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Abstract

Dynamical symmetry breaking of QCD’s chiral symmetry is the mechanism responsible for the
bulk of all hadron mass in the universe. One of the order parameters of chiral symmetry breaking
is the chiral quark condensate. Theoretical model-independent calculations have shown that
the absolute value of this quark condensate is reduced in nuclear matter. This might be an
indication of (at least partial) restoration of the chiral symmetry compared to the unbroken
phase in the vacuum. The linear-order density dependence of this symmetry breaking process
is well known. If we knew higher orders of this density dependence, we might be able to
extrapolate to even higher densities. This could for instance lead to a better understanding of
neutron stars.

The goal of this work is to investigate the density dependence of the chiral quark condensate
as well as certain pion properties in isospin-asymmetric nuclear matter using in-medium chiral
perturbation theory up to the next-to-leading order of the density expansion. The isospin
asymmetry of the nuclear matter ground state is realized via different proton and neutron
densities, expressed via the ratio r = p,/p,. Hence a ratio of r = 1.5 corresponds to a neutron-
to-proton ratio commonly found in heavy nuclei and r» &~ 10 represents the situation in neutron
stars.

For our calculations, we use an SU(2) in-medium chiral perturbation theory, initially formu-
lated by Oller and further developed by Meifiner, Oller and Wirzba. The partition function is
defined in terms of the ground state, which we assume to be described by Fermi seas of non-
interacting protons and neutrons. These states can be written as excitations of the vacuum,
where we include all momenta up to the Fermi momentum, which depends on the nucleon
density. Since this approach allows us to calculate general Green’s functions, we can apply it
to both the quark condensate as well as the pion properties. Our expansion scheme allows us
to consider diagrams with one or two in-medium nucleon propagators and pion-nucleon inter-
actions up to second order in the chiral counting. In total, we restrict our calculations to the
order of the Fermi momentum to the fifth power. Higher contributions, i.e. proportional to
the square of the nucleon density can be considered by including nucleon-nucleon correlation
effects.

In order to compute the density dependence of the chiral quark condensate in nuclear matter,
we investigate the two-point pseudoscalar correlation function by means of the chiral Ward

identity. We find that at normal nuclear density, the absolute value of the quark condensate is
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reduced by around 35% compared to its vacuum value. This is in good agreement with earlier
model-independent calculations. Although the effect of isospin-asymmetric nuclear matter is
small, it is non-zero and leads to slight changes for large asymmetry of protons and neutrons.
At fixed density, the reduction of the quark condensate is unchanged under the inversion of the
neutron-to-proton ratio, i.e. a certain ratio r and the inverse ratio 1/r lead to the same result.

By extending this method using the chiral Ward identity to an SU(3) Lagrangian, we can
also investigate the density dependence of the difference of the up- and down quark condensates
in nuclear matter. The density dependence of this difference is smaller than for the sum of
up- and down quark condensates, but the effect of isospin-asymmetric nuclear matter is more
pronounced. Depending on whether the nuclear matter ground state exhibits more protons or
more neutrons, the sign of this difference changes. Furthermore, we also present results of the
density dependence of the strange quark condensate, although this result is largely dependent
on the choice of the SU(3) low-energy constants.

For the in-medium pion properties, we first calculate the in-medium pion self-energy, which
lets us compute the in-medium pion mass and wave function renormalization. The isospin
asymmetry in the nuclear matter leads to a splitting of the pion triplet quantities, since the
self-energy now has three independent components corresponding to the three states in the pion
triplet. It is interesting that under the inversion of the neutron-to-proton ratio, the neutral
pion’s properties are unchanged, whereas the charged pions’ properties are exchanged. We find
that for normal nuclear density and a neutron-to-proton ratio of » = 1.5, the negative pion’s
mass is increased by around 10%. This agrees with an extrapolation of experimental data of the
pion-nucleon optical potential, obtained from pionic atoms. Furthermore, we also investigate
the in-medium pion decay constant via a different set of Feynman diagrams. We find that
the negative pion’s decay constant is reduced by around 10% at normal nuclear density and a
neutron-to-proton ratio of » = 1.5. Our results for the pion properties are in good agreement

with experimental findings.
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1. Introduction

Quantum chromodynamics (QCD) is the currently accepted mathematical description of the
strong force. It is an SU(3) gauge-field theory, formulated in terms of quarks and gluons. As
such it is also the theoretical basis for hadron physics, concerning particles which are held
together by the strong force. One peculiar feature of QCD is asymptotic freedom [3], 4], which
means that the strong coupling constant, governing the strength of quark-gluon and gluon-gluon
interactions, changes its value as follows: At high energies, the coupling constant is small. This
is called the perturbative regime, since perturbation theory can be applied for small couplings.
At low energies, the coupling constant gets large, and perturbation theory breaks down. This
is the non-perturbative regime, in which confinement plays an essential role: There are no free
quarks or gluons, only hadronic bound states. The low-energy regime can be explored e.g.,
via numerical methods (lattice QCD) or effective field theories. One particularly successful
effective field theory of QCD is chiral perturbation theory (ChPT) [5HI0]. Instead of quarks
and gluons, the effective degrees of freedom are their bound states, i.e., hadrons.

ChPT has a long history of continuous development and theoretical advances. Over 60 years
ago, Goldberger and Treiman discovered the Goldberger—Treiman relation [I1], which connected
quantities from the weak interactions (the nucleon axial coupling g4 and the pion decay constant
f=) with those of the strong interactions (the pion-nucleon coupling g,y and the nucleon mass
my). This was in surprisingly good agreement with experimental data [12] and led to the
discovery of QCD’s spontaneous chiral symmetry breaking by Nambu [I3HI5]. Based on that,
the Goldberger—Treiman relation appeared again naturally in linear sigma models [I6]. The
newly developed current algebra and partially conserved axial current (PCAC) relation were
used to calculate pion-scattering quantities (e.g. the pion-pion scattering length [I7]), but it
was later concluded that effective Lagrangians are a more convenient starting point in order to
arrive at the same results [I8], [19]. In particular, Ref. [I9] presents an effective pion Lagrangian,
which is capable of reproducing pion-scattering amplitudes at tree-level, which had earlier been
obtained via the current algebra and the PCAC relation. Effective Lagrangians based on
SU(2) x SU(2) and SU(3) x SU(3) chiral symmetries are discussed by Coleman and Callan in
Refs. [20, 21]. Beyond the tree-level, pion-loop amplitudes were found to be divergent, owing to
characteristic x log(x)-terms, that are today known as “chiral logarithms”. Here, x parametrizes
the chiral symmetry breaking [22-24]. Various methods have been proposed to deal with these

divergences [25] and several calculations of pion scattering processes followed [26-29].



4 Introduction

In 1984, Gasser and Leutwyler introduced chiral perturbation theory [30], B1] by introducing
scalar, pseudoscalar, vector and axial-vector external fields in the Lagrangian and constructing
an effective theory based on SU(2) chiral transformations. This effective Lagrangian produced
an expansion in powers of quark masses and pion momenta. In the following year, higher-order
terms were introduced to the effective Lagrangian (see e.g. Ref. [32]). The next important step
with respect to in-medium properties was the formulation of in-medium chiral perturbation
theory by Oller in 2002 [33], which has since been further developed by Meifiner, Oller and
Wirzba [34]. The ground state of the partition function was assumed to be a non-interacting
Fermi sea of nucleons, having momenta up to the Fermi momentum. Since the Fermi momentum
depends on the nucleon density, this allowed the evaluation of in-medium Green’s functions and
the investigation of their density dependence.

The main motivation of this work is to investigate QCD’s chiral symmetry, or more precisely,
the dynamical breaking of chiral symmetry. It is believed that this dynamical breaking process
is responsible for generating the large hadron masses from small quark masses. The symmetry
breaking can be described by order parameters, which are usually correlation functions of parity
partners. One such order parameter is the chiral quark condensate (gg). In the symmetric
phase, it is exactly zero, but after the symmetry breaking, it acquires a finite, non-zero value.
However, recently it was found [35] that this value gets reduced in nuclear matter: Jido, Hatsuda
and Kunihiro used experimental data from deeply bound pionic atoms [36], [37] to determine
that the parameter b, which appears in the s-wave optical potential for the negative pion,
2mUswave = —4m[1+ mz/mn] [b5p — bi(pp — pn)], increases at high densities: by/b3|,=p, ~
0.79 + 0.05. Furthermore, using data from pion-nucleon scattering [38] [39], the coefficient 3
in the isospin singlet m/N-scattering amplitude 7'(+)(w,m7r)|q:0 ~ o + Bw? was found to be
B~ (2.17+0.04) fm®. A further extrapolation led to the conclusion that the quark condensate
gets reduced by 37% at normal nuclear density: (Gq)*/{qq) ~ 1 —0.37 p/po. This affects the
reduction of the mass difference between chiral parity partners, such as p and a; [I8] 40] or
N and N(1535) [41H44], or it can lead to an attractive enhancement of scalar-isoscalar 7w
correlations in nuclei [45-47], amongst others.

In this thesis, we want to focus on three questions:

1. The absolute value of the quark condensate gets reduced in nuclear matter. The linear-
order density dependence of this process is well-known. If we knew higher-order terms,
we might be able to extrapolate to even higher densities, e.g., as they appear in neutron

stars. What are these higher-order terms?

2. The reduction of the quark condensate in nuclear matter suggests a partial restoration of
chiral symmetry. Since the breaking of chiral symmetry is the origin of hadron masses,
this restoration of chiral symmetry should have an effect on hadron properties. How do

hadron properties change in nuclear matter?



3. The number of protons and neutrons in a system is rarely equal. For instance, in heavy
nuclei, the neutron-to-proton ratio is around 1.5. In neutron stars, the same ratio is
assumed to be around 10. If the number of protons and neutrons is not equal, we speak
of isospin-asymmetric nuclear matter. What is the effect of isospin-asymmetric nuclear

matter on the quark condensate and hadron properties?

To examine the first two questions, we investigate the density dependence of the quark conden-
sate, as well as the density dependence of pion properties in nuclear matter. In particular, we
will investigate the pions’ mass, wave function renormalization and decay constant in nuclear
matter. In order to answer the third question, we will perform our calculations using in-medium
chiral perturbation theory in isospin-asymmetric nuclear matter. This introduces a parameter
corresponding to the ratio of neutron and proton densities, which can be adjusted freely.

A common approach to calculate the quark condensate is using the Hellmann—Feynman
theorem [48, 49] to first calculate the energy density and then take a derivative with respect to
the quark mass [50H52]. This requires the knowledge of how certain hadron quantities depend on
the quark mass, which is subject to debate. While it is possible to introduce several assumptions
how specific hadron quantities depend on the quark mass, we use a different approach in this
thesis as a method for bypassing this difficulty concerning the quark mass dependence: we make
use of the chiral Ward identity. This allows us to connect the quark condensate to two-point
correlation functions of pseudoscalar currents, which can be computed via chiral perturbation
theory. For the pion properties, we precisely define the in-medium pion state and how to connect
the in-vacuum to the in-medium properties. Thus, by calculating the pions’ self-energy, we can
compute the in-medium mass, wave function renormalization and decay constant.

The structure of this thesis is as follows. In Chapter 2] we introduce the theoretical foundation
of our calculations: We will discuss QCD, its symmetries, and in-vacuum chiral perturbation
theory. In Chapter [3| we discuss the main topic of this work: in-medium chiral perturbation
theory. Following the literature, we derive the density expansion of the effective Lagrangian and
present the Feynman rules for our calculations. In Chapter [d] we first show how to calculate
the quark condensate in the framework of chiral perturbation theory and then compute the
relevant Feynman diagrams. We also perform a simple extension to an SU(3) Lagrangian in
order to examine the difference of up and down quark condensates, as well as the strange quark
condensate. In Chapter b we discuss in-medium pion properties. We first define the in-medium
pion state and related quantities and then calculate the pion self-energy and decay constant

using two sets of Feynman diagrams. Finally, we summarize this thesis in Chapter [6]






2. Quantum Chromodynamics and Chiral
Perturbation Theory

Quantum chromodynamics (QCD), the current theory of the strong interaction between quarks,
describes the force responsible for hadron interactions. As such, it is the fundamental theory
to discuss the in-medium properties of hadronic quantities. In this chapter, we will give a
brief overview of QCD, present the symmetries of the theory and explain why there is a need
for effective field theories. In Section [2.1] we briefly discuss the QCD Lagrangian and in
Section we list its symmetries and how those symmetries are broken. In Section [2.3 we
discuss spontaneous symmetry breaking in general, in order to discuss the Nambu-Goldstone
theorem, since the pions are the Nambu-Goldstone bosons of an SU(2) chiral symmetry. In
Section [2.4] we motivate the introduction of effective theories and in Section [2.5 we state
how the Nambu—-Goldstone bosons transform under the chiral symmetry, to finally arrive at

in-vacuum chiral perturbation theory.

2.1. The QCD Lagrangian

Quantum Chromodynamics is a gauge field theory based on the Lie group SU(3), which de-
scribes strong interactions. The Lagrangian density in its compact form reads

Lon o, 1)

Lqocp = (j{ilD— M}q— 1 G

or explicitly,

_lgegme (29)

o I B
£QCD = qj‘{z- {ngap(sff’(;ij - g’VZﬁt?jAZ(sff’ - Mff’dijaaﬂ qy j 4

where repeated indices are summed over. The ¢}, are quark spinor fields of flavor f, mass
matrix M = diag(my, ..., my;) and color i, with i taking values from 1 to N, = 3. The +* are

the Dirac y-matrices, satisfying the Clifford algebra,

{7 Yap = 20" 0ap, (2.3)

with spinor indices «, 3, ranging from 1 to 4. The A}, are the N2 —1 = 8 gauge fields, ensuring
local SU(N,) invariance of Eq. (2.2) with a taking values from 1 to N? — 1. The matrices
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t; = %)\fj are the generators of SU(3) and A* the Gell-Mann-matrices. The parameter g is the
coupling between quarks and gluons. In analogy to QED, the gluon field strength tensors are
defined as:

G%t" = G,y = DyA, — D, A, = D, A%" — D, A%"
= 0, Ait" — 0, At + ig AL AL [t t']
— 9, A" — 9, A%" — g [ AL AL, (2.4)

where f%¢ denotes the completely antisymmetric structure constants of the su(3) Lie algebra,

satisfying:
[ta, tb]i]’ = ifabc[tc]ij7 (25)

and D, is the covariant derivative, that has to be introduced in order to ensure local gauge

invariance:
8u5ij — D/'Lvij = 0M5U + igAu7ij = 8M5ij + igAZ[ta]ij. (26)

This Lagrangian exhibits several symmetries, which are the topic of the following section.

2.2. Symmetries in QCD

Quantum chromodynamics exhibits many symmetries, which will be discussed in the following

paragraphs.

Color symmetry. This is the exact SU(3) symmetry, the theory was based on. It is a local

symmetry and gives rise to N? — 1 = 8 gluon fields, which act as gauge fields.

Flavor symmetry. A quark’s flavor determines its charge, hypercharge and possible interac-
tions. The different flavors and their masses are arranged in Table in order of ascending
mass. At the typical low-energy scale of QCD, set by the nucleon mass my = 939 MeV, one
can consider up and down quarks degenerate. This gives rise to a global SU(2) symmetry, also
known as isospin symmetry. For all other flavors the effects of explicit symmetry breaking are

noticeable and it is necessary to consider them in the construction of QCD models.

CPT symmetry. Quantum chromodynamics is C'PT invariant, as well as C'; P and T invariant

separately.



Symmetries in QCD 9

Flavor Mass Renormalization Scale
up my, = 2.167052 MeV =2 GeV

down mq = 4.671515 MeV 1w =2 GeV

strange m, = 9373 MeV =2 GeV

charm  m, =1.27+ 0.02 GeV = me

bottom  my = 4.187053 GeV =1y,

top my = 172.76 £0.30 GeV  obtained via tt cross sections

Table 2.1.: Quark flavors and their MS masses [53].

Chiral symmetry. Since quarks are fermions, they can be represented by spinors that trans-

form in the (%,0) @ (0, %) representation of the Lorentz group, hence they exhibit chirality.

Chiral symmetry is a flavor symmetry, that is, it acts on the flavor index of quarksﬂ Using

chiral projection operators (x = R, L),
Pr=3(1%9°), ¢ =Pq, G =qPy, (2.7)
the quark sector of the QCD Lagrangian can be written like:
L=q(iP—-M)g — L= Zxﬁxil?qx — Mgy, (2.8)
using ¢,7"q—, = 0 and ¢,q, = 0. We consider transformations under U(Ny)r x U(Ny)p:

—i9%t®
— e R —
UN/)g: 1™ R VO PER S
qL — qL qL — €

i99 to (2.9)

qr

Since we are considering global symmetries, we can define QN% currents due to Noether’s

theorem and calculate their divergence:
IR =gt e = " Pty Qg =1 (G Mtq — ¢ t*"Mq_ ) . (2.10)
The charges ) fulfill the same algebra as the generators of SU(Ny)g x SU(Ny):
[Q%, Q0] =if™Q:, [Q%,Q°1=0, [Q,Q0]=if"Q. (2.11)

It is now possible to take a linear combination of the right- and left-chiral currents to define

vector- and axial-vector currents:

v =Jr L i =Jjr —JL (2.12)

! Therefore it is important to keep track of the ordering of generators and the mass matrix.
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This is equivalent to defining a vector transformation by ¥ = 91, and an axial-vector transfor-

mation by Y = —¢;. The algebra of the new charges reads:

[ 37Qb] lfabc c [ Q] lfabc c [ Q] lfabc c (213)

which shows that the vector-currents are closed and can be interpreted as coming from a group
SU(Ny)v. The same reasoning leads to a U(1)y and a U(1)4. However, the 8 generators Q¢
(a # 0) do not close into a subalgebra of our original one. So there is no group generated by

them, instead we have a coset space:
Q4 € (SU(N;)r x SU(Ny)L) / SUWNp)yv, a=1,...,Nf—1. (2.14)

We conclude that the original U(Ny)g x U(Ny);, symmetry group gets spontaneously broken
to U(1)y x SU(Ny)y x U(1) 4 and those generators that are not part of the diagonal subgroupf]
of SU(Nys)r x SU(Ny)r.

For completeness, we list the currents’ equal-time commutation relationsﬁ. Integration over

d3z leads back to the relations for the charges:

L, R basis  [j2*(t, ), i (t,y)] = if*"52(t, x)68) (x — y)d,y, (2.15a)
V, Abasis [ (t,2), /i (1 y)] = if 0 (1 2)6P (@ — y), (2.15b)
v (t, ), j %t y)] = 1f55 (8 2)d® (z — y), (2.15¢)
%t @), j0 @t y)] = if*e0 (¢ 2) 0P (x — y). (2.15d)

Chiral symmetry is broken in many different ways (see Table :

o Explicit breaking: the non-degenerate or non-vanishing quark masses break chiral sym-
metry explicitly. In case of equal, but non-zero quark masses, U(N¢)r x U(Ny)L gets
broken down to U(Ny)y. And if the quark masses are not even equal, then U(Ny)y gets
broken down to U(1)y.

e Anomaly: the anomalous term can be calculated using the Fujikawa method [54] or by
calculating one-loop Feynman diagrams, e.g. the triangle diagram. It is proportional to

a surface term ~ GG.

o Spontaneous breaking: this affects the NJ% — 1 non-diagonal part of the original chiral
group SU(Ny)r x SU(Ny)r. It would lead to N7 — 1 massless Nambu-Goldstone bosons.

However, since those generators are also broken explicitly, they do have a small mass.

2SU(Ny)yv is the diagonal subgroup of SU(Nf) g x SU(Ny) . Using the notation (g1, g2) € G1 x Ga, it contains

the elements (g, g), since 9 = V..
30nly the SU(N)-part, which means a # 0.
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Transformation Current Ough® EB A SSB
eV eUly  r=ame 00
e7 V" e SUNy)v  ji' = qr't'q igM, g @ .

. 5 . _ . 2 =,
e e Uy W =0 igMAP® + LG G e e

fielaq'y‘Sta

e Mt = gPytig ig{M, t )P ® . .

Table 2.2.: Summary of QCD’s chiral symmetry and its breaking. “EB”, “A” and “SSB”
stand for “explicit breaking”, “anomaly”, and “spontaneous symmetry breaking”,
respectively. (VThis conserved current leads to the conservation of baryon number.
)Since t* and t® are diagonal, they commute with M, which leads to conserved
isospin and hypercharge currents. ®)For equal quark masses M = m1, this term
can be written as a pseudoscalar current, mjp. Y This term is the U(1) 4 anomaly.
®)For equal quark masses M = m1, this term can be written as a pseudoscalar

current, mj%, which is known as the PCAC relation.

Consider the isovector axial-vector currents j4* and their role in the definition of the

decay constant of a certain Nambu-Goldstone boson (NG):
(0174 (2) NG (p)) ~ ifnc ple? ™.
Since this current is not conserved due to explicit symmetry breaking, we can write:

(0] 9,74" () ING*(p)) ~ ifas p*t7eP6™ oc miq # 0,
#0

and the particles are called Pseudo-Nambu—Goldstone bosons. Actually, we should speak
of dynamical symmetry breaking here, since the field operators that acquire a vacuum
expectation value, gq are not an elementary field of the theory, but a composite field.
Dynamical symmetry breaking generates the constituent quark masses and is responsible

for 98% of mass in the universe.

The spontaneous breaking of chiral symmetry will be the main focus of the next section.

Further symmetries. For completeness, QCD also exhibits the following symmetries: Z-
symmetry (spontaneously broken in the gauge sector of QCD at finite temperatures; many
confinement studies are based on this theory) and conformal symmetry (broken by the so-

called trace anomaly).
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2.3. Spontaneous chiral symmetry breaking and the

Nambu—Goldstone theorem

In this section, we will discuss spontaneous symmetry breaking and the Nambu-Goldstone
theorem, which states that spontaneous symmetry breaking leads to massless particles, as
discussed in various textbooks [0, [10, G5H57]. Let us consider a theory with quantum fields
@i(x*) and that the action is invariant under a continuous symmetry transformation. This
leads to conserved currents via Noether’s theorem [58, [59]:

a oL 5901<:U)

(@) = e, @) = 5 g (216

such that 9,7 = 0. We can then define the following conserved charges Q® by integrating the
0-components of the currents j*: Q* = [ d3z j°(z), which can be used to generate the symmetry
transformation of the fields, since they form a representation of the symmetry algebra on the
Hilbert spacd’}

pi(r) = pi(x) = P pi(2)e Y = gi(2) + dpi(z) = dpi(e) R i(Q% i) (2.17)

where the approximation denotes omitting terms of order €2. The fields ;(x) belong to a certain
representation of the symmetry group. If we denote the generators in that representation with

[t*];j, we can write their transformation behavior also like this:
o) = glla) =[] gy(0) = oula) +dpila) > dgle) My a). (218)

where again the approximation denotes omitting terms of order ¢2. By comparing the two

expressions for dp;(z), we get: [Q%, ¢;i(z)] = [t]i;0;(x).
A state [¢)) breaks this symmetry if there exists any operator A such that:

(W@ Ally) # 0. (2.19)

If such an operator A does not exist, the state |1) is symmetric under U = exp(ie*@Q®). This is
consistent with the statement that a state is symmetric under the transformation U if U [¢)) =
|1), because then the left-hand side of Eq. would vanish. We now define spontaneous
symmetry breaking (SSB) in the case that |¢)) — |0), i.e. a symmetry transformation leaves
the equations of motion invariant, but not the vacuum ground state of the theory: 4A :
(0] [Q%, A] |0) # 0. We thus distinguish two cases:

1. No SSB: If the unitary transformation operators leave the vacuum invariant, then there is

no spontaneous breaking of the symmetry:

e“"@" |0) = |0). (2.20)

“This means: [t7,£"] = if**t° and [Q*, Q'] = if Q"
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Expanding this in a Taylor series reveals that all charge operators must annihilate the
vacuum: (Q®[0) = 0 Va. Thus, for any operator A, the symmetry is not broken in the

ground state:

(01{Q", A][0) = (0] Q" A]0) — (0] AQ"|0) = 0. (2.21)

This is also known as the “Wigner—Weyl realization” of a symmetry.

2. SSB: If the transformation operators do not leave the vacuum invariant, then the symmetry

has been spontaneously broken:
Q" [0) # |0). (2.22)

This means, there must be at least one charge operator which does not annihilate the
vacuum: Ja : Q*|0) # 0. Consequently, there must exist an operator that acquires a

non-zero vacuum expectation value:
(01[Q", A]|0) # 0. (2.23)
The quantity in Eq. (2.23]) takes on the role as an order parameter: “An order param-

eter is a non-vanishing vacuum expectation value of some local field, which transforms
non-trivially under the symmetry group.” [60]. And if this “local field” [Q%, A] is not
an elementary field, but instead a composite field?, we speak of dynamical symmetry

breaking. This is known as the “Nambu-Goldstone realization” of a symmetry.

A naive way to arrive at massless particle states in the spectrum is to claim that since one charge
operator does not annihilate the vacuum, it should be another state which we could denote with
A Q%]0) = |A). Since the Q* are symmetry generators of the theory, they commute with the
Hamiltonian, which implies H |\) = HQ*|0) = Q*H |0) = 0, i.e. the state |)\) is an eigenstate
of the Hamiltonian with zero eigenvalue. However, the action of Q@ on the ground state |0)
leads to a non-normalizable in the case of spontaneous symmetry breaking, as stated by the

Fabri-Picasso theorem [61]:

1Q10) 1 = (01QQ10) = [ d’a (0] jo(x)Q|0) (2.240)
- / & (0] 77 jo(0)e P Qe P 1P |0) (2.24D)
— [ @ (0jo(0)Q |0). (2.24c)

Here we assumed that both the vacuum state |0) as well as the charge operator ) are trans-
lationally invariant. If @ |0) = 0, then the norm is zero. If not, the integral on the right-hand
side diverges (because nothing depends on = anymore) and the norm of the state @ |0) gets
infinitely large. Therefore, @ |0) can only be part of the Hilbert space if ¢ |0) = 0. So instead,

let us discuss a more rigorous proof of the Nambu—Goldstone theorem.

Se.g. the quark condensate gq, whereas only g(z) would be an elementary field.
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Nambu—Goldstone theorem. The Nambu—Goldstone theorem [62H64] states that for every
spontaneously broken generator, there will be a massless, spin-0 particle (a so-called Nambu—
Goldstone boson) in the theory: “Consider a Poincaré invariant theory that is invariant under
a group G and has conserved currents jt. Let Q* be a generator of G that breaks the symme-
try spontaneously. Then there are massless spin-0 particles (Nambu—Goldstone bosons) which
couple to the currents jb and thus have the same quantum numbers.”

To start the proof, let us remind ourselves that spontaneous symmetry breaking takes place,
if there exists an order parameter operator [, A], which yields a non-zero vacuum expectation
value: (0][Q% A]|0) # 0. In order to avoid any subtlety with the ill-defined charge @ in the

case of SSB, we use the commutator of the current 5°:
(011Q°, A1[0) = [ d (0] [j5(x), A][0) # 0. (2.25)

We insert a completeness relation of one-particle states 1 = Y [ d*k (27) 72 |n, k)(n, k| between
n

the current j°(x) and the operator A, where the states |n, k) have momentum k and n represents
all other quantum numbers. These states are normalized?| by (', k'|n, k) = (27)38,,0® (k—K').
This yields:

d3k:

ole A0 =% [ o=

where c.c. denotes complex conjugation. We use T'(a)p(z)T 1 (a) = ¢(x+a) with the translation

l 0] 72(x) |n, k)n, k| A|0) — c.c.] # 0, (2.26)

operator T'(a) = "% in order to remove the position dependence on the current j%(z). Here
P*|n, k) = k*|n,k) and P*|0) = 0 denote the momentum operator acting on a state with

momentum k* and the vacuum, respectively:

(011Q*, A] |0) = d "’

[ (0] 72(0) |n, k)n, k| A|0) e #* — c.c.] # 0. (2.27)

We evaluate the d3z integration, which yields a Dirac delta function:
0] [Q, A]10) = /d?’k[ (0] 7°(0) |n, k)n, k| A|0) e 1ER) c.c.] @ (k) # 0. (2.28a)

We can conclude two things:

1. Since the right-hand side has to be non-zero for spontaneous symmetry breaking, the two
matrix elements (0] 72(0) |n, k) and (n, k| A|0) must be non-zero as well. This implies that
there be a one-particle state |n, k) with the same parity and internal quantum numbers

as j° and the operator A. In particular, this means that the state is a spin-0 state.

6We temporarily choose this normalization instead of the covariant normalization where states are normalized
according to: (n/,k'|n,k) = (21)32F(k)8,,,6®) (k — k'), in order to avoid dividing by zero, since massless
states would be normalized to 0 using this normalization where the completeness relation reads: 1 =

Xn:dek: (27)3(2E(k)) "t |n, k)n, k.
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2. Since the right-hand side must be time-independent, we require that E(k) = 0. Since we
also have a delta function §®)(k), the energy at zero momentum must vanish, which is
only possible for massless states. This massless particle state is called a Nambu—Goldstone
boson. Note that the covariant state normalization does not work here, because the d*k
would be divided by the energy, and if the energy and the state norm are zero, we would
divide zero by zerd}

Furthermore, for every symmetry transformation generator QQ® that does not annihilate the

vacuum, there is one such massless state.

QCD and chiral symmetry. In the case of QCD’s chiral symmetry, the generators that
spontaneously break chiral symmetry are the ones belonging to the non-diagonal subgroup

of SU(N)L x SU(N)g (see Table and the operator A is a pseudoscalar current:

Q" = /d3w cj’y“fy‘r’%q, AP = PP = giv®rYg. (2.29)
The order parameter operator is thus given by:
a =, Ta e
@, A% = / 'z [7y"7" (@), @y a(y)). (2.30)

We can simplify this commutator with the help of the following identity:
" (@)T4A% (), ¢ (1) TP A q(y)]so—yo = 6@ (& — y)g' (2)[T4A, TP A g(2), (2.31)

where I'* and A® are generic gamma matrices and Pauli matrices, respectively. In our case,

I = 499095, T8 = 7095 A = - A’ = 7b, such that we can simplify the commutator as

follows:
[TAA, TBAY) = T4, TB] AAY + TBTA A, AY]. (2.32)
2~0 ieab
— /Y 16(1 CTC

This means, the order parameter operator is given by:
Q% A" = —67q(x)q(x), (2.33)

and the order parameter is the quark condensate: (0] [Q%, A®]|0) = —§ (0] g¢ |0). If we consider
Eq. (2.28a]) with the covariant normalization (i.e. divide by 2kg) and define the following matrix

elements with the pions as the Nambu-Goldstone bosons,
(0] 7 () 7" () = 107 k" fre™*, (0] P*(2) 7" (k) = 6" Gre™ "7, (2.34)

then Eq. (2.28a]) directly yields the Glashow—Weinberg relation: f,.G, = — (0] gq |0).

Strictly speaking, none of the states |n, k) are normalizable because of the delta function. A more rigorous
proof assumes a finite volume V to discretize the momenta and takes the limit V' — oo, as done e.g. in
Ref. [55].
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2.4. Effective field theories

An effective field theory is generally a low-energy approximation to a more fundamental under-
lying theory. Considering some energy scale A of the fundamental theory, we are only interested
in energies below that scale. In fact, it is not even necessary to know the details of the under-
lying theory at energies larger than A, in order to still have a good approximation. [10].

How does one construct an effective field theory? It is necessary to connect the observables
calculated in such a low energy theory to the fundamental theory. The way this is achieved is
by considering the most general Lagrangian that exhibits all the symmetries of the underly-
ing theory. According to Weinberg, this yields the “most general possible S-matriz consistent
with analyticity, perturbative unitarity, cluster decomposition and the assumed symmetry princi-
ples” [65]. Therefore it is of great importance to understand the symmetries of the fundamental
theory, which we discussed in Section for the case of QCD.

There are three main types of effective field theories. First, a theory with complete decoupling
of heavy fields. In other words, heavy fields ¢ with a mass m, > A that is greater than some
cut-off are integrated out. An example of this would be the Fermi theory of weak interactions.
Second, partial decoupling of heavy fields. In this case, only the high-momentum modes are
integrated out. A prominent example is heavy quark effective theory (HQET). Third, a theory
with spontaneous symmetry breaking. Here, we only consider the energy regime where the
symmetry is already broken. An example of this kind of theory is chiral perturbation theory,

which will be the topic of the next chapter.

2.5. Vacuum chiral perturbation theory

Chiral perturbation theory [10, [33] is an effective field theory, therefore its most fundamental
quantity is the Lagrangian, which exhibits all symmetries of QCD and enters the partition
function Z, which contains the information of all possible interactions. The partition function,
or generating functional, is defined as the transition amplitude between two asymptotic in-
and out-states, and can be written as the exponential of the functional of all connected Green

functions W:
Z[‘]] = eiW[J] = <Qout|Qin>J- (235)

In the main part of this thesis, we will take these asymptotic states to describe Fermi seas of
non-interacting protons and neutrons at times ¢ — +o00. In this section however, we will focus

on in-vacuum chiral perturbation theory and review the fundamental points.

In the next two sections, we will discuss the chiral field U and the chiral Lagrangian.
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2.5.1. The chiral field

Chiral perturbation theory is an effective theory to describe Nambu—-Goldstone bosons, in our
case, the pions. However, the field we use to construct the Lagrangian is not the pion field

itself, but rather a non-linear parametrization of the pion field, called the chiral field U (7).

Non-linear realization of chiral symmetry

In this section we closely follow Refs. [7, [I0] to discuss the non-linear realization of chiral
symmetry, which was originally developed by Callan, Coleman, Wess and Zumino [20], 211 [66],
67]. The goal of this section is to find a convenient way to represent the Nambu-Goldstone

fields, with which we can build a Lagrangian that is invariant under chiral transformations.

General considerations for an arbitrary symmetry group. We start by defining a set of
vectors @, the components of which are the Nambu—Goldstone (NG) fields ¢;, wherei =1, .., n.

These functions ¢;(x) are smooth functions from Minkowski space R*! to the real numbers:
M, ={® € R"| ¢; : R*! — R are smooth functions}. (2.36)

We want to find a bijective function ¢(g, ®), which takes an element g € G of the symmetry

group and a configuration of NG fields and then returns a new configuration of NG fields,
0(g,®) : (G, M) — M. (2.37)

By finding this function, we know how an element of the abstract group G acts on the vector
® of NG fields.

We demand two basic properties for this function . First, that the identity element e €
G returns the same vector ®, and second, that a composite transformation g;go € G acts

successively via :

(e, ) = O, (2.38a)

©(9192, ®) = @(g1, 0(g2, D). (2.38D)

In the case of spontaneous symmetry breaking, the symmetry group G gets broken down to a
subgroup H < G. By definition, this elements of this subgroup H must leave the ground state

of the theory invariant. Let ® = 0 be the origin of M;, which we interpret as the ground state.
Then,

o(h,0)=0 V¥ heH. (2.39)

In the following, we want to investigate the action of an element of the quotient space G/H

on vectors in My, so we define the left coset of an element g € G with respect to a subgroup
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H < G as the set gH = {gh| h € H}. Since the identity is element of the group H (compare
Eqgs. (2.38a]) and (2.39))), g itself is part of its coset. Furthermore, the set of all left cosets of
group elements g with respect to a subgroup H defines the quotient space G/H. We state

without proof that cosets either completely overlap or separate in completely disjoint cosets.

