Y) and Ker Z are disjoint if and only if (i
i) MY +2Z) > A(Y) holds.

Proof. (i = ii)) We decompose any vector ¢ € V(Y + Z) as ¢ = ¢1 + q2, where ¢1 € ImZ
and g2 € Ker Z. Then, it follows that

MY +2)=q" (Y + 2Z)q
=(n+a)Yia+ae) +d Za. (3.24)

First, suppose that q; # 0. Note (g1 +¢2)' Y (g1 + ¢2) > A(Y) and qlTqu > 0 hold. This
implies that A(Y + Z) > A(Y) holds. Next, suppose that ¢ = 0 or ¢ € Ker Z holds. Then,
it is shown that the right-hand side of (3.24) is equivalent to ¢y Y go. From the statement
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1 — ::YrB
: PrB

:P(QFBaRFB)

Im

e(QwB, RrB)

Figure 3.5: The graphical illustration of the outer-approximation of Ppp given by
P(QrB, Rrp) in the closed right-half plane of the complex plane. The outer-approximation
is expressed by the disk region that is explicitly characterized by two parameters Qrp and
Rpgp. In the figure, the white circle depicts the performance index (Qwp, Rrp).

i), we show that g2 ¢ V(Y)\ {0} holds, which implies ¢5 Y'g2 > A(Y). This completes that
MY + Z) > A(Y).

(i = 1) suppose that V(Y) and Ker Z are not disjoint to show a contradiction, equiv-
alently, there exists v € V(Y) satisfying v € Ker Z \ {0}. From this supposition, we show
that A(Y + Z) < v (Y + Z)v = A(Y) holds. This contradicts the statement ). O

On the basis of Lemmas 1, 2, and 3, we provide a solution to Problem 1, i.e., conditions

on Q; and R; to achieve the performance improvement (3.12) in the following theorem.

Theorem 2. In addition to the condition of Lemma 2, suppose that Q1 > 0 holds. Then,

the following two statements hold:

i) Suppose that Q2 = qaly, > 0, Ry = 11, > 0, and @eA(R2) > A(Q1)r1 hold. Then,
(8.12) holds.

i) Suppose that either Q2 = 0 or R1 = 0 holds. Then, V(Q1) and Ker Ry are disjoint if
and only if (3.12) holds.

Proof. i) Suppose that Ry = 71l > 0 and Q2 = ¢2f, > 0 hold. From Lemma 2,
Pr C P(QrB, Rrp) holds, where Qpp and Rpp are given in (3.16) and (3.17). In addition,
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from Lemma 1, e(Q1, R1) and £(Qrp, Rrp) are given by
8(@17 Rl) = Lt ;-\(ng\)(Ql)Tl7
1+ \/1 “AQi + Ry)
AQ1 + Re)

Note that A(Q1 + R2) > A(Q1) + A(R2) and suppose that gaA(R2) > A(Q1)r1 holds. Then,
we show that

qar1
g2+ 11

£(QrB, RrB) =

2
1

MA@+ Ra) B M@ = CEE-((Q1+ B) — MQu) - —E-A(@Q)
> o 7_2 - (@2A(R2) — A(Q1)r1) = 0 (3.25)
holds. Noting that ga/(ga +71) < 1 holds in (3.25), we have
AQ1 + R2) > M@Q1). (3.26)
From (3.25) and (3.26), we show that
e(QrB, Rrp) < €(Q1, R1) (3.27)

holds. This completes that (3.12) holds.
i) Suppose that either Q2 = 0 or Ry = 0 holds. Then, €(Q1, R1) and (Qrp, Rrp) are

given by

2 2

Moy £(@re ) = 35 —ps

As stated in Lemma 3, we show that V(Q1) and Ker Ry are disjoint if and only if (3.26)
holds. It follows that (3.27) holds, equivalently, (3.12) holds. This completes the proof of
Theorem 2. O

e(Q1, R1) =

Theorem 2 provides a model set describing subsystems to achieve the performance
improvement of the feedback system, which corresponds to a solution to Problem 1. This

theorem is one of the main contribution of this chapter.

Remark 1. Suppose that ¥; in (3.9) is La-stable and the initial state of ¥; is zero. Then,
for any u; € Lo and its corresponding output y;, the inequality (3.138) holds even if T —
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oo and p; = 0. By Parseval’s theorem, the inequality (3.13) as T — oo is equivalently
transformed into the inequality to

[ { T Gt - 30l Qi) - 3ol GoR@LG) fdo >0, (329

where Q(w) and R(w) are positive semidefinite and bounded matriz-valued frequency func-
tions, and U; and §; denote the Fourier transforms of u; and y;, respectively. On the
basis of (3.28), we introduce the following expression. The system %; is said to be the
frequency-dependent (Q, R)-passive if, for any u; € Lo and its corresponding output y;,
(3.28) holds. If Q(w) = Q and R(w) = R hold, i.e., the parameters are independent of w,
the inequality (3.28) is equivalent to (8.13) in Definition 4. For some Q(w) and R(w), let
Pu(Q(w), R(w)) be defined as the set of dynamical systems satisfying (3.28). The definition
of the model set P,,(Q(w), R(w)) implies that P,(Q(w), R(w)) is a more general description
than P(Q, R). The introduction of the frequency-dependent model set enables us to address
the performance improvement problem in the sense of the frequency-dependent gain of the
model set. Let us assume that X; is given a LTI system and recall that the transfer function
is represented by S;(s). Then, the frequency-dependent gain of P; = P,(Qi(w), Ri(w)) is
defined as

F(Pi,w) = sup 5(Si(jw)).
S;eP;

Suppose that P1 = P,(Q1(w), R1(w)) and Q1(w) > 0 for all w € R. Then, is is shown that
the gains of P1 and Prp satisfies

:y(lplaw) = E(Ql(w)7R1(w))7 Vw € IR7

Y(PrB,w) < e(Qrp(w), Rrp(w)), Yw €R,
where Qrp(w) and Rpp(w) are given by (3.16) and (3.17), and e(-,-) is given by (3.14).
In a similar manner to the analysis in Theorem 1, we can find conditions on Q;(w) and

R;(w) such that for all frequency points the performance improvement is achieved, i.e., it
follows that

¥(PrB,w) < 3(P1,w)

for all w € R. In addition, letting Q@ C Ry be a finite interval, we consider Q;(w) and
R;(w) given by

0i(w) = Qi, weN Ri(w) = Ry, weQ

0, otherwise, 0, otherwise.
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The frequency-dependent (Q, R)-passivity with the above parameters is defined on a finite
frequency range specified by Q, rather than infinite integration interval. On the basis of
this fact, we can find conditions on Q; and R; such that the performance improvement of

the feedback system involving non-passive subsystems is achieved in the range ).

3.4.2 Performance Analysis and Improvement of Iterative Feedback Sys-
tems

In this subsection, the model-set-based performance improvement in Theorem 2 is extended
to that of the iterative feedback system, which expresses a simplified class of an evolving
network system. The iterative feedback system is constructed by connecting multiple
subsystems to a baseline system in a step-by-step manner. In particular, each subsystem
in the iterative feedback system is assumed to be locally implemented to the baseline
system as shown in Fig. 3.1. In this subsection, we aim at finding a model set describing
connected subsystems such that the performance improvement of the iterative feedback
system is gradually achieved with the implementation progress. For simplicity of analysis,
we focus on the one progress of the connection of one subsystem. Then, a port selection
of the subsystem connection is provided to achieve the performance improvement, i.e., the
Lo-gain of the model set describing the entire iterative feedback system strictly decreases
as compared to that describing the connected subsystem.

