[2R2 sz

2 H—F UK}

Science Tokyo Research Repository

Od/dodn
Article / Book Information

Citation(English)

Type(English)

0o:0o0@o),

oooooo:0o0o0ooo,

0000:00118660,

00 000:20210 30 2600,

ooooo:0ooo,
000:0000,00000,0000,000,000 00

Degree:Doctor (Science),

Conferring organization: Tokyo Institute of Technology,
Report number:[J [0 1186601,

Conferred date:2021/3/26,

Degree Type:Course doctor,

Examiner:,,,,

Doctoral Thesis

Powered by T2R2 (Science Tokyo Research Repository)



http://t2r2.star.titech.ac.jp/

Probabilistic studies of the value-distributions
of zeta and L-functions

Masahiro Mine

A thesis submitted for the degree of
Doctor of Science

RRIEARTF

Tokyo Institute of Technology

February 2021



Author:
Masahiro Mine

Supervisor:

Prof. Masatoshi Suzuki
Department of Mathematics, Tokyo Institute of Technology

ii



Contents

Acknowledgments
Abstract
Notation

Chapter 1. Introduction
1. The Riemann zeta-function
2. Dirichlet L-functions
3. L-functions of higher degree
4. Other zeta-functions

Chapter 2. General L-functions
5. The Selberg class
6. Matsumoto zeta-functions
7. Setting in this thesis

Chapter 3. Random Euler products
8. Basic properties
9. Probability density functions
10. Comparisons with families of L-functions

Chapter 4. The value-distributions of L-functions
11. The first result: general L-functions
12. The second result: Artin L-functions
13. The third result: automorphic L-functions

Chapter 5.  Further results on the Riemann zeta-function
14. Preliminaries on the random Euler product
15. Extreme values of the Riemann zeta-function

Chapter 6. Results for other zeta-functions
16. The fourth result: Hurwitz—Lerch zeta-functions
17. The fifth result: iterated integrals of log £ (s)

Appendix A. Probability measures
A.1. Convergence of probability measures
A.2. Supports of probability measures
A.3. Esseen’s inequalities

iii

vi

iX

11
19
29

35
35
40
44

48
48
53
62

71
71
84
99

114
114
128

134
134
160

167
168
171
172



CONTENTS

Appendix B. Complex functions
B.1. Logarithms and polylogarithms
B.2. The gamma function
B.3. Bessel functions

Bibliography

iv

173
173
175
176

178



Acknowledgments

I would like to express my sincere appreciation to Masatoshi Suzuki for his
constant help and support as my supervisor. I am honored to be his first student to
apply for a doctoral degree.

I would particularly like to thank Kenta Endo and Shota Inoue for productive
discussions in our joint research. Their great ideas deeply encouraged me. I also
wish to extend my gratitude to all colleagues and friends for their help during my
days in the doctoral course. Last but not least, I would like to offer my special thanks
to my family for their supports in my life.

The research in this thesis was supported by Grant-in-Aid for Scientific Research
of Japan Society for the Promotion of Science (Grant Number: JP19J12037).



Abstract

The theory of the value-distributions of zeta and L-functions has been developed
since the classical work of Bohr and his collaborators in the early 20th century.
The major modern method is to compare an L-function with some probabilistic
model. For example, we study mean values of L-functions via the expected values
of suitable random variables. Thara and Matsumoto also introduced the notion of
M -functions which are certain probability density functions closely related to the
value-distributions of L-functions. The main terms of mean values of L-functions
are represented by integrals involving the attached M -functions. Furthermore, many
researchers studied error terms arising from the comparisons of L-functions with
their probabilistic models. The upper bounds of such error terms are called the
discrepancy bounds. This thesis contains five issues on the probabilistic studies of
the value-distributions of zeta and L-functions.

First, we consider the value-distributions of L-functions as the complex variable
s = o +it varies on vertical lines, namely in the 7-aspect. The Riemann zeta-function
is the most basic example of L-functions possessing Euler product representations,
and the attached M-function was classically studied. Matsumoto further determined
M-functions for Dedekind zeta-functions of Galois number fields. It should be
noted that his method relied on a special property of the Euler products called the
convexity, although we know many L-functions with non-convex Euler products, e.g.
Dedekind zeta-functions of non-Galois number fields and automorphic L-functions
of holomorphic primitive cusp forms. The first result of this thesis presents a general
method of constructing M-functions by the axiomatic treatments of L-functions.
Several axiomatic classes of L-functions were introduced by Selberg, Matsumoto,
Steuding, and others. Then we prove that an L-function has a suitable M -function if
it belongs to the intersection of Selberg’s class and Steuding’s class. It enables us to
construct M-functions for L-functions with non-convex Euler products. In addition,
we obtain sharp discrepancy bounds for such L-functions. We further prove an
asymptotic formula related to the large deviations of the values of the Riemann
zeta-function.

The results on the first issue are presented as Theorems I, II (on the Riemann
zeta-function) and Theorems 11.1, 11.2 (on general L-functions).

It is also worth considering the value-distributions of L-functions in the other
aspects. For example, the value-distribution of Dirichlet L-functions as the Dirichlet

character varies has been studied. As the second issue, we consider Artin L-functions

vi



ABSTRACT vii

arising from non-Galois cubic fields. The main difference from the case of Dirichlet
L-functions is that such Artin L-functions have Euler products of degree two, which
causes combinatorial complexity of the treatment of Dirichlet coefficients. We
overcome this difficulty by applying the results on counting cubic fields achieved
by Bhargava—Shankar—Tsimerman and Taniguchi—Thorne in 2013. We show the
existence of an M-function for the value-distribution of the Artin L-functions as
the cubic field varies. Furthermore, we apply the result to derive a limit formula
involving class numbers of cubic fields. It can be regarded as a cubic analogue of
the Gauss—Siegel formula of class numbers of quadratic forms.

The result on the second issue is presented as Theorem III.

Automorphic L-functions of holomorphic primitive cusp forms also have Euler
products of degree two. The third issue concerns the value-distributions of such
automorphic L-functions as the cusp form varies. Recently, Matsumoto—Umegaki
and Lebacque—Zykin tried to construct an M -function in this case, and their attempts
were partially succeeded. The difficulty to complete their study was again combi-
natorial complexity of the treatment of Dirichlet coefficients. In this thesis, we
construct the desired M-function by using the Eichler—Selberg trace formula which
can be regarded as a relation between the Dirichlet coefficients and certain random
variables. We further obtain discrepancy bounds in this case, which is similar to the
result on the first issue.

The result on the third issue is presented as Theorem IV.

As the fourth issue, we study Hurwitz—Lerch zeta-functions with transcendental
parameters, which do not have Euler product representations. It is classically known
that such Hurwitz—Lerch zeta-functions have infinitely many zeros off the critical
line, while the Riemann Hypothesis asserts that all non-trivial zeros of the Riemann
zeta-function lie on the critical line. Furthermore, several inequalities on upper and
lower bounds for the densities of these zeros of the Hurwitz—Lerch zeta-functions
were proved by GarunkStis—Laurinéikas. Then we improve the inequalities by
proving asymptotic formulas when the parameters are S-numbers in the sense of
Mahler’s classification of transcendental numbers.

The result on the fourth issue is presented as Theorem V.

Finally, we consider the value-distributions of certain functions represented by
iterated integrals of the logarithm of the Riemann zeta-function as the fifth issue.
Such functions were introduced by Inoue to study the value-distributions on the
critical line precisely. Then we prove a probabilistic limit theorem of Inoue’s
functions. It refines the recent result of Endo—Inoue which ensures that the sets of
the values of Inoue’s functions on the critical line are dense in the complex plane.

The result on the fifth issue is presented as Theorem VI.

This thesis consists of six chapters. Chapter 1 provides statement of main
results and a survey of the related studies of zeta and L-functions. In Chapter 2,
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we review axiomatic investigations of L-functions. Then we describe the setting
for L-functions in this thesis. Chapter 3 is devoted to prepare probabilistic models
attached to L-functions, which are called the random Euler products. After showing
some preliminary results, we present general frameworks of comparing L-functions
with the random Euler products. Then we proceed to the proof of the main results.
In Chapter 4, we prove Theorems I, III, and IV. In Chapter 5, we refocus on the
value-distribution of the Riemann zeta-function in the f-aspect. Theorem II is
proved in this chapter. We need more effort for the proofs of the remaining main
results. We prove some preliminary results by applying properties of S-numbers and
polylogarithms for Theorems V and VI, respectively. The proofs of the theorems
are completed in Chapter 6.



Notation

As usual, N, Z, Q, R, and C denote the sets of all positive integers, integers,
rational numbers, real numbers, and complex numbers, respectively.

Let f and g be functions on R with g(x) > 0. The Landau—Vinogradov symbols
are used to mean that the following relations hold between f and g.

meaning

| f(x)] < Cg(x) with a constant C > 0
| f(x)] < Cg(x) with a constant C > 0
|f(x)| = Cg(x) with a constant C > 0
J(x) < g(x) and f(x) > g(x)

lim f(x)/g(x) =0

limsup | f(x)]/g(x) >0

notation

f(x) =0(g(x))
fx) < g(x)
f(x) > g(x)
f(x) < g(x)
f(x) =o0(g(x))
J(x) =Q(g(x))

f(x) = Q4(g(x))
F(x) =Q (g(x))
f(x) =Q4(g(x))

limsup f(x)/g(x) >0
liminf f(x)/g(x) <0

f(x) =Q4(g(x)) and f(x) = Q_(g(x))

f@) ~g)  |limf(0/g() =1

The above inequalities are considered for x € X, where X C R is sometimes
implicitly given. The set X is usually an interval [x(,c0) with some xy > O.
Similarly, the above limits are taken as x tends to some limit, usually x — co. The
constant C in the above definition is called the implied constant of the Landau—
Vinogradov symbol. We often use the notation such as f(x) = O,(g(x)) to indicate
that the implied constant depends on some parameter a.

An arithmetic function is a function defined on N. We say that an arithmetic
function f is multiplicative if the condition f(mn) = f(m) f(n) holds for all m, n
with (m,n) = 1. Furthermore, we say that f is completely multiplicative if it holds
for arbitrary m and n. We list several arithmetic functions used in this thesis.

di(n) the number of representations of n as the product of k positive integers
d(n) the number of positive divisors of n, i.e. d2(n) = d(n)
w(n) the number of distinct prime factors of n
A(n) the von Mangoldt function: A(n) = logp if n # 1 is a power of prime p;
and A(n) = 0 otherwise.

We see that dy (n) and w(n) are multiplicative while A(7n) is not multiplicative.

X



NOTATION X

Throughout this thesis, the notation log indicates the natural logarithm. Then
we use the notation log, to denote the k-th iterates of the natural logarithms:

log, =log and log;,; =log(log,).

For x € R, we denote by | x| the largest integer not exceeding x. As usual, 7(x)
counts the number of prime numbers not exceeding x. For z € C, we denote by Log z
the principal branch of logarithm of z. Denote by I'(z), J,,(z), and I,(z) the usual
gamma function, the Bessel function of the first kind of order v, and the modified
Bessel function of the first kind of order v, respectively. Several properties of these
complex functions are collected in Appendix B.

Let f be a meromorphic function. Then we have at most finite zeros and poles
of f in any compact subset of C. Throughout this thesis, numbers of zeros or poles
are counted with multiplicities. We use the letter p to denote a zero or pole of some
meromorphic function.

Let S be a topological space. Denote by B(S) the class of Borel sets of S.
A random element is a Borel measurable map X : Q — S, where (Q, F,P) is a
probability space. Then P(---) denotes the probability of an event “---” but the
space (Q, ¥) is often implicitly given. The expected value and variance of X are
denoted by E[ X] and V[X], respectively.

We identify C with R? by the map x + iy — (x,y). Then we denote by meas A
the usual Lebesgue measure of a measurable set A of R or C. Furthermore, we write

PT(...):%meas{te [O,T]| }

for T > 0, where “---” means some condition to t. Denote the standard inner
product of C = R? by (z, w) = RezRe w +Im zImw. We put ¢, (z) = exp(i(z, w)),
and thus ¢, (x) = exp(ixu) for x, u € R. We denote the Fourier transforms by

f(u)=/Rf(X)lﬁu(X)|dXI and §(W)=/Cg(Z)lﬁw(Z)|dZI,

where |dx| = (27r)_%dx and |dz| = (2n) " 'dxdy for z = x + iy. We use the notation
C*(C) to denote the space of all functions f on C which are infinitely differentiable
as functions on R?. Similarly, we denote the Schwartz space and the L-space by
S(C) and L?(C), respectively.

Finally, the letter y is used to denote the Euler—Mascheroni constant:

n—oo

n
y=lim (Y k7' ~logn) =0.5772...
k=1

if there exist no special descriptions. Remark that it is also popular to use the same
letter to indicate the imaginary part of a zero of some zeta or L-function.



CHAPTER 1

Introduction

The study of the value-distributions of zeta and L-functions is a classical topic
in analytic number theory. It began with the work of Bohr and his collaborators in
the early 20th century. Their methods have been refined along with the development
of the related areas of mathematics, especially probability theory. In this chapter,
we survey the theory of the value-distributions of several zeta and L-functions.

1. The Riemann zeta-function

In his memoir Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse,
Riemann introduced a complex function represented as

(1.1) ()= n=T](1-p™"
n=1 P

for the purpose of studying the distribution of prime numbers. The series and
product in (1.1) converge absolutely for Re s > 1, where the notation [, stands for
the infinite product over all prime numbers. Today, the function {(s) is called the
Riemann zeta-function. Riemann himself proved two results on £(s).

(a) It can be analytically continued to the whole complex plane except only for
the simple pole at s = 1 with residue 1.
(b) It satisfies the functional equation

1-5
2

il (%) {(s):ﬂ_l%sr( ){(l—s).

He further presented the following statement without proof.

(c) There exist infinitely many zeros of £ (s) in the critical strip 0 < Res < 1.
(d) We have the asymptotic formula

T T T
(1.2) N(T)=—log— - — +0(logT),
2n 2r 2nm
where N(T') counts the number of zeros of £(s) in the critical strip which
satisfy 0 < Imp < T.

(e) There exist constants A and B such that

-1) _s s
Dot (2) (s) = et I (1 - ;)
where p runs through all zeros of () in the critical strip.

1



1. THE RIEMANN ZETA-FUNCTION 2

(f) (the formulation by von Mangoldt) Let /(x) = Y, <. A(n). Then we have
the explicit formula

xP 1 0y
Y(x)=x—-) ———(0) - 5log(l-x77)
; p ¢ 2
for x > 1 except for prime powers, where the sum over p is understood as

xP . xP
Yo Y 2
o P T2 mp<r P

(g) All zeros of () in the critical strip lie on the critical line Re s = 1/2.

See Davenport [31, Section 8] for more information. The proofs of Riemann’s
statements were completed by the end of the 19th century except for (g), which is
open until today and known as the Riemann Hypothesis.

1.1. The work of Bohr and his colleagues. At the beginning of 20th century,
Bohr initiated the study of the distribution of values {(s) as s = o + it varies. The
first result [13] was obtained for the values on the right-half plane Re s > 1.

THEOREM 1.1 (Bohr). Let € > 0. Then {(s) takes any non-zero value infinitely
many times in the strip 1 <Res < 1 +e€.

Then he proceeded to research the value-distribution of £(s) for 1/2 < Res < 1
which is more difficult due to the lack of representations (1.1). One of the key ideas
to overcome this difficulty is approximating £ (s) by the finite product

N

(s) =TT -pr*)",

n=1

where p, denotes the n-th prime number. Indeed, Bohr noticed that the following
fact is deduced from a certain mean value theorem obtained by Bohr—Landau [18].
Let 1/2 < 01 <3/4, 05 > 2, and € > 0. Then the inequality

7 e €O = 1P dordr <

1<t<T

holds if 7, N > 1 are large enough. Applying a similar approximation lemma,
Bohr—Courant [15] proved the following result.

THEOREM 1.2 (Bohr—Courant). Let 1/2 < o < 1 be a fixed real number. Then
the set {{ (o +it) | t € R} is dense in C.

For some technical reasons, it is more natural to study the distribution of the
logarithmic values of {(s). However, we should remark that log {(s) can not be
defined as a holomorphic function on the right-half plane Re s > 1/2 due to the pole
and possible zeros of £ (s). Thus we define the region G as

(13) G={o+it|o>1/2}\ U {c+ilmp|1/2 <o <Rep}
£(p)=0or e



1. THE RIEMANN ZETA-FUNCTION 3

and determine the branch of log {(s) for s = o + it € G as follows. First, we define
log £ (s) for Re s > 1 by

lp—ks

=

(1.4) logf(s) ==Y Log(l-p™)=Y )
p p k=1

according to (1.1). Then, we extend log {(ss) for s € G by the analytic continuation
along the horizontal path from right. Bohr [14] proved the denseness of the values
log {(s) for 1/2 < Re s < 1 similarly to Theorem 1.2.

THeEOREM 1.3 (Bohr). Let 1/2 < o < 1 be a fixed real number. Then the set
{logl(o+it) |t €R, o +it € G} isdense in C.

Let R be a rectangle on the complex plane C with edges parallel to the axes.
Then we consider the set

Usrr(R) ={t €[0,T] | logl(o +it) eR, o +it € G}

witho > 1/2and T > 0. Theorem 1.3 implies that it is non-empty for 1/2 < o < 1
if T is large enough. The next aim of Bohr’s research was to determine the density of
Uy r(R) with respect to the interval [0, 7]. In 1930s, Bohr—Jessen [16,17] arrived
at the following limit theorem.

THEOREM 1.4 (Bohr—Jessen). Let o > 1/2 be a fixed real number.

(1) There exists the limit value
1
Wo(R) = Tlim T meas Uy 7(R).

(i1) There exists a continuous function My : C — Rsq such that

W, (R) = /RM(T(wnde

An application of Theorem 1.4 is a limit formula for the density of a-points of
log £ (s), namely, solutions of log {(s) = a. Denote by N, (T, o, 0») the number of
a-points of log £ (s) in the rectangle oy < Res < 0», 1 <Ims < T.

THeEOREM 1.5 (Bohr—Jessen). Let a € C and 1/2 < o < 0. Then there exists
the limit value

1
Cyl(o1,0m) = Tll_fgo TNa(T» 01,07).

After Bohr’s work, various modifications of Theorems 1.4 and 1.5 were made
by many authors including notably Jessen—Wintner [71], Borchsenius—Jessen [19],
Nikisin [154], and Laurincikas [96,98]. In the following sections, we describe
probabilistic interpretations of the limit values W, (R) and C, (0, 0») according to
the work of Jessen—Wintner and Borchsenius—Jessen.



1. THE RIEMANN ZETA-FUNCTION 4

1.2. Probabilistic approaches. The study of the value-distribution of £ (s) was
developed by studying the limit value W, (R) of Theorem 1.4 along with the methods
of modern probability theory initiated by Kolmogorov. Jessen—Wintner [71] made
an alternative proof of Theorem 1.4 and constructed W, (R) explicitly in terms of
probability measures. Denote by S, » the curve in the complex plane given by the
parametric representation z,, ,(8) = —log(1 — p;7e'?). Then we define

(1.5) Uno(A) = % meas{6 € [0,2n] | z,»(0) € A}

for A € 8(C), which gives a probability measure on (C, B(C)). We further define
Pyo =i * - * uyo for N > 1; see (A.1) for the definition of the convolution
of probability measures.

THEOREM 1.6 (Jessen—Wintner). As N — oo, Py , converges weakly to a prob-
ability measure P, if and only if o > 1/2. Moreover, the limit measure P, is
absolutely continuous and satisfies

(1.6) Po(A) = /A Mo (w) |dw]

for all A € B(C) with the function M of Theorem 1.4. Furthermore, we have the
following properties for M.

(i) The function M, belongs to the class C*(C).
(i1) The support of M is a compact subset of C if o > 1. On the other hand,
we have My (w) >0 forallw e Cifl1/2 <o < 1.
(iii)) We have My (w) < ™€ wp? for any ¢ > 0, and every partial derivative has
the same upper bound.

We define a probability measure on (C, 8(C)) as
Por(A) = Br(log (o +if) € A)

foro > 1/2and T > 0. Here, we can omit the condition o-+it € G since the points ¢
with o +it ¢ G are countable at most. Then we have P, 7(R) = T~! meas U, 7(R)
by definition. Jessen—Wintner [71] formulated the limit theorem in terms of the
weakly convergence of probability measures.

TueoreM 1.7 (Jessen—Wintner). Let o > 1/2. Then the probability measure
P, 1 converges weakly to P, of Theorem 1.6 as T — oo.

By equality (1.6), the rectangle R is a continuity set of P,. Hence Theorem
1.7 implies Py 7(R) — P,(R) as T — co. More generally, we see that it holds if
R is any continuity set of Lebesgue measure. The method introduced by Jessen—
Wintner was later developed by Borchsenius—Jessen [19]. Additionally, they studied
a measure on (C, B(C)) defined as

1

no(A) = — ! ~(0)]>do
e =5 [ 150
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forn € Nand o > 1/2, where Q(A) = {0 € [0,2n] | z,.»-(0) € A}. Remark that
the convolution measure Qy » = Vi * - - - * Vy o can be defined similarly to Py
although v, is not a probability measure on (C, 8(C)).

TaeOREM 1.8 (Borchsenius—Jessen). As N — oo, Qn » converges weakly to a

measure Q, if o > 1/2. Furthermore, the limit measure Q  is absolutely continuous
and satisfies

0, (A) = /A Nor(w) |dw]

for all A € B(C), where N, : C — Ry is a continuous function satisfying the
Jollowing properties.

(1) The function N, belongs to the class C*(C).
(i1)) We have Ny(w) >0 forallw e Cif1/2 <o < 1.
(iii)) We have Ny (w) < e~chvP’ for any ¢ > 0, and every partial derivative has
the same upper bound.

Then the limit measure Q. is associated with the distribution of a-points of
log £ () as follows. For @ € C and o > 1/2, we denote by ¢, (o) the function

1 T
¢q(0) = lim —/ log |log { (o +it) — a| dt
if the limit exists. The function ¢, (o) is called the Jensen function.

THeEOREM 1.9 (Borchsenius—Jessen). Let a € C and o > 1/2. Then the Jensen
function exists everywhere and is represented as

balr) = /Cc log [w — al My () |dw],

where M is the function of Theorem 1.6. Furthermore, the Jensen function ¢,
is twice differentiable with the second derivative ¢)/(0) = Ng(a), where Ny is
the function of Theorem 1.8. Finally, the limit value C,(o1, 03) of Theorem 1.5 is
represented as

r ., , 1 72
Cular. o) = 32 (B0 = dyfo) = 51 [~ Nota)do
forany 1/2 < o < 03, which is positive if o] < 1.
Furthermore, if we replace the function log {(s) with {(s), some results similar

to the above theorems hold after suitable modifications. We omit the statement of
the results; see [71, Section 10] and [19, Section 44].

1.3. Discrepancy bounds. The major modern approach to study the value-
distribution is to compare ¢ (s) with some probabilistic model. With the notation of
Sections 1.1 and 1.2, we define the quantity

Dy(T,R) = |P0',T(R) - PU’(R)|'

Then upper bounds for D, (T, R) are called the discrepancy bounds for the value-
distribution of (). Note that Theorem 1.4 deduces D,(T,R) = o(1) as T — oo.
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The first improvement of the estimate of D, (T, R) was achieved by Matsumoto
[120-122] in 1980s.

THeEOREM 1.10 (Matsumoto). Let o > 1/2 and € > 0. Then we have

(meas R + 1) (log, T)‘anI+E foro > 1,

(meas R + 1) (log, T)_%“ forl/2 <o <1,

where the implied constants depend on o and €.

(1.7) D,(T,R) < {

Recall that the Bohr—Jessen limit theorem is applied to study the distribution
of a-points of log {(s). Matsumoto [122] also improved Theorem 1.5 by using his
discrepancy bound.

THeorEM 1.11 (Matsumoto). Let a € C and 1/2 < o1 < 3. Then there exist
positive constants A and B which depend on a, o1, and o such that

O ((log, T)'A) for oy > 1,

Na(T. 01, 02) = Calon, o2)T + {0 ((logz T)_B/logﬂ) forop <1,

where the implied constants depend on a, o\, and 0.

Harman—Matsumoto [56] refined estimates (1.7) in 1994. They proved

(measR + 1) (log T)'Z(fr_f+13+E for o > 1,

(measR + 1) (log T)_ﬁ” for1/2 <o <1,

where the implied constants depend on o and €. Over 20 years, estimates (1.8) were
the best upper bounds for D, (T, R). The recent progress was brought from the

study of the distribution of extreme values of £(s); see Section 1.5. This enables us
to evaluate the supremum value

Dy (T) = sup Do (T, R)I,

(1.8) D, (T,R) < {

where R runs through all fixed rectangles with edges parallel to the axes. In 2019,
Lamzouri—Lester—Radziwitt [93] proved the upper bounds

(logT)"'(log, T)? foro =1,

(1.9) Do (T) < {(logT)_‘T for1/2 <o <1,

where the implied constants depend on o. They also obtained an asymptotic formula
for the density of a-points of {(s). See also Ha—Lee [54] for related results. The
first main result is a sharp discrepancy bound which contains a slight improvement
of (1.9). Note that a more general result is later presented as Theorem 11.2, whose
proof is completed in Section 11.

THEOREM 1. Let o > 1/2. Then we obtain

(logT)~'(log, T) foro > 1,
D, (T) < {(logT) ' (log, Tlogy T) foro =1,
(logT)=@ forl/2 <o <1,

where the implied constants depend on o .
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1.4. Large deviations and extreme values (I). In the following two sections,
we study the distribution of large values of log {(s). For 7 > O and @ € R, we denote
by H, (7) the inclined half plane {z € C | Re(e™'*z) > 7}. The ultimate goal is to
describe the asymptotic behavior of the quantity

¥or(r;0) =Pr (Re(e ™ log £ (0 +i1)) > T) = Po1(Ha(1))

for large 7 in some range depending on 7". By the study of the discrepancy bounds,
we expect that the quantity

Yo (1) = Po(Ho(1))

gives a nice model to W, 7(7; @). In this section, we study the behavior of ¥ (7; @)
as T — oo. Then we translate the results for ¥ (7; @) to ¥, 7(7; @) in Section 1.5.
In the study of such large deviations, it is also natural to consider the set

T (1) = Ho(1) U Hzpo(7) U Hr(7) U Hiz o (1)
={z€C||Rez|>71or|Imz| > 1}

and to study the behavior of W, (7) = P5(7 (7)) as T — oo. Then we start with a
simple observation derived from Theorem 1.6 (iii), that is, we have

(1.10) ¥, (1) < exp(—ct?)

for any ¢ > 0. On the other hand, the results in [19,71] do not yield any lower bounds
for W, (7). In 1986, Joyner [72] sharpened upper bound (1.10) for 1/2 < o < 1 and
gave a lower bound in the same order.

THEOREM 1.12 (Joyner). Let 1/2 < o < 1. Then there exist positive constants
c1(o) and co (o) such that

exp (—c1 (o’)rﬁ(log T)ﬁ) < W, (1) <exp (—cz(a)rﬁ(log T)&)
if T is large enough.

The method of Joyner is related to the probabilistic studies by Montgomery [147]
and Montgomery—Odlyzko [148]. Then, one may expect from Theorem 1.12 the
existence of a suitable constant A(c) > 0 such that an asymptotic formula of the
form

¥, (1) = exp (—A(U)T# (log T)% (1 + (error term)))

holds as T — co. In 1999, Hattori-Matsumoto [57] showed the existence of such a
constant and described it explicitly by using the modified Bessel function.

THeorEM 1.13 (Hattori-Matsumoto). Let 1/2 < o < 1. Then we obtain
(1.11) Y, (1) =exp (—A(J)Tﬁ(logr)&(l+o(l)))

as T — oo, where A(0) is represented as

a

(1.12) Alo) = (1-0) (I?TU/O logIo(y_‘T)dy) .
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In 2011, Lamzouri [92] proved similar asymptotic formulas for ¥, (7; @) with
the angles @ = 0, 7/2, 7, 31/2.

THeorREM 1.14 (Lamzouri). Let 1/2 < o < landa =0,7/2,7,3x/2. If t > 0
is large enough, then we obtain

(1L13)  Wo(r30) = exp (~A(0) 777 (log 1) ™7 (1+0((log 7))
where A(0) is the constant of (1.12), and the implied constant depends only on o .

Note that formula (1.13) improves (1.11) since we obtain the inequalities

3
(1.14) Yo (1:0) < ¥o (1) < ) ¥o(r:jn/2),
j=0
and both sides of (1.14) save the same asymptotic formulas as (1.13). Inoue [68]
recently announced a more general result on the value-distribution of a certain
function 7,, (s) which satisfies 79(s) = log £ (s); see Section 4.2.

1.5. Large deviations and extreme values (II). To begin with, we recall the
study of the order of the magnitude of log /(o +it) ast — co. Let 1/2 < o < 1.
Titchmarsh [180, Theorem 14.5] proved the upper bound

2-20
(1.15) log £ (o +if) = 0(%)
log, t

by assuming the Riemann Hypothesis, where ¢ is large enough. On the other hand,
Montgomery [146] proved the Q-result

1-0
(1.16) Re(e @ log £ (o +it)) = Q. ((IOL)

(log, 1)

as t — oo, which is independent of the truth of the Riemann Hypothesis. It is
believed that upper bound (1.15) is not best possible, and more precisely, that the
true order of the magnitude of log (o + it) is close to (1.16). It motivates the
investigation of the large deviation W, 7(7;a) in the range 7 < (logT)!~o+(1),
The following result of Lamzouri [92] corresponds to Theorem 1.14.

TueoreM 1.15 (Lamzouri). Let 1/2 < o < 1l and a = 0,7/2,7,37n/2. Then
there exists a positive constant by (o) such that

(1.17)  Yor(r;a)
= exp (—A(J)Tﬁ (log 7)™+ (1 +0 ((1og )72 471 (log T, T))))

holds uniformly in the range 1 < 7 < bi(0-)(logT)'~7 (log, T)~!, where A(c) is
the constant of (1.12), and

20-1

00 = (o)

Here, the implied constant in (1.17) depends only on o .
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In other words, we obtain the upper bound

Re (e log (o +it)) = O (—(log T)l_a)

log, T
for all r € [0,7T] \ & with a small exceptional subset &. In terms of comparisons

of the probability measures P, r and P, it is also worth considering asymptotic
formulas of the form

(1.18) Yor(t;) =¥, (7;@) - (1 + (error term)) .

Moreover, Theorem 1.15 is recovered from Theorem 1.14 if we obtain (1.18) in
the same range 1 < 7 < b1(0)(logT)! = (log, T)~!. In 2019, Lamzouri-Lester—
Radziwitt [93] proved the following result together with discrepancy bounds (1.9).

THEOREM 1.16 (Lamzouri-Lester—Radziwitt). Let 1/2 < o < 1 and @ = 0 or 7.
Then there exists a positive constant by (o) such that

(1.19) Y,r(t;a) =¥ (t50) - (1+0 (r2(logT, 7)log, T))

holds uniformly in the range! 3 < 7 < by(0-)(log T)'=7 (log, T)_er, where

Tlogr)&

yl—a

(1.20) r(y,7) = (

The implied constant depends only on o.

This result is not sufficient to recover Theorem 1.15 since the range of 7 is
narrower than that of Theorem 1.15. The second main result extends the range to
fill the gap between Theorems 1.15 and 1.16.

THeOREM II. Let 1/2 < 0 < 1 and a € R. For any B > 1, there exists a positive
constant b3(o, B) such that

Yor(t;a) =Y. (1;0) - (1 +0 ((log T)_B +ry(logT, T)))

uniformly in the range 1 < 7 < b3(c, B)(logT)'=7 (log, T)~!, where r,(y,7) is
defined as (1.20). The implied constant depends on o, @, and B.

The proof of this result is presented in Section 15. Note that it is also a special
case of the result in a recent joint work of the author, Endo, and Inoue [38]. More
generally, they studied large deviations of values of Inoue’s functions 7,,(s) for
m > 0.

1.6. Other topics. There still remain many issues on the theory of the value-
distribution of £(s). We briefly introduce some of them to end Section 1.

1The authors of [93] asserted that (1.19) holds in the range 3 < 7 < (logT)!~7 (log, T)l‘#,
which is wider than the range of 7 in Theorem 1.15. However, their proof appears to be incorrect for

> (logT)'=7 (log, T) 7.
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1.6.1. The value-distribution of ({’/{)(s). For Res > 1, the logarithmic deriv-
ative of £ (s) is represented as

(1.21) C(9)=-Y Y (ogp)pt
{ p k=1
similarly to (1.4). Then itis expected that (£’/{)(s) satisfies many properties similar
tolog £ (s) described above. Actually, Kershner—Wintner [82] proved a limit theorem
for (¢’/{)(s) as an analogue of Theorem 1.4. A more precise result was obtained by
Guo [52] in 1996. He proved the existence of a continuous function M, : C — Ry
such that an asymptotic formula of the form
1 T év/ '
(1.22) —/ () (—(a-+zt)) dt = /(D(W)MO-(W) |dw| + (error term)
T Jo 4 C

holds for o > 1/2, where the test function ® is compactly supported and belongs to
C*(C). Guo [53] also applied this result to study the distribution of zeros of {’(s).
Furthermore, Suzuki [176] used the density function M, to study the distribution
of zeros of the entire functions A7 (s) = £(s + w) + £(s — w), where w > 0 and
E(s) = %s(s — l)ﬂ‘gF(%)g(s). Remark that (1.22) yields no discrepancy results
directly since the indicator function 1g(w) does not belong to C*(C). In 2014,
Lester [105,106] studied the value-distribution of ({’/{)(s) where s = o + it varies
near the critical line. He also obtained a certain discrepancy bound for (£’/{)(s) by
using a smooth approximation of the indicator function. Modifying the methods of
Guo and Lester, the author [134, 136] proved a similar result for oo > 1/2 in more
general situations.

1.6.2. Extreme values on the line Re s = 1. The distribution of values £ (1+it) is
more understood than ¢ (o +it) for 1 /2 < o < 1. For example, Littlewood [109,110]
proved that the Riemann Hypothesis implies the inequalities

(% +0(1)) efl((ig)zt <11 +it)] < (2+0(1))e? log, ¢

as t — oo. See also Levinson [107] for Q-results in this case. The behavior of
the large deviations for values {(1 + it) are significantly different from the results
in Sections 1.4 and 1.5. In fact, Granville-Soundararajan [51] established certain
asymptotic formulas for

¥ipn) =1 +in] > 1) and W) =Py (1] < 2]

as follows. Let A be the constant given by

1 0
A=/O (1(>glo(y‘1)—y‘1)cly+/1 log Io(y™") dy.

Then they proved the asymptotic formulas

- (1+ 0G24 s (R(T), T))))

P (1) = exp (—
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uniformly in the range 1 < 7 < R(T) :=log, T — 20, where r3(y,7) = ¢">. For
Res = 1, there are few results on the two-dimensional large deviations similar to
Theorem 1.13. See Matsumoto [125] and Lamzouri [89] for results in this direction.
1.6.3. The value-distribution on the line Re s = 1/2. The value-distribution of
£(1/2 +it) is quite different from the situation for o > 1/2. Indeed, it is still
an open problem whether the set {{(1/2 +it) | t € R} is dense in C. For this
problem, an approach based on random matrix theory was suggested by Kowalski—
Nikeghbali [88] in 2012. Selberg studied an analogue of the Bohr—Jessen limit
theorem for o~ = 1/2 in his unpublished work. He obtained the limit formula

lo 14
lim B, g{|(5 +it)]

> : /Oo g
— = >7|=— e dx,
T—eo [% 10g2 T V21 Jr

where 7 is a fixed real number. The precise proof of this limit formula can be found
in Laurincikas [97]. Furthermore, several large deviation results were obtained
by Jutila [73], Radziwilt [158], and Inoue [67]. In Section 4.2, we revisit these
issues, where we consider the value-distribution of Inoue’s function 77,,(1/2 + it)
withm > 1.

1.6.4. The universality theorems. As was described, the work of Bohr and his
colleagues motivated various studies of the value-distribution of £(s). In a direction
different from the results of the previous sections, Voronin presented several results
in 1970s including notably the universality theorem. Let 0 < r < 1/4. Suppose that
g(s) is a non-vanishing continuous function on the disk |s| < r which is analytic in
the interior |s| < r. Then Voronin [182, 183] proved that

li%nianT 1|n|ax|§(s +3/4+it) —g(s)| <e| >0
—00 s|<r

holds for each € > 0. In other words, any function g(s) with nice properties can be
approximated by the Riemann zeta-function (s +3/4 +it), and furthermore, the set
of such shifts # has a positive lower density. Note that Bagchi [4] and Gonek [49]
obtained similar results independently of Voronin. For more information about
the universality theorems, see the survey of Matsumoto [129] and the books of
Karatsuba—Voronin [81], Laurincikas [99], and Steuding [175].

2. Dirichlet L-functions

In Section 1, we introduced several results on the value-distribution of £ (s) as the
complex variable s = o +it varies on the vertical lines, namely in the #-aspect. In this
section, we consider the value-distributions of Dirichlet L-functions as preparation
for the main results in the latter sections. Let y be an arithmetic function defined
from a character y of the group (Z/mZ)* by x(n) = y(n mod m) if (n,m) = 1 and
x(n) = 0 otherwise. Then y is called a Dirichlet character to the modulus m, which
is often identified with y. The Dirichlet L-function attached to y is defined as

Lis.x)=Y x(mn* =]t - x(p)p™"
n=1 p
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for Res > 1. The Dirichlet character yq corresponding to the trivial character
of (Z/mZ)* is called the principal character to the modulus m. In this case, the
Dirichlet L-function L(s, yo) is essentially equal to the Riemann zeta-function since
L(s, x0) = £(s) [1pjm(1 = p™). It is known that L(s, ) is continued to an entire
function if y is non-principal. Furthermore, L(s, y) satisfies several properties
similar to (b)—(f) of Section 1 if y is a primitive character; see Davenport [31].
Here we say that a Dirichlet character y to the modulus m is primitive if it is not in
the image of the natural injection

L2 (Z/m'Z)* — (Z/mZ)*

for all proper divisors m” of m. Note that any Dirichlet character y is obtained by
x = t(x’) with aunique primitive character y’ to the modulus m’. Such a modulus m’
is called the conductor of the Dirichlet character y. Then, the following generalized
Riemann Hypothesis is still open.

(g’) Let y be a primitive Dirichlet character. Then all zeros of L(s, y) in the
critical strip 0 < Re s < 1 lie on the critical line Re s = 1/2.
Therefore log L(s, x) should be defined as a holomorphic function on the region

Q1) Gy={o+it|o>1/2}\ U {c+ilmp|1/2 <o <Rep}
L(p.x)=0
in a way similar to log £(s).

It is natural to consider how the results on the value-distribution of £ (s) in the
t-aspect are modified for Dirichlet L-functions. Moreover, the investigation in the
X -aspect is rather interesting in this case, that is, we study the distribution of the
values L(s, y) as y varies over the following set of characters. For a prime number
q > 3, we define

X, = {x | x is a primitive Dirichlet character of conductor ¢}.

Itis also useful to restrict the situation to real characters y; = (£), where (%) denotes
the Kronecker symbol. For this, we define three classes of discriminants d as

D ={d € Z | d is a non-square integer with d = 0, 1 mod 4},
F={deD|d=1mod4ord=4m withm = 2,3 mod 4},
P ={d € ¥ | d is a prime number},

and study the value-distributions of L(s, y4) as d varies over these classes. An

integer d € ¥ is especially called a fundamental discriminant, and any real primitive
character y is given by y = y,; with some d € F. In addition, we define

Dy={deD]||d <X}

for every X > 0, and Fx, Px similarly. Then we also use the notation such as
Dy ={d € Dx | d >0}, Dy ={d € Dx | d <0}, and so on. In the following
sections, we see several results on the value-distributions of L(s, y) in the y-aspect
which can be regarded as analogues of results in Section 1. It is remarkable that
some of them were obtained before the results for £ ().
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2.1. Limit theorems and discrepancy estimates. Similarly to the notation P,
we define

_#{deS| -}
- #S

for any finite subset S c 9. Let o > 1/2 be a fixed real number. Then we see
that P, s(A) = Ps(L(0, xq) € A) gives a probability measures on (R, B(R)) since
values L(o, y4) are real. We denote by F,r 5(1) = Ps(L(0, x4) < t) the distribution
function of this probability measure. In 1951, Chowla—Erdés [26] studied the case
S = D7 and proved a limit theorem for Dirichlet L-functions in y-aspect.

THeEOREM 2.1 (Chowla—Erdés). Let o > 3/4. Then there exists a continuous
distribution function Fy ¢ such that Fo oy (1) > Fop(t) as X — oo forallt € R.

Hence P p: converges weakly to a probability measure Py p as X — co whose
distribution is equal to F,» . Additionally, we obtain the limit formula

1lim Py.p: (1) = Py (1)

for all intervals 7 = (a, b] by considering the difference Fg,@;(b) — Fa,@;(a).
Therefore Theorem 2.1 can be regarded as analogues of Theorems 1.4 and 1.7.
In 1966, Barban [7] introduced another method to prove a similar limit theorem.
He studied values L(1, y4) for negative discriminants d. To describe the limit
distribution more precisely, he used the integral moments

1
(2.2) me=lim — Y L(lLxo)* k=012....
X—00 X deDy

The properties of m; were studied by Barban [6] and later by Wolke [187], Lavrik
[102], and others.

THEOREM 2.2 (Barban). Let F o be the distribution function of Theorem 2.1.
Then we obtain Fy p_ (1) — Fi,p(t) as X — oo for all t € R. Furthermore, the
characteristic function of Fy p is represented as ¢(y) = Y1 7 (i ¥ by using the
integral moment my, of (2.2).

The reason why Barban considered only the case s = 1 is probably because
his motivation was to study the distribution of class numbers which are connected
with the values L(1, y4). Let hy denote the class number of a discriminant d in
the narrow sense. We put €; = (ug + vqVd)/2 for d > 0, where (ug, vq) is the
fundamental solution of the Pell equation u? — dv? = 4. Then we have the equality

hgloge; ford >0,

’3—rhd for d = -3,
%hd for d = -4,
mhy ford < -4

VIdIL(1, xa) =
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which is known as Dirichlet’s class number formula [31, Section 6]. Hence we
deduce from Theorems 2.1 and 2.2 the limit formulas

4 {d e D% | hylogey < NE} = Fio(1),

lim

X—o0 #Z);

) 1 _ t

Jn g {d e Dy ‘ ha < ;\/Z} = Fio(1).

Stankus [173,174] studied similar limit theorems for the probability measure defined

as Ps.p, = Pp,(L(s,xq) € A) for A € B(C). Then he proved that it converges

weakly to some probability measure as X — oo for any s = o + it with o > 1/2.

Furthermore, he obtained a similar result for another probability measure defined

by using the set X,. These results were derived by adapting the method introduced

by Elliott [33-36] in 1970s. This method is quite similar to Jessen—Wintner [71].

Moreover, Elliott applied Esseen’s inequality [39] in probability theory to refine

the limit theorems. Define a probability measure P p, (A) = Pp, (|L(s, xq)| € A)

for A € B(R), where s = o + it with o > 1/2. Then we denote by Fp, (1) =
Py, (|L(s, xa)| < 1) its distribution function.

Tueorem 2.3 (Elliott). Let s = o + it with o > 1/2. Then there exists a
continuous distribution function Fy p such that

Fopy(t) = Fup(1) + 0 ((log3 )2

uniformly for all t € R. The characteristic function of Fy p is represented as

1
() =[[5{exp (=iylog |1 = p™*]) +exp (=iylog |1+ p~*]) }.
p

Let Py p be the probability measure on (R, B(R)) attached to the distribution
function F; p. Then Theorem 2.3 yields the discrepancy bound

(2.3) Dsp(X) := sup |Ps.py (T) = Psp (1)

< (logs X)72,
where 7 runs through all intervals (a, b] in R. A modified result was also obtained
by Fomenko [42] in 2006. Compared with the estimates in Section 1.3, there should
be still room for improvement of (2.3). It is expected that one can derive sharper
discrepancy bounds by adapting the method of the proof of Theorem I.

Finally, we recall the denseness results of Mishou—Nagoshi [141] in 2006. They
proved the y-universality theorem, i.e. the universality theorem for L(s, x) in the
x-aspect. They also obtained the following conclusion as a consequence of the
universality.

THEOREM 2.4 (Mishou-Nagoshi). Let € > 0 be a real number.
(1) Let s = o +itwith1/2 < o < 1 and t # 0. Then we have

1i)l(ninfp¢;(|L(s,Xd) — < e) > 0,

where z is an arbitrary complex number.
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(i) Let 1/2 < o < 1. Then we have
limian¢¢(|L(0',)(d) _x| < e) > 0.
X—o X
where x is an arbitrary real number.

Therefore {L(s, x4) | d € F*}isdense in C for s = o +it with 1/2 < o0 < 1
and t # 0, and {L(0, x4) | d € ¥*} is dense in R for 1/2 < o < 1. Mishou-
Nagoshi [142,143] obtained similar results for prime discriminants. See also [144]
for a recent result in this direction.

2.2. Large deviations and extreme values. In 1980, a notable result on the
large deviation for values L(1, y) was obtained by Monach [145]. Define a proba-
bility measure on (R, B(R)) as

#HyeX, |argL(1,x) € A}

Py x,(A) = X
q

where arg L(1, y) is understood as the imaginary part of log L(1, y). Adapting the
method of Elliott, one can prove that it converges weakly to a probability measure
Py as ¢ — oo. Denote by H.(7) the half lines H, (1) = {x € R | x > 7} and
H_(t) = {x € R| x < —1} for > 0. Then Monach proved lower and upper
bounds for the quantity P (H.(7)).

THEOREM 2.5 (Monach). There exist positive constants ¢y and c, such that
(2.4) exp (—exp(cie”)) < P1(H(7)) < exp (—exp(cze”))
if T > 0 is large enough.

Note that (2.4) is similar to an estimate proved by Matsumoto [125] in 1991,
which is about the large deviation for values log £ (1 + if) in the t-aspect. See also
Lamzouri [91] for more precise results for Py (H. (7)) and Py x,(H.(7)). The study
of the large deviations of values L(1, y) was significantly developed after Monach’s
work. In particular, we consider the probability measure

P17y (4) =Py (log L(1, xa) € 4).

One can show that it converges weakly to a probability measure P & as X — oo.

In this case, we modify the half lines as H, () = H,(logT +y) and H_(1) =
H_(log7 +7y —log £(2)) to study the large deviations

W (1) =Py (IL(1 )| > €77) = Prgy (HL(D),
()

Y x(1) =Px (|L(1,Xd)| <

) = P (F(1)).

Put ¥ (1) = Pl,;r(?_-(i (7)). With the notation above, Granville-Soundararajan [50]
achieved the following results in 2003.
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THeOREM 2.6 (Granville-Soundararajan). Let A be the constant given by

1 00
A= / (logcosh(y™") —y 1) dy +/ log cosh(y™!) dy.
0 1

(1) For large T, we have

T-A-1

4 e
‘PI(T) = exp (— "

(1 +0(r—1))).