If we let an element gh € G/H of the quotient space act on the ground state, it will lead
us to the same vector in M, independent of which ~ € H we choose. That is, all elements

(so-called representatives) of a given coset gH lead to the same vector ®,:
p(gh,0) = ¢(g, (. 0)) = ¢(g,0) = By € M. (2.40)

Next we will show that ¢ is injective with respect to elements of different cosets, i.e. with
respect to G/H. For g and ¢’ belonging to different cosets (¢’ ¢ gH, that is, ¢’ cannot be
written as ¢’ # gh for any h € H, in particular since e € H, ¢’ # g), the respective output
of the function ®, = ¢(g,0) and &, = ¢(¢’,0) will be different. To show this we use proof
by contradiction: let us assume that g and ¢’ belong to different cosets, ¢’ ¢ gH, but that
®, = ¢(g,0) = p(¢’,0) = ®,. By using this, we can calculate:

0 =p(e,0) = p(g79,0) = p(g7", 2(9,0)) 2 (g7, (', 0) = (g, 0), (2.41)

where (*) marks where we use our assumption. Since the last expression must be equal to 0, this
means that g~'¢’ must be an element of H (since only elements of H leave the vacuum invariant).
However, this means that g~'¢’ € H <+ ¢’ € gH, which contradicts our assumption. This shows
that two different ®, # ®, can be backtracked to different cosets, meaning that the cosets are
in fact completely disjunct and that ¢ is invertible. This property of invertibility is important,
because now we can start with a given configuration of the NG fields ® = ¢(g,0) = ¢(jh, 0) and
uniquely determine the coset that gh belongs to. One element gh € gH is called a representative

of this coset.

Now what happens when we want to let a general group element g € G act on ®? By having
this unique relationship between ® and §H, we can investigate this. Instead of asking how g

affects ®, we know how g acts on gH, since they form a group:

D5 5 0L = (g, D) = (g, 0(§h, 0)) = ¢(ggh,0) = Dy;. (2.42)

@~

We see that the transformation ®; N @4 corresponds to letting g act on ®4’s coset, gH — ggH,
thus creating a different coset (gg)H, which (as we showed) is completely disjoint from the
previous one. In other words, this way lets g transform one ® to a strictly different ®’. We can

represent this situation using a commutative diagram:
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9

unknown how to do

b

g

- @

1

search for unique coset 90_ @ | new coset specifies a new ®’

- g 5
gH > ggH

binary group operation

So instead of going from ® to ®’, which we do not know how to do, we identify the unique coset
gH that is related to ®;. Since this coset is part of the group G, we know how to let g act on
this based on the binary group operation that defines G and then we can use ¢ to identify the

new vector ®’ based on ggH.

Application to QCD. QCD'’s chiral symmetry and its spontaneous breaking are described by
the following groups,

G =SUN), xSUN)z = H=SUN)y, (2.43)

which are given by
G ={(L,R) | L € SU(N),R € SU(N)}, (2.44a)
H={(V,V)|V eSUN)}, (2.44b)

where H is the diagonal subgroup of G. According to the Nambu—Goldstone theorem [62H64],
this leads to massless Nambu-Goldstone bosons ¢; (i = 1,.., N> — 1) that live in the coset
space G/H. However, the chiral transformations are elements of the larger group G. How the
Nambu—Goldstone boson, i.e. the pion, transforms under an element g € G, will be the topic
from this point on.

Let us consider an element §j = (L, R) € G. Its left coset gH contains all pairs (LV, RV)
where V' € SU(NV). Since all coset representatives lead to the same NG boson configuration, we
are free to choose a certain (V, V) € H. A common convention is to choose V' such that the first
element of the pair (LV, RV) is the identity matrix, i.e. V = Lf. For a given § = (L, R) € G,
its coset will be represented by (1, Rfﬁ), and this can be identified by just one matrix U = RL?
(since the other one is 1 by convention). This U is now uniquely connected to a certain
configuration of NG bosons.

According to the commutative diagram depicted above, the question how the NG bosons
transform can be answered by investigating how the coset transforms. A general chiral trans-

formation g = (L, R) acts on the coset gH in the following way:

gogH — (L,R)o(LV,RV)=(LLV,RRV), (2.45)
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and again, we choose V such that the first element becomes the identity matrix: LLV 1o
V = L'L. The new coset representative is therefore (1,U’) = (1, RRL'L') and we can read

off the transformation behavior of U:
U= RuLt, (2.46)

Let us summarize what we have got so far. The NG fields are collected in a vector & =
(¢1, .., ¢n) where ¢; are smooth functions from Minkowski space to the real numbers. We know
in an abstract way that ® can be represented by the left coset §H for a particular § € G and as
a representative of this coset we chose U. Now we want to make this connection less abstract
and really get a connection between the NG fields and the object whose chiral transformation
properties we know, U.

First, let us write the NG fields ¢; in a matrix, as opposed to a vector in R”. We define a set
M, which contains matrices ¢ that act as functions from Minkowski space to Hermitian and

traceless n x n matrices (the set of which is denoted by H(n)):
M, = {¢ : R* — H(n) | ¢ contains smooth functions}. (2.47)

A way to represent elements of H(2) is using an expansion in the Pauli matrices:

R 3 ¢1 — o
6= i ( i ) . (2.48)

These ¢; are exactly what we will call the mathematical (or Cartesian) basis of the pions. One
can extract one field ¢; out of the matrix ¢ by using ¢; = %TIF{Ti(]S}. As a side note, since the
physical basis is defined as 7% = (¢, Fi¢y)/v/2 and 7 = ¢, we could alternatively write ¢ as:

70 Vant
cb:(\/%_ —WO)‘ (2.49)

Second, we want to create a connection between the matrix ¢ and the matrix U. To do so,
we define the set Mj as the set of functions U from Minkowski space to SU(N):

Ms ={U : R* — SU(N) | U = U[¢] with ¢ € M,}. (2.50)

The simplest parametrization is U[¢] = exp(i¢/Fy) with Fy a dimensionful parameter to render
the argument of the exponential function dimensionless. Since a bosonic field has units of
energy, Fy also has units of energy.

Finally, we identify this functional U|[¢| with the coset representative (1,U) € gH for the
particular g belonging to ¢. To achieve this, we claim that our original ¢ (which took an

element g € G and ® € R™ as input to define the operation of g on ®) now takes a g € G and
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a U € Mj as input and transforms it according to the behavior we already found in Eq. (2.46]).

Mathematically this can be written as:
¢0:G®Ms— My with plg, U] = ¢[(L, R),U] = RUL. (2.51)

To verify that this is really a proper transformation for the NG boson fields, we need to check
three things: (i) is RULT € M3? (ii) Is ple, U] = U fulfilled? (iii) Is ¢[g1g2, U] = ©[g1, ¢[g2, U]
fulfilled? The last two properties are the ones we initially demanded for the mapping ¢ in

Egs. (2.38a)) and ([2.38b)).

(i) Since U € Ms, it is a SU(N) function, taking z# € R*! as input. Therefore we can
multiply the matrices R, LT € SU(N) on it, yielding again a SU(N) matrix, since SU(N)

is closed under matrix multiplication. Therefore, RUL' is truly an element of Ms.
(ii) Yes: ¢[(1,1),U] =1U1T =1U1 =U.
(iii) We check both sides of the equation separately:

09192, U] = @[(L1La, R1Ry),U] = Ry RyULS LY,
elor, ¢lg2, Ul = (L1, R1), ¢[(La, Ro), U]] = @[(L1, Ri), RULY| = RiRyULS LY,

so both sides are equal.

We note that ¢ is not a group representation, because Mj is no vector space.
As a final check, we can confirm that vector chiral rotations leave the vacuum invariant,
whereas axial-vector chiral rotations do not, thus confirming the implementation of spontaneous

chiral symmetry breaking. The vacuum, i.e. the ground state, corresponds to ¢ = 0, therefore
U[0] = 1 should hold:

el(V,V), U0 =VIvi=vVi=1, (2.52a)
©[(A, AN, U[0]] = ATLAT = ATAT £ 1. (2.52b)

Concluding this discussion, we found a (non-linear) realization of the NG fields in terms of
SU(N) matrices, we know how these matrices transform and can thereby construct a Lagrangian
that is invariant under the chiral transformation U — RUL'. There are actually many possible
parametrizations for the chiral field U[¢|, which should all lead to the same physics. In the next
section, we present the parametrization used in this thesis and the chirally invariant Lagrangian
built from U.
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2.5.2. The chiral Lagrangian

The first part of the Lagrangian contains only the pion field and external sources. It is called
the chiral Lagrangian and is given by [9, [10]:
f2

Q@:ZE%DJWWU+MU+Mﬁ} (2.53)

where the trace is taken over spinor- and flavor indiced and the superscript (2) stands for
second order in the chiral counting. The chiral field U contains the three pions, the field y
contains scalar and pseudoscalar external fields, and the covariant derivative D, contains vector

and axial-vector external fields. We will now discuss these three quantities in more detail:

« U is the chiral field, which can be expressed in terms of the pion fields [68, [69],
__y(r?) yWU . < )
U =explim = cos +i 2.54
o] e oo
y(m?) Mﬁv : ( )
Ul = exp|—im = cos —1i 2.55
p| -1 2 = cos (15 (2.55)

where w = 797% and 7% = 177 = 19791 = 721, and the function y(7?) satisfies
4 (72\*?
— si =—|—= . 2.56
st =3 (5:) (250

The advantage of this parametrization is that the soft-pion theorems of chiral symmetry
(e.g. the Adler zero condition [70]) are automatically fulfilled, even beyond tree-level
calculations, i.e., involving pion loops. As demonstrated by Refs. [22] [69], loop amplitudes
containing pions explicitly depend on the choice of the parametrization of the chiral field.
Furthermore, for a general choice of the chiral field U, soft-pion theorems are only fulfilled
at tree-level. However, when a certain parametrization is used (i.e. the one employed in
the present work), Charap and Gerstein et al. showed that the resulting loop amplitudes
agree with the soft-pion theorems. If one chooses the standard parametrization, one would
have to use e.g. the background field method (see e.g. Refs. [30, [71]) in order to ensure

chiral invariance.

We discuss in Appendix how to deal with the function y(7?) and how to evaluate
trigonometric functions containing y(7?). Finally, 7% are the Pauli matrices. Useful
identities involving the Pauli matrices are listed in Appendix [B.4.1] The chiral field can

be expanded like this:

m 17 iar® 1 (7?)?

S I A N L S 2.
U(r) +1f 27108 10 + e (2.57a)
UT(W) =1 - iE — 112 + iﬂhﬂ? — i(w2)2
f2f 10 f 40 f4

8E.g.: the gamma matrices carry spinor indices, e 5, and the Pauli matrices carry flavor indices, T

(2.57b)

) LJ
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e D, is the covariant derivative, given by:

D,U =9,U —ir,U +iU¥,,, (2.58a)
D, U'=0,U" +iU'r, — i, U, (2.58b)
where r, = 3(v,+a,) and £, = 3(v, —a,). In these expressions, v, = v4%5 and a, = af 7

are the external vector and axial-vector fields (a = 1,2,3). The partial derivative of U is

given by:

’7T

0,U = f2 [ 2y sin y/2 \/>sm (y/2)
1 2\ 3/2
+17r7rf@7r [fz ’\/]Tcos(y/Q) (7{2) sin(y/Q)} : (2.59a)

0U" = il ?’;W [ 2y sin y/2 —1—\/—s1n (y/2)

T [f2 L o2 - (7{)/ sin(y/2>] , (2.590)

and it can be expanded like this:

O, mwd,m o, m? + 20, w 8,ﬂ“7T“7T2

U =i e f2 1—i 0/ 1077 1+..., (2.60a)
o, mo,m® O, + 20,1 O, miwin?

9U" = —i !} _ f/; 14 10f3u _ #10f4 1+.... (2.60b)

Here, we use the convention that the derivative only acts on the object directly next to

it: 0ufg = (0uf)g.

o The field x contains the external scalar (s = s°7% a = 0,1, 2,3) and pseudoscalar (p =

p*7*, a=0,1,2,3) currents,
X =2By(s+ip), X" =2By(s —ip), (2.61)
and By is a low-energy constant (LEC).

The only LEC in the pion sector is By. Since it usually appears with a factor of the quark mass
m, we replace both with Bym — m?/2, as discussed in Ref. [72], which follows from the pion

mass term in the Lagrangian.

In order to evaluate the pion sector of the chiral Lagrangian, we first identify the necessary
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terms:

2 2
Lo = J; Tr, { D UTDU} + J; Tr, {x'U + xU'} (2.62)

™

f? I
- TrF{aﬂUTéV‘U} —i TrF{(UéWUT + UTauU)vu}
2

— i{f TrF{(Ua“UJr — UTG“U)aM} + J: Tr, {v,v"} + J; Tr,{a,a"}

- J: Tr, {UT (v, + a,) U(v" — ")} + JZ Tr, {x'U + xU'}. (2.63)
Here we used the following equations, which are due to UUT = UTU = 1:

0,U'U = -U"9,U, 0,UU" = ~Ud,U". (2.64)

The necessary terms are as follows. The term with two derivatives can be written as:

o ot [ f2 ., /y
8#UT8HU = MT |:712 Sln2 (2>‘|

. W [(f2y’)231n2 (y> + f@’i: sin(y) — 2 (JCQ)Q sin” (gﬂ

. wiwiﬂja,ﬁmkauﬂk lﬁy/ \/z con() - ( 7J:>3/2 sin(g)r. 065
The terms with one derivative yield:
Uo, Ut = ia‘}” [_\/Z Sin;y)] LT f‘;”i [7]: sin” (4) — f2y’sm2(y)]
* iWﬁ i (3) + iﬁﬂ;y’ﬂi [(7]:2)3/2 Sm2<y> - tan;(g) . 1]
n W {ﬁta:(y) _ <7j:>2sjn4 (g)} , (2.66a)
2

abc,..a c i % 3/2 .
LT 2 (2) - i7" o A\Psin) 1
2 2 t 2(ﬂ>
an 2

f2 T2

Qi j j 2\ 2
== g (=)
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and the terms involving Pauli matrices give:

UlreUrt = 6% 4 ie®°7¢ cos?(¥) + e [ Fsm(y)}
2) \/ 72

+i——— i [ 5 sin(y) | + ie®er¢ sin?(y/2), (2.67a)
7U = 7% cos(y/2 Slny2 a=0,1,2,3), 2.67b
(y/2) + \/— (y/2) ( ) (2.67b)

7°UT = 1% cos(y/2) — 1T il sin(y/2) (a=0,1,2,3). (2.67¢)

Vn?

Now we list the terms in the Lagrangian. First, the terms involving only pions are:

2 2
J; TrF{auUTa“U} = O otrt [1 / sin? (y)]

2 2 2
Tt Omind Ol 1 2 1 f? f? 2 Yy
2 [251n2(y/2)f2 * tan(y/2)\/;_ (ﬁ) sin (2)]
i9,mirkorak 1 [ cos(y 2\3/2 ’
. it f?’;’ s 2 [Sln2<:<g2/)2) — (i;) 51n<32/)] . (268)

Note that, since [%f—g sin (2)} is equal to 1/2 to first order, this term correctly reproduces the
usual Lagrangian for a real scalar field. Next, the terms involving one vector- or axial-vector
external source field:
f2 wrTt T au _ abc__aqu, b f2
_IZ Tr {(U@ Ur+u'o U)vu} = "oy, 5 sin 2(y/2)], (2.69a)

—1f—2 Tr {(U@“UT - UTE)“U)aH} = faj,0t'r" [—i\/isin(y)]

N Waﬂiauﬂ.i . f2 3/2 1 ) ( ) 1 1
—al || = —sin(y) — ——5— — =
f o\ 2 Tt 2tan®(¥) 2

(2.69b)
Next, the terms involving two vector- and axial-vector external source fields
f? f?
T Tr, {v, 0"} = 3 ULk, (2.70a)
f? f?
Y Tr,.{a,a"} = 3 Sanal, (2.70Db)
2 2 2
g Tr {U (v, + a,)U (v — a“)} = gvuvg‘ + gaﬂag‘

- feabCaZvl’fﬂc [\/ﬁsiniy)] : (2.70¢)
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Note that the term in Eq. will cancel with the first term of Eq. . This reflects
gauge invariance: invariance under a local transformation is only realized in the vector trans-
formations, the axial-vector transformations do not leave the Lagrangian invariant. For a local
(i.e. gauge) transformation, the associated vector field cannot have a mass term without break-
ing gauge invariance. Therefore, since the vector transformations respect chiral symmetry, a
mass term for the vector field is forbidden by gauge invariance. On the other hand, a mass
term for the external axial-vector field Eq. is allowed.
Finally, the terms containing scalar and pseudoscalar sources reads:
fi T t Tl 92 i i 12 :
1 I"F{X U+ xU } = 2f“Bymcos(y/2) + 2fByp'm \/;Sm(y/Q). (2.71)
For the first term, we introduce the quark mass by replacing s° = m. Since we assume isospin

symmetry, this quark mass is the average of the up and down quark mass, m = (m,, + my)/2.



3. In-Medium Chiral Perturbation Theory

In order to describe the interactions between the pions and the surrounding nuclear matter, we
use in-medium chiral perturbation theory. In Section 3.1, we show how the nucleon field can
be integrated out of the generating functional to arrive at an in-medium formulation of chiral
perturbation theory. In Section we discuss the 7N interaction Lagrangian and review the
low-energy constants that parametrize the interactions strengths In Section we show how
to implement isospin-asymmetric nuclear matter, and close this chapter in Section [3.4] by listing

the Feynman rules that underly all further calculations within the scope of this thesis.

3.1. The nucleon field

Let us start by investigating the nucleon field. First, we show how the bilinear nucleon field can
be integrated out using the path integral formalism. Then, we show the Lagrangian in detail,

including its various low-energy constants (LECs).

3.1.1. Integration of the nucleon field

As originally demonstrated in Ref. [33], and further developed by Ref. [34], we will now show
how we deal with the nucleon fields in this thesis. By assuming a bilinear nucleon term in the
Lagrangian, we are able to integrate it out and treat it as a background field. We will closely
follow Ref. [33] in order to arrive at an expression for the generating functional that allows us to
systematically introduce pion-nucleon interactions within the framework of chiral perturbation
theory.

Let us start by defining the ground state of the in-medium theory. At asymptotic times,
t — +o00, the ground state is taken to be a Fermi-sea of non-interacting nucleons. The number
of momentum states in this Fermi sea is determined by the proton and neutron densities py, p,

which uniquely determine the respective Fermi momentum k%" = (372 ppn) /3

|p1‘<kp |pJ |<kn

|Q2n) = lim H H al (p;)0), (3.1a)

t——o00

\pz|<kp IPJ\<k"

[Qout) = Jim H H al(p;)|0). (3.1b)

t—o00
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By collecting proton and neutron fields in the two-component isospin doublet N = (p,n)T, we
can define the generating functional using the the path integral formulation of quantum field

theory:

Zwmjﬂzdkmmmhmf—hml/DUDNDN(mﬂN(»

t'—o0

« eif:l ded3w[£7m+NDN+77N+]\7n] <N(t>|Qm> (32)

Here, J is a collection of external scalar, pseudoscalar, vector and axial-vector sources J =
{s,p,v,a} appearing in the pionic Lagrangian £L,,, and U is the unitary 2 x 2 matrix containing
the pion fields as defined in Eq. (2.54). The nucleons obey the free Dirac equation,

(i@ + mn)N = 0, (3.3)

using an isospin-averaged mass for both the proton and the neutron: my = (m, +m,)/2. The
state |[N(t)) denotes a state with a fixed number of nucleons. This means, the path integral
describes the propagation of one, two, ... nucleons in the nuclear matter (this will be the first of
three expansions of the generating functional). In analogy to the expression (p|@y(x)|0) = e~ P*
from a scalar quantum field theory, we will derive an equivalent expression later.

In order to calculate the partition function Z, we first turn our attention to the ground
state nucleon wave functions (i, /out| NVi—500) in isospin-symmetric nuclear matter. In the final
expression for 7, it is easy to modify the necessary terms for isospin-asymmetric nuclear matter.
To evaluate this, we would like to write the fermionic nucleon fields in terms of their creation and
annihilation operators. Before we do that, let us mention that we summarized our conventions
for calculations involving spinors in Appendix

The nucleon field and its time derivative can be written in terms of their Fourier modes as

follows:

laguse ™ 4 bluseh]. (3.42)

) g/(gﬂ)i&\/ﬁ{p p (—iEy) + by, (Ep)}- (3.4Db)

With these expressions, we can isolate the annihilation operator aj by first taking a linear

combination,

N(z) + E Z/dgv;{s e ], (3.5)

multiplying with u from the left and using uwu = 2my,

L i dBp dmy
us |N(x)+ —N(x :/ a; e P 3.6
v i) = [ ok (3.5)
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and then performing a Fourier transform:

_ F i Bt /d3we ip s [ (z )+1N(x)]' (3.7)

4m N p Ep

Next, we need to express N in terms of N. To do so, we use the Dirac equation:
i —myIN(z) =0 —  N(2) = —[imy7" +1"7'0IN (x), (3.8)
where @ = +°0, + ~'9;. Similarly, we can write an equation for the adjoint spinor:
\ \ . 0 00 o
N(z) = N(z)[imny" + 777" 94l. (3.9)

With this, we can compute the ground state nucleon functionals as follows:

(O N (+00)) = 1m0 T, IN (D) (3.108)
- O [
x [N(xn) + E})N(xn)l IN(t)) (3.10b)

= lim H Pn ‘E"" /d3a: e PnEngs [N(xn) + IN(mn)l , (3.10c)

t—+o0

and similarly,

E . ) _ i -
(N (=00} = lim [ 5 e it / &3, elPren [N(m - ElN@n)] Vous . (3.11)

And by using Egs. (3.8)) and m these expressions are:

< out‘N(+OO)> — llm H /d?)mn lpnmnu;n

t——+o00 mN
x [1 . EL (iman® + ’yovi@i)] N (), (3.12a)
Pn

(N (=00)|Qn) = hm H mN/d%;n —ipnxn

X [N(xn) — El (imNN(xn)vo + &-N(:}:n)voyi)] 7oul, . (3.12Db)

Pn

We can now use these expressions in the generating functional Eq. (3.2)), while also replacing

the nucleon fields with functional derivatives with respect to the fermionic sources n:

N(z) el JEviNw — O [atyawne) (3.13)
i0n(x) ’
N(z) ol [d'y N(ym(y) — 10 ol fd4y1\7(y)n(y)’ (3.13b)

on(x)
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such that the generating functional is:

{Qout|Qin) 1nq = lim / DUDNDNe! [d'@ L

t’—>+oo

3 ipnTn =S 1 7 5
x{ 2mN/d T,e uPlll o (1m ¥ +778)] 1(577(:Un)}

Pn

< ol Jd*z[NDN+7N+Nn]
X /ddym e lmym
2mN

< —
1 5 i . 14 0 ig o y }
. B TR Yui v (314

Here, we use the following symbols: z# = (¢, x), y* = (', y), p* = (E,, p), and ¢" = (E,, q).

It is now possible to perform the integration over DNDN, which results in a functional

determinant of the inverse nucleon propagator:
/ DNDN ¢ J 42 INDNTIN+N1] _ ot (D) f [4*2d*y () D7 @uinty) (3.15)
which leads to:

(Qout|Qin) sn = llm /DU det(D )eifd‘lxﬁm

t’—>+oo

Epn 3 ipnTn =S 1 ) 5
x{l;[sz/d x, e’y [1—E (1mN7 + v 78)] S

Pn

% ol [tz dty n(z) D= (zy)n(y)

% { /d3ym eflqmym
2mN

— —

R T N A D TSN b R os}
X —— |im + 0; A Ay us b 3.16
[an<ym> E( ontm)) T O Snu) 7)]” wfr ©19)

Let us consider now only the dz,, integration:

_ 3 ipnxn =S _i . 0 0,19 0
I, = /d AT [1 z (1mN7 + oy &)] TIPS (3.17)

Pn

We perform a partial integration on the last term, such that the derivative acts on the expo-

nential function:

iPnTn —S 1 : 7 < 5
]1. = /dSanep upn l]_ - Eipn (lme}/O — ,YO,Y 8@)‘| m (3183)
= /d3a:n ePrings |1 — L (imNyo + ivovi(pn)i) 0 (3.18Db)
pr Epn 15ﬁ<xn) ’
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where (p,,); denotes the i-th component of p,,. Next, we can use the Dirac equation ﬁ(p—m) =0

to compute:

2mN ~=s .0
B, Uy, (3.19)

s I 0
Up, [1 o (imny® + i7"y (pn)z)] =

Pn

and similarly for the dy,, integration. The result is a much simpler expression for the gener-

ating functional:

0
<Qout|Qin>J,77f) = hm /DU det( ) lfd @b [H/dgw” lpnxnupnfy )]

t’~>+oo 167](
i
« o [ Az dty @)D @) / Ay, eitmom —0_ys | (3.20)
1;[ on(Ym)

In order to set the sources 7, 77 to zero, we act with the left-derivatives § /d7 on the exponential

function, which brings down factors of D~1n:

0 ifdtzdtya@)D @y / 4
— ¢! x * /). 21
i677(%)6 d*z,, D xn, 2 )1 (2nr) (3.21)

-
We let all right-derivatives § /dn act on this source and can then set the sources to zero, which

makes the exponential function vanish:

<Qout‘Qin>J,17,ﬁ - hm /DU det(D) ei fd4x Lorr

t——o0

t'—+o00

<M1 @anome [ e, uin“Dl(xn,zn/)mzn,)]
o o Jdte diyi(z) D= (z,5)n(y) } _

i
X / By o imm 10 _ys | (3.22)
H on(ym) "

Since there are numerous copies of 1 and 3 /on, and they all anti-commute, we might get a
minus sign, depending on the number of permutations. If o denotes e.g. ¢ = (2,3,1), which is
an even permutation of (1,2,3), we define:

+1 if 0 is an even permutation,

—1 if ¢ is an odd permutation,

and can write the generating functional as:

2Z[J] = lim / DU det(D) et J 4w Lrr

t’%Jroo

% ZG(J) H/d3wn d3yo_n ei(pna?yL_QJnyan)ﬂ;n,YOD—l(xn’ yo—n)uzan- (324)
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We define D = Dy — A, where Dy = i) — my is the free Dirac operator and A represents
the difference to the full operator D. Later on, A will give us w/N interactions, but it is not
necessary to assign this meaning to A yet. Since D~! appears in the generating functional, we

can do the following manipulation:

A= Dy— D | < D! (3.25a)
Dyt — | AD™' = DyD™!' -1 (3.25b)
Dy'AD™' =Dt — Dyt (3.25¢)

This gives us an expansion of the full nucleon propagator (similar to a Dyson series):
D' =Dyt + Dt AD™? (3.26a)
= Dy' + Dy ADyt + D' ADG P ADG - (3.26b)
and the path integral can be expanded:
Z[J] = lim / DU det(D) e /@4 S (o) ] / Pz, Py, eProndonvon)gs A0

t——o0 Pn
t'—+o0 g
X | Dy (20, Yo, ) + /d42 d*2' Dy (@, 2)A(z, 2)Dg M (2, o) + . .. ug, . (3.27)
We will now use the following relation,
tlirglo/d3m P ul Dot (z,2') = —ie" dy, (3.28)

which is derived step-by-step in Ref. [33]. This enables us to perform the d3z, and dy,,

integrations. For instance, the first (Dg') and second (Dy'ADg!') terms in the expansion

become:
(I) = tLignoo H / d*x, d*y,, ei(p”x”’q"ny””)u;iDgl(:z:n, yan)ufhn (3.29a)
t'—+oo ™
= Jim ] / By, e Honon (—i)ePnvmn i ul (3.29b)
= lim_ 1;{(2@35@ (Pr — o )0, (—1) €050 G2 i3 (3.29¢)

1

Since the three-components of the momenta are the same, the respective energies F, and FE,
will also be equal, therefore the exponential vanishes. Then, the limit over ¢ is trivial. The
second term is:

t——o00 Pn
t'—+o0

(]:[) — llm H/dsmn dgyo_n ei(pnzn_qanyUn)usT

n

X /d4z d*2' Dy Y@, 2)A(z, 2 ) DN yo, Ul (3.30a)

9on

qﬂn )

= H/d4zn d4zo'n (_i)Qei(ann_(IcrnZan)a;nA(zn’ Zan)us (330b)
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and so on for the following terms. In summary, we can write the generating functional as:
Z[J] = /DU det(D) e’ Jdta L > elo)]] / d’z, &z e P*ap

/

X [5(3)(% — 2, VOno, — i/dt dt’ et A(z,, 2, Je Faon?

—i fardr [ dtwdte! ¢t Az, w) Dy w,w) A, 2, Jo Eemt

« eti9on 25, Uy, (3.31)

where the second and higher terms have a relative factor of (—i) compared to the first one,
because in the first term, only one copy of Dy ' was removed. Also, ¢ and ' are now integration
variables: z# = (t, z), 2/* = (t', 2').

If we compare this expression with the Leibniz formula for a determinant of an n X n matrix

M

Y

det(M) = 3" ¢(0) [ o, (3.32)

1

we can write the terms inside the path integral as a functional determinant:
2J] = / DU det(D) et 4w L qet F, (3.33)

where the tilde over the determinant means that our basis functions are eP*u,, with |p| < kg,

i.e. only states below the Fermi momentum. The operator F is equal to:
Fels—i / dt dt’ ot A1, — Dyt A] e iHot (3.34)

where 13 = 6% (z,, — 2,,)00m, 14 = 0% (2, — 2)0m, and Hj is defined such that when it acts
on the basis functions, we get:
o iHot’ [eipz/up} = e_iEpt/eipz/up = e_ipz/up, (3.35a)

[e_ipzﬂp} elflot’ — e_ipzﬂpeiEpt = eipzﬂp, (3.35b)
and finally, A[1, — Dy'A]~" is an abbreviated way to denote this infinite series:
Ally — Dy'A] ™' = A+ Dy'ADy ' + Dy ADy ' ADG !t + ... (3.36)

The next step is to use Jacobi’s formula det eM = ™ M to write det F as exp (”Fr In F ), where
the tilde on the trace has a similar meaning;:
4 d

Tr :/(;1:;4(277)5(]92 — m?\,)@(po)/d?’w Py = / (221;32217/&33 d*y, (3.37)
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and the generating functional is:

fd3a: d3ye Py, ln(}')elpyup

— / DU det(D) et Lo oot (3.38)
We can expand the logarithm as follows,
2 3 4

In(1 — iz) = —iz + % + % _ % +O(), (3.39)

which yields the following expression:
— / DU det(D) ot J 45 Ler
d’p 3. 13 )
><exp< /<2 32E /dwdye W, Ally — Dyt AT

1
d3 d3 d3 /d3/
3 27r32E 32E/ r

> eip:):ﬂpA[]14 _ DEIA]7lefiqa:’uqeiQy’,L—LqA[]l4 . Do—lA]fle*ipyup + ... ) . (340)

Note that this expression includes three different expansions:

1. In(F), which corresponds to an increasing number of in-medium nucleon propagations

with increasing order of expansion,

2. A[ly — Dg'A™' = A+ ADy'A + ..., which is called expanding the nonlocal vertex il

and also

3. A= AW 4+ A® 4 which corresponds to expanding the operator A in powers of the

chiral momentum.
Finally, we can rearrange the terms in the exponential function like this:
’UTM'lU = UiMijwj = Mijwjvz- =Tr {M(’LU X 'U)} 5 (341)

and use the spinor outer product,

D usis = p+ my, (3.42)

s=1

to get:
— / DU det(D) el J 45 Ler

X exp < — i/afo/d3md3yeip(z_y) Tr {A[]l4 — Do_lA]_l(;z)anN)}
4= /dpdq/d3a:y,:v y')e ip(z—y) o —ig(z'~y")

x Tr {A[]14 — Dy Al (p+ m) Al — Dyt A (¢ + mN)} + .. ) (3.43)
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where we used the abbreviation:

— (3.44)

dp 1
(2n) 2B,

fire |

Although we will show our results in powers of p/py, we note that this is just a convenient
normalization of the nucleon density to the normal nuclear density py. The expansion parameter
in this perturbation theory is kr/my, where kr denotes the nucleons’ Fermi momentum and my
is the nucleon mass. For instance, at normal nuclear density p = py and in isospin-symmetric
nuclear matter, the Fermi momentum is kr ~ 270 MeV, which leads to kr/my ~ 0.29, even

though p/py = 1 is of order unity.

Isospin-asymmetric nuclear matter. We can now extend this to isospin-asymmetric nuclear
matter in a straight-forward way. Let us go back to Eq. (3.38):

Z[J] = / DU det(D) ! J4' £rnef o o diy 7y n(F)ervuey

If we distinguish between the two isospin components of the spinors uf;l and u‘;f for protons

and neutrons, respectively, we can write the generating functional like this:

Z[J] = / DU det(D) et J 4w Lrr (3.45)
kP, K
X exp /(/ﬂo/d:gzc d’y e’i”(w’y)ﬁ; ln(}")u; + /(fﬂo/d:gzc d’y e*ip(w*%i In(F)u
0 0

2
p |

where we integrate up to the proton Fermi momentum in the first term and up to the neutron

Fermi momentum in the second term. This is equivalent to introducing the 2 x 2 matrix n(p):

_ [©kE —Ipl) 0
n(p) = ( 0 okn |p’)) , (3.46)

and putting it next to every factor of (p + my) inside a trace:
(p+my) = (p+mn)n(p), (3.47)
such that the generating functional for isospin-asymmetric nuclear matter reads:
Z[J] = / DU det(D) et Jd"2Lrn
X exp ( - i/&i}/d%: APy eP@Y) Tr {A[]l4 — Dy AT (p + mN)n(p)}
1 —_ . s od ol
+ i/dpdq/dg(a:,y,w’,y') eP(T=Y) g ~ia(@'=y)
x Tr { A[1y = Dy A]7 (p + mu)n(p) ALy — Dy AT (¢ + my)n(q) }

+) (3.48)
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The fermion determinant det(D), which came from the integration over DNDN corresponds
to closed fermion loops in vacuum. These contributions should be included in counter terms,
and we therefore set det(D) = 1 in the following.

In the course of this calculation, we assumed the ground state to be a Fermi sea of non-
interacting nucleons. This is important, because nucleon-nucleon interactions are important to
correctly implement diagrams proportional to the square of the nucleon density, i.e. which are
O(p?). The scope of our calculations is therefore up to O(p®?), which corresponds to O(k%)

when expressed in terms of the Fermi momentum.

3.2. The pion-nucleon Lagrangian

In the previous section, we established the expansion in Fermi sea insertions, which introduces
the in-medium aspect to our calculations. In this section, we will focus on the operator A =
Dy — D, which is the source for pion-nucleon interactions [34].

