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Abstract

Robots in recent years play an important role in human society,

such as improving human work efficiency and substituting dangerous

tasks for humans. In particular, a legged mobile robot has been ac-

tively researched since it can adapt to human environment easily, and

it has many advantages in mobility like it can move on rough terrain

or change direction in narrow space.

Legged robots have been actively studied in terms of both me-

chanical and control aspects. A leg-type mobile robot consists of a

relatively heavy upper body and a lower body to support the upper

body, and the movement of a legged robot requires a high thrust to

generate a force in the direction of travel while supporting the up-

per body with the legs, which causes a high ground reaction force. In

addition, the leg-shaped robot loses kinetic energy due to the impact

force of a high bandwidth at the moment when the foot touches the

ground while moving. To overcome these phenomena, the mechani-

cally devised methods such as attaching a series elastic element in

the actuator or adding an inertial element in the joint of robot have

been proposed. However, only a few studies for the control techniques

that cover these mechanical improvements have been studied because

of its complexity of dynamics, so realizing the mobility of the robot

with these mechanical structures has been challengeable problem in

the study of biped robots.

In the aspect of the control scheme, a control method for a legged

mobile robot to realize movements such as walking and running has

been actively researched for a few decades, and the feedback-controlled

method is the most universally used to control for the robot, which

contains generating the appropriate template gait for the target system



and calculating the control input based on stabilizing the whole states

in periodic movement for the target system. This control method has

several variations, such as a method of referencing a template model

from the behavior of a simple system and a trajectory optimization

method obtained by approximating the dynamics of a robot to a simple

equation such as a polynomial.

When applying this method to robot walking or running, it is often

better to modify each of the target systems to obtain better results.

For instance, as a template model often used in walking or running

control of a biped robot, the behavior of a simple system consisting

of one spring and one point mass called the Spring Loaded Inverted

Pendulum model (SLIP model) is widely used. This system is conve-

nient because it is the simplest system that can simulate walking or

running of robot, but there is a limit to expressing the dynamics of

the swing leg or to applying directly to control for the robot model

with a particular structure because of its simplicity. However, using a

model that has been modified to suit each target system may result

in better performance or easier control than conventional methods.

The purpose of this study is to improve the movement performance

of a mechanically devised biped robot with a control method using sim-

ple template model dynamics. In this thesis, we present the following

four contents that contribute to the purpose of this research. First, we

present a new template model for biped walking robot which is mod-

ified version of the conventional SLIP model. Second, we present the

new template model for 4-link walking robot to improve the robust-

ness of walking. Third, we present a control method to use the tem-

plate running gait for mechanically devised bipedal robot. Finally, we

present a effectiveness verification of mechanically devised robot when

the control scheme is based on the using a simple template model.
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Chapter 1

Introduction

Robots in recent years play an important role in human society,

such as improving human work efficiency and substituting dangerous

tasks for humans. It has become possible to perform simple repetitive

work in factories with an industrial manipulator, and to have robots

help with medical-related surgery that requires precise work, and its

application to human society is being promoted. Recently, research

has been conducted to improve the applicability to a wide range of

fields by autonomously moving robots with such diverse functions. In

particular, a legged mobile robot has been actively researched since it

can adapt to human environment easily because of its behavioral sim-

ilarity to human’s movement, and it has many advantages in mobility

like it can move on rough terrain or change direction in narrow space.

Legged robots have been actively studied in terms of both me-

chanical and control aspects. A leg-type mobile robot consists of a

relatively heavy upper body and a lower body to support the upper

body, and the movement of a legged robot requires a high thrust to

generate a force in the direction of travel while supporting the up-

per body with the legs, which causes a high ground reaction force. In

addition, the leg-shaped robot loses kinetic energy due to the impact
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CHAPTER 1. INTRODUCTION

force of a high bandwidth at the moment when the foot touches the

ground while moving. To overcome these phenomena, the mechani-

cally devised methods such as attaching a series elastic element in the

actuator or adding an inertial element in the joint of robot have been

proposed. However, only a few studies for the control techniques that

cover these mechanical improvements have been studied because of its

complexity of dynamics, so realizing the mobility of the robot with

these mechanical structures has been a challengeable problem in the

study of biped robots.

1.1 Motivation

In the aspect of the control scheme, a control method for a legged

mobile robot to realize movements such as walking and running has

been actively researched for a few decades. A gait control method of

legged robot in recent researches can be divided into several categories,

such as feedback-control with template gaits and using a property of

the passivity of the walking gait of robot. Feedback-control is the most

universally used to control for the robot, which contains generating the

appropriate template gaits for the target system and calculating the

control input based on stabilizing the whole states in a periodic move-

ment for the target system. This control method has several variations,

such as a method of referencing a template model from the behavior

of a simple system and a trajectory optimization method obtained by

approximating the dynamics of a robot to a simple equation such as

a polynomial.

When applying this method to robot walking or running, it is often

better to modify each of the target systems to obtain better results.

For instance, as a template model often used in walking or running

2



CHAPTER 1. INTRODUCTION

control of a biped robot, the behavior of a simple system consisting

of one spring and one point mass called the Spring Loaded Inverted

Pendulum model (SLIP model) is widely used. This system is conve-

nient because it is the simplest system that can simulate walking or

running of robots, but there is a limit to expressing the dynamics of

the swing leg or to applying directly to control for the robot model

with a particular structure because of its simplicity. In this case, using

a model that has been modified to suit each target system may result

in better performance or easier control than conventional methods.

Another advantage of the method using a simple model is that the

robustness of walking can be improved by giving an appropriate ref-

erence model [1]. Robustness of walking is an important problem in

walking control of a biped robot because the stability of periodic walk-

ing is easily lost in the walking of a biped robot against disturbances

such as steps and rough terrains. For instance, a limit cycle walking

robot has been improved the energy efficiency of biped walking using

the natural dynamics of the robot’s movement, but have the problem

of low robustness of the periodic walking [2]. This low robustness prob-

lem was relaxed by implementing the reference with the virtual model

of a simple system. This result has been contributed to the potential

for improved robustness by using a simple model as the controller ref-

erence, and the improvement of robustness by modifying this method

could be expected.

From the view point of a structural idea, robots with the series elas-

tic actuator (SEA) have been proposed. This mechanism is composed

of a motor and a link and there exist elasticity elements between them.

In the robotic researches, these mechanisms were adopted because of

the adaptability for the unknown environment [3] or the energy storage

for the robot’s hopping [4]. They also can reduce the possibility of the

3



CHAPTER 1. INTRODUCTION

damages of motors which are caused by high frequency impact forces

by absorbing the impact forces with the elasticity. From these advan-

tages, the SEA robots are expected to realize high-energy efficiency

running gaits and the high-durability from the impact forces.

The purpose of this study is to improve the movement performance

of mechanically devised biped robots with a control method using sim-

ple template model dynamics. In this thesis, we present the following

four contents that contribute to the purpose of this research. As a sim-

ple template model used for walking control of robots, we proposed

a new template model that considers the dynamics of the swing leg,

which was not considered in the conventional research (Chapter 3).

In order to clarify the advantages of the method of controlling using

the template model, we confirmed that this method enhances walking

performance and robustness (Chapter 4). We also proposed a control

method for running a bipedal robot with a SEA mechanism (Chapter

5), and finally, we confirmed an improvement of the walking perfor-

mance by devising SEA, inertia, and wobbling mass using the template

model (Chapter 6).

1.2 Outline

The outline of this thesis consists of the following contents.

• Chapter 1 : Introduction

We present the background, motivation and purpose of this research.

• Chapter 2 : Preliminaries

In chapter 2, we describe the derivations of some mathematical tools

used in this thesis. We describe the derivation of rigid body dynam-

ics using Eular-Lagrange equation, derivation of constraint force from

4



CHAPTER 1. INTRODUCTION

ground, and derivation of state changes when impact occurs. Then we

describe some control schemes such as model matching control and

output zeroing control.

• Chapter 3 : Bipedal Walking with Modified Simple Model

In chapter 3, we present the modified template model for bipedal

walking robot. This modified model was developed to take swing leg

dynamics into account in the Spring Loaded Pendulum model(SLIP

model). The key to achieving periodic movement of this model is to

modify the appropriate stiffness parameters, and we implemented this

using a solver of a trajectory optimization problem. This periodic

movement is generated under the condition that there is no input

actuation for the template model, so that the result trajectory is only

dependent on the natural dynamics of the simplified model. After cal-

culating the template trajectory with appropriate parameters, we con-

ducted the feedback control for multi-body bipedal robot with output

zeroing method and verified the method with numerical simulation

results.

• Chapter 4 : Robust Analysis of Biped Walking using Output Ze-

roing Control with Trajectory Optimization

In chapter 4, we present the robustness analysis of the bipedal walk-

ing using output zeroing control with a trajectory optimization. In the

previous research, the robustness improvement of bipedal robot based

on limit cycle walkers has been observed when they use the output

zeroing control with the output function of relative degree 3, and we

expand this result to the 4-link bipedal walking using the template

dynamics generated by a trajectory optimization. Since the algorithm

of optimizing trajectory is based on discretized dynamics, we used

5



CHAPTER 1. INTRODUCTION

Bézier curves to interpolate the optimized discrete states. We verified

the result that the proposed method improves the robustness com-

pared with the previous research, and confirmed the stable walking

with the proposed method.

• Chapter 5 : Running Control of Bipedal Robot with Series Elastic

Actuator

In chapter 5, we present a control method that realizes the running

of bipedal robots consisting of series elastic actuators(SEA). In par-

ticular, we consider the SEA model which consists of a rotational link

and a linear spring. Conventional control methods cannot be applied

because of this mechanism, we proposed a systematic method to re-

alize the stable running for the bipedal robot with series elasticity.

This method uses the template dynamics model of non-SEA robot

whose template dynamics is based on Spring Loaded Inverted Pendu-

lum model(SLIP model). We confirmed the validity of the proposed

method by numerical simulation results.

• Chapter 6 : Verification of Mechanical Improvement for Bipedal

Walking Robot

In chapter 6, we present the verification of mechanical improvement

for bipedal walking robots by adding series elasticity and mechanical

elements to the joint structure including inerter and wobbling mass.

We show the performance improvement in walking efficiency of the

improved models compared to the nominal bipedal model.

• Chapter 7 : Conclusion

In chapter 7, we summarize the results of the thesis and present the

future works for this research.

6



Chapter 2

Preliminaries

Since we realizes walking and running of robots using numerical

simulation in this thesis, it is necessary to express the dynamics of

robots used in each chapter from mathematical models. This chap-

ter describes the derivation of mathematical models that express the

dynamics of robots used in each chapter and a brief explanation of

control methods.

2.1 Dynamics expression of biped system

The dynamics of walking and running of a biped robot are expressed

by the rigid body dynamics that represent the behavior of the robot

body, the constraint force on the robot’s legs from the ground, and

the state transition due to collision.

2.1.1 Derivation of rigid body dynamics motion

The dynamics of a rigid body can be expressed by several ways. In

this thesis, we use the Euler-Lagrange equation for the expression of

rigid body dynamics. There are several materials to derive this, but we

will describe the simple method to derive the Euler-Lagrange equation

7



CHAPTER 2. PRELIMINARIES

based on the principle of least action.

Let us assume that the target robot system consists of N rigid bod-

ies and there exist several constraints between them. First, we should

define a generalized coordinate for this system to be satisfied the con-

ditions of completeness and independence. Completeness is a condition

for the system of the position to be uniquely determined, and inde-

pendence is a condition to guarantee that there are no dependencies

between position variables. In general case, the state of the system is

not completely determined only by generalized coordinates, but also

need the time derivative of the generalized coordinates, which is called

generalized velocity.

After setting the generalized coordinates for the system, the next

step is to define an action of the system. Suppose that two position

of the system are given with coordinates as q1 and q2 at time t = t1

and t = t2, respectively. According to the principle of least action, the

behavior of the system is uniquely determined for each state so as to

minimize the action function determined by the generalized coordi-

nates and velocity of the system where the initial position q1 and the

final position q2 are fixed. The action function can be expressed by

S =

∫ t2

t1

L(q, q̇, t)dt, (2.1)

where S is the action of the system, and L is called Lagrangian of the

system. Finding the conditions for the trajectory between q1 and q2

to be the minimum value of the equation(2.1), we use the variational

method to find the stationary point of the states.

Suppose the q(t) is the function to make the action as minimal,

and we consider the variation of the q(t) with q(t) + δq(t). From our

assumption that the initial position q1 = q(t1) and the final position

8



CHAPTER 2. PRELIMINARIES

q2 = q(t2) are fixed, this gives the fact that

δq(ti) = 0, ∀i ∈ {1, 2} . (2.2)

And, the variation of action δS can be written as

δS = δ

(∫ t2

t1

L(q, q̇, t)dt

)
(2.3)

=

∫ t2

t1

L(q + δq, q̇ + δq̇, t)dt−
∫ t2

t1

L(q, q̇, t)dt (2.4)

=

∫ t2

t1

(
∂L
∂q

δq +
∂L
∂q̇

δq̇

)
dt (2.5)

=

∫ t2

t1

(
∂L
∂q

δq +
d

dt

(
∂L
∂q̇

δq

)
− d

dt

(
∂L
∂q̇

)
δq

)
dt (2.6)

=
∂L
∂q̇

δq

∣∣∣∣q=q2
q=q1

+

∫ t2

t1

(
∂L
∂q
− d

dt

(
∂L
∂q̇

))
δqdt. (2.7)

The condition for stationary point is δS = 0, and using the condition

of equation (2.2), the first term of equation (2.7) is equal to 0, and we

can obtain
d

dt

(
∂L
∂q̇

)
− ∂L
∂q

= 0. (2.8)

Moreover, the Lagrangian in the rigid body dynamics is defined as

L(q, q̇, t) = T (q, q̇)− U(q), (2.9)

where T (q, q̇) and U(q) are the kinetic and potential energies and the

kinetic energy is defined as

T (q, q̇) :=
1

2
q̇TM(q)q̇. (2.10)

9
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Substituting the equation(2.9) to equation (2.8), we obtain

d

dt

(
∂L
∂q̇

)
− ∂L
∂q

=
d

dt

(
∂T
∂q̇

)
− ∂T
∂q

+
∂U
∂q

= 0. (2.11)

And the first term of equation(2.11) can be expressed by substituting

the equation(2.10)

d

dt

(
∂T
∂q̇

)
=

d

dt
(M(q)q̇) = Ṁq̇ +Mq̈. (2.12)

So, the equation(2.11) can be written as

M(q)q̈ +

(
Ṁq̇ − ∂T

∂q

)
+
∂U
∂q

= 0. (2.13)

Then, we define the second term as C(q, q̇)q̇ and third term as G(q)

in equation(2.13), we can get

M(q)q̈ +C(q, q̇)q̇ +G(q) = 0, (2.14)

as a dynamics of the rigid body motion.

