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Abstract

Dynamical symmetry breaking of QCD’s chiral symmetry is the mechanism responsible for the
bulk of all hadron mass in the universe. One of the order parameters of chiral symmetry breaking
is the chiral quark condensate. Theoretical model-independent calculations have shown that
the absolute value of this quark condensate is reduced in nuclear matter. This might be an
indication of (at least partial) restoration of the chiral symmetry compared to the unbroken
phase in the vacuum. The linear-order density dependence of this symmetry breaking process
is well known. If we knew higher orders of this density dependence, we might be able to
extrapolate to even higher densities. This could for instance lead to a better understanding of
neutron stars.
The goal of this work is to investigate the density dependence of the chiral quark condensate

as well as certain pion properties in isospin-asymmetric nuclear matter using in-medium chiral
perturbation theory up to the next-to-leading order of the density expansion. The isospin
asymmetry of the nuclear matter ground state is realized via different proton and neutron
densities, expressed via the ratio r = ρn/ρp. Hence a ratio of r = 1.5 corresponds to a neutron-
to-proton ratio commonly found in heavy nuclei and r ≈ 10 represents the situation in neutron
stars.
For our calculations, we use an SU(2) in-medium chiral perturbation theory, initially formu-

lated by Oller and further developed by Meißner, Oller and Wirzba. The partition function is
defined in terms of the ground state, which we assume to be described by Fermi seas of non-
interacting protons and neutrons. These states can be written as excitations of the vacuum,
where we include all momenta up to the Fermi momentum, which depends on the nucleon
density. Since this approach allows us to calculate general Green’s functions, we can apply it
to both the quark condensate as well as the pion properties. Our expansion scheme allows us
to consider diagrams with one or two in-medium nucleon propagators and pion-nucleon inter-
actions up to second order in the chiral counting. In total, we restrict our calculations to the
order of the Fermi momentum to the fifth power. Higher contributions, i.e. proportional to
the square of the nucleon density can be considered by including nucleon-nucleon correlation
effects.
In order to compute the density dependence of the chiral quark condensate in nuclear matter,

we investigate the two-point pseudoscalar correlation function by means of the chiral Ward
identity. We find that at normal nuclear density, the absolute value of the quark condensate is



iv

reduced by around 35% compared to its vacuum value. This is in good agreement with earlier
model-independent calculations. Although the effect of isospin-asymmetric nuclear matter is
small, it is non-zero and leads to slight changes for large asymmetry of protons and neutrons.
At fixed density, the reduction of the quark condensate is unchanged under the inversion of the
neutron-to-proton ratio, i.e. a certain ratio r and the inverse ratio 1/r lead to the same result.
By extending this method using the chiral Ward identity to an SU(3) Lagrangian, we can

also investigate the density dependence of the difference of the up- and down quark condensates
in nuclear matter. The density dependence of this difference is smaller than for the sum of
up- and down quark condensates, but the effect of isospin-asymmetric nuclear matter is more
pronounced. Depending on whether the nuclear matter ground state exhibits more protons or
more neutrons, the sign of this difference changes. Furthermore, we also present results of the
density dependence of the strange quark condensate, although this result is largely dependent
on the choice of the SU(3) low-energy constants.
For the in-medium pion properties, we first calculate the in-medium pion self-energy, which

lets us compute the in-medium pion mass and wave function renormalization. The isospin
asymmetry in the nuclear matter leads to a splitting of the pion triplet quantities, since the
self-energy now has three independent components corresponding to the three states in the pion
triplet. It is interesting that under the inversion of the neutron-to-proton ratio, the neutral
pion’s properties are unchanged, whereas the charged pions’ properties are exchanged. We find
that for normal nuclear density and a neutron-to-proton ratio of r = 1.5, the negative pion’s
mass is increased by around 10%. This agrees with an extrapolation of experimental data of the
pion-nucleon optical potential, obtained from pionic atoms. Furthermore, we also investigate
the in-medium pion decay constant via a different set of Feynman diagrams. We find that
the negative pion’s decay constant is reduced by around 10% at normal nuclear density and a
neutron-to-proton ratio of r = 1.5. Our results for the pion properties are in good agreement
with experimental findings.
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1. Introduction

Quantum chromodynamics (QCD) is the currently accepted mathematical description of the
strong force. It is an SU(3) gauge-field theory, formulated in terms of quarks and gluons. As
such it is also the theoretical basis for hadron physics, concerning particles which are held
together by the strong force. One peculiar feature of QCD is asymptotic freedom [3, 4], which
means that the strong coupling constant, governing the strength of quark-gluon and gluon-gluon
interactions, changes its value as follows: At high energies, the coupling constant is small. This
is called the perturbative regime, since perturbation theory can be applied for small couplings.
At low energies, the coupling constant gets large, and perturbation theory breaks down. This
is the non-perturbative regime, in which confinement plays an essential role: There are no free
quarks or gluons, only hadronic bound states. The low-energy regime can be explored e.g.,
via numerical methods (lattice QCD) or effective field theories. One particularly successful
effective field theory of QCD is chiral perturbation theory (ChPT) [5–10]. Instead of quarks
and gluons, the effective degrees of freedom are their bound states, i.e., hadrons.
ChPT has a long history of continuous development and theoretical advances. Over 60 years

ago, Goldberger and Treiman discovered the Goldberger–Treiman relation [11], which connected
quantities from the weak interactions (the nucleon axial coupling gA and the pion decay constant
fπ) with those of the strong interactions (the pion-nucleon coupling gπN and the nucleon mass
mN). This was in surprisingly good agreement with experimental data [12] and led to the
discovery of QCD’s spontaneous chiral symmetry breaking by Nambu [13–15]. Based on that,
the Goldberger–Treiman relation appeared again naturally in linear sigma models [16]. The
newly developed current algebra and partially conserved axial current (PCAC) relation were
used to calculate pion-scattering quantities (e.g. the pion-pion scattering length [17]), but it
was later concluded that effective Lagrangians are a more convenient starting point in order to
arrive at the same results [18, 19]. In particular, Ref. [19] presents an effective pion Lagrangian,
which is capable of reproducing pion-scattering amplitudes at tree-level, which had earlier been
obtained via the current algebra and the PCAC relation. Effective Lagrangians based on
SU(2)× SU(2) and SU(3)× SU(3) chiral symmetries are discussed by Coleman and Callan in
Refs. [20, 21]. Beyond the tree-level, pion-loop amplitudes were found to be divergent, owing to
characteristic x log(x)-terms, that are today known as “chiral logarithms”. Here, x parametrizes
the chiral symmetry breaking [22–24]. Various methods have been proposed to deal with these
divergences [25] and several calculations of pion scattering processes followed [26–29].



4 Introduction

In 1984, Gasser and Leutwyler introduced chiral perturbation theory [30, 31] by introducing
scalar, pseudoscalar, vector and axial-vector external fields in the Lagrangian and constructing
an effective theory based on SU(2) chiral transformations. This effective Lagrangian produced
an expansion in powers of quark masses and pion momenta. In the following year, higher-order
terms were introduced to the effective Lagrangian (see e.g. Ref. [32]). The next important step
with respect to in-medium properties was the formulation of in-medium chiral perturbation
theory by Oller in 2002 [33], which has since been further developed by Meißner, Oller and
Wirzba [34]. The ground state of the partition function was assumed to be a non-interacting
Fermi sea of nucleons, having momenta up to the Fermi momentum. Since the Fermi momentum
depends on the nucleon density, this allowed the evaluation of in-medium Green’s functions and
the investigation of their density dependence.
The main motivation of this work is to investigate QCD’s chiral symmetry, or more precisely,

the dynamical breaking of chiral symmetry. It is believed that this dynamical breaking process
is responsible for generating the large hadron masses from small quark masses. The symmetry
breaking can be described by order parameters, which are usually correlation functions of parity
partners. One such order parameter is the chiral quark condensate 〈q̄q〉. In the symmetric
phase, it is exactly zero, but after the symmetry breaking, it acquires a finite, non-zero value.
However, recently it was found [35] that this value gets reduced in nuclear matter: Jido, Hatsuda
and Kunihiro used experimental data from deeply bound pionic atoms [36, 37] to determine
that the parameter b∗1, which appears in the s-wave optical potential for the negative pion,
2mπUs-wave = −4π [1 + mπ/mN ] [b∗0ρ− b∗1(ρp − ρn)], increases at high densities: b1/b

∗
1|ρ=ρ0 ≈

0.79 ± 0.05. Furthermore, using data from pion-nucleon scattering [38, 39], the coefficient β
in the isospin singlet πN -scattering amplitude T (+)(ω,mπ)|q=0 ≈ α + βω2 was found to be
β ≈ (2.17± 0.04) fm3. A further extrapolation led to the conclusion that the quark condensate
gets reduced by 37% at normal nuclear density: 〈q̄q〉∗/〈q̄q〉 ≈ 1 − 0.37 ρ/ρ0 . This affects the
reduction of the mass difference between chiral parity partners, such as ρ and a1 [18, 40] or
N and N(1535) [41–44], or it can lead to an attractive enhancement of scalar-isoscalar ππ
correlations in nuclei [45–47], amongst others.
In this thesis, we want to focus on three questions:

1. The absolute value of the quark condensate gets reduced in nuclear matter. The linear-
order density dependence of this process is well-known. If we knew higher-order terms,
we might be able to extrapolate to even higher densities, e.g., as they appear in neutron
stars. What are these higher-order terms?

