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Abstract

In this thesis, we studied Bayesian hypothesis testing for singular models theoret-
ically.

Hypothesis testing using mixture models has been widely used in various
fields, but it is not easy to give the foundation of it theoretically, due to singu-
larities in the models. Many statisticians have studied this problem because it is
both appealing and challenging.

In recent years, the theory of statistical inference for singular models has been
developed based on Bayesian statistics and algebraic geometry. Bayesian singular
learning theory has been proved to be a very useful framework for the theoretical
treatment of singular models.

We attempted a theoretical analysis of hypothesis testing for singular models
from the perspective of Bayesian singular learning theory. Technically, the theory
of hypothesis testing requires probability distribution of the test statistic, and it
needs some theoretical extension that has not been sufficiently addressed, due to
factors such as the need to include higher-order terms beyond the results obtained
for statistical inference. Such problems have been hardly tackled despite their
importance, as far as the author knows.

This thesis presents several new results obtained through the study. More
specifically, we studied the test of homogeneity for normal mixture, because it is
one of the most typical singular models.

Our first result is that the asymptotic distributions of the marginal likelihood
ratio, which is the test statistics of the most powerful test in the Bayesian hypoth-
esis testing, are derived theoretically in several cases.

Second, we applied the variational Bayes approximation for the first time,
which is known useful for approximating the posterior distribution, to the prob-
lem of hypothesis testing for singular models. We could derive the asymptotic
behavior of variational Bayesian free energy, which is the test statistics of our
hypothesis testing, ad construct the hypothesis specifically.

Furthermore, we analyzed the type I and the type II errors in Bayesian hypoth-
esis testing for singular models theoretically. The relationship between the errors
in the hypothesis test and the real log canonical threshold, which is important



quantities that characterize the geometrical properties of singular models around
their singularities are derived.
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Chapter 1

Introduction

1.1 Interest and motivation

We are often faced with the need to analyze data that appear to have multiple
peaks, but these are difficult to be described by a probability distribution with
a single peak. Mixture models have been used in various fields including pattern
recognition, clustering analysis, and anomaly detection to date as a suitable means
of describing such models (McLachlan and Peel [2000]).

Let us show an example. Figure 1.1 is data from the results of seven studies
on the age of onset of schizophrenia, which consist of 99 females and 152 males
(Lewine [1981]). According to Lewine [1981], there are two types of schizophre-
nia: early-onset groups and late-onset groups. The former group is considered
to be mainly male and the latter mainly female. This data set contains observed
values of only male data. In Everitt et al. [2001], they fitted the male data using a
two-component normal mixture model. The detail of their analysis and the results
are beyond the scope of the present thesis, but it would suffice as an evidence that
mixture models play an important role in the analysis of the actual data.

When using mixture models, to determine the number of components for de-
scribing the data is a very important problem. The hypothesis test is considered
to be one of the useful tools for this purpose, and this type of the hypothesis
tests is called testing homogeneity. The simplest but most important case is to
decide which is the appropriate hypothesis, one component distribution, or two-
component mixture. Testing homogeneity has been an important issue for various
mixture models, especially for normal mixtures (Chauveau et al. [2019]).

Theoretically, mixture models often have singularity in their parameter space
and this greatly affect the problem of the statistical inference and hypothesis test-
ing.

Let us see the simplest case, two-component mixture model such as,
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Fig. 1.1: The age of onset of schizophrenia of 152 males studied by Lewine [1981]. We
fit the data by two-component normal mixture model. For fitting, we used R
package Mixturelnf.
http://cran.r-project.org/package=MixtureInf

p(X]a,b) = (1—a) F(X[b = bo) + af(X[p) (1.1)

where p(X|a, b) is a probabilistic model we consider and a and b are parameter.
bo is a fixed constant. f(X|b) is a probabilistic density function.

We assume that the the data { X, X, ... X,, } are generated from the true prob-
abilistic model ¢(x). What we should do is to determine the best value of a and b
that approximate ¢(z) sufficiently well.

This is a very common situation when the statistical inference and hypothe-
sis testing are needed. It is natural to expect that the best (a,b) to be uniquely
determined by the well-known method. (e.g. Maximum Likelihood Estimation)

However, This is not always the case. If ¢(z) is f(X|by), the best parameter
sets (a.b) is not uniquely determined. Actually, all parameter sets (a,b) which
satisfies a(b — by) = 0 are the same. (see Figure 1.2.)

In such a case, the Fisher information matrix becomes singular and there is
no guarantee that conventional methods such as Maximum Likelihood Estima-
tion work well, because such conventional methods assume the uniqueness of the
solution.

In singularity, the Fisher information matrix becomes singular and this leads
that the log likelihood ratio not converging to y? distributions, unlike the case of
the regular models. This is why the problem of testing homogeneity for mixture
models is theoretically challenging.


http://cran.r-project.org/package=MixtureInf
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Fig. 1.2: The singularity of the model (1.1) in the parameter space a-b plane. The figure
is the case that by = 0. In such a case, ab = 0 (The red line in the figure) is the
set of the singularity.

As an example, In Figure 1.3, we plot the log likelihood ratio of the two-
component normal mixture, (1 — a)N(0,1) + a/N (b, 1) against the single com-
ponent normal distribution A/(0, 1). The sample size is set as n = 100, and the
sample is generated from the standard normal distribution A/(0,1). Tt is clearly
shown that the log likelihood ratio is localized around the singularity ab = 0, and
the distribution of it is totally different from the normal distribution.

The problem has a long history. One of the achievement on the asymptote of
the log likelihood ratio was developed in Ghosh and Sen [1985]. They developed
the asymptotic theory of the test statics under some assumption of the identifiabil-
ity, the mixed two distribution can be identified.

In Hartigan [1985], the likelihood ratio for testing homogeneity for normal
mixture is studied. it is proved that the likelihood ratio test statistics goes to
infinity when n — oo, if the range of the parameter is not bounded.

Actually, removing the condition assumed in Ghosh and Sen [1985] seems
challenging. Many researchers have tackled this problem on their respective mod-
els, (Garel [2001] Liu and Shao [2003] Liu and Shao [2004]). For example, in
Garel [2001], the asymptote of the test statistics, for testing homogeneity between
the simple gaussian against the simple mixture, is represented by using the maxi-
mum of the gaussian process.

Also, various methods have been proposed to circumvent difficulties. For ex-
ample, the modified likelihood ratio test, a method that adds a regularization term
to the test statistics (Chen et al. [2001] Chen et al. [2004]), a D test Charnigo
and Sun [2004], and applying an expectation-maximization (EM) algorithm for
calculating the modified likelihood ratio (Chen and Li [2009] Chen et al. [2012]),
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Fig. 1.3: An example of the log likelihood ratio of the two-component normal mixture,
(1 — a)N(0,1) 4+ aN (b, 1) against the single component normal distribution
N(0,1). The sample size is set as n = 100, and the sample is generated from
the standard normal distribution A/ (0, 1), and the log likelihood ratio is plotted
for each (a,b).

and so on. In the modified likelihood ratio test and EM test, the regularization
term is added to the original likelihood ratio. These are known as very useful and
practical method for testing homogeneity Li et al. [2016].

On the other hand, there are few studies based on a Bayesian approach. As
we see the next subsection, the learning theory for statistical inference based on
Bayesian formalism, to treat singular models have been developed recently and
works well. Although the application of the Bayesian learning theory to the sta-
tistical hypothesis testing is very limited, it is natural to expect that this would be
effective. This is one of the motivation of the studies in the thesis.

1.2 Bayesian singular learning theory

1.2.1 Summary of Bayesian inference

Let us briefly summarized the statistical inference based on the Bayesian singular
learning theory (Watanabe [2018]).
We assume that sample { X"} is independent and identically distributed.

(X1, Xs, ... X, } € RV % g(a). (1.2)



To infer the true distribution ¢(z), we choose the probabilistic model (p(X|w)
and the prior ¢(w). Here, w € W C R? means the parameter in the probabilistic
model.

The posterior can be written as,

pwlX") = o) [[pXilw) 13)

where the normalization constant Z,, is given as

an/wdwgp(w)p(X"|w).

Zy, 1s often referred to as the partition function, from the analogy with the sta-
tistical physics. It should be noted that Z,, is a probabilistic distribution, because

/dX”Zn =1

In the statistical inference, we are interested in the prediction. In the Bayesian
statistics, this is performed through the predictive distribution. To obtain a good
prediction, we should know the extent to which the predictive distribution approx-
imates the true distribution.

pla]X™) = /W dwp(|w)p(w| X™)

Although we can not know the true distribution itself, we can estimate how
good/bad our model as an approximation of the true distribution. This is amazing
feature of the theory of the statistical inference.

There are mainly two indicators for this purpose.

One is the log marginal likelihood,

F,=—logZ,. (1.4)

F, is also called as the free energy, from the analogy with the statistical
physics.

If we consider the expectation value of F;, with respect to the true distribution,
it becomes

/ g XMFdX" = — / g(X™) log g(X™)dX™ + / g(X™ log q(Z)i; ) ix

= nS+/q(X”)log%dX”

n

10
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Fig. 1.4: The schematic picture of the sequence of the Bayesian inference.

where S = — [ ¢(z)log g(z)dx. The S is called as the entropy, from the analogy
with the statistical physics.

S is determined solely from ¢(z), and the second term of the equation (1.5) is
minimized when Z,, = ¢(X™). Therefore, we can obtain the Z,, which approxi-
mates ¢(X") best, by minimizing the expectation value of F,.

Because the stochastic behavior of the Z,, is determined from the sample
which we have already obtained, the minimization of the expectation of the F,
gives us the distribution which explained the obtained sample best, under the as-
sumption of the probabilistic model p(X™|w).

The other is the generalization loss,

_ n q()
G, = /q(a:) log p(z| X™)dx S+/q(:c) log p(:U|X")d$' (1.5)

Similar to the case of the expectation value of F},, we can easily seen that GG,
is minimized by p(z|X™) which is the nearest to ¢(z), in the sense of Kullback-
Leibler divergence. Therefore, we can obtain p(x|X™) which gives the best pre-
diction of the behavior of ¢(z), by minimizing G,.

but in the sense of the indicator of the goodness of the inference, F;, and G, is
a bit different. When we seek for the goodness of the prediction, we use GG, as an
indicator, but when we seek for the explanation of the sample obtained, we should
use F}, as an indicator.

The schematic picture of the sequence of the Bayesian inference is shown in
Figure (1.4).

We should note that G,, and F), is not independent, because



As the main theme of this thesis is hypothesis testing, and the marginal like-
lihood ratio is often used as a good test statistics, we will see in the next section,
we mainly discuss the behavior of F}, in the thesis.

1.2.2 Summary of the singular learning theory

In conventional statistics, the cases that the model is regular against the true dis-
tribution(The parameter in the model that minimizes the KL divergence between
the true distribution and the model is determined uniquely) are mainly treated.

In this case, the Fisher information matrix is regular, that is, there exists the in-
verse matrix of the Fisher information matrix. In Bayesian inference, the posterior
is well approximated by a Gaussian distribution in these cases.

However, in general, this is not holds, and in such cases, the Fisher information
matrix becomes singular and the results obtained in the conventional statistics
based on this are not justified. (see Figure (1.5)).

For example, the well-known maximum likelihood estimation may fail in sin-
gular cases. Also, the well-known x? test is no longer valid in singular cases.

It should be noted that such circumstances are very common in today’s data
analysis. This is because the models we use become more complex and complex,
and they tend to become singular because such complex models generally have
high expressibility and redundancy. For example, mixture models such as nor-
mal mixture, Bernoulli mixture, multinomial mixture, etc., hidden Markov model,
neural network, reduced rank regression, and so on.

