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Abstract 21 

Physical modeling has been widely used to simulate geotechnical earthquake engineering-related 22 

problems and to validate finite element numerical models. In both cases, the model ground is 23 

usually considered to have uniform soil properties. However, the model ground is prone to spatial 24 

nonuniformity and may affect engineering judgment based on physical modeling. This paper 25 

presents a reliability assessment of the physical modeling of liquefaction-induced effects on 26 

shallow foundations considering the spatial variability in the centrifuge model. Two-dimensional 27 

(2D) finite element simulations with the PM4Sand (version 3.1) elastoplastic soil constitutive 28 

model are performed for a sufficient number of stochastic realizations. The nonuniformity in the 29 

centrifuge model is implemented with stochastic realizations of the overburden and energy-30 

corrected, equivalent clean sand, SPT (N1)60cs values using a spatially correlated Gaussian random 31 

field. The reliability of the centrifuge model test is assessed based on the stochastic average 32 

settlement and tilt of the foundation-structure system. The implications of the nonuniformity in the 33 

centrifuge model on the liquefaction extent of the ground and spectral displacement of the 34 

foundation are also investigated. 35 

Keywords 36 

Centrifuge model; spatial nonuniformity; stochastic analyses, liquefaction, shallow foundation 37 
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1. Introduction 39 

Liquefaction has caused severe damage to environments built on shallow foundations, such as 40 

settlement, tilting, and sinking, all over the world during many past earthquakes. Numerous 41 

instances of bearing capacity failure of shallow foundations due to liquefaction were observed in 42 

the 1964 Niigata and 1990 Luzon (Philippines) earthquakes. Most of the damaged buildings were 43 

two to four stories built on shallow foundations with relatively thick and uniform deposits of clean 44 

sand (Liu and Dobry, 1997; Olarte et al., 2017). Surprisingly, many of the damaged structures were 45 

influenced by the liquefaction of thin deposits of silt and silty sand (Bray et al., 2000; Bird and 46 

Bommer, 2004) in the 1999 Kocaeli (Turkey) earthquake. Many researchers (Bhattacharya et al., 47 

2011; Tokimatsu and Katsumata, 2012; Yamaguchi et al., 2012) have also elaborated on the role of 48 

liquefaction in the severe damage of buildings, specifically in the reclaimed land off the Pacific 49 

coast during the 2011Tohoku Earthquake. 50 

Dynamic centrifuge modeling has been widely used to understand the liquefaction–induced 51 

effects on shallow foundations resting on presumably uniform deposits of saturated, loose to dense, 52 

and clean sand (Yoshimi and Tokimatsu 1977; Liu and Dobry 1997; Dashti et al., 2009; Olarte et 53 

al., 2017; Kumar et al., 2019a). Several researchers have used dynamic centrifuge model test results 54 

to validate their soil constitutive models and finite element numerical models (Popescu and Prevost, 55 

1993; Byrne et al., 2004; Elgamal et al., 2005; Rayhani and El Naggar, 2008; Montgomery and 56 

Boulanger, 2016; Macedo and Bray, 2018). 57 
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Usually, the predicted behavior of shallow foundations resting on the liquefiable ground using 58 

the centrifuge model test and the validation of numerical models are based on the assumption that 59 

the model ground has uniform soil properties. However, the centrifuge model ground is prone to 60 

spatial nonuniformity even though the model ground is intended to be uniformly reconstituted 61 

under gravity conditions (Schofield, 1980; Zhang et al., 2008). The nonuniformity in the centrifuge 62 

model is evaluated in model scale. However, units in the prototype scale are used in the presented 63 

paper to ensure consistency. Several researchers have attempted to obtain the soil's spatial 64 

nonuniformity in the centrifuge model ground. For example, Bolton et al. (1999) used an in-flight 65 

cone penetration test at 70g to obtain insight into the model's spatial nonuniformity. They reported 66 

that the nonuniformity in the model ground (in terms of tip resistance, void ratio, and normalized 67 

cone resistance) might vary with the coefficient of variation (COV) of 2-15% with correlation 68 

length as low as 0.2 m in the vertical direction under a controlled environment. The image 69 

processing technique was used by White et al. (2003) based on particle image velocimetry (PIV) 70 

and close-range photogrammetry. They found the COV of dry density in the range of 1-8%. A high-71 

resolution needle probe technique was adopted by Li et al. (2005) to trace the spatial nonuniformity 72 

in the centrifuge model ground. They observed the COV of porosity for loose sand and medium 73 

dense sand in the range of 1-4% and 1-6%, respectively. The random field approach (details can be 74 

found in Popescu and Prevost, 1995; Zhang et al., 2008) is adopted to estimate the COV and 75 

correlation lengths used in this study considering the random sampling error, effects of container 76 
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size, and invariability due to method of preparation of the model ground. The estimated COV and 77 

the correlation length in the vertical direction are found in the range of 1-6% and 0.5-1.0 m, 78 

respectively for the centrifuge experiments at 40g. The estimated correlation length in the 79 

horizontal direction is found in the range of 2-6 m. This also reflects the observation of Phoon and 80 