2. The reduction of the quark condensate in nuclear matter suggests a partial restoration of
chiral symmetry. Since the breaking of chiral symmetry is the origin of hadron masses,
this restoration of chiral symmetry should have an effect on hadron properties. How do
hadron properties change in nuclear matter?
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3. The number of protons and neutrons in a system is rarely equal. For instance, in heavy
nuclei, the neutron-to-proton ratio is around 1.5. In neutron stars, the same ratio is
assumed to be around 10. If the number of protons and neutrons is not equal, we speak
of isospin-asymmetric nuclear matter. What is the effect of isospin-asymmetric nuclear
matter on the quark condensate and hadron properties?

To examine the first two questions, we investigate the density dependence of the quark conden-
sate, as well as the density dependence of pion properties in nuclear matter. In particular, we
will investigate the pions’ mass, wave function renormalization and decay constant in nuclear
matter. In order to answer the third question, we will perform our calculations using in-medium
chiral perturbation theory in isospin-asymmetric nuclear matter. This introduces a parameter
corresponding to the ratio of neutron and proton densities, which can be adjusted freely.
A common approach to calculate the quark condensate is using the Hellmann–Feynman

theorem [48, 49] to first calculate the energy density and then take a derivative with respect to
the quark mass [50–52]. This requires the knowledge of how certain hadron quantities depend on
the quark mass, which is subject to debate. While it is possible to introduce several assumptions
how specific hadron quantities depend on the quark mass, we use a different approach in this
thesis as a method for bypassing this difficulty concerning the quark mass dependence: we make
use of the chiral Ward identity. This allows us to connect the quark condensate to two-point
correlation functions of pseudoscalar currents, which can be computed via chiral perturbation
theory. For the pion properties, we precisely define the in-medium pion state and how to connect
the in-vacuum to the in-medium properties. Thus, by calculating the pions’ self-energy, we can
compute the in-medium mass, wave function renormalization and decay constant.
The structure of this thesis is as follows. In Chapter 2, we introduce the theoretical foundation

of our calculations: We will discuss QCD, its symmetries, and in-vacuum chiral perturbation
theory. In Chapter 3, we discuss the main topic of this work: in-medium chiral perturbation
theory. Following the literature, we derive the density expansion of the effective Lagrangian and
present the Feynman rules for our calculations. In Chapter 4, we first show how to calculate
the quark condensate in the framework of chiral perturbation theory and then compute the
relevant Feynman diagrams. We also perform a simple extension to an SU(3) Lagrangian in
order to examine the difference of up and down quark condensates, as well as the strange quark
condensate. In Chapter 5, we discuss in-medium pion properties. We first define the in-medium
pion state and related quantities and then calculate the pion self-energy and decay constant
using two sets of Feynman diagrams. Finally, we summarize this thesis in Chapter 6.





2. Quantum Chromodynamics and Chiral
Perturbation Theory

Quantum chromodynamics (QCD), the current theory of the strong interaction between quarks,
describes the force responsible for hadron interactions. As such, it is the fundamental theory
to discuss the in-medium properties of hadronic quantities. In this chapter, we will give a
brief overview of QCD, present the symmetries of the theory and explain why there is a need
for effective field theories. In Section 2.1, we briefly discuss the QCD Lagrangian and in
Section 2.2, we list its symmetries and how those symmetries are broken. In Section 2.3, we
discuss spontaneous symmetry breaking in general, in order to discuss the Nambu–Goldstone
theorem, since the pions are the Nambu–Goldstone bosons of an SU(2) chiral symmetry. In
Section 2.4, we motivate the introduction of effective theories and in Section 2.5, we state
how the Nambu–Goldstone bosons transform under the chiral symmetry, to finally arrive at
in-vacuum chiral perturbation theory.

2.1. The QCD Lagrangian
Quantum Chromodynamics is a gauge field theory based on the Lie group SU(3), which de-
scribes strong interactions. The Lagrangian density in its compact form reads

LQCD = q̄
[
i /D −M

]
q − 1

4G
a
µνG

µν,a, (2.1)

or explicitly,

LQCD = q̄αf,i
[
iγµαβ∂µδff ′δij − gγ

µ
αβtaijAaµδff ′ −Mff ′δijδαβ

]
qβf ′,j −

1
4G

a
µνG

µν,a, (2.2)

where repeated indices are summed over. The qαf,i are quark spinor fields of flavor f , mass
matrix M = diag(m1, . . . ,mNf ) and color i, with i taking values from 1 to Nc = 3. The γµ are
the Dirac γ-matrices, satisfying the Clifford algebra,

{γµ, γν}αβ = 2ηµνδαβ, (2.3)

with spinor indices α, β, ranging from 1 to 4. The Aaµ are the N2
c − 1 = 8 gauge fields, ensuring

local SU(Nc) invariance of Eq. (2.2) with a taking values from 1 to N2
c − 1. The matrices



8 Quantum Chromodynamics and Chiral Perturbation Theory

taij = 1
2λ

a
ij are the generators of SU(3) and λa the Gell-Mann-matrices. The parameter g is the

coupling between quarks and gluons. In analogy to QED, the gluon field strength tensors are
defined as:

Ga
µνta = Gµν = DµAν −DνAµ = DµA

a
νta −DνA

a
µta

= ∂µA
a
νta − ∂νAaµta + igAaµAbν [ta, tb]

= ∂µA
a
νta − ∂νAaµta − g fabcAaµAbνtc, (2.4)

where fabc denotes the completely antisymmetric structure constants of the su(3) Lie algebra,
satisfying:

[ta, tb]ij = ifabc[tc]ij, (2.5)

and Dµ is the covariant derivative, that has to be introduced in order to ensure local gauge
invariance:

∂µδij → Dµ,ij = ∂µδij + igAµ,ij = ∂µδij + igAaµ[ta]ij. (2.6)

This Lagrangian exhibits several symmetries, which are the topic of the following section.

2.2. Symmetries in QCD

Quantum chromodynamics exhibits many symmetries, which will be discussed in the following
paragraphs.

Color symmetry. This is the exact SU(3) symmetry, the theory was based on. It is a local
symmetry and gives rise to N2

c − 1 = 8 gluon fields, which act as gauge fields.

Flavor symmetry. A quark’s flavor determines its charge, hypercharge and possible interac-
tions. The different flavors and their masses are arranged in Table 2.1, in order of ascending
mass. At the typical low-energy scale of QCD, set by the nucleon mass mN = 939 MeV, one
can consider up and down quarks degenerate. This gives rise to a global SU(2) symmetry, also
known as isospin symmetry. For all other flavors the effects of explicit symmetry breaking are
noticeable and it is necessary to consider them in the construction of QCD models.

CPT symmetry. Quantum chromodynamics is CPT invariant, as well as C, P and T invariant
separately.
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Flavor Mass Renormalization Scale

up mu = 2.16+0.49
−0.26 MeV µ = 2 GeV

down md = 4.67+0.48
−0.17 MeV µ = 2 GeV

strange ms = 93+11
−5 MeV µ = 2 GeV

charm mc = 1.27± 0.02 GeV µ = mc

bottom mb = 4.18+0.04
−0.03 GeV µ = mb

top mt = 172.76± 0.30 GeV obtained via t̄t cross sections

Table 2.1.: Quark flavors and their MS masses [53].

Chiral symmetry. Since quarks are fermions, they can be represented by spinors that trans-
form in the (1

2 , 0) ⊕ (0, 1
2) representation of the Lorentz group, hence they exhibit chirality.

