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Abstract

The purpose of this thesis is to determine the quantum Seiberg-Witten (SW) periods of
N = 2 supersymmetric gauge theories in the Q background. In particular, we consider the
quantum SW periods of the Argyres-Douglas (AD) theories in the Nekrasov-Shatashvili
(NS) limit of the Q background. We also study the universality for the Argyres-Douglas
(AD) theories obtained from the A, type and D, type super Yang-Mills theories and
supersummetric QCDs (SQCDs).

We first explain the AN/ = 2 supersymmetry algebra and N = 2 supersymmetric
Lagrangian in four-dimensional spacetime. We consider the low energy effective theories
of the N’ = 2 supersymmetric theories, and introduce the prepotential that is calculated
by the p-function. These moduli spaces of the low-energy effective theories are described
by the Seiberg-Witten (SW) curves and the SW differentials. The prepotential is then
calculated as the SW period that is given as the integral of the SW differential by the
cycles.

Next, we explain the Argyres-Douglas (AD) theory, which is determined on the su-
perconformal point of the moduli space. The superconformal points are realized at the
intersection points of the mutually non-local massless BPS particles, which are at the
strong coupling region of the moduli space. The SW curve and the SW differential
around the superconformal point are given by the scaling limit of the SW curve and
the SW differential.

We introduce the €) background. This is four-dimensional spacetime which admits the
two-torus action. In particular, we take the Nekrasov-Shatashvili (NS) limit of the Omega
background. In this limit, the low-energy theory is described by the differential equation
called the quantum SW curve. We use the method of quantization of the SW curves to
obtain the quantum SW periods for SU(N.) SQCDs systematically. In particular, we
construct the quantum SW curve in the AD theories for the A, type and D, type super
Yang-Mills theories and the SQCDs, and calculate the quantum SW periods in the scaling
limit. The quantum SW curve for the A, type super Yang-Mills is determined uniquely,



but there are two different quantizations of the SW curve in D, type super Yang-Mills
theory. We also construct the differential operators which connect the classical periods
and the quantum corrections.

To check the consistency of the quantum SW curves of the AD theories, we study
the universality of AD theories at the quantum level by showing that the quantum SW
periods are obtained from the different UV theories. We confirm some examples of the

universality of AD theories associated with SU(2) and SU(3) SQCDs.
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Chapter 1

Introduction

Quantum field theories are usually defined by quantizing fields based on a classical La-
grangian. The partition function or generating functional of correlation functions is an
important object to calculate physical observables, which are given by perturbation in
coupling constants. The perturbative expansion gives a good description of physics in
the weak coupling region in general. However, in the strong coupling region, where the
perturbation is not good and non-perturbative effects become important. Therefore, it is
important to study the exact formula of the partition functions.

Recently, techniques of computing the partition functions have been developed for
quantum field theories with supersymmetry. It is known as the localization method,
where the infinite-dimensional path-integral reduces to the finite-dimensional integral or
asum [4]. In particular, for gauge theories with N' = 2 supersymmetry, by the localization
method, the exact partition function has been calculated, which is called the Nekrasov
partition function [63]. The Nekrasov partition function is defined in the weak coupling
region but it contains non-perturbative instanton corrections.

N = 2 super Yang-Mills theory plays an important role in studying quantum field
theories and superstring theories. It is known that its low-energy effective theory is
exactly determined by supersymmetry and duality [6], [7]. One can then study the low-
energy physics of the theory, such as the condensation of a monopole. In string theory,
N = 2 theories are realized as a stack of D4-branes suspended between two NS5-branes
in type IIA superstrings, which turns out to be a world-volume theory of M5-brane in

M-theory at strong coupling [8]. In this thesis, we will study the Seiberg-Witten theory



to investigate the strong coupling physics of the theory.

N = 2 supersymmetric gauge theories are constructed from two types of supermulti-
plets. One is the vector multiplet which contains gauge fields and a complex scalar. The
other is the hypermultiplet which contains the quark as component fields. The vacuum of
the theory is characterized by the vacuum expectation values of the scalar and the scalar
quarks, which corresponds to the Coulomb branch and the Higgs branch, respectively. In
the Coulomb branch, the low-energy effective theory is described by the vector multiples
associated with the Cartan subgroup of the gauge group. Due to N = 2 supersymme-
try, the low energy effective Lagrangian can be represented as prepotential, which is the
function of the vector multiplets. The prepotential is expressed as the sum of the one-
loop part and instanton corrections. The one-loop part is calculated by the g-function
of the N/ = 2 gauge theory. The second-order derivatives of the prepotential represent
the complexified effective gauge couplings. In the Seiberg-Witten theory, the effective
gauge couplings are identified as the ratio of the period integrals of certain meromorphic
one-form over one-cycles on a certain Riemann surface. The Riemann surface is called the
Seiberg-Witten(SW) curve and the meromorphic differential is called the SW differential
6], [7], [12]. Then, computing the periods as the functions of the vacuum moduli, one
can determine the prepotential exactly. The SW curve and differential are determined
by the monodromy of the period integrals (the SW periods) around a singularity, where
certain monopoles or dyons become massless. The monodromy can be determined by elec-
tromagnetic duality. For a large class of gauge theories, we have the SW curve and the
SW differential. We can then formally obtain prepotentials for any values of the moduli
parameters. However, this approach is an indirect method and requires the assumptions
for the singularities at the strong coupling region in the moduli space to obtain the pre-
potential. The localization approach is a direct approach to obtain the prepotential in
the weak coupling without any knowledge in the strong coupling region.

N = 2 supersymmetry contains a nilpotent supercharge, which determines the co-
homological structure in the observables. In N = 2 Super Yang-Mills theories, by the
topological twist which identifies spinor indices and internal R-symmetry indices, one
can define a nilpotent scalar supercharge and the BRST cohomology [64]. The action of
the N/ = 2 Super Yang-Mills theories is written as BRST-exact up to topological term.



One can perform the path-integral in the BRST symmetric manner. In particular, one
can add the BRST-exact term with some deformation parameter ¢ € R such that the
partition function is independent of ¢t. Moreover, the contribution to the path-integral
is localized on the solution to the instanton equations in the ¢ — oo. These instanton
solutions are obtained by the ADHM construction [9], which are the equations in matrix
form and parametrized by the instanton moduli parameters. Then, the prepotentials can
be given by the sum of instanton numbers and finite-dimensional integrals over the moduli
space for instanton number. However, the integral over moduli spaces of each instanton
is difficult to calculate due to the complicated structure of the ADHM construction.

To avoid this difficulty, Nekrasov introduced some regularization called €2-background
[10], [63]. It is known that the four-dimensional N = 2 Super Yang-Mills theories are
given by dimensional reduction of the six-dimensional A’ = 1 Super Yang-Mills [3]. We
first compactify the 6-dimensional spacetime on the 2-dimensional torus. We then intro-
duce the €2 background where the torus acts as rotations on four-dimensional spacetime
parameterized by two real parameters [4]. This action also acts on the ADHM moduli
space of instantons and the solutions are localized and labeled by the Young diagrams.
Then, using the Localization method, we can obtain the partition function on the 2 back-
ground as the sum over the set of Young diagrams. Thus the 2 background is one of the
regulators of the partition function of the four-dimensional N' = 2 Super Yang-Mills. We
call this partition function as Nekrasov partition function. The €2 background was also
applied to topological string [50], [51]. The relation to the conformal block of 2d CFT
was studied in [52], [53], [54], [55].

So far, we have obtained the partition functions of N' = 2 supersymmetric gauge
theories in the 2-background. The prepotential of the low-energy effective theory is found
from the logarithm of the partition function by taking the 2-background parameters to
be zero. The prepotential on the €2 background is defined in the weak coupling region.
However, the prepotential on the {2 background calculated above cannot be applied in
the strong coupling region, because the action on the 2 background is not valid in the
strong coupling region. One might think that we can use the non-abelian version of duality
between the strong coupling region and weak coupling region, which is not well-understood

in the 2-background. It is interesting to explore the Nekrasov partition function in the



strong coupling region, which is useful to understand strong coupling physics and the
duality of field theories. However, the strong coupling region on the €2 background is
meaningful to regularize the partition function for the N = 2 Super Yang-Mills on the
strong coupling region. Because of the dualities for the N' = 2 Super Yang-Mills, the
partition function on the strong coupling and weak coupling region are related by dualities.

At strong coupling, the low-energy effective theory can be studied by using the Seiberg-
Witten theory. It is not known how to define the low-energy action in general 2-
background. However, at a special limit of the (2-background parameters, one can in-
troduce the 2-deformation of the prepotential. This is called the Nekrasov-Shatashvili
(NS) limit, which sends one of the Q-background parameters to zero. Then, we intro-
duce the Nekrasov-Shatashvili limit of the 2-background which is a limit that fixes one
parameter of the Q background to zero [36]. On the NS limit of the Q background, the
SW periods (called the quantum SW periods) are deformed by the Q-background and can
be calculated by using the differential equation which is called the quantum SW curve
[33], [34]. For the SU(2) super Yang-Mills theory, the differential equation is actually the
differential equation which is known as Baxter’s T-Q relation. The deformed SW periods
in the weak coupling region are shown to agree with those obtained from the Nekrasov
partition function up to some order in the deformation parameter. The quantum SW
curves for N' = 2 gauge theories with higher rank gauge groups have been studied in [33],
[34], [40], [41]. The systematic expansion in the deformation parameter is studied by using
the WKB analysis. This Schrodinger equation is given by quantizing the SW curve and
SW differential. In these papers, they obtained the prepotential or equivalently obtained
the quantum SW periods as a WKB solution of some Schrodinger equation for some
classical theory. The WKB method to calculating the quantum SW periods are studied
in [37], [38], [39]. In the weak coupling region, the quantum SW curve obtained from
the quantum SW curve is same as the quantum SW periods obtained from the Nekrasov
partition function [33], [34], [40], [41]. Thus, we want to define the quantum SW periods
in the strong coupling region by using the quantum SW curve.

We note that the quantum SW curve and the SW periods work both in the weak-
coupling and strong coupling region. Then, in this thesis, we define the quantum SW

periods on the €2 background in the strong coupling region by the quantum SW periods
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given by the WKB solutions of the quantum SW curves. We are interested in physics
at the singularity locus in the moduli space, where some BPS particles become massless.
Especially, on the massless monopole/dyon point (which is on the strong coupling region),
the quantum SW periods are calculated by [48], [45], [49]. In this thesis and [46], [47], we
consider the Argyres-Douglas theories which is defined in the strong coupling region [19],

120].

Low energy effective theory SW curve and SW differential

for N =2 Supersymmetric
gauge theory

(€1,€2) — (0,0) Quantization

)

N =2 Supersymmetric gauge €2 — 0
theory Quantum SW curve
on the Q background NS limit

Only known in the weak coupling region

Figure 1.1: This is a conceptual diagram. The €2 background is parameterized by two
real numbers (e, €5). If we take (€1, €2) — (0,0), the theory becomes low energy effective
theory of a N = 2 supersymmetric gauge theory. If we take the NS limit, this theory can
be represented by the quantum SW curve, which is given by quantizing the SW curve.

In the SW theory, there are massless singular points in the moduli space, where some
massless BPS particles become massless. In general, two massless BPS particles are
either mutually local or mutually non-local. In particular, in the SU(3) Super Yang-
Mills case, Argyres and Douglas [19] argued that if mutually non-local massless particles
coexist on the moduli space. This point corresponds to a non-trivial new superconformal
field theory, which is called the Argyres-Douglas (AD) theory. The Seiberg-Witten curve
of the AD theory can be obtained by the scaling limit of the curve of SU(3) theory,

where two intersecting one-cycles on the genus two Riemann surfaces degenerate into the
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point. Near the superconformal point, we can consider the scaling limit, which is one of
the deformations on the superconformal point [19]. By the scaling limit, the SW curve
degenerates, and a pair a-cycle and (-cycle which cross on the moduli space become
trivial at the same time. [20] generalize the AD theory in the SU(2) Ny = 1,2, 3 cases,
and in this paper, the CFT features of the AD theories are studied. This classification
is generalized to SU(N,) Ny SQCDs [23]. Superconformal field theories are particularly
interesting examples of strongly coupled field theories. Since the theory is non-local, one
cannot write down the Lagrangian explicitly by using fundamental fields. Therefore it
is hard to study the theory based on the Lagrangian approach. Conformal field theories
can be characterized by operators and their operator product expansions. In particular,
relevant operators provide deformation around the superconformal point, which gives
information about physics. In the AD theory, the relevant operators and the associated
coupling constants are read off from the SW curve of the AD theories. One can then
classify the AD theories by investigating the scaling limit of the gauge theories.

In this thesis and [46], [47], we study the quantum SW periods in the strong coupling
region, especially around the superconformal point. We quantize the SW curve and the
SW differential for N' = 2 supersymmetric QCD. Then, we will find the quantum SW
periods as the WKB solution of the quantum SW curves. We can obtain the quantum
SW periods in the AD theories by taking the scaling limit of these quantum SW periods
in the UV theories. But we can also obtain the quantum SW periods in the scaling limit

by using the quantum SW curve in the scaling limit : Fig:1.2. To confirm the consistency

SW curve Quantization Quantum SW curve
(Gauge theory) (Quantum SW period)
Scaling limit Scaling limit
SW curve Quantization Quantum SW period
In the scaling limit ¥ In the scaling limit

Figure 1.2: Quantization of the AD curve is consistent with the scaling limit.
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of our method, we will check the equivalence of the two approaches. In particular, we
focus on the universality of the AD theories. We say that two UV gauge theories belong
to the same universality class if these two gauge theories become the same AD theory in
the scaling limit. We confirm that this quantization is consistent with the scaling limit,
by considering that the universality is preserved by the quantization of the SW curves.

This thesis is organized as follows: In chapter 2, we first explain supersymmetry
algebras and supersymmetry multiplets. Then we construct supersymmetry Lagrangian
of N' = 2 Super Yang-Mills and SQCDs. After that, we consider low energy effective
action, which can be determined by prepotential. We argue that the one-loop part of the
prepotential can be calculated by the S-function. We also consider the moduli space of
vacua and explain the Coulomb branch and Higgs branch.

In chapter 3, we next explain the SW theory in the N/ = 2 Super Yang-Mills case
following [6] and [12]. We first explain that the fields of the effective theory on the moduli
space of vacua can be interpreted as a base manifold of an SL(2, Z) vector bundle. We also
explain that the BPS mass can be written as a section on the vector bundle (which is only
determined on the moduli points without a singular point), and calculate the monodromies
around the singular points by using the fact that the BPS masses must be one-valued.
Finally, we introduce the SW curve and the SW differential that is the Riemann surface
and 1-form on the Riemann surface. Then, we explain that there exist homeomorphism
between the torus (corresponding to the SW curve and the SW differential) and the moduli
space which is written as a base manifold of an SL(2,Z) bundle.

In chapter 4, we generalize the SW theory in SU(N.) Ny SQCDs, A, type and D, type
gauge theories [7]. In these cases, we determine the SW curve by using the symmetries
on the moduli space. We also note that in these cases, there are massless singular points,
not only massless dyon or massless monopole points but also massless quark points.

In chapter 5, we explain the AD theories. We first explain the AD theory for SU(3)
Super Yang-Mills case [19]. We introduce the AD theory at the superconformal points
on the moduli parameter on which the SW curve degenerates. Then, we discuss the
features of the AD theories as CFTs for SU(2) Ny = 1,2,3 SQCDs following [20]. Then,
we generalize these discussions and introduce AD theories obtained from SU(N,) Ny

SQCDs, A, and D, type gauge theories [23]. We also discuss the universality of AD
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theories [46], [47].

Finally, in chapter 6, we introduce the €2 background. We first explain the definition
of the Q background following [35]. Next, we explain the quantization of the SW curves
[33], [34] and calculate the quantum SW periods as WKB solutions of the quantum SW
curves. Then, we discuss the quantization of the SW curves for A, type and D, type
gauge theories [46], and discuss the quantum SW curves in the scaling limit [46], [47], and
calculate the quantum SW periods. For the consistency check, we confirm the universality
of AD theories preserved by the quantization (introducing of the 2 background). To do
this, we compare the quantum SW periods in the scaling limit by using the Picard-Fuchs
equations [33], [34], [41], [48], [40], [50], [37], [56].

In Appendix, we will summarize the notations of the N' = 1 supersymmetry and
some detailed calculations. In Appendix A, we first explain the notations of the N' =1
supersymmetry algebra and multiplets. We also explain the U(1) S-function which is
necessary to describe the effective action around the dyon massless points. In Appendix
B, we will examine some variable transformations in the SW curves. Finally, in Appendix
C, we will calculate the Picard-Fuchs equations and higher-order corrections. We will also

show some explicit examples of the theories with lower ranks.
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Chapter 2

N =2 Supersymmetric Gauge
Theory and the Prepotential

In this chapter, we will explain supersymmetry algebra and its representation. In particu-
lar, we will focus on N = 2 supersymmetry (SUSY). The field contents of supersymmetric
theories take the form of supersymmetry multiplets. For N' = 2 SUSY, they are vector
and hyper-multiplets. We will explain examples of N/ = 2 supersymmetric field theories
by using supersymmetry multiplets. We finally explain that the low-energy effective ac-
tion of these theories which are described by the prepotentials. The one-loop part of the

prepotential is calculated by the S-functions.

2.1 N =2 Supersymmetry Algebra

Let us first explain the N' = 2 supersymmetry algebra following [12] and [6]. It is an
extension of the Poincaré algebra by adding two sets of Weyl spinor charges. For N' = 2
algebra, it contains the central charge. The central charge provides the lower bound for
the mass spectrum, which is called the BPS formula. We show the BPS formula gives a
relationship between mass and central charge. The BPS formula will be also important to
study the Seiberg-Witten theory, which defines the monodromy structure on the moduli
space. We also introduce the R-symmetry which rotates the set of supercharges. We
also define supersymmetry multiplets by using supersymmetry algebra. The N = 2

supersymmetry algebra was first studied in [1].
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2.1.1 N = 2 supersymmetry Algebra

Let us explain N = 2 supersymmetry algebra. Supersymmetry is fermionic symmetry that
exchanges bosonic fields and fermionic fields. A/ extended supersymmetry is a symmetry
that exchanges N sets of fermions with N sets of bosons. N' = 1 supersymmetry algebra
is reviewed in Appendix A. We will study N = 2 supersymmetry algebra in this chapter.

The supersymmetry generators Q1 , Q. (I, J = 1,2) satisfy the following anti-commutation

relations, where the o and & are the spinor indices:

{Qiaao‘d} :20-50‘4Pu5§: (21.1)
{QL, Q3 =2v2e,2", (2.1.2)
{Qar Qps} =2V2¢,371,. (2.1.3)

Here P, is the translation operator, €,z is an anti-symmetric invariant tensor of the spinor
Lorentz transformation SL(2,C). We can take Z to be real by choosing the phase of the
operators Q. Z!7 = !/Z with I,J = 1,2 are called the central charges. Z commutes
with all the generators of supersymmetry, therefore 7 is a fixed value for a representation

of the algebra.

2.1.2 BPS Formula

Next, we construct the representation of N' = 2 SUSY algebra. We then define the
mass formula which is called the BPS formula. Let us define two sets of anti-commuting

generators from supercharges as

Qo = % (Q +€as(@B)), o= (Qn — €as(Q3)") . (2.1.4)

Then the algebra (2.1.1)-(2.1.3) for the massive state in the static frame P* = (M, 0,0,0)

N | —

reduces to
{an, b} = bas (M + \/52) o {ban B} = g (M - ﬁz) . (2.1.5)

These relations mean that a and b are anti-commuting harmonic oscillators. Thus from

the unitarity of the representation, we obtain the following relation:

M >V2|Z| (2.1.6)
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This formula is called the BPS (Bogomolnyi-Prasad-Sommerfield) formula. Since this
formula is defined by using supersymmetry algebra only, this formula does not change by

the quantum corrections as far as A/ = 2 SUSY is preserved.

2.1.3 R-symmetry

In the above, we have introduced N' = 2 supersymmetry algebra. The two supercharges
are related by global U(2)g rotations (or rotations of the indices I = 1,2). We can in-
clude this transformation in the supersymmetry algebra, which is called the R-symmetry.
The R-symmetry can be written as U(2)gr = (SU(2)g X U(1)gr)/Zo where the Zs, is the
normal subgroup of SU(2)r x U(1)g, and we identify (1,e'™) € SU(2)r x U(1)g and
(—1,1) € SU(2)g x U(1)g by the Z,. Let us define the action of the R-symmetry on the
supermultiplets. In A/ = 2 supersymmetric theories, there are two types of supermulti-
plets. We explicitly write the action of the R-symmetry on the following two types of

supermultiplets.

e N =2 vector multiplet (N = 2 chiral multiplet):
This multiplet is consist with an N = 1 vector multiplet V' = (A,, ) and a chiral
super field ® = (¢,1). The diagonal part of the SU(2)g is U(1); C SU(2)g, which
act on the superfield as follows:
U(l)g :® — e**®(e” "), V = V(e ™) (2.1.7)
U(l); :® — ®(e™0), V — V(e ™). (2.1.8)
The other elements of SU(2)r mix these V' and ®. We also confirm that if a = ,
U(1)g, and U(1); act on superfields in the same way.

e N =2 hypermultiplet:

This multiplet contains two complex scalars (¢, ') and two Weyl fermions (1, 1/?2)
In N = 1 Language, this multiplet is decomposed by chiral multiplets Q = (g, v,)
and Q = (4, ¢,). These multiplets transform under the U(1)g and U(1); as

Ul)g:Q — Q(e™™@0),  Q— Q(e7@h), (2.1.9)
Ul)y:Q = e@Q(e™™0),  Q — e “Q(e™h). (2.1.10)
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For later convenience, we write the action of U(1)g and U(1); on all component fields:

Ur: ¢ — e2ie g,
(¥, A) = (N,
(Wothe) = (U, ),
Ana.d) = (Aq.d), (2.1.11)
U(1),: (A ) = (),
W) = e, q),
(6, A g, g) = (0 Ay Py, ).

2.2 N =2 Supersymmetic Gauge Theories (Classical)

In this section, we construct some N = 2 supersymmetric gauge theories by using the
super multiplets. In the following, we consider N' = 2 supersymmetric Yang-Mills (SYM)
theories and supersymmetric QCDs (SQCDs) following [12], [6], [7], [11]. In particular, we
will consider the low energy effective theories of these theories, and specify the structures
of the Coulomb branches of these vacuum moduli spaces. The N/ = 2 supersymmetric
Lagrangians were first found by [2]. These supersymmetric theories were also studied in

the viewpoint of dimensional reduction [3].

2.2.1 N =2 SU(N,) Super-Yang-Mills Theory

Let us first introduce the N/ = 2 Super Yang-Mills (SYM) theory with gauge group
SU(N.). This theory is constructed by the N' = 2 vector multiplet, which is defined
by N = 1 vector multiplet V and A/ = 1 chiral superfield ®. Here, the N’ = 1 vector
superfield V' and the N' = 1 chiral superfield ® belongs to the adjoint representation
of the gauge group. The component field A, in the N' = 1 vector superfield V is the
gauge connection of the gauge group. In terms of A = 1 superfields, the N' = 2 super
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Yang-Mills theory has the following Lagrangian:

1 1 _ 1 4
L :EImtr {4—7 / d*0d*0Te? P~V + . / dQOTWaWa} , T = ° + 7

T T 2T g2
(2.2.1)

where O is a real parameter called the theta angle which produces the theta term in the
Lagrangian. k is some normalization constant. W, is the supersymmetric field strength

of the vector superfield V. We can rewrite this Lagrangianin terms of component fields:

1 N —, 1 v ®92 Ny 1 2
L :k_QZtr (—Z)\O'MDM)\ - ZFM FMV + %FM,,FM + §D

+ FF —i)5"D,3) — Dy¢D ¢ + D[, ¢] + ivV2[\, ¥] — ivV/2[4h, X](p) . (222

Here, D is an auxiliary field of vector multiplet V', and F' is an auxiliary field of chiral

superfield . The potential term is

1 (1 =
A (§D2 + D[¢, ¢'] + FF) : (2.2.3)

By using the equation of motion of D, and substitute it in this potential, we obtain the

classical potential of the pure N’ = 2 theory as

Vi(g) = Q—;QTr[cb, ¢'? > 0. (2.2.4)

Thus, the classical vacuum solutions are defined as solutions that satisfy V(¢) = 0.

The Coulomb Branch

Let us next consider the classical vacua of the theory. The classical vacuum of the N = 2
SU(N,) SYM is given by the solution of [¢, ¢'] = 0, where the ¢ belongs to SU(N..) gauge

adjoint representation. ¢ can be written as a diagonalizable matrix:

ag 0 -+ 0
0 as 0 Ne
UpU™" = . 4€C, ) a;=0. (2.2.5)
e i=1
O (]JNc
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Here, U is a unitary matrix. However, these vacuum solutions are independent up to
permutation group Gy, C SU(N.) of (a1, -+ ,an,). These transformations are called

Weyl reflections. Therefore, physically different vacua are

{(as, -+ ,an.)}/Gn., a; € C, (2.2.6)

and parameterized by the Weyl invariants defined by

Nc
det(A — ¢) = [J(A = @) = AN + A2 "qia; — AN Y qigzap - ()N [Jai =0.
=1

i i<j i<j<k =

(2.2.7)
In this vacua, the gauge group SU(N,) broken to U(1)Ne~!, so these vacua are called the
Coulomb branch. For example, in SU(2) case, the Weyl invariant is u = § < Tr(¢?) >=
a?, and the gauge group SU(2) broken to U(1) on the Coulomb branch. Then, because u
has U(1)g charge four, the U(1)g global symmetry also breaks to Z4s. We also note that
—1 € U(l)g and —1 € U(1) C SU(2) gauge transformation must be identified. Thus,
at u # 0, symmetries on this point is (U(1) X Z4)/Zs. But at u = 0, the symmetry is
(SU(2) X Z4)]Zs.