Kulhawy (1999) and Phoon and Ching (2014), which suggests that the correlation length in the 81 

horizontal direction is often within an order of magnitude (~ 10 times) larger than the correlation 82 

length in the vertical direction. Different combinations of COV and correlation lengths are 83 

considered to trace the average effects of nonuniformity in the centrifuge model, as recommended 84 

by Zhang et al. (2008). 85 

With the increasing use of centrifuge modeling for the performance prediction of shallow 86 

foundations and calibration of numerical models, it is essential to understand the reliability of 87 

centrifuge model tests. Reliability analyses provide a means of evaluating the combined effects of 88 

uncertainties in the parameters involved in the calculations, and they offer a useful supplement to 89 

traditional engineering judgment (Duncan, 2000). For a thorough understanding of risk and 90 

reliability analyses in geotechnical engineering, readers are suggested to read Christian et al. (1994) 91 

and Phoon and Ching (2014). In this paper, an attempt is made to evaluate the reliability of the 92 

physical modeling of liquefaction-induced effects on shallow foundations considering the spatial 93 

nonuniformity in the centrifuge model. The pouring rate and falling height of Toyoura sand and the 94 

pouring direction of the sand hopper are the primary sources of nonuniformity in the centrifuge 95 
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model. In addition, the size of the model container is limited and a nonuniform model ground along 96 

the container boundaries is inevitable. 97 

Centrifuge model test results are used to validate the numerical modeling scheme, which is 98 

carried out using the OpenSees (version 3.0.3) framework (Mazzoni et al., 2006) with the PM4Sand 99 

(version 3.1) elastoplastic soil constitutive model (Boulanger and Ziotopoulou, 2017; Chen et al., 100 

2020). Laboratory test results from Chiaro et al. (2012, 2013) are used to calibrate the parameters 101 

of the PM4Sand model. The nonuniformity in the centrifuge model is implemented with stochastic 102 

realizations of the overburden and energy-corrected, equivalent clean sand, SPT (N1)60cs values 103 

using a spatially correlated Gaussian random field (Griffiths and Fenton, 2008; Vanmarcke, 2010; 104 

Phoon and Ching, 2014). Two-dimensional finite element simulations are performed for a sufficient 105 

number of realizations to account for different combinations of spatial nonuniformity in the 106 

centrifuge model, as explained in the subsequent subsections.  107 

 108 

2. Physical model  109 

A dynamic centrifuge experiment is carried out to investigate the liquefaction-induced effects on 110 

shallow foundations resting on a level deposit of liquefiable Toyoura sand. The centrifuge model 111 

contains two shallow foundations and associated superstructures, namely, buffer tank (BT) and 112 

flare stack (FS), imposing average bearing pressures of 51.2 kPa and 71.2 kPa, respectively, at 0.8 113 

m below the surface of the model ground in the prototype scale, as shown in Fig. 1. Dynamic 114 



 

7 

 

centrifuge model test is carried out utilizing the Tokyo Tech Mark III centrifuge facility (Takemura 115 

et al., 1999) with a radius of 2.45 m, at a centrifugal acceleration of 40g (N = 40). The centrifuge 116 

model test simulates a prototype saturated soil deposit of a depth of 10 m, with a water table located 117 

1.8 m below the top surface. The model ground is prepared using Toyoura sand with a target relative 118 

density of 50% by the air pluviation method using a sand hopper with a nozzle outlet. The sand 119 

hopper is calibrated in terms of the falling height and pouring rate of the Toyoura sand before 120 

preparing the model ground. Multiple transducers (e.g., pore pressure transducers, accelerometers, 121 

laser displacement transducers, and potentiometers) are carefully placed at desirable locations 122 

during the model ground preparation. More details about the physical modeling of the liquefaction-123 

induced effects on the shallow foundation and the comprehensive interpretation of the centrifuge 124 

model test results can be obtained from Kumar et al. (2019b). 125 

 126 

3. Numerical model 127 

Initially, the numerical tool is validated against the centrifuge model test before performing a series 128 

of stochastic analyses to investigate the reliability of the physical modeling of liquefaction-induced 129 

effects on shallow foundations considering the spatial nonuniformity in the centrifuge model. Half 130 

of the centrifuge model configuration, i.e., the buffer tank and the associated foundation, is 131 

considered for the numerical simulations, as shown in Fig. 2. Numerical simulations are carried out 132 

with a 2D plane strain solid-fluid fully coupled analysis approach. Rayleigh damping of 1% at a 133 
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frequency of 1 Hz, corresponding to the first-mode of a typical nonlinear ground response, is used 134 

in the analyses.  135 

The model ground is modeled using quadrilateral u-p (quadUP) elements (Yang, 2000). The 136 

footing is modeled using quadrilateral (quad) elements. The bottom nodes of the model ground are 137 

kept fixed in both degrees of freedom. The displacement time series of the Tokachi-Oki ground 138 

motion (NS component of the recorded shaking at the Hachinohe Port in 1968) is imposed on the 139 

bottom nodes of the model ground during dynamic analyses using the multiple support excitation 140 

technique. The footing elements are connected to the model ground using the equal degrees of 141 

freedom (equalDOF) technique in OpenSees. The side nodes of the model ground are connected 142 

using equalDOF to ensure laminar behavior during the dynamic analyses. All the nodes above the 143 

water table are assigned a pore water pressure of zero. The efficacy of mesh size is ensured before 144 

performing the numerical analyses. The maximum size of the element at any depth is calculated to 145 

ensure the proper wave propagation with respect to the minimum wavelength corresponding to the 146 

small-strain shear wave velocity profile of the ground and the maximum frequency of the input 147 

ground motion after filtration (bandpass 0.10 Hz – 15 Hz) and baseline correction. The reduction 148 

in shear wave velocity due to soil-softening during liquefaction is accommodated with a factor of 149 

safety equal to five. In addition, the numerical results (average settlement and tilt of footing) for 150 

