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Abstract

The purpose of this thesis is to determine the quantum Seiberg-Witten (SW) periods of

N = 2 supersymmetric gauge theories in the Ω background. In particular, we consider the

quantum SW periods of the Argyres-Douglas (AD) theories in the Nekrasov-Shatashvili

(NS) limit of the Ω background. We also study the universality for the Argyres-Douglas

(AD) theories obtained from the Ar type and Dr type super Yang-Mills theories and

supersummetric QCDs (SQCDs).

We first explain the N = 2 supersymmetry algebra and N = 2 supersymmetric

Lagrangian in four-dimensional spacetime. We consider the low energy effective theories

of the N = 2 supersymmetric theories, and introduce the prepotential that is calculated

by the β-function. These moduli spaces of the low-energy effective theories are described

by the Seiberg-Witten (SW) curves and the SW differentials. The prepotential is then

calculated as the SW period that is given as the integral of the SW differential by the

cycles.

Next, we explain the Argyres-Douglas (AD) theory, which is determined on the su-

perconformal point of the moduli space. The superconformal points are realized at the

intersection points of the mutually non-local massless BPS particles, which are at the

strong coupling region of the moduli space. The SW curve and the SW differential

around the superconformal point are given by the scaling limit of the SW curve and

the SW differential.

We introduce the Ω background. This is four-dimensional spacetime which admits the

two-torus action. In particular, we take the Nekrasov-Shatashvili (NS) limit of the Omega

background. In this limit, the low-energy theory is described by the differential equation

called the quantum SW curve. We use the method of quantization of the SW curves to

obtain the quantum SW periods for SU(Nc) SQCDs systematically. In particular, we

construct the quantum SW curve in the AD theories for the Ar type and Dr type super

Yang-Mills theories and the SQCDs, and calculate the quantum SW periods in the scaling

limit. The quantum SW curve for the Ar type super Yang-Mills is determined uniquely,



but there are two different quantizations of the SW curve in Dr type super Yang-Mills

theory. We also construct the differential operators which connect the classical periods

and the quantum corrections.

To check the consistency of the quantum SW curves of the AD theories, we study

the universality of AD theories at the quantum level by showing that the quantum SW

periods are obtained from the different UV theories. We confirm some examples of the

universality of AD theories associated with SU(2) and SU(3) SQCDs.
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Chapter 1

Introduction

Quantum field theories are usually defined by quantizing fields based on a classical La-

grangian. The partition function or generating functional of correlation functions is an

important object to calculate physical observables, which are given by perturbation in

coupling constants. The perturbative expansion gives a good description of physics in

the weak coupling region in general. However, in the strong coupling region, where the

perturbation is not good and non-perturbative effects become important. Therefore, it is

important to study the exact formula of the partition functions.

Recently, techniques of computing the partition functions have been developed for

quantum field theories with supersymmetry. It is known as the localization method,

where the infinite-dimensional path-integral reduces to the finite-dimensional integral or

a sum [4]. In particular, for gauge theories with N = 2 supersymmetry, by the localization

method, the exact partition function has been calculated, which is called the Nekrasov

partition function [63]. The Nekrasov partition function is defined in the weak coupling

region but it contains non-perturbative instanton corrections.

N = 2 super Yang-Mills theory plays an important role in studying quantum field

theories and superstring theories. It is known that its low-energy effective theory is

exactly determined by supersymmetry and duality [6], [7]. One can then study the low-

energy physics of the theory, such as the condensation of a monopole. In string theory,

N = 2 theories are realized as a stack of D4-branes suspended between two NS5-branes

in type IIA superstrings, which turns out to be a world-volume theory of M5-brane in

M-theory at strong coupling [8]. In this thesis, we will study the Seiberg-Witten theory
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to investigate the strong coupling physics of the theory.

N = 2 supersymmetric gauge theories are constructed from two types of supermulti-

plets. One is the vector multiplet which contains gauge fields and a complex scalar. The

other is the hypermultiplet which contains the quark as component fields. The vacuum of

the theory is characterized by the vacuum expectation values of the scalar and the scalar

quarks, which corresponds to the Coulomb branch and the Higgs branch, respectively. In

the Coulomb branch, the low-energy effective theory is described by the vector multiples

associated with the Cartan subgroup of the gauge group. Due to N = 2 supersymme-

try, the low energy effective Lagrangian can be represented as prepotential, which is the

function of the vector multiplets. The prepotential is expressed as the sum of the one-

loop part and instanton corrections. The one-loop part is calculated by the β-function

of the N = 2 gauge theory. The second-order derivatives of the prepotential represent

the complexified effective gauge couplings. In the Seiberg-Witten theory, the effective

gauge couplings are identified as the ratio of the period integrals of certain meromorphic

one-form over one-cycles on a certain Riemann surface. The Riemann surface is called the

Seiberg-Witten(SW) curve and the meromorphic differential is called the SW differential

[6], [7], [12]. Then, computing the periods as the functions of the vacuum moduli, one

can determine the prepotential exactly. The SW curve and differential are determined

by the monodromy of the period integrals (the SW periods) around a singularity, where

certain monopoles or dyons become massless. The monodromy can be determined by elec-

tromagnetic duality. For a large class of gauge theories, we have the SW curve and the

SW differential. We can then formally obtain prepotentials for any values of the moduli

parameters. However, this approach is an indirect method and requires the assumptions

for the singularities at the strong coupling region in the moduli space to obtain the pre-

potential. The localization approach is a direct approach to obtain the prepotential in

the weak coupling without any knowledge in the strong coupling region.

N = 2 supersymmetry contains a nilpotent supercharge, which determines the co-

homological structure in the observables. In N = 2 Super Yang-Mills theories, by the

topological twist which identifies spinor indices and internal R-symmetry indices, one

can define a nilpotent scalar supercharge and the BRST cohomology [64]. The action of

the N = 2 Super Yang-Mills theories is written as BRST-exact up to topological term.
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One can perform the path-integral in the BRST symmetric manner. In particular, one

can add the BRST-exact term with some deformation parameter t ∈ R such that the

partition function is independent of t. Moreover, the contribution to the path-integral

is localized on the solution to the instanton equations in the t → ∞. These instanton

solutions are obtained by the ADHM construction [9], which are the equations in matrix

form and parametrized by the instanton moduli parameters. Then, the prepotentials can

be given by the sum of instanton numbers and finite-dimensional integrals over the moduli

space for instanton number. However, the integral over moduli spaces of each instanton

is difficult to calculate due to the complicated structure of the ADHM construction.

To avoid this difficulty, Nekrasov introduced some regularization called Ω-background

[10], [63]. It is known that the four-dimensional N = 2 Super Yang-Mills theories are

given by dimensional reduction of the six-dimensional N = 1 Super Yang-Mills [3]. We

first compactify the 6-dimensional spacetime on the 2-dimensional torus. We then intro-

duce the Ω background where the torus acts as rotations on four-dimensional spacetime

parameterized by two real parameters [4]. This action also acts on the ADHM moduli

space of instantons and the solutions are localized and labeled by the Young diagrams.

Then, using the Localization method, we can obtain the partition function on the Ω back-

ground as the sum over the set of Young diagrams. Thus the Ω background is one of the

regulators of the partition function of the four-dimensional N = 2 Super Yang-Mills. We

call this partition function as Nekrasov partition function. The Ω background was also

applied to topological string [50], [51]. The relation to the conformal block of 2d CFT

was studied in [52], [53], [54], [55].

So far, we have obtained the partition functions of N = 2 supersymmetric gauge

theories in the Ω-background. The prepotential of the low-energy effective theory is found

from the logarithm of the partition function by taking the Ω-background parameters to

be zero. The prepotential on the Ω background is defined in the weak coupling region.

However, the prepotential on the Ω background calculated above cannot be applied in

the strong coupling region, because the action on the Ω background is not valid in the

strong coupling region. One might think that we can use the non-abelian version of duality

between the strong coupling region and weak coupling region, which is not well-understood

in the Ω-background. It is interesting to explore the Nekrasov partition function in the
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strong coupling region, which is useful to understand strong coupling physics and the

duality of field theories. However, the strong coupling region on the Ω background is

meaningful to regularize the partition function for the N = 2 Super Yang-Mills on the

strong coupling region. Because of the dualities for the N = 2 Super Yang-Mills, the

partition function on the strong coupling and weak coupling region are related by dualities.

At strong coupling, the low-energy effective theory can be studied by using the Seiberg-

Witten theory. It is not known how to define the low-energy action in general Ω-

background. However, at a special limit of the Ω-background parameters, one can in-

troduce the Ω-deformation of the prepotential. This is called the Nekrasov-Shatashvili

(NS) limit, which sends one of the Ω-background parameters to zero. Then, we intro-

duce the Nekrasov-Shatashvili limit of the Ω-background which is a limit that fixes one

parameter of the Ω background to zero [36]. On the NS limit of the Ω background, the

SW periods (called the quantum SW periods) are deformed by the Ω-background and can

be calculated by using the differential equation which is called the quantum SW curve

[33], [34]. For the SU(2) super Yang-Mills theory, the differential equation is actually the

differential equation which is known as Baxter’s T-Q relation. The deformed SW periods

in the weak coupling region are shown to agree with those obtained from the Nekrasov

partition function up to some order in the deformation parameter. The quantum SW

curves for N = 2 gauge theories with higher rank gauge groups have been studied in [33],

[34], [40], [41]. The systematic expansion in the deformation parameter is studied by using

the WKB analysis. This Schrodinger equation is given by quantizing the SW curve and

SW differential. In these papers, they obtained the prepotential or equivalently obtained

the quantum SW periods as a WKB solution of some Schrodinger equation for some

classical theory. The WKB method to calculating the quantum SW periods are studied

in [37], [38], [39]. In the weak coupling region, the quantum SW curve obtained from

the quantum SW curve is same as the quantum SW periods obtained from the Nekrasov

partition function [33], [34], [40], [41]. Thus, we want to define the quantum SW periods

in the strong coupling region by using the quantum SW curve.

We note that the quantum SW curve and the SW periods work both in the weak-

coupling and strong coupling region. Then, in this thesis, we define the quantum SW

periods on the Ω background in the strong coupling region by the quantum SW periods
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given by the WKB solutions of the quantum SW curves. We are interested in physics

at the singularity locus in the moduli space, where some BPS particles become massless.

Especially, on the massless monopole/dyon point (which is on the strong coupling region),

the quantum SW periods are calculated by [48], [45], [49]. In this thesis and [46], [47], we

consider the Argyres-Douglas theories which is defined in the strong coupling region [19],

[20].

• Ω background: Torus action on spacetime 
• Nekrasov-Shatashvili (NS) limit:

(This    is not the Plank constant)

Low energy effective theory 
for              Supersymmetric 

gauge theory

             Supersymmetric gauge 
theory 

on the Ω background NS limit

SW curve and SW differential

Quantum SW curve

Quantization

Only known in the weak coupling region
43

Figure 1.1: This is a conceptual diagram. The Ω background is parameterized by two
real numbers (ε1, ε2). If we take (ε1, ε2)→ (0, 0), the theory becomes low energy effective
theory of a N = 2 supersymmetric gauge theory. If we take the NS limit, this theory can
be represented by the quantum SW curve, which is given by quantizing the SW curve.

In the SW theory, there are massless singular points in the moduli space, where some

massless BPS particles become massless. In general, two massless BPS particles are

either mutually local or mutually non-local. In particular, in the SU(3) Super Yang-

Mills case, Argyres and Douglas [19] argued that if mutually non-local massless particles

coexist on the moduli space. This point corresponds to a non-trivial new superconformal

field theory, which is called the Argyres-Douglas (AD) theory. The Seiberg-Witten curve

of the AD theory can be obtained by the scaling limit of the curve of SU(3) theory,

where two intersecting one-cycles on the genus two Riemann surfaces degenerate into the
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point. Near the superconformal point, we can consider the scaling limit, which is one of

the deformations on the superconformal point [19]. By the scaling limit, the SW curve

degenerates, and a pair α-cycle and β-cycle which cross on the moduli space become

trivial at the same time. [20] generalize the AD theory in the SU(2) Nf = 1, 2, 3 cases,

and in this paper, the CFT features of the AD theories are studied. This classification

is generalized to SU(Nc) Nf SQCDs [23]. Superconformal field theories are particularly

interesting examples of strongly coupled field theories. Since the theory is non-local, one

cannot write down the Lagrangian explicitly by using fundamental fields. Therefore it

is hard to study the theory based on the Lagrangian approach. Conformal field theories

can be characterized by operators and their operator product expansions. In particular,

relevant operators provide deformation around the superconformal point, which gives

information about physics. In the AD theory, the relevant operators and the associated

coupling constants are read off from the SW curve of the AD theories. One can then

classify the AD theories by investigating the scaling limit of the gauge theories.

In this thesis and [46], [47], we study the quantum SW periods in the strong coupling

region, especially around the superconformal point. We quantize the SW curve and the

SW differential for N = 2 supersymmetric QCD. Then, we will find the quantum SW

periods as the WKB solution of the quantum SW curves. We can obtain the quantum

SW periods in the AD theories by taking the scaling limit of these quantum SW periods

in the UV theories. But we can also obtain the quantum SW periods in the scaling limit

by using the quantum SW curve in the scaling limit : Fig:1.2. To confirm the consistency

SW curve 
(Gauge theory)

Quantum SW curve 
(Quantum SW period)

SW curve  
In the scaling limit

Quantum SW period 
In the scaling limit

Quantization

Scaling limitScaling limit

Quantization

44Figure 1.2: Quantization of the AD curve is consistent with the scaling limit.
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of our method, we will check the equivalence of the two approaches. In particular, we

focus on the universality of the AD theories. We say that two UV gauge theories belong

to the same universality class if these two gauge theories become the same AD theory in

the scaling limit. We confirm that this quantization is consistent with the scaling limit,

by considering that the universality is preserved by the quantization of the SW curves.

This thesis is organized as follows: In chapter 2, we first explain supersymmetry

algebras and supersymmetry multiplets. Then we construct supersymmetry Lagrangian

of N = 2 Super Yang-Mills and SQCDs. After that, we consider low energy effective

action, which can be determined by prepotential. We argue that the one-loop part of the

prepotential can be calculated by the β-function. We also consider the moduli space of

vacua and explain the Coulomb branch and Higgs branch.

In chapter 3, we next explain the SW theory in the N = 2 Super Yang-Mills case

following [6] and [12]. We first explain that the fields of the effective theory on the moduli

space of vacua can be interpreted as a base manifold of an SL(2,Z) vector bundle. We also

explain that the BPS mass can be written as a section on the vector bundle (which is only

determined on the moduli points without a singular point), and calculate the monodromies

around the singular points by using the fact that the BPS masses must be one-valued.

Finally, we introduce the SW curve and the SW differential that is the Riemann surface

and 1-form on the Riemann surface. Then, we explain that there exist homeomorphism

between the torus (corresponding to the SW curve and the SW differential) and the moduli

space which is written as a base manifold of an SL(2,Z) bundle.

In chapter 4, we generalize the SW theory in SU(Nc) Nf SQCDs, Ar type and Dr type

gauge theories [7]. In these cases, we determine the SW curve by using the symmetries

on the moduli space. We also note that in these cases, there are massless singular points,

not only massless dyon or massless monopole points but also massless quark points.

In chapter 5, we explain the AD theories. We first explain the AD theory for SU(3)

Super Yang-Mills case [19]. We introduce the AD theory at the superconformal points

on the moduli parameter on which the SW curve degenerates. Then, we discuss the

features of the AD theories as CFTs for SU(2) Nf = 1, 2, 3 SQCDs following [20]. Then,

we generalize these discussions and introduce AD theories obtained from SU(Nc) Nf

SQCDs, Ar and Dr type gauge theories [23]. We also discuss the universality of AD

13



theories [46], [47].

Finally, in chapter 6, we introduce the Ω background. We first explain the definition

of the Ω background following [35]. Next, we explain the quantization of the SW curves

[33], [34] and calculate the quantum SW periods as WKB solutions of the quantum SW

curves. Then, we discuss the quantization of the SW curves for Ar type and Dr type

gauge theories [46], and discuss the quantum SW curves in the scaling limit [46], [47], and

calculate the quantum SW periods. For the consistency check, we confirm the universality

of AD theories preserved by the quantization (introducing of the Ω background). To do

this, we compare the quantum SW periods in the scaling limit by using the Picard-Fuchs

equations [33], [34], [41], [48], [40], [50], [37], [56].

In Appendix, we will summarize the notations of the N = 1 supersymmetry and

some detailed calculations. In Appendix A, we first explain the notations of the N = 1

supersymmetry algebra and multiplets. We also explain the U(1) β-function which is

necessary to describe the effective action around the dyon massless points. In Appendix

B, we will examine some variable transformations in the SW curves. Finally, in Appendix

C, we will calculate the Picard-Fuchs equations and higher-order corrections. We will also

show some explicit examples of the theories with lower ranks.

14



Chapter 2

N = 2 Supersymmetric Gauge
Theory and the Prepotential

In this chapter, we will explain supersymmetry algebra and its representation. In particu-

lar, we will focus on N = 2 supersymmetry (SUSY). The field contents of supersymmetric

theories take the form of supersymmetry multiplets. For N = 2 SUSY, they are vector

and hyper-multiplets. We will explain examples of N = 2 supersymmetric field theories

by using supersymmetry multiplets. We finally explain that the low-energy effective ac-

tion of these theories which are described by the prepotentials. The one-loop part of the

prepotential is calculated by the β-functions.

2.1 N = 2 Supersymmetry Algebra

Let us first explain the N = 2 supersymmetry algebra following [12] and [6]. It is an

extension of the Poincaré algebra by adding two sets of Weyl spinor charges. For N = 2

algebra, it contains the central charge. The central charge provides the lower bound for

the mass spectrum, which is called the BPS formula. We show the BPS formula gives a

relationship between mass and central charge. The BPS formula will be also important to

study the Seiberg-Witten theory, which defines the monodromy structure on the moduli

space. We also introduce the R-symmetry which rotates the set of supercharges. We

also define supersymmetry multiplets by using supersymmetry algebra. The N = 2

supersymmetry algebra was first studied in [1].
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2.1.1 N = 2 supersymmetry Algebra

Let us explainN = 2 supersymmetry algebra. Supersymmetry is fermionic symmetry that

exchanges bosonic fields and fermionic fields. N extended supersymmetry is a symmetry

that exchanges N sets of fermions with N sets of bosons. N = 1 supersymmetry algebra

is reviewed in Appendix A. We will study N = 2 supersymmetry algebra in this chapter.

The supersymmetry generatorsQI
α, Qα̇J (I, J = 1, 2) satisfy the following anti-commutation

relations, where the α and α̇ are the spinor indices:

{QI
α, Qα̇J} =2σµαα̇Pµδ

I
J , (2.1.1)

{QI
α, Q

J
β} =2

√
2εαβZ

IJ , (2.1.2)

{Qα̇I , Qβ̇J} =2
√

2εα̇β̇ZIJ . (2.1.3)

Here Pµ is the translation operator, εαβ is an anti-symmetric invariant tensor of the spinor

Lorentz transformation SL(2,C). We can take Z to be real by choosing the phase of the

operators Q. ZIJ = εIJZ with I, J = 1, 2 are called the central charges. Z commutes

with all the generators of supersymmetry, therefore Z is a fixed value for a representation

of the algebra.

2.1.2 BPS Formula

Next, we construct the representation of N = 2 SUSY algebra. We then define the

mass formula which is called the BPS formula. Let us define two sets of anti-commuting

generators from supercharges as

aα :=
1

2

(
Q1
α + εαβ(Q2

β)†
)
, bα :=

1

2

(
Q1
α − εαβ(Q2

β)†
)
. (2.1.4)

Then the algebra (2.1.1)-(2.1.3) for the massive state in the static frame P µ = (M, 0, 0, 0)

reduces to

{aα, a†β} = δαβ

(
M +

√
2Z
)
, {bα, b†β} = δαβ

(
M −

√
2Z
)
. (2.1.5)

These relations mean that a and b are anti-commuting harmonic oscillators. Thus from

the unitarity of the representation, we obtain the following relation:

M ≥
√

2|Z| (2.1.6)
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This formula is called the BPS (Bogomolnyi-Prasad-Sommerfield) formula. Since this

formula is defined by using supersymmetry algebra only, this formula does not change by

the quantum corrections as far as N = 2 SUSY is preserved.

2.1.3 R-symmetry

In the above, we have introduced N = 2 supersymmetry algebra. The two supercharges

are related by global U(2)R rotations (or rotations of the indices I = 1, 2). We can in-

clude this transformation in the supersymmetry algebra, which is called the R-symmetry.

The R-symmetry can be written as U(2)R = (SU(2)R × U(1)R)/Z2 where the Z2 is the

normal subgroup of SU(2)R × U(1)R, and we identify (1, eiπ) ∈ SU(2)R × U(1)R and

(−1, 1) ∈ SU(2)R × U(1)R by the Z2. Let us define the action of the R-symmetry on the

supermultiplets. In N = 2 supersymmetric theories, there are two types of supermulti-

plets. We explicitly write the action of the R-symmetry on the following two types of

supermultiplets.

• N = 2 vector multiplet (N = 2 chiral multiplet):

This multiplet is consist with an N = 1 vector multiplet V = (Aµ, λ) and a chiral

super field Φ = (φ, ψ). The diagonal part of the SU(2)R is U(1)J ⊂ SU(2)R, which

act on the superfield as follows:

U(1)R :Φ→ e2iαΦ(e−iαθ), V → V (e−iαθ) (2.1.7)

U(1)J :Φ→ Φ(e−iαθ), V → V (e−iαθ). (2.1.8)

The other elements of SU(2)R mix these V and Φ. We also confirm that if α = π,

U(1)R, and U(1)J act on superfields in the same way.

• N = 2 hypermultiplet:

This multiplet contains two complex scalars (q, q̃†) and two Weyl fermions (ψq, ψ̃
†
q).

In N = 1 Language, this multiplet is decomposed by chiral multiplets Q = (q, ψq)

and Q̃ = (q̃, ψ̃q). These multiplets transform under the U(1)R and U(1)J as

U(1)R :Q→ Q(e−iαθ), Q̃→ Q̃(e−iαθ), (2.1.9)

U(1)J :Q→ eiαQ(e−iαθ), Q̃→ eiαQ̃(e−iαθ). (2.1.10)
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For later convenience, we write the action of U(1)R and U(1)J on all component fields:

U(1)R : φ → e2iαφ,

(ψ, λ) → eiα(ψ, λ),

(ψq, ψ̃q) → e−iα(ψq, ψ̃q),

(Aµ, q, q̃) → (Aµ, q, q̃),

U(1)J : (λ, q) → eiα(λ, q),

(ψ, q̃†) → e−iα(ψ, q̃†),

(φ,Aµ, ψq, ψ̃q) → (φ,Aµ, ψq, ψ̃q).

(2.1.11)

2.2 N = 2 Supersymmetic Gauge Theories (Classical)

In this section, we construct some N = 2 supersymmetric gauge theories by using the

super multiplets. In the following, we consider N = 2 supersymmetric Yang-Mills (SYM)

theories and supersymmetric QCDs (SQCDs) following [12], [6], [7], [11]. In particular, we

will consider the low energy effective theories of these theories, and specify the structures

of the Coulomb branches of these vacuum moduli spaces. The N = 2 supersymmetric

Lagrangians were first found by [2]. These supersymmetric theories were also studied in

the viewpoint of dimensional reduction [3].

2.2.1 N = 2 SU(Nc) Super-Yang-Mills Theory

Let us first introduce the N = 2 Super Yang-Mills (SYM) theory with gauge group

SU(Nc). This theory is constructed by the N = 2 vector multiplet, which is defined

by N = 1 vector multiplet V and N = 1 chiral superfield Φ. Here, the N = 1 vector

superfield V and the N = 1 chiral superfield Φ belongs to the adjoint representation

of the gauge group. The component field Aµ in the N = 1 vector superfield V is the

gauge connection of the gauge group. In terms of N = 1 superfields, the N = 2 super
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Yang-Mills theory has the following Lagrangian:

L =
1

k
Imtr

{
1

4π
τ

∫
d2θd2θΦ†e2V Φe−2V +

1

8π

∫
d2θτWαWα

}
, τ =

Θ

2π
+

4π

g2
i,

(2.2.1)

where Θ is a real parameter called the theta angle which produces the theta term in the

Lagrangian. k is some normalization constant. Wα is the supersymmetric field strength

of the vector superfield V . We can rewrite this Lagrangianin terms of component fields:

L =
1

kg2
tr

(
−iλσµDµλ−

1

4
F µνFµν +

Θg2

32π2
FµνF̃

µν +
1

2
D2

+ F̃F − iψσµDµψ −DµφD
µφ+D[φ, φ] + i

√
2φ[λ, ψ]− i

√
2[ψ, λ]φ

)
. (2.2.2)

Here, D is an auxiliary field of vector multiplet V , and F is an auxiliary field of chiral

superfield Φ. The potential term is

1

g2
tr

(
1

2
D2 +D[φ, φ†] + FF

)
. (2.2.3)

By using the equation of motion of D, and substitute it in this potential, we obtain the

classical potential of the pure N = 2 theory as

V (φ) =
1

2g2
Tr[φ, φ†]2 ≥ 0. (2.2.4)

Thus, the classical vacuum solutions are defined as solutions that satisfy V (φ) = 0.

The Coulomb Branch

Let us next consider the classical vacua of the theory. The classical vacuum of the N = 2

SU(Nc) SYM is given by the solution of [φ, φ†] = 0, where the φ belongs to SU(Nc) gauge

adjoint representation. φ can be written as a diagonalizable matrix:

UφU−1 =



a1 0 · · · 0

0 a2 0

· · ·

0 aNc


, ai ∈ C,

Nc∑
i=1

ai = 0. (2.2.5)
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Here, U is a unitary matrix. However, these vacuum solutions are independent up to

permutation group GNc ⊂ SU(Nc) of (a1, · · · , aNc). These transformations are called

Weyl reflections. Therefore, physically different vacua are

{(a1, · · · , aNc)}/GNc , ai ∈ C, (2.2.6)

and parameterized by the Weyl invariants defined by

det(λ− φ) =
∏
i

(λ− ai) = λNc + λNc−2
∑
i<j

aiaj − λNc−3
∑
i<j<k

aiajak + · · · (−1)N
Nc∏
i=1

ai = 0.

(2.2.7)

In this vacua, the gauge group SU(Nc) broken to U(1)Nc−1, so these vacua are called the

Coulomb branch. For example, in SU(2) case, the Weyl invariant is u = 1
2
< Tr(φ2) >=

a2, and the gauge group SU(2) broken to U(1) on the Coulomb branch. Then, because u

has U(1)R charge four, the U(1)R global symmetry also breaks to Z4. We also note that

−1 ∈ U(1)R and −1 ∈ U(1) ⊂ SU(2) gauge transformation must be identified. Thus,

at u 6= 0, symmetries on this point is (U(1) × Z4)/Z2. But at u = 0, the symmetry is

(SU(2)× Z4)/Z2.

Higgs Mechanism

Let us explain in the SU(2) SYM case. If Higgs field has non-zero vacuum expectation

value 〈φ〉 = a 6= 0, then, substituting φ = aσ3 + φ̃iσ
i to the Lagrangian (2.2.2), we obtain

L =
1

g2
tr

(
−iλσµDµλ−

1

4
F µνFµν +

Θg2

32π2
FµνF̃

µν − iψσµDµψ

)
− |a|2(A1

µA
µ1 + A2

µA
µ2) +

a∗

g
(A1

µ∂
µφ̃2 + A2

µ∂
µφ̃1) +

a

g
(A1

µ∂
µφ̃∗2 + A2

µ∂
µφ̃∗1)

− 8a∗(AµiAiµφ̃
3 − Aµ3Aiµφ̃

i)− 8a(AµiAiµφ̃
3∗ − Aµ3Aiµφ̃

i∗)

+
2

g2
(∂µφ̃

∗
i )(∂

µφ̃i) +
4i

g
εijk∂µφ̃

∗
iA

µ
j φ̃k +

4i

g
εijkφ̃∗k∂

µφ̃iA
j
µ

− 8(φ̃∗i φ̃iA
j
µA

µj − φ̃∗i φ̃jAjµAµi)

+
1

g2
a∗(λ1ψ2 − λ2ψ1) +

2

g2
εijkφ̃∗iλjψk

+
1

g2
a(ψ1∗λ2∗ − ψ2∗λ1∗) +

2

g2
εijkφ̃iλ

∗
jψ
∗
k

+ 2
{

Re(φ̃2φ̃
∗
3) + Im(aφ̃∗2)

}2

+ 2
{

Re(φ̃1φ̃
∗
3) + Im(aφ̃∗1)

}2

+ 2Re(φ̃1φ̃
∗
2)2. (2.2.8)
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Therefore, off-diagonal parts of each fields Aµ, ψ, λ, φ̃ obtain masses of order a2. This

is the Higgs mechanism. Only diagonal parts of Aµ, ψ, λ, φ̃ remain massless. Therefore,

gauge symmetry SU(2) is broken to U(1). All massless fields A3
µ, ψ3, λ3, φ̃3 do not have

U(1) charge. Thus, the massless part of the theory is U(1) gauge theory, and this U(1)

gauge theory is a free theory (its β function is zero).

2.2.2 N = 2 SQCDs with Matters

Let us consider N = 2 SU(Nc) SQCDs with Nf matters which belong to the fundamental

representation of the gauge group. These theories have the following fields:

• The matter hypermultiplet including two chiral multipletsQi
a and Q̃ia (i = 1, · · · , Nf

denotes the flavor index, a = 1, · · · , Nc the color index). These fields belong to

fundamental representation and anti-fundamental representation of flavor symmetry.

• N = 2 vector multiplet including N = 1 vector multiplet V and chiral multiplet Φ.

The N = 2 SU(Nc) with Nf matters SQCD Lagrangian can be written as follows:

L =Im
τ

4π

[∫
d2θd2θ

(
tr(Φ†e2V Φe−2V ) +Q†ie

VQi + Q̃†ie−V Q̃i

)
+

∫
d2θ

(
1

2
trW 2 +W

)]
.

(2.2.9)

The superpotential W can be written as

W =

Nf∑
i=1

√
2(Q̃a

iΦ
b
aQ

i
b +mj

i Q̃
a
iQ

j
a). (2.2.10)

Here, the quark mass matrix mi
j must satisfy [m,m†] = 0 to preserve N = 2 supersym-

metry. Thus, this matrix m can be diagonalized by a flavor symmetry as

m = diag(m1, · · · ,mNf
). (2.2.11)

The classical vacua

Next, we consider the classical vacua. The scalar potential of the theory is

V =
1

2
Tr(D2) + FA†FA, (2.2.12)
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where FA = ∂W/∂ϕA and Da = ϕ†A(T a)ABϕ
B, and T a are the generators of the gauge

group G = SU(Nc). The ϕA = (φ,Q, Q̃) are the scalar field in the all N = 1 chiral

superfields. Thus, the classical vacua can be given as solutions of the F -term and D-term

set to zero.