(ii) Let R(X) =log, X +log, X — 20, and take a real number r with e < r <
log, X. Then we have

T-A-1

. e
TT,X(T) = exp (— "

(1+0(r '+ r_l)))
uniformly in the range T < R(X) —log, r.
(iii) We have

Wi (1) = i (1) - (140 ((log X) S +73(R(X), 7))
uniformly in the range T < R(X) — 2logs X, where r3(y,7) = e .

Then, Theorems 1.14, 1.15, and 1.16 were obtained as analogues of these results
for the value-distribution of { (o +it) in the ¢-aspect. In 2007, Wu [189] presented an
improved method for the proof of Theorem 2.6 (iii) by using the saddle-point method
of Hildebrand-Tenenbaum [61]. The method of Lamzouri—Lester—-Radziwilt [93]
appears to be based on Wu’s approach, although they did not refer to his work.

2.3. M-functions. In 2008, Thara [62] introduced the notion of M -functions
which are density function closely related to the value-distributions of L-functions.
At first, he studied the value-distribution of (L’/L)(s, x) as y varies over the set X,.
Note that his result was obtained for more general L-functions defined for global
fields K, but we describe here the case K = Q for comparisons with the above results.

ThaeorREM 2.7 (Ihara). Let s = o + it with o > 1. Then there exists a continuous
function M, : C — Ry such that

. 1 1 L
ey im o L & @(f(s,)()) = /C O (w) M, () |dw]

xeXy

for all continuous functions ® on C.

He also proved that a similar limit formula holds for (£’/{) (o +it) in the t-aspect
with the same M-function M. Hence one can see that the function M, agrees with
Guo’s one described in Section 1.6. Furthermore, Thara constructed it explicitly in
terms of Schwartz distributions. Let oo > 1/2. For a prime number p, we put

—logp p7logp

Cop=——— and r,,=———.
o.p p20' -1 o.p p20' -1
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Then, we define a Schwartz distribution M, , on C as

| ' o(r —rop)
|p‘7—ei9|2 7 ’

My p(cop+ reie) =

where ¢ is the Dirac delta distribution on R. Denote by M, p the convolution
My p = *pepMy ,, where P is a finite set of prime numbers, and the convolutions
are taken with respect to the measure |dw|. Let P, be the set of prime numbers not
exceeding y. Then Ihara [62, Theorem 2] showed that M, p, converges to M, as
y — oo for any o > 1/2. He further proved that the function M, belongs to C*(C).
The Schwartz distribution M, , is associated with the Fourier transform Mcr p- We
define the M-functions MU p and M as the Fourier transforms of M(T p and M,

respectively. Then we obtain M(Tp = [1pep M(Tp and Mo.p — M, as y — oo.
Hence we have

(2.6) MO’(Z) = HM(T,]?(Z)’
p

where p runs through all prime numbers. There are also two types of representations
—~ i o0 —i a+b ) Z“Zb
e
n=1 a,b=0 2 a'b!

with explicit coefficients A, (n) and ,u,(f ’b); see Thara [62, Theorem 3]. Note that (2.5)
yields the limit formulas

1 1 L _
2.7 lim A E 60 = i,
@7 0% 1(Q) & #X, X§( '(L(S X)) (2)
o (Q) /2 #X, VX, L

where P(“?) (w) = w*w?. Thara proceeded to study formulas (2.5), (2.7), and (2.8)
for o < 1 with his colleagues. In 2009, Thara—Murty—Shimura [66] obtained an
asymptotic formula similar to (2.8) at s = 1.

THeoreM 2.8 (Ihara—Murty—Shimura). Let (a,b) be a pair of non-negative
integers. For any € > 0, we obtain

1 L’
_ Z P(a’b) (f(l’)()) — (_1)a+b'uia,b) +0 (q—1+e) )

#X‘I xeXy

If the generalized Riemann Hypothesis is true, the estimate of the error term can
be improved to O(q~'(log q)%), where d = a+b+1ifab =0, andd =a+b +2
otherwise.

Later Thara’s work joined up with Matsumoto. First, Thara—Matsumoto [63]
proved in 2011 a limit formula similar to (2.5) for o > 1/2, where (L’/L)(s, x) is
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replaced by log L(s, x). Indeed, they showed the existence of a continuous function
My : C — Ry such that

1 /
(29)  lim Y — ) ®(ogL(s x)) = / D(W)My (W) |dw|
Q—c0 JT(Q) g<0 #X‘I)(EXq C
with some suitable test function @, where Y’ stands for the sum over y with s € G .
Here, the M-function M, is constructed similarly to M-, and it agrees with that of
Theorem 1.4 (ii). Based on a similar method, Thara—Matsumoto [65] also prove the
following result.

THeEOREM 2.9 (IThara—Matsumoto). Let s = o+it with o > 1/2 be a fixed complex
number, and denote by Y. the sum over y with L(s, x) # 0. Then we obtain
1 1 ’ L’
¥ g L0 T60) = [ @ onlani,

lim
Q_)OO ﬂ-(Q) L]SQ XEXq

where the test function @ is one of the following:

(1) @ is any bounded continuous function on C;
(i) D is the indicator function of either a compact set of C or the complement
of such a set.

Furthermore, Thara—Matsumoto [64] introduced another method to prove the
limit formula

(2.10) lim — ’q>(%(s,)()):/c<b(w)M,,(w) |dw]

with suitable test functions ®@. Assuming the generalized Riemann Hypothesis, they
proved that (2.10) holds for all continuous functions ® satisfying ®(w) < el
with some ¢ > 0. After the initial work of Thara—Matsumoto, some analogous
results were obtained by several researchers. See the survey of Matsumoto [130]
for the results obtained by 2019. In particular, Mourtada—Murty [150] obtained the
M -function for Dirichlet L-functions of real characters in 2015.

THeoOrREM 2.10 (Mourtada—Murty). Let o > 1/2 and assume the generalized
Riemann Hypothesis. Then there exists a continuous function Q, : R — Rsq such
that

@1 lim —— ¥ @(Ew,m) - [ @0 lau

X—00 #TX deFx L

holds, where the test function @ is one of the following:

(1") @ is any bounded continuous function on R;
(ii") @ is the indicator function of either a compact set of R or the complement
of such a set.

As Akbary—Hamieh [1] pointed out, the assumption of the generalized Riemann
Hypothesis is removable in this result. Moreover, compared to Theorem 2.4, it
remains to consider the M-function for the value-distribution of L(s, y4) with s ¢ R.
We discuss related topics in Section 3.4.
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3. L-functions of higher degree

Recall that the Riemann zeta-function and Dirichlet L-functions are represented
as the infinite products {(s) =[], CI>,,(p_s)_l and L(s, x) = [, C[)p()((p)p_s)_'
with ®,(T) = 1 - T. Furthermore, we know zeta and L-functions represented as
F(s) =1I, ®p(p~° )~! with polynomials ® »(T) of higher degree. Typical examples
are the Dedekind zeta-function

oo =0=-2" ] a-p2 [ a-p"
p=1 mod 4 p=3 mod 4
and the automorphic L-function

L&) =TT (1-7(pp + ")

p
attached to the modular discriminant

A(z) = ™ TT(1 - 2224 = Z 7(n)e?™ .,
g n=1

In the following sections, we see how results of Sections 1 and 2 are generalized to
L-functions of higher degree, e.g. Dedekind zeta-functions, Artin L-functions, and
automorphic L-functions of cusp forms. See Iwaniec—Kowalski [70, Section 5] for
basic properties of these L-functions.

3.1. Dedekind zeta-functions. Let K be a number field, and denote by Ok the

ring of integers of K. Then the Dedekind zeta-function {x () is defined as
x(s) = Y N(@)™ =J(1 =N(®™)™,
a P

where a and p run through all integral ideals and prime ideals of Ok, respectively.
Here, N(a) stands for the ideal norm of a. Note that {g(s) is equal to the Riemann
zeta-function. In 1990s, Matsumoto [125, 126] generalized the Bohr—Jessen limit
theorem to Dedekind zeta-functions g (s).

THeOREM 3.1 (Matsumoto). Let K be a number field of degree d. Then the
following results hold for o > max{1 —d~!,1/2}.

(1) There exists the limit value
Wq(R; Lk) = Tlim Pr(log lk (o +it) € R),

where R is a rectangle in C whose sides are parallel to the axes.
(i1) Suppose that K/Q is a Galois extension. Then there exists a continuous
function My ( - ;{k) : C — Ryq such that

Wo (R: k) = /R Mo (w: k) |dw].

Here, the branch of log {x(s) is determined similarly to log {(s). Moreover,
some results on the large deviation of values {x(s) were obtained by Matsumoto
[125] and Hattori—-Matsumoto [57]. The discrepancy bound in this case was firstly
obtained by Harman—Matsumoto [56] with the assumption that K/Q is Galois. In
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2007, Matsumoto [128] refined the method of [S6] to derive the discrepancy bound
for an arbitrary number field K. Then, the work on M, (w; (k) for a non-Galois
number field K remained. Modifying the method of Guo [52], the author [134,136]
obtained a similar M-function M, (w; {x) which is associated with the limit theorem
for ({%/{k)(s). Finally, the existence of M, (w; (k) for an arbitrary number field
K was proved in [137]. We prove a more general result in Chapter 4 as Theorem
11.1.

3.2. Hecke L-functions of ideal class characters. Matsumoto [127] further
generalized the results in [128] to Hecke L-functions Lg(s, y) attached to ideal
class characters. Similarly to the case of Dirichlet L-functions, it is also worth
studying the value-distributions of Hecke L-functions in the y-aspect. Akbary-
Hamieh [1] studied especially cubic characters defined on the ideal class group of
k = Q(V-3). Let

C ={c € O | ¢ # 1is square-free and ¢ = 1 mod 90, }

and K = k(§Jc) with ¢ € C. Then there exists a cubic character y. such that
the Dedekind zeta-function of K is factorized as (g (s) = {x(s)Li (s, xc)Li (s, X¢)-
Recalling that the formula £ () (s) = £(s)L(s, xq) holds for d € F, we define

LC(S) = Lk (S’ XC)Lk(S’ E)

as a cubic analogue of the real quadratic Dirichlet L-function L(s, y4). Akbary—
Hamieh showed in 2020 a limit theorem for the L-function L.(s) as ¢ varies over
the set

Cx ={ceC|N(c) < X}.

THEOREM 3.2 (Akbary—Hamieh). Let o > 1/2. Then there exists a continuous
function €, : R — Ry such that

lim 1 Z @(i—;(a)) = ‘/R;QD(M)%U(M) |du|

ceCx

holds, where the test function @ is one of (') and (ii") of Theorem 2.10.

Here, we slightly modified the original statement by Akbary—Hamieh for the
comparison with Theorem 2.10. They also proved a similar result for log L.(s) and
applied it to study the distribution of class numbers of K = k(~/c) as ¢ varies over C.
Furthermore, a quartic analogue of Theorem 3.2 was announced by Gao—Zhao [44].

3.3. Artin L-functions associated with S, -fields. As seen in Section 3.2, the
Dirichlet L-function L(s, y4) for d € ¥ is regarded as the L-function arising
from the quadratic extension Q(Vd)/Q. Akbary—Hamieh introduced the L-function
L.(s) of the cubic extension k(v/c)/k with k = Q(V=3). Then, we consider a cubic
extension K /Q as another cubic analogue of Q(Vd)/Q. If K/Q is Galois, then the
situation is almost the same as k(+/c)/k, that is, we have a Dirichlet character y
such that {x(s) = £(s)L(s, x)L(s, x). On the other hand, the case where K/Q is
non-Galois is rather interesting. In that case we have Gal(E /Q) ~ S3, where K is
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the Galois closure of K over Q. More generally, a number field K of degree n is said
to be an S,,-field if Gal(K/Q) =~ S,. For an §,-field K of degree n > 2, there exists
an irreducible representation pg : Gal(K/Q) — GL,-1(C) such that

Ck(s) = {(s)L(s, pk),
where L(s, pk) is the Artin L-function of the Galois representation pg. In particular,
the Artin L-function L(s, pg) for the quadratic field K = Q(Vd) is equal to the

Dirichlet L-function L(s, y4). Recall that, if K is an S,-field of signature (r1, ),
then n = r; + 2ro. We define

L,(F)(X) = {[K] | K is an §,-field of signature (r{,r;) with |dg| < X},

where [ K] stands for the isomorphism class of S,-fields containing K, and dk is the
discriminant of K. We write K € L (X) instead of [K] € L (X) for simplicity.
Then Cho—Kim [24] generalized Theorem 2.4 to S,-fields with n < 5 on the line
Res = 1. For n = 5, this result is conditional since they assumed the strong Artin
conjecture for L(s, pk), i.e. there exists a cuspidal representation 7 of GL,—1(Aq)
such that L(s, pg) = L(s, 7). In2018, Cho—Kim [25] further studied a limit theorem
by adapting the method of Barban [7]. They calculated the integral moments

1
(3.1) me=lim ——— ) (logL(1,px))"
X2 B (X)

for all k > O similarly to (2.2) with the assumptions of the strong Artin conjecture
and the “counting conjecture” [25, Conjecture 3.1]. The truths of these conjectures
are elementary for n = 2. If n = 3, the strong Artin conjecture for L(s, pg)
is true by the fact that the representation pg is induced from a character of the
cyclic group Gal([? /Q(+V/dkg)). Furthermore, the counting conjecture for n = 3
is also true by the work of Bhargava—Shankar-Tsimerman [10] and Taniguchi—
Thorne [177] in 2013. For higher degree cases, little is known about the truths
of these conjectures: the strong Artin conjecture for n = 4 [22] and the counting
conjecture for n = 4,5 [9,23,169,190].

THEOREM 3.3 (Cho—Kim). Assume the strong Artin conjecture and the counting
conjecture. Furthermore, we assume that m; < cko2: kK holds with some constant
¢ > 1. Then there exists a distribution function F such that

o K € L (X) | log L(1, pk) < 1}
1m
X—00 #L,gr2) (X)

holds at each point of continuity of F, where the characteristic function of F is
represented as ¢(y) = Y1 %(iy)k by using the integral moment my of (3.1).

= F(1)

Remark that they gave an explicit formula of my, but it is too complicated to
show that m;, < k102 jg satisfied. The author [135] refined Theorem 3.3 for n = 3
without any assumptions on the integral moments my. Furthermore, he obtained
an M-function in this case. Recall that sgn(dg) = (—1)"2 holds in general. For

simplicity, we then write L (X) = Lgo)(X) and L3 (X) = Lgl)(X ). We define the
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region G,, and the branch of log L(s, px) similarly to G, and log L(s, x) as in
Section 2. Then we prove the following result in Section 12.

THeOREM III. Choose a constant 7/8 < oo < 1 arbitrarily. For o > oy, there
exists a continuous function Cy, : R — Ry such that

lim

1 /

LE(%)

holds, where the test function ® is one of (i) and (ii") of Theorem 2.10. Here, the
notation Y. stands for the sum over K with o € G ..

The density function C, is associated with the Fourier transform Co. We prove
that it is explicitly represented by the formula

(3.2)
50' (x) = H

p

1 1 s 1 .
T g loe(l = P Sun(-2log(1 - p7)
1 1 1
+50a(=log(1+p™ + p™7) + —y(=log(1 = p™7) + |

p p

similarly to (2.6). The right-hand side of (3.2) contains much information on the
local conditions of S3-fields. Note that L(s, px) is represented as

(33) Ls.px)= [ a-p2" J] (1-p7
p

P
(P)=p1p2p3 (p)=p1p2
x H (1 +p—s+p—25)—l H (1 _p—S)—l H 1,
P P P
(p)=p1 (P)=pip2 (P)=p]
where we write the prime ideal decomposition in K as (p) = pi' .pyr for a

rational prime p. Furthermore, the densities of S3-fields with each local conditions
are calculated as

#{K € L3(X) | (p) = p1p2p3} 1 1
1m = -,
X—00 #L5(X) l+p~l+p26
. MK e L3(X) | (p) = p1p2} 1 1
lim - = s
X500 #L3(X) l+pt+p22
#{K € L3(X) | (p) = p1} 1 1
1110 + = -1 273’
X—o00 #L3 (X) 1+ p+p 3
L OHKELOI(=pe) 1 1
X0 #LE(X) Cl+plt4p2p
#HK e L3 (X) | (p) =9} 1 1

lim
X—o0 #L3(X) 1+p 4+ p2p?
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by the work of Bhargava—Shankar-Tsimerman [10] and Taniguchi—Thorne [177].
These observations imply that Co (x) is associated with the expected value for some
random element. We study such a random element in Chapter 3.

Then, we apply the class number formula [94, Proposition 13 of ch. XIV, §8] to
see a result on the distribution of class numbers of S3-fields. Let Ax and Rk be the
class number and the regulator of an S3-field K, respectively. Then we have

hg R
(3.4) L(1,pk) = D*—==,

Vldk]|
where DT = 4 if dxy > 0 and D~ = 2n if dg¢ < 0. From a result on the value-
distribution of L(s, pg), the author [135] deduced the asymptotic formulas

log X

3.5 hgRg = cX3?+ 0 | X3 exp (-6 —— ||,
(3.5) Y hkRg=c ( exp log, X

KeLi(X)

6 log X
Z hKRK = —CX3/2 +0 (X3/2 exp (—5 o8 )) s
KeL, (X) T log, X

where ¢ and ¢ are positive constants. In particular, we obtain

E.4C)
VT

H(l +p2=2p3 - 2pt+2p 4 pT - p7¥).
p

See Corollary 12.16 for more information. These formulas are regarded as cubic
analogues of Ayoub [2, 3], where the asymptotic formulas for quadratic fields were
studied. They are also related to Gauss’ formulas

7T2 T
hglogey ~ X3/2  and hg ~ x3/2
d% 18£(3) d;z)x 18£(3)

as X — oo, which were proved by Siegel [170] in 1944.

3.4. L-functions of cusp forms. Let S (N) be the space of holomorphic cusp
forms for the congruence subgroup I'y(N) of weight k with trivial nebentypus. The
space Sk (V) is equipped with the Petersson inner product

_ N, k=2
(frg) = //F Ry

where z = x + iy. Note that every f € S;(N) has the Fourier series expansion

k

f(2) = Z /lf(n)n%ez’”'”z.
n=1

Let S z(N ) be the subspace of Si(/N) spanned by oldforms, that is, cusp forms
represented as f(dz) for some f € Sy (N’) and d|N, where N’ is a proper divisor of
N satisfying dN’|N. Denote by St (N) the orthogonal complement of Sz (N) with
respect to the Petersson inner product. We say that f € S}f(N ) is anewform if itis a
non-zero eigenfunction of all Hecke operators. Note that the first Fourier coefficient
A7 (1) does not vanish when f is a newform, and there exists an orthogonal basis of
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Si (N) consisting of newforms f such that A7(1) = 1; see Iwaniec [69, Chapter 6].
We denote by By (N) such a basis, whose elements are also called primitive cusp
forms. The automorphic L-function attached to f € By (N) is defined as

Li(s) =Y apmn™ =TJ(1 = 24(p)p™ + xo(p)p™>) 7",
n=1 p

where yo is the principal character to the modulus N. Matsumoto [123] proved a
result on the value-distribution of L ¢(s) similar to Theorem 1.4 (i) in 1989. On the
other hand, suitable analogues of Theorem 1.4 (ii) were not obtained until the work
of Matsumoto—Umegaki [132] and a little later by the author [137]. See also [133]
for a further generalization.

THeoOREM 3.4 (Matsumoto—Umegaki). Let f be a primitive cusp form in Si(N).
Then the following results hold for o > 1/2.
(1) There exists the limit value

Wer(R; Ly) = lim Pr(log Ly(o +if) € R),

where R is a rectangle in C whose sides are parallel to the axes.
(ii) There exists a continuous function My( - ;Ly) : C — Ryq such that

W(f(R;Lf):/Mg(w;Lf) dwl.
R

Here, we determine the branch of log L ¢(s) in a way similar to log L(s, x). Note
that automorphic L-functions are also defined from non-holomorphic cusp forms.
Denote by C(I"\H) the space spanned by the Maass cusp forms for the full modular
group I = SL>(Z). Then there exists an orthonormal basis U = {u;} ;> of C(I'\H)
such that

1
Auj = (4_1 +t]2.) uj and T,u;=A;(n)u;
with 0 < #; <1, < ---, where A is the hyperbolic Laplace operator on H, and 7}, is
the n-th Hecke operator. The automorphic L-function L, (s) is defined as

Ly (s)=Y a;mn~ =[] - 2,(p)p~ +p~>)7".
n=1 p

Let s = o + it be a fixed complex number with o > 1/2. We consider the value-
distributions of L (s) and L, (s) in the following aspects:

(a) f varies over Bi(N), where k is fixed and N — oo;

(b) f varies over By (N), where N is fixed and k — oo;

(c) uj varies over U, where t; — oo.
Then analogues of limit theorems described in Section 2.1 were studied by many
authors. The first one was obtained by Luo [117] in 1999. He studied the value-
distribution of the symmetric square L-functions

2
Ly, (s,sym®) = [T ](1 = e;(p)**Bi(p) p~)"

p =0
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in case (c), where @;(p) and §;(p) are determined from the equations
a;(p)+pBj(p) =4;(p) and «a;(p)B;(p) =1

Then Luo proved an analogue of Theorem 2.2 for L, (1, sym?) by modifying the
method of Barban [7]. Indeed, he calculated the integral moments

1
lim Ly (1, sym?)* = my
T r(T) tj;T v

for all k > 0, where r(T) = Y., <r 1. Similar results in case (a) were also obtained
by Royer [160,161] and Fomenko [40]. Note that the studies of the integral moments
of Ly(s) and L, (s) are more difficult than those of Dirichlet L-functions since the
coefficients A (n) and A;(n) are not completely multiplicative. In fact, the lack of
complete multiplicatively causes some combinatorial complexity in the calculations
of integral moments. Habsieger—Royer [55] explained this complexity in terms of
Dyck paths in combinatorics. In 2004, Cogdell-Michel [27] modified the method
of Elliott [36] to derive a more precise result on the value-distribution of L ¢(s). Let
¢ be alarge prime number and z € C with |z| < (log ¢)(log, g log; ¢)~'. Then they
proved the asymptotic formula

G0 Y w(N)Ls(1,sym”)* = Mi(z;sym”) + O (CXP (_5110gq ))

N(q) feBa(q) 0g, g

with some limit value Ml(z; sym”), where 6 = §(v) is a positive constant, and we

define w(f) = (4n(f, f))~' and N(q) = Y reBy(q) @(f). Here, Ly(s,sym”) is the
v-th symmetric power L-function defined as

(3.7 Ly(s,sym”) = [J(1=2:(p)’ ™) TTTT = e (p) " Br(p) p™) 7",

PIN PIN €=0

where a¢(p) and B7(p) are determined from the equations

ap(p) +Br(p) =As(p) and ay(p)Br(p) =1

for (p, N) = 1. Then Cogdell-Michel proved an analogue of Theorem 2.3 with a
sharper estimate of the error term. A similar result in the case v = 1 was obtained by
Golubeva [48] independently. Fomenko [41] also studied the value-distribution of
L¢(1, sym?) in case (b). These results led to the study of large deviations of values
of automorphic L-functions in the aspects of (a)—(c). Several results in this direction
were seen in Liu—Royer—Wu [111], Lamzouri [90,92], and Wang—Xiao [184]. See
also Lau—Wang [95] for a recent work, where they considered L-functions of cusp
forms for GL,,.

In the remaining part of this section, we see the work on M-functions for the
value-distributions of automorphic L-functions in case (a). The goal is to obtain a
density function A, for which a limit formula such as

Y ®(logL(s. f)) = /@ ®(w) A, (w) |dw]

By (N)

1
(3.8) lim
N—oo #By (N) fe
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holds with some suitable test functions ®. In 2018, Matsumoto—Umegaki [131]
and Lebacque—Zykin [103] studied related topics toward formula (3.8). To state the
results, we introduce two assumptions on Lz (s, sym”).

AssuMPTION A. Let f € By (q™), where k is an even integer with 2 < k < 12
or k = 14, and q is a prime number. For a fixed integer v > 1, the v-th symmetric
power L-function Ly (s,sym”) is analytically continued to a holomorphic function
for Res > 1/2. Moreover, it satisfies the estimate

Ly(o+it,sym”) < g" (|t| +2)
for 1/2 < o < 2, where the implied constant may depend on v.

AssumpTION B. Let f be the same as in Assumption A. For v > 1, the v-th
symmetric power L-function L¢(s,sym”) has no zeros in the strip 1/2 < Res < 1.

For f € By(q™), we extend the definition of w( f) as

1
)= =G

according to Umegaki [181], where the constants Cy and C,(m) are given by

0 form =1,
(4m)*! 2 -1
Cir=—=———— and Cy(m)=1q(g"—-1) form =2,
I'k-1) o
q form > 3.

Furthermore, we define the partial symmetric power L-function L;(s, sym”) by
forgetting the local factors for p|N in (3.7), namely

4
Li(s,sym”) = [TTT(1 = ar ()"~ Bs(p)p™*) 7"
PIN (=0

THeorEM 3.5 (Matsumoto—Umegaki). Let u and v be positive integers with
u—v =2 Letk be a fixed even integer with 2 < k < 12 or k = 14. Suppose that
Assumptions A and B are satisfied for L s (s, sym*) and L ¢ (s, sym”) with f € By (q™)
for all prime powers q". Then, for o > 1/2, there exists a continuous function
my - R — Ry such that

(3.9) lim Z w(f)o (log L}(O’, symt) — log L;}(O', sym"))
g: prime J€Bk(¢™)
m: fixed

= [ ®tm w1
R
holds, where the test function ® is one of (') and (ii’) of Theorem 2.10.

In this result, the M-function m, is obtained as
o) = [ Motusiv) vl
C

where M, is the M-function in formula (2.9). Matsumoto—Umegaki also proved
that a similar result holds with the same M -function m, when ¢ is fixed and m — oo.
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One may think that formula (3.9) is quite different from (3.8). Here, we explain the
relation between log Lj*c(s, sym*) — log L}(s, sym”) and log L ¢(s). Define

Fyp(T,sym”) = (1 —ay(p)'T)(1 = Br(p)'T)
for p # g and v > 1. Recalling the condition as(p)Bs(p) = 1, we have

(3.10) log L}(s, sym”) — log L;}(s, sym” %) = — Z Log F,(p~*, sym")

p#q
forRe s > 1 and v > 3. On the other hand, the right-hand side of (3.10) is essentially
equal to log L¢(s) if v = 1. Indeed, we obtain

logL(s) ==Y LogF,(p~*,sym') + E (s, f)
P#q
forRes > 1, where E, (s, f) = —Log(1 -47(q)g™*). Thus (3.9) can be regarded as
an analogue of (3.8). However, the method of Matsumoto—Umegaki did not allow
us to study the case v < 3.
Next, Lebacque—Zykin studied the M-function for Ly (s) in another way. Let
f € Sir(N) and y € X, with (N,r) = 1. Then we consider the twisted cusp form

k

(f®xX)(@) = Y Ap(mx(mn'T 7,
n=1

It is known that if f € By(N), then f ® y is again a primitive cusp form for I'g(Nr?)
of weight k with nebentypus y?; see [70, Proposition 14.20]. Then they considered
the value-distribution of the twisted L-functions L g, (s) in the y-aspect. They
supposed the following assumption on L ¢g, ().

AssumpTION C. Let N > 1 and k > 2 be an even integer. Let r be a prime
number with (N, r) = 1. Then all zeros of Ly, (s) in the critical strip 0 < Res <1
lie on the critical line Re s = 1/2 for any f € Bx(N) and y € X,.

This assumption is a generalization of the Riemann Hypothesis. Then the result
of Lebacque—Zykin is as follows.

THEOREM 3.6 (Lebacque—Zykin). Let N > 1 and k > 2 be an even integer. We
fix a primitive cusp form f € By (N) and a complex number s = o +it witho > 1/2.
Suppose that Assumption C is satisfied. Then there exists a continuous function

My( -5 f): C— Rsq such that

G Jim o ¥ @ (oeLiey () = [ @00y (wi 1w,
r: prime ' Yx€Xr C
(N,r)=1

where the test function @ is one of (i) and (ii) of Theorem 2.9.

By construction, one can see that the M-function ./, (w; f) agrees with the
function M (w; Ly) of Theorem 3.4. Remark that (3.11) holds further continuous
functions ® satisfying ®(w) < el with some ¢ > 0 since Lebacque—Zykin
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adapted the method of [64] for the proof of Theorem 3.6. They also proved the
existence of the limit value

im Y w(HL(9)3L(s)F = My(z,2)

gq—00

g: prime fe€Bi(q)

for any z,z’ € C under Assumption C. Note that this formula is similar to (3.6).
Furthermore, they succeeded to represent M(z, z’) in the form

(3.12) My(z,2)= ), m™n Y co(m)eai(n),

m,neN xeJ(m)nJ(n)

where the coefficient ¢, (n) and the subset J(n) C N can be explicitly calculated.
However, they did not find a suitable M-function satisfying formula (3.8) due to the
complexity of the right-hand side of (3.12).

The proof of limit formula (3.8) was completed by the author [139] in the case
k =2 and N = g runs over prime numbers. To find the desired function Ay, he
applied the method used in the study of the M-function for the Artin L-function
L(s, px) of Section 3.3. Define the region G s similarly to G, of (2.1). Then we
prove the following result in Section 13.

TuEOREM IV. Denote by Y. the sum over f with s € Gy if s is a fixed complex
number.

(1) Let s = o +it with o > 1/2 and t # 0. Then there exists a continuous
function Ay : C — Ry such that

1

lim Y @ (logLys(s)) = / O (w)As(w) |dw]
q?prime #BZ(q)feBz(Q) c

holds, where the test function ® is one of (i) and (ii) of Theorem 2.9.
(i1) Let o > 1/2. Then there exists a continuous function A, : R — Ryq such

that
1 ’
lim @ (log L¢(0) :/d)(u)ﬂ (u) |dul
g0 #Bz(q)fegq) (log Ls(e7) R 7
q: prime y

holds, where the test function ® is one of (i’) and (ii’) of Theorem 2.10.

Remark that the notation A, indicates a function on C if s is not real, while the
same notation indicates a function on R if s is real. The Fourier transform A(z) is
represented as

(3.13) As(2) = H/o 1/ (— log(1 = (2cosO)p~* +p_2s)) du,(0)
p

by using the p-adic Plancherel measure

+—| Zsin%646.
T

2cos20 1 )_1 2
p p?

(3.14) dy, (6) = (1 + l) (1 -
p
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Furthermore, .710 (x) is represented by the same formula by letting s = o~ and z = x.
Thus we have Ay i (x +iy) — Ay (x) as t — 0 by noting that ¢, (1) = Yge . (1) for
u € R. Equivalently, we obtain the relation

lim Agsit(u +iv) = Az (u)61(v),

where 6, (v) = (27r)%6 (v) for the Dirac delta distribution §(v). Then, we see that
the right-hand side of (3.13) reflects the equidistribution of A7(p) as follows. Let
f € Bi(N) and p be a prime number. By the achievement of Deligne, there exists
a real number 6, (f) € [0, 7] such that 1¢(p) = 2cos8,(f) for (p, N) = 1. Then
L¢(s) is represented as

Li(s)=[J(1=2:(p)p™H " JT(A = 2cos b, (Np~* +p~>)7"
pIN PN
In 1997, Serre [168] proved the limit formula
. #{feBi(N)|a<0,(f)<b} [
(3.15) k+11{’n_1m #Bi(N) B ,/a i (6)

for all intervals [a, b] C [0, ], where p is a fixed prime number. This limit formula
was also proved by Conrey—Duke—Farmer [28] in the case N = 1 and k — oo, and
Sarnak [164] had proved a similar result for Maass cusp forms. Hence (3.13) is
again associated with the expected value of some random variable; see Chapter 3.
One may notice that (3.15) is similar to the Sato—Tate conjecture which asserts that

#{pr|aS9p(f)Sb}:/b2

Zsin®0do
T

3.16 li
(3-16) e 7(x)
holds for a fixed cusp form f € B;(N) which is of non-CM type. Thus, limit
formula (3.15) is sometimes called the vertical Sato—Tate conjecture while it was
proved before the original Sato—Tate conjecture; the proof of (3.16) was achieved
by Barnet-Lamb et al. [8] in 2011.

4. Other zeta-functions

4.1. Hurwitz-Lerch zeta-functions. In the previous sections, we studied zeta
and L-functions represented as infinite products of the form F(s) =[], ®,(p~* )~ !
with some polynomials ®,(7’). In this section, we consider the Lerch zeta-function
defined as

00 2xidn

4.1) Ll a,s) =Y —

n=0

(n+a)’

for 4 €e Rand 0 < a < 1, where the series converges absolutely for Re s > 1. Then
the Lerch zeta-function does not have the above infinite product representation in
general. For example, we have

L(1,1/3,s5) =3° i f(n)n™®
n=1
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for f(n) = 1if n = 1 mod 3 and f(n) = 0 otherwise. Since f(n) is not multi-
plicative, we can not obtain the representation Y °° | f(n)n™* =[], L,(p~) for any
power series L,(T). Note that the Lerch zeta-function is a generalization of the
Hurwitz zeta-function

o 1
l(s,a) =L(1,a,s) :ng’)(n_'_a/)s.

Moreover we have {(s,1) = {(s). Then some of the results on the Riemann
zeta-function are naturally generalized to Hurwitz—Lerch zeta-functions. See [100]
for several results on L(A, @, s). Especially, the Hurwitz zeta-function (s, @) is
continued analytically over the whole complex plane except only for the simple pole
at s = 1 with residue 1. The Lerch zeta-function L(A, @, s) is continued to an entire
function if A ¢ Z. A significant difference between {(s) and L(4, @, s) arises when
we consider zeros off the critical line Re s = 1/2. Since we have L(1,1,s) = £(s),
L(1,1/2,5) = (2*=1){(s),and L(1/2,1,s5) = (1 =2'7%)(s), they have no zeros in
the right-half plane Re s > 1. On the other hand, Davenport—Heilbronn [32] proved
that there are infinitely many zeros of (s, @) = L(1,a,s)inRes > lifa # 1,1/21is
a rational or transcendental number. Cassels [21] proved the result in the remaining
case, i.e. £ (s, @) has infinitely many zeros in Re s > 1 even if « is algebraic irrational.
Furthermore, the distribution of zeros in the strip 1/2 < Re s < 1 were also studied.
In contrast to the Riemann Hypothesis, { (s, @) has infinitely many zeros in this strip
if @ # 1, 1/2 is either rational or transcendental. This result is a consequence of a
property of (s, @) called the strong universality which was proved by Bagchi [4] and
Gonek [49]. The strong universality is not yet proved when « is algebraic irrational.
Thus the question whether (s, @) has infinitely many zeros in 1/2 < Res < 1
remains in this case. Recently, Sourmelidis—Steuding [172] announced a result
close to the strong universality when « is algebraic irrational. However, their result
is not enough to solve this problem. See also Worley [188], Mishou [140], and Lee—
Mishou [104] for more results on the value-distribution of (s, @) with an algebraic
irrational parameter «.

We denote by N(T,o0,0%; 4, @) the number of zeros of L(A,a,s) such that
01 <Rep <opand 0 < Imp < T. The following result is derived by combining
the results of Garunkstis—Laurincikas in [100, Chapter 8].

TrEOREM 4.1 (Garunkstis—Laurinc¢ikas). Let0 < A < 1and 0 < a < 1. Assume
that « is either rational or transcendental. Then there exists a constant 6(a) > 0
such that, for any oy and o, with 1/2 < o < 03 < 1 + 6(a@), we obtain

ClT < N(T,O'l,O'Q;/l,a’) < C2T

for sufficiently large T, where C1 = C(01,072; 4, @) and Cy = Cy(0, 023 4, @) are
positive constants.

Then one may expect that N(T', o1, 02; 4, @) ~ CT as T — oo for some positive
constant C = C(0, 07; 4, @) satisfying C; < C < C,. If « is transcendental, the
method of Borchsenius—Jessen [19] is available to show the existence of such a
constant; see [138, Appendix].
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THEOREM 4.2. Let 0 < A < 1and 0 < a < 1. Assume that « is transcendental.
Then the limit value

1
(4.2) C(0'1,o-2;a):Tlim TN(T,O'l,O'z;/l,CY)
exists for any 1/2 < o < 0.

It is notable that the limit value is determined only from o, 0%, @ and does not
depend on A although the constants C; and C, of Theorem 4.1 may depend on A.

The author [138] applied the methods of Guo [52, 53] of Section 1.6 to refine
limit formula (4.2). For this, we need a further restriction to the parameter a. To
explain the restriction, we recall the classification of complex numbers introduced by
Mahler [118,119]. According to the notation of the book of Baker [5], for a complex
number &, and for positive integers n and h, let P(T) € Z[T] be a polynomial of
degree at most n and height at most £ for which |P(¢)| takes the smallest non-zero
value. Here, the height of a polynomial is the maximal value of the absolute values
of all coefficients. Note that the number of polynomials of degree at most n and
height at most 4 is finite, and therefore we can take at least one polynomial with the
above condition. Then, we define a positive real number w,, ,(£) by the equation

|P&)] = heonr©),

Remark that the real number w,, ,(¢) is determined independently of the choice of
the polynomial P(T'). We further define w, (¢) and w(¢) as

wn(€) =limsupw, ;,(¢£) and w(€) =limsupw,(£),

h— oo n—oo
and we put v(¢) = inf{n | w, (&) = oo}.

DEeriniTION 4.3 (Mahler’s classification). Let ¢ € C. Then we define the notions
of A, S, T, U-numbers as follows:

e ¢£isan A-number if w(¢) =0 and v(§) = oo;
e £isan S-number if 0 < w(§) < oo and v(§) = oo;
e ¢is a T-number if w(&) = oo and v(&) = oo;
e ¢isa U-number if w(€) = co and v(§) < co.

It is known that every class of A, S, T, U-numbers is not empty. Mahler himself
proved that if two complex numbers are algebraically dependent, then they belong
to the same class. Furthermore, a complex number is an A-number if and only if it
is an algebraic number. Hence S, T, U-numbers are transcendental. Several results
on A, S, T, U-numbers are seen in [S]. In particular, almost all complex numbers are
S-numbers, that is, the complement of the set of S-numbers has Lebesgue measure
zero. A typical example of S-numbers is Napier’s constant e, and more generally,
e® is an S-number if z is a non-zero algebraic integer. As for 7, we know just that it
is an S- or T-number. There exist no examples of 7-numbers constructed explicitly.
Finally, Liouville numbers such as ¥, 10~ are known to be U-numbers.

Let0 <A <1ando > 1/2. Suppose that 0 < @ < 1 is an S-number. Then
the author proved that there exists a continuous function M, ( - ;@) : C — Ry¢ such
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that an asymptotic formula of the form
1 T
4.3) T / O (LA, a,0 +it)) dt = /d)(w)Ma(w; a) |dw| + (error term)
0 C

holds similarly to (1.22), where the test function @ is compactly supported and
belongs to C*(C). See Theorem 16.3 for the precise statement. Furthermore, by
the construction of M, (w; @), its Fourier transform is represented as

My (z:0) = [T Jo (Izl(n + @) ™).
n=0

Using asymptotic formula (4.3), we refine limit formula (4.2) as follows.

THEOREM V. Let A € Rand 0 < a < 1. Assume that « is an S-number. Then
there exists an absolute constant A > 0 such that

N(T, 01, 05:4,@) = Ca, ;)T + O (T(log T) )

holds for any 1/2 < oy < o if T is large. Here, the implied constant depends on A,
a, o1, and o,. Furthermore, the constant C (o1, 0%; @) is represented as

2
C(oy, o) = 7 / ( (loglwl) 9 M (w; a)ldwl) do.

The proof of this result is presented in Section 16.

4.2. Iterated integrals of log £ (s). Let m € Z. Then we define a holomorphic
function %, (s) as

70 = " LY it

p k=1

for Res > 1. We have #(s) = log{(s) and 7_(s) = ({’/{)(s) by formulas (1.4)
and (1.21). Recall that _;(s) = ({’/{)(s) is holomorphic over C except for the
zeros and poles of (s). Then we define

G=C\ U {oc+ilmp | o < Rep}.
{(p)=0or e

For m > 0, the functions .#,(s) are analytically continued to G recursively by the
integrals

o+it
In(o+it) = Im-1(2) dz + I, (2 +it),
2+it
where the contour is the horizontal path from 2+t to o +it € G. By deﬁnition they
are holomorphic functions on G satisfying the differential relation .7, (s) = %,—1(s).

The function .7, (s) is related to the eta-functions 7,,(s) and nm(s) introduced by
Inoue [67]. First, we put no(s) = no(s) = log £ (). Here, the definition of log £ ()
is a little different from that of Section 1.1 since we need to define it for s ¢ G. For
this, we determine the values as

log { (o) = Jlim log {(o +ie),
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log{(o+7y) = Elggo log £ (o +i(y —sgn(y)e)),

where 7y indicates the ordinate of a non-real zero of £ (s). Then the functions 7,,(s)
are defined recursively by the vertical integrals

o +it
(0 + if) = / Mt (2) dz + em(0)

for m > 1, where we put

rm

cm(o) = ﬁ /Croo(x — o)™ og ¢ (x)dx.

Similarly, the functions 7,,(s) are defined by the horizontal integrals

co+it
(o +in= [ i) d:
o+t
for m > 1. Remark that the functions 1,,(s) and 1,,(s) are no longer holomorphic
functions. Then, it was proved that 1,,(s) = i"1,,(s) holds for - > 1/2 and t > 0
if the Riemann Hypothesis is true; see [37, Lemma 1]. The function 7,,(s) is
associated with the famous function S,,(7) defined as follows:

So(t) = %Imlog§(1/2+it),

and form > 1,

t
Sn(t) = /0 St (3) dy + b,

where b,, = 7~ ' Ime¢,,(1/2). The function S() = So(¢) especially has been paid
attention by many researchers of analytic number theory since it is closely related to
the distribution of zeros of {(s). For example, asymptotic formula (1.2) is refined
by using S(#) as

T T T 7 B
N(T) = = log o on + g +S(T)+0(T™).
By the above definitions, we have Imn,,(1/2 + it) = nS,,(t). As for n,(s), we
note that it is essentially equal to %, (s). Indeed, the equality 77,,(s) = (=1)" Fp, (s5)
holds forall s € G.

As was described in Section 1.6, it is still open whether {no(1/2+1it) | t > 0} is
dense in C or not. Then, one may ask whether {n,,(1/2 +it) | t > 0} is dense in C
for m > 1. Endo—Inoue [37] answered this question.

THEOREM 4.4 (Endo-Inoue). Let 1/2 < o < 1 be a fixed real number.

(1) The set {n1(o +it) | t > 0} is dense in C if the number of zeros of {(s)
with Re p > o is finite.

(i1) If m > 2, the following statements are equivalent.
(A) There exist no zeros of {(s) withRep > o.
(B) The set {n, (o +it) | t > 0} is dense in C.
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In particular, {n,,(1/2 +it) | t > 0} is dense in C for all m > 1 if the Riemann
Hypothesis is true. This result supports somewhat that {no(1/2 +it) | t > 0} is
dense in C. However, we should remark that {.7_(1/2 +it) | t € R} is NOT dense
in C, which follows from the argument of the proof of [46, Theorem 1]. For the
function 77, (s), the denseness was proved for m > 1 unconditionally.

THeorREM 4.5 (Endo-Inoue). Let 1/2 < o < 1 and m > 1. Then the set
{nm(o+it) | t > 0} is dense in C.

Motivated by their work, the author proceeded to study limit theorems for the
function 7,,(s) with m > 1. In his joint work with Endo and Inoue, they obtained

analogues of Theorems 1.6 and 1.7. Let ¢ > 1/2 and T > 0. Then we define a
probability measure on (C, 8(C)) as

(44) PO',T,m (A) = PT(ﬁm(O- + it) € A)'

Furthermore, we denote by Sy, the curve in C given by a parametric representation
Zn.om(0) = Lig1(p, 7€), where Liy(z) denotes the polylogarithm of order s. Then
we define

1
4.5) ﬂn,a',m(A) = E meas{@ € [0,2n] | Zn,cr,m(e) € A}

for A € B(C) similarly to (1.5). We further define Py o m = tiom * *** * UN.om
for N > 1.

THEOREM VI. As N — oo, Py s, converges weakly to a probability measure
Popifo = 1/2and m > 1. The limit measure P, is absolutely continuous and
satisfies

Pom(A) = /A Mo (w3 ) ldw]

forall A € B(C), where M, (w;n,,) is a continuous function satisfying the following
properties.
(i) The function M, (w;1,,) belongs to the class C*(C).
(ii) The support of My (w;ny) is a compact subset of C if o > 1. On the other
hand, we have My (w;n,) > O0forallw e Cif1/2 <o < 1.
Finally, the probability measure P, 1, converges weakly to Py, if o > 1/2 and
m > 1.

The proof of this result is presented in Section 17. Note that it further refines
Theorem 4.5 since we deduce
Tlim PT(Wm(O' +it) —z| < 6) >0

forany z € Cand € > 0if 1/2 < o < 1. More results on the value-distributions
of 17,, (s) are contained in [38], e.g. discrepancy bounds, large deviations, and so on.
See also Inoue [68] for some related results.



CHAPTER 2

General L-functions

In Chapter 1, we considered zeta and L-functions! associated with Dirichlet
characters, number fields, and cusp forms. There are many L-functions arising
from other mathematical objects. Several authors introduced classes of L-functions
by regarding the common properties of such L-functions as the axioms of general
L-functions. One of the most famous classes was introduced by Selberg [167] in
1992, which is now called the Selberg class. In this chapter, we present a summary
of the axiomatic studies of general L-functions.

S. The Selberg class

5.1. Definition and basic properties. The Selberg class S is defined as the
collection of all functions F for which the following axioms (S1)—(S5) are satisfied.

(S1) Dirichlet series. The function F is represented as
(5.1) F(s) = Z ap(n)n™®
n=1

in some right-half plane of C, where ar(n) € C.

(S2) Ramanujan hypothesis. The coefficient ar(n) satisfies ap(n) <« n€ for
each € > 0, where the implied constant may depend on €.

(S3) Analytic continuation. There exists a non-negative integer m such that
(s — 1)™F(s) is an entire function of finite order.

(S4) Functional equation. We define the complete L-function Ag(s) as

Ar(s) = F(s)y(s),

where the gamma-factor y(s) is represented as
r
y(s) = Q' [T ()5 + py)
j=1

for some constants Q > 0, 4; > 0, and u; € C with Reu; > 0. Then it
satisfies the functional equation

Ar(s) = wAp(1-75),

where w is a complex number such that |w| = 1.

IThe difference between the terminologies of “zeta-function” and “L-function” comes from just
conventional usages. In this thesis, we mainly use “L-function” when both terminologies appear.