50% coarser and finer mesh (by length) do not show the significant change in the results 151 

corresponding to the adopted mesh. 152 
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The PM4Sand soil constitutive model is used to capture the dynamic behavior of the model 153 

ground during shaking. PM4Sand is a stress-ratio controlled, critical state compatible, bounding 154 

surface plasticity model developed for earthquake engineering applications (Boulanger and 155 

Ziotopoulou, 2017). This constitutive model requires the specification of three primary input 156 

parameters, all of which are dimensionless: the apparent relative density (DR), which controls the 157 

dilatancy and stress-strain response characteristics; the shear modulus coefficient (G0), which 158 

controls the small strain shear modulus; and the contraction rate parameter (hpo), which is used to 159 

adjust the contraction rate to achieve the target cyclic resistance ratio. The calibrated values of G0 160 

and hpo for the deterministic analysis (with uniform ground) with DR = 50% are 347.2 and 0.03, 161 

respectively. A detailed description of the secondary parameters and their default values can be 162 

obtained from Boulanger and Ziotopoulou (2017).  163 

The parameters of the PM4Sand Model are calibrated to achieve a single-amplitude shear strain 164 

of 3% during cyclic undrained simple shear loading with an initial static shear stress ratio of zero 165 

on a horizontal plane at a single element level within 14.5 - 15.5 cycles. It is to be noted that the 166 

model’s parameters are calibrated at a single element level, and the response is accepted at the 167 

system level. The primal reason for this is that the soil response change with the density which has 168 

to be properly modeled in the stochastic analyses. In addition, the parameters are calibrated to 169 

ensure that the model exhibits similar cyclic mobility, a similar accumulation rate of the shear strain, 170 

and similar small strain shear modulus at a single element level, as observed in the laboratory tests. 171 
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Laboratory test results from Chiaro et al. (2012, 2013) are considered for the dynamic behavior of 172 

saturated Toyoura sand with a relative density of 50% at a single element level for the generalized 173 

calibration of the PM4sand model’s parameters.  174 

Fig 3(a) shows a typical response of the calibrated PM4Sand Model for a cyclic stress ratio 175 

(CSR) = 0.178, DR = 50%, and σ'vc = 100 kPa during cyclic undrained simple shear loading with 176 

an initial static shear stress ratio of zero on a horizontal plane. The PM4Sand model exhibits the 177 

ability of shear strain accumulation commonly referred to as cyclic mobility, which is evident from 178 

the stress-strain behavior. The stress path is shown in Fig. 3(b). In the first cycle of loading, the 179 

vertical effective stress ratio quickly decreases to 80%. After the vertical effective stress ratio 180 

decreases to 40%, large shear strains are triggered (as shown in Fig. 3(a)), and the vertical effective 181 

stress ratio decreases to nearly zero within a few cycles. The numerically simulated cyclic response 182 

at the single element level is obtained after calibrating the parameters of the PM4Sand model to 183 

achieve a similar response as observed in the experiment in terms of the cyclic mobility, initial 184 

shear modulus, and accumulation rate of the shear strain. Fig 3(c) shows the CSR curves 185 

corresponding to single-amplitude shear strains of 3% with an initial static shear stress ratio of zero. 186 

It should be noted that each loading cycle is divided into four quarters. For instance, the 10, 10.25, 187 

10.50, and 10.75 cycles mean that the single-amplitude shear strain of 3% is achieved in the first, 188 

second, third, and fourth quarters of the 10th cycle, respectively, for a corresponding CSR. It is 189 

evident from Fig. 3(c) that the PM4Sand model can map the CSR behavior of Toyoura sand as 190 
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obtained in the experiment with good agreement.  191 

The ability of the numerical model is examined through the simulation of the liquefaction-192 

induced effects on a shallow foundation at the system level. The capabilities of the PM4Sand model 193 

for simulating the dynamic behavior of saturated liquefiable ground at the single element level have 194 

been validated using Fig. 3. Time histories of the measured pore pressure, acceleration, and 195 

displacement at several locations (as shown in Fig. 2) are compared with the respective numerically 196 

simulated time histories. Fig 4 shows the measured and simulated time histories of the excess pore 197 

pressure. It is evident that the PM4Sand model can map the overall trend of the excess pore pressure 198 

evolution at all locations except that the model exhibits a relatively slower rate of generation of the 199 

excess pore pressure in the early phase of shaking. Moreover, the PM4Sand model is also able to 200 

capture the maximum magnitude of the excess pore pressure with good agreement.  201 

Fig 5 shows the measured and simulated acceleration time histories along with the computed 202 

spectral acceleration ratio. The PM4Sand model shows the marginal attenuation in the acceleration 203 

time history at A3 in comparison with the trend observed in the centrifuge model test in the early 204 

phase of shaking (before 20 s). The seismic performance of the foundation-structure system on the 205 

liquefiable ground significantly depends on the low-frequency component of input shaking. The 206 

attenuation or amplification of input wave primarily governed by the liquefaction extent of the 207 

ground which is influenced by the nonuniformity in the centrifuge model. Although the numerical 208 

model shows the somewhat larger spectral acceleration ratio for the high-frequency content, the 209 
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Fourier amplitude of the input shaking in that frequency range is small from the beginning and the 210 

difference in the acceleration ratio for the high-frequency range has less impact on the settlement 211 

behavior of the structure for liquefaction-related problems. The spiky behavior in the later stage of 212 

shaking is caused by the soil dilation and re-stiffening mechanism of the stress-strain curve for the 213 