2.1.2 Dynamics of constraint force

In the process of walking or running with a rigid system, there

is a constraint such as a foot fixed on the ground and restraint to

prevent joints from bending to the opposite side. This constraint makes

the generalized coordinates of the system no longer independent, so

that it no longer meets the requirements for deriving Euler-Lagrange’s

equation of motion. This problem can be solved by using the Lagrange

multiplier method which will shown in the later. In this thesis, we will

only deal with the holonomic constraints to describe the constraint of

the biped robot, and details of this contents are stated in [5].

10
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Holonomic constraints can be expressed using the generalized co-

ordinates of the system as follows:

hj(q, t) = 0, j = 1, ..., N, (2.15)

where q ∈ Rn is the generalized coordinate of the n-dimensional sys-

tem, and N ∈ R is the number of constraint conditions. Then, the

constrained Lagrange equation can be derived with defining a new

Lagrangian as

Lc := L −
N∑
j=1

λjhj(q, t), (2.16)

where L is a Lagrangian of the system for an unconstrained condition.

Using the calculus of variations with this Lagrangian, the stationary

condition can be written as

d

dt

(
∂Lc
∂q̇i

)
− ∂Lc
∂qi

=
d

dt

(
∂L
∂q̇i

)
− ∂L
∂qi
−

N∑
j=1

λj
∂hj
∂qi

= τ i, (2.17)

where τ i is defined as a generalized force for the unconstrained system.

This condition gives the following dynamics equation of motion:

M(q)q̈ +C(q, q̇)q̇ +G(q) = τ + J c(q)Tλ, (2.18)

where J c(q) is defined as

J c(q) :=
∂h(q)

∂q
. (2.19)

Moreover, with the time derivative of the constraint equation, we can

get

J c(q)q̇ = 0⇒ J c(q)q̈ + J̇ c(q)q̇ = 0. (2.20)

11
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Then, we can combine these equations as follow[
M(q) −JTc
J c 0

][
q̈

λ

]
=

[
τ −C(q, q̇)q̇ −G(q)

−J̇ cq̇

]
, (2.21)

and multiplying the inverse matrix results in[
q̈

λ

]
=

[
M(q) −JTc
J c 0

]−1 [
τ −C(q, q̇)q̇ −G(q)

−J̇ cq̇

]
. (2.22)

To calculate above equation, we use the formula of inverse of block

matrix,[
a b

c d

]−1
=

[
a−1 + a−1bs−1ca−1 −a−1bs−1

−s−1ca−1 s−1

]
(2.23)

where s is defined as s := d−ca−1b. Then, the constraint force λ can

be expressed as

λ = −X(q)−1(J c(q)M (q)−1Γ(q, q̇) + J̇ c(q, q̇)q̇), (2.24)

where,

X(q) = J c(q)M(q)−1J c(q)T , (2.25)

Γ(q, q̇) = τ −C(q, q̇)q̇ −G(q). (2.26)

2.1.3 State transition by collision

When the biped robot touches the ground, there exists a discon-

tinuous change of the system by collision with the ground. Since this

phenomenon is unavoidable in the movement of the biped robot, the

state transition due to collision is considered under the following as-

sumptions.

12
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• A collision is assumed to be inelastic.

• A collision is assumed to be instantaneous.

• There is no slippage during a collision.

Under these assumptions, we describe how to derive the state transi-

tion by collision as follows. Consider the following equation of motion,

M(q)q̈ +C(q, q̇)q̇ +G(q) = τ . (2.27)

At the instant of the collision, the dynamics can be written as follows,

M(q)q̈ +C(q, q̇)q̇ +G(q) = τ + δF , (2.28)

where δF represents the impact force at collision. Integrating this

equation from t = 0− to t = 0+, this results in

M(q)(q̇+ − q̇−) = F , (2.29)

where the Coriolis and centrifugal term, gravitational term and input

term is assumed to be continuous in the moment of the collision. This

impact force F can be expressed as the following

F = J c(q)Tλ, (2.30)

where J c(q) is the Jacobian matrix defined in (2.19). Moreover, the

following equation is also satisfied in the moment of the collision.

J c(q)q̇ = 0. (2.31)

13
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Then, combining these equations, we can get[
M(q) −JTc
J c 0

][
q̇+

λ

]
=

[
M(q)q̇−

0

]
. (2.32)

Using the formula of (2.23), the transitioned state q+ can be expressed

as

q̇+ = (I −M−1JTc (J cM
−1JTc )−1J c)q̇

−. (2.33)

2.2 Control scheme

In this section, we describe the basic method to control the bipedal

robot. Since we are focus on the method that uses a template model,

following two control methods will be treated in this thesis.

2.2.1 Output zeroing control

The output zeroing control is widely used for tracking the trajectory

of the bipedal robot’s gait. When this method used in the robotics

field, the output function is usually chosen as the difference between

the target trajectory and the state of the robot’s joint angle, and

by differentiating the output function, the dynamics of the output

function can be expressed in terms of the state and the input of the

system. By using this relationship, we can control the dynamics of the

output function according to the purpose.

From the equation (2.14) in section 2.1.1, we derived the equation

of motion for the rigid body dynamics. Combining this equation with

a generalized force τ , this can be written as

M (q)q̈ +C(q, q̇)q̇ +G(q) = τ , (2.34)

14
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where q ∈ Rn, M(q),C(q, q̇) ∈ Rn×n,G(q) ∈ Rn, and τ ∈ Rn. And

if we suppose that the joints of the robot are actuated by m motors,

the generalized force can be expressed as

τ = Su, (2.35)

where S ∈ Rn×m is a transformation matrix and u ∈ Rm is the motor

torque. The equation (2.34) and (2.35) can be expressed using a state-

space representation as

ẋ =

[
q̇

q̈

]
(2.36)

=

[
q̇

−M (q)−1 (C(q, q̇)q̇ +G(q))

]
+

[
0

M(q)−1S

]
u (2.37)

= f(x) + g(x)u (2.38)

y = h(x), (2.39)

where x := [qT , q̇T ]T ∈ R2n is the state, and y ∈ Rp is the output. For

simplicity, we suppose the rank of the matrix S is m, and we treat the

case of p = m. In robotics, the output function y is usually given as

y = q − qd, (2.40)

where qd is the goal trajectory of the joint angle.

And let us define the following expression

Lfh(x) :=
n∑
i=1

∂h

∂xi
fi(x) =

∂h

∂x
f(x) (2.41)

Lifh(x) = LfL
i−1
f h(x) ∀i ≥ 2, (2.42)

where f is a vector field defined on the manifold of the state, and h is a
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real-valued function. Using this expression, we describe the derivative

of the output function y as

dy

dt
=

∂h

∂x
ẋ =

∂h

∂x
(f(x) + g(x)u) (2.43)

= Lfh(x) + Lgh(x)u. (2.44)

If the input term appears in the first derivative of y, Lgh(x) 6= 0

is satisfied. But in the case that the input term appears in the kth

derivative of y,

dky

dtk
= Lkfh(x) + LgL

k−1
f h(x)u, (2.45)

where LhL
i
fh(x) = 0, ∀i ≤ k − 2 is satisfied. Using this equation,

we can stabilize the dynamics of y. Suppose that the goal dynamics

of the output function is given as

y(k) + αk−1y
(k−1) + · · ·+ α1y = 0, (2.46)

so that y(t) → 0 as t → 0. Then, the input for realizing this output

function dynamics can be calculated as

u∗ =
(
LgL

k−1
f h(x)

)−1 (
−Lkfh(x)− αk−1y(k−1) − · · · − α1y

)
. (2.47)

2.2.2 Model matching control

Unlike the output zeroing control, the model matching control does

not track the trajectory of the walking gait. Instead, this method cal-

culates the input so that the target system mimics the dynamics of the

template model. From this method, the behavior of the target system

can inherit the dynamic characteristics of the template model.

Suppose that the dynamics of the biped robot is given as equation

16



CHAPTER 2. PRELIMINARIES

(2.34) and (2.35), and the dynamics of the template model as

M̃ ¨̃x+ C̃ ˙̃x+ G̃ = 0, (2.48)

where x ∈ Rr is the state of the template model. And let us assume

that the state of the template model x can be written as a function

of q, i.e.,

x̃ = f(q). (2.49)

And, the derivative and the second derivative of this function gives

˙̃x = Jq̇ (2.50)

¨̃x = Jq̈ + J̇ q̇, (2.51)

where J := ∂f
∂q ∈ Rr×n is the Jacobian matrix of the function f . Then,

substituting equation (2.48) to the dynamics of the robot, it gives

M̃
(
Jq̈ + J̇ q̇

)
+ C̃ ˙̃x+ G̃ = 0, (2.52)

and from the equation (2.34) and (2.35),

M̃
(
JM−1 (−Cq̇ −G+ Su) + J̇ q̇

)
+ C̃ ˙̃x+ G̃ = 0. (2.53)

So we can calculate the input for mimicking the dynamics of the tem-

plate model as

u =
(
JM−1S

)† (
JM−1 (Cq̇ +G)− J̇ q̇ − M̃−1 (

C̃ ˙̃x+ G̃
))
(2.54)

where A† means the pseudo-inverse matrix of A.
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Chapter 3

Bipedal walking with modified

simple model

3.1 Introduction

Control methods for walking gait control have been developed for

the last several decades, and there is a variety of methods to control

the walking gait of a bipedal robot. A commonly used method for the

biped robot is using the inverted pendulum model as a template in

conjunction with the zero moment point(ZMP) [6], or optimizing the

trajectories with optimization methods are often adopted for creating

a template model [7]. Another popular method is to use a simple

models that can recreate certain fundamental aspects of human or

animal gait, as template models for bipedal robots. A template model

that is commonly used for this purpose is called the bipedal spring

loaded inverted pendulum (SLIP) model.

Many researches with this method have been proposed [8] [9] [10],

however, the method using this model usually has one big assumption

where the swing leg is assumed to move instantaneously to the proper

touch-down position.This means that when the bipedal SLIP is chosen

as the template to control the bipedal robot, the desired trajectory
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Figure 3.1: SLIP-SL model in single stance phase

for the swing foot can not be obtained from it. Additional steps are

necessary to achieve the swinging motion. For example, [11] proposes a

conceptual model where SLIP model is combined with a segmented leg

so that the effects of swinging can be studied, but reference trajectories

and a controller are necessary to achieve the desired motion.

In this chapter, an extended SLIP model will be proposed so that

reference center of mass trajectories and swing foot trajectories can

be obtained simultaneously. This model will be called spring loaded

inverted pendulum model with swing leg (SLIP-SL) which is shown in

Figure 3.1.
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Figure 3.2: Bipedal SLIP model (top) and SLIP-SL model (bottom)

3.2 Dynamics model

This section represents the dynamics of a conventional bipedal SLIP

model and the proposed model which is the improved version of the

conventional bipedal SLIP model with swing leg dynamics.

3.2.1 Conventional bipedal SLIP model

The bipedal SLIP model consists of a mass and two linear springs,

which can be seen in Figure 3.2. This point mass can be seen as the

whole mass of the walker, and two massless springs are connected

to this point mass. In the research of the conventional model [9], a

periodic behavior of the system was shown as follows. This periodic

behavior consists of two phases, single stance phase and double stance
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phase. Starting with the initial state of the single stance phase, this

dynamics can be represented as the dynamics of one mass and one

linear spring system with swing leg spring. It is usually assumed that

the swing leg can instantly move to the desired touch down angle by

reason of the fact that legs are assumed to be massless. The touch

down event occurs when a point mass is near enough to the ground,

then the phase of the system shifts to the double stance phase. By

the reason that legs are to be massless, there is no effect of the impact

event so that the whole physical energy of the system doesn’t dissipate

in the periodic behavior.In the double stance phase, the point mass

is pushed by two springs until the one of the springs no longer can

push it. When the point mass’s position reaches to the natural length

of the spring, the phase of the system again shifts to single stance

phase from the double stance phase. They proved that this periodic

movement can converge to a stable limit cycle under the conditions

of the appropriate stiffness and initial conditions. However, from the

above assumption that there is no inertial property in the swing leg,

there is a limitation to consider the swing leg dynamics in the single

stance phase with multi-body robots.

3.2.2 SLIP-SL model

Spring loaded inverted pendulum model with swing leg (SLIP-SL)

can be seen in Figure 3.1 and its motion throughout a full step is

represented in Figure 3.2.

To overcome the limitation of the conventional bipedal SLIP model,

we propose a new template model for the bipedal walking, which is

called Spring Loaded Inverted Pendulum with Swing Leg(SLIP-SL)

model. This model has different dynamics models for each phase. In
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the double stance phase, this model has the same dynamics as the

conventional bipedal SLIP model’s one, so that the model consists of

a point mass and two massless springs in the double stance phase. The

big difference between the two is the addition of swing leg dynamics in

the single stance phase. In the single stance phase, SLIP-SL consists of

3 massed elements which are the main mass, a massed swing leg and

a point mass representing the swing foot and 3 springs which are the

linear springs that connect the main mass to the ground, the torsional

spring that is connected between the main point mass and the swing

leg and the linear spring which connects the swing foot and the swing

leg. After the touch-down event, SLIP-SL goes to the double stance

phase, the swing elements disappear and the model becomes the same

as the SLIP model in the respective phase.