35
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(S5) Euler product. The function F is represented as the infinite product

F(s)=]]exp ( Y bF(Pk)P_kS)
p k=1

in some right-half plane, where by (p*) € C satisfies br(p*) < p*? with
some 6 < 1/2.

By the properties of Section 1, the Riemann zeta-function {(s) belongs to S.
Moreover, it contains many of the L-functions introduced in Chapter 1; see also
Section 5.2. As an initial remark, we consider the relation between the coefficients
ar(n) and br(p*). By Axiom (S5), we see that ar(n) is multiplicative, and thus
ap(1) = 1. Furthermore, the equality

(5.2) Y ar(p™Mp™ = eXP( bF(Pk)P_kS)
m=0 k=1

holds for all prime numbers p. Differentiating both sides, we obtain

(logp) Y map(p™)p™ =

m=0

) aF(p’")p"“) ((log 1203 ka(p")p"“)
m=0

k=1
It yields ar(p) = br(p) and

m—1

ar(p") = br(p™) + ~ ¥ kar(p")br(p)
m =

for m > 2 by comparing coeflicients. Note that the left-hand side of (5.2) converges
absolutely for Re s > 0 by Axiom (S2), and it is non-vanishing for Re s > 6 by the
condition br(p¥) <« p*?. Furthermore, Axiom (S2) implies that (5.1) converges
absolutely for Res > 1. From the above, we deduce that F(s) has no zeros in
Res > 1. Then the zeros of F(s) in Res < 0 are easily calculated by Axiom
(S4), which are called the trivial zeros. The non-trivial zeros lie on the critical strip
0 < Res < 1. Itis believed that the Selberg class is a wide class of L-functions

such that analogues of the Riemann Hypothesis are valid.

ConsecTurE 5.1 (Grand Riemann Hypothesis, GRH). Let F € S\ {1}. Then
all non-trivial zeros of F(s) lie on the critical line Re s = 1/2.

There are several invariants of F' € S. First, the degree of F is defined as

-
dp=2Y A;.
j=1
Remark that the data r, Q, 4, and u; in Axiom (S4) are not uniquely determined
from F. For example, we have two functional equations
s (11—

7T (5) <) = n‘%r( : )4(1 ~s),

BTG d)eer- () 7 r[)r(5 e e
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for the Riemann zeta-function. Nevertheless, the degree dr depends only on F by
the following result of Selberg [167]. Let Nz(T) denote the number of non-trivial
zeros of F with 0 < Im p < T. Then we have

d
(5.3) Np(T) = LT log T + cpT + O(log T),
T

where cF is a constant depending only on F. Next, the conductor of F' is defined as
r
— dr 2 24

which also depends only on F'; see Kaczorowski—Perelli [77]. It is conjectured that
dr € Zsoand gr € Z-0, and more precisely, that all 4; in Axiom (S4) can be chosen
to be equal to 1/2. Define

Sy={FeS|dr=d)}.

Note that the datum r in Axiom (S4) can vanish. In that case, the gamma-factor is
understood as y(s) = QF, and we define dr = 0. The structure of S; was known for
0 < d < 2. In particular, we have S; =0 for 0 < d < 1 [29] and for 1 < d < 2 [79]
as expected. There exist no results on the structure of S; for d > 2. Recently,
Kaczorowski—Perelli [80] announced a result on the classification of L-functions in
the “extended” Selberg class of degree 2 and conductor 1.

5.2. Examples. Here, we list several examples of L-functions in the class S.

5.2.1. L-functions of degree 0. Trivially, the constant function 1 belongs to the
class Sy and has the conductor 1. Conrey—Ghosh [29] further proved the converse
theorem, i.e. we have Sy = {1}.

5.2.2. L-functions of degree 1. The Riemann zeta-function (s) is a typical
example of elements in S;. Furthermore, the Dirichlet L-function L(s, y) belongs
to S if y is primitive. In general, if F € S; is an entire function and 6 € R,
then Fy(s) = F(s + i) again belongs to S;. Hence we see that L(s + i6, y) is
a member of §; if y is a primitive Dirichlet character of conductor ¢ > 1. The
classification of L-functions in §; was established by Kaczorowski—Perelli [75]. It
depends on the conductor of F € 8. If gr = 1, then F(s) = {(s). If gr > 1, then
F(s) = L(s +i6p, y) with some primitive Dirichlet character y of conductor gr,
where we put

4 1
91: = ZImJ; (,u]' - 5) .

5.2.3. L-functions of higher degree. Let K be a number field of degree d. Then
the Dedekind zeta-function {k () belongs to S; and has the conductor |dk|. Let y
be a primitive character of ideal class group of K to the modulus f. Then the Hecke
L-function Lg(s, y) also belongs to S; and has the conductor N(f)|dk|. See, for
example, [60,94,178].

Let f be a cusp form in By (N). Then the automorphic L-function L ¢ (s) belongs
to S and has the conductor N. Furthermore, the v-th symmetric power L-function
L¢(s,sym”) belongs to S, for v = 2 by Gelbart-Jacquet [47] and for v = 3,4 by
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Kim-Shahidi [84,85] and Kim [83]. The conductor of L¢(s,sym”) is equal to N".
Recently, Newton—Thorne [152,153] announced that it is valid for all v > 1.

5.2.4. Conditional examples. Let K/Q be a Galois extension of degree d, and
let p : Gal(K/Q) — GL,(C) be anirreducible representation. The Artin conjecture
asserts that the Artin L-function L(s, p) is continued to an entire function if p is
not a trivial representation. One of the most successful results is that L(s, p) is
continued to a meromorphic function on C, which was proved by Brauer’s theorem
on induced representations. If the Artin conjecture is true, then L(s, p) belongs
to Sgn. The conductor of L(s, p) can be written in terms of the representation p;
see [74, Section 3.3]. The Artin L-function L(s, pg) attached to an S3-field K is a
member of the class S; unconditionally, whose conductor is equal to |dk|.

Letu; € U be a Maass cusp form for SL;(Z) as in Section 1.3. Put |a;(p)| = p?
with 6 > 0. The Ramanujan—Petersson conjecture asserts that 6 equals to 0, which
yields the bound 4;(n) < n°. The best result to date has been 6 < 7/64 obtained
by Kim—Sarnak [83, Appendix 2] in 2003. If the Ramanujan—Petersson conjecture
is true, then the automorphic L-function L,;(s) belongs to S, and possesses the
conductor 1. More generally, if the generalized Ramanujan—Petersson conjecture is
true for an irreducible cuspidal representation 7 of GL4(Aq), then the automorphic
L-function L(s, ) belongs to the class S;.

5.3. Further properties. Here, we describe several properties for F € S which
are used later. Denote by Ng (o, T) the number of non-trivial zeros of F such that
Rep > o and |Imp| < T. If we assume GRH, then we know Ng(o,T) = 0 for
o >1/2and T > 0. Hence it is reasonable to study the upper bounds for Nz (o, T)
without GRH. The most general result was obtained by Kaczorowski—Perelli [78].

LemMma 5.2 (Kaczorowski—Perelli). Let F € S and € > 0. Then we obtain
(5.4) Np(o,T) < Tr+121-0)ve
uniformly for 1/2 < o < 1.

There exist sharper estimates in some restricted cases. In particular, an upper
bound of the form

(5.5) Np(o,T) < T (1-0)+e

was proved by Heath—-Brown [58] when F is the Dedekind zeta-function for a
number field K of degree d = dr > 3. Perelli [155] later generalized this result for
general L-functions F of degree dr > 8/3 in a subclass of S. Recall that we have
Np(1/2,T) < TlogT as T — oo by formula (5.3). Hence (5.4) and (5.5) are useful
only for o close to 1. On the other hand, the upper bound of the type

(5.6) Np(o, T) < T1-c(0-2)+e

holds with some ¢ > O uniformly for 1/2 < o < 1 if F is one of the following:

e The Riemann zeta-function £ (s) due to Selberg [166];

e Dirichlet L-functions L(s, y) for all Dirichlet characters y due to Fujii [43];

e The Dedekind zeta-function {x () for an abelian extension K /Q since it is
a finite product of Dirichlet L-functions;



5. THE SELBERG CLASS 39

e Automorphic L-functions Ly (s) of normalized Hecke eigenforms for the
full modular group SL;(Z) due to Luo [116].

These zero density estimates are associated with approximations of the function
log F(s) by Dirichlet polynomials; see Section 11.1.

Next, we study the growth of |F (o +it)| as |[t| — oo for F € S. Let o be a fixed
real number. We define

) log |F (o +it)|
up(o) =limsup ———
|t|—00 lOg |t|
Then we have ur(o) = 0 for o > 1 since the series (5.1) converges for Res > 1.
Furthermore, Axiom (S4) yields

|F(o +if)| = [t| T |[F(1 - o + i)

by usual properties of I'(s); see Appendix B.2. Hence we obtain ur (o) = (% —o)dp
for o < 0. The Phragmén—Lindel&f principle [175, Lemma 6.9] yields that ug (o)
is a convex function of ¢~. Thus, we obtain the convexity bound up(o) < I_T“dF
for 0 < o < 1, or equivalently, we have

(5.7) F(o +if) < |t] 27dre

for each € > 0, where the implied constant depends only on F and €. For more
precise estimates of ug(o) for 0 < o < 1, we see that the estimate for o = 1/2 is
essential by the functional equation. It is conjectured that ug(1/2) =0, i.e.

Consecturk 5.3 (Grand Lindelof Hypothesis, GLH). Let F € S. For every
€ > 0, we obtain

F(1/2+1it) < |t]|¢
if |t| is large, where the implied constant depends on F and e.

For the Riemann zeta-function £ (s), this conjecture was originally known as the
Lindelof Hypothesis. By upper bound (1.15), we see that the Riemann Hypothesis
implies the Lindelof Hypothesis. Furthermore, Conrey—Ghosh [30] discovered the
relation between GRH and GLH as follows. Let F € § be an entire function
satisfying GRH. Suppose that all A; in Axiom (S4) can be chosen to be equal to
1/2, and furthermore, that F is represented as the polynomial Euler product

d
(5.8) F(s) =[TT11 = apip™),
p j=1
where @ 1,...,a, 4 € Cwith|a, ;| < 1forall j. Then it was proved that F satisfies

GLH, and more precisely,

€
-
F(1/2+if) < (Q|t|d/2H(1 + |ﬂ,~|))
J=1
for every € > 0, where the implied constant depends only on d and €. Here, Q and
u; are the data in Axiom (S4). See also Garunkstis [45] for an improvement of this
result.
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Finally, we see the work on the orthonormality conjecture of Selberg. Note that
if F,G € S, then FG € S. We say that an element F' € § is primitive if F = F1 F;
with F1,F, € S implies F; = 1 or F, = 1. Clearly, 1 € 8y is primitive. Note
further that (5.3) deduces drg = dr + dg. Hence L-functions in S; are primitive
by the facts Sop = {1} and S; = 0 for 0 < d < 1. Selberg [167] made the following
conjecture for primitive L-functions.

CoNJECTURE 5.4 (Selberg Orthonormality Conjecture, SOC). For any primitive
L-functions F,G € S, we have

y ar(p)ag(p)

=0rloglogx +O(1),
pP=<x p

where p g = 1 if F = G, and 0r g = 0 otherwise.

Note that every F € S can be factorized into primitive L-functions. Denote
by F = F['---F/" a factorization of F € S with F # 1 into distinct primitive
L-functions. Then SOC deduces the asymptotic formula

2
(5.9) Z M =nrloglogx + O(1),

P=<x

where np = e% +--- 4 e%. Then, under SOC, an element F is primitive if and only
if np = 1. Murty [151] showed that SOC is associated with several conjectures
in number theory. In fact, he proved that SOC implies the Artin conjecture of all
irreducible Galois representations. Furthermore, if K /Q is a solvable extension, then
the strong Artin conjecture is true for irreducible representations of Gal(K/Q) under
SOC. Another important application of SOC was obtained by Conrey—Ghosh [29].
They proved that SOC implies that the factorization into primitive L-functions in S
is unique up to the order of factors.

See also the surveys [74,76, 156, 157] for more information about the Selberg
class. Several authors presented alternative classes of general L-functions. For
example, Perelli [155] and Matsumoto [124] introduced a class of L-functions with
polynomial Euler product independently of Selberg’s work.

6. Matsumoto zeta-functions

6.1. Definition and the limit theorem. Let M be the collection of all functions
F satisfying the following axioms (M1)—(MS5). Since Laurincikas [99], the elements
of the class M are called the Matsumoto zeta-functions.

(M1) Polynomial Euler product. The function F is represented as
(6.1) F(s) =[] @u(p;)™!
n=1
in some right-half plane, where ®, (T) is a polynomial such that

g(n) ) )
©,(T) = [1(1 - a7/ 0)
j=1
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with g(n), f(j,n) € Zso, and a' € C.
(M2) Convergence. There exist non-negative constants & and S such that

lg(n)| < Cp¢ and |al| < ph

with some C > 0. Note that these conditions imply that (6.1) converges
absolutely for Res > a+ 8+ 1.

(M3) Analytic continuation. The function F' is meromorphically continued to the
right-half plane Re s > pr, where o+ +% < pr < a+p+1. Furthermore,
all poles of F' in this region are included in a compact set.

(M4) Finite order. There exists a constant ¢ > 0 such that

F(o +it) < |t]°

for o > pp if |t| is large.
(MS5) Mean square. There exist no poles of F' on the vertical line Res = pp.
Furthermore, we obtain

1 T
—/ |F(pr +it)|* dt < 1.
0

T

The class M contains many L-functions as well as the Selberg class S. Denote

by SP°U the subclass of S which consists of L-functions represented as polynomial

Euler products (5.8). It is believed that SPoly = S holds, and all known examples

of elements of S belongs to the subclass SP°Y. We see that M contains SP°Y.

Indeed, Axioms (M1)—(M3) are satisfied if F € SP°Y by definition. Here, we can

take @ = 8 = 0 in Axiom (M2). Axiom (M4) follows from convexity bound (5.7).
Finally, the limit formula

T o0
lim + / |F(o+it)[*dt =Y lap(n)[*n>"
T—oo T 0 n=1
holds for o > op := max{l - d;l, 1/2} if F € 8; see [175, Corollary 6.11].
Hence Axiom (MS5) is satisfied in this case, where we can take pr = o + € for any
€ > 0. Therefore, for example, the Riemann zeta-function, Dirichlet L-functions of
primitive characters, and L-functions of holomorphic primitive cusp forms are all
Matsumoto zeta-functions. Moreover, one can prove that Dirichlet L-functions of
imprimitive characters are Matsumoto zeta-functions since we do not need functional
equations in the axioms of M. Remark further that we need just a weak upper bound
on |a,(,f )| in Axiom (M2). It enables us to take more L-functions into consideration.
For example, automorphic L-functions of Maass cusp forms u; € U are Matsumoto
zeta-functions with @ = 0, 8 = 7/64, and pr = 39/64 + € by the Kim—Sarnak bound.
Let F be a Matsumoto zeta-function. Then we determine the branch of log F(s)
as follows. Denote by G the region

Gp={o+it|o>pr}\ U {c+ilmp | pr < o < Rep}
F(p)=0or oo
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similarly to G of (1.3). If Res > @ + 8 + 1, then we define

log F(s) = = ) Log @, (p,")
n=1
according to (6.1). We extend log F(s) for s € G by the analytic continuation
along the horizontal line from right. In 1990, Matsumoto [124] generalized the
Bohr—Jessen limit theorem for the class M.

THEOREM 6.1 (Matsumoto). Let F € M and o > pp. Then there exists the limit
value

Wo (R, F) = Tlim Pr(log F (o +it) € R),
where R is a rectangle in C with edges parallel to the axes.

This is an analogue of Theorem 1.4 (i). To derive an analogue of assertion (ii),
Matsumoto [125,126] presented a sufficient condition for the Euler product of F.
The condition is called the convexity for the Euler product. For example, Dedekind
zeta-functions {k () of Galois extensions K /Q have convex Euler products. Hence
we obtain analogues of Theorem 1.4 (ii) in these cases, as seen in Theorem 3.1.
However, there exist many Matsumoto zeta-functions possessing non-convex Euler
product, e.g. Dedekind zeta-functions of non-Galois extensions and L-functions
of cusp forms. Therefore it remained worth considering the method to prove an
analogue of Theorem 1.4 (ii) without the convexity.

6.2. The Steuding class. The class M was introduced as a wide class where
analogues of the Bohr—Jessen limit theorem hold. Next, we consider subclasses of
M for more precise studies of the value-distributions of L-functions. Steuding [175]
introduced the class S’ for the purpose of showing general universality theorems.
It is defined as the collection of all functions F such that the following axioms
(S1")—(S6") are satisfied.

(S1’) Dirichlet series. The function F is represented as
F(s) = Z ap(n)n™
n=1

in some right-half plane of C, where ar(n) € C.

(S2") Ramanujan hypothesis. The coefficient ap(n) satisfies ap(n) < n€ for
each € > 0, where the implied constant may depend on €.

(S3") Analytic continuation. There exists a real number o < 1 such that F has
an analytic continuation to the right-half plane Re s > o except for at most
apoleats=1.

(S4’) Finite order. There exists aconstant ur > 0 such that, for any fixed o > o,
we have

F(o +it) < |t|HF*e

for each € > 0, where the implied constant may depend on €.
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(S5") Polynomial Euler product. The function F is represented as

d
F(s)=TTTT0 = apip™)7",
p j=1

where ap.1,...,apq € Cwith |@, ;| < 1.
(S6’) Prime mean square. There exists a positive constant « such that

1
lim —— Y lar(p)I* = «.

Note that the Steuding class S’ is a subclass of M. In fact, it is easily checked
that Axioms (M1)—(M4) are satisfied with @ = 8 = 0 for F € §’. Furthermore,
Steuding [175, Theorem 2.4] proved that the limit formula

o0

1 T
lim ?/0 |F(o+it)[*dt =Y lap(n)[’n>"

T— oo

n=1
holds in the range
> 1 1- OF 1
o >max|l - , =
14+2ur 2

if F satisfies Axioms (S1)—(S4’). Hence Axiom (M5) is also satisfied for F € S’.
As we have seen, Axioms (S1’)—(S5’) hold naturally for many L-functions. Then
Axiom (S6") seems to be a main ingredient of the Steuding class, which is closely
related to formula (5.9) by the partial summation. Steuding [175, Theorem 5.14]
achieved the universality theorem for L-functions in the class S’. He explored some
examples of elements of &’; the Riemann zeta-function, Dirichlet L-functions,
Dedekind zeta-functions, and L-functions of holomorphic primitive cusp forms.
Furthermore, the author [136,137] noticed further that Axiom (S6") is also useful to
derive analogues of Theorem 1.4 (ii). He also obtained general discrepancy bounds
for L-functions in the intersection of two classes S and S’. See Theorem 11.2 for
the precise statement of the result. Here, we prove the following lemma based on
the positive-density method introduced by Laurin¢ikas—Matsumoto [101].

LEMMA 6.2. Let F € S'. Then the series Y, lar(p)|/p diverges.
Proor. First, we notice that the inequalities
lap(p)| < lapil+---+lapal < d
hold by Axiom (S5’). For 0 < u < 1, we define
P, = {p | p is a prime number such that |ar(p)| > du}

and denote by 7, (x) the number of p € P, such that p < x. Then we obtain

Y lar(pP<d® Y, 1+d%* ) 1

x/2<p<y x/2<p<y x/2<p<y
pe@,, P¢7);4

= d*(1 = 1) (mu (y) = 7 (x/2)) + &1 (m(y) = 7w (x/2))
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for x/2 < y < x. Applying Axiom (S6"), we see that
K
Y lar(p))? = 7 (@) —7(x/2))
x/2<p<y
if x is sufficiently large and y > 5(1 + ¢) with some constant 0 < ¢ < 1. Therefore
the inequality
K = 2d*u?

mu(y) —mu(x/2) 2 m(ﬂ()’) - n(x/2))

is derived. Let u be small enough to keep «x —2d*u? > 0. By the partial summation,
we have

1 1 * d
Y o= ) -m2ng s [ ) = 7 (/2)

x/2<p<x
PEP,
K — 2d2/.12 ~ 1 X ~ d_y
> —2d2(1 — ) {(R(X) 7r(x/2))x +‘/%(]+6)(7r(y) m(x/2)) yz}
K = 2d*u? 1

- 4d2(1 _'UZ) Y (1+6)<p<x p

if ¢ is sufficiently small. Recall Mertens’ formula

1
Z —=log,x+A+0 ((logx)_l) ,
p

P=<x
where A is a certain constant; see [31, Section 7]. It yields the lower bound

1
Y —>logux,
x/2<p<x
PEP,

and therefore, we conclude
ar(p 1

p=x p x/[2<p<x
PEPL

as desired. m]

7. Setting in this thesis

The purpose of this thesis is to study the value-distributions of L-functions in
various aspects including ¢-aspect, y-aspect, and so on. For this, we define the
notion of families for values of general L-functions.

DeriniTION 7.1. Let F € 8’ and o > 0. Then the continuous family attached
to the pair (F, o) is the family of the values {F (o + if) };cr.
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Let M;(C) denote the set of all d X d-matrices whose eigenvalues ay, ..., oy
satisfy |a;| < 1 forall j. For F € &', it is often useful to represent its polynomial
Euler product as

(7.1) F(s) =[] detz = p~*A,) 7",
p

where A, is a matrix in M é(C). We have also

F(s)=]]exp ( ) bF(p")p"“),
p k=1

where br(p*) = tr(Af,)/k. Let {F (o + it) };er be a continuous family attached to
the pair (F, o). Then we define a probability measure on (C, B(C)) as

(7.2) Po71(A;F) =Pr(log F(o +it) € A)

for T > 0. If P,7(-;F) converges weakly to a probability measure P, ( -; F) as
T — oo, then we define

(7.3) D, (T;F) = sup |Py1(R; F) — P (R; F)|,
R

where R runs through all rectangle with edges parallel to the axes. Furthermore, if
there exists a continuous function My (-; F) : C — Rsq such that the limit formula

1 T
lim — ®d(log F(o +it)) dt = /(I)(W)MU-(W; F) |dw|
holds at least for all bounded continuous functions ®, then we call M, (w; F) the
M -function for the continuous family attached to the pair (F, o).

DEerintTION 7.2. Let £ be the tuple of the following data:

a discrete set F;

L-functions L(s, f) € SP°Y with f € F;

an index set A C R such that sup A = +o0;

finite sets &, C & forany q € A;

a weight function w, : #; — Ry for any g € A.

Let s = o + it with o > 1/2 be a fixed complex number. Then the discrete family
attached to the pair (L, s) is the family of the values {L(s, f)} fez.

Furthermore, we say that a discrete family {L(s, f)} ez is real if every L(s, f)
has the polynomial Euler product L(s, f) =[], CIDP(p‘S)‘1 with ®,(T) € R[T].
Let L(s, f) € SP°Y. Then we use the notation

(74)  L(s.f) =Y a(n fn™*
n=1

=[Texp ( Y b(p~, f)p"“) =[] det7 - p~ A, ()7,
p k=1 p
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where A, (f) is a matrix in M:i (C). Since L(s, f) is also a Matsumoto zeta-function,
one can define log L(s, f) as a holomorphic function on the region

Gr={o+it|o>1/2}\ U {oc+ilmp | 1/2 < o0 < Re p}.
L(p,f)=0or co

Let {L(s, f)} ez be areal discrete family attached to (L, s). Then we define
N@:L)= ), w,(f) and N(q.5:£)= Y wy(f),

feF, feFy

where the notation }” stands for the sum over f such that s € G r- Here, we assume
that there exists an absolute constant 6 > 0O such that the asymptotic formulas

(7.5) N(g;L)=1+0(qg°) and N'(gq,s;L)=1+0(q"%)

hold with the implied constants depending at most on the pair (£, s). Then we
define a probability measure on (C, 8(C)) as

1 ,
(7.6) Psq(As L) = ———— ) wq(f)1a(log L(s, ).
K N’(q,S;L)f;Jq 1
Note that it is also a probability measure on (R, B(R)) if s = 0. Furthermore, if the
probability measure Py 4 ( - ; L) converges weakly to a probability measure P ( -; L)
as g — oo, then we define

sup|Ps4(R; L) — Py(R; L)|  if s = o +it with ¢ # 0,

. _ R
(7.7) Ds(q: L) = sup [Py g(1; L) = Po(I; L)| ifs=o,
I

where 7 runs through all intervals [a, b] in R. Let s = o + it with o > 1/2 and
t # 0. If there exist continuous functions M; : C — Rsg and M, : R — R such
that the limit formulas

Jim, ¥ w,(1)0(0g Ls. £) = [ @0M, (w3 L) ld],

geA T€F4

08 Jim Y w,(N0(og L /) = [ @0 Mol £)ldu

geh T€F4

hold at least for all bounded continuous functions ®, then we call Mg(w; £) and
M (u; L) the M-functions for the real discrete family attached to the pair (£, s).
We hereby describe some examples of real discrete families.

ExampLE 7.3. With the notation of Section 2, let & = ¥, and take the index
set as A = Ryo. Define Fx = Fx for X € A and wx(d) = #F; ' for any d € Fy.
Then the family {L(s, y4) }ae is a typical example of real discrete families. By the
zero density estimate of Heath—Brown [59], we see that condition (7.5) is satisfied.
Under GRH, the probability measure is given by

#{d € Fx | log L(s, xq) € A}
#Fx ’

Psx(A; L) =
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which is equal to Pz, (log L(s, x4) € A) in the notation of Section 2. In this case,
formula (7.8) is related to the left-hand side of (2.11).

ExampLE 7.4. With the notation of Section 3.3, let # = [y L3 (X), and take
the index set as A = R.o. Define Fx = L3 (X) for X € A and wx(K) = #L;(X)_1
for any K € L5(X). Then the family {L(s, pg)}keg is real by representation (3.3).
For any s = o + it with o > 7/8 + €, condition (7.5) is satisfied by the zero density
estimate of Kowalski—-Michel [87]; see Lemma 12.4. Note that formula (7.8) is
associated with Theorem III.

ExampLE 7.5. With the notation of Section 3.4, let = |J, B2(q), and take
the index set A as the set of all prime numbers. Define %, = B>(q) for g € A and
wy(f) = #B>(q)~! for any f € By(q). Since the coefficients A r(n) are always real,
we see that {L(s, )} res is a real discrete family. In this case, we obtain condition
(7.5) by using the zero density estimate of Kowalski—Michel [86]. This family is
associated with Theorem IV.

ExampLE 7.6. With the notation of Section 3.4, let = |J, B2(q), and take
the index set A as the set of all prime numbers. Define %, = B>(q) for g € A.
The difference from Example 7.5 is just to use the harmonic weight w,(f) =
(4n{f, )~ Then {L(s, f)}res is again a real discrete family. In this case,
condition (7.5) is derived by the zero density estimate along with the Petersson trace
formula [27, Proposition 1.9]. Using this family, we obtain a variant of Theorem IV.



CHAPTER 3

Random Euler products

As seen in Section 1.2, Jessen—Wintner [71] explained the limit value W, (R)
of the Bohr—Jessen limit theorem by using probability measures associated with the
curves S, given by z,.,(0) = —log(1 — p,“e"?). Equivalently, it can be explained
in terms of random variables. Let X = (X)), be a sequence of independent random
variables indexed by prime numbers which are uniformly distributed on the unit
circle 7" = {z € C | |z| = 1}. Then we define the random Euler product

(o, X) =[] -p7X,)7",
)4

where p runs through all prime numbers. We see that this infinite product converges
almost surely if o > 1/2. Furthermore, we obtain

Ws(R) =P(log (o, X) € R)

for o > 1/2. In this chapter, we study random Euler products arising from families
of values of general L-functions introduced in Section 7.

8. Basic properties

8.1. Definition and examples. Let X = (X)), be a sequence of independent
random matrices supported on M;(C). Then we define the Random Euler product
attached to X as

(8.1) L(s,X) =[] det(1 - p~X,) ",
p

where p runs through all prime numbers. To begin with, we consider the condition for
the convergence of infinite product (8.1). It is elementary to see that (8.1) converges
surely forRe s > 1ifevery X), is supported on M:l (C). Withreasonable assumptions,
we further prove that it converges almost surely beyond the line Re s = 1.

LemmA 8.1. Let X = (X},), be a sequence of independent random matrices which
are supported on M ;, (C). Suppose that there exists a real number 0 < a < 1/2 such
that the condition

(8.2) E[trX,] < p™®*

is satisfied for each € > 0. Then infinite product (8.1) converges almost surely for
Res > 1-a.

48
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Proor. Let s = o + it. The local factor of (8.1) can be calculated as

(8.3) det(I — p~*X,)”" H(1 —a;p*
_1+(trX yp~t +O(p )

since the eigenvalues satisfy |a;| < 1. The series }, p~27 converges for o > 1/2.
We also obtain E[(tr X,) p~*] < p~7~%*€ by the assumption. Thus the series

ZE [(trXp)p_S]
p

converges absolutely for o > 1 — a. Furthermore, the series

ZV [(trz\’p)p_s]
P

also converges for o > 1 — @. Hence it follows from Kolmogorov’s two-series
theorem (Theorem A.1.3) that the random variable }.,(tr X;,) p~ converges almost
surely for o > 1 — @. Then the result is derived from (8.3). |

With the assumptions as in Lemma 8.1, the random Euler product L(s, X) is a
C-valued random variable for Re s > 1 — . Additionally,

o tr(/\’k

log L(s,X) = Z Z

is also a C-valued random variable for Res > 1 — @. We say that a sequence
X = (X)), is real if the random polynomial det(1 — 7X),) is supported on R[T]
for every p. In this case, L(o, X) and log L(o, X) are R-valued random variables
for o > 1 — a. As below, we present several examples of random Euler products
satisfying the assumption of Lemma 8.1.

—k

ExampLE 8.2. Let F' € 8’ and denote its Euler product by (7.1). Let X = (X,,),
be a sequence of independent random variables uniformly distributed on 7. Then
we consider the random Euler product

(8.4) F(o,X) =[] det(I - p7X,A,) ",
p
which contains { (o, X) as a special case A, =1 € M 11 (C). Since we have

1 2r .
Eltr(X,A,)] =trA, - ﬁfo e dg =0,

infinite product (8.4) converges almost surely if o > 1/2. The random Euler product
F (0, X) is expected to be a nice model to the continuous family {F (o + it) };cR.
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ExampLE 8.3. Let X = (X,), be a sequence of independent random variables
supported on {+1, 0}. Suppose that every X), is distributed according to

172 ifa=+1,
P(Xp:a):%x 172 ifa=-1,
P 1/p ifa=0.

Then we see that the sequence X is real. Since we have

1-p (-Dp 0-1
E[trX,] = + + = O’
&l = D T2+ D T p
infinite product (8.1) converges almost surely if Re s > 1/2. In this case, the random
Euler product L(s,X) is expected to be a nice model to the discrete family of

Example 7.3.

ExampLE 8.4. Let X = (X)), be a sequence of independent random matrices
supported on the set

(8.5) A ={diag(1,1),diag(1,-1), diag(w, w), diag(1,0), diag(0,0)},

where w is a primitive cube root of unity. Suppose that every X), is distributed
according to

1/6 if A =diag(1,1),

5 1/2 if A =diag(1,-1),

1/3  if A = diag(w, w),

1/p if A =diag(1,0),

1/p? if A = diag(0,0).

Note that X is a real sequence. Since we have

p

P(X,=A) = ——— X
pi+p+1

2 1+1 1+(-1 w 1+0 040
EltrX,] = P * + + )+w+w+ * + il
pl+p+1\ 6 2 3 p p?
<p,

infinite product (8.1) converges almost surely if Re s > 1/2. In this case, the random
Euler product L(s,X) is expected to be a nice model to the discrete family of
Example 7.4.

ExampLE 8.5. Let (©,), be a sequence of independent [0, 7]-valued random
variable. Suppose that every 0, is distributed according to the p-adic Plancherel
measure u, which is defined by (3.14). We define a sequence X = (X)), by putting
X, = diag(eigl’, e_'®1’). Then we see that X is real. Since we have

EltrX,] = -/OH(ZCOSQ) du,(0) =0,

infinite product (8.1) converges almost surely if Re s > 1/2. In this case, the random
Euler product L(s,X) is expected to be a nice model to the discrete family of
Example 7.5.
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ExampLE 8.6. Let (®,), be a sequence of independent [0, 7]-valued random
variable. Suppose that every O, is distributed according to the Sato—Tate measure

e Which is defined as duq(0) = % sin® 6 df. Similarly to Example 8.5, we define
a sequence X = (X)), by putting X}, = diag(e'®r, e7"®r). Then the sequence X is
real. Since we have

Elr X,] = /Oﬂ(2cos 0) dus(0) =0,

infinite product (8.1) converges almost surely if Re s > 1/2. In this case, the random
Euler product L(s,X) is expected to be a nice model to the discrete family of
Example 7.6.

8.2. Supports of random Euler products. Let X = (X},), be a sequence of
independent random matrices supported on M ; (C) which satisfies (8.2) with some
0 <a < 1/2. Define L, (s, X) = det(I—p‘sXp)_1 for every prime number p. Then
we denote the probability distributions of log L(s, X) and log L, (s, X) by

(8.6) Ps(A)=P(logL(s,X) € A) and pu,,(A)=PogL,(s,X) € A),

where A € B(C). For Res > 1 — a, they are probability measures on (C, B(C)).
Then, we show that P; is represented as the infinite convolution of all y ;, similarly
to Theorem 1.6.

LemmA 8.7. Let X = (X)), be a sequence of independent random matrices
supported on M[}(C) which satisfies condition (8.2) with some 0 < a < 1/2. Let
s = o +it witho > 1 — a. Then the convolution measure Py s = *,<y s , converges
weakly to Ps as y — oo.

Proor. Recall that the equality

P (Z log L,(s,X) € A| = Py 5(A)

Py

holds for all A € B(C) since log L,(s,X)’s are independent. Furthermore, the
random variable ), log L, (s, X) converges to log L(s,X) as y — oo in law by
Lemma 8.1. Hence we obtain the conclusion. O

We proceed to study the support of P;. Some basic facts on supports of proba-
bility measures are collected in Appendix A.2. First, we deduce from Lemma 8.7
that the support of Pj is represented as

(8.7) supp(Ps) = ) supp(us.p)

p
for Res > 1 — a; see Theorem A.2.1. Applying this formula, we calculate the
support of Py as follows.

ProposiTiON 8.8. Let X = (X)), be a sequence of independent random matrices
which are supported on Mé(C). Then supp(Py) is compact for Re s > 1.
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Proor. Let s = o +it. By definition, we obtain

= tr(X*)
logL,(s,X) = Z kp ks
k=1

for o > 1. Since we have | tr(X [’,‘)I < d, the inequality
|log L, (s, X)| < 2dp™7

holds. Therefore every supp(u ) is included in the disk |z| < 2dp™. The series
Y, p~7 is finite for o > 1, and thus the result follows from (8.7). ]

PropPosITION 8.9. Let o > 1/2 and denote by F (o, X) the random Euler product
of Example 8.2. Then we have supp(P,) =Cfor1/2 <o < 1.

Proor. The proof is based on Lemma A.2.2 for H = C equipped with the inner
product (z,w) = zw. Putz, = ap(p,)p,” . Thenitiseasily seenthat) > , |za|? < o0
holds. Furthermore, we have ¥, | [(z,, w)| = oo for w # 0 by Lemma 6.2. Hence
the assumptions of Lemma A.2.2 are satisfied. Let z € C and € > 0 arbitrarily. Then
we obtain

(8.8) Z Z pnkff < Bygm!'™%

n=m k= 2
forany N > m > 1, where B, 4 > 0 is a constant depending only on o and d.
One can take an integer m = m(e, o, d) > 2 so that B, 4m'™27 < € is satisfied. By
Lemma A.2.2, there exist an integer N = N(€,0,d,z) > m and complex numbers
Cm,---,CN € T such that the inequality

I tr(Ak
(8.9) (z - Z Y —— "“’) Z cnar(pn)py”
n=1 k=1
holds. Then we take ¢, = 1 for 1 < n < N. By (8.8) and (8.9), we obtain

tr(AX)
p

A (P —kO'k
-y Y
n=1 k=1

It implies Y. | supp(ts-p,) = C. Thus we obtain the desired result by (8.7). ]

< 2e€.

ProposiTioN 8.10. Let X = (X)), be a real sequence of independent random
matrices supported on M}l(C) which satisfies (8.2) with some 0 < a < 1/2. If every
supp(tr X,,) contains +1, then the following results hold.

(1) Lets =o +itwithl —a < o < 1 andt # 0. Then we have supp(P;) = C
(i) Let 1 —a < o < 1. Then we have supp(Ps) =R

Proor. For this result, we use Lemma A.2.3. We firstly consider assertion (i).
Lets =0 +itwith]l —a <o <1andt # 0. Then we take H = C equipped with
the inner product (z, w). Put z, = p,*. In this case, the assumptions of Lemma
A.2.3 are checked in Mishou—Nagoshi [141]. The remaining arguments are along
the same lines as the proof of Proposition 8.9, and we omit them. When we consider

assertion (ii), we take H = R equipped with the standard inner product, and we put
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zn = p, 7. Itis easily checked that the assumptions of Lemma A.2.3 are satisfied.
Then one can derive the result similarly to (i). O

9. Probability density functions

The purpose of this section is to study probability density functions attached to
random variable log L(s,X). For the random Euler product of Example 8.2, we
prove the following result.

THEOREM 9.1. Let o > 1/2 and denote by F(o, X) the random Euler product
of Example 8.2. Then there exists a continuous function My (-; F) : C — Ryq such
that

P(log F(o,X) € A) = /Mg(w;F) |dw|
A

holds for all A € B(C).

For the random Euler products of Examples 8.3—8.6, we introduce the notion of
admissible sequences as follows. Note that all sequences X = (X),), of the examples
are admissible.

DeriniTION 9.2. Let X = (X)), be a real sequence of independent random
matrices supported on Mé(C). We say that it is admissible if every X), satisfies
condition (8.2) with some 0 < @ < 1/2 and the inequality

9.1) E[(trX,)*] > 6
with an absolute constant 6 > 0.

TueoreM 9.3. Let X = (X)), be a real admissible sequence of independent
random matrices.

(1) Let s = o +it be a complex number with o > 1 —a and t # 0. Then there
exists a continuous function My : C — Rsq such that

P(log L(s,X) € A) = /Ms(w;(\’) |dw|
A

holds for all A € B(C).
(ii) Let o > 1 — a be a real number. Then there exists a continuous function
My : R — Ry such that

P(log L(0,X) € A) = /Mg(u;z\’) |du|
A

holds for all A € B(R).

The notation M;( - ; X) of Theorem 9.3 indicates a function on C if s ¢ R, while
the same notation indicates a function on R if s € R. We later find that these density
functions are just equal to the M-functions described in Chapter 1.
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9.1. Characteristic functions. The proofs of Theorems 9.1 and 9.3 begin with
the study of the characteristic function defined as

¢s(2) = E[y:(log L(s, X))].

By Lemma 8.1, we see that ), log L, (s, X) converges to log L(s,X) in law as
y — oo. Hence the characteristic function is represented as

9.2) ¢5(2) = [ [Ely.(log L, (s, X))].
p

Using this formula, we study the decay of |¢;(z)| as |z| — oo. The method for the
proof of the following result was originally introduced by Guo [52] who studied the

case of the Riemann zeta-function. It was later generalized and developed by the
author [134,136,137].

ProPOSITION 9.4. Let o > 1/2 and denote by F (o, X) the random Euler product
of Example 8.2. Then there exists a positive constant c¢(o, F) such that

60(2)] < exp (—cw, P )

foro >1/2and |z| > 3.
Proor. Recall that |, (w)| = 1 for any z, w € C. Then the inequality
Bl (log Fy (o7, X))]| < 1
holds for every prime number p. Therefore, we deduce from (9.2) that

(9.3) ¢ (2)| < [ [Ely:(log Fp (o, X))]

p>0

b

where Q > 0 is a large real number chosen later. Then we estimate the local factor
Ely;(log F, (0, X))] for p > Q as follows. By the Taylor expansion, we have the
asymptotic formula

1
Yo (w) =1+i(z,w) - E(z,w>2 +0(|zP’|wP)
which is valid for |z||w| < ¢ with any positive constant c. We have also
log Fy (e, X) = tr(A,)X,p™" + = tr(A2)X2p™27 + 0 (p~>"
og Fy(o, X) = tr(Ap) Xpp +§ r( p) pP +0(p™7).

From the above formulas, we deduce
(9.4)

E[y-(log Fy (0, X))] = 1 +iE[(z, r(Ap) X)) p™7 + %EKZ, (A X)) p~>"

_ %E[(z, tr(A,)X,)1p™27 +0 (IZISP_SU)
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if |z|p~™7 < c is satisfied. Notice that the second and third terms vanish since we
have E[X,] = ]E[X;] = 0. Furthermore, we obtain

2r N - _ ; 2
]E[(z,tr(Ap)XpV]:%/O (ZaF(P)e Gz-l-zaF(P)ee) 46

1

= 31Plar(p).

Hence there exists a small constant ¢y > 0 such that, if 0 < ¢ < ¢, then we have the
inequality |E[¢/Z(log F,(o,X))] - 1| < 1/2forall p > Q(c, z,0), where Q(c, z,0)
is given by

|z]

/o
9.5 Q(c,z,0) = (?) / )
For p > Q(c, z, o), we derive
Log Bl (log Fy (o, X))] = ~11ePlar(p)Pp>" +0 (121%™
by the formula Log(1 + w) = w + O(|w|?). Taking the real parts, we deduce

1
log[B[y:(log F, (o, X))1| = =71z lar(p) Pp™ +0 (|zPp77).

By the partial summation along with Axiom (S6’) in the definition of the Steuding
class, we obtain the lower bound

21120
5 2 20 o K lz|~0
pgélzl lar(p)I°p™™ 2 220 -1) logQ

if Q is large enough, where « is the positive constant of Axiom (S6”). On the other
hand, we have the upper bound

Z |Z|3p—30' <c Z |Z|2p—20' < 2c |Z|2Q1_20-
250 250 20-1 logQ

by the prime number theorem. Thus, there exists a constant ¢, = ¢, (F) satisfying
0 < ¢3 < ¢y such that

K |Z|2Q1—20'
1020 -1) logQ

Y log|E[y.(log Fy (o, X))]| <
p>0

for Q = Q(c3,z,0) as in (9.5). It yields the inequality
( P |Z|2Q1—20')

pIJQ [E[y(log Fp (o, X))]| < exp 1020 - 1) logQ
) ke
< eXp( c(o, F)10g|Z|)
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with a positive constant ¢(o, F)) depending only on o and F. Hence the desired
result follows from (9.3). O

ProposiTioN 9.5. Let X = (X)), be a real admissible sequence of independent
random matrices.

(1) Let s = o +it be a complex number with o > 1 —a and t # 0. There exists
a positive constant c(s, X) such that

1
2|
|§5(2)] < exp |—c(s,X)
log |z
forall z=x+iy € Cwith |z] > 3.
(i1) Let o > 1 — a be a real number. There exists a positive constant c¢(o, X)
such that

x|

[¢o(2)] < exp (—C(U,X) )

log |x|
forall z=x+1iy € Cwith |x| > 3.

Proor. The results are obtained along the same lines as Proposition 9.4. In
the present case, we remark that tr(X I’f) are R-valued random variables. First, we
consider assertion (i). We obtain

(9.6) E[y,(log L, (s,X))] = 1 +iE[tr(X,)]{z, p~*) + %E[tr(X,?)Kz,p‘zs)

~ 3B, p ™Y+ 0 (12 )
similarly to (9.4), if |z|p™ < c is satisfied. Here, we have
E[tr(X,)(z. p~*) < lzlp™,  Elo(X)](z. p™>) < |zlp™,
E[tr(X,)*1(z, p™*)* < |2)*p ™7

Thus |E[l//z(log L,(s,X))] - 1| < 1/2 is satisfied for all p > Q(c, z, o7) with some
0 < ¢ < 1, where Q(c, z, o) is given by (9.5). Hence we deduce from (9.6) that

LogE[y:(log Ly (5. X))
= iB[r(X,)] (2. p™") + SE[r(X)] (2. p ™)
_ %E[tr((\’p)z] <Z,p—s>2 +0, (|Z|2p—20'—2(y+e + |Z|3p—3cr)

by using Log(1 + w) = w + O(Jw|?) along with (8.2). The first and second terms
vanish if we take the real parts. Furthermore, we note that the equality 2(z, p~*)? =
|zI>p 727 + (2%, p~%*) holds. Therefore the asymptotic formula

log [E1(log Ly (5, X))1| = =1 BLr(X,) 211z~ = (X212 p)

+0 (|Z|2p—20'—af + |Z|3p—30')
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is derived for p > Q(c, z, ), where we choose € as a sufficiently small real number
such that 0 < € < a. By condition (9.1), the inequality

9.7) log |E [.(log L, (s XN
< ——|Z|2 —20'_ <Z p 2S>+B(|Z|2 20— 01+|Z|3p—30')

is satisfied with positive constants ¢ and B. Then we have

1 1-20 Z2 1-20
Y 1zPp = P2 .0, (HQ—)

=0 200 -1 log Q (log 0)?
oy 1 Q1—2s> (|Z|2Q1—20')
p§Q<Z )= <Z 25— 1logo ) T og 0)2

by the prime number theorem, where Q is large enough. Since the inequality

ZZ 1 Q1—25 B |Z|2 1 Q1—20'
"2s—1logQ /|~ |2s — 1] log Q
holds, we obtain

2. Do _2s d(s) |Z|2Q1_2(T |z Q1 2
—p;QIZIp Eé(z P S en TR e o

where d(s) is a constant given by d(s) = 1 — (200 — 1)|2s — 1|7}, and B,(s) is a
positive constant. By the assumption that s = o + it with ¢ # 0, we know d(s) > 0.
As a result, we deduce from (9.7) that

d(s)s_|z]>Q'>" L B2(s)d |z[>Q' >

Y. log|E[¥.(log L, (s, X))1| <

= 420 -1) logQ  4logQ logQ
o |Z|2Q1—20'
+B3(s) (0™ +¢) g0

for Q = Q(c,z,0), where B3(s) is a positive constant. If we choose ¢ > 0 as a
suitably small constant depending on s and ¢, then it holds

2"/
65(2)| < [T [Elw.(log L, (s, X))]| < exp (—C(s,z\’)
11 log 2]
with some constant c¢(s,X) > 0 depending only on s and X. Therefore we obtain
the conclusion. As for assertion (ii), the difference from the proof of (i) is coming
from the fact that E[y;(log L, (o, X))] is represented as

Ely:(log Ly(0, X))] = E[exp(xlog L, (0, X))]

for z = x + iy, since we have ¥, (u) = exp(ixu) for u € R. Thus we obtain

E[y.(log Lp(c, X))] = 1 +iE[tr(X,)]xp™ + %E[tr(xg)]xp 20

1 =20 =30
- 3E[r(X,)?1x2p 2 + 0 (¢ p )
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for |x|p™ < c in place of (9.6). This formula yields the inequality

x|/
log le)

60(2)] < [T [El¥:(log Ly (0, X))]| < exp (—C(U,X)

p>Q
with some constant ¢(o, X) > 0 as desired. O

Proor oF THEOREM 9.1. By Proposition 9.4, the integral

/ 160(2)] 1d2]
C

is finite. Hence Levy’s inversion formula (A.5) yields that the function

©08) MewiF) = [ 0o@0- () e

C
is a probability density function of P, with respect to |dw|. Furthermore, it is
continuous by the dominated convergence theorem. O

Proor or THEOREM 9.3. This is also obtained by Levy’s inversion formula. Use
formula (A.5) for assertion (i) and (A.4) for (ii). The density functions are given by

My(w; X) = /C by (Do) |dz] and My (15 X) = /C b (N (1) |dx]
similarly to (9.8). O

Remark that Proposition 9.4 further yields the finiteness of

/ 21 160 (2)] 1d2]
C

for any k > 0. Therefore, differentiating under the integral in (9.8), we see that
the density function M, (w; F) of Theorem 9.1 belongs to the class C*°(C), whose
partial derivatives are represented as

ak+l k+1 k.l
aukaleU'(W;F) =i /Cx Y bo (DY (2) |dz].