To construct an iterative feedback system, let us first consider a baseline system X

given by
Yo 1y = Sou, (3.29)

where v € R™ and y € R™ is the input and output of ¥, and Sp : Lo — Lo, is a causal
operator. In order to explicitly describe the port number in the output of g, let y be
partitioned as y =: [yir y; y;,—b]T, where the symbol £ in y, € R denotes the port
number of the output. Furthermore, let us consider a subsystem 3y, which is connected to

the £-th port of Xg, described by
Zg LUy = Sgyg, (3.30)

where vy € R is the output of ¥y and Sy : Loe — ILoe is a causal operator. Now, let an
operator JFy be defined as

Fi=E;®8&y, (3.31)
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where E, = 6462 € R™ ™ The symbol e; denotes the unit vector whose the only ¢-th
element is one. By using the input-output operator of (3.31), each subsystem >, can be

rewritten as an another subsystem Il,, which is described by
Iy - v = Foy, (3.32)

where v = [v{ vy --- v, ]". From (3.31) and (3.32), we see that II; is a redundant

m

description of ¥y, which comes from implementation of the subsystem 3, in a decentralized
manner. The feedback connection of 1I; to ¥ is described by

u=w-—uv, (3.33)

z=y. (3.34)

We interconnect ¥ and Il via the the negative feedback connection in (3.33) and (3.34).

Then, the entire control system with the input w and output 2 is constructed and denoted

by Yent (X0, X¢). Let Py and Py be the model sets describing 3¢ and Xy, respectively. Then,
the model set describing Yent (20, X¢) is described as

Pent,e := Pre(Po, Pr).

In the following discussion, ¥ is assumed to be passive and strictly proper. In addition,
Po = P(Q,0) holds for some > 0. Under these preliminary, we show the performance

improvement of Yent (2, 3/) in the following theorem.

Theorem 3. Suppose that for some q¢ > 0 and ¢ > 0, Py = P(Q,0) and Py =
P(qeEy,reEy) hold. Then, for Qente > 0 given by

Qent,@ =Q +reky, (335)

it holds that Pent ¢ € P(Qentr,0). In addition, suppose that Q@ >0 and r; > 0 hold. Then,
the L-th entry of any v € V(Q) is nonzero if and only if

Y(Pent,e) < v(Po). (3.36)

Proof. As stated in Lemma 2, it is shown that Pent ¢ C P(Qent,¢, 0) holds. Next, we show
that the ¢-th entry of any vector v € V(Q) is nonzero if and only if (3.36) holds.
(Necessary condition for (3.36)) Suppose that @ > 0, r; > 0, and (3.36) hold, and

equivalently

A(Qent,l) > A(Q) (337)
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As stated in Lemma 3, we see that V(Q) and Ker E; are disjoint, and equivalently for any
v e V(Q), v ¢ Ker E; \ {0} holds. This implies that the ¢-th entry of any v € V(Q) is
nonzero because Ker Fy = span{ei,...,€p_1,€p11,...,€m} holds.

(Sufficient condition for (3.36)) Suppose that the ¢-th element of any vector v € V(Q)
is nonzero. Then, v ¢ Ker Ey \ {0} holds, equivalently V(Q) and Ker Ey are disjoint. As
stated in Lemma 3, it is shown that A(Qent,r) > A(Q) holds. This completes that (3.36)
holds. O

Theorem 3 states that Pense has the passivity property independently of the port
selection of connected subsystems. In a similar manner to Lemma 2, Theorem 3 provides
the performance evaluation of Penie. The Lo-gain evaluation is provided based on an
outer-approximation of Pent ¢ given by P(Qent, ¢, 0), which is explicitly characterized by the
parameter transition in (3.35). In addition, as stated in Theorem 3, we find a condition
of port selection to achieve the performance improvement, i.e., the Lo-gain of Pey e is
strictly less than that of P(Q@,0). In both of Theorems 2 and 3, a condition of the passivity
parameters to achieve the performance improvement is provided. Theorem 2 addresses the
feedback system composed of general subsystems and provides a general condition for the
improvement. On the other hand, Theorem 3 is a special result of Theorem 2 by focusing
on the specified structure in subsystems due to the implementation in the decentralized
manner.

On the basis of Theorem 3, it is easy to find conditions on the passivity parameters to
achieve performance improvement of the iterative feedback system. It should be empha-
sized here that the condition for performance improvement in Theorem 3 is imposed on the
connection port of the subsystem ¥, (equivalently subsystem II, with the specified struc-
ture). This implies that we need to check the condition for the performance improvement
at every connection step. By restricting the class of @, the performance improvement can
be shown under a requirement only on the baseline system ¥ independently of the port

selection.

Proposition 2. Suppose that Py = P(Q,0) and Py = P(qEsm¢Es) hold for Q € M,
q¢ > 0, and ry > 0, where M denotes the set of M-matrices [54]. Then, for any {, Qente € M
and Pentt € P(Qent,e,0) hold. Furthermore, Q is irreducible if and only if for any ¢, (3.56)
holds.

Proof. Because of the parameter transition (3.35), we straightforwardly show that, for any
¢, all off-diagonal entries of Qent ¢ do not vary from those of Q). It follows that, for any ¢,
Qent,é € M and Pent,é c P(Qent,b 0) hold.
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Next, we show that @ is irreducible if and only if for any ¢, (3.36) holds.

(Necessary condition for (3.36)) Suppose that @ > 0, r, > 0, and (3.36) hold, and
equivalently (3.37) holds. As stated in Lemma 3, we have that V(Q) and Ker E, are
disjoint. To derive a contradiction, we suppose that @ is reducible. Then, it is shown
that there exists a permutation matrix U such that UQU " is a block diagonal because the
symmetric and reducible property of Q. This implies that at least one element of v € V(Q)
is zero. This contradicts that, for any ¢, (3.36) holds.

(Sufficient condition for (3.36)) Suppose that @ € M is irreducible. Let 0 be the

maximum value of the diagonal element of (). Then, @ can be described by

Q =6l,, — =, (3.38)

where = € RM*™

is an irreducible non-negative matrix. By the Perron-Frobenius theorem
[55], all entries of the eigenvector corresponding to A(Z) take positive values. It follows that,
from (3.38), all entries of v € V(Q) \ {0} are positive, equivalently, for any ¢, v ¢ Ker Ey
holds. As stated in Lemma 3, it is shown that (3.37) holds. Therefore, it follows that for

any ¢, (3.36) holds. O

As stated in Proposition 2, we provide conditions on a passivity parameter @ in P(Q,0)
describing Yo to achieve the gradual performance improvement. In Proposition 2, it is
shown that the parameter Qent¢ preserves being the M-matrix independently of the port
selection of the connected system. Furthermore, as long as @) is irreducible, the performance
improvement is achieved for any port selection. These facts implies that as long as the
passivity parameter in the model set describing ¥ is characterized by the irreducible M-
matrix and the connected system is input strictly passive, the performance improvement
is always achieved for the connection to any any port of the baseline system at any step.
In this sense, Proposition 2 provides a condition for @) to achieve a gradual improvement.

On the basis of the fact stated in Remark 1, the analysis in this section can also
be extendable to a more general analysis in which the model set is characterized by the

frequency dependent parameters.

Remark 2. As stated in Proposition 2, the model set describing Xg requires a severe
condition to mathematically show the performance improvement. The condition that Q) is
an M-matriz is technical. In most cases, even though Q is not an M-matriz, v € V(Q) can
have no zero entries. Essentially, the irreducibility of Q plays an tmportant role to achieve

the gradual improvement of iterative feedback system.
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3.5 Performance Improvement Analysis of Frequency Con-

trol in Power Systems

In this section, we illustrate the performance improvement of the iterative feedback system,

which is studied in Subsection 3.4.2, through the frequency control of power systems.

