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Abstract

This thesis addresses performance analysis of evolving dynamical network systems, which

are constructed by the connection of multiple dynamical subsystems in a step-by-step

manner. First, we propose an index of localizability on the basis of the retro�t con-

troller. The retro�t controller enables the distributed design of a local controller such

that the entire network system is kept stable for any variations of the other neighboring

subsystems excluding the subsystem of interest. The localizability index measures the

degree of the performance invariance for the variation of neighboring subsystems exclud-

ing the subsystem of interest, rather than conventional robust performance evaluated by

the worst-case performance. Subsequently, the performance improvement problem for

the evolving network system is addressed; the L2-gain of the entire network system is

reduced as the number of subsystems increases. We assume that each subsystem has

passivity property, which is characterized by two matrix parameters. The parameters

contribute to evaluate the L2-gain of the model set, which is de�ned as the L2-gain of

the worst-case system for all dynamical systems satisfying parameter-integrated passivity.

We �nd a class of subsystems, i.e., conditions on the passivity parameters of subsystems

to achieve the performance improvement of the feedback system. Moreover, we address

the performance improvement problem for homogeneous network systems, where multi-

ple identical subsystems are interconnected. In this analysis, each identical subsystem

is described by a sub-network system involving multiple dynamical components, each of

which includes a single integrator. Then, we �nd a class of the network structure to

achieve the performance improvement; the disturbance sensitivity of the entire network

system, evaluated by the H∞-norm, is reduced as the number of the components inside

each subsystem increases.
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Chapter 1

Introduction

1.1 Background

Analysis and synthesis of large-scale dynamical network systems have been developed in

much literature [1�12]. Throughout this thesis, we explicitly focus on the fact that actual

network systems generally evolve as involving additional subsystems. A typical example

is a power system with a large number of renewable energy (RE) resources, such as pho-

tovoltaic (PV) and wind-turbine generators. As illustrated in Fig. 1.1, let us consider an

existing power system including thermal and nuclear power generators. This power sys-

tem is supposed to be incrementally updated by installing some renewable energies and

renewable energy farms into the existing power system. In such a situation, the respective

renewable energies are not installed into the existing power system at once, but gradually

installed. Under these installation, the entire power system must stably maintain a desired

constant power frequency in power supply and demand. As shown in this example, practi-

cal large-scale network systems tend to vary its composition because multiple subsystems

are connected to a baseline system in a step-by-step manner. Motivated by this fact, such

a network system is referred to as an evolving network system in this thesis. We need

to develop a suitable design strategy that achieves the desired speci�cation of the entire

network system at any stage of the subsystem addition, such as the stability, consensus,

synchronization, su�cient control performance, and so on.

One naive approach to achieve the desired speci�cation of the entire network system

at every stage of subsystem addition is to design one feedback controller in a centralized

manner. However, it is not easy to design and implement such a centralized controller due

to obtaining the resultant high dimensional controller. To explicitly address this issue, there

have been developed decentralized and distributed control methods for general network

1



1.1. Background

Renewable energy farm

Existing power system

Figure 1.1: Evolving power system. Renewable energies, such as photovoltaic and wind

turbine generators, are gradually installed in an existing power system composed of thermal

and nuclear generators.

systems [13�16]. In the notion of the decentralized and distributed control, the entire

network system is stabilized by multiple controllers, each of which utilizes only the local

measurement of each subsystem and is implemented to the subsystem, rather than a single

controller in a centralized manner. In most decentralized and distributed control methods

[13�16], the local controller design is based on the premise that the information of the

whole system model is available. From a practical viewpoint, not only the implementation

of the local controller but also its design should be performed in a distributed manner [17]

(this is also called modularized manner [18]); each local controller (subsystem) is designed

independently of the others except for their brief speci�cation. Under the modularized

design as well as the decentralized and distributed control, our �nal goal of this thesis

is to develop a design strategy of the evolving network system, in particular, the local

speci�cation for subsystems and a suitable connection rule among subsystems, to achieve

the stability and the su�cient control performance. It should be emphasized here that the

design strategy should achieve not only the stability and su�cient control performance of

the �present" network system but also those of the �future" network system that evolves

by gradual subsystem addition.

System design and control problems to guarantee the stability of the evolving network

2



Chapter 1. Introduction

system have been studied on the basis of various concepts; see e.g., expanding construc-

tion [13], plug and play control [19], and compositional stabilization [20]. Furthermore,

passivity, or more generally, dissipativity [21�23] is one of the key properties to preserve the

stability of the evolving network system. As stated in the passivity theorem [24], the feed-

back system composed of passive subsystems is kept stable and also passive. On the basis

of the passivity property, the evolving network system guarantees the stability as long as

each subsystem has the passivity property and the subsystems are interconnected under a

speci�c connection rule. In fact, there have been studied in many papers; e.g., cooperative

control [25�28], synchronization problem [29], various application such as power network

systems [30�32] and biological network analysis [33]. In addition to guaranteeing the entire

stability, there have been some studies addressing the performance analysis of the evolv-

ing network systems; see e.g., optimal controller design in a distributed manner [34], the

dissipativity-based analysis [35], and the passivity-index based analysis [36, 37]. We note

that these papers provide the controller design and the dissipativity conditions for each

subsystem that guarantee the robust performance of the entire network system evaluated

by e.g., the worst-case performance. On the premise that the composition of the entire

network system may be change by connection of additional subsystems, it is also important

to suppress the degree of the performance deterioration in addition to the certi�cation of

the worst-case performance. Furthermore, it is desire to improve the entire control perfor-

mance by the evolution of the network system, rather than preserving or not deteriorating

the stability and the control performance.

1.2 Contribution of Thesis

With the background as stated in Section 1.1, this thesis addresses the quantitative per-

formance analysis of the evolving network system toward the development of the design

strategy. In particular, we focus on the two new types of performance speci�cations for the

evolving network system, rather than conventional robust performance evaluated by the

worst-case performance. One is localizability for the distributed design of the controller,

which is a new performance measure and is proposed in Chapter 2. To explain the concept

of the localizability, we extract the subsystem of interest from the entire network system.

Then, the entire network system is described by the standard feedback system composed

of the subsystem of the interest and the other subsystems excluding the subsystem of in-

terest. Under such a situation, we consider the local controller design for the subsystem of

interest. The model parameters and system structure in the other subsystems are assumed

to be may change due to the redesign of local controllers in the subsystems and the new

3



1.2. Contribution of Thesis

subsystem addition. In the framework of the conventional robust controller design [38], the

variation of the other subsystems is described by the uncertainty with a norm constraint.

Then, the robust performance, which is de�ned as the worst-case performance of the entire

network system for all uncertainties satisfying the norm constraint, is well-utilized for the

controller design. However, such a norm constraint in the uncertainty cannot be practi-

cally estimated in prior to analysis or controller design of the evolving network system.

Motivated by this fact, we propose an index of the localizability, which is de�ned for the

uncertainty feedback system without the norm constraint on the basis of the retro�t control

method [39�41]. The retro�t control method enables the distributed design of the local

controller that guarantees the stability of the entire network system for any variation in

the unbounded uncertainty part, i.e., the other subsystems excluding the subsystem of

interest, as long as the entire system before implementing the retro�t controller is stable.

The localizability measures the degree of the invariance of the control performance for any

variation belonging to the uncertainty set, rather than the worst-case performance.

Another speci�cation for the evolving network system discussed in this thesis is the

performance improvement; the control performance of the entire network system, evalu-

ated by e.g., L2-gain, is reduced as the number of subsystems increases. We �rst focus

on the local speci�cation, namely, model set for subsystems to achieve the performance

improvement. In addition, the network structure in the evolving network system is con-

�ned to the standard feedback connection. Each subsystem is described by model sets,

rather than detailed models such as the state-space representation or transfer function. To

describe the model set, we integrate two matrix parameters into the passivity. The matrix

parameters enable a more �exible description of the model set than the scalar parameters

introduced in the precious works; e.g., passivity indices [36, 37] and γ-passivity [42]. We

de�ne the L2-gain of �the model set" as the L2-gain of the worst-case system belonging

to the model set. Then, the matrix parameters characterizing the subsystems enables to

evaluate the L2-gain of the model set describing a feedback system composed of two passive

subsystems. It should be noted that the detailed model is not required for the performance

analysis. Then, we �nd conditions on the matrix parameters to achieve the performance

improvement, i.e., the L2-gain of the model set describing the feedback system is strictly

reduced to that describing the disconnected subsystem. The performance improvement

problem concerning general feedback system is extended to that concerning an iterative

feedback system, which expresses a special class of the evolving network systems. The

performance improvement problem for the feedback system is discussed in Chapter 3.

Subsequently, we address the performance improvement problem for the homogeneous

network system, where multiple identical subsystems are interconnected. In this analysis,

4



Chapter 1. Introduction

the network structure to achieve the performance improvement is focused on, rather than

the local speci�cation for subsystems discussed in Chapter 3. The analysis of the network

structure to achieve the performance improvement has been studied for some papers [7�9].

However, we note that the analyses in the conventional works are valid for only consensus

network systems in which each subsystem is described by a single integrator. In this thesis,

each subsystem in the network system is described by a sub-network system, referred as

to a cluster, which is composed of multiple distinct nodes. In addition, each node is

described by a dynamical system including a single integrator. The description is general

in the sense of expressing, e.g., a single integrator and a second-order oscillator in the �rst-

and second-order consensus network systems employed in [5�12]. In this analysis, we pay

attention to the network structure among clusters and that among nodes inside each cluster,

referred respectively as to external and internal network structure. Through numerical and

theoretical analyses, we �nd that the external and internal network structures tend to be

sparse and dense such that the performance improvement is achieved: the H∞-norm of the

network system is strictly reduced as the number of subsystems increases. In particular,

in the theoretical analysis, it is shown that in the limit of su�cient large number of nodes,

the evolving network system achieves the minimum H∞-norm, evaluated by the maximum

eigenvalue associated with the external network if the internal structure is described by

the complete graph.

The main contributions of this thesis are twofold. One is to propose the concept of

localizability, which measures the degree of the performance invariance for any variation in

the unbounded uncertainty. This is discussed in Chapter 2. Another contribution is �nd a

solution to the local speci�cation for subsystems and the network structure such that the

performance improvement is achieved for a special class of the evolving network systems,

which is discussed in Chapter 3 and 4.

1.3 Organization

The remainder of this thesis is organized as follows. In Chapter 2, we propose an index

of the localizability for the distributed controller design. To de�ne the localizability, the

retro�t control system is introduced. Then, the localizability is de�ned as the H∞-norm of

the error system based on the isolation of the subsystem of interest extracted from the entire

control system. In the end of this chapter, the retro�t controller placement problem for

a PV-integrated power system is analyzed by using the proposed localizability. Chapter

3 addresses the performance improvement problem for feedback systems. To formulate

the problem, we illustrate an example to motivate the performance improvement problem

5



1.3. Organization

through the frequency control of power system with RE farms. First, the general problem

setting is formulated. To provide a solution to the problem, we de�ne the parameter-

integrated passivity describing a model set. With the model set, a solution to the problem

is provided, i.e., conditions on the parameters to achieve the performance improvement

is derived. Finally, the frequency control of the power system is analyzed based on the

performance improvement analysis. In Chapter 4, we analyze the disturbance sensitivity

of the homogeneous network system that has two speci�c network structures, evaluated

by H∞-norm. In the analysis, we numerically and theoretically �nd suitable network

structures to achieve the performance improvement. Finally, Chapter 5 concludes this

thesis.

6



Chapter 1. Introduction

NOTATION: The following notation is to be used throughout this thesis.

R the set of all real numbers

R+ the set of all nonnegative real numbers

C the set of all complex numbers

Ln
2 the L2-space, i.e., the set of all square integrable functions

Rn×m the set of all real and rational n×m transfer matrices

RPn×m the set of all proper transfer matrices in Rn×m

RHn×m
∞ the set of all stable transfer matrices in RPn×m

col(xi)i∈I the vector where a scalar xi for i ∈ I are arranged in vertical

ei the unit vector where the only ith entry is one,

while the others are zero

1n the n-dimensional vector where all entries are one

In the n× n identity matrix

On the n× n square matrix where all entries are zero

{M}ij the (i, j) entry of a mtrix M

M⊤ the transpose of a matrix M

M−1 the inverse of a matrix M

M † a generalized inverse of M satisfying MM †M = M

ImM the image of a matrix M

KerM the kernel of a matrix M

M⊗N the Kronecker product of matrices M and N

λ(M) the minimum eigenvalue of a real symmetric matrix M

λ̄(M) the maximum eigenvalue of a real symmetric matrix M

σ̄(M) the maximum singular value of a matrix M

diag(X1, X2, . . . , Xn) the diagonal matrix in which diagonal elements consist of

complex-valued matrices Xk, k ∈ {1, 2, . . . , n},
simply denoted by diag(Xk)

V(M) the eigenspace corresponding to λ(M)

In what follows, the subscript n is often omitted for notational simplicity, e.g., employ-

ing L2 instead of Ln
2 . In addition, we distinguish the notation of the system description

and that of its transfer matrix. For example, let us denote the system by G. Then, its

7



1.3. Organization

transfer matrix is denoted by G(s). Let us de�ne the truncation operator as

(PT f)(t) :=

f(t) t ∈ [0, T )

0 otherwise.

Then, the extended L2-space is de�ned as

L2e := {v|PT v ∈ L2, ∀T ∈ [0,∞)}.

For v ∈ L2e and T ∈ R+, the �nite time L2-nor is de�ned as

∥v∥L2,T :=

(∫ T

0
∥v(τ)∥2dτ

) 1
2

.

In addition, for v ∈ L2, the L2-norm is de�ned as

∥v∥L2 :=

(∫ ∞

0
∥v(τ)∥2dτ

) 1
2

.

For a causal and L2-stable system Σ with the input u and output y, the L2-gain of the

system is de�ned as

∥Σ∥L2 := sup
u∈L2\{0}

∥y∥L2

∥u∥L2

.

Letting be Σ(s) be the transfer function of Σ, we de�ne the H∞-norm of the system Σ as

∥Σ∥∞ := sup
ω∈R

σ̄(Σ(jω))

The matrix M is said to be irreducible if it cannot be conjugated into block triangular

form by a permutation matrix P , i.e., there does not exist P that

PMP⊤ =

M11 M12

0 M22

 ,

where M11 and M22 are square matrices. Two linear spaces X and Y are said to be disjoint

if X ∩ Y = {0} holds. The matrix M is said to be an M-matrix if it has nonpositive

o�-diagonal entries and all real parts of the eigenvalues of M are positive [43]. Then, the

symbolM denotes the set of all M-matrices. For a matrixM ∈ Rm×n and a causal operator

F : L2e → L2e, their direct product is de�ned as

M ⊗F :=


{M}11F · · · {M}1nF

...
...

{M}m1F · · · {M}mnF

 .

8



Chapter 1. Introduction

Let M be a complex-valued matrix partitioned as

M :=

 M11 M12

M21 M22

 ∈ C(p1+p2)×(q1+q2)

and let Nℓ ∈ Cq2×p2 and Nu ∈ Cq1×p1 be two other matrices. Suppose that there exist

(Ip2 − M22Nℓ)
−1 and (Ip1 − M11Nu)

−1. Then, the lower linear fractional transformation

(LFT) [38] with respect to Nℓ is de�ned as

Fℓ(M,Nℓ) := M11 +M12Nℓ(Ip2 −M22Nℓ)
−1M21.

The upper LFT with respect to Nu is de�ned as

Fu(M,Nu) := M22 +M21Nu(Ip1 −M11Nu)
−1M12.