Higgs Mechanism

Let us explain in the SU(2) SYM case. If Higgs field has non-zero vacuum expectation

value (¢) = a # 0, then, substituting ¢ = ac® + ¢;0" to the Lagrangian (2.2.2), we obtain
2

1 - 1 ) _
L=t (—z’)\E“DM)\ — SF"F + %FMFW - z’z/ﬁ“DW)
— a2 (ALAM + A2A2) 4+ %(A;a% + A200Gy) + g(A;a%; + AZMG)
— 8a”(AM ALY — AP ALY — Ba(AMALGT — A AL G

7 2t Y
+ ?(8@?)(3%1) + ge”’“ﬁmmﬁm + 56”%23%“‘%
- 8(@@1‘%14’” — Qg}k&jAﬂAM)

1 * 2 ijk 7%
+ 72" (A — N2p) + 7 kPN 1y

1 * ) 2% *y 1 2 ik T o\, )%
+ ?a(wl AF N - Eeﬂkwﬂ/}k

+2{Re(dadi) +Im(ads) | +2 {Re(d15) + Im(ad]) ) +2Re(3idp)?%  (22:)
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Therefore, off-diagonal parts of each fields A,, 1, \, ¢ obtain masses of order a2. This
is the Higgs mechanism. Only diagonal parts of A,,, A, ¢ remain massless. Therefore,
gauge symmetry SU(2) is broken to U(1). All massless fields Ai,¢3, A3, 3 do not have
U(1) charge. Thus, the massless part of the theory is U(1) gauge theory, and this U(1)

gauge theory is a free theory (its [ function is zero).

2.2.2 N =2 SQCDs with Matters

Let us consider N' = 2 SU(N,) SQCDs with N matters which belong to the fundamental

representation of the gauge group. These theories have the following fields:

e The matter hypermultiplet including two chiral multiplets Q°, and Qia (it=1,---, Ny
denotes the flavor index, a = 1,---, N, the color index). These fields belong to

fundamental representation and anti-fundamental representation of flavor symmetry.
e N = 2 vector multiplet including N' = 1 vector multiplet V' and chiral multiplet ®.

The N =2 SU(N,) with Ny matters SQCD Lagrangian can be written as follows:

L :1m4i U d*0d%0 (tr(qﬂew@e*w) +QleV Q' + Q“e*"QZ) + /d29 <%trW2 + W)] .

T
(2.2.9)
The superpotential W can be written as
Ny
W= V2AQd,Q; +miQiQ)). (2.2.10)
i=1

Here, the quark mass matrix m§~ must satisfy [m, mT] = 0 to preserve N/ = 2 supersym-

metry. Thus, this matrix m can be diagonalized by a flavor symmetry as

m = diag(mq,--- ,mn,). (2.2.11)

The classical vacua

Next, we consider the classical vacua. The scalar potential of the theory is

1
V= §Tr(D2) + FATR,, (2.2.12)
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where Fy = OW/0p? and D* = goTA(T 2B and T are the generators of the gauge
group G = SU(N.). The ¢4 = (¢, Q. Q) are the scalar field in the all N = 1 chiral
superfields. Thus, the classical vacua can be given as solutions of the F-term and D-term

set to zero.

e The D-term equations:
0=1[p, 9",  vd=QLQ": — (QM).Q! (2.2.13)

e The F-term equations:
poh = QLQY,  0=Qimi+9,Q;,  0=m]Q} + Q] (2.2.14)

Here, v € R and p € C are arbitrary numbers.
Let us discuss the solutions to these vacua conditions. For simplicity, we only consider
the mg = 0 case. The solutions can be divided into the following three types, Coulomb

branch, Higgs branch, and mixed-branch.
e Coulomb branch:

The Coulomb phase is defined as the solution of F-term and D-term equations with
Q = Q = 0. In this phase, the solution must satisfy [¢f,¢] = 0, so ¢ can be

diagonalized by color rotation as
¢ = diag(ay,--- ,an,), Zai =0. (2.2.15)
Then, the gauge symmetry broken from SU(N,) to U(1)Ne=1.

e Higgs branch:

The Higgs phases are defined as a solution of F-term and D-term equations with
(¢) = 0. Thus, the gauge symmetry is fully broken on the Higgs branch, and the

F-term condition becomes the same as the following stationary condition:
ow _ow

=0. (2.2.16)

e Mixed phases:

Mixed phases are defined as solutions of F-term and D-term equations with expected

values of ® and Q and Q all are non-zero.
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2.3 N = 2 Supersymmetric Gauge Theories (Quan-
tum)

Let us next consider symmetries in quantum moduli space in N/ = 2 supersymmetric

gauge theories.

2.3.1 Asymptotic Freedom of SU(2) Ny =0,1,2,3 SQCDs

Let us first explain the asymptotic freedom of supersymmetric QCDs. The beta function
of SU(2) Ny SQCD is given by

4— Ny 4

Blg) = — TR

(2.3.1)

Here, ¢ is the effective coupling which is a function of the scale t = logFE (F is the energy

scale). g satisfy the renormalization group (RG) equation:

dg
— = . 2.3.2
9 _ bio) (232)
Let us solve this equation. We can rewrite this equation as dg/g®> = —ﬁdt, then we
obtain
9d 4— N
9 Lt —ty), t=IlogkE, to=logpu, (2.3.3)

o 9 1672

where go = g(u) and g = g(F). Thus we obtain

1 1 n 4 — Nfl E  4-— Ny
= o — —
gEE g sm tu T s

E
log— 92.3.4
08+ (2.3.4)

where A = pexp <— ( u ) is the scale parameter. We can take the typical scale

i-N 2
parameter p as p = a. Tflzegr(géore, SU(2) Ny =0,1,2,3 SQCDs are asymptotic free, and
thus in the low energy scale, effective coupling becomes large, then we cannot use the
perturbative method in the low energy scale.

Then, we will use the low energy effective action for the quantum theory, which is
defined by integral out all massive fields of (2.2.8). Global symmetries of the low energy
effective theory are constrained of these of global symmetry of high energy theory ('t

Hooft anomaly is the same in low energy effective action and high energy theory).
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2.3.2 The Chiral Anomaly

Classically, these theories have N' = 2 supersymmetry, R-symmetry, gauge symmetry,
and flavor symmetry. We seek the possibility of the breakdown of these symmetries by
quantum effects. We see that N = 2 supersymmetry and gauge symmetry is not broken
by anomalies. The remaining possibility of symmetry breaking is the R-symmetry. The
R-symmetry is written as U(2)gp = (SU(2)r X U(1)r)/Zy. The SU(2)g cannot break
because N' = 2 supersymmetry does not break. Let us show that the U(1)z symmetry is
broken by the chiral anomaly.

The symmetry of the quantum theory is defined by the symmetry of the correlation
functions and partition function. Thus, to find the symmetry breaking by the quantum
correction, we should consider the non-zero valued correlation functions. The non-zero
valued correlation function necessarily includes all fermion zero modes in the inserted
operators. Therefore, we need to know the number of zero modes. By the Atiyah-Singer
index theorem with Ny fermions which belong to fundamental representation and two
fermions in the adjoint representation of the gauge group SU(N.), the number of zero-

modes N in the one-instanton background is
2N, + Nf + Nf
82

Here, M, is four dimensional spacetime. Therefore, non-zero correlation functions for

N =

/ trF'F = 2N, 4 2N;. (2.3.5)
My

fermions in the one-instanton background is given by [12]:

G = () Awan (o) - luan g (1) -+ o, W) -+ Dyl ) ) - (2:36)
Notice that these fermion fields )\,w,wq,&q has U(1)g charges 1,1, —1,—1. Therefore,

under the e € U(1)p transformation, correlation function G transformed as
e G — NN G (2.3.7)

Thus, the correlation function G does not change only o = n/(4N. — 2Ny) (n € Z) case.

Therefore, U(1)g is broken to ZaN,—2N; -

2.3.3 Symmetries for the N/ = 2 Super Yang-Mills

Let us consider the symmetries on the Coulomb branch of the SYM. The gauge symmetry
is broken to SU(N.) — U(1)N~! because of the Higgs mechanism. We assume that N’ = 2
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supersymmetry does not break spontaneously. The U(1)g symmetry is broken to Z,y, by
the chiral anomaly. This Z4y, symmetry is broken to the subgroup on the Coulomb branch
by the vacuum expectation value of the Higgs fields. Let us summarize the R-symmetry

breaking for N..

e Let us consider the SU(2) case. Because ¢ has U(1)g charge 2, the composite field
¢? has U(1)g charge 4, and in the Coulomb branch, the vacuum is parameterized by
the vacuum expectation value of the gauge invariant field u = % (tr¢?). The action

of Zg on ¢? is given by
omia . |2 8rmia |2 12
e D97 — e, a:§,§,~-,1 (2.3.8)

Thus, ¢? is invariant under only the subgroup Z, C Zg for non-zero value of (tr¢?).

Thus the final R-symmetry group for SU(2) gauge SYM is

(SU(2) X Z4)/Zs. (2.3.9)

e Let us next consider the SU(3) case. U(l)r symmetry is broken to Zis by the
chiral anomaly. On the Coulomb branch, the vacuum is parameterized by the vac-
uum expectation value of (tr¢?) and (tr¢?®). Because the ¢ has U(1)g charge 2,
by e>"/12 ¢ 7,5 (n € 7Z), the moduli parameter (tr¢?) and (tr¢?®) transform as
(tre?) — e2™n/3 (tr¢?) and (tr¢?®) — ™" (tr¢%). For generic points on the Coulomb
branch, only the subset Zs C Zi5 is invariant. Thus the final R-symmetry group for
SU(3) gauge SYM is

e In SU(N,) with N. > 4, no subgroup of Z,, survive for generic vacua.

2.3.4 Symmetries for the SU(2) SQCDs

Let us next consider the symmetry of SU(2) Ny SQCD. We only consider the asymptot-
ically free theories (Ny =0,1,2,3).
Let us first consider the massless case with m; = 0. The classical theory has a global

symmetry of O(2N;) x SU(2)r x U(1)g. In the representation O(2Ny), the squarks Q'
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and Q,, can be written as Q" with r = 1,--- ,2N ¢ which is the vector representation of
O(2Ny). However, the actual symmetry is the quotient of the O(2N;) x SU(2)gr x U(1)r
by Zy. Here Zj is the center of the SU(2)gr and O(2Ny). Zs C O(2Np) symmetry is

generated by ”parity” transformation:

p: QL Q, (2.3.11)

and other squarks invariant. If we add mass terms which preserve the parity symmetry,

the relevant term in the Lagrangian is
m]Q4Qk = mle®Q.Q) C L. (2.3.12)

Then the mass changes as m; — —my under the parity transformation.
In quantum theory, the U(1)g symmetry and Zy C O(2Ny) are anomalous. For
Ny > 0, anomaly free subgroup of U(1)g x O(2Ny) is Zy(—n,), which is generated by the

following transformation.

W, —wW,(w™'0)
P —wrd(w ')

Q' =Qy(w™'0)

Q —Q'(w™'0)

Q' —Q'(w™0), i#1

Q, =Q;(w'0), i#1 (2.3.13)
where w = exp(mi/2(4 — Ny)). Note that we identify Zy C Zyu-n,) C U(1)r and
(—1)¥ € Spin(4). Combined with the symmetry (2.3.13) and U(1); C SU(2)g, the

anomaly free symmetry that commutes with the N' = 1 supersymmetry is the following.

P —w?d(0)
Q' —wQ(6)
Q, —w™'Q'(0)
Q' —wTlQi(0),  i#1
Q; —»w'Q,(0), i# 1 (2.3.14)



Under this transformation, gauge invariant order parameter u = Tr¢? has charge 4 and
transformed as u — exp(2mi/(4 — Ny))u. This further breaks Zyun,) down to Z, y;,

(this Zy_n, symmetry does not change u).

2.3.5 Low energy Effective Action and the Prepotentials

In this subsection, we will introduce the low-energy effective action and express it by
using the prepotential. The (Wilsonian) low energy effective action is defined by the path

integral:

¢S = /HD%@‘S. (2.3.15)

Here, S is the action of N/ = 2 supersymmetric gauge theory given at a point on the
Coulomb branch (2.2.8), 1, are fields that become massive by the Higgs mechanism. Seg
is expressed in massless U (1)<~ fields. For example, in SU(2) SYM case, these massless
U(1) fields are Ag, s, As, ¢3. However, it is difficult to perform this integral and write
down Seg explicitly.

Let us consider the effective theory defined on the Coulomb branch. Note that the
N = 2 supersymmetry and maximal abelian subgroup in gauge symmetry survive at a
generic point on the Coulomb branch. Then, on the Coulomb branch, the low energy
effective Lagrangian is completely determined by the holomorphic function F(A") called
prepotential, which is a holomorphic function of N' = 2 massless vector multiplets A* =
(AL V)),i=1,---,N,—1 ( Here, A" = (a’,4") is a N' = 1 chiral multiplet and a’ is a
scalar component, Vi = (X, flz) is a N/ = 1 vector multiplet) [5]. For example, in SU(2)
SYM case, we take a(z) = s, ¥(x) = s(z), M) = \s(z) and A, = A3.. The general

form of the Lagrangian can be written by the holomorphic function of A’ as

1 A
;Ceﬁ‘ :—IIH/d291d292f(.AZ)
4

1 o 0m OF —i , 1 O*F S

Here, the first line is the integral of the N/ = 2 superfields, so the integral is defined on
N = 2 superspace. In the second line, we use the notation of the N/ = 1 superfield [67].
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The first term defines the Kahler potential, which induces the metric on the Coulomb
branch:
0PF

m@aié?aj

ds* =1 da'da’ . (2.3.17)

Note that the second-order derivatives of the prepotential 7%/ = 9*F /da;da; represent the
effective couplings.

This low energy effective action has U(1) gauge symmetry, and all fields do not have
U(1) charge. Therefore, this U(1) theory is free, and S-function is free.

Let us consider the prepotential of the SU(2) SYM. In this case, we have a single
abelian vector multiplet A = (®, V). The low energy effective Lagrangian is given by

1 — 1 62
Log = —Im U d498—fA+/d29— 07 WeW,| . (2.3.18)

Am 0A 20A0A
Let us determine the prepotential F in the one-loop perturbative level. In this theory,
the effective coupling is given by (2.3.4). Then the k-instanton correction of F can be
written as e 87R/9" = (%)4k. Therefore, by using F’ =7 = % we obtain the following

result:
i P? & AN
= —®%log — — ] @ 2.3.19
F o ogA2+;]—"k (CI)) ( )
Here, we include the instanton corrections to the prepotential [5].
In the same way, we obtain the prepotential for SU(2) Ny = 1,2,3 SQCDs as follows:

(A N q)2 00 A (4—Nf)k
F = =Ny o /) ®?log ™ + Z FNsk (5> P2, (2.3.20)
k=1

2.3.6 Energy scale and Effective Coupling

Let us finally discuss the relation between effective coupling and energy scale. Because of
the asymptotic freedom of SQCDs, the effective coupling of SQCDs becomes large when
the energy scale of the theory is small. Thus, the perturbation method is not useful in
low energy scale. Then, on a low energy scale, we use the low energy effective theory.
The low energy effective theory is free U(1)N~! gauge theory, so the S-function is zero.
The effective coupling is calculated as Fig:2.1. Therefore, u = a?> — oo region is weak

coupling region, but finite u = a? region belongs to strong coupling region.
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Coupling 4
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>
E: energy

—

Figure 2.1: The horizontal direction of this figure represents the energy scale of the theory.
If we take |a| (masses of massive fields in SQCDs) large, the effective coupling becomes
small. On the other hand, if we take |a| finite, the effective coupling is large.
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Chapter 3

The Seiberg-Witten Theory for
N =2 SU(2) Super Yang-Mills
Theory

In this chapter, we will explain the Seiberg-Witten theory for N’ = 2 SU(2) super Yang-
Mills Theory (SYM). Seiberg and Witten found the exact solution of the low-energy
effective action of SU(2) SYM [6] and SU(2) SQCD [7].

First, we will argue the mathematical structure of the moduli space of vacua. In
particular, we discuss N' = 2 SU(2) super Yang-Mills theory and describe the moduli
space of vacua as a base space of an SL(2,Z)-bundle over u = (tr¢?)-plane, where an
SL(2,7Z) transformation is regarded as the duality transformation. Next, we characterize
the BPS masses as the section on the u-plane. We then will introduce the monodromies
on the moduli space of vacua by requiring that the BPS masses does not change by the
monodromy transformation. Finally, we explain the Seiberg-Witten (SW) solution for the
N =2 SU(2) SYM, which gives the effective coupling as a torus moduli parameter of a

Riemann surface called the SW curve.

3.1 Mathematical Description of the Moduli Space

The Coulomb branch is parameterized by the complex parameter u. Complexified cou-
pling constant 7 is a function of a. However, if 7 is defined globally, it cannot be positive
definite (the harmonic function 7 cannot have a minimum). Then «a is not defined globally

on the u-plane. It is regarded as the section of a vector bundle on the u-plane.
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To study the transformation properties of a, let us introduce the Lagrangian multiplier
and write the effective Lagrangian in the dual description. Let us define h(®) := 0F /0P

and rewrite the effective Lagrangian (2.3.18) as

™

Lo = 4i1m [/ d4eh(q>)6+/d29%r(q>)wawa . (3.1.1)

Note that the Bianchi identity is given by ImDW = 0. Introducing a vector superfield

Vp as a Lagrangian multiplier and integrating out W, the effective Lagrangian becomes
1
Log =L + 4—Im/d4xd49VDDW
T

1
=Lt — Elm / drzd*OW W, Wp =DVp

1 - 11
= —Im Ud Oh(D)D /d U@ VBWen| - (3.1.2)

This Lagrangian takes the same form as the (3.1.1), by introducing

(bD = h(q)), hD((I)D) = —(I), (313)
because note h'(®) = 7(P), we obtain —% = —ﬁ = hly(®p) = 7p(Pp). Then, we
can write (3.1.2) as

1 4 3 2,1 a
Eeﬂ‘ == Elm d QhD(CI)D)QDD + d QETD((I)D)WDWQD . (314)

This is the dual form of the effective Lagrangian (3.1.1). This dual transformation change

the effective coupling as
1
T—=7Tp=——. (3.1.5)
T

Notice also that the action (2.3.18) is invariant under 7 — 7 + 1 (This is because we
take imaginary part when we consider the effective action). These transformation of 7
generates the SL(2,Z) group

ar +b
et +d’

ad —be =1, a,b,c,d € 7. (3.1.6)

T —

Let us now define the SL(2,Z) transformation of the (ap,a). Note that 7(a) = %2, we

should define the SL(2,Z) transformation of (ap, a) such that they do not contradict with
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the SL(2,7Z) transformation of the 7(a). Therefore an SL(2,7Z) transformation acts on

(ap,a) as the following:

ap a b ap
N ) (3.1.7)

a c d a

This SL(2,Z) transformation (3.1.7) is generated by the following transformation, which

correspond to the transformations 7 — —1/7 and 7 — 7 4 1:

0 1 11
S = . T= . (3.1.8)

-1 0 01
These matrices generate the SL(2,7Z) group. (ap,a) construct an SL(2,7) bundle on the

u-plane.

3.2 BPS Masses

In the previous section, we have defined the moduli space of vacua as a base space of a
complex two-dimensional vector bundle on the w-plane. In this viewpoint, the SL(2,7Z)
transformation can be regarded as the gauge transformation on the vector bundle. This
SL(2,7Z) structure is given by the physical requirement that the dual description gives the
same physical result. But, we also obtain another requirement that the physical observable
does not change by the gauge transformation SL(2,7). The BPS mass represents a mass
of a physical particle and therefore it can be regarded as a physical observable.

As we explained in section 2.1, the classical BPS bound M > v2|Z| in NV = 2
supersymmetric gauge theories is given by

O | 4r
Z = a(ne + Talm), Tl = - + zw. (3.2.1)

This inequality does not change by quantum correction, because this formula is defined
by the supersymmetry algebra. However, the BPS masses may be modified by quantum
corrections.

Let us consider theories containing matter fields represented as hypermultiplets. Let

us write these hypermultiplets as A" = 1 chiral multiplets M; and M;. These N = 1 chiral
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multiplets M; and M; become massive if a # 0 because of (3.2.1). If a hypermultiplet

which is consist of M and M carries charge n., then its coupling can be written as
V2n, AMM. (3.2.2)

From this coupling, in such a state, we find Z = an.. Similarly, we consider magnetic
monopole which carries magnetic charge n,,. Then we find the BPS state has Z = n,,,ap.

In general, Z for dyon with pair of charges (ne,n,,) is given by
Z = an. + apng,. (3.2.3)
If the gauge group has rank r, we obtain
7 = a"ne; +hi(a)nl, =a-n.+ap - npy,. (3.2.4)

The BPS mass can be seen as a section of the bundle on the u-plane defined by (ap(u), a(u)).

3.3 Monodromies on the moduli space

We have seen that the BPS mass can be interpreted as a section of the (ap(u),a(u))
bundle on the u-plane. Since the BPS mass is a physical observable, this should be a
one-valued section on the u-plane. Especially, the BPS mass should be invariant under

monodromy transformation on the u-plane.

3.3.1 The Physical Meaning of the Singular Points

First, we explain the physical meaning of the singular points in the moduli space. To
obtain low-energy effective action, we have to integrate out all massive states. Then, the
non-trivial metric on the moduli space can be got by integrating out the massive fields.
However, one cannot define an effective coupling constant as the entire function of the
moduli parameter. Then the effective coupling must have a singularity. The singularity
implies the breakdown of the description of low-energy effective action and one needs
additional massless degrees of freedom to describe the theory at the singularity point.

It is known that if a spin-1 multiplet become massless, the theory becomes inconsistent

because we do not expect enhancement of gauge symmetry at a strong coupling region.
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Therefore we assume spin < 1/2 hypermultiplets become massless. Then, the massless
states are dyons that belong to N' = 2 short multiplet, equivalently these massless states
are BPS states. But, since we consider the strong coupling region, we consider the electro-
magnetic duality transformation such that the dual photon is coupled to the dyon locally.
For example, the monopole couple weakly to Wp with the coupling 7p = —1/7, because
of (2.3.4).

Next, we discuss the number of singular points in the moduli space. In principle, we
cannot determine the number of singular points on the moduli space. It can be checked
by the consistency of the solution. In the following, we assume a minimal model that has

three singular points. We consider the monodromy around the singular point.

3.3.2 Monodromy at Large u

Let us first consider the monodromy at large u. At large |a| ~ /u, the theory is at weak
coupling and asymptotically free, so we can use the classical formula for v, and we obtain
u = %aQ. To obtain the monodromy around u = oo, we have to obtain ap as a function
of u. In N =2 SU(2) SYM, the prepotential in one-loop level is given as the first term

in (2.3.19). From the prepotential, we obtain ap as

ap =L = log% + 2 (3.3.1)

Oa T T

If we take a closed large loop on the u-plane around u = 0 as u — e*™u, (ap(u),a(u))

are changed as the following:
ap — —ap + 2a, a— —a. (3.3.2)
Therefore the monodromy matrix act on (ap, a) is defined as follows:
My = = PT 2. (3.3.3)
0 -1

Here, P := —1 € SL(2,Z) and T is a generator of SL(2,Z) defined as before. As we
explain before, the BPS mass should not change under the monodromy matrix. Therefore,

the electric charge and magnetic charge (n., n,,) in the BPS mass formula (3.2.3) should
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be changed by the monodromy matrix, not to change the BPS formula. Therefore (n., n,,)

changed by the monodromy matrix M., as the following:

/ /

n,, = —nNmp, Ny = —Ne — 2Ny (3.3.4)

3.3.3 Monodromies at u = +A2

Next, we consider the existence of monodromies around finite singular points on the u-
plane. We will denote the monodromy matrices around the singular point v on the u-plane
as M,. In the following, we explain that there exist at least two singular points on the
u-plane.

To show this, we first show that at least one of these matrices M, must do not commute
with M. Assume that all of these monodromy matrices commute with M.,. Then these

M, cannot change a?, and u = a?

can be treated as global coordinate on the u-plane.
However, if this global coordinate exists, the metric Im7(a) on the SL(2,Z) bundle can
be define globally. However, this global coordinate does not lead to a positive definite
coupling constant on the u-plane. Thus, at least, one of the monodromy matrices must
not commute with M. Therefore, there are at least 2 singular points at finite wu.

We also note that this u-plane must have Zs symmetry act by v — —u. This Zy
symmetry is a unbroken U(1)g part, and we use the fact that this e’* € U(1)g symmetry
acts on ¢ as ¢ — ¢ = e?®¢. Therefore we can conclude that the minimal assumption
is that there exist singular points at u and —u. We can take these points at u = 4=A?

without losing generality, where the A is the scale parameter. Then, these monodromy

matrices satisfy that

Mp2M 2 = M. (3.3.5)

We note that these massless hypermultiplets that appear at finite v must have a
magnetic charge. If these hypermultiplets have only electric charges, then the monodromy
matrices could commute with M.