3.5.1 Linearized Power System Model

At an equilibrium point (6], w?, P, 0%, V.*)of the nonlinear power system given by (3.1),
(3.2) and (3.5), we assume that the differences between the phase angles at the terminal
and between the rotor angle of the generator and the phase angle at the terminal bus are
sufficiently small; i.e., 07 — 67 ~ 0 and 67 —6; ~ 0 hold [56,57|. In all variables of generator
dynamics and the power flow equation, we define * as the deviation variables from the

equilibrium point. Let

5 = COI(Si)iEch W = COl(wi)iGVGa Pm = COI(Pmi)iEV(;v
T

-
0= COl(éi)z'TevG C01<§i)iTEV\V(;] , T = [5T Wl PHTI}

u := col(Pr;)icvy- (3.39)

Linearizing (3.1) and (3.2) around (&}, w;, Py, 07, V;") and assuming that 67 — 67 ~ 0 and
0* — 0" = 0 hold, we have

T = Apx + Aq90, (340)

where the coefficient matrices are described by

0 I 0 0 0
A = _M_le ~-MD ML), A = M_le 0
0 Tk, T 0 0

The symbols M, D, T, K,,, and X, represent diagonal matrices in which diagonal entries are
mi, di, 7, ke, and E;V* /x4:,1 € Vg, respectively. From the linearized generator dynamics
in (3.40), we see that the term pertaining to the voltage amplitude at buses does not

appear. In addition, linearizing (3.5) around (87, w;, PJ;, 07, V"), we have

Aoix + A + Bru =0, Ly V =0, (3.41)
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where V = col(f/i)iey and Ly € RVBXNB g 5 positive definite matrix and the coeflicient

matrices are described by

X, 0 0 .
Az = , Agg := —L — diag(Xq, Ong—nNg),
0 0 O
Bg = ’ e RNeXNr P I € RWNB—Na)xNr
F 0

The symbol L € RVBXNB jg a Laplacian matrix that is described by

N
> B ViV, i =1,
{L}ij = | jen,

~ByVIVE, 4],

which represents the interconnection between buses. From (3.40) and (3.41), the dynamics
with respect to 6 and V is completely decoupled in the linearized model; therefore V' does
not affect the dynamics of the linearized model. Thus, the linearized power system model

is given by

T A11 A12 x 0
= + u. (3.42)

0 Ag1 Ao |0 Br

In (3.42), we show that Asy is non-singular because the topology of the baseline power
system is described by the strongly connected graph. It follows that § = —A2_21(A21x +
BRpR) holds. Let L be partitioned as

L1 Lo
L= ,
Liy Ly

where L1 € RNGXNG, Ly € ]RNGX(NB_NG), and Loy € ROVB—Nc)x(Np—Ng) Then, the

power system (3.42) is reduced to the following state-space equation:
& = Az + Bu, (3.43)
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where the coefficient matrices are described by

0 I 0 0
A=|-M-'r —M'D M |,B=|-M"'Xy(Leq+ Xq) ' Li2Lyy F
0 ~-T7'K, —-T7! 0

and

I'=Xg— Xag(Liea + X4) " X4,
Lrea = L11 — L12 L3y L. (3.44)

Furthermore, the output equation of the power system is described as
y =Cu, (3.45)
where the coefficient matrix C' € RVR*3NG ig given by
C= [0 11 o}
and II € RVe*XNG ig given by
Il := —(Xg(Lea + Xg) ' L1aLyy F)". (3.46)

The output y means the weighted sum of the frequency deviations w. In addition, each
element of II corresponds to the weighting factor 7;; in (3.8) as stated in Section 3.2. The

baseline power system, denoted by %, is described as

& = Ax + Bu,
(3.47)
y=Cx.

3.5.2 Analysis of Model Set of Power System Based on Port-Hamiltonian
Systems

In this subsection, we provide analysis of the model set of the baseline power system in
(3.47). To this end, we first introduce a port-Hamiltonian system as follow.

The port-Hamiltonian system [58] is well known as a standard description of passive
systems. It focuses on the stored energy and the energy dissipation of the system. For
simplicity, consider that ¥ € P(Q,0) holds. Then, the aim of this subsection is to provide
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3.5. Performance Improvement Analysis of Frequency Control in Power Systems

a physical interpretation of the passivity parameter ). To this end, we extract the pas-
sivity parameter from the port-Hamiltonian system. A linear port-Hamiltonian system is
described by

&= (J — S)Pzx + Bu,
¥ (3.48)
y= B' Pz,

where z € R", v € R™, and y € R™ denote the state, input, and output of 3, respectively,
and B € R™ ™ is a coefficient matrix. In addition, J € R®*" and § € R™*" with J = —J
and S > 0 represent the interconnection of the internal state and the energy dissipation
of 3, respectively. The positive semi-definite matrix P € R™ "™ is related to the energy
function of H(z) = 127 Pz. For the given port-Hamiltonian system (3.48), we find Q that
describes ¥ with P(Q,0) in the following proposition.

Proposition 3. Given ¥ in (3.48), there exists Q > 0 satisfying 2S > BQB' such that
¥ € P(Q,0) holds. In addition, the following statements hold:

i) If ImnS C Im B holds, there exists Q > 0 satisfying 2S = BQB' such that ¥ €
P(Q,0) holds.

%) If InB C Im S holds, there exists Q > 0 satisfying 2S > BQB' such that ¥ €
P(Q,0) holds.

@) If In B = Im S holds, there exists Q > 0 satisfying 2S = BQB' such that ¥ €
P(Q,0) holds.

Proof. The derivative of the energy function H(z) along a trajectory of (3.48) is given by

d
%7{ =u'y—a' PSPz.

Noting that we can always obtain Q > 0 satisfying 25 > BQB', we have

d 1
T u'y — inQy. (3.49)

Integrating (3.49) from ¢t = 0 to ¢t = T', and letting H(z(0)) := —p, we show

/OT {uTmy(T) - ;yT(T)Qy(T)} e

2p
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holds. This means that ¥ € P(Q,0) holds for @ > 0 satisfying 25 > BQB.
Next, we prove the three statements i), ii), and iii).
i) This statement is trivial. The proof is omitted.
i) Some @ = ql,,, > 0 satisfies this statement.
i) The statements i) and i) imply iil). O

Proposition 3 provides some examples of @) that describe passive systems. To further
understand the proposition, for simplicity, we assume that B = I, and Im B = Im S hold.
From statement ii), we see that Q = 2S5 holds. This implies that @ represents the energy
dissipation given by S. On the basis of Proposition 3, we provide the model set analysis

of the baseline power system (3.47) as follows.

Lemma 4. Consider X given by (3.47). Then, there exists Q > 0 satisfying 2S > BQB"
such that ¥ € P(Q,0) holds for S = diag(Ong, M 2D, T72K,).

Proof. Applying the Schur complement to L, we show that Leq of (3.44) is positive semi-
definite. From this fact, Lye.q + Xg > Xy holds. It follows that

I' = Xq— Xq(Lrea + Xq) ' X4
> Xg— XgX;'Xq=0.
This implies that I' is positive semi-definite. We define a positive semi-definite P €

RQNG XQNG as

r o 0
P=1|0o M 0

0 0 TK;!

Then, ¥ has the port-Hamiltonian form, where J € R3Ve>x3Na and § € R3Nex3Ne gre

given by

0 M1 0
J=|-M1 0 MT1K,|
0 M IT71K, 0

and S = diag(Ong, M 2D, T72K,). Because J = —J T and S > 0 hold, we see that the
port-Hamiltonian system 3 is passive. Note that Im B C Im S holds. From Proposition 3,
it follows that there exists Q > 0 satisfying 25 > BQB such that ¥ € P(Q,0). O
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In Lemma 4, it should be emphasized that Im B C Im S holds independently of the
choice of Br that assigns the installation bus for the RE farms. This implies that the
(Q, R)-passivity of ¥ is independent of the choice of the the installation bus for the RE
farms. The passive power system is realized by the weighted sum of the frequency devia-
tions given by (3.45).