We use G = {V, E} to denote an unweighted undirected graph where V is the set of

vertices and E is the set of edges, in other words, (vi, vj) ∈ E if and only if vi and vj

are interconnected. For the undirected graph G, we de�ne the graph Laplacian matrix L
where the the (vi, vj)th entry is equal to −1 if (vi, vj) ∈ E holds and is zero otherwise, and

diagonal entries satis�es {L}ii = −
∑

j ̸=i{L}ij . For matrices A, B, C, and D, we use the

following notation of  A B

C D

 := C(sI −A)−1B +D.

9





Chapter 2

Quantitative Analysis of Controller

Design Localizability

2.1 Introduction

This chapter proposes a new performance measure, which is called by localizabity, on the

basis of the retro�t control [39�41]. The retro�t controller is a plug-in type local controller

such that the stability of the resultant feedback system is preserved for any variation of

neighboring subsystems other than the subsystem of interest as long as the feedback system

before implementing the retro�t controller is stable. It should be noted that the design of

the retro�t controller requires only a model of the subsystem of interest. Then, we de�ne

the localizability index as the H∞-norm of an error system de�ned based on the isolation

of the subsystem of interest from the entire system. The localizability index measures the

degree of the performance deterioration for any variation of neighboring subsystems other

than the subsystem of interest. It is shown that the localizability index requires only the

model parameters of the subsystem of interest in the upper bound evaluation. Finally, we

illustrate a numerical analysis of retro�t controller placement problems for power systems

by using the localizability index.

This remainder of chapter is organized as follows. In Section 2.2, the retro�t control

is introduced. In Section 2.3, the localizability index is de�ned for the feedback system

to which the retro�t control is implemented. Then, it is shown that the localizability is

evaluated by only the model of the subsystem of interest. On the basis of the localizability

index proposed in Section 2.3, we numerically analyze the placement problem of teh retro�t

controller in a PV-integrated power system.

11



2.2. Preliminary: System Description and Retro�t Controller Design

Figure 2.1: Preexisting system GPre composed of a local system G and an environment GE

Figure 2.2: Control system Gall(GE,K)

2.2 Preliminary: System Description and Retro�t Controller

Design

2.2.1 System Description

We consider an interconnected system GPre composed of two dynamical systems G and

GE as illustrated in Fig. 2.1. The interconnected system GPre is assumed to be a stably

operated system, which has been already controlled by some preexisting controllers. From

this fact, the interconnected system GPre is called by a preexisting system in this chapter.

From the preexisting system GPre, we extract the subsystem of interest, which is called

by a local system G. On the other hand, a part of subsystems other than the local

system is called by an environment GE. Towards further improvement of the local control

performance, we implement a local controller K, which utilizes a local measurement, to

the local system G, as illustrated in Fig. 2.2.

12



Chapter 2. Quantitative Analysis of Controller Design Localizability

The local system G is described by

w

z

y

v


=



Gwv Gwd Gwu

Gzv Gzd Gzu

Gyv Gyd Gyu

I 0 0




v

d

u

 := G


v

d

u

 , (2.1)

where w ∈ Rr and v ∈ Rs denote the interconnection signals from G and GE, respectively.

The symbols z ∈ Rp and d ∈ Rq denote the control output and the disturbance input,

respectively, and y ∈ Rℓ and u ∈ Rm denote the measurement output and the control

input, respectively. The symbol G•∗ denotes the transfer function matrix from the signal

∗ to the signal •. In the following, we utilize the same notation as the system description

G, GE, and K for the notation of its transfer function. From (2.1), we see that the

interconnection signal v from GE is included in the output signal of G. This implies that

the interconnection signal v is measurable in addition to the signal y. On the other hand,

the environment GE is described by

v = GEw. (2.2)

The preexisting system GPre is described by
z

y

v

 = GPre

 w

u

 , (2.3)

where GPre ∈ C(ℓ+p+s)×(q+r) is described by

GPre := Fu(G,GE).

The local controller K is described by

u = K

 y

v

 .

Then, the control system Gall(GE,K) in Fig. 2.2 is described by

z = Gall(GE,K)d,

13
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where Gall(GE,K) ∈ Cp×q is described by

Gall(GE,K) := Fℓ(Fu(G,GE),K).

In the following discussion, we assume that both local system and preexisting system

are internally stable, i.e., G and Fu(G,GE) are stable. For simplicity of notation, the set

of environment GE that is allowed in this problem setting is denoted as

SE := {GE|Fu(G,GE) ∈ RH∞}.

Furthermore, we assume to design the local controller K in a distributed manner; for the

local controller design, only the model parameters of G are assumed to be known, while

those of the environment GE are unknown.

2.2.2 Retro�t Controller

Most of conventional robust control problems [44] impose some norm-bounded condition

with respect to the environment GE (the uncertainty part), e.g., for some constant µ,

∥GE∥∞ ≤ µ holds. The problem setting in this chapter imposes the internal stability of the

preexisting system GPre, while it does not explicitly impose the norm-bounded condition

with respect to GE. This premise of new robust control �nds out a speci�c structure in the

local controller, which re�ects only the model parameter of the local system. This implies

that the local contrller is designable in a distributed manner. Such a special local controller

is called by a retro�t controller [39�41]. The retro�t controller K enables to guarantee the

internal stability of the control system Gall(GE,K) for any GE ∈ SE.

Let us consider the local controller given by

K := K̂

[
Iℓ −Gyv

]
, (2.4)

where K̂ ∈ Cm×ℓ is the transfer function such that K̂(Iℓ − GyuK̂)−1 ∈ RH∞ holds, i.e.,

K̂ is a stabilizing controller for the local system G isolated from the environment GE. For

simplicity of notation, we denote the set of all stabilizing controllers K̂ as

SK := {K̂|K̂(Iℓ −GyuK̂)−1 ∈ RH∞}.

In the following proposition, we provide the stability of the control system with the local

controller in the form of (2.4).

Proposition 1. Suppose that G is internally stable and Gwu is left invertible. Then, the

control system Gall(GE,K) is internally stable for any GE ∈ SE if and only if K has the

form of (2.4) with K̂ ∈ SK .
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The proof of Proposition 1 is omitted in this thesis; see e.g., [40, 41].

Proposition 1 characterizes the class of all local controllers such that the control system

Gall(GE,K) is internally stable for any GE ∈ SE. The local controller given by the form

of (2.4) is called by a retro�t controller [39�41]. From (2.4), the retro�t controller consists

of a part Gyv of the model parameter G and the controller K̂ ∈ SK that stabilizes the

local system Gyu. This implies that the retro�t controller design requires only the model

parameter of G, not that of GE. The retro�t controller given by (2.4) is a simpli�ed version.

More general form of the retro�t control without the measurement of the interconnection

signal v is also proposed in [39�41].

2.3 Quantitative Analysis of Localizability for Retro�t Con-

troller Design

As stated in Proposition 1, the retro�t controller enables to guarantee the internal stability

of the control system Gall(GE,K) for any GE ∈ SE. In the control performance, it is desir-

able to have high robustness in the sense that the local control performance ∥Gall(G,K)∥∞
is kept invariant for any variation in the environment GE. In this chapter, such robustness

is called by the localizability for the distributed design of the local controller. In this sec-

tion, con�ning our attention of the local controller to the retro�t controller, we give the

quantitative analysis of the localizability for the retro�t controller design.

We assume that the environment GE is changed to G̃E due to adding the perturbation

∆ to GE. Then, the perturbated environment is described by

G̃E := Fu(GE,∆).

Because the perturbation ∆ is assumed to be changed such that the preexisiting GPre is

kept stable, the set of all admissible perturbation ∆ is described by

S∆ := {∆|Fu(GE,∆) ∈ SE}.

We de�ne an error system between the retro�t control system with ∆ and that without ∆

as

ẑ = Ger(∆,K)w, (2.5)

where the transfer matrix Ger(∆,K) ∈ Cp×q is given by

Ger(∆,K) := Gall(G̃E,K)−Gall(GE,K). (2.6)
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Using the error system (2.5), the localizability index for the retro�t controller design is

de�ned as follows.

De�nition 1. Consider the control system Gall(GE,K) with the retro�t controller (2.4).

Then,

f(∆,K) := ∥Ger(∆,K)∥∞

is said to be a localizability index for the distributed design of the local controller.

The localizability index f(∆,K) is de�ned as theH∞-norm of the error systemGer(∆,K).

To give an interpretation of f(∆,K), we consider f(∆,K) = 0. Then, it follows that

∥Gall(G̃E,K)∥∞ = ∥Gall(GE,K),K)∥∞. This implies that the local control performance

∥Gall(GE,K)∥∞ is invariant for any variation in the environment GE. From this fact, we

see that the value of f(∆,K) assesses the in�uence of the environment GE to the local

control performance ∥Gall(GE,K)∥∞, in other words, the degree of the deterioration of the

control performance for any variation of the environment.

In the following discussion, we state how to calculate the localizability index f(∆,K).

Note that it is impossible to directly calculate f(∆,K) because the model parameters of

the environment GE are assumed to be unknown. Instead of the direct calculation, we

develop an estimation method of f(∆,K) based on its upper or lower bound. To this end,

we �rst provide the upper bound of f(∆,K) in the following theorem.

Theorem 1. Consider the control system Gall(GE,K) with the retro�t controller (2.4).

Then, for any ∆ ∈ S∆, it follows that

f(∆,K) ≤ αε(K̂), (2.7)

where nonnegative constants are given by

α := ∥Gzv(Q̃E −QE)∥∞,

ε(K̂) := ∥Fℓ(Π, K̂)∥∞,

and the transfer matrices Q̃E, QE ∈ Cs×r, and Π ∈ C(r+ℓ)×(q+m) is described by

Q̃E := G̃E(Ir −GwvG̃E)
−1, (2.8)

QE := GE(Ir −GwvGE)
−1, (2.9)

Π :=

 Gwd Gwu

Gyd Gyu

 . (2.10)
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Proof. Let us consider Gall(GE,K) with the retro�t controller (2.4). Letting QK ∈ Cm×ℓ

be

QK = K̂(Iℓ −GyuK̂)−1, (2.11)

we have

Gall(GE,K) = Fℓ


Fu





Gwv Gwd Gwu

Gzv Gzd Gzu

Gyv Gyd Gyu

I 0 0


, GE


,K



= Fu


Fℓ





Gwv Gwd Gwu

Gzv Gzd Gzu

Gyv Gyd Gyu

I 0 0


,K


, GE


= Fu


 Gwv Gwd +GwuQKLyd

Gzv Gzd +GzuQKLyd

 , GE


= Gzd +GzuQKGyd +GzvQE(Gwd +GwuQKGyd). (2.12)

Note that QE = 0 holds if GE = 0 holds. Then, from (2.6), we show that Ger(∆,K) is

equivalent to

Ger(∆,K) = Gzv(Q̃E −QE)(Gwd +GwuQKGyd). (2.13)

It follows that

f(∆,K) = ∥Gzv(Q̃E −QE)(Gwd +GwuQKGyd)∥∞
≤ ∥Gzv(Q̃E −QE)∥∞∥Gwd +GwuQKGyd∥∞. (2.14)

Let us consider a feedback system composed of w

y

 = Π

 d

u

 , (2.15)
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and u = K̂y. Then, its transfer function Fℓ(Π, K̂) is equivalent to

Fℓ(Π, K̂) = Gwd +GwuQKGyd. (2.16)

From (2.14) and (2.16), we show that, for any ∆ ∈ S∆, (2.7) holds. 2

As stated in Theorem 1, the localizability index f(∆,K) is bounded by αε(K̂), which

is the product of the unknown parameter α and the known parameter ε(K̂). Then, ε(K̂)

is described by the H∞-norm of the feedback system composed of

 w

y

 = Π

 d

u



and u = K̂y. This implies that the value of ε(K̂) assesses the control performance from

the disturbance d injected into G to the interconnection signal w.

As shown in Theorem 1, the localizability index f(∆,K) is bounded from above by a

product of the unknown parameter α and the known parameter ε(K̂). This implies that

the localizability f(∆,K) can be estimated in the sense of the upper bound. To give a

meaning of the known parameter ε(K̂), we consider a feedback system Fℓ(Π, K̂) composed

of Π and K̂, which is the stabilizing controller for the local system. We see that the value

of ε(K̂) is equivalent to the H∞-norm of Fℓ(Π, K̂). This means that the value of ε(K̂)

assesses the suppression performance of the system with the disturbance, which is injected

into G, and the signal w that injects into the environment GE.

Furthermore, we consider the retro�t controller design to minimize the ocalizability

index f(∆,K). In the retro�t control problem, the model of GE is not assumed to be

available for the controller design. Due to this fact, we cannot directly �nd the retro�t

controller K to minimize the value of f(∆,K). To overcome this issue, Theorem 1 is

utilized for the retro�t controller design problem to minimize the value of f(∆,K) without

the model information about GE. From (2.7), the minimum value of f(∆,K) with respect

to K is bounded from above by the product of α and the minimum value of ε(K̂) with

respect to K̂. Note that the minimization problem of ε(K̂) is reduced to that of the H∞-

norm of the feedback system Fℓ(Π, K̂). This implies the minimization problem corresponds

to the design problem of the optimal H∞ controller for Π.
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Figure 2.3: PV-integrated IEEJ EAST 30-machine model. In the model, one generator is

replaced with one PV plant. In the �gure, synchronous generators and loads are represented

by the circles and arrows, repectively, and the buses indicates the bold lines. In the �gure,

the blue colored region depicts the local system.

2.4 Application to Placement of Retro�t Controller in Power

Systems

In this section, the placement problem of the retro�t controller is addressed through an

example of power systems. Then, the result is analyzed by the localizability index.

2.4.1 Power System Model

As illustrated in Fig. 2.3, the power system model is based on the IEEE EAST 30-machine

power model in which one generator is replaced with one PV plant. The IEEE EAST

30-machine power model [45] represents the power system in the eastern half of Japan.

The power system model is composed of 29 generators, 31 loads, 108 buses, and one PV

plant. The local system, which is illustrated in the blue colored region in Fig. 2.3, includes
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7 generators and one PV plant. The local system G linearized around an equilibrium point

is described by

G :



ẋ = Ax+Bvv +Bu+Bdd,

w = Cwx+Dvv,

z = Czx,

y = Cx+Dv,

(2.17)

where x ∈ R91 is the state of generators in the local system. Each generator has the

state with 13 dimensions, which includes the rotor angle, frequency deviation, magnetic

�ux of an excitation system, and so on. The symbol v ∈ R denotes the voltage at the

bus in the environment which is connected to G. Let u := [u1 u2 . . . u7 ]
⊤ ∈ R7 and

y := [ y1 y2 . . . y7 ]
⊤ ∈ R7. Then, ui and yi ∈ R, i ∈ {1, 2, . . . , 7} denote the input injected

into the excitation system and the frequency deviation in each generator, respectively. The

symbol z ∈ R denotes the average of all frequency deviations in G. In addition, the symbol

d ∈ R denotes the disturbance and is assumed to be injected into all generators in G.

2.4.2 Problem Setting and Solution for Retro�t Controller Placement

Let us implement one retro�t controller to only the ith generator. Then, (2.17) is rewritten

as

G :



ẋ = Ax+Dvv +BEiu+Bdd,

w = Cwx+Dvv,

z = Czx,

y = EiCx+Dv,

(2.18)

where the matrix Ei := eie
⊤
i ∈ R7×7 represents the selection of the ith generator to which

the retro�t controller is implemented. The stabilizing controller K̂ in the retro�t controller

is designed as the H∞ controller that minimizes the H∞-norm of the system with the input

d and the output w.