In the single stance phase, the equation of motion for the SLIP-SL

model can be written as:

M̃(q̃)¨̃q + C̃(q̃, ˙̃q) + G̃(q̃) = S̃τ̃ (3.1)

where the subscript q̃ = [xM , yM , θ, r]
T are the generalized coordi-

nates, M̃(q̃) ∈ R4×4 is an inertia matrix, C̃(q̃, ˙̃q) ∈ R4×4 is a Cori-

olis and centrifugal terms matrix, G̃(q̃) ∈ R4 is the gravity term

and τ̃ ∈ R3 are the resultant forces and torques due to springs and

S̃ ∈ R4×3 is the appropriate mapping matrix for them. The resultant

forces can be calculated as:

τ̃ =

k0,ss(L0,ss − Lst,ss)
kswLeg(θ0 − θ)
kswFoot(r0 − r)

 , (3.2)

where k0,ss, kswLeg and kswFoot are the stiffness values for the stance
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leg spring, the torsional spring at the “hip” and the linear spring

connecting the swing foot with the swing leg, respectively and L0,ss,

θ0 and r0 represent the free positions of those springs where subscript

“ss” indicates the single stance phase. Lst is the length of the stance

leg. xM and yM respectively represent vertical and horizontal positions

of the main mass, θ represents the angle of the swing leg with respect

to the vertical axis and r represents the distance between the end of

the swing leg and the swing foot point.

In the double stance phase, dynamics of the SLIP-SL model can be

written as:

m

[
ẍCoM

ÿCoM

]
= F sw + F st +mg, (3.3)

where mM ,mswLeg,mswFoot represent the mass of the main body, the

mass of the swing leg, and the mass of the swing feet in stance phase,

respectively, and

m := mM +mswLeg +mswFoot, (3.4)

indicates the total mass of the system, xCoM and yCoM are the hori-

zontal and vertical positions of the center of mass and g = [0,−9.81]T

is the gravitational acceleration. Forces generated by the stance and

swing leg springs can be calculated as:

F st = k0,ds

(
L0,ds

Lst
− 1

)([
xCoM

yCoM

]
−

[
xfoot

0

])
, (3.5)

F sw = k0,ds

(
L0,ds

Lsw
− 1

)([
xCoM

yCoM

]
−

[
x−foot

0

])
, (3.6)

where subscript “ds” indicates the double stance phase.
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As can be seen, dynamics of SLIP-SL in the double stance phase

are that of Bipedal SLIP model in its double stance phase.

3.2.3 Bipedal robot model

In this part, the dynamics of the 5 linked bipedal robot will be

introduced. This model consists of 5 links which are connected to

each other with revolute joints and it moves in the sagittal plane. The

model is assumed to be fully actuated and has an ankle torque.

Single stance phase

Dynamics of the bipedal robot in the single stance phase can be

written as:

M(q)q̈ +C(q, q̇)q̇ +G(q) = Su, (3.7)

where q = [θ1, θ2, θ3, θ4, θ5]
T ∈ R5 are the generalized coordinates,

M (q) ∈ R5×5 is an inertia matrix, C(q, q̇) ∈ R5×5 is a Coriolis and

centrifugal terms matrix, G(q) ∈ R5 is the gravity term, S ∈ R5×5 is

the distribution matrix of actuation torques and u ∈ R5 are the input

torques. This model can be seen in Figure 3.3 with the description

of generalized coordinates and input torques (indicated with the red

arrows).

Like the SLIP-SL model, bipedal robot model also has a two phased

walking pattern. In the single stance phase, only one foot is on the

ground and other is doing the swinging motion. The single stance

phase ends and the system goes into the double stance phase when

the swing foot touches the ground.
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Figure 3.3: 5 link fully actuated robot model

When the swing foot contacts the ground, a collision occurs where

the generalized momentum of the system changes discontinuously.

This can be modeled by assuming that an impulse force acts on the

system to change the velocities while the position is kept the same.

This can be expressed as:

M (q)∆q̇ = JTc λimpact, (3.8)

where J c ∈ R2×5 is a constraint Jacobian matrix that maps the

joint velocities to swing foot velocity in horizontal and vertical di-

rections where generalized reaction forces in those directions are given
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as λimpact ∈ R2. Assuming that the impact is inelastic, the velocity of

the swing foot touching the ground will become zero after the impact

which can be written as:

J c(q)q̇+ = 0⇔ J c(q)∆q̇ = −J c(q)q̇−, (3.9)

where − superscript indicates the moment just before the impact and
+ just after the impact. By solving (3.8) and (3.9) for λimpact the

following expression can be derived:

λimpact = −(J cM
−1JTc )−1J cq̇

−. (3.10)

By inserting λimpact into (3.8), we can obtain:

q̇+ = (I −M−1JTc (J cM
−1JTc )−1J c)q̇

−, (3.11)

which are the generalized velocities just after the impact. At the mo-

ment of impact, definitions of the legs are also switched (swing leg

becomes the stance leg and vice versa).

Double stance phase

The system is now in the double stance phase where both feet are

in contact with the ground. To model this, a constraint force is added

to keep the swing foot on the ground. In the vertical direction, this

constraint force can only push the robot (λyds > 0). With the non-

slip assumption, double stance phase dynamics can be modeled by

introducing the following constraint:

J c(q)q̇ = 0. (3.12)

Using this constraint, dynamical equation of the double stance
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phase can be written as:

M(q)q̈ +C(q, q̇)q̇ +G(q) = Su+ JTc λds. (3.13)

The constraint force λds can be obtained by taking a time derivative

of equation (3.12) as:

J cq̈ + J̇ cq̇ = 0, (3.14)

and inserting it into (3.13) as follows:

λdefds = −(J cM
−1JTc )−1(J cM

−1(Su−Cq̇ −G) + J̇ cq̇). (3.15)

3.3 Trajectory optimization of bipedal robot

In this section, the optimization conducted to find periodic tra-

jectories for SLIP-SL will be described. SLIP-SL is a passive model

which means its gait solely depends on its mechanical parameters and

initial conditions.In order to find the proper value, Direct Collocation

Methods [12] were used in this study. These methods tackle the tra-

jectory optimization problem by discretizing and converting it into a

form which can be handled by nonlinear programming (NLP) solvers.

There are many commercially available NLP solvers and in this study

OpenOCL [13] will be used which can handle the multi-phase and si-

multaneous trajectory and parameter optimization problem. The op-

timization can be formulated as:
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min
xi,p,Ti

2∑
i=1

(∫ Ti

Ti−1

Ji(xi(t),p)dt

)
for i ∈ {1, 2}

s.t. ẋi = f i(xi(t),p)

ri,k(xi(µi,k),p) ≤ 0,

(3.16)

where t ∈ [0, Ti] is the time, Ti is the end time of the respective phase,

xi(t) is the state trajectory, p are the parameters, Ji(x, p) are the path

cost functions, f i(x,p) is the system dynamics function (differential

equation) and ri,k(xi,p) is the grid-constraints function. i represents

the different stages of the optimization where i = 1 is representing the

single stance phase and i = 2 representing the double stance phase

of SLIP-SL (T1 time point marks the touch-down event and T2 marks

the lift-off event). In this study, the Cost of Transport (CoT) [9] and a

cost function to keep the swing foot low was used. CoT is an indicator

of the walking efficiency.

Path, boundary and stage transition constraints are needed so that

the solver can find feasible walking trajectories. In our study, path

constraints are:

• Bounds were set for the parameters to be optimized:

15000 ≤ k0,i ≤ 16000 [N/m], i ∈ {ss, ds}

1 ≤ L0,ss ≤ 1.2 [m]

0 ≤ kswFoot ≤ 20000 [N/m]

0 ≤ kswLeg ≤ 15000 [Nm/rad]

0 ≤ θ0 ≤ 2π [rad]

− 10 ≤ r0 ≤ 10 [m]

(3.17)
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• Stance leg spring in the single stance phase and both legs’ springs

in the double stance phase are always under contraction: Lst,ss ≤
L0,ss, Lst,ds ≤ L0,ds, Lsw,ds ≤ L0,ds

• Constraining the vertical position of CoM: 0 [m] ≤ yCoM ≤
0.85 [m]

• Swing foot is always above the ground during the single stance

phase: yswFoot ≥ 0

• Elliptic virtual obstacle must be avoided by the swing foot during

the single stance phase:

(
xswFoot − dobs

wobs

)2

+

(
yswFoot
hobs

)2

≥ 1, (3.18)

where dobs = xswFoot = 0 [m] is the horizontal position of the

ellipse obstacle, wobs = 0.2 [m] and hobs = 0.04 [m] are width and

height of the ellipse.

• Swing foot vertical velocity must be greater or equal to zero:

ẋswFoot ≥ 0

• Vertical acceleration of CoM should be negative in the single

stance phase so that system doesn’t try to lift CoM up when

there is only one leg on the ground. This is done to avoid large

ankle torque when the SLIP-SL trajectory is used as a reference

for the 5 linked model: ÿCoM,ss ≤ 0 [m/s2]
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Figure 3.4: Snapshots of SLIP-SL’s one step where gray dot in the single stance
phase indicates the position of the point mass and the circle indicates the position
of CoM

Boundary constraints:

• Swing foot starts on the ground from a stationary position in the

beginning of the single stance phase and touches the ground at

the end of the single stance phase: yswFoot(0) = 0, ẋswFoot(0) = 0,

ẏswFoot(0) = 0, yswFoot(T1) = 0

• Initial step length and the final step length should be same (for

cyclic walking): xfoot − x−foot = x+foot − xfoot

• The initial position of the main mass relative to the stance foot

should be the same as the final one (for cyclic walking): xstFoot,0−
xM(0) = xstFoot(T2)− xM(T2)

• Constraints for cyclic walking: yCoM(0) = yCoM(T2), ẋCoM(0) =

ẋCoM(T2), ẏCoM(0) = ẏCoM(T2)

• At the stage transition, CoM position and velocity were con-

strained to be continuous.

• At the end of the double stance phase, swing leg should be ready

to lift off, i.e. swing leg spring should be at its free length:

Lsw,ds(T2) = L0,ds
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Parameters to be optimized are spring stiffness values k0,ss, k0,ds,

kswFoot, kswLeg, their respective free positions L0,ss, L0,ds, r0,θ0 and the

initial conditions.

The optimization was conducted on MATLAB 2019b software by

using 10 collocation points for each stage. Resulting spring parameters

can be seen in Figure 3.5 for various trajectories and a snapshot of

SLIP-SL’s one step can be seen in Figure 3.4 for a sample trajectory.

Trajectory ‘A’ from Figure 3.5 will be used as the reference in Section

3.5 where the step size was also constrained to 0.25 [m] to avoid large

ankle torques. The constant mechanical parameters of SLIP-SL are

given in table 3.1.

Table 3.1: SLIP-SL’s constant mechanical parameters

mM : 70 [kg] mswLeg : 7 [kg]

mswFoot : 3 [kg] Lthigh : 0.7 [m]

IswLeg = mswLegl
2
thigh/12 [kg ·m2]IswFoot = mswFootL

2
thigh

3.4 Control scheme

In this section, a proposed controller will be introduced so that 5

linked bipedal robot model can track the reference SLIP-SL trajecto-

ries. The controller uses the feedback linearization method, in a similar

manner to [14] where a total energy control approach was used with

the bipedal SLIP model. However, in this study, a trajectory tracking

approach will be used.

3.4.1 Single stance phase

For the control of the robot in the single stance phase, there are

three main tasks:
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Figure 3.5: Optimization results for various SLIP-SL trajectories. For the trajec-
tory A, step length was constrained to 0.25 [m] to get better ankle torques and this
trajectory is the one that was used as reference in Section 3.4. For B, C and D trajec-
tories, average velocity constraints were added. In this figure, resulting mechanical
parameters, costs of transport and step length are given as well as the SLIP-SL’s
yCoM trajectory. In the plots on the right, gray background means that the SLIP-SL
is in double stance phase.
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• tracking CoM trajectory xG ∈ R2

• tracking swing foot trajectory ξ ∈ R2

• controlling the trunk orientation θ5 ∈ R.

The velocities related to these tasks can be calculated as:

ẋt,ss = J t,ss(q)q̇, (3.19)

where

ẋt,ss =

ẋGξ̇
θ̇5

 , (3.20)

which is the velocity in the task space where subscript “ss” indicates

the single stance phase and

J t,ss(q) =

JGJ ξ
J θ5

 , (3.21)

are the combination Jacobian matrices. JG maps generalized veloci-

ties to velocity of the center of mass, J ξ maps generalized velocities

to swing foot velocities and J θ5 maps generalized velocity to trunk’s

angular velocity. By taking the time derivative of Equation (3.19) and

inserting the obtained q̈ into Equation (3.7) we can get:

ẍt = J t,ssM
−1(Su−Cq̇ −G) + J̇ t,ssq̇. (3.22)

Inputs should be chosen as:

u = S−1
(
MJ−1t,ss(ẍtd,ss − J̇ t,ssq̇) +Cq̇ +G

)
, (3.23)
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to get ẍt = ẍtd,ss. By choosing:

ẍtd,ss =


KPG

(xCoM,des − xCoM) +KDG
(ẋCoM,des − ẋCoM)

KPG
(yCoM,des − yCoM) +KDG

(ẏCoM,des − ẏCoM)

KPsw
(xsw,des − xsw) +KDsw

(ẋsw,des − ẋsw)

KPsw
(ysw,des − ysw) +KDsw

(ẏsw,des − ẏsw)

KPT
(θ5,des − θ5) +KDT

(−θ̇5)

 (3.24)

where KP and KD are the proportional and derivative gains for the

controller and θ5,des is the desired trunk angle, desired trajectories

can be tracked. Desired trajectories will be chosen as the SLIP-SL

trajectories that were obtained in Section 3.3. In this study, the desired

trunk angle was chosen as θ5,des = π [rad].

3.4.2 Double stance phase

During the double stance phase, swing foot remains on the ground

which means there is one less task to be carried out. This means

that some modifications should be made to the single stance phase

controller so that it can be used in the double stance phase. The task

space for the double stance phase than becomes:

ẋt,ds =

[
ẋG

θ̇5

]
∈ R3. (3.25)

This reduction in dimension of the task space is somewhat problem-

atic since we need to determine 5 separate inputs but the dimension of

ẋt,ds is 3 which means there is more than one correct way to allocate

the inputs. To calculate the proper inputs, the following equation can

be used:
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q̇hip = Jhip,sw(qsw)q̇sw = Jhip,st(qst)q̇st, (3.26)

where Jhip, i(qi) is the jacobian matrix that maps the corresponding

legs angular velocities, q̇st = [θ̇1, θ̇2]
T and q̇sw = [θ̇3, θ̇4]

T , to the veloc-

ity of the hip. This holds since both foot are on the ground during the

double stance phase. From equation (3.26),

q̇st = J−1hip,st(qst)Jhip,sw(qsw)q̇sw, (3.27)

can be obtained to get:

q̇ =

J
−1
hip,stJhip,sw 02×1

I2×2 02×1

01×2 1


︸ ︷︷ ︸

Γ(q)

[
q̇sw

θ̇5

]
︸ ︷︷ ︸
q̇a

. (3.28)

After taking the time derivative of (3.28), then substituting the q̈

and q̇ terms from (3.28) into (3.7) and multiplying with ΓT from left,

following can be obtained:

M a(q)q̈a +Ca(q, q̇)q̇a +Ga(q) = ua, (3.29)

where 
M a = ΓTMΓ

Ca = ΓT (CΓ +M Γ̇)

Ga = ΓTG

ua = ΓTu.