Establishing a learning theory that can treat singular models has been a major
challenge for many years. Watanabe shows that by performing proper coordinate
transformations whose existence is guaranteed based on the Hironaka’s resolution
of singularities (Atiyah [1970]), it is possible to calculate the renormalized poste-
rior distribution. He also derived the general asymptotic form of the free energy
when the true distribution is in the singularity (Watanabe [2001]) such as,

F, =nL,(wy) + Alogn — (m — 1) loglogn + O(1), (1.6)

where L, (w,) means the empirical log loss function,

Lu(w) = = 3 logp(Xihu),

at singularity w = wy.

The constants in equation (1.6) reflects the geometrical property of the param-
eter space around the singularity. A is known as a real canonical log threshold
(RCLT) in algebraic geometry, and m is known as a multiplicity in algebraic ge-
ometry.

12
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(It can be expressed by the

probabilistic model we use)
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Fig. 1.5: The schematic picture of the venn diagram with respect to the relation between
the true distribution and the probabilistic model.

This asymptote is clearly different from those obtained in the regular cases,
oo d
Fregula'r = nLn<w ) + 5 logn + O(].)

where w* is the maximum likelihood estimator, and d means the dimension of the
parameter space.
It can be readily shown that the generalization error G,, becomes

G, = L(wg) + % +o (l> (1.7)

n

where L(w,) means the log loss function,

L(w) = - / 4(x) log p(a|w)dz

at singularity w = wy. When the true distribution is realizable, it is equal to the
entropy S.

Therefore, the leading term of G, that depends on n is (9(%) and this is deter-
mined by RCLT. In this sense, RCLT is a very important quantity for discussing
the generalization performance of the model.

The results on the general theory derived above are a brilliant achievement,
but the practical use of these results requires the determination of coefficients for
each model. Studies have clarified that the RCLT for normal mixture (Yamazaki

13



and Watanabe [2003]), reduced rank regression (Aoyagi and Watanabe [2005]),
non-negative matrix factorization (Hayashi and Watanabe [2017]), and so on.

It is often founded that the RCLT of singular models are smaller than g, and in
this sense, Bayesian inference is superior to the conventional maximum likelihood
estimation with respect to the generalization performance.

While RCLT for each singular models has been clarified, the stochastic be-
havior of the free energy for each models is not fully studied. One of the main
difficulties for this is that the stochastic term in the asymptote of the free energy
is O(1). Therefore, the analysis on higher-order terms is required to grasp the
stochastic behavior of the free energy and relevant quantities.

As we will see in the next chapter, the stochastic behavior of the free energy
needs to be clarified for constructing the hypothesis testing. This is one of the
main themes of the present thesis.

1.3 Organization of the thesis

In this thesis, we study the hypothesis testing for singular models, mainly focusing
on normal mixtures, one of the typical examples of the singular models. We apply
the Bayesian singular learning theory that is a very strong framework to analyze
the problem and already is known to be valid for analyzing the problem of the
statistical inference.

However, as we commented in the previous section, to analyze the problem
of the hypothesis testing requires the analysis of the high order term in the test
statistics and it is not necessarily trivial. As far as the author knows, such kind of
studies hardly exists.

In this thesis, the results of our study are presented as follows.

In Chapter 2, we briefly review the basics of hypothesis testing and the Bayesian
version of hypothesis testing. We derive the conventional y? test and point out the
limitation of it when using singular models. Also, we briefly review the previous
several studies on the hypothesis testing based on the Bayesian singular theory .

In Chapter 3, one of the main results of this thesis is presented (Kariya and
Watanabe [2020a]). The asymptote of the marginal likelihood ratio is analytically
derived for several cases, based on the technique of the singular learning theory.

In Chapter 4, another main result of this thesis is presented (Kariya and Watan-
abe [2020b]). Here, a new hypothesis testing scheme, VB test is offered which is
based on our analytical result. We, for the first time, apply the variational approx-
imation to the test statistics and derive the asymptote of the test statistics.

In Chapter 5, some analytical results on type I and type II error of the hypoth-
esis testing for singular models are presented. This is not yet published, but it is
in preparation.

14



In Chapter 6, we summarize the result obtained, and present the future per-
spective.

15



Chapter 2

Bayesian hypothesis testing

2.1 Hypothesis testing

In this section, we summarize the formulation of hypothesis testing. As we men-
tioned in the introduction, hypothesis testing is a very useful tool to decide which
hypothesis is valid for an explanation of the data we obtained.

The typical situation is that we try to decide the better one between two hy-
potheses for an explanation of our data. This is the simplest of cases, but it is also
the most frequent and important case we face.

We assume that the data {X;, Xy --- X,,} is generated from the distribution
q(z) independently, and we treat the case the hypotheses we compare are on the
distribution generating our data. We refer to the two hypotheses we compare as
the null hypothesis (N. H.) and the alternative hypothesis(A. H.).

N.H. : XiNP(),
AH. XiNPh.

The hypothesis test is constructed by using a function 7'({ X™}) and a constant
n as,

T({X"}) <n= weadapt N.H.
T({X"}) > n= weadapt A.H.

999

In other words, ’to construct a hypothesis test” is nothing other than
erly choose T'({X"}) and n”.

There exists the possibility we choose wrong hypothesis as as result of testing,
and we should construct a ”good” test for preventing this.

to prop-

16



The probabilities of such errors, which are often called as the Type I error «
and the Type Il error 3, are defined as,

a(T,n) = Pr(A.H.|N.H.),
B(T,n) = Pr(N.H.|A.H.).

As it can be clearly seen, it is difficult to keep both the Type I error o and the
Type Il error 3 low enough at the same time. In other words, these two errors have
a trade-off relation. Therefore, the ”good” hypothesis test is characterized as one
that gives the lowest 3 in the set of the hypothesis tests that gives the same a.

The similar notion on the error of the test, Level and Power have been used in
the literature, such as,

Level(T,n) = Pr(A.H.|N.H.),
Power(T,n) = Pr(A.H.|A.H.).

These are very well-known, and we also use them in our thesis.

Now we can characterize the goodness of the hypothesis test. Let us consider
two hypothesis test 7} and 7,. We assume that both tests have the same type I
error . When a hypothesis test 77 shows larger power than another test 75, 7T} is
said to be more powerful than 75.

It is known that the hypothesis test using L(X") as a test statistics becomes
the most powerful test, from Neyman-Pearson’s lemma .

Theorem 1. (Neyman-Pearson Lemma)
Let X1, -+, X, be generated from i.i.d. ¢(z). Consider the decision problem
between two hypothesis,

N.H. : XZ‘NP07
AH. : XiNPh-

For a constant 7 > 0, we define a set

A({Xn},m) = {Xn: ]]j?gi 2; > n} (2.1)
Let
af = PO(AC({Xn} 777))7 p* = PI(A({Xn} ) 77)) (2.2)

be the error which corresponds to the decision region A({X,,},n).
Let B({X,},n) be any other decision region of which error is o and (3.
Then, if o < o, § > [B* is satisfied.

17



proof. Let B € X" be any other acceptance regions. Let us define ¢, and ¢, as
indicator function of the region A and B.
Forall Xy,---,X,, € X", the following is satisfied.

(Pa({Xn}) — o({X0n})) (Po({Xn}) —nPI({Xn})) >0 (2.3)

Then, by summing this over the all space, we obtain

S (GaPo — 10aPL — Poty + 1Pidy) > 0. (2.4)

The left hand side becomes,

(Lhs) = > (Bo—nP)—> (Py—nP)

= (I-a")—n8"—(1—-a)+n8
= (B —-p")— (" —a).

As n > 0, the theorem is proved. 0

We can readily conclude from Neyman-Pearson Lemma that the hypothesis
test using the likelihood ratio as the test statistics becomes the most powerful test.
Therefore, in this thesis, we mainly study the likelihood ratio test theoretically.

2.2 The framework of the Bayesian hypothesis test-
ing

In this section, we briefly review the framework of a Bayesian hypothesis test.
Let {X" = (X1, X5, ..., X,,) € R'} be a set of sample obtained. We assumed
that these samples are generated independently and identically from a probabilis-
tic model po(x|w). where w means the set of the parameters in the model.
In the Bayesian framework, parameters wy is assumed to be generated from a
prior ¢(w), which is described as

Wo ~ @(w)a X~ Po(l’|wo)-

In the Bayseian hypothesis test, the null and alternative hypotheses we treat
are set in terms of prior, such as

N.H. : worvgao(w), Xz‘Npo(ﬂwo),
AH. @ wy~pi(w), X;~ po(x|wo).



As well as we saw in the previous section, we can compare the power of the
two tests. Let us consider two hypothesis tests 7" and U. We will say that 7" is a
more powerful test than U” if and only if,

Level(T,n) = Level(U, p) = Power(T,n) > Power(U, p),

holds for an arbitrary set (7, p) € R

A hypothesis test 7" is said to be “the most powerful test”, if it is more pow-
erful than any other test. The marginal likelihood ratio L(X"), which is the test
statistics of the most powerful test, can be written as,

[ erw [Im(Xlwydo
L(X™) = : : (2.5)
[ oot TIm(Xilu)du

In the last of the this section, we should note that the Bayesian hypothesis test
we consider in this thesis is different from the decision theory based on the Bayes
Factor, value of the marginal likelihood ratio, not on the stochastic behavior of the
marginal likelihood ratio.

The decision theory based on the value of Bayes factor is simple and clear, but
we should keep in mind that the marginal likelihood ratio is a stochastic variable.
The value of the marginal likelihood ratio can be variate greatly as a result of the
stochastic behavior of the sample, and it affects the result of the decision made
by our treatment. Such an example will be shown in the next chapter. There-
fore, the stochastic behavior of the marginal likelihood ratio should be grasped
for appropriate decision making.

2.3 Relation between the hypothesis testing and sin-
gular learning theory

In the previous subsection, we saw that the most powerful test is given as the
well-known likelihood ratio test.

Therefore, it is important to know the distribution of the likelihood ratio, the
test statistics which gives the most powerful test.

Let us see the simplest case (7TAf#23f [2020]). We consider the two hypothe-
ses such as,

NH. : w~d(w—wp),
AH. @ w~d(w—w"),w #w",

19



where wy is a fixed value and w* means a value that is different from wy in the
model p(z|w).
The marginal likelihood ratio L becomes

Hpo(Xi|w*)dw
L(X") = 2 : (2.6)

The logarithm of L(X™) can be written as

ln(w*) =log L(X™) Zlog (z|w*)) — log(p(x|wy)) (2.7)

Let us consider the case that N. H. is true. That is, the sample {X,,} is gener-
ated from N.H..
The Taylor expansion of [,,(w*) around w, becomes,

ln(wo+€) = ’LU() +Z ] al( )

€k
Gw*aw,”; €

+ O(eh)

where d means the dimension of the parameter space.
When we substitute —% In for €, the [,, becomes

gl 1 0?1 (wo)
L (wo + %) = l,(wo) W%%
+ o(1)
It is easily seen that
0log p(x|w*) B 0 o
/d:z:p(x|w) s = ur /dxp(:(:|w ) =0. (2.8)

|
Also, the covariance matrix of dlogp(ejw?) ;

o is nothing other than the Fisher in-

formation matrix of p(z|w*).
From the central limit theorem, there exists a stochastic variable {IW}} that
satisfies
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8logp (X; |w0

82 10gp(Xi’w0)
- E _I.
n 8w;8w,’§ (o)
Therefore, we obtain
Ln(wo + E Wi, — E :IjkVJVk +0o(1) (2.9)

Let us assume that all the elgenvalues of [ jk(wo) are positive. In that case, the
I (wo) can be expressed as,

where Y is a real-value symmetry matrix whose eigenvalue is positive.
By using this,

d d
1
DW= Lk = 21 v -5 Lty
j=1 J:k
=z e
2

IS 222

Jj=1

l\DI»—t

where Z is a vector whose components {Z;} satisfy {Z;} ~ N (0, 1).
Clearly, 1,,(wo) is maximized at v = £7'Z ~ N/(0, [;(wp)!). That is, the
solution w* maximizing the I,,(wy) is
o sy N(0 L (wo)™)) (2.11)
w = — ~ — 1 w), .
\/ﬁ 7n V1A

This is nothing other than the solution of the maximum likelihood estimation.
As a result of this, the following holds under n — oo.