The aim of this section is to provide the placement of the retro�t controller that min-

imizes the localizability of the control system. In this chapter, the localizability means

the robustness in the sense that the control performance with respect to the frequency

deviation average in the local system is kept invariant to some extent for any variation of

the model parameters of the generators in the power system excluding the local system. To

provide a solution for the controller placement problem, we utilize the localizability index
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Table 2.1: Localizability index and controllability Gramian for each controller port selec-

tion. This table cites from [46].

i minK̂ εi(K̂) Wi

1 ⃝12.8 242.8

2 21.7 192.2

3 20.2 ⃝262.4

4 15.0 194.6

5 18.3 150.8

6 31.5 159.2

7 44.7 169.2

f(∆,K), in particular, the value of ε(K̂). Let us consider the transfer function Πi ∈ C8×14

described by

Πi :=

 Γ (sI −A)−1Bd Γ (sI −A)−1BEi

EiC(sI −A)−1Bd EiC(sI −A)−1BEi

 .

Then, the optimal controller placement iop is given by

iop = argmin
i

min
K̂

εi(K̂), s.t. K̂ ∈ SK ,

where εi(K̂) ∈ R is given by

εi(K̂) = ∥Fℓ(Πi, K̂)∥∞.

2.4.3 Numerical Experiment

Table 2.1 illustrates the value of minK̂ εi(K̂) in the case that the retro�t controller is

implemented to the ith generator. To compare the controller placement method based

on the controllability Gramian, Table 2.1 also illustrates the trace of the controllability

Gramian, which is de�ned as

Wi :=

∫ ∞

0
eAτBEiEiB

⊤eA
⊤τdτ.

From Table 2.1, we see that it is optimal to implement to the 1st generator in the sense of

the localizability index. On the other hand, in the sense of the controllability Gramian, it
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Figure 2.4: H∞-norm of the control system Gall(GE,K) versus the number of PVs. This

table cites from [46].

is optimal to implement to the 3rd generator. Figure 2.4 shows Figure 2.4 shows the H∞-

norm of the control system under the variation of GE. The power system in next generation

is supposed to be gradually reduce its inertia because PVs are replaced with existing

synchronous generators. Due to this fact, the deterioration of the control performance with

respect to the frequency deviation in the entire power system is concerned. Motivated by

this fact, the variation of is expressed by replacing generators in GE with PVs In addition,

in Fig. 2.4, we assume that GE continue to be changed until all 50% of, i.e., 11 synchronous

generators in the environment GE are completely replaced with PVs. From Fig. 2.4, the

variation of the H∞-norm of Gall(GE,K) is minimum for the variation of GE in the case of

the implementation to the 1st generator. This fact shows the e�ectiveness of the controller

placement based on the localizability index. Furthermore, we see that the H∞-norm of

Gall(GE,K) is also minimum in the case of the implementation to the 1st generator in

spite of theoretically not being guaranteed. This fact indicates that the localizability index

is also related to the local control performance.

Through the numerical experiment as illustrated in Fig. 2.4, we show that the variation

of ∥Gall(GE,K)∥∞ is minimum for the variation of GE in the case of the implementation

to the 1st generator. However, focusing on the other cases of the implementation to the

other generators in Table 2.1 and Fig. 2.4, we see that there are not necessarily correlations
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Figure 2.5: Localizability index f(∆,K) versus the number of PVs. This table cites

from [46].

between the value of minK̂ εi(K̂) and the degree of the variation of ∥Gall(GE,K)∥∞. This

comes from the conservativeness of the evaluation αε(K̂) in the sense of upper bound.

In other words, there is a limit in the estimation of the localizability index under using

only the available local information without using the model of GE. Figure 2.5 shows the

actual value of f(∆,K) when GE is changed. As seen in Fig. 2.4 and Fig. 2.5, we see that

the evaluation of f(∆,K) by αε(K̂) is conservative because there are some correlations

between the actual value of f(∆,K) and the variation of ∥Gall(GE,K)∥∞. On possible

way to reduce such conservativeness in the evaluation is that the identi�ed environment

model GE is utilized for the estimation of f(∆,K), in particular, the value of α. In fact,

the paper [47] has proposed the retro�t control method into which the modeling technique

for the environment is integrated. In this chapter, the model of GE is not assumed to be

available for the estimation of f(∆,K). However, under the assumption of obtaining the

interconnection signal v from GE, the model of GE can be identi�ed by using some closed-

loop identi�cation techniques. The identi�ed environment model contributes to provide a

less conservative estimation of f(∆,K).
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2.5 Chapter Summary

In this chapter, we proposed the localizability index for the feedback system to which the

retro�t controller is implemented. The localizability index was de�ned as the H∞-norm

of the error system between the control system with and without the environment. The

proposed index measured the degree of the performance invariance for any variation in the

environment, in other words, that how much the control performance of the local system

is kept invariant with respect to the variation of the environment. Then, it was shown

that the estimation of the localizability index requires only the model parameters of the

local system in the sense of the upper bound. Through an example of PV-integrated power

systems, we analyze the retro�t controller placement problem and show the e�ectiveness

of the placement based on the localizability index.
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Chapter 3

Performance Improvement via

Iterative Connection of Passive

Systems

3.1 Introduction

In this chapter, the problem of the performance improvement is addressed for a feedback

system composed of two passive systems. We employ a model set description for each

subsystem: each subsystem is assumed to be passivity property that is characterized by

two matrix parameters. The parameters are utilized for the evaluation of L2-gain of the

model set, which is de�ned as the worst-case system in the model set. The feedback system

composed of the performance-integrated passive systems is also passive. In addition, the

parameters characterizing the model set describing the feedback system is given as the

parameter transition. Then, we derive conditions on the passivity parameters such that

the performance improvement is achieved; the L2-gain of the model set describing the

feedback system is strictly reduced as compared to that describing the subsystems. In

the above discussion, only parameters characterizing the model set of subsystems is not

required for the L2-gain evaluation of the feedback system. In this sense, the problem

addressed in this paper is referred to as the model-set-based analysis. Subsequently, the

model-set-based analysis of the feedback system is extended to that of an iterative feedback

system, which is a special class of the evolving network system as shown in Fig. 3.1. Then,

conditions on the passivity parameters to achieve the gradual improvement are derived.

The remainder of this chapter is organized as follows. In order to motivate the model-set

based analysis, Section illustrates an example of the frequency control of power systems
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1st phase

2nd phase

Figure 3.1: Evolution of a baseline system Σ0 by gradually connecting multiple subsystems

Σi in a step-by-step manner.

involving a large number of RE resources. We formulate the general model-set-based

quantitative analysis, in particular, performance improvement problem in Section 3.3.1.

Then, the performance-integrated passivity is de�ned. Under the preliminary in Section

3.3.1, a solution to the performance improvement problem for general feedback and iterative

feedback systems are presented in Section 3.4. In other words, we derive a condition on

model set of subsystems to achieve the performance improvement. Based on the model-

set-based analysis in 3.4, we perform the analysis of the frequency control of the power

system in 3.5. Finally, Section 3.6 concludes this chapter.

3.2 Motivating Example

3.2.1 Nonlinear Power System Model

As illustrated in Fig. 3.2, a power network system that is constructed by installing some

RE farms in a baseline power system. The RE farms are composed of a large number of

RE resources and the baseline power system is composed of NG generators, NL loads, and

NB buses. In addition, NR RE farms are connected to some �xed buses in the baseline

power system. We suppose that there are no isolated buses in the baseline power system;

The contents of Sections 3.2, 3.3, and 3.4 and Figures 3.2, 3.3, 3.4, and 3.5 in this chapter cite from

the following reference: c⃝2020 IEEE. Reprinted, with permission, from "Performance improvement via

iterative feedback connection of passive systems, IEEE Transactions on Automatic Control, 2019(online),

DOI:10.1109/TAC.2019.2930806.”
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i.e., the topology of the network in the baseline power system is described by the strongly

connected graph [48]. Let V := {1, 2, . . . , NB} be the label set of the buses. Then, the

buses in the power system are classi�ed as buses with generators, those with loads, those

with RE farms, and those to which nothing is connected. In particular, the label sets of

RE resource and generator nodes are denoted by VR := {1, 2, . . . , NR} and VG ⊆ V \ VR,

respectively. The power system model is represented by the dynamic component describing

generator dynamics in the node VG and the static part describing the power �ow equations

between nodes.

(Generator dynamics) The dynamics of each generator are described as follows:

δ̇i = ωi, miω̇i + diωi = Pmi − Pgi, i ∈ VG, (3.1)

where mi > 0 and di > 0 denote the inertia constant and the damping coe�cient, re-

spectively, and δi and ωi are the rotor angle and the frequency deviation of the rotor, re-

spectively. The mechanical power input Pmi is generated by a �rst-order turbine-governor

dynamics [49] that is given by

τiṖmi = −Pmi + P ∗
mi − kωiωi, (3.2)

where τi > 0, kωi > 0, and P ∗
mi are the time constant, the governor gain, and a desired

reference input. In addition, Pgi is the electrical output given by

Pgi =
EiVi

xdi
sin(δi − θi),

where xdi, Ei, and Vi are the direct axis transient reactance, the voltage magnitude behind

the direct axis transient reactance of ith generator, and the voltage magnitude at a terminal

bus of the ith generator, respectively. The symbol θi denotes the phase angle of the ith

terminal bus.

(Power �ow equation) Suppose that the baseline power system is a lossless network.

Then, the power �ow between some connected buses can be represented as

Pei =

NB∑
j∈Ni

BijViVj sin(θi − θj), (3.3)

Qei = −BiiV
2
i −

NB∑
j∈Ni

BijViVj cos(θi − θj), (3.4)

where Ni and Bij > 0 is the index set associated with the neighborhood of the ith bus

and the susceptance between the ith and jth buses, respectively. The symbol PLi and PRi
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Renewable 
Energy Farm

: Generator : Load

Baseline Power System

Figure 3.2: A power network system involving some renewable energy farms, which com-

prise a large number of RE resources. In the power system, a baseline power system is

composed of multiple generators and loads.

denote the active power of the load and the RE resource, while QLi be the reactive power

of the load. In addition, the reactive power of each generator is given by

Qgi =
EiVi

xdi
cos(δi − θi)−

V 2
i

xdi
.

For each node i ∈ V, the power �ow equation is described by the following algebraic

equation −Pei + Pgi − PLi + PRi = 0,

−Qei +Qgi −QLi = 0.
(3.5)

The generator dynamics (3.1) and (3.2) and the power �ow equation (3.5) represent the

power system that includes the RE farms.

3.2.2 Decentralized Control for Power System

RE farms may not provide desirable power outputs due to their uncertain power output.

From this fact, it follows that the �uctuations from the desirable power output behave as

the disturbance. Furthermore, we consider the case where the power outputs of the RE
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farms are compensated with those of battery storages. Then, PRi is replaced by

PRi = −vi + wi + P ∗
Ri, (3.6)

where vi ∈ R, wi ∈ R, and P ∗
Ri ∈ R are the control input, disturbance, and desired power

output. The input and disturbance are related to the battery output and the �uctuating

output of the RE resource, respectively. Each local controller Ki is given as a proportional

and integral (PI) controller:

Ki : vi =

(
kPi +

kIi
s

)
yi, i ∈ VR, (3.7)

where kPi and kIi are the proportional gain and integral gain, respectively. In addition,

yi ∈ R is de�ned as

yi :=
∑
j∈VG

πijωj , (3.8)

where πij ∈ R is a weighting factor of the frequency deviation. The weighting factor is

formally determined in Subsection 3.2.3. Each controller Ki is connected to the power

system in a step-by-step manner. Then, we construct the power system in which the input

and output are w := col(wi)i∈VR
and y := col(yi)i∈VR

, respectively.

3.2.3 Motivating Example: Disturbance Response of Power System

The baseline power system employed the IEEJ EAST 30-machine power model representing

the power system in the eastern half of Japan [45], whereNG = 30, NL = 31, andNB = 107.

In addition, we set NR = 6. For the generator dynamics, the values of Ei and mi were

given by [45], and di was randomly selected from [0.1 1]. For the governor-free dynamics

(3.2), we set τi = 1 and kωi = 0.1 for all i ∈ VG. The topology parameters Bij were given

by [45]. For the controller (3.7), kIi was randomly selected from [1 4] and the choice of kPi

is formally given in in Section 3.5. The weighting factor is also formally de�ned in Section

3.5.

Figure 3.3 illustrates the disturbance responses of the power system. From the �g-

ure, we see that the disturbance e�ect is suppressed with the increase of the number of

additional controllers. The key to realizing the performance improvement is the passivity

property, which is formally de�ned in Subsection 3.3.2. Although the detailed analysis of

the power system model is presented in Section 3.5, it should be noted that the linearized

power system with the input v := col(vi)i∈VR
and output y has a passivity property. In

addition, Ki has another passivity property. The aim of this paper is to theoretically prove
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Figure 3.3: Disturbance responses of the power system that is composed of the baseline

power system given (3.1), (3.2), and (3.5) and local PI controllers (3.7). The power system

evolves with the increase of the number of the RE farms. Figure (a) shows the disturbance

input that is injected into all RE buses, while Fig. (b) show the average of all frequency

deviations in all generators. The increase of the number of RE farms contributes to in-

creasingly suppress the average. This �gure cites from [50].
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the performance improvement. Even if the previous works [36, 37, 51] are applied to this

example, the performance improvement as illustrated in this example can be neither shown

nor explained. On the basis of this motivation, we aim at �nding a special passivity class

of each subsystem such that the performance improvement is achieved.

3.3 Problem Setting of Model-set-based Performance Anal-

ysis

3.3.1 Model-set-based Performance Improvement Problem

We consider a feedback system ΣFB(Σ1,Σ2) composed of two subsystems:

Σi : yi = Siui, i ∈ {1, 2}, (3.9)

where Si : L2e → L2e is a causal operator, and ui and yi is the input and output of Σi,

respectively. In particular, if Σi is a linear time-invariant (LTI) dynamical system, Si

represents its transfer function denoted by Si(s), where ui(s) and yi(s) are the Laplace

transforms of ui and yi, respectively. To construct the feedback system, Σ1 and Σ2 are

interconnected via a negative feedback manner. Letting w ∈ Rm and z ∈ Rm be the

external input and evaluation output of ΣFB(Σ1,Σ2), we describe the negative feedback

connection as

u1 = w − y2, (3.10)

u2 = y1 = z. (3.11)

In this chapter, ΣFB(Σ1,Σ2) is assumed to be well-posed, i.e., there uniquely exist y1 and

y2 of ΣFB(Σ1,Σ2) that belong to L2e for all w ∈ L2e.

In order to formulate the performance improvement problem for the feedback system,

we de�ne a notion of model sets and its performance measure. The formulation and a

solution for the problem setting are one of the main contribution of this chapter. Let

Pi, i ∈ {1, 2} be model set describing each subsystem Σi, i ∈ {1, 2}, i.e., some speci�c

property is imposed on all Σi belonging to Pi. Then, we de�ne the model set describing

the feedback system ΣFB as

PFB(P1,P2) := {ΣFB(Σ1,Σ2)|Σi ∈ Pi, i ∈ {1, 2}}.

For example, let us consider Σ1 and Σ2 are single-input-single-output (SISO) systems. In

such a situation, each model set Pi, i ∈ {1, 2} describing Σi is represented by the set of
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all Nyquist plots of Σi ∈ Pi, as illustrated in Fig. 3.4a. Then, the set of Nyquist plots

of ΣFB, which represents the model set PFB(P1,P2), is shown in Fig. 3.4b. This chapter

addresses the model-set-based performance analysis of the feedback system, such as the

L2-gain evaluation. To this end, the L2-gain of the model set Pi is de�ned as follows.

De�nition 2. Suppose that all Σi that belong to Pi are L2-stable. Then,

γ(Pi) := sup
Σi∈Pi

∥Σi∥L2

is said to be the L2-gain of Pi.

The L2-gain of the model set Pi is de�ned as the worst-case system in Pi. The following

problem of performance improvement is addressed in this chapter.

Problem 1: Find Pi, i ∈ {1, 2} such that the performance improvement is achieved, i.e.,

γ(PFB(P1,P2)) < γ(P1) (3.12)

holds.