Chiral symmetry is a flavor symmetry, that is, it acts on the flavor index of quarks1. Using
chiral projection operators (χ = R,L),

PR
L

= 1
2(1± γ5), qχ = Pχq, q̄χ = q̄P−χ, (2.7)

the quark sector of the QCD Lagrangian can be written like:

L = q̄(i /D −M)q → L =
∑
χ

q̄χi /Dqχ − q̄χMq−χ, (2.8)

using q̄χγµq−χ = 0 and q̄χqχ = 0. We consider transformations under U(Nf )R × U(Nf )L:

U(Nf )R :

qR → e−iϑaRtaq
R

q
L
→ q

L

, U(Nf )L :

qR → q
R

q
L
→ e−iϑaLtaq

L

. (2.9)

Since we are considering global symmetries, we can define 2N2
f currents due to Noether’s

theorem and calculate their divergence:

jµaχ = q̄χγ
µtaqχ = q̄γµPχtaq, ∂µj

µa
χ = i (q̄−χMtaqχ − q̄χtaMq−χ) . (2.10)

The charges Q fulfill the same algebra as the generators of SU(Nf )R × SU(Nf )L:

[Qa
R
, Qb

R
] = ifabcQc

R
, [Qa

R
, Qb

L
] = 0, [Qa

L
, Qb

L
] = ifabcQc

L
. (2.11)

It is now possible to take a linear combination of the right- and left-chiral currents to define
vector- and axial-vector currents:

jµaV = jµaR + jµaL , jµaA = jµaR − jµaL (2.12)
1Therefore it is important to keep track of the ordering of generators and the mass matrix.
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This is equivalent to defining a vector transformation by ϑR = ϑL and an axial-vector transfor-
mation by ϑR = −ϑL. The algebra of the new charges reads:

[Qa
V
, Qb

V
] = ifabcQc

V
, [Qa

V
, Qb

A
] = ifabcQc

A
, [Qa

A
, Qb

A
] = ifabcQc

V
, (2.13)

which shows that the vector-currents are closed and can be interpreted as coming from a group
SU(Nf )V . The same reasoning leads to a U(1)V and a U(1)A. However, the 8 generators Qa

A

(a 6= 0) do not close into a subalgebra of our original one. So there is no group generated by
them, instead we have a coset space:

Qa
A
∈
(
SU(Nf )R × SU(Nf )L

) /
SU(Nf )V , a = 1, . . . , N2

f − 1. (2.14)

We conclude that the original U(Nf )R × U(Nf )L symmetry group gets spontaneously broken
to U(1)V × SU(Nf )V ×U(1)A and those generators that are not part of the diagonal subgroup2

of SU(Nf )R × SU(Nf )L.
For completeness, we list the currents’ equal-time commutation relations3. Integration over

d3x leads back to the relations for the charges:

L, R basis [j0a
χ (t,x), j0b

χ′ (t,y)] = ifabcj0c
χ (t,x)δ(3)(x− y)δχχ′ , (2.15a)

V , A basis [j0a
V (t,x), j0b

V (t,y)] = ifabcj0c
V (t,x)δ(3)(x− y), (2.15b)

[j0a
V (t,x), j0b

A (t,y)] = ifabcj0c
A (t,x)δ(3)(x− y), (2.15c)

[j0a
A (t,x), j0b

A (t,y)] = ifabcj0c
V (t,x)δ(3)(x− y). (2.15d)

Chiral symmetry is broken in many different ways (see Table 2.2):

• Explicit breaking: the non-degenerate or non-vanishing quark masses break chiral sym-
metry explicitly. In case of equal, but non-zero quark masses, U(Nf )R × U(Nf )L gets
broken down to U(Nf )V . And if the quark masses are not even equal, then U(Nf )V gets
broken down to U(1)V .

• Anomaly: the anomalous term can be calculated using the Fujikawa method [54] or by
calculating one-loop Feynman diagrams, e.g. the triangle diagram. It is proportional to
a surface term ∼ G̃G.

• Spontaneous breaking: this affects the N2
f − 1 non-diagonal part of the original chiral

group SU(Nf )R × SU(Nf )L. It would lead to N2
f − 1 massless Nambu–Goldstone bosons.

However, since those generators are also broken explicitly, they do have a small mass.
2SU(Nf )V is the diagonal subgroup of SU(Nf )R×SU(Nf )L. Using the notation (g1, g2) ∈ G1×G2, it contains
the elements (g, g), since ϑR = ϑL.

3Only the SU(N)-part, which means a 6= 0.
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Transformation Current ∂µj
µa
∼ EB A SSB

e−iε0V t0 ∈ U(1)V jµ0
V = q̄γµq 0 (1)

e−iεaV ta ∈ SU(Nf )V jµaV = q̄γµtaq iq̄[M, ta]q (2) •

e−iε0Aγ5t0 ∈ U(1)A jµ0
A = q̄γµγ5q iq̄Mγ5q (3) + g2Nf

32π2 G̃
a
µνG

µνa (4) • •

e−iεaAγ5ta jµaA = q̄γµγ5taq iq̄{M, ta}γ5q (5) • •

Table 2.2.: Summary of QCD’s chiral symmetry and its breaking. “EB”, “A”, and “SSB”
stand for “explicit breaking”, “anomaly”, and “spontaneous symmetry breaking”,
respectively. (1)This conserved current leads to the conservation of baryon number.
(2)Since t3 and t8 are diagonal, they commute with M, which leads to conserved
isospin and hypercharge currents. (3)For equal quark masses M = m1, this term
can be written as a pseudoscalar current, mjP . (4)This term is the U(1)A anomaly.
(5)For equal quark masses M = m1, this term can be written as a pseudoscalar
current, mjaP , which is known as the PCAC relation.

Consider the isovector axial-vector currents jµaA and their role in the definition of the
decay constant of a certain Nambu–Goldstone boson (NG):

〈0|jµaA (x)|NGb(p)〉 ∼ ifNG pµeip·xδab.

Since this current is not conserved due to explicit symmetry breaking, we can write:

〈0| ∂µjµaA (x)︸ ︷︷ ︸
6=0

|NGb(p)〉 ∼ ifGB p
2taeip·xδab ∝ m2

NG 6= 0,

and the particles are called Pseudo-Nambu–Goldstone bosons. Actually, we should speak
of dynamical symmetry breaking here, since the field operators that acquire a vacuum
expectation value, q̄q are not an elementary field of the theory, but a composite field.
Dynamical symmetry breaking generates the constituent quark masses and is responsible
for 98% of mass in the universe.

The spontaneous breaking of chiral symmetry will be the main focus of the next section.

Further symmetries. For completeness, QCD also exhibits the following symmetries: Z-
symmetry (spontaneously broken in the gauge sector of QCD at finite temperatures; many
confinement studies are based on this theory) and conformal symmetry (broken by the so-
called trace anomaly).
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2.3. Spontaneous chiral symmetry breaking and the
Nambu–Goldstone theorem

In this section, we will discuss spontaneous symmetry breaking and the Nambu–Goldstone
theorem, which states that spontaneous symmetry breaking leads to massless particles, as
discussed in various textbooks [9, 10, 55–57]. Let us consider a theory with quantum fields
ϕi(xµ) and that the action is invariant under a continuous symmetry transformation. This
leads to conserved currents via Noether’s theorem [58, 59]:

jµ(x) = jµa (x)εa, jµa (x) = ∂L
∂(∂µϕi(x))

δϕi(x)
δεa

, (2.16)

such that ∂µjµa = 0. We can then define the following conserved charges Qa by integrating the
0-components of the currents jµa : Qa =

∫
d3x j0

a(x), which can be used to generate the symmetry
transformation of the fields, since they form a representation of the symmetry algebra on the
Hilbert space4:

ϕi(x)→ ϕ′i(x) = eiεaQaϕi(x)e−iεaQa = ϕi(x) + δϕi(x) → δϕi(x) ≈ iεa[Qa, ϕi(x)]. (2.17)

where the approximation denotes omitting terms of order ε2. The fields ϕi(x) belong to a certain
representation of the symmetry group. If we denote the generators in that representation with
[ta]ij, we can write their transformation behavior also like this:

ϕi(x)→ ϕ′i(x) =
[
eiεata

]
ij
ϕj(x) = ϕi(x) + δϕi(x) → δϕi(x) ≈ iεa[ta]ijϕj(x). (2.18)

where again the approximation denotes omitting terms of order ε2. By comparing the two
expressions for δϕi(x), we get: [Qa, ϕi(x)] = [ta]ijϕj(x).
A state |ψ〉 breaks this symmetry if there exists any operator A such that:

〈ψ| [Qa, A] |ψ〉 6= 0. (2.19)

If such an operator A does not exist, the state |ψ〉 is symmetric under U = exp(iεaQa). This is
consistent with the statement that a state is symmetric under the transformation U if U |ψ〉 =
|ψ〉, because then the left-hand side of Eq. (2.19) would vanish. We now define spontaneous
symmetry breaking (SSB) in the case that |ψ〉 → |0〉, i.e. a symmetry transformation leaves
the equations of motion invariant, but not the vacuum ground state of the theory: ∃A :
〈0| [Qa, A] |0〉 6= 0. We thus distinguish two cases:

1. No SSB: If the unitary transformation operators leave the vacuum invariant, then there is
no spontaneous breaking of the symmetry:

eiεaQa |0〉 = |0〉 . (2.20)
4This means: [ta, tb] = ifabc tc and [Qa, Qb] = ifabcQc.
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Expanding this in a Taylor series reveals that all charge operators must annihilate the
vacuum: Qa |0〉 = 0 ∀ a. Thus, for any operator A, the symmetry is not broken in the
ground state:

〈0| [Qa, A] |0〉 = 〈0|Qa︸ ︷︷ ︸
0

A |0〉 − 〈0|AQa |0〉︸ ︷︷ ︸
0

= 0. (2.21)

This is also known as the “Wigner–Weyl realization” of a symmetry.