Similarly, the density function M (w;X) of Theorem 9.3 (i) belongs to the class
C*(C), and M, (u; X) of (ii) belongs to C*(R).

By Proposition 8.8, the density functions M, (w; F), Ms(w; X), and M (u; X)
are compactly supported if s = o +it witho > 1. Lets = o +irwith1/2 < o < 1.
Then we further obtain

/ M, (w: F) [dw| > 0
lw—c|<e

for any ¢ € C and € > 0 by Proposition 8.9. If X = (X),),, satisfies the assumptions
of Proposition 8.10, then we have also

/ Ms(w; X) |dw| >0 and / Mo (u; X) |du| > 0
lw—ci|<e |lu—ca|<e

forany c; € C,c; € R, and € > 0.
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9.2. Moment-generating functions. Let o > 1/2 and denote by F(o, X) the
random Euler product of Example 8.2. Then the Fourier transform of the density
function M, (w; F) equals to the characteristic function of log F (o, X), that is,

M (z; F) = E[y.(log F(o, X))].
Similarly, we obtain
M(z:X) = E[y.(log L(5,X))] and M, (x;X) = E[,(log L(c, X))],

where X = (X)), is a real admissible sequence of independent random matrices.
More generally, let X = (X)), be a sequence of independent random matrices
supported on M é (C) which satisfies (8.2) with some 0 < @ < 1/2. Then we define
the moment-generating functions

9.9) Mi(z,2/:X) = E[¢..o (log L(s, X)),
where i, ./ is the quasi-character of the additive group C defined by

(9.10) Yo (W) = exp (%(zW + z’w))
for z,7" € C as in [64]. Note that we have ¢, z(w) = ¢ (w). In addition, we have
Y. (w) =exp(izRew) and ¢, _.(w) = exp(zIm w), which yield the equalities
M,(z,2;X) = E[exp(izRelog L(s, X))],
Mi(z,-2;X) = E[exp(zImlog L(s, X))].
The following lemmas are generalizations of the results in [139].

LEMMA 9.6. Let X = (X)), be a sequence of independent random matrices
supported on M ;(C) which satisfies condition (8.2) with some 0 < a < 1/2. Let
s = o +it with o > 1 — a. Then the moment-generating functions M;(z, z; X) and
M;(z, —z; X) exist for any z € C, which are entire functions in z.

Proor. We show that the expected value E[exp(a| Relog L(s, X)|)] is finite for

any fixed real number a > 0. Since ¥, <, log L, (s, X) converges to log L(s, X) as
y — oo in law, we obtain

(9.11) E[exp(bRelogL(s,X))] < liminfE
y—00

exp (b Z Relog Lp(s,X))]

p<y
for each b = +a. From the independence of X),’s, we deduce

E[exp (b;yRelong(s,X))] = II;IyE [exp (b Relog L, (s, X))] .

By the Taylor expansion, the asymptotic formula
exp (bRelog L,(s,X)) = 1+btrX,Re(p™*) +O0(p~")
holds for every p. Then, using (8.2), we obtain

E [exp (bRelog L,(s,X))]| =1+ O, (p_(m‘y)” + p_Z‘T) .
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The series )., ploFa)+e gnd Y, p~2 converge for o > 1 — . Hence we conclude
that E[exp(b Relog L(s, X))] is finite by (9.11). Then it yields

Elexp(a|Relog L(s,X)|)]
< Elexp(aRelog L(s,X))] + E[exp(—aRelog L(s,X))] < oo

as desired. This implies the existence of E[exp(zRelog L(s,X))] for any z € C.
Moreover, it is an entire function in z by the standard method of analysis. The result
for E[exp(zImlog L(s, X))] can be proved similarly. O

We have |y, ./ (w)| < exp(R|Rew|) exp(R| Imw|) with R = max{|z|, |z’|}. By
the Cauchy—Schwarz inequality, we then obtain

‘Ms(z, z’;X)‘ < (]E[exp(ZR|RelogL(s,X)I)])l/2
1/2
><(E[exp(ZRlImlogL(s,X)l)]) .

Then the right-hand side is finite by Lemma 9.6. As aresult, the function M s(z,2:X)
is defined for any z, 7" € C.

Lemma 9.7. Let X = (X)), be a sequence of independent random matrices
supported on M j (C) which satisfies condition (8.2) with some 0 < @ < 1/2. Let
s =0 +itwitho > 1 — a. Then we have

(9.12) My(z,75X) = [[Mip(z. 23 X)
p

forany z, 7’ € C satisfying 7’ = +z or 7, where we put
M p(2,2/5X) = B [ o (log Ly(s,X))] -

Proor. Since ¢, z(w) = ;(w), the functions MS(Z, 7;X) and Ms,p(z, 7;X) are
equal to the characteristic functions of log L(s, X) and log L, (s, X), respectively.
Hence equality (9.12) is equivalent to (9.2) when 7’ = Z. By definition, we have

Ms,p(z,Z;X) =E [exp (izRelog L, (s, X)))] ,
M;,p(z, -7;X)=E [exp (zImlog Lp(s,/\’)))]

for every p, which are holomorphic in z. By an argument similar to the proof of
Lemma 9.6, we see that the right-hand side of (9.12) is convergent uniformly on any
compact subset of C. Hence it gives a holomorphic function on C if 7’ = +z. On
the other hand, Lemma 9.6 yields that the left-hand side is also holomorphic on C.
Then equalities (9.12) with 7’ = +z are proved by the identity theorem together with
the fact that it is valid for 7’ = 7 with z € R U iR. O

Let z, 77 € C. We define the function E(z,7’; X) as
Es(z,7;X) = E[|y; (log L(s, X))l]
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similarly to (9.9). Here we notice that the equality [y, .- (W)| = ¢ ¢ (w) holds with
(ilmz,ilmz) ifz7 =z,
(9.13) (£,¢)=<2(Rez,—Rez) ifz =-z,
(0,0) ifz =72.
Furthermore we obtain [¢ ¢/ (w)| = ¢ ¢/ (w). Then, we consider a finite truncation
of the Dirichlet series for log L(s, X). For y > 2, we define
> tr ( X, )

Ry(s,X) = Z Z

pk<y

—ks

and denote its moment-generating function by ng ) (z,7;X) =E [wu/ (Ry(s, X ))]
with z, 77 € C.

LEmMA 9.8. Let X = (X)), be a sequence of independent random matrices
supported on M;(C) which satisfies condition (8.2) with some 0 < @ < 1/2. Let
s = o +it witho > 1 — a. Then we have

ot — 1
My(z,2:X) = MO (2,2:X) + 0 (Es(Z9 z’;X)Izly_f(‘T—““))
or 7,7 € C satisfying 7/ = +z or 7 with |z| < 30=140)  The implied constant
8 y P
depends only on o and d.

Proor. By Lemma 9.7, we obtain

(9.14) Ms(z, 7;X) = H Ms,p(z, 7;X) - Hﬂs,p(z, 7 X).

Py P>y
Each local factor can be represented as

Mip(2.2:X) =B [y (B (5.0 + B (5. )|

for any p <y, where

tr(X*)
B;’y(s, X) _ Z kp p ks’
s
# tr(X k) —ks : -o 20
B}, (s, X) = Z Tp <g min{y 7, p~"}.
fo> logy

log p

Then, by the independence of X),’s, the first product of (9.14) is calculated as
I1 M (2.7 X) =E|g. (Ry(s5, X)) lpz,z/( Y Bﬁ,y(s,X))].
psy p<y

Since we have

ZBﬁ’y(S,X) <<y Z 7+ Z p (0'_%),

p=y Py \Vy<p<y
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the asymptotic formula

Voo X Bhy(5:X)) = 140 (jzy™ ")

p=y

is valid in the range |z| < y%(‘r_%). Therefore, we obtain

9.15) [T Mip(z.25X) = M (2, 2:X)+0 (Eﬁy)(z, z’;X)IzIy_(U_%)) ,

p<y
where EX (2,7:X) = E [l¥22(Ry (s, X))|]. Next, if p > y, the inequality
4 |long(s,X)| <1
is satisfied by the assumption |z| < y%(“‘“”). Hence we have
— ) i, _
M;p(2,25X) = 1+ 5(zp™ +p™)E[r Xp] + 0 (Izlzp 2(’)
=1+04.4 (|Z|P_%(U+l+a) + IZIZP_ZU)

for p > y by condition (8.2) with € = %(0’ — 1+ ) > 0. Then it yields

-1 —
Z lzlp s(o+l+a) Z |Z|2p 20)

p>y p>y
= 1+0 (jaly=2 ().

9.16) [ Msp(z25X)=1+0

p>Yy

The work of the estimate for Es(y)(z, 7;X) = ng) (&,&’;X) is remaining, where
(&,&) is the pair of (9.13). We apply (9.14), (9.15), and (9.16) with (z,7") = (£,&7)
to deduce the bound E§y) (z,7;X) < E4(z,7';X). Thus, formula (9.15) yields

[T Mep(z.25X) = MY (2,2:X) + 0 (Es(z, z';z\’)lzl)’_(g_%)) :
p<Y
which completes the proof by (9.14) and (9.16). O

10. Comparisons with families of L-functions

10.1. Case of continuous families. Let {F (o +it)},cr be a continuous family
attached to (F, o) in the sense of Section 7. Then we expect that the value-
distribution of values F (o + it) as t varies over R is related to the random Euler
product F'(o, X) of Example 8.2. For comparisons between {F (o + it) };cr and
F (o, X), we begin by the mean values

T
(10.1) %/0 O(log F(o +it))dt and E[D(logF(o,X))]

with ®(w) = ¢, ./(w) defined by (9.10). Let & be a subset of R. Then we define

1

(10.2) MU,T(Z, 7’ F)8 = — / wz’z/(log F(o +it))dt
T Jome
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for any z, 7’ € C, and similarly,
(10.3) Mo (2,7 F) = E [y (log F (o, X))] ,
Eq(z,2F) = E [l (log F (o, X))I] -
In this section, we prove several result under the following assumption on these
moment-generating functions.
AssumptioN 10.1. Let F € §’, and let (0, E, Ry) be the triple of the following

data:

e a positive real number 1/2 < o < 1;
e forany o > ogand B > 1, an exceptional subset & = Ep (o, B,T) C [0,T]
such that

(10.4) Pr(t € Er(o, B, T)) < exp (—b log T )

log, T
holds with some constant b = bp (o, B) > 0;
e for any o > o0y, a function R, such that R, (T) — oo as T — oo.

Then, for any o > oy and B > 1, there exists a positive constant a = ap (o, B) such
that the asymptotic formula

i vi 1 EO’ ’ I;F
(10.5) Ma,r(z,z';F)S=Ma(z,z’;F)+0( *Eolz 2 ))

(log T)#
holds for all 7,7’ € C satisfying 7 = £z or Z in the range |z| < aR,(T). Here, the
implied constants in (10.4) and (10.5) depend only on o, B, and F.

In Section 11, we prove that Assumption 10.1 is satisfied with suitable data when
the function F belongs to S N'S’. The present section is devoted to prove that the
density function M, (w; F) of Theorem 9.1 is the M-function for the continuous
family {F (o + it) };cr under Assumption 10.1. To describe the precise statement,
we prepare several classes of test functions. Let S = R or C. We define the classes
of continuous functions as

C*P(S) = {® € C(S) | P(x) < €™ for some ¢ > 0},
CPY(S) = {® € C(S) | D(x) < |x|¢ for some ¢ > 0},
Cp(S) ={D € C(S) | D is bounded}.
In addition, we define the class of indicator functions as

I (S)={14|Aisacontinuity set of S} U {1z | B is a compact subset of S}
U{l¢ | S\ C is a compact subset of S} .

Then we obtain the following mean value theorem.

Prorposition 10.2. Suppose that Assumption 10.1 is satisfied. Then the limit
Jormula

(10.6) lim l/. dD(logF(0'+it))=/CD(W)MU(w;F) |dw|
T Jior)e C

T—oo
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holds for all ® € C(C) if o > 1, and for all ® € C*P(C) if oy < o < 1. Moreover,
the limit formula

T
(10.7) TIEEO%/O CD(logF(0'+it)):/CCD(W)M(T(w;F)ldwl

holds for all ® € C,(C) U I(C) if o > oyp.

Proor. By the assumption, we know that (10.6) holds with ® =/, forany z € C
if o > o0p. Furthermore, the convergence is uniformly in any disk |z| < R. Hence
Lemma A.1.5 is available. First, we obtain formula (10.6) for ® € C,(C) U 1 (C)
if o > o0g. The test function ® is bounded in this case, and thus we derive (10.7)
by recalling (10.4). Next, we consider unbounded cases. Let o > 1 and ® € C(C).
We define a continuous non-decreasing function ¢ as

bo(r) = max |<I>(W)|

By Lemma A.1.5, it is sufficient to show that

1
(10.8) —/ o (|log F(or +ir)])? dr < 1,

T Jiome
(10.9) /C do(w) Mo (w: F) [dw] < co.
Note that we have

0 |tr(Ak)|
log F(o +it)] < _k‘rsdlo o
| log F( )| ;kzi 3 gl(o)

for o > 1. Therefore ¢o(|log F(o +it)|) < ¢o(dlog (o)) holds, which yields
that condition (10.8) is satisfied. Furthermore, condition (10.9) is deduced from the
fact that M, (w; F) is compactly supported for oo > 1. Thus we obtain the result if
o > 1. Let 0y < o < 1. In this case, we take the function ¢ as

po(r) = e
with an arbitrary constant ¢ > 0. Then we have
do(|log F (o +i1)])? < exp(2¢c|Relog F (o +it)|) exp(2¢c| Imlog F (o + it)]).

By the Cauchy—Schwarz inequality, it is sufficient to prove

1
—/ exp(4c|Relog F (o +it)|) dt < 1,
T Joe

1
= / exp(4c|Imlog F(o +it)|) dt < 1
T Jiorne

for condition (10.8). Note that el < ¢ 4 ¢~ holds. Hence these bounds are
deduced from (10.5) with 7’ = +z along with the fact |[M(z,z’; F)| < oo for any
z,7' € C. We obtain (10.9) similarly. Therefore the proof is completed. O
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Let Py 7(A; F) = Pr(log F(o +it) € A) and P, (A; F) = P(log F(o,X) € A)
as in (7.2) and (8.6), respectively. Then formula (10.7) implies that the probability
measure P, r(-;F) converges weakly to P,(-;F) as T — oo. Moreover, we
evaluate the quantity D, (T; F) of (7.3) as follows.

ProrpositioN 10.3. Suppose that Assumption 10.1 is satisfied. Then we obtain
the discrepancy bound

D,(T;F) =0 (RU(T)'I + (log T)'l)
for o > oy, where the implied constant depends on o and F.

Proor. We define the probability measure P, 7( -; F)® as
1
meas([0,T]\ &) Jjorne

Identifying C with R?, we denote the distribution functions by
F(x,y) = Por((=00,x] X (=00, y]; F)®,

G@»0=Pa«—wJ1X(ﬂxmLF)=/m My (w3 F) |dw].

Rew<x, Imw<y

P,7(A F)® =

14(log F(o +it)) dt.

Then the function G is partially differentiable, and A; = sup, y)cg2 Fx(x, y) and
Az = sup(, y)er2 Fy(x, y) are finite. Denote by f(u,v) and g(u, v) the characteristic
functions of these distribution functions. For z = u + iv, they are represented as

1

f(u,v) = meas(10. 71\ &) Jorne Y. z(log F(o +it)) dt

— loe T
=Ms1(2,7; F)S +0 (exp (—b o8 )) ,
log, T

g(,v) = My (2,%; F)
by using (10.4). Furthermore, we derive from (10.5) the estimate
1 =
+Ey (2,7, F) texo b logT
(logT)B log, T
< (logT)™®

(10.10) fu,v) —g(u,v) <

if z = u + iv satisfies the condition |z| < aR,(T). With the above preparations, we
apply the two-dimensional Esseen inequality (Theorem A.3.2). It yields

(10.11)  sup [|F(x,y) —=G(x,y)| < // Ju,v) ~ &, v) dudv
(x,y)€R2 [-R,R]? uy
R _ R _
[0 s O g0,
R u —-R 1%
A+ A
+

R
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for any R > 0, where we put
fu,v) = f(u,v) = f(u,0)£(0,v) and  g(u,v) = g(u,v) - g(u,0)g(0,v).
Put = (log T)~2. We divide the first integral of the right-hand side of (10.11) as

// fu.v) - §(u.v) dudv:// +// L+
[-R.R]? [-R.R]2\C(r) C(r)

uv
say, where we define

C(r)= {(u,v) € [-R,R]? | lu| < rorlv| < r}.

Then we have

2
R .
(10.12) I < (log —) sup | f(u,v) = g, v)|,
"} (uv)e[-R.R]?

and moreover, the inequality
|fA(u’V) - g(u,v)| < |f(l/t,V) - g(u,v)l + |f(l/t,0) - g(u’0)| + |f(O,V) - g(O,v)|

holds. Here, we take R = %aRg(T) with the notation of Assumption 10.1. Remark

that the condition |z| < aR.(T) holds for all z = u + iv such that (,v) € [-R, R]>.
Then we deduce from (10.10) the upper bound

(10.13) f(u,v) — g(u,v) < (logT)™>

for (u,v) € [—R, R]?, where the implied constant depends on o and F. Hence
(10.12) yields the estimate

(10.14) I, < (logT)2(log, T).
Next, by the definition of f(u,v), we have
Flu,v) = (f(u,v) = f(,0) = £(0,v) +1) = (f (u,0) = (£ (0,v) = 1)

- //Rz(efx" —1)(e? = 1) dF (x,y)

—//Rz(eix" — 1) dF(x,y) - //Rz(eiw — 1) dF (x,y).

Since ¢’ — 1 < |6 for all 6 € R, we obtain

Fuewy <tust [[ wtarceon sl [ slarcey b [[ siarey)

< |uv| //Rz(x2 +y?) dF(x,y).

The last integral is calculated as

2.2 _ 1 (2
//R2(x +y )dF(x’y)_meas([O,T]\S) o |log F(o +it)|”.
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Recall that meas([0,7] \ &) ~ T as T — oo by (10.4). In addition, we obtain

1
lim — llog F (o +if)|? :/|WI2MU(W;F) ldw|
T—eo T Jione C

by formula (10.6). Thus the estimate f(u, v) < |uv| follows. By a similar argument,
we evaluate g(u,v) as

8,v) < Juv| // (2 +12) dG (x, y) < Juv],
R2

where the implied constant depends on o and F. Therefore, the integral I is
estimated as

(10.15) I, < meas(C(r)) < (logT)~".

By (10.14) and (10.15), we obtain

// fu,v) = 8(u,v)
[-R.R]?

uv
Then, we proceed to the second integral of the right-hand side of (10.11). Here we

divide it as
du = / +/ =13+ 1,
[-R,—r)U(r,R] [=r,r]

dudv < (logT)™".

f(l/l,()) - g(u,O)

u

/.

say. By upper bound (10.13), the integral I3 is estimated as

R
I; < (log 7) [SU}'?R] | f(u,0) — g(u,0)| < (log T)72 log, T.
ue|—K,

Furthermore, we have

£, 0) - g(u,0) = //R (1) dF () - //R (@ 1) dG(x,y)

< |u| (//R2x2 dF()c,y))l/2 + |u| (//sz2 dG(x,y))l/2

<. F |ul,

and therefore, we deduce I; < r = (logT)~2. The third integral of the right-hand
side of (10.11) is estimated along the same line. From the above, we finally arrive at

sup |F(x,y) — G(x,y)| < (logT)™" + Ro(T)"".
(x,y)eR?

Note that the inequality
|Po7(R;F)® = Po(R; F)| < |F(b,d) — G(b,d)| - |F(a,d) — G(a,d)|
—|F(b,c) — G(b,c)|+|F(a,c)—G(a,c)|
holds if we write R = [a, b] X [c, d]. Hence
(10.16) sup |Pe7(R; F)® = Py (R, F)| < (logT) ™' + Ry (q) !
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follows. In addition, we see that

Pr(t € &)
10.17 Pyr(RF) = Pyr(R:F)®| < ————+Pr(1€&
(10.17)  sup|Por(R: F) = Poir (R )] < {2 o + By (1 € €)
logT
< exp(—b o2 )
log, T
By (10.16) and (10.17), we obtain the desired discrepancy bound. O

10.2. Case of discrete families. Let {L(s, f)}res be a discrete family attached
to (L, s) in the sense of Section 7. In this case, we expect that the value-distribution
of values L(s, f) as f varies over F is related to some suitable random Euler product
L(s,X), where X = (X},), is a sequence of independent random matrices satisfying
the assumptions of Theorem 9.3. Similarly to (10.1), we consider the mean values

Y we(f)®(logL(s, f)) and E[®(logL(s,X))]
feFy,

with ®(w) = ¢, (w). For a subset of & ¢ &, we define
(10.18) Mig(2,25£)% = Y wg(f)r.(log L(s, f))

fEFNE

for z, 7/ € C. Furthermore, we take Ms(z, 7';X) and E(z,7’; X) as in Section 9.2.
Then the assumption in this case is as follows.

AssumPTION 10.4. Let {L(s, f)} ez be a real discrete family attached to (L, s),
and let X = (X,), be a real admissible sequence of independent random matrices.
Let (09, &, Ry) be the triple of the following data:

e a positive real number 1/2 < o < 1;
e for any s = o + it with o > o9 and B > 1, an exceptional subset & =
Er(s,B,q) C Fy such that

#E,(s, B, q)

10.1
(1019 #,

1
< exp (—bﬁ)

log, ¢
holds with some constant b = b p(s, B) > 0;

e for any s = o + it with o > 0y, a function Ry such that R;(q) — oo as
q — 00,

Then, for any s = o + it with o > o9 and B > 1, there exists a positive constant
a = az (s, B) such that the asymptotic formula

M Vi 1 ES ) ,;
(10.20) Miq(z.7; £)° ZMs(z,z';X)+0( e X))

(log 9)®
holds for all z,7' € C satisfying 7’ = +z or 7 in the range |z| < aRs(q). Here, the

implied constants in (10.19) and (10.20) depend only on s, B, and choices of L and
X =(X},)p.
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By the arguments similar to the proofs in Section 10.1, one can derive the
following results. Recall that the density function M;( - ; X) of Theorem 9.3 depends
on whether s is real or not. It causes a significant difference between the results of
Sections 10.1 and 10.2.

ProposiTioN 10.5. Let {L(s, f)} reg be a real discrete family attached to (L, s),
and let X = (X)), be a real admissible sequence of independent random matrices.

(1) Suppose that Assumption 10.4 is satisfied in the case s = o +it with o > 0y
andt # 0. Then the limit formula

1021 Jim, ¥ w,(@QogLis ) = [ @OMwi ) ldw

qu fe%,\S

holds for all ® € C(C) if o > 1, and for all ® € C¥P(C) ifoy < o < 1.
Moreover, the limit formula

tim ¥ 0, (N®(og Lis. 1) = [ @O0M (w3 X) ldw
geA = c
holds for all ® € C,(C) U I (C) if o > o.
(i1) Suppose that Assumption 10.4 is satisfied in the case s = o with o > 0y,
Then the limit formula

1022 fim ¥ w,(N®UogLic )= [ @M (i) ldu

qu fe,%\a

holds for all ® € C(R) if o > 1, and for all ® € C**P(R) if o < o < 1.
Moreover, the limit formula

tim ¥ 0, (N®(0g L 1)) = [ ®)M () ldud
R

qeA T€F4
holds for all ® € C,(R) U I (R) if o > 0.

Proor. The proof is similar to Proposition 10.2, and we omit the detail. Notice
that (10.21) holds with @ = i, for any z € C if o > 0y. Similarly, (10.22) holds
with @ = ¢, for any x € R. Therefore Lemma A.1.4 is available instead of Lemma
A.1.5. We take the function ¢g as ¢o(r) = max), <, |[P(w)| if s = o + it with
o > landt # 0and ¢o(r) = max, <, |P(u)| if s = o > 1, where @ is an arbitrary
continuous function on C or R. Furthermore, take ¢(r) = e if 09 < Res < 1. In
any case, the conditions

Y wy(f)go (Ilog L(s, /))? < 1,

feFy,
/C¢0(|W|)Ms(W;X) ldw] < oo, /Rfﬁoﬂul)Ma(u;X) du] < oo

are checked by arguments similar to the case of Proposition 10.2. Hence we obtain
the conclusion. O
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Similarly to the case of continuous families, this result implies that the probability
measure P, (-; L) of (7.6) converges weakly to Ps(-;.L) of (8.6) as g — oo.
Denote by D;(g; L) and D, (q; L) the quantities defined as (7.7). Then, we prove
the following result.

ProposITION 10.6. Let {L(s, f)} rez be a real discrete family attached to (L, s),
and let X = (X)), be a real admissible sequence of independent random matrices.

(1) Suppose that Assumption 10.4 is satisfied in the case s = o +it with o > 0y
and t # 0. Then we obtain

Dy(q: £) =0 (Ry(9)™ + (log)™").

where the implied constant depends on s and the choices of L and X.
(i) Suppose that Assumption 10.4 is satisfied in the case s = o with o > oy.
Then we obtain

Dy(g: £) = 0 (Ro(g)™" + (logq)™' ),
where the implied constant depends on o and the choices of L and X.

Proor. The proof is based on Theorem A.3.2 for assertion (i), and on Theorem
A.3.1 for (ii). We omit the details since they are obtained along the same lines of
the proof of Proposition 10.3. O



CHAPTER 4

The value-distributions of L-functions

In this chapter, we complete the proofs of Theorems I, III, and IV presented
in Chapter 1. By the preparations in Chapters 1 and 2, we derive them as some
corollaries of more general results.

11. The first result: general L-functions

Let F € 8 and o > 1/2, and denote by M, (w; F) the density function of
Theorem 9.1. The first main target of this section is the following limit theorem.

THEOREM 11.1. Let F € SNS’. Suppose that there exist positive constants ¢, oy
with 1/2 < oo < 1 such that the zero density estimate Np (o, T) < T'=° holds for
o > 0y. Then the limit formula

T— 0

T
lim %/0 ¢>(logF(0'+it)):/C@(w)/\/(g(w;F)ldwl

holds in the following cases:
(a) o >1and ® € C(C) U I(C),
(b) oo <o <land ® e C,(C) U I(C).

In this result, one can take at least o9 = 1 — (4dp + 12)7! by Lemma 5.2.
Furthermore, when estimate (5.6) holds, we extend the result for all & > 1/2. The
indicator function 1g particularly belongs to 7 (C) if R is any rectangle. Hence
Theorem 11.1 generalizes the Bohr—Jessen limit theorem significantly. Indeed, it
contains Theorems 1.4, 3.1, and 3.4. Secondary, we prove the discrepancy bounds
for the functions in S N S’.

THEOREM 11.2. With the same assumptions as in Theorem 11.1, we obtain

(logT)"'(log, T) foro > 1,
D, (T;F) < {(logT) '(log, Tlogs T) foro =1,
(logT)=~ foropg <o <1,

where the implied constants depend on o and F.

Since the zero density estimate Ny (o, T) < T'-9 holds for all o > 1/2, one can
take oy = 1/2 for the Riemann zeta-function. Thus, Theorem I is contained in this
result. Let MO-T(Z, 73 F)® and M, (z,7’; F) be the moment-generating functions
of (10.2) and (10.3), respectively. By Propositions 10.2 and 10.3, the main step in
the proofs of Theorems 11.1 and 11.2 is to check that Assumption 10.1 is satisfied
with FeSNS'.

71
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ProrosiTiON 11.3. Let F € S N'S’. Suppose that there exist positive constants
5,00 with 1/2 < oo < 1 such that Np(o,T) < T'7% holds for o > og. Then
Assumption 10.1 is satisfied with the following triple (0, &, Ry):

e the above oy,
o the exceptional subset & = Ep (o, B, T) presented by (11.16) below;
o the function R, defined as

(log T)(log, T)™! ifo>1,
(11.1) R, (T) =4 (logT)(log, Tlogy T)™!  ifo =1,
(logT)” ifop <o <1.

11.1. Exceptional subsets. Before the proof of Proposition 11.3, we collect
several lemmas on F € SP°Y, The logarithmic derivative of F is represented as

Fl [oe]
(11.2) ?(s) =-Y Ap(m)n”*
n=1

for Res > 1, where Ar(n) is the arithmetic function defined as
Ap(p*) = (ay , +---+ay )logp

if n # 1 is a prime power, and Ar(n) = 0 otherwise. Here, p,1,...,qpq are the
complex numbers in polynomial Euler product (5.8). Remark that A;(n) = A(n),
and |Ap(n)| < dA(n). Then, formula (11.2) yields

(11.3) log F(s) = i /:OFTf’:l)n—s

n=1

for Re s > 1. We consider its finite truncations as follows. Put

1 ifl<n<y,
1 2
wy(n) = —og(y /n) ify <n<y?
logy
0 if n > y?
for y > 1. We define
A A
(11.4) Ry(s;F) = Z Mn_s and R)(s;F) = Z F(n)wy(n)n_s
iy logn ney?

for any s € C. The first lemma is an approximation formula of log F'(s) by the
Dirichlet polynomial R; (s; F). Note that Guo [52, Lemma 2.1.3] obtained a similar
result in the case of F = £.

LeMMA 11.4. Let F € SPOY, 1/2 <09 < 1,and1 <y < h. We define the subset
B =RBp(T,o;y,h) C [2,T] as

(11.5) Br(T, oy, h) = {t € [2,T]

there exists a zero p of F such that
Rep > %(0'+0'0), [Imp —t| < h
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forT > 2 and o > 0. Then we have

1
log A —3(0—09)
Y Y08 logT + L(log T)?
logy

11.6) logF(s) — Ri(s; F) <« +
(116) Tog F(5) = Ri(5: F) <t 1o

forany s = o +it with o > ogand t € [2,T] \ B, where the implied constant
depends on F and o.

Proor. If o > 2, then the set & is empty, and we obtain

A(n)
log F(s) = R,(s; F) <y
Y ,; logn logy

yl—O'

n’ <« —

since (11.3) is convergent. Therefore (11.6) holds in this case. Thus, we assume
o < 2 below. The following proof is based on a generalization of the formula of
Selberg [165, Lemma 2]. First, we recall
1 e dz  |logv ifv>1,
—_— VO — =
2710 Jolico 72 0 if0<v<1
for any ¢ > 0. Let & be any complex number on the vertical segment o < Reé < 2,
Im & = ¢. Then we obtain
1 c+ico F’ yz—f _ y2(z—f)
—( )
F (z-¢)
2

00 (c—Re &)+ico
:_ZMMMiL/ : {@fﬂlnﬁé
oy 270 J(c—Reé)—ico | \T1 n Z2

= (logy) ) Ar(m)wy(mn~,

n<y?

P dz
2mi c—ico

where we take c = 1 + Reé. Let ), € (m,m + 1] and 0 < « < 1. Denote by C,, the
contour given by connecting the points ¢ —ioco, ¢ — iTy,, —k —iT,,, =k +iT},, ¢ +iT,,
and ¢ + ico, in order. By (5.3), one can choose real numbers 7, such that any point
z = u+iv on C,, has distance > log(|v|+2)~! from zeros and poles of F. Then we
have

(11.7) FF/(Z) < log?(|v] +2)

for z € C,,, which is deduced from [78, (2.1) in p.258] for —1 < u < 2, and is
elementary for u > 2 by (11.2). Note that the implied constant in (11.7) depends
only on F'. While making a change of contours from Re z = ¢ to C,,, we come across
poles of the integrand only when z is a zero or pole of F, or z = £. The integrals
on the horizontal edges in C,, tend to 0 as m — oo by (11.7). Similarly, the vertical
integral from —« — iT}, to —« + iT}, is O((logy)~'y~(logT)?) as m — oo, where
the implied constant depends on F and o. Therefore we derive
mi Y-y mg yE -y

F’ Z
_ £ _
F (w) = n<y? Ar(nywy(mn logy (1-¢)? i logy & '
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+
logy & (p—¢)? log y

where m, my > 0 denote orders of the possible pole of F at s = 1 and the possible
zero at s = 0, respectively, and ), indicates the sum over all zeros of F with
0 < Res < 1. The second and third terms are estimated as

+

(log T)z) ,

my Y-y mg yE -y y
logy (1-¢)*  logy & |#|*log y
with implied constant depending on F and o. As for the fourth term, we split the
sum into the parts over p with |Imp — ¢| > h and the others. Remark that the
assumption ¢ € [2,7T] \ B implies ¢t € [2,T] \ Br(T,Reé&; y, h) since Reé > o.
Hence each part of the sum can be estimated in a similar way of Guo [52]. As a
result, we obtain

(11.8)

p—¢ _ 2(p=¢) log h ~3(Reé-0p)
(11.9) Zy Y T < Yy 08 ogT + Y 5 logT
logy & (p—-9¢) hlogy (Re& —0p)*logy
1
log h —3(0=00)
« 2% logT + Yy logT,
hlogy (o —o0p)?logy

where the implied constants depend on F and 0. By (11.8) and (11.9), we arrive at
the estimate
y _ ylogh y 3o

F/
— )+ Y Ar(nwy(n)n~¢ <« + logT + ———(log T)?
F ngz ’ r7logy ~ hlogy logy

uniformly for £ with o < Reé <2 andImé =1 € [2,T] \ AB. Therefore we obtain
the result by taking the integration along the horizontal path from 2 +it too+it. O

LEMMA 11.5. Let F € SPY. Suppose that there exist positive constants &, 0y
with 1/2 < oo < 1 such that Ne(o, T) < T'7° holds for o > 0. Put'y = (logT)8
with B > 1. Define the subset Ap(o,T) C [0,T] as

Ar(o,B,T)
= {z € [0,7] ‘ |log F(o +it) — Ry(c +it; F)| > y 27 (log T)Z} .

Then there exists a positive constant b = b (o, B) such that

logT
log, T

for o > 0y, where the implied constant depends on F, o, and B.

Pr(t € Ap(o, B,T)) < exp (—b

Proor. We begin by the estimate of the size of the set

ANV (o, B, T)

= {t € [0,T]

1
|log F(o +it) — R;‘,(O' +it; F)| > iy_%(”_“‘))(log T)z} .
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Put h = y“%(‘T_‘TO). By Lemma 11.4, we derive
-3 (o-00)
y + y 2
t|*logy  logy

ift € [2,T] \ B, where B = Bp(T,o;y, h) is defined as (11.5). Assuming further
t > T2, then we evaluate the first term as

log F(s) = Ry(s; F) <

ACA)
3
Y SS Y < J

< logT)?
t[*logy  Tlogy logy (log )

by y = (log T)2. Thus, the condition ¢ € [T%, T]\ % implies 1 ¢ &z(;,l)(a', B,T) if
T is large enough. Hence we obtain

Pr(t € AV (0, B,T)) <Pr(0 <1 < T7) +Pr(t € B).

1 . .
We have Pr(0 <t < T%) = T72. Furthermore, by the zero density estimate, the
measure of & is evaluated as

o+ 0y

meas%gZh-N( ,T) < T'-%.

Hence we have Pr(t € &) = T~%. These estimates yield

(1) logT
(11.10) Pr(t € A, (0, B,T)) < exp (_long) )

Next, we define another set _7(1(52) (o, B,T) as

AP (o, B,T)

= {t € [0,T]

| 1
IR} (0 +it;F) = Ry(c +it; F)| > 5y—%<0'—ff0>(1og T)Z} :

The difference between Ry (s; F) and Ry(s; F) is calculated as

ar(p)wy(p)

N

(11.11) R}(c+it;F) = Ry(c+it; F)= )
y<p<y?

+ O(dyl—ZO')

for o > 1/2 by (11.4) along with the inequality |ar(p)wy(p)| < d. The implied
constant in (11.11) depends only on o. Put k = | (logT)(4Blog, T)~']. Then we
consider the 2k-th moment

1 T
M:—/
T Jo

We recall the inequality of Soundararajan [171, Lemma 3] which asserts

Ly« la(p)2\*
?-/T )y 1/2+it dl<<k!(2—)

p<x P p<x P

2k

y ar(p)wy(P)|™

o+it
p

y<p<y?

2k
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for any a(p) € Cand 2 < x < T with x* < T(logT)~'. Modifying slightly the
proof in [171], one can prove a similar inequality

LT a(p) [* la(p)?\
(11.12) ?/0 Y T dt<<k!( Y )

X1<p=<x3 X1<p=<x p20'
where 2 < x| < xp < T with x’z‘ < T(logT)~'. Note that y** < VT holds in our
setting. Then we derive

2k

2\ k
M < k!( y lap(p)wy(p)] ) - (Cdy%-a\/@) ’

200
y<p<y? p

where C = C(o, B) is a positive constant. Then, asymptotic formula (11.11) yields

vt .
T/o IR} (0 +it; F) — Ry(or +it; F)|** dt

2k 2k
< 45 M 4 4k (C'dyl—zf’) < (Kdy%_”\/log T) ,
where C’ = C’(0) and K = K (o, B) are positive constants. Hence we obtain
Pr(r € AL (0, B, T))
1 _1 2kt
< (Ey_i(g_‘m)(log T)Z) = / IR} (0 +it; F) — Ry(o +it; F)|** dt
0

. 2k
< (ZKdy_f(“_”O)) :

Inserting k = | (log T) (4B log, T)~! |, we obtain

log T
(11.13) Pr(t € AP (o, B,T)) < exp (—b 08 )
log, T

with a small positive constant b = bp(o,T). By definition, the set Ar (o, B,T) is

included in &Z{}l) (o,B,T) U fﬂ}z) (0, B,T). Hence the result follows from (11.10)
and (11.13). O

LEMMA 11.6. Let F € SPY, and put y = (log T)® with B > 1. Define the subset
Br(o,B,T) Cc [0,T] as

Br(o,B,T) = {t € [0,T] | |Ry(c +it; F)| > (logT)' "7 (log, T) "'} .
Then there exists a positive constant b = b (o, B) such that

logT
log, T

for 1/2 < o < 1, where the implied constant depends on F, o, and B.

Proor. Letk = | (logT)(Llog, T)~!], where L = Lr (o, B) > 0is a sufficiently
large real number. Then we obtain

Pr(t € Br(o,B,T)) < exp (—b

(11.14) Ry(o+it;F)= Y ar(p) y 4P | o (dlogz(20)).

o+it o+it
p<klogk p klogk<p<y
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Similarly to the estimate for _7(;2) (o, B,T) in the proof of Lemma 11.5, we consider
the 2k-th moments

ar(p) *

o+it

ar(p)

o+it
p

2k 1 7T
dt and M, = —/
T Jo

p<klogk p klogk<p<y

Then we obtain the inequality
1 T
(11.15) = / IR, (0 +it; F)|[** dt < 9*M; + 9" M, + 9% (Cdlog £ (207))**,
0

where C > 0 is an absolute constant. The 2k-th moment M is evaluated as

2% o 2k
M, <« ( ) i) < ( 2dk )
p<klogk p7 (1 - O-)(log k)o-

by the prime number theorem. Using inequality (11.12), we also estimate M> as

d? \* 2dk'~" *
M, < k!( —) <
klngZSpSy p* V20 — 1(log k)™

Thus, we deduce from (11.15) the upper bound

1 T o kl—a’ 2k
TA |Ry(0'+lt;F)| dt < (K(O',d)(log—k)o_)

with some constant K (o, d) > 0. It yields

1 T 1—0\ —2k 1 T
M) ?/ IR, (0 +it; F)|** dt
0

k'="log, T 2k
(log k)7 (log )=

logT
log, T

PT(Z € BF(O', B, T)) < (
log, T

< (K(O', d)

< exp (—b

with a positive constant b = bg(o, B), as desired. O

The exceptional subset & = Ep(o, B, T) of Proposition 11.3 can be presented
by using the subsets of Lemmas 11.5 and 11.6. Indeed, we see later that

(11.16) &=Ar(o,B,T)UBp(c,B,T)

gives a nice example of such exceptional subset, where B (o, B, T) is understood
as the empty setif o > 1. Then, Lemmas 11.5 and 11.6 ensure that condition (10.4)
is satisfied for this subset.
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11.2. Completion of the proofs. Recall that the Dirichlet polynomial R, (s; F)
of (11.4) is also represented as

Ry(s;F) =YY br(p*)p™
P k=1
pk<y
where by (p*) is the coefficient of Axiom (S5) in the Selberg class. Write
Y Y AphH =Y AGYH

p k=1 pk<y
pk<y

for any arithmetic function A(n) for simplicity. Then we compare Ry (o + it; F)
with the random variable

Ry(o,X;F) =Y br(p")p™ X5,
pk<y

The first step is to study the integral moments of Ry (o +it; F) and Ry (o, X; F).
The following proposition is a generalization of [93, Lemma 3.5].

ProposITION 11.7. Let F € SPY and o > 1/2. If we put y = (logT)8 with
B > 1, then we have

1 T .
f/ Ry(o +it; F) Ry(o +it; F)' di
0
—E [Ry(O',X;F)JRy(O',X; F)"] +0 ((dy)f”T—%)
for any non-negative integers j,€ with j +€ < (logT)(6Blog, T)~!, where the
implied constant is absolute.

Proor. We calculate the integrand as
Ry(o +it; F) Ry(o +it; F)"
br(py™") - br(P}) br(g!) - br(g})

Z Z Z Z myo m;o nyo neo

Py plsyal'sy gty Pro TP i T

and similarly,
R, (7. X F) Ry(c, X; F)!
br(Py") - br(P}) br(g) - br (g} )

=Y X Y Y e T

p'llSy pf<yq1 <y [<y Py P 4, "y
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my oy

y Xp! - Xy
ni ne |-

X41 e XCM

Note that

m mij\ it mq
1 T (p l...p.f 1 ifp™M. =g ”i’,
(11.17) _/ H dt = X Py ‘pj q, q,
TJo \q, q, O(T"s) otherwise

since we have

mi .o m‘]
py P
log n ne 2

m

Pyt P = d g .
max{p{"---p’’.qy" gy}

A=

ql ...q{

for p'" - - pT’ #q}' - ¢,'. Furthermore, by the independence of X,,’s, we deduce

m L ™M o m o )
(11.18) g | Ko Xl | U Py =g g
Xgll o 'ng 0 otherwise.

Comparing (11.17) and (11.18), we obtain

nj mj\ it m m;
1/T py P Xyt X, s
= ———| dt=E|—o—— | +O(T75).
T Jo (q';l.--qu Xg X!

Therefore the difference is estimated as

1 T , .
- /0 Ry(o +it; F) Ry(o +it; F) dt - E [Ry(O', X;F)' Ry(c, X; F)*
br(p)")---br(p})

< Z Z Z Z myo m;o
T<y P

plsyay'sy qlsy Py J

ne
% bF(ql ) bF(Qf )T_%

nio neo

‘11 "Qg

< (dy)j”)T_%
by the inequality |br(p*)| < d/k. O

COROLLARY 11.8. Let F € SPY and o > 1/2. Fory = (logT)? with B > 1,
there exist positive constants K = Kg(o, B) and L = Lg (o, B) such that

K2k ifo>1,
(Klogy T)% ifo=1,

-0

(log2k)e

1 T
(11.19) ?/O IRy (0 +it; F)|** dt < -
) ifl2<o<1
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for any integer k such that 1 < k < (logT)(Llog, T)~!. Furthermore,

K% ifo>1,

2k o
(1120)  E[IRy(o, X; F)I*] < (K'log; T) ifo =1,

kl—a’ 2k
for any integer k > 1. The implied constants depend only on o, B, and F'.

Proor. By Proposition 11.7, upper bounds (11.19) are deduced from (11.20) if
we take L as a sufficiently large real number. Thus we evaluate E [lRy (o, X, F) |2k] .
If o > 1, then we have the inequalities

> d
IRy(o, X:F)| <Y Y —p™ <«
p<y m=1 m

logl(o) foro > 1,
log, y foro =1

by recalling |br(p*)| < d/k. Therefore estimates (11.20) follow in this case. Let
1/2 < o < 1. If the inequality y < Ck log 2k holds with a constant C > 2, then we
obtain

aF(p)Xp Cl—o-kl—a'

Ry(O',X;F) = Z +0(10g€(20-)) < (1 —0')(10g2k)0-

p<y
by the prime number theorem, which yields upper bounds (11.20). Therefore we
suppose the inequality Ck log 2k < y below. In that case, we have

(1121)  Ry(0, X F)
ar(p)Xp .Y aF(p(T)Xp

o
p<Cklog2k P Cklog2k<p<y

o

+ O (log£(20))

similarly to (11.14). We again evaluate the 2k-th moment

2k 2k

ar(p)Xp ar(p)Xp

M =E
a
Cklog2k<p<y P

and M) =E

p<Cklog2k  P7

By the prime number theorem, we have

d \* o [_2dCt Tk 2
(1 -o0)(log2k)”

(11.22) M| < ( —
p<Cklog2k P

For the estimate of Mé, We use

2k

o Z a(p()TXp

< k!( Z |a(p)|2)k

20
X1<p=<x2 p

X1<p=<xy p

in place of (11.12), which can be easily proved by the independence of X,’s. Then
we have

d? \*
(11.23) M) <« k!( Z 7) <
Cklog2k<p<y P

. 2k
2dC27 k-7
V20 — 1(log 2k)‘7)
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By (11.21), (11.22), and (11.23), we obtain the conclusion. ]

With the notation above, we further define the moment-generating functions
M())T(z Z; F)€ and MY (2,75 F) as

— 1 .
M((;-y,)T(Z,Z L F)® = T/ Yoz (Ry(o +ir; F)) dt,
[0,TT\&

MG (2,25 F) = E Vo0 (Ry(e, X: F))]

Then we deduce from Proposition 11.7 a finite truncated version of formula (10.5)
as follows. Here, we note that a similar result was obtained by Lamzouri—Lester—
Radziwitt [93, Proposition 2.3] in the case F' = £, and we adapt their method for the
proof of the following proposition.