(3.30)

Using a similar technique that was used for deriving (3.23):

ua = M aJ
−1
t,ds(ẍtd,ds − J̇ t,dsq̇a) +Caq̇a +Ga, (3.31)
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can be found where ẍtd,ds should be chosen as:

ẍtd,ds =

 KPG
(xCoM, des − xCoM) +KDG

(ẋCoM − ẋCoM)

KPG
(yCoM, des − yCoM) +KDG

(ẏCoM, slipsl − ẏCoM)

KPT
(θ5,des − θ5) +KDT

(−θ̇5)

 . (3.32)

However, by this way only ua ∈ R3 can be obtained which only has

dimension 3 where u ∈ R5 was needed. One way to calculate u is by

using the relation ua = ΓTu given in (3.30) by:

u = S−1

W−1Γ(ΓTW−1Γ)−1︸ ︷︷ ︸
(ΓT )+W

ua

 , (3.33)

where (ΓT )+W is the weighted matrix inverse operation. W is a posi-

tive definite matrix which is used to penalize the high ankle torques.

Controllers for the single and double stance phases are thus derived.

Another important aspect of the controller in tracking the SLIP-SL

trajectories is the switching of phases at the correct moments. When

the biped robot is in the double stance phase and the tracked trajec-

tory goes into the single stance phase, the controller switches to the

single stance phase controller and commands the robot to lift its foot

so it too can switch to the proper phase.
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3.5 Simulation results and discussion

In the following simulation study, the designed controllers ability

to track the reference SLIP-SL trajectories and the suitability of the

SLIP-SL as a template model for walking will be tested. Table 3.2

shows the mechanical parameters of the 5 link robot and Table 3.3

shows the chosen gain values for the controller and the torque limits

on the motors were set at 200 [Nm].

The simulations were implemented in MATLAB 2020b’s Simulink

environment with ode45 solver and variable step settings (absolute

tolerance was set to 1e-8).

Figure 3.6 shows the CoM trajectory and trunk orientation of the

controlled system with the proposed controller. Figure 3.8 shows the

swing foot trajectories for the same system. It can be seen that the

proposed controller does a good job in tracking the reference trajec-

tories of the SLIP-SL template, which were obtained in Section 3.3.

The reference SLIP-SL trajectories for the swing foot would not be

available a template such as the popular SLIP was used.

Table 3.2: 5 link model parameters

l1 = l4 : 0.48 [m] l2 = l3 : 0.48 [m] l5 : 0.48 [m]

m1 = m4 : 5 [kg] m2 = m3 : 5 [kg] m5 : 60 [kg]

Ii = mil
2
i /12 [kg ·m2], i = 1, 2, 3, 4, 5

Table 3.3: Control parameters

KPG
: 54 KDG

: 9

KPsw : 82 KDsw : 8

KPT
: 36 KDT

: 4
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Figure 3.6: Trajectory tracking results for CoM horizontal position, vertical position
and trunk orientation

Figure 3.7: Trajectory tracking results for the swing foot
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It can be seen in Table 3.3 that relatively low gains were chosen

for this study. Tracking performance can be increased by using larger

gains but since this model is fully actuated and has an ankle torque,

zero moment point (ZMP) condition must also be checked. ZMP cri-

terion states that if the center of pressure moves to the toe (or to the

“outside” of the foot), foot would rotate and system would be under

actuated [15]. For this trajectory, center of pressure stays within a 30

[cm] foot.

The figure shows snapshots of one stop from the 5 link models

gait. to check the stability of the gait, Poincaré map approach was

considered [14]. The dimensions of the Poincaré map were selected as

the θP = atan2(ẏCoM, ẋCoM), yCoM and total energy of the 5 link model

E at the vertical leg orientation (VLO). VLO happens when CoM of

the 5 link model is at the same horizontal position as the stance foot.

VLO was chosen as the because horizontal position doesn’t need to

be considered at this point. Poincaré stability criterion indicates that

if the return map converges to a fixed point, a hybrid system with

impact effects can be considered periodic [14]. Poincare Map for the

controlled 5 link model is shown in Figure 3.9. It can be seen that the

gait converges to a stable point in the section after a couple of steps

which indicates stability.

In this study, it was also shown that by using the direct collocation

optimization, various SLIP-SL trajectories can be obtained (Figure

3.5) that resemble the walking gaits. Cost of transport tended to de-

crease when the average velocity of the gait was increased and step

length was not constrained but this kind of trajectories can be more

demanding on the inputs and they sometimes resulted in large ankle

torques which was troubling for the ZMP criterion.
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Figure 3.8: Snapshots of 5 Link models one step

Figure 3.9: 2D section of the Poincaré Map where the numbers indicate the step
number (zoomed in version is shown in the right upper corner of the figure)
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Also stiffness of the legs were limited to 15000 [Nm] ≤ k0,i ≤
16000 [Nm], i ∈ {ds, ss} to keep the CoM height within a cer-

tain range. This stiffness limits was chosen to have a similar height

trends with [14] and [9] where k0 was 15696 [Nm]. It can be seen that

k0,ss 6= k0,ds for the given trajectories but it was possible to find feasi-

ble trajectories with k0,ss = k0,ds, even with k0,ss = k0,ds = 15696 [Nm]

but this doesn’t really mean that linear leg springs were the same in

single and double stance phase since L0,ss 6= L0,ds. The free length of

the springs in the double stance phase was set to 1 [m] to be the same

with [14] but L0,ss needs to be larger than this value to keep the CoM

high enough. If L0,ss was 1.0 [m], CoM would sag further than desired

range in the single stance phase.

3.6 Conclusion

In this chapter, a template model called SLIP-SL was proposed

which is an extension to the popular SLIP model. SLIP model can gen-

erate the reference CoM trajectories that can mimic the two-phased

walking but it doesn’t have swing leg dynamics. Thus, when this tem-

plate model is used, additional steps are necessary for obtaining the

swing foot trajectory so that the actual robot can be controlled.

Unlike the conventional method using SLIP model, the method

using SLIP-SL model can also calculate the natural dynamics of swing

leg so that it doesn’t need to consider the additional step for obtaining

the swing foot trajectory. From this study, we could get the result that

using a simple model that is modified to suit the bipedal robots could

improve the energy efficiency and reduce the effort for additional steps

of obtaining the swing foot trajectory.
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Chapter 4

Robust analysis of biped walking

using output zeroing control with

trajectory optimization

4.1 Introduction

In the research of the bipedal robot, the robustness of the gait is

also important issue in control schemes. Since the environment that

implements bipedal robot walking is not always ideal, the effects of

steps and uneven terrain should be considered in the periodic walking.

In the previous research of the bipedal robots, the same issue oc-

curred in a limit cycle walker’s gait. This walker is the robot whose

control methods is using the passive dynamics of the robot to im-

prove the efficiency of energy consumption of the gait [16], [17]. These

methods were motivated by the natural movement of the robot such as

walking through the slope without using any of actuation power and

realizing the walking only with the mechanical elements like spring or

damper [18], and there were various studies for the efficient walkers

based on this motivations [19] [20] [21]. However, this limit cycle walk-

ers are susceptible to disturbances such as effect from uneven terrain
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or external forces. This limit cycle can be easily collapsed by small

amount of these disturbances, so in the previous research, the control

method with using output zeroing control to increase the robustness

of the limit cycle walking was proposed [2] [22] [23]. This method uses

the output function with a relative degree 3, which consists of the

angular momentum and the function which is artificially constructed

by integrating the state of the dynamics. Using this output function,

the zero dynamics of the systems can be reduced by 1, so that it

becomes easier to satisfy the condition of the stability of the whole

system compared with using conventional output function with rela-

tive degree 2. This method was successfully implemented for walking

of a 4-link biped robot and has been shown that the robustness of the

limit cycle walking was increased by implementation with numerical

simulation.

Since the periodic gait obtained by using the trajectory optimiza-

tion method is easier to calculate and the application is simpler than

the limit cycle method, we expanded this method to the gait of 4-link

robot which is generated by a trajectory optimization. In this thesis,

we represent how to design the output zeroing controller to reduce

the dimension of zero dynamics, the method of optimizing trajectory,

and trajectory interpolation to make the continuous output function.

Then, we verified the robustness of the gait with numerical simulation

compared with the previous research.
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4.2 Dynamics model of 4-link biped robot

In this section, we describe the mathematical model of the dynamics

of 4-link biped robot which is shown in Figure 4.1. This model consists

of four links of rigid bodies with four joints. These links correspond

to the upper leg and lower leg of the walker and each of joints has

an actuator. We assumed that the tip of the stance leg is constrained

to the ground, so that we can express this constraint as ẋ1 = 0, and

ż1 = 0. Then, the dynamic equation of this model can be written as

M(q)q̈ +C(q, q̇)q̇ +G(q) = Su, (4.1)

where q = [θ1, θ2, θ3, θ4]
T is a generalized coordinate vector, M (q) ∈

R4×4 is an inertia matrix, C(q, q̇) ∈ R4×4 is a Coriolis and centrifugal

force matrix, G(q) ∈ R4 is a gravitational matrix, u ∈ R3 is a input

torque from actuators, and S ∈ R4×3 is a transformation matrix which

can be written as

S =


−1 0 0

1 0 0

0 1 0

0 0 1

 . (4.2)
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Figure 4.1: Model of 4link biped robot
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4.3 Control law

4.3.1 Walking with holonomic constraints

In order to apply the output zeroing control with relative degree 3

to 4-link model, we apply holonomic constraints on both knee joints

θ2 and θ4, given by

θ2 = θ1 + fv1(θ3), (4.3)

θ4 = fv2(θ3) (4.4)

θ̇2 = θ̇1 +
∂fv1(θ3)

∂θ3
θ̇3 (4.5)

θ̇4 =
∂fv2(θ3)

∂θ3
θ̇3, (4.6)

where fv1(θ3) and fv2(θ3) represent the holonomic constraints of the

stance leg knee joint and the swing leg knee joint, respectively. Note

that instead of imposing holonomic constraint on the absolute angle

θ2 of the stance leg knee joint, we impose a holonomic constraint on

relative angle θ2− θ1 of the supporting leg knee joint. Considering the

constraint equations (4.3)˜(4.6), the dynamic equation can be reduced

as

ML(qL)q̈L +CL(qL, q̇L)q̇L +GL(qL) = SLu2, (4.7)

where qL = [θ1, θ3]
T ,SL ∈ R2×1 is a transformation matrix.

4.3.2 Definition of angular momentum

The angular momentum of this system L at the contact point is

given by

L = M 11
L θ̇1 +M 12

L θ̇3 := H(θ3)θ̇1 + I(θ3)θ̇3, (4.8)
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where M ij
L is a (i, j) element of ML(qL). A time derivative of the

angular momentum L can be obtained as the following by taking the

product of the walking direction component of the center of mass of

the entire system and total weight of the system as

L̇ = e1 sin(θ1) + e2 sin(θ1 + fv1) + e3 sin(θ1 + fv1 − θ3)

+e4 sin(θ1 + fv1 − θ3 + fv2), (4.9)

where e1 ˜e4 are the constants determined by the mechanical param-

eters of this model. With the angular momentum L, a new function p

is defined by

p = θ1 + ω(θ3), (4.10)

ω(θ3) =

∫ θ3(t)

θ3(0)

I(θ3)

H(θ3)
dθ3. (4.11)

4.3.3 Output zeroing control with relative degree 3

When a state variable is selected as x = [p, L, θ3, θ̇3]
T , a state equa-

tion of this system can be written as
ṗ

L̇

θ̇3

θ̈3

 =


L/H(θ3)

Gp(p, θ3)

θ̇3

0

+


0

0

0

1

ub, (4.12)

where,

Gp(p, θ3) := e1 sin(p− ω(θ3)) + e2 sin(p− ω(θ3) + fv1)

+e3 sin(p− ω(θ3) + fv1 − θ3)

+e4 sin(p− ω(θ3) + fv1 − θ3 + fv2),
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and ub := θ̈3 is a new input of this system.

We define an output function y as

y = L+ α1p, (4.13)

where α1 is a weight parameter. In this output function, input-output

relative degree becomes 3 for the system due to the time derivative of

y is given as

y(3) = L(3) + α1p
(3), (4.14)

L̈ =
dGp

dt
=
∂Gp

∂p

L

H
+
∂Gp

∂θ3
θ̇3, (4.15)

L(3) =
d

dt

(
∂Gp

∂p

L

H

)
+
d

dt

(
∂Gp

∂θ3

)
θ̇3 +

∂Gp

∂θ3
ub, (4.16)

p̈ =
Gp

H
− (∂H/∂θ3)L

H2
θ̇3, (4.17)

p(3) =
d

dt

(
Gp

H

)
− d

dt

(
(∂H/∂θ3)L

H2

)
θ̇3 −

(∂H/∂θ3)L

H2
ub.(4.18)

From the above, we can determine y(3) by controlling ub. Therefore,

for the reference output function yd, we define e := y − yd and a new

control input is given by

v = −α2ë− α3ė− α4e+ y
(3)
d , (4.19)

where α2 ˜α4 are gain parameters. Other robust controls also can be

applied. Equation (4.19) can be transformed into

e(3) + α2ë+ α3ė+ α4e = 0. (4.20)

If α2 ˜α4 are determined as equation (4.20) is stable, e converges to

0 exponentially, i.e., the output y is tracked on the desired trajectory

48



CHAPTER 4. ROBUST ANALYSIS OF BIPED WALKING USING OUTPUT
ZEROING CONTROL WITH TRAJECTORY OPTIMIZATION

yd. Control intput ub is obtained as

ub =

(
v − d

dt

(
∂Gp

∂p

L

H

)
− d

dt

(
∂Gp

∂θ3

)
θ̇3 − α1

d

dt

(
Gp

H

)
+α1

d

dt

(
(∂H/∂θ3)L

H2

)
θ̇3

)(
∂Gp

∂θ3
− α1

(∂H/∂θ3)L

H2

)−1
.(4.21)

In order to transform ub into u, we use the following relationship:

ub = θ̈3

= Irq̈

= IrM (q)−1(Su−C(q, q̇)q̇ −G(q)), (4.22)

where Ir = [0, 0, 1, 0].