The nucleon Lagrangian in its bilinear form reads

L.n = N(iy"0, —my — AN, A=>AD N = (p ) , (3.49)

i=1
where A is of chiral order O(p'). The first term, A" reads,
AW = ' T, —igay"y° A, (3.50)

where we need the following quantities:

o The vector current I',, is given by:

1 i 1
Ly = §[UT7 Ouu] — §UT(% +au)u - §u<vu —ay)ul (3.51a)
1 : :
=5 {u*@uu + u@uuq — ivz [uTT”‘u + ’LLTauT] - iafb {UTTQU - uTauq : (3.51b)
o The axial-vector current is defined as:
1
A, = Q{uT [@ —i(v, + au)}u — u{@u —i(v, — au)}uT} (3.52a)
1 :
=3 {u@uu - u@uuq - ivz {UTTQU - uT“uT} - i&f‘ {UTTGU + UT“uT} : (3.52b)

o The square root of the chiral field is defined as u? = U:

u(m) = cos (y(f)> + i\/% sin (y( 2)> , (3.53a)

4
ul(m) = cos (y(ﬁ)) i sin (y(Zf)) , (3.53b)
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and it can be expanded as:

T 2 o’ ot
S R L A RN . 3.54
TR T s TRoE e (3.54a)
2 2 4
L L L (3.54b)

2f ~8f2  'S0f*  640f1

Its derivatives are:

@Lu — ﬂi?/;ﬂ'i [_ f;y’ sin <Z>‘| + 18;‘ [\/ESiH (Z)]
i i / /
+ i”ﬁfagﬂ [f;y \/zcos (¥) - <7J:>3 i (g)] , (3.552)

f
o /2
i, fzy/ 2 f2 3 ‘
—i f3“ [ 5\ 75 008 (%) —| 2] sin (%) ) (3.55Db)
which can be expanded to:
o,  70,m° O, m? 4 20, w0 O, mOmin?
ou=it—- - —=+ i+ " — -t 3.56
W=y T Ty P 803 6ot (3:56a)
o, mwo,n? o, mr? + 20, 1w O, momim?

t_ :Ou e .Ou 1 p

Guu——12f— if? 1—i E ~ 60/ 1+.... (3.56b)

With these definitions in place, we can calculate the explicit expressions for the operator AWM.

In order to calculate the vector and axial-vector currents, we need the following expressions:

a f2 i 2 ) i » i f2 / fQ f2 3/2 . 9
uTa#u:l;}ﬂ' [\/;sm(;// )] +17T7Tf37r [ 2y \/;_ <7T2> sm(g/)

+ IW LJ: sin2 (g)] , (3.57a)
+ iw [7]: sin’ (3)1 : (3.57b)
W = 7% cos(y/2) + 7}7; l2j:sm2 (Z)] _ eabc}rch \/E sin (1) (3.57¢)

e 2 ' 6oLbcﬂ.ch i 2 ' |
urtut = 7% cos(y/2) + IE [27{2 sin? (511)] + 7 \/ 7{2 sin (%) : (3.57d)
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Next, the following linear combinations of Eqs. (3.57al) to (3.57d)) are necessary to calculate the

vector and axial-vector currents:

abc-c.—a b 2
qﬂ@u+u@mf2f7;;~ﬂpiﬁm2@ﬂ, (3.5%)
f t O /2 y AT | o, | f? i o (u
u'Ou —udyu' = 17 5 sin (5) + 1? fy Rl sin (5) . (3.58b)
a 2
ul T + urtul = 27% cos(y/2) + 7;:; [47‘]; sin? (Z)] ’ (3.58¢)

abc,.b, -c 2
utroy — urout = =& ;T T [2,/7{251:0 (g)] . (3.58d)

Finally, the vector current reads:

=1

H f2

ieabcaaﬂ.ch 1 f2 ‘
+ TM [2\/ — sin (%) ) (3.59)

and can be expanded as follows:

. 6al)c7_c7raau7rb l

e“bcTcwa(?HWb i i 2 VI jebeqa e
3 a,.a a,.a s a 12 3
Fu—l4—f2—§vu7_ +Z/UMT P—14f2 UM—FT—i—O(l/‘f ) (360)

The axial-vector current is given by:

O f?si 2 aro,mt | 2y [ f2 2 3/2 9
A, = 1f7r [\/;Sln(g/ )] +17T7rf3 7r [ 2y L~ <7T2> Sln(2y/)
: _abc,,a..b.-c .
e E\/Z sin (g)] g m2) g L{ L (M ey

which can be expanded like this:

A, = 182“; ieabcg’jbec - ;a;‘;T“ + jlaZT“;i = iZ}T: a® + O(1/f%). (3.62)
Higher order interactions. The second-order term, A is given by,
A® = —, Tr, {xs} + 5 T {un} DD — 2 T {u} + S99 )
' 2m3y . 2 2
— Ry — S;H%NV’WVF;Z - 81;;\[7”7" Tr,{Fi} (3.63)

where the following terms are introduced:
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X+ contains scalar and pseudoscalar fields, as well as the pion fields:
i+ = ux u+ulyu' (3.64)
« 1w, is proportional to the axial-vector current:

u, = 21A,,. (3.65)
e D, is a covariant derivative, acting on a spinor 1 as:
Dy =04 +T 0. (3.66)
e X4 is the traceless version of x., defined as:

X 1
X+ = x4 = 5 T dxe ) (3.67)

where the coefficient 1/2 is equal to Tr {]l}_1 such that ., becomes traceless:

Tr {%+} = Tro{x+} — Tr {x+} Tr, {1} =0. (3.68)

F{]l}

e F /ju is a field strength tensor, defined in terms of the left- and right-handed currents:

Ff =u Flu+uFlul, (3.69a)
Fﬁ/ = auru - azzru - i[?“l,, 7’“], (369b)
El = 0ul, — 0,1, — il 1), (3.69c¢)

where 7, = (v, +a,)/2 and [, = (v, — a,)/2.

In this thesis, we will need the interactions that are parametrized by the LECs ¢ 934. For
the term proportional to c;, we need the trace over x,.. However, this is exactly equivalent to
a term of the pion Lagrangian, Eq. (2.71)):

Tr.{x+} = TrF{uxTu + uTqu} = TrF{XTu2 + x(u‘L)Z} = TrF{XTU + XUT} : (3.70)

For the terms proportional to ¢z 34, we need wu,. By definition, this is proportional to the
axial-vector current A, in Eq. (3.61)):
=2A, = —

2 i 2 2\ 3/2
.= ﬁ sm<y/2>] o [f L - (7{) sm@/z)}
+ a5, cos(y/2) + 7'r7r“az lZ;}: sin? (Z)] . (3.71)

abc,,a,.-b ¢ 2
i NZ ain (1) i

Further terms can be calculated in a similar way, but are irrelevant to the present thesis.

Up
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3.2.1. Low energy constants

In this work, we assume that in-vacuum loop effects are renormalized into counter-terms in the
chiral Lagrangian, which means that we take the low energy constants (LECs) to be fixed in
vacuum.

In the following sections, we will need numerical values for the LECs c¢;234. One usually
obtains the values for the LECs of an effective field theory by comparing with experiments. In
this section, we give an overview how to determine these LECs via experimental methods.

The LEC ¢ is related to the 7N sigma term [6, [46]:

R
4m?2

™

o= [UWN(O) + 9912“”331 | (3.72)

64 f?
A sigma term is a scalar form factor that indicates the strength of certain matrix elements

inside a proton p. In particular, the 7N sigma term is defined as:

Fane(t) = " (K i + (), (373

where ¢t = (K’ — k)? is the momentum transfer, and m, 4 the light quark masses [6].

The LEC ¢, is connected to the isospin-even S wave N scattering length a™ [6], 40]:

f2
T om2

™

2,,3 2

T +201—63+ 9a

4m(1 - t - .
(14 m;/mpy)a D

C2 (3.74)

b

outs the on-shell 7N forward scattering amplitude

For incoming and outgoing pions 7 and 7

can be written as [0]:
T = TT(w)d™ + T~ (w)ie™ere, (3.75)

where w = n-q, where n, denotes the frame of the nucleon, and g, is the pion’s four-momentum.
Under the exchange a <+ b, which implies ¢ <> —g, the functions TF are either even or odd,

T*(w) = £T*(—w). Furthermore, one can define the relevant scattering lengths as [6]:

ot = (1+ m“>1Ti(mﬂ). (3.76)

T 4r

Depending on the total isospin of the N system being 1/2 or 3/2, the S-wave scattering
lengths are given by [6]:

ay/2 = CL+ + QCL_, azj2 = a+ —-a . (377)

The LEC ¢ is related to the nucleon axial-vector polarizability a4 [6], 46]:

f? 9,24m7r 7 2
03:—? o+ 8f4 <48+9A) . (378)
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The axial polarizability a4 describes the change of the nucleon’s axial charge g4 in nuclear
matter and is defined according to Eq. (3.83) in Ref. [6]:

aA:2g/_1+(m?\,+m72r—t/2,m?V+mi—t/2)‘ (3.79)

ot

t=0

Here, A™ is a component of the isospin-even 7N scattering amplitude T,y = A* (v, t)+¢B* (v, 1)
with the pion momentum ¢*. The arguments of A and B are v = (s — u)/(4my) and the
invariant momentum transfer squared, ¢t = (k' — k)?. Furthermore, the bar reminds of the fact
that the nucleon Born term (proportional to g2,) has already been subtracted. The nucleon

isovector charges g; are defined via the following matrix element [73]:
(plalyd|n) = giupliuy, (3.80)

which is connected to S-decay. Here, 'y = 1, I'y = 4#+°, and I'y = o*. The relations
Egs. , and are obtained from O(¢?) calculations in chiral perturbation theory,
taken from Ref. [0].

¢4 is related to P-wave pion-nucleon scattering [6], 10) [74]. The comparatively large values
of ¢23(cq) are connected to A(1232) (p) exchange processes [75]. The numerical values of these
LECs are the topic of the next section.

For completeness, we note that the LEC ¢5 is related to how the strong interactions create a
proton-neutron mass difference, and ¢ 7 can be obtained from the anomalous magnetic moments
of the proton and the neutron [75], however their numeric values are not important for this

work.

3.2.2. Determination of low-energy constants

The relation of LECs to experimental methods is discussed in detail in Section [3.2.1] In this
section, we will list the different options for their numerical values summarized in Tables (3.1
and 3.2

The first set of ¢1234 is taken from a textbook reference, Ref. [I0]. The second set is taken
from Ref. [72], where experimental data was used to fix the values of the LECs. The LEC ¢
was chosen in connection to the 7N sigma term:

. OnN

2 Y
4m?z

(3.81)

C1 =

with an empirical value o,y =~ 45 MeV. We note that other references suggest a possibly larger
value of o,y =~ 60 MeV. The LECs ¢y and c3 were chosen in connection to the isoscalar 7wV
scattering length a*:

93

8mN

2
L 2my

E

[261 —Cy — C3 + s (382)
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LEC Set 1[I0] Set 2 [72] Set 3 [77]

) —0.90 —0.59 —0.61
Co 3.30 3.30 297
C3 —4.70 —4.43 —4.05
C4 1.75 1.75 1.85

Table 3.1.: The SU(2) LECs are listed in units of 1072 MeV L.

where a™ = (7.6 £ 3.1) x 1073m_!. This means that only the linear combination ¢y + c3 is
determined. In order to get separate values for ¢y and c3, we used the value for ¢y from the
first set and were then able to determine c3. Also, since the LEC ¢4 only plays a role in isospin-
asymmetric nuclear matter, this LEC was not determined in Ref. [72]. Hence, we also take this
value from the first set. The third set corresponds to fitting data to mp elastic differential cross
sections, using data from Ref. [76] and performed in K. Aoki’s PhD thesis [77] with x?/N = 3.9.
Note that due to a different convention in the chiral Lagrangian, we have to divide their value

of ¢4 by two in order to be consistent.

SU(3) LECs. For the SU(3) low-energy constants, we consider four sets of values, as summa-
rized in Table 3.2

The first two sets were obtained by fitting to lattice QCD data of octet baryon masses, as
reviewed by Ref. [7§]. The difference between the first and second set lies in the number of
masses that were considered for the fit. The third set was obtained by Ref. [79] via fitting to
experimental baryon octet data, this was also summarized by [80]. Since they only determined
bp and br, we use the relation| between SU(2) and SU(3) LECs, 2b + bp + br = 2¢y, to fix
bo. The fourth set is taken from Ref. [81]. There, the authors performed a fit to K*p elastic

differential cross sections, using experimental data from Ref. [82].

Other LECs. Furthermore, we use physical values for the pion decay constant f, = 92.4
MeV, and the axial coupling g4 = 1.26. We also use isospin-averaged values for the pion mass,
m, = 138 MeV, and the nucleon mass, my = 939 MeV. In the SU(3) calculations, we use the
eta mass m, = 548 MeV. We will also use these values for the quark masses: m, = 2.16 MeV,
mg = 4.67 MeV, and m, = 93 MeV. These values lead to:

om 1 My

—_— = — x~27.2 3.83

m 3’ m ’ (383)
where m = (m, + mg4)/2 and om = (m, — my)/2, which play a role in the explicit isospin
breaking effects.

!This was determined by comparing the results for (uu + cid>§U(2) and (uu + fid>§u<3) in Section m
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LEC Set 1[78] Set 2 [78] Set 3 [79] Set 4 [81]

bo —0.609 —0.714 0.064 —0.054
bp 0.225 0.222 0.060 0.064
br —0.404 —0.428 —0.190 —0.209

Table 3.2.: The SU(3) LECs are listed in units of 1072 MeV L.

3.3. Isospin-asymmetric nuclear matter

In order to describe asymmetric nuclear matter, we assume a different Fermi momentum for
the proton and the neutron. They will be denoted k7. and k%, respectively, and depend on the

proton and neutron densities:
kb = (37%p,)"3, k% = (3m2p,) V3. (3.84)

Instead of the two variables {p,, p, }, we will use the total nucleon density p = p, + p,, and the
ratio of neutron-to-proton densities r = p,,/p,. One can calculate the individual densities via:
_ P _ Ty

14 =1
In order to restrict the in-medium nucleons’ momenta to always be below their respective Fermi

Pp (3.85)

momenta, we include the matrix n(p), which reads:

_ (©E —Ipl) 0
n(p) = ( 0 ok |p|)) : (3.86)

A simple nucleon loop will then include the factor Tr,.{n(p)}, which leads to two separate inte-
grations, once over momenta below the proton’s Fermi momentum and another over momenta
below the neutron’s Fermi momenta.

The physical effect that asymmetric nuclear matter has on the pion is that the charged
and uncharged pions will behave differently. We perform our calculations in the so-called

2 73}, Depending on the ratio r of neutrons and

mathematical basis of the pions, 7* € {n! 7
protons in the nuclear matter, the different pion components are affected differently. Therefore,
after transforming to the physical basis, {7*, 7%}, the charged pions and the neutral pions’
properties will not be equal. More details on the transformation between the mathematical
basis and the physical basis can be found in Appendix [B.2]

Finally, let us mention numeric values. We will express the nucleon density in terms of the
normal nuclear density po ~ 0.17fm™3, which is the typical density for heavy nuclei. The
densities inside neutron stars are around 2pg, but could go as high as 9py in their center [83].
In heavy nuclei, the ratio of neutrons to protons is around r ~ 1.5. For instance, the stable
lead nucleus 2°*Pb has 82 protons and 126 neutrons. In neutron stars, the neutron-to-proton

ratio is about r ~ 10 [84].
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3.4. In-medium Feynman rules
Finally in this section, we collect the Feynman rules [33, [72] that we use throughout this thesis.

1. For n nucleon loops (i.e. fermionic loops), we include a factor (—1)", due to the anti-
commutating nature of fermionic variables [85]. Furthermore, for m Fermi sea insertions,
include a factor (—1)™/m. This m counts the number of in-medium nucleon propagators

in a given diagram.
2. An internal pion of momentum p* is to be replaced by:

m(p) , i sab
=0 p2 —m2 + ie

(3.87)

where m, is the in vacuum pion mass.

3. An internal nucleon line for a nucleon of momentum p" propagating in vacuum gets

replaced by:

N(p) i(p+ mN)

—— = lim

eﬁ\Op —m —|—1€

(3.88)

where my is the nucleon mass.

4. An internal nucleon line for a nucleon of momentum p* propagating in-medium gets

replaced by:

N(p) 2 2 0
— = (zz) +my) 27w o(p* — my)O(p° )n(p), (3.89)

so that after integrating over this momentum we get:
d'p 2 2 0
L/(W+ﬂmﬂ2ﬂﬂp—ﬂmw@@)n@)

2m)4
~ [ S i+ )l

where E(p) = (p? +m%)"Y2. For the in-medium nucleons, we make use of the matrix

, (3.90)

p—E(p)

n(p), which is a matrix in isospin space, that takes care of keeping the momentum of the

nucleon below the respective Fermi momentum:

(et 0
”@‘( 0 w%—m)‘ 39



In-medium Feynman rules 45

5. A vertex that includes nucleon lines gets a factor [—iA,.., ], where ¢--- x represents all
the fields that interact with the nucleon. We calculate this vertex factor by taking the
functional derivative of the operator A in Eqgs. (3.50) and (3.63|) with respect to ¢---x

in momentum space,

) )

A, =2 ... %4
PN 5 o

(3.92)

where an incoming momentum gets replaced by 0* — —ip* and an exiting momentum
will be replaced with o* — ipH:

B B
M| = —iply, —
3 (pin) "¢ 59 (Pout)

[0"0] = ipous- (3.93)

6. For a vertex that does not connect to any nucleons, we use the pionic Lagrangian £
in Eq. . Similar to the case with A, we now get a factor of [+iLy..., ], where ¢ - - - x
represents all the fields that interact at this vertex. Again, we calculate this vertex factor
by taking the functional derivative of the Lagrangian with respect to ¢ - - - Y in momentum
space,

) 0 L2

£¢X - %aﬁﬂ. ;

where an incoming momentum gets replaced by 0* — —ip* and an exiting momentum

(3.94)

will be replaced with O* — ip*.

7. Finally, we integrate over all internal momenta,

/ (;734, (3.95)

and sum over all Dirac and spinor indices, which often leads to taking the trace of some
expression. We do this in opposite direction as the arrows on fermionic propagators are

pointing.

Another rule comes from the fact that we treat external currents as dynamical fields in our
approach. For reasons explained in Section we have to include a factor of (—i) for every

external current in a given diagram.






4. In-Medium Quark Condensate

In this chapter, we demonstrate how to compute the density dependence of the in-medium
quark condensate. We will first consider the SU(2) case in Section , where we show how to
calculate the condensate devising the chiral Ward identity. In Section .2} we apply in-medium
chiral perturbation theory up to next-to-leading order and present our results in Section In
Section , we present a simple extension to the SU(3) case, where we can perform a first-order

(linear density) estimation of the quantities (iu — dd)* and (5s)*.

4.1. Using the SU(2) chiral Ward identity

In this section, we show how to calculate the nuclear density dependence of the in-medium
quark condensate. To do this, we follow Ref. [68] and use the chiral Ward identity. We start

with the divergence of the following time-ordered product:
8“[TAZ(J:)P6(0)] = 8“[AZ($)Pb(0)@(:BO) + Pb(O)AZ(:v)@(—xO)]. (4.1)
Using 9,0(2° — 3°) = 6(2° — y°)d,0, we write:

8“[TAZ(x)Pb(0)] = a“AZ(x)P"(O)@(xO) + Ag(:c)Pb(O)é(xO)
+ PY(0)0" A% ()0 (—a”) — P*(0) A3 ()5 (2°) (4.2a)
= T[0" A%(x) P*(0)] + 6(°)[AG (), P*(0)]. (4.2b)

We can use the partially-conserved axial current (PCAC) relation 0" Af(z) = mP*(x) with m

the quark mass, which yields:
H[TAL(x)P*(0)] = mT[P*(x)P*(0)] + 6(z")[Af (x), P*(0)]. (4.3)
Next we evaluate the whole equation between the in-medium vacuum |Q),
0" (QIT A (2) P*(0)|2) = m(Q[TP*(x) P*(0)|2) + 6(a°)(QI[AG (), P*(0)]I€),  (4.4)

and write the equation in terms of the pseudoscalar two-point correlation function I1%(z, 0) as

well as the pseudoscalar-axial-vector correlation function Hgﬁ(x, 0):

O“H‘;Z(x, 0) = mII%(z,0) + §(z°)(Q[A%(z), P*(0)]|2). (4.5)
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We then multiply the whole equation by exp(iq - (x — 0)) and integrate over d*z in order to

write this in terms of Fourier transformed momentum space correlation functions:
/ Al ¢TI (2, 0) = m / diz oI (2, 0) + / diz 67§ (2°)(Q|[A%(x), PP(0)]|Q)  (4.6a)
—m / iz 0TI (2, 0) + / &z e (Q[[A%(x), PP(0)]|Q).  (4.6D)

After a partial integration on the left-hand side of the equation, we use the momentum space

correlation functions II(¢g) and II;,:
~ig"TIZh(q) = mII™(q) + [ d*me 4 =(Q|[Af(x), P'(0)]|02). (4.7)

Now we take the soft limit ¢* — 0 and perform the d3z integration over the axial-vector current,

which gives the corresponding conserved Noether charge according to Q¢ = [ d*xz A%(x):
—ilim ¢"TI5;,(q) = mI1**(0) + (2/[Q3, P(0)]|2). (4.8)

In order to continue, we employ the SU(2) chiral transformation behavior of the pseudoscalar
currentll] [Q2, P*(0)] = —i0%gq(z), to write the equation like this:

mII®(0) + ilim ¢"TI¢0 (q) = i6“°(Q] qq|<2). (4.9)
q—0

So by calculating the pseudoscalar two-point correlation function in chiral perturbation theory,
we can infer the density dependence of the in-medium quark condensate.

We will write down the result for the in-medium condensate in terms of a ratio of the in-
medium value compared to the in-vacuum value. Therefore, the expression for the vacuum

condensate is useful,
(@g)o = (au + dd)o = —2f*By, (4.10)
such that a multiplication by the quark mass and division by the vacuum condensate amounts

to:

m m
(@ 2By (4.11)

which we will often use in Section . Note that here in the SU(2) case, (gq)o = (uu + dd)y =
—2f%By, where as in the SU(3) case, (¢q)o = (au + dd + 5s)g = —3f2B.

1Since we are only considering SU(2) here, the right-hand side only involves 6*° and the isoscalar scalar current.
For SU(3), the right-hand side would be 2/36%°Gq + d**°gA\°q where d®*¢ are SU(3)’s totally symmetric
structure constants.
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4.2. Calculation of the SU(2) quark condensate

As described in Section [.1, we will now show how to calculate the pseudoscalar two-point
correlation function I1%(0), which can be used to calculate the density dependence of the in-
medium quark condensate according to Eq. (4.9):

mHab(O) +ilim q“Hgb (q) = ié“b(Q]ch]Q>.
q—0 H

The second term on the left-hand side of the equation vanishes in the soft limit. This is because
there are no zero-mass modes in our system which could provide a factor of 1/¢* with their
propagator in a diagram of ng. Hence, we only need to calculate II1?’. In an expansion of
the quark mass, the quark condensate starts at O(m?), but the left-hand side of the equation
looks proportional to O(m). However, the soft limit leads to pion propagators 1/m? in the
pseudoscalar correlation function, and since m? oc m, the expansion in the quark mass of the
left-hand side indeed starts at O(m?).

We have to consider diagrams with two external pseudoscalar lines. The meaning of the
different lines in the diagrams and the corresponding Feynman rules are discussed in Section [3.4]
These diagrams follow from the expansion schemes, as discussed in Section [3.1.1] In particular,
we treat each expansion as follows: First, we expand In(F) up to second order, which means
we can have diagrams with up to two in-medium nucleon propagators. Second, we expand
A[l4— Dyt A]7* also to second order, which means we can have in-vacuum nucleon propagators
between two vertices. This happens for instance in the first type of diagrams. We will not
include a diagram with an in-vacuum nucleon propagator if a purely in-vacuum loop can be
contracted to a vertex, since we use experimental data for our LECs and those only-vacuum
contributions are already renormalized to yield these numerical values. Third, we include 7NV
interactions up to second order A = AW + AP We furthermore restrict our calculations to
diagrams proportional to O(k%) = O(p®/?), since one would have to include nucleon-nucleon

interactions in the Lagrangian in order to be able to discuss O(p?) terms. These considerations

lead to the diagrams in Tables [4.1] to [£.5]

These tables are organized as follows. For each type of diagram, there can be an interaction
from AM or A®. Hence, for each diagram we investigate all possible cases of interactions,
i € {1,2} for one vertex or (i,7) € {11,12,21,22} for two vertices. If such a vertex does
not exist (because there is no corresponding term in the Lagrangian) we disregard the whole
diagram. Still, some diagrams might vanish in the course of the calculation, which will be
shown later on. In summary, we will calculate three type-2 diagrams, two type-3 diagrams,

seven type-4 diagrams and one type-5 diagram:
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~N P10 10 3@ 3@
i1 3@ o 3@

N
o

1@ 1@ 3@ 9@
jl1 2(3) 1 2(3)

.

/D
O
S @

i1@ 1 e 36
i@ e 1 e

)
O E Pre@n
N’

Table 4.1.: Type 1 [1% diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of Ag) =0, (2) because of A;Q) =0, (3) because of A® =0 and

(4) because AW 2% 0 in the soft limit. In total, no diagram remains.

YO e
O e

AJ\<D»655»<:>A/¥ i|1 2

Table 4.2.: Type 2 [1% diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of AZ%) =0, (2) because of AZ%) =0, and (3) because of A§3p> =0.

In total, three diagrams remain.

/ 0 no contribution because £ =0

0‘0 Trpp

Rt i1 1 3® 30

a6 i1 g

f\/\/@»/—/@}\:—@/\/\

il1 1 1) pA)

S

Table 4.3.: Type 3 [1% diagrams. The superscript (1) denotes that the corresponding diagram

vanishes because of A®?) = 0. In total, two diagrams remain.
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ARG
O20) ) )
j 1() 2 1() 2)
AR
03@ @~
il 9 2
il1 1
AN =) - (D -~ il

Table 4.4.: Type 4 [1% diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of AQI} = 0. In total, seven diagrams remain. We will see that

all type-4 diagrams will precisely cancel each other in the soft limit.

@ i 1O 10 3@ 3@
“ 11 2G) 1 203)

ll*@/\/‘ i 1@ (@ 36) 3e)
@

<

1 () 1 23)

<.

ANAD iR 111 R(6)  R(6)

1
9 i1 3® 1 a®

Table 4.5.: Type 5 [1% diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of Agrlp)p = 0, (2) because of A%)p = 0, (3) because of A? =0,

(4) because of Agp =0, (5) because of Afz)p = 0, and (6) because of Ag,) =0. In

total, one diagram remains.

4.2.1. One-loop diagrams of type 2
First Diagram

The first diagram for the in-medium pseudoscalar correlation function is:

a m(q)
g (0): P =@ p (4.12)



52 In-Medium Quark Condensate

In terms of an integral expression, this can be translated toE]:

1134 (0) = qlggo(—m (_;)n (—i)? / éﬂ’)’?) Q;jp Tr {[~1AR)"(p + my)n(p) } qgifa;ﬁr[iﬁi?]cb.
(4.13)

In this diagram, we have one fermionic loop, L = 1, one Fermi-sea propagator, n = 1, and two
external currents in the correlation function, thus we get a factor of (—i)?. The relevant terms
in the Lagrangian, which contain the necessary information about the vertices in the present

diagram, are:

861B0 i i

Agfp) =— 7 p'm, (4.14a)
L2 =2fByr'p'. (4.14D)

In order to use these interactions in the Feynman rules, we perform a functional differentiation

with respect to the interacting fields to get the vertex factors:

[—iAR)]* = &C}BO(S“C, (4.15a)
LL2N? = 2if Bys™. (4.15b)

The trace in spinor space yields:
Tr,{p + my | = 4my. (4.16)

In order to efficiently calculate the traces of Dirac gamma matrices, we employed the Math-
ematica package FeynCalc [86H88] for several calculations in this and the next chapter. The

trace in isospin space yields:
Tr.{n(p)} = ©L + 6},. (4.17)

We can take the soft limit without problems, which gives us:

2¢1 B, 3 1
I35 (0) = W3q““/fp — (0}, +65). (4.18)

m2 2m)3 E,
Now we change to spherical coordinates, d3p = 4mp?dp, and have our result for the first
diagram:

(0 +0}). (4.19)

16¢1 B§
113, (0) = —ig S Do g, 7

m2m2

2Note the difference between the external isovector pseudoscalar field p® and the nucleon momentum p* =
(Ep,p), since both are denoted by the letter “p”.
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In order to account for the fact that the nucleon loop can be attached to either vertex, we

include a factor of two:

a . ca 320132mN p2 n
134,(0) = —i0" =08 [ ap2 (05 + ). (4.20)
™ p
The result for the first diagram is:
mllgh (0) ., 8cimy P ap "
W =10 7T2f2 /dpE})[gp + @p] (421)

Here we used the relation for the LEC By in order to replace Bym — m2 /2.
Second Diagram

The second type-2 diagram is:

m¢(q) 7% (q

[5%(0) : p* "D~ L@ (4.22)

In terms of an integral expression, this can be translated to:

Hgg(O) = lim (—1)2[15%)]@ i (_1)(_1)

g#—0 > —m?2 1
x / p 1 T {[—ADI(p + ma)n(p) b 5—— (L) (4.23)
(2m)% 2E, o ¢ —mz '
The relevant term in the Lagrangian is:
AW — rﬂ'y“ﬁi i edh Tk, (4.24)

Since we take the soft limit ¢* — 0, this diagram will vanish because the vertex is proportional

to the pion momentum.

Third Diagram

The third and last type-2 diagram is:

m(q) _7(q

15%(0) : p* ~" A2~ »b}m ik (4.25)

In terms of an integral expression, this can be translated to:

M(0) = lim (—i)2ce)e——— (1) =Y

q"—0 > —m2 1

x / (;7)’3 2;}) Tr {[<1AL]“(p + mn)n(p) | m[iﬁﬁ)}db. (4.26)
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The relevant term in the Lagrangian is:

4Bocym ;. i ) -
AR — }21 Tt + f @ o, oro” — F ot f L Lo, (4.27)
In the soft limit, only the first term will be relevant. The vertex factor in the soft limit is:
. c SiclBgm "
The trace simplifies to:
. c 32101B0mmN " n
Te {[-1AZ](p + mn)n(p) } = —Ta er + er). (4.29)

The diagram therefore yields:

252 B
2%,(0) = i6™° ;’”;;1 o / g% + O3 (4.30)
and the result is:
mﬂgbg(O) pacimy P>
M3 _jge L/d o+ o 431
s wepz | W) O T Ok (4.81)

where we used the relation for the LEC By in order to replace Bym — m. /2. In total, we can

write for the LO diagrams:

4c
2L =+ —p+ O(p*? 4.32
(qa)o 2’ ™) (432)
4.2.2. Two-loop diagrams of type 3
First Diagram
The next diagram is:
a 7 (a)
p* D @
g (0) : ™=k _, Jrie—h (4.33)
k
In terms of an integral expression, this can be translated to:
d3p Be 1 i 2
1eb — 1 -1 L / . r(2) 1acde
31(0) q*}glo( ) n 2 (27)3 dpok [1£73,] (p—Fk)2—m2
x Tr {[—1A£3>] (F+ mN>n<k>[—1A£3 1"(p + ma)n(p) }
Sp—— 7 L) (4.34)

P
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The relevant terms in the Lagrangian are:

By . . .

[,ffg)p = —5—;p27rl7r37r3, (4.35a)
A — A us n
x 2f7787r7 (4.35b)
L) = 2fByr'p, (4.35¢)
and the vertex factors are:
2iB
HEE, 0 = =205+ 02+ 0%, (4.36a)
- A(1)7e ga 5,¢c

[—iAM]" = —or =", (4.36b)

: d ga d
(1AM} = LA (4.36¢)
L2 = 2if Bys™. (4.36d)

The trace in spinor space is:

Trs{(p — )V (E+mn)(p— ) (p+ mN)} = 16m3 (poko — pk cos — m3,), (4.37)
where we used p? = m3, = k? since both nucleons are on the mass shell. The trace in isospin
space is:

(356 + 62+ 625) Tr, {7n(k)r'n(p) } = (OLO}, + 4010} + 40767, + ©p0%)5"
+2(67 — 63)(0}, — O7)6, (4.38)
where O is an abbreviation for ©(k% — |y|), the Heaviside step function that ensures that the
nucleon’s momentum stays below the Fermi momentum. The diagram, after accounting for the
fact that the nucleon loop can be attached on either vertex (i.e. multiplying by 2), is given by:
p?k? poko — pk cos @ — m3
poko (2m% — m2 — 2poko + 2pk cos 0)?

B,
2074 f2m2

(16} + 4600} + 406k + 6105

112, (0) = / dp dk d cos §7

x {0 : (4.39)

2(05 — 6;)(6) — )3
and the result including the quark mass is:

I12% (0
m _3’1( ) —1 gAY /dpdkdcosQ
{q9)o 52 f)*

(O26% + 40807 + 40168 + Orey)s”

p?k? poko — pk cos 0 — m%;

poko (2m% — m2 — 2poko + 2pk cos 0)?

X <0 : (4.40)

2(65, — Op) (6% — Ox)dg3
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Second Diagram

The next diagram is:

M0):  me-B , Tae-k (4.41)

a Y ST IER . ~(2)1ae dp &k 1
H3f)2(0> = lim (—1) (—i) [1£7(Tp)} 2/(

4 =0 n q> —m2 27m)3 (2m)3 4B, E),
(2)7cde i ’
<R l@—k)?—ma]
x Tr { [=LAD) (K + ma)n(k)[-1AD) (p + my )n(p) }
xq_me ). (4.42)

The relevant terms in the Lagrangian are:

,C(Q) = 10f2 O, ikl (36769 — 5V 5kl) — 28}2##%‘77?], (4.43a)
AW — foy hyP o, i, (4.43Db)
(2) = 2f Byr'p', (4.43¢)

and the vertex factors are:

. ejc i c
Lol = T2 [2[(]? — k) + 3]0

— 3l — &)* + 3] — 10(po — ko)do| 55
— [3[(}? — k)% + 5] + 10(po — ’“0>‘10] o

+ 2Bym (0% + 6% +5ﬂ (4.44a)

(1A = —*(p k) (4.44D)
[—iAD)! = ﬁ(zﬁ - b, (4.44c)
L)% = 2if Bys™. (4.44d)

For later convenience, we write the four-pion vertex in the following way:

(LEeed = —

™

3 (0105 + 2055 + 305, (4.45a)
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vy = 2(p — k) + 2¢5 + 2Bom,

vy = =3(p — k)* = 3¢5 + 10(po — ko)qo + 2Bom,
vy = —=3(p — k)* = 3¢5 — 10(po — ko)qo + 2Bom.