2max [, (w*) ~ x5 (2.12)

This shows that the maximum of the log likelihood ratio obeys the x?2. It is the
special version of the Wilks’ Theorem.
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maXyeH,; Ln (’LU)

2log ~ x2(ry — 7o) (2.13)

maxXye g, Ln(w)

where r; means the dimension of the parameter w in A and ry means the dimen-
sion of the parameter w in H.

This is a very general and useful result, but the assumption we use to prove
this result, the Fisher information matrix is regular does not always holds. This
breaks down especially for the more complex probabilistic models such as mixture
models, neural networks, and so on. These models are known as singular models,
which have the singularity where the Fisher information matrix becomes singular,
in their parameter space.

These model becomes popular and popular recently, but actually, the theory
on the hypothesis test for using these singular models are not developed. This is
one of the motivations for the present study.

2.4 Previous studies on the Bayesian hypothesis test-
ing from a singular learning theory perspective

In the previous subsection, we pointed out the importance of the study on the hy-
pothesis test using singular models. As we mentioned in the introduction, there
have been many studies on this topic, but they are mainly on the asymptotic dis-
tribution of the maximum likelihood.

We also mentioned in the Introduction that as for the statistical inference ,
there have been several study that shows the Bayesian singular learning theory.

The asymptote of the important quantities such as the free energy, the gen-
eralization error are obtained and the generalized information criteria WAIC and
WBIC are derived (Watanabe [2018]).

However, few theoretical studies on hypothesis testing based on the Bayesian
singular learning theory exists, except for on the problem of the change point
detection using the marginal likelihood ratio as a test statistics (/7 7k and 74
PSR [2008], AKEHFE and AR [2017)).

They consider the hypothesis testing such that N.H. that corresponds to the
case that there is no change, and A.H. that corresponds to the case that some
changes occur. When the N.H. corresponds to the singularity of the probabilistic
model they use, the behavior of the marginal likelihood ratio becomes different
from those well known Y2. They examine the validity of their new methods nu-
merically by using the artificial data and concluded that their new methods is
valid.

While the effectiveness of the Bayesian singular learning theory is becoming
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popular, there is no case that the Bayesian singular learning theory is applied to the
problem of testing homogeneity, as far as the author knows, though the importance
of the problem. This is one of the motivations for us to study this problem.
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Chapter 3

Asymptotic analysis of the marginal
likelihood ratio for testing
homogeneity in normal mixtures

3.1 Introduction

In this chapter, we study the test of homogeneity of normal mixture based on the
Bayesian framework for the first time.

To construct hypothesis test, we derive the asymptotic distribution of the test
statistic, i.e., the marginal likelihood ratio. We consider here in three cases: (1)
only the mixture ratio is a variable; (2) the mixture ratio and the mean of the
mixed distribution in the A.H. are variables; (3) the mixture ratio, the mean, and
the variance of the mixed distribution in the A. H. are variables.

In all cases, the marginal likelihood ratios does not converge to the well-known
x? distribution, but to more complex distributions. This results from an effect of
the singularities in the model. These results suggest the need for the theoreti-
cal study for the hypothesis test for singular models. The present study can be
considered to pave the way in this direction.

3.2 Asymptotic distribution of the marginal likeli-
hood ratio

In the following, we derive the asymptotic probability distributions of L(X"). We
treat three cases for A.H. such as,

1. ¢1(a,b,c) =U,(0,1)6(b — B)d(c — 1),
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2. ¢1(a,b,c) = U,(0,1)Uy(0, B)d(c — 1),
3. 901((17 b, C) = Ua(0> 1)ch(D>a

where U, (0, 1) is the uniform distribution of a on the interval (0,1), U,(0, B) is
the uniform distribution of b on (0, B), and U,.(D) is the uniform distribution of
aset D in (b, 1/c) space.

Through the proofs of the theorems we show, the following notation is used.
For a given sample X", two random variables &, and 7, are defined as

1
= = X, 3.1
3 ﬁ; (3.1)
1 n
M = —= > (X7 —1). (3.2)

If {X™} is a sample generated from some i.i.d. given by the N.H., then both
&, and 7, converge to N(0, 1) in distribution and they are asymptotically inde-
pendent.

3.2.1 Case 1 : the case only the mixture ratio is unknown

Here we consider the case 1, that is, only the mixture ratio is the variable.

This case can be regarded as a minimal model with which to study the effect
of the singularity on the behavior of the marginal likelihood ratio. Hence we will
study it as a first step towards more practical situations in the following sections.

Especially, We treat the case that the A.H. is near the N.H. in terms of the
Kullback-Leibler divergence. In such a situation, it is not easy to discriminate the
alternative hypothesis from the null one. This is a typical situation in which a
hypothesis test is needed.

A similar situation is studied in the context of the Bayesian inference, where
the true distribution which generates the sample is slightly deviates from the sin-
gularity of the model on the order of O(n~1/?) (Watanabe and Amari [2003]). It
was shown that the singularity greatly affects the behavior of the generalization er-
ror, even when the parameter set that represents the true model does not definitely
match the singularity.

Although our problem is not an inference but a hypothesis test, we expected
that a similar structure exists. We will see that this is true, and that the n /2
scaling works as well. This is because the scaling is determined from the order of
the Kullback-Leibler divergence between the A.H. and the singularity (N.H.).

Applying the scaling mentioned above, we can derive the asymptotic distribu-
tion of the marginal likelihood ratio as follows.

25



Theorem 2. Assume that the N.H. and A.H. are given as

N.H. : po(w) =3d(a)d(b)d(c—1),
AH. : ¢1(w) =U,(0,1)6(b— B)o(c—1),

where 5 = [y X n~2 and Bo is a nonzero constant. If {X;} is independently and
identically generated from the N.H., the convergence in probability,

L(X") = Ls(&:) — 0

holds for n — oo, where

Loo(&) = %[erf <6°\;;”)+ f(\f/nﬁ)}exp(e) (3.3)

Here &, is a random variable defined in eq.(3.1) and erf(x) is the error function,

9 T
VT Jo

Remark. Assume that £ is a random variable whose probability distribution
is N(0,1). By Theorem 2 and the convegence in distribution &, — &, the con-
vergence in distribution L(X™) — L., (£) holds. Since L. (&) can be rewriten

as
1 2,2
Lol = [ dwesw (<75 4 i),

it is an increasing function of £. Therefore, we can determine the rejection region
by using &.

erf(z) = e~ dt.

proof. : The integral with respect to (b, ¢) is easily performed and the prior of a
in the A.H. is a uniform distribution on (0, 1); it follows that

1
L(X") = / exp(H(a)) da, (3.4)
0
where H (a) is defined as,

_ p(Xila, 8,1)
H(a) = Zl 2X00T) (3.5)

— Zlog{(l—a)+aexp (BX —%)} (3.6)

=1
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Under the N.H., from a well-known result in extreme statistics, the order of the

maximum of X is

Xy =max{X;} =0, (@) :

This results in

2 n

ﬁ&—%smm—ﬁz@<l%ﬂ.

Let o be a constant which satisfies 1 < «. Then

BX; — %2 ~ 0, ( (logn)a> |

n

Hence

exp(ﬁXi—ﬁ—Q) = 1+<6Xi—5—2)+1(ﬁ)(i——

2 2!

1 2\* .
‘|‘§ (5X7,—7> XGO,

where (j is a random variable that satisfies

2

2
|Co| < ’5X¢ — % :
Then,
2 . 2
OSC()%ﬁXi_% (if 8X; — 2 >0),
BXi — '% < Cy <0 (otherwise).
Therefore,

1 B2\ ? log n)3*/2
5@&_7)gw%<La;__
! n2

It follows that

H(a) = Z log

2 2 n

27

2
o () s (- 2) Y

= Zlog [1 +aBX; — a_ﬁz + X +0p (l)] .
i=1

1

n

(3.7)
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Then, by applying a Taylor expansion log(1 + €¢) = € — €2/2 + O(€®) to this
equation, we obtain

n

1 1 1
H(a) = [aﬁXz- - §aﬁ2 + QaBQXf - ga%?Xf +0,(1). (3.8)

i=1
Let us use the following notations,
Zi pXi + % 27, (ﬁXi>2 — % ?
%Z’L (5Xi)2 7
1 2
o = 3 Z (BX;)".

Accordingly, H(a) can be written as

H(a) = —éa*+~éa
= —8(a—7/2)*+ 57y /4.

It follows that

1

L(X") = /01 da exp {—5(61 — %7)2} X exp L_l X 725}

= % [erf (77\/3> + erf (\/3(1 — %))] X exp B X 725]a

where erf(x) is the error function defined by

2 xX
erf(x) = ﬁ/g et dt.

As n goes to infinity, ) converges in probability as

1
5 — 553, (3.9)
by which -y satisfies
which completes the theorem. [

To confirm the validity of the result obtained above, we numerically evaluated
the value of L(X") for finite samples. We used sets of samples generated from
the N.H. distribution. Here, we set the sample size as n = 50 or n = 100, and
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generated 10000 sets of samples from the null hypothesis. In each case, the level
was calculated from them as the ratio of the number of sets X™ for which L(X")
falls into the critical region to the total number of sets.

The result is shown in the Table 1. We can see that the levels numerically
calculated match those derived from the asymptote in both n = 50 and n = 100
cases. Therefore, it can be concluded that the asymptotic distribution we derived
above is valid.

Table 3.1: Level calculated from the samples generated from the null hypothesis

parameters level
[ | threshold of 5% || n=50 | n=100
0.5 1.464 507% | 4.76%
1 2.02 5.56% | 5.15%
1.5 2.475 513% | 4.92%
2 2.929 4.88% | 5.03%

3.2.2 Case?2: both the mixture ratio and the mean of the mixed
distribution are unknown

In this section, we proceed towards a bit more general case. Here, the alternative
hypothesis is a normal mixture whose mixture ratio and the mean are both vari-
ables. We assume that we have no prior knowledge about the A.H., and that the

prior is a uniform distribution.
We will prove the following theorem on the asymptotic distribution of the

marginal likelihood ratio L.

Theorem 3. Assume that N.H. and A.H. are given by

N.H. : @o(w) =68(a)d(b)d(c—1),
AH. : ¢(w) =U,(0,1)Uy(0, B)d(c — 1),

respectively, where B = By x n~z. Then, if {X™} is an i.i.d. sample generated
from N.H., the convergence in probability

L(X™) — Loo(&:) — 0

holds as n — oo, where

1 B B2\ _,p
Loo(&) = B_o/o 2—\/¥log(7)e cosh(gn\/%>dt, 3.11)
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and &, is a random variable defined in eq.(3.1).

Remark. Assume that £ is a random variable whose probability distribution is
N (0, 1). By Theorem 3, the convergence in distribution

L(X™) = Lo (§)

holds. Hence the asymptotic rejection region of the most powerful test can be
found by using L., ().

proof. : The marginal likelihood ratio can be written as

/0 ' da /0 B% exp(H (a,b)),

1
Zlog{ 1 —a)+ aexp (in—§b2>}.

From the condition b € [0, By/+/n], the H(a,b) can be approximated in the same
way as in the proof of Theorem 1 as,

where

1 1 1
H(a,b) = Z [ain — §ab2 + 5ab?XE — §a2b2Xi2} + 0,(1). (3.12)

i

Hence,

H(a,b) = —ga262 +) {ain + Lo (X7 —1)— %aQbZ (X7 — 1)] + 0,(1).

2
(3.13)
Under the N.H., by using the definitions, eqs.(3.1) and (3.2), we have
N 959 Lo, L 9
H(a,b) = —54 b +/n | ab&, + §ab T = 5@ b*nn | + 0,(1)

- —gaQb2 + v/nab&,, + o,(1).