In this chapter, Problem 1 can be referred to as model-set-based performance improve-

ment problem of ΣFB. In this problem setting, the description of Σi, i ∈ {1, 2} and ΣFB are

given by model sets Pi and PFB, rather than detailed models such as a transfer function

and a state-space representation. In the model-set-based analysis, only the model set de-

scribing Σi is utilized for the performance analysis of ΣFB, while the detailed model of Σi

is not utilized. The aim of this chapter is to �nd each model set Pi such that the L2-gain

of PFB(P1,P2) decreases as compared to that of P1, i.e., the performance improvement

(3.12) is achieved.

3.3.2 De�nition of Dissipativity and Passivity

To describe the model set for input-output systems, we focus on the notion of dissipativity,

in particular (Q,S,R)-dissipativity [21,22], which is de�ned as follows.

De�nition 3. Let Q = Q⊤ ∈ Rm×m, S ∈ Rm×m, and R = R⊤ ∈ Rm×m. Then, the system

Σi is said to be (Q,S,R)-dissipative if there exists ρi ∈ R such that for any ui ∈ L2e and

its corresponding output yi,∫ T

0

{
u⊤i (τ)Syi(τ)−

1

2
y⊤i (τ)Qyi(τ)−

1

2
u⊤i (τ)Rui(τ)

}
dτ ≥ ρi (3.13)

holds for all T ∈ R+.
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(a)

(b)

Figure 3.4: An explanation of model set for SISO systems: (a) All Nyquist plots of Σi that

belong Pi, i ∈ {1, 2}. (b) All Nyquist plots of ΣFB that belong to PFB, which are generated

from Σi ∈ Pi, i ∈ {1, 2} in sub�gure a.

In the notion of the (Q,S,R)-dissipativity, the parameters Q, S, and R characterize

the set of dynamical systems. They have been utilized for the qualitative analysis of large-

scale systems [24, 26�28, 52], such as the stability, consensus, and synchronization. In this

chapter, each subsystem is assumed to be (Q,S,R)-dissipavity. Then, we aim at �nding

conditions on the parameters in the subsystems such that the performance improvement is

achieved. Even though the L2-gain of (Q,S,R)-dissipative systems is evaluated based on

the the parameters Q, S, and R, the performance improvement (3.12) cannot be shown for

the general parameters. In order to solve Problem 1, the (Q,S,R)-dissipativity is restricted

to the passivity [22,53].

De�nition 4. Let Q ≥ 0, S = Im, and R ≥ 0. Then, the system Σi is said to be (Q,R)-

passive if it is (Q,S,R)-dissipative. In addition, the symbol P(Q,R) denotes the set of all

(Q,R)-passive systems.

In the de�nition, it is necessary to hold Q−1 ≥ R because the model-set P(Q,R) should

be non-empty set. The model set P(Q,R) is characterized by the matrix parameters Q

and R expressing the passivity level of dynamical systems. In the following discussion, the

model set Pi in Problem 1 is con�ned to P(Qi, Ri), i.e., Pi = P(Qi, Ri), i ∈ {1, 2} holds.

In other words, the (Q,R)-passivity property is imposed on Σi.
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3.4 Performance Improvement of Passive Systems

In this section, we provide a solution to Problem 1. First, the performance evaluation of

L2-gain of P(Q1, R1) and PFB(P1,P2) are provided. In order to achieve the performance

improvement the feedback system, a model set describing subsystems Σi, i ∈ {1, 2} is

derived by using on the performance evaluation. In other words, conditions on Qi and

Ri, i ∈ {1, 2} is derived such that (3.12) holds. Subsequently, we extend the performance

improvement of the feedback system to that of an iterative feedback system, which is a

class of an evolving network system as stated in Chapter 1. The iterative feedback system

is formally de�ned in Subsection 3.4.2.

3.4.1 Performance Evaluation and Improvement of Feedback Systems

In order to evaluate the L2-gain of the model set P(Q,R), we introduce a performance

index given by

ε(Q,R) :=
1 +

√
λ(Q)λ̄(Q−1 −R)

λ(Q)
(3.14)

Using the index ε(Q,R), we provide the performance evaluation of the L2-gains of P(Q1, R1)

and PFB in the following lemmas.

Lemma 1. Suppose that Q1 > 0 holds. Then, the L2-gain of P(Q1, R1) satis�es

γ(P1) = ε(Q1, R1), (3.15)

where ε(Q1, R1) is given by (3.14).

Lemma 2. Suppose that Pi = P(Qi, Ri), i ∈ {1, 2} holds. Then, letting QFB ≥ 0 and

RFB ≥ 0 be given by

QFB = Q1 +R2, (3.16)

RFB = R1(Q2 +R1)
†Q2, (3.17)

it holds that PFB(P1,P2) ⊆ P(QFB, RFB). Furthermore, if QFB > 0 holds, the L2-gain of

PFB(P1,P2) satis�es

γ(PFB) ≤ ε(QFB, RFB), (3.18)

where ε(·, ·) is given by (3.14).
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Proof of Lemma 1. Let S1 = 0 and ỹ1 := y1−Q−1
1 u1. Then, it follows from (3.13) that for

any u1 ∈ L2e,∫ T

0
ỹ⊤1 (τ)Q1ỹ1(τ)dτ ≤

∫ T

0
u⊤1 (τ)(Q

−1
1 −R1)u1(τ)dτ − ρ1.

holds. Because u⊤1 (Q
−1
1 − R1)u1 ≤ λ̄(Q−1

1 − R)u⊤1 u1 and λ(Q1)ỹ
⊤
1 ỹ1 ≤ ỹ⊤1 Q1ỹ1 hold, we

have that

λ(Q1)

∫ T

0
ỹ1

⊤(τ)ỹ1(τ)dτ ≤ λ̄(Q−1
1 −R1)

∫ T

0
u⊤1 (τ)u1(τ)dτ − ρ1

holds for all T ∈ R+. It follows that

∥ỹ1∥L2,T ≤

√
λ(Q1)λ̄(Q

−1
1 −R1)

λ(Q1)
∥u1∥L2,T − 1

λ(Q1)
ρ1

for all u1 ∈ L2e and T ∈ [0,∞). Recalling that y1 = ỹ1 +Q−1
1 u1, we have

∥y1∥L2,T ≤ ∥ỹ1∥L2,T +
1

λ(Q1)
∥u1∥L2,T ≤ ε(Q1, R1)∥u1∥L2,T − 1

λ(Q1)
ρ1.

Because ∥u1∥L2,T ≤ ∥u1∥L2 holds for any u1 ∈ L2, we show that

∥y1∥L2,T ≤ ε(Q1, R1)∥u1∥L2 −
1

λ(Q1)
ρ1. (3.19)

This implies that (3.19) holds as T → ∞. It follows that Σ1 ∈ P(Q1, R1) with Q1 > 0 is

L2-stable, and (3.19) is reduced to

∥Σ1∥L2 ≤ ε(Q1, R1) (3.20)

with ε(Q1, R1) of (3.14).

Finally, to show (3.15), we aim to �nd an example of the �worst� Σ1 in P(Q1, R1) such

that (3.20) is satis�ed with the equality. Let us consider the state space representation of

Σ1 given by

y1(s) =

(
2
√

λ(Q1)λ̄(Q
−1
1 −R1)

λ(Q1)

1

Ts+ 1
+

1−
√
λ(Q1)λ̄(Q

−1
1 −R1)

λ(Q1)

)
u1(s),

where Q1 > 0 and R1 ≥ 0 with Q−1
1 ≥ R1. Then, we see that Σ1 ∈ P(Q1, R1) holds.

Note that the value of ε(Q,R) in (3.14), which corresponds to performance criterion of

P(Q1, R1), is equivalent to the actual L2-gain ∥Σ1∥L2 . This completes that (3.15) holds.

2
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Proof of Lemma 2. From De�nition 4, we have that there exists ρFB ∈ R such that the

following inequality

2∑
i=1

∫ T

0
(2u⊤i (τ)yi(τ)− y⊤i (τ)Qiyi(τ)− u⊤i (τ)Riui(τ))dτ

=

∫ T

0

2∑
i=1

ui(τ)
yi(τ)


⊤ −Ri Im

Im −Qi


ui(τ)
yi(τ)

 dτ ≥ ρFB

holds for all T ∈ R+. Using (3.10) and (3.11), we show

2∑
i=1

ui(τ)
yi(τ)


⊤ −Ri Im

Im −Qi


ui(τ)
yi(τ)



=

w(τ)− y2(τ)

y1(τ)


⊤ R1 Im

Im −Q1


w(τ)− y2(τ)

y1(τ)

+

y1(τ)
y2(τ)


⊤ −R2 Im

Im −Q2


y1(τ)
y2(τ)



=


w(τ)

z(τ)

y2(τ)


⊤ 

−R1 Im R1

Im −Q1 −R2 0

R1 0 −Q2 −R1




w(τ)

z(τ)

y2(τ)

 . (3.21)

Note that Ker (Q2 +R1) ⊆ KerR1 holds. It follows that Q2 +R1 ≥ 0 and

R1(Q2 +R1)
†(Q2 +R1) = R1 (3.22)

hold. This implies that completing the square with respect to y2 is applied to the right

hand side of (3.21). It follows that (3.21) satis�es

2∑
i=1

ui(τ)
yi(τ)


⊤ −Ri Im

Im −Qi


ui(τ)
yi(τ)



≤

w(τ)
z(τ)


⊤ −R1 Im

Im −Q1 −R2


w(τ)
z(τ)

+

w(τ)
z(τ)


⊤ R1

0

 (Q2 +R1)
†

R1

0


⊤ w(τ)

z(τ)

 .
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Substituting (3.22) into −R1 +R1(Q2 +R1)
†R1, we show that

∫ T

0

w(τ)
z(τ)


⊤ −RFB Im

Im −QFB


w(τ)
z(τ)

 dτ ≥ ρFB (3.23)

holds for all T ∈ R+, whereQFB and RFB are given by (3.16) and (3.17), i.e., ΣFB(Σ1,Σ2) ∈
P(QFB, RFB) holds. In addition, applying (3.20) to ΣFB(Σ1,Σ2) ∈ P(QFB, RFB), we show

that PFB ⊆ P(QFB, RFB) holds. This proves Lemma 2. 2

As stated in Lemma 1, the value of ε(Q1, R1) in (3.14) evaluates the L2-gain of the

model set P(Q1, R1). In particular, it should be emphasized that γ(P(Q1, R1)) provides a

tight performance evaluation for which only the passivity parameters Q1 and R1 is utilized.

We see that the detailed models of Σ1 is not required for the L2-gain evaluation. On the

other hand, Lemma 2 provides the performance evaluation of the L2-gain of PFB(P1,P2).

The evaluation is provided based on an outer-approximation of PFB(P1,P2), which is given

by P(QFB, RFB). The outer-approximation is explicitly characterized by the parameter

transition in (3.16) and (3.17). Let us consider ΣFB described by a SISO system. Then,

the outer-approximation P(QFB, RFB) is expressed by the disk region that contains the

model set PFB(P1,P2), as shown in Fig. 3.5. It should be emphasized that only the

passivity parameters characterizing each subsystem is utilized for the quantitative analysis

of the feedback system, while the detailed model of the subsystem is not utilized. With

the parameters in the outer-approximation, the L2-gain of PFB can be evaluated in the

sense of the upper bound ε(QFB, RFB). To provide a solution to Problem 1, we introduce

the following supplementary lemma.

Lemma 3. Let Y ≥ 0 and Z ≥ 0. Then, (i) V(Y ) and KerZ are disjoint if and only if (i

i) λ(Y + Z) > λ(Y ) holds.

Proof. (i ⇒ ii) We decompose any vector q ∈ V(Y + Z) as q = q1 + q2, where q1 ∈ ImZ

and q2 ∈ KerZ. Then, it follows that

λ(Y + Z) = q⊤(Y + Z)q

= (q1 + q2)
⊤Y (q1 + q2) + q⊤1 Zq1. (3.24)

First, suppose that q1 ̸= 0. Note (q1 + q2)
⊤Y (q1 + q2) ≥ λ(Y ) and q⊤1 Zq1 > 0 hold. This

implies that λ(Y +Z) > λ(Y ) holds. Next, suppose that q1 = 0 or q ∈ KerZ holds. Then,

it is shown that the right-hand side of (3.24) is equivalent to q⊤2 Y q2. From the statement
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Figure 3.5: The graphical illustration of the outer-approximation of PFB given by

P(QFB, RFB) in the closed right-half plane of the complex plane. The outer-approximation

is expressed by the disk region that is explicitly characterized by two parameters QFB and

RFB. In the �gure, the white circle depicts the performance index ε(QFB, RFB).

i), we show that q2 /∈ V(Y ) \ {0} holds, which implies q⊤2 Y q2 > λ(Y ). This completes that

λ(Y + Z) > λ(Y ).

(ii ⇒ i) suppose that V(Y ) and KerZ are not disjoint to show a contradiction, equiv-

alently, there exists v ∈ V(Y ) satisfying v ∈ KerZ \ {0}. From this supposition, we show

that λ(Y + Z) ≤ v⊤(Y + Z)v = λ(Y ) holds. This contradicts the statement ii). 2

On the basis of Lemmas 1, 2, and 3, we provide a solution to Problem 1, i.e., conditions

on Qi and Ri to achieve the performance improvement (3.12) in the following theorem.

Theorem 2. In addition to the condition of Lemma 2, suppose that Q1 > 0 holds. Then,

the following two statements hold:

i) Suppose that Q2 = q2Im > 0, R1 = r1Im > 0, and q2λ(R2) ≥ λ(Q1)r1 hold. Then,

(3.12) holds.

ii) Suppose that either Q2 = 0 or R1 = 0 holds. Then, V(Q1) and KerR2 are disjoint if

and only if (3.12) holds.

Proof. i) Suppose that R1 = r1Im > 0 and Q2 = q2Im ≥ 0 hold. From Lemma 2,

PFB ⊆ P(QFB, RFB) holds, where QFB and RFB are given in (3.16) and (3.17). In addition,
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from Lemma 1, ε(Q1, R1) and ε(QFB, RFB) are given by

ε(Q1, R1) =
1 +

√
1− λ(Q1)r1
λ(Q1)

,

ε(QFB, RFB) =

1 +

√
1− λ(Q1 +R2)

q2r1
q2 + r1

λ(Q1 +R2)
.

Note that λ(Q1+R2) ≥ λ(Q1)+λ(R2) and suppose that q2λ(R2) ≥ λ(Q1)r1 holds. Then,

we show that

λ(Q1 +R2)
q2r1

q2 + r1
− λ(Q1)r1 =

q2r1
q2 + r1

(λ(Q1 +R2)− λ(Q1))−
r21

q2 + r1
λ(Q1)

≥ r1
q2 + r1

(q2λ(R2)− λ(Q1)r1) ≥ 0 (3.25)

holds. Noting that q2/(q2 + r1) < 1 holds in (3.25), we have

λ(Q1 +R2) > λ(Q1). (3.26)

From (3.25) and (3.26), we show that

ε(QFB, RFB) < ε(Q1, R1) (3.27)

holds. This completes that (3.12) holds.

ii) Suppose that either Q2 = 0 or R1 = 0 holds. Then, ε(Q1, R1) and ε(QFB, RFB) are

given by

ε(Q1, R1) =
2

λ(Q1)
, ε(QFB, RFB) =

2

λ(Q1 +R2)
.

As stated in Lemma 3, we show that V(Q1) and KerR2 are disjoint if and only if (3.26)

holds. It follows that (3.27) holds, equivalently, (3.12) holds. This completes the proof of

Theorem 2. 2

Theorem 2 provides a model set describing subsystems to achieve the performance

improvement of the feedback system, which corresponds to a solution to Problem 1. This

theorem is one of the main contribution of this chapter.