The trace in spinor space is:

Tr,{ (p — K)7° (F + mn) (p — )7 (p + m) } = 16m3 (poko — pki cos 6 — m3),

57

(4.45b)
(4.45c¢)
(4.45d)

(4.46)

where we used p? = m3, = k? since both nucleons are on the mass shell. The trace in isospin

space is:

[iﬁﬁ)]eﬁd Tr, {Tcn(k)Tdn(p)} =

i

52

X § (v2 — v3)(OLOF — OLO} )ie/?

(v2 + v3)(OPOF, — OO} — OO} + 9292)5;{%
With this, the diagram is given by:
1 16ig3iB2m%  d*p &Pk 1
¢»—=0¢q?> —m2  80f? / (2m)3 (2m)3 E,E)
y [ 1 rpoko—pkcose—m?v
(p—k)? —m3

2 2
q° —mz

X (UQ — Ug)(@g@z — @Z@z)i&fabg

(02 + ;) (OO, — OFOf — O30} + O30})0
We now take the soft limit, where the vertex functions simplify to:
vy = 2(p — k)* + 2Bym,

vy = —3(p — k)* + 2Bym,

v3 = —3(p — k) + 2Bym,

hence vy — v3 = 0, and the diagrams yields:

. 9 P2 9
iga Bymy

v (020} + OROR) I + (201 + va + v3)(OLO + O1O% )5/

v1(OPO] + O2O7)0% 4 (201 + vy + v3)(OLOF + O26} )0

p2k? E,E; — pkcos —m3,

12, (0) = / dpdkd cosd

40mt f2mi

x40

(v2 + v3) (OO, — OLOF — OO + 1))

E,Ei, (2m% — m2 — 2E,E}, + 2pk cos §)?
’Ul(@g@Z + @Z@Z)(Sab + (21)1 + vg + Ug)(@f)@z + @Z@Z)(Sab

(4.47)

(4.48)

(4.492)
(4.49D)
(4.49¢)

(4.50)
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We now use Bym = m?2 /2 and divide by the vacuum condensate (qq)o = —2f?By. The result

for this diagram is:
mllgh(0) . gami p*k? E,E, — pkcos —m?%
(@g)o 1027 f)tm E,Ey (2m3% — m2 — 2E,Ey, + 2pk cos 0)?
01(O50] + OpOR)6™ + (201 + v + v3) (04O + OO} )5

/dpdkdcosé’

X 40 . (451)

(v2 + v3) (O30, — OLO}, — OLO}, + O16})5

and we abbreviate:

vy =2(p — k)* + m?2, (4.52a)
201 + vy + v3 = —2(p — k)? + 4m?2, (4.52b)
vy +v3 = —6(p — k)? + 2m2, (4.52¢)

where (p — k)2 = 2m3, — 2poko + 2pk cos 6.
N

4.2.3. Two-loop diagrams of type 4
First diagram

The next diagram is:

2, (0) - 039 (4.53)

In terms of an integral expression, this can be translated to:

b L= d*p &k 1 i
14 (0) = i ()5 [ 5 (27)3 4B, Er (p — k) — m2
x Tr { [-1AL)](p + mn)n(p) [-1AL)? (k + ma)n(k) } (4.54)

where L = 1 and n = 2 and the virtual pion 7¢ has momentum p* — k* going to the right. The

relevant term in the Lagrangian is:

8c1By . .
2 120 4 4
AP = T (4.55)
and the vertex factors are:
8c1 B
(AR = (220 e, (4.56a)

f
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.8c1 By
= ]1]—

i) =i

. (4.56b)
The trace yields:

T {[—A@]"(p + m)n(p)[—1AZ]? (k + my)n(k) }
_ 256¢1B§
- -2

and the diagram is given by:

(EyEr —p - k+m3)(6) + 05)(0} + 7)), (4.57)

322B2  &®p &k 1 E,E.—p-k 2
o) — g0 2358 | 0 %S RS

f? 2m)? (2m)° EpBy,  (p—k)* —m3
x (01 + Or) (6L + 6y). (4.58)

Second diagram

The next diagram is:
k
d
a a ™
M40 1 G- D@ (4.59)
p

In terms of an integral expression, this can be written as:

ab (Y _ o 1 L=, dPp PR i
1132(0) = 2 Jim (—1)"=—== (=) / (2m)? (2m)? AE By, (¢ +p — k)? —mZ
x Tr { [<1AZ)](p + mn)n(p) [—1AL (§ + m)n(k) }
X e —1m2 [icgp)]dbv (4.60)

where L = 1 and n = 2 and the virtual pion 7¢ has momentum ¢* + p* — k*. We also have
to include a factor of 2, since the pion can be attached left or right. The relevant terms in the

Lagrangian are:

SClBO i
AP = T (4.61a)
AL = yrR ek k. (4.61b)
LP) = 2f Byr'p, (4.61¢)
and the vertex factors in the soft limit are:
8c1B
[—iA2)]ee = {2220 gae (4.62a)

f
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1

s A(1)1ed _ cdk _k
(iAW) = TP =Bt (4.62b)
[LL2N% = 2if By6". (4.62c)
The trace in Dirac spinor space yields:
Tfs{(}” +my)(2¢ +p — k) (F + mN)} = dmpnqo(Ep + Ey), (4.63)
which vanishes in the soft limit.
Third diagram
The next diagram is:
k
d
a a U
M40 o G- PT- @ (464)
P

In terms of an integral expression, this equals:
L(—l)”(_j)Q/ dBp Bk 1 i

(2m)* (2m)? 4B, By (¢ + p — k)2 —m3
x Tr { [<1AZ)](p + mn)n(p) [-1AL (§ + m)n(k) }

x 5 LA, (4.65)

11$%(0) = 2 lim (—1)

gt—0 n

where L = 1 and n = 2 and the virtual pion 7¢ has momentum ¢* + p* — k*. We also have
to include a factor of 2, since the pion can be attached left or right. The relevant terms in the

Lagrangian are:

A2 = _Scfopzﬁi, (4.664)

A — Mﬂ'iﬂ'i + _ 29 ma,miordr — 2o piong

T Fomg, o
+ i;éeijw’v”v” O, (4.66b)
LE) = 2fByr'p', (4.66¢)
and the vertex factors in the soft limit are:

[—iAQ))* = 18(3}]‘%5%, (4.67a)
(AR = — 801}3;07”6“, (4.67b)

GLEN% = 2if Bys™. (4.67¢)
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In the soft limit, the trace yields:

Tr {[=1AD)(p + ma)n(p) [—1AL)“ (k + my)n(k) }
2560%32
13
With this, the diagram is given by:

(EpEr — p - k+mi) (08 + O0) (0 + 03)5". (4.68)

128¢2 B3m / d3 Bk 1 BB —p-k+md
f2m2 2P EE,  (p—k)2—m2
x (©F +0,)(6} + @Z) (4.69)

I15% (0) = i6*

After using Bym = m?2 /2, we get:

64c2B?  d*p d*k 1 E,E,—p-k X
1135 (0) = 16 G 0/( p plik — Pk +my

77 ) e P EE (b kP - m2
X (68 +O7)(e% + 6y), (4.70)

i.e. TI§%(0) and I13%(0) are related by:

—2113" (0) = T1§%(0). (4.71)
Fourth diagram
The next diagram is:
k
u " 7rd ¢
M40 2 ~A@TE - DT Dnn p (472
p
In terms of an integral expression, this can be translated to:
1" i dBp Bk 1 i
Hab 0) = I -1 L( Y £(2) ad /
44(0) qulgo( ) n (=)L) @ —m2) (2n)3 (273 AE,Ey (¢ +p— k)2 —
x Tr {[=1AD) (p + m)n(p) [HAQ]“ ( + ma)n(k) }
i . .
< B (17

where L = 1 and n = 2 and the virtual pion 7¢ has momentum ¢* + p* — k*. The relevant
terms in the Lagrangian are:
1 o
AR =7 2 w' Ol eIk, (4.74a)
L2 =2fByr'p'. (4.74b)
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In the soft limit, the relevant vertices are:

1
: A(1)1de __ dck _k
(1A% = 4702(}25—%’)6 T, (4.75a)
1
: 1)1ce __ cel 1
[—iAl)) = 4752(?— et (4.75b)
G2 = 2if Bys5™. (4.75¢)
The trace yields zero in the soft limit, i.e. this diagram vanishes:
1%, (0) = 0. (4.76)
Fifth diagram
The next diagram is:
i
u " ,ﬂ_d ¢
40 7 @G- PO p (.77
P
In terms of an integral expression, this can be written as:
—1)" i dBp Bk 1 i
Hab 0) = li -1 L( Y E(Q) ad /
150 = iy D e e s | Grp en 1B, B (g p = R — 2
x T {[HAQI (p+ ma)n(p) AL (F + man(k) |
i o
X L2, (4.78)

where L = 1 and n = 2 and the virtual pion 7¢ has momentum ¢* + p* — k*.

terms in the Lagrangian are:

A;Q = rﬂv“ﬂiauﬂjeijkrk,
4Bocim &) . c3 o
AR = 28 gt 0,70, O — — 0, Ot
r? Fm3. 72
+ }C;Leijka’y“’y” ,ﬂri&,ﬂj,

In the soft limit, the relevant vertices are:
1
. 1)1de __ dck __k
[—1A{)]% = 472(?—%)6 T,
. 801 Bom

—iAg) = -0

G2 = 2if Bys™.

ce
0%,

The trace yields zero in the soft limit, i.e. this diagram vanishes:

Hgg(O) = 0.

The relevant

(4.79a)

(4.79b)

(4.79¢)

(4.80a)

(4.80b)

(4.80c)

(4.81)
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Sixth diagram

The next diagram is:
k
ab . a 7rd m° b
I35(0) : p* "D >-@F = (D =-@ A~ p (4.82)
P

In terms of an integral expression, this diagram is given by:
—1) i dp Bk 1 i
% (0) = Tim (—1 1 )2 @1ad /
6(0) = Jim, n VS s | G ey aB B gk =R =
x T {[—LAQ]“(p + ma)n(p) [—IAR]“(k + my)n(k) }

i

X

LG, (4.83)

¢ — m?2
where L = 1 and n = 2 and the virtual pion 7 has momentum ¢* + p* — k*. The relevant

terms in the Lagrangian are:

1 o
AL = TFW“WZ €T, (4.84a)
4Bycym c . . c - ,
AD = = rirt 4 20,0 — om0t
o 72 T+ 2m, 0, T 72 T on T
+ ?6”’“7’“7”7” WO, (4.84D)
L2 =2fByr'p'. (4.84c)

In the soft limit, the relevant vertices are:

. . .8c;Bym .,

[—iAZ)]% = —1%&! : (4.85a)
: ce 1 ce

[—iAD)] = 4762(? — [, (4.85b)
GL2]™ = 2if Byo™. (4.85¢)

The trace yields zero in the soft limit, i.e. this diagram vanishes:

I1$%(0) = 0. (4.86)

Seventh diagram

The next diagram is:

HZ%(O) :op® /\/\/@»ﬂ;d 71;37@/\/\ pb (487)
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In terms of an integral expression, this can be translated to:
o 1" (—i)2iL) i / dBp Bk 1 i
q"—0 n g2 —m2 ) (2m)3 (2m)34E,E (¢ +p — k)% —
x Tr {[—mmw + my)n(p)[-1AL] (f + my)n(k) |

[iL? ] (4.88)

¢ — mz
where L = 1 and n = 2 and the virtual pion 7¢ has momentum ¢* + p* — k*. The relevant

terms in the Lagrangian are:

4B o L : ,
AR — [}Zﬂnﬂzﬂl + f;;ﬁva;ﬂrl T oto” — ]Céalﬂr’@“ﬂl
+ f;l ekt 9,0, 7, (4.89a)
L2 =2fByr'p'. (4.89D)
In the soft limit, the relevant vertices are:
. c ,8ClBgm c
[—IA;_QW)]d = —IT(Sd s (490&)
. ce _SClBOm ce
[—iAW]e = —j 2 5%, (4.90b)
[LL2]% = 2if By6™. (4.90c)

The trace yields:

Tr {[—iAR)(p + m )n(p)[-1AZ]“ ( + mx)n(k) }
256C%B(2)m2 2 D n P n\ sde
- —T(EpEk —p-k+m}) (0 +08) (0 + OF)5%. (4.91)

With this, the last type-4 diagram is given by:

115 (0) = —i6®

128¢3 Bym? / d3p &Pk 1 E,E,—p-k+mi
fPma (2n)3 E,Ey,  (p— k)2 —m2
x (©F +6,) (O + @Z) (4.92)

Finally we use Bym = m? /2 again and get:

32¢2B r d*p d*k 1 E,E,—p-k 2
n0) = g 24 [ L e p kot

f? 2m)* (2m) EpBy - (p — k)? —m3
x (©F + O,)(0} + 64). (4.93)

Thus, in the soft limit, we have:

I15,(0) = I13% (0). (4.94)
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Cancellation in the soft limit

In summary, these are the results for the type-4 diagrams in the soft limit:

1

I, = —§H4,3, (4.95a)
[y =1M4s =145 =146 =0, (4.95Db)
Iy 7 =14, (4.95¢)

7
which means that }° Ily; = II4; + II43 + 147 = 0 and thus all type-4 diagrams vanish.
i=1

4.2.4. Two-loop diagrams of type 5

The only diagram in this group is:

1°(0) - g /\/\/Cgk”i’@\/\/\p (4.96)

In terms of an integral expression, this can be translated to:

ab(( _ 1; 2 AL eI dp &P 1
15°(0) = ql*}glo(_l) (=1) n [1££rp)] q* —m2 / (2m)3 (2m)3 AE, By,

x T { [1AW) % (f + may )n (k) [-1AD)(p + ma)n(p) } W

X L2, (4.97)

2 2
g —mxz

where L = 1, n = 2 and we have to replace p° = \/p? + m% and & = /k2 + m3,. The pion

momentum is p* — k*, going in the upwards direction. The relevant terms in the Lagrangian

are:
AW = b 4.

2f'y Yo, (4.98a)

A;ls,) = Qg;gv Y [37ri7rj8#7rj - Wjﬂjaﬂﬂi} T, (4.98Db)

L2 = 2fByr'p, (4.98c¢)

and the vertices are:

[_iA(lg)]dec _

™

20f3 (05 — 3p + 3k) + 0l (—=5¢ — 3p+ 3K) + 0i22(p — B)| 7', (4.99)
(iAW) = ﬁ(zﬁ - by, (4.99h)
GL2]™ = 2if Byo™. (4.99¢)
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The results for the traces are (we simplify using p? = m% = k?):

Te,{(5¢ — 3p + 3K)7° (K + m) (p — K07 (p + ma) }

= 8m3 (6m3 — 5qo(E, — E},) — 6E,E}, + 6p - k), (4.100a)
T { (=54 — 3p+ 307 (F +mn) (p — )7*(p + mx) }
= 8mA (6m3 + 5q0(E, — E}.) — 6E,E), + 6p - k), (4.100b)

T {200 — By + ma)(p— B9 (p+ma) } = 82m3 (BB —p-k—m). (4.100¢)
After taking the soft limit, we get:
p?k? E,E) — pkcosf —m3,
E,Ey.2m3 — 2E,Ey + 2pk cos 0 + m2
25ab
x (©PO) — Y0, — 6,0} +6,0;) 10 . (4.101)
—66%3

ab(0> — 14mNBogA
b 10(2m)* f2m2

/dp dk d(cos0)

Finally, we include the quark mass and divide by the vacuum condensate:

ml?gb(o) _ i gAmN /dpdkdcos& p?k? poko — pk cos O — m?v
(q9)o 10(27 f)*m poko 2m3% — m2 — 2poko + 2pk cos 0
—20°
x (Op0) — Op0) — O30} + 6;67) 1 0 , (4.102)
()

where we also used the relation Bym = m?2 /2.

4.2.5. Cancellation of symmetry breaking terms

By calculating the two-point pseudoscalar correlation functions, we got terms proportional to
5% but also terms proportional to §3§%3. According to SU(2) chiral symmetry, the 6% terms
break this symmetry. However, if we add all diagrams, then these terms precisely cancel each
other:

Gy c Mga+ 1o+ 105 =0, (4.103)

where we already included a factor of 2 inside of II3; in order to account for the two vertices

that the nucleon loop can attach to.
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The results of the corresponding diagrams (only the terms proportional to §%3§%3) are as

follows:
mH_gb1(0) _ i gaim3, /dp A deosd” p?k?  4m2(poko — pk cos 6 — m3;)
(qq)o 10(27 f)4m2 poko (2m3%, — m2 — 2poko + 2pk cos 0)?
x (05 — ©p) (0} — O5)d5, (4.104a)
ml_{ng(O) _ i gaim3, /dpdkdcos& p?k? poko — pk cos @ — m3
(aq)o 1027 f)4m poko (2m3%, — m2 — 2poko + 2pk cos 0)?
X (vg + vg)(@f, —0,)(6} — )6, (4.104Db)

Here we used the relation for the LEC By in order to replace Bym — m2/2. The vertex

functions simplify a bit for ¢* = 0:
vy + vz = —6(p — k) + 2m?2, (4.105)

where (p — k)? = 2m% — 2p"k,. The last contribution proportional to §23§% is

mlI(0) . gamiy / Pk’ Py —my
= dp dkd cos 67 =
(2q)o 1 10(27 f)*m P o poko 2m3% — m2 — 2poko + 2pk cos 0
X 6(0F — @Z)(@Z — OR)65, (4.106)

where ptk,, = poko — pk cosf). Since the coefficients are the same in these terms, we can start

by adding the integrands:

4m? (poko — pk cos 0 — mA;) (2m?2 — 6(p — k)*)(poko — pk cos 0 — m3;)
2m3, — m2 — 2poko + 2pk cos 6 2m3A — m2 — 2poko + 2pk cos 6
+ 6(poko — pk cos ) — m3). (4.107)

Integrands =

We can combine the two fractions and use (p — k)? = 2m3%, — 2p~k,:

(6m?2 — 12m3%; + 12poko — 12pk cos 0) (poko — pk cos 0 — m3;)
2m3; — m2 — 2poko + 2pk cos 0
+ 6(poko — pk cos ) — m%,). (4.108)

Integrands =

Finally, we cancel the left bracket in the numerator and all of the denominator to yield —6,
which leads to:

—6(poko — pk cos ) — m3;) + 6(poko — pkcos® —m3) = 0, (4.109)

i.e. the symmetry breaking terms precisely cancel each other.
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4.3. Results: quark condensate

For the in-medium quark condensate, the integrals in Section are solved numerically using
Python [89-91] and the result yields the density dependence of the quark condensate, which
is presented in Fig. {.1 We perform these calculations for three sets of low-energy constants,
which we discuss in detail in Section[3.2.2] In summary, set 1 is taken from a textbook reference,
set 2 was obtained in Ref. [68] by comparing to experimental data, and set 3 was obtained in
Ref. [7] by fitting to scattering data.

Our computed value of the quark condensate at normal nuclear density, which shows a
reduction of 34-35% (LEC sets 2, 3) shows good agreement with Ref. [35], where the in-
medium behavior of the quark condensate was shown to be: (gq)*/(qq)o = (b1/b})"/*[1—18p] ~
1 —0.37p/po. Here, the parameters take on the following values by /b3|,=,, ~ 0.79 £ 0.05 and
p = (2.17 £ 0.04) fm?, which were obtained from experimental data from deeply bound pionic
atoms and isospin-singlet 7w/N-scattering amplitudes, respectively. Our results are also in good
agreement with results obtained in Ref. [92] which are summarized by Ref. [93]. They are also
consistent with Refs. [50, 04]. Ref. [95] uses methods of the functional renormalization group
including fluctuations beyond the mean-field approximation and arrives at the result that the
quark condensate is reduced by only around 20% at normal nuclear density.

The density dependence of the in-medium quark condensate shows a linear behavior, since
the next-to-leading order contributions in the density expansion, which lead to O(p*?) and
O(p°/?) behavior, are much smaller. The contributions of the individual diagrams are shown in
Fig. [4.2] The right two figures show that the next-to-leading order diagrams have rather tiny
contributions to the quark condensate. This is because the Fermi momentum is small compared
to the nucleon mass in low densities and the Fermi motion expansion could be convergent. In
this sense, the nucleon-nucleon correlation, which plays a role from O(p?), should be important
and bring a new scale parameter.

This work is built on the foundation of Ref. [68], where the in-medium quark condensate was
calculated for isospin-symmetric nuclear matter. In this work, we found several new diagrams
which are necessary contributions to the in-medium quark condensate. In particular, the third
type of diagram in Table with ¢ = 1, the second type of diagram in Table with ¢ =1 as
well as the third type of diagram in Table with ¢ # j. Furthermore, diagrams like the one
in Table [4.5[ were not considered at all in Ref. [68]. Comparing to Ref. [92] and related works,
we include interactions from A® but omit 2m-exchange and A-excitation processes, as they
contribute beyond O(p®/3). In order to include such processes, Ref. [92] uses a nucleon-nucleon
potential obtained from lattice QCD data.

Despite being a small contribution, the isospin-asymmetry of the surrounding nuclear matter
plays a role in the in-medium quark condensate. As shown in Fig. [4.3] for normal nuclear

density p = pyg, different values for the neutron-to-proton ratio have a small effect on the in-
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medium quark condensate. In particular, when plotted logarithmically, one can clearly see that
the plot is symmetric around the point p,/p, = 1, which represents isospin symmetric nuclear
matter. This means, the in-medium quark condensate behaves the same for a certain ratio
pn/pp and for the inverse ratio (p,/p,)~" because of isospin symmetry. This can also be seen
on the far left and far right ends of the plot, which correspond to proton matter and neutron
matter, respectively. Furthermore, there is no significant effect if we treat protons and neutrons
with different masses m, # m,,.

For interactions between nucleons the A baryons might be an important ingredient, as sug-
gested by Ref. [92], however in this work we do not consider dynamical A interactions. Since
some A contributions are already implicitly included in the low-energy constants, our calcula-
tions are expected to be valid as long as dynamical A interactions are not required. Otherwise,
one would have to include the A fields in the Lagrangian and investigate their in-medium

effects.

4.4. A simple SU(3) extension

In this section, we perform a simple extension to SU(3). This is not a “true” in-medium chiral
perturbation theory, as we simply use an in-vacuum chiral SU(3) Lagrangian. In order to
estimate the effects of nuclear matter, we investigate diagrams with meson-nucleon interactions
and then manually restrict the proton and neutron momenta to be below their respective Fermi
momenta.

The details on how to extend our formalism to SU(3) can be found in Appendix [A.1] In
Sections|4.4.1jand |4.4.3|to[4.4.5 we will show the explicit calculations for the quark condensates
(iu — dd)*, (i + dd)*, (uu + 5s)*, and (dd + 5s)*. Finally, in Section , we present our

results.

4.4.1. Up minus down quark condensate with explicit isospin breaking

In this section, we present an estimation of the isospin splitting of the quark condensate
in nuclear matter, i.e., the quantity (uu — Jd)* in leading order of the density expansion.
This splitting arises due to explicit isospin breaking, which we will consider via m, # mgy
in the Lagrangian and p, # p, in the nuclear matter. There is also isospin breaking via
different hadron masses, like m, # m,, however since these effects yield minor corrections,
(my, —my)/(m, +m,) ~ 107* we neglect them, and instead use isospin-averaged masses. We
also omit SU(3) breaking in the meson decay constant.

The present calculation is an estimate for two reasons. First, the values of the LECs are not
fixed by scattering data, and second, there are no dynamic meson loops included, i.e., this is a

linear-density approximation. In order to compute (uu — Jd>*, we need to extend our formalism
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Figure 4.1.: Density dependence of the in-medium quark condensate, normalized to the vac-
uum condensate. The ratio of neutrons to protons is given by p,/p,. At normal
nuclear density, p = po, the quark condensate is reduced by about 52% (set 1)

and 34-35% (sets 2,3) compared to its vacuum value.
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Figure 4.2.: Density dependence of the contributions to the in-medium quark condensate,
normalized to the vacuum condensate. The ratio of neutrons to protons is given
by pn/pp. Fig. shows the sum of these three contributions. (a) The leading
order contributions corresponding to Eqgs. and (4.31). (b) The next-to-
leading order contributions corresponding to Eqgs. and ([4.51)). (c) The
next-to-leading order contributions corresponding to Eq. .
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Figure 4.3.: Density dependence of the in-medium quark condensate, normalized to the vac-
uum condensate. The ratio of neutrons to protons is given by p,/p,. The
in-medium quark condensate at a fixed density is symmetric around the point
pn/pp = 1 under the exchange p,, <> p,. The far left of these plots correspond to

proton matter, whereas the far right corresponds to neutron matter.
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to SU(3), since the SU(2) chiral transformation of a pseudoscalar current can only yield the
sum iy + dd.
In the pionic part of the SU(3) Lagrangian,

2
LR = ];Tr{DMUTD”U+XTU+XUT}, (4.110)

we introduce the quark mass isospin breaking via the scalar source in y = 2By(s + ip), as

discussed in Eq. (A.24)).

Chiral Ward identity with explicit isospin breaking

We start with
O[TAS(2)P*(0)] = T[0" Al (x) P*(0)] 4 6(2°)[Af (x), P*(0)]. (4.111)

We can use the partially-conserved axial current (PCAC) relation:

MAL(z) =iq {M, >\2a} g, (4.112)

with the quark mass matrix M = diag(m + dém, m — dm, mg). We need:

A 2 )
oA (x) = ig{ M, 33}7561 =ig lém\/;\o +mA® \gﬁ] +’q

2 om
= omy/=P° + mP? + —=P8. 4.113
ﬁ 3 (4-113)

If we choose a = 3 and b = 8 and take the vacuum expectation value, we get:

E)“Hgi(x, 0) = 5m\/§H08(x, 0) + mIl*®(z,0) + 5—mH88(x, 0) + 5($0)(Q|[A(3)(x), P3(0)]|2).

V3
(4.114)
We perform a Fourier transformation and take the soft limit:
2 )
0= 5m\/;H08(0) + mlII**(0) + \/ﬂ%H%(O) + / d*x (Q[A3(z), P3(0)]|Q). (4.115)
After integrating we use the commutator: [Q3, P*(0)] = —%83(0) = —ﬁ[ﬂu — dd]:
i(au —dd)* = 5m\/§H08(0) + mIT*®(0) + 5—7”1188(0). (4.116)
V3 3 V3

So in order to calculate the difference of the quark condensates, we need to calculate:

(i — dd)* = —iv/3mlIT**(0) — iv/26mII%(0) — i6mlII*(0). (4.117)
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Diagrams

We treat the 7°n mixing as perturbations in our calculations, i.e. we introduce a 7% vertex.

Every 7%n mixing from the Lagrangian due to dm # 0,

\/g )

gives us a correction depending on whether the new propagator belongs to the 7% or the nj:

(4.118)

L0y, =

2 om 1
additional pion: x — Bym o 2 0.2 (4.119a)
V3 m mz
s 2 om 1
additional eta: X —=Bym —— =~ 0.012 (4.119Db)
V3 m m3

using m, = 138 MeV and m, = 548 MeV. We will in the following consider all diagrams
with additional pions coming from this 7°-ng mixing, since the large mass of the 7z leads to a
suppression of new 7ng propagators in the soft limit.

The diagrams for II3® are as follows:
38 8 m 3 8 G 3
I*(q)= P W&*WP + P8O P
UEN ng 70
+ p8 ”’O”’Q/\/\ p3 4+ ps M»@»Q/\/\ p3
ng . m°
+ PE OOy p? (4.120)

The necessary interactions are:

4iBy(bp + bp)

i‘CNNpSﬂ'O ==+ \/gf y (4121&)
4iBy(bp + b
L gy = 10(\/2;” (4.121D)
4iBoy(2by + bp + b
L npn0 = — ol 0}_ ptbr), (4.121c)

4iBodm(2by + bp + br) _ 4iBym(bp + b
Ly gy = — 020 b br) o A8yl + br) (4.121d)
! V3f? V32
4iB -
Ly = — o{60 J;;bD 3r), (4.121e)

iLys0 = iLlys, = 2iBof. (4.121f)



A simple SU(3) extension

The first diagram yields:

i

38 = (—i)> / ((21 1)’3 22 Tr {[mNNP ol (p+ mn)n(p) } ——5 [1Lysr0]

me

- SmNB bD+bF /d b ]
B V/3m2m2

the second diagram results in:

= (i) [ éms Q}E T {0 (p v In(B)} = i)
SmNﬁﬁfnf ) fan e - el

The third diagram is given by:

[ILWO ]_;n [LCP 7To]

T

dBp 1

38 _ (2 .

H3 - ( l) / (271')3 2E Tr{[l‘CNNpSnKp + mN)n(p)} _mg
B 16mNB35m(6b0 + 5bp — 3br) p? » "

a 3\/_7r2m2m2 /dpEp[Gp—i—@p],

the fourth diagram yields:

e — (i [ 2P LTI{[iLNNWOU](me)n(p)} T m L]

(2n) 2E, P
_ 16B55m(2b0 +bp + bF mN /d P @p n @n] SB mN bD + bF /d
V/3m2 mzmg V37?2 m;

and the fifth diagram results in:

1 = (i) — Ly 2 / (;’;3 2]13]0 Tr {[iL g xyoz0)(p + M In(p)}

16 B3om(2by + bp + br) 2
_ j1Oma BB o £06) [ 4y Py 4
p

V3 7r2m$,m2

The result of all diagrams, divided by the vacuum condensate, is as follows:

. mH3 2mN bD + bF p
VUL /d ey
<CIQ>0 fAm? p]
=mII3®  dmyBoym(bp + br) p .
V3 = T /d — oy

1\/—mH38 o _4mNBO5m(660 + 5bD - 3bF

p2
2 1AOP n
(@00 3f2m?m3 / dp E, O+ Ol

75

(4.122a)

(4.122D)

(4.123a)

(4.123D)

(4.124a)

(4.124D)

(4.125a)

(4.125D)

(4.126a)

(4.126D)

(4.127a)
(4.127b)

(4.127¢)
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ml138 832m5m(260 +bp +bp)my

—iv3IL / dp L @p or
Y @) 72 f2m2m? )

4BommN bp + br) p n

72 f2m2 /d ~ 6yl

H38 4mNBO5m(2b0 + bD + bF p
S dp 2_1er n
VAT (aa)o frmimy / P, 1%t Ol

where we used Bym = m?2 /2 and divided by (qq)o = —2f*By.
The diagrams for I1° are

n n 0
HOS(q> — PS /\/‘\/O»»@/m PO + P8 f\/\/O— »—O»ﬂ;— PO

and the interactions are:

iLpor0 = iLyo, = 0,
4iv2By(bp — 3br)

icﬁNpon - - 3f )
. 4iy/2Bo(bp + br)
1£NNp07r0 = f )

iL,s, = 2iByf.

The first diagram yields:

9% = (—1)2/ (SW)S 2; Tr {[iENNpon] (p + mN)n(p)} _img[wpsn]

n
8\/—mNBQ(bD - 3bF

202
3T mg

p2
Z_[@P n
/ dp (0 +65),

and the second diagram results in:

I = (=) (i) ——5 10y — ! / ((;W)‘”’ 2; Tr { (i wvgon0) (p + m)n(p) }

m2
n 71'
_ 16v2my Biom(bp + br) / _ o

372 mzm2

The result is as follows:

\/—5mH08 8mNBO(5m(bD — 3bp)

—1i

p2
/dp—[@f, +en,

(@q)o 3m2m? f?
1\/_5m1—[08 16mNBQ(5m (bp + br) /d ]
(@q)o 3 f2m2m2m? ’

where we used Bym = m?2 /2 and divided by (qq)o = —2f*By.

(4.127d)

(4.127¢)

(4.128)

(4.129a)

(4.129D)

(4.129¢)

(4.129d)

(4.130a)

(4.130D)

(4.131a)

(4.131D)

(4.132a)

(4.132D)
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The diagrams for 11 are

0 N _ 0
*(q) =2 P* w@»@m P52 PsAnO-O ps

n n
p? W\/O*@ O p8 (4.133)
and the interactions are:
iLysm0 =0, (4.134a)
iL,5, = 2By, (4.134b)
4iBy(6b bp — 3b
L sy = — o(6bo 2; p = 3br) (4.134¢)
) 4iBy(bp + br)
1£]\_/Np87r0 = Zb\/_—3f7 (4134d)
2iB 2bg + b b dmg(bg + bp — b 2iByom(b b
Ly = M0 b0 4 I;)fi el b = br)) - 2By mB(ff+ ) (1340
The first diagram gives:
1% = (—i)? &p 1 Tr{[ilg Y, 4.135
P =0 | Grpag, TALswm] @ man()} 5 0 (4.1352)
8mNB2(6b0 + 5bp — SbF / p2
= dp —|©6°? n 4.135b
o P 105+ 65 (1135b)

the second diagram yields:

I8 — (—i)2[iL0) :n[iﬁﬂo] i /((21#)322 Te {[Lypnsl (p + mn)n(p) )} (41360)

1 33
6myBgom(bp + br) /d p 92]7 (4.136D)

37r2m2m2

and the third diagram yields:

. d’p 1 .
T8 = (—i)? / R IE, Tr{[lENNnn](p—l—mN)n(p)} [lﬁp n— %[mp ) (4.137a)
8mNB [Bom(Qb() + bD + bF) + 4B0ms(b0 + bD - bF 2
=i P n
i it / dp (O +65)  (4.137h)
8mNBg[m(2l)o+bD —Fbp) —l—4ms(b0+b[) —bF)) p n
_j ot / Ay [0} + 6]

1 8mNBS5m bD+bF /d p

3T m4

—on. (4.137¢)
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These diagrams give the following contribution to the quark condensate:

(5mH§8 8mNBodm(6b0 + 5bD - 3bF) p2
i 2 — /d Prgr 4 on 4.138
o P P %+ (4.1350)
OmIIS® 16myB2(6m)*(bp + br) p
— 92— _ / dp n 4.138h
g 3f2m?mim2 = Ol (4.158b)
_i5TiLH§8 _ _4mNB§5m[ (2()0 +bp + bF) + 4ms(b0 +bp — bF)) /dp i[@p T @n]
(@9)o 3f2m*my E, P P
4mNBQ((5m bD + bF
_ S ot / dp or, (4.138¢)

where we used Bym = m?2 /2 and divided by (qq)g = —2f*By.
In the soft limit and omitting terms beyond O(p) and O(dm), which means omitting terms

with triple isospin breaking, the three results for I1?®, TI% and II®® can be summarized:

mIl*®  2p 1—r 2p om
3 = —(bp + bp) —— — —(18by + 11bp + 3bp) ——— 4.139
{qq)o J”2<DJr F)1+7“ f2( o F>m+2m5’ (4.139a)
dmII% 4p(bp — 3bp)  dm
2 = — , 4.139b
V2 i(qq)o 2 m+2m, ( )
ImII®  p m?2 om
= — [2(9 bp — 3b —(bp — 3bp)| ————. 4.139
i(qq)() f2 (9 o+ 7bp — 3 F) -+ m%< p—3 F) m o+ om. ( 3 C)

4.4.2. Results: difference of light quark condensates

In agreement with the Vafa—Witten theorem [96], our results only depend on the difference of
proton and neutron densities in the absence of explicit isospin breaking (dm = 0), since isospin
symmetry is not spontaneously broken in QQCD. We in fact find that all contributions with
dm = 0 contain the difference of nucleon densities and contributions of order (dm) contain the

sum of nucleon densities:

(i — dd)* = () [OF — 0" + (.) 6m [OF + ©"] + (.) (5m)2[OP —©"] +....  (4.140)
—— — ~ ——
isospin-odd odd odd even even odd
1x isospin breaking 3X isospin breaking

We further used a quark mass ratio of 0m/m ~ —1/3 (equivalent to m,/mg ~ 0.46) and
ms/m ~ 27.2 and the following leading order relations of meson masses with relation to By:

2 _ 2
m, = 2Bym, m,

2
= gBo(m + 2my), (4.141)
with m, = 138 MeV and m,, = 548 MeV.