ProposITION 11.9. Let F € 8P and o > 1/2, and put y = (logT)® with
B > 1. Denote by 8 = Br(o, B,T) the subset of Lemma 11.6. Then there exist
positive constants a = ap(o, B) and b = bp (o, B) such that the asymptotic formula

M(y)T(z 7 F)B M(y)(z 7 F)+0(exp( blOgT))
log, T

holds for all z,7" € Cin the range max{|z|,|z’|} < aR,(T), where R, (T) is defined
as (11.1), and the implied constant depends on o, B, and F.

Proor. LetN = | (logT)(Llog, T)~!|, where L = Lr (o, B) > Oisasufficiently
large real number. By the Taylor expansion, we have

( )]+€

71 2 'R y(o +it; F) R y(o +it; F)¢
J!

Vo (Ry(o+it; F)) = )

J+<N

+0(Z

n>N

—(Z“R"(T))nue (o +it; F)|"

If t € [0,T] \ 8, then Ry (T)|R, (0 +it; F)| < (logT)(log, T)~! holds. Hence we
derive

(11.24)
MW (z,Z;F)% = Z ﬂzjszl R (0'+it'F)jR (o +it; F)' dt
T iz J0 T T T Joms o ’

logT
+0 (exp (—b 08 ))
log, T

with some b = bp(o,B) > 0 if a = ap(o, B) is small enough. Then, in order to
use Proposition 11.7, we evaluate the integral

1 -
T / R, (o +it;F)JRy(0' +ir; F) dt
B



11. THE FIRST RESULT: GENERAL L-FUNCTIONS 82

with j+¢ < N. For o > 1, there is nothing to do since B isempty. Let1/2 < o < 1.
By the Cauchy—Schwarz inequality, we obtain

1 .
?/BRy(0+it;F)ij(a+it;F)€dt

1 T 1/2
< (Pr(r € B)'/? (T/ IR, (o +it; F)|2U*0 dt)
0

logT ) (K (j+o)'° )j+€
log, T (log2(j +¢))”
by Lemma 11.6 and Corollary 11.8, where b" = b’.(c, B) and K = Kr(o, B) are
positive constants. Furthermore, we have
G+07 _ (logT)'7
(log2(j+¢))” log, T

for j + € < N. As aresult,

y D™ el

7'z
I
AN jte! T

< exp (—b’

/ Ry (o +it; F)ij(O' +ir; F) dt
B
log T log T)")/* [ (log T)\=o\/*
oxp 28T s o)
log, T JAEEN jie! log, T
b logT
<exp|—-—=
2 log, T
for max{|z|, |Z’|} € aR,(T) if a = ar (o, B) is small. Hence (11.24) deduces

() 8 (5" 1
MO 2ih)® = Y 2
or(2 25 F) jéN e

logT
+0 (exp (—b” 08 ))
log, T

T ,
/ Ry(o +it; F) Ry(o +it; F)’ dt
0

with some b” = b%.(c, B) > 0. On the other hand, we obtain
— (5 —/
M (2 F) = Y, 2B | Ry (0 +it; F) Ry(o +it; F)!
. Jle!
J+C<N
logT
+0 (exp (—b"—og ))
log, T
in a similar way. Then the desired result follows from Proposition 11.7. O
Proor of ProposiTion 11.3. Let By = max {(ZB +6)(0—0p)7!, 1} and put
y = (logT)?'. Denote by A = Ar(c,B,,T) and B = Br(o, B, T) the subsets

of Lemmas 11.5 and 11.6. Then we define & = A U B as was described. For
t€[0,T]\ A, we have

Y. (logF(o+it) = Ry (o +it; F)) =1+ 0 ((logT)_B)
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in the range |z|,|z’| < aR,(T). Since the condition ¢t ¢ & implies t ¢ A, the

left-hand side of (10.5) is calculated as
(11.25)  Mer(z.2:F)°

1 1
(logT)BT

=/\7((Ty,)T(z,z’;F)8+0(

/ [z (Ry (o +it; F))| dt
[0,TI\E

Fort € [0,T] \ B, we have

logT
|‘/’z,z’(Ry(0'+if;F))| < exp (aK 08 ),

log, T

where K = K (o, B}) is some positive constant. Hence we obtain

N _ log T
(1126) MO (z.2:F)® = M) (2. s F)? + 0 (PT(t € A)exp (aKlog T))
, , 02>

SO) (. B loggT
= ZiP)%+0 —b
R Ry

by Lemma 11.5 if the constant a = ap (o, By) is sufficiently small. Furthermore, by
Proposition 11.9 and Lemma 9.8, the moment-generating function M((Ty)T(z, 7, F)8
is calculated as

(11.27) MO (2,25 F)® = My (2,2 F) + E,

where E is estimated as
logT
log, T
1+Es (2,7, F)
(logT)B
Note that the condition ¢ ¢ & implies ¢t ¢ 8. Then we again apply Proposition 11.9

and Lemma 9.8 to derive

1 . ot ’ q
= /[ e R i P dr < M6 )

E < exp (—b’ ) +Eo (2,7 )|zl (log T) ™5

T

1+ E;(z,7; F)

(logT)® ~
where (£,¢) is the pair of (9.13). Combining (11.25), (11.26), and (11.27), we
deduce formula (10.5). O

Proor or THEOREM 11.1. By Proposition 10.2, the remaining work is showing
limit formula

1
(11.28) lim —/d)(logF(0'+it)) dt=0

forall ® € C(C) if & > 1. We have

Flo+in] < ¥ lap(mh
n=1
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by Axiom (S1). Hence the function ®@ (log F'(o + it)) is bounded as a function in ¢.
Therefore (11.28) holds by condition (10.4). |

Proor oF THEOREM 11.2. The result directly follows from Proposition 10.2. O

12. The second result: Artin L-functions

Let {L(s, px)}kes be the family of Example 7.4, and let X = (X),), be the
sequence of Example 8.4. Since we have

2 1 3
E[(r X)) = —L— (14— > =,
[(tr&,)7] p2+p+1( p) 14

the sequence X is admissible in the sense of Definition 9.2. Let o > 1/2 be a real
number. By Theorem 9.3, we obtain a continuous function M, (-;X) : R — Ry
such that

P(log L(0,X) € A) = /Mg(u;z\’) |du|
A

for all A € B(R). Then, we prove the following results in this section.

THEOREM 12.1. Suppose that there exist positive constants 1/2 < oy < 1 and 6
such that the zero density estimate

(12.1) Y. N(oo, (log X)* pg) < X'
KeLi(X)

is valid, where the implied constant may depend on 8. Then the limit formula

Y gL px) = [ SMc(wiX)ldu

lim ————
X—oo #L3 (X)KGL§(X)

holds in the following cases:
(a) o >1and ® € C(R) U I (R),
(b) o =1and ® € C*P(R) U I (R);

(c) op <o <land® € Cp(R)U I (R),
(c') 09 <o < 1and ® € C*P(R) assuming GRH for L(s, px) forall K € .
THEOREM 12.2. With the same assumptions as in Theorem 12.1, we obtain
log X)~!(log, X)? oro > 1,
D (X: L) < (log )_&gz ) fi
(log X) =7 (log, T)?> forog <o < 1,

where the implied constants depend on o

We see later that zero density estimate (12.1) holds with arbitrary constant
7/8 < oy < 1. Therefore, we deduce Theorem III from Theorem 12.1 by writing
Mo (u; X) = Cy(u). In order to prove Theorems 12.1 and 12.2, we prepare the
following result.
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ProposITION 12.3. Suppose that there exist positive constants 1/2 < o < 1 and
0 such that zero density estimate (12.1) holds. Then, for o > o, there exist positive
constants a = a(o) and b = b(o) such that the asymptotic formula

1 ’ J
Z exp (Z—Z logL(O',pK))

#L3 (X ke, (X)\& 2
log X
+0 (exp (—b o8 ))
log, X

(12.2)

+
3

=E [exp (%Z log L(O',X))

holds for all z € C in the range |z| < aR,(X) with the following data:

o the exceptional subset & = & g (09, X) presented by (12.5) below;
e the function R, defined as

log X)(log, X)~2 ifo>1,
(12.3) R, (X) = (log X)(log, X) , /
(log X) =90 (log, X)™* ifop <o < 1.

The implied constant in (12.2) depends on o .

Let /ﬂ\\/(ds,x(z, 7 £)8 and Ms (z,7'; X) be the moment-generating functions of
(10.18) and (9.9), respectively. Since we consider only the case s = o € R, they are
represented as

— 1 ’ l(Z + Z,)
Mo x(2,75 L)% = — Z exp ( log L(O',pK)) ,
#LE(X)KeL§(X)\8
i(z+2)

My (2,75 X) :E[exp( logL(O',X))] .

Thus, Proposition 12.3 indicates that Assumption 10.4 is satisfied in the restricted
case s =0 € R.

12.1. Preliminaries. We hereby list several preliminary lemmas used in the
proof of Proposition 12.3.

12.1.1. Counting cubic fields. To begin with, we set up the notation for counting
cubic fields. Based on [159,177], we introduce the notion of the local conditions of
cubic fields as follows. Let

g = {(111), (21), (3), (171), (1)}
be the set of symbols. Then we associate a € &/ with a diagonal matrix in the set A
of (8.5) by putting
diag(1,1) ifa=(111),
diag(1,-1) ifa=(21),
Ay = qdiag(w,w) ifa=(3),
diag(1,0)  if a = (1%1),
diag(0,0) ifa=(1°).
We say that a cubic field K satisfies a local condition a € &/ at p if
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(a) fora=(111), p splits totally in K, i.e. (p) = p1p2p3;

(b) for a = (21), p splits partially in K, i.e. (p) = p1p2;

(¢) for a = (3), p remains inert in K, i.e. (p) = py;

(d) for a = (1%1), p is partially ramified in K, i.e. (p) = p%pz;

(e) for a = (1%), p is totally ramified in K, i.e. (p) = p;.
The notation S = (S,), is used to denote a collection of local conditions with the
following data: (i) a finite set supp(S) consisting of prime numbers; (ii) an element

S, € o, for each p € supp(S). We say that a cubic field K satisfies the local
conditions S = (S,), if K satisfies S, at p for every p € supp(S). Then we define

L3(X,S) ={K € L;(X) | K satisfies the local conditions S} .

Remark that the set supp(S) may be empty. We define L5 (X, S) = L3(X) in that
case. Next, for a prime number p and a € &/, we put

1/6 ifa=(111),
2 12 ifa=(21),
Cp(a) = ———x11/3  ifa=(3),
PRAPEL D e (121,
1/p* ifa=(1°),
1/6-(1+p~3)3 ifa=(111),
- 1/2-(1+p~3)(1+p~3) ifa=(21),
K,(a) = — —x11/3- (1+p™) if a = (3),
=P )70 iy (14 p75y ifa= (121).
1/p2- (1+p73) ifa=(13).

Note that both } c s C,(a) and Y oy K, (a) are equal to 1. We further define
CS)= J] Cp(Sp) and K(S)= [J] Kp(Sp).

pesupp(S) pesupp(S)

where the empty product is interpreted as the value 1. Put C* = 1, C~ = 3 and
K* =1, K~ = V3. Finally, we define E*(X, S) by the equation

4£(1/3)

5r(2/3)3g(5/3)X6K(S) +E*(X,S).

#LE(X,S) = C* XC(S) +K*

12£(3)

Roberts [159] conjectured E*(X, S) = o(X %) as X — oo. This conjecture was later
proved to be true by Bhargava—Shankar-Tsimerman [10] and Taniguchi—Thorne
[177] independently. More precisely, it was proved that

(12.4) E*(X,S) < X5t [ por®,
pesupp(S)

where e, (a) = 8/9 for a = (111), (21), (3) and e, (a) = 16/9 for a = (121), (1%).
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12.1.2. Zero density estimates and applications. As mentioned in Section 3.3,
the Artin L-function L(s, pg) has the polynomial Euler product

L(s, px) = [ det (I = p=> Ap(K))”!
p

for Res > 1, where A, (K) = A, if K satisfies a local condition a at p. Recall that
the strong Artin conjecture is true for L(s, pg). Hence it is continued to an entire
function. Denote by ,(K) and 8, (K) the eigenvalues of A, (K). Since |a,(K)| < 1
and |B,(K)| < 1, the Ramanujan—Petersson conjecture is also true in this case.
Finally, the functional equation of L(s, pg) is given by A(s, px) = A(1 = s, pk),
where A(s, px) = |dx|**y (s, px)L(s, px) with the gamma-factor
2T (3)° if dg > 0,
S, = .
YLK = e (5T () ifax <o,
Note that y (s, px) are common over the set L(X) or L3 (X). From the above, the

Artin L-function L(s, pg) is a member of SP°Y. Then we obtain the following zero
density estimate.

LEmMmA 12.4. Let X > 1 and T > 2. For any Cy > 6, we have

Z N(o,T; pk) < T4 x %0255
KeL¥(X)

for any o > 3/4, where A > 0 is an absolute constant. The implied constant

depends only on the choice of Cy.

Proor. Let $*(X) be the set of all cuspidal representations 7 of GL,(Ag) such
that L(s,n) = L(s, pg) holds for some K € L5(X). The conductor of 7 € $*(X)
satisfies Cond(7r) < X since we have Cond(r) = |dg| if L(s,m) = L(s, pg). We
also obtain #S*(X) < X, which is deduced from the fact that there exists a one-
to-one correspondence between S*(X) and L3 (X). Finally, the gamma-factors in
the functional equations of L(s, ) are common in 7 € S*(X). From the above, the
desired estimate follows directly if we apply the zero density estimate of Kowalski—
Michel [87, Theorem 2] to the family S*(X). O

We check that condition (12.1) holds for any 7/8 < oy < 1. Taking Cp =6+ 6
with 6 = (809 —7)/2 > 0, we obtain

Co(1-0) 1 (8+d8)o —(7+9) -

200 — 1 200 — 1 B

for oy < o < 1. Note that (log X)34 <« X%?2. Hence Lemma 12.4 ensures the

1-9¢

validity of (12.1). We define the subset & = E(9, X) € L5(X) as

(12.5) &= {K € LE(X)

there exists a zero p of L(s, pg) such that
Rep > o and | Im p| < (log X)?

Then condition (10.19) is satisfied with this subset. Next, we consider an upper
bound of the value log L(s, pgx) with K ¢ &.
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LEMMA 12.5. Let s = o + it be a complex number with o > o + 2(log, X)™!
and |t| < (log X)2. Then we have

1-c
(12.6) log L(s, px) < (log, X)(log X) =70 +log, X
if K € L3 (X) \ &, where the implied constant is absolute.

Proor. The proof is based on the method of Barban [6, Lemma 3]. We write
k = (log, X)~! for simplicity. If o > 1+«/2, then we obtain log L(s, px) < log, X
by Dirichlet series representation (11.3). Hence the result follows in this case. Let
00+2k < 0 < 1+«/2. Thenwe put 7o = k' +k+it and R = k~! + k — 0. Remark
that the function (L’/L)(z, pk) is holomorphic on |z — 79| < R since L(z, pg) has
no zeros in this disk. We define

M(r) = max

lz—zol=r

LI
z(Z, PK)

1 1

forO<r <R. Letrj=«x'=1,r,=«'+k—0,and r3 = k! = 0p. Then we have
0 <r; <rp <rsz < R. As aconsequence of the Hadamard three circles theorem,
we obtain the inequality

(12.7) < M(r1)' "M (r3)",

Ll
Z(s, PK)

where

log(ra/r1) 1-0o 1
a= = +0 .
log(r3/r1) 1 -0y log, X

Then we evaluate M (r;). Since we have Re z > 1 + « on the circle |z — zg| = ry, the
estimate (L'/L)(s, px) < log, X holds. Therefore we obtain

(12.8) M(r1) < Alog, X,

where A > 1 is an absolute constant. Next, let z = x + iy be a complex number on
the circle |z — zo| = r3. By [70, Proposition 5.7 (2)], we have

L/
_(Z’ pK) = Z
L l==pl<1 %~

+0 (log{|dk|(ly[ +3)})

with an absolute implied constant, where p runs through zeros of L(s, pg). For
|z — zo| = r3, the distance between z and p is at least « since K ¢ &. We apply the
result [70, Proposition 5.7 (1)] to estimate the number of zeros satisfying |z—p| < 1.
Then the bound (L’/L)(z, px) < k™' log X follows. Therefore we obtain

(12.9) M(r3) < B(log, X)(log X),

where B > 1 is an absolute constant. Inserting (12.8) and (12.9) to (12.7), we obtain

< A7*B%(log, X)(log X)“.

Ll
f(s, PK)
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Note that the inequality O < a < 1 holds since r; < r, < r3. Thus we have absolutely
Al"%B* <« 1. Let s = 1 + x/2 + it. Then the relation

1+k/2 71
log L(s, px) = log L(so, px) — / Z(x +it, px) dx

a
holds by the choice of the branch of log L(s, px). We have log L(so, px) < log, X,
and it is deduced from the estimate on (L’/L)(s, pg) that

1+k/2 17 oo
/ Z(x +it, px) dx < (log, X)(log X)-<0.
Hence the proof is completed. O

If we further assume GRH, then upper bound (12.6) can be improved. The
following result is a simple application of [70, Theorem 5.19].

LemMmA 12.6. Assume GRH for L(s, pk) for all K € . For s = o + it with
o > 1/2and |t| < (log X)?, we have
(10g X)Z—ZO'
log, X
if K € L5(X), where the implied constant depends only on c.

log L(s, pg) < +log, X

We also remark that this upper bound is valid at s = 1 unconditionally. Indeed,
combining the result of Louboutin [114, 115], we derive the following result.

Lemma 12.7. For all K € L5(X), we have
log L(1, px) < log, X
with an absolute implied constant.

12.2. g-functions for Artin L-functions. For z € C, we define

iz
g:(s, pg) = exp (5 log L(s, px))

according to Thara—Matsumoto [64], who studied similar g-functions for Dirichlet
L-functions. In this subsection, we study several properties of g, (s, px). The z-th
divisor function d,(n) is defined as the multiplicative function such that

d(p) = 2zlet 1) (e k= 1) = Hy (D)

for a prime number p and an integer k > 1. Note that d,(n) is the usual divisor
function if r is a positive integer. Then we obtain

(12.10) exp(zlog{(s)) = Hexp (—zlog(l1=p7?)) = Z d,(n)n™*
p n=1

for Res > 1. We generalize (12.10) for L(s, px) as follows. Let A be a diagonal
matrix in A. Then we define

k
(12.11) Hy(z;A) = Y o/ B*VH;(2)Hij(2),
i=0



12. THE SECOND RESULT: ARTIN L-FUNCTIONS 90

where « and S are the eigenvalues of A. By this definition we obtain

(12.12) exp(—zlogdet(l — p~A)) = Y Hi(z; A)p™°.
k=0

Let K € L3(X). We define d.(n; pg) by extending d.(p*;px) = Hi(z; Ap(K))
multiplicatively. Since we obtain

iz _
8:(s.px) = [Texp [ log det(l — p™* 4, (K))
)

for Re s > 1, we further derive the Dirichlet series representation

(12.13) g:(s,px) = Y dizpp(n; px)n~.
n=1
Then, we proceed to define the function ¥;(z) as
(12.14) Fi(2) =[] FHp (2
)4

for any s,z € C with Re s > 1/2, where

(12.15) Fep(2) =E [exp (—%Z logdet(/ — p* p))]

= Z Cp,(a)exp (—E logdet(/ — p_sAa)) .
acd 2

If s = o > 1/2, then we see that F-(z) = M. (2, z; X) holds with the notation of
Section 9.2. Therefore Lemma 9.7 implies

(12.16) Fo(2) :E[exp (glogL(O',X))] .
Thus, the function %, (z) is associated with the mean value
1 /
T, 8:(0, pk)-
#L3 (X)KeLg(X)

Towards the proof of Proposition 12.3, we show several results on the function F(z).

Lemma 12.8. If z € C is fixed, then F5(z) is a holomorphic function in s for
Res > 1/2. Similarly, if s € Cis fixed with Re s > 1/2, then F4(z) is a holomorphic
function in z on the whole complex plane.

Proor. By definition, local factors ¥ ,(z) are holomorphic functions in s for
Res > 0if z € C is fixed. Similarly, they are also entire functions in z if s € C is
fixed with Re s > 0. Thus it is sufficient to prove that (12.14) converges uniformly
on for Res > oy and |z] < R with any 09 > 1/2 and R > 0. In general, the
inequality |Hy(z; A)| < Hy(2|z]) holds for all A € A by (12.11). Furthermore, we
obtain Hy (r) < 2X(r + 1)* for r > 0. Thus we truncate (12.12) as
(12.17) exp(—zlogdet( - p™A)) = Y Hi(z; A)p™* + Ey

k<N
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for any N > 0, where |Ex| < 2(4|z| + 2)Vp~™N7 if p=@ < (8|z| + 4)~! is satisfied.
Applying this formula with N = 2, we derive

exp —% log det(] — p_SA)) = Z Hi(iz/2; A)p~* + Og (p_z‘fo)
k<2
for p > Q = (4R + 4)1/90, The coefficients Hy(z; A) for k = 0, 1 are calculated as
Hy(z;A) =1and H|(z; A) = ztr A. By (12.15), we obtain
7:‘"[)(2) — 1 + OR (p—O'O—l +p—20'0)

for p > Q. If we have o > 1/2, then the series ¥, p™°~! and ¥, p~27 converse.
Hence the result follows. O

LeEmMMA 12.9. Let s = o +it € Cwith 1/2 < 0 < 1 and z € C. Then there exists
an absolute constant ¢ > 0 such that

c (I +3)7
|Fs(2)] < exp ((2(7 - 1)(1 -0)log(]z] +3)) .

ProoF. Let Q = (4|z| +4)'/7. We first consider the contributions of local parts
Fs,p(2) for p > Q. Applying (12.17) again, we deduce

exp (—% log det(1 — P_SA)) =1+ %(tf A)p~° + E(A),

where |E(A)| < 8(|z| + 1)2p~27. Therefore we derive F; ,(z) = 1 + u + E, where

2
p —s—1 2 20
_ and |E| <38 +1 .
Zp2+p+1p | | (|Z| )P

Note that the inequalities || < 1/8 and |E| < 1/2 hold since p > Q implies
(Jz] + 1)p™@ < 1/4. Then, we apply the uniform estimate Log(1 + w) < |w]| for
|w| < 2/3 to deduce

Log %5 »(2) < |zlp™ ' + (2] + )*p™.

By the prime number theorem, the estimate

1-u

|
(12.18) Y pt< Y
>y u—1logy

holds for any 1 < u < 2 with an absolute implied constant. Then we use (12.18)
with u = o + 1 and 20°. It is deduced that

I[1 %2

p>0

(12.19)

By i (2l +3)7
< exp
200 — 1log(|z| +3)

with an absolute constant ¢; > 0. The contributions of ¥ ,(z) for p < Q are
estimated as follows. For all prime numbers p, we have

Logdet(I — p™°A) =Log(l —ap™)+Log(1 -Bp~°) < p77.
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Then, we again apply the prime number theorem to obtain

Y rt<

P=y

1 yl—u

1 —-ulogy

for O < u < 1. This yields

[T 700 < exp | 22 (L 37
oo T E TP T =g log (el +3) |

where ¢, > 0 is an absolute constant. By (12.19) and (12.20), we deduce the desired
upper bound for |F(z)]. O

(12.20)

12.3. Approximations of g-functions. Let o > 1/2, and put

1
and « = .
og X log, X

¢ =max{l — 0,0} + 1
Then we define the functions g} (o, pg;Y) and g7 (o, pk;Y) as

N 1
g (o, px;Y) = Z_JU/U g (o +w, pr)l'(W)Y" dw.

Here L* is the vertical line Rew = ¢, and thus g7 (o, px;Y) is defined for any
o > 1/2and K € L7(X). On the other hand, L™ is given by L+ - - + Ls as follows:

(1) Ly is the vertical half-line from ¢ — ico to ¢ — i(log X)?;

(2) L, is the horizontal segment from ¢ — i(log X)? to —k — i(log X)?;

(3) Ls is the vertical segment from —« — i(log X)? to —« + i(log X)?;

(4) L, is the horizontal segment from —« + i(log X)? to ¢ + i (log X)?;

(5) Ls is the vertical half-line from ¢ + i(log X)? to ¢ + ico.
The function g (0, pk; Y) is defined forany o > o+ (log, X) ! and K € L3 (X)\E,
where & = E(0y, X) is the subset of (12.5). Then we prove several properties of the
functions g> (o, px;Y) listed as follows.

Lemma 12.10. Suppose that (log, X)~! < o — 0y is satisfied, and take a cubic
field K belonging to L5 (X) \ &. Then the equality

8:(0, px) = g: (0, px;Y) = 82 (0, px; ¥)
holds for any z € Cand Y > 1.

Proor. We have Re(o+w) > 1 for Re w = ¢ by the choice of c. Hence formula
(12.13) is available to investigate the function g,(o" + w, pg) on the line L*, and we
deduce that |g.(0 + w, pk)| is bounded as | Imw| — co. Furthermore, we see that
|["(w)| is rapidly decreasing as | Im w| — oo by the estimate

(12.21) T(w) < [v[“""/2 exp (—%Ivl) ,

which is deduced from Stirling’s formula (Theorem B.2.1). Therefore the function
g:(oc+w, pg)I'(w)Y" is absolutely integrable on the contour L*. Then, we shift the
contour to L. Remark that we have o — k > 0y, and that the function g, (s, pg) is
holomorphic in the region Re s > 07, |Im s| < (log X)? for K € L3(X)\ &. Hence
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we do not come across any poles of the integrand except for the simple pole at w = 0
while shifting the contour. The residue at w = 0 is equal to g,(o, px). Therefore,
we obtain

1
Py g (o +w,p)L(W)Y" dw
27Tl L+
1
Tl L-
as desired. -

LemmA 12.11. Let o > 1/2 be a real number, and take K € L5 (X) arbitrarily.
Then the function g% (o, pk;Y) is represented as

gi (. px:Y) =Y dipp(n, pg)nTe™”

n=1
forany z € CandY > 1. If we let Y = X" with some n > 0, then we have
(12.22) gi(o,pk;Y) < X"

for any z € C with |z| < Ry(X), where R, (X) is defined as (12.3). The implied
constant in (12.22) depends only on n.

Proor. Recall that we have Re(o+w) > 1 on the vertical line Re w = ¢. Hence
Dirichlet series representation (12.13) yields the equality

/ g(o+w, pp)T(W)Y" dw = Z diz/z(n,pK)n_‘Te_”/Y.
Rew=c

n=1

In order to prove (12.22), we apply the inequality |d,(n)| < d,(n) withr = ||z|] + 1.
It yields

(12.23) |g;(0', pK;Y)l < Z d.(nn e « (Y7 +1)(Clog y)2(=+D)
n=1

By Y = X7 and |z| < R, (X), the desired result follows. O

LemMa 12.12. Suppose that 3(log, X)~! < o — 0y is satisfied, and take a cubic
field K belonging to L5(X) \ &. Let Y = X" with some 1 > 0. Then there exists a
constant b(n) > 0 depending only on n such that

_ n logX
g, (o, pk;Y) < exp (_Elog X)
2

forany z € Cwith |z| < b(n)R,(X), where R, (X) is defined as (12.3). The implied
constant depends only on .

Proor. We divide the integral contour L™ into Ly, Lo, ..., Ls as above. Then
we have Re(o +w) > 1 + (logX)~! on L; and Ls. Hence (12.13) is available to
obtain the estimate

log L(o+w, px) < log, X
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forw € LU Ls. Next, if w lieson Ly, L3, or L4, then we have Re(o+w) > o +2«.
By Lemma 12.5, the upper bound

logX)

g:(0 +w, pk) < exp (Ab(n)1
0g, X

is valid for any w € L™, where A > 0 is an absolute constant. Furthermore, the
function Y" satisfies

X" if wlieson Ly, Ly, L4, or Ls,

VW < log X
exp (—17 o2 X) if w lies on L3.

log,
Finally, the integrals of I'(w) are estimated by (12.21). From the above, we obtain

/ g (o +w, pg)T(W)Y" dw < exp (—(log X)Z) ,
LiULs

/ g (o +w, pg)T(W)Y” dw < exp (—(log X)z) ,
LyULy

n log X
+w, o) T (W)Y dw < ——
| e poroor” dw < esp -1ET)
if the constant b(n7) > 0 is small enough, where the implied constants depend only
on 7. m]

Combining the above lemmas, we derive the following asymptotic formula for
the function g, (o, pg).

CoroLLARY 12.13. Take a cubic field K belonging to L3(X) \ &. LetY = X
with some n > 0. Then there exists a constant 0 < b(n) < 1 depending only on n
such that

S -0 —n log X
gz(O',pK)=Z/l,~Z/2(n,pK)n e /Y+O(exp (—Q g ))

n=1
forany z € Cwith |z| < b(n)Rs(X), where R, (X) is defined as (12.3). The implied
constant depends on o and 1.

12.4. Completion of the proofs. We define arithmetic functions A,(n), u,(n),
and v, (n) with z € C as the multiplicative functions satisfying

2:(p") = Y Cp(a)Hi(iz/2; Ao),

acd

,Uz(pk) = Z Kp(a)Hy(iz/2; Ao),
acd

v-(p*) = Y |Hi(iz/2; Ad)| .
acd

Then we have A,(n) = E[d;;/>(n, X)]. The following lemma plays a key role in the
proof of Proposition 12.3.
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LemMma 12.14. Suppose that there exist absolute constants a, 8 > 0 such that the
estimate E*(X, S) <¢ X []pesupp(s) pP holds for all local conditions S = (Sp)p-
Then, for every € > 0, we have

Z diZ/Z(n’ pK)

KeL:(X)
e LA s Y
=C e M K G 53 “Z(”)+O(X ve(m)n )

where the implied constant depends only on €.

Proor. If n = 1, then the result is directly deduced from the assumption with
supp(S) = 0. Thus we consider the case where n = plf‘ ---plr" > 1. For A =
(ag,...,a,) € ", we denote by S(U) the collection of all local conditions such
that supp(S(W)) = {p1,..., pr} and S(A),,, = a; for each ;. If we suppose that K
satisfies local conditions S(2), then d;;/>(n, px) is calculated as

Aizj2(n, pr) = Hy, (iz/2; Aq,) - - - Hy, (i2/2; Ag, ).
Hence we obtain

(12.24) Y, dipnpx) =Y, Y, dip(npx)

KeL3(X) Aed” KeL5(X,.S(W))
,
= ), #L3(X. SW) [ ] Hx, (12/2: Aq)).
WNed" Jj=1

Then we use E*(X, S) <¢ X** [Tequpp(s) PP to derive

+ _ ot 1 . ) + 45(1/3) 5/6 4 )
#L3(X,S(A) =C 124(3)xgcpj(a])+1( SF(2/3)3€(5/3)X jIJlej(a])
+0. X‘”ff[pf).
J=1

We insert this formula to (12.24). Note that the equality

Z Hcp_f(aj)ij(Z;Aaj) = A;(n)

Ued” j=1
holds. Furthermore, similar equalities are obtained for u,(n) and v,(n). Hence we
obtain the desired result. O

PutY = X" with some 7 > 0. By Corollary 12.13, the left-hand side of (12.2) is
calculated as

1 ’ T -1, n log X
(12.25) — ) g0, px) = =5+ 0 (eXp (——
#L3 (X ke o0 e ¢ #L5 (X) 21og, X

+
3

for any z € C with |z| < b()Rs(X), where

T = Z Z diZ/Z(n’ pK)n_O-e_n/Y’
KeL:(X) n=1
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T = Z/ Z dl-z/z(n,p[()n_‘re—”/y

Ke& n=1

By zero density estimate (12.1), we have #& < X!~9 with some 6 > 0. Hence the
term 7> is estimated as

(12.26) T, < X' max |gi(o, pk:Y)l.
KeL:(X)

The main term is obtained from 77, which is calculated by Lemma 12.14 as follows.
ProrosiTiON 12.15. Let o > 1/2 be a real number, and denote by F;(z) the

function defined as (12.14). If we let Y = X" with some n > 0, then there exists a
constant 0 < b, (n) < 1 depending on o and n such that

C*X n log X
loa X -5
ORI ( exp( 2Tog, X

for z € C with |z| < by(n)Ry,(X), where Ry, (X) is defined as (12.3). Here, the
implied constant depends on o and 1.

5 7,25
| = ) + X6t 4 xotgnte

Proor. By Lemma 12.14, the term 77 is calculated as
/l 0' —n
124(3) Z (mn )

. 40(1/3) s/6 [ v -0 ,-n/Y
Ksr(2/3)3§(5/3)X (Ziﬂzm)n ‘ )

(12.27) T =

+0. [ X Z vz(n)n_awe_”/y) .

n=1

Note that we have

Y (0N =Y Cp(a) ZHk(lz/2 AP~ = F5 ,(2),
k=0

acd
where 7 ,(z) is defined as (12.15). Hence the equality

Y (™ =[] Fp(2) = Fi(2)
n=1 p
holds for any s,z € C with Re s > 1/2 by (12.14). It yields

Y Al e = / T (T (W)Y dw
n=1

Rew=c

for any oo > 1/2 and ¢ > 0. The function ¥4, (z) is a holomorphic function on the
half plane Rew > 1/2 — o by Lemma 12.8. Hence, shifting the integral contour to
left, we obtain

YA e =@ [ T U0y dw
n=1 Rew=—«q
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forany 0 < k1 < o — 1/2. We take

27 'min{oc -1/2,1 -0} ifl)2<0 <1,
K1 =
! o -1+ (logy, X)™! ifo>1

so as to keep 1/2 < Re(o +w) < 1 on the vertical line Rew = —«;. Then we apply
Lemma 12.9 to derive

TO’+W(Z) < exp (Cl(o-)ba(n)

log X
log, X

for Rew = —«; with some constant ¢ (o) > 0 depending only on o. Furthermore,
if the constant b, (r7) > 0 is small enough, then

log X
/ Forw ()T (W)Y" dw < exp (—Q og )
Rew==xi 2log, X

follows with the implied constant depending on o~ and 5. Therefore we obtain

— log X
(12.28) ; (M 7™ = For(2) + Oy (exp (—g 1(;)ggz x)) .
Next, we consider the second and third terms of the right-hand side of (12.27). Recall
that the inequality |Hy (iz/2; A)| < Hi(r) = d,(p*) holds for any A € A, where
we put 7 = | |z|] + 1. Hence we find |u.(p")|, |v.(p*)| < d,(p*). Furthermore, the
inequalities |u,(n)|, |v.(n)| < d,(n) follow since they are multiplicative functions.
Therefore, we derive the upper bounds

(12.29) Y p(mn 7™ < (Y77 + 1)(Clog¥)*HHD <, X7,
n=1

(12.30) Z vo(m)n~ B <« (Y17 4+ 1)(ClogY)?IFHD <, x (1+B8)n
n=1

similarly to (12.23). Recall that one can take at least for @ = 7/9 and 8 = 16/9 by
(12.4). Inserting (12.28), (12.29), and (12.30) into (12.27), we finally arrive at the
desired conclusion. O

Proor or ProposiTion 12.3. We choose a real number > 0 small enough to

keep the estimates
XEH 4 X9FOE « X exp _n logX
2log, X

with a constant 6 > 0O satisfying (12.26). Then we deduce the upper bound

) and X7 <« Xg

_s
T, < X' 2

from (12.22) and (12.26). Inserting the estimates of 77 and 7> to (12.25), we obtain

1 / (iz n logX
T vy Z exXp —L(O',PK)) =Fo(2) + Oupy (exp (———)) )
#LS_(X)KEL;’(X)\S 2 2 loglog X

Recalling equality (12.16), we complete the proof. O
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Proor oF THEOREM 12.1. The result in the case ® € C,(R)U 1 (R) follows from
Proposition 10.5. Then we prove the limit formula

Y. @(log Lo, px)) =0
Ke&

1
12.31 lim ———
(12.31) Xt HLE(X)
in the following cases:
(') o >1and ® € C(R);
(b') oo =1and ® € C¥P(R);
(¢c') o0p <o <1and ® € C¥*P(R) assuming GRH.

If o > 11is a fixed real number, then ®(log L(o, pk)) is bounded for any ® € C(R)
as K € L5(X) varies. Hence the result in case (a’) follows from the upper bound

&< X9 Leto =1and ®(u) < e, Then Lemma 12.7 yields
®(log L(1, pk)) < exp (Mclog, X)
for any K € L5(X), where M > 0 is an absolute constant. Hence we have
(12.32) Y ®(log Lo, px)) < X'~%
Ke&

from which we deduce (12.31) in case (b”). Similarly, we further obtain the result
in case (¢’) by using Lemma 12.6. ]

Proor oF THEOREM 12.2. The result directly follows from Proposition 10.6. 0O

Finally, we consider further applications of Proposition 12.3 obtained by the
class number formula (3.4).

CoroLLARY 12.16. Let r > =2 be a fixed real number. Denote by hx and Rk
the class number and the regulator of a cubic field K. Then we obtain

Cc* x5+l r log X
Y (hkRg) = T](q FT —+0 (X7+1 exp (_b -~ ))
KeLZ(X) 120(3)(D*)" 5+1 log, X

with an absolute implied constant.

Proor. By (12.2) and (12.32), we derive

1 log X
LT ey =i sofes 4225
#L3(X) Keg()() log, X

if we choose z = —2ir with r € R. Using formula (3.4), we deduce
A log X
(1233 Y ( K K) - T _y.o, (Xexp(—b o8 ))
KeL%(X) |dK| 124(3)(1)_) 10g2X
For an integer d > 0, we put
hxRg )
=Y ( - K) .

kerz(x) \VIdkl
ldk |=d
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Then, by the partial summation, we obtain

(12.34) Y, (hkRg)' =), f(d)d"”?

KeL%(X) 0<d<X

X
:F(X)X’/z—%‘/ F(x)x"?>Vdx
1

with F(x) = Yg<u<, f(d). Note that the function F is estimated as

C=Fi(r) log x
F(x) = ——x+0 -0
@ = e O 1P| g loga
by (12.33). Inserting it to (12.34), we obtain the result. |

Especially, we obtain formula (3.5) by putting » = 1 and by calculating the
constant #1(1) =[], F1,,(1) as
2

p 1 -2, ] 2y-1
Frp(1) = —(1- +—(1-
Lp(1) p2+p+1{6( p) s =p)

1 1 1
+301 +p e pH e —(-pH e —2}
p p
=(1-p )20 -p ) (U +p2-2p7 -2p+2pC+p77 - p7¥).

13. The third result: automorphic L-functions

Let {L(s)} ez be the family of Example 7.5, and let X = (X)), be the sequence
of Example 8.5. Denote by a(n, f) the Dirichlet coefficient in (7.4). Recall that
there exists a real number 6¢(p) € [0, 7] such that

(13.1) a(p, f) = Uk(cos 05 (p))

if p # g, where Ui (T) is the k-th Chebyshev polynomial of the second kind.
Furthermore, the random variable X, is given by X, = diag(e™®r, e7®r) with
some [0, 7]-valued random variable ®,. We define a random variable a(n, X) by
extending

(13.2) a(p*,X) = U(cos ®,)

multiplicatively in n. Then the random variable L(s, X) is represented as

L(s,X) = ia(n,X)n_s = H (1 —a(p,X)p~* +p—2s)_1 .
n=1 P

Note that the expected value E[a(p¥, X)] is calculated as

1 if k is even,

k _ i _
(13.3) Ela(p ,X)]—/O Uk(cose)d,up(e)—{o i

Furthermore, we obtain ]E[(trz\’p)z] =1+ p~' > 1. Therefore the sequence X is
admissible. Let s = o + it be a complex number with o > 1/2. The purpose of
this section is to prove the following results. Especially, Theorem IV is contained in
Theorem 13.1.
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THEOREM 13.1. Let s = 0 + it be a complex number with o > 1/2.
(1) Ift # 0, then the limit formula

lim " @ (log L(s :/CDstw;X dw
5 g L @0eLs9) = [ OO0M G0 bl
¢: prime

holds in the following cases:
(a) o> 1and ® € C(C)U I (C);
(b) o =1and ® € CPY(C) U I (C);
(c) 1/2 <0 <land ® € C,(C) U I(C);
() 1/2 < o0 < 1 and ® € C™(C) assuming GRH for L¢(s) for all
feF.
(i1) Ift = 0, then the limit formula

1 ’
lim ® (log L (o) :/Q(W)Mg(u;/\’) |du|
q;ﬁe#BZ(Q)f%(q) logLrt)) = ],

holds in the following cases:

(a) o> 1and ® € C(R) U I (R),

(b) c=1and ® € C*P(R) U I (R);

(c) 1/2 <0 <land ® € Cp,(R) U I (R);

(c) 1/2 < o0 < 1 and ® € C*P(R) assuming GRH for Ly (s) for all
feF

THEOREM 13.2. Let s = o + it be a complex number with o > 1/2. Then we
obtain the discrepancy bounds

(logq)~'(log, q) foro > 1,
Dy(q: L) < { (logq)~'(log, g logy q)  for o =1,
(logq)™” for1/2 <o <1

in both cases s € R and s ¢ R, where the implied constants depend on o .

Similarly to the arguments in Sections 11 and 12, we deduce these theorems from

the estimates on the moment-generating functions /\/(Y 4,75 £)¢ and M (z,7:X)
defined by (10.18) and (9.9), respectively.

ProrpositioN 13.3. With the notation above, Assumption 10.4 is satisfied with
the following triple (09, &, Ry ):
e op=1/2;
o the exceptional subset & = E (s, B, q) presented by (13.7) below;
o the function Ry (q) defined as

(log g)(log, ¢)™! ifo > 1,
(13.4) Ry (q) = {(logg)(log, glogy ¢)~'  if o =1,
(logq)” if1/2 <o < 1.
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The method for proof of Proposition 13.3 is close to the method in Section 11
rather than that in Section 12. We define

b(p*, f) b(p*, X)
Ry(s,f) = Z T s and Ry(S,X) = Z TS
pk<y pk<y p
for y < g, where the coefficients are given by
2cos(kg 2cos(k®
135  b(ph. /)= # and b(p*,X) = %
As approximations of /i/(vs,q (z,7; L)% and Ms(z, 7’; X), we further define
—_ , 1
M) (2,25 £)F = Y, v (Ry(s. f)),

#B2a) fehtine
M (2,25X) = B [0 (Ry (5, X)) -

13.1. Exceptional subsets. Let s = o + it with o > 1/2, and put y = (log g)®
with B > 1. Then we define the subset A(s, B, g) C By(q) as

Als, B.q) = |f € Ba(9) | llog L(s, /) = Ry(s )l > ¥4 D log )}
Furthermore, we define B(s, B,q) =0 if o > 1 and
(13.6)  B(s,B,9) = {f € Ba(q) | IR,(s, /)] > (logq)' ™" (log, 9)™'}
if 1/2 < o < 1. The exceptional subset & of Proposition 13.3 is defined as
(13.7) E=A(s,B,q) UB(s,B,q).

Then we prove that condition (10.19) is satisfied. For this, we introduce a large sieve
type inequality.

LeEMMA 13.4. Let s = o +it witho > 1/2. Let 1 < y < z be large real numbers.
Then we have

1 % 2k ! 1 ¢ 1()
. < 22/( ( ) ( }: > ) g4
y<p<z p

fGBXz"(q) {f. ) k! y<p<z P Vq
for k € Zwith 1 < k < (logq)(2logz)~". The implied constant is absolute.

Proor. Lamzouri [92, Lemma 6.5] proved the same result when s is a real
number. We can show Lemma 13.4 in a similar way by noting that A¢(p) is always
real. |

LemMA 13.5. Let s = o + it with o > 1/2. For y = (log q)® with B > 1, there
exists a positive constant b = b(o, B) such that
#A(s, B, q)
q
with the implied constant depending on s and B.

< exp (—b—
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Proor. By the asymptotic formula [27, Lemma 4.4], we have

log Ly (5) = Ry(s, f) + 0y B (log )
for 2g > |t] if there exist no zeros of L (s) inside the rectangle
As(y)={ze€Cloi <Rez<1, |[Imz -1 < y+3},

where o = %(0' + %). In other words, the condition f € A(s, B, g) implies the
existence of zeros of L (s) inside the rectangle A;(y). Thus we have

#ﬂ(S,B,q)S Z N(f;O'O,t_y_3,t+y+3)a
feBa(q)

where N(f;a,ti,t2) counts the number of zeros p of Ly(s) such that Rep > a
and t; < Imp < 1,. Furthermore, we apply the zero density estimate of Kowalski—
Michel [86, Theorem 4] to derive

Y N(fioni-y=3.1+y+3) < g0 (logq) <"
f€Ba(q)

for ¢ > el with a constant K (B) > 0. Hence we obtain the conclusion. i

LEMMA 13.6. Let s = o +it with 1/2 < o < 1. Fory = (logq)® with B > 1,
there exists a positive constant b = b(o, B) such that

#B(s, B 1
B(s, B,q) <<exp(_b OgQ),
q log, g

where the implied constant depends on s and B.

Proor. The proof is based on a similar method in the proof of Lemma 11.6. Use
Lemma 13.4 instead of (11.12). ]

Recall the asymptotic formula

#B2(q) = dim $3(g) = 75+ O(1).

Then we deduce from Lemmas 13.5 and 13.6 the estimate
#E #A(s, B, q) + #8(s, B, q)

<
#B>(q) q
1
< exp|-b 024
log, g

if we take y = (log ¢)® with B > 1. Hence condition (10.19) is satisfied.

13.2. Results on Dirichlet coefficients. To begin with, we show the relations
among the Dirichlet coefficients a(p*, ), b(p*, f), a(p*, X), and b(p*, X) defined
as (13.1), (13.2), and (13.5).
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LemwMma 13.7. We have
k k
b(p*. ) =Y ck(ap’, f) and b(p*,X) =Y cr(j)a(p’.X)
j=0 j=0

for all prime numbers p + q and k > 1, where

I/k ifj=k,
ck(j)=94-1/k ifj=k-2,
0 otherwise.

Proor. Recall that {U;(cos8)} ;>0 is an orthonormal basis of L%([0, 7r]) with
respect to the Sato—Tate measure u.,. Hence we obtain

2cos(kf) &

(13.8) — = L x()Uj(cos6)
j=0

for any 6 € [0, 7], where the coefficient ¢4 () is determined by

T2 k
() = /O WUj(cos $) dites (¢)

= i /ﬂcos(l«z&) sin((j+ 1)¢) sin ¢ d¢.
km 0

The integral vanishes except for j = k or k — 2. We have also

1 1
Ck(k):E and Ck(k—Z):—%.

Hence, putting 6 = 6,,(f) in formula (13.8), we obtain the former statement by the

definitions of a(p*, f) and b(p*, f). Similarly, the latter one is proved by putting
6 =0, in (13.8). m]

LemwMma 13.8. There exist absolute constants «, 5 > 0 such that

— a, —p
#B2(0) feBZZ’(q)a(n, f)=Ela(n,X)]+0 (n q )

holds for (n,q) = 1.