As stated in Section 3.2, from (3.6), the RE farm output Pg; is decomposed into the
disturbance effect w; and the control input v;, which is related to the fluctuating output
and the battery output, respectively. From the definition of u in (3.39) and (3.6), we
see that w = —v + w holds in (3.47). Each controller K;,i € Vg, which satisfies the
model set P(0,r;) with r; > 0, is connected to ¥ in a step-by-step manner. A typical
example of such a controller satisfying K; € P(0,7;) is the PI controller given by (3.7).
We construct a control system in which the input and output are w and y. The control
system is represented by an iterative feedback system, and denoted by Yipp(n),n € Z.
In addition, the model set describing ¥pp(n) is denoted by Prrp(n). In Xpp(n) and
YrB(n), the symbol n denotes the number of the connected controllers. On the basis of
the proposed analysis in Subsection 3.4.2; the performance improvement in the control

system is theoretically guaranteed.

Remark 3. In the actual operation of the power system, it is more desirable to improve
the Lo-gain performance from w to the average of w, rather than the weighted average of w,
denoted by y. For some cases, the average performance is gradually improved in addition
to the improvement in X. Consider that ¥ € P(Q,0) holds for some @ > 0. In addition,
let Y and § be the space spanned by the column vector of IIT and the average frequency
deviation, i.e., §J := 1y, w, respectively. Suppose that 1y is in Y. Then, § is described

as
j=a lw=a'y, (3.50)

where o := col(;)ievy for positive constants a;,i € Vg. Using Lemma 1, we have

171l _
sup = <llall, sup XL, = lofl2,5(Q,0) =:&.
welo\{0},5eP(Q0) [[Wl|Ls SeP(Q.0)
From this inequality, € evaluates the La-gain of the model set of the system with the input
w and output §. Note that €(Q,0) decreases with the number of connected controllers in a
step-by-step manner. Then, € also gradually decreases. In this sense, the average frequency

deviation is gradually suppressed.
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3.5.3 Performance Improvement Analysis of Power System

Let us consider the power system ¥ employing the IEEJ EAST 30-machine power model
as stated in Subsection 3.2.1. From Lemma 4, ¥ € P(Q,0) holds for @ > 0 satisfying
25 > BQBT. Solving the linear matrix inequality 25 > BQB', we obtain an irreducible

(@ whose minimum eigenvector has no zero entries. Let us define Qrpp(n) as
n
Qre(n) = Q + Z riEi.
i=1

Then, applying Theorem 3 and Proposition 2 into Yirg(n), we show that Prrp(n) C
P(Qirp(n),0) holds. Accordingly, it is shown that for any n, v(Prs(n)) < v(P(Q,0))
holds. In this subsection, two experiments are performed to achieve the following two

alms:

i) a gradual improvement of the actual La-gain performance of Xipp(n) as well as the

Lo-gain of the model set of Xipp(n) at any step of the controller connection.

i) less conservativeness in the Ly gain evaluation of the model set of Xipp(n) than in
the previous works [36,37,51].

In the two experiments, the parameter r; in the model set of each controller is randomly
selected from [2 8]. Accordingly, the proportional gain kp, is given by kp, = r;/2. In
addition, the integral gain ki, is selected as the same parameter as utilized in Section 3.2.

i) Let S(jw) and Sirp(n,jw) be the frequency transfer functions of ¥ and Yypp(n),
respectively. Their maximum singular values are illustrated in Fig. 3.6. The performance
indices to evaluate the Ls-gains of P(Q,0) and P(Qrrp(n),0) with n = 1,3,6, which are
equivalent to £(Q,0) and £(Qrp(n),0), are also illustrated in the figure. From the figure,
we see that the value of e(Qrrp(n),0) gradually decreases with the increase in the number
of controllers. Correspondingly, the actual Lo-gain also gradually decreases. It should be
emphasized here that the gradual improvement of the Lo-gain of the model set cannot
be shown by the previous works such as those employing the passivity index [36,37,51]
because K; ¢ P(0,r;) holds and the index for K is zero.

i) We further demonstrate the merit of the choice of irreducible @. Let us focus on
the final step of the controller connection, i.e., n = Ny = 6. Then, the control sys-
tem X (/Vr) is represented by the feedback system composed of ¥ and a decentralized

controller K, which is described as

ki,
K:v= ZEi®(kPi+ IZ) Y.

; S
1€EVR
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Figure 3.6: Maximum singular values of S(jw) and Sipp(n,jw) with n = 1,3,,6, which
are represented by the solid lines. In addition, the dashed lines represent the performance
indices to evaluate the La-gains of P(Q,0) and P(Qrs(n),0) with n =1, 3,6.

This fact enables the previous works [36,37,51], in which passivity is characterized by scalar
parameters, to also derive the performance index to evaluate the Lo-gain of P(Qrp(Ngr),0).
This is because K € P(0,r) holds for » = min{ry,72,...7ng}. In this experiment, we
show that the proposed analysis provides a more accurate evaluation than the previ-
ous works. To this end, we compare the performance index to evaluate the Lo-gain of
P(Qir(INR),0) in the following two types of system description: Type 1) ¥ € P(Q,0) for
the irreducible @ and K € P(0, ), 2kp, E;), and Type 2) ¥ € P(qlng,0) for ¢ = A(Q) and
K € P(0,r) for r = 2min{kp,, kp,, ... kpy, }. Figure 3.7 shows the maximum singular val-
ues of Sip(NVR, jw) and the performance index to evaluate the Lo-gain of the model set in
the two types. From the figure, we see that the the performance index to evaluate Lo-gain
in Type 1 provides a more accurate evaluation than that in Type 2. We conclude that the

model-set description of ¥ with the irreducible @) contributes to the accurate evaluation.

3.6 Summary of Chapter

In this chapter, the problem of the performance improvement was addressed for the feed-
back connection composed of two passive subsystems. In the problem, each subsystem
was described by the model set that is characterized by two matrix parameters, as re-

ferred to as (Q, R)-passivity. We derived conditions on the parameters in the model sets
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Figure 3.7: Comparison of the performance evaluation of the control system at final step
of controller connection in two types. The actual maximum singular value of the control
system is represented by the black chain line. In addition, the performance index to
evaluate the Lo-gains of P(QrrB(NVr),0) in Type 1 and 2 are represented by the blue
dotted and red dotted lines, respectively. From the figure, we see that the performance
index to evaluate the Lo-gain in Type 1 provides a more accurate evaluation than that in

Type 2.

describing subsystems to achieve the performance improvement; the Lo-gain of the model
set describing the feedback system is strictly reduced as compared to that describing the
disconnected subsystem. The main contribution of this chapter is to formulate the per-
formance improvement problem and provide a solution to the problem, which is stated in
Theorem 1. Furthermore, the performance improvement analysis of the feedback system
was extended to those of an iterative feedback system, which expresses a simplified class of
an evolving system. Then, a condition or port selection for the baseline system to achieve
the gradual performance improvement was derived. Using the model-set-based analysis,

we demonstrated the frequency control performance analysis of the power system.
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Chapter 4

Disturbance Sensitivity Analysis of
Evolving Network Systems from

Viewpoint of Network Structure

4.1 Introduction

In this chapter, we address the performance improvement problem of the homogeneous
network system composed of identical clusters, each of which involves multiple nodes. The
dynamics of each node is described by a dynamical system with a single integrater, which
can express a general system including, e.g., a single integrator and a second-order oscillator
employed in [5-12], as special cases. In particular, we give attention to external and internal
network structure: the network structure among clusters and the network structure among
nodes inside each cluster. The sensitivity of the network system to disturbances is analyzed
from the viewpoints of the sparsity of external and internal networks as well as the increase
of the number of nodes that represents the evolution of the network system. In this chapter,
the disturbance sensitivity is evaluated by the Hoo-norm of the overall network system in
which input and output ports are assigned at the interconnection links among clusters.
The main contributions in this chapter are twofold. First, we numerically find that, as the
number of nodes increases, the disturbance sensitivity of the network system tends to be
reduced if the external network structure is sparse and the internal network structure is
dense. Second, to support the finding observed from the numerical experiment, we further
confine our attention to a network involving clusters each of which has identical nodes.
Then, we theoretically prove that, in the limit of sufficiently large number of nodes, the

minimum disturbance sensitivity level, evaluated by the maximum eigenvalue associated
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with the external network, is achieved if the internal network is the complete graph.