PM4Sand model. 214 

The simulated and measured displacement time histories of the footing are compared in Fig. 6. 215 

The simulated rate of the vertical displacement of the footing before 40 s is relatively large in 216 

comparison with the measured rate in the centrifuge model test. The settlement progression after 217 

shaking is evident for the case of the measured footing settlement, whereas the numerical model 218 

does not show such a tendency. The shear-induced settlement and the settlement caused by 219 

reconsolidation strains due to simultaneous partial drainage govern the overall evolution of the 220 

footing settlement and tilt measured in the centrifuge model test. However, the numerical model 221 

seems to overestimate the shear-induced settlement and significantly underestimate the settlement 222 

caused by reconsolidation. Several researchers have made similar observations, e.g., Taibet et al. 223 

(2007), Dashti and Bray (2013), and Karimi and Dashti (2015, 2016). The numerical models 224 

typically exhibit limitations in capturing the settlement caused by partial drainage and 225 

reconsolidation during and after shaking because of the characteristics of their constitutive 226 

formulations, as reported by Shahir et al. (2012), Boulanger and Ziotopoulou (2017), Karimi and 227 

Dashti (2016), and Adamidis and Madabhushi (2019). Overall, it can be said that the simulated 228 
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displacement time histories are comparable to the measured ones. In addition, the numerical model 229 

can capture the total settlement and the tilt of the footing at the end of the shaking, which is further 230 

used for the stochastic investigation, as discussed in subsequent sections. 231 

 232 

4. Stochastic model 233 

The nonuniform relative density within the centrifuge model ground is mapped using the 234 

overburden and energy-corrected, equivalent clean sand, SPT (N1)60cs values as suggested by 235 

Montgomery and Boulanger (2016). A series of two-dimensional stochastic dynamic analyses are 236 

performed considering the centrifuge model ground properties based on anisotropic, spatially 237 

correlated Gaussian random fields of (N1)60cs values. A Gaussian correlation function is used, and 238 

the random field is generated through LU decomposition of the covariance matrix as per 239 

Constantine and Wang (2012). The PM4Sand model has three primary input parameters (DR, G0, 240 

hpo), which can be calibrated (along with the secondary input parameters) per the randomly 241 

generated (N1)60cs values. For a given (N1)60cs value, the relative density (DR) and parameter G0 are 242 

computed as follows: 243 

Dୖ = ට
(୒ଵ)లబౙ౩

ସ଺
                                                             (1) 244 

G଴ = ቀ
ୋౣ౗౮

୔ఽ
ቁ ቀ

୔ఽ

୔ᇲ
ቁ

଴.ହ

                                                         (2) 245 

where Pᇱ = the mean effective stress and P୅ = the atmospheric pressure. The value of G୫ୟ୶  is 246 

computed using the correlation proposed by Andrus and Stokoe (2000) for a soil shear wave 247 
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velocity (Vୱ) with a slight modification (Montgomery and Boulanger, 2016) as follows: 248 

G୫ୟ୶ = ρ(Vୱ)ଶ                                                             (3) 249 

Vୱ = 85[(N1)଺଴ୡୱ + 2.5]଴.ଶହ ቀ
୔ᇲ

୔ఽ
ቁ

଴.ଶହ

                                           (4) 250 

where ρ is the mass density of the ground, which is assigned a uniform value of 1.92 ton/m3 in 251 

the present study. The whole model ground is assigned a uniform permeability value of 0.0002 m/s. 252 

More index properties of Toyoura sand can be obtained from Kumar et al. (2019b). The last primary 253 

input parameter (hpo) is calibrated to achieve a single-amplitude shear strain of 3% during cyclic 254 

undrained simple shear loading with an initial static shear stress ratio of zero on a horizontal plane 255 

at the single element level. The random field of (N1)60cs values with calibrated parameters of the 256 

PM4Sand model are implemented into the OpenSees numerical model with the help of MATLAB 257 

code. Eighteen different cases of nonuniformity in the centrifuge model are considered as tabulated 258 

in Table 1, and a total of forty realizations are generated for each of the cases. The number of 259 

realizations is determined based on the convergence of the mean and standard deviation of the 260 

average footing settlement and tilt. All the cases have a mean value of (N1)60cs = 12 (DR ~ 50%) 261 

with different combinations of nonuniformity in the centrifuge model. The tabulated coefficient of 262 

variation (COV) and scale of fluctuation (x and y) are considered according to Bolton et al. (1999), 263 

White et al. (2003), Li et al. (2005), and Zhang et al. (2008) as described in the introduction section. 264 