• The D-term equations:

0 = [φ, φ†], νδba = Qi
a(Q

†)bi − (Q̃†)iaQ̃
b
i (2.2.13)

• The F -term equations:

ρδba = Qi
aQ̃

b
i , 0 = Qj

am
i
j + Φb

aQ
i
b, 0 = mj

i Q̃
a
j + Q̃b

iΦ
a
b (2.2.14)

Here, ν ∈ R and ρ ∈ C are arbitrary numbers.

Let us discuss the solutions to these vacua conditions. For simplicity, we only consider

the mj
i = 0 case. The solutions can be divided into the following three types, Coulomb

branch, Higgs branch, and mixed-branch.

• Coulomb branch:

The Coulomb phase is defined as the solution of F -term and D-term equations with

Q = Q̃ = 0. In this phase, the solution must satisfy [φ†, φ] = 0, so φ can be

diagonalized by color rotation as

φ = diag(a1, · · · , aNc),
∑
i

ai = 0. (2.2.15)

Then, the gauge symmetry broken from SU(Nc) to U(1)Nc−1.

• Higgs branch:

The Higgs phases are defined as a solution of F -term and D-term equations with

〈φ〉 = 0. Thus, the gauge symmetry is fully broken on the Higgs branch, and the

F -term condition becomes the same as the following stationary condition:

∂W
∂Qi

=
∂W
∂Q̃i

= 0. (2.2.16)

• Mixed phases:

Mixed phases are defined as solutions of F -term andD-term equations with expected

values of Φ and Q and Q̃ all are non-zero.
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2.3 N = 2 Supersymmetric Gauge Theories (Quan-

tum)

Let us next consider symmetries in quantum moduli space in N = 2 supersymmetric

gauge theories.

2.3.1 Asymptotic Freedom of SU(2) Nf = 0, 1, 2, 3 SQCDs

Let us first explain the asymptotic freedom of supersymmetric QCDs. The beta function

of SU(2) Nf SQCD is given by

β(g) = −4−Nf

16π2
g3. (2.3.1)

Here, g is the effective coupling which is a function of the scale t = logE (E is the energy

scale). g satisfy the renormalization group (RG) equation:

dg

dt
= β(g). (2.3.2)

Let us solve this equation. We can rewrite this equation as dg/g3 = − 1
4π2dt, then we

obtain ∫ g

g0

dg

g3
= −4−Nf

16π2
(t− t0), t = logE, t0 = log µ, (2.3.3)

where g0 = g(µ) and g = g(E). Thus we obtain

1

g(E)2
=

1

g(µ)2
+

4−Nf

8π2
log

E

µ
=

4−Nf

8π2
log

E

Λ
, (2.3.4)

where Λ = µ exp
(
− 8π2

(4−Nf )g(µ)2

)
is the scale parameter. We can take the typical scale

parameter µ as µ = a. Therefore, SU(2) Nf = 0, 1, 2, 3 SQCDs are asymptotic free, and

thus in the low energy scale, effective coupling becomes large, then we cannot use the

perturbative method in the low energy scale.

Then, we will use the low energy effective action for the quantum theory, which is

defined by integral out all massive fields of (2.2.8). Global symmetries of the low energy

effective theory are constrained of these of global symmetry of high energy theory (’t

Hooft anomaly is the same in low energy effective action and high energy theory).
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2.3.2 The Chiral Anomaly

Classically, these theories have N = 2 supersymmetry, R-symmetry, gauge symmetry,

and flavor symmetry. We seek the possibility of the breakdown of these symmetries by

quantum effects. We see that N = 2 supersymmetry and gauge symmetry is not broken

by anomalies. The remaining possibility of symmetry breaking is the R-symmetry. The

R-symmetry is written as U(2)R = (SU(2)R × U(1)R)/Z2. The SU(2)R cannot break

because N = 2 supersymmetry does not break. Let us show that the U(1)R symmetry is

broken by the chiral anomaly.

The symmetry of the quantum theory is defined by the symmetry of the correlation

functions and partition function. Thus, to find the symmetry breaking by the quantum

correction, we should consider the non-zero valued correlation functions. The non-zero

valued correlation function necessarily includes all fermion zero modes in the inserted

operators. Therefore, we need to know the number of zero modes. By the Atiyah-Singer

index theorem with Nf fermions which belong to fundamental representation and two

fermions in the adjoint representation of the gauge group SU(Nc), the number of zero-

modes N in the one-instanton background is

N =
2Nc +Nf +Nf

8π2

∫
M4

trFF̃ = 2Nc + 2Nf . (2.3.5)

Here, M4 is four dimensional spacetime. Therefore, non-zero correlation functions for

fermions in the one-instanton background is given by [12]:

G =
〈
λ(x1) · · ·λ(x2Nc)ψ(y1) · · ·ψ(y2Nc)ψq(z1) · · ·ψq(zNf

)ψ̃q(u1) · · · ψ̃q(uNf
)
〉
. (2.3.6)

Notice that these fermion fields λ, ψ, ψq, ψ̃q has U(1)R charges 1, 1,−1,−1. Therefore,

under the eiα ∈ U(1)R transformation, correlation function G transformed as

eiα : G→ eiα(4Nc−2Nf )G. (2.3.7)

Thus, the correlation function G does not change only α = n/(4Nc − 2Nf ) (n ∈ Z) case.

Therefore, U(1)R is broken to Z4Nc−2Nf
.

2.3.3 Symmetries for the N = 2 Super Yang-Mills

Let us consider the symmetries on the Coulomb branch of the SYM. The gauge symmetry

is broken to SU(Nc)→ U(1)Nc−1 because of the Higgs mechanism. We assume thatN = 2
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supersymmetry does not break spontaneously. The U(1)R symmetry is broken to Z4Nc by

the chiral anomaly. This Z4Nc symmetry is broken to the subgroup on the Coulomb branch

by the vacuum expectation value of the Higgs fields. Let us summarize the R-symmetry

breaking for Nc.

• Let us consider the SU(2) case. Because φ has U(1)R charge 2, the composite field

φ2 has U(1)R charge 4, and in the Coulomb branch, the vacuum is parameterized by

the vacuum expectation value of the gauge invariant field u = 1
2
〈trφ2〉. The action

of Z8 on φ2 is given by

e2πiα : φ2 → e8πiαφ2, α =
1

8
,
2

8
, · · · , 1 (2.3.8)

Thus, φ2 is invariant under only the subgroup Z4 ⊂ Z8 for non-zero value of 〈trφ2〉.
Thus the final R-symmetry group for SU(2) gauge SYM is

(SU(2)R × Z4)/Z2. (2.3.9)

• Let us next consider the SU(3) case. U(1)R symmetry is broken to Z12 by the

chiral anomaly. On the Coulomb branch, the vacuum is parameterized by the vac-

uum expectation value of 〈trφ2〉 and 〈trφ3〉. Because the φ has U(1)R charge 2,

by e2πin/12 ∈ Z12, (n ∈ Z), the moduli parameter 〈trφ2〉 and 〈trφ3〉 transform as

〈trφ2〉 → e2πin/3 〈trφ2〉 and 〈trφ3〉 → eπin 〈trφ3〉. For generic points on the Coulomb

branch, only the subset Z2 ⊂ Z12 is invariant. Thus the final R-symmetry group for

SU(3) gauge SYM is

(SU(2)R × Z2)/Z2 = SU(2)R (2.3.10)

• In SU(Nc) with Nc ≥ 4, no subgroup of Z4Nc survive for generic vacua.

2.3.4 Symmetries for the SU(2) SQCDs

Let us next consider the symmetry of SU(2) Nf SQCD. We only consider the asymptot-

ically free theories (Nf = 0, 1, 2, 3).

Let us first consider the massless case with mi = 0. The classical theory has a global

symmetry of O(2Nf ) × SU(2)R × U(1)R. In the representation O(2Nf ), the squarks Qi
a
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and Q̃ia can be written as Qr with r = 1, · · · , 2Nf which is the vector representation of

O(2Nf ). However, the actual symmetry is the quotient of the O(2Nf )×SU(2)R×U(1)R

by Z2. Here Z2 is the center of the SU(2)R and O(2Nf ). Z2 ⊂ O(2NF ) symmetry is

generated by ”parity” transformation:

ρ : Q1 ↔ Q̃1, (2.3.11)

and other squarks invariant. If we add mass terms which preserve the parity symmetry,

the relevant term in the Lagrangian is

mj
i Q̃

a
jQ

i
a = mj

i ε
abQi

aQ
j
b ⊂ L. (2.3.12)

Then the mass changes as m1 → −m1 under the parity transformation.

In quantum theory, the U(1)R symmetry and Z2 ⊂ O(2Nf ) are anomalous. For

Nf > 0, anomaly free subgroup of U(1)R×O(2Nf ) is Z4(4−Nf ), which is generated by the

following transformation.

Wα →ωWα(ω−1θ)

Φ→ω2Φ(ω−1θ)

Q1 →Q1(ω−1θ)

Q1 →Q1(ω−1θ)

Qi →Qi(ω−1θ), i 6= 1

Qi →Qi(ω
−1θ), i 6= 1 (2.3.13)

where ω = exp(πi/2(4 − Nf )). Note that we identify Z2 ⊂ Z4(4−Nf ) ⊂ U(1)R and

(−1)F ∈ Spin(4). Combined with the symmetry (2.3.13) and U(1)J ⊂ SU(2)R, the

anomaly free symmetry that commutes with the N = 1 supersymmetry is the following.

Φ→ω2Φ(θ)

Q1 →ω−1Q1(θ)

Q1 →ω−1Q1(θ)

Qi →ω−1Qi(θ), i 6= 1

Qi →ω−1Qi(θ), i 6= 1 (2.3.14)
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Under this transformation, gauge invariant order parameter u = Trφ2 has charge 4 and

transformed as u → exp(2πi/(4 − Nf ))u. This further breaks Z4(4−Nf ) down to Z4−Nf

(this Z4−Nf
symmetry does not change u).

2.3.5 Low energy Effective Action and the Prepotentials

In this subsection, we will introduce the low-energy effective action and express it by

using the prepotential. The (Wilsonian) low energy effective action is defined by the path

integral:

e−Seff :=

∫ ∏
r

Dψre−S. (2.3.15)

Here, S is the action of N = 2 supersymmetric gauge theory given at a point on the

Coulomb branch (2.2.8), ψr are fields that become massive by the Higgs mechanism. Seff

is expressed in massless U(1)Nc−1 fields. For example, in SU(2) SYM case, these massless

U(1) fields are A3, ψ3, λ3, φ̃3. However, it is difficult to perform this integral and write

down Seff explicitly.

Let us consider the effective theory defined on the Coulomb branch. Note that the

N = 2 supersymmetry and maximal abelian subgroup in gauge symmetry survive at a

generic point on the Coulomb branch. Then, on the Coulomb branch, the low energy

effective Lagrangian is completely determined by the holomorphic function F(Ai) called

prepotential, which is a holomorphic function of N = 2 massless vector multiplets Ai =

(Ai, V i), i = 1, · · · , Nc − 1 ( Here, Ai = (ai, ψ̃i) is a N = 1 chiral multiplet and ai is a

scalar component, V i = (λ̃i, Ãiµ) is a N = 1 vector multiplet) [5]. For example, in SU(2)

SYM case, we take a(x) = φ̃3, ψ̃(x) = ψ3(x), λ̃(x) = λ3(x) and Ãµ = A3
µ.. The general

form of the Lagrangian can be written by the holomorphic function of Ai as

Leff =
1

4π
Im

∫
d2θ1d

2θ2F(Ai)

=
1

4π
Im

[∫
d2θd2θ

∂F
∂Ai

A
i
+

∫
d2θ

1

2

∂2F
∂Ai∂Aj

WαiW j
α

]
. (2.3.16)

Here, the first line is the integral of the N = 2 superfields, so the integral is defined on

N = 2 superspace. In the second line, we use the notation of the N = 1 superfield [67].
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The first term defines the Kahler potential, which induces the metric on the Coulomb

branch:

ds2 = Im
∂2F
∂ai∂aj

daidaj. (2.3.17)

Note that the second-order derivatives of the prepotential τ ij = ∂2F/∂ai∂aj represent the

effective couplings.

This low energy effective action has U(1) gauge symmetry, and all fields do not have

U(1) charge. Therefore, this U(1) theory is free, and β-function is free.

Let us consider the prepotential of the SU(2) SYM. In this case, we have a single

abelian vector multiplet A = (Φ, V ). The low energy effective Lagrangian is given by

Leff =
1

4π
Im

[∫
d4θ

∂F
∂A

A+

∫
d2θ

1

2

∂2F
∂A∂A

WαWα

]
. (2.3.18)

Let us determine the prepotential F in the one-loop perturbative level. In this theory,

the effective coupling is given by (2.3.4). Then the k-instanton correction of F can be

written as e−8π2k/g2
=
(

Λ
a

)4k
. Therefore, by using F ′′ = τ = 4πi

g2 we obtain the following

result:

F =
i

2π
Φ2 log

Φ2

Λ2
+
∞∑
k=1

Fk
(

Λ

Φ

)4k

Φ2. (2.3.19)

Here, we include the instanton corrections to the prepotential [5].

In the same way, we obtain the prepotential for SU(2) Nf = 1, 2, 3 SQCDs as follows:

F =
i(4−Nf )

8π
Φ2 log

Φ2

Λ2
+
∞∑
k=1

FNf ,k

(
Λ

Φ

)(4−Nf )k

Φ2. (2.3.20)

2.3.6 Energy scale and Effective Coupling

Let us finally discuss the relation between effective coupling and energy scale. Because of

the asymptotic freedom of SQCDs, the effective coupling of SQCDs becomes large when

the energy scale of the theory is small. Thus, the perturbation method is not useful in

low energy scale. Then, on a low energy scale, we use the low energy effective theory.

The low energy effective theory is free U(1)Nc−1 gauge theory, so the β-function is zero.

The effective coupling is calculated as Fig:2.1. Therefore, u = a2 → ∞ region is weak

coupling region, but finite u = a2 region belongs to strong coupling region.
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0 E: energy

Coupling

Figure 2.1: The horizontal direction of this figure represents the energy scale of the theory.
If we take |a| (masses of massive fields in SQCDs) large, the effective coupling becomes
small. On the other hand, if we take |a| finite, the effective coupling is large.
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Chapter 3

The Seiberg-Witten Theory for
N = 2 SU(2) Super Yang-Mills
Theory

In this chapter, we will explain the Seiberg-Witten theory for N = 2 SU(2) super Yang-

Mills Theory (SYM). Seiberg and Witten found the exact solution of the low-energy

effective action of SU(2) SYM [6] and SU(2) SQCD [7].

First, we will argue the mathematical structure of the moduli space of vacua. In

particular, we discuss N = 2 SU(2) super Yang-Mills theory and describe the moduli

space of vacua as a base space of an SL(2,Z)-bundle over u = 〈trφ2〉-plane, where an

SL(2,Z) transformation is regarded as the duality transformation. Next, we characterize

the BPS masses as the section on the u-plane. We then will introduce the monodromies

on the moduli space of vacua by requiring that the BPS masses does not change by the

monodromy transformation. Finally, we explain the Seiberg-Witten (SW) solution for the

N = 2 SU(2) SYM, which gives the effective coupling as a torus moduli parameter of a

Riemann surface called the SW curve.

3.1 Mathematical Description of the Moduli Space

The Coulomb branch is parameterized by the complex parameter u. Complexified cou-

pling constant τ is a function of a. However, if τ is defined globally, it cannot be positive

definite (the harmonic function τ cannot have a minimum). Then a is not defined globally

on the u-plane. It is regarded as the section of a vector bundle on the u-plane.
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To study the transformation properties of a, let us introduce the Lagrangian multiplier

and write the effective Lagrangian in the dual description. Let us define h(Φ) := ∂F/∂Φ

and rewrite the effective Lagrangian (2.3.18) as

Leff =
1

4π
Im

[∫
d4θh(Φ)Φ +

∫
d2θ

1

2
τ(Φ)WαWα

]
. (3.1.1)

Note that the Bianchi identity is given by ImDW = 0. Introducing a vector superfield

VD as a Lagrangian multiplier and integrating out W , the effective Lagrangian becomes

Leff →Leff +
1

4π
Im

∫
d4xd4θVDDW

=Leff −
1

4π
Im

∫
d4xd2θWDW, WD = DVD

=
1

4π
Im

[∫
d4θh(Φ)Φ−

∫
d2θ

1

2

1

τ(Φ)
Wα
DWαD

]
. (3.1.2)

This Lagrangian takes the same form as the (3.1.1), by introducing

ΦD := h(Φ), hD(ΦD) := −Φ, (3.1.3)

because note h′(Φ) = τ(Φ), we obtain − 1
τ(Φ)

= − 1
h′(Φ)

= h′D(ΦD) = τD(ΦD). Then, we

can write (3.1.2) as

Leff =
1

4π
Im

[∫
d4θhD(ΦD)ΦD +

∫
d2θ

1

2
τD(ΦD)Wα

DWαD

]
. (3.1.4)

This is the dual form of the effective Lagrangian (3.1.1). This dual transformation change

the effective coupling as

τ → τD = −1

τ
. (3.1.5)

Notice also that the action (2.3.18) is invariant under τ → τ + 1 (This is because we

take imaginary part when we consider the effective action). These transformation of τ

generates the SL(2,Z) group

τ → aτ + b

cτ + d
, ad− bc = 1, a, b, c, d ∈ Z. (3.1.6)

Let us now define the SL(2,Z) transformation of the (aD, a). Note that τ(a) = ∂aD
∂a

, we

should define the SL(2,Z) transformation of (aD, a) such that they do not contradict with
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the SL(2,Z) transformation of the τ(a). Therefore an SL(2,Z) transformation acts on

(aD, a) as the following:  aD

a

→
 a b

c d


 aD

a

 . (3.1.7)

This SL(2,Z) transformation (3.1.7) is generated by the following transformation, which

correspond to the transformations τ → −1/τ and τ → τ + 1:

S =

 0 1

−1 0

 , T =

 1 1

0 1

 . (3.1.8)

These matrices generate the SL(2,Z) group. (aD, a) construct an SL(2,Z) bundle on the

u-plane.

3.2 BPS Masses

In the previous section, we have defined the moduli space of vacua as a base space of a

complex two-dimensional vector bundle on the u-plane. In this viewpoint, the SL(2,Z)

transformation can be regarded as the gauge transformation on the vector bundle. This

SL(2,Z) structure is given by the physical requirement that the dual description gives the

same physical result. But, we also obtain another requirement that the physical observable

does not change by the gauge transformation SL(2,Z). The BPS mass represents a mass

of a physical particle and therefore it can be regarded as a physical observable.

As we explained in section 2.1, the classical BPS bound M ≥
√

2|Z| in N = 2

supersymmetric gauge theories is given by

Z = a(ne + τclnm), τcl =
Θ

2π
+ i

4π

τ(a)2
. (3.2.1)

This inequality does not change by quantum correction, because this formula is defined

by the supersymmetry algebra. However, the BPS masses may be modified by quantum

corrections.

Let us consider theories containing matter fields represented as hypermultiplets. Let

us write these hypermultiplets as N = 1 chiral multiplets Mi and M̃i. These N = 1 chiral
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multiplets Mi and M̃i become massive if a 6= 0 because of (3.2.1). If a hypermultiplet

which is consist of M and M̃ carries charge ne, then its coupling can be written as

√
2neAMM̃. (3.2.2)

From this coupling, in such a state, we find Z = ane. Similarly, we consider magnetic

monopole which carries magnetic charge nm. Then we find the BPS state has Z = nmaD.

In general, Z for dyon with pair of charges (ne, nm) is given by

Z = ane + aDnm. (3.2.3)

If the gauge group has rank r, we obtain

Z = aine,i + hi(a)nim = a · ne + aD · nm. (3.2.4)

The BPS mass can be seen as a section of the bundle on the u-plane defined by (aD(u), a(u)).

3.3 Monodromies on the moduli space

We have seen that the BPS mass can be interpreted as a section of the (aD(u), a(u))

bundle on the u-plane. Since the BPS mass is a physical observable, this should be a

one-valued section on the u-plane. Especially, the BPS mass should be invariant under

monodromy transformation on the u-plane.

3.3.1 The Physical Meaning of the Singular Points

First, we explain the physical meaning of the singular points in the moduli space. To

obtain low-energy effective action, we have to integrate out all massive states. Then, the

non-trivial metric on the moduli space can be got by integrating out the massive fields.

However, one cannot define an effective coupling constant as the entire function of the

moduli parameter. Then the effective coupling must have a singularity. The singularity

implies the breakdown of the description of low-energy effective action and one needs

additional massless degrees of freedom to describe the theory at the singularity point.

It is known that if a spin-1 multiplet become massless, the theory becomes inconsistent

because we do not expect enhancement of gauge symmetry at a strong coupling region.
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Therefore we assume spin ≤ 1/2 hypermultiplets become massless. Then, the massless

states are dyons that belong to N = 2 short multiplet, equivalently these massless states

are BPS states. But, since we consider the strong coupling region, we consider the electro-

magnetic duality transformation such that the dual photon is coupled to the dyon locally.

For example, the monopole couple weakly to WD with the coupling τD = −1/τ , because

of (2.3.4).

Next, we discuss the number of singular points in the moduli space. In principle, we

cannot determine the number of singular points on the moduli space. It can be checked

by the consistency of the solution. In the following, we assume a minimal model that has

three singular points. We consider the monodromy around the singular point.

3.3.2 Monodromy at Large u

Let us first consider the monodromy at large u. At large |a| ∼
√
u, the theory is at weak

coupling and asymptotically free, so we can use the classical formula for u, and we obtain

u = 1
2
a2. To obtain the monodromy around u = ∞, we have to obtain aD as a function

of u. In N = 2 SU(2) SYM, the prepotential in one-loop level is given as the first term

in (2.3.19). From the prepotential, we obtain aD as

aD =
∂F
∂a

=
2ia

π
log

a

Λ
+
ia

π
. (3.3.1)

If we take a closed large loop on the u-plane around u = 0 as u → e2πiu, (aD(u), a(u))

are changed as the following:

aD → −aD + 2a, a→ −a. (3.3.2)

Therefore the monodromy matrix act on (aD, a) is defined as follows:

M∞ =

 −1 2

0 −1

 = PT−2. (3.3.3)

Here, P := −1 ∈ SL(2,Z) and T is a generator of SL(2,Z) defined as before. As we

explain before, the BPS mass should not change under the monodromy matrix. Therefore,

the electric charge and magnetic charge (ne, nm) in the BPS mass formula (3.2.3) should
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be changed by the monodromy matrix, not to change the BPS formula. Therefore (ne, nm)

changed by the monodromy matrix M∞ as the following:

n′m = −nm, n′e = −ne − 2nm. (3.3.4)

3.3.3 Monodromies at u = ±Λ2

Next, we consider the existence of monodromies around finite singular points on the u-

plane. We will denote the monodromy matrices around the singular point u on the u-plane

as Mu. In the following, we explain that there exist at least two singular points on the

u-plane.

To show this, we first show that at least one of these matrices Mu must do not commute

with M∞. Assume that all of these monodromy matrices commute with M∞. Then these

Mu cannot change a2, and u = a2 can be treated as global coordinate on the u-plane.

However, if this global coordinate exists, the metric Imτ(a) on the SL(2,Z) bundle can

be define globally. However, this global coordinate does not lead to a positive definite

coupling constant on the u-plane. Thus, at least, one of the monodromy matrices must

not commute with M∞. Therefore, there are at least 2 singular points at finite u.

We also note that this u-plane must have Z2 symmetry act by u → −u. This Z2

symmetry is a unbroken U(1)R part, and we use the fact that this eiα ∈ U(1)R symmetry

acts on φ as φ → φ′ = e2iαφ. Therefore we can conclude that the minimal assumption

is that there exist singular points at u and −u. We can take these points at u = ±Λ2

without losing generality, where the Λ is the scale parameter. Then, these monodromy

matrices satisfy that

MΛ2M−Λ2 = M∞. (3.3.5)

We note that these massless hypermultiplets that appear at finite u must have a

magnetic charge. If these hypermultiplets have only electric charges, then the monodromy

matrices could commute with M∞.

Let us calculate the monodromies around the singular points at u = ±Λ2. On these

points, some massive dyons (having a non-zero magnetic charge) become massless. Note
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P

Figure 3.1: There are massless singular points on the u-plane. These singular points have
monodromies.

that hypermultiplets which represent massive dyons with non-zero magnetic charge can-

not couple to fundamental gauge fields. However, if we transform the description by the

SL(2,Z) duality transformation, some dual gauge fields couple to these dyons (that have

non-trivial magnetic charges), and we can obtain the formula (3.2.3). Thus, to define

monodromies around finite u, we should calculate the monodromy on the massless hyper-

multiplet points in the dual description given by some SL(2,Z) dual transformations.

Let us calculate the monodromy around the point uq = ±Λ2 by using this method. Let

us take this massless hypermultiplet as (aD(u), a(u)), and write the charge as (nm, ne).
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By using an SL(2,Z) transformation, we transform as ǎD

ǎ

 =

 αaD + βa

γaD + δa

 ,

 ňm

ňe

 =

 nmδ − neγ

−nmβ + neα

 , αδ − βγ = 1.

(3.3.6)

Here, we denote the dual description of the section (aD(u), a(u)) as (ǎD(u), ǎ(u)), and

assume that this hypermultiplet in the dual description couple to some dual gauge field.

Then, we can take (ňm, ňe) = (0, 1) with taking some scaling, by using the Dirac quanti-

zation condition. On the singular point u = uq, these hypermultiplets become massless,

then we obtain ǎ(uq) = 0. Therefore, we can expand ǎ(u) near the singular point u = uq

as follows:

ǎ(u) ∼ cq(u− uq). (3.3.7)

By using the one-loop U(1) beta function explains in the appendix, we obtain the effective

coupling as

τ(ǎ(u)) = − i
π

log
ǎ(u)

Λ
. (3.3.8)

Thus we can obtain

ǎD(u) = − i
π
ǎ(u) log

ǎ(u)

Λ
+
i

π
. (3.3.9)

Then the monodromy matrix around the singular point u = uq is following: ǎD

ǎ

→
 1 2

0 1


 ǎD

ǎ

 . (3.3.10)

Let go back to the dual description. As we assume above, we take (ňm, ňe) = (0, 1).

So, the monodromy matrix is given as follows: aD

a

→
 1 + 2nenm 2n2

e

−2n2
m 1− 2nenm


 aD

a

 . (3.3.11)
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We call this monodromy matrix as M(nm, ne). We can confirm M(nm, ne) ∈ SL(2,Z).

Finally, let us find possible charges (nm, ne) of the hypermultiplet in the minimal model

which has singular point at u = ±Λ2. Let us write the charges of the hypermultiplets that

become massless at u = Λ2 and u = −Λ2 as (m,n) and (m′, n′). Then, the monodromy

matrices must satisfy the following equation:

MΛ2(m,n)M−Λ2(m′, n′) = M∞. (3.3.12)

The solution of these equations is the following:

(m,n) : (1, n), (−1, n), (−1, n), (1, n),

(m′, n′) : (1, n− 1), (1,−n− 1), (−1, n+ 1), (−1,−n+ 1).

(3.3.13)

The simple solution of (3.3.12) is m = m′ = 1, n = 0, n′ = −1. In this case, the

monodromy matrices become

MΛ2 =

 1 0

−2 1

 , M−Λ2 =

 −1 2

−2 3

 . (3.3.14)

We can conclude that the vector bundle on the u-plane defined by (aD(u), a(u)) is the

SL(2,Z) bundle.

3.4 The Seiberg-Witten Theory

In the previous section, we have calculated the monodromies around the singular points

of the SL(2,Z) bundle on the u-plane. We can construct one to one map between the

prepotential F as a function of a and the SL(2,Z) bundle over the u-plane. Note that the

vector bundle is defined by fixing the local trivialization and the transformation function.

We also note that the SL(2,Z) group is a well-known modular transformation of the torus.

Then if we treat these monodromy matrices as modular transformations of some torus, we

can conversely define a prepotential F . This is the main result of Seiberg-Witten theory

explained below.

Let us consider the following curve parameterized by u:

Eu : y2 = (x− Λ2)(x+ Λ2)(x− u), u ∈ C. (3.4.1)
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Here, x, y ∈ C.

The curve defines a Riemann surface that is topologically equivalent to a torus Fig.3.2.

In this viewpoint, we have to treat x-plane as a double cover of C with the point at infinity

added to it. This double cover has 4 branch points at x = −Λ2,Λ2, u,∞. We consider

one branch cut from −Λ2 to Λ2, and another from u to ∞. These two sheets are joint

along with these cuts. On this double cover, y is a single-valued function. This Riemann

surface is a genus 1 Riemann surface. We can identify this Riemann surface as a torus

T 2 topologically, we call this Riemann manifold as Eu ' T 2. We define the modular

parameter τu of this torus Eu. We will obtain this moduli parameter τu by using the

de-Rham cohomology of Eu.

Branch cut

Figure 3.2: The SW curve is the Riemann surface. The zeroes on the x-plane are x =
±Λ2, u. We take branch cut that connect −Λ2 to Λ2, and u and ∞.

Let us consider cycles on the torus Eu. We take the basis of the cycles as γ1, γ2 ∈
Vu = H1(Eu,C), which are normalized as the intersection number is 1:

γ1 · γ2 = 1. (3.4.2)

These cycles are linear transformations on 1-forms on Eu:

γ : λ→
∮
γ

λ. (3.4.3)
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Here λ ∈ H1(Eu,C) is meromorphic (1, 0)-form on Eu. We can choose the following basis

of meromorphic 1-forms at Eu:

λ1 =
dx

y
, λ2 =

xdx

y
. (3.4.4)

Now we can construct modular parameter τu of the torus Eu. We define quantity

bi =

∮
γi

λ1, i = 1, 2. (3.4.5)

By methematical result, we can obtain

τu = b1/b2, Im(τu) > 0. (3.4.6)

For the purpose that we want to see this modular parameter τu of the torus Eu as an

effective coupling τ of the low energy theory, note that the effective coupling satisfies

τ =
daD
da

=
daD(u)/du

da(u)/du
. (3.4.7)

Generally, if we define some functions f(u), ã(u) and ãD(u), which satisfy

dãD(u)

du
= f(u)b1,

dã(u)

du
= f(u)b2, τ̃ :=

dãD(u)/du

dã(u)/du
, (3.4.8)

we can obtain

τ̃ =
b1

b2

=: τu. (3.4.9)

Let us find this function f(u), ã(u) and ãD(u) which satisfy τu = τ . For this purpose, let

us introduce arbitrary 1-form which can be written as

λ(u) = a1(u)λ1 + a2(u)λ2, (3.4.10)

and assume that these ã(u) and ãD(u) can be written as

ãD(u) =

∮
γ1

λ(u), ã(u) =

∮
γ2

λ(u). (3.4.11)

Then, by comparing with (3.4.8), these must satisfy

dãD
du

=

∮
γ1

dλ

du
= f(u)

∮
γ1

λ1,
dã

du
=

∮
γ2

dλ

du
= f(u)

∮
γ2

λ1. (3.4.12)
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Let us assume f(u) = −
√

2/4π. Then, λ can be written as

λ =

√
2

2π

dx
√
x− u√

x2 − Λ4
=

√
2

2π

dxy

x2 − Λ4
=

√
2

2π

dx

y
(x− u). (3.4.13)

We call this 1-form as the SW differential. To write ãD and ã explicitly, we have to choose

basis γ1, γ2. If we take γ2 as an one-loop around −1, 1, then we obtain

ã(u) =

√
2

π

∫ 1

−1

dx
√
x− u√

x2 − Λ4
. (3.4.14)

In this choice, γ1 is a cycle around Λ2 and u, then we obtain

ãD(u) =

√
2

π

∫ u

1

dx
√
x− u√

x2 − Λ4
. (3.4.15)

Finally, let us show that these ãD(u) and ã(u) and τ̃ with this choice of f(u) = −
√

2/4π

are same as (aD(u), a(u)) and the effective coupling τ . The asymptotic behavior of these

ã(u) and ãD(u) are the followings:

u ∼ ∞ :

 ã(u) '
√

2u,

ãD(u) ' i
√

2u
π

log u,

(3.4.16)

u = Λ2 :

 ãD(u) ' c0(u− Λ2),

ã(u) ' a0 + i
π
ãD log ãD,

(3.4.17)

u = −Λ2 :

 ã(u)− ãD(u) ' c0(u+ Λ2),

ã(u) ' a0 + i
π
(ã− ãD)log(ã− ãD).