Using the notation L = L(X™) for simplicity, it follows that

Bo/v/n
L = / d&/ \/_db xp(—ga262+\/ﬁab£n+0p(1))

Po db 270
= da — eXp —éa b= 4 ab&,, + 0,(1)).
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Hence, the convergence in probability L(X") — L (&,) — 0 holds, where

o db
(&) = / da/ — exp( ——a2b2 + ab&,)

By using b = t/a, we have

Loo(&n) = / da/ a_Bo exp( —%tQ—i-tfn)

Bo q¢ 1
= / / — exp —§t2 + tﬁ)
t/Bo

1 1
= — dt(log(Bg) logt) exp(—=t* + t&).
Bo Js 2

I 1
= — dt (log(By) — logt) exp(—=t%) cosh(£).
2By J, 2
Then eq.(3.11) is obtained by replacing the integration of ¢ by v/%. 0

Similar to the previous example, we can see that the asymptotic behavior of
the test statistics L does not explicitly depend on n.

We also note that the stochastic behavior of L is determined only by that of
the random variable &. Clearly, L increases monotonously as the absolute value of
¢ increases, and cosh (5 \/¥) is an even function with respect to &, hence, we can
determine the critical region in the same way as is done in a two-sided hypothesis
test of £.

We numerically validated the effectiveness of the analytically derived distri-
bution of L when the sample size is finite.

First, we prepared the 10000 sets of the n samples, where n means the sample
size and we set n as n = 50 or n = 100. We calculated the L by substituting the
¢ in the asymptote with \/LEXZ’. Here, we fixed By as 1. In each case, the level was
calculated from them as the ratio of the number of sets X" for which L(X™) falls
into the critical region to the total number of sets. The levels were compared with
those calculated from the level calculated from the asymptote of L.

Table 2 shows the result. It shows the asymptote we derived in the previous
section works well even in the finite n cases.

Let us comment on the comparison of our results with those obtained by an-
other well-known method of Bayesian hypothesis testing, i.e.,using the Bayes fac-
tor.

The log marginal likelihood ratio F' = — log L , which is also called the loga-
rithm of the Bayes factor, can be used as a tools for hypothesis testing.
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Table 3.2: The level calculated from the samples generated from the null hypothesis

level 10% 5% 1%

rejection region L > r r=2.171 | r=2.298 | r=2.646
numerically calculated level(n=50) | 9.75% 5.22% 1.04%
numerically calculated level(n=100) | 9.91% 473% | 0.97%
numerically calculated level(n=200) | 9.74% 4.84% | 0.99%
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a — =2
_____._d_-_—__—_—__;_ﬁi-——'i'——-hq:————__—_:__—.—a.",.__'
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-
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Fig. 3.1: The log marginal likelihood ratio F' as a function of the random variable £ for
several values of By.

When the value of F' calculated from the data becomes negative, we choose the
alternative hypothesis, and if otherwise, we choose the null hypothesis otherwise.

For the present problem, we can consider two ways of hypothesis testing with
the result we derived. One is based on the stochastic behavior of L, and the other
is based on the F'. Both use the same quantity L, but we will see below that the
former may work more effective in the “delicate* situation.

Figure 3.1 shows the behavior of /" as a function of &.

Interestingly, when By is small, the value of F'is always negative, regardless
of any £, while in the large B, case, F' becomes positive in the small £ region. This
can be understood as follows. When the two centers of the mixture distribution are
so close as the distance between them is O(n~'/2), the overlap of the distribution
of the null hypothesis and the distribution of the alternative hypothesis is large,
and the sign of Bayes factor can become negative for any &.

32



In other words, when the two hypotheses are difficult to distinguish, the hy-
pothesis test using the Bayes factor may choose the alternative hypothesis for any
data, and it does not work well. On the other hand, the likelihood ratio test based
on the stochastic behavior of L is expected to work in such delicate cases.

3.2.3 Case 3 : the case the mixture ratio, the mean of the dis-
tribution mixed, and the variance are unknown

Here, we discuss a more practical case in which the variance of the A.H. is also a
variable. That is, we consider the following probabilistic model,

p@la,b,c) = (1 — a) N(0,1) + aN (b, %). (3.14)

We set the N.H. and the A .H. as

d(a)o(b)d(c—1),
U,(0,1)U(b,¢),

N.H. : ¢o(a,b,c)
A H. e1(a, b, c

where U, (0, 1) is a uniform distribution on the interval (0, 1), and U(b,c) is a
uniform distribution on an ellipsoid in the (b, ¢) plane such as,

_1)2 R2
D=1(bc) : b (=17 K
{0 v LD <MY

where R, is a constant. The area of D is v/27R2/n.

Theorem 4. When the sample size n — oo, convergence in probability L(X") —
L (Z,) — 0 holds, where

I (:)—L/Rg Bo_ Nexp (1) no(viz,) ar
oo*—*n_2R(2) 0 \/E p 92 0 —n .

Here, Iy(t) is the modified Bessel function,

1 T
Iy(t) = —/ cosh(tsin 0)do,
0

™

which is monotone increasing in ¢ > 0 and =,, 1s a random variable defined by

En: V§72L+777217

where &, and 7, are defined in eq.(3.1) and (3.2), respectively.
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Remark. Let = be a random variable whose square is subject to a y? distri-
bution with freedom 2. In accordance with this theorem, L(X") converges in
distribution to L, (Z). Hence, the rejection region of the most poweful test can be
asymptotically determined by L., (Z).

proof. The log density ratio function is given by

p(Xi‘CL, ba C)
p(Xi[0,0,1)

= log [l —a+ayc eg(Xi’b’c)],

where g(z, b, ¢) is a function defined by

f(XiacL?va) = log

c 1 bc
X; = (=== ) X2+ beX; — —.
9(X;,b,¢) (2 2) i +bc 5

Hence the marginal likelihood ratio L = L(X™) is given by

1 n
L = / da/ dbdc 1 (a,b, c) exp (Z f(Xi,a,b, c)) ,
0 b i=1

where
n

gol(a,b, C) = W
0

Since the integrated region of (b, c) of this integral is D, b = O,(n"'?), ¢ =
O, (n=1/2). It follows that

of of
Xi7 7b7 = )= A b =~ —1
f(Xs,a,b,c) floo=on + Ob | (b,)=(0,1) + oc | (b,e)=(0,1) (c )
197 19?7
+ _ﬂ b2 _8_f (¢ — 1)2
2 0b2 | (b,c)=(0,1) 2 0c? 1(b,e)=(0,1)
0*f
bc—1 1
+ 0bOc | (b,c)=(0,1) (c=1) +0p(1/n),
where

of
=L = aX;
Ob | (b,c)=(0,1) “
af a
=L - (X%2_-1
oclpe=0,1) 2 ( ! )
0% f
hi —a(X?-1) - a2Xx?2
Ob? | (b,c)=(0,1) a( ¢ ) @
o*f a
w“(m):(m) =aX; + 3 (1—a) X; (1-X7)
0 f a a a? 2
— = (14+X) - (X2-XH - —(1-Xx2)".
0c? 1 (b,c)=(0,1) 4 ( + Z) 4 ( ! ’) 4 ( Z)
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Hence

—1
f(Xi,a,b,c) = ain+a(c2 )

+{aXi+ S1-a)xi(1 - x3) bb(e-1)

(2

2 4
+o,(1/n).

Note that the order of the quadratic forms of (b,¢ — 1) is 1/n and
WYX = o)
(L/n) ) X7 = 1+o,(1),
/WYX = o1,
(1/n) Y X} = 3+0,(1).

The log likelihood ratio function is given by

(X2~ 1)+ 5 {a (X2 1) -

a2X2) 1

ri -5 xn -2 - - L - -

(3.15)

- alc —1) ¢ 2 292
izlf(Xi,a,b,c) = abilei—k Ty (X; —1)—§ab
—a? (e = 1) + 0,(1)
Let us define (7, 6) by
b = rcosf,
¢ = 1+V2rsind.
Then by using eq.(3.1) and (3.2),
i f(Xi,a,b,¢) = —ga27“2 + vnar (&, cos 0 + n, sinf) + 0,(1)
i=1

= _gazrz + vnary/&2 + nZsin(6 + 6p) + 0,(1),

where 0 is a random variable which satisfies tan 6y = &, /7,,. By using the nota-
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tion R = Ry/+/n, the log marginal likelihood ratio can be written as

L = / da dbdc exp fila, b, c
Ao (o)
R 9 2
= / da/ r dr d_@ Xp ——a2r2 +ary/&2 + n2sin(0 + 6y) + Op(1)>

R 2 27r
= / da/ r dr ﬁ xp —Ea2r2 + arZ, sin(0) + op(1)> .
0 0

Then by replacing r = £//n with dr = d{¢//n, it follows that

Roopde [* dg 1
/ da/ / — exp ( 5 a’l* + alZ, sin(0) + Op(1)> :
2w

We define L, (=Z,) by

Ro 9 2 1
[ e i)
0 o 2

Then, the convergence in probability L(X") — Lo (Z,) — 0 holds. L. (Z,) can
be rewritten as

Ro
/ da/ 20 dﬁ/ 9 xp <_%a2€2> cosh (al=,, sin(6)) .

t = a*?,

By using

the random variable L., (=,) can be also rewritten as

! @RS gy o t
Lo(Z,) = /O da/o a2R2/0 o OXP (—§> cosh (\/_Hnsm( ))
0
Bt da 9 t
= dt — | = —2) cosh (Vi=, sin(8))
/0 /\/{/RO a2R%/O o exp( 2) cos (\/_ sin( ))

- o "t (Rofvi—1) e (-5) vz,

which completes the theorem. 0

As well as the results we obtained in the previous sections, the asymptote of
L does not explicitly depend on the sample size n. The reason for this behavior is
the same as in the previous cases, the critical scaling r oc n~ /2.
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Let us validate the asymptote we derived above.

We firstly prepared the 10000 sample sets, whose size is denoted by n, and
conducted the validation for four different values of n, i.e., n = 100, 200, 400, 800.
We calculated the L by using = calculated from the finite sample. Here, we set R
as 1. Then, we estimated the level numerically in each case and compared them
with the levels of case 2.

Table 3 shows the result. Compared with the previous cases that used simpler
models, in the present case, the numerically calculated levels slightly deviate from
the theoretical values derived from the asymptote. But we can see that as the n
becomes larger, the numerically calculated levels approach the theoretical value,
and we can conclude that they match well and the asymptote we derived in the
previous section works well even in the case of finite n.

Table 3.3: Comparison of levels derived from asymptote and those numerically calcu-
lated levels

level 10% 5% 1%

rejection region L > r r=0.550 | r=0.581 | r=0.659
numerically calculated level(n=100) | 9.53% 4.81% 1.21%
numerically calculated level(n=200) | 9.72% 4.64% | 0.88%
numerically calculated level(n=400) | 10.04% | 4.91% | 0.79%
numerically calculated level(n=800) | 10.33% | 5.09% 1.03%

3.3 Comments from the perspective of the singular
learning theory

Let us mention the relation between the result obtained above and the general
asymptotic form of the log marginal likelihood of the singular model, which is
derived from the theory of algebraic geometry (Watanabe [2001]).

In Theorem 2, we derived the asymptotic form of L and saw that L did not
depend on the sample size n as a result of the scaling law B oc n~/? that we
applied.

We can consider another scaling B o< n~%, where a > 0 is a constant. As
long as o < 1, we can calculate the asymptotic form of L in the same way as the
derivation of Theorem 2. The result is as follows.