Remark 1. Suppose that Σi in (3.9) is L2-stable and the initial state of Σi is zero. Then,

for any ui ∈ L2 and its corresponding output yi, the inequality (3.13) holds even if T →
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∞ and ρi = 0. By Parseval's theorem, the inequality (3.13) as T → ∞ is equivalently

transformed into the inequality to∫ ∞

−∞

{
û⊤i (jω)ŷi(jω)−

1

2
ŷ⊤i (jω)Q(ω)ŷi(jω)−

1

2
û⊤i (jω)R(ω)ûi(jω)

}
dω ≥ 0, (3.28)

where Q(ω) and R(ω) are positive semide�nite and bounded matrix-valued frequency func-

tions, and ûi and ŷi denote the Fourier transforms of ui and yi, respectively. On the

basis of (3.28), we introduce the following expression. The system Σi is said to be the

frequency-dependent (Q,R)-passive if, for any ui ∈ L2 and its corresponding output yi,

(3.28) holds. If Q(ω) = Q and R(ω) = R hold, i.e., the parameters are independent of ω,

the inequality (3.28) is equivalent to (3.13) in De�nition 4. For some Q(ω) and R(ω), let

Pω(Q(ω), R(ω)) be de�ned as the set of dynamical systems satisfying (3.28). The de�nition

of the model set Pω(Q(ω), R(ω)) implies that Pω(Q(ω), R(ω)) is a more general description

than P(Q,R). The introduction of the frequency-dependent model set enables us to address

the performance improvement problem in the sense of the frequency-dependent gain of the

model set. Let us assume that Σi is given a LTI system and recall that the transfer function

is represented by Si(s). Then, the frequency-dependent gain of Pi = Pω(Qi(ω), Ri(ω)) is

de�ned as

γ̃(Pi, ω) := sup
Si∈Pi

σ̄(Si(jω)).

Suppose that P1 = Pω(Q1(ω), R1(ω)) and Q1(ω) > 0 for all ω ∈ R. Then, is is shown that

the gains of P1 and PFB satis�es

γ̃(P1, ω) = ε(Q1(ω), R1(ω)), ∀ω ∈ R,

γ̃(PFB, ω) ≤ ε(QFB(ω), RFB(ω)), ∀ω ∈ R,

where QFB(ω) and RFB(ω) are given by (3.16) and (3.17), and ε(·, ·) is given by (3.14).

In a similar manner to the analysis in Theorem 1, we can �nd conditions on Qi(ω) and

Ri(ω) such that for all frequency points the performance improvement is achieved, i.e., it

follows that

γ̃(PFB, ω) < γ̃(P1, ω)

for all ω ∈ R. In addition, letting Ω ⊂ R+ be a �nite interval, we consider Qi(ω) and

Ri(ω) given by

Qi(ω) =

Qi, ω ∈ Ω

0, otherwise,
Ri(ω) =

Ri, ω ∈ Ω

0, otherwise.
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The frequency-dependent (Q,R)-passivity with the above parameters is de�ned on a �nite

frequency range speci�ed by Ω, rather than in�nite integration interval. On the basis of

this fact, we can �nd conditions on Qi and Ri such that the performance improvement of

the feedback system involving non-passive subsystems is achieved in the range Ω.

3.4.2 Performance Analysis and Improvement of Iterative Feedback Sys-

tems

In this subsection, the model-set-based performance improvement in Theorem 2 is extended

to that of the iterative feedback system, which expresses a simpli�ed class of an evolving

network system. The iterative feedback system is constructed by connecting multiple

subsystems to a baseline system in a step-by-step manner. In particular, each subsystem

in the iterative feedback system is assumed to be locally implemented to the baseline

system as shown in Fig. 3.1. In this subsection, we aim at �nding a model set describing

connected subsystems such that the performance improvement of the iterative feedback

system is gradually achieved with the implementation progress. For simplicity of analysis,

we focus on the one progress of the connection of one subsystem. Then, a port selection

of the subsystem connection is provided to achieve the performance improvement, i.e., the

L2-gain of the model set describing the entire iterative feedback system strictly decreases

as compared to that describing the connected subsystem.

To construct an iterative feedback system, let us �rst consider a baseline system Σ0

given by

Σ0 : y = S0u, (3.29)

where u ∈ Rm and y ∈ Rm is the input and output of Σ0, and S0 : L2e → L2e is a causal

operator. In order to explicitly describe the port number in the output of Σ0, let y be

partitioned as y =: [ y⊤1 y⊤2 · · · y⊤m ]⊤, where the symbol ℓ in yℓ ∈ R denotes the port

number of the output. Furthermore, let us consider a subsystem Σℓ, which is connected to

the ℓ-th port of Σ0, described by

Σℓ : vℓ = Sℓyℓ, (3.30)

where vℓ ∈ R is the output of Σℓ and Sℓ : L2e → L2e is a causal operator. Now, let an

operator Fℓ be de�ned as

Fℓ = Eℓ ⊗ Sℓ, (3.31)
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where Eℓ = eℓe
⊤
ℓ ∈ Rm×m. The symbol eℓ denotes the unit vector whose the only ℓ-th

element is one. By using the input-output operator of (3.31), each subsystem Σℓ can be

rewritten as an another subsystem Πℓ, which is described by

Πℓ : v = Fℓy, (3.32)

where v = [ v⊤1 v⊤2 · · · v⊤m ]⊤. From (3.31) and (3.32), we see that Πℓ is a redundant

description of Σℓ, which comes from implementation of the subsystem Σℓ in a decentralized

manner. The feedback connection of Πℓ to Σ0 is described by

u = w − v, (3.33)

z = y. (3.34)

We interconnect Σ and Πℓ via the the negative feedback connection in (3.33) and (3.34).

Then, the entire control system with the input w and output z is constructed and denoted

by Σent(Σ0,Σℓ). Let P0 and Pℓ be the model sets describing Σ0 and Σℓ, respectively. Then,

the model set describing Σent(Σ0,Σℓ) is described as

Pent,ℓ := PFB(P0,Pℓ).

In the following discussion, Σ0 is assumed to be passive and strictly proper. In addition,

P0 = P(Q, 0) holds for some Q ≥ 0. Under these preliminary, we show the performance

improvement of Σent(Σ,Σℓ) in the following theorem.

Theorem 3. Suppose that for some qℓ ≥ 0 and rℓ ≥ 0, P0 = P(Q, 0) and Pℓ =

P(qℓEℓ, rℓEℓ) hold. Then, for Qent,ℓ ≥ 0 given by

Qent,ℓ = Q+ rℓEℓ, (3.35)

it holds that Pent,ℓ ⊆ P(Qent,ℓ, 0). In addition, suppose that Q > 0 and rℓ > 0 hold. Then,

the ℓ-th entry of any v ∈ V(Q) is nonzero if and only if

γ(Pent,ℓ) < γ(P0). (3.36)

Proof. As stated in Lemma 2, it is shown that Pent,ℓ ⊆ P(Qent,ℓ, 0) holds. Next, we show

that the ℓ-th entry of any vector v ∈ V(Q) is nonzero if and only if (3.36) holds.

(Necessary condition for (3.36)) Suppose that Q > 0, rℓ > 0, and (3.36) hold, and

equivalently

λ(Qent,ℓ) > λ(Q). (3.37)
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As stated in Lemma 3, we see that V(Q) and KerEℓ are disjoint, and equivalently for any

v ∈ V(Q), v /∈ KerEℓ \ {0} holds. This implies that the ℓ-th entry of any v ∈ V(Q) is

nonzero because KerEℓ = span{e1, . . . , eℓ−1, eℓ+1, . . . , em} holds.

(Su�cient condition for (3.36)) Suppose that the ℓ-th element of any vector v ∈ V(Q)

is nonzero. Then, v /∈ KerEℓ \ {0} holds, equivalently V(Q) and KerEℓ are disjoint. As

stated in Lemma 3, it is shown that λ(Qent,ℓ) > λ(Q) holds. This completes that (3.36)

holds. 2

Theorem 3 states that Pent,ℓ has the passivity property independently of the port

selection of connected subsystems. In a similar manner to Lemma 2, Theorem 3 provides

the performance evaluation of Pent,ℓ. The L2-gain evaluation is provided based on an

outer-approximation of Pent,ℓ given by P(Qent,ℓ, 0), which is explicitly characterized by the

parameter transition in (3.35). In addition, as stated in Theorem 3, we �nd a condition

of port selection to achieve the performance improvement, i.e., the L2-gain of Pent,ℓ is

strictly less than that of P(Q, 0). In both of Theorems 2 and 3, a condition of the passivity

parameters to achieve the performance improvement is provided. Theorem 2 addresses the

feedback system composed of general subsystems and provides a general condition for the

improvement. On the other hand, Theorem 3 is a special result of Theorem 2 by focusing

on the speci�ed structure in subsystems due to the implementation in the decentralized

manner.

On the basis of Theorem 3, it is easy to �nd conditions on the passivity parameters to

achieve performance improvement of the iterative feedback system. It should be empha-

sized here that the condition for performance improvement in Theorem 3 is imposed on the

connection port of the subsystem Σℓ (equivalently subsystem Πℓ with the speci�ed struc-

ture). This implies that we need to check the condition for the performance improvement

at every connection step. By restricting the class of Q, the performance improvement can

be shown under a requirement only on the baseline system Σ0 independently of the port

selection.

Proposition 2. Suppose that P0 = P(Q, 0) and Pℓ = P(qℓEℓ, rℓEℓ) hold for Q ∈ M,

qℓ ≥ 0, and rℓ > 0, where M denotes the set of M-matrices [54]. Then, for any ℓ, Qent,ℓ ∈ M
and Pent,ℓ ⊆ P(Qent,ℓ, 0) hold. Furthermore, Q is irreducible if and only if for any ℓ, (3.36)

holds.

Proof. Because of the parameter transition (3.35), we straightforwardly show that, for any

ℓ, all o�-diagonal entries of Qent,ℓ do not vary from those of Q. It follows that, for any ℓ,

Qent,ℓ ∈ M and Pent,ℓ ⊆ P(Qent,ℓ, 0) hold.
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Next, we show that Q is irreducible if and only if for any ℓ, (3.36) holds.

(Necessary condition for (3.36)) Suppose that Q > 0, rℓ > 0, and (3.36) hold, and

equivalently (3.37) holds. As stated in Lemma 3, we have that V(Q) and KerEℓ are

disjoint. To derive a contradiction, we suppose that Q is reducible. Then, it is shown

that there exists a permutation matrix U such that UQU⊤ is a block diagonal because the

symmetric and reducible property of Q. This implies that at least one element of v ∈ V(Q)

is zero. This contradicts that, for any ℓ, (3.36) holds.

(Su�cient condition for (3.36)) Suppose that Q ∈ M is irreducible. Let δ be the

maximum value of the diagonal element of Q. Then, Q can be described by

Q = δIm − Ξ, (3.38)

where Ξ ∈ Rm×m is an irreducible non-negative matrix. By the Perron�Frobenius theorem

[55], all entries of the eigenvector corresponding to λ̄(Ξ) take positive values. It follows that,

from (3.38), all entries of v ∈ V(Q) \ {0} are positive, equivalently, for any ℓ, v /∈ KerEℓ

holds. As stated in Lemma 3, it is shown that (3.37) holds. Therefore, it follows that for

any ℓ, (3.36) holds. 2

As stated in Proposition 2, we provide conditions on a passivity parameter Q in P(Q, 0)

describing Σ0 to achieve the gradual performance improvement. In Proposition 2, it is

shown that the parameter Qent,ℓ preserves being the M-matrix independently of the port

selection of the connected system. Furthermore, as long asQ is irreducible, the performance

improvement is achieved for any port selection. These facts implies that as long as the

passivity parameter in the model set describing Σ0 is characterized by the irreducible M-

matrix and the connected system is input strictly passive, the performance improvement

is always achieved for the connection to any any port of the baseline system at any step.

In this sense, Proposition 2 provides a condition for Q to achieve a gradual improvement.

On the basis of the fact stated in Remark 1, the analysis in this section can also

be extendable to a more general analysis in which the model set is characterized by the

frequency dependent parameters.

Remark 2. As stated in Proposition 2, the model set describing Σ0 requires a severe

condition to mathematically show the performance improvement. The condition that Q is

an M-matrix is technical. In most cases, even though Q is not an M-matrix, v ∈ V(Q) can

have no zero entries. Essentially, the irreducibility of Q plays an important role to achieve

the gradual improvement of iterative feedback system.
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3.5 Performance Improvement Analysis of Frequency Con-

trol in Power Systems

In this section, we illustrate the performance improvement of the iterative feedback system,

which is studied in Subsection 3.4.2, through the frequency control of power systems.

3.5.1 Linearized Power System Model

At an equilibrium point (δ∗i , ω
∗
i , P

∗
mi, θ

∗
i , V

∗
i )of the nonlinear power system given by (3.1),

(3.2) and (3.5), we assume that the di�erences between the phase angles at the terminal

and between the rotor angle of the generator and the phase angle at the terminal bus are

su�ciently small; i.e., θ∗i −θ∗j ≈ 0 and δ∗i −θ∗i ≈ 0 hold [56,57]. In all variables of generator

dynamics and the power �ow equation, we de�ne ·̃ as the deviation variables from the

equilibrium point. Let

δ := col(δ̃i)i∈VG
, ω := col(ωi)i∈VG

, Pm := col(P̃mi)i∈VG
,

θ :=

[
col(θ̃i)

⊤
i∈VG

col(θ̃i)
⊤
i∈V\VG

]⊤
, x :=

[
δ⊤ ω⊤ P⊤

m

]⊤
,

u := col(P̃Ri)i∈VR
. (3.39)

Linearizing (3.1) and (3.2) around (δ∗i , ω
∗
i , P

∗
mi, θ

∗
i , V

∗
i ) and assuming that θ∗i − θ∗j ≈ 0 and

δ∗ − θ∗ ≈ 0 hold, we have

ẋ = A11x+A12θ, (3.40)

where the coe�cient matrices are described by

A11 :=


0 I 0

−M−1Xd −M−1D M−1

0 −T−1Kω −T−1

 , A12 :=


0 0

M−1Xd 0

0 0

 .

The symbolsM,D, T,Kω, andXd represent diagonal matrices in which diagonal entries are

mi, di, τi, kωi , and EiV
∗
i /xdi, i ∈ VG, respectively. From the linearized generator dynamics

in (3.40), we see that the term pertaining to the voltage amplitude at buses does not

appear. In addition, linearizing (3.5) around (δ∗i , ω
∗
i , P

∗
mi, θ

∗
i , V

∗
i ), we have

A21x+A22θ +BRu = 0, LV V = 0, (3.41)
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where V := col(Ṽi)i∈V and LV ∈ RNB×NB is a positive de�nite matrix and the coe�cient

matrices are described by

A21 :=

Xd 0 0

0 0 0

 , A22 := −L− diag(Xd, ONB−NG
),

BR :=

0
F

 ∈ RNB×NR , F :=

INR

0

 ∈ R(NB−NG)×NR .