The remainder of this chapter is organized as follows. Section 4.2 presents the system
description of homogeneous network systems. In Section 4.3, we conduct a numerical ex-
periment to analyze the disturbance sensitivity of the homogeneous network system. To
support the numerical analysis in Section 4.3, Section 4.4 provides a theoretical contribu-

tion. Finally, Section 3.6 concludes this chapter.

4.2 System Description

As illustrated in Fig. 4.1(a), we consider a homogeneous network system composed of N
clusters. Each cluster G;,i € {1,2,..., N} is described as a sub-network system involving
n nodes, the jth node of which is described as a cascade system composed of an SISO
dynamical system g; and a single integrator. Let g;(s),j € {1,2,...,n} be the transfer

function of g; and its state-space representation is given by

where A; € R™™ B; € R™*1 C; € R*™ D, € R are the coefficient matrices and m is
the model order of g;. In this chapter, g;(s) is assumed to be stable and the steady-state
gain of g;(s) is assumed to be nonzero, i.e., —C'jAj_lBj + D; # 0 holds. In addition, the
pairs of (A;, B;) and (A4;,C;) are assumed to be controllable and observable, respectively.
We define the input and output of the jth node as 7; € R and 7; € R, respectively; see
Fig. 4.1(a). Then, the dynamics of the jth node is described by

n= 2, (4.2

In the following, we explain the reason why the dynamics of the jth node is described by
(4.1). This is motivated by the fact that, in both cases of first- and second-order consensus
network systems, the interconnection signal among nodes (agents) is given as the integrated
signal of the output from each node. In fact, when we choose g; as a static system or a first-
order system, each node indeed describes a single integrator or a second-order oscillator,
respectively. From this viewpoint, (4.2) can be regarded as a general description that

involves the first- and second-order consensus network systems as special cases.

A part of contents and figures in this chapter cite from the following reference: (©2020 IEEE. Reprinted,
with permission, from "Disturbance sensitivity analysis of evolving network systems from viewpoint of

network structure, in Proceedings of IEEE 58th Conference on Decision on Control, 2019, accepted ”
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(a) Cluster G; | Boundary node

i Jjth node

i(s
=T

yi e u

Figure 4.1: (a) An example of homogeneous network system. In the homogeneous network
system, identical clusters are interconnected via the external network, the graph Laplacian
matrix of which is given by Lex. In each cluster, nodes being not necessarily identical are
interconnected via the internal network, the graph Laplacian matrix of which is given by
Lin. Then, each node is described by a dynamical system with a single integrator. In
the homogeneous network system, input and output ports are assigned at interconnection
links among boundary nodes, i.e., nodes connected to nodes in the other clusters. (b) Block
diagram of the overall network system as illustrated in subfigure (a). (b-i) Block diagram
of the ith cluster G;.
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For simplicity of analysis, we assume that only the one node inside the ith cluster
is interconnected with the other clusters. The interconnection node is referred to as a
boundary node. Without loss of generality, we can assign the boundary node at the first
node. Let u; € R and y; € R be the input and output of the i¢th cluster. Then, the

interconnection among nodes in (4.2) is given by
v =eui — Linn, yi = €1T77a (4.3)

where Li, € R™ ™ is the graph Laplacian matrix representing the internal network structure
of G; and e; € R" ig the unit vector whose the only first entry is one, while the others are

zero. In addition, v € R™ and n € R™ are described as

v = col(y1,72, -, Yn)s M= col(n1,n2, ..., Nn);

see Fig. 4.1(b-1). Note that

diag(g;(s)) _

S

0
I, |, (4.4)
0

Qo
O | oW

where A = diag(A;), B = diag(B;), C = diag(C}), and D = diag(D;). Then, from (4.3)
and (4.4), the dynamics of G; in Fig. 4.1(b-i) is described by
z; = Fx; + Fu,,
G;: (4.5)
Yi = Hl‘i?

where x; € R™™+1) denotes the state of the ith cluster and the coefficient matrices E, F,

and H are given by

A B 0
E = , F = ,H:ef[c D].
_Einc _EinD €1

Letting w € RY and z € RN be the disturbance input and evaluation output of an

ovarall network system. Then, the interconnection among clusters is described by
u=Lex(w—1y), z=1u, (4.6)

where Loy € RY*N s the graph Laplacian matrix representing the external network struc-

ture and v € RN and y € RY are given by

u = col(uy,ug,...,un), y:=col(yi,y2,...,Yn).
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In this chapter, the disturbance input w is assumed to be additively injected at the output
of boundary nodes in all clusters. In addition, the evaluation output z is assigned to
the input of boundary nodes inside all clusters. A practical meaning of this choice of
disturbance input and evaluation output ports is explained by an example of a power
system composed of multiple generators. The power system can be basically described by
the second-order consensus network system [56]. Then, w corresponds to the fault on the
transmission lines among generators. In addition, z corresponds to the assessment of an
effect on the propagation to the dynamics of all generators. Furthremore, the disturbance
analysis of disturbance input and evaluation output ports given by (4.6) also plays an
important role to the network control based on the retrofit control, see e.g., [39,40].

We construct an overall network system by interconnecting N clusters G; in (4.5) via
the external network (4.6). Then, the overall network system is denoted by Gnw(n) and
its input and output is w and z, respectively. In the network system, the number of nodes

inside each cluster Gj is explicitly signed. The dynamics of Gyw(n) is described by

T = Ax + Bw,
Graw(n) : (4.7)
z =Cx + Dw,

where x := col(z1, zo,...,xN) and

A={IN®E - (Lx®FH)}, B=(Lex® F),
C=—(Lex®H), D= Le.

For simplicity of discussion, throughout this chapter, we give the following assumption.
Assumption 1. The network system Gnw(n) is La-stable for all n € {1,2,...}.

It should be noted that if g; in (4.1) is output-strictly passive [22,23,53], Assumption
1 holds.

Proposition 4. Suppose that g; in (4.1) is output-strictly passive, i.e., there exists 6 > 0
such that

9;(jw) + g5 (jw) > 6lg; (jw)|? (4.8)

for all w € R. Then, Gnw(n) is La-stable for alln € {1,2,...}.
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<
.
W | =

\ 4

Figure 4.2: Equivalent block diagram of Fig. 4.1(b-i).