4.3.4 Control for realizing holonomic constraints

In order to use the control law in the previous section, the trajec-

tories of θ2 and θ4 in walking need to satisfy holonomic constraints

equation (4.3), (4.4). Therefore, we use output zeroing control with

relative degree 2 to control θ2 and θ4.

When a state variable is selected by ξ =
[
qT , q̇T

]T
, a state equation

of this system is given by

ξ̇ =

[
q̇

−M (q) (C (q, q̇) q̇ +G (q))

]
+

[
04×3

M (q)−1S

]
u

= f (ξ) + g (ξ)u. (4.23)

We define the output function h for the system as

h =

[
θ1 − θ2
θ4

]
. (4.24)
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Input-output relative degree becomes 2 for the system due to the time

derivative of h. Therefore, for the holonomic constraints hd, we define

ε := h− hd and a new control input is determined as

ν = −β1ε̇− β2ε+ ḧd, (4.25)

where β1 and β2 are constants. Other robust controls also can be ap-

plied. Equation (4.25) is transformed into

ε̈+ β1ε̇+ β2ε = 0. (4.26)

If β1 and β2 are determined so that equation (4.26) is stable, ε con-

verges to 0 exponentially, the output h tracks the desired trajectory

hd. The control input ub is obtained as

ν = L2
fh+ LgLfh, (4.27)

where Lf and Lg are Lie derivative of f and g, respectively. From

the equation (4.22) and (4.27), the actual control input u can be

determined as follows:

u =

[
LgLfh

IrM (q)−1S

]−1
[

ν − L2
fh

ub + IrM (q)−1 (C (q, q̇) q̇ +G (q))

]
. (4.28)
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4.4 Direct collocation method

In order to apply the control law as shown in the previous section,

we need to obtain the reference output function yd and the holonomic

constraints hd.In this chapter, we solve the following trajectory opti-

mization problem to generate the walking gait,

min
Z

J̄

s.t. ẋ = f̄ (x, u)

P̄ (x, u) ≤ 0

B̄ (x, u) ≤ 0

T (x, c) ≤ 0

(4.29)

where x ∈ X, u ∈ U, z := [xT , uT , cT ]T ∈ Z. Note that x ∈ X, u ∈ U , c

are the states, inputs and parameters of output function at the walking

gait, respectively, and z ∈ Z is optimization variables. Note that J̄ is

a cost function, f̄ represents dynamics of the robot, P̄ (x, u), B̄ (x, u)

and T (x, c) are constraints that give path constraints, boundary con-

straints, and reference output and holonomic constraints, respectively.

To solve the above problem, we used Direct collocation method [12]

which discretizes a continuous time system and solves the continuous

time optimization problem of equation (4.29) as a nonlinear program-

ming problem as

min
Z

J

s.t. xk+1 = f (xk, uk)

P (xk, uk) ≤ 0

B (xk, uk) ≤ 0

T (xk, c) ≤ 0

(4.30)
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where,X := [x0, ..., xF ]T , U := [u0, ..., uF ]T , zk := [xk, uk, c
T ]T ,and Z :=

[z0, ..., zF ]T . And, we used the Hermite-Simpson collocation method to

interpolate the discrete points by Hermite splines with using approx-

imation of the integral calculation by the Simpson’s rule. Hermite-

Simpson collocation method has good solution accuracy and approxi-

mates the trajectory of the state with 3 order Hermite spline so that

the time derivative is continuous.

4.4.1 Dynamics for discretized system

Direct collocation method defines a constraint equation to approxi-

mate the dynamics of the system. In the Hermite-Simpson collocation

method, we rewrite the dynamics to equation (4.33) by using Simp-

son’s rule:

ẋ = f (t) (4.31)∫ tk+1

tk

ẋdt =

∫ tk+1

tk

f (t) dt (4.32)

xk+1 − xk =
1

6
hk

(
fk (t) + 4fk+ 1

2
(t) + fk+1 (t)

)
, (4.33)

where hk = tk+1 − tk. Dynamics of the midpoint between the discrete

points is required, such as fk+ 1
2

in the equation (4.33). Therefore, by

preparing the interpolation function of the state trajectory [12], the

intermediate point is calculated as

xk+ 1
2

=
1

2
(xk + xk+1) +

hk
8

(fk − fk+1) . (4.34)

4.4.2 Path constraints

Path constraints are constraints at all discrete points. In this thesis,

following 2 constraints are given:
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• Swing leg position constraint

Constraint that prevents swing legs from colliding with the ground

except at the terminal point:

pzsw > 0. (4.35)

• Constraint of constraint force

Constraint that prevents lifting of the contact foot from the ground

at the termination point. In this case, we assume that the robot

does not slip from the contact point. Therefore, the constraint of

the constraint force is as:

λz > 0, (4.36)

where λz is the vertical component of the constraint force.

4.4.3 Boundary constraints

Boundary constraints are constraints at the initial point and the

terminal point. In this chapter, following 4 constraints are given:

• Stance leg position constraint

Constraint for the stance leg to contact the ground during walking

and not move form the contact point:

x1,0 = z1,0 = 0, (4.37)

ẋ1,0 = ż1,0 = 0. (4.38)

• Step length constraint

Constraint for making a step length of the robot at an arbitrary

value l:

pxsw,F − x1,0 = l, (4.39)
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where pxsw,F is the horizontal component of the swing leg tip po-

sition at the terminal point.

• Periodic orbital constraint

Since the terminal point is in the state just before the collision,

a reset map is applied to the terminal point to match it with the

initial point as:

x0 = fH (xF ) , (4.40)

where fH is the reset map.

• Constraint on instantaneous leg changing is given by:

ṗzsw,0 > 0, (4.41)

ṗzsw,F < 0. (4.42)

4.4.4 Reference output and holonomic constraints

Since the output function in the walking gait derived by the direct

collocation method is defined by the discrete time, it can not be used

as the reference output function as it is. In this thesis, an approximate

output function is defined as Bézier curve given by

b (s, c) :=
M∑
k=0

ck
M !

k! (M − k)!
sk (1− s)M−k . (4.43)

Since the output function needs to have 3rd order time derivative when

applying output zeroing control with relative degree 3, the reference

output function approximated by Bézier curve requires accuracy up

to 3rd order time derivative. Also, we use pk defined by the equation

(4.10) as an argument of Bézier curve. However, since the domain of
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Bézier curve is [0, 1], we actually use the variable s1,k normalized to

pk as:

s1,k =
pk − p0
pF − p0

. (4.44)

Therefore, constraints deriving the reference output function are sum-

marized by

b (s1,0, c) = y0 (4.45)

ḃ (s1,0, ṡ1,0, c) = ẏ0 (4.46)

b̈ (s1,0, ṡ1,0, s̈1,0, c) = ÿ0 (4.47)

b(3)
(
s1,k, ṡ1,k, s̈1,k, s

(3)
1,k, c

)
= y

(3)
k , (4.48)

and pk needs to be monotonically increasing:

ṗk > 0. (4.49)

Similar to deriving the reference output function, holonomic con-

straints fv1 and fv2 are also derived as Bézier curves. The argument

of these holonomic constraints is θ3 and we actually use the variable

s1,k normalized to pk as:

s2,k = s3,k =
θ3,k − θ3,0
θ3,F − θ3,0

. (4.50)

Therefore, constraints deriving the holonomic constraints are summa-

rized by

fv1 (s2,0, c) = θ2,0 − θ1,0 (4.51)

ḟv1 (s2,0, ṡ2,0, c) = θ̇2,0 − θ̇1,0 (4.52)

f̈v1 (s2,k, ṡ2,k, s̈2,k, c) = θ̈2,k − θ̈1,k (4.53)
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fv2 (s3,0, c) = θ4,0 (4.54)

ḟv2 (s3,0, ṡ3,0, c) = θ̇4,0 (4.55)

f̈v2 (s3,k, ṡ3,k, s̈3,k, c) = θ̈4,k, (4.56)

and θ3 needs to be monotonically increasing:

θ̇3,k > 0. (4.57)

4.5 Simulation results

In this section, we present the numerical simulation results using

the above method. The walking gait converged to a stable limit cycle

as shown in Figure 4.2˜4.5. These diagram show the phase of the state

where the 4-link robot walks for 12 steps after they converged to the

limit cycle.

4.5.1 Disturbance rejection performance

In order to verify the effectiveness of the proposed method, we

compared the robustness with a previous method [2]. We used a Gait

Sensitivity Norm (GSN) [24] and H∞ norm [2] as a comparison factors.

In this study, the gait period T is used as the gait indicator like [24].

The state perturbation δ is set to 0.1 % of the value at the equilibrium

point v̄ of each state. Table. 4.1 shows the GSN and H∞ norm, the

robustness is better when they are smaller, of the previous method

and the proposed method. We could get the result that the proposed

method using the reference output function which is calculated by the

direct collocation method improves the robustness quantitatively.
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Figure 4.2: Phase trajectory of θ1 in the walking simulation
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Figure 4.3: Phase trajectory of θ2 in the walking simulation
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Figure 4.4: Phase trajectory of θ3 in the walking simulation

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
-6

-4

-2

0

2

4

6

Phase trajectory by 
2

4

Figure 4.5: Phase trajectory of θ4 in the walking simulation
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Table 4.1: GSN and H∞ norm

GSN H∞ norm

Previous Method 21.9 22.9
Proposed Method 13.2 13.6

4.5.2 Zero dynamics trajectory

From the above result, we could get the fact that the proposed

method improves the robustness of the 4-link robot’s walk. One of the

reasons why the proposed method improves the robustness is that the

zero dynamics follows the desired trajectory. Figure 4.6 and Figure 4.7

show the error between the zero dynamics p and the desired trajectory

p̄ in the limit cycle in the previous method and the proposed method,

respectively.

4.6 Conclusion

In this chapter, we proposed a method to derive a reference output

function to be used in output zeroing control method with a rela-

tive degree 3 by direct collocation method. We conducted a numerical

simulation and verified that the proposed method increases the robust-

ness on uneven terrain compared with the previous method. When the

output function is designed with a relative degree 3, this reduces the

dimension of zero dynamics of the system as 1. Consequently, using

this virtual simple template model resulted in the improvement of the

robustness of bipedal walking by modifying the model to reduce the

dimension of zero dynamics, and we verified that this result can be

expanded to the gait which is obtained by the trajectory optimization.
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Figure 4.6: Error of zero dynamics trajectory in the previous method

0 50 100 150 200 250 300 350

time [s]

-60

-40

-20

0

20

40

60

80
Error of zero dynamics

Figure 4.7: Error of zero dynamics trajectory in the proposed method
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Chapter 5

Running control of bipedal robot

with series elastic actuator

5.1 Introduction

In recent years, various studies has been developed in the field of

bipedal robots for both the control methods and the mechanical im-

provement of the robots. About the control methods for the bipedal

robot, some of them are inspired by a natural simple dynamics such

as an inverted pendulum model [25], a spring-loaded inverted pen-

dulum (SLIP) model [26] [27] as described in chapter 2 and 3, and

others use the natural motions of creatures such as a human’s walking

patterns [28] and so on. These ideas are based on the goals to over-

come the difficulties in common use like the energy efficiency of the

motors or the durability of the robot’s body against high frequency

impact forces. As the efforts for these goals, many improvements in

the structural point of view also have been proposed.

In particular, the robots with the series elastic actuator (SEA) have

been focused in recent researches, whose mechanism is composed of

a motor and a link and there exist elasticity elements between them.

This mechanism was adopted for the reasons that it has the adaptabil-
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ity in the unknown environment [3], it can storage the energy for the

robot’s hopping [4], and it also reduce the possibility of the damages

in motors which are caused by high frequency impact forces by ab-

sorbing the impact forces by elastic elements. From these advantages,

the SEA robots are expected to realize high-energy efficiency running

gaits and the high-durability from the impact forces.

The dynamics of a robot with this mechanical structure is usually

more complex than robots without this structure, a conventional con-

trol method for non-SEA robot generally could not cover for realizing

the movement of SEA robots. As a well-known control method for a

SEA robot is the output zeroing control which is based on using the

joint angle as an output function and omitting the inertial coupling

terms between the link connected to the motor and the joint link of

the robot, so that the relative degree of this system is assumed to be

four. [29] and [30] uses this method to control the robot whose joints

are compliantly actuated, and the result of this method was success-

fully implemented for their target systems. However, this method can

be used only when the input term does not appear until the output

function is differentiated four times, so it is difficult to apply it to

model with a structure which the inertial coupling term cannot be

ignored.

In this chapter, we present the control method to realize the run-

ning of a bipedal robot which consists of a series elastic structure.

The target system is assumed to have the inertial coupling term be-

tween the link of a motor and the link of the joint, so adopting the

conventional control method is quite difficult. To overcome this prob-

lem, we use a model matching control method with the running gait

of a non-SEA robot model which uses the SLIP model as a template

model.
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Figure 5.1: Planar bipedal robot model

5.2 Dynamic model of running robot

In this section, we describe the dynamic model of running robot

with series elastic actuator.
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5.2.1 Kinetic and potential energy

In this study, the target model consists of upper body, two upper

legs, two lower legs, two flat feet and two additional links which is fixed

on lower legs with motors to transfer the torques to control the ankle

joints, and these additional links are combined to the feet links with

linear spring, respectively. Figure 5.1 shows the conceptual diagram of

the target system. Unlike conventional research of SEA mechanisms,

we also consider the reaction force between the motor’s link and lower

leg’s link. This condition allow us to get the kinetic energy of rigid

body model as

T =
1

2

[
q̇T φ̇

T
] [ M (q,φ) A(q,φ)

A(q,φ)T B

][
q̇

φ̇

]
, (5.1)

where q = [θ1, θ2, θ3, θ4, θ5, θ6, θ7, x1, z1]
T is a generalized coordinate

vector, which represent the joint angles and the position of the heel

in the support leg, φ = [φ1, φ2]
T are the motor angles which drive

SEA elements. M(q,φ) ∈ R9×9 is the link inertia matrix, B ∈ R2×2 is

the motor inertia diagonal matrix, and A(q,φ) ∈ R9×2 is the inertial

coupling matrix between the motor and the lower leg link of the SEA.