Let us calculate the monodromies around the singular points at u = +A2. On these

points, some massive dyons (having a non-zero magnetic charge) become massless. Note
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- M.

Figure 3.1: There are massless singular points on the u-plane. These singular points have
monodromies.

that hypermultiplets which represent massive dyons with non-zero magnetic charge can-
not couple to fundamental gauge fields. However, if we transform the description by the
SL(2,7Z) duality transformation, some dual gauge fields couple to these dyons (that have
non-trivial magnetic charges), and we can obtain the formula (3.2.3). Thus, to define
monodromies around finite u, we should calculate the monodromy on the massless hyper-
multiplet points in the dual description given by some SL(2,7Z) dual transformations.
Let us calculate the monodromy around the point u, = +A? by using this method. Let

us take this massless hypermultiplet as (ap(u),a(u)), and write the charge as (n,,, ne).
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By using an SL(2,Z) transformation, we transform as

ap aap + Pa Tom, N0 — Ny
= , = , ad — By =1.

a yap + da e —N B+ Nt
(3.3.6)

Here, we denote the dual description of the section (ap(u),a(u)) as (ap(u),ad(u)), and
assume that this hypermultiplet in the dual description couple to some dual gauge field.
Then, we can take (7, n.) = (0,1) with taking some scaling, by using the Dirac quanti-
zation condition. On the singular point u = u,, these hypermultiplets become massless,
then we obtain @(u,) = 0. Therefore, we can expand a(u) near the singular point v = u,

as follows:
a(u) ~ cq(u —uy). (3.3.7)

By using the one-loop U(1) beta function explains in the appendix, we obtain the effective

coupling as

Sy — e W
T(a(u)) = - log e (3.3.8)
Thus we can obtain
ap(u) = —%d(u) log % + % (3.3.9)

Then the monodromy matrix around the singular point u = u, is following:

— . (3.3.10)

Let go back to the dual description. As we assume above, we take (7,,,7.) = (0,1).

So, the monodromy matrix is given as follows:

ap 1+ 2n.n,, 2n? ap
— ) (3.3.11)
a —Qn% 1—2n.n,, a
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We call this monodromy matrix as M (n,,, n.). We can confirm M (n,,,n.) € SL(2,7Z).
Finally, let us find possible charges (n,,, n.) of the hypermultiplet in the minimal model

which has singular point at © = +A2. Let us write the charges of the hypermultiplets that

become massless at v = A? and u = —A? as (m,n) and (m’,n’). Then, the monodromy

matrices must satisfy the following equation:
Mp2(m,n)M_p2(m',n') = M. (3.3.12)

The solution of these equations is the following:

(m,n) : (1,n), (—1,n), (—=1,n), (1,n),
(3.3.13)
(m',n): (1,n—1), (I,—n—-1), (-1l,n+1), (-1,—n+1).
The simple solution of (3.3.12) is m = m’ = 1,n = 0,n" = —1. In this case, the
monodromy matrices become
1 0 -1 2
My = . Mo = . (3.3.14)
-2 1 -2 3

We can conclude that the vector bundle on the u-plane defined by (ap(u),a(u)) is the
SL(2,7) bundle.

3.4 The Seiberg-Witten Theory

In the previous section, we have calculated the monodromies around the singular points
of the SL(2,7Z) bundle on the u-plane. We can construct one to one map between the
prepotential F as a function of a and the SL(2,Z) bundle over the u-plane. Note that the
vector bundle is defined by fixing the local trivialization and the transformation function.
We also note that the SL(2,Z) group is a well-known modular transformation of the torus.
Then if we treat these monodromy matrices as modular transformations of some torus, we
can conversely define a prepotential F. This is the main result of Seiberg-Witten theory
explained below.

Let us consider the following curve parameterized by wu:

E,: y? = (z — A (z + A (2 —u), u e C. (3.4.1)
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Here, x,y € C.

The curve defines a Riemann surface that is topologically equivalent to a torus Fig.3.2.
In this viewpoint, we have to treat z-plane as a double cover of C with the point at infinity
added to it. This double cover has 4 branch points at x = —A2, A%, u,00. We consider
one branch cut from —A? to A2, and another from u to co. These two sheets are joint
along with these cuts. On this double cover, y is a single-valued function. This Riemann
surface is a genus 1 Riemann surface. We can identify this Riemann surface as a torus
T? topologically, we call this Riemann manifold as £, ~ T?. We define the modular
parameter 7, of this torus F,. We will obtain this moduli parameter 7, by using the

de-Rham cohomology of E,,.

x plane

u
x............x

.-.Branch cut
0 Y2

Figure 3.2: The SW curve is the Riemann surface. The zeroes on the x-plane are x =
+A2, u. We take branch cut that connect —A? to A%, and u and oo.

Let us consider cycles on the torus E,. We take the basis of the cycles as v1,7 €

V. = Hi(E,, C), which are normalized as the intersection number is 1:

These cycles are linear transformations on 1-forms on FE,:

YA f/\. (3.4.3)
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Here A € H'(E,, C) is meromorphic (1,0)-form on E,. We can choose the following basis

of meromorphic 1-forms at F,:

d d
A= A= (3.4.4)
Yy (Y
Now we can construct modular parameter 7, of the torus F,. We define quantity
b, :jf N, =12 (3.4.5)
"

7

By methematical result, we can obtain
Ty = b1 /b, Im(7,) > 0. (3.4.6)

For the purpose that we want to see this modular parameter 7, of the torus F, as an

effective coupling 7 of the low energy theory, note that the effective coupling satisfies

_dap  dap(u)/du
"T da da(u)/du (3.4.7)

Generally, if we define some functions f(u), a(u) and ap(u), which satisfy

dap(u) da(u) . dap(u)/du
e f(u)br, —du = f(u)by, 7= “da(a) /du” (3.4.8)

we can obtain
%—%em. (3.4.9)

Let us find this function f(u), a(u) and ap(u) which satisfy 7, = 7. For this purpose, let

us introduce arbitrary 1-form which can be written as
Au) = ag(u) A + as(u)Ag, (3.4.10)

and assume that these a(u) and ap(u) can be written as
ap(u) :j{ Au), a(u) :]{ A(u). (3.4.11)
" 2

Then, by comparing with (3.4.8), these must satisfy

dap dA da dA
g - = A — = — = Al 4.12
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Let us assume f(u) = —/2/47r. Then, A can be written as

o Y2duvi—u V2 dry —ﬁﬁ@@—u) (3.4.13)

21 /12 — A4 2r a2 — At 2wy

We call this 1-form as the SW differential. To write ap and a explicitly, we have to choose

basis v1,72. If we take v as an one-loop around —1, 1, then we obtain

V2 VT —u
/ T (3.4.14)

In this choice, 7; is a cycle around A? and u, then we obtain

f/ dov/e — (3.4.15)

ax A4

Finally, let us show that these @p(u) and @(u) and 7 with this choice of f(u) = —v/2/47
are same as (ap(u),a(u)) and the effective coupling 7. The asymptotic behavior of these

a(u) and ap(u) are the followings:

a(u) ~ v2u,
U~ 00 : (3.4.16)

a ~ i@logu,

w=A2: () = cofu = A%, (3.4.17)

a(u) ~ ap + taplogap,

e a(u) — ap(u) = colu + A?), s)

a(u) ~ ap + (a — ap)log(a — ap).

\

For u = —AZ?, we obtain similar behavior to u = A%, but with ap replaced by a — ap.
The monodromy matrices at oo, £A? is the same as the monodromy matrices (3.3.3) and
(3.3.14) defined by prepotential. Thus, we can conclude these ap(u) and a(u) and 7 with
this choice of f(u) = —v/2/4r are same as (ap(u),a(u)) and the effective coupling 7.
We have explained the exact solution to the periods for SU(2) SYM. In the next

chapter, we will explain its generalization to SQCD.
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Chapter 4

The Seiberg-Witten Theory for
N =2 SU(N;) SQCD with N; Matters

In the previous chapter, we explained the SW theory for SU(2) SYM. In this chapter,
we will explain the SW theories for the N' = 2 SU(2) SQCDs following [7]. One of
the important differences between these theories is that there are more possibilities of
massless singular points on the moduli spaces. This feature is motivated us to consider

the Argyres-Douglas theories as I will explain in the next chapter.

4.1 The Mathematical Structure of Moduli Space

We first discuss the mathematical structure of the quantum moduli space for SU(2) SQCD
with massless hypermultipltets. Coulomb branch is parameterized by u = (tr¢?). Then,
we can define (ap(u),a(u)) on the Coulomb branch. The prepotential F is also defined
by ap = %—’Z. If we use the fact that u = 2a? at large u, and also use the prepotential at

one-loop level, we obtain (ap,a) at large u as

1 4—-N
a~ —\2u, ap ~1 /

2 2

a(u)log A% (4.1.1)
Ny

When we include the instanton effects, we obtain the following expansions:

1 [eS) AQ n(4—Ny)
_ Ny
a=5V2u |1+ ;an(Nf) (T) : (4.1.2)

4 — Ny
27

ap =1

u 00 A?V n(4—Ny)
Ny n=0
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4.2 Monodromies

When we turn on bare mass for the hypermultiplets, the low-energy theory is deformed.
The BPS mass for SU(N. = 2) N; SQCD is given by M = /2|Z| with

Ny

Z = nea + nyap + X:SZﬂ
i=1

7 (4.2.1)

where S;’s are the electric U(1) charges of the quarks.

Let us define the monodromies of the vector bundle (ap(u),a(u)) around the singu-
larities on the u-plane. In the case of the N' =2 SU(N, = 2) SQCDs with N; # 0, there
exist other types of singular points on which there exist extra massless hypermultiplets
with non-zero electric charges in addition to monopoles and dyons. These extra singular
points correspond to the massless squark singularities and are at ¢; := m;/ V2. Near the
singular points, (ap(u),a(u)) behave as

i

a~ ¢, ap ~ —Q—(a—ci) log(a — ¢;) + d;, Vi=1,---, Ny (4.2.2)
m

Therefore, the monodromies around these points are
m;
V2

Therefore the monodromy matrices around the singular points ¢; = m;/+/2 can be written

a — a, ap = ap +a— (4.2.3)

as

my /2 my /2 0 0

my, V2 | = M|l my, V2| M; = 00 |
ap ap o .- -1 --- 0]1 1
a a 0 01
(4.2.4)

are the component —1 is the (Ny+1,4) component of the matrix M;. Note that the BPS
masses do not change by the monodromies. Thus, if we write @ := (51, -+, Sn,, T, Ne),

then this vector transformed by the monodromies as o — oM.
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4.3 SW curves for SU(2) Ny =0,1,2,3 SQCDs

Let us next introduce the SW curves for SU(2) Ny = 1,2,3 SQCDs. For the SU(2) SYM
case, the SW curve preserves the Zs symmetry which acts on the moduli space. We will
also use similar symmetries on the quantum moduli spaces to determine the form of the
SW curves. We also use the fact that if we take the limit that the scaling parameter
goes zero in flavor Ny theory, the SW curve goes to the SW curve with Ny — 1 flavor.
Therefore, we first discuss the Ny = 0 case, and then we explain the Ny = 1 case. After
that, we will explain the Ny = 2,3 cases.

4.3.1 SW curve for Ny =0

Let us first rewrite the Ny = 0 SW curve. In Ny = 0 case, the SW curve and the SW
differential are given as (3.4.1) and (3.4.13). This curve is the modular curve for the group

['(2) consist of the following matrices:

m 2n
M = , detM = 1. (4.3.1)

2p q

Here, m,n,p,q € Z. In the Ny > 0 case, there are particles with half-integer valued
electric charges in those units. Therefore, for Ny > 0, it is convenient to multiply n. by
two and divide a by two to preserve the BPS mass structure Z = apn,, + an.. Dividing
a by two and multiply n. by two in the Ny = 0 case, we replace the monodromy matrices
(3.3.3) and (3.3.14) as M — M' = W TMW (M = M2, M_p2, M,):

10 ~1 4 ~1 4 1

M, = , M, = : M = , W =
11 -1 3 0 —1 0
(4.3.2)

These matrices generate ['g(4), and the corresponding to the following family of curves:

1
y? =% —ur? + ZAéI' (4.3.3)
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Here, we write the scaling parameter of this theory as Ay. The discriminant of the curve

is defined as following:

AS

Ay = Tg(u — A (u+AD). (4.3.4)
The monodromies define the topological structure of the Riemann surfaces. Thus, it is
important to write discriminants of the SW curves. Here, generally, the discriminant of

the curve F(z) = [[,(x — ¢;) is defined as follows:

A= T](e =) (4.3.5)

1<J
4.3.2 The SW curve for Ny =1

Next, let us construct the SW curve for SU(2) Ny = 1 SQCD. Let us first consider Ny =1
with massless case. In this case, the u-plane has global Z3 symmetry. For Ny = 1, the r-th
(r € Z>p) instanton correction is proportional to A3", where the A; is the scale parameter.
However, due to the ”parity” symmetry which acts on squarks as @)1 <> Q1. only even
instanton numbers are possible. For Ny = 1, the U(1)g charge of A; is 2 (because the
U(1)g charges of a and A; is same, in the prepotential, these are paired to (Ay/a)). Then
u has U(1)g charge 4. For the cubic curve (4.3.3), we can assign the U(1)g charge of x to
4, which implies that the U(1)g charge of F'(x,u) is 12. Then the only possible term in
F that depends on A; is a two instanton term. Thus the SW curve for massless Ny =1

theory must be
y? = 2*(z — u) + tAS, (4.3.6)

where ¢ € C is some constant. We can verify Zz = Z,_y, symmetry on the u-plane.
Next, we consider massive case m # 0, where the m is the mass of a hypermultiplet.
In this case, the parameter of this theory is m and A;. Therefore, the SW curve may
include terms proportional to m*(k € Z), and the SW curve can be written as the form
y? =2 (z —u) +tAS + Z m* Fy, (2, u, Ay). (4.3.7)
k>0
We should determine the functions Fi(z,u, A1) by using the symmetries on the quantum

moduli space, or natures of some limit. If we take the limit A; — 0, the energy is enough
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small compare with m, so the theory must not depend on m. We also note that the mass
m transformed under the "parity” as m — —m, as explained below of (2.3.11). Thus,
the m and A; must be included in the SW curve as the form AlmeI where k,l > 0 are
integers and k + [ + 1 must be even. We also note that m has U(1)g charge 2, then the

most general possibility of the mass correction for the massless curve is
y? = 2 (x — u) + tAS + mA2 (ax + bu) + cm®A3. (4.3.8)

Here, a,b and c are some constants.

Let us next determine these constants. Note that if we take large m, the quark can be
integrated out, then the low energy theory become the pure N’ = 2 theory, and we obtain
A3 = mA3. Then, we can obtain the SW curve for SU(2) SYM, if we take limit m — oo
and Ay — 0 with A = mA$ fixed. Therefore we obtain a = { and b = ¢ = 0, and the SW

curve for Ny = 1 case becomes
1
v =2 (x —u) + ZmAi’:z: + tAS, (4.3.9)

The degeneration structure of this SW curve can be characterized by the discriminant.

The discriminant of this curve is given as

G
A= —1—é(A§m3 + 432A8% + T2A3mtu — m*u® — 64tu?). (4.3.10)

Now we determine the parameter t. Let us consider the large mass limit A; < m. For
large m, there should be a singularity at u ~ m? because this point is the quark massless

point classically. Then, A = 0 is equivalent to
ASm? + 432A5% + 72N mitu = 0, —m?u® — 64tu® = 0. (4.3.11)

Then, we can find the following singularity:

m? 8tA3
— xr o — :
64t’ m

~

(4.3.12)

Let us next fix the constant t. As we explained above, for large m, there should be a
singularity at u ~ m? because this point is the quark massless point classically. Compare

this singular point with (4.3.12), we obtain ¢t = —1/64, and the curve becomes

1 1
y* =2 (z —u) + ZmA?x — aA?. (4.3.13)
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The discriminant of the curve is given as follows:

6

AS
A1 =—7506 ~(27AS + 16384Am® — 1152A3mu — 4096m*u® + 256u”). (4.3.14)

4.3.3 The curve for Ny =2

Let us next construct the SW curve for Ny = 2 case. The SW curve for the SU(2) Ny = 2

theory is given as follows:

1
— (m] +m3)A;. (4.3.15)

1 1
Y = <x2 - 6—4/\3) (x —u)+ 1m1m2/\§$ ~ &

The discriminant of this curve is

AL2 3AOmym A8
:655236 - 109(15 2+ 4036{ 27(m7 4+ my) — 6mim3 + 36u(m? + m3) — 8u?}
5 4

Let us check that this curve preserves the symmetries on the moduli space and confirm
some limits.

In this theory, the moduli space has the global symmetry SO(2Ny)|n,—2 = SU(2) x
SU(2), which exchange quarks m; and msy. This theory also has ”parity” symmetry
(2.3.11), which act m; — —m,(i = 1,2). This SW curve (4.3.15) does not change under
these transformations.

Let us consider Ay — 0. In this limit, the bare masses m; >> A,, thus these bare
masses do not contribute to the theory. Therefore, the SW curve includes m;-dependence
only the form A} ™ m¥ml(j, k,1 > 0). We can confirm that (4.3.15) satisfy this condition.
We also note that in the limit my — 0, this theory becomes N; = 1 theory. The scale
parameter satisfies A} = myA3 [7], here the A; is the scale parameter in N; = 1 theory.
Therefore, if we take the limit my — 0, we can confirm that the SW curve (4.3.15)
becomes the SW curve for Ny = 1 theory (4.3.13).

Finally, we require that the N; = 2 theory has singular point at w = m? [7]. If we
take my = 0, we can check that the discriminant (4.3.16) of the curve (4.3.15) be zero at

— 2
u = mj.
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4.3.4 The Curve for Ny =3

Next, we construct the SW curve for Ny = 3 theory. The SW curve is given as

1 1
y? =1 (z —u) — @/\2(35—202 64(m1 +m3 +m3)A3(z — u)
1
+ ZmlmgmgAg,x - 6—4(mfm2 +mam3 + mim7)A3. (4.3.17)

Let us check that this SW curve is consistent with some limits and symmetries on the
moduli space.

Let us first consider symmetries. In the moduli space, there is SO(2Ny)|n,—3 = SO(6)
global symmetry and ”parity” symmetry (2.3.11) m; — —m,;. These symmetries preserve
the form of the SW curve (4.3.17).

Next consider the limit mg — 0. In this limit, the Ny = 3 theory becomes N; = 2
theory. The scale parameter satisfies A3 = m3A3 [7]. Therefore, in this limit the SW
curve (4.3.17) becomes the SW curve for Ny = 2 theory (4.3.15).

We also note that the theory has singularity at « ~ m and u = m? when m; = my =

mg = m [7]. This curve is consistent with these singularities [7].

4.4 The SW Curves for SU(N,) Ny SQCDs

Finally, we will write down the general SW curve for SU(N.) SQCD with N; flavors.
In the previous sections, we can obtain the SW curve of N' = 2 SU(2) SQCDs with
Ny =0,1,2,3. We can write these SW curves in different forms, which have the same
discriminant. In [13], the SW curve for N' = 2 SU(N,) SQCDs with flavor number
Ny < 2N, has been presented systematically. Let us explain the results of the SW curve
and SW differential in [13].

4.4.1 N; <N,

Let us first discuss the SW curves for Ny < N, cases. In these cases, the SW curve is

given as follows [13]:

y2 = CQC(‘T) - G(JT), CNC($) = ch - Z SixNC_i> G( - AQNC N H T+ mz
=2

(4.4.1)
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Here, the m;’s are the mass parameters for the hypermultiplets, and s; are defined by

Weyl invariant parameters made of a; defined in (2.2.7) as

Sk = <_1)k Z Qjy =+ Qg k= 27 toe 7NC' (442)

1< <ip
Let us check these SW curves have the same discriminants as that of the SW curves
explained above. In the above sections, we have calculated them in N, = 2 and Ny =

0,1,2,3 cases. In N, = 2 cases, the moduli parameter in the SW curve (4.4.1) is sy and

mi(i =1,---,Ng). In N, =2 and Ny = 0 case, the SW curve of (4.4.1) becomes

= (a* - %)2 - (%)4 (4.4.3)

Then, the discriminant of the curve is given as

A8
Ay = 1—g(u — A (u+AY). (4.4.4)

This is the same as the discriminant in (4.3.4).

In N, =2 and Ny =1 case, the SW curve in (4.4.1) becomes

2 (2 WY _ A
y —(x 4) Lo+ 2m). (4.4.5)

Then, the discriminant of the curve is

6

A
Ay = —40916(27/\‘;’ + 16384A%m® — 1152A3mu — 4096m>u® + 256u?). (4.4.6)

This discriminant matches the result of (4.3.14). The SW differential in this notation can

be written as follows [13]:
Nsw = adlog el Y. (4.4.7)
Y

Then, the SW periods [[ = (ar,ap;), (I =1,--- , N.—1) are determined by the SW curve
and the SW differential, and this is given as

ar 274 Asw, aps :]{ Asw - (4.4.8)
ag I
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4.4.2 N;=N,

Let us next explain the Ny = N, cases. In these cases, the SW curves given in [13] are as

follows:
y* =C*(z) — G(z), (4.4.9)
ANC
C(z) = C%.(2)+ o, G(x) = AN TIY (2 + my), N, = N; > 2,
C(z) := x2—u+%§, G(z) := Aj(x + mq)(x + mo) N.= Ny =2.

(4.4.10)

Here, the C,(z)’s are defined in (4.4.1). Let us confirm that the discriminant for the SW
curve in (4.4.10) in the case of N, = Ny = 2 is matches the discriminant determined in

(4.3.16). In this case, the discriminant for (4.4.10) becomes

AlL2
A :1_26 — 3APmymy + AS{—27(m] + m3) — 6m3Im3 + 36u(m? +m3) — 8u?}

— 32A5mymy(8mims — u(mi + m3) + 10u?) + 256A5(m3 — u)(m3 — u)u?,
(4.4.11)

which is proportional for the discriminant determined in (4.3.16). The SW differentials

are also given in [13]:
Asw = xdlog&_z. (4.4.12)
Then, the SW periods [[ = (ar,apr),(I =1,---, N, — 1) are given as
ar :7{ Asw, apr :7{ Asw . (4.4.13)
ar I
Here (ay, ;) are the canonical pairs of 1-cycles on the SW curve.

4.4.3 N.< Ny <2N,

Let us finally explain the N, < Ny < 2N, cases. In Ny = N, + 1 cases, the SW curves are

given as follows:

N
t 2 f
y? = [ONC () + Ay (% + 1(47”))1 — AT [+ ma). (4.4.14)
=1
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Here, Cy, is defined in (4.4.1), and t(m) are
tp(m) = Z My -+ - My, (4.4.15)
i1 <<

In general N, < Ny < N, cases, the SW curves are given as

y? =C*(x) — G(x), (4.4.16)
Ny
C(x) = Cn.(2) + AN VP Ga) = Ay [+ ma), (4.4.17)
i=1
where P(x,m;, Ay,) is a polynomial of degree Ny — N, in x,m;, and it is independent of

s;. The SW differentials are given as [13]:

Asw = xdlog%, (4.4.18)

and the SW periods [[ = (a;,aps), (I =1,---, N, — 1) are given as

ar :j{ Asw, apr Zjl{ Asw - (4.4.19)
afg I

4.4.4 Summary (SQCDs for 0 < Ny < 2N,)

In the previous subsections, we obtain the SW curve in the SQCDs for 2N, > Ny > 0
cases. The SW curve in the SQCDs for 2N, > Ny > N, cases and 0 < Ny < N, are
slightly different. Therefore, let us rewrite these SW curves in a more useful form in the

following way:

C(r) —y
?=C(x)” - = = 442
y =C(x)" = G(x),  Asw = zdlog @) Ty (4.4.20)
Here, we use
N. Ny
Cla)=a = s Gla) = A0 J](@+ma), (4.4.21)
=2 a=1

by shifting or scaling the parameters u;, m;, x.
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4.5 The SW curves for Other Gauge Theories

Let us finally show the results for the SW theories for other gauge theories. In the above,
we showed the SW curves and the SW differentials for the SQCDs. But, there are other
N = 2 supersymmetric gauge theories. For example, let us show the SW curves and the
SW differentials for A, type and D, type gauge theories (SYM). For other gauge groups
the SW curves are studied in [59], [18], [16].

4.5.1 A, type Gauge Theories

Let us write the result of the SW curves for the N' =2 SYM with A, type gauge groups.
This curve is given by that of SU(r + 1) SQCD with Ny = 0. Here we write it in a
different way, which is convenient to study the scaling limit to the AD theory in the next
chapter. By setting z = y + Cy, in (4.4.1), the SW curve and the SW differential for the
N =2 SYM with A,-type gauge group can be written as follows [14], [15], [16], [17]:

AT 1 d
5 (z + ;) = W(zx,u;), Asw = xf, (4.5.1)

o or+l r—1
Wi(z,u;) :=a""" —ugx™ " — -+ — Upyq.