The symbol L ∈ RNB×NB is a Laplacian matrix that is described by

{L}ij :=


NB∑
j∈Ni

BijV
∗
i V

∗
j , i = j,

−BijV
∗
i V

∗
j , i ̸= j,

which represents the interconnection between buses. From (3.40) and (3.41), the dynamics

with respect to θ and V is completely decoupled in the linearized model; therefore V does

not a�ect the dynamics of the linearized model. Thus, the linearized power system model

is given by ẋ
0

 =

A11 A12

A21 A22


x
θ

+

 0

BR

u. (3.42)

In (3.42), we show that A22 is non-singular because the topology of the baseline power

system is described by the strongly connected graph. It follows that θ = −A−1
22 (A21x +

BRP̃R) holds. Let L be partitioned as

L =

L11 L12

L⊤
12 L22

 ,

where L11 ∈ RNG×NG , L12 ∈ RNG×(NB−NG), and L22 ∈ R(NB−NG)×(NB−NG). Then, the

power system (3.42) is reduced to the following state-space equation:

ẋ = Ax+Bu, (3.43)
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where the coe�cient matrices are described by

A =


0 I 0

−M−1Γ −M−1D M−1

0 −T−1Kω −T−1

 , B =


0

−M−1Xd(Lred +Xd)
−1L12L

−1
22 F

0


and

Γ = Xd −Xd(Lred +Xd)
−1Xd,

Lred = L11 − L12L
−1
22 L

⊤
12. (3.44)

Furthermore, the output equation of the power system is described as

y = Cx, (3.45)

where the coe�cient matrix C ∈ RNR×3NG is given by

C =

[
0 Π 0

]
and Π ∈ RNR×NG is given by

Π := −(Xd(Lred +Xd)
−1L12L

−1
22 F )⊤. (3.46)

The output y means the weighted sum of the frequency deviations ω. In addition, each

element of Π corresponds to the weighting factor πij in (3.8) as stated in Section 3.2. The

baseline power system, denoted by Σ, is described as

Σ :

ẋ = Ax+Bu,

y = Cx.
(3.47)

3.5.2 Analysis of Model Set of Power System Based on Port-Hamiltonian

Systems

In this subsection, we provide analysis of the model set of the baseline power system in

(3.47). To this end, we �rst introduce a port-Hamiltonian system as follow.

The port-Hamiltonian system [58] is well known as a standard description of passive

systems. It focuses on the stored energy and the energy dissipation of the system. For

simplicity, consider that Σ ∈ P(Q, 0) holds. Then, the aim of this subsection is to provide
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a physical interpretation of the passivity parameter Q. To this end, we extract the pas-

sivity parameter from the port-Hamiltonian system. A linear port-Hamiltonian system is

described by

Σ :

ẋ = (J − S)Px+Bu,

y = B⊤Px,
(3.48)

where x ∈ Rn, u ∈ Rm, and y ∈ Rm denote the state, input, and output of Σ, respectively,

and B ∈ Rn×m is a coe�cient matrix. In addition, J ∈ Rn×n and S ∈ Rn×n with J = −J⊤

and S ≥ 0 represent the interconnection of the internal state and the energy dissipation

of Σ, respectively. The positive semi-de�nite matrix P ∈ Rn×n is related to the energy

function of H(x) = 1
2x

⊤Px. For the given port-Hamiltonian system (3.48), we �nd Q that

describes Σ with P(Q, 0) in the following proposition.

Proposition 3. Given Σ in (3.48), there exists Q ≥ 0 satisfying 2S ≥ BQB⊤ such that

Σ ∈ P(Q, 0) holds. In addition, the following statements hold:

i) If ImS ⊆ ImB holds, there exists Q ≥ 0 satisfying 2S = BQB⊤ such that Σ ∈
P(Q, 0) holds.

ii) If ImB ⊆ ImS holds, there exists Q > 0 satisfying 2S ≥ BQB⊤ such that Σ ∈
P(Q, 0) holds.

iii) If ImB = ImS holds, there exists Q > 0 satisfying 2S = BQB⊤ such that Σ ∈
P(Q, 0) holds.

Proof. The derivative of the energy function H(x) along a trajectory of (3.48) is given by

d

dt
H = u⊤y − x⊤PSPx.

Noting that we can always obtain Q ≥ 0 satisfying 2S ≥ BQB⊤, we have

d

dt
H ≤ u⊤y − 1

2
y⊤Qy. (3.49)

Integrating (3.49) from t = 0 to t = T , and letting H(x(0)) := −ρ, we show∫ T

0

{
u⊤(τ)y(τ)− 1

2
y⊤(τ)Qy(τ)

}
dτ ≥ H(x(T )) + ρ

≥ ρ
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holds. This means that Σ ∈ P(Q, 0) holds for Q ≥ 0 satisfying 2S ≥ BQB⊤.

Next, we prove the three statements i), ii), and iii).

i) This statement is trivial. The proof is omitted.

ii) Some Q = qIm > 0 satis�es this statement.

iii) The statements i) and ii) imply iii). 2

Proposition 3 provides some examples of Q that describe passive systems. To further

understand the proposition, for simplicity, we assume that B = Im and ImB = ImS hold.

From statement iii), we see that Q = 2S holds. This implies that Q represents the energy

dissipation given by S. On the basis of Proposition 3, we provide the model set analysis

of the baseline power system (3.47) as follows.

Lemma 4. Consider Σ given by (3.47). Then, there exists Q > 0 satisfying 2S ≥ BQB⊤

such that Σ ∈ P(Q, 0) holds for S = diag(ONG
,M−2D,T−2Kω).

Proof. Applying the Schur complement to L, we show that Lred of (3.44) is positive semi-

de�nite. From this fact, Lred +Xd ≥ Xd holds. It follows that

Γ = Xd −Xd(Lred +Xd)
−1Xd

≥ Xd −XdX
−1
d Xd = 0.

This implies that Γ is positive semi-de�nite. We de�ne a positive semi-de�nite P ∈
R2NG×2NG as

P =


Γ 0 0

0 M 0

0 0 TK−1
ω

 .

Then, Σ has the port-Hamiltonian form, where J ∈ R3NG×3NG and S ∈ R3NG×3NG are

given by

J =


0 M−1 0

−M−1 0 M−1T−1Kω

0 −M−1T−1Kω 0

 ,

and S = diag(ONG
,M−2D,T−2Kω). Because J = −J⊤ and S ≥ 0 hold, we see that the

port-Hamiltonian system Σ is passive. Note that ImB ⊆ ImS holds. From Proposition 3,

it follows that there exists Q > 0 satisfying 2S ≥ BQB⊤ such that Σ ∈ P(Q, 0). 2
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In Lemma 4, it should be emphasized that ImB ⊆ ImS holds independently of the

choice of BR that assigns the installation bus for the RE farms. This implies that the

(Q,R)-passivity of Σ is independent of the choice of the the installation bus for the RE

farms. The passive power system is realized by the weighted sum of the frequency devia-

tions given by (3.45).

As stated in Section 3.2, from (3.6), the RE farm output PRi is decomposed into the

disturbance e�ect wi and the control input vi, which is related to the �uctuating output

and the battery output, respectively. From the de�nition of u in (3.39) and (3.6), we

see that u = −v + w holds in (3.47). Each controller Ki, i ∈ VR, which satis�es the

model set P(0, ri) with ri > 0, is connected to Σ in a step-by-step manner. A typical

example of such a controller satisfying Ki ∈ P(0, ri) is the PI controller given by (3.7).

We construct a control system in which the input and output are w and y. The control

system is represented by an iterative feedback system, and denoted by ΣIFB(n), n ∈ I.
In addition, the model set describing ΣIFB(n) is denoted by PIFB(n). In ΣIFB(n) and

ΣIFB(n), the symbol n denotes the number of the connected controllers. On the basis of

the proposed analysis in Subsection 3.4.2, the performance improvement in the control

system is theoretically guaranteed.

Remark 3. In the actual operation of the power system, it is more desirable to improve

the L2-gain performance from w to the average of ω, rather than the weighted average of ω,

denoted by y. For some cases, the average performance is gradually improved in addition

to the improvement in Σ. Consider that Σ ∈ P(Q, 0) holds for some Q > 0. In addition,

let YΠ and ȳ be the space spanned by the column vector of Π⊤ and the average frequency

deviation, i.e., ȳ := 1NG
ω, respectively. Suppose that 1NG

is in YΠ. Then, ȳ is described

as

ȳ = α⊤Πω = α⊤y, (3.50)

where α := col(αi)i∈VR
for positive constants αi, i ∈ VR. Using Lemma 1, we have

sup
w∈L2\{0},Σ∈P(Q,0)

∥ȳ∥L2

∥w∥L2

≤ ∥α∥L2 sup
Σ∈P(Q,0)

∥Σ∥L2 = ∥α∥L2ε(Q, 0) =: ε.

From this inequality, ε evaluates the L2-gain of the model set of the system with the input

w and output ȳ. Note that ε(Q, 0) decreases with the number of connected controllers in a

step-by-step manner. Then, ε also gradually decreases. In this sense, the average frequency

deviation is gradually suppressed.
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3.5.3 Performance Improvement Analysis of Power System

Let us consider the power system Σ employing the IEEJ EAST 30-machine power model

as stated in Subsection 3.2.1. From Lemma 4, Σ ∈ P(Q, 0) holds for Q > 0 satisfying

2S ≥ BQB⊤. Solving the linear matrix inequality 2S ≥ BQB⊤, we obtain an irreducible

Q whose minimum eigenvector has no zero entries. Let us de�ne QIFB(n) as

QIFB(n) = Q+
n∑

i=1

riEi.

Then, applying Theorem 3 and Proposition 2 into ΣIFB(n), we show that PIFB(n) ⊆
P(QIFB(n), 0) holds. Accordingly, it is shown that for any n, γ(PIFB(n)) < γ(P(Q, 0))

holds. In this subsection, two experiments are performed to achieve the following two

aims:

i) a gradual improvement of the actual L2-gain performance of ΣIFB(n) as well as the

L2-gain of the model set of ΣIFB(n) at any step of the controller connection.

ii) less conservativeness in the L2 gain evaluation of the model set of ΣIFB(n) than in

the previous works [36,37,51].

In the two experiments, the parameter ri in the model set of each controller is randomly

selected from [2 8]. Accordingly, the proportional gain kPi is given by kPi = ri/2. In

addition, the integral gain kIi is selected as the same parameter as utilized in Section 3.2.

i) Let S(jω) and SIFB(n, jω) be the frequency transfer functions of Σ and ΣIFB(n),

respectively. Their maximum singular values are illustrated in Fig. 3.6. The performance

indices to evaluate the L2-gains of P(Q, 0) and P(QIFB(n), 0) with n = 1, 3, 6, which are

equivalent to ε(Q, 0) and ε(QIFB(n), 0), are also illustrated in the �gure. From the �gure,

we see that the value of ε(QIFB(n), 0) gradually decreases with the increase in the number

of controllers. Correspondingly, the actual L2-gain also gradually decreases. It should be

emphasized here that the gradual improvement of the L2-gain of the model set cannot

be shown by the previous works such as those employing the passivity index [36, 37, 51]

because Ki /∈ P(0, ri) holds and the index for Ki is zero.

ii) We further demonstrate the merit of the choice of irreducible Q. Let us focus on

the �nal step of the controller connection, i.e., n = NR = 6. Then, the control sys-

tem ΣIFB(NR) is represented by the feedback system composed of Σ and a decentralized

controller K, which is described as

K : v =

∑
i∈VR

Ei ⊗ (kPi +
kIi
s
)

 y.
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Figure 3.6: Maximum singular values of S(jω) and SIFB(n, jω) with n = 1, 3, , 6, which

are represented by the solid lines. In addition, the dashed lines represent the performance

indices to evaluate the L2-gains of P(Q, 0) and P(QIFB(n), 0) with n = 1, 3, 6.

This fact enables the previous works [36,37,51], in which passivity is characterized by scalar

parameters, to also derive the performance index to evaluate the L2-gain of P(QIFB(NR), 0).

This is because K ∈ P(0, r) holds for r = min{r1, r2, . . . rNR
}. In this experiment, we

show that the proposed analysis provides a more accurate evaluation than the previ-

ous works. To this end, we compare the performance index to evaluate the L2-gain of

P(QIFB(NR), 0) in the following two types of system description: Type 1) Σ ∈ P(Q, 0) for

the irreducible Q and K ∈ P(0,
∑

i 2kPiEi), and Type 2) Σ ∈ P(qINR
, 0) for q = λ(Q) and

K ∈ P(0, r) for r = 2min{kP1 , kP2 , . . . kPNR
}. Figure 3.7 shows the maximum singular val-

ues of SIFB(NR, jω) and the performance index to evaluate the L2-gain of the model set in

the two types. From the �gure, we see that the the performance index to evaluate L2-gain

in Type 1 provides a more accurate evaluation than that in Type 2. We conclude that the

model-set description of Σ with the irreducible Q contributes to the accurate evaluation.

3.6 Summary of Chapter

In this chapter, the problem of the performance improvement was addressed for the feed-

back connection composed of two passive subsystems. In the problem, each subsystem

was described by the model set that is characterized by two matrix parameters, as re-

ferred to as (Q,R)-passivity. We derived conditions on the parameters in the model sets
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Figure 3.7: Comparison of the performance evaluation of the control system at �nal step

of controller connection in two types. The actual maximum singular value of the control

system is represented by the black chain line. In addition, the performance index to

evaluate the L2-gains of P(QIFB(NR), 0) in Type 1 and 2 are represented by the blue

dotted and red dotted lines, respectively. From the �gure, we see that the performance

index to evaluate the L2-gain in Type 1 provides a more accurate evaluation than that in

Type 2.

describing subsystems to achieve the performance improvement; the L2-gain of the model

set describing the feedback system is strictly reduced as compared to that describing the

disconnected subsystem. The main contribution of this chapter is to formulate the per-

formance improvement problem and provide a solution to the problem, which is stated in

Theorem 1. Furthermore, the performance improvement analysis of the feedback system

was extended to those of an iterative feedback system, which expresses a simpli�ed class of

an evolving system. Then, a condition or port selection for the baseline system to achieve

the gradual performance improvement was derived. Using the model-set-based analysis,

we demonstrated the frequency control performance analysis of the power system.
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Chapter 4

Disturbance Sensitivity Analysis of

Evolving Network Systems from

Viewpoint of Network Structure

4.1 Introduction

In this chapter, we address the performance improvement problem of the homogeneous

network system composed of identical clusters, each of which involves multiple nodes. The

dynamics of each node is described by a dynamical system with a single integrater, which

can express a general system including, e.g., a single integrator and a second-order oscillator

employed in [5�12], as special cases. In particular, we give attention to external and internal

network structure: the network structure among clusters and the network structure among

nodes inside each cluster. The sensitivity of the network system to disturbances is analyzed

from the viewpoints of the sparsity of external and internal networks as well as the increase

of the number of nodes that represents the evolution of the network system. In this chapter,

the disturbance sensitivity is evaluated by the H∞-norm of the overall network system in

which input and output ports are assigned at the interconnection links among clusters.

The main contributions in this chapter are twofold. First, we numerically �nd that, as the

number of nodes increases, the disturbance sensitivity of the network system tends to be

reduced if the external network structure is sparse and the internal network structure is

dense. Second, to support the �nding observed from the numerical experiment, we further

con�ne our attention to a network involving clusters each of which has identical nodes.

Then, we theoretically prove that, in the limit of su�ciently large number of nodes, the

minimum disturbance sensitivity level, evaluated by the maximum eigenvalue associated
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with the external network, is achieved if the internal network is the complete graph.

The remainder of this chapter is organized as follows. Section 4.2 presents the system

description of homogeneous network systems. In Section 4.3, we conduct a numerical ex-

periment to analyze the disturbance sensitivity of the homogeneous network system. To

support the numerical analysis in Section 4.3, Section 4.4 provides a theoretical contribu-

tion. Finally, Section 3.6 concludes this chapter.

4.2 System Description

As illustrated in Fig. 4.1(a), we consider a homogeneous network system composed of N

clusters. Each cluster Gi, i ∈ {1, 2, . . . , N} is described as a sub-network system involving

n nodes, the jth node of which is described as a cascade system composed of an SISO

dynamical system gj and a single integrator. Let gj(s), j ∈ {1, 2, . . . , n} be the transfer

function of gj and its state-space representation is given by

gj(s) =

 Aj Bj

Cj Dj

 , (4.1)

where Aj ∈ Rm×m, Bj ∈ Rm×1, Cj ∈ R1×m, Dj ∈ R are the coe�cient matrices and m is

the model order of gj . In this chapter, gj(s) is assumed to be stable and the steady-state

gain of gj(s) is assumed to be nonzero, i.e., −CjA
−1
j Bj +Dj ̸= 0 holds. In addition, the

pairs of (Aj , Bj) and (Aj , Cj) are assumed to be controllable and observable, respectively.