Proof. We first transform the block diagram of the overall network system Gnw(n) in
Fig. 4.1(b). The block diagram of each cluster G; in Fig. 4.1(b-i) is transformed into that
in Fig. 4.2. In Fig. 4.2, let G; be defined as a feedback system composed of diag(g;(s))
and Lin/s. Then, the block diagram of Gnw(n) in Fig. 4.1(b) can be transformed into the

upper block diagram in Fig. 4.3. Using the matrix inversion lemma [59], we have

o -1
Graw (1, 8) = Lox (I + ‘mg(fi(s))cex>

S

1
= Loy — Lexdiag(Gi(s)) Lex (I + diag(Gi(s)) £QX>

-1
= Lox — Lex <I + diag(éi(s))ﬁjx> diag(éi(s))

Lex
= ﬁex - ‘CexGFBl(S) s

This implies that the block diagram of Gyw(n) in Fig. 4.1(b) can be further transformed
into the lower block diagram in Fig. 4.3. Let G'rp2 be defined as the system with the input
w and output 2 in the lower block diagram in Fig. 4.3. In the following, we show that
GFg2 1s Le-stable for all n.

Suppose that g;,j € {1,2,...,n} is output-strictly passive. Since Lex/s is passive, from
the passivity theorem [22,23], G; is Lo-stable and output-strictly passive. Accordingly, we

show that Gppi is Lo-stable for all n. Let us consider a minimal realization of diag(G;(s))
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Figure 4.3: Equivalent block diagram of Fig. 4.1(b).
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given by

where E, F', H, and D are coefficient matrices with appropriate dimensions. Then, Grg1 (s)
can be described by

E —FLlo | F
Grei(s) = | H —DLex | D
H —DLo |D
It follows that
Lox E|F
Grp2(s) = LxGrB1(9) = —
H| O

where

E —FLe FLeo 0
E=|H —DLe DLex|: F= 0|, H= [cexﬁ —LoxDLox cexbﬁex].

0 0 0 I

Note that we have

.
Kerc‘?—{[o p q] | Lex(p—q) =0, p,qeRN}7

which is equivalent to the eigenspace of £ associated with the zero eigenvalue. Let O be the
observability matrix of the pair (£,H). Then, it follows that Ker & is a subset of Ker O,
which is equivalent to the unobservable subspace of Grps. Since Grpi is Lo-stable, we
show that all modes associated with other than the zero eigenvalues of £ is stable. This

fact shows that Grpg is La-stable for all n. Therefore, we show that Gyw(n) is La-stable
for all n. O

As stated in Proposition 4, if the system g; in (4.1) is output-strictly passive, the
Lo-stability of Gnw(n) is always guaranteed independently of the number of nodes, i.e.,
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Assumption 1 holds. Let us consider the case where g; is given by a static system and
a first-order system. Then, each node in (4.2) corresponds to a single integrator and a
second-order oscillator, respectively. Note that both static system and first-order system
are output-strictly passive. We see that a single integrator and a second-order oscillator is
a special class of a cascade system composed of a single integrator and an output-strictly
passive system.

In the following, we numerically and theoretically analyze the Ho,-norm of Gnw(n)
regarding n as a parameter. In particular, from the viewpoint of the sparsity of the network,
we find the external and internal network structures such that the Hoo-norm of Gnw(n)

decreases. These analyses are the main contributions of this chapter.

4.3 Numerical Analysis: Relation between Disturbance Sen-

sitivity and Sparsity of Network

In this section, numerical experiments are demonstrated in order to analyze the distur-
bance sensitivity of the homogeneous network system Gyw(n) in (4.7). The aim of this
experiment is to observe the Hoo-norm of Gnw(n) from the following viewpoints: 1) the
Hoo-norm of Gyw(n) as the number of nodes inside each cluster increases, 2) the relation
between the Hoo-norm of Gnyw(n) and the sparsity of the internal and external networks.

To demonstrate the experiment, we consider the network system Gnw(n) composed
of 5 clusters, i.e, N = 5. In each cluster, the model order m was randomly selected
from {1,2,3}. As stated in Proposition 4, Assumption 1 holds if g; is output-strictly pas-
sive. On the basis of this fact, the model parameters A;, B;, C;, and D; were randomly
determined such that g; is output-strictly passive, which can be evaluated by, e.g., the
Kalman-Yakubovich-Popov (KYP) lemma [60]. The internal and external network struc-
tures were assigned to the complete and path graph. This implies that there can be four
combinations in the selection of the internal and external networks.

Figure 4.5 illustrates the value of n for each network pattern in Fig. 4.4 versus the
Hoo-norm of Gyw(n). In Fig. 4.5, we first focus on the results of Patterns 1 and 2. The
difference between Patterns 1 and 2 is just the internal network structure. As shown in
Fig. 4.5, we see that in the case of Pattern 1, the Hoo-norm of Gnw(n) decreases with the
increase of the value of n. On the other hand, in the case of Pattern 2, the Hoo-norm of
Gnw (n) is invariant if n is greater than 2. This implies that if the internal network is given
by the complete graph corresponding to the densest structure, the increase of the number

of nodes inside each cluster plays an important role to reduce the disturbance sensitivity
of Gnw(n).
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Figure 4.4: Overview of each node evolution for the homogeneous network system with

N =5 in four network structure patterns.
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Figure 4.5: Hoo-norm of Gnw(n) versus the value of n in each pattern illustrated in Fig. 4.4

Next, we focus on the results of Patterns 1 and 3. The difference between Patterns 1
and 3 is just the external network structure. As shown in Fig. 4.5, we see that in the cases
of both Patterns 1 and 3, the Hoo-norm of Gyw(n) decreases as the value of n increases,
while the Hoo-norm of Gyw(n) in the case of Pattern 1 is smaller than that in the case
of Pattern 3. This result suggests that the sparse external network structure contributes
to reducing the disturbance sensitivity of Gnw(n). These observations conclude that the
disturbance sensitivity of Gnw/(n) tends to be reduced if the internal and external network

structure are dense and sparse, respectively.

4.4 Main Result: Disturbance Sensitivity Analysis of Homo-

geneous Network systems

In this subsection, in order to theoretically support the finding observed from the ex-
periment in Section 4.3, we analyze the disturbance sensitivity of homogeneous network
systems in the limit of sufficiently large number of nodes. Then, we show that the mini-
mum disturbance sensitivity level, evaluated by the maximum eigenvalue associated with
the external network, is achieved if the internal network structure is given by the complete
graph.

As a preliminary of the analysis, we consider decomposing the dynamics of the network

system Gnw(n) into disjoint multi-dimensional modes. Let Gnw(n,s) be the transfer
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matrix of Gyw(n). The, we have
Gaw(n, s) = C(sInitynn —A) ' B+D.

Let us define an unitary matrix U such that U Lo, U = A holds where A := diag(A1, A2, ..., An)
with the eigenvalues A; of Lex. Then, it follows that

IN®E—-A®FH |A®F

Gaw(n,s) =U Ut

—-(A® H) ‘ A
= Udiag(21(n, 8),...,Xn(n,s)) U,

where 3;(n,s),i € {1,2,...,N} is given by

E - \FH ‘ NF

Yi(n,s) = (4.9)

-\H Ai

It should be noted that, if E has one zero eigenvalue, the steady-state gain of ¥;(n,s) in
(4.9) turns out to be zero as shown in the following lemma. The proof of this lemma is

heavily related to the existence of the zero eigenvalue of E.

Lemma 5. For any \; € C and n € {1,2,...}, 3i(n,s) in (4.9) satisfies

2;(n, 0) = 0. (4.10)

Proof. In the following, we show that (4.10) holds for both cases of \; = 0 and \; # 0.
First, we suppose that A; = 0 holds. Then, it is straightforwardly shown that (4.10) holds
because the coefficient matrices in terms of input and output are zero.