(3.4.18)

For u = −Λ2, we obtain similar behavior to u = Λ2, but with ãD replaced by ã − ãD.

The monodromy matrices at ∞,±Λ2 is the same as the monodromy matrices (3.3.3) and

(3.3.14) defined by prepotential. Thus, we can conclude these ãD(u) and ã(u) and τ̃ with

this choice of f(u) = −
√

2/4π are same as (aD(u), a(u)) and the effective coupling τ .

We have explained the exact solution to the periods for SU(2) SYM. In the next

chapter, we will explain its generalization to SQCD.
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Chapter 4

The Seiberg-Witten Theory for
N = 2 SU(Nc) SQCD with Nf Matters

In the previous chapter, we explained the SW theory for SU(2) SYM. In this chapter,

we will explain the SW theories for the N = 2 SU(2) SQCDs following [7]. One of

the important differences between these theories is that there are more possibilities of

massless singular points on the moduli spaces. This feature is motivated us to consider

the Argyres-Douglas theories as I will explain in the next chapter.

4.1 The Mathematical Structure of Moduli Space

We first discuss the mathematical structure of the quantum moduli space for SU(2) SQCD

with massless hypermultipltets. Coulomb branch is parameterized by u = 〈trφ2〉. Then,

we can define (aD(u), a(u)) on the Coulomb branch. The prepotential F is also defined

by aD = ∂F
∂a

. If we use the fact that u = 2a2 at large u, and also use the prepotential at

one-loop level, we obtain (aD, a) at large u as

a ' 1

2

√
2u, aD ' i

4−Nf

2π
a(u) log

u

Λ2
Nf

. (4.1.1)

When we include the instanton effects, we obtain the following expansions:

a =
1

2

√
2u

1 +
∞∑
n=1

an(Nf )

(
Λ2
Nf

u

)n(4−Nf )
 , (4.1.2)

aD =i
4−Nf

2π
a(u) log

u

Λ2
Nf

+
√
u
∞∑
n=0

aDn(Nf )

(
Λ2
Nf

u

)n(4−Nf )

. (4.1.3)
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4.2 Monodromies

When we turn on bare mass for the hypermultiplets, the low-energy theory is deformed.

The BPS mass for SU(Nc = 2) Nf SQCD is given by M =
√

2|Z| with

Z = nea+ nmaD +

Nf∑
i=1

Si
mi√

2
, (4.2.1)

where Si’s are the electric U(1) charges of the quarks.

Let us define the monodromies of the vector bundle (aD(u), a(u)) around the singu-

larities on the u-plane. In the case of the N = 2 SU(Nc = 2) SQCDs with Nf 6= 0, there

exist other types of singular points on which there exist extra massless hypermultiplets

with non-zero electric charges in addition to monopoles and dyons. These extra singular

points correspond to the massless squark singularities and are at ci := mi/
√

2. Near the

singular points, (aD(u), a(u)) behave as

a ' ci, aD ' −
i

2π
(a− ci) log(a− ci) + di, ∀i = 1, · · · , Nf . (4.2.2)

Therefore, the monodromies around these points are

a→ a, aD → aD + a− mi√
2
. (4.2.3)

Therefore the monodromy matrices around the singular points ci = mi/
√

2 can be written

as 

m1/
√

2

...

mNf
/
√

2

aD

a


→Mi



m1/
√

2

...

mNf
/
√

2

aD

a


, Mi =



0 0

1lNf

...
...

0 0

0 · · · −1 · · · 0 1 1

0 0 1


,

(4.2.4)

are the component −1 is the (Nf + 1, i) component of the matrixMi. Note that the BPS

masses do not change by the monodromies. Thus, if we write ~v := (S1, · · · , SNf
, nm, ne),

then this vector transformed by the monodromies as ~v → ~vM−1
i .
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4.3 SW curves for SU(2) Nf = 0, 1, 2, 3 SQCDs

Let us next introduce the SW curves for SU(2) Nf = 1, 2, 3 SQCDs. For the SU(2) SYM

case, the SW curve preserves the Z2 symmetry which acts on the moduli space. We will

also use similar symmetries on the quantum moduli spaces to determine the form of the

SW curves. We also use the fact that if we take the limit that the scaling parameter

goes zero in flavor Nf theory, the SW curve goes to the SW curve with Nf − 1 flavor.

Therefore, we first discuss the Nf = 0 case, and then we explain the Nf = 1 case. After

that, we will explain the Nf = 2, 3 cases.

4.3.1 SW curve for Nf = 0

Let us first rewrite the Nf = 0 SW curve. In Nf = 0 case, the SW curve and the SW

differential are given as (3.4.1) and (3.4.13). This curve is the modular curve for the group

Γ(2) consist of the following matrices:

M =

 m 2n

2p q

 , detM = 1. (4.3.1)

Here, m,n, p, q ∈ Z. In the Nf > 0 case, there are particles with half-integer valued

electric charges in those units. Therefore, for Nf > 0, it is convenient to multiply ne by

two and divide a by two to preserve the BPS mass structure Z = aDnm + ane. Dividing

a by two and multiply ne by two in the Nf = 0 case, we replace the monodromy matrices

(3.3.3) and (3.3.14) as M →M ′ = W−1MW (M = MΛ2 ,M−Λ2 ,M∞):

M ′
Λ2 =

 1 0

1 1

 , M ′
−Λ2 =

 −1 4

−1 3

 , M ′
∞ =

 −1 4

0 −1

 , W =

 1 0

0 2

 .

(4.3.2)

These matrices generate Γ0(4), and the corresponding to the following family of curves:

y2 = x3 − ux2 +
1

4
Λ4

0x. (4.3.3)
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Here, we write the scaling parameter of this theory as Λ0. The discriminant of the curve

is defined as following:

∆0 =
Λ8

0

16
(u− Λ2

0)(u+ Λ2
0). (4.3.4)

The monodromies define the topological structure of the Riemann surfaces. Thus, it is

important to write discriminants of the SW curves. Here, generally, the discriminant of

the curve F (x) =
∏

i(x− ei) is defined as follows:

∆ :=
∏
i<j

(ei − ej)2. (4.3.5)

4.3.2 The SW curve for Nf = 1

Next, let us construct the SW curve for SU(2) Nf = 1 SQCD. Let us first consider Nf = 1

with massless case. In this case, the u-plane has global Z3 symmetry. For Nf = 1, the r-th

(r ∈ Z≥0) instanton correction is proportional to Λ3r
1 , where the Λ1 is the scale parameter.

However, due to the ”parity” symmetry which acts on squarks as Q1 ↔ Q̃1, only even

instanton numbers are possible. For Nf = 1, the U(1)R charge of Λ1 is 2 (because the

U(1)R charges of a and Λ1 is same, in the prepotential, these are paired to (Λ1/a)). Then

u has U(1)R charge 4. For the cubic curve (4.3.3), we can assign the U(1)R charge of x to

4, which implies that the U(1)R charge of F (x, u) is 12. Then the only possible term in

F that depends on Λ1 is a two instanton term. Thus the SW curve for massless Nf = 1

theory must be

y2 = x2(x− u) + tΛ6
1, (4.3.6)

where t ∈ C is some constant. We can verify Z3 = Z4−Nf
symmetry on the u-plane.

Next, we consider massive case m 6= 0, where the m is the mass of a hypermultiplet.

In this case, the parameter of this theory is m and Λ1. Therefore, the SW curve may

include terms proportional to mk(k ∈ Z), and the SW curve can be written as the form

y2 = x2(x− u) + tΛ6
1 +

∑
k>0

mkFk(x, u,Λ1). (4.3.7)

We should determine the functions Fk(x, u,Λ1) by using the symmetries on the quantum

moduli space, or natures of some limit. If we take the limit Λ1 → 0, the energy is enough
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small compare with m, so the theory must not depend on m. We also note that the mass

m transformed under the ”parity” as m → −m, as explained below of (2.3.11). Thus,

the m and Λ1 must be included in the SW curve as the form Λk+1
1 ml where k, l ≥ 0 are

integers and k + l + 1 must be even. We also note that m has U(1)R charge 2, then the

most general possibility of the mass correction for the massless curve is

y2 = x2(x− u) + tΛ6
1 +mΛ3

1(ax+ bu) + cm3Λ3
1. (4.3.8)

Here, a, b and c are some constants.

Let us next determine these constants. Note that if we take large m, the quark can be

integrated out, then the low energy theory become the pure N = 2 theory, and we obtain

Λ4
0 = mΛ3

1. Then, we can obtain the SW curve for SU(2) SYM, if we take limit m→∞
and Λ1 → 0 with Λ4

0 = mΛ3
1 fixed. Therefore we obtain a = 1

4
and b = c = 0, and the SW

curve for Nf = 1 case becomes

y2 = x2(x− u) +
1

4
mΛ3

1x+ tΛ6
1. (4.3.9)

The degeneration structure of this SW curve can be characterized by the discriminant.

The discriminant of this curve is given as

∆ = −Λ6
1

16
(Λ3

1m
3 + 432Λ6

1t
2 + 72Λ3

1mtu−m2u2 − 64tu3). (4.3.10)

Now we determine the parameter t. Let us consider the large mass limit Λ1 � m. For

large m, there should be a singularity at u ∼ m2 because this point is the quark massless

point classically. Then, ∆ = 0 is equivalent to

Λ3
1m

3 + 432Λ6
1t

2 + 72Λ3
1mtu = 0, −m2u2 − 64tu3 = 0. (4.3.11)

Then, we can find the following singularity:

u ' −m
2

64t
, x ' −8tΛ3

1

m
. (4.3.12)

Let us next fix the constant t. As we explained above, for large m, there should be a

singularity at u ∼ m2 because this point is the quark massless point classically. Compare

this singular point with (4.3.12), we obtain t = −1/64, and the curve becomes

y2 = x2(x− u) +
1

4
mΛ3

1x−
1

64
Λ6

1. (4.3.13)
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The discriminant of the curve is given as follows:

∆1 = − Λ6
1

4096
(27Λ6

1 + 16384Λ3
1m

3 − 1152Λ3
1mu− 4096m2u2 + 256u3). (4.3.14)

4.3.3 The curve for Nf = 2

Let us next construct the SW curve for Nf = 2 case. The SW curve for the SU(2) Nf = 2

theory is given as follows:

y2 =

(
x2 − 1

64
Λ4

2

)
(x− u) +

1

4
m1m2Λ2

2x−
1

64
(m2

1 +m2
2)Λ4

2. (4.3.15)

The discriminant of this curve is

∆ =
Λ12

2

65536
− 3Λ10

2 m1m2

4096
+

Λ8
2

4096
{−27(m4

1 +m4
2)− 6m2

1m
2
2 + 36u(m2

1 +m2
2)− 8u2}

− Λ6
2

128
m1m2(8m2

1m
2
2 − 9u(m2

1 +m2
2) + 10u2) +

Λ4
2

16
(m2

1 − u)(m2
2 − u)u2. (4.3.16)

Let us check that this curve preserves the symmetries on the moduli space and confirm

some limits.

In this theory, the moduli space has the global symmetry SO(2Nf )|Nf=2 = SU(2) ×
SU(2), which exchange quarks m1 and m2. This theory also has ”parity” symmetry

(2.3.11), which act mi → −mi(i = 1, 2). This SW curve (4.3.15) does not change under

these transformations.

Let us consider Λ2 → 0. In this limit, the bare masses mi >> Λ2, thus these bare

masses do not contribute to the theory. Therefore, the SW curve includes mi-dependence

only the form Λj+1
2 mk

1m
l
2(j, k, l ≥ 0). We can confirm that (4.3.15) satisfy this condition.

We also note that in the limit m2 → 0, this theory becomes Nf = 1 theory. The scale

parameter satisfies Λ3
1 = m2Λ2

2 [7], here the Λ1 is the scale parameter in Nf = 1 theory.

Therefore, if we take the limit m2 → 0, we can confirm that the SW curve (4.3.15)

becomes the SW curve for Nf = 1 theory (4.3.13).

Finally, we require that the Nf = 2 theory has singular point at u = m2
1 [7]. If we

take m2 = 0, we can check that the discriminant (4.3.16) of the curve (4.3.15) be zero at

u = m2
1.
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4.3.4 The Curve for Nf = 3

Next, we construct the SW curve for Nf = 3 theory. The SW curve is given as

y2 =x2(x− u)− 1

64
Λ2

3(x− u)2 − 1

64
(m2

1 +m2
2 +m2

3)Λ2
3(x− u)

+
1

4
m1m2m3Λ3x−

1

64
(m2

1m
2
2 +m2

2m
2
3 +m2

3m
2
1)Λ2

3. (4.3.17)

Let us check that this SW curve is consistent with some limits and symmetries on the

moduli space.

Let us first consider symmetries. In the moduli space, there is SO(2Nf )|Nf=3 = SO(6)

global symmetry and ”parity” symmetry (2.3.11) mi → −mi. These symmetries preserve

the form of the SW curve (4.3.17).

Next consider the limit m3 → 0. In this limit, the Nf = 3 theory becomes Nf = 2

theory. The scale parameter satisfies Λ2
2 = m3Λ3 [7]. Therefore, in this limit the SW

curve (4.3.17) becomes the SW curve for Nf = 2 theory (4.3.15).

We also note that the theory has singularity at u ∼ m and u = m2 when m1 = m2 =

m3 = m [7]. This curve is consistent with these singularities [7].

4.4 The SW Curves for SU(Nc) Nf SQCDs

Finally, we will write down the general SW curve for SU(Nc) SQCD with Nf flavors.

In the previous sections, we can obtain the SW curve of N = 2 SU(2) SQCDs with

Nf = 0, 1, 2, 3. We can write these SW curves in different forms, which have the same

discriminant. In [13], the SW curve for N = 2 SU(Nc) SQCDs with flavor number

Nf ≤ 2Nc has been presented systematically. Let us explain the results of the SW curve

and SW differential in [13].

4.4.1 Nf < Nc

Let us first discuss the SW curves for Nf < Nc cases. In these cases, the SW curve is

given as follows [13]:

y2 = C2
Nc

(x)−G(x), CNc(x) := xNc −
Nc∑
i=2

six
Nc−i, G(x) := Λ

2Nc−Nf

Nf

Nf∏
i=1

(x+mi).

(4.4.1)
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Here, the mi’s are the mass parameters for the hypermultiplets, and si are defined by

Weyl invariant parameters made of ai defined in (2.2.7) as

sk := (−1)k
∑

i1<···<ik

ai1 · · · aik , k = 2, · · · , Nc. (4.4.2)

Let us check these SW curves have the same discriminants as that of the SW curves

explained above. In the above sections, we have calculated them in Nc = 2 and Nf =

0, 1, 2, 3 cases. In Nc = 2 cases, the moduli parameter in the SW curve (4.4.1) is s2 and

mi(i = 1, · · · , Nf ). In Nc = 2 and Nf = 0 case, the SW curve of (4.4.1) becomes

y2 =
(
x2 − u

4

)2

−
(

Λ0

2

)4

. (4.4.3)

Then, the discriminant of the curve is given as

∆0 =
Λ8

0

16
(u− Λ2

0)(u+ Λ2
0). (4.4.4)

This is the same as the discriminant in (4.3.4).

In Nc = 2 and Nf = 1 case, the SW curve in (4.4.1) becomes

y2 =
(
x2 − u

4

)2

− Λ3
1

8
(x+ 2m). (4.4.5)

Then, the discriminant of the curve is

∆1 = − Λ6
1

4096
(27Λ6

1 + 16384Λ3
1m

3 − 1152Λ3
1mu− 4096m2u2 + 256u3). (4.4.6)

This discriminant matches the result of (4.3.14). The SW differential in this notation can

be written as follows [13]:

λSW = xdlog
CNc(x)− y
CNc(x) + y

. (4.4.7)

Then, the SW periods
∏

= (aI , aDI), (I = 1, · · · , Nc−1) are determined by the SW curve

and the SW differential, and this is given as

aI =

∮
αI

λSW , aDI =

∮
βI

λSW . (4.4.8)
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4.4.2 Nf = Nc

Let us next explain the Nf = Nc cases. In these cases, the SW curves given in [13] are as

follows:

y2 =C2(x)− G(x), (4.4.9) C(x) := C2
Nc

(x) +
ΛNc
Nf

4
, G(x) := ΛNc

Nf

∏Nf

i=1(x+mi), Nc = Nf > 2,

C(x) := x2 − u+
Λ2

2

8
, G(x) := Λ4

2(x+m1)(x+m2) Nc = Nf = 2.

(4.4.10)

Here, the CNc(x)’s are defined in (4.4.1). Let us confirm that the discriminant for the SW

curve in (4.4.10) in the case of Nc = Nf = 2 is matches the discriminant determined in

(4.3.16). In this case, the discriminant for (4.4.10) becomes

∆ =
Λ12

2

16
− 3Λ10

2 m1m2 + Λ8
2{−27(m4

1 +m4
2)− 6m2

1m
2
2 + 36u(m2

1 +m2
2)− 8u2}

− 32Λ6
2m1m2(8m2

1m
2
2 − 9u(m2

1 +m2
2) + 10u2) + 256Λ4

2(m2
1 − u)(m2

2 − u)u2,
(4.4.11)

which is proportional for the discriminant determined in (4.3.16). The SW differentials

are also given in [13]:

λSW = xdlog
C(x)− y
C(x) + y

. (4.4.12)

Then, the SW periods
∏

= (aI , aDI), (I = 1, · · · , Nc − 1) are given as

aI =

∮
αI

λSW , aDI =

∮
βI

λSW . (4.4.13)

Here (αI , βI) are the canonical pairs of 1-cycles on the SW curve.

4.4.3 Nc < Nf < 2Nc

Let us finally explain the Nc < Nf < 2Nc cases. In Nf = Nc + 1 cases, the SW curves are

given as follows:

y2 =

[
CNc(x) + ΛNc−1

Nf

(
x

4
+
t1(m)

4

)]2

− ΛNc−1
Nf

Nf∏
i=1

(x+mi). (4.4.14)
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Here, CNc is defined in (4.4.1), and tk(m) are

tk(m) :=
∑

i1<···<ik

mi1 · · ·mik . (4.4.15)

In general Nc < Nf < Nc cases, the SW curves are given as

y2 =C2(x)− G(x), (4.4.16)

C(x) := CNc(x) + Λ
2Nc−Nf

Nf
P, G(x) := Λ

2Nc−Nf

Nf

Nf∏
i=1

(x+mi), (4.4.17)

where P (x,mi,ΛNf
) is a polynomial of degree Nf −Nc in x,mi, and it is independent of

si. The SW differentials are given as [13]:

λSW = xdlog
C(x)− y
C(x) + y

, (4.4.18)

and the SW periods
∏

= (aI , aDI), (I = 1, · · · , Nc − 1) are given as

aI =

∮
αI

λSW , aDI =

∮
βI

λSW . (4.4.19)

4.4.4 Summary (SQCDs for 0 ≤ Nf < 2Nc)

In the previous subsections, we obtain the SW curve in the SQCDs for 2Nc > Nf ≥ 0

cases. The SW curve in the SQCDs for 2Nc > Nf > Nc cases and 0 < Nf ≤ Nc are

slightly different. Therefore, let us rewrite these SW curves in a more useful form in the

following way:

y2 = C(x)2 −G(x), λSW = xdlog
C(x)− y
C(x) + y

. (4.4.20)

Here, we use

C(x) = xNc −
Nc∑
i=2

six
Nc−i, G(x) = Λ

2Nc−Nf

Nf

Nf∏
a=1

(x+ma), (4.4.21)

by shifting or scaling the parameters ui,mi, x.
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4.5 The SW curves for Other Gauge Theories

Let us finally show the results for the SW theories for other gauge theories. In the above,

we showed the SW curves and the SW differentials for the SQCDs. But, there are other

N = 2 supersymmetric gauge theories. For example, let us show the SW curves and the

SW differentials for Ar type and Dr type gauge theories (SYM). For other gauge groups

the SW curves are studied in [59], [18], [16].

4.5.1 Ar type Gauge Theories

Let us write the result of the SW curves for the N = 2 SYM with Ar type gauge groups.

This curve is given by that of SU(r + 1) SQCD with Nf = 0. Here we write it in a

different way, which is convenient to study the scaling limit to the AD theory in the next

chapter. By setting z = y + CNc in (4.4.1), the SW curve and the SW differential for the

N = 2 SYM with Ar-type gauge group can be written as follows [14], [15], [16], [17]:

Λr+1

2

(
z +

1

z

)
= W (x, ui), λSW = x

dz

z
, (4.5.1)

W (x, ui) := xr+1 − u2x
r−1 − · · · − ur+1.

Here, the ui’s are the Coulomb moduli parameters, which corresponding to Casimir of Lie

algebra. The Λ is the QCD scale parameter. Then, the SW periods
∏

= (aI , aDI), (I =

1, · · · , r) are given as

aI =

∮
αI

λSW , aDI =

∮
βI

λSW . (4.5.2)

4.5.2 Dr type gauge theories

Finally, let us write the SW curve and the differential for the N = 2 SO(2r) SYM, which

are called Dr type gauge groups. In this case, the SW curve and the SW differential are

as follows [16], [18]:

1

2

(
z +

G(x)

z

)
= C(x), λSW = xdlogz − 1

2
xdlogG. (4.5.3)

Here, we define

C(x) = x2r + s1x
2r−2 + · · ·+ sr−1x

2 + sr, G(x) = Λ4r−4x4. (4.5.4)
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Where the si’s and s
1/2
r are the Coulomb moduli parameters, which corresponding to

Casimir of Lie algebra. The Λ is the scaling parameter. The curve is regarded as the

SU(2r) SQCD with Nf = 4 massless hypermultiplets. Where G(x) represents the con-

tribution from the massless hypermultiplets. C(x) from the coulomb moduli. Then, the

SW periods
∏

= (aI , aDI), (I = 1, · · · , r) are given as

aI =

∮
αI

λSW , aDI =

∮
βI

λSW . (4.5.5)

Introducing w by z =
√
Gw, we can rewrite the SW curve as

Λ2r−2

2

(
w +

1

w

)
= W (x, si) (4.5.6)

where

W (x, si) =
C(x)

x2
. (4.5.7)

Then the SW differential becomes

λSW = xd logw. (4.5.8)

Then the SW curves take a similar form as Ar. But the W has an inverse squared term.

The two curves are equivalent. But if we quantize these curves, there arise differences,

which will be discussed in Chapter 6.

The SW curves can be used to study the strong coupling physics of the gauge theories.

In the next chapter, we study the superconformal field theories realized as the RG fixed

point of the theory.
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Chapter 5

Argyres-Douglas Theory

The SW theory determines the prepotentials for N = 2 supersymmetric theories from

the Riemann surface called the SW curve and the SW differential. The SW curves are

characterized by the discriminants and the monodromies around each singular point. In

the SQCDs, the singular points generate monodromies, which correspond to squark or

monopole massless points. These singular points are separated for generic moduli, but if

we choose a specific value of moduli, these points may coincide with each other.

In this case, we expect that there arise new phenomena happen. Argyres and Douglas

showed that there arise new non-trivial theory if these two monodromy matrices do not

commute each other in the pure SU(3) SYM [19], and expected that the theory has

superconformal symmetry. After that, [20] generalize this new phenomena to general

SU(2) Nf SQCDs. These non-trivial CFT’s are called Argyres-Douglas (AD) theories. By

definition, these theories are in a strong coupling region on the moduli space. Therefore,

AD theories cannot have a local Lagrangian description.

First, we review [19] and define the Argyres-Douglas theory in SU(3) SYM case. Next,

we generalize the AD theory of the SU(3) SYM to AD theories for SU(2) Nf = 1, 2, 3

SQCDs in another description [20]. After that, we will consider the AD theories for

SU(Nc) Nf SQCDs [23]. Then, we discuss the universality of AD theories, which is an

equivalence relation of two different UV gauge theories that have the same AD theory

[44], [46], [47].
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5.1 Mutual Locality and Dirac Quantization Condi-

tion

Let us first discuss the relations between two different monodromy matrices when two

massless BPS particles co-exist. On the Coulomb branch, there exist singular points on

which some massive dyons or monopoles become massless [6], [7]. We define the mutual

locality of the two singular points on the Coulomb branch, as the monodromy matrices

of these singularity points are commutative.

In SQCD, the singular point is either a squark massless point or monopole (dyon)

massless point. As we have seen in (4.2.4), all singular points corresponding to the squark

massless points commute with each other. But squark point and monopole (dyon) massless

point, or pair of monopole (dyon) massless points may not commute each other [7]. Thus,

these singular points are mutually non-local.

Let us show that the mutual non-locality of two monopoles (or dyon) massless points

correspond to the non-trivial Dirac quantization condition in Nc = 2 cases. By using

(3.3.11), the coummtator of the two monodromies around massless dyons with charges

(nm, ne) and (n′e, n
′
m) are the following:

 1 + 2nenm 2n2
e

−2n2
m 1− 2nenm

 ,

 1 + 2n′en
′
m 2n′e

2

−2n′m
2 1− 2n′en

′
m




=(n′enm − nen′m)

 4(nen
′
m + n′enm) 8nen

′
e

−8nmn
′
m −4(nen

′
m + n′enm)

 . (5.1.1)

Thus, the condition that two dyon massless points are mutually local whose charges are

(ne, nm) and (n′e, n
′
m) is the same as the trivial case of the Dirac quantization condition:

nen
′
m − n′enm = 0. (5.1.2)

The Dirac quantization condition or equivalently, the mutual locality is a concept which

does not change by duality transformation.

Let us interpret the meaning of the mutual locality. If two dyons (hypermultiplets)

(ne, nm) and (n′e, n
′
m) are mutually local, we can couple these hypermultiplets locally with
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the same U(1) gauge field if we take some duality transformation. But if (ne, nm) and

(n′e, n
′
m) are mutually non local, then these hypermultiplets cannot couple with the same

gauge field. Therefore, we cannot construct Lagrangian that includes two different dyons

that are mutually non-local [19].

5.2 Mutually Non-Local Solutions for SU(3) SYM

Let us construct mutually non-local solutions for SU(3) SYM case following [19]. In

SU(3) SYM, the SW curve can be written as

y2 = P (x)2 − Λ6 :=
(
x3 − s2x− s3

)2 − Λ6 = Q+(x)Q−(x), Q±(x) := x3 − s2x− s3 ± Λ3.
(5.2.1)

The discriminant of this curve is

∆ = 64Λ18∆(Q+)∆(Q−), ∆(Q±) = 4s3
2 − 27(Λ3 ∓ s3)2. (5.2.2)

Here, ∆(Q±) is the discriminant of Q±. The solutions of ∆ = 0 are made of two-

dimensional space, which consists of two submanifolds ∆(Q±) = 0. They intersect at

three points (s2, s3) = (ω 3
41/3 Λ2, 0), where ω3 = 1. These points are called ”Z2 vacua,”

because each point leaves a Z2 ⊂ Z6 symmetry, which acts as s3 → −s3. Where the Z6

symmetry is symmetry on the moduli space defined in the first chapter, which acts as

s2 → e2πi/3s2, s3 → −s3. (5.2.3)

These vacua corresponding to two mutually local dyons are massless [15], [21].

There are other possibilities of singular points, which is the singular point of each

curve Q±(x). For example, a point that satisfies

∂∆(Q+)

∂s2

=
∂∆(Q+)

∂s3

= 0, ∆(Q+) = 0 (5.2.4)

is one of the singular points on the Q+ curve. The solution to this equation is

s2 = 0, s3 = Λ3. (5.2.5)

We can find such a singular point for Q− in the same way:

s2 = 0, s3 = −Λ3. (5.2.6)
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We call these singular points as ”Z3 vacua,” because they have unbroken symmetry Z3 ⊂
Z6.

On this curve, there is two independent Sp(4,Z) monodromies. We can verify that

these monodromy matrices do not commute, and thus these dyons are mutually non-local.

It is also shown in [22] that these three massless points are mutually non-local, and these

massless dyons have the following charges:

n(1) = (1, 0; 1, 0), n(2) = (0, 1; −1, 1), n(3) = (1, 1; 0, 1). (5.2.7)

Here, we use the notation n(i) = (h
(i)
1 , h

(i)
2 ; q

(i)
1 , q

(i)
2 ), where (h

(i)
1 , q

(i)
1 ) and (h

(i)
2 , q

(i)
2 ) are

two dyon charges of two U(1) gauge groups (U(1)2 is the Casimir of SU(3)).

5.3 The Scaling Limit

In the previous section, we have constructed mutually non-local dyon solutions. In this

section, we will argue some deformation around the Z3 point on the moduli space, which

go to the singular points on which mutually non-local singular points coincide.

Let us consider the moduli space near the Z3 point following [19]. The SW curve

has genus two, then two pairs of conjugate cycles (α1, β1) and (α2, β2) are determined

separetely. Near the Z3 point, we can determine two torus moduli parameters as the

moduli parameters for the SW curve:

τ ij =

 τ 11 0

0 τ 22

 . (5.3.1)

Here, the torus parameter τ ij is the complex coupling for the effective Lagrangian. τ 11

is the moduli parameter for ”small torus” and τ 22 for ”large” torus near the Z3 point

(Fig.5.1).

Let us consider deformations around the Z3 point. The operators exist on the Z3 point

is s2 and s3. Thus, if we consider some deformation, we obtain

s2 = δs2, s3 = ±Λ3 + δs3. (5.3.2)

57



Figure 5.1: The SW curve in the scaling limit. At the Z3 point, the small torus becomes
zero.