The results of II3%, T1°® and II®*® are shown in Figs. and [4.5l The density dependence

of (wu — dd)* is one order of magnitude smaller than the density dependence of (wu + dd)*.
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This is because the coefficient in (u — dd)* is smaller by a factor of 10 than the coefficient in
(wu + dd)*, e.g. for the LEC set 1:

bp + bp ~ —0.18 GeV ™!, (4.142a)
200 + bp +bp ~ —1.4 GeV ™. (4.142b)

We illustrate the effects of explicit isospin breaking by also plotting the result for dm = 0.
Figures and (a) show the dependence of (uu — dd)* on the neutron-to-proton ratio.
The isospin breaking due to m, # my leads to a reduction of around 1% at normal nuclear
density, almost independent of nucleon ratios. Interestingly, the LEC set 4 exhibits no difference
between explicit isospin breaking or its absence. Figures and (b) show the dependence
of (tu — dd)* on the nucleon density, in particular the three contributions to (iiu — dd)* as
well as their sum are shown. For a nucleon ratio of p,/p, = 1.5, the up and down quark
condensates are almost the same. Figures and (c) also show the density dependence
and was calculated using a nucleon ratio p,,/p, = 10.

Although the explicit isospin breaking due to non-equal quark masses in the Lagrangian
provides a numerically smaller effect than the isospin breaking from the surrounding nuclear

matter at e.g. p,/pp, = 1.5,

1—r
1+

1
== 4.143
57 ( )

~

150

1 om
m + 2mg

this is compensated by the large number of diagrams due to dm # 0, which leads to a large
contribution via the LECs (LEC set 1):

1 —
~(bp + br) : ~0.04 GeV ™!, (4.144a)
om 1
(18 + 11bp +8br) 20— ~ 0.06 GeV (4.144b)

Here we note that the coefficients of the LECs in Eq. are one order of magnitude larger
than the ones in Eq. . This is significant, especially since by is larger than the other
LECs bp and bp, which gets further enhanced by the factor of 18. Hence, the effects of isospin
breaking in the Lagrangian and in the nuclear matter are of similar size in our calculations.
Still, there exists a possible ambiguity in the determination of by, which is often absorbed in
the chiral limit octet baryon masses mg. It is possible to extract a value for by from scattering
experiments, although such experimental data is scarce. Such an issue is absent in the LECs
bp and bp, which are determined via Gell-Mann—Okubo mass relations.

For a nucleon ratio of 1.5, i.e. the one most accessible to experiments via heavy nuclei, the
up and down quark condensates behave almost the same with increasing density, see Figs. [4.4

and (a). The effect of explicit isospin breaking in the Lagrangian leads to an almost constant
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1.0 L T T T T T 1.0 B T T T T T
pn/pp = 1.5 pn/pp = 1.5
z — (dd)"/{dd)o 5 —— (dd)*/(dd)o
<06 06
g =1
3 3
£ 04F ‘04t
< <
= =
oy o
0.2F 0.2F
O'O 1 1 1 1 1 0'0 1 1 1 1 1
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2
p/po p/po
1.0 L T T T T T 1.0 [ T T T T T
pn/pp =15 pn/pp =15
o 08} (au)*/{wuo 508 (aw)”/{wu)o ]
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0.2F 0.2F
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Figure 4.6.: Top row: LEC sets 1 and 2, bottom row: LEC sets 3 and 4 from Table The
result for (wu + dd)* was obtained from the SU(2) LEC set 2 in Table 3.1l In
three out of four cases, the up and down quark condensates behave almost the

same in nuclear matter with p, /p, = 1.5, which is typical for heavy nuclei.

reduction of 1% along all nucleon ratios, but the splitting of up and down quark condensates
increases due to the isospin breaking of the surrounding nuclear matter.

It would be interesting to discuss the experimental determination of the coefficients bp + bp
etc., appearing in our results. As is well-known, the parameter c¢; is determined by the 7 N-o
term, which is obtained by taking the soft limit in 7N scattering, lim, o Txny(p) = —orn/f>
In a similar way, the SU(3) coefficients could be extracted from the nN — 7°N scattering
amplitudes in the soft limit. Nevertheless, it would be difficult, because the n meson mass is
so large that a theoretical extrapolation to the soft limit would have a large uncertainty. In
addition, in nN — 7N scattering, the contribution of the N (1535) nucleon resonance is known
to dominate the amplitude around the threshold. The resonance contribution should therefore

be counted in the extrapolation.
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Finally, we also show the up and down quark condensates separately in Fig. by combining
the results for (iu 4 dd)* and (iu — dd)*.

4.4.3. Up plus down quark condensate

In the following, we set dm = 0 again. In order to calculate (ﬂu+07d>*, we need these diagrams:

]‘[5‘5 W& Q/\Ap + p? f\/\/@ 8\A
+ P A O p’ (4.145)

The necessary vertex factors are:

[i£p37r0] = 2lBof, (4146&)
4By (2by + b b
Lnpimo = ol O; Dt F), (4.146b)
4iBym(2by + b b
[i‘CNNﬂOﬂ'O] = 1 Om( (‘)f—; ZR F)7 (4146C)

which we obtained from Eq. (A.18).

First diagram (nucleon loop on the left)

HiliS(O) _ (_1)L (—1) (_j)Q/ (;1 )32]1)0Tr{[iﬁNNp3¢3](p+mN)n(p)}_iTrLQ[iﬁp%s] (4.147)

The necessary vertices are:

(L mops] = 4iBo(2bo JJZ b + br) : (4.148a)

[iL a0 = 21By f5. (4.148b)

The result of this diagram is:

iB2(2
7T m
We divide by (uu 4 dd)o = —2B, f*:
(uu + ch)* I 0)
(tu + dd)yy, 2 f?Bo

4Bom(2b0 +bp + bF mN
m2m2 f2

/d b @p +en), (4.150)
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and use mBy = m?2/2:

(uu+dd);  2(2by + bp + bp)my
L = dp — @p + 0O, 4.151
(uu + dd)o w2 f2 po( ) ( )
Second diagram (nucleon loop on the right)
Due to symmetry, this result is the same as the first diagram:
(ww + dd);  (uu + dd)?

(u+ddyy  (au + dd) (4.152)

Third diagram (nucleon loop in the middle)

12(0) = (—1) S0 e / T2 L a) s T { L] (p + (D)} — g L0

1! (27)3 2po —m2 —m2
(4.153)
The relevant vertices are:
[iL e = 21By f6, (4.154a)
) 4iBym/(2by + bp + bp
[iL 5 nmon0] = ——— ( ‘}2 ). (4.154D)
We can simplify this to:
161B3m 2b -+ bD —+ bF mN n
(o) — L0 Bm ;2m4 /d @p +en), (4.155)
and divide by (au 4 dd)y = —2B, f*:
(itu + dd)} —im .,
9 — I13°(0
(uu+dd)y, —2f*Bo 3 (0)
838 (2b0 + bD + bF mN n
__ i 1 /d L (4.156)
Finally we use mBy = m2 /2:
au + dd) 2
(- dd); __ 2(2bo +bp + bp)my /d ) (4.157)
(uu + dd)o 2 f?
Result
The calculations of the previous sections showed that:
(wu +dd); _ (au+ czd>§ _ laut c§d>§’ (4.158)

(uu + ddyy  {(au + dd)g (tu + dd)g
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so only the first diagram remains after summing over all three:
(au + ddyy T2 f2
In the large-my limit (see Appendix for details), we can evaluate this to:
(itu + dd)o f? '
Comparing this to the linear-density result of the SU(2) calculation in Egs. and (4.31))
(i.e. only the type-2 diagrams):

(1910  4amy » ny my—oo 4C1p
= /d 10 + o) " = (4.161)

we can relate the following SU(2) and SU(3) LECs:

/d P (e + en). (4.159)

(4.160)

2b0 -+ bD -+ bF = 261. (4162)

4.4.4. Up plus strange quark condensate

In order to calculate (uu + ss)*, we need these diagrams:

5 + 5
4+i5,4— 15 P4+1P" B P4—1P° PA4ip5 K, PA—ip5
1T = M@» Q/\/x + 7 ’\/\/O »8% 73

P4+1P5“/\/Q>* Kot iy (4.163)

The necessary vertex factors are derived in Appendix [A.1.4}

[1£ p4jip5 Kf] - 21_801](‘7 (4164&)
2
2
. SiBo(bo + bD)
[lﬁﬁpP4\4}i§P5 KJF] = f’ (4164C)
4iBy(2b bp—0
[iL— P4+iP5K+] = 1 0( 0D F)a (4'164(1)
nnT f
. B 8iBO(bo + bD)
[1£ﬁpp4\_/%p5 Kfjl — f’ (4.1646)
4iBy(2b bp—0
(T 0(2bo +bp = br) (4.164f)
nn 73 f
) 4iBo(m +mg)(bg + b
[iLpprcti-] = — of 2 )(bo D>, (4.164g)

) 2iBy(m + my)(2bg +bp — b
[iLankrk-] = — ol )JEQ 0+ bp = br) (4.164h)
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First diagram (nucleon loop on the left)
The first diagram can be written like this:

d’p 1 . i
iy T )L gy e} = i pipn )

(4.165)

M (0) = (~1)(-1)(=)? [ 5=

The necessary vertices for this diagram are:

il iy i) = 2iBof, (4.166a)
, 8iBy(by + b
[wppmgs) il = O(;D) (4.166b)
, 4iB(2by + bp — b
[lcﬁnP4\4;%p5 K+] = O( 0 f D F) . (4166C)

We can simplify this to:

10) = =222 [y 2ty {utpli e .1}

ZB
OanN/d p {@p[lﬁ p4+,P5 ]+@Z[i£nnp4+iP5K+]]
V2
B
8 Gl / dp— [2(bo + bp)O + (2bo + bp — br)O] . (4.167)

We recall Eq. (4.9) and divide by the vacuum condensate (uu + 5s)g = —2B, f*:

(uu+35s);  —1m5m=11,(0)

(iu +5s)g  —2Byf?
_2By( s
_ Do ”;Jj;m mN/d v [2(b0 + bp)OL + (2b + bp — bp)O}] . (4.168)
Lastly, we use By(m + mg) = m3%:
(uu+5s);  2my / p?
= dp — |2(bo + bp)OL + (2by + bp — br)O7| . 4.169
(uu +5s)g w2 f? ppo[(0+ ) p+( o+ bp = br) p} ( )

Second diagram (nucleon loop on the right)

Since Kt and K~ have the same mass and the vertices are also the same, this is the same as

the first diagram:

- ;H iy (4.170)
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Third diagram (nucleon loop in the middle)
The diagram can be written as:
dp 1 .
M13(0) = (~1)(~1)(=)* [ s apg L et | = Tr{ (- man)n(P) i vk rc-1)
i
X _7”7%([1,6})4\_/;:5[{4_]. (4171)
The vertices are:
[iﬁ PAyip5 K*] =2iByf, (4.172a)
—a
(L pips ] = 21Bof, (4.172b)
72
. 41B0(m + ms)(bo + bD)
[(ilopr+r-]=— 72 : (4.172¢)
. 21B0(m + ms)(2bg +bp — bF)
[1£FmK+K*] = — f2 . (4172d)
We can simplify this to:
8iB3(m —I— mS my p
I1,(0) = / dp 2= [2(by + b)Y + (2by + b — b)) (4.173)
We recall Eq. (4.9) and divide by the vacuum condensate (uu + Ss)g = —2B, f*:
(uu+5s);  —imEm=TI5(0)
(uu +5s)g  —2Bgf?
_ _2Bs(m 4 m,)” mN/d [2(b0 +bp)O% + (20 + bp — br)OR| . (4.174)
= 2ml 2 o+ 0p 0o+ 0p —0F . :
Lastly, we use By(m + mg) = m%:
(uu + 5s)% 2my / p?
=— dp— [2(bg + bp)OL + (2by + bp — br)OL| . 4.175
B2 L ot o eg). i
Result
Since our calculations showed that:
<1}u + %s)’{ _ (fbu + §s>§ _ (?u + §s>§7 (4.176)
(uu + ss)o  (uu + §s)o (uu + 5s8)0
the result is:
(uu + 58)* 2mN/ p?
= dp— |2(bg + bp)OL + (2by + bp — br)O7| . 4.177
(e 2 oy ot oo+ o417
We can expand this in the large my limit:
L 9
Wut55)" 20 1o by + r(2bo + bp — bp)]. (4.178)

(uu+35s)g (L+7)f?
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4.4.5. Down plus strange quark condensate

In order to calculate (dd + 5s)*, we need these diagrams:

0
64+i7,6— 17 - P6+1P7 P6—1P7 PS+iP7 K ~ PS—ip7?
I = M@ Q/w + 7 A F > 8% 7

P6+1P7 /\/\/Q»* Q/\/‘ P6—1P7 (4.179)

The necessary vertex factors are derived in Appendix [A.1.4}

[LCPG\_;'_[,p7 ] = QIBOf (4.180&)
L poosp o] = 2iB0f, (4.180b)
, 4iBy(2by + bp — b
pcﬁp,ﬁgﬂw]: 025y 7 & F), (4.180c)
8iBy(bo + b
L, 205507 o] = 10(;+D) (4.180d)
_ 4iBy(2by + bp — by)
[LCﬁppG\;%p'? I_(O] — f 5 (41806)
8iBy(bo + b
1L, 2007 o] = ID(;TLD) (4.180f)
) 21Bg(m +mg)(2bg +bp — b
i ppxok0) = — ol )JEQ o+ bp = br) (4.180g)
4iB (bo +b
[Lanrcoro] = —— O(m+7}2)( 0¥ bo), (4.180h)

First diagram (nucleon loop on the left)

This is the first diagram:

. dp 1 i
1,(0) = (D)0 [ G T {4 man @Il gy pssgr o]} = B e o)
(4.181)
The necessary vertices are:
[1£ p6_ipT7 KO] - 21B0f, (4182&)
V2
4iBo(2bg +bp — b
(L, roase ol = — (26 + bp = br) (4.182b)
V2 f
8iBy(bg + b
(L pocier o) = 8iBo(bo + bp) (4.182¢)
) f
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We can simplify this:

(0 = 2205 [ 4y s P L) ]

2B0me n
W/d po |:6p[1£ p6+1p7K0] +@ [LC, pb\_';p7K0]:|
B2
8; mmN /d (@b + bp — b7)O8 + 2(by + bp)OL] (4.183)

We recall Eq. 1' and divide by the vacuum condensate (dd + 5s)o = —2B f*:
(dd + 3s);  —imEm=T1,(0)

<Jd+ §S>0 _230f2
_ 2By(m + mg)my p? .
T dp » [(2b0 + bp — br)OL + 2(by + bp) O} | (4.184)
Finally, we use Bo(m + m) = m%:
(dd + 5s)%  2my / p?
- = dp — |(2by + bp — br)OL + 2(by + bp)OL| . 4.185
T T

Second diagram (nucleon loop on the right)

Since K° and K° have the same mass and the vertices are also the same, this is the same as

the first diagram:

{ )3 _ )
o @ (4.186)

Third diagram (nucleon loop in the middle)

The diagram is:

I(0) = (DD [ 325 g T {(p + o)L o]
x — iL e ) (4.187)
The relevant vertices for this diagram are:
il EOLT o o] = 2iByf, (4.188a)
il oy ol = 2iBof, (4.188b)
L5 oro] = _ 2iBy(m + ms)ﬁbo +bp — bp)’ (4.188¢)

) 4iBo(m + my)(by + b
[iLsnkoko] = — ol fz)( 0+ bo), (4.188d)
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We can simplify this to:

8iB3(m + mg)my

T2mi,

I15(0) = / dp ™ (20 +bp — b)Y + 2(b + bp)EY] (4.189)

We recall Eq. (4.9) and divide by the vacuum condensate (dd + 5s)g = —2B, f*:

(dd + 55)5 _ —i™5™T15(0)
(dd + 5s)q —2B, f?
2B2 s
_ (m+m mN/d — [(2b0 + bp — br)Oh + 2(bo + bp)OR| . (4.190)

2mi, f2

Lastly, we use By(m + ms) = m3% to remove the LEC By:

@d+ 55)0 = —2 /dppo {(250 +bp — br)Oh + 2(by + bD)@p] . (4.191)

Result

Since our calculations showed that:

(dd + 5s)s  (dd + 5s)} (dd + 3s)}

_ = = , 4.192
the result is:
(dd +5s)*  2my P
— = dp— [(2bg + bp — bp)O? 4+ 2(by + bp)O7| , 4.193
2 [ o b st e
and we can expand this in the large my limit:
dd + ss)* 2
(dd+5s)" 2P 1op 4 by — be) + 20(bo + bo)]. (4.194)

(dd +3s)g (L+7)f?

4.4.6. Results: strange quark condensate
We isolate the strange condensate as follows:
(5s)*  (uu+3s)*  (dd+ 5s)*  (uu + dd)*

o) = aut st T @dt s (aut dda’ (4.195)

where we assume (Gu)y = (dd)y = (3s)o for simplicity. If we use Eqs. (4.160), (4.178)
and (4.194)), this yields the linear density approximation:

(ss)* _ 4p
<§S>g f2

This expression is independent of the neutron-to-proton ratio. Since we assume isospin sym-

[bo + bp — by . (4.196)

metry, the up and down quarks have the same mass. And because the strong interactions do
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Figure 4.7.: Linear density approximation of the density dependence of the strange quark con-

densate in nuclear matter. According to Eq. (4.196), all results are independent
of the nucleon ratio r = p,/p, in the linear density approximation.

not distinguish between quark flavors, the strange quark cannot distinguish a proton from a
neutron, hence the ratio does not play a role.

Looking at Fig. 4.7, we see that the results strongly depend on the choice of the low-energy
constants. There are two main ways to determine the low-energy constants of an SU(3) chiral
Lagrangian. First, one can calculate expressions for e.g. the octet baryon masses and fit them
to either experimentally obtained data, or data obtained via lattice QCD calculations. Second,
one can calculate certain quantities and fit them to scattering data. In fact, future research is
planned to pursue the second option: By fitting to KN scattering dataEL we aim to determine
a set of SU(3) LECs.

3K*N scattering is preferable over K~ N scattering, since in KN scattering there cannot be a A(1405)
resonance due to baryon number conservation.






5. In-Medium Pion Properties

Since the dynamical breaking of QCD’s chiral symmetry may be responsible for the bulk of
all hadron masses, a potential partial restoration of chiral symmetry should lead to changes
in various hadron properties. In order to investigate this, we compute the pion self-energy in
isospin-asymmetric nuclear matter, which enables us to deduce the density dependence of the
pion in-medium mass, as well as the pion in-medium wave function renormalization. We also
investigate a different set of diagrams in order to compute the density dependence of the in-
medium pion decay constant. This chapter presents the results of the corresponding diagrams,
which will be discussed in the following chapter.

The first section, Section follows Ref. [72] and defines the various in-medium pion prop-
erties that we aim to compute within the scope of this thesis. In Sections and we
compute the diagrams for the self-energy and present our results for the in-medium pion mass.
In Section we show how to compute the wave function renormalization and discuss the
results of our calculations. Next, in Section we discuss the pion decay constant first in vac-
uum and then in nuclear matter. Afterwards, we calculate the required diagrams in Section

and discuss the results in Section (.7

5.1. In-medium pions

When the pion operator 7® with @ = 1,2, 3 acts on the in-medium vacuum |2), it creates an
in-medium pion state with mass m} and wave function renormalization Z. In other words, this

operator satisfies:
Q|7 (p)) = 6V Z, (5.1)

where the in-medium pion state having momentum p* is denoted with |7**(p)). The in-vacuum

pion state is conventionally normalized according to the covariant normalization:
(m?(k)|7*(p)) = (27)*2w, 0 (p — Ko). (5.2)

We now define the in-medium pion mass as the pole position of the in-medium pion propagator,
where here and in the following equations the limit of € — 0 has to be taken:
iz

LR
R0 —m tie

(Q|r7b|Q) = (5.3)
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or written in terms of in-vacuum quantities,
i
p? —m2 —X(p) +ie

™

(Qlm’|Q) = (5.4)
How the in-medium mass, wave function renormalization and velocity are related to the self-
energy X is the topic of the next section.

The coupling of the in-medium pion state |7**(p)) to a pseudoscalar current is given by the

in-medium coupling constant G’

(Q|P|7*) = G (5.5)

A

Since the pseudoscalar current is related to the pion field in vacuum via P = G,m, we can

either calculate G to be:
G = (QP|n*) = G (Qx|n*) = G.VZ, (5.6)

where we used Eq. (5.1) in the last equality. This can also be explicitly shown by using the
LSZ reduction formula (roughly speaking, changing the pion from a state to an operator leads
to an inverse propagator):
- 1-1
ivZ
Gz = (QIP|7") = | — 1;/_ | (©QPr|o) (5.7a)
| D5 — VzPp° — Myt + i€

iZ 17!

- G (Q|rr|Q 5.7b
_p(Q) _ UgrpQ _ m;’;Q + iE_ < ‘ﬂ.ﬂ-‘ > ( )
i WZ "lé iz (570

= T " .(C
|p§ — vip? — mi2 + i€ pg — v2p? — mi? + e

= GVZ, (5.7d)

which agrees with Eq. (5.6]).
The connection between G and G can also be seen in the pseudoscalar two-point function,

i

II=(QPPIY) =G G + other, (5.8)

=P — i+ e
where “other” stands for regular terms near the pion pole. This can also be written in terms
of in-vacuum quantities:

A i
II=0Gr
p?—m2 — X +ie

(' + other. (5.9)

By using G = VZG.,, we can also write this as:

A iz A
=G, G + other. 5.10
R—up —m2tie " o (5.10)
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5.1.1. Pion mass and wave function renormalization
We start with the pseudoscalar two-point correlation function in nuclear matter:
(2, y) = (AP (x) P(y)|9). (5.11)

This correlation function has a pole in momentum space when p* = m*?. We can write this in

terms of in-medium pion quantities,

i

I = (Q|PP|Q) = G* —G* + other. (5.12)
€

Bt
Here, G is defined as the pseudoscalar coupling between the pseudoscalar current and the
pion, m* and v, are the pion’s in-medium mass and velocity respectively and we disregard all
other terms that might contribute to II1?°, but have no divergence at the pion pole. Since we
assume G2 not to have any singularity at the pion pole, we can extract the in-medium pion
mass for p = 0 using p2 = m}? and the residue of this two-point correlation function can be
interpreted as G2

The pseudoscalar two-point correction function can also be written in terms of in-vacuum
quantities,

n=3a, ! — @G, + other, (5.13)

p?—m2 — X +ie

where m, is the pion’s vacuum mass, which we take to be m, = 138 MeV. X(p?) is the pion’s
self-energy, where > > 0 leads to an increase in the in-medium pion mass. Lastly, quantities
with a caret like G, represent vertex corrections. In particular, G.. stands for the in-medium
vertex correction of the pion-pseudoscalar vertex. These vertex corrections are calculated by
drawing one-particle irreducible (1PI) diagrams. In Section [5.5] we will consider another such
vertex correction, the correction to the pion decay constant.

We now expand the self-energy in Eq. in a Taylor series around the point p = (p°, p) =
(m*2,0):

] w2, O5(p? ox(p?
S(p?) = S(my?) + (5 — my’) 8(2 ) + p20(2) T (5.14)
PO lp=(ms2,0) )
We can then write the fraction in Eq. (5.13]) as:
p* —m; = ()] =
-1
) 2,08 (p° X (p?
py —p? —mi —X(m;?) — (py —my) a<2) 2 a<2) . (5.15)
PO lp=(ms2,0) )

First, we define the pion’s in-medium mass:

mi? =m?2 + S(m'?), (5.16)

s
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and can simplify the expression in Eq. (5.15)):
p* —mz = S(p*)] " ~

0% (p?) o%(p?)
2 %2 2 2

Do —m 1—- —p°—p

[< ’ ) ( P p=(m;?,0) p’

Then we define the pion’s wave function renormalization Z in terms of the self-energy:

1
2
7 = (1 _ 2w ) : (5.18)
p=(m32,0)

op}
1
)} 19
p:(m;Q,O)

) Z. (5.20)
p:(m:r2’0)

This lets us write the pseudoscalar two-point correlation function in Eq. (5.13) as:

(5.17)

P:(m:rQ’O)]

and write Eq. (5.15) as:

[p* —mi = ()] = [(p?) —m:?)— — p? (1 +

Finally, we define the pion’s in-medium velocity:

o (p?)
2
vy = (1+ p?2

iz

s .
P —vIp —mP t e

n=a G + other, (5.21)
where p, = v,p is the pion’s in-medium momentum. By comparing the pseudoscalar two-
point function written completely in terms of in-medium quantities in Eq. with this new
expression, we can read off the relation between the in-medium pion-pseudoscalar vertex G}
and the in-medium correction to this vertex: G = N éﬂ, which we discussed in the previous
section.

The reason why we expanded the self-energy in order to arrive at Eq. , is that using
chiral perturbation theory, we can calculate both the pion’s self-energy, as well as the vertex

correction G,. Thus, by using Eqgs. 1} ) and l} it is possible to calculate the

in-medium quantities m}, Z and v,.

5.2. Calculation of the in-medium pion self-energy

We discuss in detail how we chose the relevant diagrams in Section [f.2]and list them in Table[5.1]
These tables are organized as follows. For each type of diagram, there can be an interaction
from AM or A®. Hence, for each diagram we investigate all possible cases of interactions,
i € {1,2} for one vertex or (i,7) € {11,12,21,22} for two vertices. If such a vertex does
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not exist (because there is no corresponding term in the Lagrangian) we disregard the whole
diagram. Still, some diagrams might vanish in the course of the calculation, which will be
shown later on. In summary, we will calculate one type-1 diagram, two type-2 diagrams, one
type-3 diagrams, four type-4 diagrams and one type-5 diagram:

N i1 1 30 30

Table 5.1.: Self-energy diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of A2 =0, (2) because of Affg) =0, and (3) because of 5534) = 0.
In total, nine diagrams remain. We will see that the type-4 diagrams are actually

O(p?), i.e. they are out of the scope of this thesis.

and the total self energy is given by the sum over all diagrams. For our calculations, we will

fix the external momentum as ¢* = (¢°, 0)*, i.e. we consider the pion at rest.

5.2.1. One-loop diagrams of type 1
This self-energy diagram is given by

p+gq

—i2{(¢") = 7*(q) -- *@D () (5.22)

p

This actually corresponds to four diagrams, one where there are two vacuum propagators, two
with one vacuum- and one in-medium propagator, and one with two in-medium propagators.
We discard the first one with only vacuum propagators, since we assume that the values for our

LECs are already fixed in vacuum. We can also ignore the last one, since if both nucleons are
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on the mass-shell, this means p?> = m3 and (p + ¢)* = p* + 2poqo + g5 = Mm%, while also pg > 0
and py + qo > 0. Using the first two equations, we get the relation 2pyqo + g2 = 0, which we can
solve for pg = —qo/2. Since the external pion energy must be positive, gy > 0, this contradicts
the requirement for the nucleon momentum pg > 0. Therefore we can discard this diagram.

The two remaining diagrams are:

p+gq

-5 (%) = W“(q)*@’ ©(q) (5.23a)
-ixf(¢°) = W“(Q)*@D* ©(q) - (5.23b)

The thin line represents an in-vacuum propagator and the thick line represents the in-medium
propagator. The diagrams in Eq. illustrate the expansion of A[l, — Dy'A]~! in second
order to ADy'A, i.e. including an in-vacuum propagator. This is equivalent to the so-called
“conventional approach” of nuclear many-body calculations, which involves a Pauli-blocked
nucleon propagator (which can only have momenta above the Fermi momentum), denoted here
with a double-stroke line. This equivalence has been shown by Ref. [6§].

These diagrams are now given by the following expressions:

—i abr 0\ _ L(_l)n d3p 1 i
Hiald) = (FUT /(27T)32E(p) (p+q)> —m¥

x Tr {[—iA;”]a(p +mu)n(p) 1AV (p+ ¢ + mN)} , (5.24a)
p'—E(p)
-1 d3p 1 i
_iyab( 0y — (1 L /
i21(0) = (=1)"— r Y 2E(p 1 @) 17— 1%
x Tr {[—iA;”]“(p +my)[—IAD(p + ¢ + ma)n(p + q)} (5.24D)
p°—E(p)—qo
The relevant term in the Lagrangian reads:
AW = TAynapg v, (5.25)
2f
and the vertex factors are for both diagrams:
: 1)1a ga 5 a
[—iAM] = —g (5.26a)
A YA 5 b
[—iAM] = YA (5.26b)

The trace in spinor space is the same for both diagrams:

Tr, {g° (p + ma g (p + ¢ + mn) | = 4¢3 (m3 — p5 — P* — Pot), (5.27)
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however, pg is to be replaced by different terms for the two diagrams. Since we assume a pion

at rest, ¢ = 0, the traces in isospin space are similar:

Tr, {7'n(p)r"} = (65 + ©7)6™ + (O} — OF)ie"™, (5.28a)
Tr, {7'7n(p) } = (O} + ©7)6" — (OF — O} )ie™, (5.28D)

Collecting all coefficients, we can write the sum of the two diagrams as:

Eab o /
16 2f? E
{1 Tre{-} n\ Sab
[Pg—p2+2poq0+qg—m% N + pg—;Q—m%V . ‘| (9;[; + @p) 0
X p'—E(p) p’—E(p)—qo (529)
{} _ Trs{-~ } @p _ @n iEabS
[p3p2+2poq0+q8m?\, P> E(p) pa—p>—m?% p0—>E(p)—qO]( P p)
The terms inside the integral can be simplified:
T} L Tfe) _ 16mdad (5300
8 — >+ 2pogo + G3 — 3 —p*—m} AE(p)? — ¢’ ‘
Po—D Podo dp N [p0—=E(p) Po—P N 1p0—= E(p)—qo p dp
TrS{"‘} _ TrS{.”} _ 8E(p>qo<4p2 _Qg) (5 30b)
2 _p249 L2 —m 2 _ 12 _m2 - 4E()2—2 ) )
Po—D Podo T+ 4o Nlpoopp Po—P N Ip°— E(p)—qo p dp
so that the first self-energy diagram is given by:
4m7N @p + er 5ab
ab(q) = 949 4E() ( 2
b ppET: E : (5.31)
0 2E(p) 4p>—q? n
w TEer-g O — Op)ie

After performing the first integral analytically, we can expand the diagonal part of the self-

energy as follows:

2 2
Edlag gamngyp +0 4/3 ' 5.32
(@)= Figm — g T OV (5.32)

5.2.2. One-loop diagrams of type 2

Leading Order Interactions

The next self energy diagram is given by:

—ix%(q) = m(q) *8’ ™(q) (5.33a)

= (—1)L(_;)n/((2iﬂz)’3 2E1(p) Tr {[~iA8)™ (p + mu)n(p) } (5.33b)
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with L =1 and n = 1. The relevant term in the Lagrangian is:

1 ) o
AQ) = rfﬂuﬁz i €Ih k. (5.34)
The vertex reads,
1
: A(1)1ab abe,_c
[—iIAL]® = I (5.35)
The traces are:
Tr, {g(p+m)} = 4p - q = 4poco, (5.36a)
Tr. {m°n(p)} = (6} — 0,)0, (5.36b)
and the diagram is given by:
ab _ do ddp n\: ab3
EQa(Q) - fg/ (271')3 (@g - ®p)1€ (537&)
— do ab3
~ g 572 (P = pn)i€ (5.37b)
Written in terms of the total density p and the neutron-to-proton ratio, the second diagram
reads:
a qdo p 1— T, a3
Y8 (q) = == : 5.38

Next-to-leading order interactions

The next self energy diagram is given by

_ixg () = ™) ’8’ m(q) (5.39)

_ (—1)L(_nl>n / (gﬂ’)’g QEl(p) T {[<A2) (5 + ma)n(p)} (5.39b)

where (—1)" accounts for L = 1 fermionic loop, % must be included for n = 1 Fermi-sea
insertions. Also, since the nucleon is on its mass shell, p° must be replaced with F(p). The

relevant term in the Lagrangian reads:

4Boctm Cy 'c .
AR = 220U gty ———0,7'0,m "D — —8 ml ot eIhrhopnr g, mid, . (5.40)

S T RGNS |

and thus the vertex factor is:
. SiciBom _,,  2ico 9cab . 21C3 9cup  2C4 o abk
[—iAZ)eb = " 5ab 4 (q-p)=0* + g0V + —q €T (5.41a)
- I I AR

_ _SiclBOm(sab i 2icy 2[2(p) 25 + 2icy 207 + 2€4 5 _abk ok (5.41b)

f2 f2m2 4o f2 0 f2 75 do€
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The trace in spinor space is easily evaluated,
Tr, {p + mN} = dmy, (5.42)
and the for the trace in isospin space we have two different terms:

Tr.{n(p)} = O} + O}, (5.43a)
Tr, {T"n(p)} = (O} — ©)0". (5.43D)

We can now split the self-energy into a diagonal part, proportional to §%°, and an off-diagonal

part, proportional to ie®3;

_2m
ab NG
as(9) = f2m? / E
One can now use the following integral results:
A 1
/ Appy i + i = {A%/A? 2 (247 4 md) — m, sinh_l(A/mN)] . (5.45a)

1 A
/ dp — A/ A2 + m% — mi tanh ™ | ———— ||, (5.45b)
P —|— m3 T2 VA2 +m%

to get an analytic result. For example, the diagonal part of the self-energy is given by:

9 my

ca(p?+m?
<4clB;0m 2(17 s N) C3> [@p @n]éab

@n] ab3

4clmfr — QQS(CQ + Cg))

i) — 7

+ O(p*?). (5.46)

5.2.3. Two-loop diagrams of type 3

The next self energy diagram is given by:

T (q) ==+ 2 - 7 (q)
—ig(q) = "7 )’"0‘“” Y (5.47a)
— d3 d3k 1 (2)1abed 1 ?
- w2 @) @) dpoke ER) [(p—k)g—m?r]
x Tr {[—IA;U] (¥ + mx)n(k)[-1AD] (p + my)n(p) } (5.47b)

where (—1)" accounts for L = 1 fermionic loop, % must be included for n = 2 Fermi-sea

insertions. Additionally, we include a symmetry factor of 1/2. Since the nucleons are on their
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mass shell, p’ must be replaced with /p? +m3, and &° by \/k2 +m3. The relevant terms in
the Lagrangian read:

Efi) = @@ﬂa"ﬂjﬂkﬂl@(smdﬂ — 5k — QOfg m'rtrind, (5.482a)
AW = 3?7“75%#1‘71‘7 (5.48Db)

and the corresponding vertex factors are:

BEt = b 2l = 1 + o
— [3[(17 — k)* + q5] — 10(po — k‘o)é]o] Opd
— [3ltp = k) + @3] + 10(po — ko) o] 5

+ 2Bym(6%% 4 635 + 5;}3)] , (5.49a)
kmﬁwz—gw—mfﬁ, (5.49D)
Pmﬁﬁzg?p—Mfﬂ. (5.49¢)

For later convenience, we write the four-pion vertex in the following way:

[iL%)abed — —5}2 [016% + 1202 + 3684, (5.50a)
v1 = 2(p — k) + 2¢5 + 2Bom, (5.50D)
vy = —3(p — k)* — 3¢ + 10(po — ko)qo + 2Bym, (5.50c)
vs = —3(p — k)* — 3¢5 — 10(po — ko)qo + 2Bom. (5.50d)

The trace in spinor space is:

Trs{(p — YK+ mn)(p— ) (p + mN)} = 16m3 (poko — pk cos @ — m3,), (5.51)

where we used p? = m% = k? since both nucleons are on the mass shell. The trace in isospin
space is:
i
512
v1(OPOF, + O707)0% 4 (201 + va + v3)(OPOF, + O76} )0

[iﬁg]“bad Tr, {Tcn(k)Tdn(p)} =

X 3 (v — v3)(BLOF — OROY )icab? . (5.52)

(vs + v3)(OLO} — OPOR — OO} + O10})5E
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where ©7 is an abbreviation for ©(k% — |y|), the Heaviside step function that ensures that the

nucleon’s momentum stays below the Fermi momentum. The third self-energy diagram can

now be written as:

ab gami /dp 4k d cos 6P2k2 poko — pkcos ) — my

) —__JAN
a'(4) 10027 f)4 poko (2m3 — m2 — 2poko + 2pk cos 6)?
v1(OPOF + OLOR)I™ + (201 + vy + v3)(OLOF + OLO} )0

X { (v2 — v3)(OPOF — OO )i

(v2 + ) (OLOF — OLOL — O1OY + O167)5:3
The vertex functions simplify a bit:
2u) + vy +v3 = —2(p — k) + 8Bym,
vy +v3 = —6(p — k)? — 6¢3 + 4Bym,
vy — vz = 20(po — ko)qo,

where (p — k)? = 2m3 — 2poko + 2pk cos 6.