And the potential energy for this system can be written as

U = Ug(q,φ) + Us(q,φ), (5.2)

where Ug(q,φ) is the gravitational energy and Us(q,φ) is the elastic

energy of the spring in the SEA mechanism. In particular, Us(q,φ) is

calculated as

Us(q,φ) =
2∑
i=1

1

2
ks,i(ls,i − l0)2, (5.3)
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where ks,i, i ∈ 1, 2 is the spring constant of the SEA, l0 is natural length

of the spring, and ls,i is the length of the spring which is calculated by

a distance between the link’s end of the motor which drives the SEA

and the position of the spring of the SEA fixed on the foot.

5.2.2 Dynamics of running robot

Using the derivation of Eular-Lagrange equation with constraint

conditions, the dynamics of above model can be written as

M a(qa)q̈a +C(qa, q̇a) = Su+ J c(q)Tλ, (5.4)

where qa := [qT ,φT ]T is a generalized coordinate vector which rep-

resents whole state elements of the system.C(qa, q̇a) ∈ R11×1 con-

tains centrifugal, Coriolis, gravity and spring forces, S ∈ R11×6 is a

transformation matrix between motor inputs and generalized forces,

J c(q) ∈ RP×11 is a Jacobian matrix of the constraint, P is a number

of constraints, and λ ∈ RP is a constraint force vector given by

λ = −X(qa)
−1(J c(q)M a(qa)

−1Γ(qa, q̇a) + J̇ c(q, q̇)q̇a), (5.5)

X(qa) = J c(q)M a(qa)
−1J c(q)T , (5.6)

Γ(qa, q̇a) = Su−C(qa, q̇a). (5.7)

Since we consider the running gait of the biped robot, there exist two

continuous phases that called a stance phase and a flight phase, re-

spectively. The stance phase is defined when the robot’s support leg

touches and stays on the ground while the flight phase is defined when

the robot’s two legs are both left from the ground. Therefore, the Ja-

cobian matrix J c(q) is different depending on each phase.
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Stance phase.

Since the robot’s feet is assumed to be flat, there exist three contact

conditions as follows.

1) Heel contact : This contact condition is defined as the state when

the heel of the support leg is staying on the ground and the following

constraint conditions should be satisfied:

ẋ1 = 0, ż1 = 0. (5.8)

2) Sole contact : This contact condition is defined as the state

when both heel and toe of the support leg are staying on the ground.

To constraint both heel’s and toe’s positions, the following constraint

conditions should be satisfied:

ẋ1 = 0, ż1 = 0,−l1cos(θ1)θ̇1 + ż1 = 0. (5.9)

3) Toe contact : This contact condition is defined as the state when

the toe of the support leg is staying on the ground:

−l1sin(θ1)θ̇1 + ẋ1 = 0,−l1cos(θ1)θ̇1 + ż1 = 0. (5.10)

Flight phase.

In the flight phase, there is no constraint force from the ground.

Therefore, the second term on the right hand side of equation (5.4)

can be assumed to be 0 (J c(q)Tλ = 011×1).

5.2.3 Modeling of state change at impact

When the support leg touches the ground, velocities of each joint are

discontinuously changed. For simplicity, we assume that the collision

between the support leg and the ground is completely inelastic so that
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the joint velocity after the collision q̇+a can be considered as a mapping

of the joint velocity before the collision q̇−a . In particular, the following

impact equation is introduced:

λI = −XI(qa)
−1J I(q)q̇−a , (5.11)

XI(qa) = J I(q)M (qa)
−1J I(q)T , (5.12)

q̇+a = (I−M(qa)
−1J I(q)TXI(qa)

−1J I(q))q̇−a . (5.13)

where J I(q) is a Jacobian matrix derived from the constraint condition

that was mentioned above. In this study, we assume that there is one

SEA actuator in each leg, however, the following method can be easily

extended to multiple SEA cases.

5.3 Control method

In the conventional researches [31], [32], control laws for stable run-

ning gaits were proposed. This method is based on a non-SEA robot

model, which has nine rigid links without elasticity, six actuators at

each joint. The study has shown that we can easily realize stable run-

ning gaits with desired steady forward velocities. Unfortunately, the

SEA robot model which is studied in this chapter has some difficulties

to realize the proposed this control law. In this section, we will show

why these difficulties exist in SEA robot models and propose a method

how to realize the stable running gaits of the non-SEA robot models.

5.3.1 Achieving the running gait

For realizing stable running gaits of non-SEA robot models, SLIP

model based control is used frequently [26], [33], [31]. This control

method defines reference accelerations at each joint in the stance phase
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so that each joint torque can be calculated to fit the net force on

the robot’s center of mass (CoM) to the reference acceleration. In

this chapter, we refer the method as the sequential-contact bipedal

running based on the SLIP model [31]. This work contains calculating

the input to realize SLIP-like CoM movement and zero moment point

(ZMP) control to handle the contact conditions in the stance phase

using the input-output linearization method. Specifically, consider the

following the dynamics of non-SEA robot model:

M (q)q̈ + C̄(q, q̇) = S̄ū+ J c(q)Tλ̄, (5.14)

where C̄ ∈ R9×1 contains centrifugal,Coriolis and gravity forces, S̄ ∈
R9×6 is a transformation matrix between the motor inputs ū ∈ R6×1

and the generalized forces. In this case, ū corresponds to torques of

each hip,knee and ankle. λ̄ ∈ RP is a constraint force vector given as

(5.5) to (5.7) with replacement of qa to q.

To calculate the input to realize SLIP-like CoM movement for the

system (5.14), consider the position of CoM xG(q) = fG(q) ∈ R2.

Using a Jacobian JG(q) ∈ R2×9 ,the second time derivative of CoM

can be written as

ẍG(q) = FG(q, q̇) + V G(q)ū, (5.15)

where

FG(q, q̇) = JGM
−1(−C̄ + JT

c λ̄) + J̇Gq̇ (5.16)

V G(q) = JGM
−1S̄. (5.17)
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So, when robot’s CoM of the desired reference acceleration is deter-

mined as ẍGd, the required input is calculated as

ū = V †G(ẍGd − FG), (5.18)

where V †G means a pseudo inverse of V G. This input works not only

for realizing SLIP-like CoM movement,but also for other tasks. If we

define all main tasks to be output function xt1 as

xt1 = F t1(q, q̇) + V t1(q)ū, (5.19)

where xt1 = [xt1,1,xt1,2, · · · ]T is the output vector and xt1,i is ith main

task like the desired reference acceleration of CoM above. As consid-

ered in [31], CoM dynamics, centroidal angular momentum and posi-

tion of ZMP are used for the main task.

In addition, there might be additional freedom of input, so we define

a subtask to control the attitude of robot. This subtask also can be

written as output function xt2 given by

xt2 = F t2(q, q̇) + V t2(q)ū, (5.20)

where xt2 = [xt2,1,xt2,2, · · · ]T is the output vector and xt1,i corresponds

to ith sub task. In this work, we assign the defference between the angle

of the floating leg’s joint and the desired angle of it.

Using (5.19) and (5.20), the control input ū can be calculated as

ū = V †t1(xt1d − F t1) + (I − V †t1V t1)V̂
†
(xt2d − F̂ ) (5.21)
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where xt1d is the desired value for the main task, xt2d is the desired

value for the sub-task and

V̂ =V t2(I − V
†
t1V t1), (5.22)

F̂ =V t2V
†
t1(xt1d − F t1) + F t2. (5.23)

Figure 5.2: Simple model for analysis the non-SEA robot model (a) and SEA robot
model (b). m1,ms and hatched area indicate the foot link, the link to drive SEA and
lower leg link. In the mechanism (a), we can easily realize the desired acceleration
ÿ1d like GRF for imitating SLIP-like CoM movement. Otherwise, SEA mechanism
like (b), calculation based on section III-A cannot be applied.
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5.3.2 Difference between SEA and non-SEA model

The method to realize the SLIP-like CoM movement is based on

control of the acceleration of CoM. To derive this control, the external

forces should be taken into account such as gravity force and ground

reaction force. Since the ground reaction force (GRF) is only control-

lable element to control the CoM acceleration, controllability of GRF

from joint torques is important issue. In this section, we explain how

the controllability of GRF from joint torques of SEA robot model

differs from that of non-SEA robot model.

Fig. 5.2 shows a simplified model of the leg without the SEA in Fig.

5.2-(a) and with the SEA in Fig. 5.2-(b). m1 indicates the foot link of

the robot model, ms indicates the link which drives the SEA element

and the hatched area indicates the lower leg link. When the control law

of the equation (5.21) is applied to the robot model, the acceleration of

CoM is the output function for this controller. Likewise, in the system

of Fig. 5.2, we can consider the acceleration of m1 which is determined

as ÿ1 as the output function. Suppose that the desired acceleration of

m1 is ÿ1d. In the case of Fig. 5.2-(a), this can be easily realized by a

control input F 1 = m1ÿ1d. So, when the desired acceleration ÿ1d which

is imitating the SLIP-like CoM movement is specified, the desired

torque for each joint can be calculated from the inverse dynamics of

the system in Fig. 5.2-(a).

On the other hand, in the case of Fig. 5.2-(b), the acceleration

of m1 only depends on the difference between the length of spring

and the natural length of it. So, when the desired acceleration output

ÿ1d is specified as same as the case of Fig. 5.2-(a), it is impossible

to calculate directly the force F 1 from the desired output function

ÿ1d. To control the output function ÿ1, the force from the elasticity
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of ỹ1 := y1 − ys1 should be controlled properly. Likewise, to realize

the desired acceleration of CoM in the SEA robot models, the method

to calculate the control input mentioned above is not appropriate for

the SEA models. So, in the next section, we propose a method to

calculate the control input to realize the stable running for the SEA

robot models.

5.3.3 Control law for SEA robot model

To realize the stable running gait for SEA robot models, imitat-

ing the joint acceleration of the running gait for the non-SEA robot

model is adopted. Since there exist nine generalized coordinates in the

non-SEA robot model, we need nine independent actuators to imitate

all states in the SEA robot model to its non-SEA robot model. Un-

fortunately, we only have six actuators at each joint except the ankle

joint, so we can only imitate six states of the non-SEA robot model.

For imitating these six states, let us define the selected state vector

q̄ ∈ R6×1 as

q̄ = W̄q, (5.24)

where W̄ ∈ R6×9 is defined as

W̄ =


[
I6×6, 06×3

]
(other)[

06×1, I6×6, 06×2

]
(sole contact).

(5.25)

where In×n ∈ Rn×n is an identity matrix, 0i×j ∈ Ri×j is the matrix

whose all elements are zero. From equations (5.14),(5.21), the desired

joint acceleration is derived as

¨̄qd = W̄ q̈d = W̄M−1(−C̄ + S̄ū+ JT
c λ̄). (5.26)
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To utilize the spring force term, C is divided into two terms so that

one represents the force from the spring elasticity at the ankle and

the other represents remains. The reason why we consider about the

elasticity is that they have relative degree 2 to the control input and

it is larger than other terms.This can be written as

M aq̈a +


C ′1 − f 1(qa)

C2

C ′3 − f 2(qa)

C4

 = Su+ J c(q)Tλ, (5.27)

where θo = [θ2, θ3, θ4, θ5]
T is a generalized coordinate vector except θ1

and θ6, C1 ∈ R1, C2 ∈ R4, C3 ∈ R1, C4 ∈ R5 are the elements of C and

f i, i ∈ {1, 2} is the elastic force term in the ankle dynamics from the

spring, C ′i, i ∈ {1, 3} is defined as C ′1 := C1 + f 1,C
′
3 := C3 + f 2. In

the equation (5.27), by moving f 1 and f 2 to the right hand side, it

can be rewritten as

M aq̈a +


C ′1

C2

C ′3

C4


︸ ︷︷ ︸

:=C ′

=
[
S S′

]
︸ ︷︷ ︸

:=Sa

[
u

f

]
+ J c(q)Tλ, (5.28)

where f := [f 1,f 2]
T is the elastic force vector, S′ is the matrix which

is defined as

S′ :=


1 0

04×1 04×1

0 1

05×1 05×1

 . (5.29)

73



CHAPTER 5. RUNNING CONTROL OF BIPEDAL ROBOT WITH SERIES
ELASTIC ACTUATOR

From equations (5.26),(5.28), the desired force term from the elasticity

f d ∈ R2 should satisfy

¨̄qd = Wq̈ad = WM−1
a

(
−C ′ + Sa

[
u

f d

]
+ JT

c λ

)
, (5.30)

where

W =
[
W̄ , 06×2

]
. (5.31)

This notation shows that if the elastic force vector f could be con-

trolled arbitrary, we can treat the system (5.28) so that it looks like

there exist eight independent inputs which can also control the an-

kle joint arbitrary. However, the input vector u and the elastic force

vector f are not independent, the dynamic relationship between these

vectors can be written as

ḟ =
∂f

∂qa
q̇a (5.32)

f̈ =
∂ḟ

∂qa
q̇a +

∂f

∂qa
q̈a. (5.33)

From the equation (5.4), q̈a can be replaced by the function of q, q̇,u,

then the equation (5.33) can be written as

f̈ = F f(q, q̇) + V f(q)u, (5.34)

where

F f(qa, q̇a):=
∂ḟ

∂qa
q̇a +

∂f

∂qa
M−1

a (−C + JT
c λ) (5.35)

V f(qa):=
∂f

∂qa
M−1

a S. (5.36)
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5.4 Simulation result

Using the proposed method in section 5.3, we conduct a running

simulation when a desired acceleration is determined by the non-SEA

model described in section 5.2. The reference running velocity is set to

2 [m/s] and desired jumping height of CoM is set to 0.97 [m]. Control

parameters in section 5.3 are set to k0 = 250000 and k1 = 1000.