Next, we show that, for any nonzero \;, (4.10) holds. Letting II = L;, + )\ielelT, we

have

A B
E—-\FH =

—Ic -11D

Note that IT is nonsingular because Ker £;, and Im(eje] ) are not orthogonal. Using the

fact that —CA~'B + D is nonsingular, we have
-1
A B X; A"'B(-CA~'B+ D)~

~IIC  —IID Xy —(-CA'B+ D)ot
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where X1 and X5 are some nonsingular matrices with appropriate dimensions. Then, the

steady-state gain of 3;(n, s) can be reduced to
¥i(n,0) = N2H(E — N\ FH)'F + )

A B 0
— ] [c D] Y
—IIC —-IID e1

= —)\?elTH_lel + i

In the following, we show that —A?e{IIle; is equal to —);. Note that rank(Il) =
rank(Li,) + 1 holds because the graph Laplacian matrix £i, has an eigenvector 1,, corre-

sponding to the zero eigenvalue. This condition enables us to apply Fact 6.4.2 in [59] to
1. Let

P=1,— Ll , P =1,-clc.,

mn’ n

where Ejn is the generalized inverse of Li,. Noting that PTP = P and ptlpt = pt hold,

we have

I = (Lin + Niere] )
P /L;rnelelTP 3 PTelelTET Plejel P

— in 1+)\T£ .
m e{ Pey el Pte ( 1 mel)()\ieIPel)(eIPTel)

This fact shows that —A?e] II"'e; = —\; holds. Then, we show that (4.10) holds. This

completes the proof of Lemma 5. O

Lemma 5 shows that the steady-state gain of ¥;(n, s) is completely zero. In connection
with the fact, we see that the steady-state gain of Gnw(n,s) is also completely zero.
This implies that the network system completely suppresses an effect of the steady state
disturbance. In order to analyze the Hoo-norm of Gnw(n) in the limit of a sufficiently
large number of nodes, we provide the following lemma in terms of the eigenvalue and

eigenvector associated with complete graph.
Lemma 6. Suppose that Ly, is the graph Laplacian matriz that represents the complete

graph, i.e., Ly = nl, — lnll. Let & be the eigenvalue of II = Ly, + )\ielelT. Then, for

any nonzero \;, the eigenvalue &; satisfies
Ej S {n+M(n)»n75(n)}v (4'11)
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where p(n) € R and e(n) € R are constant values such that pu(n) + e(n) = \; holds, and
the algebraic multiplicity of n+ p(n) and e(n) are 1 and that of n is n — 2. Furthermore,
let vo(n) be the eigenvector associated with g(n). Then, it holds that

lim p(n) =X, lim e(n) =0, lim v ) = —=. (4.12)

n—o00 n—o0o n—00 \/ﬁ

Proof. First, we show that (4.11) holds. Suppose that Ly, = nl, — 1,1,). Then, the
eigenvalues of Ly, are classified into n with the algebraic multiplicity n — 1 and 0 with the
algebraic multiplicity 1. In addition, the eigenspace of Li, associated with the eigenvalue n
is described by Ker L, in which Ker Lj, is equivalent to span(1,). Note that the eigenspace
of IT associated with the eigenvalue n is described by Ker £i, NKer e; e;r. From De Morgan’s

laws [55], we have

Ker £;, N Ker elelT = Ker £;, UIm elelT

=1Im1, UIm(ese])

We see that the eigenvalue n of II has the algebraic multiplicity n — 2. Since trace(Il) =
n(n — 1) + A; holds, the remaining two eigenvalues of II are given by n + u(n) and €(n)
such that p(n) + e(n) = A; holds. Thus, we show that (4.11) holds.

Next, we show that (4.12) holds. Note that £(n) is the perturbed eigenvalue corre-
sponding to the zero eigenvalue of Li,. Then, the Taylor series expansions of (n) and

Ug(n) are given by

d
e(n) =0+ 2(;) A +O(N2),
? )\2:0
1n dvg(n) 2
Ve(n) = % + [ d\; o Ai + O(Az)

On the basis of the proof of Proposition 10.3 in |61], the first derivatives are calculated as

~1
de(n) _ l dva(n) _ i v;—elelTln o
d)\l Ai=0 n d)\l Ai=0 el ’I’L\/ﬁ
where vy, is a basis of the eigenspace associated with the eigenvalue n of Ly, and |lvg|| =1

holds. Although the detailed derivation of more than 2nd-order terms of \;, denoted by
O()?), are omitted in this thesis, O(A?) can be written by O(1/n?). It follows that
1,

A3, o) =0 iy vet) =
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Since p(n) 4+ €(n) holds, we show that (4.12) holds. These completes the proof of Lemma
6 O

Lemma 6 provides some properties of eigenvalue and eigenvector of II that represents
the perturbated complete graph. In particular, it provides eigenvalue and eigenvector of II
in the limit of sufficiently large number of n. As stated in Lemma 6, the eigenvalue of II is
classified into n 4 pu(n), n, and €(n). Then, it is shown that p(n) goes to the perturbation
Ai as n — oo, while e(n) goes to zero as n — oo. This implies that one eigenvalue of 1I
goes to zero as n — oo, while the other eigenvalues go to infinity as n — co. Furthermore,
the eigenvalue corresponding to € goes to 1,,/y/n as n — co. This facts plays an important
role to analyze the the Hoo-norm of Gyw(n) in the limit of a sufficiently large number of

nodes. On the basis of Lemmas 5 and 6, we provide the Hoo-norm of Gnw(n) as n — oo.

Theorem 4. Let Assumption 1 hold. In addition, suppose that A; = A, B; = B, C; = C,
and D; = D in ({.1) hold for some A, B, C, and D, and Ly, = nl,, — 1,1,). Then, for
any A, B, C, and D, we have

HGNW(n)Hoo = S\(Eex)- (413)

lim
n—oo

Proof. Suppose that A; = A, B; = B, C; = C, Dj = D hold for some 4, B, C, and D. In
connection with the fact, it is shown that A=1,® A, B=1,® B, C=1,®C, and D =
I, ® D hold. As a preliminary of the proof of Theorem 4, let us decompose the dynamics of
Yi(n,s) in (4.9) into disjoint modes in a similar manner to the derivation of 3;(n,s). We
define V as an unitary matrix such that V 'IIV = Z holds where Z = diag(&1, o, ..., &)
with the eigenvalue of §;. Then, it is shown that

Vigl, 0 V@l 0 L,®A I,®B
(E—X\NFH) =
0 v 0o VvV -2®C E®D
On the basis of this fact, we obtain ;(n, s) as
Si(n,8) = A H(slipi1yn — E+ NFH)T'F + )\
= 7)‘2261|—Vdiag(0-(57 61)5 s 70(57 é_n))vTel + )\iv (414)
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where a state space realization of o(s, ;) is given by

A B |0
o(s,&)=| =§C =D |1
C D |0

The above mode decomposition shows that (4.13) holds. Let us consider that the realization
of g;(s) in (4.1) is given by the controllable canonical form, i.e., A, B, and C are given by

0 T - 0 0

N
Il
oo
I
Q
Il
=
o
S
i

0 o - 1 0

—0p —a1 o~y 1

where ay, k € {1,2,...,m — 1} and B,k € {1,2,...,m — 1} are the model parameters of

gj(s). Then, o(s,§;) can be written as

where f(s) and h(s,¢;) are given by

f(s) := Ds™ + (Bm—-1 + @m_1D)s™ 4 - + (81 + a1D)s + fo + D (4.15)
h(s,&) = 8™+ (am-1 + & D)™ + (m—2 + & Bm-1 + &am-1D)s™ 1 + - -
+ (a0 + &1 + &jarD)s + & o + & D. (4.16)

Suppose that Ly, = nl,, — lnl,l— holds. This implies that the internal network structure of
each node is given by the complete graph. Recall that II = L, + )\ielelT. Then, as stated
in Lemma 6, the eigenvalues of II satisfy &; € {n+p(n),n,e(n)} such that pu(n)+e(n) = \;
holds where the algebraic multiplicity of n + p(n) and £(n) are 1 and that of n is n — 2.
In addition, the limits of p(n) and €(n) are given by
nh_>ngo pu(n) = A, nh_)n;o g(n) = 0.