(13.9)

Proor. By equality (13.3), the expected value E [a(n, X)] equals to 1 if n is a
perfect square, and to O otherwise. Hence the result is deduced from the Eichler—
Selberg trace formula; see [20, Proposition 2.8]. O

Rudnick—Soundararajan [162] introduced a ring H generalized over the integers
by symbols x(1), x(2), ... with the Hecke relations

x(1)=1 and x(m)x(n) = X mn .
d|<§fn> (dz)

For any n > 1, we regard a(n, f) as a member of H and a(n, X) as an H-valued
random variable since they satisfy the above Hecke relations. Several properties on
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the ring H are seen in [92,162]. In particular, it holds that
(13.10) x(n)-x(n) = Y ba(ny,...n)x(n)

”|H:n:1 Nm
with a non-negative integer b, (n, ..., n,). We have the upper bound
(13.11) by(ny,...,n) <d(ny)---d(n,)

foralln,ny,--- ,n, > 1.

LemMma 13.9. Let g be a large prime number. Let p,. .., p, be prime numbers
with p; # q for all j, and let my, ... ,m, > 1. For each € > 0, we obtain

1 k k
b(pX'. ) b(pkr,

= E[b(plf‘,/\’) e b(p];r’(\’)] +0 ((pllﬂ ...p];r)a/+6q_ﬁ) ,

where a and [ are positive absolute constants of (13.9), and the implied constant
depends only on €.

Proor. By Lemma 13.7 and formula (13.10), we have
by £) - b(pf, f)
ki k, . .
=Y Y GG Y bapl. . phaln, ).
A= =0 nlT,,; P
Then it is deduced from (13.9) that
Y b )b, f)

feBa(q)
Ky k, . .

C Y Y el el X bl pi)Ela(n X)] 4 E.
J1=0 Jr=0 L., pim

where the error term E is estimated as
ki ky . .
E<Y Y lee, GOl lei, Gl Y, ba(p]s....pin%g P
=0 =0 nl[T,_, pi
<d(p(")’---d(pf)}(py - pi) g P
by using |cx(j)| < 1 and (13.11). By an analogous argument, we obtain
E[b(p}', X) - b(plr, X)]

ki k, . .
=Y Y G e, G Y, balpls. .., pi)E[a(n, X))

=0 jr=0 nllT,-y P
Therefore the desired result follows from the bound d(n) <, n€. O

We apply Lemma 13.9 to study the integral moments of R, (s, f). The following
proposition is an analogue of Proposition 11.7.
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ProrosiTioN 13.10. Let s = o + it with o > 1/2. We put L = 2a/f, where a
and B are as in (13.9). If y < q, then we have

—_— ¢
#BZ((]) feg(q) Ry(s’ f) Ry(S, f)

g [ijy(s, X)t’] +0 (yj+£’q—,3/2)

for any non-negative integers j, € with j+¢ < (log q)(Llog, q)~!, where the implied
constant is absolute.

Proor. Since b( pk, f) is real, we obtain

Ry(s, /) Ry (s, f)f
b(PY", [) b (P} ) b(gl, £) - blgls f)

=y Y ¥ .. T pm—

pitsy  plUsydi'sy qfsy Py p;

which remains valid if we replace the symbol f with X. By Lemma 13.9, the
difference is estimated as

1 —j > T
—— Y RGN RGN B [RGX R,
2(9) sy
. 1
(a+e)(j+0) B
<<6yaE] q Z Z Z Z myo Mo _no o
ritsy plsyd'sy qf<y Ol Py e

< y(a'+1)(j+€)q_ﬂ’

where we take € = 1/2. Using the assumptions y < g and j+¢ < (log q)(L1log, q)~!,
we have y?U+0) < ¢B/2_ Hence we obtain the conclusion. O

COROLLARY 13.11. Let s = o + it with o > 1/2. For y = (logq)® with B > 1,
there exist positive constants K = K(o, B) and L = L(o, B) such that

K* ifo>1,
2%k o
(13.12) Y IRy P < (K'log; q) N ifo=1,
#BZ(Q) f€Ba(q) kl—o-

or any nteger kK such that 1 < k < (lo 0 . Furtnermore, we have
for any integer k such that 1 < k < (log q)(Llog, q)~'. Furth h

K%k ifo>1,

2k .
(13.13) E[|Ry(s,X)|2k] < (K logz q) ifo=1,

kl—O‘ 2k

for any integer k > 1. The implied constants depend on s and B.
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Proor. By Proposition 13.10, estimate (13.12) is deduced from (13.13). Thus
we evaluate E [lRy(s, X )|2k] below. The proof is similar to Corollary 11.8. Since
the result is elementary for o > 1 due to

IRy (s, X)| < Z Z Zp < ogl (o) foro > 1,
pym=1 " log, y foro =1,

we consider the case 1/2 < o < 1. Suppose that the inequality y < Ck log(2k)
holds with a constant C > 2. In this case, the prime number theorem yields
-0 1-0

k

(1 - o) (log2k)™’

Ry(s;X)= Y @ +0(log £(20)) <

S
p<y

and the result follows. Therefore we suppose the inequality Ck log 2k < y. In that
case, we have

(13.14)  Ry(5.X)
-y ap. &) y aP-X) | log £ (207)).

N S
p<Cklog2k P Cklog2k<p<y

The contribution of the first sum is estimated as

a(p.X)[* 4c'oki-o \*
(13.15) E P (
p<Cklog2k P’ (1 -o)(log2k)”
Let 1 < x1 < x3 be large real numbers. Then, we obtain
¥ 2k
E Z a(p’s )
X1Sp<xy p
1
< Y - )Y ————[Ela(p,X) - a(pa. X

e a
X1<p1<x X1Zp2k<x2 (pl ka)

zfz...z 1

|E[a(p1,X) - a(pa, X)]|
n=1x1<p1<x3 X1<pak<x2 (pl e ka)cr

w(p1-pax)=n
2k
n=1x1<p1<x2 X1Spnsx2

p; are distinct
y ( 2k )IE[a(pl,X)’”‘]l -+ [Ela(pa, X)"]|
my,...,nMy (p1" P

mi+---+my,=2k

Vi, mj=1
Recall that the Chebyshev polynomial U,,(T) is an odd polynomial of degree m
if m is odd. Furthermore, we have E[U,,(cos®,)] = 0 for odd m by (13.3). By
induction, one can show that E[a(p, X)™] vanishes unless m is even. Hence we
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deduce
2k

Z a(p’X)
X1Sp<Xxp ps

<<Z Z Z

n=1x1<p1<x X1Spnsx2
p; are distinct

y ( 2k )IE[a(pl,X)z’"l]ImIE[a(pn,X)zm"]

E

Moty =k 2m1,...,2mn (pT1 ...an)ZO'
Vi, mj=1
(2k)! & k 1
«»EEyY ¥ Y ¥
k! n=1x1<p1<xa X1SpnSX2 my+-+my=k My, ....My (plln1 o 'pzh)zo-

p; are distinct Vj,mjxl1
k
_ 2k (2k)! y 1
- k! 20
: X1Sp<xy p

by using the inequalities |a(p,X)| < 2 and (,,, k) < @( “ ). Finally,

Lyeeen2y k! \my,...my/"
taking x; = Ck log2k and x; = y with C > 2 sufficiently large, we arrive at
p. X[ gciopie \*
2
1316  E|| Y I < ) .
Cklog2k<p<y P V20 — 1(log 2k)™
By (13.14), (13.15), and (13.16), we obtain the conclusion. ]

13.3. Treatment of g-functions. Similarly to the g-function g, (s, px) studied
in Section 12.2, we define

g:(s, f3y) = exp (%Ry(s, f)) and g.(s,X;y) =exp (%Ry(s,z\’))

for y < g and z € C. In this section, we use the Taylor series
1 (iz\* k 1 (iz\* k
gZ(S’f;y): ZF 5 Ry(S,f) +ZF 5 Ry(S’f)
k<N k>N
= go(s, f33, N) + g2 (s, £33, N),

say. Similarly, we obtain g, (s, X;y) = gg(s, X;y,N) +g%(s,X;y, N) by replacing
f with X.

LemMma 13.12. With the same assumptions as in Corollary 13.11, we take an
integer N = | (log q¢)(L1og, q)~']. Then there exist positive constants a = a(c-, B)
and b = b(o, B) such that

1 log g
|g#(s,f;y,N)|2 < exp (—b ) ,
#B,(q) feB%\B ¢ log, g
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and

log g
E[lgf(s, X3y, N)*] < exp (—b 2 )

log, ¢

hold for all z € C with |z| < aR,(q), where R,(q) is defined as (13.4), and
B = B(s, B, q) is the subset of (13.6). The implied constants depend on s and B.

Proor. Applying the Cauchy—Schwarz inequality, we have

(13.17)

Y 15l fiv NP
#B2(9) reiins

. /2
“L A ,7(7) (#BZ(CI) L RGP €>)

j>N >N By(q)\8B

1/2
[ 1 2%
<Y F(#Bz(q) e b0 )

k>2N Bz(q)\B
along with the inequality Y ;,,— k!/(j!¢!) < 2%, If o > 1, then we know

R(s. N <Y Y Zp <

logl (o) foro > 1,
p<y m=1 m

log, y foro =1.

Hence we deduce

1 " logq \*
) |Ry<s,f>|2k) < (aK qu)

(13.18) |z|*
#B2(4) reryigns log2 4

for |z| < aR,(g), where K = K(o, B) is a positive constant, and the implied
constant depends on s and B. Furthermore, (13.18) remains valid in the case of
1/2 < o < 1 by the definition of 8 = B(s, B, g). Then, we use Stirling’s formula

to derive k! > (N/2)* for k > 2N. By (13.18), we obtain

S 1/2
. 2%k —k
Y IR (s. f) ) <2
k! (#Bz(q) feBa(g)\B

by choosing a = (10KL)~". Thus we deduce from (13.17) that
1

Z |g#z1:(s’ f’y’ N)|2 < Z 2_k < eXp (—b

log g )
#B2(q) feBy(q)\B k>2N

log, g

with some constant b = b(o, B) > 0. Next, we show the result for gf(s, X;y,N).
Similarly to (13.17), we obtain
|z|*
E[lgf(s.X:yv, NPl < Y “=E[IR (s, X)*]

1/2
' .
k>2N k!
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By Corollary 13.11, the upper bounds

1 k
" (aK’loﬂ) foro > 1,
0
(2B [1Ry (s, )] < tGow ) \*
RO8D) ) i1 <o <1
(klog2k)e
are valid with some positive constant K’ = K’(o-, B). Thus, for k > 2N, we deduce
|Z|k 2k71/2 —k
FE [IRy(s, X)**] "~ <2

if we take a = (20K’L)~2. Therefore we obtain

- logg
E |g#(s,X;y, N)|2 < 27F « exp (—b’ )
[ ) ] ng log, ¢

with some constant b’ = b’(o-, B) > 0, which completes the proof. ]
Lemma 13.13. With the same assumptions as in Corollary 13.11, we take an

integer N = | (log q)(Llog, q)~!]. For any ¢ > 0, there exists a positive constant
a = a(o, B, ¢) such that

1 log g
182(s. f13. N[> < exp (c )
#B2(q) feBZZ’(q) : log, q

1
E [|82(S,X;y,N)|2] < exp (c °Eq )
log, ¢

forall z € Cwith |z| < aRs(q), where R, (q) is defined as (13.4). Here, the implied
constants depend only on s and B.

Proor. Applying Corollary 13.11, we obtain

1 | log g g
|gb(5,f,y,N)|2 < —(CIK ) P
#B2(q) feBXZ"(cn ) kst:N KU\ logy g

1 log g g
E [Igb(s,X;y,N)Iz] <) — (aK )
< ksZZN k! log, g

for |z| < aR,(q), where K = K(o, B) is a positive constant. We choose a = ¢/K,
and the desired results follow directly from the Taylor series of exponential. O

13.4. Completion of the proofs. By the definitions of g-functions, we obtain

‘/’z,z'(Ry(S’ ) =85, fiy)82(s, f3y),
l/’z,z’(Ry(SsX)) =g.(5,X;y)g- (s, X5 y).
For the proof of Proposition 13.3, we estimate the difference
/\7&)(2, 7,08 - MY (z,7,X)
1
= _a 5 S T - E _a 5 S T .
D . Y, g fiv)g(s. f1y) —Elg:G, fiy)8x (s, f3 )]

By (q)\B
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We begin with considering the contributions of gg(s, f;y,N) and gg(s, X;y,N).

ProposITION 13.14. Let s = o + it with o > 1/2. For y = (log q)® with B > 1,
there exist positive constants a = a(o, B), b = b(o, B), and L = L(o, B) such that

1 b= b
Y &G fiy.N)gl(s, iy, N)
#B2(4) pepyigns )

5 lo
=BG, X3 Mgl (5, X5, M) | +0 (exp (‘blogg qq))
2

forz, 7z’ € Cwithmax{|z|,|Z’|} < aRy(q), wherewetake N = | (log q)(Llog, q)~"'].
Here, R,(q) is defined as (13.4), and B = B(s, B, q) is the subset of (13.6). The
implied constant depends on s and B.

Proor. Applying Proposition 13.10, we have

%xmﬁ;m&“f%NMAsfxm

=E [gz(gaf’y’N)gg’(S’f’y’N) + Ej,

where
1 (12l (121 ‘ e B2 B2 /(\2N 2N
E<Y X anl7) (T ) e < a7 max{izl 1.
J<N (<N
Let L = L(o, B) be large enough to keep the bound max{|z|, |z/|}?Ny*N < ¢B/*.
Then we obtain E; < ¢~#/*. Hence, the remaining work is to give the bound of

#BZ(Q)f;BgZ( f y,N)gZ (S f y,N)

We just consider the case of 1/2 < o < 1, otherwise it is the empty sum. Then we

see that
1 (iz J iz ¢
E, = = =
=L Lals) (5) o

]<N€<NJ

E; =

Y Ry, £ Ry(s, f)f

fe8B

1/2

b logg ) 2 1 2k

<exp|-= IRy (s, £
( 2log, g ng k! \#B1(q) fegf(q) Y

by using Lemma 13.6. Furthermore, we deduce from Corollary 13.11 the bound

: Z|R<m%«@ﬁ%wwf
S, -_—
#B2(a) sy log2 4

for k < 2N, where K’ = K’ (o, B) is a positive constant. It yields

1/2
lZlk 1 . b loggq
J2l* IR, (s, )] < exp |-
ng k! \#B2(q) feBX;’(CI) '
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by choosing a = a(o, B) sufficiently small. From the above, we obtain

1 b= b
Y, &G fiy.N)gl(s, fiy,N)
#B2(9) regrgns ’

~ B [g2. X5, Mgl (s, X 3, )

as desired. m|

ProposITION 13.15. Let s = o + it with o > 1/2. For y = (log q)® with B > 1,
there exist positive constants a = a(o, B), b = b(o, B) such that

A 'Vl 1
ngq) (2,750 = M§y)(Z, 73 X)+ 0 [exp|-b PEq
’ log, ¢
for 7,7/ € C with max{|z|, |Z’|} < aR,(q), where R,(q) is defined as (13.4), and
B = B(s, B, q) is the subset defined as (13.6). The implied constant depends only
on s and B.

Proor. First, we use the Cauchy—Schwarz inequality to obtain

1 b= b
5 Y, &G fiy.N)gl(s, fiy,N)
) #B29) sestrns ’

1/2 1/2
1825, £3 ¥, N>|2) ( Y 1gh (s i, N>|2)

(#BZ( ) fGBz(q) #B2(q) rephigns

12 12
A, f 2 ! b ) 2
(#BZ(Q) fe Z 182(5, £33, N ) (#Bz(q) fez Ing(s,f,y,N)l )

By (q)\B Bs(q)

1/2 1/2
1 # < 2 1 # 2
+ Z |g(S,f,y,N)|) ( Z |g/(S,f,y,N)|
(#32(q) B \E #B2(9) resrions
By Lemmas 13.12 and 13.13, this is estimated as
b1
< exp %249
8 log, q)’

where the implied constant depends on s and B. Furthermore, by a similar argument,
we have

_ _ b1
M (2,7:X) =E g?(s,X;y,N)gE/(s, ,y,N)] +0 |exp o8 d
: 810g2q

Hence the result is deduced from Proposition 13.14. O

Proor or ProposiTion 13.3. Along the almost same argument for the proof of
Proposition 11.3, we deduce Proposition 13.3 from Proposition 13.15. O
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Proor oF THEOREM 13.1. Assume GRH for L¢(s) for all f € B2(q). Then we
obtain

1 2-20
log Ly(s) < % +log, g
' log, g

2
as an analogue of Lemma 12.6; see [70, Theorem 5.19]. Furthermore, we deduce

from the estimates of Cogdell-Michel [27, Lemmas 4.1 and 4.2] the upper bound
(13.19) log L(1, f) < log, g

similarly to Lemma 12.7. Therefore, assertion (ii) can be proved in a way similar
to Theorem 12.1. Let s = o + it with o > 1/2 and ¢t # 0. Note that the result for
@ € C,(C) U I (C) follows from Proposition 10.5. The remaining work is to prove
the limit formula

(13.20)

Z @(log Ly(s)) =

in the following cases:
(a) o > 1land ® € C(R);
(b) o =1 and ® € CPY(R);
(') o9 <o < 1and ® € C*P(R) assuming GRH for L¢(s) for all f € B>(q).

The proofs in cases (a) and (c’) are given similarly to the case of s = o € R. The
difference arises from only in case (b), where we just know upper bounds weaker
than (13.19). In fact, by the standard argument along with the zero-free region of
L¢(s), there exists an absolute constant ¢ > 0 such that we have

(5, /) < (logq (] +3)?

for all s = o + it such that & > 1 — ¢/log g(|t| + 2); see [70, Proposition 5.7]. It
yields the upper bound

log L(s, f) < (logq(Jt] +3))?
on the vertical line Re s = 1. Using this upper bound instead of (13.19), we derive
(13.20) in case (b’), which completes the proof. O

Proor oF THEOREM 13.2. The result directly follows from Proposition 10.6. O

Finally, we consider variants of Theorems 13.1 and 13.2. Let {L7(s)}ses be
the family of Example 7.6, and let Y = (Y,),, be the sequence of Example 8.6. Note
that the sequence Y is again admissible. Then we obtain the following results.

THEOREM 13.16. Let s = o + it be a complex number with o > 1/2.
(1) Ift # O, then the limit formula
11 log L¢(s)) = /(I)(W)Ms(w;y) l[dw|
L <f 7y logks @)= J.

q: prlmefEBZ (q)

holds in cases (a)—(c’) of Theorem 13.1 (i).



13. THE THIRD RESULT: AUTOMORPHIC L-FUNCTIONS 113
(i1) Ift =0, then the limit Sformula

lim Z e (f 5 (IOgLf(O')):/RCD(W)MO-(M;J/)ldM

q—)OO

q: prlmefEBZ(Q)
holds in cases (a)—(c’) of Theorem 13.1 (ii).

THEOREM 13.17. Let s = o + it be a complex number with o > 1/2. Then we
obtain the discrepancy bounds

(log 9)~'(log, q) foro > 1,
D;(q; L) < {(logq)~'(logy glogs q) foro =1,
(loggq)™ for1/2 <o <1

in both cases s € R and s ¢ R, where the implied constants depend on o.

The difference from the proofs of Theorems 13.1 and 13.2 is using the formula

(13.21) a(n, f) =E[a(n,Y)] +0 (n%q™P
w0 ()

in place of (13.9). Note that formula (13.21) is deduced from the Petersson trace
formula [27, Proposition 1.9].



CHAPTER 5

Further results on the Riemann zeta-function

In this chapter, we focus on the distribution of extreme values of the Riemann
zeta-function. We study the large deviations by comparing (o + it) with { (o, X)
as described in Section 1. The proof of Theorem II is completed in Section 15.

14. Preliminaries on the random Euler product

Let X = (X,), be a sequence of independent random variables which are
uniformly distributed on the unit circle 7. Denote by (o, X) the random Euler
product associated with (o + it). Then, we deduce from Theorem 9.1 that there
exists a continuous function M, : C — R satisfying

(14.1) P(logl(o,X) € A) = /MG-(W) ldw|.
A

Let @ € R. The aim of this section is preparing several results on the large deviation

(14.2) ¥, (r;@) =P (Re(e ™ log (0, X)) > 7).

14.1. Moment-generating functions. Let o > 1/2 and @ € R. We begin with
studying the moment-generating function

Fo(s;0) =E [exp (sRe(e ™ log ¢ (07, X))) |

for s = k +it € C. Itis represented as ¥ (s; @) = Ma(—ie_i“s, —ie's; ) with the
notation of Section 9.2. For every prime number p, we define

oo

1 —ko
log{,(0,X) = Z Ep k X‘I,f.
k=1

Recall that the random variable ), log £, (o7, X) converges to log { (o, X) in law
as y — oo. The following result is a slight modification of Lemma 9.7, and we omit
the proof.

LemMmA 14.1. Let o > 1/2 and a € R. Then the moment-generating function
Fo(s; @) exists for all s € C. Furthermore, it is an entire function represented as
the infinite product

(14.3) Fo(s30) = [ [ Forp (s: ),
p

where Fs ,(s; @) = E [exp (s Re(e™ log £, (07, X))) .
114



14. PRELIMINARIES ON THE RANDOM EULER PRODUCT 115

Then, we prove the following lemma which was essentially proved by Lamzouri—
Lester—Radziwitt [93, Lemma 7.3]. Here, we present an alternative proof by the
method similar to Proposition 9.4.

LemMA 14.2. Let o > 1/2 and a € R. Then there exists a positive constant
c(o) such that

o (s30)| _
Folkia) -

holds for s = k + it with k > 9 and |t| > «/3.

1
@) |z|)

Proor. Since we have |F (s; @)| < Fo(k; @) by definition, the inequality

Fo(ss )l _ p Foplsia)l

(144 AT I T

p>0

follows f_rom (14.3), Wher¢ 0O > 0 is a real number chosen later. We recall that
E[Re(e™X),)] = E[Re(e"“XI%)] = 0. By the Taylor expansion, we have

2 .
Fop(si@) = 1+ SE [{Re(e ™ X,)1| p27+ 0 (IsI*p ™)

if [s|p™7 < c is satisfied with some constant ¢ > 0. The remaining expected value
is calculated as

- \2

] 1 2 —ia ,4if —ia ,i0 1

B[ Re(e )] = 5 [ ( o rele ) do=3.
0

2 2

Therefore, we obtain
1
Fop(sia) =1+ Zszp_z‘f +0 (|s|3p_30) :

Let O = Q(c, s,0) as in (9.5). Then there exists a small constant ¢; > 0 such that,
forany 0 < ¢ < ¢, we have |F ,(s;a) — 1| < 1/2if p > Q(c, s, o). It deduces

1 =20 =30
log|Forp (s:0)| = 7 Re(s)p™27 +0 (s*p ")

for p > Q(c, s, o). Furthermore, we derive

Fon(s;a 1
| O',p( )l ___tzp—20-+0 (|S|3p—30')

1 =
8 Fo (k@) 4

since Re(s?) — k?> = —t%. By the prime number theorem, we see that
Z t2 oy N 1 tZQl‘Z‘T’
) 220 —1) logQ

2¢ |S|2Q1—2(r

sI"p™7 <
pg’Q 20-1 logQ
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Note that |s| < 4|¢| holds by the assumption || > «/3. Therefore, we have an
absolute constant ¢, with 0 < ¢ < ¢ such that

|Forp (550)] - 1 2ol

10 =~ = 1)
pg’Q & Fop(K; @) 420 - 1) logQ

where Q = Q(c», s, 0). Since |t| < |s|, we obtain Q(c3,s,0) > Q(ca,t,0) =: Q.
Therefore, we conclude

|Forp (530)]| 1 20

—P Z <exp |-

Forp(K; @) 420 —1) logQ’

p>0

from which we deduce the desired result by (14.4). O

Next, we study the behavior of the moment-generating function ¥ ,(s;a) as
§ = Kk + it varies in the region

A={s=«+it|k>0and |t| < k}.

If the quantity kp~27 is small, % ,(s; ) is approximated by using the modified
Bessel function 7, (z).

ProprosITION 14.3. Let 0 > 1/2 and a € R. Let s = k + it € A with k > 0 large
enough. Suppose that a prime number p satisfies kp~2% < & with a small constant
6 > 0. Then we have

Fop(s:0) = Io(sp™) 1+ 0(kp™)).
where the implied constant is absolute.

Proor. We define a random variable Y- , as

Yo =logly(o,X) —p X, = I;Z %p—’“fxl’;.
Remark that |s| < 2« holds if s = k + it € A. Then we obtain
sRe(e Y, ,) < kp™2 <6

by the assumption. Hence the asymptotic formula

exp (sRe(e ™Y, ,)) = 1+ O(kp™*)
holds if ¢ is small enough. Therefore, the function % (s; @) is calculated as

Fop(s;a) =E [exp (sp™" Re(e*X,) + sRe(e ™Y, p))|
= Io(sp™") + 0 (Io(kp™")p™ ).

By the usual asymptotic formula for /y(z), one can prove Io(sp~7) > Io(kp~7) for
s € A; see Theorem B.3.2. Hence we obtain the conclusion. O
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If the quantity kp~“ is not so small, then the above method is not available. In
that case, we estimate

1 2r
Tr(sia) = 5 [ exp (s (6:) o

by adapting the saddle-point method, where we put
. . > 1
Ao p(0;@) = —Re(e ™ Log(1 - p7e?) =} zp—’“f cos(kf — ).
k=1
Some basic results on the function A, ,(6; @) are listed in Appendix B.1.

ProrosITION 14.4. Let o > 1/2 and @ € R. Let s = k + it € A with k > 0 large
enough. Suppose that a prime number p > 13 satisfies kp~° > (log k). Then there
exists a real number 01 = 6 (o, p; @) such that

_ €Xp (5/10',17 (01; a’))
V27s|A7 (01 @)

where /s is understood as exp(% Log s). Here, the implied constant is absolute.

Fo.p(530) (1+0(togr)2).

Proor. From the results in Appendix B.1, we first note that there exist real
numbers 6, = 61(o, p;a) and 6, = 6,(o, p;a) with ) < 6, < 6; + 21 such
that the function A, ,(6; ) is decreasing for ; < 6 < 6, and is increasing for
0y < 0 < 6;+2x. We also find an absolute positive constant d such that |6, —6;| > d.
Furthermore, if p > 13, then we obtain
(14.5) /l((f’)p(Hl;a/) <nlp™ and A7 ,(61;@) > p7

for any n > 0 with absolute implied constants. We represent 7 , (s; @) as

1 6> 01+2m
?},p(s;a) = o (/0 +/9 )exp (s/lg,p(é';a)) dg =1, + I,
1 2

say. We notice that A7, p(91 ;) = 0. Thus we have
/l,o,',p (91 , CZ)

(- 01)*1(6),

/la,p(g; @) - Ao’,p(el;a’) =
where we put

2 ﬂfrk,zz)(gl;a)

(0)=1+ _
g kgi A5 ,0a)  (k+2)!

By (14.5), the coeflicients are bounded absolutely. Hence, there exists an absolute
constant § with 0 < § < d such that u(6) = 1+ O(|6 — 6;]) is valid for |6 — 01| < 6.
Then we have

01+6
/ exp (sdqp(60;@)) db
01

01+0
= exp (S/lg,p(Gl;a/))/ exp
01

CEI

(SM(Q —0))%u(0)] do =

2
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6’ 7 (0 :

by making change of variables as ¢ = (6 — 6;)?u(8), where & = 62u(6; + 6) = 62.
Note that a simple calculation gives

/‘”ex (Sﬂz;,p<el;a>¢) ap o
o P 2 Vo \slg, (6ra)

Therefore we obtain

9

1 1
I = —eXp (S/lo-’p(el;a')) +E1+E2+E3
2 V275145, (015 @)

where the error terms E; are estimated as

o |45, (01; @) )d¢
E —Kk——————¢| —,
| << /6/ exp( K 7 ¢ 7

o |45, (01 @)
E, < / exp (—K%(ﬁ) deo,
0

0>
E; <</ exp (—k Ao p (05 @) — A p (015 @)|) dO
0

1+5

by recalling /lﬁ},p(el ;) <0and Ay ,(61; @) > Ay, (0; @). First, we evaluate Ey as
1 |45, (61 @) 1
Ei <« ————exp (—Kw— ’) €« -
Kl/lO',p(H;a’)l 2 Kl/lo—,p(el;a’)l

since we have V@ > V&’ > 1 for ¢ > &’. By (14.5), we obtain
(14.6) E, <« p7.
Similarly, we evaluate E; as

1
(14.7) B ———— < 1p.

Kl/la,p(el;a’)l
As for the error term E3, we remark that
o p (0:@) = A0 p (013 @)| 2 A p (613 @) = A p (61 + 63 )
g, )l
2

for 81 + 6 < 0 < 6,. Hence we derive
|5 (015 0)|
%5’) < exp (—=Ckp™)

with some absolute constant C > 0. Combining (14.6), (14.7), and (14.8), we
deduce

(14.8) E; < exp (—K

1
+
V27115, (01; @)

1
I = 3 &P (545 p (015 @)) (

O(K‘lp")) =
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_ lexp (sd0rp(61; @))
2 V27s|A7 (01 @)

(1 + 0((log K)—S/z))

by the assumption kxp~ > (logx)>. A similar asymptotic formula is valid for the
integral /5, and hence the result follows. O

Then, it remains to consider the case of prime numbers p < 11. In this case, we
obtain the following result as an analogue of Proposition 14.4.

ProposiTION 14.5. Let 0 > 1/2 and a@ € R. Let s = k + it € A with k > 0 large
enough. For a prime number p < 11, there exist a real number 61 = 6,(o, p; @)
and an even integer ny = n\ (o, p; @) > 2 such that

I+ o 1
Fop(s:ia) = ) exp (sdop (015 @)) (n—l') (1 + O(Kﬂ_l)) )

mn 5|8 (615 )|

1
where s™ is understood as exp(% Log s). Here, the implied constant depends only
on o and a.

Proor. Let 61 and 6, be the same as in the proof Proposition 14.4. In the present
case, the upper bound of (14.5) remains available. Hence we obtain
(14.9) A% (61;0) < n!
for p < 11, where the implied constant is absolute. On the other hand, it seems
hard to derive the lower bound of (14.5) for p < 11 by the method of Appendix
B.1. We notice that there exists an even integer n; = nj(p,o;a) > 2 such that

AE,’?,,(@I;Q) =0forl <n < njbut /152}2(01;&) < 0. Then we have the lower bound

(14.10) A4 (61;0) > 1

for p < 11, where the implied constant depends only on o and . Using (14.9)

and (14.10) in place of (14.5), we obtain the result in a way similar to the proof of
Proposition 14.4. o

14.2. Cumulant-generating functions. Let o > 1/2 and a € R. Note that the
moment-generating functions ¥ (s; @) and ¥ ,(s; @) are positive on the real axis.
Hence we define the cumulant-generating functions as

(14.11) Jo(ksa) =logFr (k@) and  fo (k@) =log Fy p(k; @)

for k € R. Let s = k +it € A. By Propositions 14.3, 14.4, and 14.5, the function
Fo.p(s; @) is non-zero for every prime number p if k > 0 is large enough. Thus
Fo(s; @) is also non-zero in the same region by Lemma 14.1. Hence, the cumulant-
generating functions of (14.11) are continued to holomorphic functions in Ag =
AN {Res > R}, where R > 0 is a large real number. They are connected by the
formula

(14.12) fo(sia) =) fop(sia).
p
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Then, we recall that all zeros of the modified Bessel function Iy(s) liec on the
imaginary axis; see Theorem B.3.1. Furthermore, the values are positive on the real
axis by definition. Then we define

g(s) =log Io(s),
which is a holomorphic function on A. Lamzouri [92] approximated the cumulant-

generating function f, (k; @) with @ = 0, 7 by using the function g(«), where x > 0
is a large real number. Furthermore, Lamzouri—Lester—Radziwitt [93] presented

similar statements for the derivatives f;”) (k;0) of orders n < 3. In this section, we
generalize the result for all » > 0 and @ € R.

ProposITION 14.6. Let 1/2 < 0 < 1 and a € R. For any integer n > 0, we have

(14.13) ) (1 0) = g (07) (1 +0 (2,1”!))

Ko
log k log k

if k > 0 is large enough, where the constant g, (o) is represented as
n 1 ' 00 Y
(14.14) gn(0) :O'H(;+l—])></ g(y™7)dy.
j=1 0

The implied constant in (14.13) depends only on o and a, and the product in (14.14)
is understood as the value 1 if n = 0.

Proor. By formula (14.12), we obtain
1415 fi ey = Y fiha)+ Y fika)+ Y £ (),
Py1 Yi<psy2 pP>y2
where the parameters y; and y, are determined by the equations
1 \2o1

om0 (o)

i~ y5 log k
with a constant 6 > 0 small enough. First, we consider the term for p < y;. In this

case, the condition kp~™® > (log «)° is satisfied if x > 0 is sufficiently large. Hence,
by Proposition 14.4, we obtain

144 1
Jop(s;@) = sdg (015 @) — Log(s|dg ,(01;2)|) - 7 log(27) + hy ) (s @)

for s = k +it € Ag and p > 13, where h, ,(s; @) < (log x)~>/% with an absolute

constant. Note that A ,(s;a) is holomorphic on Ag. From the Cauchy integral
formula, we deduce
! hep(z; @) 2"n!
mp( ) i I (z- K)n+l k"(log K)S/Z
for all n > 0. These imply the upper bounds
foplsa) <kp™,  fr,(ka) <p™,
and forn > 2,

(n)
a.p

(k;a) < 2"nlk™".
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Therefore, we have fé"l),(K @) < 2"n'k" p=7 for all n > 0. Using Proposition
14.5, we obtain similar estimates for p < 11 with implied constants depending only
on o and a. Hence we evaluate the first sum of the right-hand side of (14.15) as

1-0
Z f(")(K;a/) < 2"k Z p 7 < 2"n!K_"+1yl—.
PN P log yi

) 1
Since y;| < k2o, we conclude

1,1
5c+t3 N Loy

K20 Ko
(14.16) F (k@) < 2"n! < 2"n!
P<ZYI log « (log k)2

by recalling 1/2 < o < 1. Next, we let p > y;. Then we have
fop(s:@) = g(sp™) + O(kp~>)
for s = k + it € Ag by Proposition 14.3. By the Cauchy integral formula, we obtain
(14.17) (n)(/( a) = ’wg(”)(/(p_”) +0((2"nlk " pT20).
If we further suppose p > y», then 0 < kp™? < 1 holds. Thus, the upper bounds
n+2 20

(")(K a) < 2"nlk™"p

follow from the estimates of g (1); see Lemma B.3.3. Hence we derive

1-20
Z f(")(K;a/) <« 2"l Z P < 2”n!/<_”+2y2—.
p>y2 p>y2 logy?
Inserting y, = Ko (log K)ﬁ, we deduce
K=
(14.18) Y Ak a) < 2! -
pP>y2 (1 K)
The main term comes from the term for y; < p < y;. Put
u(y) =y’
By formula (14.17), we obtain
(14.19) Y ey =« Y u(p)'g™u(p)) +Ei,
Y1I<p=y2 Y1<psy2
where E is estimated as
i—n
(14.20) E; < 2"l "] P2 < 2'n!
Y1 <[’Z’<y2 (log K)2

Recall the asymptotic formula 7(y) = 2y T Odg’ -+ O(ye ~8Vlogy) Then, by the partial
summation, we have

y2 d
a2y Y wm%www»=/ ()8 u(3) o+

Y1<p<y2 Y1
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where E» is estimated as

Ey <u(y1)"g™ (u(y1))y1e SV 4 1y(y,)"g™ (u(yy)) ype 8 VIoE D
Y2
o [ A e ) eV ay

Y1

<<”()’1)ng(")(u(yl))yle_gwogy‘ + M(yz)ng(n)(u(yz))yze—S\/logyz
y2
+e—8\/10gy1/ u(y)"g(”)(u(y)) dy.
Y1

Recall that we have u(y;) > 1 and 0 < u(y;) < 1. Hence Lemma B.3.3 yields
u(y1)"g™ (u(y1))y1e 8V < 2"nlu(yy)y etV
< 2plkzeti e~V logx
and

u(y2)" g™ (u(y2)) y2e 8VI982 < nlu(yy)2y e 8 Vioer:

e
< nl—— ¢ 8Vlogk.

log x

Let y3 be the parameter determined by u(y3) = 1, i.e. we take y3 = «x7. Then we

have
VT s ) ay

—8 log y1 u n,(n) u d
(/y [ ) ("8 (u()) dy

< 2"l e 4Vlogx

As aresult, the error term E» is estimated as
1

(log k)2
Finally, we calculate the integral in (14.21). Making the change of variables, we

obtain
ey s [ gWw)  du
[ uor e o =[S,
i ogy Uy uv log(k/u) %

(14.22) Er < 2'n!

where we put u; = u(y;) and uy = u(y;). Note that the asymptotic formula

1 1 N | log ul|
log(x/u)  logk (log k)2
holds for u; < u < u,. Therefore the integral is calculated as

1 ur ,(n)
(14.23) / u(y)'g (”)(u(y)) == / gl w )du+E3,
Y1 uz

log y  logk
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where E3 is estimated as

Sl=

K
(log x)?

% uy | o(n)
(14.24) E; < K—Z/ Mllog u|ldu <
(logk)* Ju, yott-n

since Lemma B.3.3 implies
0 1 5(n)
/ M|logu|du<oo.
0 u ;+] —-n
Furthermore, we obtain

uy ,(n) 1 !
/ gl () du <« n!u2 7 < n
0

puotl-n 2 log k’

1

oo, (n) 1
u -1 1_1
/ g )du < Z"n!ul <« 2'nlk27 20,
U

u$+1—n

and therefore,

ur (n) oo _(n) 2y
(14.25) / g (u)du:/ g (”)du+0( n )
Uy 0

u#+1—n patl-n log k

Here, we remark that the last integral is calculated as

o) (n) n 1 0o
/ gl(u)du:H(—+1—j)x/ 80
0 u;+l—n . (08 0 u;+]

J=1

by the integration by parts. Moreover, it is equal to g, (o) of (14.14) by making the
change of variables. Combining (14.19), (14.21), (14.23), and (14.25) together with
estimates (14.20), (14.22), and (14.24), we finally arrive at
L_p
" K
Y, fihka) =gu(o) (1 +0

AR
YI<p<y log logx /)

It completes the proof along with (14.16) and (14.18). O

Let 7 > O be a large real number. According to the method of Wu [189], we
then consider the solution of the equation f, (k;@) = 7. To begin with, we check
the existence and the uniqueness of such a solution.

LemmA 14.7. Let o > 1/2 and @ € R. For each v > 0, there exists a unique
real number k = k(t; 0, @) > 0 such that

4 . —
fo(k,a) =1.
Furthermore, we have k — oo as T — oo.

Proor. First, we show the equality f(0; @) = 0. Since f, (k; @) = log - (k; @),
we have f/.(k; @) = ¥, (k; @)/ Fo(k; ) for all k € R. By definition, we obtain
Fo(k;a) = E[Y exp(«Y)],

where we put ¥ = Re(e”*log{(c, X)). Since E[X5] = 0 for all k > 1, we
derive ¥,(0; @) = E[Y] = 0. It is easy to see ¥,(0;a) = 1, and thus we obtain
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f5.(0; @) = 0. By this, it is sufficient to show that f;/(«; @) > 0if k > 0O for the proof
of the lemma. We calculate the second derivative as

” F (k@) Fo (k3 @) — Fo(k; @)?
o (k) =
Fo (k5 @)?

1
= m}E [(Y — fr(x; a))zexp(KY)] > 0.

Hence the result follows. O

Then, we obtain an asymptotic formula of the solution «(7; o, @) as T — oo by
applying Proposition 14.6 with n = 1. This was also proved by Lamzouri—Lester—
Radziwitt [93, Corollary 7.6] when a = 0.

CorOLLARY 14.8. Let 1/2 < 00 < 1 and @ € R. For Tt > 0, we take the real
number k(7;0,a) > 0 as in Lemma 14.7. Then we have

K(ri0,@) = C(0)(log T) 77 (1 +0 (lg))
logt

if T is large enough, where the implied constant depends on o and «. Here, the
constant C (o) is given by

C(o) = (1 ‘“gl((r))

o

Proor. Put k = k(7; 0, @). By Proposition 14.6, we have

1-o
o 1
(14.26) T =g1(0)= (1+0( ))
log k log x
which yields
logk\ 7 1
(14.27) K= (T OgK) (1+0( ))
g1(o) log «
In addition, taking the logarithms in (14.26), we deduce
o log, T
14.28 1 = 1 1+0 .
(14.28) 0g K 1_G(ng)( + (logr))
Hence we derive the desired result by inserting (14.28) into (14.27). |

14.3. Shifted M-functions. Let o > 1/2 and @ € R. By (14.1), we see that

P(Re(e ™ log (0, X)) € A) = /mg(u;a) |dul

A
for A € B(R), where the function m, (u; @) is given by
(14.29) me(u; @) = /Mg(ei“(u +iv)) |dv].
R

Then we obtain

‘P(T;a/):/ m(,(u;a)ldu|:/ my(u + 7;a)|dul.
T 0
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The shifted M-function m[ (u; @) is defined as

KT

For (k3 )
where k = k(7;0,@) > 0 is the real number of Lemma 14.7. It is a probability
density function on R since we have /R m{ (u; ) |du| = 1. Moreover, the formula

(14.30) ml(u;a) = e"'my(u+1;a),

~T /.. _ T . itu _
(14.31) ma(t,a)—/ng(u,CV)e |dul = Fo(koa)

holds for all # € R. By this and f (k; @) = 7, we obtain
1d
/m;(u;a)u |du| = ——m (t; a)
R

We prove that m (u; @) can be approximated by the Gaussian function.

THEOREM 14.9. Let1/2 < 0 < 1 and a € R. Fort > 0, we take the real number
k = k(t;0,a) > 0as in Lemma 14.7. Then we obtain

1 2 )
————e&xp|—z——=|+ O (K 27 4/log K)}
VI (k) { ( 2f5 (ks @)
uniformly for u € R if t > 0 is large enough. Here, the implied constant depends
only on o and a.

(14.32) ml(u;@) =

Proor. By Lemma 14.2 and (14.31), the function m (¢; @) is absolutely inte-
grable. Hence we obtain the inversion formula

ml (u; @) = /n’i;(t;a)e_it” |dt|.
R

Using Lemma 14.2 again, we have

k/3 )
(14.33) ml(u;a) = / m’ (t;)e™"™ |dt| + Ey,

k/3
where E; < vk exp(—+/k/3). We define an entire function G(z) as
O'(K;a')z2) %—(Z+K;Q):1 Zan n

G(z) =exp (—TZ -

non
2 Fo (k5 ) = n!
Here, the coeflicients a,, are calculated as
ln/31 4 n
(”1) (nk)
an=Y = (50) -+~ £ (1, @)
! k=1 k!n1+;k:n (nl,...,n )
Vj, nj23

since G(z) is also represented as
sk @) 5

G(z) =exp (fo’(Z +Ka) — fo(kia) = fr(ka)z— >

(n) K,
= €xp (Z r(l ) )
n=3 :
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at least near the origin. We have

(1 @) = exp ( # ) G(ir)

by (14.31), and the integral of (14.33) is calculated as

“/3 =T (4. —itu _ “/3 _ (;',(K; (Z) 21 —itx
(14.34) my(t;a)e " |dt| = exp B — e ™ |dt| + E;
-k/3 -k/3

where

k/3 "o .
E, = / exp (—Mtz) (G (it) — De ™ |dt|

2
3 laul )dt

k/3 1",
2 |
0 n=3

We further evaluate the error term £, as follows. Notice that we have

0 (n)
Z%I”Sex (Z'f lgl.(a)l ) 1

n=3 n=3

for 0 < r < «/3. Furthermore, it is deduced from Proposition 14.6 that

(). Low pn i3
Zlf @) o K Z(—) <=8

!
= n! log k =\ k

where the implied constant depends only on o and @. Hence there exists a constant
B = B(o, @) > 0 such that

1 n
1 (ke “/3 2 (K@) 5\ 3,
E, < Z ] (B logk) /0 exp (—TI )t dt

n

1 o T 3n+1 %_3
< Z ( ‘2 2\2B al .
Vid(ka) =t 7k, a) logk

By Proposition 14.6, we see that

13

i 3 < K'%\/logk
VId(k;a) logk

holds. Therefore we arrive at the estimate

1
E, < % Vlog

o (k@)
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if k > 0 is large enough. Finally, we obtain

k/3 ", )
(14.35) / B exp (—#ﬂ) e " |dt|
—K

1

2
u
N (_Zf/;(K; @)

E; < / exp (—Mtz) dr < exp (—MK2) .
/3 2 8

)+E3,

where

Since f)(k; @) < Ké‘z(log x)~! by Proposition 14.6, we obtain the conclusion by
combining (14.33), (14.34), and (14.35) together with the estimates of the error
terms. O

Remark that the main term of (14.32) dominates the error term only if |u| is
small. Nevertheless, Theorem 14.9 is sufficient for deducing the following corollary
which is an improvement of [93, Proposition 7.1].

CoroLLARY 14.10. With the same assumptions as in Theorem 14.9, we obtain

Y, (t;a) = % (1 +0 (K_%\/@))

if T > 0 is large enough, where the implied constant depends on o and «.

Proor. By definition, we have

Y, (r;a) = /o my(u +7; @) |du| = Fo (k; a)e‘”/o e "'m (u; ) |dul.

Applying Theorem 14.9, we derive

o0
/0 e "ml (u; ) |dul

1 0 u?
- V27 i (k; @) {/0 P (_Ku B 2f(}’(l<;a)) du
+0 (K‘ﬁ vlog k /00 e du) }
0

1 © ») L
:W{/O exp(—u—m) du+0(;< zmllog,()}_

A simple calculation yields the formula

) 2
/ exp (—u u—) du=1+0 (K_% vlog K)
0

221 (k@)

by Proposition 14.6. Hence the desired result follows. O
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Moreover, we refine Theorem 1.14 from the above results: Proposition 14.6 and
Corollaries 14.8, 14.10. The following result can be found in [93, Corollary 7.7]
when a = 0 with a weaker error term.

COROLLARY 14.11. Let 1/2 < 0 < 1 and a € R. Then we obtain

Y, (t;a) =exp —A(U)Tﬁ(logf)% (1 +0 (long)))
logt

if T > 0 is large enough, where A(0) is the constant of (1.12), and the implied
constant depends on o and «.