We de�ne the input and output of the jth node as γj ∈ R and ηj ∈ R, respectively; see
Fig. 4.1(a). Then, the dynamics of the jth node is described by

ηj =
gj(s)

s
γj . (4.2)

In the following, we explain the reason why the dynamics of the jth node is described by

(4.1). This is motivated by the fact that, in both cases of �rst- and second-order consensus

network systems, the interconnection signal among nodes (agents) is given as the integrated

signal of the output from each node. In fact, when we choose gj as a static system or a �rst-

order system, each node indeed describes a single integrator or a second-order oscillator,

respectively. From this viewpoint, (4.2) can be regarded as a general description that

involves the �rst- and second-order consensus network systems as special cases.

A part of contents and �gures in this chapter cite from the following reference: c⃝2020 IEEE. Reprinted,

with permission, from "Disturbance sensitivity analysis of evolving network systems from viewpoint of

network structure, in Proceedings of IEEE 58th Conference on Decision on Control, 2019, accepted”
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(a)

(b)

Cluster Boundary node

jth node

(b-i)

Figure 4.1: (a) An example of homogeneous network system. In the homogeneous network

system, identical clusters are interconnected via the external network, the graph Laplacian

matrix of which is given by Lex. In each cluster, nodes being not necessarily identical are

interconnected via the internal network, the graph Laplacian matrix of which is given by

Lin. Then, each node is described by a dynamical system with a single integrator. In

the homogeneous network system, input and output ports are assigned at interconnection

links among boundary nodes, i.e., nodes connected to nodes in the other clusters. (b) Block

diagram of the overall network system as illustrated in sub�gure (a). (b-i) Block diagram

of the ith cluster Gi.
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For simplicity of analysis, we assume that only the one node inside the ith cluster

is interconnected with the other clusters. The interconnection node is referred to as a

boundary node. Without loss of generality, we can assign the boundary node at the �rst

node. Let ui ∈ R and yi ∈ R be the input and output of the ith cluster. Then, the

interconnection among nodes in (4.2) is given by

γ = e1ui − Linη, yi = e⊤1 η, (4.3)

where Lin ∈ Rn×n is the graph Laplacian matrix representing the internal network structure

of Gi and e1 ∈ Rn is the unit vector whose the only �rst entry is one, while the others are

zero. In addition, γ ∈ Rn and η ∈ Rn are described as

γ := col(γ1, γ2, . . . , γn), η := col(η1, η2, . . . , ηn);

see Fig. 4.1(b-i). Note that

diag(gj(s))

s
=


A B 0

0 0 In

C D 0

 , (4.4)

where A = diag(Aj), B = diag(Bj), C = diag(Cj), and D = diag(Dj). Then, from (4.3)

and (4.4), the dynamics of Gi in Fig. 4.1(b-i) is described by

Gi :

ẋi = Exi + Fui,

yi = Hxi,
(4.5)

where xi ∈ Rn(m+1) denotes the state of the ith cluster and the coe�cient matrices E, F ,

and H are given by

E =

 A B

−LinC −LinD

 , F =

 0

e1

 , H = e⊤1

[
C D

]
.

Letting w ∈ RN and z ∈ RN be the disturbance input and evaluation output of an

ovarall network system. Then, the interconnection among clusters is described by

u = Lex(w − y), z = u, (4.6)

where Lex ∈ RN×N is the graph Laplacian matrix representing the external network struc-

ture and u ∈ RN and y ∈ RN are given by

u := col(u1, u2, . . . , uN ), y := col(y1, y2, . . . , yN ).
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In this chapter, the disturbance input w is assumed to be additively injected at the output

of boundary nodes in all clusters. In addition, the evaluation output z is assigned to

the input of boundary nodes inside all clusters. A practical meaning of this choice of

disturbance input and evaluation output ports is explained by an example of a power

system composed of multiple generators. The power system can be basically described by

the second-order consensus network system [56]. Then, w corresponds to the fault on the

transmission lines among generators. In addition, z corresponds to the assessment of an

e�ect on the propagation to the dynamics of all generators. Furthremore, the disturbance

analysis of disturbance input and evaluation output ports given by (4.6) also plays an

important role to the network control based on the retro�t control, see e.g., [39, 40].

We construct an overall network system by interconnecting N clusters Gi in (4.5) via

the external network (4.6). Then, the overall network system is denoted by GNW(n) and

its input and output is w and z, respectively. In the network system, the number of nodes

inside each cluster Gi is explicitly signed. The dynamics of GNW(n) is described by

GNW(n) :

ẋ = Ax+ Bw,

z = Cx+Dw,
(4.7)

where x := col(x1, x2, . . . , xN ) and

A = {IN ⊗ E − (Lex ⊗ FH)} , B = (Lex ⊗ F ),

C = −(Lex ⊗H), D = Lex.

For simplicity of discussion, throughout this chapter, we give the following assumption.

Assumption 1. The network system GNW(n) is L2-stable for all n ∈ {1, 2, . . .}.

It should be noted that if gj in (4.1) is output-strictly passive [22, 23, 53], Assumption

1 holds.

Proposition 4. Suppose that gj in (4.1) is output-strictly passive, i.e., there exists δ > 0

such that

gj(jω) + g∗j (jω) ≥ δ|gj(jω)|2 (4.8)

for all ω ∈ R. Then, GNW(n) is L2-stable for all n ∈ {1, 2, . . .}.
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4.2. System Description

(b-i)

Figure 4.2: Equivalent block diagram of Fig. 4.1(b-i).

Proof. We �rst transform the block diagram of the overall network system GNW(n) in

Fig. 4.1(b). The block diagram of each cluster Gi in Fig. 4.1(b-i) is transformed into that

in Fig. 4.2. In Fig. 4.2, let G̃i be de�ned as a feedback system composed of diag(gj(s))

and Lin/s. Then, the block diagram of GNW(n) in Fig. 4.1(b) can be transformed into the

upper block diagram in Fig. 4.3. Using the matrix inversion lemma [59], we have

GNW(n, s) = Lex

(
I +

diag(G̃i(s))

s
Lex

)−1

= Lex − Lexdiag(G̃i(s))
Lex

s

(
I + diag(G̃i(s))

Lex

s

)−1

= Lex − Lex

(
I + diag(G̃i(s))

Lex

s

)−1

diag(G̃i(s))
Lex

s

:= Lex − LexGFB1(s)
Lex

s
.

This implies that the block diagram of GNW(n) in Fig. 4.1(b) can be further transformed

into the lower block diagram in Fig. 4.3. Let GFB2 be de�ned as the system with the input

w and output ẑ in the lower block diagram in Fig. 4.3. In the following, we show that

GFB2 is L2-stable for all n.

Suppose that gj , j ∈ {1, 2, . . . , n} is output-strictly passive. Since Lex/s is passive, from

the passivity theorem [22,23], G̃i is L2-stable and output-strictly passive. Accordingly, we

show that GFB1 is L2-stable for all n. Let us consider a minimal realization of diag(G̃i(s))
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(b)

Figure 4.3: Equivalent block diagram of Fig. 4.1(b).
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given by

diag(G̃i(s)) =

 Ẽ F̃

H̃ D̃

 ,

where Ẽ, F̃ , H̃, and D̃ are coe�cient matrices with appropriate dimensions. Then, GFB1(s)

can be described by

GFB1(s) =


Ẽ −F̃Lex F̃

H̃ −D̃Lex D̃

H̃ −D̃Lex D̃

 .

It follows that

GFB2(s) = LexGFB1(s)
Lex

s
=

 E F

H 0

 ,

where

E =


Ẽ −F̃Lex F̃Lex

H̃ −D̃Lex D̃Lex

0 0 0

 , F =


0

0

I

 ,H =

[
LexH̃ −LexD̃Lex LexD̃Lex

]
.

Note that we have

Ker E =

{[
0 p q

]⊤
| Lex(p− q) = 0, p, q ∈ RN

}
,

which is equivalent to the eigenspace of E associated with the zero eigenvalue. Let O be the

observability matrix of the pair (E ,H). Then, it follows that Ker E is a subset of KerO,

which is equivalent to the unobservable subspace of GFB2. Since GFB1 is L2-stable, we

show that all modes associated with other than the zero eigenvalues of E is stable. This

fact shows that GFB2 is L2-stable for all n. Therefore, we show that GNW(n) is L2-stable

for all n. 2

As stated in Proposition 4, if the system gj in (4.1) is output-strictly passive, the

L2-stability of GNW(n) is always guaranteed independently of the number of nodes, i.e.,
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Assumption 1 holds. Let us consider the case where gj is given by a static system and

a �rst-order system. Then, each node in (4.2) corresponds to a single integrator and a

second-order oscillator, respectively. Note that both static system and �rst-order system

are output-strictly passive. We see that a single integrator and a second-order oscillator is

a special class of a cascade system composed of a single integrator and an output-strictly

passive system.

In the following, we numerically and theoretically analyze the H∞-norm of GNW(n)

regarding n as a parameter. In particular, from the viewpoint of the sparsity of the network,

we �nd the external and internal network structures such that the H∞-norm of GNW(n)

decreases. These analyses are the main contributions of this chapter.

4.3 Numerical Analysis: Relation between Disturbance Sen-

sitivity and Sparsity of Network

In this section, numerical experiments are demonstrated in order to analyze the distur-

bance sensitivity of the homogeneous network system GNW(n) in (4.7). The aim of this

experiment is to observe the H∞-norm of GNW(n) from the following viewpoints: 1) the

H∞-norm of GNW(n) as the number of nodes inside each cluster increases, 2) the relation

between the H∞-norm of GNW(n) and the sparsity of the internal and external networks.

To demonstrate the experiment, we consider the network system GNW(n) composed

of 5 clusters, i.e, N = 5. In each cluster, the model order m was randomly selected

from {1, 2, 3}. As stated in Proposition 4, Assumption 1 holds if gj is output-strictly pas-

sive. On the basis of this fact, the model parameters Aj , Bj , Cj , and Dj were randomly

determined such that gj is output-strictly passive, which can be evaluated by, e.g., the

Kalman-Yakubovich-Popov (KYP) lemma [60]. The internal and external network struc-

tures were assigned to the complete and path graph. This implies that there can be four

combinations in the selection of the internal and external networks.

Figure 4.5 illustrates the value of n for each network pattern in Fig. 4.4 versus the

H∞-norm of GNW(n). In Fig. 4.5, we �rst focus on the results of Patterns 1 and 2. The

di�erence between Patterns 1 and 2 is just the internal network structure. As shown in

Fig. 4.5, we see that in the case of Pattern 1, the H∞-norm of GNW(n) decreases with the

increase of the value of n. On the other hand, in the case of Pattern 2, the H∞-norm of

GNW(n) is invariant if n is greater than 2. This implies that if the internal network is given

by the complete graph corresponding to the densest structure, the increase of the number

of nodes inside each cluster plays an important role to reduce the disturbance sensitivity

of GNW(n).
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()

Pa�ern 1 (       : complete,         : path)

Pa�ern 2 (        : path,         : path)

Pa�ern 3 (        : complete,         : complete)

Pa�ern 4 (        : path,         : complete)

Figure 4.4: Overview of each node evolution for the homogeneous network system with

N = 5 in four network structure patterns.
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1 2 4 8 12 16 20
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Figure 4.5: H∞-norm of GNW(n) versus the value of n in each pattern illustrated in Fig. 4.4

Next, we focus on the results of Patterns 1 and 3. The di�erence between Patterns 1

and 3 is just the external network structure. As shown in Fig. 4.5, we see that in the cases

of both Patterns 1 and 3, the H∞-norm of GNW(n) decreases as the value of n increases,

while the H∞-norm of GNW(n) in the case of Pattern 1 is smaller than that in the case

of Pattern 3. This result suggests that the sparse external network structure contributes

to reducing the disturbance sensitivity of GNW(n). These observations conclude that the

disturbance sensitivity of GNW(n) tends to be reduced if the internal and external network

structure are dense and sparse, respectively.

4.4 Main Result: Disturbance Sensitivity Analysis of Homo-

geneous Network systems

In this subsection, in order to theoretically support the �nding observed from the ex-

periment in Section 4.3, we analyze the disturbance sensitivity of homogeneous network

systems in the limit of su�ciently large number of nodes. Then, we show that the mini-

mum disturbance sensitivity level, evaluated by the maximum eigenvalue associated with

the external network, is achieved if the internal network structure is given by the complete

graph.

As a preliminary of the analysis, we consider decomposing the dynamics of the network

system GNW(n) into disjoint multi-dimensional modes. Let GNW(n, s) be the transfer
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matrix of GNW(n). The, we have

GNW(n, s) = C(sI(m+1)nN −A)−1B +D.

Let us de�ne an unitary matrix U such that U⊤LexU = Λ holds where Λ := diag(λ1, λ2, . . . , λN )

with the eigenvalues λi of Lex. Then, it follows that

GNW(n, s) = U

 IN ⊗ E − Λ⊗ FH Λ⊗ F

−(Λ⊗H) Λ

U⊤

:= Udiag(Σ1(n, s), . . . ,ΣN (n, s))U⊤,

where Σi(n, s), i ∈ {1, 2, . . . , N} is given by

Σi(n, s) =

 E − λiFH λiF

−λiH λi

 . (4.9)

It should be noted that, if E has one zero eigenvalue, the steady-state gain of Σi(n, s) in

(4.9) turns out to be zero as shown in the following lemma. The proof of this lemma is

heavily related to the existence of the zero eigenvalue of E.

Lemma 5. For any λi ∈ C and n ∈ {1, 2, . . .}, Σi(n, s) in (4.9) satis�es

Σi(n, 0) = 0. (4.10)

Proof. In the following, we show that (4.10) holds for both cases of λi = 0 and λi ̸= 0.

First, we suppose that λi = 0 holds. Then, it is straightforwardly shown that (4.10) holds

because the coe�cient matrices in terms of input and output are zero.

Next, we show that, for any nonzero λi, (4.10) holds. Letting Π = Lin + λie1e
⊤
1 , we

have

E − λiFH =

 A B

−ΠC −ΠD

 .

Note that Π is nonsingular because KerLin and Im(e1e
⊤
1 ) are not orthogonal. Using the

fact that −CA−1B +D is nonsingular, we have A B

−ΠC −ΠD


−1

=

X1 A−1B(−CA−1B +D)−1Π−1

X2 −(−CA−1B +D)−1Π−1

 ,
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where X1 and X2 are some nonsingular matrices with appropriate dimensions. Then, the

steady-state gain of Σi(n, s) can be reduced to

Σi(n, 0) = λ2
iH(E − λiFH)−1F + λi

= λ2
i e

⊤
1

[
C D

] A B

−ΠC −ΠD


−1  0

e1

+ λi

= −λ2
i e

⊤
1 Π

−1e1 + λi.

In the following, we show that −λ2
i e

⊤
1 Π

−1e1 is equal to −λi. Note that rank(Π) =

rank(Lin) + 1 holds because the graph Laplacian matrix Lin has an eigenvector 1n corre-

sponding to the zero eigenvalue. This condition enables us to apply Fact 6.4.2 in [59] to

Π−1. Let

P = In − LinL†
in, P † = In − L†

inLin,

where L†
in is the generalized inverse of Lin. Noting that P⊤P = P and P †⊤P † = P † hold,

we have

Π−1 = (Lin + λie1e
⊤
1 )

−1

= L†
in −

L†
ine1e

⊤
1 P

e⊤1 Pe1
−

P †e1e
⊤
1 L

†
in

e⊤1 P
†e1

+ (1 + λie
⊤
1 Line1)

P †e1e
⊤
1 P

(λie⊤1 Pe1)(e⊤1 P
†e1)

.