Here, we note that s2 = Trφ2 and s3 = Trφ3, the dimensionless parameters of the defor-

mation are δs2
Λ2 and δs3

Λ3 . In the following, we consider the (s2, s3) = (0,Λ3) point. On the

Z3 point, the SW curve becomes

y2 = x3(x3 − Λ3), (5.3.3)

and the small torus of the SW curve is represented as y2 = x3 [19]. Let us introduce

parameters for the small torus as δs2 = 3ε2Λ2ρ and δs3 = 2ε3Λ3. The ρ has dimension

zero. If we introduce x = εΛx̃, the SW curve near Z3 point is

y2 =(x3 − δs2x− (Λ3 + δs3))2 − Λ6

=ε6Λ6P̃ 2 − 2ε3Λ6P̃ , P̃ (x̃) := x̃3 − 3ρx̃− 2. (5.3.4)

The second term is the SW curve for the small torus near the Z3 point:

ỹ2 = x̃3 − 3ρx̃− 2 = P̃ (x̃). (5.3.5)

The limit

s2 = 3ε2Λ2ρ, s3 = ±Λ3 + 2ε3Λ3, x = εΛx̃, y = ε3/2Λ3/2ỹ (5.3.6)
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with ε → 0 is called the scaling limit. The moduli parameter of the small torus is given

as

τ 11 = τ(ρ) +O
(
δs2

Λ2

)
+O

(
δs3

Λ3

)
. (5.3.7)

Here, τ(ρ) is the period of the curve (5.3.5).

Let us next consider the SW differential near the Z3 point. If we substitute the scaling

limit in the SW differential [13], we obtain

λSW = x
P ′(x)

y
dx ∼ ε5/2Λx̃

P̃ ′

P̃ 1/2
dx̃ = 2ε5/2Λx̃ỹ′dx̃ = −2ỹdx̃ (5.3.8)

on (5.3.5).

5.4 The Scaling limit as a Deformation

In the previous section, we define the AD theory for the SU(3) pure YM theory. In

this case, we first determine the Z3 point as the point that mutually non-local singular

points coincide. In this consideration, we should calculate the commutation relations of

the monodromy matrices or consider the Dirac quantization condition to consider that

the monodromies are mutually local or not. We want to generalize this result in general

SU(Nc) Nf SQCDs.

For this purpose, let us first note that AD theories are non-trivial CFTs. Especially,

in the SW theories, the U(1)R charge r and conformal dimension D satisfy 2D = r. Thus,

we can obtain the scaling dimension by determining the U(1)R charges. We can determine

the U(1)R charge by the form of the SW curve.

5.4.1 Super Conformal Algebra

To consider deformations around CFTs, we need to discuss the conformal multiplets

and their dimensions. Therefore, we will first discuss superconformal symmetry and the

representation of the algebra.

Let us first explain about 4-dimensional conformal symmetry. The conformal symme-

try is defined as symmetry transformation act on a spacetime with some diffeomorphism
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which changes the metric up to the scale factor:

xµ → x′µ = xµ + εµ(x). (5.4.1)

These conformal symmetry vectors εµ(x) are the solutions of the Conformal Killing equa-

tion defined as follows:

∇µεν(x) +∇νεµ(x) =
1

4
(∇ · ε(x))gµν(x). (5.4.2)

There are 4 kinds of independent solutions to the equation, which are called dilatation,

the Lorentz symmetry, translation, and special conformal symmetry. These generators

are given by

• εµ[d] = xµ: dilatation

• εµ[mρσ] = xρδσµ − xσδρµ: Lorentz symmetry

• εµ[pν ] = δνµ: momentum generator

• εµ[kν ] = 2xµx
ν − x2δνµ: special conformal symmetry

The superconformal generators are consist of the generators for the above transformations,

a set of supercharges, superconformal charges, and the R-charge. In N = 2 SCFT, there

exists the operator-state correspondence, which means that states are labeled by fields

that is a component field of some superconformal multiplet. Also, these superconformal

multiplets are consist of one primary field and the corresponding descendants that are

generated by applying the eight supercharges Qα
i , Q

α̇

i and the superconformal charges on

the primary state.

Let (j, j̃) be spins of the Lorentz group SO(4) = SU(2) × SU(2). Let us explain

the chiral supermultiplet whose primary satisfies j̃ = 0 [20]. In this case, from the

superconformal algebra and the unitarity condition, the primary satisfies

D = 2R +
1

2
r ≥ 2j + 2R + 1. (5.4.3)

Here, j is the SU(2) charge of the SO(4), R is the SU(2)R charge, r is the U(1)R charge,

and D is the conformal dimension. A similar relation holds for anti-chiral fields with

j = 0.
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Next, we consider N = 2 vector multiplet U [20]. For its primary field, which is the

lowest component of U , R = 0 and j = 0 holds. Then from (5.4.3), we obtain

D =
1

2
r ≥ 1, (5.4.4)

where r is the U(1)R charge of the scalar component. In the vector multiplet, the field

strength F+
µν := Fµν + ∗Fµν is included as the second excited level, then the field strength

has dimension D(F+) ≥ 2. If equality saturates, there exist an extra null state at the

fourth level giving dF+ = 0. In this case, the following constraint must be satisfied:

Dα̇iU = 0. (5.4.5)

If r = 2, we obtain

Dα(iDj)
α U = 0. (5.4.6)

This is the well-known Maxwell equations, which is the equation of motion for free con-

formal theories.

5.4.2 Deformations around a Non-local Singular Point

In [19], it argued that the theories on the points where mutually non-local dyons become

massless are CFTs. In the following, let us consider deformations around a superconformal

point [20]. We will consider deformation on the Coulomb branch. Therefore, deformation

should be determined by the N = 2 vector multiplets (N = 2 chiral multiplet) which

satisfy (5.4.5).

If we deform around the fixed point by an operator U , the leading deformation is the

following (we note that the superconformal point is non-trivial CFT, the chiral fields U

does not satisfy (5.4.6)):

δL =

∫
d2θ1d

2θ2mU, D(m) +D(u) = 2. (5.4.7)

Here, we have used N = 2 superspace coordinates θI,α, θI,α̇, where α, α̇ are spinor indices

and I = 1, 2 SU(2)R indices. Here, for the deformation with D(u) > 2 (D(u) < 2), this

deformation is called the irrelevant (relevant). When D(u) = 2, this deformation is called

marginal.
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5.5 Scaling Limits for N = 2 SU(2) Nf = 1, 2, 3 SQCDs

In section 5.2 and 5.3, we only have considered the scaling limit around the superconformal

points for the SU(3) SYM case. In this section, we will discuss a non-trivial fixed point

in N = 2 SU(2) Nf SQCDs. Note that in pure SU(2) SYM case, there is no fixed point

with mutually non-local states [6]. Thus, in the following we consider Nf = 1, 2, 3 cases

following [20], [68]. In these cases, at the superconformal points, the three branch points

of the SW curve coincide, and two intersecting cycles on the SW curve shrink to zero.

Near the point, the SW curve becomes

y2 = x̃3 − f(u,m)x̃− g(u,m), f(0, 0) = g(0, 0) = 0. (5.5.1)

5.5.1 Nf = 1

Let us first consider the superconformal point in the Nf = 1 case. The SW curve for the

massive Nf = 1 SQCD is as follows:

y2 = x2(x− u) +
1

4
MΛ3

1x−
1

64
Λ6

1. (5.5.2)

Here, M is the bare mass of the hypermultiplet, and Λ1 is the scale parameter. We can

take the scale parameter arbitrarily by rescaling the coordinates x and y. We can take

Λ1 = 2. Then the curve becomes

y2 = x2(x− u) + 2Mx− 1. (5.5.3)

The discriminant of the curve is

∆1 = −4u3 + 4u2M2 + 36uM − 32M3 − 27. (5.5.4)

Let us first look for the superconformal point. On the superconformal point, the α-cycle

and β-cycle for one genus of the SW curve shrink to a point. Thus, on the superconformal

point, the discriminant has more than two zeroes. We can check that the discriminant

has double zero if we take M = 3
2
ω and u = 3ω−1:

∆1 = −108

ω3
(1− ω)2(1 + ω + ω2)2. (5.5.5)
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On this point, the SW curve becomes

y2 = (x− ω−1)3, ω3 = 1. (5.5.6)

Let us consider the scaling limit at a superconformal point realized at ω = 1. We

should determine the scaling limit around the superconformal point, that the α-cycle and

β-cycle become zero at the same time. If we assume that the SW curve in the scaling

limit is the form (5.5.1), we should take the scaling limit as

M =
3

2
+m, u = 3 + 2m+ ũ, x =

1

3
u+ x̃. (5.5.7)

Substitute these shift of the parameters to (5.5.3), and taking the limit m, ũ → 0 and

ignore the higher terms, we obtain

y2 = x̃3 − 2(m+ ũ)x̃− (ũ+
4

3
m2). (5.5.8)

If we also require that the scaling dimensions as D(x̃) : D(m) : D(u) = 1 : 2 : 3, we can

neglect ũx̃ and m2, and thus this curve becomes

y2 = x̃3 − 2mx̃− ũ. (5.5.9)

This curve is the same form as (5.5.1).

5.5.2 Nf = 2

Next we consider Nf = 2 case. In this case, the SW curve is given as

y2 =

(
x2 − 1

64
Λ4

2

)
(x− u) +

1

4
M1M2Λ2

2x−
1

64
(M2

1 +M2
2 )Λ4

2. (5.5.10)

At the superconformal point, the theory has conformal symmetry, thus we can take Λ2
2 = 8

to consider the scaling limit. Then the SW curve becomes

y2 = (x2 − 1)(x− u) + 2M1M2x− (M2
1 +M2

2 ). (5.5.11)

The singular points of this curve are defined by the discriminant of the curve ∆2. To

study the superconformal point, let us define

M :=
1

2

∑
i

Mi, C2 :=
∑
i

(Mi −M)2. (5.5.12)
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If we take M =
√

2 and C2 = 0, the SW curve becomes y2 = x3. Thus the superconformal

point is defined at this point. If we consider a limit such that

M =
√

2 +m, u = 3 + 2
√

2m− 1

3
m2 + ũ, x =

1

3
ũ+ x̃, (5.5.13)

with the scaling dimensions are assumed to D(m) : D(ũ) : D(C2) = 1 : 2 : 3, the SW

curve becomes

y2 = x̃3 − 2ũx̃− 4
√

2

3
mũ+

16
√

2

27
m3 − 2C2. (5.5.14)

This curve is the same form as (5.5.1). This curve is the SW curve in the scaling limit.

5.5.3 Nf = 3

Let us consider the scaling limit in the Nf = 3 theory. As in the same reason in Nf = 1, 2

theories, we can take the value of Λ3 arbitrary, when we consider the scaling limit. If we

take Λ3 = 8 in SW curve (4.3.17), we obtain

y2 =x2(x− u)− (x− u)2 − (M2
1 +M2

2 +M2
3 )(x− u) + 2M1M2M3x

− (M2
1M

2
2 +M2

2M
2
3 +M2

3M
2
1 ). (5.5.15)

Let us introduce the following parameters:

M :=
1

3

∑
i

Mi, C2 :=
∑
i

(Mi −M)2, C3 :=
∑
i

(Mi −M)3. (5.5.16)

The superconformal point is realized at M1 = M2 = M3 = 1. The scaling limit around

the superconformal point M = 1, C2 = C3 = 0 is defined as

M = 1 +m, u = 2 + 3m+m2 − 5

6
m3 + ũ, x =

1

3
+

1

3
ũ+ x̃, (5.5.17)

where the scaling dimensions of these deformation operators are D(m) : D(u) : D(C2) :

D(C3) = 1 : 3 : 4 : 6. Thus the SW curve in the scaling limit is given as

y2 = x̃3 − 2(mũ+ C2)x̃− ũ2 − m3ũ

3
+
m6

108
− 2m2C2

3
+

8C3

3
. (5.5.18)

This curve is the same form as (5.5.1).
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5.5.4 Interpretation of the Scaling Limit as Deformations

Let us discuss the scaling limit as a deformation around the superconformal point. The

scaling limit is a deformation around the superconformal point, which direction is on

the Coulomb branch, this deformation must be realized by the N = 2 vector multiplets.

Note that the scaling dimension and the R-charge of the primary field of the N = 2

vector multiplet are related by (5.4.4). We also note that a conformal field theory is

characterized by the conformal quantum numbers. Therefore, if we interpret the scaling

limit as a deformation around the superconformal point, we can characterize the scaling

limit by the scaling dimensions of the deformation operators.

Let us summarize the dimensions of the operators around the superconformal point.

To determine these dimensions, we should require that the dimension of the BPS mass

must be one. This requirement is equivalent to the condition that the dimension of the

a ∼ (ũ/ỹ)dx̃ must be one. For the AD theories associated with SU(2) SQCDs, the

scaling dimensions are summarized in table 5.1. In these theories, the scaling limits are

Nf ũ m Cj

1 6/5 4/5 -

2 4/3 2/3 1

3 3/2 1/2 D(C2) = 2, D(C3) = 3

Table 5.1: scaling dimensions of AD theories associated to SU(2) SQCDs

interpreted as relevant deformation.

5.6 Scaling Limits for SU(Nc) Nf SQCDs

In section 5.5, we have studied the scaling limits for Nc = 2, Nf = 1, 2, 3 theories. The

idea of [20] to study conformal field theories can be generalized to SU(Nc) Nf SQCDs. In

the following, let us discuss the scaling limits for SU(Nc) Nf SQCDs. This generalization

is discussed by [23]. In these papers, the SW curve in the scaling limit is determined by

the degeneration of the SW curve of the UV theory. In the following, we will discuss the
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scaling limit for the SU(Nc) Nf SQCDs following [23].

5.6.1 Nf = 0

Let us first explain the case of Nf = 0, which corresponds to the SU(Nc) SYM. In this

case, the SW curve and the SW differential are given as (4.4.20):

y2 = C(x)2 − Λ2Nc , λSW = xdlog
{C(x)− y}2

Λ2Nc
, (5.6.1)

where C(x) := xNc − s2x
Nc−2 − · · · − sNc . In this case, the superconformal point is given

by s2 = · · · = sNc−1 = 0 and sNc = ±Λ2Nc , and the scaling limit is defined as follows:

x = εΛx̃, si = ±δi,NcΛ
Nc + εiΛis̃i (i = 2, · · · , Nc). (5.6.2)

Then, the C(x) becomes as C(x)→ εNcΛNc(x̃Nc− s̃2x̃
Nc−2−· · ·− s̃Nc)∓ΛNc in the scaling

limit, and therefore the SW curve and the SW differential becomes

y2 =C(x)2 − Λ2Nc

→∓ 2εNcΛ2Nc(x̃Nc − s̃2x̃
Nc−2 − · · · − s̃Nc) +O(ε2Nc)

=:∓ 2εNcΛ2Nc ỹ2 +O(ε2Nc), (5.6.3)

λSW =xdlog
{C(x)− y}2

Λ2Nc

→± ε
Nc+3

2 Λ2
√

2ỹdx̃+ · · · . (5.6.4)

Thus the SW curve and SW differential in the scaling limit are the follows:

ỹ2 = x̃Nc −
Nc∑
i=2

s̃ix̃
Nc−i, λ̃SW = ỹdx̃. (5.6.5)

The coefficients of the SW curve are the operators that are used to deform the theory.

Note that the scaling dimension of the BPS spectrum must be one, we obtain [λ̃SW ] = 1.

Then we find that the dimension of x is given by 1
Nc+2

. Therefore, we obtain the scaling

dimension of these coefficients of the SW curve in the scaling limit as follows:

[s̃i] = 2i/(Nc + 2), i = 2, · · · , Nc. (5.6.6)

For Nc odd, the scaling dimensions take fractional value. But for even Nc, [s̃i] = 1 for

i = Nc+2
2

, which indicates the theory has U(1) global symmetry.
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5.6.2 Nf = 1

Let us next discuss the Nf = 1 theories. The SW curve and the SW differential for these

theories are given as (4.4.20) with Nf = 1. We can shift the x by some constant to have

the superconformal point at x = 0:

y2 =(xNc − s1x
Nc−1 − · · · − sNc)

2 − Λ2Nc−1
1 (x+m′)

=:x2Nc + t1x
2Nc−1 + · · ·+ t2Nc . (5.6.7)

Here, we redefine the parameters m and si(i = 1, · · · , Nc). These t1, · · · , t2Nc are the

functions of m′,Λ, s1, · · · , sNc :

t2Nc =s2
Nc
− Λ2Nc−1m′,

t2Nc−1 =2sNc−1sNc − Λ2Nc−1,

t2Nc−2 =s2
Nc−1 + 2sNc−2sNc ,

t2Nc−k =
∑
i+j=k

sNc−isNc−j, k ≥ 3. (5.6.8)

Let us now look for the superconformal point. The superconformal point is defined as

t2Nc = · · · = tNc = 0. Let us write the superconformal point by parameters s1, · · · , sNc

and m′ by using (5.6.8). By introducing m∗ and s∗k:

m′ = m∗Λ, sNc−k = s∗Nc−kΛ
Nc−k, (5.6.9)

the superconformal point is given as follows (Note that the equations t2Nc−k = 0(k =

0, · · · , Nc are Nc + 1 equations):

s∗Nc
=


−
(

( 1
4

)n( 3
4

)n

2×n!( 3
2

)n

) 1
4n+1

, Nc = 2n+ 1,(
( 3

4
)n( 5

4
)N

8(n+1)!( 3
2

)n

) 1
4n+3

, Nc = 2n+ 2

(5.6.10)

s∗Nc−k =−
(−1)k(−1

2
)k

k!

1

(s∗Nc
)2k−1

, k ≥ 1 (5.6.11)

m∗ =(s∗Nc
)2. (5.6.12)

Here, we use (a)n := a(a+1) · · · (a+n−1), (n ≥ 1) and (a)0 := 1. At the superconformal

point, the SW curve becomes

y2 = xNc+1

(
xNc−1 + · · ·+ 2Nc − 1

Nc + 1

ΛNc−1
1

s∗Nc

)
. (5.6.13)

67



Let us check that this solutions satisfy the equations t2Nc−k = 0(k = 0, · · · , Nc) in

Nc = 3 case. In this case, the SW curve (5.6.7) becomes

y2 = (x3 − s1x
2 − s2x− s3)2 − Λ5(x+m′) = x6 + t1x

5 + · · ·+ t6. (5.6.14)

Then, the tk = 0(k = 3, · · · , 6) means that

t6 =s2
3 − Λ5m′ = Λ6((s∗3)2 −m∗) = 0, (5.6.15)

t5 =2s2s3 − Λ5 = Λ5(2s∗2s
∗
3 − 1) = 0, (5.6.16)

t4 =s2
2 + 2s1s3 = Λ4((s∗2)2 + 2s∗1s

∗
3) = 0, (5.6.17)

t3 =− s3 + 2s1s2 = Λ3(−2s∗3 + 2s∗1s
∗
2) = 0. (5.6.18)

Here we define m′ = m∗Λ and sNc−k = s∗Nc−kΛ
Nc−k. We can solve the first 3 equations for

m∗ and s∗1, s
∗
2 as

m∗ = (s∗3)2, s∗2 =
1

2s∗3
, s∗1 = −(s∗2)2

2s∗3
= − 1

8(s∗3)3
, (5.6.19)

and finally if we substitute these solutions into the final equation, we obtain (s∗3)5 = − 1
16

.

We define the scaling limit as follows with ε→ 0:

x =εΛ1x̃,

s1 =Λ1s
∗
1,

si =Λi
1

(
s∗i +

i∑
k=1

εks̃
(k)
i

)
, i = 2, · · · , Nc − 1

m =Λ1

(
m∗ +

Nc∑
a=1

εam̃a

)
,

sNc =ΛNc
1

(
s∗Nc

+
Nc+1∑
k=1

εis̃k

)
. (5.6.20)

Explicit calculations for Nc = 2, 3, · · · suggest that the SW curve around the supercon-

formal point takes the form:

y2 = Λ2NcεNc+1(ũ0x̃
Nc+1 + ũ2x̃

Nc−1 + · · ·+ ũNc+1) +O(εNc+2), (5.6.21)
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where ũ0 = t∗Nc−1/Λ
Nc−1 = 2Nc−1

Nc+1
1
s∗Nc

. If we further rescaling ũ2, · · · , ũNc+1, the SW curve

around the superconformal point becomes the following form:

ỹ2 = x̃Nc+1 + ũ2x̃
Nc−1 + · · ·+ ũNc+1. (5.6.22)

Then, the SW differential can be written as

λSW =xdlog
C − y
C + y

= xdlog

(√
G+ y2 − y√
G+ y2 + y

)

=xdlog

(√
1 + f 2 − f√
1 + f 2 + f

)
, f :=

y√
G

=xd

(
−2f +

f 3

3
+ · · ·

)
=ε

Nc+3
2

2

s∗Nc

Λũ
1/2
0 ỹdx̃. (5.6.23)

Here, we have used

f =
y√
G

=
ΛNcε

Nc+1
2 ỹ + · · ·√

Λ2Ncm∗ + · · ·
, m∗ = (s∗Nc

)2. (5.6.24)

Therefore, we can obtain the SW curve and the SW differential as following:

ỹ2 = x̃Nc+1 + ũ2x̃
Nc−1 + · · ·+ ũNc+1, λ̃SW = ỹdx̃. (5.6.25)

Finally, let us calculate the scaling dimension of the operators in the scaling limit.

Note that the BPS spectrum must have the scaling dimension one, we require that the

dimension of the λ̃SW is one. Thus we obtain

[ũi] =
2i

Nc + 3
, i = 2, · · · , Nc + 1, [x̃] =

2

Nc + 3
. (5.6.26)

We can see the spectrum is the same as the AD theory obtained from the scaling limit of

SU(Nc+1). This is an example of the universality of AD theories, which will be explained

in section 5.9.

5.6.3 Nf = 2n+ 1 (n ≥ 1)

Let us next consider the Nf = 2n + 1(n ≥ 1) case. In this case, the SW curve can be

written as the following form when we shift x some constant to obtain the scaling point
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at x = 0:

y2 =(xNc − s1x
Nc−1 − · · · − sNc)

2 − Λ
2Nc−Mf

Nf

Nf∏
a=1

(x+ma)

=C(x)2 −G(x) (5.6.27)

To define the superconformal point, we first set ma = m and define x̂ = x+m. Then the

SW curve becomes the following form:

y2 = (x̂Nc + u1x̂
Nc−1 + · · ·+ uNc)

2 − Λ
2Nc−Nf

Nf
x̂Nf . (5.6.28)

Then, if we take

uNc = uNc−1 = · · · = uNc−n−2 = 0, (5.6.29)

the SW curve degenerates to

y2 = x̂2n+1
{
−Λ2Nc−2n−1

Nf
+ x̂(x̂Nc−1−1 + uix̂

Nc−n−2 + · · ·+ uNc−n−1)2
}
. (5.6.30)

Thus, the point is the superconformal point.

Let us next consider the scaling limit around the superconformal point. Let us consider

a limit that is determined by

x =−m− εΛNf
m̃+ ε2ΛNf

x̃,

ma =m+ εΛNf
m̃+ ε2λNf

c̃a,

Nf∑
a=1

c̃a = 0. (5.6.31)

Here, we take ε→ 0. The SW curve in this limit is

y2 =
{

(−εΛNf
m̃+ ε2ΛNf

x̃)Nc + u1(−εΛNf
m̃+ ε2ΛNf

x̃)Nc−1 + · · ·+ uNc

}2 − Λ2Nc
Nf

ε2Nc

Nf∏
a=1

(x̃+ c̃a)

=
{

(ε2ΛNf
x̃)Nc + û1(ε2ΛNf

x̃)Nc−1 + · · ·+ ûNc

}2 − Λ2Nc
Nf

ε2Nc

Nf∏
a=1

(x̃+ c̃a) (5.6.32)

Here, we introduce

(−εΛNf
m̃+ ε2ΛNf

x̃)Nc + u1(−εΛNf
m̃+ ε2ΛNf

x̃)Nc−1 + · · ·+ uNc

=:(ε2ΛNf
x̃)Nc + û1(ε2ΛNf

x̃)Nc−1 + · · ·+ ûNc . (5.6.33)
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Note the coefficients ûi do not depend on ε. Therefore, we should introduce further scaling

parameter to determine the scaling limit:

ûNc−i = εNf−2iΛNc−i
Nf

ũn−i, i = 0, 1, · · · , n. (5.6.34)

Here, ûi = O(1) (i = 1, · · · , Nc − n + 1). In these limits (5.6.31) and (5.6.34, the C(x)

and G(x) in the SW curve becomes

C(x) = εNf ΛNcC̃(x̃) + · · · , G(x) = ε2Nf Λ2NcG̃(x̃) + · · · , (5.6.35)

where

C̃(x̃) =
n∑
i=0

ũix̃
n−i, G̃(x̃) =

2n+1∏
a=1

(x̃+ c̃a) =

Nf∑
a=0

ṽax̃
Nf−a,

2n+1∑
a=1

c̃a = 0. (5.6.36)

Therefore, we obtain

y2 = ε2Nf Λ2Nc(C̃(x̃)2 − G̃(x̃)). (5.6.37)

Thus, the SW curve in the scaling limit is the following:

ỹ2 = C̃(x̃)2 − G̃(x̃). (5.6.38)

Next, we calculate the SW differential in the scaling limit. The SW differential in the

scaling limit is

λSW = xdlog
C − y
C + y

= ε2Λx̃dlog
C̃ − ỹ
C̃ + ỹ

+ d(∗). (5.6.39)

Thus, the SW differential in the scaling limit is defined as follows:

λ̃SW = x̃dlog

(
C̃ − ỹ
C̃ + ỹ

)
. (5.6.40)

Finally, let us calculate the scaling dimension of the parameters in the scaling limit.

If we define the scaling dimension of the λ̃SW is one, we obtain

[x̃] = 1, [ũi] =
2i+ 1

2
, [c̃a] = 1, a = 1, · · · , Nf = 2n+ 1. (5.6.41)

Here, ũ0 and ũ1 are relevant operator and ũi for i ≥ 2 are irrelevant operators. We can

see that the theory has SU(2n + 1) global symmetry with U(1) vector multiplet. This

theory is referred as D2(SU(2n + 1)) theory in [60]. Its Schur index has been recently

studied in [61].
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5.6.4 Nf = 2

In Nf = 2 theories, the SW curve is given as follows:

y2 = C(x)2 −G(x), (5.6.42)

where,

C(x) = xNc −
Nc∑
i=2

six
Nc−i, G(x) = Λ2Nc−2

2 (x+m1)(x+m2). (5.6.43)

In this case, the superconformal points are given by

si = ±δi,Nc−1ΛNc−1
2 , m1 = m2 = 0. (5.6.44)

On these points, the SW curve becomes

y2 = xNc+1(xNc−1 ∓ 2ΛNc−1
2 ). (5.6.45)

We define the scaling limit as following with ε→ 0:

x =ε2Λ2x̃,

si =ε2iΛi
2s̃i, (i = 2, · · · , Nc − 2)

sNc−1 =± ΛNc−1
2 + ε2Nc−2ΛNc−1

2 s̃Nc−1,

sNc =ε2m̃ΛNc
2 + ε2NcΛNc

2 s̃Nc ,

ma =ε2m̃Λ2 + εNc+1Λ2c̃a, a = 1, 2, (5.6.46)

where c̃1 + c̃2 = 0. In this limit, C and G becomes

C(x) = −ε2ΛNc(x̃+ m̃) + ε2NcΛNcC̃(x̃), G(x) = Λ2Nc
(
ε4(x̃+ m̃)2 + ε2Nc+2c̃1c̃2

)
,

(5.6.47)

where,

C̃(x̃) = x̃Nc −
Nc∑
i=2

s̃ix̃
Nc−i. (5.6.48)

Therefore, the SW curve becomes

y2 = ∓2ε2Nc+2Λ2Nc
2 ỹ2 + · · · , ỹ2 = (x̃+ m̃)C̃(x̃) +

1

2
c̃1c̃2. (5.6.49)
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Next, we consider the SW differential in the scaling limit. If we substitute the scaling

limit in the SW differential, we obtain

λSW =xdlog
C − y
C + y

=∓ 2
√
−2εNcΛ

ỹ

x̃+ m̃
dx̃+ · · ·

=∓ 2
√
−2εNcΛỹdlog(x̃+ m̃). (5.6.50)

Therefore, the SW differential in the scaling limit is the following:

λ̃SW = ỹdlog(x̃+ m̃). (5.6.51)

Let us summarize the results. If we shift x̃→ x̃− m̃, we can obtain the SW curve and

the SW differential in the scaling limit as follows:

ỹ2 = x̃Nc+1 + ũ1x̃
Nc + · · ·+ ũNc+1, λ̃SW = ỹdlogx̃. (5.6.52)

The scaling dimension operators in the scaling limit are the following:

[x̃] =
2

Nc + 1
, [ũi] =

2i

Nc + 1
, i = 1, · · · , Nc + 1. (5.6.53)

For Nc odd, the theory has U(1) global symmetry.

5.6.5 Nf = 2n (n ≥ 2)

Let us finally consider the Nf = 2n case with n ≥ 2. In this case, if we shift x→ x−s1/Nc

in the SW curve (4.4.20), we can rewrite the SW curve as

y2 = (xNc − s1x
Nc−1 − · · · − sNc)

2 − Λ2Nc−2n
Nf

2n∏
a=1

(x+ m̂a). (5.6.54)

Here, m̂a = ma− s1
Nc

, and we can choose the constant s1 arbitrary. Let us choose s1 to sat-

isfy
∑2n

a=1 m̂a = 0. In other words, we define s1 := Nc

2n

∑2n
a=1ma. Then, the superconformal

point is given by

s1 = s2 = · · · = sNc−n−1 = · · · = sNc = 0, sNc−n = ±ΛNc−n, m̂a = 0. (5.6.55)

73



At this point, the SW curve becomes

y2 = xNc+n(xNc−n ∓ 2ΛNc−n). (5.6.56)

However, in this case, there are two possibilities of the scaling limit [24]. Let us discuss

these two cases called type A and type B. Originally, in [23], the type B scaling was

introduced. But it was shown in [24], there is another possibility of the scaling limit

which is consistent with the a-theorem in 4-dimensional conformal field theories. We

refer to this limit as type A.