5.2.4. Two-loop diagrams of type 4

First diagram: (11)

k
a q
_124?11@) = ’ oo
p

(—1)2 / Bp Bk 1 i
(2m)3 (2m)3 dpoko (¢ + p — k)% — m2

x T {[=1AD) (p + mn)n(p) [-LAQ) (k + mu)n(k) |
The vertex factors are:
1
: 1)1ac ack _k
[—iAL)]* = 4702(251 — f ettt
1
. cb ebl 1
The result of the traces is:
—(©50% + OLOR + 0,0} + 0,6}) 6
2

a 16¢, .
Trfe.. )% — (2f)04 (poko + P -k +mY) { (B2} — O10%) ie

(0207 — Orer — Orel + 6rey) 5

(5.53)

(5.54a)
(5.54b)
(5.54c¢)

(5.55)

(5.56a)

(5.56b)

(5.57)
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So the self-energy is given by:

2 21.2 2
q p°k* poko + p -k +my

S () = /d dk d(cos 6
in(9) 42mf)4 b (cosf) poko (¢ +p—k)? —m2

— (OO} + Ore; + Orek + 0oy §*

X { (OLOR — Orey) i : (5.58)

(6re) — Loy — 010} + 0rey) 0

If we expand this using the large-my expansion to first order, we get:

) qg p2/€2
i) = 3y  dpdk(eose) PP =2p k+k+m2—q

(OPO}, + OO + 070} + 0,0%) 6°

X { —(Orey — 01ey) it : (5.59)

— (020} — OOy — OreL + 6rey) 5
We can perform the integration over d(cos):

2pk
p*+ K +m2 — g

2
a q
24?11((1) = 2(271(']f)4 /dpdkpk: arctanh

(OLO + OPOL + OrO) + 070}) 4%

x { —(Oren — 0r0}) i : (5.60)

— (610} — erey — enek + erey) 5

Expanding the integrand reveals a O(p?k?) dependence,

pk arctanh 2Pk =p? 2k + 0 (lﬂg) +0 (pg) (5.61)
P>+ R+ mE — g m3 — g ’ '

which means that after integrating this expression over dp and dk, we get a O(p*k?) behavior,
which corresponds to O(k%) = O(p?). Hence, this diagram (and in fact all type-4 diagrams)
are out of the scope of this thesis. We note that near ¢y = m,, this expansion breaks down,

because then, the quantity p/(go — m,) is not a small quantity anymore.
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Second diagram: (12)

The next self-energy diagram is:

k
Ezblz( )_ e ’
p
_(_1)(—) / d3p Bk 1 i
B 2! (2m)3 (27)3 4poko (¢ +p — k)2 —
< T {[AD) (4 ma)n(p) AL + man(k)} . (5.62)
The vertex factors are:
1A = 4 f2(2¢ F+ p)etrt, (5.63a)
[—1ABZ)] = _ﬁ Cré™ + ¢ 1erl7'l[p — k¥, ql|, (5.63b)
2c
Cr = 8c1Bym + mfj%ko(%ko + poko — p - k — k§ 4+ k?) + 2¢3q0(q0 + po — ko).
N
The result of the traces is:
6CrmnNqo(po + k o u
e{. }=—"F N]Sf 0 0>(@p@ — ©1OR )ie?
~(65 + 6})(6] + O
4C4qu(2) 2 2 k k2 P QN nAP\: _ab3 5.64
- A (p” —2p-k+ k%) (62OF — OIOR )i (5.64)
(05 —Op) (0 —Or)E
We can simplify:
p?k? Cr(po + ko)

3qu0
$ab (0} — / dp dk d cos 7
4,12(9) 3274 f4 cos poko ¢ + 2m3; + 2q0(po — ko) — 2poko + 2pk cos @ — m?2

% (@n@n @p@p) ab3

Camidy /d dk d cos 62 Pk p* — 2pk cos 0 + k?
1674 f4 P poko ¢ + 2m3; + 2qo(po — ko) — 2poko + 2pk cos @ — m2
(65 + ©3) (] + O3
(5.65)

x { —(Orey, — eren)ic?
—(0}) — 63)(0k — O%)53
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We expand both terms in the large-my expansion and keep the leading order term:

Xia(0) = 3%(461302;;2% o)
x (B0} — Onep)ie"
2 21.2 (02 2
I R T e
—(©7 + 03)(0}, + O7)*
X { (02O — Orey )i : (5.66)
(05 — ©3)(Ok — OR)dt3

p2k'2
dpdkdcosd
/ b 08 p? — 2pkcosf + k2 +m2 — ¢3

If we set go = m, and use Bym = m?2 /2:
3m3(2c1 + o + ¢3)
87t f4

X (@’I’,@Z — @Z@Z)ie“b3

p2k2
p? — 2pk cos O + k2

ab
24 12 —

/dpdkdcose

—(©L +07)(0) + Op)d™
+ 167T4f4/dpdkdcos 0p°k* < (10} — Oren)ies ’ (5.67)
(05 — ©63)(0F — O%)dss
hence this diagram also yields a O(p?) dependence.
Third diagram: (21)

The next self-energy diagram is:

Eibzl - *’

- (— 2 dPp k1 i
= (=1 2! / (2m)3 (2m)3 dpoko (¢ + p — k)% — m2

x Tr {[<1AZ)"(p + m)n(p)[—1AR] ( + my)n(k)} . (5.68)

The vertex factors are:
A = {cusac + caie b — f, g]] (5.692)

202
CrL = 8ciBym + 72610]70(%]?0 — poko + p - k + p5 — P*) + 2¢3q0(q0 + po — ko),

[—iAL? 4f2(251 k+p)et's!. (5.69b)
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The result of the traces is:
T} = 6CLmngo(po + ko)

nQn ab
(Orer — erey)ic

f4
(0L +0Or) (0 +6p)d*
SUDN 2 p . ab3
5 (p” —2p-k+ k%) | (0104 — OLO})ie : (5.70)
—(©} — Op)(OF — OR)d53
We can simplify this to:
3CLqu0 2]62 Po + k‘o
N (q) = S LN D / dp dk d cos 07
i21(9) 32 f4 b OB ko q5 +2m3; + 2q0(po — ko) — 2poko + 2pk cos § — m2
X (@n@n @p@p) ab3
P2k 2 _ 2
n camygg /dpdkdcos@ k p* — 2pk cosf + k
167 f4 poko 3 + 2m3; + 2qo(po — ko) — 2poko + 2pk cos § — m2
(08 + On) (O + O)d*
X { (OO, — OPO)ie™? : (5.71)

—(0} — 63)(0% — OR)d
and expand both terms in the large-my expansion while keeping the leading order terms:

2k2
Eibm(Q) b
p? — pkcosO + k2 +m2 — ¢3

3qo(4c1 Bom + gt + c3q7)
8t i
x (O26L — Oren)ic?

/dpdk;dcose

p?k?(p* — 2pk cos 0 + k?)

2
+&/dpdk:dcose

167 fAmpy p? — pkcosf + k2 +m2 — ¢3
(0} + 0)(61 + 0
X { (BLOR — OO} )ie™? : (5.72)

(07 — ©p)(0F — ©)dts
If we use qo = m, and Bym = m?/2:
3m3(2c¢; + o + c3)
i [

X (OO — 01O} e
cym?
1674 f4my

(0} + 00} + O
X { (OLOR — 010} )ie™ (5.73)
(©F — ©3)(0F, — ;)0

p2k2
p? — pk cos O + k?

ab
E4 21 —

/dpdkdcosé’

/ dp dk d cos Op* k>

So in those limits, 3%, = 34%;, which means this diagram gives us a O(p?) dependence.
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Fourth diagram: (22)

The last type-4 self-energy diagram is:

_(_1)(—)/<dp ¢k 1 i

2! 2m)3 (2m)3 dpoko (¢ +p — k)% —
X Tr {[=AZ)(p + ma)n(p)[HAR(k +myn(k)}. (5.74)
The vertex factors are:
A8 = - [CLa + cqie My — f, g]} (5.75a)
Cr = 8c1Bym + 27022610190(610]?0 — poko +p -k + py — p*) + 2¢390(g0 + po — ko),
AL = {cRabc caie g — f, g]}, (5.75b)

Cr = 8c1Bom + fnc?i%ko(%ko + poko — P - k — kg + k) + 2¢390(g0 + po — ko).
The result of the traces is:
Te{. . }—— [4C’LC'R(p0k‘o —p -k +md) (0RO + ©107)5
+ 8C4(CL + Cr)go(po + ko) (miy — poko + pk)(O50] — ©1O})ie
+16¢4g3{ [ (po + ko)? — 4m3y | [poko — P] + m3 [2poko — 3p§ — 3kg + 4m3] |
x [(©F +6,)(6} + OF)6 + (0,6 — ©POL)ie ab3 — (65 —067)(0} — @Z)(Sgg’]] .
(5.76)

In the large-my expansion to leading order, the integrand is:
Tr{...} _ 32(4e Bom + eaqf + ¢345)°
poko((g +p—k)? —m2)  f4(p? — 2pkcosd + k* + m2 — )

(6204 + 016R)5* + O(1/my),

(5.77)
so the self-energy is:
4c B erek + OreR)s
Ezbm(Q) ( C150M ;‘ﬂj}({lo + CSQO /dp dk d cos 0]?2]{52 (p2 ;pézcol;e - 22 i)mQ qz) (578)
- x40
Now we use Bym = m?2/2 and gy = m,:
2c + co + Cg (@p@i + @n@@

s (q) = gob a2 /d dk d cos Op2k? ——P P 5.79
G22(a) = o7 fa p cosvP (p? — 2pk cos O + k2)’ (5.79)

which means this diagrams yields a O(p?) dependence as well.
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5.2.5. Two-loop diagrams of type b

The next self energy diagram is:

- > o - - 7'[‘
—i%2(¢%) K (5.80a)
@

(=Yt Pp PR i
N n (2m)3 (2m)3 dpoko (p — k)2 — m2
x Tr {{—1147& Vb (f -+ o )n () [~1AD)(p + m)n(p) } (5.80b)

where L = 1, n = 2 and we have to replace p° = /p? +m?% and k° = /k2 +m3. The pion

momentum is p* — k*, going in the upwards direction. The relevant terms in the Lagrangian

are:
gA i j j i j il i
ASS) = 20f3'y ¥ [37r w0, —n'ml O, } T, (5.81b)

and the vertices are:

Ay =

20 fs [0ie(5¢ — 3p + 3K) + 0ib(—5¢ — 3p + 3K) + 9i52(p — )| 7', (5.82a)
s A()1c 5_c
[—iA)e = ﬁ(iﬁ — b (5.82b)
The results for the traces over gamma matrices are are (we simplify using p? = m3, = k?):

Tr, {(5¢ — 3p + 307 (F + m) (p — E)7°(p + ) }

= 8m3, (6m3 — 5qo(po — ko) — 6poko + 6p - k), (5.83a)
Tr, {(=5¢ — 3p + 3K)7° (K + ma)(p — B7*(p + mv) }

= 8miy (6m%y + 5¢0(po — ko) — 6poko + 6p - k), (5.83b)
2T {(p — BV (k +mn)(p — B (p+ ma) | = 32mi (poko —p -k —m3), (583

and the traces over Pauli matrices are:

i Tr, {rn(k)rn(p) } = [OLO} + OLOFIG™ + [O10} — O167 )i

+ (0} — ©,) (0 — O3)d;s, (5.84a)
52 T, {'n(k)r*n(p) } = (020} + O16}]5 — (016 — O16}ie™

+ (0 — Op)(OF — OR)ss. (5.84D)

555 T, {n(k)7n(p) } = [O40} + 2050} + 2030} + O36715". (5.84c)
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mi_jm, mlefm. mijmg mi/ma(r = 1)
This work LEC set 1 1.05 0.94 0.81 0.94
LEC set 2 1.10 0.99 0.87 0.99
LEC set 3 1.10 0.98 0.86 0.98
Theoretical ~— Ref. [97] 1.10 1.04 0.99 —
Refs. [05, 98] 1.06 — — —
Ref. [34] 1.13 — — —
Ref. [99] — — — 0.95
Ref. [[00]  — — — 1.03
Experimental Ref. [101] 1.17~1.20 — — —
Ref. [37] 1.22 — — —

Table 5.2.: Comparing the results for the in-medium pion mass at » = 1.5 (first three values)
and at r = 1 (last column). The LEC sets refer to the values given in Table [3.1]

All values correspond to densities at normal nuclear density: p = po.

Finally, the self-energy is given by:

2 2 1

%5 (q) = W/dpdkdcose

2(kopo — pk cos 6 — m%,) (OO — OLOL — OO} + O107)6*

poko 2m3% — m2 — 2poko + 2pk cos 0

5q0(ko — po) (OO} — ©7.07} )ie®? (5.85)

—6(kopo — pk cos 0 — m%) (OROL — OLOF — OrOL + 0167 )5.

Note that for symmetrical nuclear matter (i.e. ©F = ©7), this diagram completely vanishes.

5.3. Results: Mass

We show the density dependence of the in-medium pion masses and their dependence on the
nucleon ratios in Fig 5.1 using the three sets of low-energy constants given in Table and
also in Table|5.2| The left column of Fig. [5.1| shows the three pion masses and their dependence
on the nucleon densfcy at a fixed ratio p, / pp = 1.5. The right column of Fig. shows the
same pion masses and how they depend on different nucleon ratios at a fixed nucleon density
of p = po. The behavior of m*(r) is symmetric around r = p,,/p, = 1, such that the 7 mass
is invariant under the exchange r <+ 1/r, while 7% — 77,

The mass of the negatively charged pion increases at normal nuclear density and for a nucleon
ratio of r = 1.5 by 5-10%, depending on the choice of the LECs. This is in quite good agreement
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Figure 5.1.: Top to bottom: LEC sets 1, 2, and 3 from Table

asymmetric nuclear matter splits the pion triplet masses.
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are symmetric around the point r = p,/p, = 1, such that under the exchange

r <+ 1/r, the 7 mass stays the same, but the 7% masses get exchanged. This

behavior is also present in the results for Z and f,. The vertical grey line marks

the ratio p,/p, = 1.5.
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with other works who computed the same in-medium mass at p = py and r = 1.5: Ref. [97]
uses a two-loop chiral perturbation theory and reports an increase of 10%. Refs. [95, O8] use
functional renormalization group methods and arrive at an increase of 6%. Finally, Ref. [34]
uses one-loop in-medium chiral perturbation theory and reports an increase of 13%. The mass
of the neutral pion changes only slightly and we found a decrease of 1-5%, and the mass of the
positively charged pion decreases by 14-19%. We can compare these values to Ref. [97] which
reports an increase of 4% and a decrease of 1%, respectively.

Using experimental data for the optical potential and extrapolating to normal nuclear density;,
Ref. [101] found an increase of 17-20%. This was obtained by fitting the by parameter in the
optical potential to data from 2°’Pb pionic atoms. A later study performed by Suzuki et al. [37]
additionally considered the in-medium change of b; in pionic '%11%123Sn atoms and reported

the following values:
by = —0.0233/m, by = —0.1149/m, Re(By) = —0.019/m:. (5.86)

Using these values in the 7V optical potential,

V() = =25 Jer {twplr) + bustr)

r—1
r+1

leads to a similar increase of around 22% at normal nuclear density. In contrast, a different

}-+eQRe<Bohﬁ(rﬂ, (5.87)

(Ericson—Weise) parametrization of the optical potential [102],

wm:—immm—mﬂﬁ+%m, (5.88)
leads to a 11% mass increase of the 7~. We note that this parametrization treats single
scattering and double scattering separately, hence we should use an in-vacuum value of by =
—0.01/m,, as it appears in 7N scattering.

In summary, for a neutron-rich nuclear matter, the 7~ mass is increased while the 71 mass
gets decreased. For a proton-rich nuclear matter, the opposite is the case. This can be observed
in the right column of Fig. , and can be explained via the Weinberg—Tomozawa theorem [17,
103), 104] of low-energy scattering. Using Clebsch-Gordan coefficients [53], one can show that a
neutron-7~ pair couples to a total isospin-3/2 state, whereas a neutron-7* pair mostly couples

to a total isospin-1/2 state:

fnm) =15, —5. 1.-1) = 5. -3), (5.8%8)

1 2
) =l -h 10 = g b+ 2 (5.500)
By using the Weinberg—Tomozawa theorem where I denotes the total isospin of the pion-nucleon

system,

_Gyma
o 2

My

ar =

]1 I +1) = In(Iy +1) = L(L + 1) |, (5.90)

3/4 2

{1 +
my
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or comparing to experimental data [I7, I05], we find that the scattering length of the total
isospin-1/2 system is positive (i.e. repulsive interaction), and the scattering length of the total

isospin-3/2 system is negative (i.e. attractive interaction):

allymy = 0.20, ay me = 0.171(5), (5:91)
aiymy = —0.10, ays my = —0.088(4). (5.92)

One can show that the pion’s self-energy in nuclear matter is proportional to the negative
T-matrix element of the interaction process (see e.g. Ref. [102], chapter 5.7). And since the
T-matrix element is proportional to the scattering length, we conclude that negative scattering

length for the I = 3/2 system leads to a positive contribution of the 7~ self-energy, i.e. a mass

11
22>

For isospin-symmetric nuclear matter, the masses of all pions decrease equally by 1-6% at

increase. The opposite holds for a proton-rich nuclear matter, where |p) =

normal nuclear density. This is compatible with the results in Ref. [99], which uses an NJL
model and reports a decrease of 5%. Ref. [100] uses chiral perturbation theory and reports an
increase of 3%.

Around 50 years ago, Migdal [106], Sawyer [107, T08] and Scalapino [I09] proposed the idea
that pions might undergo a condensation process at high densities due to a p-wave coupling
between pions and nucleons (summarized in Ref. [110]). Our calculations suggest that the
positively charged pion might condense at » = 8-12 at normal nuclear density, see Fig. [5.1}
Consequently, the negatively charged pion condensates at the corresponding inverse ratios 1/r.

One important difference to Ref. [72] is that this work does not employ the large-my limit
in order to arrive at analytical solutions. This is important e.g. for the symmetric part of g,

(i.e. the terms proportional to §%):

b

2 2 2
My lr” 3+ my) 63> er +enst.  (5.93)

/ <201m
fAm? \/p? +m m?V

In Ref. [72], the authors assumed a pion at rest gy = m, and expanded the integrand in the

large-my expansion:

S5(q) =

f2 5 /dpp 2c; — ¢ — ¢3)[0F + O2]6” + O(1/m3,). (5.94)
However, since the combination of LECs 2¢; — ¢y — ¢3 is proportional to the isoscalar wN
scattering length b, which is especially small for pions, this term in the large-my expansion
is small compared to the next one, which is parametrized by 2c¢; + ¢o — ¢3. Hence, by only
considering the first term in the large-my expansion, one neglects the comparatively large
effects of the second leading term. Consequently, our results of the self-energy (and thus the

in-medium pion mass) does not agree with Ref. [72].
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Before we discuss the next in-medium pion quantities, let us briefly mention other related
works that deal with isospin-asymmetric nuclear matter and related hadronic effects. Refs. [ITT-
114] and related works investigated isospin-asymmetric nuclear matter and the possibility of
pion condensation in the NJL model. Further meson condensation processes were investigated
by Refs. [I15] 116], who considered both isospin-asymmetric nuclear matter and strange nuclear
matter. In Ref. [36], the authors calculate the s-wave optical potential in isospin-asymmetric
nuclear matter. Ref. [I17] investigated A formation in isospin-asymmetric nuclear matter and
Ref. [118] investigated isospin-asymmetric nuclear matter in the holographic Witten—Sakai—

Sugimoto model.

5.4. Results: Wave function renormalization

Since the wave function renormalization Z is related to the self-energy by a derivative with
respect to g2 as in Eq. (5.18)),

I¥(p?)

7 —
op3

E .
p:(m;‘rz,o)

we will perform this derivative for each self-energy diagram separately.
The type-1 self-energy diagrams yield:

4mN (@p + @n) 5ab

W 9i%s p* | AEw)
o) = —47T2f2 ITO 2E(p) —4p*+q2 - ab3 7
o 74E(p)2_22 (er — @z) ied
16m2, p2 n ab
ozt G [P @) (O +05)0 (5.96)
= - p— 3 .
dq3 Am? f? Do po(gd (a2 —12p3)+4p* (43 +4p3)) nY : ab3
— 20 qo(q§_4pg)2 0 ¢ (@g — ®p) 1€
the first type-2 diagram gives the following contribution:
1-— oxeb 1-—
Y2 (q) = Dp Tieab3, 2a _ _P Tie“bg’, (5.97)

2f21+r o Aqof 1+

and the second type-2 diagram yields:

4c1Bom c2(p®+m3y) _ n] Sab
Zab _ 2quO / ( 1qO0 m?v = C3) [@g + @P](s
2b f27T2 E @n]jeabS ’

( ca(p? ngN) . 03> [@g + @Z](gab

my

. 2mN
ac]0 f27T2

(5.98)
@n] ab3
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The type-3 diagram is as follows:

p2k? ko — pk cos 6 — m3

Eab — gA N /d dkd 9 pO 0 p N
'(4) - 10(2m f)* b o8 poko (2m3 — m2 — 2poko + 2pk cos 6)?
v1 (OO}, + @Z@Z)(Sab + (2v1 + vy + v3)(OLOF + 62@2)66“’

X (UZ _ ,Ug)(@z;)@n @n@ﬂ) ab3
(v + v3) (O1O} — OLEL, — 1O} + O1O})0
oz gimi pk? poko — pk cos 0 — m3
= dp dk d cos 62

a2 1002w f) / b OB ko (2m3% — m2 — 2poko + 2pk cos 6)?

2(6760% + O107)5

X %(po — k’o)(@‘z@n

—6(6r0% — erey —

with:

@n @P ) ab3 ,

erer + eren) i

vy = 2(p — k)* + 2¢3 + 2Bym,

2U1+U2+U3:

Vg + U3 =

—2(p — k)* + 8Bym,
—6(p — k)? — 6q5 + 4Bym,

Vg — VU3 = 20(]90 - ko)Q(J,
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(5.99)

5.100a)
5.100b)
(5.100c)
(5.100d)

where (p — k)? = 2m3, — 2poko + 2pk cos . We skip the type-4 diagrams since they are out of

the scope of this thesis, and the final diagram is:

1

m2 — 2poko + 2pk cos 6
OLOL — 0107 + 010})6"

erey —
1

erer + 0705

gamy / p°k?

) —————d%d@

(9) @)t ) P ke 2m3 —
2(kopo — pk cos 6§ —m3,)(OPO}, —
5qo(ko — po) (©2OF — OO} e
—6(kopo — pk cos§ — miy) (OO}, —

aEab gAmN 2 2

= dpdkdcosf?

¢ 10(2rf) /ﬁl) Y poke 2m2, —
0
50=(ko — Do) (©40} — ;07 )
0

m2 — 2poko + 2pk cos 6

(5.101)
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ZW— Zﬂo Zﬂ.+ Zﬂ-<7“ = 1)

This work LECset 1 1.59 1.42 1.26 1.43
LECset 2 151 135 1.18 1.35
LECset 3 151 134 1.17 1.34

Theoretical Ref. [I19) — — — 1.51~1.53
Ref. [36] — — — 157
Ref. 2] — — — 140

Table 5.3.: Comparing the results for the in-medium pion wave function renormalization at
r = 1.5 (first three values) and at » = 1 (last column). The LEC sets refer to
the values given in Table[3.1} All values correspond to densities at normal nuclear

density: p = po.

Another method to calculate the wave function renormalization is to perform a numerical
derivative of the self-energy:

IX(¢%) _ N(q*+0) — ¥(¢%)

S ; , (5.102)

by calculating the self-energy twice at different values of ¢y and a small enough difference 9.

The density dependence of the in-medium pion wave functions renormalizations is shown in
Fig. [5.2] where we use the three sets of low-energy constants given in Table 3.1 and also in
Table[5.3] Similar to the in-medium masses, under r <+ 1/r the wave function renormalization
of ¥ stays the same, whereas 7 < 7.

The in-medium wave function renormalization of the negatively charged pion increases at
normal nuclear density by 51-59%, for the neutral pion it increases by 34-42% and for the
positively charged pion, the wave function renormalization increases by 17-26%.

In the case of isospin-symmetric nuclear matter, the wave function renormalization of all pions
increases by around 34-43% at normal nuclear density. We can compare this to other works,
for instance Ref. [I19], who used a chiral perturbation theory approach and connected those
results to a linear sigma model calculation, and reported an increase of 51-53%. Furthermore,
Ref. [36] reports a 57% increase at normal nuclear density using two-loop chiral perturbation

theory in order to calculate the pion-nuclear s-wave optical potential.

5.5. Pion decay constant

The pion’s decay constant is defined in terms of a matrix element of the axial-vector current
between a one-pion state and the vacuum. We will first consider the decay constant in vacuum,

in order to show that when using chiral perturbation theory to calculate this matrix element,



Pion decay constant

201

1.8

1.4

1.2

1.0

1.8

14

1.2

1.4

1.0

1.6f

2.0 F

1.6f

1.0

2.0
1.8

1.6}

1.2}

- pn/pp =15 1
0.0 0.5 1.0 1.5 2.0
p/po

pn/pp =15 ]
o
- - Tl'O .
ﬂ-+
0.0 0.5 1.0 1.5 2.0
p/po
pn/pp = 1.5 1
™
- ——— 7'['0 4
7T'+
0.0 0.5 1.0 1.5 2.0
p/po

117

Figure 5.2.: Top to bottom: LEC sets 1, 2, and 3 from Table In all cases, the in-medium

pion wave function renormalization increases in nuclear matter. For ratios r < 1,

i.e. more protons than neutrons, the order of the three lines is reversed.



118 In-Medium Pion Properties

we need an additional factor of (—i), as mentioned in the list of Feynman rules. Afterwards
we discuss the in-medium case in more detail and calculate the density dependence of the

in-medium pion decay constant.

5.5.1. Decay constant in vacuum
In vacuum, the pion’s decay constant is defined by:

(0145 (x)|7°(p)) = ifpue~ 6. (5.103)

In chiral perturbation theory, this A7 (x) is no dynamical field by itself (it has no bilinear term in
the Lagrangian), instead it is a function of the pion fields. It is the axial-vector Noether current
corresponding to an axial SU(2), x SU(2)g rotation. We can calculate the exact expression for
A, either by using Noether’s theorem [58, 59] for an axial-vector rotation, or by investigating

the Lagrangian and identifying all terms that couple to the external source aj:
(2) a
LD AL ay. (5.104)

Either way, this Noether current A}, can be written in terms of the chiral field U as [9, 10]:
f2
A= 17 T {r{U,0,U"}}, (5.105)

and by using the relations of U in terms of the pion fields (see Eqs. (2.54]) and (2.60b))), we can

write this current as:

Al = —fO,m" 4+ O(n®). (5.106)

Defining the decay constant. With the expression of Af in terms of the pion fields, the

following matrix element,
(04 ()| 7°(p)) = (0] = fOu 7" (2)|7"), (5.107)

actually describes one pion, interacting with another pionE]. Treating each 7%(x) as a separate

scalar field, we can write them in the following way [85]:

3
7 (z) = / k1 [aZe’i’” - aZTeik"’”} . (5.108)
(27)3 /2wy,

Thus, the derivative of 7%(z), as it appears in Eq. (5.107)), can be written as:

Bk 1 . .
—— | —ikuage T +ik,agle’ ] (5.109)

0, () :/(QW)?’\/M

! Actually, there are higher terms, cf. Eq. (5.106]), but we ignore them for now.
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Regarding Eq. (5.107), we can ignore the term with af, since it will vanish anyway. So we

continue only with the first term inside the square brackets, which yields:
d3k ]' : —ik-x a
OM @)1 0)) = =1 [ s = (ke Ol (). (5.110)

Next we note that, since the creation operator creates a one-particle state out of the vacuum [85]

as follows:

ay'10) = 7 (p)), (5.111)

an annihilation operator will act to a left vacuum as follows:

(0lal = (m(p)]. (5.112)
P 2w,
This yields the following expression:
d3k 1 —ik-x/ __a
O @I 0)) =3f [ s hue ™ ()l 0) (5.113)
Here we use the usual covariant normalization of one-particle states in a quantum field the-
ory [85]:
(m?(k)|7"(p)) = (27)*2w,0 (p — k), (5.114)
to simplify Eq. (5.113):
a k1 —ik-x 3 (3) : —ip-x
(01A% ()|’ (p)) = if / e e~ k) = g, (5.1150)

which defines the pion decay constant f. In the last step, even though the delta distribution
was only three-dimensional, we were able to replace k, with p,, since for p = k, the following

relation holds:
pO:wp:M=\/m=wk=k°- (5.116)

Using chiral perturbation theory. When we want to calculate the decay constant using
Eq. in-medium, we should calculate Feynman diagrams with one external leg for the
pion, coupling to the external axial-vector source. In practice, we treat the external source aj,
like a dynamical field when calculating vertices using the Feynman rules laid out in Section [3.4]
This leads to the following question: how exactly do we treat a diagram with an external

current? For one incoming pion, the S-matrix element can be written using the LSZ formula:

(fIS15) = (Oouslmy(p)). (5.117)
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and this S-matrix element is what we usually calculate using Feynman rules. So let us ignore the
axial-vector current for now, and investigate the result of Eq. . In order to calculate S-
matrix elements from vacuum expectation values, we usually make use of a reduction formula,
like the Lehmann-Symanzik-Zimmermann (LSZ) formula [85, 120]. For every external line
corresponding to a dynamical field, we get a factor which cancels the on-shell propagators of

the external lines in a given diagram:
U151 = Qs = i [ atoe(@, + )| 0l)) (5118)

Now we use perturbation theory and write this in terms of non-interacting fields:

(f15li) = i/d4x e P (0, + m2){0]r" (x)e' [ d7me

0). (5.119)
The relevant interaction we want to consider is the one given in Eq. ((5.104]),

L£P > Al (5.120)

pPas

therefore by expanding the exponential and only considering the term linear in the axial-vector

field, we have:
(FIS|0) = i / diz e (0, + m2)(0|n’ (2)i / d*24%(2)a(2)|0). (5.121)
Using Eq. (5.106]), we can write the axial-vector Noether current in terms of the pion field:
(f|S]i) = —f/d4x d*ze P*(—0, — mfr)ag(z)<0|7rb(x)8;7ra(z)]0}. (5.122)

Next we write the partial derivative with respect to z outside of the vacuum expectation value,
which we recognize as the pion Feynman propagator,

d*k i

(2m)* k%2 — m2 + ie

(0] ()7 (2)]0) = / ik(e=2) gab. (5.123)
so that the S-matrix element reads:
4

d*k  _.
<ﬂﬁw=—f/&wfq%¥éwﬁﬁ—mﬁﬁwx4%%2

i

ik(z—z)éab 5.124
e ) :

—m2 +ie ( )
where we let [, = 90 and 9 act on the exponential from the Feynman propagator. The

LSZ factor precisely cancels the pion propagator and we are left with:

4

d*k :
(f1S]i) = —f5“b/d4x d*z 2n) ellh=pre=ikzgi (N, (5.125)

We perform the integration over z, yielding a delta distribution,

(fIS|i) = — foeb / diz A1k 6@ (k — p)e*7ak (2)k,, (5.126)
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which renders the k-integration trivial:
(FIS|i) = — fpao® / dlz e P2ah (2). (5.127)

Now we will focus on the external source again. The way to include the axial-vector current

Az(x) inside a vacuum expectation value is to perform a functional derivative with respect to

—id/dag(z):

OIAL@)(0) = oo 0170 (5.125)

In the following we show that by treating the axial-vector current as a dynamical field, we are
actually calculating the right-hand side of Eq. (5.128)) times i. Therefore, when there is an
axial-vector current in the diagram, we have to include an additional factor of (—i) to account
for the 1/i in Eq. (5.128).

If we apply this to Eq. , we get:

0 ' b O 4, o—ipzn
= —fpud® P 12
i0as(z) (151} = =Fpud i6as () / dze™ag(2) (5-129a)
=ifp,d* / dtze P25 (7 — ) (5.129Db)
=ifp,0%e T, (5.129¢)

which is exactly the result we would expect from Eq. ((5.115a)).