This fact shows that −λ2
i e

⊤
1 Π

−1e1 = −λi holds. Then, we show that (4.10) holds. This

completes the proof of Lemma 5. 2

Lemma 5 shows that the steady-state gain of Σi(n, s) is completely zero. In connection

with the fact, we see that the steady-state gain of GNW(n, s) is also completely zero.

This implies that the network system completely suppresses an e�ect of the steady state

disturbance. In order to analyze the H∞-norm of GNW(n) in the limit of a su�ciently

large number of nodes, we provide the following lemma in terms of the eigenvalue and

eigenvector associated with complete graph.

Lemma 6. Suppose that Lin is the graph Laplacian matrix that represents the complete

graph, i.e., Lin = nIn − 1n1
⊤
n . Let ξj be the eigenvalue of Π = Lin + λie1e

⊤
1 . Then, for

any nonzero λi, the eigenvalue ξj satis�es

ξj ∈ {n+ µ(n), n, ε(n)}, (4.11)
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where µ(n) ∈ R and ε(n) ∈ R are constant values such that µ(n) + ε(n) = λi holds, and

the algebraic multiplicity of n+ µ(n) and ε(n) are 1 and that of n is n− 2. Furthermore,

let vε(n) be the eigenvector associated with ε(n). Then, it holds that

lim
n→∞

µ(n) = λi, lim
n→∞

ε(n) = 0, lim
n→∞

vε(n) =
1n√
n
. (4.12)

Proof. First, we show that (4.11) holds. Suppose that Lin = nIn − 1n1
⊤
n . Then, the

eigenvalues of Lin are classi�ed into n with the algebraic multiplicity n− 1 and 0 with the

algebraic multiplicity 1. In addition, the eigenspace of Lin associated with the eigenvalue n

is described by KerLin in which KerLin is equivalent to span(1n). Note that the eigenspace

of Π associated with the eigenvalue n is described by KerLin∩Ker e1e
⊤
1 . From De Morgan's

laws [55], we have

KerLin ∩Ker e1e
⊤
1 = KerLin ∪ Im e1e⊤1

= Im1n ∪ Im(e1e⊤1 )

⊆ Rn−2.

We see that the eigenvalue n of Π has the algebraic multiplicity n − 2. Since trace(Π) =

n(n − 1) + λi holds, the remaining two eigenvalues of Π are given by n + µ(n) and ε(n)

such that µ(n) + ε(n) = λi holds. Thus, we show that (4.11) holds.

Next, we show that (4.12) holds. Note that ε(n) is the perturbed eigenvalue corre-

sponding to the zero eigenvalue of Lin. Then, the Taylor series expansions of ε(n) and

vε(n) are given by

ε(n) = 0 +

[
dε(n)

dλi

∣∣∣∣
λi=0

]
λi +O(λ2

i ),

vε(n) =
1n√
n
+

[
dvε(n)

dλi

∣∣∣∣
λi=0

]
λi +O(λ2

i ).

On the basis of the proof of Proposition 10.3 in [61], the �rst derivatives are calculated as

dε(n)

dλi

∣∣∣∣
λi=0

=
1

n
,
dvε(n)

dλi

∣∣∣∣
λi=0

=

n−1∑
k=1

v⊤k e1e
⊤
1 1n

n
√
n

vk,

where vk is a basis of the eigenspace associated with the eigenvalue n of Lin and ∥vk∥ = 1

holds. Although the detailed derivation of more than 2nd-order terms of λi, denoted by

O(λ2
i ), are omitted in this thesis, O(λ2

i ) can be written by O(1/n2). It follows that

lim
n→∞

ε(n) = 0, lim
n→∞

vε(n) =
1n√
n
.
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Since µ(n) + ε(n) holds, we show that (4.12) holds. These completes the proof of Lemma

6 2

Lemma 6 provides some properties of eigenvalue and eigenvector of Π that represents

the perturbated complete graph. In particular, it provides eigenvalue and eigenvector of Π

in the limit of su�ciently large number of n. As stated in Lemma 6, the eigenvalue of Π is

classi�ed into n+ µ(n), n, and ε(n). Then, it is shown that µ(n) goes to the perturbation

λi as n → ∞, while ε(n) goes to zero as n → ∞. This implies that one eigenvalue of Π

goes to zero as n → ∞, while the other eigenvalues go to in�nity as n → ∞. Furthermore,

the eigenvalue corresponding to ε goes to 1n/
√
n as n → ∞. This facts plays an important

role to analyze the the H∞-norm of GNW(n) in the limit of a su�ciently large number of

nodes. On the basis of Lemmas 5 and 6, we provide the H∞-norm of GNW(n) as n → ∞.

Theorem 4. Let Assumption 1 hold. In addition, suppose that Aj = Ā, Bj = B̄, Cj = C̄,

and Dj = D̄ in (4.1) hold for some Ā, B̄, C̄, and D̄, and Lin = nIn − 1n1
⊤
n . Then, for

any Ā, B̄, C̄, and D̄, we have

lim
n→∞

∥GNW(n)∥∞ = λ̄(Lex). (4.13)

Proof. Suppose that Aj = Ā, Bj = B̄, Cj = C̄, Dj = D̄ hold for some Ā, B̄, C̄, and D̄. In

connection with the fact, it is shown that A = In ⊗ Ā, B = In ⊗ B̄, C = In ⊗ C̄, and D =

In⊗D̄ hold. As a preliminary of the proof of Theorem 4, let us decompose the dynamics of

Σi(n, s) in (4.9) into disjoint modes in a similar manner to the derivation of Σi(n, s). We

de�ne V as an unitary matrix such that V ⊤ΠV = Ξ holds where Ξ = diag(ξ1, ξ2, . . . , ξn)

with the eigenvalue of ξj . Then, it is shown that

V ⊤ ⊗ Im 0

0 V ⊤

 (E − λiFH)

V ⊗ Im 0

0 V

 =

 In ⊗ Ā In ⊗ B̄

−Ξ⊗ C̄ Ξ⊗ D̄

 .

On the basis of this fact, we obtain Σi(n, s) as

Σi(n, s) = −λ2
iH(sI(m+1)n − E + λiFH)−1F + λi

= −λ2
i e

⊤
1 V diag(σ(s, ξ1), . . . , σ(s, ξn))V

⊤e1 + λi, (4.14)
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where a state space realization of σ(s, ξj) is given by

σ(s, ξj) =


Ā B̄ 0

−ξjC̄ −ξjD̄ 1

C̄ D̄ 0

 .

The above mode decomposition shows that (4.13) holds. Let us consider that the realization

of gj(s) in (4.1) is given by the controllable canonical form, i.e., Ā, B̄, and C̄ are given by

Ā =



0 1 · · · 0

...
...

. . .
...

0 0 · · · 1

−α0 −α1 · · · −αm−1


, B̄ =



0

...

0

1


, C̄ =

[
β0 β1 · · · βm−1

]
,

where αk, k ∈ {1, 2, . . . ,m− 1} and βk, k ∈ {1, 2, . . . ,m− 1} are the model parameters of

gj(s). Then, σ(s, ξj) can be written as

σ(s, ξj) =
f(s)

h(s, ξj)
,

where f(s) and h(s, ξj) are given by

f(s) := D̄sm + (βm−1 + αm−1D̄)sm−1 + · · ·+ (β1 + α1D̄)s+ β0 + α0D̄ (4.15)

h(s, ξj) := sm+1 + (αm−1 + ξjD̄)sm + (αm−2 + ξjβm−1 + ξjαm−1D̄)sm−1 + · · ·

+ (α0 + ξjβ1 + ξjα1D̄)s+ ξjβ0 + ξjα0D̄. (4.16)

Suppose that Lin = nIn − 1n1
⊤
n holds. This implies that the internal network structure of

each node is given by the complete graph. Recall that Π = Lin + λie1e
⊤
1 . Then, as stated

in Lemma 6, the eigenvalues of Π satisfy ξj ∈ {n+µ(n), n, ε(n)} such that µ(n)+ε(n) = λi

holds where the algebraic multiplicity of n + µ(n) and ε(n) are 1 and that of n is n − 2.

In addition, the limits of µ(n) and ε(n) are given by

lim
n→∞

µ(n) = λi, lim
n→∞

ε(n) = 0.

This implies that one eigenvalue of Π goes to zero as n → ∞, while the other eigenvalues

go to in�nity as n → ∞. Accordingly, we see that, in Σi(n, s), the high frequency modes

corresponding to the eigenvalues n and n+µ(n) decay, while only the low frequency mode
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corresponding to the eigenvalue ε(n) remains as n → ∞. Furthermore, as stated in Lemma

6, the eigenvector corresponding to ε(n) goes to 1n/
√
n as n → ∞. Since Σi(n, s) is given

by the linear combination of σj(s), Σi(n, s) as n → ∞ can be reduced to

lim
n→∞

Σi(n, s) = lim
n→∞

λi

n
σ(s, ε(n)) = lim

n→∞
− λ2

i f(s)

nh(s, ε(n))
+ λi, (4.17)

where f(s) and h(s) are given by (4.15) and (4.16). Note that, as shown in Lemma 5, for

any λi ∈ C, Σi(n, 0) = 0 holds. Then, if n → ∞ Σi(n, s), it holds that

lim
n→∞

Σi(n, 0) = lim
n→∞

λi

(
1− λi

nε(n)

)
= 0.

This implies that nε(n) must go to λi as n → ∞ if Σi(n, 0) = 0 holds. On the basis of this

fact, we have

lim
n→∞

Σi(n, s) =

λi, s ̸= 0

0, s = 0.
(4.18)

Noting that UΛU⊤ = Lex holds, it is shown that (4.13) holds. This completes the proof

of Theorem 4. 2

Theorem 4 shows the fact on the external and internal network structures that the

disturbance sensitivity of GNW(n), in which each cluster has identical node, is reduced.

This is our theoretical contribution. In the following, we remark that the value of λ̄(Lex)

corresponds to the minimum disturbance sensitivity level of GNW(n). This is because the

network system GNW(n) with any internal and external networks satis�es

∥GNW(n)∥∞ ≥ λ̄(Lex) (4.19)

for all n ∈ {1, 2, . . .}. The inequality (4.19) is derived because for any internal and external

networks GNW(n, s) satis�es

lim
s→∞

GNW(n, s) = Lex

for all n. Suppose that Lin = nIn − 1n1
⊤
n holds; in other words the internal network

structure in all clusters are given by the complete graph corresponding to the densest

internal network structure. As stated in Theorem 4, as the value of n becomes su�ciently

large, the H∞-norm of GNW(n) can be guaranteed to converge to λ̄(Lex). Noting that

λ̄(Lex) is equivalent to the lower bound in (4.19), it is shown that in the limit of su�ciently

large number of nodes, the minimum disturbance sensitivity level is acquired in the network
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system GNW(n) if the internal network structure is the densest. Furthermore, it should

be emphasized here that if the external network structure is sparser, the value of λ̄(Lex)

tends to be smaller. This implies that the sparsity of the external network contributes to

reduce the disturbance sensitivity of GNW(n) as n → ∞.

Theorem 4 is actually compatible with the numerical experiment shown in Fig. 4.5.

Let us focus on Patterns 1 and 3 in which the internal network structure is given by the

complete graph. Although the analysis of the network system involving identical nodes is

provided by Theorem 4, we see that the H∞-norm of GNW(n) in both patterns tends to

converge to λ̄(Lex) with the increase of the value of n. Through the numerical experiment

in Section 4.3 and the theoretical result in this section, we conclude that the sparse external

network and the dense internal network play an important role to reduce the disturbance

sensitivity of the evolving network system.

4.5 Chapter Summary

This chapter addressed the disturbance sensitivity analysis of the homogeneous network

systems, where identical clusters of nodes being not necessarily identical are interconnected.

In particular, we described each node as a dynamical system with a single integrator,

which can express a general system including, e.g., a single integrator and a second-order

oscillator. In this analysis, we focused on external and internal network structures: the

network structure among clusters and the network structure among nodes inside each

cluster. Then, the disturbance sensitivity of the overall network system, in which input and

output ports are assigned at interconnection links among boundary nodes, was analyzed

from viewpoint of the sparsity of the external and internal networks as well as the number of

nodes. First, we numerically demonstrated that, as the number of nodes increases, theH∞-

norm of the network system tends to decrease if the external network structure is sparse and

the internal network structure is dense. Furthermore, to support this �nding, we assumed

that all nodes inside each cluster are identical. Then, we have theoretically proven that in

the limit of su�ciently large number of nodes, the minimum disturbance sensitivity level,

evaluated by the maximum eigenvalue associated with the external network, is achieved if

the internal network is the complete graph.
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Chapter 5

Conclusion

5.1 Summary of Results

This thesis summarized the line of work on the performance analysis of the evolving dy-

namical network system toward the establishment of its design strategy. Summaries in

individual chapters are given as follows:

First, in Chapter 2, the localizability index is proposed for the feedback system to which

the retro�t controller is implemented. The localizability index was de�ned as theH∞-norm

of the error system between the control system with and without the environment. The

proposed index measured how much the control performance of the local system is kept

invariant with respect to the variation of the environment. Then, it was shown that the

estimation of the localizability index requires only the model parameters of the local system

in the sense of the upper bound. By using an example of PV-integrated power systems,

the retro�t controller placement problem was analyzed from the proposed localizability

index. In Chapter 3 and 4, the performance improvement problem for the evolving network

system was addressed. In Chapter 3, we considered the feedback system composed of

two passive subsystems that is characterized by two matrix parameters, as referred to as

(Q,R)-passivity. In particular, we derived conditions on the parameters in the model sets

describing subsystems to achieve the performance improvement; the L2-gain of the model

set describing the feedback system is strictly less than that describing the disconnected

subsystem. Furthermore, the performance improvement analysis of the feedback system

was extended to those of an iterative feedback system, which is constructed by repetitive

feedback connection of multiple subsystems with a decentralized structure. Then, we

derived a condition or port selection in the baseline system such that the performance

improvement is achieved. Finally, the frequency control performance analysis of the power
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system was illustrated based on the model-set-based analysis, in particular, the viewpoint

of the port-Hamiltonian systems. Chapter 4 addressed the disturbance sensitivity analysis

of the homogeneous network systems, which is composed of identical clusters of nodes

being not necessarily identical are interconnected. In particular, each node description was

employed as a cascade system composed of dynamical component and a single integrator.

This description was general in the sense of expressing a single integrator and a second-

order oscillator. First, it was numerically shown, as the number of nodes increases, the

disturbance sensitivity of the network system, evaluated byH∞-norm, tends to reduce if the

external and internal network structures are sparse and dense, respectively. Furthermore,

we assumed that all nodes inside each cluster are identical. Then, we have proven that

the internal network contributes to achieve the minimum disturbance sensitivity level,

evaluated by the maximum eigenvalue associated with the external network, in the limit

of su�ciently large number of nodes.

5.2 Future Works

In Chapter 2, the model of the environment in the network system is not assumed to

be available for the estimation of the localizability. However, under the assumption of

obtaining the interconnection signal from the environment, the model of the environment

can be identi�ed by using some closed-loop identi�cation techniques. On possible way to

reduce the conservativeness in the evaluation is that the identi�ed environment model is

utilized for the estimation of the localizability. In addition, the performance improvement

problem for the homogeneous network system addressed in Chapter 4 will be extended to

that for heterogeneous network systems. In particular, the idea of the model-based-analysis

addressed in Chapter 3 will be integrated into the discussion in Chapter 4. Finally, a design

strategy will be developed for evolving network systems based on the analysis in this thesis.
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