Figure 5.3 shows the phase diagram of CoM when the robot’s running

is stable. The phase diagram of the stable running of the non-SEA

model is expressed by the blue line and the phase diagram of the CoM

of the SEA robot model is expressed by the red line. Dashed line shows

the zero velocity of CoM in the vertical direction, so the point which

crosses the dashed line on the phase plot in left-side indicates the state

of the lowest position in the stance phase, and the point which crosses

the dashed line on the phase plot in right-side indicates the state of

the highest position in the flight phase. This figure shows that there is

small differences between the phase plot of non-SEA model and that

of SEA model due to the approximated method.

Fig. 5.4 shows the tracking performance of the force term of the

elasticity. The desired force of elasticity for tracking the acceleration

of each joint is calculated from equation (5.26) and it is expressed as

red line in Fig. 5.4. Blue line indicates the actual force term of the

elasticity. This tracking ability depends on the control parameters, k0

and k1,which assign the poles of the tracking error dynamics. When

the large values for stable poles are assigned, tracking ability will be

improved but robust stability for uncertainties might be deteriorated,

on the contrary, the small values for stable poles are assigned, tracking

ability becomes worse but robust stability might be improved. If the

poles are too small, running gait of the robot will be unstable.
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Fig. 5.5 shows the actual and the desired vertical CoM acceleration

of the running gait in the stance phase. Blue line shows the desired

vertical CoM acceleration to realize the SLIP-like CoM movement.

Red line shows the actual CoM acceleration which is generated by the

force from the SEA. Dashed line shows an instance when a feedback

for energy compensation is started. In the case of the non-SEA robot

model, there is no error between the desired and the actual accelera-

tions because the acceleration of CoM can be calculated by the desired

one directly. On the other hand, in the case of the SEA robot model,

the acceleration of CoM has some phase lag due to the dynamics be-

tween the elastic force and the SEA’s motor torque as described in

section 5.3.2.

5.5 Conclusion

In this chapter, we presented how to control the SEA robot models

for realizing the stable running gaits based on control methods for non-

SEA robot model. We stated why the control laws for the non-SEA

robot models can’t be applied to the SEA robot models directly and

proposed how to calculate the actuator inputs for realizing that the

CoM of SEA robot models imitates the SLIP model’s stable running

and desired accelerations determined by non-SEA models. To realize

the desired torque at the ankle joint, we used the force term of elas-

ticity which has a relative degree 2 to the control input. The proposed

control input may not be optimal for SEA robot models, however, the

proposed method realized stable running based on knowledge about

control methods for non-SEA robot models.
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Figure 5.3: This figure shows the phase diagram of CoM when the robot’s running
is stable. Blue line indicates the phase of stable running of the non-SEA model, Red
line indicates the phase of stable running of the SEA robot model and dashed line
indicates the zero velocity of CoM in vertical direction. Cross point with left-side is
the lowest position in stance phase and the right-side of it is the highest position in
flight phase.
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Figure 5.4: Tracking the force term of spring elasticity. Desired and actual force term
of elasticity are indicated by red and blue line. Tracking ability depends on the poles
of tracking error dynamics which are determined by the control parameters k0 and
k1.
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Figure 5.5: The actual and desired vertical CoM acceleration in stance phase. The
error appears due to the SEA mechanism. The feedback for the energy conservation
is generated after the time which is indicated by dashed line. This error depends on
the control parameter k0 and k1.
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Chapter 6

Verification of mechanical

improvement for bipedal walking

robot

6.1 Introduction

Recent studies have proposed methods for improving not only con-

trol techniques but also mechanical structures in order to improve the

walking performance of biped robots. Since the mechanical structure

of a robot is an important property for locomotion when performing

a task given to the robot and the natural dynamics of the robot itself,

it greatly affects the efficiency and stability of the robot. So, in recent

researches, various mechanical structures for bipedal robots have been

proposed to improve the performance of the robot’s walking such as

equipping an elasticity element and adjusting inertial properties to the

joints of the robots.

Adding the elastic elements to rigid dynamics of the robot is an

important feature of legged robot’s walking [34] [35]. The elastic prop-

erty of the legged robot has several advantages in performing tasks,

such as storing the elastic energy by compliance elements to improve
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the efficiency and improving the tolerance of the shock from the envi-

ronment [36]. Recent studies using this elastic properties have focused

on optimal implementation of the elastic elements to perform their

own tasks optimally. In [37] [38], the additional actuators for adjust-

ing the stiffness of the elasticity have been introduced to optimize the

dynamic properties for tracking the desired trajectory of the manipu-

lator. In [39], the mechanical design of the robot including the passive

compliance was determined to perform walking optimally evaluating

with joint torques and walking stability. However, since the required

elastic properties differ depending on the task given to the robot, it is

considered that the optimal elastic stiffness differs depending on the

behavior even for the same robot.

As another mechanical structure for improving the performance of

the robot’s walking, a mechanism for adjusting the moment of inertia

of the joints, which is called “inerter”, and a mechanism for consid-

ering the effect of the arm swinging motion of a walking person on

the moment of inertia of the upper body , which is called “wobbling

mass”, have been proposed in the previous researches. The inerter was

introduced as a linear motion model in [40], and the rotational version

for mounting on the joints of the bipedal robot was proposed in [41].

This mechanism improved the performance of the passive walker on

the slope whose performance was evaluated with the maximum speed

and the energy efficiency of the gait.

On the other hand, the wobbling mass was also introduced for im-

proving the performance of the walking gait [42]. The motivation of

this mechanism is based on the fact that the up-and-down movement of

the mass of the robot improves the performance of the legged walking

such as easing the peak vertical force [43] and increasing the walking

speed of the natural dynamics of a legged robot [44]. These motiva-
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tions are based on the assumption that the arm swinging movement

in the human’s walking improves the performance of the gait by mov-

ing the center of the upper body’s mass up-and down, and in [42],

mimicking this movement with the wobbling mass mechanism’s was

successfully implemented for the gait of the limit cycle walker by in-

creasing the walking speed of the robot. From this result, we expect

that devising this mechanism to the bipedal robot could improve the

performance of the walking by optimizing the parameters for these

mechanical structures.

In this chapter, we present the verification of mechanical improve-

ment for bipedal walking robots with adding series elasticity and me-

chanical elements to the joint structure including inerter and wobbling

mass. In particular, we used the fully-actuated five link robot as a nom-

inal model, and we devised the series elastic actuator and inerter on

the hip joint and the knee joint of the robot, respectively. The wob-

bling mass is implemented in the upper body as a mass and a linear

actuator.

6.2 Target systems and model

6.2.1 Implemented mechanical structure

Series elastic actuator

In this chapter, we use the dynamics of the series elastic actuator

as follows. Since we are focusing on the effect of the synergy of me-

chanical structures in the gait of the bipedal robot, we assume that

these elements consist of a simple structure of each element as follows.

The mechanical schematic of the structure of series elastic actuator is

shown in Figure 6.1. In this work, we assume the inertial coupling be-
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tween the motor’s link and the joint link can be omitted for simplicity

of the model. From this assumption, the dynamics of the series elastic

actuator is independent of the joint acceleration, and can be written

as

Bφ̈+ τ = u (6.1)

τ = R(φ̇− θ̇) +K (φ− θ) , (6.2)

where φ is the angle of the motor, θ is the relative angles of the links,

B = diag(bi) is an inertia matrix of the motors, R = diag(ri) is a

damping matrix of the spring, K = diag(ki) is a stiffness matrix of

the spring, and u and τ are the input torque from the motor and

torque of the series elasticity, respectively. In this work, the damping

coefficient ri and the spring stiffness ki was assigned as

ki := bi · p2i , ri := 2 · bi · pi, (6.3)

where pi is the pole of the spring-mass-damper system, so that the

natural dynamics of the series elastic actuator doesn’t have the oscil-

lation.

Figure 6.1: Mechanism of series elastic actuator
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Inerter

The dynamics of the inerter and wobbling mass is described as

follows. In this work, we used the mechanism of the rotational inerter

which was proposed by Hanazawa [41], which is shown in Figure 6.2.

This mechanism increases the momentum of the joint with the gear,

pinion, and the flywheel elements but does not change the mass. The

dynamics model of rotational inerter is shown in Figure 6.3, and the

dynamic equation of this model can be written as

τI = βθ̈i, (6.4)

where β := Jfα
2
1α

2
2, α1 := rg1/rp1 and α2 := rg2/rp2 is the momentum

of the joint, and θi indicates the relative angle of the joint devised

with this mechanism.

Figure 6.2: Mechanism of inerter
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Figure 6.3: Dynamics model of inerter

Wobbling mass

The mechanism of the wobbling mass which was proposed in [42]

is shown in Figure 6.4. Since this device simulates arm swinging by

moving the wobbling mass up-and-down, the additional linear actuator

is considered in the upper body of the biped robot.

Figure 6.4: Mechanism of wobbling mass
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6.2.2 Biped robot model

In this section, we describe the derivation of mathematical model

of biped robot to verify the effectiveness of mechanical improvement.

The nominal robot model’s parameters were assumed to be same as the

robot model in [45]. The robot model in [45] has only four actuators,

so that the original version is supposed as under-actuated robot, but

we assume that there exists additional actuator on the stance foot’s

ankle which can be supposed as fully-actuated robot model.

Dynamics of the conventional robot model

First, we describe the dynamics of conventional biped walking robot

model as shown in Figure 6.5. This model is assumed to be a fully-

actuated, which consists of five rigid bodies and five actuators to con-

trol. The dynamics of this model can be written as

M(q)q̈ +C(q, q̇)q̇ +G(q) = Su+ JTc λ, (6.5)

where q = [θc, θ1, θ2, θ3, θ4, xc, yc]
T ∈ R7 is a generalized coordinate

vector of the system, M(q) ∈ R7×7 is an inertia matrix, C(q, q̇) ∈
R7×7 is a Coriolis and centrifugal force matrix, G(q) ∈ R7 is a gravita-

tional force vector, S ∈ R7×5 is a transformation matrix, and u ∈ R5 is

a input vector, and JTc λ indicates the constraint force on stance leg’s

foot caused by the reaction from the ground. This constraint force

can be calculated as shown in section 2.1.2, so detail of this will be

omitted.
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Figure 6.5: 5 link robot model

Table 6.1: 5 link model parameters

mc : 12.0 [kg] m1 = m3 : 6.8 [kg] m2 = m4 : 3.2 [kg]

lc : 0.625 [m] l1 = l3 : 0.4 [m] l2 = l4 : 0.4 [m]

Ic : 1.33 [kg· m2] I1 = I3 : 0.47 [kg· m2] I2 = I4 : 0.20 [kg· m2]
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In this walking gait, we assume that the state transition by the

collision with the ground occurs instantly, and in the instant of the

collision, we assume that the stance leg foot is also off the ground

instantaneously. The robot dynamics is assumed to be symmetric for

the left and right sides of the robot, so that the one period of the

template model is from the swing leg takeoff event to the swing leg

ground contact event. From this assumption, whole system of the gait

can be expressed by combination of 1 continuous system which repre-

sents the single stance phase and 1 discrete system which represents

collision with the ground.

In this work, we used the robot’s parameter as presented in [45].

The mass, the momentum of inertia, and the length of the each rigid

body is described in Table 6.1.

Dynamics of the improved robot model

In this section, we describe the mechanically devised robot model

with series elastic actuator, inerter, and wobbling mass as shown in the

Figure 6.6. This model consists of five rigid links, a point mass in the

upper body, and the five inputs where four of them are implemented

on each joint, and one is on the upper body. The inerter is devised on

the knee joint, indicated on the knee joint as yellow. The series elastic

actuator is devised on the hip joint whose torque is indicated as a blue

arrow. The wobbling mass is implemented in the upper body, which

actuate a point mass up-and-down. The dynamics of the whole system

can be written as[
M(q) 0

0 B

][
q̈

φ̈

]
+

[
C(q, q̇)q̇ +G(q)− τ

τ

]
=

[
ua + JTc λ

ub

]
,

(6.6)
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where q := [θc, xw, θ1, θ2, θ3, θ4]
T is the state vector and xw represents

the position of the wobbling mass, φ := [φ1, φ2]
T represents the angle

of the rotor of series elastic actuator, τ ∈ R2 is the torque vector

applied on the hip joint actuated by the series elastic actuator, ua =

[u1, u3, u5, u6]
T ∈ R4 is the input vector contains the actuator of the

wobbling mass and the actuators of the knee and the ankle joint,

ub = [u2, u4]
T ∈ R2 is another input vector to actuate the series elastic

element in the hip joint. We set the parameters for this model as shown

in Table 6.2.

Figure 6.6: Devised 5 link robot model
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Table 6.2: Devised robot model parameters

mcu : 11.5 [kg]

mw : 0.5 [kg]

bi : 0.005 [kg · m2] where i ∈ {1, 2}

6.3 Optimization method

In this section, we implemented the optimization method to find

the optimal value of the parameters of the mechanical devices such

as the elastic stiffness of the series elastic actuator, the moment of

inertia of the inerter, and the optimized trajectory of the movement of

the wobbling mass. In this work, we used the nonlinear programming

solver to solve the optimization problem with OpenOCL as described

in section 3.3.

The optimization problem can be formulated as:

min
x,p,u,T

∫ T

0

J(x(t),u(t),p)dt

s.t. ẋ = f(x(t),p)

rk(x(µk),p) ≤ 0,

(6.7)

where t ∈ [0, T ] is the time, T is the end time of the stance phase,

x(t) is the state vector, p is the parameter vector, J(x, p) is the path

cost function, f(x,p) represents the dynamics function of the system

which is represented as differential equation and rk(x,p) is the grid-

constraints function. In this study, the Cost of Transport (CoT) [9]

which indicates the efficiency of the walking gait was used as same in

section 3.3.

We set the path, boundary constraints to find a feasible solution as

follows:

90



CHAPTER 6. VERIFICATION OF MECHANICAL IMPROVEMENT FOR
BIPEDAL WALKING ROBOT

Path constraints

• Boundary of the parameters were assigned to be:{
p1 = p2 = p∗

0 ≤ β1 = β2 ≤ βmax,
(6.8)

where pi,∀i ∈ {1, 2} are the poles of the spring-mass-damper

system of the series elastic actuators, and βi,∀i ∈ {1, 2} are the

momentum of the inerter device on the knee joints.