«
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1 Bgnlfza 1 BQ 1-2a
L=—— / —~_log {L}G_Wcoshf\/fdt (3.16)
0

B B()TL%_ \/E t
We can immediately obtain the log marginal likelihood ratio /' = — log L.
1
F = (5 - a) logn — (1 — 2a)log (logn) + o,(log (logn)) (3.17)

According to Watanabe [2001], the general asymptotic form of log marginal
likelihood becomes

F = Xlogn — (m — 1) log (log n) + o,(log (logn)) (3.18)

We can see that our result corresponds to A = % —aand m = (2 — 2a). The
sample size’s dependency on the support of the prior affects the real canonical log
threshold A and the multiplicity m. In this paper, we treated o = % as a “critical”
case, where the A\ and m effectively vanish. In such a case, the main term of F
becomes stochastic. This is why it can be difficult to apply conventional Bayes
factor-based testing to such a case.

Let us comment more on the scaling n /2. The Kullback-Leibler divergence
K between the null hypothesis and the alternative hypothesis can be easily calcu-
lated.

K(a.b) = /p($|(0, 0)) log %dw = —%aQb2

Here, nK (a,b) is nothing other than the leading term of the H(a.b).

In the proof of the Theorem 2, we mainly considered that b < n~/2, and
a ~ O(1). The meaning of this setup is clear, the center of the mixed distribution
deviates from the origin , as much as the variance of the distribution, and the null
and alternative hypothesis are hard to discriminate.

As a result of this scaling, both na?b* and \/nabé becomes O(1), and this
result in the n-independent asymptote of L.

However, as we can be easily seen, this “scaling” is not unique. So long
as ab ~ n~Y? and bX; — % is small enough that the Taylor expansion of the
exponential is valid, a proof similar to the one above can be constructed. For
example, a scaling such as a ~ n~"/* and b ~ n~/* will lead to the same results.

The important point here is that this can be understood as a Taylor expansion
around the singularity ab = 0, and the deviation is described as a power of ab, not
of b.

(3.19)
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As we saw above, in this delicate situation, a hypothesis test based on the
stochastic behavior of L works well, and to construct it, we need to find the
singularity (in our setting, ab = 0) and an appropriate scaling (in our setting,
ab ~ n~1/?)is essentially important.

Therefore, to construct the hypothesis test using singular models, we should
keep in mind the effect of the singularity, and consider whether the case under
consideration is “delicate” or not, by computing the Kullback-Leibler divergence
between the null hypothesis and the alternative hypothesis. The scaling is deter-
mined by the form of the Kullback-Leibler divergence that consists of a polyno-
mial for each parameters. From the perspective of the singular learning theory,
this is nothing other than the relation between the real log canonical threshold
(RCLT) A and the representation of the parameters in the model.

3.4 Discussion

In this chapter, we theoretically studied the test of homogeneity for normal mix-
tures in terms of the Bayesian framework, for the first time. By applying the
mathematical technique developed for the analysis of singular models and by ap-
propriately scaling from the singularity, we derived the asymptotic behavior of the
marginal likelihood ratio for several forms of the prior.

The merits of our treatment are as follows.

First, the test statistics that we analyzed was the marginal likelihood ratio and
as a result of this, the hypothesis test using it is guaranteed to be the most powerful
test. Second, compared with other methods using the value of the (log) likelihood
ratio, such as Bayes factor based ones, the hypothesis test based on the stochastic
behavior of the marginal likelihood ratio is valid even when the null hypothesis
and the alternative one are hard to discriminate, as we saw. The stochastic behav-
ior of the test statistics we derived can be described as a function of the proba-
bility variables obeying well-known probability distributions. From the practical
perspective, this gives us a clear and easy-to-use formalism.

To conclude our discussion, we should note that in the field of Bayesian learn-
ing theory, the study of hypothesis tests is not sufficient and there is much that
remains to be studied. We believe that our method is very general, and that it can
be applied to various singular models. This direction of study could be of practical
value. We also believe that it is also important to study the methods of approxi-
mating the log marginal likelihood ratios with high efficiency. One candidate for
this is variational Bayes, which is an efficient way to approximate the posterior
distribution. However, the theory of hypothesis test based on variational Bayes
is still insufficient. Therefore, we should study how to apply it to a Bayesian
hypothesis test. This is the theme of the next section.
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Chapter 4

Testing homogeneity for normal
mixture models using variational
Bayes

4.1 Introduction

As we saw in the previous section, the properties of hypothesis tests for singular
models are completely different from those for regular models. It clearly shows
the importance of the theory for the hypothesis test for singular models.

In the Bayesian hypothesis test, we have to calculate the marginal log likeli-
hood, the test statistics which gives the most powerful test. However, this requires
vast computational resources in general, and an efficient scheme for the task is
needed.

Variational Bayes (also called variational inference) (Attias [2000] Blei et al.
[2017]) is known as an effective approximation method for this purpose, and it
is widely used in various situations. Although the power of the variational Bayes
is well-known, no study has applied it to the approximation of the marginal log
likelihood ratio (variational free energy) to construct a hypothesis test, as long as
we know.

Although there have been not many theoretical studies on variational Bayes for
normal mixtures, but some important facts on the variational free energy have been
clarified through asymptotic analysis in Watanabe and Watanabe [2006] Watan-
abe and Watanabe [2007]. Through the asymptotic analysis of the variational free
energy, the authors proved that the phase transition occurs when the hyperparame-
ter exceeds some critical value. Here, the “hyperparameter” means the parameter
contained in the prior of the mixture ratio in our model. More concretely, in
Watanabe and Watanabe [2006] Watanabe and Watanabe [2007], Dirichlet dis-
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tribution is chosen as the prior of the mixture ratio as ¢({az}) o< [, {ax}?"",
where ¢ is the prior, {a} is the mixture ratio of each component, and ¢ is the
hyperparameter. The authors of Watanabe and Watanabe [2006] Watanabe and
Watanabe [2007] theoretically clarified when the ¢ exceeds some value, the phase
transition occurs. When the phase transition occurs, the stochastic behavior of the
test statistics is greatly changed. Therefore, to construct a hypothesis test properly,
the properties of the phase transition should be grasped.

Another important result their asymptotic analysis has derived is that the lead-
ing order of the variational free energy is O(logn), when the sample size n is
large, while the order of the stochastic term in the variational free energy is O(1)
(Watanabe and Watanabe [2006]). The stochastic behavior of the test statistics
needs to be clarified for constructing a hypothesis test, but the specific expression
of it has not been obtained.

In summary, we have to clarify the asymptotic behavior of the variational free
energy, to construct a new way for testing homogeneity based on the variational
Bayes framework. It requires the stochastic behavior of the variational free energy,
which is given as O(1) term in the asymptote of the variational free energy. The
previous studies only revealed the asymptote within the order of O(logn), and we
have to proceed further and clarify the higher order term for our purpose. Also, the
phase transition induced by the hyperparameter greatly affects the behavior of the
variational free energy, and we have to clarify the influence of it in our problem.
These are the problem we solve in this chapter.

The results shown below are as follows. First, we show that our model has
the phase transition induced by the hyperparameter under the variational Bayes
approximation. We obtain the critical value of the phase transition. Second, we
derive the asymptote of the variational free energy within the order of O(1), when
the hyperparameter ¢ is larger than the critical value. Based on these results,
we construct a new hypothesis test scheme for the first time and demonstrate its
validity with numerical experiments.

4.2 Variational Bayes

In this section, we apply the variational approximation to the marginal log likeli-
hood ratio. Before this, let us rewrite the marginal likelihood ratio by using latent
variables, for convenience.

As well as the previous chapter, we consider two-component normal mixture
model as the probabilistic model,

po(z|w) = (1 — a)N(0,1%) + aN (b, 1?). (4.1)
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In this chapter, we assume that the N.H and A.H are as follows,
<:00((17 b) = 5(0’)5(17)7

: 1 1
v1(a,b) = Dzr(a|q§)x\/ﬁexp (—T‘ZbQ).

where Dir(a|¢) is a Dirichlet distributions of a,

Dir(algp) = Hak

Here we define ag = (1 —a) and a; = a, and by = 0 and b; = b. Hereafter, the
index k£ means the dummy variable for the index of the cluster, and & runs from 0
to 1.

We also note that we choose conjugate prior distribution as a A.H., for simpli-
fying the calculation of the variational approximation.

To calculate the numerator of marginal likelihood ratio L(X™) is a difficult
task. In the following sections, we will discuss how to approximate this quantity
efficienty and construct the hypothesis test based on it.

For this purpose, we introduce here latent variables {y;;, }. The meaning of the
variable y;; € {0, 1} is to which cluster in the model X; belongs. We should note

that {y } satisfy >, v, = 1.
The posterior under the A. H. can be written in terms of the latent variables as,

1 1 2| ¥
Pl sk 1X7) = - | { et ) @)

Hereafter, we abbreviate the set of the parameter{a, b} as w, and the summation
of {y;} is taken for all configurations, Z,, is

Zn:/deH{ak

{yin} 0.k

Let us approximate p(w, {y;,} |X™) under the variational approximation. We
will find a variational function [¢({vx })r(w)] that minimizes the Kullbuck-Leibler
divergence,

5 Yik
e~ (Xi=bx) /2} 901(10)‘

o(d ()
DGl = [ du 3 oty og LT,

as an approximate of p(w, {yix} | X™).
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The q({yix}) and r(w) should satisfy the following conditions, which are ob-
tained as a result of the variational principle.

q({yir}) o< exp [E, {log p(w, {ya } | X™)},

r(w) o exp [Ey {log p(w, {yi} | X")}].

where £, {-} means the expectation value with respect to r(w), and £, {-} means
the expectation value with respect to q({vix })-
The logarithm of p(w, {y;x} , X™) becomes

1
logp(w, {ya} [X™) = > wu {log a5 (X; = 0ub)’
ik
— g log (27) + log ¢1(a, b), 4.3)
It is linear with respect to y;, and r(w) becomes,

r(w) oo exp[Eq {logp(w, {yir} [X")}]

_ HHagm\/_{exp{ S Z-—aklb)ﬂ }ygk
X p1(a,b), 4.4)

where y;;, means E, {yi}.
As well as r(w), q({y:x}) can be calculated as,

q(yix) o< exp [Z gyzk {(log ag) — %((XZ- - 5k1b)2>}]
1?[1;[ {GXP {<1Og ag) — %((Xi — 5k1b)2>} }yik 4.5)

where ({-}) is an abbreviation of F,. {-}.
The self-consistent equations that ¥;;, should satisfy become

1
Yir X €XP [(log ag) — §<(Xl — (5klb)2)} (4.6)

The self-consistent equations a; should satisfy are
(log ay) (Z Yir + ¢> ¥ (n+2¢), 4.7)
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where ¢(z) = 2T(2) is the digamma function. Here, I'(z) means Gamma func-
tion.
From these results, r(w) can be written as,

r(w) o HH“Z’“ exp [—% (% +Z?ﬁk>]

Xigie )
X exp (b _ ;—“) 4.8)
P Zz Yik
and the equations which (b) and (b*) should satisfy become
Zi XiYik
) =7,
Y i Yik + =2

1
V) = () + =——.
S

As a result of them, the self-consistent equations for ;;, becomes as follows,

| 1
Yio o exp |1 Z?fz‘o—i‘ﬁb —¢(n+2¢)_§X12] (4.9)

v o< exp [ | Y v+ ¢ —¢(n+2¢)—%<(X¢—b)2>]

= exp Y| Y v t+¢ | —vn+29)

7

X exp |- {(Xi —(b)* + ﬁ}} (4.10)
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Using these results, the variational free energy becomes

ot et o ZLEDI ()
Fo= {al{ma)ru)log ©HEED)

_ ot log D) T (20)
=2 2o 08 )~ R L)

+ %log <1 +0? Z y§1> + 2—12(b>2
+ % Z Z Yir (Xi — 01 (b)) Z Z Yir log (2)
ik
- Z Z Yir log yar, + log Qg 2 & 2¢)
ik

[ITCQ 2, vin + @)

* %10g<1+02;y;1>+§ZX2
13 X5)* I'(29)
— 221 21+0 §1og(2ﬁ)—log—nkr<¢)

The logarithm of the denominator of L is calculated as

F, = —log/gpo(w)Hpo(Xi,w)dw
= —ZX2 log (2m)

Therefore, we obtain the logarithm of L, variational free energy, as

F-F = >, Z yir log v, + log Fl(‘[zrk(g z: :[ f;)b)
N 1 1og (1—|—0 Z zl) _ ZZZ;??ﬁl)

_L(29)

[1(I'(¢))

log

@.11)

(4.12)

To construct a hypothesis test, the stochastic behavior of F' — Fj is needed,
and we should proceed further. It requires the stochastic behavior of y;;. In the
following sections, we derive the the stochastic behavior of v;; for this purpose.
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We should also note that the variational free energy exhibits the phase tran-
sition when the hyperparameter ¢ changes. This affects the configuration and
stochastic behavior of #;;, as we will see in the next section. This is the root of
our motivation to investigate the phase transition of the model.