An example in the vacuum. To give an example of why this additional factor of (—i) is
necessary, let us consider the vacuum case. In order to calculate f, we consider the following

diagram:
IM = ay ~~e<-7bp) (5.130)

Using the Feynman rules as described in Section [3.4] this diagram is simply given by i times

the pion-axial vertex. The interaction Lagrangian reads to first order,
L2 > Alal = —fo,m'al, (5.131)

therefore the vertex factor is given after functional differentiation with respect to 7* and ay,

(for an incoming pion, the derivative becomes —ip,,):
Lo =ifp, 6™ (5.132)
Including the (—i) from Eq. (5.128), the diagram is thus given by:
IM = (i) x i2fp,6° = ifp6?, (5.133)

which is the expected result.
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5.5.2. Decay constant in nuclear matter

In nuclear matter, the decay constant is defined as matrix element of the axial-vector current

Af, [72] between a one-pion in-medium state and the vacuum:
(QAL0) |7 (p)) = i[pu " (p) + nu(p - n) N* (p) |6, (5.134)

where n, is a four-vector that specifies the in-medium rest frame and has n,n* = 1. The
two form factors F™* and N* can be functions of p,p" and p,n*, in accordance with Lorentz
covariance. By taking n, = (1,0),, one can define the temporal and spatial components of the

in-medium pion decay constant:

(2A5(0)
(2]A7(0)

™ (p)) = ifipo, (5.135a)

|
7)) = ifopi (5.135b)
These in-medium pion decay constants can be obtained for a on-shell pion with p® = m* and

p = 0. They are related to the form factors via:

fi = F*(m},0) 4+ N*(m>,0), (5.136a)
f. = F*(m, 0). (5.136b)

i)

In order to know which diagrams to calculate in order to determine the in-medium decay
constant, let us recall some important in-medium pion relations (see Section for more
details). The pseudoscalar current and the pion operator are related via P = G, and the pion
propagator can be written as:

iz
p3 — v2p? —m2 +ie

(Q|rm|Q2) =

With this, we can use the LSZ reduction formula again and write it as:

ivZ

Py — vzp? — my? + e

(QA(0)7 (p)) = [ ] (2] A5 (0)x[€2). (5.137)

Next, we use 7 = P/G:

vz ]_ L oas0)pla). (5.138)

2 vp?—m2 +ie| G,

(A3 (O] (p) = [p

We now insert a completeness relation between the two currents, but only focus on the pion

states:

ivZ

PR —02p? —m? +ie

(@150 0) = Jim,, | | Zemomerm. e

2 2
pi—omi
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The first matrix element on the right-hand side gives us the vertex correction f and the second

one is proportional to a pion propagator:

(9143(0) [ (p)) = lim V2 -

promi2 | pE—vZp? —m2 +ie| G

i fipo Q77| Q) G (5.140)
The inverse pion propagator and the pion propagator cancel, which yields:
(QAL(0)|7*(p)) = ifipoVZ. (5.141)
Finally, since this should be equal to if;py due to Eq. (5.1354), we get the relation:
fe=VZF. (5.142)

This means, we have to calculate 1PI diagrams with an incoming pion and an external axial-
vector current Ay to get f; (the decay constant vertex correction), and then multiply this with

the square root of the wave function renormalization v/ Z.

5.6. Calculation of the in-medium pion decay constant

The in-medium pion decay constant is given by f; = ﬁ\/? , where ft is the one-particle irre-
ducible vertex correction to the decay constant and Z is the in-medium pion wave function

renormalization. ft can be calculated using the following in-medium correlation function,
(QAG|7 ()11 = 16 g0 fo (5.143)

We discuss in detail how we chose the relevant diagrams in Section [4.2]and list them in Tables
to 5.8 These tables are organized as follows. For each type of diagram, there can be an
interaction from A® or A®. Hence, for each diagram we investigate all possible cases of
interactions, i € {1,2} for one vertex or (i,7) € {11,12,21,22} for two vertices. If such a
vertex does not exist (because there is no corresponding term in the Lagrangian) we disregard
the whole diagram. Still, some diagrams might vanish in the course of the calculation, which
will be shown later on. In summary, we will calculate one type-1 diagram, two type-2 diagrams,

one type-3 diagrams, four type-4 diagrams and one type-5 diagram:

/) 7
S
N’ J

Table 5.4.: Type 1 ft diagrams. The superscript (1) denotes that the corresponding diagram

1 1 1) 1)
1 3@ 1 2(2)

vanishes because of A?) = 0, and (2) because of A? = 0. In total, one diagram

remains.



124

Table 5.5.:

Table 5.6.:

Table 5.7.:

Table 5.8.:

In-Medium Pion Properties

’8” i1 2

Type 2 ft diagrams. Since we cannot exclude any diagram based on the interac-

tions in the Lagrangian, both diagrams remain.
e O %% R R (DR (O ORI (ORI 2 2
i Jl1 1 3@ 3@ 11 3@ 3@
@@ kl1 @ 1 2@ 1 %@ 1 2(2)
Type 3 ft diagrams. The superscript (1) denotes that the corresponding diagram

vanishes because of £() = 0, and (2) because of A = 0. In total, one diagram

1

Type 4 f; diagrams. In total, four diagrams would remain, however as discussed

remains.

1 1 2 2
1 21 2

for the self-energy diagrams, those are O(p?) and therefore out of our scope.

()
D J

Type 5 ft diagrams. The superscript (1) denotes that the corresponding diagram

1 1 1) @)
1 2@ 1 3(2)

vanishes because of Afjr)Q =0, and (2) because of A? = 0. In total, one diagram

remains.

The wavy lines represent axial-vector currents, dashed lines are pions, double lines are Pauli-

blocked nucleons and thick lines are in-medium nucleons. We will consider a pion at rest with

momentum ¢* = (qg, 0)*.

5.6.1. One-loop diagrams of type 1

The first diagram to calculate the decay constant is given by:

p+aq

foa: 7°(q) »@» ay (5.144)

p

This actually corresponds to four diagrams, one where there are two vacuum propagators, two

with one vacuum- and one in-medium propagator, and one with two in-medium propagators.
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We discard the first one with only vacuum propagators, since we assume that the values for our
LECs are already fixed in vacuum. We can also ignore the last one, since if both nucleons are
on the mass-shell, this means p?> = m%;, and (p + ¢)* = m?%,, while also py > 0 and py + qo > 0.
Using the first two equations, we get 2poqo + g2 = 0, which we can solve for py = —¢qo/2. But
since ¢ > 0, this contradicts the requirement py > 0. Thus, the Heaviside function will give
zero and the whole diagram vanishes.

The two remaining diagrams are:

p+q p+q
fua : ﬂfﬁ’@ﬂﬂ ag . fuw: wb(q)»@w ag . (5.145)
p p

The thin line represents an in-vacuum propagator and the thick line represents the in-medium

propagator. These diagrams are now given by the following expressions:

e a(=Dr o dp 1 i
aofita = (1" ) [ ¢

n 2m)* 2E(p) (p + q)* — miy
x Tr { [<1IAM] (p + ma)n(p) (1AM (p + ¢ + ) } : (5.146a)
p'—E(p)
. pab AR / d’p 1 i
— (-1 —
lQOft,lb ( ) n ( 1) (27.(.)3 2E(p + q) pQ — m?\/
x Tr { [<1IAN] (p + mn) [1AL ] (p + ¢ + ma)n(p + @) } (5.146h)
p°—=E(p)—qo
The relevant terms in the Lagrangian are:
ALY = —9A7“75CLL%, (5.147a)
AW = ;‘;fyuf@uwiﬂ’ (5.147D)
and the vertex factors are for both diagrams:
[—iAD) = —g;gv"’f”, (5.148a)
[—iAD]e = 1%70757“. (5.148b)
The trace in spinor space is the same for both diagrams:
Tro{---} = —4qo(m% + p* — podo — 2%), (5.149)

however, pg is to be replaced by different terms for the two diagrams. Since we assume a pion

at rest, g = 0, the traces in isospin space are similar:

Tr, {rn(p)7"} = (OF + ©1)5% + (O} — O)ie"™, (5.150)
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Tr, {7'7n(p)} = (O} + O5)6" — (O] — O} )ie™, (5.150D)
Collecting all coefficients, we can write the sum of the two diagrams as:
Tre{--} Tre{--} n\ sab
2 2 [pﬁp%?:oqﬁqgm?v T prsz?\, ] (@g + @P) 0%,
fab ga dp p P’—E(p) P'—=E(p)—qo
Am*f J 7 E(p) Trg{-} Tl (67 — On)jets
pa—p2-+2poqo+qi—m3, pE—p?—m3, P p) 1€
pP°—E(p) P’ —E(p)—qo
(5.151)
The terms inside the integral can be simplified:
Tro{---} Trof---} _ Amiy
2 _ 219 T2 2 .92 .2 T 4E(p2 - @ (5.152a)
Po—Pp Podo T 90 — MN[0 ,pp) Po—P MN[0 5 E(p)—qo p 4o

Trs{' o }

Pt — p* 4 2poqo + @& —

Trs{' ) }

B _2E(p) W +q
N |p0—E(p) p(2) - p2 - mJQV

g Ap? +4m% — g}
(5.152b)

p°—=E(p)—qo

Therefore we get the following result:

4mN n a
b l B O](@§+@p)5b

Bl 47T2f/ PE [

(5.153)

qo 4p2+4m3—q

E(p) —4p2-gq§ 2](@ @n) ab3
0

After evaluating the first integral analytically, we can write down the diagonal part of the

diagram as follows:

2
piag _ gamnp 4/3
——— +(p7°). 5.154
U g g T 450

5.6.2. One-loop diagrams of type 2
Leading-order interactions

The next diagram to calculate the decay constant is given by:

fooa: ™D ’@jﬁ “ (5.155)

This can be written as an integral:

s Pab L(_l)n . d3p 1 - A (D)1a
igof5, = (—1) - (—1)/ (27r)32E(p)Tr{[_1A£m)] b(p+mN)n(p)}, (5.156)
(1)

where (—1)" accounts for L = 1 fermionic loop, *—% must be included for n = 1 Fermi-sea

insertions and (—i) comes from the fact that we have one external current in our correlation
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function. Also, since the nucleon is on its mass shell, p’ must be replaced with E(p). The

relevant term in the Lagrangian reads:

A = Lpriaj it (5157
so the vertex factor is:
[—iAl))" = ;fvoe"””“f’“. (5.158)
The traces are:
Trs{vo(p + mN)} = 4p", (5.159a)
Tr, {m*n(p) } = (O} — ©)5™. (5.159b)

Using the relation of the nucleon densities and the Fermi momenta,

d3p i Pi .
/ s = (i=pn) (5.160)

we can write down the solution analytically:

P 1_70-ab3

f o = —— —I€
Juz 2q0f 1+

(5.161)

Next-to-leading order interactions

The next diagram to calculate the decay constant is given by:

fow: ™) ’8“\“ @ (5.162)

This can be written as an integral:

ity = DM [ SR s AL )} (5103)

where (—1)L accounts for L = 1 fermionic loop, % must be included for n = 1 Fermi-sea

insertions and (—i) comes from the fact that we have one external current in our correlation
function. Also, since the nucleon is on its mass shell, p’ must be replaced with E(p). The

relevant term in the Lagrangian reads:

263 iC4

A(Q) - 2 O wiat OO + 259 hatt — Ezykaa tal [’7” 'VV] (5164)
Ta fm%v 14 v f 2 f H v ) )
so the vertex factor is:
. a 2c w203
[_IA’EF%&)] ’ _fm22 ngO(S b - T3QO5 b7 (5165)
N
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and since it is diagonal in both spinor and isospin space, the traces can be evaluated easily:
T, {p + my | = 4my, Tr, {n(p)} = OF, + O (5.166)

Putting everything together, the vertex correction is given by:

2 2 2
th—aab N / ap-2 ) <czp Iy +cg> (©8 +6r). (5.167)

my
We can perform this integral analytically and get the result:

dlag 2p(02 + 63)

5 7 +O(p*?) (5.168)

5.6.3. Two-loop diagrams of type 3

The third diagram to calculate the decay constant is given by:

7(q) *@N\ ag
fab . T, Dl k) (5.169)

This can be written as

PP () LR RS L S BN L RS B i ?
@i = 0P 00; [ e | g e ((p_k)_m)
x T {[LAD]( + mn)n(k)[—1AD) (p + ma)n(p) } . (5.170)

where we include a factor (—1)L for one fermionic loop, (—1)?/2 for two Fermi-sea insertions,
(—1i) since we have one source in the correlation function and 1/2 is a symmetry factor for this

diagram. The relevant terms in the Lagrangian are:

5(2) _ 5fau6M7T] 7! (361 5K — 46757, (5.171a)
AL — 5 A71
. 2f’)/’}/8u71'7' (5.171b)

and the corresponding vertex factors are:

1
5f
[—iAM)e = —g(}/ﬁ — by, (5.172b)

[1Lr34)% = — | (—64¢°)6% + (4¢° — 10p° + 10k°)655 + (4¢° + 10p° — 10k%)584|,  (5.172a)

™

[—iA)! = g/f‘(p — P (5.172¢)
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The trace in spinor space can be evaluated using the fact that both nucleons are on-shell, i.e.

2 _ 2 2 _ 2.
p® = my as well as k% = my:

Tr {B7°(p + ma) By (p + F + mu) | = 16m3 (poko — p - k — m3,). (5.173)
The trace over Pauli matrices is:
—2o(30507, + 20007 4 20707 + 307.0})5
el T ()0 (p) ) = 2= 4 20(k, — ) (©50% — O0Q e
8¢0(OLO} — OLOL — OO} + O1O}) 5
(5.174)

where ©F is an abbreviation for ©(k% — |y|), the Heaviside step function that ensures that the
nucleon’s momentum stays below the Fermi momentum. Finally, f3 is given by:

ma g4 p?k? poko — pk cos O — m3;

fab — dp dk d(cos 0
/ b (cos ) poko (2m3; — 2poko + 2pk cos 6 — m2)?

t,3 (271' 5f3
—2qo (3010} + 20807 + 20164, + 30107) 5

X 20(l€0 — pO)(GI;@z — @Z@Z)iEabg . (5175)
8¢0(OLO}, — OLOR — OTOL + OTOR )6

5.6.4. Two-loop diagrams of type 4
First diagram

The first diagram to calculate the decay constant is given by:

k
i, (o) » a (5.176)
p

where the intermediate pion has momentum g¢* 4+ p* — k*. This can be written as:

ifiad” = (=1)* (—1)”(_1)/ Tp a1 i
Ha n (2m)3 (27)* 4B, By, (q + p — k)2 — m2
x Tr {[—1AW)(p + ma )n(p) 1AL (k + my)n(k) } (5.177)
The terms in the Lagrangian are:
1
AL = R ek rk, (5.178a)

— il €Ik rk (5.178b)

S
T™a 2f/7 1% ?
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and the vertex factors are:

1
[—iAU)e = 472(251 +p— K)etrrt, (5.179)
[—iAW]ee = 2}7060“%’. (5.179b)

The trace yields:

Tr {[—AS " (p + ma)n(p) (1AL (k + ma)n(k) |

(0 + Op)(6f + 6} 5
y
=1§Q&ﬂ+pkﬂﬁ)4%%—%%mm , (5.180)

(05 — ©3)(OF — OF) o5

with this, the diagram is given by:

by L /d3p &Pk 1 E,E.+p-k+mk
M2 @) ) EpBr (g+p - k)2 —m?

—(05 + 65) (0}, + OF) 0
X { — (01O} — Orey) it : (5.181)
(05 — Op) (O} — O)) 053

This is the same integrand we encountered in the type-4 self-energy diagrams, i.e. also this
type-4 decay constant diagram is of order O(p?). And in fact, the other type-4 diagrams are

as well.

5.6.5. Two-loop diagrams of type b

The final diagram to calculate the decay constant is given by:

Ly ) A af
e K “ p (5.182)
0,

where the pion momentum is p* — k* in the upwards direction. This can be written as:

 ab (=D Pp Pk 1 i
1QOft,5 =(-1) o (_1)/ (2m)3 (27)3 dpoko (p — k)2 — m2
x T { [1AL, ] ( + ma)n (k) [—1AD ] (p + ma)n(p) } (5.183)

The relevant terms in the Lagrangian are:

AD, = Sk 6 o), (51542)
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AP = ‘;];‘ﬂ“v‘r’@wiﬂ (5.184b)
and the vertices are:
(iAW Jabe — 15;7075(5“”76 + 5oerb — ogbere), (5.185a)
[—iAM]e = g;‘c(p — k)’ (5.185h)
The traces are calculated to be:
T {39 (K ) (p = )7 (p + ) | = 8mi (ko — o), (5.186)
(OPO}, + OO} + ©20) + 0,67)5%
Tr, { (07° + 87" — 26”7 )n(k)7°n(p) } = { ~3(610} — ORO} )iets
~ (O30} — 630} — 030}, + OFOR)
(5.186b)
Finally, this diagram is given by:
2,2 27.2 _
Jis = _% / dpdhdcost f}oko 2m% — m2 f02100]:; + 2pk cos 0
(02O} + Lo} + Or0) + 0207 )6
X { —3(0LO) — 020} )ie™? : (5.187)

—(ere} — erey — ererk + erep) s

5.7. Results: Decay constant

In this section, we discuss the in-medium pion decay constants. We show their density depen-
dence in Fig. using the three sets of low-energy constants given in Table [3.1], and also in
Table 5.9

The in-medium decay constant for the negatively charged pion decreases by around 9-18% at
normal nuclear density. This is consistent with the results reported in Ref. [35], which reports a
decrease of 12% at normal nuclear density. The authors were able to determine the parameter
b, which is used to parametrize the isovector part of the s-wave pion-nucleus optical potential.
The numerical value of b} was obtained from pionic atom and 7~ -nucleus scattering data. The
authors found the following relation between b\ and f®): by /b* = (f*/f)2, and since the in-
medium quantity b7 was found to be enhanced in nuclear matter, the authors concluded that
the in-medium pion decay constant would be reduced in nuclear matter. Furthermore, our
calculations show that the decay constants for the neutral pion decrease by around 25-34% and

for the positively charged pion by around 41-48%, depending on the choice of the LECs.
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Gl Te Lolle Dl fx R/ F(r=1)

This work LEC set 1 0.82 0.66 0.52 0.66
LEC set 2 0.90 0.74 0.59 0.74
LEC set 3 0.91 0.75 0.59 0.75

Theoretical ~ Ref. [35] 0.88 — — —
Ref. [72] - - 0.75
Refs. [34,94) — — — 0.74
Ref. [99] - - 0.87

Experimental Ref. [121] 0.80 — — —

Table 5.9.: Comparing the results for the in-medium pion decay constant at r = 1.5 (first
three values) and at 7 = 1 (last column). The LEC sets refer to the values given

in Table . All values correspond to densities at normal nuclear density: p = po.

For isospin-symmetric nuclear matter, all three decay constants behave the same and decrease
by around 25-34% at normal nuclear density. This agrees well with other works (in the following
all values are given at p = py), e.g. Ref. [72], which reported a 25% decrease and Refs. [34
94], who used a one-loop in-medium chiral perturbation theory to arrive at a 26% decrease.
Furthermore, Ref. [99] used a NJL model and reports a decrease of 13% and Ref. [121] reports

a decrease of 20% by deriving s-wave pion nucleus potential parameters.

5.7.1. In-Medium Gell-Mann-0akes—Renner Relation

The GMOR relation [122] connects the quark condensate (gq) = (uu + dd) to hadronic (i.e.
pion) quantities:

m,, + my

202
mﬂfw_ 2

(qq)- (5.188)

In order to derive an in-medium version of the Gell-Mann—Oakes—Renner (GOR) relation, we
follow Ref. [35], but generalize their discussion to isospin-asymmetric nuclear matter. We start

with the following correlation function,

e (g / d'z 7 9n (Q|T A" (z) P*(0)|) (5.1892)
—/d4 — el (T A% () P4(0)[2) (5.189D)
— _ig / d*z €17 (Q[T A% () P(0)|9), (5.189¢)

such that in the soft limit:

[13°(0) = —i6“*(qq)". (5.190)
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Figure 5.3.: Top to bottom: LEC sets 1, 2, and 3 from Table . The in-medium pion decay

constant decreases in nuclear matter compared to its vacuum value. For p,, > pp,

the decay constant of the positively charged pion decreases the most rapidly, for

Pn < pp, the order of the three lines is reversed.
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We insert a complete set of hadronic states,
d*p,
L= Z/ 32E n(pn))(n(pn); (5.191)
where p# = (E,, p,) into the matrix element in Eq. ((5.189):
a b d3pn 0 a b
QT4 P0I9) = Y [ st 0143 ) n(p) nlp) PO
+0(=a")(QP*(0) [n(pn)) (n(pn) | A7 ()|92) | (5.192)

The states we are interested in are the pions |7*%(p)). We use these matrix elements:

(2] AL (z)
(@2 P*(x)

where f+ = fq £ f, and fro = fq+ f3, as discussed in Appendix [B.3] Note that, for isospin-

symmetric nuclear matter, these matrix elements would only be proportional to §%°. We obtain:

QA P00 =1 [ G s

X [@(wo)fanébneip"'w — @(—xo)fanGbneip”“ , (5.194)

T (p)) = i[f26"" + foie + f30%36")pe P = ifypue P, (5.193a)

|
7 (p)) = [Gad™ + Goie™® + G30%36%)e™P* = Gye 7, (5.193D)

where a bar denotes a complex conjugate (since a star usually denotes an in-medium quantity
in this thesis). We can now use the following mathematical identity:

o0 g 0

X 1 el(IJCC
O(£z0)eFibne’ — 4 — / dw —. 5.195
(£a7)e 2mi ww:l:EnZFie ( )

—00

By using this, we can write the integral as a four-dimensional momentum integral:

d* pn pn FunGpnel@nttens) £ - olpnt—pn-o)
Q[T A% () P*(0)|2) / . (5.196
(QTAL(2) P*(0)[2) Z lﬁ+%—ﬁ 0 E +ic (5.196)
We use this expression in the correlation function Eq. (5.189):
qum ﬁ&wﬂWWf.Mwaww>
115'(a) = = / d'z - 5.197
12 ) P+ En P —E,+ie |’ (5.197)

so that we can perform the integration over dz:

ab . 4 q Pn fanGbn(S( )(pn ) fanGbn6(3)(pn +q) 0 0
1o (q) = 12/01 l B e T e [Wh ) (3198)
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Also the integration over d*p,, is now trivial and we obtain:

L[ P G (@6 + @) fanGh
Hab — an>—on 0 an = omn . 1
5'(a) I;QEn [qO—En—I—ie+ O+ B, —ic (5.199)
If we have zero-modes in the system, we get the following expression in the soft limit:
lim TI5%(q) = 3_ Re | fanGn| = —0°(q0)", (5.200)

which is a generalized Glashow—Weinberg relation. For different values for a and b, we get:

G+ f12G12 f11Ga1 + f12Go 0 (gg)* 0 0
Re | fo1Gi1 + f22Gi2 f21Go1 + f22Gao 0 == 0 A(gp* 0 |, (5.201)
0 0 f33Gi3s 0 0 (q9)"
which we can rewrite as:
faGa+ foGo  —i(faGo+ foGa) 0
Re | i(faGo + foGa)  faGa+ [.Go 0 = —(qq)" 1. (5.202)
0 0 (fa+ f3)(Ga+ G3)

Using f.+ = fqa £ fo and fro = f; + f3, we rewrite the equations along the diagonal to:
;Re (e Grr + fo-Gr-] = —(dG0)", (5.203a)
Re | froGro] = —(Gq)". (5.203b)

These generalized Glashow—Weinberg relations are valid in the chiral limit.
Next, we use the PCAC relation 0" Af,(r) = mP?(z) and evaluate it between the vacuum

and a pion state:

QO AG (2) |7 (p) = V2 remiZe ™, (QIO" AL (2)|7*(p)) = fromiie ™%, (5.204a)
T

™ m

|
m(Q P (2) |7 (p)) = mv/2G e 7, m{Q|P"(2)|7*(p)) = mGroe™ ™. (5.204b)

such that: frtom*i, = mG+0. We can use this to substitute for G+, in order to arrive at
generalized GOR relations:
|t P34 | fe PmE2

5 = —m{qq)”, (5.205a)

| fro [P0 = —m{qq)". (5.205b)
Using the values from the LEC set 3, we get the following result:

2,0,%2 2,0, %2
| fat [Py '; | fr| m”‘/[—m(cj@*] ~ 1.13, (5.206a)

| frolPm2o /[=m{dq)] ~ 0.97. (5.206b)

Here we used the following in-vacuum quantities: m = (m, + my)/2 ~ 3.4 MeV, m, = 138
MeV, fr =92.4 MeV, and (au + dd), ~ —[272(5) MeV]?® [93]. Since the GOR relation is valid
up to O(m) = O(m?2) where m is the quark mass, the deviation occurring in Eq. (5.206)) can

™

be understood due to higher-order contributions.






6. Summary

In the scope of this thesis we thoroughly discussed the effect that isospin breaking of the
surrounding nuclear matter has on the in-medium quark condensate, as well as in-medium
pion properties. To this end, we devised in-medium chiral perturbation theory to calculate the
density dependence of those quantities.

We have computed the density dependence of the (uu + Jd>* quark condensate in isospin-
asymmetric nuclear matter using an SU(2) in-medium chiral perturbation theory up to second
order in the chiral counting. Our results show that the reduction of the magnitude of the
quark condensate in an isospin asymmetric nuclear matter with p,/p, = 1.5 agrees with the
phenomenological result obtained using experimental observations, and also confirm previous
theoretical estimates. Furthermore, our results show that the effect of the isospin-asymmetric
nuclear matter is weak, yet non-zero. This is because contributions beyond the linear density are
rather small due to smaller Fermi motion in low densities. Nucleon-nucleon correlations, which
play a role at O(p?), could contribute to the deviation of the (#u+dd)* quark condensate in the
asymmetric nuclear matter from that in the symmetric nuclear matter. We have extended our
formalism to SU(3), which allowed us to perform a linear-density approximation of the density
dependence of the condensate difference (uu — dd)*, as well as the strange condensate (5s)*.
For the condensate difference (uu — dd)* in particular, we investigated explicit isospin breaking
via non-equal light quark masses in the Lagrangian, which had a quantitatively similar effect as
the isospin breaking via the surrounding nuclear matter. Nevertheless, we have found that the
magnitude of the splitting is not so large in comparison with the in-medium reduction of the
quark condensate (qq)*. It would be interesting to obtain the low-energy constants of the SU(3)
chiral Lagrangian by experimental scattering data. While this work used values obtained from
a fit to octet baryon masses via Gell-Mann-Okubo relations, a determination via scattering
data is currently in preparation['}

In order to investigate the in-medium pion properties, we started by precisely defining the in-
medium pion wave function and related quantities. We then used in-medium chiral perturbation
theory to calculate the density dependence of the pion self-energy, which was composed of three
components, corresponding to the three pions in the pion triplet. By diagonalizing the self-
energy in the physical pion basis, we were able to compute the in-medium mass and wave

function renormalization for the charged 7% and neutral 7° pions separately. This splitting

1Y . Tizawa, D. Jido, S. Hiibsch (in preparation).
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of the isospin triplet quantities is due to the isospin-asymmetry we introduced in the nuclear
matter. At a neutron-to-proton ratio of around 1.5, the 7~ mass increased, whereas the 7%+
masses decreased. By plotting the pion masses at normal nuclear density over varying nucleon
ratios, we saw that the positively charged pion might undergo a condensation process at a
neutron-to-proton ratio of around 8 to 12. Since these plots are logarithmically symmetric
around isospin-symmetric nuclear matter, the negatively charged pion might undergo such a
condensation at corresponding inverse ratios.

The in-medium wave function renormalization increased in nuclear matter for all three pions.
And by using our results for the in-medium wave function renormalization, we also calculated
the 1PI vertex correction to the in-medium pion decay constant, which decreases in nuclear
matter and also shows a similar splitting of triplet pion quantities.

Future works might include nucleon-nucleon interaction terms in the Lagrangian. This would
lead to new effects beyond the linear density and a new scale for the density expansion, while
also enabling to reach higher densities. It should be certainly intriguing to perform dynami-
cal calculations in the SU(3) in-medium chiral perturbation theory beyond the linear density

approximation, where meson loop amplitudes become reachable.



A. Physical background

A.1. Details on the SU(3) extension

In Appendix [A.1.T| we present a relation between commutators of currents and various com-
binations of quark fields. In Appendix [A.1.2] we use the chiral Ward identity to show which
diagrams need to be considered in order to calculate the desired quark condensates. In the
following sections, we quickly discuss the SU(3) Lagrangian that we will use in Appendix
and show the diagrams that we compute in Appendix

A.1.1. Current algebra commutator relation

Based on the QCD current algebra (see for instance chapter 1.4.3 in Ref. [I0]), we have the fol-
lowing equal-time commutator relation between the zero-component of an axial-vector current

AS = cj%f”\—;q and a pseudoscalar current P* = giy°\?q:

[A8(2), PP(y)]so—yo = —i6®) (z — y) [ﬁaabso(x) + d“bCSC(x)] , (A1)

where the scalar current is S* = gA\®q. Since the Noether charge is defined as the spatial integral
over the zero-component of the axial-vector current, Q¢ = [d?zA%(x), we can integrate and

write the commutator relation as:

[Q%, P*(0)] = —i [ﬁéabso(o)wabcs%()) . (A.2)

If we choose certain values of a and b, we get specific combinations of scalar quark field com-

binations. For a = 3 and b = 8, we get the difference of up and down currents:

i

Q3 PN = ——=5°(0) =~

[t — dd], (A.3)

< -
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the values a = 3 and b = 3 lead to the sum of up and down currents:

(@5, PP(0)] = —i \/350(0) +d*5%(0)

. 2 12, - _ 1 1 _ - _
— \/;\/;(uu+dd+ss)+\/g\/g(uu—l—dd—st)]

= —i[au + dd], (A.4)

and for a = b= {4,5,6, 7}, we can involve the strange currents:

Q2 P4(0)] = —i \/350(0) +d.53(0) + d*55%(0)

= —i \/g\/g(au +dd + 5s) + ;(ﬂu —dd) + (—2\1/3)\}3(’@16 +dd — 253)]

2 _ 1 1 _
= —i g(ﬂu+dd+ 58) + i(fm —dd) — 6(ﬂu+dd— 25s)

= —i[uu + ss|, (A.5a)
[Q2, P5(0)] = (...) = —iluu+ 5s], (A.5b)
(@5, PP(0)] = (...) = —i[dd + 55, (A.5¢)
QL PT(0)] = (...) = —i|dd + 55| . (A.5d)

Note that we define A’ = {/2/31, in order to be consistent with the normalization condition
Tr {)\“)\b} = 20%. The SU(3) structure constants are listed in Appendix [B.4.3| In the next

section, we will use these commutators and show how to compute the in-medium condensates.

A.1.2. Chiral Ward identity in the SU(3) case

We start with the divergence of the following time-ordered product:
O"[TA () P*(0)] = T[0"Afy(2) P*(0)] + 6(") [AG(x), P*(0)]. (A.6)

We can use the partially-conserved axial current (PCAC) relation:

Aa
o ayta) =i { M5 % (A7)
with M = diag (m, m, ms) the quark mass matrix. We need the following values of a:
. L A L )
0" Aj(x) = 1G{M, 31 q = imqhsy’q = mP?, (A.8a)
A . s
" A(x) = ig{M, 54}75q =i J;m Py = J; T pt, (A.8b)
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8“AZ($)
8“A2(:r;)

8“AZ(:U)

Now we evaluate the whole equation Eq. (A.6) between the in-medium vacuum [Q2),

3“1—[22@, 0) =
0“1’[22(1‘, 0) =

0TIt (,0) = LTI (2, 0) + 6(°) (9 [Ad (@), PAO) 1),
OTIZ (,0) = "L (0, 0) 4 () (@[ A3 (@), PA(O)]9),
0TI (,0) = LI, 0) -+ () (9 [A5 (@), PO,
OTIT (2,0) = LI (2,0) + 6(°) (9 [AT (@), PT(O)]I9),
where we abbreviated:
2(,0) = (QTALDPO)),  T(2,0) = (TP () P(0)]0).

m -+ Mg

>\5 m-+m
—igd M. 22V~50 = i S~ a = 22
ig{ M, 5 g =1 5 1A 5 ,
o A m+mg_ m + mg
= ig{M, f}f’q =i qheV’q = 5 P,
. A m -+ mg _ m -+ mg
= ig{M, 57}75q =i g Y°q = 5 P

mIl*(z,0) + 6(2°)(Q[A5(x), P*(0)]|2),

mII(z,0) + 6 (2°)(Q][A5(x), P*(0)]]Q),
m + mg

We perform a Fourier transformation to momentum space,

—ig"II5(q) =
—ig"I5, (q) =
—ig"II5,(q) =
—ig"I2) (q) =
—ig"Ig5,(q) =

—ig"IIE) (q) =

mIT*(q) + [ d e =(Q[A3(@), P*(0)]|90),

mI(q) + [ @@ e 4 =(Qf[A} (), P*(0)]|9),

m -+ My

[*(q) + [ Pz e (] [Al(x), P(0)]|0),

mémm% )+ [z et QA3 (@), P(0)]I0),
a8 g) + [T A ), PO,
m—+ mg

T () + [ @ e Q)[4 @), PTO0)]|9),
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(A.8c)
(A.8d)

(A.8e)

(A.9a)
(A.9b)

(A.9¢)
(A.9d)
(A.9e)

(A.9f)

(A.10)

(A.11a)
(A.11b)
(A.llc)
(A.11d)
(A.1le)

(A.11f)

and take the soft limit ¢* — 0. This allows us to integrate over the last term, which gives the

corresponding conserved Noether charge according to ()¢
BERT 17738 _
ilim ¢"115,(q)
BERT HTT33
ilim ¢"115,(q)
BERT HTT44 _
ilim ¢"115,,(q)

—i hm g2 (q) =

= [d3x Ag(z):
mII*(0) + (Q[Q3, P(0)]|2),
(QllQs, PA(0)]|2),

I1*(0) +

= mlIIl**(0) +

m -+ mg
2

m -+ myg
2

(@5, PHO)]I),

I1°°(0) + ([Q3, P°(0)]19),

(A.12a)
(A.12b)

(A.12¢)

(A.12d)
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m -+ Mg

—ilim ¢"TI5(q) = I1*(0) + (€[5, P*(0)]]),

m + mg

—ilim ¢"I13}(¢) = 17 (0) + (Q[Q3, PT(0)]|2).

(A.12e)

(A.12f)

In order to continue, we employ the SU(3) chiral transformation behavior of the pseudoscalar

current, Eq. (A.3]) (and subsequent relations), to write the equation like this:

mIT*(0) + i(l}_r)n ¢T3 (q) = —= (uu — dd)*,

\/§
mIl*(0) 41 lim ¢TI (q) = i(tu + dd)*,

m ;ms 114(0) + i lim " T1E (g) = i + 55)°,
m ;ms 11°%(0) + i lim " 113 (g) = i(au + 55)°,
m ;ms T1°°(0) + i lim " 13 (q) = i(dd + 55)",
m J;ms 177(0) + i lim ¢"ITF](q) = i(dd + 5s)".