Here, the u;’s are the Coulomb moduli parameters, which corresponding to Casimir of Lie
algebra. The A is the QCD scale parameter. Then, the SW periods [[ = (ar,apr), (I =

1,--+,r) are given as

ar :% )\SW7 apr :% >\SW- (4.5.2)
ar I

4.5.2 D, type gauge theories

Finally, let us write the SW curve and the differential for the N' =2 SO(2r) SYM, which
are called D, type gauge groups. In this case, the SW curve and the SW differential are
as follows [16], [18]:

1 1
5 (z + G(Z:C)) = C(x), Asw = xdlogz — §ajdlogG. (4.5.3)
Here, we define
Cx) =2 + 5127 2+ -+ + 5,127 + 5, G(z) = A" 2t (4.5.4)
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Where the s;’s and s¢/? are the Coulomb moduli parameters, which corresponding to

Casimir of Lie algebra. The A is the scaling parameter. The curve is regarded as the

SU(2r) SQCD with Ny = 4 massless hypermultiplets. Where G(z) represents the con-

tribution from the massless hypermultiplets. C(z) from the coulomb moduli. Then, the

SW periods [[ = (ar,apr),({ =1,---,r) are given as

ar 2]{ Asw s apr ZJQ{ Asw -
ar BI

Introducing w by z = VGw, we can rewrite the SW curve as

A27“72 1
(w + —> = W(z,s;)

2 w

where

Then the SW differential becomes

Asw = xdlogw.

(4.5.5)

(4.5.6)

(4.5.7)

(4.5.8)

Then the SW curves take a similar form as A,. But the W has an inverse squared term.

The two curves are equivalent. But if we quantize these curves, there arise differences,

which will be discussed in Chapter 6.

The SW curves can be used to study the strong coupling physics of the gauge theories.

In the next chapter, we study the superconformal field theories realized as the RG fixed

point of the theory.
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Chapter 5

Argyres-Douglas Theory

The SW theory determines the prepotentials for A/ = 2 supersymmetric theories from
the Riemann surface called the SW curve and the SW differential. The SW curves are
characterized by the discriminants and the monodromies around each singular point. In
the SQCDs, the singular points generate monodromies, which correspond to squark or
monopole massless points. These singular points are separated for generic moduli, but if
we choose a specific value of moduli, these points may coincide with each other.

In this case, we expect that there arise new phenomena happen. Argyres and Douglas
showed that there arise new non-trivial theory if these two monodromy matrices do not
commute each other in the pure SU(3) SYM [19], and expected that the theory has
superconformal symmetry. After that, [20] generalize this new phenomena to general
SU(2) Ny SQCDs. These non-trivial CFT’s are called Argyres-Douglas (AD) theories. By
definition, these theories are in a strong coupling region on the moduli space. Therefore,
AD theories cannot have a local Lagrangian description.

First, we review [19] and define the Argyres-Douglas theory in SU(3) SYM case. Next,
we generalize the AD theory of the SU(3) SYM to AD theories for SU(2) Ny = 1,2,3
SQCDs in another description [20]. After that, we will consider the AD theories for
SU(N.) Ny SQCDs [23]. Then, we discuss the universality of AD theories, which is an
equivalence relation of two different UV gauge theories that have the same AD theory

[44], [46], [47].

o4



5.1 Mutual Locality and Dirac Quantization Condi-
tion

Let us first discuss the relations between two different monodromy matrices when two
massless BPS particles co-exist. On the Coulomb branch, there exist singular points on
which some massive dyons or monopoles become massless [6], [7]. We define the mutual
locality of the two singular points on the Coulomb branch, as the monodromy matrices
of these singularity points are commutative.

In SQCD, the singular point is either a squark massless point or monopole (dyon)
massless point. As we have seen in (4.2.4), all singular points corresponding to the squark
massless points commute with each other. But squark point and monopole (dyon) massless
point, or pair of monopole (dyon) massless points may not commute each other [7]. Thus,
these singular points are mutually non-local.

Let us show that the mutual non-locality of two monopoles (or dyon) massless points
correspond to the non-trivial Dirac quantization condition in N, = 2 cases. By using
(3.3.11), the coummtator of the two monodromies around massless dyons with charges

(N, ne) and (nl,n ) are the following:

1+ 2n.n, 2n? 1+ 2n/n, 2n!?
=2n2  1-2n.mn,, —2nl %2 1-—2nlnl,
d(nenl, +nlng,) 8nen,
=(N_ Ny — nenl,,) . (5.1.1)
—8n,n’, —4(nenl, + niny,)

Thus, the condition that two dyon massless points are mutually local whose charges are

(ne, nm) and (n,n. ) is the same as the trivial case of the Dirac quantization condition:

Neny, — Moy, = 0. (5.1.2)

m €

The Dirac quantization condition or equivalently, the mutual locality is a concept which
does not change by duality transformation.
Let us interpret the meaning of the mutual locality. If two dyons (hypermultiplets)

(ne,nm) and (nl, n, ) are mutually local, we can couple these hypermultiplets locally with
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the same U(1) gauge field if we take some duality transformation. But if (ne,n,,) and
(nl,n,,) are mutually non local, then these hypermultiplets cannot couple with the same
gauge field. Therefore, we cannot construct Lagrangian that includes two different dyons

that are mutually non-local [19].

5.2 Mutually Non-Local Solutions for SU(3) SYM

Let us construct mutually non-local solutions for SU(3) SYM case following [19]. In
SU(3) SYM, the SW curve can be written as

y* = P(z)’ — A% = (2° — sow — 33)2 — A% = Q4 (2)Q_(x), Q+(x) =2 — 59w — 53 £ A>.
(5.2.1)

The discriminant of this curve is
A = 64ABA(Q)A(QL), A(Q+) = 4s3 — 27(A* F s3)% (5.2.2)

Here, A(Q+) is the discriminant of @)4. The solutions of A = 0 are made of two-
dimensional space, which consists of two submanifolds A(Q+) = 0. They intersect at
three points (sq,s3) = (wéﬂ%AaO), where w?® = 1. These points are called ”Z, vacua,”
because each point leaves a Zy C Zg symmetry, which acts as s3 — —s3. Where the Zg

symmetry is symmetry on the moduli space defined in the first chapter, which acts as
Sy — €2™/35,, S3 — —S3. (5.2.3)

These vacua corresponding to two mutually local dyons are massless [15], [21].
There are other possibilities of singular points, which is the singular point of each

curve Q4 (z). For example, a point that satisfies

0A(Q+) _ 0A(Qy)
882 N 883

is one of the singular points on the (), curve. The solution to this equation is

=0, AQy) =0 (5.2.4)

sy =0, s3 = A3 (5.2.5)
We can find such a singular point for ()_ in the same way:

59 =0, 53 = —A3 (5.2.6)
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We call these singular points as ”Zs vacua,” because they have unbroken symmetry Zs C
Zg.

On this curve, there is two independent Sp(4,7Z) monodromies. We can verify that
these monodromy matrices do not commute, and thus these dyons are mutually non-local.
It is also shown in [22] that these three massless points are mutually non-local, and these

massless dyons have the following charges:
nY = (1,0; 1,0), n® = (0,1; —1,1), n® = (1,1; 0,1). (5.2.7)

Here, we use the notation n® = (A" (" ¢ ¢, where (h{”,¢\") and (h{”,¢S") are
two dyon charges of two U(1) gauge groups (U(1)? is the Casimir of SU(3)).

5.3 The Scaling Limit

In the previous section, we have constructed mutually non-local dyon solutions. In this
section, we will argue some deformation around the Zs point on the moduli space, which
go to the singular points on which mutually non-local singular points coincide.

Let us consider the moduli space near the Zj point following [19]. The SW curve
has genus two, then two pairs of conjugate cycles (aq, 1) and (ag, ) are determined
separetely. Near the Zjz point, we can determine two torus moduli parameters as the

moduli parameters for the SW curve:
T = : (5.3.1)

Here, the torus parameter 7% is the complex coupling for the effective Lagrangian. 7!

is the moduli parameter for ”small torus” and 722 for ”large” torus near the Zs point
(Fig.5.1).
Let us consider deformations around the Zs point. The operators exist on the Zs point

is s and s3. Thus, if we consider some deformation, we obtain

S = 0o, s3 = £A3 4 Js3. (5.3.2)
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22

0%

Figure 5.1: The SW curve in the scaling limit. At the Z3 point, the small torus becomes
ZEro.

Here, we note that sy = Tr¢? and s3 = Tr¢?, the dimensionless parameters of the defor-

mation are 92 and %2. In the following, we consider the (s2,s3) = (0, A%) point. On the

Zs point, the SW curve becomes
v = 23(2® — A?), (5.3.3)

and the small torus of the SW curve is represented as y?> = 2% [19]. Let us introduce
parameters for the small torus as dsy = 3¢2A?p and ds3 = 2¢3A3. The p has dimension

zero. If we introduce x = eAZ, the SW curve near Zs point is

y? =(2° — §sgr — (A® + §s3))* — A°
=eASP? —283A°P,  P(3) =3 — 3pi — 2. (5.3.4)

The second term is the SW curve for the small torus near the Zj point:
7? =7 — 3p7 — 2 = P(i). (5.3.5)
The limit

59 = 3€2A2%p, s3 = £A3 + 26°A3, T = e\, y = 2N (5.3.6)
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with € — 0 is called the scaling limit. The moduli parameter of the small torus is given

as

582 583
Here, 7(p) is the period of the curve (5.3.5).
Let us next consider the SW differential near the Z3 point. If we substitute the scaling
limit in the SW differential [13], we obtain

P! P’
() 4 65/2A:z-md:z = 22 NFY di = —2¢d7 (5.3.8)

Asw =T

on (5.3.5).

5.4 The Scaling limit as a Deformation

In the previous section, we define the AD theory for the SU(3) pure YM theory. In
this case, we first determine the Z3 point as the point that mutually non-local singular
points coincide. In this consideration, we should calculate the commutation relations of
the monodromy matrices or consider the Dirac quantization condition to consider that
the monodromies are mutually local or not. We want to generalize this result in general
SU(N.) Ny SQCDs.

For this purpose, let us first note that AD theories are non-trivial CFTs. Especially,
in the SW theories, the U(1)g charge r and conformal dimension D satisfy 2D = r. Thus,
we can obtain the scaling dimension by determining the U(1)g charges. We can determine

the U(1)g charge by the form of the SW curve.

5.4.1 Super Conformal Algebra

To consider deformations around CFTs, we need to discuss the conformal multiplets
and their dimensions. Therefore, we will first discuss superconformal symmetry and the
representation of the algebra.

Let us first explain about 4-dimensional conformal symmetry. The conformal symme-

try is defined as symmetry transformation act on a spacetime with some diffeomorphism
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which changes the metric up to the scale factor:
= =t 4 e (x). (5.4.1)

These conformal symmetry vectors ¢ (z) are the solutions of the Conformal Killing equa-

tion defined as follows:

Ve () + Ve, () = }l(v - e(2)) g (). (5.4.2)

There are 4 kinds of independent solutions to the equation, which are called dilatation,
the Lorentz symmetry, translation, and special conformal symmetry. These generators

are given by
e ¢,[d] = z,: dilatation
e c,[mf7] = P07 — x76f: Lorentz symmetry
e c,[p’] = 0,: momentum generator
o € [k"] = 2x,2" — 2*57: special conformal symmetry

The superconformal generators are consist of the generators for the above transformations,
a set of supercharges, superconformal charges, and the R-charge. In N’ = 2 SCFT, there
exists the operator-state correspondence, which means that states are labeled by fields
that is a component field of some superconformal multiplet. Also, these superconformal
multiplets are consist of one primary field and the corresponding descendants that are
generated by applying the eight supercharges Q¢, @fé and the superconformal charges on
the primary state.

Let (j,7) be spins of the Lorentz group SO(4) = SU(2) x SU(2). Let us explain
the chiral supermultiplet whose primary satisfies j = 0 [20]. In this case, from the

superconformal algebra and the unitarity condition, the primary satisfies
1
D:2R+§r > 27+ 2R+ 1. (5.4.3)

Here, j is the SU(2) charge of the SO(4), R is the SU(2)g charge, r is the U(1)g charge,
and D is the conformal dimension. A similar relation holds for anti-chiral fields with

j=0.
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Next, we consider N' = 2 vector multiplet U [20]. For its primary field, which is the
lowest component of U, R =0 and j = 0 holds. Then from (5.4.3), we obtain

1
D=gr>1, (5.4.4)

where r is the U(1)g charge of the scalar component. In the vector multiplet, the field
strength Flj, := F,, +*F},, is included as the second excited level, then the field strength
has dimension D(F*) > 2. If equality saturates, there exist an extra null state at the

fourth level giving dF'™ = 0. In this case, the following constraint must be satisfied:
DU = 0. (5.4.5)
If r = 2, we obtain
DpIT = . (5.4.6)

This is the well-known Maxwell equations, which is the equation of motion for free con-

formal theories.

5.4.2 Deformations around a Non-local Singular Point

In [19], it argued that the theories on the points where mutually non-local dyons become
massless are CF'Ts. In the following, let us consider deformations around a superconformal
point [20]. We will consider deformation on the Coulomb branch. Therefore, deformation
should be determined by the N/ = 2 vector multiplets (N = 2 chiral multiplet) which
satisfy (5.4.5).

If we deform around the fixed point by an operator U, the leading deformation is the
following (we note that the superconformal point is non-trivial CFT, the chiral fields U

does not satisfy (5.4.6)):

§L = / d*0,d*0,;mU,  D(m) + D(u) = 2. (5.4.7)

Here, we have used N = 2 superspace coordinates 0; ,, 91@, where «, & are spinor indices
and [ = 1,2 SU(2)g indices. Here, for the deformation with D(u) > 2 (D(u) < 2), this
deformation is called the irrelevant (relevant). When D(u) = 2, this deformation is called

marginal.
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5.5 Scaling Limits for N =2 SU(2) Ny =1,2,3 SQCDs

In section 5.2 and 5.3, we only have considered the scaling limit around the superconformal
points for the SU(3) SYM case. In this section, we will discuss a non-trivial fixed point
in N =2 SU(2) Ny SQCDs. Note that in pure SU(2) SYM case, there is no fixed point
with mutually non-local states [6]. Thus, in the following we consider Ny = 1,2,3 cases
following [20], [68]. In these cases, at the superconformal points, the three branch points
of the SW curve coincide, and two intersecting cycles on the SW curve shrink to zero.

Near the point, the SW curve becomes
y2 =3 — fu,m)3 - glu,m),  £(0,0) = g(0,0) = 0. (5.5.1)

5.5.1 N;=1

Let us first consider the superconformal point in the Ny = 1 case. The SW curve for the

massive Ny = 1 SQCD is as follows:

1 1
y? = 2%(x —u) + ZMA?:C — 6—4A?. (5.5.2)

Here, M is the bare mass of the hypermultiplet, and A; is the scale parameter. We can
take the scale parameter arbitrarily by rescaling the coordinates x and y. We can take

Ay = 2. Then the curve becomes
y* = 2*(x —u) +2Mz — 1. (5.5.3)

The discriminant of the curve is
Ay = —4u® + 4P M? + 36uM — 32M° — 27. (5.5.4)

Let us first look for the superconformal point. On the superconformal point, the a-cycle
and S-cycle for one genus of the SW curve shrink to a point. Thus, on the superconformal

point, the discriminant has more than two zeroes. We can check that the discriminant

3

3 —1.
5 :

has double zero if we take M = 2w and ©v = 3w

108
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On this point, the SW curve becomes

v = (z—wt)? w? = 1. (5.5.6)

Let us consider the scaling limit at a superconformal point realized at w = 1. We
should determine the scaling limit around the superconformal point, that the a-cycle and
B-cycle become zero at the same time. If we assume that the SW curve in the scaling
limit is the form (5.5.1), we should take the scaling limit as

3 1
M:§+m, u=3+2m+ 1, x:§u—|—5£. (5.5.7)

Substitute these shift of the parameters to (5.5.3), and taking the limit m, 4 — 0 and

ignore the higher terms, we obtain
4
v =3 —2(m+ )7 — (@ + §m2). (5.5.8)

If we also require that the scaling dimensions as D(Z) : D(m) : D(u) = 1:2: 3, we can

neglect 42 and m?, and thus this curve becomes

y* =3 —2m7 — @ (5.5.9)

This curve is the same form as (5.5.1).

5.5.2 N;=2
Next we consider Ny = 2 case. In this case, the SW curve is given as
2 o 1y 1 2 1 2 2\ A4

At the superconformal point, the theory has conformal symmetry, thus we can take A2 = 8

to consider the scaling limit. Then the SW curve becomes
y* = (2% — 1) (2 — u) + 2M Moz — (M} + M3). (5.5.11)

The singular points of this curve are defined by the discriminant of the curve A,. To

study the superconformal point, let us define

M = %ZM Cyi= Y (M;— M) (5.5.12)

i
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If we take M = /2 and Cy = 0, the SW curve becomes y? = z°. Thus the superconformal

point is defined at this point. If we consider a limit such that

1
M =+2+m, u:3+2\/§m—§m2+ﬂ, T =-u+7, (5.5.13)

Wl =

with the scaling dimensions are assumed to D(m) : D(a) : D(Cy) =1 : 2 : 3, the SW

curve becomes

1/2 16+/2
%_mﬁ + 2—\7/_m3 —2C,. (5.5.14)

2

y' =z

—2ur —
This curve is the same form as (5.5.1). This curve is the SW curve in the scaling limit.

5.5.3 N;=3

Let us consider the scaling limit in the Ny = 3 theory. As in the same reason in Ny = 1,2
theories, we can take the value of As arbitrary, when we consider the scaling limit. If we

take A3 = 8 in SW curve (4.3.17), we obtain

y? =2*(z —u) — (v —u)® — (M} + M3 + M2)(x — u) + 2M; My Msx
— (MEMZ + MZM3 + M2ZM?). (5.5.15)

Let us introduce the following parameters:

M = %ZM Cy=> (My—M)*,  Cy:=) (M;—M)>. (5.5.16)

The superconformal point is realized at M; = My = M3 = 1. The scaling limit around

the superconformal point M =1, Cy = C3 = 0 is defined as

+ i+ (5.5.17)

W —
W

5
M=1+m, u:2+3m+m2—6m3+&, T =

where the scaling dimensions of these deformation operators are D(m) : D(u) : D(Cy) :
D(C5) =1:3:4:6. Thus the SW curve in the scaling limit is given as
m3a  m®  2m?C, 8C,

23 o(ma+ Co)i— a2 — Lt .
y T (mu+ Cy)T — @ 3 +108 3 3

(5.5.18)

This curve is the same form as (5.5.1).
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5.5.4 Interpretation of the Scaling Limit as Deformations

Let us discuss the scaling limit as a deformation around the superconformal point. The
scaling limit is a deformation around the superconformal point, which direction is on
the Coulomb branch, this deformation must be realized by the A/ = 2 vector multiplets.
Note that the scaling dimension and the R-charge of the primary field of the N' = 2
vector multiplet are related by (5.4.4). We also note that a conformal field theory is
characterized by the conformal quantum numbers. Therefore, if we interpret the scaling
limit as a deformation around the superconformal point, we can characterize the scaling
limit by the scaling dimensions of the deformation operators.

Let us summarize the dimensions of the operators around the superconformal point.
To determine these dimensions, we should require that the dimension of the BPS mass
must be one. This requirement is equivalent to the condition that the dimension of the
a ~ (u/y)dz must be one. For the AD theories associated with SU(2) SQCDs, the

scaling dimensions are summarized in table 5.1. In these theories, the scaling limits are

Nyl @ | m C;
1 [6/5|4/5 -
2 | 4/3|2/3 1
3 13/2|1/2| D(Cy) =2, D(Cs) =3

Table 5.1: scaling dimensions of AD theories associated to SU(2) SQCDs

interpreted as relevant deformation.

5.6 Scaling Limits for SU(N.) Ny SQCDs

In section 5.5, we have studied the scaling limits for N. = 2, Ny = 1,2, 3 theories. The
idea of [20] to study conformal field theories can be generalized to SU(N.) Ny SQCDs. In
the following, let us discuss the scaling limits for SU(N.) Ny SQCDs. This generalization
is discussed by [23]. In these papers, the SW curve in the scaling limit is determined by
the degeneration of the SW curve of the UV theory. In the following, we will discuss the
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scaling limit for the SU(N,) Ny SQCDs following [23].

5.6.1 N;=0

Let us first explain the case of Ny = 0, which corresponds to the SU(N.) SYM. In this
case, the SW curve and the SW differential are given as (4.4.20):

y? = C(x)* — AN, Asw = xdlog%]\zy}g, (5.6.1)
where C(z) := z™e — spx™Ne=2 — ... — sy . In this case, the superconformal point is given
by sy =+ =sy._1 = 0 and sy, = £A? <, and the scaling limit is defined as follows:

r = eAT, si =6 AN+ NG (i=2,--+,N,). (5.6.2)
Then, the C'(z) becomes as C'(z) — eNe ANe(7Ne — 57Ne™2 — ... — 5 ) F AN in the scaling

limit, and therefore the SW curve and the SW differential becomes

y? :C'(x)2 _ A2Ne

— F 2N Ao (3Ne — 57N — o — N ) + O(e2Y)
= F 2N APV - O(2°), (5.6.3)
C(z) —y}?
Asw :xdlog{(Al—Ncy}
e T AV2dE (5.6.4)

Thus the SW curve and SW differential in the scaling limit are the follows:
g2 =N =y gENeTt Agw = di. (5.6.5)

The coefficients of the SW curve are the operators that are used to deform the theory.

Note that the scaling dimension of the BPS spectrum must be one, we obtain [Agy] = 1.

1

13- Therefore, we obtain the scaling

Then we find that the dimension of z is given by

dimension of these coefficients of the SW curve in the scaling limit as follows:

For N. odd, the scaling dimensions take fractional value. But for even N, [5;] = 1 for

1= %, which indicates the theory has U(1) global symmetry.
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5.6.2 N;=1

Let us next discuss the Ny = 1 theories. The SW curve and the SW differential for these
theories are given as (4.4.20) with Ny = 1. We can shift the = by some constant to have

the superconformal point at x = 0:

y? =(a™Ne — syt — o — sy )2 = AN (o )
:25(]2NC + t1$2Nc_1 4+ 4 t?NC- (567)
Here, we redefine the parameters m and s;(i = 1,--- | N.). These ty,--- ,toy, are the
functions of m/, A, s1,--- ,sn,:

2 2N.—1, 1
ton, =sy, — A,

2N.—1
ton.—1 =28N,-15n, — AT,

2
ton,—2 =Sy, _1 T 28N,-25N.,

t2Nc—k = Z SN.—iSN.—j, k Z 3. (568)

i+j=k
Let us now look for the superconformal point. The superconformal point is defined as
ton, = --- = ty, = 0. Let us write the superconformal point by parameters si,--- , sy

c

and m’ by using (5.6.8). By introducing m* and sj:
m' = m*A, SNo—k = Sy, AV, (5.6.9)

the superconformal point is given as follows (Note that the equations ton, = 0(k =

0,---, N, are N, + 1 equations):

- (<;>n<§>n>4n1+1 N — om 41
Sy, = iG] | ' | (5.6.10)
(8(n+1)1(g)n> ; ¢ = 4N+
\ (=D (=3 1
Sy ok =— e ET k> 1 (5.6.11)
m* =(sy.)* (5.6.12)

Here, we use (a), :==a(a+1)---(a+n—1), (n > 1) and (a)p := 1. At the superconformal

point, the SW curve becomes

y? = gNetl (xNC—l N

N, — 1 ANt
1 ) : (5.6.13)

Ne+1 sy
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Let us check that this solutions satisfy the equations ton,_r = 0(k = 0,---,N,) in
N. = 3 case. In this case, the SW curve (5.6.7) becomes

Y= (27 — s12% — sow — 83)2 — N(z+m/) =28 + 2%+ 16, (5.6.14)

Then, the t;, = 0(k = 3,--- ,6) means that

te =s3 — A°m’ = A%((s5)* — m*) =0, (5.6.15)
ts =2s953 — A° = A®(2shs5 — 1) = 0, (5.6.16)
ty =55+ 25153 = A ((s5)? + 2s7s%) = 0, (5.6.17)
t3 = — 53+ 251859 = A*(—2s5 + 257s3) = 0. (5.6.18)

Here we define m' = m*A and sy, = SEC_kANC_’“. We can solve the first 3 equations for

m* and sj, s5 as

1 (s3)? 1
* *\ 2 * * 2
m (83) ’ So 2837 51 28; 8(8%)37 ( )
and finally if we substitute these solutions into the final equation, we obtain (s3)® = —1.
We define the scaling limit as follows with ¢ — 0:
T :EAli',
S1 :A18T7
Si :Azl <8:+Z€k§£k)> ) i =2, ,Ne —1
k=1
Ne
m =M\, (m* + Z €“ﬁ%a> ;
a=1
Net1
sy, =ANe <37VC +> agk> . (5.6.20)
k=1

Explicit calculations for N, = 2,3, --- suggest that the SW curve around the supercon-

formal point takes the form:

y? = A2NeeNet (GoaNett 4 gozNe™ 4o 4 iy ) + O(NT2), (5.6.21)
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R Ne—1 _ 2Ne—1 1 o ~
where g =ty _; /AT = N m If we further rescaling s, - - - , Uy, 41, the SW curve
c

around the superconformal point becomes the following form:
g2 = Nt oMl by (5.6.22)

Then, the SW differential can be written as

VG+yrty

3 2
—¢"5" Ay *gdi. (5.6.23)
SNC
Here, we have used
Netl .