• The vertical position of the swing foot always greater than 0:

Pfoot,y(θ) ≥ 0. (6.9)

• The knee joint doesn’t bend to the other side:

θ2 ≤ 0, θ4 ≤ 0. (6.10)

• The upper body doesn’t tilt backward or too much for forward:

−θc,max ≤ θc ≤ 0, (6.11)

where θc,max represent the upper bound of the tilt angle of the

upper body. Negative direction means the tilt to the forward.

Boundary constraints

• The initial state q(t = 0) and the final state q(t = tf) of the

periodic movement have following relation :

q(0) = ∆(q(tf)), (6.12)

where ∆ is a reset map of the joint angle.
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• The state transition of the velocity vector is occurred by the im-

pact event, and this can be described as:

q̇+(0) = ∆(q̇+(tf)), (6.13)

where, q̇+(tf) represent the state after the impact event, which

is calculated by the state before the impact event q̇−(tf) as de-

scribed in Section 2.1.3.

• The initial and the final position of the swing leg were assign to

be:

Pfoot,x(θ(0)) = −Lstep, Pfoot,x(θ(tf)) = Lstep, (6.14)

where the Lstep is the step length of each simulation.

• The swing leg should touch the ground within a set time:

tf = T. (6.15)

6.4 Optimization result

In this section, we describe the optimized trajectory and parameters

of the nominal five link model and the improved model to confirm

the effect of the devices such as series elastic actuators, inerter and

wobbling mass on the energy efficiency of the walking gait. To compare

this, we used Cost of Transport [9] as an indicator of the walking

efficiency as described in Section 3.3. And, for the parameters of the

optimization setting, we chose the following values as described in

Table 6.3.
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Table 6.3: Optimization parameters

p∗ : 1000 βmax : 0.1 [Nm/(rad/s2)]

θc,max : 0.2 [rad] Lstep : 0.2 [m]

T : 0.4 [sec]

Using the above setting, the optimal walking gaits were obtained

by solving the optimization problem. The walking speed was set to

0.45 [m/s], and the optimization was implemented with three different

models, the nominal five link model (Case 1), the five link model

that only the series elastic actuators is devised (Case 2), and the five

link model that was applied both the series elastic actuators and the

inertial devices including the inerter and the wobbling mass (Case 3).

Table 6.4: Optimized parameters of mechanical devices

Case 1 Case 2 Case 3
Stiffness of Series Elasticity [Nm/rad] - 3.2265× 103 3.2547× 103

Inertial Momentum of Inerter [Nm/(rad/s2)] - - 1.00× 10−3

Figure 6.7 shows the optimized gait of the nominal five link model

and Figure 6.8 shows the optimized gait of the improved robot model.

The results of the optimized input torque and the states of the nominal

five link model are shown in Figure 6.9 ˜6.11. Figure 6.12 ˜6.15 show

the results of the model only with the series elastic actuators, and

Figure 6.16 ˜6.18 show the optimized results of the improved model

with the series elastic actuators, inerter, and wobbling mass. The op-

timized parameters are given as Table 6.4 and Figure 6.20 shows the

optimized trajectory of the wobbling mass in the gait of the improved

model. The maximum amplitude of the input torque of the nominal

model was obtained as 37.57 [N/m], where as the model with series

elastic actuators was obtained as 33.57 [N/m], and in the model with

whole devices case, it was obtained as 25.88 [N/m].
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Figure 6.7: Walking gait of the nominal five link robot model

Figure 6.8: Walking gait of the improved robot model

Figure 6.9: Optimized input for the nominal five link model

94



CHAPTER 6. VERIFICATION OF MECHANICAL IMPROVEMENT FOR
BIPEDAL WALKING ROBOT

Figure 6.10: Optimized joint angle for the nominal five link model

Figure 6.11: Optimized joint velocity for the nominal five link model
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Figure 6.12: Optimized input for the robot model with SEA

Figure 6.13: Optimized joint angle for the robot model with SEA
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Figure 6.14: Optimized joint velocity for the robot model with SEA

Figure 6.15: Optimized motor rotor angle for the robot model with SEA
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Figure 6.16: Optimized input for the improved robot model

Figure 6.17: Optimized joint angle for the improved robot model
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Figure 6.18: Optimized joint velocity for the improved robot model

Figure 6.19: Optimized motor rotor angle for the improved robot model
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Figure 6.20: Optimized trajectory of the wobbling mass

The CoT value of the nominal five link model’s gait was 0.0803,

the model only with the series elastic actuators was 0.0706, and the

model that was applied both the series elastic actuators and the iner-

tial devices including the inerter and the wobbling mass was 0.0543.

Compared with the results of the nominal model case, 12.08% improve-

ment of energy efficiency was observed in the case of the model only

with the series elastic actuators, and 32.38% improvement of energy

efficiency was observed in the case of the model with both devices.

The optimized inertial momentum of inerter device was obtained at

the boundary of the parameters, so in order to verify that this is the op-

timal value for the inerter, we also confirmed the optimization results

in the range βmin = 0 [Nm/(rad/s2)] and βmax = 0.001 [Nm/(rad/s2)]

by setting the initial conditions as a result of the optimized param-

eters and the trajectory of the improved model. In this setting, we

obtained the optimal parameter for the inerter as β = 6.85 × 10−4

[Nm/(rad/s2)], and the CoT value of this gait was 0.0727. From this
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result, we concluded that the optimal value for the inerter parameter

is β = 1.00× 10−3 [Nm/(rad/s2)].

6.5 Control method

In this work, we used output zeroing control to stabilize the walking

of the devised five link model. The reference output functions need to

be continuous functions with respect to the time domain, but the

optimized trajectory obtained from the previous section is a set of

discretized states, so it is necessary to interpolate the discretized states

in order to apply it to the continuous time system. In this work, we

approximated using a seventh order Bézier curve to make continuous

output functions with the discretized states. The seventh order Bézier

curve can be written as

Bs,i (s) :=
7∑

k=0

Pk,i
7!

k! (7− k)!
sk (1− s)7−k . (6.16)

where s ∈ [0, 1], and i ∈ {θc, xw, θ2, θ4, φ1, φ2} represents the joint of

the model. The domain of variable s is defined in 0 to 1 whereas the

domain of the optimized trajectory t is in 0 to 0.4 [s], we assume that

s = κ(t) where function κ is a class K-function. To decide the control

points Pk,i of the Bézier curve, the following conditions are considered:

• The initial position q(0) and the final position q(T ) of the opti-

mized trajectory are satisfying

P0,i = qi(0), P7,i = qi(T ) (6.17)

• The initial velocity q̇(0) and the final velocity q̇(0) of the opti-
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mized trajectory are satisfying

P1,i =
1

n

∂t

∂s
q̇i(0) + P0,i, P6,i = −1

n

∂t

∂s
q̇i(0) + P7,i (6.18)

• The remaining control points P2,i, P3,i, P4,i, P5,i were decided as

follows
P2,i

P3,i

P4,i

P5,i

 = A†


q∗i (∆t)− ci(∆t)
q∗i (2∆t)− ci(2∆t)

...

q∗i (T −∆t)− ci(T −∆t)

 , (6.19)

where q∗i (·) is the optimized discrete state, ∆t is the interval of

discrete state, ci(·) is defined as

ci(t) := P0,i(κ(t))7 + 7P1,iκ(t) (1− κ(t))6

+7P6,i(κ(t))6 (1− κ(t)) + P7,i (1− κ(t))7 , (6.20)

and A is defined as

A :=


a2,i(∆t) a3,i(∆t) a4,i(∆t) a5,i(∆t)

a2,i(2∆t) a3,i(2∆t) a4,i(2∆t) a5,i(2∆t)
...

...
...

...

a2,i(T −∆t) a3,i(T −∆t) a4,i(T −∆t) a5,i(T −∆t)

 ,
(6.21)

where

ak,i(t) :=
7!

k! (7− k)!
(κ(t))k (1− κ(t))7−k . (6.22)

The reference of the output function yd and the derivatives of this
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output function ẏd and ÿd can be calculated by

yd,i(t) := Bs,i(s)|s=κ(t) (6.23)

ẏd,i(t) :=
∂s

∂t

dBs,i

ds

∣∣∣∣
s=κ(t)

(6.24)

ÿd,i(t) :=

(
∂2s

∂t2
dBs,i

ds
+

(
∂s

∂t

)2
d2Bs,i

ds2

)∣∣∣∣∣
s=κ(t)

. (6.25)

And, the output function is defined as

y =



θc − yd,θc
xw − yd,xw
θ2 − yd,θ2
θ4 − yd,θ4
φ1 − yd,φ1
φ2 − yd,φ2


. (6.26)

Using this output function, we conducted the output zeroing control

as described in Section 2.2.1.

6.6 Simulation result

Using the previous control method, we show the bipedal walking

simulation result in this section. For the output zeroing control gain,

KP = 4× 104 and KD = 4× 102 were chosen where KP is the gain of

the output y, and KD is the gain of the time derivative of output ẏ.

Figure 6.21 represents the walking gait of the bipedal robot model

in one step and Figure 6.22 shows the trajectory tracking result of

each joint. Table 6.5 shows the mean velocity of the gait and the cost

of transport. The value of cost of transport in this simulation were
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observed to be higher than those observed in trajectory optimization.

This result is caused by the feedback control of the states, and feedback

gain affects on this value.

Table 6.5: Simulation result of bipedal robot model

The mean velocity of walking [m/s] Cost of Transport
value 0.4521 0.1217

Figure 6.21: Walking simulation result of devised bipedal model

Figure 6.22: Tracking output function in one step
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6.7 Conclusion

In this chapter, we verified the improvement of the performance

of the walking gait using the mechanical devices for bipedal robots.

We compared the Cost of Transport value as a performance of the

gait, and obtained the optimized values for the parameters for the

mechanical devices. The method for generating these gaits is the same

method for generating the simple template model, so that the results

from the complex dynamics behavior can be easily obtained. After

we obtain the optimized trajectory and parameters for mechanically

devised model, we also confirmed the walking simulation with feedback

control using output zeroing control method.
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Conclusion

In this thesis, we presented control methods and mechanical devices

for the bipedal robot models using a simple template model dynamics.

In particular, we verified the improvement of the performance of the

walking gait using this method, and we expanded this method by

proposing a new template model for the walking. We also presented

the method to control the mechanically devised bipedal models by

using the template model, and we compared the performance of the

mechanically devised systems with the nominal system by using the

method which is usually used for generating the template model. The

details of the contributions are described as follows:

In chapter 2, we described the derivations of some mathematical

tools used in this thesis. We described the derivation of rigid body dy-

namics using Eular-Lagrange equation, derivation of constraint force

from ground, and derivation of state changes when impact occurs, and

we described some control schemes such as model matching control

and output zeroing control.

In chapter 3, we presented a template model called SLIP-SL which

is an extension to the popular SLIP model.The key to achieving pe-

riodic movements of this model is to modify the appropriate stiffness
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parameters, and we implemented this using a solver of a trajectory op-

timization problem. This periodic movement was generated under the

condition that there is no input actuation for the template model, so

that the resultant trajectory is only dependent on the natural dynam-

ics of the simplified model. After calculating the template trajectory

with appropriate parameters, we conducted the feedback control for a

multi-body bipedal robot with an output zeroing method and verified

the method with numerical simulation results.

In chapter 4, we presented the robustness analysis of the bipedal

walking using an output zeroing control with a trajectory optimiza-

tion. We conducted a numerical simulation and verified that the pro-

posed method increases the robustness on uneven terrain compared

with the previous method. Since the algorithm of optimizing trajec-

tory is based on discretized dynamics, we used Bézier curves to inter-

polate the optimized discrete states. We verified the result that the

proposed method improves the robustness compared with the previous

research, and confirmed the stable walking with the proposed method.

In chapter 5, we presented a control method that realizes the run-

ning of bipedal robots consisting of series elastic actuators(SEA). We

considered the SEA model which consists of a rotational link and a

linear spring so that the conventional methods cannot be applied. And

we proposed how to calculate the actuator inputs for realizing that the

CoM of SEA robot models imitates the SLIP model’s stable running

and desired accelerations are determined by non-SEA models. We con-

firmed the validity of the proposed method by numerical simulation

results.

In chapter 6, we present the verification of mechanical improve-

ments for bipedal walking robots by adding series elasticity and me-

chanical elements to the joint structure including inerter and wobbling
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mass. We showed the performance improvement in walking efficiency

of the improved models compared to the nominal bipedal model.

As future works for this research, the followings can be considered:

• Expanding the idea of SLIP-SL model to the running gait

We proposed the modified version of the SLIP model to improve the

performance of the walking. The basic idea of this method is consider-

ing the swing foot dynamics in the single stance phase. In the running

gait, there is an additional state phase that both feet are floating in

the air. When the robot’s feet are off the ground, we cannot assume

the robot as a fully-actuated system any more, so a template model

for considering this phase should be developed.

• Designing a template model for the efficient 3D robot

movement

The template model used in this thesis are limited to a 2-dimensional

robot’s movement in sagittal plane. Since the dynamics of the 3-

dimensional robot model is more complex than the 2-dimensional

model, realizing the dynamical movement of the 3D robot is challeng-

ing problem in many researches. So it is expected that the template

model such as SLIP model and SLIP-SL model can be modified for the

3D robot by adding the natural dynamics of 3D spring-mass structure

in the coronal plane or frontal plane.

• Output function with relative degree 3 for the robot us-

ing the SLIP-SL model

In this thesis, we used the fully-actuated robot to track the trajectory

of the SLIP-SL model. However, since the SLIP-SL model doesn’t have
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a ankle joint, this model can be applied to the walking for the under-

actuated robot. In the process of applying this template model to the

under-actuated robot, it confronts the problem of the stability of the

zero dynamics of the system. This problem can be solved by designing

the appropriate output function with a relative degree 3, and from the

result of this method, it is expected that the robustness of the gait

could be improved in uneven terrain.

• To achieve near optimal CoT by feedback control

In chapter 6, the optimized walking was realized by the output zeroing

control. However, the realized CoT was larger than the optimal value

by a factor of larger than 2. So we should consider feedback control

and definition of the desired walking trajectory in a continuous time

domain to achieve the near optimal CoT.
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