A typical spatial distribution of (N1)60cs values for COV = 6%, x = 2 m, and y = 1 m for 265 

mapping the nonuniformity in the centrifuge model is shown in Fig. 7. Fig 7(a) shows the contours 266 
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of the (N1)60cs values within the model ground for a typical realization. The cumulative probability 267 

distributions of all forty realizations are shown in Fig. 7(b). The values of (N1)60cs vary between 10 268 

and 14 for all realizations with different probabilities of occurrence. Fig 7(c) shows that the 269 

generated spatial distribution of the (N1)60cs values can be fitted with a Gaussian normal 270 

distribution with a specified mean () and standard deviation (). 271 

Fig 8 shows the typical variation of the mean and standard deviation of the average footing 272 

settlement ((LDT1+LDT2)/2) and tilt ((LDT1-LDT2)/W; W = 4.0 m, the width of the footing). The 273 

mean and standard deviation become stable within forty realizations, and hence, a reliable statistical 274 

interpretation of the stochastic data can be obtained from the series of nonlinear dynamic numerical 275 

simulations. It should be noted that the greater the number of realizations, the better the reliability 276 

of the statistical interpretation. However, the numerical computational expense should be taken into 277 

account when selecting the total number of realizations without compromising the stability of the 278 

mean and standard deviation of the primary stochastic outcomes (e.g., the average settlement and 279 

tilt of the footing presented in the paper). 280 

 281 

5. Results and discussion 282 

5.1 Average settlement and tilt of the footing 283 

Two–dimensional stochastic analysis results are presented and compared with the deterministic 284 

analysis results in the prototype scale. In the case of deterministic analysis, uniform model ground 285 
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is assumed with (N1)60cs = 12 (DR ~ 50%). The deterministic analysis is initially validated with a 286 

dynamic centrifuge model test, as explained in Section 3. Fig 9 illustrates the stochastic distribution 287 

of the average footing settlement for different combinations of nonuniformity in the centrifuge 288 

model. The average footing settlement is calculated by taking the average of the readings of LDTs 289 

1 and 2 (the location of LDTs are shown in Fig. 2) at the end of the shaking. The mean () and the 290 

standard deviation () of the average footing settlement are found in the ranges of 4.90 cm to 5.12 291 

cm and 0.294 cm to 0.508 cm, respectively. It is evident that the mean values of stochastic average 292 

footing settlement for different combinations of nonuniformity in the centrifuge model (as 293 

tabulated in Table 1) are comparable to the deterministic values of the average footing settlement. 294 

However, a relatively wide range of standard deviations cannot be ignored, and the implications of 295 

the atypical distributions of the average footing settlement (as shown in Fig. 9) are subsequently 296 

discussed with the help of Fig. 11.  297 

Fig 10 shows the stochastic distribution of the footing tilt for different combinations of 298 

nonuniformity in the centrifuge model. The footing tilt is calculated using the readings of LDTs 1 299 

and 2 as (LDT1 - LDT2)/4.0 (the width of the footing is 4.0 m, as shown in Fig. 2) at the end of 300 

the shaking. The mean () and the standard deviation () of the footing tilt are found in the range 301 

of 0.0021-0.0029 rad and 0.0011-0.0023 rad, respectively. It is evident that the mean stochastic 302 

footing tilt for different combinations of nonuniformity in the centrifuge model is significantly 303 

larger than the deterministic value of the footing tilt. This notable difference (with a maximum 304 
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value of 0.0029 – 0.0013 = 0.0016 rad, which is even more than the deterministic value of 0.0013 305 

rad) in the stochastic mean and deterministic value of the footing tilt suggests that the 306 

nonuniformity in the centrifuge model has a significant impact on the tilt of the footing. It should 307 

be noted that all of the stochastic distributions of the footing tilt with different combinations of 308 

centrifuge model nonuniformity are positively skewed from the deterministic value of the footing 309 

tilt, as shown in Fig. 10. This emphasizes that the deterministic numerical simulation (with uniform 310 

ground properties) substantially underestimates the tilt of the footing. The observations from Figs. 311 

10 and 11 echo the general notion that the deterministic analyses underestimate the settlement and 312 

tilt of the footing. However, the probability of their occurrence must be determined, as shown in 313 

Fig. 11. 314 

The probability of deviation of the stochastic average footing settlement and tilt from their 315 

deterministic values are evaluated and presented in Fig. 11 for different combinations of 316 

nonuniformity in the centrifuge model. The deviations of the average footing settlement and tilt are 317 

considered on the positive side (more than the deterministic value) and negative side (less than the 318 

deterministic value). The maximum deviation of the average footing settlement and footing tilt 319 

determined from their deterministic values, along with the associated probability of occurrence, are 320 

tabulated in Table 2 for the ease of interpreting Fig. 11. The probability of the average footing 321 

settlement being less than the deterministic value is found in the range of 28.06-39.20%. The 322 

maximum deviation of the average footing settlement on the negative side is found in the range of 323 
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0.47 cm (with a 4.37% probability of occurrence) to 0.90 cm (with a 3.04% probability of 324 

occurrence). However, the probability of the average footing settlement being more than the 325 

deterministic value is found in the range of 60.80-70.94%. The maximum deviation of the average 326 

footing settlement on the positive side is found in the range of 0.90 cm (with a 2.96% probability 327 

of occurrence) to 1.51 cm (with a 0.04% probability of occurrence). The probability of the footing 328 

tilt being less than the deterministic value is found in the range of 14.84-20.71%. The maximum 329 

deviation of the footing tilt in the negative side is found in the range of 0.0016 rad (with a 1.80% 330 

probability of occurrence) to 0.0032 rad (with a 2.20% probability of occurrence). However, the 331 

probability of the footing tilt being more than the deterministic value is found in the range of 70.30-332 