Type B scaling

The type B scaling is defined as follows:

x = ε2BΛx̃, m̂a = εNc+2−n
B Λc̃a, si = ±ΛNc−nδi,Nc−n + ε2iBΛ2is̃i, (5.6.57)

where
∑2n

a=1 c̃a = 0. In this limit, the C(x) and G(x) in the (5.6.54) become as

C(x) =∓ ΛNcε2nB x̃
n + ε2Nc

B ΛNcC̃(x̃), (5.6.58)

G(x) =Λ2Nc

{
ε4nB x̃

2n +
2n∑
i=2

ε
2(2n−i)+i(Nc+2−n)
B x̃2n−iC̃i

}
. (5.6.59)

Here, C̃i(i = 2, · · · , 2n) are elementary symmetric polynomial pf c̃a, and

C̃(x̃) = x̃Nc −
Nc∑
i=2

s̃ix̃
Nc−i. (5.6.60)

Thus, the SW curve becomes

y2 =Λ2Nc

(
ε4nB x̃

2n ∓ 2ε2n+2Nc
B x̃nC̃(x̃)− ε4nB x̃2n − ε2Nc+2n

B x̃2n−2C̃2 + · · ·
)

=∓ 2Λ2Ncε2n+2Nc
B ỹ2, ỹ2 = x̃nC̃(x̃)± 1

2
x̃2n−2C̃2. (5.6.61)

The SW differential in the scaling limit is

λSW = xdlog
C − y
C + y

= 2
√
−2ε2BΛdx̃

ỹ

(x̃+ m̃)n
+ · · · . (5.6.62)

Therefore, the SW differential in the scaling limit is the following:

λ̃SW =
ỹ

(x̃+ m̃)n
dx̃. (5.6.63)
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Let us summarize the above SW curve and the SW differential in the scaling limit. It

is convenient to shift x̃→ x̃− m̃. If we shift x̃→ x̃− m̃, we can write the SW curve and

the SW differential defined in (5.6.61) and (5.6.63) as following form:

ỹ2 =
Nc∑
i=0

ũix̃
Nc+n−i, λ̃SW =

ỹ

x̃n
dx̃, , ũ0 := 1. (5.6.64)

Let us finally determine the scaling dimensions of the operators in the scaling limit.

The scaling dimension of these operators is determined by requiring that the scaling

dimension of the BPS masses is 1. Then, we obtain the dimensions of the operators as

follows:

[x̃] =
2

Nc − n+ 2
, [ũi] =

2i

Nc − n+ 2
, i = 1, · · · , Nc. (5.6.65)

Thus, the operators ũi(i = Nc − n+ 3, · · · , Nc) are irrelevant.

Type A scaling

The other scaling limit is defined as follows, which is called type A scaling:

x =ε2AΛx̃, (5.6.66)

m̂a =ε2AΛc̃a,
2n∑
a=1

c̃a = 0, (5.6.67)

si =± ΛNc−nδi,Nc−n + ε−2Nc+2n+2i
A Λiũi−Nc+n, i = Nc − n, · · · , Nc, (5.6.68)

where s1, · · · sNc−n+1 are O(1). εA and εB are related by ε2A = εNc−n+2
B . Then, the C(x)

and G(x) in (5.6.54) can be written as

C(x) =ΛNc
{
ε2Nc
A x̃Nc − s1ε

2nc−2
A x̃Nc−1 − · · · − ε2n+2

A sNc−nx̃
n+1 ∓ ε2nA x̃n − ε2nA ũ1x̃

n−1 − · · · − ε2nA ũn
}

=− ε2nA ΛNc(±x̃n + ũ1x̃
n−1 + · · ·+ ũN) +O(ε2nA ),

G(x) =ε4nA Λ2n

2n∏
a=1

(x̃+ c̃a). (5.6.69)

Using this, we can obtain the SW curve in the scaling limit as

y2 = ε4nA Λ2Nc ỹ2 + · · · , ỹ2 = C̃(x̃)2 − G̃(x̃), (5.6.70)
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where we define

C̃(x̃) =
n∑
i=0

ũix̃
n−i, G̃(x̃) =

2n∏
a=1

(x̃+ c̃a), (5.6.71)

with ũ0 = ±1. We also obtain the SW differential in the scaling limit as

λ̃SW = x̃dlog

(
C̃ − ỹ
C̃ + ỹ

)
. (5.6.72)

Therefore, the SW curve and the SW differential in the scaling limit are given as

ỹ2 = C̃(x̃)2 − G̃(x̃), λ̃SW = x̃dlog

(
C̃ − ỹ
C̃ + ỹ

)
. (5.6.73)

Let us finally discuss the dimension of the operator in the scaling limit. If we require

that the dimension of the BPS masses must be one, the scaling dimensions of the operator

in the scaling limit are the following:

[x̃] = 1, [ũi] = i, (i = 1, · · · , n), [c̃a] = 1, (a = 1, · · · , Nf ). (5.6.74)

5.7 Ar and Dr type gauge theories

Finally, let us discuss the scaling limit for the Ar = SU(r + 1) and Dr = SO(2r) type

gauge theories.

5.7.1 Ar type

Next, let us define the scaling limit for Ar type gauge theories. This is the same as the

SU(r + 1) Nf = 0 case. But we discuss the scaling limit again because this formalism is

useful for the quantization of the SW curve. The SW curve for the Ar type gauge theories

are defined in (4.5.1). The superconformal point is defined as

u2 = · · · = ur = 0, ur+1 = ±Λr+1, (5.7.1)
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where the discriminant of this curve degenerates [17]. Let us consider the scaling limit

for ur+1 = −Λr+1 case. In this case, the scaling limit is defined as follows [17], [25]:

z =eδξ, (5.7.2)

x =δ
2

r+1 Λx̃, (5.7.3)

ui =δ
2i

r+1 Λiũi, i = 2, · · · , r (5.7.4)

ur+1 =− Λr+1 + δ
2(r+1)
r+1 Λr+1ũr+1. (5.7.5)

Here, we take δ → 0. If we take the scaling limit, the function defined in (4.5.1) becomes

W (x, ui)→ δ2Λr+1(x̃r+1 − ũ2x̃
r−1 − · · · − ũr+1) + Λr+1 = δ2Λr+1W (x̃, ũi) + Λr+1,

(5.7.6)

and the left-hand side of (4.5.1) becomes

Λr+1

2

(
z +

1

z

)
→ Λr+1 +

1

2
δ2ξ2Λr+1 + · · · . (5.7.7)

Thus, in this limit, the SW curve becomes

ξ2 = 2W (x̃, ũi). (5.7.8)

We can also consider the SW differential in the scaling limit:

λSW = δ
r+3
r+1 Λx̃dξ. (5.7.9)

We define the SW differential in the scaling limit as the following:

λ̃SW = x̃dξ. (5.7.10)

If we require that the dimension of the BPS mass must be one, we determine the dimension

of λ̃SW equal one, so we obtain the dimension of the operator in the scaling limit as follows:

[ũj] =
2j

r + 3
, j = 2, · · · , r + 1. (5.7.11)

5.7.2 Dr type

If we introduce z =
√
Gw, we can rewrite the SW curve and the differential in (4.5.3) as

follows:

Λ2r−2

2

(
w +

1

w

)
= W (x, si), λSW = xdlogw. (5.7.12)
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Here we define

W (x, si) :=
C(x)

x2
= x2r−2 + s1x

2r−4 + · · ·+ sr−1 +
sr
x2
. (5.7.13)

The superconformal point is defined as [23]:

s1 = s2 = · · · = sr = 0, sr−1 = ±Λ2r−2. (5.7.14)

We can define the scaling limit around the point as

w =eδξ, (5.7.15)

x =δ
2

2r−2 Λx̃, (5.7.16)

si =δ
4i

2r−2 Λ2is̃i, i = 1, · · · , r − 2, (5.7.17)

sr−1 =Λ2r−2 + δ2Λ2(r−1)s̃r−1, (5.7.18)

sr =δ
4r

2r−2 Λ2rs̃r, (5.7.19)

with δ → 0 [17]. In this case, we can also obtain

W (x, si)→ δ2Λ2r−2W (x̃, s̃i) + Λ2r−2, (5.7.20)

and

Λ2r−2

2

(
w +

1

w

)
→ Λ2r−2 +

1

2
δ2Λ2r−2ξ2. (5.7.21)

Then the SW curve and SW differential in the scaling limit is as follows:

ξ2 = 2W (x̃, s̃i), λ̃SW = x̃dξ. (5.7.22)

This is the SW curve of the (A1, Dr)-type AD theory. The parameters s̃i has the following

scaling dimensions:

[s̃i] =
2j

r
, j = 1, · · · , r. (5.7.23)

5.8 Summary

Let us summarize the results. As we explained in section 5.5, the scaling limits are one of

the deformations around the superconformal points, which direction is on the Coulomb

branch. Let us specify these scaling limits in the viewpoints of deformations.
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We define the scaling limit not to break the N = 2 supersymmetries. We also note

that the U(2)R must be broken by chiral anomaly as U(2)R → SU(2)R, then the possible

global symmetries in the scaling limit are only SU(2)R and flavor symmetry. But if these

operators include SU(2)R generator in the SW curve in the scaling limit, the scaling limit

cannot preserve the N = 2 supersymmetry. Thus, we can conclude that these operators

that have integer dimensions correspond to flavor symmetry.

Theory Dimension of the Operators in AD Flavor Symmetry

SU(Nc = 2n) Nf = 0 i
n+1

, i = 2, · · · , 2n U(1)

SU(Nc = 2n− 1) Nf = 0 2i
2n+1

, i = 2, · · · , 2n− 1 -

SU(Nc = 2n) Nf = 1 2i
2n+3

, i = 2, · · · , 2n+ 1 -

SU(Nc = 2n− 1) Nf = 1 i
n+1

, i = 2, · · · , 2n U(1)

SU(Nc) Nf = 2n+ 1(n ≥ 1) 2i+1
2

, i = 0, · · ·n -

and Nf are with dimension one

SU(Nc = 2n) Nf = 2 2i
2n+1

, i = 1, · · · , 2n+ 1 U(1)

SU(Nc = 2n− 1) Nf = 2 i
n
, i = 1, · · · , 2n U(2)

SU(Nc) Nf = 2n(n ≥ 2) 2i
Nc−n+2

, i = 1, · · · , Nc -

Type B Scaling

SU(Nc) Nf = 2n(n ≥ 2) i, i = 1, · · · , Nc SU(2n)

Type A Scaling and Nf are with dimension one

Ar
2j
r+3

, j = 2, · · · , r + 1 U(1) or none

Dr
2j
r

, j = 1, · · · , r U(1) or U(2)

Table 5.2: List of the AD theorires associaed to SU(Nc) SQCDs.
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5.9 The Universality of the AD curves

In Table 5.2 of the AD theories, we observe that some different UV gauge theories lead

to the same AD theory. This is called the universality of AD theories. In this section,

we explain the universality of the AD theories by considering explicit examples [46], [47],

[23]. We call two different UV gauge theories to belong to the same universality class, if

and only if the AD theories of these two gauge theories are the same.

5.9.1 SU(2) Nf = 1 and A2 type

Let us first show the universality between SU(2) Nf = 1 SQCD and A2 type gauge theory.

The SW curve and SW differential in the scaling limit of SU(2) Nf = 1 SQCD are given

as (5.6.25) with Nc = 2:

ỹ2 = x̃3 + ũ2x̃+ ũ3, λ̃SW = ỹdx̃, (5.9.1)

The dimensions of the operators are are given by [ũ2] = 4
5

and [ũ3] = 6
5
. On the other

hand, the SW curve and SW differential in the scaling limit of A2 type gauge theory are

1

2
ξ2 = x̃3 − ũ2x̃− ũ3, λ̃SW = x̃dξ, (5.9.2)

and the dimensions of the operators are [ũ2] = 4
5

and [ũ3] = 6
5
. We can confirm that these

two AD theories have the same SW curve and the SW differential. Thus, these two gauge

theories belong to the same universality class.

5.9.2 SU(2) Nf = 2 and A3

Next, let us examine the universality between SU(2) Nf = 2 SQCD and A3 type gauge

theory. The SW curve and the SW differential in the scaling limit of SU(2) Nf = 2 theory

are given as (5.6.52) with Nc = 2:

ỹ2 = x̃3 + ũ1x̃
2 + ũ2x̃+ ũ3, λ̃SW = ỹdlogx̃. (5.9.3)

Here, the dimensions of the operators are [ũ1] = 2
3
, [ũ2] = 4

3
and [ũ3] = 2. On the other

hand, these of the scaling limit of the A3 type gauge theories are given as (5.7.8) and
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(5.7.10) with r = 3:

1

2
ξ2 = x̃4 − ũ2x̃

2 − ũ3x̃− ũ4, λ̃SW = x̃dξ. (5.9.4)

Here, the dimensions of these operators are [ũ2] = 2
3
, [ũ3] = 2 and [ũ4] = 4

3
. Thus, the

operators of these two theories are the same, but these two SW curves and SW differential

in the scaling limit looks like different. In the following let us show that these two SW

curves and SW differential in the scaling limit are the same.

Let us change the variables in the SW curve and the SW differential in the scaling

limit of A3 type gauge theory. By the calculation of the appendix (B.1.8), the SW curve

and the SW differential in the scaling limit of A3 type gauge theory can be rewritten as

y2 = x3 − ũ2x
2 + 4ũ4x+ (−4ũ2ũ4 + ũ2

3). (5.9.5)

Let us denote these ũi(i = 2, 3, 4) in (5.9.5) as t̃i := ũi. Then, if we identify

ũ1 = −t̃2, ũ2 = 4t̃4, ũ3 = −4t̃2t̃4 + t̃23, (5.9.6)

these two curves (5.9.5) and (5.9.3) are the same. We can also obtain the SW differential

becomes that of AD theory obtained from SU(2) Nf = 2 SQCD. Therefore, we can

conclude that these two gauge theories belong to the same universality class.

5.9.3 SU(2) Nf = 2 and D3

Let us next consider the universality between SU(2) Nf = 2 and D3 type gauge theory.

The SW curve and the SW differential in the scaling limit of D3 type gauge theory are

given by substitute r = 3 in (5.7.22):

1

2
ξ2 = x̃4 + s̃1x̃

2 + s̃2 +
s̃3

x̃2
, λ̃SW = x̃dξ. (5.9.7)

Here, the dimeisnions of these operators are [s̃1] = 2
3
, [s̃2] = 4

3
and [s̃3] = 2. Thus this

AD curve and differential look like different from that of SU(2) Nf = 2 theory (5.9.3).

But if we replace the variable in (5.9.7) as ξ =
√

2y1

x̃
, we obtain the SW curve and the SW

differential in the scaling limit of D3 type theory as

y2
1 = x̃6 + s̃1x̃

4 + s̃2x̃
2 + s̃3, λ̃SW = −

√
2y1dlogx̃. (5.9.8)
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Thus, this SW curve and the SW differential in the scaling limit is the same as that of

SU(2) Nf = 2 theory (5.9.3) if we identify

ũi = s̃i, i = 1, 2, 3. (5.9.9)

Thus, these two gauge theories belong to the same universality class.

5.9.4 SU(2) Nf = 3 and D4

Next, let us show the universality between SU(2) Nf = 3 and D4. The SW curve and SW

differential in the scaling limit of SU(2) Nf = 3 are given by substitute n = 1 in (5.6.38):

ỹ2 = C̃(x̃)2 − G̃(x̃), λ̃SW = x̃dlog
C̃ − ỹ
C̃ + ỹ

. (5.9.10)

Here,

C̃ = ũ0x̃+ ũ1, G̃ = x̃3 + ṽ2x̃+ ṽ3, (5.9.11)

and dimensions of these operators are [ũ0] = 1
2
, [ũ1] = 3

2
, [ṽ2] = 2 and [ṽ3] = 3.

On the other hand, the SW curve and SW differential in the scaling limit of D4 type

gauge theory are given by (5.7.22) with r = 4:

1

2
ξ2 = x̃6 + s̃1x̃

4 + s̃2x̃
2 + s̃3 +

s̃4

x̃2
, λ̃SW = x̃dξ. (5.9.12)

Here, the dimensions of these opearators are [s̃1] = 1
2
, [s̃2] = 1, [s̃3] = 3

2
and [s̃4] = 2.

By the calculation of the appendix (B.2.4), we can rewrite this curve and the differential

(5.9.12) as

y2 =x3 +
s̃2

1

4
x2 + (s̃1s̃3 − 4s̃4 −

s̃2
2

3
+
s̃4

1

48
)x

+ s̃2
3 −

s̃1s̃2s̃3

3
+
s̃3

1s̃3

12
− 8s̃2s̃4

3
+

2s̃2
1s̃4

3
+

2s̃3
2

27
− s̃2

1s̃
2
2

36
+

s̃6
1

1728
. (5.9.13)

We can identify these SW curves (5.9.13) and (5.9.10), if we identify these coefficients:

ũ2
0 =

s̃2
1

4
,

2ũ0ũ1 + ṽ2 =s̃1s̃3 − 4s̃4 −
s̃2

2

3
+
s̃4

1

48
,

ũ2
1 + ṽ3 =s̃2

3 −
s̃1s̃2s̃3

3
+
s̃3

1s̃3

12
− 8s̃2s̃4

3
+

2s̃2
1s̃4

3
+

2s̃3
2

27
− s̃2

1s̃
2
2

36
+

s̃6
1

1728
. (5.9.14)

This universality is confirmed by comparing the Picard-Fuchs equations of these two

theories [46].
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5.9.5 SU(Nc + 1) Nf = 0 and SU(Nc) Nf = 1

The previous examples can be generalized as the following. The SW curve and the SW

differential in the scaling limit of the SU(Nc + 1) Nf = 0 theory are given by (5.6.5), and

these of SU(Nc) Nf = 1 theory are given as (5.6.25). We can confirm that the SW curves

and the SW differentials in the scaling limit for the SU(Nc + 1) Nf = 0 and SU(Nc)

Nf = 1 SQCDs are the same form. Therefore, these two theories belong to the same

universality class.

5.9.6 Nf = 2n+ 1(n ≥ 1) SQCDs

The SW curve and the SW differential in the scaling limit of the SU(Nc) Nf = 2n+1(n ≥
1) SQCD are determined only n: (5.6.38). Thus, the SQCDs with Nf = 2n + 1 belong

to the same universality class. For example, SU(3) Nf = 3 and SU(2) Nf = 3 belong to

the same universality class. SU(3) Nf = 5 and arbitrary SU(Nc) Nf = 5 theories belong

to the same universality class.

5.9.7 SU(3) Nf = 1 and SU(2) Nf = 2

The SW curve and the SW differential in the scaling limit of the SU(3) Nf = 1 theory is

given as Nc = 3 in (5.6.25):

ỹ2 = x̃4 + ũ2x̃
2 + ũ3x̃+ ũ4, λ̃SW = ỹdx̃. (5.9.15)

On the other hand, the SW curve and the SW differential in the scaling limit of the SU(2)

Nf = 2 theory are given as (5.9.3). As we explained above, the SU(2) Nf = 2 theory

belong to the same universality class with A3. The SW curve and the SW differential in

the scaling limit of the A3 theory are given as (5.9.4). Let us denote the coefficients of

(5.9.4) as t̃i = ũi. Then we can rewrite the AD curve of A3 theory (5.9.4) as

1

2
ξ2 = x̃4 − t̃2x̃2 − t̃3x̃− t̃4, λ̃SW = x̃dξ. (5.9.16)

If we identify the coefficients of AD curves (5.9.16) and (5.9.15) as

ũi = −2t̃i, i = 2, 3, 4, (5.9.17)

these two AD curves (5.9.16) and (5.9.15) are the same, and thus these two gauge theories

belong to the same universality class.
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5.9.8 SU(3) Nf = 2 and SU(2) Nf = 3

Let us next compare the SU(3) Nf = 2 and the D4 theory. The SW curve and the

differential of the AD theory obtained from the SU(3) Nf = 2 theory is given as (5.6.52)

with Nc = 3:

ỹ2 = (x̃+ m̃)(x̃3 − s̃2x̃− s̃3) +
1

2
c̃1c̃2 =: x̃4 + ũ1x̃

3 + ũ2x̃
2 + ũ3x̃+ ũ4, λ̃SW = ỹdlogx̃.

(5.9.18)

On the other hand, the SW curve and SW differential in the scaling limit of D4 theory

are given by (5.9.12). If we change the variables as Y = ỹx̃ and X = x̃2 in (5.9.12), we

obtain

Y 2 = X4 + t̃1X
3 + t̃2X

2 + t̃3X + t̃4, λ̃SW = Y dlogX. (5.9.19)

Here, we rewrite the coefficients of the curve (5.9.12) as t̃i := s̃i(i = 1, 2, 3, 4). If we

identify these coefficients of the AD curves (5.9.18) and (5.9.19) as

t̃1 = m̃ = ũ1, t̃2 = −s̃2 = ũ2, t̃3 = −s̃2m̃− s̃3 = ũ3, t̃4 = −s̃3m̃+
1

2
c̃1c̃2 = ũ4,

(5.9.20)

these two gauge theories belong to the same universality class.

5.9.9 SU(3) Nf = 4 (A) and SU(2) Nf = 4(A)

The SW curve for the AD theories obtained from the Nf = 2n(n ≥ 2) SQCDs with type

A scaling are only dependent on the flavor symmetry (or n): (5.6.73). Therefore, two UV

theories SU(3) Nf = 4 (A) and SU(2) Nf = 4(A) belong to the same universality class.

84



Chapter 6

Ω Background and Quantum SW
curves

Next, let us introduce the Ω background which is four-dimensional spacetime admitting a

torus action [4]. The Ω background is introduced as a regulator to calculate the partition

function for theN = 2 Super Yang-Mills and SQCDs. On the Ω background, the partition

function called Nekrasov partition function can be calculated exactly and reproduce the

prepotential at weak coupling region. But on the Ω background, it is not yet known S-

dualities and we do not have an idea to define the partition function in the strong coupling

region. The SW theory can describe in both weak and strong coupling region, but it is

difficult to formulate the SW theory in the Ω-background.

In this chapter, we introduce the Nekrasov-Shatashvili (NS) limit of the Ω-background

which is a limit that fixes one parameter of the Ω background to zero [36]. In the NS

limit, the SW periods (called quantum SW periods) are calculated by using the quantum

SW curve which is defined by quantizing the SW curve [33], [34] which is the ordinary

differential equation of a complex variable. The quantum SW periods are analyzed by

the WKB method [37], [38], [39]. In the weak coupling region, it has been shown that the

quantum SW curve obtained from the quantum SW curve is same as the quantum SW

periods obtained from the Nekrasov partition function [33], [34], [40], [41]. One of the

main purposes of this thesis is to define the quantum SW periods in the strong coupling

region by using the quantum SW curve. Especially, on the massless monopole/dyon point

(which is on the strong coupling region), the quantum SW periods are calculated by [48],

[45], [49]. The Ω background also studied by topological string [50], [51]. The relation to
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the CFT is studied by [52], [53], [54], [55]. In this thesis, we study the AD theories, which

are typical field theories in the strong coupling region, and their quantum SW curves.

In this chapter, we first introduce the Ω background as a spacetime that admits the

torus action. Next, we explain the quantization of the SW curve and obtain the quantum

SW periods defined as the WKB solutions of the quantum SW curve. Finally, we calculate

the quantum SW periods by taking the scaling limit of these quantum SW periods in UV,

and check the consistency of the quantization with the scaling limit.

6.1 Ω background

Let us first explain the definition of the Ω background following [35]. N = 2 super

Yang-Mills theories are given by dimensional reduction of N = 1 six-dimensional Super

Yang-Mills theories. Now let us consider the six-dimensional spacetime compactified on

the two-dimensional torus with the torus action on the four-dimensional spacetime R4

whose vector fields are given by

V µ
4 = Ω4

µ
νx

ν , V µ
5 = Ω5

µ
νx

ν . (6.1.1)

Here, Ω4,Ω5 ∈ SO(4). Since π1(T 2) is abelian, the Lie bracket of V4 and V5 should vanish,

which is equivalent that the matrices Ω4 and Ω5 commute. Let us define the following

metric:

ds2 =gµν(dx
µ + V µ

a dx
a)(dxν + V ν

b dx
b)− (dx4)2 − (dx5)2 (6.1.2)

=GIJdx
IdxJ . (6.1.3)

Here I, J = 0, . . . , 5 and the metric GIJ is given by

Gµν =gµν , Gµν = gµν − V µ
a V

ν
a , (6.1.4)

Gaµ =Vaµ, Gaµ = V µ
a , (6.1.5)

Gab =− δab + V µ
a Vbν , Gab = −δab. (6.1.6)

This metric defines the six-dimensional spacetime on the Ω background. Let us define

Ω :=
1√
2

(Ω4 + iΩ5), Ω :=
1√
2

(Ω4 − iΩ5). (6.1.7)
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We can write this matrix by choosing some basis as [35], [4]:

Ω =
1√
2



0 0 0 −ε1

0 0 −ε2 0

0 ε2 0 0

ε1 0 0 0


, ε1, ε2 ∈ C. (6.1.8)

Thus the Ω background on R4 is characterized by two real parameters ε1, ε2 ∈ R. In the

Ω-background, the translational invariance is broken, and the N = 2 supersymmetry is

also broken. However, one can define scalar supercharge which acts as supersymmetry

up to the torus action. This defines the BRST-cohomology in the Hilbert space of the

theory. Using the localization with respect to this supercharge, Nekrasov has shown that

the partition function is presented as the sum over several configurations of the ADHM

moduli parameters labeled by the Young diagram [63]. The logarithm of the partition

function which corresponds to the free energy reduces to the explicit formula for the

prepotential of the Seiberg-Witten theory in the limit ε1, ε2 → 0 [62], [10]. This implies

that the assumptions in the argument of Seiberg and Witten to obtain the exact solution

are justified by explicit calculations. Therefore, it is desirable to find a similar formula in

the strong coupling region, which is not yet found at present. To search for the formula

valid in the strong coupling region, we are going to find the effect of the Ω-background

to the SW curve. It turns out that we can see this effect in the limit where one of the

epsilon parameters is set to be zero. In the next section, we will consider the SW theory

in this limit.

6.2 Quantum SW curve for SU(Nc) Nf SQCDs

Next, we briefly explain the method of quantization of the SW curve. It is first found by

A.Moronov and A.Morozov [33], [34]. Here, we briefly explain their results. Let us first

consider the N = 2 SU(2) SYM theory. If we introduce a new variable φ by eiφ = y+x2,

the SW curve and the SW differential in the SU(2) SYM take the form

x2 − 1

2
(eiφ + Λe−iφ) = u, λSW = 2iφdx. (6.2.1)
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In λSW , φ can be regarded as a canonical conjugate variable to x. Let us consider quantum

mechanics described by the Schrödinger equation(
−~2

2

∂2

∂φ2
+ Λ2 cosφ

)
Ψ(φ) = EΨ(φ). (6.2.2)

Here, the parameter E := u is the energy eigenvalue of the Hamiltonian. This Schrödinger

equation is given by replacing

x→ −i~ ∂

∂φ
, (6.2.3)

in the SW curve (6.2.1).

Let us next consider the Bohr-Sommerfeld (BS)periods of this system:

Π(0)(C) =

∮
C

√
2(E − Λ2 cosφ)dφ. (6.2.4)

Here, C is some contour that connects the turning points. There are two turning points

φ = ±φ0, E = γ cosφ0. Then, there are two bases of the contours C = α and C = β.

The WKB solution of the Schrodinger equation is given as the following form:

Ψ(φ) = exp

(
i

~

∫ φ

P (φ)dφ

)
. (6.2.5)

The BS periods are now given by

Π(C) =

∮
C

P (φ)dφ. (6.2.6)

By using these BS periods, let us introduce the followings:

a := Π(α),
∂F(a, ε1)

∂a
:= Π(β), (6.2.7)

where we introduce some function F of a and ε1 := ~ ∈ R. Identifying ε1 with ~, [33]

checked that this function F(a, ε1) is same as the Nekrasov partition function Z(a, ε1, ε2)

in the limit of ε2 = 0 up some orders in the expansion of instanton number:

F(a, ε1) = limε2→0 {ε1ε2logZ(a, ε1, ε2)} (6.2.8)

It is also confirmed in [33] that the BS periods Π(0)(α) and Π(0)(β) are the SW periods

of the N = 2 SU(2) SYM.
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In the same way, [34], [40], [41] introduced the quantum SW curves and quantum

SW periods in N = 2 SU(Nc) Nf SQCDs. Let us review these results very shortly. In

SU(Nc) Nf SQCDs, the SW curve and the SW differential is given as (4.4.20). Introducing

z = y + C(x), we obtain the SW curve and differential as follows:

C(x)− 1

2

(
z +

G(x)

z

)
= 0, λSW = x(dlogG(x)− 2dlogz). (6.2.9)

Differentiating the SW differential, we obtain holomorphic symplectic form dλSW =

−2dx ∧ dlogz. Then, we replace z → ẑ = exp
(
−i~ ∂

∂x

)
in the SW curve, and we de-

fine the quantum SW curve as[
1

2

(
exp

(
−i~ ∂

∂x

)
+ exp

(
i
~
2

∂

∂x

)
G(x) exp

(
i
~
2

∂

∂x

))
− C(x)

]
Ψ(x) = 0. (6.2.10)

The BS periods are given by the WKB solution of the quantum SW curve as in the same

way as (6.2.6). In [34], [40], [41], it was shown that if we introduce a function F as (6.2.7),

this function F is the prepotential defined by the Nekrasov partition function in the limit

ε2 = 0.

Quantum SW periods for SQCDs

Let us calculate the quantum SW periods explicitly following [45], [47], [57]. Let us solve

this differential equation (6.2.10) as a WKB solution:

Ψ(x) = exp

(
i

~
S(x)

)
, S(x) =

∞∑
k=0

~k
∫ x

pk(x)dx. (6.2.11)

If we substitute this solution in (6.2.10), we obtain

1

2

[
Ψ(x− i~)

Ψ(x)
+G(x+ i~/2)

Ψ(x+ i~)

Ψ(x)

]
= C(x). (6.2.12)

Substituting this expansion in (6.2.12), and comparing the coefficient of order ~0 in the

left and right hand sides, we obtain

ep0 +G(x)e−p0 = C(x). (6.2.13)

This equation is solved as p0 = log(C ±
√
C2 −G). We take the plus sign and obtain

p0(x)dx = log(C + y)dx, y :=
√
C(x)2 −G(x). (6.2.14)
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Next, let us compare the coefficients for ~1 in the left and right-hand sides of (6.2.12).

We find that

ep0

(
− i

2
p′0 + p1

)
+− i

2
e−p0(Gp′0 − 2iGp1 −G′) = 0. (6.2.15)

Substituting (6.2.14) into this equation, we obtain

p1dx =
i

4

2CC ′ −G′

y2
=
i

2
dlogy. (6.2.16)

This is the total derivative, so we can ignore this term when we consider the quantum

SW periods.