2. SSB: If the transformation operators do not leave the vacuum invariant, then the symmetry
has been spontaneously broken:

eiεaQa |0〉 6= |0〉 . (2.22)

This means, there must be at least one charge operator which does not annihilate the
vacuum: ∃ a : Qa |0〉 6= 0. Consequently, there must exist an operator that acquires a
non-zero vacuum expectation value:

〈0| [Qa, A] |0〉 6= 0. (2.23)

The quantity in Eq. (2.23) takes on the role as an order parameter: “An order param-
eter is a non-vanishing vacuum expectation value of some local field, which transforms
non-trivially under the symmetry group.” [60]. And if this “local field” [Qa, A] is not
an elementary field, but instead a composite field5, we speak of dynamical symmetry
breaking. This is known as the “Nambu–Goldstone realization” of a symmetry.

A naive way to arrive at massless particle states in the spectrum is to claim that since one charge
operator does not annihilate the vacuum, it should be another state which we could denote with
λ: Qa |0〉 = |λ〉. Since the Qa are symmetry generators of the theory, they commute with the
Hamiltonian, which implies H |λ〉 = HQa |0〉 = QaH |0〉 = 0, i.e. the state |λ〉 is an eigenstate
of the Hamiltonian with zero eigenvalue. However, the action of Qa on the ground state |0〉
leads to a non-normalizable in the case of spontaneous symmetry breaking, as stated by the
Fabri–Picasso theorem [61]:

||Q |0〉 || = 〈0|QQ |0〉 =
∫

d3x 〈0| j0(x)Q |0〉 (2.24a)

=
∫

d3x 〈0| eiPxj0(0)e−iPxQeiPxe−iPx |0〉 (2.24b)

=
∫

d3x 〈0| j0(0)Q |0〉 . (2.24c)

Here we assumed that both the vacuum state |0〉 as well as the charge operator Q are trans-
lationally invariant. If Q |0〉 = 0, then the norm is zero. If not, the integral on the right-hand
side diverges (because nothing depends on x anymore) and the norm of the state Q |0〉 gets
infinitely large. Therefore, Q |0〉 can only be part of the Hilbert space if Q |0〉 = 0. So instead,
let us discuss a more rigorous proof of the Nambu–Goldstone theorem.

5e.g. the quark condensate q̄q, whereas only q(x) would be an elementary field.
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Nambu–Goldstone theorem. The Nambu–Goldstone theorem [62–64] states that for every
spontaneously broken generator, there will be a massless, spin-0 particle (a so-called Nambu–
Goldstone boson) in the theory: “Consider a Poincaré invariant theory that is invariant under
a group G and has conserved currents jµa . Let Qa be a generator of G that breaks the symme-
try spontaneously. Then there are massless spin-0 particles (Nambu–Goldstone bosons) which
couple to the currents jµa and thus have the same quantum numbers.”
To start the proof, let us remind ourselves that spontaneous symmetry breaking takes place,

if there exists an order parameter operator [Qa, A], which yields a non-zero vacuum expectation
value: 〈0| [Qa, A] |0〉 6= 0. In order to avoid any subtlety with the ill-defined charge Q in the
case of SSB, we use the commutator of the current j0:

〈0| [Qa, A] |0〉 =
∫

d3x 〈0| [j0
a(x), A] |0〉 6= 0. (2.25)

We insert a completeness relation of one-particle states 1 = ∑
n

∫
d3k (2π)−3 |n,k〉〈n,k| between

the current j0
a(x) and the operator A, where the states |n,k〉 have momentum k and n represents

all other quantum numbers. These states are normalized6 by 〈n′,k′|n,k〉 = (2π)3δnn′δ
(3)(k−k′).

This yields:

〈0| [Qa, A] |0〉 =
∑
n

∫ d3k

(2π)3 d3x

[
〈0| j0

a(x) |n,k〉〈n,k|A |0〉 − c.c.
]
6= 0, (2.26)

where c.c. denotes complex conjugation. We use T (a)ϕ(x)T−1(a) = ϕ(x+a) with the translation
operator T (a) = eiPµaµ in order to remove the position dependence on the current j0

a(x). Here
P µ |n,k〉 = kµ |n,k〉 and P µ |0〉 = 0 denote the momentum operator acting on a state with
momentum kµ and the vacuum, respectively:

〈0| [Qa, A] |0〉 =
∑
n

∫ d3k

(2π)3 d3x

[
〈0| j0

a(0) |n,k〉〈n,k|A |0〉 e−ik·x − c.c.
]
6= 0. (2.27)

We evaluate the d3x integration, which yields a Dirac delta function:

〈0| [Qa, A] |0〉 =
∑
n

∫
d3k

[
〈0| j0

a(0) |n,k〉〈n,k|A |0〉 e−iE(k)t − c.c.
]
δ(3)(k) 6= 0. (2.28a)

We can conclude two things:

1. Since the right-hand side has to be non-zero for spontaneous symmetry breaking, the two
matrix elements 〈0| j0

a(0) |n,k〉 and 〈n,k|A |0〉must be non-zero as well. This implies that
there be a one-particle state |n,k〉 with the same parity and internal quantum numbers
as j0

a and the operator A. In particular, this means that the state is a spin-0 state.
6We temporarily choose this normalization instead of the covariant normalization where states are normalized
according to: 〈n′,k′|n,k〉 = (2π)32E(k)δnn′δ(3)(k − k′), in order to avoid dividing by zero, since massless
states would be normalized to 0 using this normalization where the completeness relation reads: 1 =∑
n

∫
d3k (2π)−3(2E(k))−1 |n,k〉〈n,k|.
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2. Since the right-hand side must be time-independent, we require that E(k) = 0. Since we
also have a delta function δ(3)(k), the energy at zero momentum must vanish, which is
only possible for massless states. This massless particle state is called a Nambu–Goldstone
boson. Note that the covariant state normalization does not work here, because the d3k

would be divided by the energy, and if the energy and the state norm are zero, we would
divide zero by zero7.

Furthermore, for every symmetry transformation generator Qa that does not annihilate the
vacuum, there is one such massless state.

QCD and chiral symmetry. In the case of QCD’s chiral symmetry, the generators that
spontaneously break chiral symmetry are the ones belonging to the non-diagonal subgroup
of SU(N)L × SU(N)R (see Table 2.2) and the operator A is a pseudoscalar current:

Qa =
∫

d3x q̄γµγ5 τ
a

2 q, Ab = P b = q̄iγ5τ bq. (2.29)

The order parameter operator is thus given by:

[Qa, Ab] =
∫

d3x [q̄γ0γ5 τ
a

2 q(x), q̄iγ5τ bq(y)]. (2.30)

We can simplify this commutator with the help of the following identity:

[q†(x)ΓAΛaq(x), q†(y)ΓBΛbq(y)]x0=y0 = δ(3)(x− y)q†(x)[ΓAΛa,ΓBΛb]q(x), (2.31)

where ΓA and Λa are generic gamma matrices and Pauli matrices, respectively. In our case,
ΓA = γ0γ0γ5, ΓB = γ0γ5, Λa = τa

2 , Λb = τ b, such that we can simplify the commutator as
follows:

[ΓAΛa,ΓBΛb] = [ΓA,ΓB]︸ ︷︷ ︸
−2γ0

ΛaΛb + ΓBΓA [Λa,Λb]︸ ︷︷ ︸
iεabcτc

. (2.32)

This means, the order parameter operator is given by:

[Qa, Ab] = −δabq̄(x)q(x), (2.33)

and the order parameter is the quark condensate: 〈0| [Qa, Ab] |0〉 = −δab 〈0| q̄q |0〉. If we consider
Eq. (2.28a) with the covariant normalization (i.e. divide by 2k0) and define the following matrix
elements with the pions as the Nambu–Goldstone bosons,

〈0| jµa (x) |πb(k)〉 = iδabkµfπe−ik·x, 〈0|P a(x) |πb(k)〉 = δabGπe−ik·x, (2.34)

then Eq. (2.28a) directly yields the Glashow–Weinberg relation: fπGπ = −〈0| q̄q |0〉.
7Strictly speaking, none of the states |n,k〉 are normalizable because of the delta function. A more rigorous
proof assumes a finite volume V to discretize the momenta and takes the limit V → ∞, as done e.g. in
Ref. [55].
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2.4. Effective field theories

An effective field theory is generally a low-energy approximation to a more fundamental under-
lying theory. Considering some energy scale Λ of the fundamental theory, we are only interested
in energies below that scale. In fact, it is not even necessary to know the details of the under-
lying theory at energies larger than Λ, in order to still have a good approximation. [10].
How does one construct an effective field theory? It is necessary to connect the observables

calculated in such a low energy theory to the fundamental theory. The way this is achieved is
by considering the most general Lagrangian that exhibits all the symmetries of the underly-
ing theory. According to Weinberg, this yields the “most general possible S-matrix consistent
with analyticity, perturbative unitarity, cluster decomposition and the assumed symmetry princi-
ples” [65]. Therefore it is of great importance to understand the symmetries of the fundamental
theory, which we discussed in Section 2.2 for the case of QCD.
There are three main types of effective field theories. First, a theory with complete decoupling

of heavy fields. In other words, heavy fields ϕ with a mass mϕ > Λ that is greater than some
cut-off are integrated out. An example of this would be the Fermi theory of weak interactions.
Second, partial decoupling of heavy fields. In this case, only the high-momentum modes are
integrated out. A prominent example is heavy quark effective theory (HQET). Third, a theory
with spontaneous symmetry breaking. Here, we only consider the energy regime where the
symmetry is already broken. An example of this kind of theory is chiral perturbation theory,
which will be the topic of the next chapter.