85.16%. The maximum deviation of the footing tilt in the positive side is found in the range of 333 

0.0043 rad (with a 1.57% probability of occurrence) to 0.0077 rad (with a 0.06% probability of 334 

occurrence). These statistics signify that unlike the average footing settlement, the footing tilt is 335 

prone to have a significant deviation from the deterministic value with a relatively large probability 336 

of occurrence. 337 

 338 

5.2 Expected error 339 

The numerical model (Fig. 2) is an idealized abstraction of the centrifuge model (Fig. 1). Hence, 340 

the model uncertainty may affect the reliability of stochastic analyses (Zhang et al., 2009). A non-341 

dimensional (normalized) root-mean-square error is calculated for the average settlement and tilt 342 
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of the footing to trace the severity of the error induced due to model uncertainty under the 343 

assumption of the random sampling of nonuniformity as reported by Popescu and Prevost (1995). 344 

The expected error (n) for random realizations can be calculated as follows: 345 

ε୬ =  
஢౤

ஜ౤√୬
                                                                (5) 346 

where σ୬ and μ୬ are the standard deviation and mean of the stochastic average settlement and 347 

tilt of the footing, respectively, for n realizations.  348 

Fig 12 shows the expected error magnitude in the estimation of the average settlement and tilt 349 

of the footing for different combinations of nonuniformity in the centrifuge model. The expected 350 

error is compared with the maximum allowable error (max = 0.35/ √n =  0.055, for n = 40 351 

realizations, Popescu and Prevost, 1995). A scattered trend in expected error magnitude is observed 352 

until 15 and 20 realizations for the average settlement and tilt of the footing, respectively. It is 353 

evident that the expected error magnitude is significantly large for fewer realizations (n <10). The 354 

footing tilt is prone to have a large expected error magnitude in comparison with the average footing 355 

settlement. The observed trends of the expected error magnitude are consistent with those reported 356 

by Popescu and Prevost (1995) and Popescu et al., 2004. The expected error magnitude decreases 357 

with increasing number of realizations, having a notable margin from the maximum allowable error 358 

for a total of forty realizations. This also confirms that forty realizations are sufficient for the 359 

reliable statistical interpretation of stochastic data, as explained in Section 4.  360 

 361 
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5.3 Displacement response spectra 362 

The displacement time history of the input motion (Tokachi-Oki) is applied at the base of the 363 

numerical model. The frequency and magnitude of the input shaking fluctuate (amplify or attenuate 364 

depending upon the soil-structure interaction) as the wave propagates toward the surface of the 365 

ground. The response of the superstructure significantly depends on the characteristics of the 366 

shaking at the foundation. An attempt is made to understand the stochastic response of the 367 

foundation-structure system in terms of the spectral displacement for different combinations of 368 

nonuniformity in the centrifuge model. For each realization, the displacement time history of the 369 

footing is recorded during shaking. Then, the spectral displacement (horizontal) is calculated for a 370 

wide range of fundamental periods (T = 0.0005 ~ 4 s), considering a damping ratio of 5%. A 371 

liquefied ground usually filters the high-frequency content of the incident wave while amplifying 372 

the magnitude of the low-frequency content. The amplification in the magnitude of the low-373 

frequency content of the incident wave has a significant impact on the spectral displacement of the 374 

foundation-structure system. 375 

Fig 13(a) depicts the mean spectral horizontal displacement of the footing against a wide range 376 

of fundamental periods along with the mean () +/- standard deviation () trends. It is found that 377 

the spectral displacement starts to deviate from its mean value for periods of more than 0.7 s. This 378 

emphasizes that the consideration of nonuniformity in the centrifuge model is essential for 379 

structures with long fundamental periods. A total of forty realizations are carried out for each case 380 
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of nonuniformity in the centrifuge model, as discussed earlier in Section 4. The spectral 381 

displacement corresponding to each realization for long periods, T = 2, 3, and 4 s (for the sake of 382 

brevity, only three periods are selected) is used to exhibit the stochastic distributions of the spectral 383 

displacement as shown in Fig 13(b). The spectral displacement significantly deviates from its mean 384 

value with a significant standard deviation. This emphasizes that the consideration of 385 

nonuniformity in the centrifuge model is vital to evaluate the seismic behavior of the foundation-386 

structure system.  387 

 388 

5.4 Liquefaction potential index 389 

An attempt is made to evaluate the severity of the liquefaction-induced impact on the foundation-390 

structure system in correlation with the average footing settlement and tilt for different 391 

combinations of nonuniformity in the centrifuge model. A liquefaction potential index (IL) is 392 

calculated per Iwasaki et al. (1982) and Sonmez and Gokceoglu (2005) with a slight modification 393 

as follows: 394 

I୐ =  ∫ F(10 − 0.5Z)dz, Z ≤ 20 m
୞

଴
                                         (6) 395 

where Z is the depth of the ground (= 10 m in this study), and F is defined as the ratio of the area 396 

of the liquefied elements and the total area of the elements under the footing at a depth of Z. An 397 

element (mesh is shown in Fig. 2) is considered to be liquefied if the excess pore pressure ratio is 398 

more than or equal to 0.9. The excess pore pressure ratio (ru) is defined as the ratio of the excess 399 
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pore pressure to the initial vertical effective stress. In the original liquefaction potential index 400 