) ANCE 2y + o * * \2

I =6~ Vet (i) 624
Therefore, we can obtain the SW curve and the SW differential as following;:

P =V @ N A, Asw = §da. (5.6.25)

Finally, let us calculate the scaling dimension of the operators in the scaling limit.
Note that the BPS spectrum must have the scaling dimension one, we require that the
dimension of the \gy is one. Thus we obtain

21 2
ui| = ) ‘:27"'7Nc 17 | = :
Wl =573 + = N3

(5.6.26)

We can see the spectrum is the same as the AD theory obtained from the scaling limit of
SU(N.+1). This is an example of the universality of AD theories, which will be explained

in section 5.9.

5.6.3 N;y=2n+1(n>1)

Let us next consider the Ny = 2n 4 1(n > 1) case. In this case, the SW curve can be

written as the following form when we shift x some constant to obtain the scaling point
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at x =0:
Ny
g = = s sy ) = A (e ma)
a=1

To define the superconformal point, we first set m, = m and define & = x +m. Then the

SW curve becomes the following form:

y? = (@Y b ud™ by )? = ATV RN (5.6.28)
Then, if we take
uUnN, = UN,—1 = *** = UN,—n-2 = O, (5629)

the SW curve degenerates to
Y2 = g2l {_A?V]\ffc—Qn—l Fa(EN I N uNc_n_1)2} ' (5.6.30)

Thus, the point is the superconformal point.
Let us next consider the scaling limit around the superconformal point. Let us consider

a limit that is determined by
r=—m — €ANfT~fL + EQAfo;?,
Ny
Ma =m + €Ay, + Ay, Y Ea=0. (5.6.31)
a=1

Here, we take e — 0. The SW curve in this limit is

Ny
y: = {(—EAme + 62ANf§:)NC + uy (—eAn,m + eQANf:i)NC_l 4t UNC}2 _ A?V]:CICGQNC H(f + &)
a=1
Ny
={(An,2)" + (AN, 2)V T+ i} — ARee™™e [1G+é) (5.6.32)
a=1
Here, we introduce
(—EANfﬁL + €2Aij.)Nc + ul(—EANf’fh + €2ANf.f‘)NC_1 + -+ Un,
=:(An, 2)V + U (AN, Z)N T 4 -+ (5.6.33)
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Note the coefficients 4; do not depend on e. Therefore, we should introduce further scaling

parameter to determine the scaling limit:
N, = eNf_%A%;_iﬂn_i, i=0,1,---,n. (5.6.34)

Here, 4, = O(1) (¢ = 1,--+ ,N. —n + 1). In these limits (5.6.31) and (5.6.34, the C(z)

and G(z) in the SW curve becomes

Cz) = NTANC(@) 4+ -, Glx) = EVANGF) +- -, (5.6.35)
where
~ n ~ 2n+1 Ny 2n+1
Ca)=> ua"", G@)=[[@E+e)=> 6.c"" > é&=0 (5636
=0 a=1 a=0 a=1

Therefore, we obtain
y? = ENAN(C(7)? - G(7)). (5.6.37)
Thus, the SW curve in the scaling limit is the following:
72 =C(2)? — G(&). (5.6.38)

Next, we calculate the SW differential in the scaling limit. The SW differential in the

scaling limit is

C—y 20 ~ C—y
Asw = zdlo = e“Azdlog— + d(x*). 5.6.39
sSw g Cty 8 Cti (*) ( )
Thus, the SW differential in the scaling limit is defined as follows:
- R C—y
Asw = zdlog | —= | . 5.6.40
SwW g ( 4 gj) ( )

Finally, let us calculate the scaling dimension of the parameters in the scaling limit.
If we define the scaling dimension of the Asw is one, we obtain
2t +1

[jj] =1, [ﬁl] 5

[G=1, a=1-- Ny=2n+1. (5.6.41)

Here, 1y and @, are relevant operator and w; for ¢ > 2 are irrelevant operators. We can
see that the theory has SU(2n + 1) global symmetry with U(1) vector multiplet. This
theory is referred as Do(SU(2n 4 1)) theory in [60]. Its Schur index has been recently
studied in [61].
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5.6.4 N;=2

In Ny = 2 theories, the SW curve is given as follows:

y? = C(r)* — G(x), (5.6.42)
where,
Ne
Clz) =2 = sa™  Gx) = A3V (x + ma)(z + mo). (5.6.43)
=2

In this case, the superconformal points are given by
si=F0n. 1A my =my=0. (5.6.44)
On these points, the SW curve becomes
y? = Nt (Nt oA ). (5.6.45)
We define the scaling limit as following with € — 0:

T =€2\y7,
5; =€ AL, (i=2,--,N.—2)
SN.—1 = + Aévcil + EQNC_QAQVCilgNC—la
SN, :627%/\3[6 + €2NCA97C§NC,
Ma =€2MNo 4+ €V T1AE,, a=1,2, (5.6.46)

where ¢; + ¢ = 0. In this limit, C' and G becomes

Clz) = —AN (i + 1) + N ANC/(7), G(z) = AV (43 + ) + V26,6,

where,

C(x) =aV = gah (5.6.48)
=2
Therefore, the SW curve becomes
- 1
y? = F2e2N NN 4o P = (2 +m)O() + 50182, (5.6.49)



Next, we consider the SW differential in the scaling limit. If we substitute the scaling

limit in the SW differential, we obtain

Aow —xdlogg J_r z

—Fov2eNA—L _di+ ...
T +m
= F 2/ 26" Agdlog(Z + m). (5.6.50)

Therefore, the SW differential in the scaling limit is the following:
Asw = gdlog(z + m). (5.6.51)
Let us summarize the results. If we shift £ — & —m, we can obtain the SW curve and
the SW differential in the scaling limit as follows:

P =V @3N 4+ ang1, Asw = gdlogZ. (5.6.52)

The scaling dimension operators in the scaling limit are the following:

2 N 21
= 3 [ul] = Xr . 4
N.+1 N.+1

] i=1,-- N,+1. (5.6.53)

For N, odd, the theory has U(1) global symmetry.

5.6.5 Ny=2n (n>2)

Let us finally consider the N; = 2n case with n > 2. In this case, if we shift + — 2 —s; /N,

in the SW curve (4.4.20), we can rewrite the SW curve as

2n
y? = (2N — syt — o — sy )2 — A?VJXC’Q" H(m + Myq). (5.6.54)
a=1

S1

> and we can choose the constant s; arbitrary. Let us choose s; to sat-
c

Here, m, = m, —

isfy 322" 1, = 0. In other words, we define s, := e S2" 'myg. Then, the superconformal

point is given by

S]=8y="+"=8N,n1="--=5n, =0, SN.—p = AN me =0. (5.6.55)
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At this point, the SW curve becomes
y? = et (gNemm g g AN, (5.6.56)

However, in this case, there are two possibilities of the scaling limit [24]. Let us discuss
these two cases called type A and type B. Originally, in [23], the type B scaling was
introduced. But it was shown in [24], there is another possibility of the scaling limit
which is consistent with the a-theorem in 4-dimensional conformal field theories. We
refer to this limit as type A.

Type B scaling

The type B scaling is defined as follows:

T =esAT,  1hy = enTEAG,, = £AN TG N+ eR A, (5.6.57)

where 322" &, = 0. In this limit, the C(z) and G(z) in the (5.6.54) become as

C(z) = F ANeeZi™ + ezN“ANCC(x), (5.6.58)
G(ZE) :AQNC { 4’rL ~2n + Z 2” 1)+i(Ne+2—n) ~ 271 ZC } (5659)
Here, Ci(i = 2,--- ,2n) are elementary symmetric polynomial pf &, and
~ Nc
C(F) =i =) gat. (5.6.60)
1=2

Thus, the SW curve becomes
y? —A2Ne (6411 Fon 9t 2Negn(i(F) — ¢ingin _ Netdngn=2¢, 4 )
= F 2\ MNeZpt2Ne 2. 72 =i"C(x) + %:z«?”—2@. (5.6.61)
The SW differential in the scaling limit is

P AN i —— (5.6.62)

C—
/\SW = l’leg (m n m)

C+y
Therefore, the SW differential in the scaling limit is the following:

- 0 ~
Asw = ————dz. 5.6.63
SW (@ +m)" £z ( )
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Let us summarize the above SW curve and the SW differential in the scaling limit. It
is convenient to shift £ — & — m. If we shift T — & — m, we can write the SW curve and

the SW differential defined in (5.6.61) and (5.6.63) as following form:

Ne
22 _ N o s Nebnei New = L dz o = 1. 5.6.64
Yy lz:; U; T ) SW n Z,, Ug ( )

Let us finally determine the scaling dimensions of the operators in the scaling limit.
The scaling dimension of these operators is determined by requiring that the scaling
dimension of the BPS masses is 1. Then, we obtain the dimensions of the operators as
follows:

2 2

[x]:Nc—n—i—Z’ [ui]:Nc—n—l—T

i=1,---,N. (5.6.65)
Thus, the operators @;(i = N. —n+3,--- , N,.) are irrelevant.

Type A scaling

The other scaling limit is defined as follows, which is called type A scaling:

T =4 AT, (5.6.66)
2n

Mo =€4Aeq, Y =0, (5.6.67)
a=1

s =+ ANCindi,chn + 6;;2NC+2n+2iAiaich+na i=N,— n,--- ’Nm (5668)

where 1, -+ sy, _ni1 are O(1). €4 and ep are related by €4 = egc_”“. Then, the C(x)

and G(z) in (5.6.54) can be written as

C(z) =AM {EZN%NG — speqe g T — = sy T F T — T - — )

= — AN (£ E T 4 i) + O(EXY,
2n
G(z) = A [ [ (@ + ). (5.6.69)

a=1

Using this, we can obtain the SW curve in the scaling limit as
v = e NN P =CF) - G(3), (5.6.70)
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where we define

C(z) = Zux"— G(@) = [J(@+ ¢, (5.6.71)

with ug = +1. We also obtain the SW differential in the scaling limit as

- C—y
Asw = Zdl — . 5.6.72
Sw = Talog (C n gj) ( )

Therefore, the SW curve and the SW differential in the scaling limit are given as

7 =C&)? - G(E),  Asw = &dlog <@> . (5.6.73)
C+y

Let us finally discuss the dimension of the operator in the scaling limit. If we require
that the dimension of the BPS masses must be one, the scaling dimensions of the operator

in the scaling limit are the following:

@ =1, Ja]=4, (i=1,---,n), [G=1 (a=1,---,N;). (5.6.74)

5.7 A, and D, type gauge theories

Finally, let us discuss the scaling limit for the A, = SU(r + 1) and D, = SO(2r) type

gauge theories.

5.7.1 A, type

Next, let us define the scaling limit for A, type gauge theories. This is the same as the
SU(r+ 1) Ny =0 case. But we discuss the scaling limit again because this formalism is
useful for the quantization of the SW curve. The SW curve for the A, type gauge theories

are defined in (4.5.1). The superconformal point is defined as

Uy =+ =u, =0, Uy = EATT (5.7.1)
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where the discriminant of this curve degenerates [17]. Let us consider the scaling limit

for w41 = —A"! case. In this case, the scaling limit is defined as follows [17], [25]:
z =e*, (5.7.2)
x =671 A7, (5.7.3)
wp =67 TN, i=2, 7 (5.7.4)
Upgr = — AL 4 5T AT G, (5.7.5)

Here, we take § — 0. If we take the scaling limit, the function defined in (4.5.1) becomes

Wi(x, ;) — CATHE T — Gpd™ ' — s = Gp) + AT = PATTIW(E, @) + AT
(5.7.6)
and the left-hand side of (4.5.1) becomes
ATt 1 1
5 (z + ;) — AT 4 55252/\”1 e (5.7.7)

Thus, in this limit, the SW curve becomes
£ =2W (2, 1) (5.7.8)
We can also consider the SW differential in the scaling limit:
Asw = 61 AFdE. (5.7.9)
We define the SW differential in the scaling limit as the following:
Asw = ZdE. (5.7.10)

If we require that the dimension of the BPS mass must be one, we determine the dimension

of Agw equal one, so we obtain the dimension of the operator in the scaling limit as follows:

y
[ﬂj]:rjg, j=2,-,r+1 (5.7.11)

5.7.2 D, type

If we introduce z = v/Gw, we can rewrite the SW curve and the differential in (4.5.3) as

follows:

A2r72 1
5 (w + E) =W(z,s;), Asw = xdlogw. (5.7.12)
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Here we define

Ca)

Sy

Wz, s;) = 7 = 2 s s+ ot (5.7.13)
The superconformal point is defined as [23]:
s =8y =-+-=8,=0, Sp_ = AT (5.7.14)
We can define the scaling limit around the point as
w =e’¢, (5.7.15)
v =077 A, (5.7.16)
s; =072 A%5,, i=1,--.r—2, (5.7.17)
Sp_1 =AT72 4 2NV (5.7.18)
s, =672 \Y'G,, (5.7.19)
with 6 — 0 [17]. In this case, we can also obtain
W(x,s;) — 2N 2W (%, 8;) + A* 2, (5.7.20)
and
A2r—2 1 1
+ AZ—2 4 S S2A22¢2 791
5 (w+w)—> +25 13 (5.7.21)
Then the SW curve and SW differential in the scaling limit is as follows:
€2 =2W(%,5),  Aew = &dt. (5.7.22)

This is the SW curve of the (A;, D,)-type AD theory. The parameters §; has the following

scaling dimensions:

[Si]=—=,  j=1--.r (5.7.23)

5.8 Summary

Let us summarize the results. As we explained in section 5.5, the scaling limits are one of
the deformations around the superconformal points, which direction is on the Coulomb

branch. Let us specify these scaling limits in the viewpoints of deformations.
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We define the scaling limit not to break the N/ = 2 supersymmetries. We also note
that the U(2)g must be broken by chiral anomaly as U(2)g — SU(2)g, then the possible
global symmetries in the scaling limit are only SU(2)g and flavor symmetry. But if these
operators include SU(2)g generator in the SW curve in the scaling limit, the scaling limit
cannot preserve the N’ = 2 supersymmetry. Thus, we can conclude that these operators

that have integer dimensions correspond to flavor symmetry.

Theory Dimension of the Operators in AD | Flavor Symmetry
SU(N.=2n) Ny =0 A i=2,---,2n U(1)
SUN.=2n—1) Ny =0 25i1,i:2,-~~,2n—1 -
SU(N,=2n) Ny =1 s, 0 =2, ,2n+ 1 -
SUN.=2n—1) Ny =1 nil,i:2,--~,2n U(1)
SU(N.) Ny =2n+1(n > 1) 2 i=0,--n -
and Ny are with dimension one
SU(N, = 2n) Ny =2 s, i =1, ,2n+1 U(1)
SU(N.=2n—1) Ny =2 Li=1,---,2n U(2)
SU(N.) N¢ =2n(n > 2) s, i =1, N, -
Type B Scaling
SU(N.) Ny =2n(n > 2) i,i=1,--+,N, SU(2n)
Type A Scaling and Ny are with dimension one
A, %,sz,'--,'r’—i—l U(1) or none
D, Hoj=1,,r U(1) or U(2)

Table 5.2: List of the AD theorires associaed to SU(N,) SQCDs.
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5.9 The Universality of the AD curves

In Table 5.2 of the AD theories, we observe that some different UV gauge theories lead
to the same AD theory. This is called the universality of AD theories. In this section,
we explain the universality of the AD theories by considering explicit examples [46], [47],
[23]. We call two different UV gauge theories to belong to the same universality class, if

and only if the AD theories of these two gauge theories are the same.

5.9.1 SU(2) Ny=1 and A type

Let us first show the universality between SU(2) Ny = 1 SQCD and A, type gauge theory.
The SW curve and SW differential in the scaling limit of SU(2) Ny = 1 SQCD are given
as (5.6.25) with N, = 2:

7= 4 Ged + U3,  New = §di, (5.9.1)

The dimensions of the operators are are given by [ig] = 3 and [ig] = 2. On the other

hand, the SW curve and SW differential in the scaling limit of A, type gauge theory are

1 -
55 =3 — UpT — s, Asw = Zd, (5.9.2)
and the dimensions of the operators are [é] = 1 and [us] = 2. We can confirm that these

two AD theories have the same SW curve and the SW differential. Thus, these two gauge

theories belong to the same universality class.

5.9.2 SU(2) Ny =2 and Aj;

Next, let us examine the universality between SU(2) Ny = 2 SQCD and Aj type gauge
theory. The SW curve and the SW differential in the scaling limit of SU(2) Ny = 2 theory
are given as (5.6.52) with N, = 2:

7 = 7% 4 W 3% + Ged + s, Asw = jdlogi. (5.9.3)
Here, the dimensions of the operators are [i;] = 2, [@] = § and [a3] = 2. On the other

hand, these of the scaling limit of the Az type gauge theories are given as (5.7.8) and
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(5.7.10) with r = 3:
Lo a0 o 5 ~
55 = T" — UpZ” — UsT — Uy, Asw = zd€. (5.9.4)
Here, the dimensions of these operators are [ts] = 2, [u3] = 2 and [44] = 3. Thus, the
operators of these two theories are the same, but these two SW curves and SW differential
in the scaling limit looks like different. In the following let us show that these two SW
curves and SW differential in the scaling limit are the same.
Let us change the variables in the SW curve and the SW differential in the scaling
limit of Az type gauge theory. By the calculation of the appendix (B.1.8), the SW curve

and the SW differential in the scaling limit of A3 type gauge theory can be rewritten as
y? = a3 — Gox? + diiyw + (—4ialiy + U2). (5.9.5)

Let us denote these @;(i = 2,3,4) in (5.9.5) as t; := @;. Then, if we identify
Uy = —ty,  Ug =4y, 13 = —4loty + 12, (5.9.6)

these two curves (5.9.5) and (5.9.3) are the same. We can also obtain the SW differential
becomes that of AD theory obtained from SU(2) Ny = 2 SQCD. Therefore, we can

conclude that these two gauge theories belong to the same universality class.

5.9.3 SU(2) Ny =2 and Ds

Let us next consider the universality between SU(2) Ny = 2 and Dj type gauge theory.
The SW curve and the SW differential in the scaling limit of D3 type gauge theory are
given by substitute r = 3 in (5.7.22):

€2 = 4 57 4 5+ ;—3 Aew = Fde. (5.9.7)

Here, the dimeisnions of these operators are [51] = 2, [$;] = § and [$5] = 2. Thus this

AD curve and differential look like different from that of SU(2) Ny = 2 theory (5.9.3).
But if we replace the variable in (5.9.7) as £ = %, we obtain the SW curve and the SW
differential in the scaling limit of D3 type theory as

P2 =453+ 55+ 355, Asw = —V2uydlogi. (5.9.8)
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Thus, this SW curve and the SW differential in the scaling limit is the same as that of
SU(2) Ny = 2 theory (5.9.3) if we identify

=5, i=1223 (5.9.9)

Thus, these two gauge theories belong to the same universality class.

5.9.4 SU(2) Ny =3 and D,

Next, let us show the universality between SU(2) Ny = 3 and D,. The SW curve and SW
differential in the scaling limit of SU(2) Ny = 3 are given by substitute n = 1 in (5.6.38):

~ ~ - C— i
P =C0)?—GE), Asw = Fdlog=—2. (5.9.10)
C+y
Here,
C=ipi+1iy, G=i+ b+ s, (5.9.11)

and dimensions of these operators are [to] = 3, [@1] = 2, [05] = 2 and [03] = 3.
On the other hand, the SW curve and SW differential in the scaling limit of D, type
gauge theory are given by (5.7.22) with r = 4:

1 5 ~
SE = 8E 5+ S+ 2L ew = @de. (5.9.12)
T
Here, the dimensions of these opearators are [§;] = 1, [S2] = 1, [$3] = 3 and [54] = 2.

By the calculation of the appendix (B.2.4), we can rewrite this curve and the differential

(5.9.12) as

2 32 o4

y2 21‘3 + %l’z + (§1§3 — 454 - % + Z—é)l'
pq BB s, 8%5  2sts 28 88 & (5913
3 12 3 3 27 36 1728
We can identify these SW curves (5.9.13) and (5.9.10), if we identify these coefficients:
)
o 8
Uy =
5, 5
Dlgily + Ty =555 — 454 — 2 + L
Uply + Vg =S153 Sy 3 + 18
s is. Bz sz 2z 3 232 26
9 . .o 518283 5783 88254 25754 25, 5155 5]
=52 — - i N e B W 5.9.14
R N TR R T R T M

This universality is confirmed by comparing the Picard-Fuchs equations of these two

theories [46].

82



5.9.5 SU(NC+1) Nf:0and SU(NC) Nf:1

The previous examples can be generalized as the following. The SW curve and the SW
differential in the scaling limit of the SU(N.+ 1) Ny = 0 theory are given by (5.6.5), and
these of SU(N.) Ny = 1 theory are given as (5.6.25). We can confirm that the SW curves
and the SW differentials in the scaling limit for the SU(N. + 1) Ny = 0 and SU(N,)
Ny = 1 SQCDs are the same form. Therefore, these two theories belong to the same

universality class.

5.9.6 N;=2n+1(n>1) SQCDs

The SW curve and the SW differential in the scaling limit of the SU(N.) Ny = 2n+1(n >
1) SQCD are determined only n: (5.6.38). Thus, the SQCDs with Ny = 2n + 1 belong
to the same universality class. For example, SU(3) Ny = 3 and SU(2) Ny = 3 belong to
the same universality class. SU(3) Ny =5 and arbitrary SU(N.) Ny = 5 theories belong

to the same universality class.

5.9.7 SU(3) Ny =1 and SU(2) Ny =2

The SW curve and the SW differential in the scaling limit of the SU(3) Ny = 1 theory is
given as N. = 3 in (5.6.25):

7 = 7 4 T’ 4 UsT + G,  Asw = §d7. (5.9.15)

On the other hand, the SW curve and the SW differential in the scaling limit of the SU(2)
Ny = 2 theory are given as (5.9.3). As we explained above, the SU(2) Ny = 2 theory
belong to the same universality class with As. The SW curve and the SW differential in

the scaling limit of the Aj theory are given as (5.9.4). Let us denote the coefficients of

(5.9.4) as t; = @;. Then we can rewrite the AD curve of Az theory (5.9.4) as

1 _ _ - -
552 = &' — 10 — 137 — 1y, Asw = Td§. (5.9.16)

If we identify the coefficients of AD curves (5.9.16) and (5.9.15) as
U = —2t;, i=2,3,4, (5.9.17)

these two AD curves (5.9.16) and (5.9.15) are the same, and thus these two gauge theories

belong to the same universality class.
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5.9.8 SU(3) Nf:2and SU(Q) Nf:3

Let us next compare the SU(3) Ny = 2 and the D, theory. The SW curve and the

differential of the AD theory obtained from the SU(3) Ny = 2 theory is given as (5.6.52)

with N, = 3:

7 = (2 +m)(3% — 5,0 — 53) + %é@ = 7+ W E + Ud? + UsT + U, Asw = jdlogi.
(5.9.18)

On the other hand, the SW curve and SW differential in the scaling limit of D, theory
are given by (5.9.12). If we change the variables as Y = gz and X = #? in (5.9.12), we

obtain
V2= XU+ 0 X3+ X2+ 63X + 1y, Agw = YdlogX. (5.9.19)

Here, we rewrite the coefficients of the curve (5.9.12) as #; := 3;(i = 1,2,3,4). If we

identify these coefficients of the AD curves (5.9.18) and (5.9.19) as

i =m =y, ty = —89 = Uy, t3 = —Som — 83 = ug, ty = —S3m + 55152 = Uy,

(5.9.20)

these two gauge theories belong to the same universality class.

5.9.9 SU(3) Ny=4 (A) and SU(2) Ny =4(A)

The SW curve for the AD theories obtained from the Ny = 2n(n > 2) SQCDs with type
A scaling are only dependent on the flavor symmetry (or n): (5.6.73). Therefore, two UV
theories SU(3) Ny =4 (A) and SU(2) Ny = 4(A) belong to the same universality class.

84



Chapter 6
() Background and Quantum SW

curves

Next, let us introduce the €2 background which is four-dimensional spacetime admitting a
torus action [4]. The © background is introduced as a regulator to calculate the partition
function for the N’ = 2 Super Yang-Mills and SQCDs. On the Q background, the partition
function called Nekrasov partition function can be calculated exactly and reproduce the
prepotential at weak coupling region. But on the €2 background, it is not yet known S-
dualities and we do not have an idea to define the partition function in the strong coupling
region. The SW theory can describe in both weak and strong coupling region, but it is
difficult to formulate the SW theory in the €2-background.

In this chapter, we introduce the Nekrasov-Shatashvili (NS) limit of the Q-background
which is a limit that fixes one parameter of the Q background to zero [36]. In the NS
limit, the SW periods (called quantum SW periods) are calculated by using the quantum
SW curve which is defined by quantizing the SW curve [33], [34] which is the ordinary
differential equation of a complex variable. The quantum SW periods are analyzed by
the WKB method [37], [38], [39]. In the weak coupling region, it has been shown that the
quantum SW curve obtained from the quantum SW curve is same as the quantum SW
periods obtained from the Nekrasov partition function [33], [34], [40], [41]. One of the
main purposes of this thesis is to define the quantum SW periods in the strong coupling
region by using the quantum SW curve. Especially, on the massless monopole/dyon point
(which is on the strong coupling region), the quantum SW periods are calculated by [48],
[45], [49]. The Q background also studied by topological string [50], [51]. The relation to
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the CFT is studied by [52], [53], [54], [55]. In this thesis, we study the AD theories, which
are typical field theories in the strong coupling region, and their quantum SW curves.