2.5. Vacuum chiral perturbation theory

Chiral perturbation theory [10, 33] is an effective field theory, therefore its most fundamental
quantity is the Lagrangian, which exhibits all symmetries of QCD and enters the partition
function Z, which contains the information of all possible interactions. The partition function,
or generating functional, is defined as the transition amplitude between two asymptotic in-
and out-states, and can be written as the exponential of the functional of all connected Green
functions W :

Z[J ] = eiW [J ] = 〈Ωout|Ωin〉J . (2.35)

In the main part of this thesis, we will take these asymptotic states to describe Fermi seas of
non-interacting protons and neutrons at times t→ ±∞. In this section however, we will focus
on in-vacuum chiral perturbation theory and review the fundamental points.
In the next two sections, we will discuss the chiral field U and the chiral Lagrangian.
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2.5.1. The chiral field

Chiral perturbation theory is an effective theory to describe Nambu–Goldstone bosons, in our
case, the pions. However, the field we use to construct the Lagrangian is not the pion field
itself, but rather a non-linear parametrization of the pion field, called the chiral field U(π).

Non-linear realization of chiral symmetry

In this section we closely follow Refs. [7, 10] to discuss the non-linear realization of chiral
symmetry, which was originally developed by Callan, Coleman, Wess and Zumino [20, 21, 66,
67]. The goal of this section is to find a convenient way to represent the Nambu–Goldstone
fields, with which we can build a Lagrangian that is invariant under chiral transformations.

General considerations for an arbitrary symmetry group. We start by defining a set of
vectors Φ, the components of which are the Nambu–Goldstone (NG) fields φi, where i = 1, .., n.
These functions φi(x) are smooth functions from Minkowski space R3,1 to the real numbers:

M1 ≡ {Φ ∈ Rn | φi : R3,1 → R are smooth functions}. (2.36)

We want to find a bijective function ϕ(g,Φ), which takes an element g ∈ G of the symmetry
group and a configuration of NG fields and then returns a new configuration of NG fields,

ϕ(g,Φ) : (G,M1)→M1. (2.37)

By finding this function, we know how an element of the abstract group G acts on the vector
Φ of NG fields.
We demand two basic properties for this function ϕ. First, that the identity element e ∈

G returns the same vector Φ, and second, that a composite transformation g1g2 ∈ G acts
successively via ϕ:

ϕ(e,Φ) = Φ, (2.38a)

ϕ(g1g2,Φ) = ϕ(g1, ϕ(g2,Φ)). (2.38b)

In the case of spontaneous symmetry breaking, the symmetry group G gets broken down to a
subgroup H ≤ G. By definition, this elements of this subgroup H must leave the ground state
of the theory invariant. Let Φ = 0 be the origin of M1, which we interpret as the ground state.
Then,

ϕ(h, 0) = 0 ∀ h ∈ H. (2.39)

In the following, we want to investigate the action of an element of the quotient space G/H
on vectors in M1, so we define the left coset of an element g ∈ G with respect to a subgroup
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H ≤ G as the set gH ≡ {gh| h ∈ H}. Since the identity is element of the group H (compare
Eqs. (2.38a) and (2.39)), g itself is part of its coset. Furthermore, the set of all left cosets of
group elements g with respect to a subgroup H defines the quotient space G/H. We state
without proof that cosets either completely overlap or separate in completely disjoint cosets.
If we let an element gh ∈ G/H of the quotient space act on the ground state, it will lead

us to the same vector in M1, independent of which h ∈ H we choose. That is, all elements
(so-called representatives) of a given coset gH lead to the same vector Φg:

ϕ(gh, 0) = ϕ(g, ϕ(h, 0)) = ϕ(g, 0) ≡ Φg ∈M1. (2.40)

Next we will show that ϕ is injective with respect to elements of different cosets, i.e. with
respect to G/H. For g and g′ belonging to different cosets (g′ /∈ gH, that is, g′ cannot be
written as g′ 6= gh for any h ∈ H, in particular since e ∈ H, g′ 6= g), the respective output
of the function Φg = ϕ(g, 0) and Φg′ = ϕ(g′, 0) will be different. To show this we use proof
by contradiction: let us assume that g and g′ belong to different cosets, g′ /∈ gH, but that
Φg = ϕ(g, 0) = ϕ(g′, 0) = Φg′ . By using this, we can calculate:

0 = ϕ(e, 0) = ϕ(g−1g, 0) = ϕ(g−1, ϕ(g, 0)) (∗)= ϕ(g−1, ϕ(g′, 0)) = ϕ(g−1g′, 0), (2.41)

where (∗) marks where we use our assumption. Since the last expression must be equal to 0, this
means that g−1g′ must be an element ofH (since only elements ofH leave the vacuum invariant).
However, this means that g−1g′ ∈ H ↔ g′ ∈ gH, which contradicts our assumption. This shows
that two different Φg 6= Φg′ can be backtracked to different cosets, meaning that the cosets are
in fact completely disjunct and that ϕ is invertible. This property of invertibility is important,
because now we can start with a given configuration of the NG fields Φ̃ = ϕ(g̃, 0) = ϕ(g̃h, 0) and
uniquely determine the coset that g̃h belongs to. One element g̃h ∈ g̃H is called a representative
of this coset.
Now what happens when we want to let a general group element g ∈ G act on Φ̃? By having

this unique relationship between Φ̃ and g̃H, we can investigate this. Instead of asking how g

affects Φ, we know how g acts on g̃H, since they form a group:

Φg̃
g→ Φ′g̃ = ϕ(g, Φ̃) = ϕ(g, ϕ(g̃h, 0)) = ϕ(gg̃h, 0) ≡ Φgg̃. (2.42)

We see that the transformation Φg̃
g→ Φ′g̃ corresponds to letting g act on Φg̃’s coset, g̃H → gg̃H,

thus creating a different coset (gg̃)H, which (as we showed) is completely disjoint from the
previous one. In other words, this way lets g transform one Φ to a strictly different Φ′. We can
represent this situation using a commutative diagram:
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Φg̃ Φ′g̃

g̃H gg̃H

g

unknown how to do

ϕ−1search for unique coset

g

binary group operation

ϕ new coset specifies a new Φ′

So instead of going from Φ to Φ′, which we do not know how to do, we identify the unique coset
g̃H that is related to Φg̃. Since this coset is part of the group G, we know how to let g act on
this based on the binary group operation that defines G and then we can use ϕ to identify the
new vector Φ′ based on gg̃H.

Application to QCD. QCD’s chiral symmetry and its spontaneous breaking are described by
the following groups,

G = SU(N)L × SU(N)R
χSB→ H = SU(N)V , (2.43)

which are given by

G = {(L,R) | L ∈ SU(N), R ∈ SU(N)}, (2.44a)

H = {(V, V ) | V ∈ SU(N)}, (2.44b)

where H is the diagonal subgroup of G. According to the Nambu–Goldstone theorem [62–64],
this leads to massless Nambu–Goldstone bosons φi (i = 1, .., N2 − 1) that live in the coset
space G/H. However, the chiral transformations are elements of the larger group G. How the
Nambu–Goldstone boson, i.e. the pion, transforms under an element g ∈ G, will be the topic
from this point on.
Let us consider an element g̃ = (L̃, R̃) ∈ G. Its left coset g̃H contains all pairs (L̃V, R̃V )

where V ∈ SU(N). Since all coset representatives lead to the same NG boson configuration, we
are free to choose a certain (V, V ) ∈ H. A common convention is to choose V such that the first
element of the pair (L̃V, R̃V ) is the identity matrix, i.e. V = L̃†. For a given g̃ = (L̃, R̃) ∈ G,
its coset will be represented by (1, R̃L̃†), and this can be identified by just one matrix U ≡ R̃L̃†