Next, let us consider the p2. To calculate this, let us compare the coefficients of ~2 in

the left and right sides of (6.2.12), we obtain

1

48

{
96p2y −

2CG′2

G2
+

2yG′2

G2
− 15C(G′ − 2CC ′)2

y4
− 2yG′′

G

+
G′2 + 2C2G′′

CG
− 16C ′′ +

G′2 − 16CC ′G′ + 4C2(13C ′2 − 3G′′ + 6CC ′′))

Cy2

}
= 0. (6.2.17)

Then, we obtain

p2dx =

(
C ′′

8y
− Cy′2

8y3

)
dx+ d

{
1

24

C ′ + y′

C + y
− 1

4

Cy′

y2

}
. (6.2.18)

Next, let us consider the p3. To calculate this, let us compare the coefficients of ~3 in

the left and right sides of (6.2.12), we obtain

p3 =− i

8

C ′2y′

y3
+

3i

4

CC ′y′2

y4
− 3i

4

C2y′3

y5
+
i

8

y′3

y3
+

i

16

C ′C ′′

y2
− i

4

CC ′′y′

y3
− 3i

8

CC ′y′′

y3

+
3i

4

C2y′y′′

y4
− 3i

16

y′y′′

y2
+

i

16

CC(3)

y2
− iC2y(3)

8y3
+
iy(3)

16y

=
d

dx

{
i

16

y′′

y
− i

8

C2y′′

y3
+

i

16

CC ′′

y2
− i

16

(y′)2

y2
− i

8

CC ′y′

y3
+

3i

16

C2(y′)2

y4

}
. (6.2.19)

This is the total derivative, therefore we ignore the p3 in the case of calculation of the

quantum SW periods.
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In the same way, we can obtain the following result:

p4 =

[
(C ′)2C ′′

768y3
− 7

1536

C(C ′′)2

y3
− C(C ′)2y′′

256y4
+

11

512

C2C ′′y′′

y4
− 11

1536

C ′′y′′

y2
− 5C3(y′′)2

256y5

+
17C(y′′)2

1536y3
− CC ′C(3)

384y3
+
C2C ′y(3)

128y4
− C ′y(3)

384y2
− 3C2C(4)

1024y3
+

11C(4)

3072y
+

3C3y(4)

1024y4
− 5Cy(4)

1024y2

]
+

d

dx

{
7∑

n=0

an
9216

y3−nCny′3

(C + y)4
+

6∑
n=0

bn
9216

y3−nCnC ′3

(C + y)4
+

6∑
n=0

cn
3072

C6−nyn−4C ′y′′

(C + y)4

+
7∑

n=0

dn
3072

C7−nyn−5y′C ′′

(C + y)4
+

5∑
n=0

en
3072

C5−nyn−3C ′y′′

(C + y)4
+

6∑
n=0

fn
3072

C6−nyn−4y′C ′′

(C + y)4

+
187

1536

CC ′2y′

(C + y)4
+

33

128

C4C ′2y′

y3(C + y)4
+

33

128

C2C ′2y′

y(C + y)4
+

11

192

yC ′2y′

(C + y)4
+

211

384

CC ′y′2

(C + y)4

− 1125

512

C4C ′y′2

y3(C + y)6
+

45

128

C2C ′y′2

y(C + y)4
+

277

1536

yC ′y′2

(C + y)4
− 99

256

C6C ′y′2

y5(C + y)4
+

99

64

C6y′3

y5(C + y)4

+
33

512

C5C ′2y′

y4(C + y)4
+

99

256

C3C ′2y′

y2(C + y)4
− 99

64

C5C ′y′2

y4(C + y)4
− 135

128

C3C ′y′2

y2(C + y)4
− 803

4608

Cy′3

(C + y)4

+
297

768

C7y′3

y6(C + y)4
+

3267

1536

C5y′3

y4(C + y)4
+

297

384

C4y′3

y3(C + y)4
− 297

384

C3y′3

y2(C + y)4
− 297

384

C2y′3

y(C + y)4

+
11

576

yy′3

(C + y)4
+

25

1152

CC ′3

(C + y)4
+

1

1536

C4C ′3

y3(C + y)4
+

1

384

C3C ′3

y2(C + y)4
+

1

256

C2C ′3

y(C + y)4

+
91

4608

yC ′3

(C + y)4

}
. (6.2.20)

Here, the coefficients an, bn, cn, dn, en, fn are the follows:

n 0 1 2 3 4 5 6 7

an 88 −171 −1476 −1973 456 2859 2196 549

bn 223 804 813 −416 −1431 −1044 −261 −

cn 579 2316 3275, 1520 −703 −972 −287 −

dn −1188 −4752 −6426 −1944 3024 2720 526 −88

en −106 −424 −636 −512 −282 −88 − −

fn 411 1644 2287 928 −751 −892 −267 −

(6.2.21)

Thus, we have obtained the quantum SW periods up to the fourth level. The odd-

order corrections are total derivatives, then the non-trivial quantum SW periods are the
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only even-order corrections. In general, we can calculate higher-order pn in a similar way.

But it is quite complicated. The quantum SW period is determined as

Π(~) =

(∫
αI

P (x)dx,

∫
βI

P (x)dx

)
=
∞∑
n=0

~2nΠ(2n), Π(2n) =

(∫
αI

p2n(x)dx,

∫
βI

p2n(x)dx

)
. (6.2.22)

6.3 Quantum SW curves of Ar and Dr type Theories

We examine the quantization of the SW curve for the Ar type and Dr type in the same way

as [33], [34], [40], [41]. In this section, we first define the quantum SW curves by quantizing

the SW curves. Then, by using the WKB method [37], [38], [39], we calculate the quantum

SW periods [46], [57]. But we should check that this quantization is consistent with the

result of the Nekrasov partition function or not. We check this consistency condition in

the next sections.

6.3.1 Ar type

Let us first explain the quantum SW curve for Ar type SYM following [46]. For the SW

curve and the SW differential (4.5.1), we obtain dλSW = dx ∧ dlogz. Thus, we quantize

the curve by replacing logz → −i~∂x in the SW curve (4.5.1), and obtain the quantum

SW as follows [25]: [
Λr+1

2
(e−i~∂x + ei~∂x)−W (x, ui)

]
Ψ(x) = 0. (6.3.1)

This quantum SW curve is the same as that of SQCD (6.2.10) with G(x) := 1 and

C(x) := W (x,ui)
Λr+1 =: B(x, xi). Thus, if we solve this quantum SW curve (6.3.1) by the

WKB solution (6.2.11), we can calculate pn(n = 0, 1, 2, 3, 4) in the same way:

p0(x) =log(B +
√
B2 − 1),

p1(x) =
iBB′

2(B2 − 1)
=
i

4

d

dx
log(B2 − 1),

p2(x) =− ∂2
xB

24(B2 − 1)
3
2

+
d

dx

(
− 1

12

B2B′

(B2 − 1)3/2
− 1

8

B′

(B2 − 1)3/2

)
,
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p3(x) =
d

dx

{
− i

8

BB′′

(B2 − 1)2
+
i

4

B2B′2

(B2 − 1)3
+

i

16

B′2

(B2 − 1)3

}
,

p4(x) =− B(23 + 12B2)

1920(B2 − 1)
7
2

(∂2
xB)2 +

(7 + 8B2)

5760(B2 − 1)
5
2

∂4
xB

+
d

dx

{
(−153 + 307B2 − 43B4 − 183B6 + 32B8 + 40B10)B(3)

5760(B2 − 1)11/2

− B(657 + 408B2 + 40B4)B′B′′

1920(B2 − 1)7/2

+
(423 + 3654B2 + 1368B4 + 80B6)B′3

5760(B2 − 1)9/2

}
. (6.3.2)

p1, p3 are total derivatives. Here, we can ignore the total derivative terms, because we

integrate these pn to compute the quantum SW periods.

6.3.2 Dr type

Let us next consider the quantum SW periods for Dr type gauge theories. In this case,

we can write the SW curve and the SW differential in two different ways [46]. Therefore,

there are two different quantum SW curves. Thus, we have to compare the quantum SW

periods which are given by solving these two quantum SW curve.

Let us first quantize the SW curve of the form (5.7.12). Note that dλSW = dx∧dlogw,

and replace w → −i~∂x in the SW curve (5.7.12) to obtain the quantum SW curve. Then

we obtain the quantum SW curve as[
Λ2r−2

2
(e−i~∂x + ei~∂x)−W (x, si)

]
Ψ(x) = 0. (6.3.3)

We write the WKB solution of the curve as p
(Ar)
n . This quantum SW curve is the same

as the Ar theory. Thus, we can obtain the quantum SW periods as follows [46], [57]:

p
(Ar)
0 =log(B +

√
B2 − 1), (6.3.4)

p
(Ar)
2 =− ∂2

xB

24(B2 − 1)
3
2

, (6.3.5)

p
(Ar)
4 =− B(23 + 12B2)

1920(B2 − 1)
7
2

(∂2
xB)2 +

(7 + 8B2)

5760(B2 − 1)
5
2

∂4
xB, (6.3.6)

where B := W (x, si)/Λ
2r−2.
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We can also quantize the SW curve and the SW differential of the form (4.5.3). In

this case, the differential of the SW differential is dλSW = dx ∧ dlogz. Thus, we quantize

this SW curve by replacing logz → −i~∂x. Then the quantum SW curve is as follows:

1

2

[
e−i~∂x + ei~∂x/2G(x)ei~∂x/2

]
Ψ(x) = C(x)Ψ(x). (6.3.7)

Here, we choose the ordering of the operators as [40]. If we write the quantum SW periods

obtained from this quantum SW curve as p
(SQCD)
n , we obtain the following results in the

same way as SQCDs [46], [57]:

p
(SQCD)
0 (x) =log(C + y), y =

√
C(x)2 −G(x),

p
(SQCD)
2 (x) =

(
−∂

2
xC

8y
+
C(∂xy)2

8y3

)
,

p
(SQCD)
4 (x) =

[
(C ′)2C ′′

768y3
− 7

1536

C(C ′′)2

y3
− C(C ′)2y′′

256y4

+
11

512

C2C ′′y′′

y4
− 11

1536

C ′′y′′

y2
− 5C3(y′′)2

256y5
+

17C(y′′)2

1536y3

− CC ′C(3)

384y3
+
C2C ′y(3)

128y4
− C ′y(3)

384y2

−3C2C(4)

1024y3
+

11C(4)

3072y
+

3C3y(4)

1024y4
− 5Cy(4)

1024y2

]
. (6.3.8)

We should check that these quantum SW periods p
(Ar)
n and p

(SQCD)
n are the same or

not. For example, let us examine the difference in the first few quantum periods:

p
(SQCD)
0 − p(Ar)

0 = logG1/2, p
(SQCD)
2 − p(Ar)

2 = −∂xG
G

∂xB

16(B2 − 1)3/2
. (6.3.9)

Here, we use

∂xy =
1

2

∂x(C
2 −G)

y
=

2CC ′ −G′

2y
. (6.3.10)

Therefore, the two quantizations are different [46]. We should check whether these quan-

tum SW periods are the same as that of using the Nekrasov partition function in the weak

coupling. However, the Nekrasov partition function for Dr type gauge group is known

only for ε1 = ±ε2 case [65]. For other gauge groups, for example, exceptional type and

non-simply-laced type gauge groups, the SW curves are known. The quantization of the

SW curves is left for future study.
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6.4 Quantum SW curves of AD theories

Next, we consider the quantum SW curve for AD theories following [46] and [47]. We

can obtain the quantum SW curve of AD theories by quantizing the SW curves for AD

theories. Then, we can obtain the quantum SW periods for AD theories. But we also

obtain quantum SW periods for AD theories by taking the scaling limit of the quantum

SW periods for UV gauge theories. We confirm that these results are consistent with each

other [46], [47].

6.4.1 Ar type

Let us first obtain the quantum SW curve for AD theories obtained from Ar theory. The

AD curve of the Ar theory is given as (5.7.8), and the SW differential in this AD theory

is given as (5.7.10). Then, we obtain dλSW = dx̃ ∧ dξ, and thus we obtain the quantum

SW curve for AD theories by replacing ξ → −i~∂x̃ in the SW curve (5.7.8) [46], [57]:[
−~2 ∂

2

∂2x̃
− 2W (x̃, ũi)

]
Ψ̃(x̃) = 0. (6.4.1)

This is the Schrodinger type equation. Let us find the solution to the WKB expansion:

Ψ̃(x̃) = exp

(
i

~

∫ x̃

dxP̃ (x̃)

)
, P̃ (x̃) =

∞∑
n=0

~np̃n(x̃). (6.4.2)

The explicit calculation of p̃n is explained in appendix C.1. We obtain the follows [46],

[57]:

p̃0 =−
√

2W,

p̃1 =
i

4

d

dx̃
logW,

p̃2 =
1

48
√

2

∂2
x̃W

W 3/2
+

d

dx̃

{
5
√

2

96

W ′

W 3/2

}
,

p̃3 =
d

dx̃

{
15i

d2

dx̃2

1

W
− 3i

256

W ′′

W 2

}
p̃4 =

7

3072
√

2

(∂2
x̃W )2

W 7/2
− 1

1536
√

2

∂4
x̃W

W 5/2

+
d

dx̃

{
− 23

1536
√

2

W (3)

W 5/2
+

221

3072
√

2

W ′W ′′

W 7/2
− 1105

18432
√

2

W ′3

W 9/2

}
. (6.4.3)
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By using these results, we obtain the quantum SW periods:

Π̃(~) =
∞∑
n=0

~2nΠ̃(2n), Π̃(2n) =

(∫
αI

p̃2n(x̃)dx̃,

∫
βI

p̃2n(x̃)dx̃

)
. (6.4.4)

Here, the odd-order corrections are total derivatives, so we ignore contribution from p̃2n+1.

Now let us compare this quantum SW period with that obtained by taking the scaling

limit of the quantum SW periods for gauge theories. By using (5.7.6), we obtain B =

δ2W̃ + 1, where W̃ := W (x̃, ũi). Therefore, if we take the scaling limit of p0 obtained

from the quantum SW curve in Ar gauge theory (6.3.2), we obtain

p0(x)dx = log
(
δ2W̃ + 1 + δ

√
2W̃
)
d(δ

2
r+1 Λx̃) = −δ

r+3
r+1 p̃0(x̃)dx̃+ · · · , (6.4.5)

where p̃0 on the right-hand side is the quantum period in the AD theory obtained in

(C.1.5). In the same way, if we take the scaling limit for quantum SW periods for Ar type

gauge theories, we obtain

p2(x)dx =−
δ2 ·

(
1

δ
2

r+1 Λ

)2

W̃ ′′

24[(δ2W̃ + 1)2 − 1]3/2
d(δ2/(r+1)Λx̃) = −δ−

r+3
r+1 Λ−1p̃2dx̃+ · · · ,

p4(x)dx =

{
−(δ2W̃ + 1)(23 + 12(δ2W̃ + 1))(δ2δ−

4
r+1 Λ−2W̃ ′′)2

1920((δ2W̃ + 1)2 − 1)7/2

+
{7 + 8(δ2W̃ + 1)2}δ2δ−

8
r+1 Λ−4W̃ (4)

5760((δ2W̃ + 1)2 − 1)5/2

}
d(δ

2
r+1 Λx̃)

=− δ−3 r+3
r+1 Λ−3p̃4dx̃+ · · · . (6.4.6)

Thus, we can conclude that the quantum SW periods obtained by the quantum SW curve

of AD theories are the same as the quantum SW periods obtained by taking the scaling

limit of the quantum SW periods of Ar type gauge theories.

6.4.2 Dr type

Let us next discuss the AD theories obtained from Dr type gauge theories. The SW

curve and the SW differential in this AD theory are given by (5.7.22). Then, we obtain

dλ̃SW = dx̃∧dξ. Therefore, the quantum SW curve in this AD theory is given by replacing

96



ξ → −i~∂x̃ in the AD curve (5.7.22) [46], [57]:[
−~2 ∂2

∂2x̃2
− 2W (x̃, s̃i)

]
Ψ̃(x̃) = 0. (6.4.7)

This quantum SW curve is the same as the quantum SW curve for AD theories obtained

from Ar type gauge theories, by changing ũi → s̃i. Thus, the quantum SW periods of

this AD theory are the same as (6.4.3):

p̃0 =−
√

2W,

p̃2 =
1

48
√

2

∂2
x̃W

W 3/2
,

p̃4 =

[
7

3072
√

2

(∂2
x̃W )2

W 7/2
− 1

1536
√

2

∂4
x̃W

W 5/2

]
. (6.4.8)

These quantum SW periods (6.4.8) are also obtained by taking the scaling limit of p
(Ar)
n ,

which are the quantum periods for Dr theory with Ar type quantization. We can verify

this fact by using (6.4.6).

Next, let us take the scaling limit of the p
(SQCD)
n , which are give by (6.3.8). Then,

we find that the relation (6.4.6) does not hold due to the contribution from the pole at

x = 0. To rescue this discrepancy, we will modify W (x, si) in (6.3.3) as

W (s̃i, x̃)→ W (s̃i, x̃) + ~2 A

x̃2
, A ∈ R. (6.4.9)

Then, the WKB corrections are found to be [46]:

p̃0(A)dx̃ =p̃0dx̃,

p̃2(A)dx̃ =

[
1

48
√

2

∂2
x̃W

W 3/2
+

A

2
√

2

1

x̃2W 1/2

]
dx̃,

p̃4(A)dx̃ =

[
− 7

3072
√

2

(∂2
x̃W )2

W 7/2
+

1

1536
√

2

∂4
x̃W

W 5/2
− A

64
√

2

∂2
x̃W

x̃2W 5/2
+

(
(1− A)A

16
√

2

)
1

x̃4W 3/2

]
dx̃

(6.4.10)

up to total derivatives. Explicit calculations are in Appendix C.1. Then we obtain [46]:

p
(SQCD)
2n dx = δ

(1−2n)r
r−1 Λ1−2np̃2n(A = −1/2)dx̃+ · · · , n = 0, 2, 4. (6.4.11)
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6.4.3 Schrödinger Type Quantization of AD Curves

In the previous section, we have studied the quantum SW curves for AD theories obtained

by the scaling limit of SU(r + 1) and SO(2r) type super Yang-Mills theories. We now

consider the quantum SW curves for AD theories obtained by scaling limit of N = 2

SU(Nc) SQCD with Nf hypermultiplets. The corresponding SW curves take different

forms for each Nf . They are classified into the Schrödinger type and SQCD type.

For Nf = 0, 1, 2 and Nf = 2n(n > 1) with type B scaling, the SW curve and the SW

differential in the scaling limit are given by (5.6.5), (5.6.25), (5.6.52), (5.6.64). We will see

that the quantization of these SW curves in the scaling limit are the same form, and the

quantum SW curve in the scaling limit is the Schrödinger type equations. Let us discuss

these curves following [47], [57]:

• Nf = 0, 1

For Nf = 0, 1 case, the SW curve and the SW differential for AD theories are given

by (5.6.5) and (5.6.25):

ỹ2 = −Q0(x̃), Q0(x̃) = −x̃N +
N∑
i=2

ũix̃
N−i, λ̃SW = ỹdx̃. (6.4.12)

Here, N = Nc for Nf = 0 and N = Nc + 1 for Nf = 1. We obtain the symplectic

form dλ̃SW = dỹ ∧ dx̃. The quantum SW curve is defined by replacing ỹ → −i~ ∂
∂x̃

in the SW curve (6.4.12): (
−~2 ∂

2

∂x̃2
+Q(x̃)

)
Ψ(x̃) = 0. (6.4.13)

Thus, this quantum SW curve is the same form as that of AD theories of Ar and Dr

type gauge theories: (6.4.1), (6.4.7). Then, the potential term Q in this quantum

SW curve (6.4.13) may have some quantum correction as the same reason of AD

theory of Dr theory:

Q(x̃) = Q0(x̃) + ~2Q2(x̃). (6.4.14)

• Nf = 2
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Let us next consider the Nf = 2 case. In this case, if we introduce ξ = logx̃, the

SW curve and the SW differential in the scaling limit is given as (5.6.52):

ỹ2 = −Q0(ξ), λ̃SW = ỹdξ. (6.4.15)

Here,

Q0(ξ) = −
Nc+1∑
i=0

ũie
(Nc+1−i)ξ, ũ0 = 1 (6.4.16)

We replace y → i~ ∂
∂ξ

to obtain the quantum SW curve:(
−~2 ∂

2

∂ξ2
+Q(ξ)

)
Ψ(ξ) = 0, Q(ξ) = Q0(ξ) + ~2Q2(ξ). (6.4.17)

Here, note that the potential term Q may have some quantum correction.

• Nf = 2n(n > 1) with type B scaling

The SW curve and the SW differential in the type B scaling limit of the Nf =

2n(n > 1) theories are given as (5.6.64). If we define ξ = x̃1−n, the SW curve and

the SW differential in these AD theories become the following:

ỹ2 = −Q0(ξ), λ̃SW =
1

1− n
ỹdξ. (6.4.18)

Here,

Q0(ξ) = −
Nc∑
i=0

ũiξ
Nc+n−i

1−n . (6.4.19)

If we replace ỹ → i~ ∂
∂ξ

, we obtain the quantum SW curve with some quantum

correction for the potential term Q:(
−~2 ∂

2

∂ξ2
+Q(ξ)

)
Ψ(ξ) = 0, Q(ξ) = Q0(ξ) + ~2Q2(ξ). (6.4.20)

Let us now consider the quantum SW periods for these theories. We can obtain the

quantum SW periods in the same way when we consider AD theories obtained from Dr
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type gauge theories [47]:

p̃0(x̃) =i
√
Q0,

p̃2(x̃) =
i

2

Q2√
Q0

+
i

48

Q′′0

Q
3/2
0

,

p̃4(x̃) =− 7i

1536

Q′′0
2

Q
7/2
0

+
i

768

Q
(4)
0

Q
5/2
0

− i

32

Q2Q
′′
0

Q
5/2
0

+
i

48

Q′′2

Q
3/2
0

− i

8

Q2
2

Q
3/2
0

. (6.4.21)

Explicit calculations are in Appendix C.1. In general, these p̃2n include the contribution

from Q2. But, in the following, we assume Q2 = 0.

6.4.4 SQCD type quantization of AD Curves

Let us next consider the quantization of the AD theories obtained from Nf = 2n+1(n ≥ 1)

SQCDs and Nf = 2n(n ≥ 2) SQCDs with type A scaling. In this case, the SW curve and

the SW differential in these AD theories have the same form as SQCDs:

ỹ2 = C̃(x̃)2 − G̃(x̃), λ̃SW = x̃dlog

(
C̃ − ỹ
C̃ + ỹ

)
. (6.4.22)

with C̃, G̃, ỹ are defined in the previous section. In Nf = 2n+ 1 cases or Nf = 2n(n ≥ 2)

SQCDs with type A scaling cases, C̃ and G̃ are given as

C̃ =
n∑
i=0

ũix̃
n−i, G̃ =

2n+1∏
a=1

(x̃+ c̃a), (6.4.23)

where
∑2n+1

a=1 c̃a = 0. Thus, in these cases, the quantum SW curve or the quantum SW

periods only depend on the flavor symmetry.

We can quantize these AD curves (6.4.22) in the same way as the quantizations of UV

SQCDs: (6.2.10). Thus, we obtain the following quantum SW curve in the scaling limit

[47], [57]:[
1

2

(
exp

(
−i~ ∂

∂x̃

)
+ exp

(
i
~
2

∂

∂x̃

)
G̃(x̃) exp

(
i
~
2

∂

∂x̃

))
− C̃(x̃)

]
Ψ(x̃) = 0. (6.4.24)

This quantum SW curve is the same as (6.2.10). Thus, we can calculate the quantum

SW periods of these AD theories in the same way as UV SQCDs. For odd n, pn becomes
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total derivative. For even n, the first few terms are the following:

p̃0(x̃) =log(C(x) + y), (6.4.25)

p̃2(x̃) =
C ′′

8y
− C(y′)2

8y3
, (6.4.26)

p̃4(x̃) =
(C ′)2C ′′

768y3
− 7

1536

C(C ′′)2

y3
− C(C ′)2y′′

256y4

+
11

512

C2C ′′y′′

y4
− 11

1536

C ′′y′′

y2
− 5C3(y′′)2

256y5
+

17C(y′′)2

1536y3

− CC ′C(3)

384y3
+
C2C ′y(3)

128y4
− C ′y(3)

384y2

− 3C2C(4)

1024y3
+

11C(4)

3072y
+

3C3y(4)

1024y4
− 5Cy(4)

1024y2
. (6.4.27)
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6.5 Summary

Let us summarize the quantum SW curves of the AD theories obtained from SU(Nc) Nf

SQCDs and Ar and Dr theories.

Gauge Theory Quantum SW curve

Ar [−~2∂2
x̃ − 2W (x̃, ũi)]Ψ = 0,

W (x̃, ũi) = x̃r+1 − ũ2x̃
r−1 − · · · − ũr+1

Dr

[
−~2∂2

x̃ − 2W (x̃, s̃i) + ~2 A
x2

]
Ψ = 0,

W (x̃, s̃i) = x̃2r−2 + s̃1x̃
2r−4 + · · ·+ s̃r−1 + s̃r

x̃2

Nf = 0, 1 SQCDs [−~2∂2
x̃ +Q0(x̃)]Ψ = 0,

Q0(x̃) = −x̃N +
∑N

i=2 ũix̃
N−i, N := Nc +Nf

Nf = 2 SQCDs [−~2∂2
x̃ +Q0(x̃)]Ψ = 0,

Q0(x̃) = −
∑Nc+1

i=0 ũie
(Nc+1−i)x̃, ũ0 = 1

Nf = 2n(n > 1)with type B scaling [−~2∂2
x̃ +Q0(x̃)]Ψ = 0,

Q0 = −
∑Nc

i=0 ũix̃
Nc−n+1

1−n

Nf = 2n+ 1(n ≥ 1)
[

1
2
(e−i~∂x̃ + ei~∂x̃/2G̃(x̃)ei~∂x̃/2)− C(x̃)

]
Ψ = 0

Nf = 2n(n ≥ 2) with type A scaling C̃ =
∑n

i=0 ũix̃
n−i, G̃ =

∏2n+1
a=1 (x̃+ c̃a)

where
∑2n+1

a=1 c̃a = 0.
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6.6 Quantum SW periods and the Picard-Fuchs Op-

erators

So far we studied the quantum SW curves and their WKB solution up to the order of

~4. In this section, we consider the quantum SW periods which are obtained by the

integral over a 1-cycle on the SW curve. It is however difficult to evaluate the quantum

corrections to the SW periods by performing integration directly. It is observed that the

quantum corrections are shown to be related by the differential operators with respect to

the moduli parameters [33], [34], [41], [48], [40], [50], [37], [56]:

p̃2n = Õ2np̃0. (6.6.1)

Here, the Õ2n are differential operators with respect to moduli parameters ũi. We call

this differential operator the Picard-Fuchs (PF) operator. By finding such relations, the

quantum corrections can be evaluated from the classical SW periods. We can use this

formula for the investigation of the quantum SW periods at strong coupling. In the

following, we will find such operators for the AD theories. In this chapter, we construct

the PF operators for Ar type AD theories in detail. For other AD theories, the PF

operators can be seen in Appendix C.2.

We can use the PF operator to investigate the universality of the AD theories. We

recall that two different UV gauge theories to belong to the same universality class if

these theories become the same AD theory if we take the scaling limit. We can check the

universality of AD theories corresponding to different quantum SW curves by comparing

the PF operators.

6.6.1 AD theory of Ar theory

Let us consider the AD theories obtained from Ar type gauge theories. In this AD theory,

the quantum SW period p̃0 in the scaling limit is given as (6.4.3):

p̃0 = −
√

2W, W (x̃, ũi) = x̃r+1 − ũ2x̃
r−1 − · · · − ũr+1. (6.6.2)
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To study the PF operators, we will explain some formulas for the derivatives of W with

respect to the moduli parameters. We first note that

∂ũiW = −xr+1−i, ∂ũiW
1/2 =

∂ũiW

2W 1/2
. (6.6.3)

This numerator of ∂ũiW
1/2 does not depend on ũi’s. Thus, we obtain

∂ũj1 · · · ∂ũjnW
1/2 =

(−1)n−1(2n− 3)!!

2n
∂ũj1W · · · ∂ũjnW

W n− 1
2

. (6.6.4)

Let us now calculate Õ2 by using (6.6.4). From the first equation of (6.6.3), we obtain

∂2
x̃W =(r + 1)rx̃r−1 −

r−1∑
j=2

(r + 1− j)(r − j)ũjx̃r−1−j

=− (r + 1)r∂ũ2W +
r−1∑
j=2

(r + 1− j)(r − j)ũj∂ũj+2
W. (6.6.5)

Then, by using (6.6.5), ∂ũr+1W = −1 and ∂ũi∂ũjW
1/2 = −∂ũiW∂ũjW

4W 3/2 , we obtain

p̃2 =
1

48
√

2

∂2
x̃W

W 3/2

=
1

48
√

2

(r + 1)r∂ũ2W∂ũr+1W +
∑r−1

j=2(r + 1− j)(r − j)ũj∂ũj+2
W∂ũr+1W

W 3/2

=
1

12
√

2

(
−(r + 1)r∂ũ2∂ũr+1 +

r−1∑
j=2

(r + 1− j)(r − j)ũj∂ũj+2
∂ũr+1

)
W 1/2

=− 1

24

(
−(r + 1)r∂ũ2∂ũr+1 +

r−1∑
j=2

(r + 1− j)(r − j)ũj∂ũj+2
∂ũr+1

)
p̃0. (6.6.6)

This is the PF operator O2 for p̃2.

Next, let us consider the PF operator O4 for p̃4. In this case, we have to rewrite
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(∂2
x̃W )2/W 7/2 and ∂4

x̃W/W
5/2 by some derivatives of p̃0 with respect to ũi. We find

(∂2
x̃W̃ )2

W̃ 7/2
=

(r + 1)2r2∂ũ2W̃∂ũ2W̃

W̃ 7/2
− 2(r + 1)r

r−1∑
j=2

(r + 1− j)(r − j)ũj
∂ũ2W̃∂ũj+2

W̃

W̃ 7/2

+
r−1∑
j=2

r−1∑
k=2

(r + 1− k)(r − k)(r + 1− j)(r − j)ũjũk
∂ũj+2

W̃∂ũk+2
W̃

W̃ 7/2

= −16

15

{
(r + 1)2r2∂2

ũ2
− 2(r + 1)r

r−1∑
j=2

(r + 1− j)(r − j)ũj∂ũ2∂ũj+2

+
r−1∑
j=2

r−1∑
k=2

(r + 1− k)(r − k)(r + 1− j)(r − j)ũjũk∂ũj+2
∂ũk+2

}
∂2
ũr+1

W̃ 1/2,

(6.6.7)

∂4
x̃W̃ = (r + 1)r(r − 1)(r − 2)x̃r−3 −

r−3∑
j=2

(r + 1− j)(r − j)(r − 1− j)(r − 2− j)ũjx̃r−3−j

= −(r + 1)!

(r − 3)!
∂ũ4W +

r−3∑
j=2

(r + 1− j)!
(r − 3− j)!

ũj∂ũj+4
W, (6.6.8)

∂4
x̃W̃

W̃ 5/2
=

8

3

{
−(r + 1)!

(r − 3)!
∂ũ4 +

r−3∑
j=2

(r + 1− j)!
(r − 3− j)!

ũj∂ũj+4

}
∂2
ũr+1

W̃ 1/2. (6.6.9)

Combining (6.6.7) and (6.6.9), we obtain the PF operator for p̃4:

p̃4 =
7

1536 · 2
√

2

(
−16

15

){
(r + 1)2r2∂2

ũ2
− 2(r + 1)r

r−1∑
j=2

(r + 1− j)(r − j)ũj∂ũ2∂ũj+2

+
r−1∑
j=2

r−1∑
k=2

(r + 1− k)(r − k)(r + 1− j)(r − j)ũjũk∂ũj+2
∂ũk+2

}
∂2
ũr+1

W̃ 1/2

− 1

768 · 2
√

2
· 8

3

{
−(r + 1)!

(r − 3)!
∂ũ4 +

r−3∑
j=2

(r + 1− j)!
(r − 3− j)!