In this chapter, we first introduce the ) background as a spacetime that admits the
torus action. Next, we explain the quantization of the SW curve and obtain the quantum
SW periods defined as the WKB solutions of the quantum SW curve. Finally, we calculate
the quantum SW periods by taking the scaling limit of these quantum SW periods in UV,

and check the consistency of the quantization with the scaling limit.

6.1 (2 background

Let us first explain the definition of the Q background following [35]. A = 2 super
Yang-Mills theories are given by dimensional reduction of N' = 1 six-dimensional Super
Yang-Mills theories. Now let us consider the six-dimensional spacetime compactified on
the two-dimensional torus with the torus action on the four-dimensional spacetime R*

whose vector fields are given by
Vi =", V= Q5ta”. (6.1.1)

Here, Q4, Q5 € SO(4). Since m(T?) is abelian, the Lie bracket of V; and V5 should vanish,
which is equivalent that the matrices €24 and €25 commute. Let us define the following

metric:

ds® =g, (dz" + VIdz®)(dx” + Vyda®) — (da*)? — (da®)? (6.1.2)
=Gpydr’dz’. (6.1.3)

Here I,J =0,...,5 and the metric G  is given by

G,ul/ =Guv, G = g’“’ - Vaﬂva'/’ (614)
Ga,u :Va,ua G = Va'u; (615)
Gab = - 6ab + ‘/au‘/bz/; Gab = _6ab- (616)

This metric defines the six-dimensional spacetime on the 2 background. Let us define

1 . gL
Q= E(Qzl + ZQ5), Q.= \/5(94 Q5) (617)
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We can write this matrix by choosing some basis as [35], [4]:

00 0 —e
g L 00 e ! eC (6.1.8)
V2 0 0 0 | e a
6 0 0 0

Thus the Q background on R* is characterized by two real parameters €, €, € R. In the
Q-background, the translational invariance is broken, and the N' = 2 supersymmetry is
also broken. However, one can define scalar supercharge which acts as supersymmetry
up to the torus action. This defines the BRST-cohomology in the Hilbert space of the
theory. Using the localization with respect to this supercharge, Nekrasov has shown that
the partition function is presented as the sum over several configurations of the ADHM
moduli parameters labeled by the Young diagram [63]. The logarithm of the partition
function which corresponds to the free energy reduces to the explicit formula for the
prepotential of the Seiberg-Witten theory in the limit €, e — 0 [62], [10]. This implies
that the assumptions in the argument of Seiberg and Witten to obtain the exact solution
are justified by explicit calculations. Therefore, it is desirable to find a similar formula in
the strong coupling region, which is not yet found at present. To search for the formula
valid in the strong coupling region, we are going to find the effect of the 2-background
to the SW curve. It turns out that we can see this effect in the limit where one of the
epsilon parameters is set to be zero. In the next section, we will consider the SW theory

in this limit.
6.2 Quantum SW curve for SU(N,) Ny SQCDs

Next, we briefly explain the method of quantization of the SW curve. It is first found by
A Moronov and A.Morozov [33], [34]. Here, we briefly explain their results. Let us first
consider the N' = 2 SU(2) SYM theory. If we introduce a new variable ¢ by ¢ = y + 2,
the SW curve and the SW differential in the SU(2) SYM take the form

1 . )
z? — §(BZ¢ + Ae ) = u, Asw = 2i¢dz. (6.2.1)
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In Agw, @ can be regarded as a canonical conjugate variable to x. Let us consider quantum

mechanics described by the Schrodinger equation

(_%6‘972 + A* cos gb) U(¢) = EV(0). (6.2.2)

Here, the parameter E := w is the energy eigenvalue of the Hamiltonian. This Schrodinger

equation is given by replacing

T — —zh%, (6.2.3)

in the SW curve (6.2.1).
Let us next consider the Bohr-Sommerfeld (BS)periods of this system:

noe) = ]{C V2(E — A2 cos ¢)dep. (6.2.4)

Here, C' is some contour that connects the turning points. There are two turning points
¢ = +¢g, E = ycospy. Then, there are two bases of the contours C' = o and C' = £.
The WKB solution of the Schrodinger equation is given as the following form:

T(6) = exp (% / ¢P(¢)dq§) | (6.2.5)

The BS periods are now given by

mm:fpwm. (6.2.6)
c
By using these BS periods, let us introduce the followings:
oF
0=T(), @) g (6.2.7)
da
where we introduce some function F of a and ¢ := h € R. Identifying e; with A, [33]

checked that this function F(a,€;) is same as the Nekrasov partition function Z(a, €1, €2)

in the limit of e = 0 up some orders in the expansion of instanton number:
Fla,er) = limg, 0 {€162l0gZ (a, €1, €2)} (6.2.8)

It is also confirmed in [33] that the BS periods I1()(a) and I1(®/(3) are the SW periods
of the N' =2 SU(2) SYM.
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In the same way, [34], [40], [41] introduced the quantum SW curves and quantum
SW periods in N' = 2 SU(N.) Ny SQCDs. Let us review these results very shortly. In
SU(N.) Ny SQCDs, the SW curve and the SW differential is given as (4.4.20). Introducing
z =1y + C(x), we obtain the SW curve and differential as follows:

C(z) — 3 (z + Gix)) =0, Asw = z(dlogG(x) — 2dlogz). (6.2.9)

Differentiating the SW differential, we obtain holomorphic symplectic form dAgy =
—2dx A dlogz. Then, we replace z — 2 = exp (—ih%) in the SW curve, and we de-

fine the quantum SW curve as

B (exp (—ma%) + exp @(%) G(x) exp @(%)) _ cm] U(r) =0, (6.2.10)

The BS periods are given by the WKB solution of the quantum SW curve as in the same
way as (6.2.6). In [34], [40], [41], it was shown that if we introduce a function F as (6.2.7),
this function F is the prepotential defined by the Nekrasov partition function in the limit

62:0.

Quantum SW periods for SQCDs

Let us calculate the quantum SW periods explicitly following [45], [47], [57]. Let us solve
this differential equation (6.2.10) as a WKB solution:

W) —exp (L5@) . S@ =S [ pe(a)de. (6.2.11)
b (50) S [
If we substitute this solution in (6.2.10), we obtain
1 U(z — ih) e U (z + ih) — O(s
5 [—\Il(x) +G(x + h/2)—q]($) ] C(x). (6.2.12)

Substituting this expansion in (6.2.12), and comparing the coefficient of order A° in the

left and right hand sides, we obtain
e’ + G(x)e ™ = C(x). (6.2.13)
This equation is solved as py = log(C' £+ vC? — (). We take the plus sign and obtain

po(z)dzr =log(C + y)dz, y:=+/C(2)? — G(x). (6.2.14)
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Next, let us compare the coefficients for ' in the left and right-hand sides of (6.2.12).
We find that

o (=59 +1n) + =5 Gl = 206 - G) =0 (6:2.15)

Substituting (6.2.14) into this equation, we obtain

i120C" -G i
dr = ———— = —dlogy. 6.2.16
e = = 5dlogy ( )
This is the total derivative, so we can ignore this term when we consider the quantum
SW periods.
Next, let us consider the p,. To calculate this, let us compare the coefficients of h? in

the left and right sides of (6.2.12), we obtain

1 oo 20G"” N 2yG?  15C(G' —2CC")*  2yG"
8 7T e G2 A G
G2 + 202G G —16CC'G + 4C%(13C" — 3G" + 6CC"))
- 16C" =0. (6.2.1
+—a 6C" + o } 0. (6.2.17)
Then, we obtain
c" o Cy? 1C+y 1Cy
de = [ — — de +d<{ — - . 6.2.18
e (Sy 8y3) o {24C+y 4 y? ( )

Next, let us consider the ps. To calculate this, let us compare the coefficients of A% in

the left and right sides of (6.2.12), we obtain

zc«lZy/ ﬁccly& %CQ?JIS zy/?) N ic/c/l icclly/ B %Ocﬂy//

p3 =

8 P 4 oyt 4 oyp 8yd 16 42 4 P 8
3 C'2y’y” 3i y/y// i 00(3) ich(?)) iy(3)
4 yr 16 42 16 2 8yB 16y

d <y -~ . 1 P ()2 ; "y  C2%(y)?
_d [y 1 C?y +LCC _i(y) _ECCy QM . (6.2.19)

This is the total derivative, therefore we ignore the ps in the case of calculation of the

quantum SW periods.
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In the same way, we can obtain the following result:

|:(C/)QC«// 7 0(0/1)2 C(C/)Qy// 11 020//y1/ 11 C«//y// 503<y//>2
Py =

768y3 1536 o3 256y | 512 y* 1536 y2 25645
17C(y"?  oc'o®  crery®  cy®  30?2c@W 110W  3C3yW 50y
153655 884y | 12847 38dy? | 10247 | 3072y | 1024yt | 1024y2

7 6 6

d " 3—nCn 13 bn 3—nCnC/3 . CG—n n—4Cl "
T Z g y4 + Z < Tt Z - ’ 4 :

dr | £ 9216 (C+y)t 49216 (C+y) 3072 (C+y)

7 5

d 07 n n 5 /C// en 05 n n 30/ " fn 06 n n 4y/C//

+Z3072 C+y) 23072 C+y Z3072 C+y)

187 CC%y 33 CiC%y 33 CPCPy 11 yC®y 211 CCYyP

1536 (C' +y)4 * 12893(C +y)* = 128y(C +y)*  192(C +y)* 384 (C +y)*

1125 C*C'y™ 45 C2C'y" 277 yC'y*? 99 CSC"y"? 99 C%"

512 y3(C +y)6 128 y(C +y)* 1536 (C +y)*  2565(C +y)*  649°(C +y)4
N ﬁ CSOIZy/ N % C«Bo/Zy/ B % CSO/y/2 B 135 CBC/y/2 B 803 CyIS

51294(C 4+ y)t 1 256 12(C 4+ y)t  64y4(C +y)t  128¢2(C +y)* 4608 (C + y)*

207 Oy 3267 C°y"3 207 Oy 207 O3y 207  C%y3

768 y5(C + y)* T 1536 yHC+y)t " 38443(C+y)t 38442(C +y)t  384y(C + y)*

1 yy? 25 CC® 1 e 1 o3 1 c*cB
T 576 (C+y)t 1152 (C +y)* " 1536 y3(C +y)? HEY y?(C +y)* * 256 y(C + y)*
+£L@} (6.2.20)
4608 (C + y)4

Here, the coefficients a,,, b,, ¢,, d,, €,, f. are the follows:

n 0 1 2 3 4 ) 6 7

a, | 88  —171 —1476 —1973 456 2859 2196 549

b,| 223 804 813 —416 —1431 —1044 —261 —

¢, | 579 2316 3275, 1520 —703 —972 —287 — (6.2.21)
d, | —1188 —4752 —6426 —1944 3024 2720 526 —88

e, | —106 —424 —636 —512 —282 88 —  —

fu | 411 1644 2287 928 —-751 892 267 —

Thus, we have obtained the quantum SW periods up to the fourth level. The odd-

order corrections are total derivatives, then the non-trivial quantum SW periods are the
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only even-order corrections. In general, we can calculate higher-order p,, in a similar way.

But it is quite complicated. The quantum SW period is determined as

(k) = ( /a Py, / I P(m)dm)

:ZhQ”H(zn), e = (/ an(w)dx,/ pgn(x)dx) : (6.2.22)
n=0 ar Br

6.3 Quantum SW curves of A, and D, type Theories

We examine the quantization of the SW curve for the A, type and D, type in the same way
as [33], [34], [40], [41]. In this section, we first define the quantum SW curves by quantizing
the SW curves. Then, by using the WKB method [37], [38], [39], we calculate the quantum
SW periods [46], [57]. But we should check that this quantization is consistent with the
result of the Nekrasov partition function or not. We check this consistency condition in

the next sections.

6.3.1 A, type

Let us first explain the quantum SW curve for A, type SYM following [46]. For the SW
curve and the SW differential (4.5.1), we obtain dAgyr = dx A dlogz. Thus, we quantize
the curve by replacing logz — —ihd, in the SW curve (4.5.1), and obtain the quantum
SW as follows [25]:

Ar+1

5 (e7™ 4 ) — W (2, ;)| U(z) = 0. (6.3.1)

This quantum SW curve is the same as that of SQCD (6.2.10) with G(z) := 1 and

C(z) = V[/A(fﬁi) =: B(x,z;). Thus, if we solve this quantum SW curve (6.3.1) by the

WKB solution (6.2.11), we can calculate p,(n = 0,1,2,3,4) in the same way:

po(z) =log(B + v B? — 1),

iBB' i d
) =3pr 1) T 1,8 )
0B d 1 BB 1 B’
po(2) == ————=+ — |~ 5% — 5703 573 |
24(B2 — 1)  dax \ 12(B2-1)%2 8(B*-1)¥
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oL i BB i BB i B

P = U 8@ =12 "4a(B—1p  16(B 17"
B(23 + 12 71882

pila) = - ZBLELE) gy THSB)

1920(B2 — 1)2 5760(B? — 1)3
d ((—153 +307B? — 43B* — 183B% + 32B% + 40B'%) B®)
dzx { 5760(B2 — 1)11/2
B(657 + 408B? + 40B*)B'B"
1920(B2? — 1)7/?
(423 + 365482 + 1368B* + 80B%)B"
5760(B2 — 1)9/2 } ‘

(6.3.2)

p1, p3 are total derivatives. Here, we can ignore the total derivative terms, because we

integrate these p, to compute the quantum SW periods.

6.3.2 D, type

Let us next consider the quantum SW periods for D, type gauge theories. In this case,
we can write the SW curve and the SW differential in two different ways [46]. Therefore,
there are two different quantum SW curves. Thus, we have to compare the quantum SW
periods which are given by solving these two quantum SW curve.

Let us first quantize the SW curve of the form (5.7.12). Note that d\gyw = dx Adlogw,
and replace w — —ihd, in the SW curve (5.7.12) to obtain the quantum SW curve. Then
we obtain the quantum SW curve as

A2r—2

5 (70 4 9=y W (x,8;)| ¥(z)=0. (6.3.3)

We write the WKB solution of the curve as pﬁlA’"). This quantum SW curve is the same

as the A, theory. Thus, we can obtain the quantum SW periods as follows [46], [57]:

) =log(B + VB? — 1), (6.3.4)
2
S T — 6.3.5
P 24(B2 — 1)3 (63.5)
B(23 + 12B? B?
P = (23 + ) (0°B)* + (7 +857) 0:B, (6.3.6)

1920(B2 — 1)} 5760(B2 — 1)%

where B := W (x,s;)/A* 2.
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We can also quantize the SW curve and the SW differential of the form (4.5.3). In
this case, the differential of the SW differential is d\sy = dx A dlogz. Thus, we quantize
this SW curve by replacing logz — —ihd,. Then the quantum SW curve is as follows:

1 , . .
5 [e710 4 M2 (2) M2 W(z) = C(2) V(). (6.3.7)
Here, we choose the ordering of the operators as [40]. If we write the quantum SW periods

obtained from this quantum SW curve as p%SQCD), we obtain the following results in the

same way as SQCDs [46], [57]:

P (@) =log(C +y),  y=/Cx)? - Gla),

sqcpy, [ 0:C  C(0xy)?
O = (- %0 4 S,

(5QCD) (1 (c)er 1 ooEen)?  CC)y”
x) = — —
P 7687 1536 4 2564
11 020//y// 11 C//y// 503<y//)2 170(y//)2
512 y* 1536  y? 256y° 15363
0010(3) CQC/y(3) C/y(3)
3843 * 128y* 38442
3C2CW 11cW  3C3yW  50yW
- + T AL ey (6.3.8)
1024y3 ' 3072y | 1024y* 102442
We should check that these quantum SW periods pﬁg“” and p%SQCD) are the same or
not. For example, let us examine the difference in the first few quantum periods:
(SQCD) _ (An) _ 1 41/2 (seep) _ (A _ %G 9.8
Do py | =logG”7, Da P =a 16(B2 — 1) (6.3.9)
Here, we use
10,(C? -G 20C" - @
Byy = = ( ) _ . (6.3.10)

2 y 2y
Therefore, the two quantizations are different [46]. We should check whether these quan-
tum SW periods are the same as that of using the Nekrasov partition function in the weak
coupling. However, the Nekrasov partition function for D, type gauge group is known
only for €; = +e; case [65]. For other gauge groups, for example, exceptional type and
non-simply-laced type gauge groups, the SW curves are known. The quantization of the

SW curves is left for future study.
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6.4 Quantum SW curves of AD theories

Next, we consider the quantum SW curve for AD theories following [46] and [47]. We
can obtain the quantum SW curve of AD theories by quantizing the SW curves for AD
theories. Then, we can obtain the quantum SW periods for AD theories. But we also
obtain quantum SW periods for AD theories by taking the scaling limit of the quantum
SW periods for UV gauge theories. We confirm that these results are consistent with each

other [46], [47].

6.4.1 A, type

Let us first obtain the quantum SW curve for AD theories obtained from A, theory. The
AD curve of the A, theory is given as (5.7.8), and the SW differential in this AD theory
is given as (5.7.10). Then, we obtain d\gy = dz A d§, and thus we obtain the quantum
SW curve for AD theories by replacing £ — —ih0; in the SW curve (5.7.8) [46], [57]:

2 ~
{—rﬁ% —2W(z, u)] U(z) = 0. (6.4.1)
This is the Schrodinger type equation. Let us find the solution to the WKB expansion:
U(7) = exp (1 / dxf’(f)) L P@E) =Y (@) (6.4.2)
h n=0

The explicit calculation of p,, is explained in appendix C.1. We obtain the follows [46],
[57]:

]50:_ V2[[ )
1 d

D :——1 [/‘/

b1 4dii ogwy,

1 BwWd 52 W
P28 W2 Tz | 96 W (-

2 1 : "
5s d{15z'd 3zW}

T di A2 W 256 W2
T (022 1 AW
P00 W2 15362 W52
d 23 WO 221 W'W” 1105 W”
+—< - =5 5 — 5 (- (6.4.3)
dz 1536+/2 W5/2 ~ 30724/2 W7/ 184322 W9/
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By using these results, we obtain the quantum SW periods:

I1(h) zih%ﬁ(?”), e = < /a , Pon(2)di, / 1 ﬁgn(f)dj>. (6.4.4)

Here, the odd-order corrections are total derivatives, so we ignore contribution from pa,, 1.

Now let us compare this quantum SW period with that obtained by taking the scaling
limit of the quantum SW periods for gauge theories. By using (5.7.6), we obtain B =
6*W + 1, where W := W (%, ;). Therefore, if we take the scaling limit of p, obtained
from the quantum SW curve in A, gauge theory (6.3.2), we obtain

pol(@)dz = log (Wv +1+6V 2vT/) A7 NE) = —0751 po(#)di + - - - | (6.4.5)

where pg on the right-hand side is the quantum period in the AD theory obtained in
(C.1.5). In the same way, if we take the scaling limit for quantum SW periods for A, type

gauge theories, we obtain

r)de = — \OTTTA d(6THIAF) = —6 T A ydE -
Pe() 2U[(82W + 1)2 — 132 ( ) b

pa(r)dx { (62 + 1)(23 + 12(62W + 1))(826~ 71 A-2117")2
4 =< —

1920((62W +1)2 — 1)7/2

217 21 §25— 27 A —477/(4) )
{7+ 8(2W + 1)2}6%5 =AW d67AR)
BT60((02W + 1)2 — 1)5/2
= AT pdi 4 (6.4.6)

Thus, we can conclude that the quantum SW periods obtained by the quantum SW curve
of AD theories are the same as the quantum SW periods obtained by taking the scaling
limit of the quantum SW periods of A, type gauge theories.

6.4.2 D, type

Let us next discuss the AD theories obtained from D, type gauge theories. The SW
curve and the SW differential in this AD theory are given by (5.7.22). Then, we obtain
dhsw = dEAdE. Therefore, the quantum SW curve in this AD theory is given by replacing
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¢ — —ih0d; in the AD curve (5.7.22) [46], [57]:

82

2
—h 9252

—2W (%, 5)| ¥() = 0. (6.4.7)

This quantum SW curve is the same as the quantum SW curve for AD theories obtained
from A, type gauge theories, by changing u; — §;. Thus, the quantum SW periods of
this AD theory are the same as (6.4.3):

]50 =V 2W7
1w
P2 =——Fr=375>
48\/§ W3/2
) T (W) 1 oW
B (0: V) (6.4.8)

~13072v2 W2 15362 W2

These quantum SW periods (6.4.8) are also obtained by taking the scaling limit of p,(lAr),
which are the quantum periods for D, theory with A, type quantization. We can verify
this fact by using (6.4.6).

Next, let us take the scaling limit of the ngSQCD), which are give by (6.3.8). Then,
we find that the relation (6.4.6) does not hold due to the contribution from the pole at
x = 0. To rescue this discrepancy, we will modify Wz, s;) in (6.3.3) as

A
W(3;,%) — W(5;,%) + i* = AeR. (6.4.9)

2
Then, the WKB corrections are found to be [46]:

Po(A)dT =podz,

3 N 1 2w A 1 5
po(A)dz = [48\/§ 73 + >3 W dz,
2117)2 1 4 A 82 1-AA 1
3072v/2 W72 15362 W52 644/2 Z2W5/2 162 ) 34W3/2

(6.4.10)

up to total derivatives. Explicit calculations are in Appendix C.1. Then we obtain [46]:

pi5QCD) gy 5<1ZE?)TA1*2”]52n(A = —1/2)dE+ -, n=0,24. (6.4.11)
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6.4.3 Schrodinger Type Quantization of AD Curves

In the previous section, we have studied the quantum SW curves for AD theories obtained
by the scaling limit of SU(r + 1) and SO(2r) type super Yang-Mills theories. We now
consider the quantum SW curves for AD theories obtained by scaling limit of N' = 2
SU(N.) SQCD with Ny hypermultiplets. The corresponding SW curves take different
forms for each Ny. They are classified into the Schrodinger type and SQCD type.

For Ny =0,1,2 and Ny = 2n(n > 1) with type B scaling, the SW curve and the SW
differential in the scaling limit are given by (5.6.5), (5.6.25), (5.6.52), (5.6.64). We will see
that the quantization of these SW curves in the scaling limit are the same form, and the
quantum SW curve in the scaling limit is the Schrodinger type equations. Let us discuss

these curves following [47], [57]:

L Nf:(),l

For Ny = 0,1 case, the SW curve and the SW differential for AD theories are given
by (5.6.5) and (5.6.25):

N
7P ==Qu®), QoE)=-"+) @i, Asw=gdi.  (64.12)
=2

Here, N = N, for Ny =0 and N = N, + 1 for Ny = 1. We obtain the symplectic
form d\gw = dj A d&. The quantum SW curve is defined by replacing § — —ih%
in the SW curve (6.4.12):

(—rﬂa—z + Q(a?)) U(7) =0. (6.4.13)

012

Thus, this quantum SW curve is the same form as that of AD theories of A, and D,
type gauge theories: (6.4.1), (6.4.7). Then, the potential term ) in this quantum
SW curve (6.4.13) may have some quantum correction as the same reason of AD

theory of D, theory:

Q() = Qo(Z) + I*Qx(2). (6.4.14)
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Let us next consider the Ny = 2 case. In this case, if we introduce { = logz, the

SW curve and the SW differential in the scaling limit is given as (5.6.52):

7 = —Qo(8), Asw = . (6.4.15)
Here,
Ne+1
Qo(&) ==Y de™ T g =1 (6.4.16)
i=0

We replace y — iha% to obtain the quantum SW curve:

(-1 +QE) WO =0 QO - QO+, (a1

Here, note that the potential term () may have some quantum correction.

o Ny =2n(n > 1) with type B scaling

The SW curve and the SW differential in the type B scaling limit of the Ny =
2n(n > 1) theories are given as (5.6.64). If we define ¢ = '™, the SW curve and
the SW differential in these AD theories become the following:

7 = —Qu(8), Asw = ﬁﬂdﬁ. (6.4.18)
Here,
NC Ne+n—1
Qo(§) = =) & i (6.4.19)
i=0

If we replace y — iha%, we obtain the quantum SW curve with some quantum

correction for the potential term Q):

(- +QE) WO =0 QOO+, (64)

Let us now consider the quantum SW periods for these theories. We can obtain the

quantum SW periods in the same way when we consider AD theories obtained from D,
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type gauge theories [47]:

Po(T) =i/ Qo,
_oy 1 Qi Qg

P2(7) 370, 18 Q3

7i "2 . 4) . 1" . " . 2
(i) = — L Qo Qo 1 GeG 1@y 16 (6.4.21)
1536 Qg/ 2 768 Qg/ 2 32 Qg/ 2 48 Qg/ 2 8 Qg/ 2

Explicit calculations are in Appendix C.1. In general, these ps, include the contribution

from @)5. But, in the following, we assume ) = 0.

6.4.4 SQCD type quantization of AD Curves

Let us next consider the quantization of the AD theories obtained from Ny = 2n+1(n > 1)
SQCDs and Ny = 2n(n > 2) SQCDs with type A scaling. In this case, the SW curve and
the SW differential in these AD theories have the same form as SQCDs:

- oy
P =002 —GE), Asw=adog [ —2). (6.4.22)
C+y
with C, G, § are defined in the previous section. In Ny =2n+1 cases or Ny = 2n(n > 2)
SQCDs with type A scaling cases, C' and G are given as

2n+1

C = i wi, G=]]GE+a), (6.4.23)
=0

a=1

where 227:{1 ¢o = 0. Thus, in these cases, the quantum SW curve or the quantum SW
periods only depend on the flavor symmetry.