(Iwasaki et al., 1982), F is the factor of safety against liquefaction defined as FL. Since FL cannot 401 

be obtained explicitly from the calculation, it is replaced with the proportion of the liquefied soil 402 

in this study.  403 

Fig 14(a) shows that the mean and the standard deviation of IL (for a typical case of 404 

nonuniformity in the centrifuge model with COV = 6%, x = 4 m, and y = 0.5 m) become stable 405 

within forty realizations; hence, a reliable statistical interpretation of the impact of the severity of 406 

ground liquefaction on the behavior of the foundation-structure system can be made. Figs 14(b-c) 407 

show the stochastic correlation between IL and the average footing settlement and the tilt. Nearly 408 

90% of the IL values are found in the range of 8-18, corresponding to an average footing settlement 409 

in the range of 4.28-5.46 cm with a few (~10%) scattered values in the range of 18-28. However, 410 

nearly 87% of the IL values are found in the range of 8-18, corresponding to a footing tilt in the 411 

range of 0.0010-0.0052 rad, with a few (~13%) scattered values in the range of 18-28.  412 

Fig 15 shows the overall range of the average settlement and tilt of the footing with a 95% 413 

confidence level considering the different combinations of nonuniformity in the centrifuge model. 414 

It can be observed that the stochastic mean values of average footing settlement for different 415 

combinations of nonuniformity in the centrifuge model are comparable to the deterministic values. 416 

However, the 95% confidence range of the footing tilt significantly deviates from its deterministic 417 

value. This observation signifies that the deterministic numerical simulation (with uniform ground 418 
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properties) substantially underestimates the tilt of the footing, and the footing tilt is prone to be 419 

severely affected by the nonuniformity in the centrifuge model.  420 

 421 

6. Conclusions 422 

A reliability assessment of the physical modeling of liquefaction-induced effects on shallow 423 

foundations considering nonuniformity in the centrifuge model is carried out using two-424 

dimensional (2D) stochastic numerical analyses. The numerical modeling scheme is validated at 425 

the element level and at the system level by simulating the centrifuge model test, which is 426 

performed to investigate the liquefaction-induced effects on the shallow foundation. The PM4Sand 427 

elastoplastic soil constitutive model is used to simulate the dynamic behavior of the liquefiable 428 

model ground. The nonuniformity in the centrifuge model is mapped with the stochastic 429 

realizations of the overburden and energy-corrected, equivalent clean sand, SPT (N1)60cs values 430 

using a spatially correlated Gaussian random field. The nonuniformity in the centrifuge model is 431 

found to influence the engineering judgment made from the centrifuge model test for various types 432 

of problems, such as the average footing settlement and tilt, liquefaction severity of the ground, 433 

and implications of the ground-foundation-structure interaction. The stochastic average footing 434 

settlements with different combinations of centrifuge model nonuniformity are comparable to the 435 

deterministic average footing settlement. However, the nonuniformity in the centrifuge model is 436 

found to have a significant impact on the tilt of the footing. It is observed that the deterministic 437 
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numerical simulation (having uniform ground properties) significantly underestimates the tilt of 438 

the footing. Stochastic results also indicated that the liquefaction extent in the model ground varies 439 

with the centrifuge model’s nonuniformity and is correlated with the effects on the foundation-440 

structure system. The stochastic displacement spectra exhibited that the nonuniformity of the 441 

centrifuge model ground should be taken into account, especially for long-period structures. The 442 

reliability assessment of the centrifuge model test results is essential for better engineering 443 

judgment associated with a desired level of confidence. The presented probabilistic correlations 444 

between nonuniformity of the centrifuge model and the response of foundation-structure system 445 

possess significant practical importance and provides useful information to assess the reliability of 446 

the physical model tests by numerical procedure. For a generalized framework to incorporate the 447 

reduction in the epistemic uncertainty, it is necessary to further investigate different scenarios of 448 

the applied shaking, foundation-structure system, depth of the water table, and ground conditions. 449 
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Tables 594 

Table 1. Different combinations of nonuniformity in the centrifuge model 595 

Case Mean (), 

(N1)60cs 

COV (%) x (m) y (m) 

A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

L 

M 

N 

O 

P 

Q 

R 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

2 

2 

2 

2 

2 

2 

4 

4 

4 

4 

4 

4 

6 

6 

6 

6 

6 

6 

2 

4 

6 

2 

4 

6 

2 

4 

6 

2 

4 

6 

2 

4 

6 

2 

4 

6 

0.5 

0.5 

0.5 

1 

1 

1 

0.5 

0.5 

0.5 

1 

1 

1 

0.5 

0.5 

0.5 

1 

1 

1 

COV: coefficient of variation, x and y: correlation  596 
length in X and Y direction (see Fig. 2) respectively 597 
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Table 2. The probability of deviation of the stochastic average footing settlement and tilt from their deterministic values. A few numbers extracted 598 

from Fig. 11 are tabulated in this table 599 
 

 
Different combinations 
of nonuniformity in the 

centrifuge model$ 

Probability of exceedance of average footing settlement and tilt in negative side (less than the deterministic 

value) and positive side (more than the deterministic value)  

Average footing settlement Footing tilt 

Negative* 

side (cm) 

Probability 

(%)
Positive** 

side (cm)
Probability 

(%)
Negative* 

side (rad) 