(since the other one is 1 by convention). This U is now uniquely connected to a certain
configuration of NG bosons.
According to the commutative diagram depicted above, the question how the NG bosons

transform can be answered by investigating how the coset transforms. A general chiral trans-
formation g = (L,R) acts on the coset g̃H in the following way:

g ◦ g̃H → (L,R) ◦ (L̃V, R̃V ) = (LL̃V,RR̃V ), (2.45)
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and again, we choose V such that the first element becomes the identity matrix: LL̃V != 1 ↔
V = L̃†L†. The new coset representative is therefore (1, U ′) = (1, RR̃L̃†L†) and we can read
off the transformation behavior of U :

U
g=(L,R)−→ RUL†. (2.46)

Let us summarize what we have got so far. The NG fields are collected in a vector Φ =
(φ1, .., φn) where φi are smooth functions from Minkowski space to the real numbers. We know
in an abstract way that Φ can be represented by the left coset g̃H for a particular g̃ ∈ G and as
a representative of this coset we chose U . Now we want to make this connection less abstract
and really get a connection between the NG fields and the object whose chiral transformation
properties we know, U .
First, let us write the NG fields φi in a matrix, as opposed to a vector in Rn. We define a set

M2, which contains matrices φ that act as functions from Minkowski space to Hermitian and
traceless n× n matrices (the set of which is denoted by H(n)):

M2 ≡ {φ : R3,1 → H(n) | φ contains smooth functions}. (2.47)

A way to represent elements of H(2) is using an expansion in the Pauli matrices:

φ = φiτ
i =

 φ3 φ1 − iφ2

φ1 + iφ2 −φ3

 . (2.48)

These φi are exactly what we will call the mathematical (or Cartesian) basis of the pions. One
can extract one field φi out of the matrix φ by using φi = 1

2 Tr
F
{τ iφ}. As a side note, since the

physical basis is defined as π± = (φ1∓ iφ2)/
√

2 and π0 = φ3, we could alternatively write φ as:

φ =
 π0 √

2π+
√

2π− −π0

 . (2.49)

Second, we want to create a connection between the matrix φ and the matrix U . To do so,
we define the set M3 as the set of functions U from Minkowski space to SU(N):

M3 ≡ {U : R3,1 → SU(N) | U = U [φ] with φ ∈M2}. (2.50)

The simplest parametrization is U [φ] = exp(iφ/F0) with F0 a dimensionful parameter to render
the argument of the exponential function dimensionless. Since a bosonic field has units of
energy, F0 also has units of energy.
Finally, we identify this functional U [φ] with the coset representative (1, U) ∈ g̃H for the

particular g̃ belonging to φ. To achieve this, we claim that our original ϕ (which took an
element g ∈ G and Φ ∈ Rn as input to define the operation of g on Φ) now takes a g ∈ G and
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a U ∈M3 as input and transforms it according to the behavior we already found in Eq. (2.46).
Mathematically this can be written as:

ϕ : G⊗M3 →M3 with ϕ[g, U ] = ϕ[(L,R), U ] = RUL†. (2.51)

To verify that this is really a proper transformation for the NG boson fields, we need to check
three things: (i) is RUL† ∈M3? (ii) Is ϕ[e, U ] = U fulfilled? (iii) Is ϕ[g1g2, U ] = ϕ[g1, ϕ[g2, U ]]
fulfilled? The last two properties are the ones we initially demanded for the mapping ϕ in
Eqs. (2.38a) and (2.38b).

(i) Since U ∈ M3, it is a SU(N) function, taking xµ ∈ R3,1 as input. Therefore we can
multiply the matrices R,L† ∈ SU(N) on it, yielding again a SU(N) matrix, since SU(N)
is closed under matrix multiplication. Therefore, RUL† is truly an element of M3.

(ii) Yes: ϕ[(1,1), U ] = 1U1† = 1U1 = U .

(iii) We check both sides of the equation separately:

ϕ[g1g2, U ] = ϕ[(L1L2, R1R2), U ] = R1R2UL
†
2L
†
1,

ϕ[g1, ϕ[g2, U ]] = ϕ[(L1, R1), ϕ[(L2, R2), U ]] = ϕ[(L1, R1), R2UL
†
1] = R1R2UL

†
2L
†
1,

so both sides are equal.

We note that ϕ is not a group representation, because M3 is no vector space.
As a final check, we can confirm that vector chiral rotations leave the vacuum invariant,

whereas axial-vector chiral rotations do not, thus confirming the implementation of spontaneous
chiral symmetry breaking. The vacuum, i.e. the ground state, corresponds to φ = 0, therefore
U [0] = 1 should hold:

ϕ[(V, V ), U [0]] = V 1V † = V V † = 1, (2.52a)

ϕ[(A,A†), U [0]] = A†1A† = A†A† 6= 1. (2.52b)

Concluding this discussion, we found a (non-linear) realization of the NG fields in terms of
SU(N) matrices, we know how these matrices transform and can thereby construct a Lagrangian
that is invariant under the chiral transformation U → RUL†. There are actually many possible
parametrizations for the chiral field U [φ], which should all lead to the same physics. In the next
section, we present the parametrization used in this thesis and the chirally invariant Lagrangian
built from U .
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2.5.2. The chiral Lagrangian

The first part of the Lagrangian contains only the pion field and external sources. It is called
the chiral Lagrangian and is given by [9, 10]:

L(2)
π = f 2

4 Tr
{
DµU

†DµU + χ†U + χU †
}
, (2.53)

where the trace is taken over spinor- and flavor indices8 and the superscript (2) stands for
second order in the chiral counting. The chiral field U contains the three pions, the field χ

contains scalar and pseudoscalar external fields, and the covariant derivative Dµ contains vector
and axial-vector external fields. We will now discuss these three quantities in more detail:

• U is the chiral field, which can be expressed in terms of the pion fields [68, 69],

U = exp
[
iπ y(π2)

2
√
π2

]
= cos

(
y(π2)

2

)
+ i π√

π2
sin

(
y(π2)

2

)
, (2.54)

U † = exp
[
−iπ y(π2)

2
√
π2

]
= cos

(
y(π2)

2

)
− i π√

π2
sin

(
y(π2)

2

)
, (2.55)

where π = πaτa and π2 = πaτaπbτ b = πaπa1 = π21, and the function y(π2) satisfies

y − sin(y) = 4
3

(
π2

f 2

)3/2

. (2.56)

The advantage of this parametrization is that the soft-pion theorems of chiral symmetry
(e.g. the Adler zero condition [70]) are automatically fulfilled, even beyond tree-level
calculations, i.e., involving pion loops. As demonstrated by Refs. [22, 69], loop amplitudes
containing pions explicitly depend on the choice of the parametrization of the chiral field.
Furthermore, for a general choice of the chiral field U , soft-pion theorems are only fulfilled
at tree-level. However, when a certain parametrization is used (i.e. the one employed in
the present work), Charap and Gerstein et al. showed that the resulting loop amplitudes
agree with the soft-pion theorems. If one chooses the standard parametrization, one would
have to use e.g. the background field method (see e.g. Refs. [30, 71]) in order to ensure
chiral invariance.

We discuss in Appendix B.1 how to deal with the function y(π2) and how to evaluate
trigonometric functions containing y(π2). Finally, τa are the Pauli matrices. Useful
identities involving the Pauli matrices are listed in Appendix B.4.1. The chiral field can
be expanded like this:

U(π) = 1 + iπ
f
− 1

2
π2

f 2 −
i

10
ππ2

f 3 −
1
40

(π2)2

f 4 + · · · , (2.57a)

U †(π) = 1− iπ
f
− 1

2
π2

f 2 + i
10
ππ2

f 3 −
1
40

(π2)2

f 4 + · · · . (2.57b)
8E.g.: the gamma matrices carry spinor indices, γµαβ , and the Pauli matrices carry flavor indices, τaij .
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• Dµ is the covariant derivative, given by:

DµU = ∂µU − irµU + iU`µ, (2.58a)

DµU
† = ∂µU

† + iU †rµ − i`µU †, (2.58b)

where rµ = 1
2(vµ+aµ) and `µ = 1

2(vµ−aµ). In these expressions, vµ = vaµ
τa

2 and aµ = aaµ
τa

2
are the external vector and axial-vector fields (a = 1, 2, 3). The partial derivative of U is
given by:

∂µU = πi∂µπ
i

f 2

[
−f 2y′ sin(y/2)

]
+ i∂µπ

f

√
f 2

π2 sin(y/2)

+ iππ
i∂µπ

i

f 3

f 2y′
√
f 2

π2 cos(y/2)−
(
f 2

π2

)3/2

sin(y/2)
 , (2.59a)

∂µU
† = πi∂µπ

i

f 2

[
−f 2y′ sin(y/2)

]
− i∂µπ

f

√
f 2

π2 sin(y/2)

− iππ
i∂µπ

i

f 3

f 2y′
√
f 2

π2 cos(y/2)−
(
f 2

π2

)3/2

sin(y/2)
 , (2.59b)

and it can be expanded like this:

∂µU = i∂µπ
f
− πa∂µπ

a

f 2 1− i∂µππ
2 + 2∂µπaπaπ

10f 3 − ∂µπ
aπaπ2

10f 4 1 + . . . , (2.60a)

∂µU
† = −i∂µπ

f
− πa∂µπ

a

f 2 1 + i∂µππ
2 + 2∂µπaπaπ

10f 3 − ∂µπ
iπiπ2

10f 4 1 + . . . . (2.60b)

Here, we use the convention that the derivative only acts on the object directly next to
it: ∂µfg ≡ (∂µf)g.