ũj∂ũj+4

}
∂2
ũr+1

W̃ 1/2

=
7

1536 · 4

(
16

15

){
(r + 1)2r2∂2

ũ2
− 2(r + 1)r

r−1∑
j=2

(r + 1− j)(r − j)ũj∂ũ2∂ũj+2

+
r−1∑
j=2

r−1∑
k=2

(r + 1− k)(r − k)(r + 1− j)(r − j)ũjũk∂ũj+2
∂ũk+2

}
∂2
ũr+1

p̃0

+
1

768 · 4
· 8

3

{
−(r + 1)!

(r − 3)!
∂ũ4 +

r−3∑
j=2

(r + 1− j)!
(r − 3− j)!

ũj∂ũj+4

}
∂2
ũr+1

p̃0. (6.6.10)
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Let us write down the formulas for r = 2, 3. For r = 2, the PF operator O2 is given as

O2 =
1

4
∂ũ2∂ũ3 . (6.6.11)

For r = 3, we obtain

O2 =
1

2
∂ũ2∂ũ4 −

ũ2

12
∂2
ũ4
. (6.6.12)

We can also obtain the PF operators O2 and O4 for Dr type and general SQCDs. We

explain these cases in Appendix C.2.

6.7 Universalities

Let us finally check that the quantization of the SW curve is consistent with the scaling

limit or not. We have seen some examples of the universality of AD theories at the

classical level in chapter 5. We will compare the quantum SW periods in the scaling limit

which are in the same universality class in the classical level, by using the PF operators

[46], [47]. We will see that the universality in the AD theories at the classical level is

preserved by the quantum corrections.

SU(2) Nf = 1 and A2

We first consider the universality of SU(2) Nf = 1 and A2 = SU(3) theories. In these

two UV theories, the SW curve and the SW differential in the scaling limit are the same

forms. Thus, if we identify these coefficients of the SW curve and the SW differential in

the scaling limit in the same way as the classical case of the universality, we can verify

the universality also at the quantum level.

SU(2) Nf = 2 and A3

Let us next consider the universality for SU(2) Nf = 2 and A3 type gauge theory. In

this case, the quantum SW curves in the scaling limit are different. By using the result

of (6.6.6), the PF operator for AD theory obtained from A3 type theory is given as

p̃2 =

(
1

2

∂

∂t̃2

∂

∂t̃4
− t̃2

12

∂2

∂t̃24

)
p̃0, (6.7.1)

106



if we rewrite the coefficients in the AD theory obtained from the A3 theory as t̃i := ũi.

On the other hand, the PF operator for the SU(2) Nf = 2 case is given as (C.2.36):

p̃2 =

(
3

4
∂ũ1∂ũ2 +

1

3
ũ1∂

2
ũ2

+
1

12
ũ2∂ũ3∂ũ2

)
p̃0. (6.7.2)

If we note p̃0 =
√∑3

i=0 ũie
(3−i)ξ, we obtain the following equation for AD theory obtained

from SU(2) Nf = 2 SQCD:

(3∂ũ1∂ũ2 + 2ũ1∂
2
ũ2

+ ũ2∂ũ2∂ũ3)p̃0 = 0. (6.7.3)

Thus, we can write the PF operator for SU(2) Nf = 2 SQCD (6.7.2) as following:

p̃2 =

(
1

2
∂ũ1∂ũ2 +

1

6
ũ1∂

2
ũ2

)
p̃0. (6.7.4)

Then, if we identify these coefficients as (5.9.6), these two PF operators (6.7.1) and (6.7.4)

are the same. Thus, we can conclude that these two gauge theories belong to the same

universality class.

SU(2) Nf = 2 and D3

Next we consider SU(2) Nf = 2 and D3 type gauge theory. In this case, the quantum

SW curves of these theories are different. By using (C.2.7), the PF operator for the D3

theory is given as

p̃2(A) =
1

24
(12∂s̃1∂s̃2 + 2s̃1∂

2
s̃2

+ 6s̃3∂
2
s̃3

)p̃0 −
A

2
∂s̃3 p̃0. (6.7.5)

Here, we take the quantum correction for the quantum SW curve in the scaling limit for

D3 type theory as A ∈ C.

On the other hand, the PF operator for the SU(2) Nf = 2 SQCD is given as (C.2.36).

In the AD theory obtained from SU(2) Nf = 2 SQCD, p̃0 =
√∑3

i=0 ũie
(3−i)ξ), therefore

we obtain the following equation:

ũ2∂ũ2∂ũ3 p̃0 =
{

(4k − 3)∂ũ1∂ũ2 + (2k − 2)ũ1∂
2
ũ2
− 2kũ3∂

2
ũ3
− k∂ũ3

}
p̃0, k ∈ R. (6.7.6)

Then, if we substitute this equation in (C.2.36), the quantum SW period for AD theory

obtained from the SU(2) Nf = 2 becomes

p̃2 =
1

6

{
(2k + 3)∂ũ1∂ũ2 + (k + 1)ũ1∂

2
ũ2
− kũ3∂

2
ũ3
− k

2
∂ũ3

}
p̃0. (6.7.7)
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If we take k = −3/4, the quantum SW period for AD theory obtained from the SU(2)

Nf = 2 can be written as

p̃2 =
1

24

{
6∂ũ1∂ũ2 + ũ1∂

2
ũ2

+ 3ũ3∂
2
ũ3

}
p̃0 +

1

16
∂ũ3 p̃0. (6.7.8)

Therefore, if we take A = −1/8, and identify the coefficients as (5.9.9), we can conclude

that these two UV gauge theories belong to the same universality class.

SU(3) Nf = 0 and SU(2) Nf = 1

In general, the SW curves and the SW differentials for the SU(Nc + 1) SYM and SU(Nc)

Nf = 1 SQCDs are equivalent. Thus, these two gauge theories belong to the same

universality class. We can also obtain universality between SU(Nc + 1) Nf = 0 and

SU(Nc) Nf = 1.

SU(3) Nf = 1 and SU(2) Nf = 2

The PF equations for SU(3) Nf = 1 and SU(2) Nf = 2 are given as (C.2.43) and (C.2.36).

Thus, if we use the identification in (5.9.17), these two PF operators become the same.

Thus, we can conclude that these two gauge theories belong to the same universality class.

SU(3) Nf = 2 and D4

Let us next consider the universality between SU(3) Nf = 2 and D4 theory. The PF

operator for the SU(3) Nf = 2 theory is given as (C.2.45):

p̃2 =
1

12

{
16∂ũ1∂ũ3 + 9ũ1∂ũ2∂ũ3 + 4ũ2∂

2
ũ3

+ ũ3∂ũ4∂ũ3

}
p̃0. (6.7.9)

The PF operator for the D4 theory is given as

p̃2 =
1

12

{
15∂s̃1∂s̃3 + 6s̃1∂s̃2∂s̃3 + s̃2∂

2
s̃3

+ 3s̃4∂
2
s̃4

}
p̃0 −

A

2
∂s̃4 p̃0, (6.7.10)

where we take r = 4 in (C.2.7). Let us note that the p̃0 for the AD theory of SU(3) Nf = 2

theory is p̃0 =
√
e4ξ + ũ1e3ξ + ũ2e2ξ + ũ3eξ + ũ4, p̃0 satisfies the following equation:

ũ3∂ũ4∂ũ3 p̃0 = (6k − 4)∂ũ1∂ũ3 + (4k − 3)ũ1∂ũ2∂ũ3 + (2k − 2)ũ2∂
2
ũ3
− 2kũ4∂

2
ũ4
− k∂ũ4 .

(6.7.11)
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If we take k = −3/4 and A = −3, we can confirm that the PF operators (6.7.9) and

(6.7.10) are the same. Thus, these two gauge theories belong to the same universality

class.

SU(3) Nf = 3 and SU(2) Nf = 3

As I explained in the chapter on the quantum SW curve, the quantum SW curve for AD

theories obtained from the Nf = 2n + 1 SQCDs is completely determined by the flavor

symmetry of the gauge theory. Thus, the quantum SW curve for the SU(3) Nf = 3

and SU(2) Nf = 3 are the same. Therefore, we can verify that these two gauge theories

belong to the same universality class. In the same way, SU(3) Nf = 5 and SU(Nc) Nf = 5

theories belong to the same universality class.

SU(3) Nf = 4 (A) and SU(2) Nf = 4 (A)

The SW curve for the AD theories obtained from the Nf = 2n(n ≥ 2) SQCDs with type A

scaling are only dependent on the flavor symmetry (or n). Therefore, these two quantum

SW curve in the scaling limit are the same. Then, these two gauge theories belong to the

same universality class.

To summarize, we obtain the quantum SW periods for the SU(Nc) Nf SQCDs and the

Ar type and Dr type theories. We also introduce the PF operators to compare quantum

SW periods for two different AD theories. We confirmed that quantization of the SW

curve preserves the universality of AD theories. But we should also check the universality

of AD theory for SU(2) Nf = 3 and D4 theory, which are in the same universality class

in the classical level [66].
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Chapter 7

Conclusion and Discussion

In this thesis, we studied the low energy effective theories of N = 2 supersymmetric gauge

theories. The low energy effective action can be determined by the SW theory. In the SW

theory, there exists S-duality which relates the weak and strong coupling region. However,

we can calculate the effective actions or equivalently prepotentials indirectly through the

SW periods. On the other hand, we can calculate the prepotential directly from the

Nekrasov partition function which is defined in the Ω background. But it is difficult

to find the S-dualities on the Ω background, so we can only determine the Nekrasov

partition function (which is the partition function on the Ω background) in the weak

coupling region. The Nekrasov partition function has a mathematically rich structure.

Then it is desirable to study physics in the Ω-background at strong coupling.

Thus, the purpose of this thesis is to determine the quantum SW periods in the strong

coupling region. For this purpose, we especially consider the quantum SW periods in the

AD theories defined at the superconformal points. To calculate the Ω-background defor-

mation to the SW periods at the superconformal point, we use the method of quantum

SW curves [33], [34]. In [33] and [34], the quantum SW curves for the pure SYM are

introduced, and the quantum SW periods can be determined as WKB solutions of the

quantum SW curves. This idea was generalized to SU(2) SQCDs. It is confirmed that

these quantum SW periods are equivalent to that of the quantum SW periods obtained

from the Nekrasov partition function in the weak coupling region. Thus, in this thesis,

we studied more general SU(Nc) SQCD and we define the quantum SW periods by the

method of the quantum SW curves [46], [47], [57].
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We can define the quantum SW periods in the AD theories by taking the scaling limit

of the quantum SW periods of the UV theories. But we can also obtain the quantum SW

periods in the AD theories by using the quantum SW curve in the scaling limit. Therefore,

we require that the quantization of the SW curves and the scaling limit is commutable

to determine the quantum SW curve in the scaling limit. Then, we can see that in Ar

type gauge theories, the scaling limit and the quantization of the SW curve commute each

other. But in the Dr type gauge theories, the scaling limit and the quantization do not

commute, therefore we should add the quantum correction for the quantum SW curve in

the scaling limit. In the same way, we should add a quantum correction for the SW curve

in the scaling limit in SU(Nc) SQCDs.

These new quantum corrections for the SW curve in the scaling limit is important.

This quantum correction can be interpreted as a mass shift in the QCD, therefore this

means the mass term obtains the quantum correction in the scaling limit. Similar quantum

correction is done in the calculations of the Nekrasov partition function [63]. This mass

shift may change the flavor symmetry.

For the consistency check, we also consider the universality of the AD theories. We

should check that the universality of the AD theories are preserved by the quantization

of the SW curve, in the Ar type, Dr type gauge theories and the SU(Nc) SQCDs. To do

this, we use the PF equations satisfied by the classical periods, which are the differential

operators of the moduli parameters act on p̃0. Then, we compare these PF operators and

we can confirm that the quantum SW periods in the scaling limit are the same if these

two gauge theories belong to the same universality class in classical theories.

The AD theories are also studied in the viewpoint of Schur Index [61]. It is also ob-

tained by compactification of the six-dimensional N = (2, 0) superconformal field theory

on a punctured Riemann surface [26], [27], [28], and specified by [29], [30], [31], [32].

Therefore, we can conclude that the quantization of the SW curve is consistent with

the scaling limit. But we do not know that the quantum SW periods obtained from the

quantum SW curves in the Ar type and Dr type gauge theories are equivalent to the

quantum SW periods calculated by the Nekrasov partition function in the weak coupling

region. Thus, we should look for the Nekrasov function at strong coupling and check this

consistency condition.
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To generalize the quantum SW curve in more general points on the strong coupling

region, we need to consider this consistency check on general points on the strong coupling

region. For example, at the massless dyon or massless monopole points, the quantum SW

periods are calculated by [48], [45], [49]. But we should check in more general points.

In the above, we only consider the quantum SW periods in the NS limit of the Ω

background. We can also consider other limits of the Ω background. If we take the two

parameters of the Ω background in the same value ε1 = ε2, the quantum SW periods can

be calculated by using the topological string [50], [51]. But we want to know more general

quantum SW periods determined on the general Ω background. These relations would be

clarified if we understand the deformed theories in general Ω-background.
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Appendix A

Supersymmetric Gauge Theories

In this Appendix, we explain the basics of supersymmetry following [58]. In this chapter,

we explain N = 1 supersymmetric gauge theory.

First, I will write the definition of theN -extended supersymmetric algebra. Supersym-

metry is defined as symmetry transformation which exchanges bosonic fields and fermionic

fields. So, if we can define such symmetry, the generator of supersymmetry must have

Grassmannian statistics and have spinor index. Thus we can define supersymmetric gen-

erator QI
α, Qα̇J where α, α̇ = 1, 2 are spinor indices and I, J = 1, · · · ,N ) are used to label

different supercharges. They satisfy the following anti-commutation relations:

{QI
α, Qα̇J} =2σµαα̇Pµδ

I
J , {QI

α, Q
J
β} = 2

√
2εαβZ

IJ , {Qα̇I , Qβ̇J} = 2
√

2εα̇β̇Z
∗
IJ ,

{(−1)F , QI
α} ={(−1)F , Qα̇J} = 0. (A.0.1)

Here the (−1)F is the fermion number operator. ZIJ = −ZJI is called the central charge,

which commutes with other supersymmetry generators.

A.1 N = 1 Supersymmetric Algebra and Lagrangian

In this section, we explain the N = 1 supersymmetry algebra and construct the N = 1

supersymmetric Lagrangian.
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A.1.1 N = 1 Super multiplets

Let us consider N = 1 case. In this case, there is no central charge. The supersymmetric

algebra is the following:

[ξQ, ξQ] = 2ξσµξPµ, [ξQ, ξQ] = [ξQ, ξQ] = 0, [P µ, ξQ] = [P µ, ξQ] = 0, (A.1.1)

where we write the supersymmetric generator as Qα, Qα̇, and the ξ is a Grassmannian

constant spinor, and use the following conventions:

ξQ = ξαQα, ξQ = ξα̇Q
α̇
. (A.1.2)

Here, P µ is the translation operator.

Let us construct N = 1 symmetric Lagrangians. We first construct supermultiplets,

which are a set of fields such that the supersymmetric transformation can be a closed

operator on these fields. The N = 1 supersymmetric Lagrangian is constructed from

supersymmetric multiplets. The supersymmetric transformation for a field φ is defined as

δξφ := (ξQ+ ξQ)φ, (A.1.3)

where ξ is Grassmannian constant parameter with spinor index. If we write Qαφ = λα

and Q
α̇
φ = λ

α̇
, we obtain

δξφ := ξαλα + ξα̇λ
α̇
. (A.1.4)

These fields λα and λ
α̇

satisfy different statistic from φ. We can transform λ and λ in the

same way. Notice that Qα and Q
α̇

anti-commute themselves, supermultiplets constructed

by these operations include at most 24 fields. The fields are conveniently organized in the

following way:

F (x, θ, θ) =f(x) + θφ(x) + θχ(x)

+ θθm(x) + θθn(x) + θσµθvµ(x)

+ θθθλ(x) + θθθψ(x) + θθθθd(x), (A.1.5)

where θ and θ are Grassmannian constants. We call the fields written as the form (A.1.5)

are called superfields. Conversely, we can check that all superfields which are written as the

form (A.1.5) give supermultiplets. Thus, supermultiplets are one to one correspondence

between superfields.
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A.1.2 Super-Covariant Derivative

We constructed supermultiplets by superfields. In this subsection, we will define the super-

symmetric transformations that act on the superfields. Supersymmetric transformations

on the superfields are defined as follows:

δξF (x, θ, θ) =(ξQ+ ξQ)F

:=δξf(x) + θδξφ(x) + θδξχ(x)

+ θθδξm(x) + θθδξn(x) + θσµθδξvµ(x)

+ θθθδξλ(x) + θθθδξψ(x) + θθθθδξd(x). (A.1.6)

Here, δξ operation on each component field is a supersymmetric transformation on the

supermultiplet. Therefore, the representation of ξQ + ξQ on superspace (xµ, θ, θ) is the

follows:

ξQ+ ξQ = ξα
(

∂

∂θα
− iσµαα̇θ

α̇
∂µ

)
+ ξα̇

(
∂

∂θ
− iθασµ

αβ̇
εβ̇α̇∂µ

)
. (A.1.7)

We also define the super-covariant derivatives that anti-commute with supersymmetric

transformations D and D:

Dα =
∂

∂θα
+ iσµαα̇θ

α̇
∂µ, Dα̇ = − ∂

∂θ
α̇
− iθασµαα̇∂µ. (A.1.8)

These commutation relations are as

{Dα, Dα̇} = −2iσµαα̇∂µ, {Dα, Dβ} = {Dα̇, Dβ̇} = 0, (A.1.9)

and D and Q anti-commute:

{Dα, Qβ} = {Dα, Qα̇} = {Dα̇, Dα} = {Dα̇, Qβ̇} = 0. (A.1.10)

A.1.3 Chiral Multiplet

Chiral multiplet is a superfield that satisfies the condition Dα̇Φ = 0. If we introduce

yµ = xµ + iθσµθ, general chiral multiplets can be written as

Φ = A(y) +
√

2θψ(y) + θθF (y). (A.1.11)
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In the same way, the anti-chiral field Φ† is defined by DαΦ† = 0, and which can be

expanded as

Φ† = A∗(y†) +
√

2θψ(y†) + θθF ∗(y†), y†µ = xµ − iθσµθ. (A.1.12)

Note that the general product of two chiral fields is a chiral superfield, the arbitrary

function of chiral superfields is a chiral superfield:

W(Φi) =W(Ai +
√

2θψi + θθFi)

=W(Ai) +
∂W
∂Ai

√
2θψi + θθ

(
∂W
∂Ai

Fi −
1

2

∂2W
∂Ai∂Aj

ψiψj

)
. (A.1.13)

W is called superpotential.

A.1.4 Vector Superfield

Let us next to explain the vector superfield. The N = 1 vector superfields are defined as

superfields that satisfy the following condition:

V = V †. (A.1.14)

We expand the vector superfields in the following form:

V (x, θ, θ) =C(x) + iθχ(x)− iθχ(x)

+
i

2
θθ [M(x) + iN(x)]− i

2
θθ [M(x)− iN(x)]

− θσµθAµ(x) + iθθθθ

[
λ(x) +

i

2
σµ∂µχ(x)

]
− iθθθ

[
λ(x) +

i

2
σµ∂µχ(x)

]
+

1

2
θθθθ

[
D(x) +

1

2
�C(x)

]
. (A.1.15)

All these component fields are real valued, and there are vector field Aµ(x) as a coefficient

of θσµθ. Also the combination Φ+Φ+ has i∂µ(A−A∗) as a coefficient of θσµθ. Therefore,

we may motivate interpretation Aµ as a gauge field. In the following, we will interpret

Aµ as a gauge field.
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A.1.5 N = 1 Supersymmetric Lagrangians without gauge sym-
metry

Let us construct N = 1 supersymmetric Lagrangian by using the chiral superfields and

vector superfields. Let us first consider products of chiral and anti-chiral superfield Φ†iΦj:

Φ†iΦj

∣∣∣
θ2θ

2
= −1

4
A†i�Aj −

1

4
�A†iAj + F †i Fj +

1

2
∂µA

†
i∂

µAj −
i

2
ψjσ

µ∂µψi +
i

2
∂µψjσ

µψi.

(A.1.16)

Dropping some total derivatives and summing over i = j, we obtain a free Lagrangian:

L = Φ†iΦi

∣∣∣
θ2θ

2
= ∂µA

†
i∂

µAi + F †i Fi − iψiσµ∂µψi. (A.1.17)

In general, supersymmetric Lagrangian including the chiral superfields can be written as

follows:

L =

∫
d4θK(Φ,Φ†) +

∫
d2W(Φ) +

∫
d2θ

2W(Φ†). (A.1.18)

Note that
∫
d2θθ2 = 1,

∫
d2θθ

2
= 1. In terms of non-holomorphic function K(A,A†)

called Kähler potential, the metric on the field space is given by

gij =
∂2K

∂Ai∂A
†
j

. (A.1.19)

A.1.6 N = 1 Supersymmetric Lagrangians with gauge symmetry

Let us write the generators of a Lie group G as T a(T a = (T a)†). Here a = 1, . . . , dimG.

The algebra is specified by the structure contants fabc. We define vector multiplet as

V = V aT a. Let us define supersymmetric field strength associated with the gauge fields

as

Wα =
1

8
D

2
e2VDαe

−2V

=T a
(
−iλaα + θαD

a − i

2
(σµσνθ)αF

a
µν + θ2σµDµλ

a
)
, (A.1.20)

where V = VaT
a and T a are the generators of G, and

F a
µν = ∂µA

a
ν − ∂νAaµ + fabcAbµA

c
ν , Dµλ

a
= ∂µλ

a
+ fabcAbµλ

c
. (A.1.21)
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Using this, we obtain

1

8π
Im

(
τTr

∫
d2θWαWα

)
= − 1

4g2
F a
µνF

aµν +
θ

32π2
F a
µν ∗ F aµν +

1

g2

(
1

2
DaDa − iλaσµDµλ

)
,

(A.1.22)

where τ = θ
2π

+ 4πi
e2

is some C-valued constant.

Next, we introduce chiral superfields Φi, which belongs to some representation T aij of

G:

Φ :=



Φ1

Φ2

. . .

ΦN


, ((1 + T aεa)Φ)i = Φi + εaT

a
ijΦ

j. (A.1.23)

Note that the product of (anti-) chiral superfields are (anti-) chiral superfield, following

gauge transformed (anti-) chiral superfields is also (anti-) chiral superfield:

Φ′ = e−iΛΦ, Λ = ΛaT a. (A.1.24)

Here, Λ = ΛaT a is a (anti-) chiral superfield in the adjoint representation of G. We define

gauge transformation on V = V aT a as

e−2V → e−iΛ
†
e−2V eiΛ. (A.1.25)

Then the supersymmetric field strength transformed by gauge symmetry as

Wα → W ′
α = e−iΛ

†
Wαe

iΛ. (A.1.26)

Then, Φ†e−2V Φ is invariant in gauge transformation. Thus, the general gauge N = 1

supersymmetric Lagrangian is the following form:

L =
1

8π
Im

(
τTr

∫
d2θWαWα

)
+

∫
d2θd2θΦ†e−2V Φ +

∫
d2θW(Φ) +

∫
d2θW(Φ†)

=− 1

4g2
F a
µνF

aµν +
θ

32π2
F a
µν ∗ F aµν − i

g2
λaσµDµλ

a
+

1

2g2
DaDa

+ (∂µA− iAaµT aA)†(∂µA− iAaµT aA)− ψσµ(∂µψ − iAaµT aψ)

−DaA†T aA−
√

2A†T aλaψ + i
√

2ψT aAλ
a

+ F †i Fi

+
∂W
∂Ai

Fi +
∂W
∂A†i

F †i −
1

2

∂2W
∂Ai∂Aj

ψiψj −
1

2

∂2W
∂A†i∂A

†
j

ψiψj. (A.1.27)
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The auxiliary fields F and Da can be eliminated by the equation of motion. This La-

grangian have scalar potential as

V =
∑
i

∣∣∣∣∂W∂Ai
∣∣∣∣2 − 1

2
g2(A†T aA)2. (A.1.28)

A.2 U(1) β-function

One can develop a perturbation theory based on the Lagrangian described above. Let

us calculate the effective coupling in the U(1) gauge theories described by the N = 2

hypermultiplets. We will obtain the effective coupling by solving the renormalization

group equation. The beta functions for U(1) gauge theories including Weyl fermions with

U(1) charge Qf and complex scalar fields with U(1) charges Qs are given by

β(g) ≡ g3

16π2

(∑
f

2

3
Q2
f +

∑
s

1

3
Q2
s

)
. (A.2.1)

Then, the renormalization group equation for the U(1) gauge theories are

µ
d

dµ
g = β(g). (A.2.2)

Here the µ is the energy scale. In particular, let us consider U(1) N = 2 supersymmetric

gauge theories with a N = 2 hypermultiplet. In N = 1 language, this N = 2 hypermul-

tiplet consists of two N = 1 chiral multiplets M, M̃ , and M and M̃consist of two Weyl

fermions and two complex scalars. Then, the theory includes two complex fermions with

charge Q and two complex scalars with charge Q, and the β-function (A.2.1) becomes

β(g) =
g3

16π2
Q2

(
2 · 2

3
+ 2 · 1

3

)
=

g3

8π2
Q2. (A.2.3)

Thus, if we substitute this β(g) in (A.2.2), we obtain

µ
d

dµ
g =

g3

8π2
Q2. (A.2.4)

Let us solve this equation. If we define α = g2/4π, this equation becomes

µ
d

dµ

(
1

α

)
= −8πb, b =

Q2

8π2
. (A.2.5)
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Then, we can solve this equation as follows:

1

α
= −8πblog

µ

Λ
= −Q

2

π
log

µ

Λ
. (A.2.6)

Here, Λ is the scaling parameter. Therefore, if we take Q = 1, the effective coupling is

given as follows:

τ = − i
π

log
a

Λ
. (A.2.7)

Here, a is the natural scale, and we take µ = a.

In particular, if we consider U(1) gauge theory around the massless monopole or dyon

point, the U(1) charges of the fermions and scalars in the N = 2 hypermultiplet is one.

Therefore, we can obtain the effective coupling around the massless dyon points.
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Appendix B

Changing the Formations of the SW
curves

In this appendix, we explain the representations of the SW curves. If two SW curves have

the same discriminants, these two SW curves are the same. Conversely, if two SW curves

are the same up to change variables, these two SW curves have the same discriminants.

In this appendix, we will see transformations of the variables in the SW curves, which

cause the quartic SW curves to cubic SW curves. These results are necessary to consider

the universality of the AD theories.

B.1 Quartic Curve and Cubic Curve

In the following, we will consider the correspondence between quartic curves and cubic

curves, which can be transformed into each other. Let us consider the following SW curve:

y2 =
4∏
i=1

(x̃− ei) = x̃4 + ax̃3 + bx̃2 + cx̃+ d. (B.1.1)

If we introduce y = − y1

x2
1

and x̃ = 1
x1

+ e4, this curve becomes

y2
1 = b1x

3
1 + b2x

2
1 + b3x1 + b4. (B.1.2)
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Here, we have defined

b1 =− 1

E1E2E3

, (B.1.3)

b2 =
E1 + E2 + E3

E1E2E3

, (B.1.4)

b3 =− E1E2 + E3E1 + E2E3

E1E2E3

, (B.1.5)

b4 =1. (B.1.6)

with Ei = 1
ei−e4 . If we rescale y1 = y2

b1
and x1 = x2

b1
, this curve becomes

y2
2 = x3

2 + c1x
2
2 + c2x2 + c3. (B.1.7)

Here, c1 = b2, c2 = b1b3 and c3 = b4b
2
1. If we shift x2 = x3 − e2

4 + e4(e1 + e2 + e3), we can

finally obtain

y2
2 = x3

3 + d1x
2
3 + d2x3 + d3, (B.1.8)

where

d1 = b, d2 = ac− 4d, d3 = a2d− 4bd+ c2. (B.1.9)

B.2 D4 SW curve

The SW curve and the SW differential of the AD theory obtained from the D4 theory are

given as follows:

ỹ2 = x̃6 + s̃1x̃
4 + s̃2x̃

2 + s̃3 +
s̃4

x̃2
, λ̃SW = ỹdx̃. (B.2.1)

If we change the variables as Y = ỹx̃ and X = x̃2 we can rewrite the SW curve and the

SW differential as follows:

Y 2 = X4 + s̃1X
3 + s̃2X

2 + s̃3X + s̃4, λ̃SW =
Y

2X
dX. (B.2.2)

Following the procedure of Appendix B.1, we can write this curve as

y2 = x3 + s̃2x
2 + (−4s̃4 + s̃1s̃3)x+ s̃2

3 − 4s̃2s̃4 + s̃2
1s̃4. (B.2.3)
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If we shift the variable as x→ x+ 1
12
s̃2

1, we obtain

y2 =x3 +
s̃2

1

4
x2 + (s̃1s̃3 − 4s̃4 −

s̃2
2

3
+
s̃4

1

48
)x

+ s̃2
3 −

s̃1s̃2s̃3

3
+
s̃3

1s̃3

12
− 8s̃2s̃4

3
+

2s̃2
1s̃4

3
+

2s̃3
2

27
− s̃2

1s̃
2
2

36
+

s̃6
1

1728
. (B.2.4)

This form of D4 SW curve is useful to consider the universality of AD theories for D4 and

SU(2) Nf = 3.
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Appendix C

Quantum SW Periods

In this appendix, we will first calculate the quantum SW periods for AD theories obtained

from the Ar and Dr theories. Then, we will calculate the PF operators for the AD theories

obtained from Dr theories and SQCDs and will show the explicit form of the PF operators

for SU(2) SQCDs and SU(3) SQCDs.