4.3 Phase transition induced by the hyperparame-
ter

In our problem, the parameter sets that minimize the variational free energy should
be those that correspond to the null hypothesis. Actually, such a parameter is not
unique. More specifically, {y;1} that satisfies 3, = O(1) and (b) = 0 is one
candidate, but also {y;;} that satisfies > ;1 = 0 is another one. In other words,
these solutions seem degenerated.

However, the prior we consider has a hyperparameter ¢, and it is natural to
expect that the degeneration be solved when we tune this hyperparameter, and
only one of the solution becomes a true solution of the variational Bayes. This is
nothing other than the phase transition induced by the hyperparameter.

In a previous study Watanabe and Watanabe [2006], the upper and lower
bounds of the asymptote of the variational free energy were studied, within O(log(n)).
They showed that the phase transition occurs by tuning the hyperparameter. There-
fore, it is clear that the phase transition drastically change the variational free en-
ergy even at the term of O(log(n)), which is not the stochastic term . It is natural
for us to expect that the phase transition also greatly affect the O(1) term, which
dominates the stochastic behavior of the variational free energy, the test statistics.

Therefore, from the perspective of our purpose, we consider that the effect of
the phase transition should be studied and we should grasp what kind of solution
is obtained as a function of the hyperparameter. This is the main purpose in this
section. We firstly show the existence of the phase transition and derive the critical

point ¢,

4.3.1 Asymptotic form of /" when ), y;; is O(n)

Our main purpose here is to construct the hypothesis test using variational Bayes,
and it is natural for us to focus on a situation when the hypothesis test plays an
important role. That is the situation when the two hypotheses we treat are very
similar and it is difficult to distinguish between them. Specifically, we consider
the situation (b) is small and two gaussian distribution in our model are largely
overlapped, (b) Xiax ~ 0,(1), under the null hypothesis.

Under this assumption above, the following theorem holds.
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Theorem 5. When ), y;; is O(n) and (b) ~ o(1/+/logn), the asymptotic form
of the variational free energy becomes

F — Fy =logn + o(logn) (4.13)
under the null hypothesis.
proof. Let us introduce § as ), ¥;1 = nq and ny/n = a ~ O(1) for brevity.
The self-consistent equation of {y;; }becomes
n16<b)Xi71/2<b2>

n — nq + npe®Xi—1/2(0%
n

- —+%<1—E><b)Xi

n n

© g (=) -

- () o () 0rxt - o ()
= a+ a(l —a)(b)X;
+ L b)? [X7 (1 —3a+20%) +a—1] + O (((b)X,)*) .

Yan =

Using this, (b> becomes
> YnX;
> Yt oe
22X (a4 a(l—a)h)X;+ O0((h)*))
ni + %
1
= - S X+ () (1—a)+o(n /).

() =

Therefore, we obtain
1
b)=—> X, -2y, 4.14
() nlE jto(n™7) (4.14)

From this result, 1;; becomes

R 11—«
Yan = CY+( )ZXin

n

J

2
1
t 5o (Z Xj> [ =1+ (1 = 3a+20%) X7]

0 (log”) . (4.15)
n
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Here we used the well known result that the maximum of the { X} is at most
in the order of O(y/logn), when X; ~ N (0, 1?).

Now we can calculate the variational free energy explicitly from these results.

Let us rewrite 1;; as a sum of the mean and the fluctuation term, for simplicity,

yin = a + Ay,
The entropy term becomes,

> Ay loggin + (1= yi) log (1 — yin)}

)

= ) (a+Ay)log(a+ Ay,)

£l (ot Ag)]log [l — (o + Ag)]
= nlaloga+ (1 —a)log (1 — a)]

+ ZAyi[loga—log(l—aﬂ—i—Z%(Ayi)Q [é—l— ! ]

1l -«
+ Y o0(ay).

From the equation (16) , the sum of Ay; becomes

i i,

' 2aln2 (;XJ)ZZ [0 =1+ (1 30 +207) X7]

i

%)

+ ﬁ(1—3&+2a2)Z(Xf—l) (%ZXY

2

1

— ﬂ(1—3a+2a?)2()(3—1) (%ZXY

= 0O (n_1/2) . |

(2

and the sum of the square of Ay; becomes
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> (Ay)?

)
+ (1();13(1)(1 — 3o+ 20%) (Z Xj) ZXZg

J

2
1
_ ot A ~1/2
= (1-a) (\/HZX) +O(n~Y?).
Therefore, the entropy term becomes

> Ay log yin + (1 — yin) log (1 — i)}

2

11—«
200

= nlaloga+ (1 —a)log (1 —a)] + 2.

The other terms can be calculated as follows:
I'(n + 2¢)
log
(g +@)T(n —ny + )

1 1
= Elogn— (na+q§—§> log

— (n(l —a)+¢— %) log(l — a) — %log27r + o(1).

log (1 + o2 Z yﬂ)

1 1
[logn + log a + log 02} + §log (1 + )

12

N~ N~ DN~

noo?

[logn + loga + log 02} + o(1).

LX) 5 (Z Y + %)

23 Y+ o5



Here we used the asymptotic form of the gamma function,
1 1
logT'(n) = (n — 5 logn —n+ 3 log 27 + o(1).
By integrating them, we obtain the variational free energy

1 1
F—F = logn+(1—¢)loga— (¢—§) 10g(1—a)+§10gg2

_ %SQ—logM—llogZW—i—O(l)- (4.16)

[1(T(0) 2

From these results, we obtain
F — Fy =logn + o(logn), 4.17)

and the proof is completed. ]

4.3.2 Asymptotic form of F' when Y, y;1/n — 0

When ) . y;1/n — 0, the following theorem on the asymptotic form of F holds.

Theorem 6. Let us define the function f(y;) as,

Fw) = > {ynlogyin + (1 —gin)log (1 — vin)}

(32 Xigin)”
2(ny + 1/0?)

When we fix ) . y;1 = 1y, the minimum of f(y;;) satisfies
f(yi) = —n1logn +nylogny —ny + o(1) (4.18)
and F' — F{ becomes

F—F,=dlog nﬁ +logny + O,(1) (4.19)
1

proof. In this case, the logarithm of the ratio of the gamma function becomes,

log I'(n + 2¢)
[Tlog (X2, 4in) + @)

— (ni+¢— %) log(ny + ¢) — (n — nq) log (1 — %) + O(1)

= (n1+ ¢)logn
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where we define ) ;Yin = ni. We should note that the leading order is different
from the case we saw in the previous subsection.
Applying the method of Lagrange multipliers, we minimize the function such

as,
filyn) = Z {yirlogyin + (1 — yin) log (1 — yin) }
(Z Xzyzl
- A i .
2(ny + 1/02) * Zyl
The equation of the stationary condition is given as
0 i Xy X
O gy W1 _ 2 LS (4.20)
Yir 1=y (n1+1/0?)
By solving it with y;, we obtain
il = ! 4.21)
T T exp(CAX, - B))’ '
where
A = Z yjl
(n1+1/0?)
A
B = —.
A

Let us assume that A > 0, and X; < X, < ... < X,,. This assumption
does not lose the generality. Under this assumption, the following lemma on the
asymptotic form of the trimmed sum of X; holds.

Lemma 1. Let X; < X, < ... < X,be an i.i.d sample generated from the
standard normal distribution A0, 12).

Let us consider the trimmed sum of the largest n;th data from the sample.
When n; — oo and n; /n — 0, the asymptotic behavior of the sum is

— Z X; = [21log % + 0p(n1) (4.22)
. ni
i=n—mi1+1

proof of Lemma 1. As a normal distribution satisfies the von Mises conditions,
the asymptote of the n;th maximum values x,_,, 1), satisfies

(X—nit1)m — an) /bn — N(0, 1), (4.23)

51



where a, = F~' (1 — ) and b, = \/n1/ (nf(a,)), here F(z) means the cumu-
lative distribution function of X, and f(x) means the distribution function of X
(see Theorem 8.3.4 and Theorem 8.5.3 in Barry C. Arnold and Nagaraja [2008]).

2
In our case, the asymptotic form of a,, becomes a,, — 4/21log ;- — loglog (%) ,

b, — ‘/;1 xlﬁe 305 , and the leading term of the X,_,, 1) ,becomes

n
Xnomt1)m = Gn + op(gl). (4.24)

Let us proof the lemma using this result. First, we split the X, +1)n, - X(n) 0
samples by T groups that satisfy 1 < T' < n; < n. Each group contains [n; /7]
terms.

The maximum in the ¢ + 1th group, Y;, satisfies

Vin < /2log(n] (m = /7)) + 0y(™)
— \/2log(n/n1)+210g(T/t)+0p< )
o) x TF TR (o) + 0p(77)
] x

< y/2log(n/ny) x (1+1log (T'/t)/log (n/ny))
V2log (n/ny) + V2log (T/t)/\/log (n/ny).

Therefore,

T—1

n n

T 2 Yer + 7/ 2logn
t=1

(rh.s) = %(T—l) 21og (n/n1)

+ V2(T-1)/ log(n/nl)—i-T\/?logn
< (nl—%> 2log (n/n1)

log ny
+ <\/2 logn/ny + V2——a—e Toa(n )

nq \/_lognl (n)
T \/log (n/n)

II\ M
5
T
AN

= 2log (n/n1) + =

If we choose T that satisfies 1 < T' < ny < n properly, e.g., T' = /n;, the
second term becomes 0,(n;). and the lemma is proven.
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Using this, we can obtain

0< AL ,/210g£
ny

As ) .y = nq, and lim,,_, ™ = (), the number of y;; that satisfies y;; > 1 /2
should not be O(n). Therefore, B should go to co when n — oc.

Let Z be a constant that satisfies Z — oo and g — 00, and let us write the
number of y;; that satisfies X; < B/Z as anj,and § =1 — a.

Under these assumption, AB — oo when n — oo. This is because if AB
does not diverge, y;; becomes larger than 0, but this leads n; = ), ¥;; does not
diverge. Therefore, when n;y — oo, AB — o0 is needed.

As a result of this, the following holds from (4.21),

1
X;| < B/Z =
Xl < B/ Yin 1+ exp(—AX; + AB)
~ exp(—AB). (4.25)
Let us split f(y;1) into the three parts,
fi) = filyi) + fo(yi) + f3(%i), (4.26)
where
fi=_ valogyi + (1 —yin)log(l - vin), (4.27)
X;<B/Z
fo=_ winloggin + (1 —yin)log(1 — yin), (4.28)
Xi>B/Z
 Xit)?
fy = — A2 Xiin) (4.29)

2(n +1/02%)

From the convexity, f; satisfies the following inequality as,

v

f1 n[%log%—l—(l—%)log(l—%ﬂ
n n n

n

2”%
= —anglogn + an;logan; —an; + a*—.
n

Also, f5 satisfies

fa= > tnlogyi + (1 —yin)log(l —yi) > —Anilog2,  (4.30)
X;>B/Z
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because the minimum of the function g(y) = ylogy + (1 — y)log(l — y) is

gy =1/2) = —log2.
As for f3(yi1), the term >, X, in the numerator satisfies,

> X = > Xan+ Y X

Xi>B/Z Xi<B/Z

IN

Z Xi | + Z Xiya

Xi>B/Z Xi<B/Z
In the last line, we use the result,
an; = nexp (—AB). (4.31)

Therefore,

Y X <at ST X+, [2log - 4.32)
- n Bng
i X;<B/Z

The condition in which equality is satisfied is « = 1, 5 = 0, and

2
fluin) > 1 (O‘”I% 2 Xi<B/z Xi)
sWit) = 75 (ny+1/0?)