Proor. Take the real number « = «(7;0,@) as in Lemma 14.7. Then, by
Proposition 14.6 and Corollary 14.10, we have the asymptotic formula

log¥,(7;a) = fr(k; @) — kT + O(log k)
1
(logk))

i
= (1 - 0)g1(0) (1 +0
log k
since f, (k;a) =7 and go(o) = 0g1(0). Applying Corollary 14.8, we derive
1
e 1 1- o 1
. (1+O( )) :—O-C(O')éTﬁ(IOgT)E (1+O( ngT)).
log « 1

log x o 0gT
Therefore we conclude

log ¥y (7:2) = ~A(c)777 (log 7) 77 (1 +0 (long)),

where A (o) is calculated as

M) = (1= ) o (27

=(l-o0) (1?70/0 g(y'“)dy) -

as desired. m|

15. Extreme values of the Riemann zeta-function

In Section 14, we studied the behavior of the large deviation W (7; @) defined as
(14.2). To study further the distribution of extreme values of { (o +it), we compare

¥, 7(1;a) = Pr (Re(e ™ log £ (o +it)) > )

with ‘PG-(T @). For the comparison, we use again the moment-generating func-

tions U-T(Z 7:0)% and MU(Z 7’3 ) defined as (10.2) and (10.3) with F = ¢,
respectively. Recall that we have

1

—/ exp (sRe(e ™ log £ (o +it))) dt = Mo (—ie s, —ie's; £)®
T Jio.rme
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and ¥, (s;a) = Mva(—ie_ias, —ie'®s;). letl/2 <o <landB > 1. Ina
way similar to the proof of Proposition 11.3, we deduce from Proposition 11.9 the
asymptotic formula

(15.1) l/ exp (sRe(e ™ log £ (o +it))) dt
T Jiore
Fo (k@)
Tt
in the range |s| < a(logT)?, where a = a(o, B) is a positive constant, and the

=%(s;a)+0(

exceptional subset & = E, (o, B, T) satisfies (10.4) with aconstant b = b (o, B) > 0.
Here, we prepare several results towards the proof of Theorem II. Write

1
Pr(---)? = tel0,TI\&E| -},
() meas([0.77\.&) meas{t € [0,T]\&E | ---}
where - - -” means some condition to . Then we define

¥, 7(1:0)¢ = Pr (Re(e ™ log £ (o +it)) > 7)°
similarly to W, 7(7; @).

LemMma 15.1. Let 1/2 < 0 < 1, B > 1, and @ € R. Then there exists a positive
constant ¢ = ¢(o, B) such that

b logT
Yo (Tia) = Wy r(1;0)° < Wy (730 exp (_El(i)ggz T)
in the range 1 < 7 < c¢(logT)' =7 (log T)~!, where b = b(c, B) is the constant of
(10.4). The implied constant depends on o, B, and «.

Proor. By definition, we have
Yo r(t;@) = Yor(t;0)® < Pr(t € &),
which is evaluated by (10.4). Furthermore, by Corollary 14.11, we obtain

b logT
Y, (1;a) > exp (_El(j)gg T)
2

for | < 7 < c(logT)'=7(logT)~! if ¢ is small enough. O

Then, we evaluate the difference ¥, 7(7; @) — ¥, (1; ). For this, we define
distribution functions F and G on R as

F(t) =Pr (Re(e ™log{ (o +it)) < 1),

G(1) = (Rele " log £(0 X)) 1) = [ (i),

—0o0

)8

where m (u; @) is the function of (14.29). Furthermore, we define

/ Lise (1) dF (1) / Lise (1) dG (1)
R R

/Re’“ dF (1) /Re” dG (1)

P(A) = and Q(A) =
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for A € B(R), where k = k(7;0,a) > 0 is the real number of Lemma 14.7. Then
P and Q are probability measures on (R, 8(R)). Moreover, the shifted M-function
ml (u; ) of (14.30) is a probability density function of Q, that is, the formula

0(1) = [ m(usa)ldud
holds for all A € B(R). Denote by
®@(t) = P((-o0,2]) and W(r) = Q((-00,1])
the distribution functions of P and Q, respectively.

LemmA 15.2. With the notation above, we obtain the equalities

(15.2) \PO-7T(T;CL’)8 =e ™ / e dF (1) - / e dd(1),
R 0

(15.3) Y, (1;0) = e‘”/e’“ dG(t) / e d¥(1).
R 0
Proor. By definition, we have

f(t—71)e"" dF (1)

/Re’“ dF (1)

for any measurable function f on R. Taking f(7) = 1[,«)(¢)e™, we obtain

/Ooo e dd(t) = /R

/ (1) do(r) = 22
R

KT

/Re’“ dF (1) ) ‘/Re’“ dF (1)

Hence equality (15.2) follows. One can prove (15.3) in a similar way. O

1[-,,00) (l‘)eKT dF (1)
= \PO',T(T;Q)S-

LemMmA 15.3. Let 1/2 < 0 < 1, B > 1, and a € R. Then there exists a positive
constant ¢ = c¢(o, B) such that

/e’“d(F - G)(t) / e d¥Y(1) < Yo (1;a)(logT) ™8

R 0

in the range 1 < 1 < c¢(logT)'=7 (log T)~!, where the implied constant depends on
o, B, and «.

Proor. Let a = a(o, B) be the constant described above. By Corollary 14.8,
the condition |«| < a(logT)? is satisfied if we choose ¢ = c¢(o, B) small enough.
Therefore we obtain

/ e d(F - G)(1)
R
1

= meas([0, 7]\ &) Jjoe exp (kRe(e @ log £ (o + i1))) di — Ty (k) =
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_ 1 / exp (kRe(e ™ log £ (o +it))) dt — Fo(k; @) + O(Pr(t € E))
[0, TI\E

T
logT
log, T

< Fo(k;@)(logT) 872 + exp (—b

< Fo (ks ) (log T) 872
by using (15.1) along with (10.4). Furthermore, Theorem 14.9 yields

[se] [e¢] 1
e M d¥ (1) = / e 'm’ (u;a) |du] « ————.
/0 0 7 KN fX (k@)

Thus we deduce the result from the above estimates along with Corollary 14.10. O

LemMmA 154. Let 1/2 < 0 < 1, B > 1, and @ € R. Then there exists a positive
constant ¢ = c¢(o, B) such that

(rlog 7)== }

«t ) g _ : -8
/Re dF(t)./o e d(®-Y¥)(1) <<‘P(T(T,a){(logT) + (og T)7

in the range 1 < 1 < c¢(logT)'=7 (log T)~!, where the implied constant depends on
o, B, and «.

Proor. Let again a = a(o, B) be the constant described above. Recall that the
condition || < a(logT)? is satisfied if we choose ¢ = ¢(o, B) small enough. Then
formula (15.1) yields

1
KUAF (1) =
/Re 1) = Heas(0.7108) Jiorns
< Fo(k;@).

exp (kRe(e @ log ¢ (o +it))) dt

By the integration by parts, we evaluate the second integral as
/ e d(®—-W)(1) < sup |D(r) — ¥(1)].
0 teR

Then we estimate the difference /(7)) = ®(t) — ¥(¢) by applying Esseen’s inequality
(Theorem A.3.1). Recall that W' (¢) = m[.(t; @) is bounded on ¢ € R. Furthermore
we have sup,p |V (1)| < 1/4/f7(«; @) by Theorem 14.9. Hence we obtain

R
¢(u) — o (u) 1
15.4 h ¢
s o A

for any R > 0, where ¢(u) and (u) are the characteristic functions of P and Q.
Note that they are calculated as
/e(K+iu)t dG(t)
R e—im’

/e(K+iu)l dF(t)

R —iut
/e’“ dG (1)
R

é(u) = e and y(u) =

/Re’“ dF (1)
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Recall that we have
/e’“ dF (t) < /e"’ dG(t) = Fo (ks @)
R R

by formula (15.1). Then, we take R = aR,(T)/2. Remark that |k + iu| < aR,(T)
holds for |u| < R if ¢ = ¢(o, B) is small enough. Hence we see that

/e“ d(F = G)(?) ‘/Re(“l‘“” d(F = G)(?)

R/Re” dF (1) ' /Re'“ dG(t)

< (logT) B2 +Pr(r€ &)
< (logT) ™82

(15.5)  ¢(u) -y (u) <

by using formula (15.1) with s = x and « + iu. On the other hand, we have

(k+iu)t _ Kt Kt
/Re a’F(t)—‘/R;e dF(t)+O(|u|/R|t|e dF(t))

since e’ = 1 + O(]6]) holds for any 6 € R. It deduces

‘/Re(Kﬂ'u)t dF(I) 7-:7(2K ~

/ Kt e |\/_ Fo (k5 @) )
e dF (1)

R

by the Cauchy—Schwarz inequality, where

My = / 2 dF (1)
R
B 1
meas([0,T]\ &) Jjom\e

We also derive a similar asymptotic formula

/ (k+iu)t dG(l)
=1+0

/R K dG(t)

_ /R 12 dG (1) = /R julPme (us @) |dul.

Recall that we have limy_,o, My = I < oo by Proposition 10.3. In addition, it is
deduced from Proposition 14.4 with n = O the inequality

VFor (2k; @) < ex (1 logT)

Fo(k; @) p Elong

=1+0

[Re(e ™ log £ (o +it))|| dt.

Fo (k)

¥ l\/-\/?}(2k a )

where
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in the range 1 < 7 < c¢(logT)'~7 (log, T)~! if ¢ is sufficiently small. Therefore we
deduce

1 logT
(15.6) d(u) — v () < |u] exp (EI:gg;T) .

Put r = exp (—(log T) (log, T)~!). By (15.5) and (15.6), we find

Mo —y@| (7 " [F\]ew) -y @)
[R u du—([R +[r+[ ) u a
< (log §) (logT) 272 + rexp (%11;;27;,)

< (logT) ™21,
which yields
1
sup |h(1)] < (logT) 871 +

teR (log T)o/ f)l (ks @)

by estimate (15.4). From the above, we arrive at

e_”/ReK dF(t)/O e d(®d-Y)(1)

<<‘Pg(r;a)-{(logT)‘B‘1K\/m+ g }

(logT)”

by Corollary 14.10. Furthermore, Proposition 14.4 and Corollary 14.8 yield upper
bounds k+/fZ (k; @) < logT and k < (7log 7). Hence we obtain the result. O

Proor oF THEOREM II. By (15.2) and (15.3), we derive

[¥or(t;0)% =¥y (r;a)| < e™™ /0 T d¥(1) /R e ™ d(F - G)(1)

+e_TK/e’<’ dF (1)
R

Combining Lemmas 15.3 and 15.4, we obtain

/ s d(® - ¥)(1)
0

¥or(1:0)° = ¥o(ri0) < ¥ (T:0) {(log )"+ M} .

(logT)”
Then the desired conclusion follows from Lemma 15.1 and this. O



CHAPTER 6

Results for other zeta-functions

In the previous chapters, we studied the value-distributions of L-functions
equipped with Euler product representations. On the other hand, the Hurwitz—
Lerch zeta-functions have no Euler products in general as seen in Section 4.1. In
this chapter, we study the value-distribution of the Lerch zeta-function L(A, a, o +it)
in the t-aspect. The proof of Theorem V is particularly completed in Section 16.5. In
Section 17, we also study the value-distribution of the function 77,, (o +it) introduced
in Section 4.2 and finally prove Theorem VI.

16. The fourth result: Hurwitz—Lerch zeta-functions

Letoc > 0and 0 < @ < 1. Denote by S, the circle given by the parametric
representation z,.,(6) = (n + a)~7¢e" for an integer n > 0. Then we define the
probability measure u, o as

1
l-ln,cr,a(A) = z_meas{e € [O’ 2”] | Zn,a'(G;a) € A}
T

for A € B(C) similarly to y, , of Section 1.2. Put Py oo = 1.5 * *** * UN,o.o TOT
N > 1. As consequences of Jessen—Wintner [71, Section 5], we derive the following
results.

LemMmA 16.1. Let O < @ < 1. Then Py o converges weakly to a probability
measure Py, as N — oo if and only if o > 1/2. The limit measure Py o is
absolutely continuous and satisfies

PO’,Q’(A) = /AMO'(W;Q') |dW|

forall A € B(C), where M, (-;a) : C — Ry is a continuous function satisfying
the following properties:

(1) The function M, (w; @) belongs to the class C*(C).
(ii) The support of M, (w; @) is a compact subset of C if o > 1. On the other
hand, we have My (w; @) > 0 forallw e Cif1/2 < o < 1.

(iii) We have M, (w; @) < e—chvP® for any ¢ > 0, and every partial derivative
has the same upper bound.

Note that the Fourier transform M (z; @) is represented as the infinite product

Ho (z:0) = [ Jo(2)(n + @))
=0

134
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by the arguments in [71, Section 4]. In the study of the value-distribution of the
Lerch zeta-function L(4, @, s), the function M, (w; @) plays a role similar to M, (w)
defined for the Riemann zeta-function, if « satisfies adequate properties. We define
a subset S c (0, 1] as follows.

DeFINITION 16.2. We define the set S as the collection of all @ € (0, 1] that
satisfy the following conditions.
(A1) Independence. The system {log(n + @) },>¢ is linearly independent over Q.
(A2) Spacing. There exists a constant Q(a) > 0 such that for large X > 0 and
for any positive integer N, we have

N
Z €jlog(n; +a)
j=1

2 )(—Sl(ll/)]\/2

provided Z?le €jlog(n;+a) # O for arbitrary integers 0 < ny,...,ny < X
and €1,...,€ey € {il}

Then, we introduce a class of test functions on C according to Thara—Matsumoto
[63, Section 9]. Denote by A(C) the collection of all functions f € L'(C)NnL®(C)
with f € L'(C) n L*(C) such that the inverse formula

f2) = /C FOow—z () [dw]

holds. Note that Parseval’s identity

/ F)7@ 1d2] = / FO0)g () [dw]
C C

is valid for any f,g € A(C). The Schwartz space S(C) is included in A(C), and
especially, any compactly supported function in C*(C) belongs to the class A(C).
Moreover, the function M, (w; @) is a member of A(C) by Lemma 16.1 (iii). The
key tool for the study of the value-distribution of L(4, a, s) is the following mean
value theorem.

THEOREM 16.3. Let A € R and a € S. Let 0 be a large fixed positive constant,
and let 6,6 > 0 with 6 + 6 < 1/4. Then there exists Ty = Ty(a, 01,0,06) > 0 such
that for all T > Ty and for all o € [1/2+ (logT)™?, o], we have

T
%./0 @(L(/l,a/,a+it))dt:/Cd)(w)Mg(w;a/) |dw| + E,

where the test function ® belongs to the class A(C). Here, the error term E is
estimated as

E < exp (—%(logT)g/z) /Q |D(2)| |dz] +/C\Q |D(2)| |dz]

with the square € defined as
(16.1) Q={x+iyeC]||x| < (logT)° |y| < (logT)°}.

The implied constant depends only on A and o.
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16.1. Preliminaries. Definition 16.2 is motivated by Mabhler’s classification
mentioned in Section 4.1. In fact, it is easy to see that any transcendental number
satisfies condition (A1l). As for condition (A2), we have the following result.

LemMmA 16.4. Every S-number in (0, 1] belongs to the set S.

Proor. Since all S-numbers are transcendental, every S-number a € (0, 1]
satisfies condition (A1l). Then we show that it also satisfies condition (A2). By
definition, if @ is an S-number, then there exists a positive real number w’(a) such
that we have

(16.2) |P(@)] = K" (@

for every non-zero polynomial P(T) € Z[T] of degree at most n and height at most

h. Let u and v be non-negative integers with u + v = N, where N > 1. Then we

take N integers O < my,...,my, ny,...,n, < X which satisty
(m+a)---(my+a)# n+a)---(n, +a).

Here, if one of u and v is equal to 0, the product is understood as the value 1. We

have

(mi+a)---(m, +a)

(163 (va) - (n+a)

u 14
Z log(m; +a) — Z log(n; +a)| = 'log
j=1 k=1

((my+a)---(my+a) = (m+a)--- (n,+ )|

" max{(m +a) - (my+a),(n+a) - (n,+a)}
_ 1P@)
2x)N
with the polynomial P(T) = (m; +T)---(my, +T) — (ny +T)---(n, +T). The
degree of P(T) is at most i + v = N, and the height is at most

N N N
X" <(2X)".
(LN / 2J)
Hence, by (16.2), we have
P(@)] = (2X)™ O,
Therefore we obtain the desired inequality by (16.3) when X is large. O

Almost all real numbers are S-numbers with respect to the one-dimensional
Lebesgue measure; see [S, Theorem 8.2]. Hence we deduce the following corollary.

CoroLLARY 16.5. Almost all « in (0, 1] belong to S with respect to the one-
dimensional Lebesgue measure.

In addition, we present two preliminary lemmas on L(4, «, s) used later.

LEMMA 16.6. Let A € Rand 0 < a < 1. Then we have

eZm'/ln 1-s
L(d,a,5)= ) +6,
0<n<Y s—1

forany o > 1/2 and 2n < |t| < wAY, where 6, = 1 if 1 € Z, and 6, = 0 otherwise.

+0,1(Y_0-)

(n+a)’
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Proor. This is just the result of [100, Theorem 3.1.2] if 1 ¢ Z. When A € Z,
the Lerch zeta-function is the Hurwitz zeta-function. Thus the lemma is deduced
from [100, Theorem 3.1.3]. O

LemmMma 16.7. Let A € Rand 0 < a < 1. Then we obtain
1 /7
lim — [ |L(A, e, 0+i)|>dt =20, @)

forany o > 1/2.

Proor. The result is elementary for o0 > 1 since formula (4.1) is available.
Furthermore, we deduce from [100, Theorem 3.3.3] the conclusion for o = 1, and
from [100, Theorem 3.3.1] for 1/2 < o < 1. O

16.2. Proof of Theorem 16.3. We prove Theorem 16.3 by modifying the
method of Guo [52]. The key step to the proof is to show the following result.

ProposiTioN 16.8. Let A € R and o € S. Let o1 be a large fixed positive
constant, and let 0,6 > Owith0+6 < 1/4. Then there exists Ty = Ty(a, 01,60,6) > 0
such that for all T > Ty and for all o € [1/2+ (logT)™%, o], we have

l/Tr,b (L(A, @, 0 +it)) dt = My(z;0) + O (exp (—l(logT)e/z))
TJo ° T T 2

for any 7z € Q with the square Q of (16.1). The implied constant depends only on A
and o.

According to [52], we divide the proof of this proposition into four parts.

ProposiTiON 16.9. Let 1 € R and 0 < a < 1. Let 0 be a large fixed positive
constant, and let 6,6 > 0 with 0 < 2/3. Then there exists Ty = To(0) > O such that
forall T > Ty and for all o € [1/2+ (logT)~?, o], we have

1 [T 1 rT p2midn
T/ tﬁZ(L(/l,a,0'+it))dt:—/ wz( y —)dt+E1
0 0

T 0cmex (n+ )7+
for any z € Q, where X = exp((log T)3%/?), and E, is estimated as
1
E| <0, Xp (—5(10g T)e/z) .
Proor. Without loss of generality, we may assume 0 < A < 1. By the definition

of Y., we have |y, (w)| = 1 and |, (w) — ¢, (Ww)| < |z||lw —w’| for any z, w,w” € C.
Hence we have

2 T 2ridn
1 S—7T+E LA, a,0 +it) — .
|E1|
r 2 0dnex (m+a)T+i
LetY =T/A. Then we have X <Y by 6 < 2/3. We deduce from Lemma 16.6 that
eZm'/ln eZm'/ln -0
LA, a,0+it) — — |y —| + +779
OSnZSX (n + a,)0'+zt ngy (n + a)a’ﬂt t




16. THE FOURTH RESULT: HURWITZ-LERCH ZETA-FUNCTIONS 138

foro > 1/2 and 27 <t < T. Applying the Cauchy—Schwarz inequality, we obtain

r

By the inequality [149, Theorem 2], we derive

I

e 2ridn

| 5 12
(164)  E| <) —+— dt) +1z|T ™ log T.

x oy (n+ )7

erin |2 T+ 0(n)

Xy (n+ @) .

x oy (n+ )7

Hence we have

T e 2midn 2 oy T e
'/0' X<nSYW dt <) Tngx(l’l'f'a’) <7 Yo — 1X .
Therefore, by (16.4), we obtain
E| <10 1 + Lxl/z“f +|z|T™ logT.
ST N20 -1

Since X = exp((log T)3%/?), |z| < 2(logT)°, and o > 1/2 + (log T)~?, we conclude

1
E| <0 €Xp (—E(log T)e/z)

for any T > Ty, where Ty = Ty(0) is a positive constant. O

ProposiTION 16.10. Let A € R and a € S. Let o be a large fixed positive
constant, and let 6,6 > Owith0+6 < 1/4. Then there exists Ty = To(a, 01,6,0) > 0
such that for all U > T > Ty and for all o € [1/2 + (logT)~?, o], we have

1 T e27ri/1n 1 U eZm’/ln
1 w( —.)dt:—/ w( —.)du+E2
T A z OSnZSX (I’l + a,)0'+tt U 0 z OSnZSX (l’l + a)0'+m

for any z € Q, where X = exp((log T)3%/?), and E, is estimated as
1
E; < exp (—E(log T)e/z) .

Proor. For simplicity, we write

eZm'/ln
F()=F(t,o, X;,a)= )

0enex (M + )T

Then we have

P =exp (S 1)+ SO0

_y L (_) (_) FOED +0 ('Z'N |F<r>|N)

0§,u+V<N/’t!V! 2 2 N!
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for a sufficiently large positive even integer N. Hence E» is estimated as

(16.5) Ey= Y, | (E)#(i—Z)VH(,u,V)

Iy
Os,u+v<N/“t'V' 2 2

N T U
+oﬂ%{%l Fofaeg [ wmwwﬁy

r —_—V v 4
H(#’V):%/o F(t)*F(1) dt_%/o F(u)*F(u) du.

First, we estimate the first term of (16.5). Note that H(u, v) is evaluated as

H(ﬂ,v)«% Yy - Y Y .. 1

0<mi<X  0<m,<X0<m<X  0<n,<X (mi+a)”---(my +a)”
(mi+a)--(my+a)#n+a) - (n,+a)

1
X
(ni +a)7 - (ny + @)”

where

(mi+a)---(m, +a) -1

(m+a)---(ny+a)

for (u, v) # (0,0). Hence, by condition (A2) of Definition 16.2, we have

Hpv) < %( (n+a)”
0<n<X

for X > X(a, o), where X (a, o) is a positive constant . By this and H(0,0) = 0,
the first term of (16.5) is estimated as

I 1
Z —) YAON? Ly (Qa)+1)N?
- T

(16.6) G |z])N/2 ¥ (Q(a) )N
. — .

Then we consider the second term of (16.5). Putting N = 2M, we have

1 U
—/ |F(u)|2Mdu
U Jo

B Z o Z Z o Z eZm‘/lml . eZﬂi/lmMe—Zﬂi/lnl . e—Zm'/lnM
0<mi<X  0<my<X0<m<X  0<ny<X {(ni+a)-- (ny + )}
(mi+a@)--(my+a)=(n1+a)-(np +a)

1 1

17 ag... a
Uocimex  0<mp<x0<meX  0<npm<X (my +a) (my + )
(my+a)---(mpy+a)#(n+a) - (npr+a)
-1 )

+0

1 (mi+a):---(my +a)
)T g+ )7 | & v a) - (ny + )

By condition (A1) of Definition 16.2, the equation

(mi+a)---(my+a)=(+a) - (ny +a)
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reduces {my,...,mpy} = {ny,...,ny}. Thus the diagonal term is evaluated as
(16.7) <M ) ;M<M' c(a.o))"
’ ' ooty (n+ )|~ N\ 20 -1 ’

where c¢(a, o) is a positive constant. The off-diagonal term is also estimated as

1 1

1 N )
(16.8) < —( —) XRONT  —
U Os;éx (n+a)’ T

X(Q((z)+l)N2

for X > X(a, o) by applying condition (A2). Therefore we have

2
E, < %X(Q(CZ)H)N2 +z |N( ) c(a, 0'1)
r N\ 20 -1

by (16.6), (16.7), and (16.8). We have 6 + 25 < 5 — 30 since 6 + 6 < ;. We take
n= 2{(6’ +26) + (— - —9)} and N = 2| (logT)"]. Recalhng X = exp((log T)30/2),
lz| <2(logT)% and o > 1/2 + (logT)~?, we obtain

1
E> < exp (—E(log T)e/z)
for T > Ty, where Ty = To(a, 01, 6, ) is a positive constant. O

ProprosiTiON 16.11. Let A € R and a € S. Then, forany o > 1/2 and X > 1,
we have

1 U eZm'/ln
lim —/ /s ( —) du = Jo(lz|(n + @)™ ).
U= UJy os;s'x (n+a)7+ OSInlx

Proor. Lety, = —log(n + @) for n > 0. Then {y,}n>0 is linearly independent
over Q by condition (A1) of Definition 16.2. Hence the complex numbers ¢'" are
equidistributed on the unit circle. It yields

/ e2m'/ln 27'ri/ln
T7 l//z( ‘) / ( 17" ) du
Oomex (n+ a)c+iu 0<n<X (n+oz)fr

1 2 eZﬂl/ln 0
5 — [y ) as
Osl;lxzﬂ 0 z((n+cy)‘7 )

as U — oo. Moreover, we see that

1 2n e27ri/ln 0 1 2r
g A v, (We ) do = Z‘/O' exp(l|z|(n + a/) CcOos (p) dQO
by the change of variables. The right-hand side is equal to Jo(|z|(n + &)™), and
therefore the result follows. O

ProposiTioN 16.12. Let 1 € R and 0 < a < 1. Let o be a large fixed positive
constant, and let 6,6 > 0. Then there exists Ty = To(60) > 0 such that for all T > Ty
and for all o € [1/2+ (logT)~?, o], we have

[T Jolzl(n+@)™) = My(z;@) + E3
0<n<X
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for any z € Q, where X = exp((log T)3%/?), and E; is estimated as
1
E3 <, exp (—E(log T)e/z) .

Proor. Let n > X with X = exp((log T)3¢/?). Then, for sufficiently large T, we
have

Jo(lzl(n+@)™7) =1+ 0(|z*(n+ @) ™),
and moreover, we see that

-0 1
[T el n+)) = 1+0(lzlzn§ m)

Since we have

Z 1 - X1—2cr
= (n+a)? 20 -1
the error term E3 is estimated as

1Esl < [T Mollzl(n+a)™)]

0<n<X

|Z|2X1—20'
20-1

By X =exp((log7)3%/?), |z| < 2(logT)?, and o > 1/2 + (logT)~?, we have

[T %o(zl(n +a)™) - 1‘ <o

n>X

1
E3 < exp (—E(log T)9/2)
for T > Ty, where Ty = Tp(6) is a positive constant. O

Proor or ProposiTion 16.8. It is directly deduced by combining Propositions
16.9-16.12. O

Proor or THEOREM 16.3. By the assumption on the test function ®, we obtain
the inversion formula

O(L(A, . 5)) = /C B (L1 a.5)) |dz].

Then we use Proposition 16.8. For T > Ty and o € [1/2+ (logT)~%, 1], we have

T _ T
%/0 O(L(A, a,0 +it)) dt:/c(I)(Z)%/o V_.(L(A, a,0 +it)) dt|dz|

T
:/6(@1/ v_.(L(A, @, o +it)) dt|dz| + E,
Q T Jo
- / B(2) My (~z: ) |de| + 1 + Es
Q

= /&)(Z)Ma(—z;a) |dZ| +E1 +E2 +E3.
C

The above error terms are estimated as

E, B < / 1B(2)] 1dz],
C\Q
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and
1 —~
Es <1, oXp (—§<log T)"/z) JREEIE
Q
by the inequalities |, (w)| < 1 and My (z;)] < 1. Finally, we have

[@@its -z el = [, (e licl = [ @My wia lawd
cC C C
by Parseval’s identity. Since M, (w; @) is real, we derive the conclusion. O

16.3. Discrepancy bounds. Leto > 1/2and7 > 0. Ford e Rand0 < a < 1,
we define the probability measure P, 7(-; 4, @) as
Prr(A; A, @) =Pr(L(A,a,0 +it) € A)

for A € B(C). The characteristic function of P, r( -; 4, @) is equal to

1 T
—/ . (L(A, a, 0 +it)) dt.
T Joy

Note further that the characteristic function of P , presented in Lemma 16.1 is equal
to the function Mg(z; «). Therefore, Proposition 16.8 implies that P, 7( -;4, @)
converges weakly to P, o asT — oo if @ € S; see Lemma A.1.1. Then, we evaluate
the discrepancy

D (T, R; A, @) = |Prr(R; A, @) — Py o (R)]
as follows.
THEOREM 16.13. Let 1 € R and a € ©S. We take a large fixed real number
o1 > 0 and a small fixed real number €, > 0. Then, for 1/2+ € < o < o, we have
D, (T,R; A, @) < (measR + 1) (log T)~'/4*,
where R is any rectangle in C whose edges are parallel to the axes and have length

greater than (log T)~'**¢. The implied constant depends on a, A, o1, and €.

We deduce Theorem 16.13 from Theorem 16.3 by approximating the indicator
function 1g by functions in A(C). For this, we use the following function F,
introduced by Lester [106, Lemma 4.1].

LemMma 16.14 (Lester). Let K(x) = (M)z Then, for any a,b,w € R with

X
a < b and w > 0, there exists a continuous function F,p ., : R — R such that the

following conditions hold.
(i) We have Fyp 0 (x) =145 (x) < K(w(x—a))+K(w(x—D)) forany x € R.
(ii) The function F, ., belongs to L' (R), and more precisely,

/(Fa,b,a)(x) ~1ap)(¥) dx < 07"
R

(iii) If |u| = w, then Fa,b,w(u) =0.
(iv) We have F,p (1) < (b —a) +w™! forany u € R.
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Note that the function F,,, is constructed by using the (refined) Beurling—
Selberg function

H(x):(smﬂﬂx) { y sgn(m)(x—m)—2+2x—1}

=—00

which approximate well the signum function sgn(x).

Proor or THEOREM 16.13. We take the positive constants 4, @, 07, 8, 6 as in the
assumption of Theorem 16.8. For T > Ty(«, 07, 0, 6), we write the rectangle R as

R={weC|a<Rew<b,c <Imw < d}

withb—a,d—c > (logT)™°. Wealso take w = (271) ! (log T)°. Note that condition
(iv) of Lemma 16.14 reduces F, ; ,(x) < (b — a) in this case. Then we define

CD(W) = Fa,b,w(u)Fc,d,w(V)
for w = u +iv. Since we have
A(C) = {f € L'(C) | f is continuous and fe L'(C)}

by [64, Section 5.1], it is deduced from Lemma 16.14 that ® is a member of A(C).
Moreover, we have

(16.9) d(w)—1g(w) < K(w(u—a))+K(w(u—->0))+K(w(v-c))+K(w(v-d)),

and ®(z) < (b —a)(d — ¢) = measR by Lemma 16.14. In the above setting, we
apply Theorem 16.3. Let €; > 0, and we take a large real number 77 > 0 so that
(log T1)™% < € holds. Then, for all T > 7T} and for all 1/2 + €] < o < o, we have

(16.10) %/OTQJ(L(/I, a,o +it))dt = /CCI)(W)MU(w;oz) |dw| + E,
where
£ < e (~300e7)2) [(@1azt+ [ i,
2 Q c\Q
By Lemma 16.14, we see that
(16.11) E <, exp (—%(log T)e/z) (log T)* (meas R) < (meas R)(log7T)°.
We estimate the difference between the left-hand side of (16.10) and
Prr(R;A, @) = % /;T Ig(L(A, a, 0 +it)) dt.
Applying inequality (16.9), we see that it is estimated as

1 (T
< ?/ K (wReL(A,a,0 +it) —a)) dt
0

1 T
+ T/ K (w(Re L(A, a, 0 +it) — b)) dt+
0
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1 T
+ ?‘/ K(w(ImL(A,a,0 +it) —c)) dt
0

1 T
+ 7 / K (w(ImL(A,a,0 +it) — d)) dt.
0
Here, we consider just the first term
1 T
(16.12) T/ K (w(Re L(A, a,0 +it) —a)) dt
0

since the other terms are estimated in a similar way. We have

2 @ o) w '
K(wx) = E/o (w —u) cos(2nxu) du = = Re/O (w — u)e2™™ dy.

Hence (16.12) is estimated as

1 w
<<E£ (a)—u)

1 w
-5 [ w-w

1 w
S E/o (w—u)

1 1
<6 ” + exp (—E(log T)G/z) < (logT)™°

1 T
T / exp(2riu(Re L(A, a, o +it) — a))dt| du
0

T
du
0

/ exp(2riuRe L(A, a, o +it))dt

1
T

du

~ 1
My, (2ru; @) + exp (—E(log T)g/z)

144

by using Proposition 16.8 and the fact that My (z; @) is rapidly decreasing. Therefore

we have

1 T
(1613) - / O(L(A, @, 0 +i1)) dt — Por(R; A, @) <pq..e (logT)™.
0

At the end of the proof, we estimate the difference
[ o) ldwl - [ Ma(wia) law
C R
= (@) = 100 M, w1 ) v
C

coming from the right-hand side of (16.10). Note that we have

1614) [ Kwlu=a)Mo(wi0) dwl = [ K(w - @)meuia) dul,
C R
where
meq(u; @) = /Mg(u +iv;a) |dv|.
R
By Lemma 16.1 (iii), the function m (u; @) is estimated as

me(U; @) <g.e 1.
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Hence we obtain that (16.14) is evaluated as

e / K(w(u —a)) |du| < w™' = (logT)™°.
R

Thus, applying (16.9) again, we derive

(16.15) /(D(W)Mg(w;a/) |a’w|—/M(T(w;a) ldw| <qa.e, (logT)™°
C R

since the remaining terms are evaluated similarly. Therefore, we conclude
Dy (T,R; A, @) < (measR + 1)(logT)™°

by combining (16.11), (16.13), and (16.15). We take 6 = €/2 and 6 = 1/4 — € for
each 0 < € < 1/4. Then we have 6,6 > 0 and § + 6§ < 1/4, and the desired result
follows. m]

_ 16.4. Further results on the density function. We need more results on
My (z; ) as a function of . The goal of this section is the following estimate.

ProprosiTiON 16.15. Let 0 < @ < 1 and o > 1/2. Then there exists a positive
constant ¢ (o) such that for any integers k,{,m > 0, we have

ak+€+m

- M . _ 1/o
axkayfao-m MU—(Z’ CL’) <<k,f,m exp ( C(O')lZl )
if |z| is large enough.

More generally, we consider the function M(s, z1, 22; @) defined as

(16.16) M(s,zl,zz;a) :Hﬁn(s,z1,Z2;a),
n=0

where

(16.17)  My(s,z1,22;0)
1
= / exp{izi(n+a)™* cos(270) + izo(n+ @)™ sin(270) } dO
0

2 2
Z1+Z2

=1 (n+ a)_zs

4
1 oo -k

+/ ) %(n+a)_ks(21 cos(26) + 2 sin(276))"* d6
0 k=3":

for s, z1, 22 € C. Note that @n(a,x,y;a) =Jo(lx+iy|(n+a)?)if o, x,y € R. Thus
we obtain M (o, x,y; @) = M, (x +iy;a).

LEMMA 1916. Let 5,721,220 € CwithRes > 1/2. If we fix two of the variables,
the function M (s, z1, z2; @) is holomorphic with respect to the remaining variable.
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Proor. Let K be any compact subset of the right-half plane Res > 1/2, and
let K1, K> be any compact subsets of C. We prove that infinite product (16.16)
uniformly converges on K X K| X K. Assume that (s, wi, wy) varies in K X K| X K3,
and let oy be the smallest real parts of s € K. Then there exists a sufficiently large
constant N = N (K, Ky, K3; @) such that

M,(s,z1,22:@) = 1 + Ok, .k, ((n + Ol)_zgo)

for n > N by (16.17). Since the series ¥, (n + @) 27 converges for oy > 1/2, we
obtain the desired convergence. By definition, if we fix two of the variables, the
functions Mn(s, 71, 22; @) are holomorphic with respect to the remaining variable.
Therefore we obtain the conclusion. O

LeEmMA 16.17. Let O < a < 1 and o > 1/2. Then there exist positive constants
K (o) and c(o) such that for any x,y € R with |x| + |y| > K(o; @), we have

M(s,m,z%a)‘ < exp (—c(O')(lxl + |y|)1/R“)
forany s,z1,z2 € Cwith |s —o| < 1/(x*> +y?), |z1 — x| < 1/2, |zo — y| < 1/2.
Proor. Let ng be a real number satisfying

1/R
|x|+|y|) fRes

no+a=
Co

where ¢ is a positive absolute constant chosen later. At first, we take cp < 1/2 and
K(o;a) = 1. Then, for n > ng, we have
(Ix[+1yD(n+ @)™ < (Ix[ + 1y (no + @)% = co.
Therefore we have
2 +23 2

-2s
(n+a) o

<c

3
< 4¢,

1 oo :k
./ )3 %(ﬂ + @)™ (21 cos(2n0) + 25 sin(276))" db
0 k=3 K

forn > ny, |71 — x| < 1/2, and |z, — y| < 1/2. From these inequalities, we deduce
(16.18) Log M, (s, 21, 22; @)

2,2
7+z2
= =21+ @) 40 (Il + D+ ) R)
Since we have
2, 2
SRR ~2s +y —2Res
n+a n+a :
) - (v a)
Z%+Z% x% +y? x% +y?

(n+a)?Res 4 |(n+cx)_2s— (n+0/)_2Res|

4 4 4

< (lxl + |y|)(n+a,)—2Res +10g(n+a,)(n+a,)—2Res
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for |s — 0| < 1/(x? + y?), there exists an absolute constant A > 0 such that

2,.2
— X<+
Log M, (s, z1,22; @) + Y

< A (el + DG+ @) 78 4 (fal + 1)) (el + D2 (n+ @) 2R
+ Alog(n+ ) (n+ o) 2Res,

Then, assuming further ¢y < (324)~! and K (o, @) > 32A, we derive

A (R + 1D+ )7 + (el + 1)) < Ao+ K < o

for |x| + |y| = K(o; @). Hence, by (16.18), we obtain

(lxl + IyD?

—2Res
16 )

log | M, (s, z1, z2;@)| < — (n+a)?R L Alog(n+a)(n+a

for n > ng, and moreover,

(16.19)

< exp(— (Jx| + |y])? Z (n+ @) 2Res

nxno

nxngp

+A Z log(n + @) (n+a)2Re5|.

nxno

Since we have
4

<
x2+y2 7 K(osa)’

we deduce 2Res — 1 > o —1/2 > 0 if we take K(o; @) > 4/V20 — 1. Then, for
the first term of (16.19), we have

(el +1yD* Y (n+ )28 2

nzng

|[Res—o| <|s—0| <

1 1-2Re s
TRes 10+

2Res-1
Res

= 0— l/ReS
T (x| + DR
On the other hand, we have
1
Y log(n+a)(n+a) 2R < ———log(ng + @) (ng + @) 72Re
n>ngp 2Res -1
2Res -1 1

x |1+

+ .
no + a (2Re s — 1) log(ny + @)

Therefore, we see that there exists K (o-; @) > 0 such that for any |x|+|y| > K(o; ),

2Res-1
Res

Y log(n+a)(n+a)?R <@ 1/Res

nxngo

0
(¥l + Iy
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with a positive constant ® < (16A4)~!. Thus (16.19) deduces

(16.20) [T Ma(s.z1.22:2)

nxnop

< exp (—e(o) (x| + [y /%)

where c(o) is a positive constant depending only on o. Then, we estimate the
contribution of the term for n < ng. By (16.17), we have

¥, (5,21, 225 )| < exp (| Tm 1| + [ Tm 22 (0 + @) 7% < exp ((2+)7Fe?)

since |z1 — x| < 1/2 and |z — y| < 1/2 with x, y € R. Therefore we derive

< exp( Z (n +a)_Res)

n<ngo

(16.21) [T Ma(s, 21,225 )

n<ngp

b

< exp (¢ (07:.0) (Il + [y1)'/2R)

where ¢’(o; @) is a suitable positive constant. Hence we have the desired result from
estimates (16.20) and (16.21). O

PrOOF OF ProposITION 16.15. By Lemma 16.16, we can apply Cauchy’s integral
formula for the function M (s, z1, z2; @). Hence Proposition 16.15 is easily deduced
from the upper bound of Lemma 16.17. m|

CoroLLARY 16.18. Let 0 < @ < 1 and o > 1/2. Then the function

(16.22) 9" M ()
dom

belongs to S(C) for any integer m > 0.

Proor. By Proposition 16.15, the function

m

0 ~
(16.23) —M(z; )
oo™

belongs to S(C). Thus we have
am

9" M) = 2 / By (w5 @)W () |dw]
oo™ oo™ Jc

oo™

om —
- /C Ly (ws @) (w) .

In other words, the Fourier inverse of function (16.23) is equal to function (16.22).
Hence function (16.22) belongs to S(C). O

16.5. Distribution of zeros. With the above preparations, we proceed to the
proof of Theorem V. Note that the result can be proved more generally in the case
a e G
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16.5.1. Mean square of the logarithm of L(A, @, s).
ProrosiTiON 16.19. Let A € R and a € S. We take a large fixed real number

o1 > 0 and a small fixed real number € > 0. For 1/2 + €] < o < 07, we have

1 T
(16.24) - / log |L(A, @, 0 +if)| dt
0

_ /log|W|M(r(W§a’) dw| + O ((1ogT)—A)
C

with an absolute constant A > 0, where the implied constant depends on A, a, o7y,
and €.

Remark that Proposition 16.19 is an analogue of [S3, Theorem 1.1.3] for Lerch
zeta-functions. It is also connected with Theorem V by well-known Littlewood’s
lemma [100, Lemma 8.4.9]; see also [180, p.221]. Before the proof, we estimate
the upper bound of the integral

1 T
= / log? |[L(A, @, o +it)| dt
T Jo

for o > 1/2. The bound is used to evaluate the error term coming from the left-hand
side of (16.24).

PropositionN 16.20. With the same assumptions as in Proposition 16.19, we have

1 7T
?/ log? |[L(A, @, 0 +if)| dt < 1
0

forall 1/2 + €; < o < 0, where the implied constant depends on A, «, o, and €.

The proof is based on the method in [93, Section 5]. Let f(z) = a*L(4, a, 7).
By [100, Lemma 8.5.2], it satisfies

a

(16.25) 1 - <|f(a)| <1+

x—1 x—1
for z = x + iy with x > 1 + @. Let 0y = max(o, 3). Then we put

1 1 1 1
= - = =1, 5 = e ) =r - 57 =r-= 25'

r (ox)) 2(0’+2) O'1+4(O- 2) ri r rp r
Note that we have r > ri > rp > 0,0 < 6 < 1, and r + 26 < 0p. We define
so(t) = oo +it. If t > o9, then f is holomorphic in |z — so(?)] < r + 26 and

1/2 < |f(s0())| < 3/2 by inequality (16.25). Then, fort > opand 0 < u < r +26,
we define

) £)
M. (1) = 700 +3
N.(y= Y 1,
|,0—50?t)|ﬁu

where p runs through zeros of L(A, a, s). We begin with the following formula.
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LeEmMA 16.21. With the above notation and assumptions, we have
log |L(A,a, 0 +it)| = Z log |0 +it — p| + O (log M, (1))
lp=so(1)|<r
forall1/2+¢€; < o < oyandt > oy, where the implied constant depends on «, o,
and e.

Proor. We apply [53, Lemma 2.2.1] to derive

! 1
—(2) - ‘
7 >

lo—-so)|<r £ TP

{log M,(t) + N,,(t) log ( oy 1)}

r—r

(16.26)

367‘1
T (r1—r)?
3609 1 0o
<= ( og M, (1) + Ny, (I)F)

for |z — s59(2)| < r2. Then Jensen’s formula yields the equation

r 2r
(16.27) /0 Ne(®) dx +1og | f(so(1))] = %/O log | f (s0(2) +re'®)| de.

X
The left-hand side of (16.27) is estimated as

> [ 2 e tog 15001 > N

X r

r—ri

+log | f (so(0))].

Furthermore, the right-hand side of (16.27) is

f(so(r) +re”)
f(s0()

<

1 2
— |
=or A og

Hence we have

(16.28) N, (1) <

df +log| f(so(2))] < log M, (1) +log | f (so(2))].

r

log M, (t) < 70 log M, (t).
r—ri 0

By (16.26) and (16.28), we obtain
L(z)-
7 >

lo=so(1)|<r1

<Lgp.e log M, (1)
z-p

for all |z — so(t)| < ra, since 09 <, 1 and & >4, ¢, 1. Note that |0 + it — so(2)| =
oo — o < rp. Integrating from so(¢) to o + it, we have

log |f(o +it)| — Z log |0 + it — p|
lo=so(1)|<r
=log|f(so)| = Y, loglso(r) - pl
lo=so(1)|<r
o+it ’ 1
S 3
o0 ST @i TP
= log |f(S0(t))| - Z 10g |SO(I) - pl + 00’1,61 (log Mr(t)) .

lo=so(1)|<r
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Since 1/2 < |f(s0(2))] < 3/2, we have log|f(so(?))| < 1. Furthermore, since
1 < [so(t) — p| < oy for all zeros p with |so(f) — p| < r1, we have

Y loglso(t) - pl <o, Ny, (1) <oy, Tog M, (1)

lp=so(1)|<r1

by (16.28). By the definition of f, the desired result follows. O
By Lemma 16.21, we have

1 2T
(16.29) T/ log? |L(A, @, o +it)| dt
T

1 2T 2 1 2T
< T/T ( Z 10g|0'+it—p|) dt+f./T log® M,.(¢) dt

lo=so(1)|<r

for T > 0y. Then we estimate two integrals of the right-hand side of (16.29).
LemMmA 16.22. For 1/2 + € < o < 01, we have

1 2T 2
(16.30) —/ ( Y 1og|a+iz—p|) dt < 1,
T

r p—so(l<r

where the implied constant depends on A, a, o1, and €.

Proor. We have

2T 2
/ ( Z log|0'+it—p|) dt
T

lp=s0(2)|<r

[2T|+1 n+l1 2
< Z/ ( Y 10g|0'+it—p|) dr.

n=|T] lp—so(t)|<r

According to the method in [93], define

L1/V6]+1

D, = U D, (o-0+i(n+l\/5)) ,
1=0

where D, (c) = {z € C| |z — ¢| < r}. Then we see that

D, ) Drso),

n<t<n+l

and therefore,

n+l 2 n+l 2
/ ( Z log|a+it—p|) dts/ ( Z log|a+it—p|) dt
n n

lo—so(0)|<ry PED,

n+l1 1/2\2
S( Z (/ 10g2|0'+it—p|dt) )
pED, \Wn

by Minkowski’s inequality. If n <t <n+1and p = f+iy € D,, we have

|t —y| <|oc+it-p|<c
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for a constant ¢ = c(o1) > 1. Thus,
log? |0 + it — p| < log? |t —y| +log®c.