Probability 

(%)
Positive** 

side (rad)
Probability 

(%)
COV = 2%, y = 0.5 m 
x = 2 m, 4 m, and 6 m 

 
COV = 4%, y = 0.5 m 
x = 2 m, 4 m, and 6 m 

 
COV = 6%, y = 0.5 m 
x = 2 m, 4 m, and 6 m 

 
COV = 2%, y = 1.0 m 
x = 2 m, 4 m, and 6 m 

 
COV = 4%, y = 1.0 m 
x = 2 m, 4 m, and 6 m 

 
COV = 6%, y = 1.0 m 
x = 2 m, 4 m, and 6 m 

-ve 
-0.60 

 
-ve 

-0.48 
 

-ve 
-0.47 

 
-ve 

-0.48 
 

-ve 
-0.90 

 
-ve 

-0.74 
 

38.21 
1.18 

 
34.84 
5.39 

 
32.40 
4.37 

 
28.06 
6.31 

 
39.20 
3.04 

 
30.26 
0.77 

+ve 
0.97 

 
+ve 
1.10 

 
+ve 
1.51 

 
+ve 
0.91 

 
+ve 
0.90 

 
+ve 
1.27 

61.79 
0.87 

 
65.16 
0.19 

 
67.60 
0.04 

 
70.94 
0.92 

 
60.80 
2.96 

 
69.74 
0.44 

-ve 
-0.0029 

 
-ve 

-0.0016 
 

-ve 
-0.0026 

 
-ve 

-0.0017 
 

-ve 
-0.0026 

 
-ve 

-0.0032 

19.54 
0.17 

 
16.27 
1.80 

 
20.68 
0.37 

 
14.84 
1.49 

 
17.00 
0.37 

 
20.71 
2.20 

+ve 
0.0063 

 
+ve 

0.0053 
 

+ve 
0.0076 

 
+ve 

0.0050 
 

+ve 
0.0043 

 
+ve 

0.0077 

80.46 
0.05 

 
83.73 
0.48 

 
79.32 
0.01 

 
85.16 
0.01 

 
83.00 
1.57 

 
79.30 
0.06 

$ Maximum values among x = 2 m, 4 m, and 6 m are tabulated in this table, * -ve is less than the deterministic value, ** +ve is more than the deterministic value 600 
 601 
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Figures 602 

 603 

Fig 1. Centrifuge model configuration in the prototype scale 604 
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 606 

Fig 2. Two-dimensional (2D) numerical model 607 

  608 
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 609 

Fig 3. The response of the calibrated PM4Sand model during cyclic undrained simple shear loading 610 

with an initial static shear stress of zero: (a) stress-strain curve, (b) stress path, and (c) liquefaction 611 

resistance curves 612 
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 614 

Fig 4. Measured and simulated excess pore pressure during Tokachi-Oki ground motion 615 
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 617 
Fig 5. Acceleration response (a) measured and simulated acceleration time histories during 618 

Tokachi-Oki ground motion and (b) computed spectral acceleration ratio and Fourier spectrum of 619 

applied base shaking  620 
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 622 

Fig 6. Measured and simulated footing settlement during Tokachi-Oki ground motion 623 
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 625 
Fig 7. Simulation of nonuniformity in the centrifuge model in terms of the overburden and energy-626 

corrected, equivalent clean sand, SPT (N1)60cs: (a) typical random field realization, (b) cumulative 627 

probability of forty realizations, and (c) typical stochastic distribution of the generated random field 628 

with a fitted probability density function 629 
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 631 

Fig 8. Typical convergence checks for a total of forty realizations (for COV = 6%, x = 4 m, and 632 

y = 0.5 m): (a) stability of the mean of the average settlement and tilt of the footing, and (b) 633 

stability of the standard deviation of the average settlement and tilt of the footing 634 
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 636 

Fig 9. Stochastic distributions of the average footing settlement for different combinations of 637 

nonuniformity in the centrifuge model 638 
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 640 
Fig 10. Stochastic distributions of the footing tilt for different combinations of nonuniformity in 641 

the centrifuge model 642 
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 644 
Fig 11. Probability of the deviation of the average settlement and tilt of the footing from their 645 

deterministic values for different combinations of nonuniformity in the centrifuge model (the 646 

maximum deviation of the average footing settlement and footing tilt from their deterministic 647 

values along with their probability of occurrence are tabulated in Table 2) 648 
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 650 
Fig 12. Expected error magnitude for different combinations of nonuniformity in the centrifuge 651 

model (average values for COV = 2%, 4%, and 6%): (a) average footing settlement and (b) footing 652 

tilt 653 
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 655 
Fig 13. Response of the foundation-structure system for a typical case of nonuniformity in the 656 

centrifuge model (COV = 6%, x = 4 m, and y = 0.5 m): (a) spectral displacement with mean () 657 

+/- standard deviation () and (b) distributions of the spectral displacement at periods of 2, 3, and 658 

4 s 659 
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 661 
Fig 14. Liquefaction severity and the response of the foundation-structure system: (a) a typical 662 

convergence check for the liquefaction potential index (IL), (b) correlation between the average 663 

footing settlement and IL, and (c) correlation between the footing tilt and IL 664 
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 666 
Fig 15. Stochastic range (with 95% confidence level) of the average settlement and tilt of the 667 

footing 668 
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