(4.33)

We can see that the o and (3 that gives the maximum of f; + fo under o+ = 1
are alsoa =1,5 = 0.
Therefore, we obtain

2
flyin) > —nilogn + nylogn, — ny + % + o(1). (4.34)

By adding the log gamma term to it, we obtain the minimum of the variational
free energy,

F — Fy = ¢log — + logny + O,(1). (4.35)
ny
O

From the results of Theorem 1 and Theom 2, we can obtain the asymptotic
behavior of the variational free energy as a function of ¢ within the O(logn) as

[ plogn+o(logn) (¢ <1)
7 logn+o(logn)  (otherwise)
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This clearly shows that the phase transition exists in our model, and the crit-
ical value of the hyperparameter ¢.. becomes ¢., = 1. Note that these results
are different from those obtained in the previous study (Watanabe and Watanabe
[2006]), because our model and theirs have different parameter space.

We should also note that the configuration of {y;;} of the solution is clearly
different depending on the value of the hyperparameter. When the ¢ > 1, the
solution satisfies > y;1 ~ O(1). This means that under the A. H., the data is
described by a mixture of two clusters with very close averages and it is very
difficult to distinguish between the two clusters.

In contrast, when ¢ < 1, the > 4;; becomes small. This means that the vast
majority of the sample can be described under the A. H. by a single normal dis-
tribution with a center at the origin, but there are a few data that can be regarded
as belonging to a normal distribution with a center away from the origin. Under
such a circumstance, the hypothesis test scheme based on this can be regarded as
testing for the existence of outliers.

The lesson from our result is that we should choose an appropriate hyperpa-
rameter suitable for the purpose.

4.4 Asymptotic form of the variational free energy
on the O(1)

In this section, we consider again a situation in which it is difficult to distinguish
whether or not a sample is generated from one cluster. From the discussion in the
previous section, this corresponds to the case in which ¢ > 1.

On the asymptotic form of the variational free energy, the following theorem
holds under the above assumption.

Theorem 7. The variational free energy of the two component Gaussian mixture
becomes

F—F = logn—(¢—1)log(¢—1)~ (¢_%)1°g(¢_%>

(2¢ — g) log (2¢> — ;) + %log o? — %52

'(2¢)
[1(T(9))

when the hyperparameter satisfies ¢ > 1.
Here, £ is a probabilistic variable that obeys & ~ N(0, 12).

+

1
) log 2 — log +o(1) (4.36)
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proof. As we proved in Theorem 5, the variational free energy becomes

F—F = logn—l—(l—gzﬁ)logoz—(gzﬁ—%) log(l—oz)#—%loga2
1 res) 1

From the variational principle, « is determined as a solution of the following
equation,
a = argmin [F(a)] = ap. (4.38)

« 1s the solution of % = 0, that is,
o o—1 1 4(p—1)
C20—3  21+4(p—1)

By substituting this into /', we can obtain

Qo (4.39)

Py = togn (6~ Dlog(o- 1)~ (o3 )iog (0 3)

(2¢ — g) log (Q(b — ;) + %log o? — %52

'(2¢)
[1(T(9))

This is the result that we want to derive. L]

+

1
-~ 3 log 27 — log + o(1). (4.40)

In Figure 4.1, oy is plotted as a function of ¢.
We can see that oy behaves as a function of ¢, around the critical point ¢, = 1
as,

ag ~ (¢ — dor) (4.41)

The asymptotic form of [ clearly shows that the stochastic behavior of the
variational free energy is determined by the stochastic variable .

Under the N. H., ¢ follows a standard normal distribution and the distribu-
tion of the variational free energy can be described by a x? distribution. We will
examine the validity of the results in the next section.

4.5 Numerical experiment

In this section, we show the result of our numerical experiments to examine the
validity of our theoretical results.
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Fig. 4.1: Variational parameter o that minimizes variational free energy F’ as function of
the hyperparameter ¢.

First, to see the validity of the asymptote for a finite sample size, we compared
the asymptote derived in the previous section with one that is numerically calcu-
lated by an iterative algorithm, the variational Bayes-EM (VB-EM) algorithm.
We set the hyperparameter as a sufficiently large value, ¢ = 20, and calculated
the asymptote in cases in which n = 200, 400, 800, 1600, 3200, 6400 cases. To
see the variance, we calculated them for 100 different sample sets. The results are
shown in figure 4.2. We can see that the asymptote theoretically derived and the
numerically calculated result match well as a distribution.

We also calculated the level numerically for a finite sample with the VB-EM
algorithm, and compared it with the threshold determined from the asymptote
we derived. The procedure is as follows. First, we numerically calculated the
variational free energy for many sample sets independently generated from the
null hypothesis. After this, we determined the level as the ratio of the number of
the sample set whose variational free energy becomes less than the threshold, to
the total number of the sample sets.

Through the numerical experiments, the hyperparameter was set as ¢ = 20
and we calculated the variational free energy for the 5000 sample sets generated
from the null hypothesis.

The results are summarized in the table 4.1. The results show that the threshold
derived from the asymptote functions correctly. Therefore, we can conclude that
the asymptotic form of the variational free energy we derived is valid.
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Fig. 4.2: Comparison of variational free energy numerically calculated by VB-EM algo-
rithm with the asymptote theoretically derived, for different sample sizes. Red
triangles correspond to the variational free energy calculated from theoretically
derived asymptote, and blue circles correspond to the variational free energy
numerically calculated.

From the results we have shown, now the hypothesis test of homogeneity
based on variational Bayes, which we refer it to as the VB test, can be constructed
as follows.

First, calculate the variational free energy from the sample numerically by VB-
EM algorithm. In this procedure, the hyperparameter ¢ should be set as greater
than one.

Second, test whether the variational free energy is below the threshold or not.
The threshold is derived from the asymptote we derived in Section 5. The stochas-
tic behavior of the asymptote is described by the square of the standard normal dis-
tribution, and it is easy to calculate the threshold for the rejection rates one needs,
by combining the well-known behavior of the y? distribution and the asymptote
we derived.

4.6 Discussion

In this chapter, we apply the variational Bayes to the calculation of the marginal
likelihood ratio. We construct a new hypothesis test for the homogeneity, the
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Table 4.1: The rejection rate calculated numerically by variational Bayes. The threshold
is calculated from the asymptote of the variational free energy theoretically
derived.

sample size rejection rates
n 10% 5% 1%
100 7.1% | 3.4% | 0.5%
200 8.4% | 4.1% | 0.8%
400 9.5% | 4.5% | 0.7%
800 9.6% | 5.1% | 1.1%

VB test using variational Bayes based on the asymptotic form we theoretically
derived. The variational free energy of the normal mixture model showed that
the phase transition induced by the hyperparameter ¢ in the prior. As we saw, the
phase transition affects the stochastic behavior of the variational free energy, and it
is important to discuss the phase transition, when we try to construct a hypothesis
test.

The application of variational Bayes for hypothesis tests is not limited to the
problem we discussed in this chapter, although specific calculations are needed in
each case. As future problems, it would also be interesting to construct hypothesis
tests for other singular models, such as Poisson mixture model, Bernoulli mixture
model, and so on. Although the distributions of the test statistics for these singu-
lar models are not trivial, these mixture models can be rewritten by using latent
variables, and we can expect that variational approach also works.
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Chapter 5

Asymptotic analysis on upper
bounds of the type I and type 11
errors for singular models

5.1 Introduction

In the previous two chapters, we mainly discussed the asymptotic distribution of
the test statistics and constructed the hypothesis test based on them. The per-
formance of the test is validated through numerical experiments in the previous
chapters, but to clarify the error in hypothesis testing theoretically is also a fasci-
nating problem from both fundamental and practical perspective.

In conventional theoretical statistics which treats regular models, several cele-
brated results are obtained, such as Chernoff bound and so on (see e.g. Cover and
Thomas [2006]). Therefore, it is natural for us to try to extend these results for
treating singular models.

In this section, we theoretically derive the expression of the bound of type I
and type II error of the hypothesis testing for singular models, based on Bayesian
singular learning theory. The results are clearly different from the conventional
result, and these reflect the geometrical properties of singularities.

5.2 Bayesian hypothesis test and the upper bound of
the type I and type II errors

Let us briefly summarize the notation, because in this chapter, we mainly treat the
theory for general hypothesis test, and the results are not limited to the case of the
test of homogeneity for normal mixture.
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Let {X" = (X1, Xs, ..., X,,) € R"} be sample, generated independently and
identically.

We assume that the sample is obtained from a probabilistic model p(z|w),
where w means the set of the parameters in the model. In the Bayesian framework,
parameters w is generated from a prior ¢(w).

This can be expressed as

w e~ p(w),  X; ~ p(rw).
Generally, the null and alternative hypotheses for hypothesis tests are set as,

NH. : w~go(w), X;~ p(x|w),
AH. @ w~p(w), X;~pzlw).

Under these assumption, Bayesian marginal likelihood ratio is defined by

/ o1(w) [T p(Xilw)duo
L(X") = : (5.1)

[ oot [IpXilu)de

As we have already mentioned, in the Bayesian hypothesis test, L(X™) (or the
logarithm of it) is the test statistics which gives the most powerful test. The error
can be written as follows,

a=Pr(A.H|N.H) = Pr(L(X")>n|N.H.)
f=Pr(N.H.|A.H) = Pr(L(X") <nlA.H)

To construct the most powerful hypothesis test, we need to derive the stochas-
tic behavior of L(X™) and clarify the n as a function of the error. Also, it is
important to obtain the asymptotic behavior and the (upper) bound of the type I
and type II errors as the function of the sample size n.

We studied the former problem, in previous chapters, for constructing the the-
ory of testing homogeneity for normal mixture. In this chapter, we tackle the latter
theoretically.

It is easily shown that when we choose a probabilistic variable U and a some
constant 7, for any s > 0, the lemma below holds.

Lemma 2. For any probabilistic variable U and any constant 7, and any s > 0,
the following holds,
Pr(U >n) <e *g(s) (5.2)

where g(s) = (e*V) is the moment generating function of U.
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proof.

Pr(U>n) = / p(U)dU < / p(U)esV="du
0 U

< / p(U)esV=mduU

= e p(U)eVdU

= ¢ 7g(s)

O

Therefore, we obtain the upper bound of Pr(U > n) as

Pr(U >n) < m>151 e q(s) (5.3)
As well, the upper bound of Pr(U < ) can be obtained as,

Pr(U < n) < mine™*g(s) (5.4)

If we consider the case that U is the test statistics of a hypothesis test, the type
I and type II errors become,

a = Pr(U>n/N.H.)< I(I)1<inexp (—sn + log<eSU>N,H_)

f = Pr(U<nlAH)< m<iélexp (—sn + log(e*V) a.p.)

In the Bayesian likelihood ratio test, we can choose log L(X™) as the test
statistics, and the moment generating functions of the test statistics under N.H.
and A.H. can be defined as,

go(s) = (€)nm = (LX) ) wm.
gi(s) = () am = (LX) )am.