We can quantize these AD curves (6.4.22) in the same way as the quantizations of UV
SQCDs: (6.2.10). Thus, we obtain the following quantum SW curve in the scaling limit
[47], [57]:

B (exp (—m%) + exp <Zgﬁ%) G(&) exp (zg(%)) — (Z‘(f)] U(F)=0. (6.4.24)

This quantum SW curve is the same as (6.2.10). Thus, we can calculate the quantum

SW periods of these AD theories in the same way as UV SQCDs. For odd n, p, becomes
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total derivative. For even n, the first few terms are the following:

Po(7) =log(C(x) +y), (6.4.25)
s C// C(y’)2
- _ 4.

P2(7) T (6.4.26)
s (O/)2C// 7 O(C//)2 C’(C”)Qy”
Pa(T) = 3 3 4

768y 1536y 256y

EOQC”ZJ” B 11 C/ly/l B 503(y//)2 170(:1/”)2

512 ot 1536 12 25615 1536y3

loledeis) C’QC’y(P’) C/y(S)
C384y3 + 128y* 38442
_3¢*cW N 11c® N 3C%yW  5CyW

1024y3 3072y 1024y*  1024y?°

(6.4.27)
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6.5 Summary

Let us summarize the quantum SW curves of the AD theories obtained from SU (

SQCDs and A, and D, theories.

Gauge Theory

Quantum SW curve

A, [—h202 — 2W (%, 1,)] ¥ = 0,
W (&, @) = 3 — @ — - — g
D, [—h202 — 2W(2,5,) + 5] ¥ =0,
W(E,5) =" 2+ 5i"+ - +5_1+%

N; = 0,1 SQCDs

(1207 + Qo(2)]¥
Qo(7) = =2V + 3211,

=0,

AN N = N, + Ny

N; =2 SQCDs

(1?03 + Qo(2)]¥ =0,

Qo(E) = = XV e H07, iy = 1

Ny =2n(n > 1)with type B scaling

[—h?02 + Qo(Z)]¥ = 0,

@y = - Sl n

Ny=2n+1(n>1)

Ny =2n(n > 2) with type A scaling

[%(e—mai + eMO2/2G1(F)05/2) C’(f:)] U =0
C =Y wi", G =10 +é)
where S22 &, = 0.
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6.6 Quantum SW periods and the Picard-Fuchs Op-
erators

So far we studied the quantum SW curves and their WKB solution up to the order of
h*. In this section, we consider the quantum SW periods which are obtained by the
integral over a 1-cycle on the SW curve. It is however difficult to evaluate the quantum
corrections to the SW periods by performing integration directly. It is observed that the
quantum corrections are shown to be related by the differential operators with respect to

the moduli parameters [33], [34], [41], [48], [40], [50], [37], [56]:
P2 = Ozufo. (6.6.1)

Here, the O,,, are differential operators with respect to moduli parameters u;. We call
this differential operator the Picard-Fuchs (PF) operator. By finding such relations, the
quantum corrections can be evaluated from the classical SW periods. We can use this
formula for the investigation of the quantum SW periods at strong coupling. In the
following, we will find such operators for the AD theories. In this chapter, we construct
the PF operators for A, type AD theories in detail. For other AD theories, the PF
operators can be seen in Appendix C.2.

We can use the PF operator to investigate the universality of the AD theories. We
recall that two different UV gauge theories to belong to the same universality class if
these theories become the same AD theory if we take the scaling limit. We can check the
universality of AD theories corresponding to different quantum SW curves by comparing

the PF operators.

6.6.1 AD theory of A, theory

Let us consider the AD theories obtained from A, type gauge theories. In this AD theory,
the quantum SW period py in the scaling limit is given as (6.4.3):

po = —V2W, W (&, @) = 2+ — G~ — - — Gy (6.6.2)
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To study the PF operators, we will explain some formulas for the derivatives of W with

respect to the moduli parameters. We first note that

. 0a, W
O W = =210 0 W = (6.6.3)

This numerator of aaiwl/ 2 does not depend on @;’s. Thus, we obtain

9- ) W1/2 - (_1)1171(2” - 3)” aﬂjlw e annW

. i 6.6.4
J1 In 2n ani ( )

Let us now calculate Oy by using (6.6.4). From the first equation of (6.6.3), we obtain

r—1
W =(r+ ra"™ =3 “(r+1—j)(r — j)aa "~
=2
r—1
= — (r+1)rog, W+ (r+1—34)(r — j)i;os,.,W. (6.6.5)
=2
Then, by using (6.6.5), 0z, ,,W = —1 and 0;,0;, W/ = ——%fggﬁw, we obtain

1 aw
b2 _48\/§ W3/2
1 (T + 1)r8ﬁ2W6’ﬂr+1W + Z;;;(T +1-— ])(7’ — j)ajaﬁj_‘_QW&gerW

T 48v2 EE
r—1
1
= —(T’ -+ 1)7”8@2811T 1 + Z(T -+ 1-— j)(T — ])fb]aﬁj Qaﬁr 1) W1/2
12\/5 ( + = + +

1 r—1 . N ]
= — ﬁ <_(7" + 1)T@a28ar+1 + Z(T +1-— j)(’f‘ - ])ujaﬂj+28ﬂr+1) Po- (666)

Jj=2

This is the PF operator Oy for ps.

Next, let us consider the PF operator O, for ps. In this case, we have to rewrite
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(02W)2/W7/? and 92W/W>/2 by some derivatives of §, with respect to @;. We find

—_

r—

(2W)? (1 + 1)%1205, W 0, W 0, W 0

— _ . . U+2
w2 W/2 2(7”""1)7“‘ 2(7"‘1”1 J)(r = )i, W7/]2
]:
r—1 r—1 ~ ~
0a, W0, W
+ (r+1=k)(r—=k)(r+1—35)(r—j)iyin—""—
- W7/2
=2 k=2
16 2,252 =
=+ 1202, = 2(r + 1)r Y _(r+ 1= §)(r — §)i1;03,05,,.,
=2

r—1 r—1
+ (r+1—=Kk0r—kK@r+1—70r-— j)ﬂjukauj+28uk+2} o2 +1W1/27

7=2 k=2
(6.6.7)
~ r—3
BW=0r+Drr-Dr—-2)i"32=> r+1-)r—-—5)r—-1-5)r—-2- §)a;E 3
=2
(r+1)! — (r+1—j)_
- Oa, W -
(r=3)r™ +;(r—3—j)! 10,4V, (6.6.8)
AW 8 (r+1) S (r+1— )
—xz ! _ 0- —~'aﬂ- a W1/2 6.
wosz 3{ (r —3)! 4+j=2 (r =3 — )1 9% ( Cara (6.6.9)
Combining (6.6.7) and (6.6.9), we obtain the PF operator for p,:
7 16 !
X 2,202
Pg = 1536 - 212 <—1—5> {(r+ 1)*r 8112 —2(r+1) T]Z r+1—4)(r—7)u;0s aujﬂ

—_

r—1r

(]

1
(r+1—k)(r—k@Fr+1-75)(— j)ajukau]“&um} oz W2

j=2 k=2

1 8 (r+1)! = (r+1—j)_ , X

ey A 0; Ut =0 e Lo gue
768'2\/§ 3{ (T—g)' 4+Jz_;(7~_3_])|u] J+4 Up41

1 r—1
_ T (_6) {(r+1)2r2a§2 —20r+ 1)y (r+1—j)(r — j)i;05,05,..
7j=2

1536 -4 \ 15

r—1 r—1
* T 1= k) <T +1- j)(T’ o j>ﬂjuk8“]+2auk+2} aurﬂpo

j=2 k=2

r—3
1 8 ) (r+1) (r+1-
-t o a Do 6.1

+768 4 3{ ’r’ 3' 4+] 7:_3_ ay+4}8uT+1p0 (66 O)
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Let us write down the formulas for r = 2,3. For r = 2, the PF operator O, is given as
1

For r = 3, we obtain

1 Uo
= —05,05, — —02 . 6.6.12
02 2 2 4 12 Ug ( )
We can also obtain the PF operators Oy and Oy for D, type and general SQCDs. We

explain these cases in Appendix C.2.

6.7 Universalities

Let us finally check that the quantization of the SW curve is consistent with the scaling
limit or not. We have seen some examples of the universality of AD theories at the
classical level in chapter 5. We will compare the quantum SW periods in the scaling limit
which are in the same universality class in the classical level, by using the PF operators
[46], [47]. We will see that the universality in the AD theories at the classical level is

preserved by the quantum corrections.

SU(2) Ny =1 and A,

We first consider the universality of SU(2) Ny = 1 and Ay = SU(3) theories. In these
two UV theories, the SW curve and the SW differential in the scaling limit are the same
forms. Thus, if we identify these coefficients of the SW curve and the SW differential in
the scaling limit in the same way as the classical case of the universality, we can verify

the universality also at the quantum level.

SU(2) Ny =2 and Aj;
Let us next consider the universality for SU(2) Ny = 2 and A; type gauge theory. In
this case, the quantum SW curves in the scaling limit are different. By using the result
of (6.6.6), the PF operator for AD theory obtained from Az type theory is given as

) 10 0 02\ .
= - T~ T~ T —= 6-7-1
P2 (28152 o, 12at§)p°’ (67.1)
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if we rewrite the coefficients in the AD theory obtained from the Az theory as t; := ;.

On the other hand, the PF operator for the SU(2) Ny = 2 case is given as (C.2.36):
i 3 1, 1 i
P2 = Zaalaaz + §U18a2 + Euzaaaaaz Po- (6.7.2)

If we note py = 4/ Z?:o 1;3=9¢ we obtain the following equation for AD theory obtained
from SU(2) Ny =2 SQCD:

(304,05, + 20102, + 1205,05,)Po = 0. (6.7.3)

Thus, we can write the PF operator for SU(2) Ny =2 SQCD (6.7.2) as following:
1 1
ﬁQ = <§8ﬁ18g2 + 6111852) ]30. (674)
Then, if we identify these coefficients as (5.9.6), these two PF operators (6.7.1) and (6.7.4)
are the same. Thus, we can conclude that these two gauge theories belong to the same

universality class.

Next we consider SU(2) Ny = 2 and D3 type gauge theory. In this case, the quantum
SW curves of these theories are different. By using (C.2.7), the PF operator for the D3

theory is given as
Pa(A) = 2—14(12851852 + 25,02, + 65302, )po — §a§31§0. (6.7.5)
Here, we take the quantum correction for the quantum SW curve in the scaling limit for
D3 type theory as A € C.
On the other hand, the PF operator for the SU(2) N; = 2 SQCD is given as (C.2.36).
In the AD theory obtained from SU(2) Ny =2 SQCD, py = \/Z?:o w;e3=98) | therefore

we obtain the following equation:

203,053,900 = {(4k — 3)05,0a, + (2k — 2)1, 03, — 2kt303, — kOg, } Do, keR. (6.7.6)

Then, if we substitute this equation in (C.2.36), the quantum SW period for AD theory
obtained from the SU(2) Ny = 2 becomes

1 k
b= {(% + 304,05, + (k + 1)1102, — kuz0;, — §aﬁ3}ﬁ0. (6.7.7)
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If we take k = —3/4, the quantum SW period for AD theory obtained from the SU(2)

N = 2 can be written as

_ 1 _ ~ ) 1 )
P2 = 57 1606,05, + 10, + 3005, } Po + 7501 Po (6.7.8)

Therefore, if we take A = —1/8, and identify the coefficients as (5.9.9), we can conclude

that these two UV gauge theories belong to the same universality class.

SU3) Ny =0and SU(2) Ny =1

In general, the SW curves and the SW differentials for the SU(N.+ 1) SYM and SU(N.)
Ny = 1 SQCDs are equivalent. Thus, these two gauge theories belong to the same

universality class. We can also obtain universality between SU(N. + 1) Ny = 0 and
SU(N.) Ny = 1.

SU(3) Ny =1 and SU(2) Ny =2

The PF equations for SU(3) Ny = 1 and SU(2) Ny = 2 are given as (C.2.43) and (C.2.36).
Thus, if we use the identification in (5.9.17), these two PF operators become the same.

Thus, we can conclude that these two gauge theories belong to the same universality class.

SU(3) Ny =2 and D,

Let us next consider the universality between SU(3) Ny = 2 and Dy theory. The PF
operator for the SU(3) Ny = 2 theory is given as (C.2.45):

1
Py = 5 {1603, 05, + 91105,05, + 40203, + 305,04, } Do- (6.7.9)

The PF operator for the D4 theory is given as

1 A
ﬁQ = 1—2 {15651853 -+ 651852(953 + §28§3 + 354834}250 - 58541507 (6710)

where we take r = 4in (C.2.7). Let us note that the py for the AD theory of SU(3) Ny = 2

theory is pg = vVe¥ + @3¢ + ue% + tzeé + 1y, Po satisfies the following equation:

307,055 P0 = (6k — 4)03,0q, + (4k — 3)1105,05, + (2k — 2)U20, — 2kus0; — k0.
(6.7.11)
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If we take & = —3/4 and A = —3, we can confirm that the PF operators (6.7.9) and
(6.7.10) are the same. Thus, these two gauge theories belong to the same universality

class.

SU(B) Nf:3 and SU(Q) Nf:3

As I explained in the chapter on the quantum SW curve, the quantum SW curve for AD
theories obtained from the Ny = 2n + 1 SQCDs is completely determined by the flavor
symmetry of the gauge theory. Thus, the quantum SW curve for the SU(3) Ny = 3
and SU(2) Ny = 3 are the same. Therefore, we can verify that these two gauge theories
belong to the same universality class. In the same way, SU(3) Ny = 5 and SU(N,) Ny =5

theories belong to the same universality class.

SU(3) Ny =4 (A) and SU(2) N =4 (A)

The SW curve for the AD theories obtained from the Ny = 2n(n > 2) SQCDs with type A
scaling are only dependent on the flavor symmetry (or n). Therefore, these two quantum
SW curve in the scaling limit are the same. Then, these two gauge theories belong to the
same universality class.

To summarize, we obtain the quantum SW periods for the SU(N,) N; SQCDs and the
A, type and D, type theories. We also introduce the PF operators to compare quantum
SW periods for two different AD theories. We confirmed that quantization of the SW
curve preserves the universality of AD theories. But we should also check the universality
of AD theory for SU(2) Ny = 3 and D, theory, which are in the same universality class

in the classical level [66].
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Chapter 7

Conclusion and Discussion

In this thesis, we studied the low energy effective theories of N = 2 supersymmetric gauge
theories. The low energy effective action can be determined by the SW theory. In the SW
theory, there exists S-duality which relates the weak and strong coupling region. However,
we can calculate the effective actions or equivalently prepotentials indirectly through the
SW periods. On the other hand, we can calculate the prepotential directly from the
Nekrasov partition function which is defined in the €2 background. But it is difficult
to find the S-dualities on the ) background, so we can only determine the Nekrasov
partition function (which is the partition function on the Q background) in the weak
coupling region. The Nekrasov partition function has a mathematically rich structure.
Then it is desirable to study physics in the 2-background at strong coupling.

Thus, the purpose of this thesis is to determine the quantum SW periods in the strong
coupling region. For this purpose, we especially consider the quantum SW periods in the
AD theories defined at the superconformal points. To calculate the 2-background defor-
mation to the SW periods at the superconformal point, we use the method of quantum
SW curves [33], [34]. In [33] and [34], the quantum SW curves for the pure SYM are
introduced, and the quantum SW periods can be determined as WKB solutions of the
quantum SW curves. This idea was generalized to SU(2) SQCDs. It is confirmed that
these quantum SW periods are equivalent to that of the quantum SW periods obtained
from the Nekrasov partition function in the weak coupling region. Thus, in this thesis,
we studied more general SU(N,) SQCD and we define the quantum SW periods by the
method of the quantum SW curves [46], [47], [57].
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We can define the quantum SW periods in the AD theories by taking the scaling limit
of the quantum SW periods of the UV theories. But we can also obtain the quantum SW
periods in the AD theories by using the quantum SW curve in the scaling limit. Therefore,
we require that the quantization of the SW curves and the scaling limit is commutable
to determine the quantum SW curve in the scaling limit. Then, we can see that in A,
type gauge theories, the scaling limit and the quantization of the SW curve commute each
other. But in the D, type gauge theories, the scaling limit and the quantization do not
commute, therefore we should add the quantum correction for the quantum SW curve in
the scaling limit. In the same way, we should add a quantum correction for the SW curve
in the scaling limit in SU(V,) SQCDs.

These new quantum corrections for the SW curve in the scaling limit is important.
This quantum correction can be interpreted as a mass shift in the QCD, therefore this
means the mass term obtains the quantum correction in the scaling limit. Similar quantum
correction is done in the calculations of the Nekrasov partition function [63]. This mass
shift may change the flavor symmetry.

For the consistency check, we also consider the universality of the AD theories. We
should check that the universality of the AD theories are preserved by the quantization
of the SW curve, in the A, type, D, type gauge theories and the SU(N,) SQCDs. To do
this, we use the PF equations satisfied by the classical periods, which are the differential
operators of the moduli parameters act on pg. Then, we compare these PF operators and
we can confirm that the quantum SW periods in the scaling limit are the same if these
two gauge theories belong to the same universality class in classical theories.

The AD theories are also studied in the viewpoint of Schur Index [61]. It is also ob-
tained by compactification of the six-dimensional N' = (2,0) superconformal field theory
on a punctured Riemann surface [26], [27], [28], and specified by [29], [30], [31], [32].

Therefore, we can conclude that the quantization of the SW curve is consistent with
the scaling limit. But we do not know that the quantum SW periods obtained from the
quantum SW curves in the A, type and D, type gauge theories are equivalent to the
quantum SW periods calculated by the Nekrasov partition function in the weak coupling
region. Thus, we should look for the Nekrasov function at strong coupling and check this

consistency condition.
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To generalize the quantum SW curve in more general points on the strong coupling
region, we need to consider this consistency check on general points on the strong coupling
region. For example, at the massless dyon or massless monopole points, the quantum SW
periods are calculated by [48], [45], [49]. But we should check in more general points.

In the above, we only consider the quantum SW periods in the NS limit of the 2
background. We can also consider other limits of the {2 background. If we take the two
parameters of the 2 background in the same value €; = €5, the quantum SW periods can
be calculated by using the topological string [50], [51]. But we want to know more general
quantum SW periods determined on the general €2 background. These relations would be

clarified if we understand the deformed theories in general 2-background.

112



Appendix A

Supersymmetric Gauge Theories

In this Appendix, we explain the basics of supersymmetry following [58]. In this chapter,
we explain N/ = 1 supersymmetric gauge theory.

First, I will write the definition of the N -extended supersymmetric algebra. Supersym-
metry is defined as symmetry transformation which exchanges bosonic fields and fermionic
fields. So, if we can define such symmetry, the generator of supersymmetry must have
Grassmannian statistics and have spinor index. Thus we can define supersymmetric gen-
erator Qé,@w where o, & = 1,2 are spinor indices and I,J = 1,--- , ) are used to label

different supercharges. They satisfy the following anti-commutation relations:

{Qia@(u} :2UZaPu5§v {ng Qé} = 2\/§€aBZU> {@o‘da@[w} = 2\@6@52}37
{(=1)",Qa} ={(-1)", Qas} = 0. (A.0.1)

Here the (—1)% is the fermion number operator. Z!/ = —Z71 is called the central charge,

which commutes with other supersymmetry generators.

A.1 N =1 Supersymmetric Algebra and Lagrangian

In this section, we explain the N/ = 1 supersymmetry algebra and construct the N' =1

supersymmetric Lagrangian.
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A.1.1 N =1 Super multiplets

Let us consider N’ = 1 case. In this case, there is no central charge. The supersymmetric

algebra is the following:

€Q.€Q] = 260"EP,,  [€Q,£Q) = [€Q.€Q] =0, [P, £Q] =[P".£Q] =0, (A.L1)

where we write the supersymmetric generator as ),, (), and the ¢ is a Grassmannian

@
constant spinor, and use the following conventions:

€Q=6"Qa, Q=60 (A.1.2)

Here, P" is the translation operator.

Let us construct N’ = 1 symmetric Lagrangians. We first construct supermultiplets,
which are a set of fields such that the supersymmetric transformation can be a closed
operator on these fields. The N = 1 supersymmetric Lagrangian is constructed from

supersymmetric multiplets. The supersymmetric transformation for a field ¢ is defined as

0t = (£Q +£Q)9, (A.1.3)
where £ is Grassmannian constant parameter with spinor index. If we write Q.0 = A\,
and @dgb = Xd, we obtain

Setp 1= E%Ng + EN°. (A.1.4)
These fields A, and 2 satisfy different statistic from ¢. We can transform A and X in the
same way. Notice that @), and @d anti-commute themselves, supermultiplets constructed
by these operations include at most 2* fields. The fields are conveniently organized in the
following way:

F(z,0,0) =f(z) + 0(z) + Ox()

+ 00m(z) + 00n(x) + 00" 0v,, ()

+ 000\ (x) + 000v () + 0000d(x), (A.1.5)
where 6 and 0 are Grassmannian constants. We call the fields written as the form (A.1.5)
are called superfields. Conversely, we can check that all superfields which are written as the

form (A.1.5) give supermultiplets. Thus, supermultiplets are one to one correspondence

between superfields.
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A.1.2 Super-Covariant Derivative

We constructed supermultiplets by superfields. In this subsection, we will define the super-
symmetric transformations that act on the superfields. Supersymmetric transformations

on the superfields are defined as follows:

0cF(2,0,0) =(€Q +EQ)F
=0¢ f () + 00¢p(a) + 0¢x ()
+ 005em(z) + 005en(x) + 00" 05cv,(x)
+ 0005\ (2) + 0005¢1) () + 00005:d(x). (A.1.6)

Here, 0¢ operation on each component field is a supersymmetric transformation on the
supermultiplet. Therefore, the representation of £Q + £Q on superspace (z*,6,6) is the

follows:
SQ 5@—5 ioao'éAa“ -I—{d — —10% .e.'& (A]_t)

We also define the super-covariant derivatives that anti-commute with supersymmetric

transformations D and D:

D, = 9 + z’agd@dau, D, = —i — %", 0, (A.1.8)
00« 90"
These commutation relations are as
{D.,Ds} = —2ic".0,, {D.,Ds} ={Ds, Dy} =0, (A.1.9)
and D and () anti-commute:
{Da,Qp} = {Da,Qs} = {Da, Do} = {Ds, @3} = 0. (A.1.10)

A.1.3 Chiral Multiplet

Chiral multiplet is a superfield that satisfies the condition Dy® = 0. If we introduce

y* = 2* + 16”0, general chiral multiplets can be written as
d = A(y) + V20i(y) + 00F (y). (A.1.11)
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In the same way, the anti-chiral field ®' is defined by D,®' = 0, and which can be

expanded as
of = A" (y") + V200 (y) + 0F*(y1), YT =" —ibord. (A.1.12)

Note that the general product of two chiral fields is a chiral superfield, the arbitrary

function of chiral superfields is a chiral superfield:

W(®;) =W(A; + V20i; + 00F;)

ow oW, 1w
=W(A) + 57 few,we(aA 5&4&4%%). (A.1.13)
1&g

W is called superpotential.