This implies that one eigenvalue of Il goes to zero as n — oo, while the other eigenvalues
go to infinity as n — 0o. Accordingly, we see that, in 3;(n, s), the high frequency modes

corresponding to the eigenvalues n and n+ pu(n) decay, while only the low frequency mode
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corresponding to the eigenvalue £(n) remains as n — oo. Furthermore, as stated in Lemma
6, the eigenvector corresponding to £(n) goes to 1,/y/n as n — oo. Since X;(n, s) is given

by the linear combination of ¢;(s), £;(n,s) as n — oo can be reduced to

lim ¥;(n,s) = lim ﬁa(s,s(n)) — lim — /\fo(S)

n—r00 n—oo N n—r00 nh(S, s(n))

+ A, (4.17)

where f(s) and h(s) are given by (4.15) and (4.16). Note that, as shown in Lemma 5, for
any \; € C, X;(n,0) = 0 holds. Then, if n — oo X;(n, s), it holds that

A,
lim 3;(n,0) = lim \; <1— - ) =0
n—00 n—00 ng(n)
This implies that ne(n) must go to A; as n — oo if ¥;(n,0) = 0 holds. On the basis of this
fact, we have
>\i7 S 75 0

li_>m Yi(n,s) = (4.18)
oo 0, s=0.

Noting that UAU T = L holds, it is shown that (4.13) holds. This completes the proof
of Theorem 4. O

Theorem 4 shows the fact on the external and internal network structures that the
disturbance sensitivity of Gyw(n), in which each cluster has identical node, is reduced.
This is our theoretical contribution. In the following, we remark that the value of A(Ley)
corresponds to the minimum disturbance sensitivity level of Gnw(n). This is because the

network system Gnw(n) with any internal and external networks satisfies
1Gxw (1) oo > AlLex) (4.19)

for allm € {1,2,...}. The inequality (4.19) is derived because for any internal and external
networks Gnw (n, s) satisfies

lim GNw(n, 8) = /:'ex
5—00

for all n. Suppose that L, = nl, — 1,1, holds; in other words the internal network
structure in all clusters are given by the complete graph corresponding to the densest
internal network structure. As stated in Theorem 4, as the value of n becomes sufficiently
large, the Hoo-norm of Gnw(n) can be guaranteed to converge to A(Leyx). Noting that
A(Lex) is equivalent to the lower bound in (4.19), it is shown that in the limit of sufficiently

large number of nodes, the minimum disturbance sensitivity level is acquired in the network
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system Gnw(n) if the internal network structure is the densest. Furthermore, it should
be emphasized here that if the external network structure is sparser, the value of A\(Lex)
tends to be smaller. This implies that the sparsity of the external network contributes to
reduce the disturbance sensitivity of Gnw(n) as n — oo.

Theorem 4 is actually compatible with the numerical experiment shown in Fig. 4.5.
Let us focus on Patterns 1 and 3 in which the internal network structure is given by the
complete graph. Although the analysis of the network system involving identical nodes is
provided by Theorem 4, we see that the Hoo-norm of Gnw(n) in both patterns tends to
converge to A(Lex) with the increase of the value of n. Through the numerical experiment
in Section 4.3 and the theoretical result in this section, we conclude that the sparse external
network and the dense internal network play an important role to reduce the disturbance

sensitivity of the evolving network system.

4.5 Chapter Summary

This chapter addressed the disturbance sensitivity analysis of the homogeneous network
systems, where identical clusters of nodes being not necessarily identical are interconnected.
In particular, we described each node as a dynamical system with a single integrator,
which can express a general system including, e.g., a single integrator and a second-order
oscillator. In this analysis, we focused on external and internal network structures: the
network structure among clusters and the network structure among nodes inside each
cluster. Then, the disturbance sensitivity of the overall network system, in which input and
output ports are assigned at interconnection links among boundary nodes, was analyzed
from viewpoint of the sparsity of the external and internal networks as well as the number of
nodes. First, we numerically demonstrated that, as the number of nodes increases, the Hoo-
norm of the network system tends to decrease if the external network structure is sparse and
the internal network structure is dense. Furthermore, to support this finding, we assumed
that all nodes inside each cluster are identical. Then, we have theoretically proven that in
the limit of sufficiently large number of nodes, the minimum disturbance sensitivity level,
evaluated by the maximum eigenvalue associated with the external network, is achieved if

the internal network is the complete graph.
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Chapter 5

Conclusion

5.1 Summary of Results

This thesis summarized the line of work on the performance analysis of the evolving dy-
namical network system toward the establishment of its design strategy. Summaries in
individual chapters are given as follows:

First, in Chapter 2, the localizability index is proposed for the feedback system to which
the retrofit controller is implemented. The localizability index was defined as the Hoo-norm
of the error system between the control system with and without the environment. The
proposed index measured how much the control performance of the local system is kept
invariant with respect to the variation of the environment. Then, it was shown that the
estimation of the localizability index requires only the model parameters of the local system
in the sense of the upper bound. By using an example of PV-integrated power systems,
the retrofit controller placement problem was analyzed from the proposed localizability
index. In Chapter 3 and 4, the performance improvement problem for the evolving network
system was addressed. In Chapter 3, we considered the feedback system composed of
two passive subsystems that is characterized by two matrix parameters, as referred to as
(Q, R)-passivity. In particular, we derived conditions on the parameters in the model sets
describing subsystems to achieve the performance improvement; the Lo-gain of the model
set describing the feedback system is strictly less than that describing the disconnected
subsystem. Furthermore, the performance improvement analysis of the feedback system
was extended to those of an iterative feedback system, which is constructed by repetitive
feedback connection of multiple subsystems with a decentralized structure. Then, we
derived a condition or port selection in the baseline system such that the performance

improvement is achieved. Finally, the frequency control performance analysis of the power
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system was illustrated based on the model-set-based analysis, in particular, the viewpoint
of the port-Hamiltonian systems. Chapter 4 addressed the disturbance sensitivity analysis
of the homogeneous network systems, which is composed of identical clusters of nodes
being not necessarily identical are interconnected. In particular, each node description was
employed as a cascade system composed of dynamical component and a single integrator.
This description was general in the sense of expressing a single integrator and a second-
order oscillator. First, it was numerically shown, as the number of nodes increases, the
disturbance sensitivity of the network system, evaluated by Heo-norm, tends to reduce if the
external and internal network structures are sparse and dense, respectively. Furthermore,
we assumed that all nodes inside each cluster are identical. Then, we have proven that
the internal network contributes to achieve the minimum disturbance sensitivity level,
evaluated by the maximum eigenvalue associated with the external network, in the limit

of sufficiently large number of nodes.

5.2 Future Works

In Chapter 2, the model of the environment in the network system is not assumed to
be available for the estimation of the localizability. However, under the assumption of
obtaining the interconnection signal from the environment, the model of the environment
can be identified by using some closed-loop identification techniques. On possible way to
reduce the conservativeness in the evaluation is that the identified environment model is
utilized for the estimation of the localizability. In addition, the performance improvement
problem for the homogeneous network system addressed in Chapter 4 will be extended to
that for heterogeneous network systems. In particular, the idea of the model-based-analysis
addressed in Chapter 3 will be integrated into the discussion in Chapter 4. Finally, a design

strategy will be developed for evolving network systems based on the analysis in this thesis.
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