• The field χ contains the external scalar (s = saτa, a = 0, 1, 2, 3) and pseudoscalar (p =
paτa, a = 0, 1, 2, 3) currents,

χ = 2B0(s+ ip), χ† = 2B0(s− ip), (2.61)

and B0 is a low-energy constant (LEC).

The only LEC in the pion sector is B0. Since it usually appears with a factor of the quark mass
m, we replace both with B0m → m2

π/2, as discussed in Ref. [72], which follows from the pion
mass term in the Lagrangian.
In order to evaluate the pion sector of the chiral Lagrangian, we first identify the necessary
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terms:

L(2)
π = f 2

4 Tr
F

{
DµU

†DµU
}

+ f 2

4 Tr
F

{
χ†U + χU †

}
(2.62)

= f 2

4 Tr
F

{
∂µU

†∂µU
}
− if

2

4 Tr
F

{
(U∂µU † + U †∂µU)vµ

}
− if

2

4 Tr
F

{
(U∂µU † − U †∂µU)aµ

}
+ f 2

8 Tr
F
{vµvµ}+ f 2

8 Tr
F
{aµaµ}

− f 2

8 Tr
F

{
U †(vµ + aµ)U(vµ − aµ)

}
+ f 2

4 Tr
F

{
χ†U + χU †

}
. (2.63)

Here we used the following equations, which are due to UU † = U †U = 1:

∂µU
†U = −U †∂µU, ∂µUU

† = −U∂µU †. (2.64)

The necessary terms are as follows. The term with two derivatives can be written as:

∂µU
†∂µU = ∂µπ

i∂µπi

f 2

[
f 2

π2 sin2
(
y

2

)]

+ πi∂πiπj∂πj

f 4

(f 2y′)2 sin2
(
y

2

)
+ f 2y′

f 2

π2 sin(y)− 2
(
f 2

π2

)2

sin2
(
y

2

)
+ πiπiπj∂µπ

jπk∂µπk

f 6

f 2y′
√
f 2

π2 cos
(
y
2

)
−
(
f 2

π2

)3/2

sin
(
y
2

)2

. (2.65)

The terms with one derivative yield:

U∂µU
† = i∂µπ

f

−
√
f 2

π2
sin(y)

2

+ πi∂µπ
i

f 2

[
f 2

π2 sin2
(
y
2

)
− f 2y′

sin(y)
2

]

+ iε
abcπa∂µπ

bτ c

f 2
f 2

π2 sin2
(
y
2

)
+ iππ

i∂µπ
i

f 3

(f 2

π2

)3/2 sin(y)
2 − 1

tan2
(
y
2

) − 1


+ πiπiπj∂µπ
j

f 4

√f 2

π2
1

tan
(
y
2

) − (f 2

π2

)2

sin4
(
y
2

) , (2.66a)

U †∂µU = i∂µπ
f

√f 2

π2
sin(y)

2

+ πi∂µπ
i

f 2

[
f 2

π2 sin2
(
y
2

)
− f 2y′

sin(y)
2

]

+ iε
abcπa∂µπ

bτ c

f 2
f 2

π2 sin2
(
y
2

)
− iππ

i∂µπ
i

f 3

(f 2

π2

)3/2 sin(y)
2 − 1

tan2
(
y
2

) − 1


+ πiπiπj∂µπ
j

f 4

√f 2

π2
1

tan
(
y
2

) − (f 2

π2

)2

sin4
(
y
2

) , (2.66b)
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and the terms involving Pauli matrices give:

U †τaUτ b = δab + iεabcτ c cos2(y2) + εabcπc

f

√f 2

π2 sin(y)


+ iπ
bτa − πaτ b

f

√f 2

π2 sin(y)
+ iεabcτ c sin2(y/2), (2.67a)

τaU = τa cos(y/2) + i τ
aπ√
π2

sin(y/2) (a = 0, 1, 2, 3), (2.67b)

τaU † = τa cos(y/2)− i τ
aπ√
π2

sin(y/2) (a = 0, 1, 2, 3). (2.67c)

Now we list the terms in the Lagrangian. First, the terms involving only pions are:

f 2

4 Tr
F

{
∂µU

†∂µU
}

= ∂µπ
i∂µπi

[
1
2
f 2

π2 sin2
(
y

2

)]

+ πi∂πiπj∂πj

f 2

 1
2 sin2(y/2)

π2

f 2 + 1
tan(y/2)

√
f 2

π2 −
(
f 2

π2

)2

sin2
(
y

2

)
+ πiπiπj∂µπ

jπk∂µπk

f 4
1
2

 cos
(
y
2

)
sin2(y/2) −

(
f 2

π2

)3/2

sin
(
y
2

)2

. (2.68)

Note that, since
[

1
2
f2

π2 sin2
(
y
2

)]
is equal to 1/2 to first order, this term correctly reproduces the

usual Lagrangian for a real scalar field. Next, the terms involving one vector- or axial-vector
external source field:

−if
2

4 Tr
F

{
(U∂µU † + U †∂µU)vµ

}
= εabcπa∂µπbvcµ

[
1
2
f 2

π2 sin2(y/2)
]
, (2.69a)

−if
2

4 Tr
F

{
(U∂µU † − U †∂µU)aµ

}
= faaµ∂

µπa

−1
4

√
f 2

π2 sin(y)


+ πaπi∂µπi

f
aaµ

(f 2

π2

)3/2 1
4 sin(y)− 1

2 tan2(y2) −
1
2

 .
(2.69b)

Next, the terms involving two vector- and axial-vector external source fields:

f 2

8 Tr
F
{vµvµ} = f 2

8 v
a
µv

µ
a , (2.70a)

f 2

8 Tr
F
{aµaµ} = f 2

8 a
a
µa

µ
a , (2.70b)

−f
2

8 Tr
F

{
U †(vµ + aµ)U(vµ − aµ)

}
= −f

2

8 v
a
µv

µ
a + f 2

8 a
a
µa

µ
a

− fεabcaaµv
µ
b π

c

√f 2

π2
sin(y)

4

 . (2.70c)
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Note that the term in Eq. (2.70a) will cancel with the first term of Eq. (2.70c). This reflects
gauge invariance: invariance under a local transformation is only realized in the vector trans-
formations, the axial-vector transformations do not leave the Lagrangian invariant. For a local
(i.e. gauge) transformation, the associated vector field cannot have a mass term without break-
ing gauge invariance. Therefore, since the vector transformations respect chiral symmetry, a
mass term for the vector field is forbidden by gauge invariance. On the other hand, a mass
term for the external axial-vector field Eq. (2.70b) is allowed.
Finally, the terms containing scalar and pseudoscalar sources reads:

f 2

4 Tr
F

{
χ†U + χU †

}
= 2f 2B0m cos(y/2) + 2fB0p

iπi
√
π2

f 2 sin(y/2). (2.71)

For the first term, we introduce the quark mass by replacing s0 = m. Since we assume isospin
symmetry, this quark mass is the average of the up and down quark mass, m = (mu +md)/2.



3. In-Medium Chiral Perturbation Theory

In order to describe the interactions between the pions and the surrounding nuclear matter, we
use in-medium chiral perturbation theory. In Section 3.1, we show how the nucleon field can
be integrated out of the generating functional to arrive at an in-medium formulation of chiral
perturbation theory. In Section 3.2, we discuss the πN interaction Lagrangian and review the
low-energy constants that parametrize the interactions strengths In Section 3.3, we show how
to implement isospin-asymmetric nuclear matter, and close this chapter in Section 3.4 by listing
the Feynman rules that underly all further calculations within the scope of this thesis.

3.1. The nucleon field
Let us start by investigating the nucleon field. First, we show how the bilinear nucleon field can
be integrated out using the path integral formalism. Then, we show the Lagrangian in detail,
including its various low-energy constants (LECs).