C.1 Quantum SW periods for AD theories of Ar and

Dr theories

In this section, we will calculate the quantum SW periods for AD theories obtained from

Ar and Dr theories from the WKB solution of the quantum SW curves. We obtain the

quantum SW curve for AD theories by replacing ξ → −i~∂x̃ in the SW curve (5.7.8) [46],

[57], which is given by (6.4.1) or adding quantum correction (6.4.9). Let us consider the

following quantum SW curve:[
−~2 ∂2

∂2x̃2
−
{
Q0(x̃, ũi) + ~2Q2(x̃, ũi)

}]
Ψ̃(x̃) = 0. (C.1.1)

This is the Schrodinger type equation. Let us find the WKB solution:

Ψ̃(x̃) = exp

(
i

~

∫ x̃

dxP̃ (x̃)

)
, P̃ (x̃) =

∞∑
n=0

~np̃n(x̃). (C.1.2)

Substitute this solution in this quantum SW curve, we obtain

−i~P̃ ′(x̃) + (P̃ (x̃))2 = Q0(x̃, ũi) + ~2Q2(x̃, ũi). (C.1.3)
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Let us compare the coefficients of ~ on the left and right sides. If we consider the coefficient

of ~0, we obtain

p̃2
0 = Q0(x̃, ũi). (C.1.4)

Thus we obtain,

p̃0 = −
√
Q0. (C.1.5)

The coefficient of ~ in (C.1.3) is as follows:

−ip̃′0 + 2p̃0p̃1 = 0. (C.1.6)

Thus, if we substitute (C.1.5) in this equation, we obtain p̃1:

p̃1 =
i

4

Q′0
Q0

=
i

4

d

dx
logQ0. (C.1.7)

This is total derivative. The coefficient of ~2 in the equation (C.1.3) is

−ip̃′1 + 2p̃0p̃2 + p̃2
1 = Q2. (C.1.8)

Substitute (C.1.5) and (C.1.7) in this equation, we obtain

p̃2 =
−5Q′0

2 + 4Q0(−4Q0Q2 +Q′′0)

32Q
5/2
0

=− 1

2

Q2

Q
1/2
0

+
Q′′0

48Q
3/2
0

+
d

dx

(
5

48

Q′0

Q
3/2
0

)
. (C.1.9)

In the same way, if we consider the coefficients of ~3, we obtain

2p̃1p̃2 + 2p̃0p̃3 − ip̃′2 = 0, (C.1.10)

and thus we obtain

p̃3 =
d

dx

{
5i

128

d2

dx2

1

Q0

− 3i

128

Q′′0
Q2

0

+
i

4

Q2

Q0

}
. (C.1.11)

Thus we can verify that p̃3 is total derivative. In the same way, if we consider the

coefficients of ~4, we can obtain the following equation:

p̃2
2 + 2p̃1p̃3 + 2p̃0p̃4 − ip̃′3 = 0. (C.1.12)
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Thus we obtain

p̃4 =
7Q′′0

2

1536Q
7/2
0

− Q
(4)
0

768Q
5/2
0

+
Q2

2

8Q
3/2
0

− Q2Q
′′
0

32Q
5/2
0

+
Q′′2

48Q
3/2
0

+
d

dx

{
− 23

768

Q
(3)
0

Q
5/2
0

+
221

1536

Q′0Q
′′
0

Q
7/2
0

− 1105

9216

Q′0
3

Q
9/2
0

− 5

32

Q2Q
′
0

Q
5/2
0

+
5

48

Q′2

Q
3/2
0

}
. (C.1.13)

If we take Q0 := 2W and Q2 := 0, we obtain the quantum SW periods for AD theory

obtained from Ar theory: (6.4.3). If we take Q0 := 2W and Q2 = A
x2 , we obtain the result

of (6.4.10). If we replace Q0 → −Q0 and Q2 → −Q2, we obtain (6.4.21).

C.2 PF Operators

In this section, we will calculate the PF equations for the AD theories of Dr theories and

SQCDs.

C.2.1 AD theory of Dr Theory

We consider the PF operator for AD theories obtained from Dr type gauge theories. The

quantum SW curve of this AD theory is given as (5.7.22), and the WKB solution is given

by

Ψ̃(x̃) = exp

(
i

~

∫ x̃

dxP̃ (x̃)

)
, P̃ (x̃) =

∞∑
n=0

~np̃n(x̃). (C.2.1)

Note that p̃0 can be written as

p̃0 = −
√

2W, W (x̃, s̃i) = x̃2r−2 + s̃1x̃
2r−4 + · · ·+ s̃r−1 +

s̃r
x̃2
. (C.2.2)

We should calculate ∂s̃j1 · · · ∂s̃jnW
1/2 to obtain the PF operators. Note that

∂s̃iW = x̃2r−2i−2, ∂s̃r−1W = 1, ∂s̃rW =
1

x̃2
(C.2.3)

do not depend on s̃i’s. Then, we obtain

∂s̃j1 · · · ∂s̃jnW
1/2 =

(−1)n−1(2n− 3)!!

2n
∂s̃j1W · · · ∂s̃jnW

W n−1/2
. (C.2.4)
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By using these equations, let us first consider the PF operator for p̃2 (6.4.8). Note

that

∂2
x̃W =(2r − 2)(2r − 3)x̃2r−4 +

r∑
j=1

(2r − 2− 2j)(2r − 3− 2j)s̃jx̃
2r−4−2j

=(2r − 2)(2r − 3)∂s̃1W∂s̃r−1W +
r∑
i=1

(2r − 2i− 2)(2r − 2i− 3)s̃i∂s̃i+1
W∂s̃r−1W + 6s̃r(∂s̃rW )2.

(C.2.5)

Then, we obtain

∂2
x̃W

W 3/2
= −4

(
(2r − 2)(2r − 3)∂s̃1∂s̃r−1 +

r∑
i=1

(2r − 2i− 2)(2r − 2i− 3)s̃i∂s̃i+1
∂s̃r−1 + 6s̃r∂

2
s̃r

)
W 1/2,

(C.2.6)

and therefore, p̃2 becomes

p̃2 =− 4

48
√

2

(
(2r − 2)(2r − 3)∂s̃1∂s̃r−1 +

r∑
i=1

(2r − 2i− 2)(2r − 2i− 3)s̃i∂s̃i+1
∂s̃r−1 + 6s̃r∂

2
s̃r

)
W 1/2

+
2A

2
√

2
∂s̃rW

1/2

=
1

24

(
(2r − 2)(2r − 3)∂s̃1∂s̃r−1 +

r−1∑
i=1

(2r − 2i− 2)(2r − 2i− 3)s̃i∂s̃i+1
∂s̃r−1 + 6s̃r∂

2
s̃r

)
p̃0 −

A

2
∂s̃r p̃0.

(C.2.7)

Let us next consider the PF operator for the 4-th order p̃4 (6.4.8). Note that

(∂2
x̃W )2

W 7/2
=− 16

15

{
(2r − 2)2(2r − 3)2∂̃2

1 ∂̃
2
r−1 + 12(2r − 2)(2r − 3)s̃r∂̃1∂̃r−1∂̃

2
r + 36s̃2

r∂̃
4
r

+ 2(2r − 2)(2r − 3)
r−1∑
i=1

(2r − 2i− 2)(2r − 2i− 3)s̃i∂̃1∂̃i+1∂̃
2
r−1

+ 12
r−1∑
i=1

(2r − 2i− 2)(2r − 2i− 3)s̃is̃r∂̃i+1∂̃r−1∂̃
2
r

+
r−1∑
i=1

r−1∑
j=1

(2r − 2i− 2)(2r − 2i− 3)(2r − 2j − 2)(2r − 2j − 3)s̃is̃j ∂̃i+1∂̃j+1∂̃
2
r−1

}
W 1/2,

(C.2.8)
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∂4
x̃W =

(2r − 2)!

(2r − 6)!
x̃2r−6 +

r∑
i=1

(2r − 2i− 2)!

(2r − 2i− 6)!
s̃ix̃

2r−2i−6

=
(2r − 2)!

(2r − 6)!
∂̃2W +

r∑
i=1

(2r − 2i− 2)!

(2r − 2i− 6)!
s̃i∂̃i+2W + 120s̃r∂̃

3
rW, (C.2.9)

∂4
x̃W

W 5/2
=

8

3

{
(2r − 2)!

(2r − 6)!
∂̃2∂̃

2
r−1 +

r∑
i=1

(2r − 2i− 2)!

(2r − 2i− 6)!
s̃i∂̃i+2∂̃

2
r−1 + 120s̃r∂̃

3
r

}
W 1/2. (C.2.10)

Then we obtain the following PF operator:

p̃4 =− 7

3072 · 2
16

15

{
(2r − 2)2(2r − 3)2∂̃2

1 ∂̃
2
r−1 + 12(2r − 2)(2r − 3)s̃r∂̃1∂̃r−1∂̃

2
r + 36s̃2

r∂̃
4
r

+ 2(2r − 2)(2r − 3)
r−1∑
i=1

(2r − 2i− 2)(2r − 2i− 3)s̃i∂̃1∂̃i+1∂̃
2
r−1

+ 12
r−1∑
i=1

(2r − 2i− 2)(2r − 2i− 3)s̃is̃r∂̃i+1∂̃r−1∂̃
2
r

+
r−1∑
i=1

r−1∑
j=1

(2r − 2i− 2)(2r − 2i− 3)(2r − 2j − 2)(2r − 2j − 3)s̃is̃j ∂̃i+1∂̃j+1∂̃
2
r−1

}
p̃0

− 1

1536 · 2
8

3

{
(2r − 2)!

(2r − 6)!
∂̃2∂̃

2
r−1 +

r−3∑
i=1

(2r − 2i− 2)!

(2r − 2i− 6)!
s̃i∂̃i+2∂̃

2
r−1 + 120s̃r∂̃

3
r

}
p̃0

+
A

64 · 2
8

3

{
(2r − 2)(2r − 3)∂̃1∂̃r−1∂̃r +

r−1∑
i=1

(2r − 2i− 2)(2r − 2i− 3)s̃i∂̃i+1∂̃r−1∂̃r + 6s̃r∂̃
3
r

}
p̃0

+

(
(1− A)A

16 · 2

)
4∂̃2

r p̃0. (C.2.11)

We have obtained the PF operator in AD theory of Dr gauge theory.

C.2.2 AD theories of SU(Nc) Nf = 0, 1 SQCDs

In these cases, the quantum SW periods are given in (6.4.21), and Q0 is given as (6.4.12).

Thus,

p̃0 = i
√
Q0, Q0 = −x̃N +

N∑
i=2

ũix̃
N−i. (C.2.12)

Here we define N = Nc for Nf = 0 and N = Nc + 1 for Nf = 1. Then, we can obtain the

PF operator in the same way as the AD theories obtained from Ar type theories. Because
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the quantum SW curve is the same as the AD theories obtained from Ar type theory. We

can verify

∂ũj1 · · · ∂ũjn (−Q)1/2 =

[
1

2

]
n

∂ũj1 (−Q) · · · ∂ũjn (−Q)

(−Q)n−1/2
, (C.2.13)

and

∂kx̃Q =
N−k∑
i=0

[N − i]kũi∂ũi+k
Q. (C.2.14)

Here, we use [a]k := a(a− 1) · · · (a− k + 1) and [a]0 := 1. Thus, we obtain the following

PF operators:

p̃2 =− 1

24

(
−[N ]2∂ũ2∂ũN +

N−2∑
j=2

[N − j]2ũj∂ũj+2
∂ũN

)
p̃0, (C.2.15)

p̃4 =

(
7

5760

{
([N ]2)2∂2

ũ2
− 2[N ]2

N−2∑
j=2

[N − j]2ũj∂ũ2∂ũj+2

+
N−3∑
j=2

N−3∑
k=2

[N − k]2[N − j]2ũjũk∂ũj+2
∂ũk+2

}
∂2
ũN

+
1

1152

{
−[N ]4∂ũ4 +

N−4∑
j=2

[N − j]4ũj∂ũj+4

}
∂2
ũN

)
p̃0. (C.2.16)

C.2.3 Nf = 2

In this case, the classical SW period can be written as p̃0 = iQ
1/2
0 , where

Q0(ξ) = −
Nc+1∑
i=0

ũie
(Nc+1−i)ξ. (C.2.17)

Then, we obtain

∂ũiQ0 = −e(Nc+1−i)ξ, ∂ũiQ
1/2
0 =

∂ũiQ0

2Q
1/2
0

, (C.2.18)

and then we obtain

∂ũi1 · · · ∂ũik p̃0 = −i
[

1

2

]
k

exp(
∑k

j=1(Nc + 1− ij))

Q
(2k−1)/2
0

. (C.2.19)
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We also note

∂2
ξQ0 =

Nc+1∑
i=0

ũi(Nc + 1− i)2e(Nc+1−i)ξ

=
Nc+1∑
i=1

ũi(Nc + 1− i)2∂ũi+1
Q0∂ũNc

Q0. (C.2.20)

Therefore we obtain the second PF operator if we set Q2 = 0:

p̃2 =
i

2

Q2√
Q0

+
i

48

Q”0

Q
3/2
0

=
1

12

Nc∑
i=0

ũi(Nc + 1− i)2∂ũi+1
∂ũNc

p̃0. (C.2.21)

Next, let us consider the 4-th PF operator in the Q2 = 0 case. To do this, let us consider

Q
(4)
0 =

Nc+1∑
i=0

ũi(Nc + 1− i)4e(Nc+1−i)ξ

=
Nc∑
i=0

ũi(Nc + 1− i)4∂ũi+1
∂ũNc+1

∂ũNc+1
p̃0. (C.2.22)

By using this, we obtain

p̃4 =− 7i

1536

Q′′0
2

Q
7/2
0

+
i

768

Q
(4)
0

Q
5/2
0

=
7

1440

Nc∑
i=0

Nc∑
j=0

ũiũj(Nc + 1− i)2(Nc + 1− j)2∂ũi+1
∂ũj+1

∂2
ũNc

p̃0

− 1

288

Nc∑
i=0

ũi(Nc + 1− i)4∂ũi+1
∂ũNc

∂ũNc+1
p̃0. (C.2.23)

C.2.4 Nf = 2n(n > 0) with type B scaling

Let us define

Q2(ξ) =
A

ξ2
, A =

n

4(1− n)
. (C.2.24)

and consider the PF operators. The classical SW period is given by

p̃0 = iQ
1/2
0 , Q0(ξ) = −

Nc∑
i=0

ũiξ
Nc−n+1

1−n . (C.2.25)

130



Then, we obtain

∂ũiQ0 = ξ
Nc−n+1

1−n , ∂ũiQ
1/2
0 =

∂ũiQ0

2Q
1/2
0

. (C.2.26)

In the same way, we obtain

∂ũi1 · · · ∂ũik p̃0 = −i
[

1

2

]
k

∏k
j=1 ξ

(Nc+1−ij)

1−n

Q(2k−1)/2
. (C.2.27)

We also note

∂2
ξQ0(ξ) =−

Nc∑
i=0

ũi
Nc − n+ 1

1− n
Nc − 2n+ 2

1− n
ξ

Nc−3n+3
1−n

=4[µ(i)]2∂ũi+1
Q0∂ũNc−n+1

Q0 + 4ũNc

n(2n− 1)

(1− n)2
∂ũNc

Q0∂ũNc−n+2
Q0, (C.2.28)

where

µ(i) :=
Nc + n− i

1− n
. (C.2.29)

The p̃2 of (6.4.21) can be written as

p̃2 =
1

12

Nc∑
i=0

ũi[µ(i)]2∂ũi+1
∂ũNc−n+1

p̃0 +
1

12
ũNc

n(2n− 1)

(1− n)2
∂ũNc

∂ũNc−n+2
p̃0 − A∂ũNc−n+2

p̃0.

(C.2.30)

In the same way, we can obtain PF operator of the quantum SW period p̃4 (6.4.21) [47]:

p̃4 =
7

1440

{
Nc−1∑
i=0

Nc−1∑
j=0

ũiũj[µ(i)]2[µ(j)]2∂ũi+1
∂ũj+1

∂2
ũNc−n+1

p̃0

+ 2
Nc−1∑
i=0

ũiũNc [µ(i)]2[µ(Nc)]2∂ũi+1
∂ũNc

∂ũNc−n+1
∂ũNc−n+2

p̃0 + ũ2
Nc

([µ(Nc)]2)2∂2
ũNc

∂2
ũNc−n+2

p̃0

}

+
1

288

{
Nc−1∑
i=0

ũi[µ(i)]4∂ũi+1
∂ũNc−n+2

∂ũNc−n+1
p̃0 + ũNc [µ(Nc)]4∂ũNc

∂2
ũNc−n+2

p̃0

}

+
A

32

{
Nc−1∑
i=0

ũi∂ũi+1
∂ũNc−n+2

∂ũNc−n+1
p̃0 + ũNc [µ(Nc)]2∂ũNc

∂2
ũNc−n+2

p̃0

}

− A(1− A)

2
∂2
ũNc−n+2

p̃0. (C.2.31)
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C.2.5 Nf = 2n+ 1 or Nf = 2n(n > 0) with type A scaling

In this case, the quantum SW curve is of the SQCD type. We can obtain the PF operators

in Nf = 2n+ 1 and Nf = 2n(n > 0) with type A scaling as follows [47]:

p̃2 =
1

24

(
n∑
i=0

n−2∑
j=0

ũiũj[n− j]2∂ũi∂ũj+2
+

n−2∑
j=0

ũi[n− j]2∂ũj+2

)
p̃0

− 1

24

n−1∑
i=0

ũi(n− i)

Nf∂ũi∂ṽ2 +

Nf−1∑
a=2

ṽa(Nf − a)∂ũi+1
∂ṽa+1

 p̃0

+
1

24

n∑
i=0

Nf−2∑
a=0

ũiṽa[Nf − a]2∂ũi∂ṽa+2 p̃0, (C.2.32)

p̃4 =

{
19

5760
D(0|4) +

41

34560
D(00|4) +

11

34560
D(001|3) +

19

8640
D(01|3) +

1

360
D(1|3)

+
7

5760
D(011|2) +

7

1440
D(11|2) +

7

2880
D(004|2) +

71

5760
D(04|2) +

19

1920
D(2|2)

+
11

34560
D(00|13) −

7

5760
D(01|12) +

7

5760
D(0022|)

+
37

5760
D(022|) +

1

180
D(22|) +

1

1152
D(004|) −

17

5760
D(04|) +

7

5760
D(4|)

}
p̃0. (C.2.33)

Here, we define

D(n1n2···|m1m2··· ) :=
Nc∑

i1,i2,···=0

Nf∑
a1,a2,···=0

ũi1 [Nc − i1]n1ũi2 [Nc − i2]n2 · · ·

ṽa1 [Nf − a1]m1 ṽa2 [Nf − a2]m2 · · ·

∂ũi1+n1∂ũi2+n2 · · · ∂ṽa1+m1∂ṽa2+m2 · · · . (C.2.34)

C.2.6 SU(2) cases

Let us write the PF operators for SU(2) Nf = 1, 2, 3 SQCDs.

• Nf = 1:

p̃2 =
1

4
∂ũ2∂ũ3 p̃0, p̃4 =

7

160
∂2
ũ2
∂2
ũ3
p̃0. (C.2.35)
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• Nf = 2:

p̃2 =
1

12

2∑
i=0

ũi(3− i)2∂ũi+1
∂ũ2 p̃0, (C.2.36)

p̃4 =
7

1440

2∑
i=0

2∑
j=0

ũiũj(3− i)2(3− j)2∂ũi+1
∂ũj+1

∂2
ũ2
p̃0 −

1

288

2∑
i=0

ũi(3− i)4∂ũi+1
∂ũ2∂ũ3 p̃0.

(C.2.37)

• Nf = 3:

p̃2 =− 1

24
ũ0(3∂ũ0∂ṽ2 + ṽ2∂ũ1∂ṽ3)p̃0 +

1

24
6(ũ0∂ũ0∂ṽ2 + ũ1∂ũ1∂ṽ2)p̃0, (C.2.38)

p̃4 =

{
11

34560
D(001|3) +

19

8640
D(01|3) +

1

360
D(1|3) +

7

5760
D(011|2) +

7

1440
D(11|2)

+
19

1920
D(2|2) +

11

34560
D(00|13) −

7

5760
D(01|12) +

7

5760
D(0022|)

+
37

5760
D(022|) +

1

180
D(22|)

}
p̃0. (C.2.39)

Here, we use ∂3
x̃C̃ = ∂4

x̃C̃ = 0 and thus we obtain

D(0|4)p̃0 = D(00|4)p̃0 = D(004|2)p̃0 = D(04|2)p̃0 = D(004|)p̃0 = D(04|)p̃0 = D(4|)p̃0 = 0.
(C.2.40)

C.2.7 SU(3) cases

Finally, let us consider the universality with the SU(3) SQCDs. We can write the PF

operators for the SU(3) SQCDs as follows:

• Nf = 0:

p̃2 =
1

4
∂ũ2∂ũ3 p̃0, (C.2.41)

p̃4 =
7

160
∂2
ũ2
p̃0. (C.2.42)

• Nf = 1:

p̃2 =

(
1

2
∂ũ2∂ũ4 −

1

6
ũ2∂

2
ũ4

)
p̃0, (C.2.43)

p̃4 =

(
7

40
∂2
ũ2
∂2
ũ4
− 1

48
∂3
ũ4

)
p̃0. (C.2.44)
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• Nf = 2:

p̃2 =
1

12

3∑
i=0

ũi(4− i)2∂ũi+1
∂ũ3 p̃0, (C.2.45)

p̃4 =
7

1440

3∑
i=0

3∑
j=0

ũiũj(4− i)2(4− j)2∂ũi+1
∂ũj+1

∂2
ũ3
p̃0 −

1

288

3∑
i=0

ũi(4− i)4∂ũi+1
∂ũ3∂ũ4 p̃0.

(C.2.46)

• Nf = 3:

p̃2 =− 1

24
ũ0(3∂ũ0∂ṽ2 + ṽ2∂ũ1∂ṽ3)p̃0 +

1

24
6(ũ0∂ũ0∂ṽ2 + ũ1∂ũ1∂ṽ2)p̃0. (C.2.47)

Next we consider p̃4. In this case, ∂3
x̃C̃ = 0 and ∂4

x̃G̃ = 0. Then, we obtain

D(0|4)p̃0 = D(00|4)p̃0 = D(004|2)p̃0 = D(04|2)p̃0 = D(004|)p̃0 = D(04|)p̃0 = D(4|)p̃0.
(C.2.48)

Then we obtain

p̃4 =

{
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34560
D(001|3) +
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8640
D(01|3) +

1

360
D(1|3) +

7

5760
D(011|2) +

7

1440
D(11|2)

+
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1920
D(2|2) +

11

34560
D(00|13) −

7

5760
D(01|12) +

7

5760
D(0022|)

+
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5760
D(022|) +

1

180
D(22|)

}
p̃0. (C.2.49)

• Nf = 4 type A scaling:

p̃2 =
1

24

(
4∑
i=0

2∑
j=0

ũiũj(4− j)(3− j)∂ũi∂ũj+2
+

2∑
j=0

ũj(4− j)(3− j)∂ũj+2

)
p̃0

− 1

24
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i=0

ũi(4− i)

(
4∂ũi∂ṽ2 +
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a=2

ṽa(4− a)∂ũi+1
∂ṽa+1

)
p̃0

+
1

24

4∑
i=0

2∑
a=0

ũiṽa(4− a)(3− a)∂ũj∂ṽa+2 p̃0, (C.2.50)

p̃4 =
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D(11|2) +
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D(2|2) +
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+
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D(0022|) +

37

5760
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1
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D(22|)

}
p̃0. (C.2.51)
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Here, we use ∂4
x̃C̃ = 0 and thus

D(004|2)p̃0 = D(04|2)p̃0 = D(004|)p̃0 = D(04|)p̃0 = D(4|)p̃0 = 0. (C.2.52)

• Nf = 4 type B scaling:

p̃2 =
1

12

3∑
i=0

ũi(i− 5)(i− 6)∂ũi+1
∂ũ2 p̃0 +

1

12
ũ36∂2

ũ3
p̃0 +

1

2
∂ũ3 p̃0. (C.2.53)

p̃4 =
7

1440
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. (C.2.54)

• Nf = 5:

p̃2 =
1
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(
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ũiũj(3− j)(2− j)∂ũi∂ũj+2
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ṽa(5− a)∂ũi+1
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Here, we use ∂4
x̃C̃ = 0 and thus

D(004|2)p̃0 = D(04|2)p̃0 = D(004|)p̃0 = D(04|)p̃0 = D(4|)p̃0 = 0. (C.2.57)
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[25] A. Grassi and M. Marinõ, A Solvable Deformation of Quantum Mechanics,

[arXiv:1806.01407]

[26] D. Gaiotto, N=2 dualities, JHEP 08 (2012) 034, [arXiv:0904.2715].

[27] D. Gaiotto, G. W. Moore and A. Neitzke, Wall-crossing, Hitchin Systems, and the

WKB Approximation, [arXiv:0907.3987].

[28] D. Xie, General Argyres-Douglas Theory, JHEP 01 (2013) 100, [arXiv:1204.2270].

[29] S. Cecotti, A. Neitzke and C. Vafa, R-Twisting and 4d/2d Correspondences,

[arXiv:1006.3435].

[30] Y. Wang and D. Xie, Classification of Argyres-Douglas theories from M5 branes,

Phys. Rev. D94 (2016) 065012, [arXiv:1509.00847].

[31] Y. Wang, D. Xie, S. S. T. Yau and S.-T. Yau, 4d N = 2 SCFT from complete

intersection singularity, Adv. Theor. Math. Phys. 21 (2017) 801, [arXiv:1606.06306].

[32] P. Argyres, M. Lotito, Y. Lu and M. Martone, Geometric constraints on the space

of N = 2 SCFTs. Part I: physical constraints on relevant deformations, JHEP 02

(2018) 001, [arXiv:1505.04814].

[33] A.Mironov, A.Morozov, Nekrasov Functions and Exact Bohr-Sommerferd Integrals,

JHEP 04 (2010) 040, [arXiv:0910.5670]

138



[34] A.Mironov, A.Morozov, Nekrasov Functions from Exact BS Periods: the Case of

SU(N), J. Phys.A 43 (2010) 195401, [arXiv:0911.2396]

[35] S.Shadchin, On certain aspects of string theory/gauge theory correspondence, PhD

Thesis, [arXiv:0502180]

[36] N.A.Nekrasov, S.L.Shatashvili, Quantization of Integrable Systems and Four Di-

mensional Gauge Theories, Published in 16th International Congress on Mathe-

matical Physics, Prague, August 2009, P. Exner, Editor, 265-289, World Scientific

2010, Contribution to: ICMP09, 265-289, [arXiv:0908.4052]

[37] G. Basar and G. V. Dunne, Resurgence and the Nekrasov-Shatashvili limit: con-

necting weak and strong coupling in the Mathieu and Lame systems, JHEP 02

(2015) 160 [arXiv:1501.05671].

[38] A.-K. Kashani-Poor and J. Troost, Pure N = 2 super Yang-Mills and exact WKB,

JHEP 08 (2015) 160 [arXiv:1504.08324].

[39] S. K. Ashok, D. P. Jatkar, R. R. John, M. Raman and J. Troost, Exact WKB

analysis of N = 2 gauge theories, JHEP 07 (2016) 115 [arXiv:1604.05520].

[40] Y. Zenkevich, Nekrasov prepotential with fundamental matter from the quantum

spin chain, Phys. Lett. B701 (2011) 630 [arXiv:1103.4843].

[41] A. V. Popolitov, Relation between Nekrasov functions and Bohr-Sommerfeld periods

in the pure SU(N) case, Theor. Math. Phys. 178 (2014) 239, [arXiv:1001.1407].

[42] K.Ito, H.Nakajima, T.Saka and S.Sasaki, N = 2 Instanton Effective Action in Ω-

background and D3/D(−1)-brane System in R-R Background, JHEP 11 (2010) 093,

[arXiv:1009.1212].

[43] Y.Tachikawa, N = 2 supersymmetric dynamics for pedestrians, Lect. Notes Phys.

890 (2014), [arXiv:1312.2684].

[44] K. Ito and T. Okubo, Quantum periods for N = 2 SU(2) SQCD around the super-

conformal point, Nucl. Phys. B934 (2018) 356 [arXiv:1804.04815].

139



[45] K. Ito, S. Kanno and T. Okubo, Quantum periods and prepotential in N = 2 SU(2)

SQCD, JHEP 1708, 065 (2017) [arXiv:1705.09120].

[46] K.Ito, S.Koizumi, T.Okubo, Quantum Seiberg-Witten curve and Universality in

Argyres-Douglas theories, Phys.Lett.B 792 (2019) 29-34, [arXiv:1903.00168]

[47] K.Ito, S.Koizumi, T.Okubo, Quantum Seiberg-Witten periods for N = 2

SU(Nc) SQCD around the superconformal point, Nucl.Phys. B 954 (2020) 115004,

[arXiv:2001.08891]

[48] W. He and Y.-G. Miao, Magnetic expansion of Nekrasov theory: the SU(2) pure

gauge theory, Phys. Rev. D82 (2010) 025020 [arXiv:1006.1214].

[49] M. Beccaria, On the large Ω-deformations in the Nekrasov-Shatashvili limit of N =

2∗ SYM, JHEP 07 (2016) 055 [arXiv:1605.00077].

[50] M.-x. Huang, On Gauge Theory and Topological String in Nekrasov-Shatashvili

Limit, JHEP 06 (2012) 152 [arXiv:1205.3652].

[51] D. Krefl, Non-Perturbative Quantum Geometry II, JHEP 12 (2014) 118

[arXiv:1410.7116].

[52] K. Maruyoshi and M. Taki, Deformed Prepotential, Quantum Integrable System

and Liouville Field Theory, Nucl. Phys. B841 (2010) 388 [arXiv:1006.4505].

[53] H. Kanno, K. Maruyoshi, S. Shiba and M. Taki, W3 irregular states and isolated

N = 2 superconformal field theories, JHEP 03 (2013) 147 [arXiv:1301.0721].

[54] M. Piatek and A. R. Pietrykowski, Classical irregular block, N = 2 pure gauge

theory and Mathieu equation, JHEP 12 (2014) 032 [arXiv:1407.0305].

[55] R. Poghossian, Deformed SW curve and the null vector decoupling equation in Toda

field theory, JHEP 04 (2016) 070 [arXiv:1601.05096].

[56] G. Basar, G. V. Dunne and M. Unsal, Quantum Geometry of Resurgent Perturba-

tive/Nonperturbative Relations, JHEP 1705, 087 (2017), [arXiv:1701.06572].

140



[57] T.Okubo, Quantum periods for N = 2 Supersymmetric QCD at strong coupling,

Ph.D. thesis, Tokyo Institute of Technology, 2018.

[58] J.Wess and J.Bagger, Supersymmetry and Supergravity (Princeton Series in

Physics)

[59] Ulf H. Danielsson, Bo Sundborg, The Moduli Space and Monodromies of N=2

Supersymmetric SO(2r + 1) Yang-Mills Theory, Phys.Lett. B358 (1995) 273-280,

[arXiv:9504102]

[60] S.Cecotti, M.Del Zotto, Infinitely many N = 2 SCFT with ADE flavor symmetry,

JHEP 01 (2013) 191, [arXiv:1210.2886]

[61] M.Buican, L.Li, T.Nishinaka, Peculiar Index Relations, 2D TQFT, and Universality

of SUSY Enhancement, JHEP 01 (2020) 187, [arXiv:1907.01579]

[62] H. Nakajima, K. Yoshioka, Instanton counting on blowup. I. 4-dimensional pure

gauge theory, Invent. math. 162, 313–355 (2005).

[63] N. A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv. Theor.

Math. Phys. 7 (2003) 831 [arXiv:0206161].

[64] E. Witten, Topological quantum field theory, Commun.Math.Phys. 117 (1988) 353.

[65] N. Nekrasov and S. Shadchin, ABCD of instantons, Commun. Math. Phys. 252, 359

(2004) [arXiv:0404225].

[66] K.Ito, S.Koizumi, In preparation.

[67] Joseph D. Lykken, Introduction to Supersymmetry, [arXiv:9612114]

[68] T.Kubota, N.Yokoi, Renormalization Group flow near the Superconformal Points

in N=2 Supersymmetric Gauge theories, Progress of Theoretical Physics, Vol 100,

Issue 2, August 1998, 423-436.

141