This gives,

o0 = e fawo Tt e i

- [axy { / dw¢o<w>Hp<Xirw>}1_s { / dwgol(w)]:[p(Xi\w)}s,
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o) = fat faweto [Tooho [ £ ]

= /d{Xi} {/dwwl(w)HP(Xi’w)}Hs {/dw%(w)l:[p(Xi\w)}

Therefore, for —1 < s < 0, go(s) and ¢, (s) satisfies,

91(s) = go(1 — |s]). (5.5)

This enables for us to rewrite bound for [ as,

f < min exp[—ry+loggi(r)]

= min exp[—rn+loggo(l—|r|)]

—1<r<0
= uin exp [s17 4 1og go(1 — )]
= uin exp [(1—¢)n +log go(q)]

This shows that it is sufficient to obtain the behavior of go(s) for deriving the
bound of the type I and type II errors.

5.3 The bound of the type I and type II errors for
singular models

In the previous section, we review the well-known results on the upper bound of
the type I and type II errors, and extend them for the Bayesian hypothesis test.

We saw that the bound is determined from the asymptotic behavior of the
expectation value of the moment generating function for log marginal likelihood
ratio, (go(s)). The leading term of (go(s)) is expected to become O(n) for the case
the N.H. and A.H. which are well separated, and the asymptote of each error is
often described as,

1
lim = ——log(go(s))- (5.6)

The result above is well-known, but as we will see in this section, when the
hypotheses we compare are described as probabilistic distributions and they are
sufficiently close in the some region of their support in the parameter space, this
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is not always the case. Such a situation is often seen in Bayesian hypothesis test,
and it is important to clarify the bound of type I and II error in such cases.

Let us consider the case the null hypothesis is given as a point hypothesis in
the parameter space, such as

@o(w) = §(w — wo) (5.7)

where wy is the singularity in the parameter space.
What we should is to calculate log go(s),

go(s) = /d{Xi}HP(Xi’wo)ls{/dw¢1(w>HP(Xi|w)}8
J dwer (w) TT; p(Xiw) \*
<{ %ip(Xi|£0) } >

It is known that when n — oo, the log likelihood ratio can be approximated
as follows, from the large-deviation theory,

J dwei(w) []; p(Xifw)
HZ-P(XJ”LUO)

where D(-||-) means the Kullback-Leibler divergence,
and w* = arg min D(p(z|w)||p(x|wy)).

1
T}LH;O—Elog{ } = D(p(z|w")||p(z|wo)),  (5.8)

This leads thewfollowing result.

Theorem 8. Let the null and alternative hypotheses for hypothesis tests are set as,

N.H. @ w~ po(w) = §(w — wyp),
AH. @ w~p(w).
We assume that the 1 (w) has no support on the w, but under A.H., the w* =
arg min D(p(z|w)||p(x|wp)) is uniquely determined.

Ejl"hen, for a fixed constant € > 0 and a threshold 7 for a hypothesis testing, the
upper bounds of type I and type II errors become,

a < exp[—(1—e€)n—n(l—e)D(pzlw)|[p(z|w)) + o(n)],

B < explen —n(l —e)D(p(z|w)|[p(z|wo)) + o(n)],
proof. This resultis readily led from (5.6) and (5.8). We should note thatat s = 1,
go becomes definitely one. This is why we introduce a constant € > 0. [
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However, this is not the case in general, when the null hypothesis p(x|wy)
corresponds to the singularity in the parameter space of the probabilistic model
we adopt p(z|w) and the alternative hypothesis has its support on the singular-
ity. Under such a circumstance, the parameter set w* has no longer one-to-one
correspondence to the w, (Watanabe [2018]).

This degeneracy causes singular behavior of the log marginal likelihood ratio,
and we have to take this effect into consideration to clarify the statistical properties
of the hypothesis test when using such singular models for hypothesis test.

We note that such a singular behavior is not seen only in special cases. Ac-
tually, it is common in various probabilistic models which are practically used
in various fields, such as mixture models, the hidden Markov model, Bayesian
network, neural network and so on.

The following holds.

Theorem 9. Let the null and alternative hypotheses for hypothesis tests are set as,

NH. : w~ po(w) = d(w — wp),
AH. : UJNQ01(’LU)-

Here, we assume that the o (w) has support on the w which gives p(z|wy).
However, we consider the case that the w which gives p(x|w) is not uniquely
determined.

Then, for a fixed constant ¢ > 0 and a threshold 7 for a hypothesis testing, the
upper bounds of type I and type II errors become,

a < <exp[—(1—6)n—(1—6)(/\10gn—(m—l)loglogn+(’)(1))]>
g < <exp[en—(1—e)()\logn—(m—l)loglogn+(9(1))]>

where A is given as the coefficient of the leading O(logn) term in the asymptote
of the difference between the logarithm of the marginal likelihood ratio as,

0 J dweoy(w) [T, p(Xi|w) = —nLy(w
os{ T, p(X o) j = Femnlo

where

F, = —log/dwcpl(w)np(Xi|w),

and ]
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proof. We can rewrite g, in terms of these quantities as,

go(s) = <e—8<Fn—"Ln>> (5.9)

From the result of Bayesian singular learning theory, the asymptotic form of
F, is obtained, which is valid even for the situation where the null hypothesis is
in the singularity in the parameter space Watanabe [2018].

F, =nL,(wy) + Alogn — (m — 1) loglogn + O(1), (5.10)

where ) is a positive constant which is known as “real log canonical threshold* in
Bayesian singular learning theory, and m > 1 is a some natural number which is
known as “multiplicity” in Bayesian singular learning theory. It was shown that
stochastic term in F,, is O(1).

The asymptote of gy becomes

go = <6—s(>\logn—(m—1)loglogn+(’)(1))>. (511)

Therefore, we can construct the bound of the type I and type II errors as ,

a < min <exp [—sn — s(Alogn — (m — 1) loglogn + O(1))] >

0<s<1

A < min <exp (1 —s)n—s(Alogn — (m —1)loglogn + O(1))] >

0<s<1

Under the n — oo, the minimum of (r.h.s)s are achieved when s = 1, and the
asymptote of the these error becomes,

1
(0% S ;,
1
6 S 5a
and the theorem is proofed. [

5.4 Example - The bound of the type I and type II
errors for normal mixture

To proceed further, let us consider a specific probabilistic model.
As well as other sections in this thesis, we choose the two-component normal

mixture as a probabilistic model p(z|w) and discuss the test of homogeneity for
this model.
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1 2 2
plzlw) = —= |(1 —a)e ™/ + ae" @07/ (5.12)

V271

We choose N.H. and A.H. as follows,

N.H. :© w~ po(w) = d(a)d(b)
AH. : w~ gol(w) = Ua(071) X Ub(O, 1)

It can be seen that the distribution given by N.H. can be given is degenerated
in the parameter space given by A. H.

In other words, in our normal mixture, the arbitrary parameter sets (a.b) which
satisfies ab = 0 gives the distribution given by N. H. .

As shown in section 3, the asymptotic form of the log marginal likelihood ratio
becomes when the prior (¢, contains the singularity,

1 oo
F, = §logn—log10g n—log/ dtt=?log(1/t) exp(—t/2) cosh(v/t€) (5.13)
0

where ¢ = lim,,_,o \/iﬁ > X ~N(0,1).
It can be seen that the A = % in this model, and as a result,

SEEE

5.5 Discussion

In this chapter, we discuss the bound of type I and type II error in the Bayesian hy-
pothesis testing. We show that the bound can be given by using real log canonical
threshold, the quantity that the geometrical properties of the singularities.

Let us remind the form of the regular models (see Introduction in the thesis).
In the regular models, the coefficient of the logarithm term in the free energy is g.
Therefore, in the singular models, the bound is changed from g to A. A depends
on each models, but in the present case, it is smaller than g.

When the N.H. locates on the singularity, if the support of the A.H. is sep-
arated from the singularity sufficiently, the leading term of the log L becomes
n K, (Winin ), Wwhere w,,;, means the parameter that gives the minimum of Kullback-
Leibler divergence K,,;, between p(z|w) under A.H. and N.H..
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As long as nik, is sufficiently larger than \logn, the leading term of log L
becomes nK,,. This can be regarded as a regular case. In this case, the bound of
the error can be characterized by form e~ "),

However, nk, is not sufficiently larger than ) log n, this case is not necessarily
regarded as a regular case, because the leading term is not clear. Therefore, the
crossover is expected to occur as a result of the change of the leading term of log L

and the behavior of the bound of the error can be changed, from e "%(" to n%
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Chapter 6

Conclusion

6.1 Summary

In this thesis, we studied Bayesian hypothesis testing for singular models theoret-
ically. The summary of the results we obtained is as follows.

* We theoretically studied the test of homogeneity for normal mixtures in
terms of the Bayesian framework (Chapter 3).

By applying the mathematical technique developed for the analysis of sin-
gular models, we derived the asymptotic behavior of the marginal likelihood
ratio for several types of the alternative hypotheses. Our analysis is based
on the scaling technique that is based on the Kullback-Leibler divergence
between the null hypothesis and the alternative hypothesis, and it enables
us to derive the asymptote systematically and easily. We also compare our
method and Bayes factor-based testing and discussing the validity of them
in the delicate setting.

* We apply the variational Bayes to the calculation of the marginal likelihood
ratio for the first time (Chapter 4).

We constructed a new hypothesis test for the homogeneity, the VB test
which is based on variational Bayes. In VB test, the test statistics is the
variational free energy. We derive the asymptotic form of it and construct
the hypothesis test. We also clarified that the variational free energy shows
the phase transition induced by the hyperparameter ¢ in the prior. As we
saw, the phase transition affects the stochastic behavior of the variational
free energy, and it is important to discuss the phase transition when we try
to construct a hypothesis test.
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* We discuss the bound of type I and type II error in the Bayesian hypothesis
testing and analytically derived the bound in the singular case (Chapter 5) .

We show that the bound can be given by using real log canonical threshold
(RCLT), the quantity that the geometrical properties of the singularities. We
also discuss the necessity for the bound of the singular case, that is different
from the regular case, and the possibility of the crossover behavior of the
bound.

6.2 Future problems

Through the series of the present study, we believe that the theoretical under-
standing of the Bayesian hypothesis testing for singular models is deepen to some
extent. However, this research area is relatively new, as we mentioned in the In-
troduction, and there is still much remained that should be studied further. Let us
show several examples.

» Constructing theory of the Bayesian hypothesis testing for another singular
model

As we mentioned in the Introduction, in the case of the statistical inference,
the properties for each singular model are studied because the quantities e.g.
RCLT and so on, which determine the generalization error, are peculiar to
each model. Therefore, from the practical perspective, the theoretical un-
derstandings of the generalization error for each well-known singular model
is required. The same is true for the problem of hypothesis testing. In this
thesis, we mainly treated normal mixture, but we think other singular mod-
els should be studied in the future, e.g. various mixture models such as
Poisson mixture, Bernoulli mixture, and so on. We should also note that
although the distributions of the test statistics for these singular models are
not trivial, these mixture models can be rewritten by using latent variables,
and we can expect that the variational approach also works.

* Application of our theory for another research area such as (theoretical)
physics

In this thesis, we thoroughly treated the two-component normal mixture
and discuss the theoretical properties of hypothesis testing. From practical
perspective, it may seem too simple and may seem that these results have
very limited applications. We admit that the setup we treated is relatively
simple. However, we believe that the results shown here are meaningful
from two perspectives.
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First, these results can become a basis for the analysis of more complex
models. Second, this is what we want to state here, a similar setup are
studied extensively in another research area recently. More specifically, in
theoretical physics (especially optics and quantum physics), the seek for
high resolution of the signals from two optical sources is a very hot topic(see
e.g. Tsang et al. [2016], Lu et al. [2018]). Especially, in recent years,
the statistical treatment based on the calculation of the (quantum) Fisher
information is paid attention. However, as we saw in the present thesis,
these problems tend to become singular cases although the existing studies
treat such problems as if they are regular, and the formalism based on the
Fisher information does not work well. We hope that our treatment for the
singular models may shed new light on such problems.
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