A.1.4 Vector Superfield

Let us next to explain the vector superfield. The N = 1 vector superfields are defined as

superfields that satisfy the following condition:
V=V (A.1.14)
We expand the vector superfields in the following form:

V(z,0,0) :C(:?) +i0x(x) — i0x(z) |
+ %99 (M (z) +iN(z)] — %@ [M(z) — iN(2)]

— 00”0 A, (x) + 10000 [X([B) + %5“0ux(w)}
— 60 [)\(x) + %a“@uy(x)} + %99% [D(x) + %DC(@] (A1)

All these component fields are real valued, and there are vector field A, (x) as a coefficient
of . Also the combination ® + ®* has i9, (A — A*) as a coefficient of §o#0. Therefore,
we may motivate interpretation A, as a gauge field. In the following, we will interpret

A, as a gauge field.
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A.1.5 N =1 Supersymmetric Lagrangians without gauge sym-
metry

Let us construct N' = 1 supersymmetric Lagrangian by using the chiral superfields and

vector superfields. Let us first consider products of chiral and anti-chiral superfield <I>ZT<I>j:

1 1 1 ' i _
/0| = AIOA; - J0AIA, + FFy 4 50,4100 4, - %wja“auwi + %amjawi.
(A.1.16)

Dropping some total derivatives and summing over ¢ = j, we obtain a free Lagrangian:

L= 2,

e = OuALO" A+ FLF; — i7" 0, (A.1.17)

In general, supersymmetric Lagrangian including the chiral superfields can be written as

follows:
L= / d*OK (D, dT) + / d*W(®) + / L0W (D). (A.1.18)

Note that [d*06* = 1, [ 86" = 1. Tn terms of non-holomorphic function K (A4, Af)
called Kahler potential, the metric on the field space is given by
_ ’K

0A0AL

g’ (A.1.19)

A.1.6 N =1 Supersymmetric Lagrangians with gauge symmetry

Let us write the generators of a Lie group G as T%(T* = (T%)"). Here a = 1,...,dimG.
The algebra is specified by the structure contants f®°. We define vector multiplet as
V =VeT* Let us define supersymmetric field strength associated with the gauge fields

as

1—
W, :gDQeQVDae—W

—T0 (—mg +0,D* — %(O“EVQ)QFSV + GQU“DMXG) , (A.1.20)

where V = V,T* and T* are the generators of G, and

Fe, = 0,AL — 0,A% + AL AS D" =9\ + fUeALN

s

(A.1.21)
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Using this, we obtain

1 d20 « 1 a prapv 0 apv 1 1 ana \dgh X

glm T'Ir WW, | = —rngWF 392 L —|—E §D D* —iX0"D A,
(A.1.22)

4’” is some C-valued constant.

where 7 = - +
Next, we 1ntroduce chiral superfields ®;, which belongs to some representation 77 of

G:
O

P o |
L 4Ty = @ e T (A.1.23)

Py

Note that the product of (anti-) chiral superfields are (anti-) chiral superfield, following

gauge transformed (anti-) chiral superfields is also (anti-) chiral superfield:
P =e P, A= AT (A.1.24)

Here, A = A®T*“ is a (anti-) chiral superfield in the adjoint representation of G. We define

gauge transformation on V' = VT as
e e i (A.1.25)
Then the supersymmetric field strength transformed by gauge symmetry as
W, = W, = e MW, e, (A.1.26)

Then, ®'e 2V ® is invariant in gauge transformation. Thus, the general gauge N' = 1

supersymmetric Lagrangian is the following form:
1 _ __
£ =—Im (TTI" / dQQW“Wa) + / d*0d*0dTe Y & + / oW (®) + / 2OV (d1)
T
__ L po pew 9 pa o _ A“ "D +LD‘1D@
T g 3972 v 27 242
+ (O, A — AT A (" A — i AT A) — o (9,) — i ALT )
— DUATTA — V2ATT N + i/ 2T AN + FI'F,
1 02 1 02
oW aWFT 52N awﬁw (AL27)

+8_AiF" oAl 28A8Aw’w’ 2aATaA
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The auxiliary fields F' and D® can be eliminated by the equation of motion. This La-

grangian have scalar potential as

V= Z ‘—‘ F(ATT?A)2. (A.1.28)

A.2 U(1l) S-function

One can develop a perturbation theory based on the Lagrangian described above. Let
us calculate the effective coupling in the U(1) gauge theories described by the N = 2
hypermultiplets. We will obtain the effective coupling by solving the renormalization
group equation. The beta functions for U(1) gauge theories including Weyl fermions with

U(1) charge @) and complex scalar fields with U(1) charges (), are given by

Blg) = == 167r2 (Z Qf+z QQ) (A.2.1)

Then, the renormalization group equation for the U(1) gauge theories are

niea = 5(9) (A2:2)
Here the p is the energy scale. In particular, let us consider U(1) N = 2 supersymmetric
gauge theories with a A/ = 2 hypermultiplet. In A/ = 1 language, this A/ = 2 hypermul-
tiplet consists of two A = 1 chiral multiplets M, M, and M and Mconsist of two Weyl
fermions and two complex scalars. Then, the theory includes two complex fermions with

charge @ and two complex scalars with charge (), and the S-function (A.2.1) becomes

3 3
9 2 2 1 9 2
_ 2.249.2) = . A 2.
o) = 1@ (25 423 ) = 50 (423
Thus, if we substitute this (g) in (A.2.2), we obtain
1o 9 (A.2.4)
Md,ug 87r2 o

Let us solve this equation. If we define o = ¢g*/4m, this equation becomes

d (1 Q2
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Then, we can solve this equation as follows:

1 po Q p
- = % Joel, A2
> 87rblogA - logA (A.2.6)

Here, A is the scaling parameter. Therefore, if we take Q = 1, the effective coupling is
given as follows:

T=——log —. (A.2.7)

Here, a is the natural scale, and we take pu = a.
In particular, if we consider U(1) gauge theory around the massless monopole or dyon
point, the U(1) charges of the fermions and scalars in the A/ = 2 hypermultiplet is one.

Therefore, we can obtain the effective coupling around the massless dyon points.

120



Appendix B

Changing the Formations of the SW
curves

In this appendix, we explain the representations of the SW curves. If two SW curves have
the same discriminants, these two SW curves are the same. Conversely, if two SW curves
are the same up to change variables, these two SW curves have the same discriminants.
In this appendix, we will see transformations of the variables in the SW curves, which
cause the quartic SW curves to cubic SW curves. These results are necessary to consider

the universality of the AD theories.

B.1 Quartic Curve and Cubic Curve

In the following, we will consider the correspondence between quartic curves and cubic

curves, which can be transformed into each other. Let us consider the following SW curve:

4
v = ]@E —e) = & + ad® + bi® + ci + d. (B.1.1)
i=1
If we introduce y = —% and 7 = mil + e4, this curve becomes
1
y? = bya® + byw? + by + by. (B.1.2)
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Here, we have defined

1

bh=—-———F B.1.3
LT T BBy (B-13)
Ei+ By + E5
by =—F—F 7 B.1.4
2 E\FExE; (B-1.4)
E1E2 + E3E1 + E2E3
by = — B.1.5
’ E\EyEs ’ (B.L5)
by =1. (B.1.6)
with E; = ﬁ If we rescale y, = %’)’—f and x; = "g—f, this curve becomes
2_ .3 2
Yy = Ty + 115 + o2 + C3. (B.1.7)

Here, ¢; = by, co = bibz and c3 = byb?. If we shift zo = x3 — €2 + es(e; + ez + €3), we can

finally obtain
yg = ZL‘% —I— d11'§ —|— d2$3 —|— d3, (B18>
where

_ _ _ 2 2
1 =0, = ac — 4d, = - . 1.
dy=b dy = ac —4d ds = a*d — 4bd + ¢ (B.1.9)

B.2 D, SW curve

The SW curve and the SW differential of the AD theory obtained from the D, theory are

given as follows:

N 6~ 4~ 9 . 8 < o
7 =354+ 531 + 5,82 + 553+ :%_z’ Asw = gdI. (B.2.1)

If we change the variables as Y = §% and X = #? we can rewrite the SW curve and the

SW differential as follows:

. Y
V2= X"+ 5 X2+ 85 X2 + 53X +3,, dsw = 74X (B.2.2)

Following the procedure of Appendix B.1, we can write this curve as

y? = % 4 Gow? + (—484 + 5183)7 + 53 — 4525, + 5554 (B.2.3)

122



If we shift the variable as  — x + 7557, we obtain

y2 :CL’3 + %(L‘z —|— (5153 — 454 — % —|— Z—;)I
e 515085 S15, 8%y 235, | 25 &5 ) (B.2.4)
3 12 3 3 27 36 1728

This form of D, SW curve is useful to consider the universality of AD theories for D, and
SU(2) Ny = 3.
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Appendix C
Quantum SW Periods

In this appendix, we will first calculate the quantum SW periods for AD theories obtained
from the A, and D, theories. Then, we will calculate the PF operators for the AD theories
obtained from D, theories and SQCDs and will show the explicit form of the PF operators
for SU(2) SQCDs and SU(3) SQCDs.

C.1 Quantum SW periods for AD theories of A, and
D, theories

In this section, we will calculate the quantum SW periods for AD theories obtained from
A, and D, theories from the WKB solution of the quantum SW curves. We obtain the
quantum SW curve for AD theories by replacing & — —ihdz in the SW curve (5.7.8) [46],
[57], which is given by (6.4.1) or adding quantum correction (6.4.9). Let us consider the

following quantum SW curve:

{—fﬁa(zjg —{Qo(Z, W) + B*Qs(%, ﬁi)}} U(z) = 0. (C.1.1)

This is the Schrodinger type equation. Let us find the WKB solution:

o0

(%) = exp (% /x d:rP(:i)) . P(@) =) Wpa(d). (C.1.2)

n=0

Substitute this solution in this quantum SW curve, we obtain

—ihP' (%) + (P(£))? = Qo(Z, ;) + K2 Q4 (&, ;). (C.1.3)
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Let us compare the coefficients of 4 on the left and right sides. If we consider the coefficient

of hY, we obtain
Py = Qo(&, ). (C.1.4)
Thus we obtain,
o = —v/Qo. (C.1.5)
The coefficient of 7 in (C.1.3) is as follows:
—ipy + 2popr = 0. (C.1.6)
Thus, if we substitute (C.1.5) in this equation, we obtain p;:
== ;—xlong. (C.1.7)
This is total derivative. The coefficient of A% in the equation (C.1.3) is
—ipy + 2B + B = Qe (C.1.8)

Substitute (C.1.5) and (C.1.7) in this equation, we obtain
by = =500 + 4Qo(—4QuQ2 + Q)

32Q;
1 Q2 o d {5 Q
=—-—=+ +— ==, (C.1.9)
207 48y dw \48@p”°

In the same way, if we consider the coefficients of h?, we obtain
2p1P2 + 2PoP3 — ipy = 0, (C.1.10)
and thus we obtain

(C.1.11)

5 d{5id21 3 Q! z’QQ}

T @\ 12842 Q,  1BQ2 T 1Qo
Thus we can verify that ps is total derivative. In the same way, if we consider the

coefficients of A*, we can obtain the following equation:
P + 2p1Ps + 2popa — iffy = 0. (C.1.12)
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Thus we obtain
5 T8 Q) | QB QO
1536Q7°  768Q0%  8QY? 32007 48QY°
d{ 23 QY 221 QQp 1105 Q) 5 Qa0 EQ'?} (C.1.13)

Tdr | T8 1536 o7 921602 32 72 | 480

If we take Qg := 2W and (), := 0, we obtain the quantum SW periods for AD theory
obtained from A, theory: (6.4.3). If we take QQp := 2W and Q3 = x—A2, we obtain the result
of (6.4.10). If we replace Q9 — —Q and Q2 — —Q2, we obtain (6.4.21).

C.2 PF Operators

In this section, we will calculate the PF equations for the AD theories of D, theories and

SQCDs.

C.2.1 AD theory of D, Theory

We consider the PF operator for AD theories obtained from D, type gauge theories. The
quantum SW curve of this AD theory is given as (5.7.22), and the WKB solution is given
by

B(7) = exp (% / dxﬁ(fz)) P = g Hn(). (©2.1)
Note that py can be written as
Po=—V2W,  WI(E35) =8"24+53" "+ +5_1+ =, (C.2.2)
We should calculate agjl o agjn W12 to obtain the PF operators. Note that

A 1
0, W = 37272 s W =1, W == (C.2.3)
z
do not depend on s;’s. Then, we obtain
(~1)"(2n — 3)11 5, W -+ 05, W

> 7 (C.2.4)

Oz - 05 W2 =
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By using these equations, let us first consider the PF operator for p, (6.4.8). Note
that

OIW =(2r — 2)(2r — 3)F 4+ "(2r — 2 - 2j)(2r — 3 — 2j)§;a7 Y

J=1

=(2r — 2)(2r — 3)0;, W5, _ W + Z r— 20— 2)(2r — 2i — 3)5;05,, ,Wds,_, W + 63,(3;,W)>.

i=1

(C.2.5)

Then, we obtain

e y ' - = a2 1/2

W3/2 =—4 (27’ - 2)(27“ - 3)a§1a§r—1 + Z(2r — 21— 2) (27” — 2 — B)SiangagT_l + 6STa§T |74 ,

i=1

(C.2.6)

and therefore, ps becomes

D 4 y ; > = 92 1/2

D2 = — TG (2r —2)(2r — 3)05,05,_, + 2(27" — 20— 2)(2r — 2 — 3)§;05,,,05,_, + 65,05 | W

i=1
2A
as W1/2
2\/‘ ’
1 r—1 A
=5 <(2T —2)(2r — 3)05,05,_, + Z(2r —2i—2)(2r — 2i — 3)8;05,,,05,_, + 657«8;) Do — Eagrﬁo,
i=1

(C.2.7)

Let us next consider the PF operator for the 4-th order p4 (6.4.8). Note that

2717\ 2 ~o x A8 3 9
(9:W) _ 16 2r — 2)%(2r — 3 2(9%82_1 +12(2r — 2)(2r — 3)5,010,_10° + 36520"
Wiz~ 15 ' ' o

—_

+2(2r —2)(2r —3)Y (2r —2i — 2)(2r — 2i — 3)5;0101110°_,

=1

r—1
+12) (2r — 20 — 2)(2r — 20 — 3)5;8,0,110,10;
=1
r—1 r—1
+ 0D (2 — 20— 2)(2r — 20 — 3)(2r — 25 — 2)(2r — 2j — 3)53;
i=1 j=1

aa} Wi,

(C.2.8)
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! 2r — 2 — 2)! .
64~1W :( ) ~2r—6 ( ~i ~2r—2i—6
T S b e oy i
=1
(2r —2)! ~ (2r —2i —2)!_ - 0y
= W 5,010 W + 1205,02W, C.2.9
(2r—6)1" +1222(27"—22 6)8 w2l AR ( )
AW 8 (2r—2 "L (2r — 2i — 2)!
57 =3 o e 0 1205,07 y W2, (C.2.1
wer 3{(27“— 12127"—2@ 5i0i20]_1 +1205,97 0 W2 (€.2.10)

Then we obtain the following PF operator:

16
3072215

Ps = —

{(2r — 92)2(2r — 32820, +12(2r — 2)(2r — 3)3,0,8,_,0? + 36520
r—1
+2(2r —2)(2r — 3) > _(2r — 20 — 2)(2r — 2i — 3)§,010410;_,
=1
r—1 ~ ~ _
+12) (2r — 20 — 2)(2r — 2i — 3)5;8,0,110,10;

i=1

r—1 r—1
+ ) (2 — 20— 2)(2r — 20— 3)(2r — 2j — 2)(2r — 2j — 3)§i§jéi+léj+1éfl}po

i=1 j=1

1 8 f(@r— )~~ r3(27’—2z—2) )
a 3 ey 1203
A 8 r—1
L | o .
5123 {(QT —2)(2r = 3)010,10; + ; r—2i—2)(2r — 2i — 3)8;0;410,-10, + 65,0, } Po
(1 — A)A A2 ~
- ( 6.2 ) 0P (C.2.11)

We have obtained the PF operator in AD theory of D, gauge theory.

C.2.2 AD theories of SU(N.) Ny =0,1 SQCDs

In these cases, the quantum SW periods are given in (6.4.21), and Q) is given as (6.4.12).
Thus,

N
po=iv/Qo.  Qu=—3"+> aa. (C.2.12)

Here we define N = N, for Ny =0 and N = N, + 1 for Ny = 1. Then, we can obtain the

PF operator in the same way as the AD theories obtained from A, type theories. Because
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the quantum SW curve is the same as the AD theories obtained from A, type theory. We

can verify
o o~ [1] 95, (=Q) 0, (ZQ)
Oy, =+ Oy, (—Q)* = Mn Copih (C.2.13)
and
akQ Z _Zkuz uH_kQ (0214)

Here, we use [a :=a(a —1)---(a — k+ 1) and [a]y := 1. Thus, we obtain the following
PF operators:

Py = ( 1204, 05, + Z — j2;0a,,,0a ) Po, (C.2.15)

7 N-2

]54 - (m {([N] 2 gu](“)uQ@uﬁQ
]:2

N-3

2

7
2

j=
T { 46u4 + Z — ] 4UJ u]+4} 82 > D, (0216)

N-3
>IN —k)a[N - j]zﬁjﬁkaaj+28ak+z} 0z y
k=2

C.2.3 N;=2

In this case, the classical SW period can be written as py = iQ(l)/ 2, where

Ne+1
Qo(&) = — > de™NeH e, (C.2.17)

=0

Then, we obtain

02,Qo = —eWer1=0E 9, Q% = a“ZQ”, (C.2.18)
i 2Q1/2
and then we obtain
N 1] exp(Ch (Ne+1—1i)))
6;%_1 ...8aikp0 = —3 {5} ) ET—yY ) (C.2.19)
0
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We also note

Ne+1
02Qo = > (N + 1 — i)7eNet1=08
=0
Nc+1
=Y (N + 1 —4)*0,,, Qoday, Qo- (C.2.20)

Therefore we obtain the second PF operator if we set ()2 = 0:
i @ i QT
2 9 \/@0 48 Qg/2

_L > wi(Ne+ 1= i)°0s,,,0a,,bo. (C.2.21)

Next, let us consider the 4-th PF operator in the ()3 = 0 case. To do this, let us consider

Ne+1

Q) =D (N, + 1 — iyttt
=0
= Zu (Ne+ 1 —14)"04,., Oy, o1 O, 12 D0- (C.2.22)

By using this, we obtain

T i
1536@7/2 768@5/2

1440 Z Z Ui ﬂj N +1- Z) (N +1- ) 8114-&-181”-&-181“\/

20‘77

~ 588 Zul (N.+ 1 —14)*0q,,,0ay, Oan, .. Do- (C.2.23)

C.2.4 N;=2n(n>0) with type B scaling

Let us define
A n

Q2(8) = & A= m (C.2.24)
and consider the PF operators. The classical SW period is given by
Ne
Bo=iQL%  Qo(&) =N a T (C.2.25)
i=0
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Then, we obtain

c—n au
Qo = 5 g, Qu? = T

2Q1/2 ) (C.2.26)
In the same way, we obtain
Hk g(NCJrlfij)
B ] 1 j:]_ 1—n
We also note
N,
S_N,—n+1N,—2n+2 Ne-3n+3
02 = — {;— ¢ e
e@ol&) ;u 1—n 1—n §

n(2n —1)

:4[#(2)] UZHQO@“NC n+1Q0+4UNCﬁauNCQOauNC n+2Q0, (0228)

where

= — C.2.29
T ( )
The po of (6.4.21) can be written as

. 1

1 an—1) ) )
P2 =15 > il p(i)]20s,,, O inPo + EUMW&JM Diine—ns2P0 — Alay__, .. Po-
=0

(C.2.30)
In the same way, we can obtain PF operator of the quantum SW period p, (6.4.21) [47]:

Ne—1 Ne—1

P+ =100 {Z > ity () n(5))205,1,06,0, %, o

Uj+1 Y UNe—n+1
=0 5=0

UNe—

+ 2 Z aiﬂNc [:u(l)]?[ ( )] auz+1a 8UNC n+1aﬂchn+2]’50 + ﬂ?vc([M(Nc>:|2)2@?L 82 n+2]50}
=0

UN, UNe—n+2
=0

N.—1
1% o ~
+ % { Z [ ( )] auz+1aUN n+26uNC—n+1p0 —+ UN [ ( )] 8 82 po}

A Ne—1 ) ) )
+ 3_2 { Z 8u1+18uNc n+26ﬂch—n+1p0 _I_ uNc [Iu’(NC)]2aaNca§NCn+2p0}
=0
A1—-A
_ (T) i (C.2.31)
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C.2.5 N;y=2n+1or Ny=2n(n>0) with type A scaling

In this case, the quantum SW curve is of the SQCD type. We can obtain the PF operators

in Ny =2n+ 1 and Ny = 2n(n > 0) with type A scaling as follows [47]:

n n—2 n—2
.1 . . . . .
P2 =51 (Z Z ttij[n — jl20g, 04, ,, + Z tg[n — ]]2aaj+2> Do
0 =0

i=0 j=
1 n—1 fol
_ 2—4 ﬁz(n — Z) Nf&;i&;z, + Z ?Nfa(Nf — a)aﬂiﬂaﬁaﬂ ]50
=0 a=2
Lo Np—2
+ — U;04[Ny — a]20g,05, . Do,
24 4
i=0 a=0
19 41 11 19 1
iy =4 ——D D D — D —D
ba {5760 )+ 3a560 0 F 3h560 0018 T a0 019 T 56520
7 71 19
— D, D ' p D — D
t 576001 T g P 0 T 5ggg o)+ ezea o T goa e
11

D __'p ' p
t 34560 ©113) T g0 ©112) T gragF002)

37 1 1 17 7
ST p Do) + ——Dioos) — ——Dioa) + ——D
TH760 020 T 1Rp @ T 5 00D T 5760704 ¥ Frgg (')}

Here, we define

D(nan... mima--) * Z Z u“ mu22 [N — @'2]n2 A

i1,t2,--=0 a1,a2,

Vay [Nf - al]mlvaz [Nf - a2}m2
aﬂﬁ“‘”l aﬂ¢2+n2 T aﬁal +mla@a2+m2 e
C.2.6 SU(2) cases
Let us write the PF operators for SU(2) Ny =1,2,3 SQCDs.

ONf:L

. . 7 .
Z aﬂg (9713 Do, by = ﬁa?‘? 823]90 .
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(C.2.33)

(C.2.34)

(C.2.35)



Iz =1—12 > (3 =)0, Das o, (C.2.36)
7i:0 2 2
P =T 2 Z it5(3 = 0)(3 = §)*On1 05,11 Do — 555 Z (3 — )"0, s Oy o
(C.2.37)
o N;=3
p2=- 2—14710(35110352 + 0204, 05y )Po + ifi(uoauo@ﬁg + 110,03, ) Po, (C.2.38)

5 11 19 1 7 7
D4 = {—D(oms) + ===Do13) + 5:2Pai3) + ====zDPoo11)2) + =Dz

34560 8640 360 5760 1440
B e L p D T D
1920 @2 34560 (00113) ™ 5760 (0112 T 760 7 (00220)
37
2L p D C.2.39
5760 (022"+180 (22'} (C.2.39)

Here, we use 92C' = 92C' = 0 and thus we obtain

Do14yPo = D(00j4)Po = D(0oaj2)Po = Dioaj2)Po = Di0o4)yPo = DioayPo = Dappo = 0.
(C.2.40)

C.2.7 SU(3) cases

Finally, let us consider the universality with the SU(3) SQCDs. We can write the PF
operators for the SU(3) SQCDs as follows:

® Nf =0:
1 _
D2 :Zaaﬁagpm (C.2.41)
_ 7 N
P4 Zﬁ@g@p& (C.2.42)
[ ] Nf =1:
/1 1,0 .
D2 = 5&12@14 - 6U25’a4 Do, (C.2.43)
. T o o I
Pa = Ea@am - @&14 Do- (C.2.44)



P = > s (C.2.45)
M
P4 =440 ; Jz:; Ui (4 — 1)* (4 — §)?0a,,, Oy, O Po — 788 Z @i (4 — i)*04,,, 04, 0a,Po.
(C.2.46)
o Ny =3
P2 =— 2—14U0(33u03ﬁ2 + 0204, 05, ) Po + 56@08&05@ + 1194, O3, ) Po- (C.2.47)

Next we consider py. In this case, 92C' = 0 and 92G = 0. Then, we obtain

D(0|4)]50 = D(00|4)]50 = D(004|2)150 = D(04\2 Do = D(004\)190 D(04\)]50 = D(4\)150-

(C.2.48)
Then we obtain
Ps = {ﬁzopmmg) + %D(mlz) + %D(m + %D (o11]2) + TZOD(HW
+ %D(n) + %D(oom - %D(Oll12 ) T %D 0022])
+ %D(om) + %D@?I)} (C.2.49)

e Ny =4 type A scaling:

4 2
(Z azaj - j - j U u]+2 + Z uj - j j)aﬂj+2> ]50

=0 j=
1 3
-5 > (4 — i) (4(9@1.@52 + Z Da(4 — a)aﬂiﬂaﬁwl) Po
1=0 a=2
1 4 2
+ 52 > " itia(4 — a)(3 — )04, 05, 4o, (C.2.50)
=0 a=0
19 41 11 19 1
5y = D _— D 7 p —D
ba {5760 O T 33560 @0 ¥ 34560 0018 T gag - 01 T 5a5 P 0s)
7 7 19 11 7
D ' D _— D - '
T 5760 01D T T PR T 195570 T 3pmeg o0 T Freg et
7 37 1
D ' p —D C.2.51
T 5760 002 T B7gp02) T gy <22>} ( )
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Here, we use 92C = 0 and thus
Dvoaj2)P0 = D(oaj2)Po = D(0oa)yPo = D(oajyPo = Da)po = 0. (C.2.52)

¢ = 4 type B scaling:

3

1S 1, 1.
:—2 z_;u 1 — 5 )8%“8 2]?0 + 12U36@§3p0 + éaagpo. (C253)
7 2 2
i =110 {Z > ity (i — 5)(i — 6)(j — 5)(j — 6)04,,,04,,,02,Po
=0 j=
2
+ 12 ’&ﬂig(Z — 5)( )8%“8“30 on + 36u30u3p0}
1=0
1 2
+ 558 > (i —5)(i — 6)(i — 7)(i — 8)04,,, 0, 0o + 120u;38u38u3p0}
=0
1 2
- {Zu(z —5)(i — 6)da,,, 0y 0o + 6u?,6u3(9u3p0} (C.2.54)
=0
[ ] Nf = 5
1 3 1 1
ﬁQ :ﬂ (Z Zalﬂj(g - j)<2 aﬁiaﬂﬂ-z + Za3<3 - ])(2 - j>aﬁj+2> ﬁO
i=0 j=0 3=0
1 2 4
- ﬂ Z ﬂ'z(g - Z) (Nfaﬂlaﬂg + Z ﬁa(5 - a)aﬁi+1aﬁa+1> ﬁO
=0 a=2
1 3 3
+ 51 > itiba(5 — a)(4 — a)04, 05,10, (C.2.55)
=0 a=0
19 41 11 19 1
jy =4 ——D — D — D —~D —D
b {5760 O+ 31560 00 F 3560 001 T gap 018 T 365700
7 7 19 11
— D, D — D — D
T 5760 O g T T ygap PeR) T isss Peons)
7 7 37 1
— —D —_D, D, — D 2.
5760 12 T Frgn P00 T s ez F gy (22')} (€-2.56)
Here, we use 92C' = 0 and thus
D(00412)P0 = D(04j2Po = D00ayPo = D(o4)Po = Dappo = 0. (C.2.57)
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