(A.13a)
(A.13D)
(A.13¢)
(A.13d)
(A.13¢)

(A.13f)

In the soft limit, the second term on the left-hand side vanishes, since we don’t have zero modes,

so by calculating I1?° in chiral perturbation theory, we can infer the density dependence of the

condensates:

(wu — dd)* = —iv/3mII*(0),
(i + dd)* = —imII*(0),

(uu + §s)* = _t s +2m5 I1*(0),
(@ + 3s)* = —i" J;msn%(o),
(dd + 55)" = —i™ J;mSHGG(O),
(dd + 55)* = —i" J;mSHW(O)

(A.14a)
(A.14b)

(A.14c)
(A.144d)
(A.14e)

(A.14f)

For the strange condensates, we actually calculate them like this, using a linear combination of

correlation functions:

(i + 55)" = —iT 2 [114(0) + T (0)]

m—i—ms
4

(dd + 3s)* = [11%(0) + 1177 (0) |,

and use the following relations:

((Py+1P5)(Py — iP5))" = (PaPy + PsPs)" = [T1*(0) + T17°(0)] ,
((Ps+iPr)(Ps — iP7))" = (PsPs + Py Pr)™ = [I1%(0) +- TI77(0) |,

(A.15a)

(A.15b)

(A.16a)
(A.16b)
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so that we finally have:

(wu — dd)* = —im/(Q| P> P¥|Q)*, (A.17a)
(u + dd)* = —im{(Q|P*P?|Q)*, (A.17b)
_ e mAmy [ Py+iPs\ (P — iP5 :
(uu 4 58)" = —i 5 << 7 >< 7 >> , (A.17¢)
o mAmg [ (Pe+iP (P —iP\\"
sy e (P (B

These combinations of pseudoscalar currents in Eqgs. (A.17c) and (A.17d)) makes it convenient

to perform calculations using kaons.

A.1.3. SU(3) chiral perturbation theory

We use the following SU(3) chiral Lagrangian [78 123] with a meson-only part and meson-

baryon interactions:
L=LY+ L)y + L5, (A.18)

where:

£P = J; r{D,UtD"U + XU + XU}, (A.19a)

55\2)3 =Tr {B(ilD — MO)B)} — Z;Tr {Bv“vs{u“, B}} — ];Tr {By“f{uu, B]} , (A.19D)
L5705 =bp Te { B{xy, B} + bp Tr { Blxy, B} + bo Tr { BB} Tr {x,.} + ... (A.19¢)

There are many more terms that would be allowed by chiral symmetry to enter ES@)B, however

those are not relevant to the present calculations.
The meson octet ® = ®*\?/+/2 is given in terms of the chiral field U = exp (iﬂ@/f):

U= “f[cb - f12c1>2 , Ut =1 - 1‘f[<1> - fl2c1>2 : (A.20)
where we identify the physical fields as follows:
G| Tl BB Beoflr || g D g KO (A-21)
<1>4ji§<1>5 <I’6ji§<b7 —%Cbs K- K0 _%77
These fields are related by:
o, = \}i(fr +77), ot = \}5(@1 idy), (A.22a)
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By — \/15(7# ey e ;5@1 Fidy), (A.22D)
3 =77, 70 = Pg, (A.22c)
B, — \}i(fﬁ LK), Kt = ;5@4 i), (A.22d)
By — \/iﬁ(fﬁ ~ K, K= ﬁ@‘* + i), (A.22)
dg = \}i(KO + K9, K° = ;5(% —i®;), (A.22f)
By — \;§(K0 _RY), KO — ;5(% 1 id), (A.220)
By =1, —_— (A.22h)

Since we will only perform a linear density (first order, i.e. no loop diagrams) calculation, this
simple parametrization of the chiral field is more convenient than the parametrization we used
in the SU(2) case.

The scalar (s = s*A%) and pseudoscalar fields (p = p*\*) are contained in x:
X = 2By(s +ip), X' =2By(s —ip), (A.23)

m—ms

where we set s = M = diag (m, m, my) = 2W:,’””S]l + = Ag in the case that m, = mgy = m, or

m, 0O 0
U S u - U _2 S
s=| 0 my o=y Mu =M yg T EIEZEMs \s () 9y
3 2 2/3
0 0 ms, o P ~
= v

where m = (m, +my)/2 and dm = (m, —my)/2, if we want to include explicit isospin breaking
in the Lagrangian. Note that the notation A\° = /2/31 is also common, which ensures that
the normalization of Gell-Mann matrices Tr {)\“)\b} = 25% holds also for a = 0.

The baryon octet B = B*\*/+/2 is given by:

B=| & _B 5 Bk || yp- _Z4 4 g (A.25)
347535 367537 2B == =0 —%A
and their adjoints B = B*\%//2 by:
% + % 31\71532 B4x7§B5 % + % $- =-
B=| Bif By B Boibe | = §b B A o (A.26)
B4£B5 Bb«jiijéw . lﬁ Bg 17 i . % A
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The baryon fields B* are given in terms of the physical fields as:

1 _ 1 -
B =—(XtT+3%° B = —=(XT+X7),
1 — \/é( ) 1 \/é( )
1 _ 1 = -
By=—(Xt-%7), By=—(X =%7),
2 \/5( ) 2 \/5( )
By =X, By =%,

B i( +Z27), B_i(urif)
4 = \/§p 4_\/§p — )
i _ i -
Bzi —.:_’ Bzi‘:___’
5 \/§(p ) 5 \/5( p)

1 _ 1
Bs=—=(n+2 Bg = —=(n+ 2%,
6 — \/E(n ) 6 \/é(n )

i _ i =
B; = —=(n— 2%, B; = —=(2" —q),
7 \/é(n ) 7 \/é( n)
Bs = A, Bs = A,

and the physical fields are given in terms of the B® baryon fields as:

= W(Bl iBy), = E(Bl + 132)
B = (BB, 57 = (B~ iBy),
2" = Bs, 2" = B,
p= \}5(34 iBs), D= \}5(34 +iBs)
n= \}5(36 —iBy), n= \}5(36 +1iBy)
E” = \}5(34 +iBs), == \}5(34 iBs),
=0 = \}5(36 +1iBy) =0 = \}5(36 —iB;),
A = By, A = Bs.
The field x. is defined as:
X4 = ux'u+ulxul,
where u? = U, as in the SU(2) case:
1 P i 1
= \/§f if2 P+, u_]l_\/?f 4702 + ..
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(A.27a)

(A.27b)

(A.27¢)
(A.27d)

(A.27e)
(A.27f)

(A.27g)

(A.27h)

(A.28a)

(A.28b)

(A.28¢)
(A.28d)

(A.28¢)
(A.28f)

(A.28¢g)

(A.28h)

(A.29)

(A.30)
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A.1.4. Kaon interaction Lagrangian

We want to calculate the following correlation functions:
38— (Q|PPP8|Q), (A.31a)
= (Q|P*P?|Q)*, (A.31b)

[T+ A5 _ <P4+1P5> <P4\;51P5>>*’ (A.31¢)
[I6HT6-IT = <<P6 \J/r;%) <P6 \;§1P7>> : (A.31d)

in order to compute (@ —dd)*, (au+dd)*, (au+5s)* and (dd+ 5s)*, respectively, as derived in
Eq. (A.17). We will show the specific diagrams later when we actually calculate the in-medium
condensates.

It is easy to show that the interaction between a mesonic field and a pseudoscalar current is
given by:

[iLgay] = 2iBy f6, (A.32)

however for further interactions involving the kaons, we need to take a closer look at the
interaction terms of the Lagrangianﬂ
This is the interaction Lagrangian in terms of ®%:
8By(bo + bp)

Lynep = 5 {ﬁpq’ﬂ?zx + pp®sps + nnPeps + ﬁn¢7p7}
4By(2bo + bp — br) [_ _ _ _
4 2502 7 D br) [ ®apy + andsps + ppPaps + ppdapr) (A.33a)
2B +myg)(bo + bp) 1 _ _ _
Ling2 = — o(m H;Q)( 0 +bp) [ppq)i + pp®2 + nnd®; + nn@ﬂ

Bo(m +my)(2bg + bp — br) 1_ _ _ _

We do not have a mixing between ®,5¢7. Since the kaons are given by:

O, = \}i(w +K), Kt = %(@4 — i®;),
Oy = \}i(fﬁ ~KO), K= ﬁ@‘* +idy),
dg = \}i(KO + K9, K° = ;5(% —id;),
d; = \/iﬁ(KO — K%, K° = ;5(% +1®7),

1Since the kaons are given as a superposition of mesonic fields, we derive their interaction vertices more
carefully.



Details on the SU(3) extension 147

we can substitute & for the physical kaon fields:

8By(by + bp)
Lyney = RV

x [pp(K " + K7 )ps + ppi(K* — K™ )ps + nn(K° + K°)pg + nni(K® — K°)pr|
N 4By(2by + bp — br)
V2f
X {fm(KJr + K )py+ani(KT — K7 )ps +ﬁp(K0 + l_(o)pﬁ —|—]§pi(KO — l_(o)pd,
(A.34a)

2By(m + my)(by + bp)
Lyne> = — 22

x [pp(K* + K7)? = pp(K* — K7)? 4+ in(K° + K°)? — ain(K° — K°)?]

Bo(m -+ ms)(2b0 +bp — bF)
212

x [An(Kt 4+ K7)? = an(K* = K7)? 4 pp(K° + K°)? — pp(K" — K°)?|. (A.34b)

After simplifying these expressions, we get:

8By (bo + bp)
Lyney = YT

x [ﬁp[K*(m +1ips) + K~ (ps — ips)| + [ K (ps + ipr) + K°(pg — ip7)H

4By(2by +bp — b
n 0(2bo + bp F)

V2f
x [nn K (pa - ips) + K (pa — ips)| + o [ (po + ipr) + K (s ipﬂ}] ,
(A.35a)
Lrings = —Bolm & ?j)(bo +bo) [PPE K™+ anK K]
_ 2Bo(m + m)(2b + bp — br) [me+K— + ppKOKO] (A.35b)

f2
Now we can read off the following interaction terms for the charged kaons:

. 8iBy(bo + bp)
[1£ﬁpp4jép5 K+] = f’ (A.36a)
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_ 4iBy(2b + bp — br)

[i[,ﬁnpzlzps ol = 7 , (A.36b)
) 8iBy(bo + bp)
[mﬁpm&gsl{_] = % (A.36¢)
4iBy(2by + bp — b
[i‘c— P4_ip5 K*] = 1 0( 0+ Op F>7 (A36d)
nnT f
4iB s)(bo+ b
e : 0(m+7}12)( ot D), (A.36¢)
2iB s)(2bg +bp — b
[iLank+r-]=— 1Bo(m + m >]E2 0+ oD F), (A.36f)
and similarly for the electrically neutral kaons:
[lﬁﬁppvs\%p? KU] = f , (A37a)
. 8iBy(bo + bp)
(L port o] = = 2, (A.37b)
) ~ 4iBy(2bo + bp — br)
[lﬁﬁppﬁ\;%p'? R’U] = f , (AS?C)
) 8iBy(bo + bp)
L p6_ip7 o] = —————, A.37d
1L, oo ] = 0 (A374)
2iB s)(2bp +bp — b
(L, gogo] = —— o(m + m )f(2 0+ bp = br). (A.37¢)
4iB s)(bo+ b
(Lo oi0] = — °(m+7}2)( 0 +bp) (A.371)

A.2. Interactions in the Lagrangian

In this section, we list all the interactions in the Lagrangian that we use in this thesis. First,
these are the interactions coming from the chiral Lagrangian, involving only the pion field and

external sources,

2
L2 = J; Te {D,U' DU +x1U + yU'}

e The 7-p vertex:

L) =2fByr'p'. (A.38)
e The m-a vertex:
att
L2 = — fOum'= (A.39)
e The mwrm-p vertex:
By . . ..
L2 = _Dpiginini, (A.40)

m3p 5f
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o The 7* vertex:

9 1 s ) ik o i mBy ; o
ﬁ( ) = 072 O oM it (36 I — 51 gk — 20f27T mimimd, (A.41)
 The 73-a, vertex:
£ = FFad mr T (3095 — 4% 8) (A.42)

Using the first term in the expansion of the pion-nucleon interaction operator A,
AW = —iy'T), —igay"y°A,,
we find the following interactions relevant for this thesis (note that the only parameter is g4),

e The NN-a, vertex:

AV = —gay'yial, 2 (A.43)
e The NN-rma, vertex:
AW — —;fv“wiaieijka. (A.44)
e The NN-mma, vertex:
A%, = f]j‘ﬂ Prembal (5 — 655). (A 45)
e The NN-m vertex:
A = g;’Y Vo', (A.46)
e The NN-mm vertex:
AW — 4;27 T, mI iRk, (A.47)
o The NN-mwm vertex:
Aﬁrﬂ? = ng3’y ¥ [37Ti7Tjau7Tj — Wjﬂjauﬂ'z} T (A.48)

The second term, A® is given by:

C2 v C3 C4 v
AP = ¢ Tr {x4} + o Tr, {u,u,} D"D" — 5 Tr, {u,u"} + 57/‘7 [, uy]
N
— R4 — P F — i T {F )
8my o 8my P

and leads to these interactions:
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e The NN-7 vertex:

A® = .
o The NN-mwm vertex:
A =
e The NN-a, vertex:
AP — .
e The NN-ma, vertex:
A%) = —Ji%aﬂiaiaﬂa” + 2}?’8“#&2 — i?leijka@uﬂia{;[v“, ¥

e The NN-mp vertex:

8c1By ;
Agfp):—%pﬂ.

e The NN-mm vertex:

4Bocim . . Co - -
't + ——0,7' 0,7 0" —
2,2 Y1
my

I? S 2 /?

C3

AR —

A.2.1. Interactions in the SU(3) Lagrangian
From the SU(3) Lagrangian Eq. (A.18):
L=Ly + Lidy + L7,
where:
2 _ [
£P = T {DUD'U + XU + yU},

£0n =T {BGD — My)B)} — 5 T { By (us, BY} — o T { Byl B}
55\24)3 =bpTr {B{X+, B}} +bp Tr {B[X+, B]} + by Tr {BB} Tr{x+}+...,

we get the following interactions. First, the interactions with external currents are:

,C.:pp = 2B0f(1)apa (CL = 1, cey 8),

4v2By(bp — 3bp) ,_  _
£]\7Np0778 - = 0(3;) F) (pp + Tm)pon&

. . icy . .
PRI ijk __k_pu. v i
— oot + — eV Tty O,

(A.49)

(A.50)

(A.51)

(A.52)

(A.53)

J
¥ich

(A.54)

(A.55)

(A.56a)

(A.56b)
(A.56¢)

(A.57a)

(A.57b)



and these interactions do not exist: Ly0 = L

‘CWOWS ==
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4,/2By(bp + br)
Ly Npomo = \/g 7 (pp — nn)p°x°,

4By (bp + br) , _ _
‘CNNpSﬂ'D = 0<\/D§fF>(pp - nn)p8

4By(bp + bp) , _ _
‘CNNp3178 = ()(\/D§fF)(pp - nn)Pgﬁ&

4By (2bg + bp + bp) ,
Ly Npsno = 0(2bo 7 D F)(pp+nn)p37r0,

4By (6by + 5bp — 3b _ _
LNy = 0(Gbo 3f D F)(pp+ nn)pSns,

™,

0.

pOn —

Interactions without external currents:

2BO om 0

\/g 185
4Bo5m(2bo + bD + bF)

‘C]\_fNﬂ'Ong = - \/§f2 (ﬁp + T_m)ﬁoﬁs

4Bom(bD + bp) _ _ 0
- NETE (pp — nn)m s,

_230[7’)1(21)0 + bD + bF) + 4m5(b0 + bD — bF))

ﬁNNngng = 3f2 (ﬁp + ﬁn)n8778

_ 2Bo5m(bp + bF)
3f?
4Bom(2bo —|— bD —|— bF) _ 0.0

(Pp — nn)nsns,

L jNmoz0 = — 72 (pp + nn)m 7",

Interactions involving electrically charged kaons:

_ 8By(bg+bp) _ P*'+1iP®

Lo =— 5 K"
4 s D5
et ~ 4By (20, J}bD —br) P \J/;P K+
4 s D5
Ly 8B0(b3€+ bo) P \;%P .
_ Z » 15}
Lo - 4B, (20, j; bp —br) P \/§1P .
Liopr+x- = Al ﬂ;;)(bo - bD)ﬁpfﬁKi
oo 2Bmtm) ;22130 by~ be) e

and similarly for the electrically neutral kaons:

4By(2by + bp — bp) _ PS +iPT7
;CﬁpPG\.;%P7KO == 0 0 f pp \/§ KO,

151

(A.57c)
(A.57d)
(A.57¢)
(A.57F)

(A.57g)

(A.58a)

(A.58b)

(A.58c¢)

(A.58d)

(A.59a)
(A.59b)
(A.59¢)
(A.59d)
(A.59)

(A.59f)

(A.60a)
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 8By(bo+bp) . PE4iPT

Eﬁnpf)%f;p'?Ko 7 nn 7 K°, (A.60Db)
Lo = 4B, (2by J; bp — bF)]ij6 ;iﬂﬂ 0 (A.600)
£oyroirt g0 = 8BO(b‘}+ %) ;2 ;;ﬂ K°, (A.60d)
o ~ 2By(m + my) ;22170 +bp — bp)ﬁp KORO. (A600)
Lo ope = — Bolm + T;};)(bo +0) - KOO (A.60f)

A.3. Spinor conventions

In this section, we summarize our conventions for quantized fermionic fields, following Ref. [85].

The nucleon and its conjugate can be expanded as:

dBp 1

2
N — / s, s —ipx bsT s ip-x A6l
(7) ;1 2n) VI, (apupe + bylvpe ), ( a)

B 2 d3p 1 ) )
N — / st—s ip-x b pse P A.61b
() ; on) VI (ap e’ + byvge ) , (A.61b)

where a;(ﬂ the annihilation (creation) operator for a nucleon of momentum p and spin s, and
bf)(“ the annihilation (creation) operator for an anti-nucleon of momentum p and spin s. They

fulfill the following anticommutator relations:
{as,al} = (21)%6®) (p — p')dsw = {b5, 051} (A.62)

Next, uy, and vy, are four-component spinors that can be written in terms of two two-component

(Weyl) spinors,

R o[ v,
’ (mg) v (—\/p-_crn)’ (4.63)

where we can choose a basis for the spinors as the eigenvectors of the third Pauli matrix, o2,

ol el o) o) e

Here, & and & represent spin-up and spin-down along the z-axis, respectively, whereas we have
to flip these assignments for the antiparticle spinors n, where 7; and 7, stand for spin-down

and spin-up, respectively. The square root over /p- o is to be treated by taking the positive
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square root of the operator’s eigenvalue, that is for a nucleon propagating in z-direction with
plu = (E’ 07 07p2’)#:

1 VE—p.
N b= (A.65)
0 VvVE+p,
Finally, the spinors are normalized according toﬂ:
ﬂ;ug = 2m0sy, T)f,v;/ —2m0sy, (A.66a)
u;’ju;’ = 2E(p)dss, v;jv;, = 2F(p)dss, (A.66D)
where—independent of the choice of the normalization—the equalities uu = %Mu and vv =
—ﬁlﬂv hold. For two spinors with three-momenta in opposite directions, we have:
st s st ¢
p U p =0, vy, u’, = 0. (A.67)

The spinors u and v are orthogonal to each other with respect to their Dirac adjoint, but not
with respect to their Hermitian adjoint:

!
—s s _
uyv, =0,

vius =0, (A.68a)
wilvs # 0, vilug # 0. (A.68b)

Lastly, their outer product yields:
Zui)ﬂ; =p+my, Zv;j;z =p—mn. (A.69)

2The spinors can be normalized arbitrarily, as long as ufu and v'v transform under Lorentz transformations

like the zero-component of a four vector in order to have a Lorentz invariant probability dP ~ d®a )79 ~
d3x1pTep. Refs. [85, 124-128] choose the same normalization as this thesis, where 4u = 2m = —vv. On the
other hand, Refs. [55, [56] [129] [130] choose a normalization where tu =1 = —ov






B. Mathematical Background

B.1. How to expand the chiral field

We choose the following parametrization of the chiral field U:
_y(r?) y(m)\ . om(y(®)
U(rm) =exp |im = COoS +1i sin , B.1
(5) = 20— con (M50 ) 1 s (1 (B.1)

where 7 = 727% and 72 = 7%7%b7r? = 1971 = 721. We will now discuss how this expansion

into sine and cosine functions work, as well as how to deal with the function y(7?). To start,

we define the matrix M as:

V= Y y(w?)( 3 wl—m?), (B2)

o/me  o/mE \rl+in2 7

Since w2 = 721, the square of this matrix M, and in fact all even powers of M are easily

obtained:
22 2\ 2 2\ 21
A2 — 7T21131517;2) _ (y(;r )) L A — (y(;r )) L (B.3)
In contrast, the odd powers are:
o\ 2n+1
MQTH—I — y(ﬂ- ) ™ . B4

Using these results, the exponential of M can be separated into a part proportional to the

identity matrix, and a part proportional to the pion fields:

exp [iM] =1 +iM — ;MQ — ;MB +... (B.5a)
y(ﬂ'2) 1 <y(7r2)> 4o ] L (B.5b)

1+i

1+(y(7;>>2+... -5 -

The terms in brackets are exactly the Taylor expanded terms of a cosine and a sine function,

which directly yields Eq. (B.1)).
A
)" -

The function y(7?) is defined to satisfy:

Lo W~

y(n?) = sin(y(r?)) =
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ap a3 das ar ag an a13 ais a7 <. QA2p
9 2 4 8 86 9704 1211512 265816 66170151 332 0
15 175 1575 67375 28153125 12415528125 9306171875 7719664999 921875

Table B.1.: The first nine nonvanishing coefficients in the series expansion of y(7?). All coef-

ficients a,, with n an even integer vanish.

In order to solve this, we set = (72/f%)'/? for brevity and make a power series ansatz,

y(m?) = i ann”, m= \/p
n=0 f

The terms corresponding to n < 0 would produce inverse pion fields in the Lagrangian, so we

(B.7)

ignore those, and the term corresponding to n = 0 has to vanish, since for n = 0, the equation
simplifies to y = sin(y), which is only solved by y = 0. By using this ansatz iteratively in
Eq. , we can compare coefficients of various powers of 1. The first few of these equations

are
n=1 0=0 (B.8a)
n=2 0=0 (B.8b)
3
a
=3 1=c B.8
n 5 =3 (B.8c)
1
n=4 5&%&2 =0 (B.8d)
2 1 1
n=>5 —%10 + 5&3&% + §a§a1 =0 (B.8e)

At any given order of 1", there are only terms involving a,, with m < n. And since with each
step in increasing order, only one new term enters the equation, one can calculate the values
for a,, step by step. More precisely, comparing coefficients at order n enables us to calculate

an_o. The result for y(7?) reads:

2 4 8 36 o
2y =9 Sapr: SRy oA. TR T ¥ (N H Ny ¥ — =
Yr) =2+ T+ T T Tarans T T\

However, in order to evaluate the chiral field U, we need the sine and cosine of this function.

(B.9)

By using their respective series expansion, those terms are given by:

y(m?) 1, 1, 11 4 823 ¢
S L - B.10
COS( ) 2" ~ 10" ~2s00” " Toosooo” T (B-10a)
[y 1, 19 . 71 . 17753
I _ - B.10b
Sm( 2 ) "~ 10" ~ Ta00” " 252007 " 25872000" © (B.10b)
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With this, the chiral field is given as

Ulr) =1 i }12 R ar? 1 (7?)? 19i 7 (7?)?

f2f2 10 f3 40 f4 1400 f5 (B.11)

If one takes a derivative of Eq. , we get an equation for ¢, which we need in order to deal
with 0,U:
2 |2
Y (7%) — cos(y)y'(7?) = FHP. (B.12)

If we rearrange this equation, we get an expression for 3’ in terms of the sine function of y.

Therefore we can do a series expansion, similar to Eqgs. (B.10a)) and (B.10bj):

1 2

~ sin(y/2)\ 2
1 [ 172 2 (72\* 4 (22\° 3.7 (72
_F\/;(1+5f2+35<f2> o (7) *oras () +0)

The following Mathematica code can be used to quickly calculate the function y(7?) to any

y' (%) (B.13a)

odd-number order (the order should be chosen odd, since coefficients a,, with n even are zero

anyway ):

order = 51,
Subscriptla, 1] = 2;
y = Sum[Subscriptla, i] x7i, {i, 1, order, 2}];
If [0ddQ[order] && Positivel[order],
For[i = 5, i < order + 4, i += 2,
rule = Solvel[
Normal [Series[y - Sinl[y] - 4/3 x73, {x, 0, i}]1]1/x71i == 0] [[1]];
y =y /. rule
]
]

where the variable order has to be an odd number, greater than zero. Furthermore, we use x to
abbreviate x = \/7%/ f2. In order to check whether the code ran successfully, the following code
should simply evaluate to True, since it is the defining equation of y(7?) up to the designated

order:
Series[y - Sin[y] == 4/3 x73, {x, 0, order}]
Functions of y(7?) can then be expanded like this:

Series[1/x Sinl[y/4], {x, 0, 6}]
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12

13
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which results in:

2 1 172 81 [(#2\* 1171 (=%’ 5/ sann
I- =42 4 > (L (= 0, 7). (B.14
VW) =5+ 5= asoo \72) T 32se00 \2) T ((=2/£2)72). (B.14)
Another possibility is to use the open-source Python library SymPy [131]:
import sympy
order = 10

X, 1 = sympy.symbols(’x i’)
y = sympy.Sum(sympy.Indexed(’a’,i) * x**i,(i,1,order)).doit()

for i in range(0, order+l, 2):

y = y.subs(sympy.Indexed(’a’,i), 0) # set a_2n = 0
y = y.subs(sympy.Indexed(’a’,1), 2) # set a1 =2
for i in range(3, order, 2):
print ("Order x~{0} done. " . format(i), end="\r", flush=True)

eq = y - sympy.sin(y) - 4*x**3/3

eq_expanded = eq.series(x, 0, i+4).remove0() / x**(i+2)
sol = sympy.solve(eq_expanded, sympy.Indexed(’a’,i))

y = y.subs(sympy.Indexed(’a’,i), sol[0])

# The following line should return O
test = (y - sympy.sin(y) - 4*x*x3/3).series(x, 0, order).remove0()
if not test:

print("Coefficients determined successfully.")

After a successful determination of the coefficients a,,, one can evaluate functions of y(7?) as

follows:
(1/x * sympy.sin(y/4)) .series(x, 0, 6)

which returns the same expansion as seen in Eq. (B.14]).

B.2. Changing the basis of the self-energy

In our calculations, we calculated the in-medium pion self-energy in the so-called mathematical

pion basis: {m!, 7% 73}. However, the physical states are the charged pions: {7 7~ 7°}.


https://www.sympy.org/en/index.html
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These states are related via the following system of linear equations:

1 1
nt = ﬁ(wl —ir?), Tl = E(fr +77), (B.15a)
1 :
o= ﬁ(wl +1im?), = é(w* — 7)), (B.15Db)
70 =73, 7 = n°. (B.15¢)

For a matrix given in the mathematical basis, Oy, We can calculate the same matrix in the

physical basis, Opnys, via the following calculation:
Ophys - T_l Omath Ta <B16)

where the transformation matrix 7" is a matrix whose columns are the coordinates of the vectors

in the new (physical) basis with respect to the old (mathematical) one. Thus, 7" is given by

1

V2

T=|-% (B.17)
0

= S35k

1

The pion properties are calculated in the mathematical basis and typically contain the following
flavor structures: 0% ., ~ 016% + D513 + 036%35%3. This leads to the following general form

math
Of Omath:

O, 10, 0
Omath = | =0, O 0 . (B.18)
0 0 O +0;

If we now apply Eq. (B.16), we get

O1+0, 0 0
Opps=| 0 0,—0, 0 |, (B.19)
0 0 O +0;s

and confirm that in the physical basis, the various pion properties are diagonal.

B.3. Changing the basis of the decay constant
While the charged pions are defined like this:
1
at = ﬁ(wl Fin?), 70 =7 (B.20)

the charged currents are defined without this factor of v/2:

JE=J' +iJ? J=J3, (B.21)
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since the ladder operators for the SU(2) algebra are defined as t* = t* + it?.
A given diagram for the decay constant can contain the following terms, f® = f;6%+ foie®+
f56%38%3. Therefore the possible results for f* are

Jioife 0
—ife fi 0 (B.22)
0 0 fit+/fs

Lastly, if f = 92 MeV, then we have to include a factor of v/2 when dealing with charged states:
(Q|J%r°) o< fo (QJF 7% x V2fs (B.23)

Now since the currents and the pions transform differently, how do we calculate the charged
decay constants? It turns out that the same relation holds as for the self-energy which we

derived in the previous section. To see this, we write

QI x ") = (9] [Jl + 1J2] 73 [lﬂ' ) — 1\772>] (B.24a)
1 1 b 2 2y, 1 2| b 1
\?<Q|J |7t >+\/—<Q|J Iy >+\/—<Q|J 7t — f<Q|J %) (B.24b)
— /9 -5]1‘11 + 5]4?22 + §f21 o 2f12] (B24d)
=V2 _;fl + ;fl + ;fz + ;le (B.24e)
= V2 :fl + f2} (B.24f)
= V2f. (B.24g)
In a similar way, one can calculate
QI ) =0 (B.25a)
(QJ7% =0 (B.25b)
QI |7y =0 (B.25c¢)
Q" |~ >=\/§[f1—f2} (B.25d)
Q17 |7% =0 (B.25¢)
Q7Y =0 (B.25f)
(Q%77) =0 (B.25g)
Q1) = [£ + £ (B.25h)
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The charged decay constants can be calculated exactly like the charged self-energies, viz. ©* =
¥ + ¥ and X0 = ¥y + X3, since the “missing” factor of /2 is present in Eq. 1' In

summary:

J+ =i fo, Jo=fi+ fs. (B.26)

B.4. Useful identities

This section lists useful mathematical identities involving the Pauli matrices, and the Dirac
gamma matrices. These relations are very useful to calculate the traces that result from applying

the Feynman rules to our diagrams.

B.4.1. Pauli matrices

The Pauli matrices are a set of three 2 x 2-matrices, which are Hermitian and unitary:

) ) ) e
10 i 0 0 -1

The commutator of two Pauli matrices is:

[79, %] = 2ieere, (B.28)
and the anticommutator reads:

{7, 7%} = 20°"1. (B.29)

From the commutator and the anticommutator, one can derive this general expression for the

product of two Pauli matrices:
7070 = 691 4 iebere, (B.30)

Finally, we often evaluate the trace over a certain number of Pauli matrices:

Tr {r°} = 0, (B.31a)
Ty {TaTb} — 925, (B.31Db)

T {rorbre) = et (B.31c)
Tr {rorbror?} = 2(670% — §o°5™ + §°%g"). (B.31d)
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B.4.2. Traces over Pauli matrices

We often have to evaluate traces over Pauli matrices, especially involving the matrix n(p),

Cfetr—lp) 0
”@( 0 m%—wg

= 2[00k — Ipl) + Ok — Ip)]1 + S [00 — Ip) — Ok — Ip)]+*, (B3

where we usually abbreviate O (k% — |p|) = @;,. The following traces are often used:

Tr, {n(p)n(q)} = 6,07 + 670, (B.33a)

Tr, {T°n(p)n(q)} = (040} — 0,0,]6°, (B.33Db)

Tr, {n(p)r"n(q)} = 0,04 — 6,041, (B.33c)
Tr, {7n(p)rn(q)} = [O40] + OLOL]6™ + [OLO) — OLOL)ic"™

+[OR0F — OPOr — O1EF + 0701535, (B.33d)

B.4.3. Gell-Mann matrices and SU(3) structure constants

The eight Gell-Mann matrices \* are a basis of linearly independent 3 x 3 Hermitian matrices

with vanishing trace. They are conventionally normalized by the following equation:
Tr {A°A"} = 252", (B.34a)

The product of two Gell-Mann matrices can be evaluated by using the following relations:

[)\a7 )\b] — Qifabc)\c, (B.35a)
4

XN} = 2070 2deteNe, (B.35b)
2

)\a)\b _ g5(11)]1 + (dabc + ifabc)/\c' (B35C)

Here, the totally antisymmetric and totally symmetric structure constants can be defined like
this:

Te {A"[\, N} = 4if™, (B.36a)
Te { A\, X} } = 4d*. (B.36b)
Their numeric values are as follows. Any combination of indices that is not listed vanishes:
12 =1, (B.37a)
FUT 156 _ 246 _ 25T _ g345 _ 367 _ ;’ (B.37b)
FA58 — 678 _ ﬁ (B.37¢)

2
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Similarly, the totally symmetric structure constants are:

1
d118 — d228 — d338 — _d888 — ’ B.38a,
7 (B.350)
1
d448 — d558 — d668 — d778 — ’ B.38b
2v/3 ( )
34— 355 — _ 366 _ _ 37T _ _ 2AT _ 146 _ 157 _ 256 _ ; (B.38c¢)
We will also make use of one additional Gell-Mann matrix, \° = /2/31, where the normaliza-

tion is chosen such that it agrees with Eq. (B.34al).

B.4.4. Dirac gamma matrices

In d space-time dimensions, there are 2l%2) gamma matrices. The defining property of the

gamma matrices is their anticommutation relation, expressed by the Clifford algebra,
{72 ="+ =2 (B.39)

where 7" is the inverse of the mostly-minus Minkowski metric n,, = diag(1,-1,-1,-1),,

When a four-vector contracts with a gamma matrix, we use the Feynman-slash notation,

P =07 = 0" (B.40)
Additionally to the four gamma matrices, one can define a fifth matrix,

7 =iy = i4l%am 7957, for epas = £1, (B.A1)

where the choice of the sign corresponding to the definition of €y123. The following traces over

gamma matrices are often used in this work:

Tr {+"} = Tr {v*4"1°} = Tr{y* .- -4/} =0 Vn € N, (B.42a)
Tr {757“} =Tr {757“7”7”} =Tr {757;11 .. .7u2n+1} =0 VneN, (B.42Db)
Tr {75} =Tr {757”7”} =0, (B.42c)
Tr {47} = 4™, (B.42d)
Tr {7797} = 4™ 0" = 00" + 0""n"7),  (B.42e)
Tr {7 AHAY TP } = +4ie"7?  for €p1o3 = *1. (B.42f)
B.4.5. Employing the large nucleon mass limit
We can use this limit to evaluate the following integrals:
/ dp @p = py + O(1/m%)
2+ mN
=2 Loa/m3), (B.43a)

I+r
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[ @ = pu+ O(1/m5%)
P +mN
_pT 2
/ dp (@g+@g)=p+o<1/m§v),
N

m 00 2 1 —
TN ap——(ep —01) = p—— + O(1/m3),
T 0

J T+r

where p = p, + p, and r = p,./p,.

(B.43b)

(B.43c)

(B.43d)
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