Moreover, we see that

n+1 n+r+2—y 2r+2
/ log* |t — y| dt < / log?x dx < / log? x dx <4, 1
n n—r—y ~2r-2

sincen—1<y<n+2+rforp=pF+iy € D,. From the above, we deduce that
the left-hand side of (16.30) is evaluated as

2T 2
(16.31) / ( ) 10g|0'+it—p|) dt
T

lp=so(t)I<r
[27]+1 2 2T+l 4 [1/¥6]+1 2
<o Y, ( Y 1) < ) ( Y Nr(n+l\/5)) .
n=|T] \ peD, n=|T| =0

By an argument similar to (16.28), we see that
N, (n + 1«/5) < % log M, +s (n + 1\/5) .

Applying this inequality, we obtain

2T J+1 ;[ 1/V68]+1 2 (2T |+1
(1632 ) ( Y w (n+1\/5)) <o Y, log? (Zmax|f(z)|+3),
n=IT) 1=0 =T €k,

where
L1/V6]+1

E, = U D5 (0'0+i(n+l\/5)).

We take s, = oy, +it, € E, so that |f(z)| takes the maximum value at s,. The
function F(x) = log?(x + 3) is convex for x > 0. Hence we have

[2T|+1 [2T]+1
(1633) ) log’ (2max|f(z)|+3): Y, FQIfGsaD
n=IT} ik n=IT)
< TF(; Y 2|f<sn>|)
n=|T]
4 127141 1/2
<TF (; y |f<sn>|2) )
n=|T|
Then we deduce from (16.31), (16.32), and (16.33) the estimate
1 rr 2
(16.34) ?/ ( ) 10g|0'+it—p|) dt
r lp=s0(1)|<r

(2T |+1

1/2
<ore logz((; Y If(sn)IZ) +3)-

n=|T|]
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The remaining work is estimating ¥, | f (s,)|>. For this, we define
Si={sy|n=jmod (4|r+26]+6)}.

Then we have

(2T |+1 4 r+26]+6
(16.35) Y IfGalP < Y Y Gl
n=|T| j=1 Sn€S;
[T |<n<|2T+1

Since the function f is holomorphic on the disk |z — (o + it,)| < r + 26 and we
have |s, — (0 +it,)| < r + 6, the inequality of Titchmarsh [180, Lemma in p. 256]

yields
2 1 2
|ﬂ%ﬂﬁ—jl7 £ dxdy.
7T5 D126 (00+ity)

Moreover, if s,,, s, € S; with m > n, then we have
= tal = {m = (r +8)} = {n+ (L gz + DVG + (r + )} > 2r +46.
Thus D,,25(00 + it,) and D,5(00 + it,) are disjoint, and therefore,

(16.36) Y IfGal

S,,ESJ'
|T|<n<|2T]+1

1 oo+(r+26) 2T+3+(2r+36)
-/T'

|f (x +iy)|? dydx

~ 162 Joy—(r428)  JT-1-(2r435)

2070+2 2T+3+(2r+36)
oore / |L(A, @, x +iy)|* dydx
%+clq T-1-(2r+36)

for a positive constant ¢c; = ¢ (o). Recall that, if o > % + €1, then

T
/ IL(A, a,0 +it)>dt <jq6 T
0

by Lemma 16.7. Hence we see that

20042 2T+3+(2r+36)

(16.37) IL(A, . x +iy)|* dydx <pacpe T
t+cier JT-1-(2r+36)

By (16.35), (16.36), and (16.37), we obtain

Z |f(sn)|2 La,0,€ L.

n=|T|
Combining (16.34) and (16.38), we conclude

(16.38) T

1 2T 2
?/ Z log |O' +it — p| dt < a,01,€ 1
T

lo=so(1)|<r1

as desired. m]
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For the second integral of the right-hand side of (16.29), we obtain the following
estimate.

LemMma 16.23. For 1/2 + € < o < o1, we have

1 2T
— / log? M,.(t) dt < 1,
T Jr

where the implied constant depends on A, a, o1, and €.

Proor. Note that the function G (x) = log? x is convex for x > e and M, (1)? > e.
Then, applying Jensen’s inequality, we have

2T

2T 2T
1
/ log? M, (1) dt < / log® M, (1)* dt < T log® (? M,(t)zdt).
T T

T
We also obtain
2T [2T]+1
My (t)*dt < ) / M, (1)* dr.
T n= |_TJ
Let
Fo= | ) Di(so(e),

n<t<n+l

and denote by s, € F,, a point where | f(z)| takes the maximum value. Then we have

[2T |+1 n+l [2T |+1
) M () dt < Y |f(sp)IP+T.
n=|T] Jn n=|T]

By a similar argument in the proof of Lemma 16.21, one can show

[2T |+1

Z |f(S;1)|2 <</l,a,a'1,q T.

n=|T]

Hence the result follows. O

By Lemmas 16.22 and 16.23, we have
1 2T
—/ log? |L(A, @, o +it)|dt < 1.
T Jr

To finish the proof of Proposition 16.20, we need an estimate when 7 is small.

LemMma 16.24. Let Ty > 0 be a fixed real number. Then we have
Ty
(16.39) / log? |[L(A, @, 0 +if)|dt < 1
0

for 1/2 + €1 < o < o, where the implied constant depends on A, a, o, €1, and Ty.

Proor. First, we denote by py, ..., p, all zeros of L(4,,s) in the rectangle
1/2+€ <Res <oy and 0 < Ims < Ty. We take a positive real number r so that
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the disks D,(p1), ..., D,(p,) are distinct. Here n and r are determined only from
A, a, 01, €1, and Ty. Let Q be the closure of the set

{0’ +it
and define M = maxeq log? |L(1, a, 5)|. We divide the integral of (16.39) into

/logzlL(/l,cx,a'+it)|dt and /logzlL(/l,a,0'+it)|dt,
11 12

1
§+61 <o <oy, OSlSTO}\(Dr(Pl)U”'UDr(pn))

where
I ={te[0,Ty]) |oc+iteQ} and I,=[0,Tp]\ ;.
The integral over I} is estimated as

(16.40) / log2 |L(A,a,0 +it)|dt < MTy < 1,
I

where the implied constant depends only on A, , 07, €1, and Ty. Let my be the order
of the zero of L(4, @, s) at s = pi. Then we have

log? |L(1, @, s)| < m7log®|s — pi| +log? | Ly (4, @, 5)|,

where L(4, @, s) = (s — pr)™ L (4, @, s). Therefore, the integral over I, is

n ’}/k+r
(16.41) log? |[L(A, @, o +it)| dt < Zmi/ log? |0 + it — pi| dt
I Yk—T

k=1
n Yik+r
+ Z/ log? |Li (A, o, o +it)| dt,
=1 Jyr-r

where we write py = B + ivx. Then we obtain

Yitr r
/ 10g2|o'+it—pk|dt 32/ logz(x+|o-—ﬁk|)dx < 1,
Y 0

k—F

Yi+r
/ log? |Li(A, @, 0 +i1)| dt < 1
Yk—T

with the implied constant depending on 4, @, 071, €1, and Tp. The maximum value of
my is determined only from A, a, o7, €1, Tp, and therefore we derive

(16.42) / log? |L(A, @, 0 +it)| dt < 1
I

by equality (16.41). Lemma 16.24 is deduced from estimates (16.40) and (16.42).

O

Proor or ProposiTion 16.20. By (16.29) and Lemmas 16.22 and 16.23, we
have

2k,
/ log? |[L(A, @, o +it)| dt < 2¥7'T,
2k—17b

for all k > 1. Together with Lemma 16.24, by summing up over k, we have the
result. O
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16.5.2. Approximation of log |w|. The next work is to approximate the function
log |w| by elements of the class A(C). The following functions were originally used
by Guo [53]. Let

Flu) = eXp(_(b_a)(uia-'-biu)) ifa<u<b,

0 otherwise

for a, b € R satisfying 0 < b —a < 1. Then we define

/x+b—a1 0 d /oo £05) i

F(x) _ J- x+a—b,

/_:f(u)du | /_:f(u)du

fora;, by € R with a; < by. With the above setting, we define

@ (w) = F(|wl) log w|.

Note that it is infinitely differentiable and is supported on a, < |w| < by, where
ay = aj—(b—a) and by = b1+(b—a). Moreover, we take the above a, b, ay, by, az, by
as the functions

a=1-OogT)™”, b=1,

a; =2(ogT)™”, by = (logT)?,

ap = (logT)™?, by = (logT)” + (logT)™”

with a constant 0 < y < 1. Then the following lemma holds.

LeEmMMA 16.25 (Guo). The function ® satisfies the following conditions.
(i) ©(w) =log|w|fora; < |w| < b.

(ii) |D(w)| < |log|w]|| for az < |w| < aj and by < |w| < b.

(iii) The Fourier transform is estimated as

2 -2 2 -2 2 -2
172+a2 192+a2 192+a2 )

(b—a)’x*" (b—a)*y?" (b - a)*x?y?

®@(z) < (|logas| + |log b>|) min (b%,

Proor or ProprosiTiON 16.19. Since the function @ belongs to the class A(C),
we have

1 1T
(16.43) f/ CID(L(/l,a,0'+it))dt:/@(W)Mg(w;oz) |dw| + E
0 C
by Theorem 16.3, where
1 ~ —
E < e (~300e7)2) [@1azt+ [ i,
Q c\Q

By condition (iii) of Lemma 16.25, the first integral is estimated as

— (logT)® p(logT)?
/ |CI)(Z)| |dZ| < / / (IOg T)2)’+6 d)Cdy < (lOg T)27+26+E
Q —(logT) J—(logT)®
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with sufficiently small € > 0. For the estimate of the second integral, we consider a
covering of the region C \ Q as follows:

C\QcU,vUUUs,
where we put

Ur = {z=x+iy| x| = (log )", Iy| < (logT)"?}.

U,

{z =x+iy||x| < (logT)‘S/z, Iyl > (IOgT)d}’

Us = {z=x+iy x| > (log )2, |y| > (1ogT)5/2}.

Then we have
— (logT)%/? loe T)4r+e
B(2)] 1d2] < / / (08T |ty < (g )2
U (logT)4/% J (logT)? X
by condition (iii) of Lemma 16.25. In a similar way, we have
[ 1@ el = (rog Ty
U

and furthermore,

los T 6y+e
|CD(Z)| |dz| < / ( ng ) dxdy < (log T)% 0%,
(logT)%/2 J (log T)9/2 X7y

Assummg y < 4, we have 4y — § > 6y — 6. Thus we obtain
1
(1644) E <)o €Xp (_E(log T)G’/Z) (IOg T)2y+26+e + (lOg T)47_g+6

< (log T)47'%+€

for any T > Ty, where Ty = Ty(a,6,09,07,y) is a positive constant. Next, we
consider the error term

1 T 1 rr
EL:—/ CID(L(/l,a,0'+it))dt——/ log |L(A, @, 0 +it)| dt
T Jo T Jo

coming from the left-hand side of (16.43). Let
I={te[0,T]||LA,a,o+it)| <a},
J={te[0,T]||L(A,a,o+it)| > by}.
Then Lemma 16.25 gives

1
|Er| < f/ |log |L(A, @, o +it)| dt.
1uJ

Applying the Cauchy—Schwarz inequality, we see that
1/2

measI+measJ)1/2(1

T
(16.45) |EL|§( —/ log |L(A, @, o +it)|* dt
T T Jo
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Define two rectangles R and R’ as
R={z=x+iy||x| <(ogT)7, |y| < (logT)™"},
R ={z=x+iy||x| <27%(logT)?, |y| < 27'*(logT)"}.

Since we have (log 7)™ > (logT)~!/1®, it is deduced from Theorem 16.13 that

I
(1646) DL . / Mo (w; @) |dw| + (meas R + 1)(log T)~1/%
R
< / My (w; ) |dw|+ (logT)™'/3,
R
(16.47) meas J 1 meas([0, 7]\ J)
T
< My (w; @) |dw| + (logT)> /8.

C\R’
The integrals in (16.46) and (16.47) are estimated as

(16.48) / My (w; @) |[dw| <q.q / 1 dudv < (logT)™>,
R R

00 1
(16.49) / My (w; @) |dw| <q.q / e rdr < exp (——(log T)ZV)
C\R’ 2-1(log T)” 4

by Lemma 16.1 (iii). Then we use Proposition 16.20 to deduce from estimates
(16.45)—(16.48) and (16.49) the upper bound

(16.50) EL <0 (logT)? 718,

Finally, we evaluate

Eg = /(I)(W)M(T(w;a) |dw| — /log WMy (w; @) |[dw|
C C

which comes from the right-hand side of (16.43). We obtain
Exl< [ ol Gria) lawl+ [ J1oglwlIMy (wia) ldw

|w|<ay [w|=by

by Lemma 16.25. Applying Lemma 16.1 (iii) again, we see that the first integral is

<a.e |log a1|a% < (logT)~2r*e,

and the second integral is

So / (log r)e_rzr dr < / r~2dr < (logT)™.
b] bl

If we take € < v, we have

(16.51) ER <qa.¢ (logT)™.
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We take y = /12 and fix 8,6 > 0 with 6 + 6 < 1/4. Combining estimates (16.44),
(16.50), and (16.51), we conclude that

1 T
T / log |L(/l, a,o + il)l dt — /log |W|Ma.(w; a/) |dW| <Lpla.ore (log T)—6/12.
0 C
Hence the result follows. O

16.5.3. Completion of the proof. We use the following lemma of Garunkstis—
Laurincikas [100, Lemma 8.4.11] to prove Theorem V.

LemMma 16.26 (Garunkstis—Laurin¢ikas). Let 1/2 < o < 1 + a. Then we have

l+a T
2n N(T,u;A, @) du :O'Tloga+/ log |L(A,a,0 +it)|dt + O(logT),
0

o

where N(T, u; A, @) counts the number of zeros of L(A, @, s) in the region Re s > u,
O0<Ims<T.

Proor or THEOREM V. By Proposition 16.19 and Lemma 16.26, we have

1+a

2 N(T,u; A, @) du

o

—oTloga +T / log [w| My (w; @) |dw| + O 400 (T(log T)-A) .
C
If a small positive real number 4 satisfies

1 1 1
_<_(o-+_)ga—h<o-<o-+h$0'+1,

2 2 2
then we have also
1+a
2 N(T,u; A, @) du
o+h

— (0 + )T loga + T/log W Myan (w3 @) [dW] + 0100 (T(log T)—A) .
C

Hence the formula
o+h

(16.52) 2 N(T,u; A, @) du

(o

= hTloga + T(@a(0 + h) = $a () + O, (T(logT) ™)

holds, where ¢, (o) is the Jensen function

ba(0) = /c log |w| My (w; @) |dw].

By Corollary 16.18, we see that ¢, (o) is infinitely differentiable, and therefore

a" 0"
5or0a() = [ log hwl oM (i) awl.
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Hence we have
b0l + 1) = 800 = [ Tog bl My w3 ) [l + O (12),
C g

Since the function N (T, u; A, @) is decreasing in u, we have

1
N(T,o;4,a) > T °2g0‘

T 0
+ L / log [~ M, (w; @) |dw]
n 21 Jc oo

+O0iaer (h'lT(log )4 + hT)
by (16.52). Similarly, we obtain
1 T 0
N(T,o;4,a) < 728 / log |w|—Ms(w; @) |dw|
2r 21 Je oo
+O0iaer (h'lT(log )4 + hT)

by considering o — h instead of o + h. We take h = (logT)~*/2. The above error
terms are < T (log T)~4/2, and therefore we have

N({T,o;4,a) =T

loga T 0
— 1 —M,(w; d
: +27T/C o Wl My (w; @) dw!

+O0ias (T(log T)‘A/z) .
Thus, for any fixed real numbers 1/2 < o < 07, we obtain

N(T,oy, 02,14, @)
=N(T,o0;4,@) = N(T,01;4, @)

T 0 0
= 7 /Clog [w] (%M(Tz(w;a) - %Mm(w;a)) |dw|

+0 (T(log T)‘A/z)
T [7 9? A
- log [w|~— My (w; @) [dwlde + O (T(log T) )
2 Jo, Jo oo

as desired, where the implied constant depends on 4, @, o and 0. O

17. The fifth result: iterated integrals of log {(s)

17.1. Probability density functions. Let 77,,(s) be the function defined by the
m-th iterated integral of log {(is) as in Section 4.2. Let o > 1/2 and m > 1. For the
probability measure u;, -, of (4.5), we define

c(,un,(r,m) = deﬂn,a,m(z) and M(ﬂn,a,m) = ‘/(; |Z|2 d,un,o',m(z)-
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Then, the weakly convergence of Py om = U1.om * ** * * UN.om 18 derived from the
convergences of two series

(17.1) Y le(nom)l and Y Mo m)
n=1 n=1
by the result of Jessen—Wintner [71]; see also Lemma A.1.2. Note that
1 2
C(/ln,o',m) = / Zn,a’,m(g) df =0,
2 0

1 2 3 _
M(,Un,a',m) = E/) |Zn,a,m(6)|2 d < anO-(lOg Pn) am

by definition. Therefore the convergences of (17.1) follow. Let P, be the limit
measure to which Py ., converges weakly as N — oco. Then, we denote by ¢, (2)
the characteristic function of P, ,,. We see that it is represented as

(17.2) bom(2) = [[dnom(2).
n=1

where ¢, » m(2) is the characteristic function of p, s, that is,

1 2r
¢n,0',m(Z) = 2— wz(Zn’o"m(e)) daog.
T Jo

ProrosiTION 17.1. Let o > 1/2 and m > 1. Then the integral

(17.3) / (21 ()] Id2]
C
is finite for any k > 0.

Proor. We represent ¢, -, (z) as the integral

1 2m
brrn@) == [ explig @)1z} do.
T Jo

where z = |z|e’" and g;(0) = Re z,.o-m(#) cos T +Im 7, -, (6) sin 7. It was proved
that the curve S, , is convex by Lewis [108]. Furthermore, Re z, ., (6) and
Im z,, -, (6) possess continuous second derivatives with respect to 6 by definition.
One can further show that g7 (6) has exactly two zeros on [0, 2r) for every fixed 7;
see Lemma B.1.1. Thus, we apply the result of Jessen—Wintner [71, Theorem 12]
to derive

(17.4) bnom(2) < |22

with the implied constant depending on o, m, and n. Using this upper bound for
n < 2k + 5, we obtain

_3
|Z|k¢0',m(z) < |Z| 2

by equality (17.2). Hence integral (17.3) is finite. O
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Then Levy’s inversion formula (A.5) yields that the function

(17.5) My (w3 ) = /C G (W (2) 2]

is a probability density function of P, , with respect to the measure |dw|. Further-
more, differentiating under the integral in (17.5), we see that the density function
M (w; 1) belongs to the class C*(C). Let o > 1. Remark that the series

Y |znom(0)]
n=1

converges for all & € [0,27). Then the support of the function M, (w;7,,) is
a compact subset of C, which is proved by an argument similar to the proof of
Proposition 8.8. Let 1/2 < o < 1. In this case, we see that the support is equal to
C similarly to Proposition 8.9. Furthermore, we derive the positivity of My (w;7,,)
as follows. We define two probabilistic measures

b — e
PN7o',m - /12,0',m * /‘lptl”g"m * * 'upl;\],(r,m’

P#

N,o.m — lup?,ogm *

Tk :up*;v,(r,m’

where p'; is the n-th prime number congruent to 1 mod 4, and p* is the n-th prime
number congruent to —1 mod 4. Then P?v om and Pﬁ - converge weakly to some
probability measures Pﬁ’,’m and Pf;,m as N — oo, respectively. Furthermore, these

limit measures satisfy many of the same properties as P ,,. Indeed, one can prove

supp(Pyy ;) = supp(P ;) = C
for 1/2 < o < 1. Moreover, applying (17.4), we see that there exist non-negative
continuous functions M” (w;7,,) and M¥ (w;7,,) such that

P (A) = /A M (wi i) dw| and  P*, (A) = /A ME (03 ) 1]

for all A € B(C). Since Py, = P(b)',m * Pl

o.m» We derive the equality

M) = [ M0 = ETME &) L
for any w € C. Since the functions M. (w;17,,) and M (w;17,,) are continuous and
are non-zeros on every disk on C, we conclude that M, (w;7,,) > 0 for any w € C.

17.2. Limit theorems. For the proof of Theorem VI, the remaining work is just
proving that the probability measure P, 7, of (4.4) converges weakly to P, ,, as
T — co. By Lemma A.1.1, it is sufficient to show the following limit formula.

ProprosiTioN 17.2. Let o > 1/2 and m > 1. For any R > 0, we have

T
lim l / Y (o +it)) dt = ¢ m(2)
T Jy

T—oo

uniformly in |z| < R.



17. THE FIFTH RESULT: ITERATED INTEGRALS OF log ¢ (s) 163

Let X = (X,), be a sequence of independent random variables which are
uniformly distributed on the unit circle. For m > 1, we define the random variable

had 1
(o, X) = —p‘k‘TXk.
m ;I; km+1 (log p)m p

We see that the series converges almost surely if o > 1/2. Furthermore, the
characteristic function ¢ ,,(z) is represented as

¢’0’,m(z) = E[lﬁz(ﬁm((f’ X))]

For y > 2, we also define

1
R ,m(s) — —p—ks’
y pkz;,y k’”“(log P)m

1
Rym(o,X) = ——phoxk
y kaS:y fem+l (log p)m p
Then we prove the following preliminary lemmas.

LemMA 17.3. Let o > 1/2 and m > 1. If we put y = (logT)? with B > 1, then
we have

1 T ) y—(20'—1) T—%(ZU—I)
— m, +it) — R +it)|” dt < + ,
), it = R i < s S0
’ y—(20'—1)
E [ nm(o,X) - R , X ] < —,
|77m(0- ) y,m(o- )| (log y)zm

where the implied constants depend on o, m, and B.

Proor. The former result is a consequence of Inoue [67, Theorem 5]. To prove
the latter result, we calculate the expected value as
o yl 20
(log y)>"

X
E“ﬁm(O',X)—Ry,m(O',X)F] =E Z .
1 y1—20' )
-y -~ Lol X1 —
L P2 (log )2 ((log )2

=y p7 (logp)™
p>y

1-20
y

< Tog )27
(log y)="
by using the independence of X),’s. O

LEMMA 17.4. Let o > 1/2 and m > 1. If we put y = (logT)B with B > 1, then
we have
1

T .
- / Rym(o +it) Ryp(o +it) di
0

=B Ry, X) Rym(e, )| + 0 (y/4778)
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for any non-negative integers j,€ with j + € < (logT)(6Blog, T)~!, where the
implied constant is absolute.

Proor. The result can be proved in a way similar to Proposition 11.7. O

LemMA 17.5. Let o > 1/2 and m > 1. If we put y = (logT)® with B > 1, then
there exists a positive constant K = K (o, m) such that

KZN lfO' > 1,
Nl—O' 2N
1 [t .
(17.6) ?/ IRy (o +it)|*N dt < 4 (K(logZN)f”m)/ if1/2 <o <1,
0
N1/2
K—rr fo=1/2,
( (logZN)m) ifo /
KN ifo>1,
Nl—(r 2N
(17.7) E[IRym(o, X)I*V] < (KW) if1/2 <o <1,
N1/2 2
K— fo=1/2

for any integer N > 1. The implied constants depend on o, m, and B.
Proor. If o > 1, then we have
o 1
|Rym(0 +it)] < — phr«, 1.
y,m pZSy kgl Jem+l1 (10g p)m o

Therefore (17.6) follows for o > 1. Let 1/2 < o < 1. If y < CN log 2N holds with
a constant C > 2, then we obtain

1 Nl—o‘
Rom(a+if) = Y ————— 10, (1) <o —
y.m pZSy (10gp)mp0'+ll o o.m (10g2N)O-+m

by the prime number theorem. Hence (17.6) is satisfied in this case. Thus we
suppose the inequality CN log 2N < y below. We obtain

Rym(s)= Y, 1

_ + _
p<CNlog2N (logp)mps CNlog2N<p<y (logp)mps

Then we consider the 2N-th moments

+ O, (1).

N
w-t [y [
1= _— ,
T Jo p<CNlog2N (log p)" po*tt
2N
1 [T 1
My =1 / S N
T 0 CNlogg\’SpSy (logp)mpo-ﬂl

Applying the prime number theorem again, we derive

1 2k ciNl-o \ 2N
17.8) M, <<( y _) <<(1—+)
p<CNlog2N (log p)"p” (log2N)o+m

)
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where C; = C (0, m) is a positive constant. Furthermore, we use (11.12) to deduce

1 N
(17.9) M, < N!( —)
CNlogg\lSpSy (log p)Zmp20'

N\
(m if 1/2 <o<l,
< CgNl“T 2
2 .
[z -

where C; = C, (07, m) is a positive constant. Since we obtain
1 T
- / IRym(o +it) [N dt < 9N My + 9V My + 9V C3(0),
0

with a constant C3(o) > 0, upper bounds (17.6) follow from (17.8) and (17.9). One
can prove (17.7) in a similar way. i

Proor or ProposiTioN 17.2. Recall that [, (w) — ¥, (w')| < |z||lw — w’| for all
z,w,w’ € C. Then we have

1 T 1 T
1 / b (0 + i) dt — = / bRy (0 +i0)) di
T Jo T Jo

|
<p =+ —/ |77m(0'+it) —Rym(0'+it)| dt
T TJius ’

(1 [T 12
< -+ —/ i (o +it) = Ry (o +i0)| dt
T \TJu ’

for |z| < R by the Cauchy—Schwarz inequality. By Lemma 17.3, we further derive

T T
(17.10) l‘/ U, (m (o +it)) dt—l/ Y (Rp,y(0o +it)) dt
T Jo T Jo

1 y-§(2a-1) T—70(20-1)
< —+ + < (log, T)™™.
T (logy)" = (logT)"

Along the same lines, we obtain
(17.11) ¢o-,m(Z) _E[wz(Rm,y(o', X))]
- 2|1/
< E [|77m(0" X) - Ry,m(o" X)| ]
y—%(za—n

< — < (log, T)™.
(log y)™ ?

From the above, the remaining work is to evaluate the difference

1 T
101 2 [ iR i) de = Bl Ry ()1
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By the Taylor expansion, we have
1 (T
(17.13) ?/ U (Ry,y (o +it)) dt
0

e
) (R~ zfzfl
jiten J'C! T
RVN1 [T
+0 ——/ IRy (o +it)|N dt].
NT J, 7
Let N = 2| (logT)(log, T)~!| with a large real number 7. Applying Lemma 17.5,
we deduce

T R
/ Rym(o +it) Rym(o +ir) dt
0

N/2
RN1 T 3V2KR
(17.14) ——/ Ry (o +in)|V df < _3V2KR
N!I'T Jo VN (log N)™
By (17.13) and (17.14), we obtain the asymptotic formula
1T -
?/0 Y (Rp,y (o +it)) dt
(%')./H’ 1 /T — logT
= 27— [ Ryn(c+it)'R, (a+ir)f’dr+(exp(— ))
j;N jrer Tt Ty » log, T

and similarly,
E[wz(Rm,y(o'a X))]
Z (%)j%
N jle!

Therefore, (17.12) is estimated as

Byt log T logT
(17.15) <« Z Lyf+€T_%+exp (— 08 )<< exp (— O )
JHOeN jie! log, T log, T

by Lemma 17.4. Combining (17.10), (17.11), and (17.15), we obtain the desired
result. O

e log T
ZJ7E [Ry,m(a it) Rym(o + ir)"] +0 (exp (— 08 )) .
log, T




APPENDIX A

Probability measures

Denote by P (R¥) the set of all probability measures on (R¥, B(R¥)). A proba-
bility measure on (C, 8(C)) is often regarded as a member of ' (R?) by identifying
C with R2. We hereby list several notions and results on probability measures.
The proofs of the results are mostly included in the books of Billingsley [11, 12],
Loéve [112,113], and Tenenbaum [179]. We also refer to Jessen—Wintner [71] for
some special results.

Let i, v € P(R¥). We define the convolution measure u * v € P(R¥) as

(A1) W*VxAﬁiéﬁdA—@dW@,

where we write A —x = {a —x | a € A} for x € R¥. By definition, we have

pu o po = po ok py and py s (po o p3) = (g = po) * p3. Letv =y« % gy In
general, the equality

/ka(x)dv(x):/Rk dyn(xn)..../ka(xJ,...ern)dm(xl)

holds for any non-negative measurable function f.
A probability measure u € P (R¥) is said to be absolutely continuous if there
exists a measurable function D on R¥ such that

u(A) = /D(x) dx
A
for all A € B(RF). The function D is determined uniquely from u up to values on

null sets, which is called a probability density function of u. When u € P(R) or
u € P(C), we often consider the condition

(A2) mm=ADmuﬂ
for A € B(R) with |dx| = (27)2dx, and
(A3) mm=ADwud

for A € B(C) with |dz| = (27)"'dxdy.
The characteristic function of u € P (R*) is defined as

000 = [ 000) dut),

167
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where we put ¥, (y) = exp(i(x, y)) with the standard inner product (x, y) of R¥. Let
i, v € P(RK). We have the equality

dyspxv) =d(y:p)p(y;v)
by definition. It is known that u = v if and only if ¢(y; u) = ¢(y;v). Then we
introduce Levy’s inversion formulas as follows. These formulas are essentially seen
in Jessen—Wintner [71, Section 3]. Let u € £ (R). Suppose that the integral

/ 16(y: )| dy
R

is finite. Then u is absolutely continuous, and the probability density function D in
(A.2) is represented as

(A4) D(x) = /Rd)(y;#)l//—x(y) |dyl,

which is a non-negative continuous function on R. Let u € $(C). In this case, we
suppose that the integral

/ 160w )] dudv
C

is finite, where w = u + iv. Then yu is absolutely continuous, and the probability
density function D in (A.3) is represented as

(AS) D) = /C w1z (w) [dw],

which is a non-negative continuous function on C.
Let u € P(R¥). Then we define its distribution function F,, : R¥ — R as

Fu(x) = p((=00,x1] X - -+ x (=00, x])
forx = (x1,...,x;). Let X : Q — R* be a random element. Then
px(A) =P(X(w) € A)

gives a probability measure on (R*, 8(R¥)). The probability measure uy is said to
be a probability distribution of X.

A.1. Convergence of probability measures

Let (u,). be a sequence of probability measures on (R¥, B(R*)). Then u, is
said to be convergent weakly as n — oo if there exists u € P (RF) such that

tim [ £ dun() = [ ) dte)
n—oo Jpk Rk
for all f € C,(R¥). In this case, the inequality

/ £(x) du(x) < lim inf / £ ) dpn(x)
RK n—oo JRrk

is valid for any non-negative continuous function f. A Borel set A is called a
continuity set of u € P(R) if u(dA) = 0 holds, where dA is the boundary of A.
Furthermore, if meas(dA) = 0 holds, then we simply say that A is a continuity set.
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LemMa A.1.1. Let (un), € P(RK) be a sequence and u € P(RF). Then the
Jollowing statements are equivalent.

(A) u, converges weakly to u as n — oo,

(B) wn(A) = u(A) as n — oo for all continuity set A of .

(C) F,,(x) converges to F,(x) as n — oo at each point of continuity of F,.
(D) ¢(y; un) converges uniformly to ¢(y; u) asn — oo in every sphere |y| < R.

Next, for u € P(RY), we put
(i) = / xdu(x) and M) = / Ix[? dya ().
Rk Rk

LeMMA A.1.2 (Jessen—Wintner). Let (i), € P(RF) and u € P(RF). Suppose
that M (uy,) is finite for all n. Then the convergences of

Y leGu)l and Y M)
n=1 n=1

imply the weakly convergence of the convolution measure iy * - - - % [, as n — oo.
Furthermore, the convergence is absolute in the sense that it is convergent in any
order of terms of convolution.

Let (X,), be a sequence of C-valued random variables, and let X be an C-
valued random variable. Then X, is said to be convergent surely as n — oo if
lim, e X, (w) = X(w) for all w € Q. Furthermore, X, is said to be convergent
almost surely as n — oo if P(limn_)00 X, = X) = 1. Finally, X, is said to be
convergent in law as n — oo if uy, converges weakly to ux as n — oo. By
definition, if X, converges surely, then X, converges almost surely. In addition, if
X, converges almost surely, then X, converges in law.

THeoreM A.1.3 (Kolmogorov’s two-series theorem). Let (X)), be a sequence
of independent C-valued random variables. Then the convergences of

iE[Xn] and iV[Xn]
n=1

n=1

imply that X| + - - - + X,, converges almost surely as n — oo.

Related to the convergences of probability measures, we recall a lemma of
Thara—Matsumoto [64, Lemma A]. Define

A(R¥) = {® € L'(R") | @ is continuous and @ € L' (R*)}

Then a function M : R¥ — Ry is called a good density function if it belongs to

A(RF) and satisfies
/ M(x) |dx| =1,
Rk

where we write |dx| = (27)7%/2dx - - - dxy for x = (x1, ..., xk).
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LEMMA A.1.4. Let M be a good density function on R¥. Let (S,), be a sequence
of finite sets equipped with functions w, : S, — Rso and f, : S, — R¥ such that
Y ves, Wn(x) = 1. Then we consider the condition

A1) lim Y w,(00 (0 = [ @M o1
n—oo XGSn Rk
for a test function ® : RK — C. Suppose that condition (A.1) holds for any additive
character ® =, with 'y € RX, and that the convergence is uniform in every sphere
ly| < R. Then we have the following results.
(a) (A.1) holds for any ® € Cj,(R¥).
(b) (A.1) holds for any ® € C(R¥) such that ®(x) < ¢o(|x|), where ¢o(r) is
a continuous non-decreasing function on [0, co) which satisfies ¢o(r) > 0,
¢o(r) = coasr — oo, and

Y w00 (100D < 1,

XESn
[, aothm) lax) <o

(c) (A.1) holds for the indicator function of either a compact subset of R* or
the complement of such a subset.
(c’) (A.1) holds for the indicator function of any continuity set of R¥.

Assertion (c’) is not contained in the original statement by Thara—Matsumoto. It
is easily deduced since the assumption implies that the probability measure

Py(A) =) w0 1a (fu(x))

XESn

converges weakly to Q(A) = fA M (x) |dx| as n — oo. Along the same lines of the
proof of [64, Lemma A], one can derive the following result.

LEMMA A.1.5. Let M be a good density function on R¥. Let & = &(T) be a
subset of R satisfying Pr(t € &(T)) — 0asT — oo. Let f : R — RK be continuous
except for at most countable points of R. Then we consider the condition

1 B
(A.2) lim /[O’T]\S O(f(1)) dt = /R PO M () ||

for a test function ® : R¥ — C. Suppose that condition (A.2) holds for any additive
character ® =, with y € RX, and that the convergence is uniform in every sphere
ly| < R. Then we have the following results.
(a) (A.2) holds for any ® € Cj,(R¥).
(b) (A.2) holds for any ® € C(R¥) such that ®(x) < ¢o(|x|), where ¢o(r) is
a continuous non-decreasing function on [0, co) which satisfies ¢o(r) > 0,
¢o(r) — coasr — oo, and

1
2] sropan<,
[0,T\E
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JRZEIIEIE

(c) (A.2) holds for the indicator function of either a compact subset of R or
the complement of such a subset.
(c’) (A.2) holds for the indicator function of any continuity set of R¥.

A.2. Supports of probability measures
Let u € P(RF). The support of y is defined as
supp() = {x € R¥ | u(A) > 0 holds for any set A with x € A'},

where A’ denotes the interior of A. We see that supp(u) is non-empty closed set
for any u € P(R¥). For a random element X : Q — RK, we define supp(X) as
supp(uyx). Let u, v € P(R¥). Then the equality

supp(u * v) = supp(u) + supp(v)

holds by definition, where we denote by A + B the set of all points a + b witha € A
and b € B. Furthermore, if §,, = A; +--- + A,, then we denote by lim,_, S,
the set of all points in R* which are represented in at least one way as the limit of
ay+---+a, witha; € A; forall j.

THeOREM A.2.1 (Jessen—Wintner). Let (1), € P(RY) and write v, = py - - - %
Un. Suppose that v, converges weakly to v € P (R¥). Then we obtain

supp(v) = lim (supp(u1) + -+ -+ supp(in))-

The following lemmas are also useful to show that the support of a probability
measure 4 € P(R) or u € P(C) is equal to R or C, respectively. The proof of
the first one is contained in Laurincikas [99, Theorem 6.1.16]. The second one was
proved by Mishou—Nagoshi [141, Lemma 2.2]

LemMmaA A.2.2. Let H be a complex Hilbert space with inner product ( -, - ), and
take a sequence (uy), C H satisfying
(D) o llunll* < oo
(1) ¥, [(up,u)| = co for any u € H withu # 0.
Then, for any v € H, k > 1, and € > 0, there exist an integer N = N(v, k,€) > k
and complex numbers cy, . ..,cy € H with |c,,| = 1 such that

N
V- Z Cnliy
n=k

LemMa A.2.3. Let H be a real Hilbert space with inner product ( -, - ), and take
a sequence (u,), C H satisfying

(i) X llunll* < o0
(1) ¥, [(up,u)| = co for any u € H with ||u|| = 1.

< E.
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Then, for anyv € H, k > 1, and € > 0, there exist an integer N = N(v, k,€) > k

and numbers cyi, . ..,cy € {1, =1} such that
N
V- Z Calnll < €.
n=k

A.3. Esseen’s inequalities

Finally, we recall inequalities proved by Esseen [39] which evaluates the differ-
ence of two probability measures. Here, we refer to the result of Lo¢ve [112] for
#(R), and to the result of Sadikova [163] for P (R?).

THEOREM A.3.1. Let u, v € P(R) with distribution functions
F(x) = pu((-c0,x]) and G(x)=v((-c0,x]).

Suppose that G is differentiable on R, and put A = sup,.g G'(x). Denote by
f(y) =¢(y; n) and g(y) = ¢(y; v) the characteristic functions. Then we have

R
sup |F(x) - G(x)] < l/ M 244
xeR T J-R y

dy +
Y n R
for any R > 0.

THEOREM A.3.2. Let i, v € P (R?) with distribution functions
F(x,y) = p((=00,x] X (=00,y]) and G(x,y) =v((—00,x] X (-00,y]).
Suppose that G is partially differentiable on R?, and put A, = SUp(y yyer2 Gx (%, y)

and Ay = sup(, er2 Gy(x,y). Denote by f(u,v) = ¢(u,v;pu) and g(u,v) =
¢ (u, v;v) the characteristic functions, and we define

f(u’ V) = f(u’ V) - f(u’ O)f(oa V) and g(u’ V) = g(u7 V) - g(u’ O)g(o’ V).

Then we have

2
sup [F(x.y) -Gyl < o ff
(x,y)€R? (27) [-R,R]?

2 (] f(u,0)-g(u,0) 2 R
+;[R du+;[R

u
+(3\/§+4\/§+%)M
/4

f(l/t, V) _gA(u’V)

uy

f(0,v) —g(0,v)

Vv

dudv

dv

forany R > 0.



APPENDIX B

Complex functions

B.1. Logarithms and polylogarithms

Letm € Zand @ € R. For 0 < r < 1, we define

0 k
A.(0; @, m) = Re(e ™™ Lipy1(re)) = kz_:l o] cos(k8 — @)
for 6 € R, where Liz(w) is the polylogarithm of order s defined as
(o) Wk
Lis(w)=) —.
= kS

Since Lij(w) = —Log(1 —w), we have 1,-+ (60; @, 0) = A, ~(6; @) with the notation
in Section 14.1. By definition, the differential relation

(B.1) 2.(0;a,m) =2, (0; ¢ —7/2,m — 1)
holds. We prove several results on the function 4, (6; a, m).

LemMma B.1.1. Let m > —1 and a € R. For any fixed real number 0 < r < 1,
the function A,(60; @, m) has exactly two zeros in the interval 6 € [0, 2x).

Proor. We prove this lemma by induction on m. Recall that Lig(w) = w/(1-w)
maps acircle to acircle. In particular, the interior of the circle € = Lip(C,) contains
the origin, where C, describes the circle {|w| = r}. Therefore the number of the
intersections of @ with any straight line passing through the origin is exactly two,
which is equal to the number of zeros of 4,(6; @, —1) in the interval [0, 27). Let
m > 0. We have 4, (0;a,m) = A,(0; a+ /2, m+ 1) by relation (B.1). Note that the
function A,(0; @ + /2, m + 1) is smooth and periodic. Thus A,.(6;a + /2, m + 1)
vanishes at least twice in the period. Hence, there exist at least two zeros of
A,.(0;a,m) in [0,27). If there are three zeros of A,(0;a,m) in [0, 2r), then we
see that A7.(6; @, m) has also three zeros in [0, 27) by Rolle’s theorem. However, it
implies that the function A,(0; @ — 7/2,m — 1) has three zeros in [0, 27) by (B.1),
which contradicts the assumption of induction. O

Let m > 0 and @ € R. Denote by 6; and 6, the zeros of A,.(6; @, m) with
0 < 0; < 6, < 2n. Then we have A,(01;a,m) # A,(02; @, m); otherwise we
have the third zero of A/.(0; a, m) between 0 and 6,. Furthermore, we obtain the
following result as a consequence of Lemma B.1.1.

Lemma B.1.2. Let m > 0 and a € R. Then there exist real numbers 0, and
0y with 01 < 6y < 01 + 21 such that the function A,(6;a,m) is decreasing for
01 < 0 < 6, and is increasing for 6, < 0 < 61 + 2n.

173
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Proor. Let0 < 8 < 6, < 27 denote the zeros of A(0;a,m). If (01;a,m) <
A,(62; @, m), then we have

<0 for§1<6<§2,
>0 forf, <0 <8 +2n

A.(6; a,m) {

since there exist no zeros except for 6, and 6, by Lemma B.1.1. Then the result
follows by taking 6; = 6;. If A,(01;a,m) > A,(62;,m), we take 61 = 6, and
0> = 0, + 2. Then we obtain the desired result similarly. O

Put 1, (0; @) = 2,(0; @, 0). Then it is elementary to see that the upper bound
(B.2) A" (0;a) < nlr
holds uniformly for all » > 0 and 6 € R. Indeed, relation (B.1) yields

A (6; @) < Y K'rk = 8, (r).
k=1

Remark that we have
0 n—1
(1=-7r)S,(r)=r+ Z {(k+1)" - k”}rkJrl = r(l + Z (n)S](r))
k=1 j=0 \J

for n > 1. Then we derive (B.2) by a simple induction on n. We further prove the
following lower bound.

LemmA B.1.3. Let a be a real number. Denote by 61 and 6, the real numbers of
Proposition B.1.2. If 0 < r < 0.278, then we have uniformly

A (01;a) > r.
Furthermore, there exists an absolute constant d > 0 such that |6, — 01| > d.
Proor. Since A.(01; @) = 0, the equality

rsin(0) —a) = — Z K sin(k@; — @)
k=2

holds by definition. Therefore we obtain

o r
in(6; — < =l -
|sin(6; a/)l_kz:;r T,
For 0 < r < 1/2, it gives the inequality
V-2
(B.3) |cos(8) — a)| > 7 i
—r
Furthermore, we note that the inequality
r(2r —r?)

(B.4) |/1’r’(6?1;a) +rcos(0; — a)| < Z krk = >
f) (I-r)
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holds by the definition of A, (8; ). From (B.3) and (B.4), we deduce

\/1—2r_2r—r2 A =nV1=-2r-(2r-r%)
1-r (1-r)2 "T (1-r)?

A(01;a) < —( r.

We see that (1 — r)V1 —2r — (2r —r%) > 0 for 0 < r < 0.2787.... Hence there
exists an absolute constant ¢ > 0 such that [4)/(0;;a)| = =47 (01;a) > cr for
0 < r < 0.278. To see the second assertion, we remark that there exists a positive
absolute constant ¢’ satisfying

cos(0y —a) >c¢" and cos(6r, —a) < —¢’

if 0 < r < 0.278. Hence the inequality |6, — 01| > |cos™!(=¢’) — cos™'(¢)| > 0
follows as desired. ]

Remark that r = p~7 satisfies the condition 0 < r < 0.278 if p > 13 and
o > 1/2 since we have 1/V13 = 0.2773....

B.2. The gamma function

We hereby collect several results on the gamma function

(B.1) ['(s) = /Ooe_tts di
0 t

All proofs are seen, for example, in Whittaker—Watson [186]. First, we recall that
the function I" satisfies the functional equation

(B.2) I'(s+1) =sI(s).

Hence we have I'(n) = (n — 1)! for n € N. Although the right-hand side of (B.1)
converges only for Res > 0, we extend the function I" as a meromorphic function
on C by applying formula (B.2). Note that it has no zeros and has poles only at
s € Z<o. All poles are simple. We have also the relations

T(s)T'(1 - 5) = ﬁ and T(s)T (s + %) = 2125 21/2p(25).

Stirling’s formula is useful to study the asymptotic behavior of the gamma function.

THEOREM B.2.1 (Stirling’s formula). Let 6 > 0. We have

['(s) = exp ((s - %) Logs—s+ %log(Zn) +0 (|s|_l))

if |s| is sufficiently large and —m + § < Args < m — ¢ is satisfied.
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B.3. Bessel functions

We further collect several results on Bessel functions, whose proofs are seen, for
example, in Watson [185]. Let v € Z. The Bessel function of the first kind of order
v 18 defined as

Jy(z) = S /27r exp (i(zsin 6 — v0)) de,
271' 0
and the modified Bessel function of the first kind of order v is defined as
I,(2) =i"J,(iz).
In particular, we see that /y(z) is equal to the moment-generating function
Ip(z) = E[e*" "] = E[e*™ 7],

where X is a random variable uniformly distributed on the unit circle. The Bessel
functions J, (z) and I, (z) are entire functions. Moreover, their zeros are lie on the
coordinate axes as follows.

THeEOREM B.3.1. Let v € Zso. Then J,(z) has infinitely many zeros, and all
zeros lie on the real axis. Equivalently, 1,(z) has infinitely many zeros, and all zeros
lie on the imaginary axis. The order of the zero at 7 = 0 is v, and the other zeros
are simple.

For v,m € Zs(, we define

F(v+m+%)

(v.m) =

m!I'(v —m + %) ‘
Then we have the following asymptotic formula.
THEOREM B.3.2. Let v € Zsogand 6 > 0. For any N > 1, we obtain

B es N (_l)m(v,m) N )
ne = o= X S o ()

e—z+(v+%)m’ N (v,m) N )
+—m (mZZO o +0 (Izl )

if |z| is sufficiently large and —x /2 + 6 < Argz < 37m/2 — 6 is satisfied.

By definition, we see that Ip(x) € R, for any x € R. Then we define g(x) =
log Ip(x). Moreover, the function g is continued to a holomorphic function in the
half plane Re z > 0 by Theorem B.3.1.

LemMAa B.3.3. Let u > 0 be a real number. Then we have

2 . .
O<uc<l O<uc<l
gy < {7 FO=ush gy e dO=ust
u ifu>1, I ifu>1,
and forn > 2,
n! fo<u<l,

g (u) < {

2"l ifu > 1.
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Proor. The first and second upper bounds follow from [93, Lemma 7.4]. We
also know that g(z) < |z| holds by Theorem B.3.2. Hence the third upper bound
follows by Cauchy’s integral formula. O
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