3.1.1. Integration of the nucleon field

As originally demonstrated in Ref. [33], and further developed by Ref. [34], we will now show
how we deal with the nucleon fields in this thesis. By assuming a bilinear nucleon term in the
Lagrangian, we are able to integrate it out and treat it as a background field. We will closely
follow Ref. [33] in order to arrive at an expression for the generating functional that allows us to
systematically introduce pion-nucleon interactions within the framework of chiral perturbation
theory.
Let us start by defining the ground state of the in-medium theory. At asymptotic times,

t→ ±∞, the ground state is taken to be a Fermi-sea of non-interacting nucleons. The number
of momentum states in this Fermi sea is determined by the proton and neutron densities ρp,n,
which uniquely determine the respective Fermi momentum k

(p,n)
F = (3π2ρp,n)1/3:

|Ωin〉 = lim
t→−∞

|pi|≤kpF∏
i

|pj |≤knF∏
j

a†p(pi)a†n(pj)|0〉, (3.1a)

|Ωout〉 = lim
t→∞

|pi|≤kpF∏
i

|pj |≤knF∏
j

a†p(pi)a†n(pj)|0〉. (3.1b)
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By collecting proton and neutron fields in the two-component isospin doublet N = (p, n)T , we
can define the generating functional using the the path integral formulation of quantum field
theory:

Z[J, η, η̄] = 〈Ωout|Ωin〉J,η,η̄ = lim
t→−∞
t′→∞

∫
DUDN̄DN〈Ωout|N(t′)〉

× ei
∫ t′
t

dτ
∫

d3x[Lππ+N̄DN+η̄N+N̄η]〈N(t)|Ωin〉. (3.2)

Here, J is a collection of external scalar, pseudoscalar, vector and axial-vector sources J =
{s, p, v, a} appearing in the pionic Lagrangian Lππ, and U is the unitary 2×2 matrix containing
the pion fields as defined in Eq. (2.54). The nucleons obey the free Dirac equation,

(i/∂ +mN)N = 0, (3.3)

using an isospin-averaged mass for both the proton and the neutron: mN = (mp +mn)/2. The
state |N(t)〉 denotes a state with a fixed number of nucleons. This means, the path integral
describes the propagation of one, two, ... nucleons in the nuclear matter (this will be the first of
three expansions of the generating functional). In analogy to the expression 〈p|φ0(x)|0〉 = e−ip·x

from a scalar quantum field theory, we will derive an equivalent expression later.
In order to calculate the partition function Z, we first turn our attention to the ground

state nucleon wave functions 〈Ωin/out|Nt→∓∞〉 in isospin-symmetric nuclear matter. In the final
expression for Z, it is easy to modify the necessary terms for isospin-asymmetric nuclear matter.
To evaluate this, we would like to write the fermionic nucleon fields in terms of their creation and
annihilation operators. Before we do that, let us mention that we summarized our conventions
for calculations involving spinors in Appendix A.3.
The nucleon field and its time derivative can be written in terms of their Fourier modes as

follows:

N(x) =
∑
s

∫ d3p

(2π)3
1√
2Ep

[
aspu

s
pe−ipx + bs†p v

s
peipx

]
, (3.4a)

Ṅ(x) =
∑
s

∫ d3p

(2π)3
1√
2Ep

[
aspu

s
pe−ipx(−iEp) + bs†p v

s
peipx(iEp)

]
. (3.4b)

With these expressions, we can isolate the annihilation operator asp by first taking a linear
combination,

N(x) + i
Ep
Ṅ(x) =

∑
s

∫ d3p

(2π)3
1√
2Ep

[
2aspuspe−ipx

]
, (3.5)

multiplying with ū from the left and using ūu = 2mN ,

ūs
′

p

[
N(x) + i

Ep
Ṅ(x)

]
=
∫ d3p

(2π)3
4mN√

2Ep
as
′

p e−ipx, (3.6)
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and then performing a Fourier transform:

asp =

√
2Ep

4mN

eiEpt
∫

d3x e−ipxūsp
[
N(x) + i

Ep
Ṅ(x)

]
. (3.7)

Next, we need to express Ṅ in terms of N . To do so, we use the Dirac equation:

[i/∂ −mN ]N(x) = 0 → Ṅ(x) = −[imNγ
0 + γ0γi∂i]N(x), (3.8)

where /∂ = γ0∂t + γi∂i. Similarly, we can write an equation for the adjoint spinor:
˙̄N(x) = N̄(x)[imNγ

0 + γ0γi
←
∂ i]. (3.9)

With this, we can compute the ground state nucleon functionals as follows:

〈Ωout|N(+∞)〉 = lim
t→+∞

〈0|
∏
n

apn|N(t)〉 (3.10a)

= lim
t→+∞

〈0|
∏
n

√
2Epn

4mN

eiEpn t
∫

d3xn e−ipnxnūspn

×
[
N(xn) + i

Epn
Ṅ(xn)

]
|N(t)〉 (3.10b)

= lim
t→+∞

∏
n

Epn
2mN

eiEpn t
∫

d3xn e−ipnxnūspn

[
N(xn) + i

Epn
Ṅ(xn)

]
, (3.10c)

and similarly,

〈N(−∞)|Ωin〉 = lim
t→−∞

∏
n

Epn
2mN

e−iEpn t
∫

d3xn eipnxn
[
N̄(xn)− i

Epn

˙̄N(xn)
]
γ0uspn . (3.11)

And by using Eqs. (3.8) and (3.9), these expressions are:

〈Ωout|N(+∞)〉 = lim
t→+∞

∏
n

Epn
2mN

∫
d3xn eipnxnūspn

×
[
1− i

Epn

(
imNγ

0 + γ0γi∂i
)]
N(xn), (3.12a)

〈N(−∞)|Ωin〉 = lim
t→−∞

∏
n

Epn
2mN

∫
d3xn e−ipnxn

×
[
N̄(xn)− i

Epn

(
imNN̄(xn)γ0 + ∂iN̄(xn)γ0γi

)]
γ0uspn . (3.12b)

We can now use these expressions in the generating functional Eq. (3.2), while also replacing
the nucleon fields with functional derivatives with respect to the fermionic sources η:

N(x) ei
∫

d4y η̄(y)N(y) = δ

iδη̄(x)e
i
∫

d4y η̄(y)N(y), (3.13a)

N̄(x) ei
∫

d4y N̄(y)η(y) = iδ
δη(x)e

i
∫

d4y N̄(y)η(y), (3.13b)
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such that the generating functional is:

〈Ωout|Ωin〉J,η,η̄ = lim
t→−∞
t′→+∞

∫
DUDN̄DNei

∫
d4xLππ

×
{∏

n

Epn
2mN

∫
d3xn eipnxnūspn

[
1− i

Epn

(
imNγ

0 + γ0γi∂i
)] δ

iδη̄(xn)

}

× ei
∫

d4x[N̄DN+η̄N+N̄η]

×
{∏

m

Epm
2mN

∫
d3ym e−iqmym

×

 i
←
δ

δη(ym) −
i

Eqm

imN
i
←
δ

δη(ym)γ
0 + ∂j

i
←
δ

δη(ym)γ
0γj

 γ0usqm

}
. (3.14)

Here, we use the following symbols: xµ = (t,x), yµ = (t′,y), pµ = (Ep,p), and qµ = (Eq, q).
It is now possible to perform the integration over DN̄DN , which results in a functional

determinant of the inverse nucleon propagator:∫
DN̄DN ei

∫
d4x [N̄DN+η̄N+N̄η] = det(D) ei

∫
d4x d4y η̄(x)D−1(x,y)η(y), (3.15)

which leads to:

〈Ωout|Ωin〉J,η,η̄ = lim
t→−∞
t′→+∞

∫
DU det(D) ei

∫
d4xLππ

×
{∏

n

Epn
2mN

∫
d3xn eipnxnūspn

[
1− i

Epn

(
imNγ

0 + γ0γi∂i
)] δ

iδη̄(xn)

}

× ei
∫

d4xd4y η̄(x)D−1(x,y)η(y)

×
{∏

m

Epm
2mN

∫
d3ym e−iqmym

×

 i
←
δ

δη(ym) −
i

Eqm

imN
i
←
δ

δη(ym)γ
0 + ∂j

i
←
δ

δη(ym)γ
0γj

γ0usqm

}
. (3.16)

Let us consider now only the d3xn integration:

Ix =
∫

d3xn eipnxnūspn

[
1− i

Epn

(
imNγ

0 + γ0γi∂i
)] δ

iδη̄(xn) . (3.17)

We perform a partial integration on the last term, such that the derivative acts on the expo-
nential function:

Ix =
∫

d3xn eipnxnūspn

[
1− i

Epn

(
imNγ

0 − γ0γi
←
∂ i

)]
δ

iδη̄(xn) (3.18a)

=
∫

d3xn eipnxnūspn

[
1− i

Epn

(
imNγ

0 + iγ0γi(pn)i
)] δ

iδη̄(xn) , (3.18b)
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where (pn)i denotes the i-th component of pn. Next, we can use the Dirac equation ū(/p−m) = 0
to compute:

ūspn

[
1− i

Epn

(
imNγ

0 + iγ0γi(pn)i
)]

= 2mN

Epn
ūspnγ

0, (3.19)

and similarly for the d3ym integration. The result is a much simpler expression for the gener-
ating functional:

〈Ωout|Ωin〉J,η,η̄ = lim
t→−∞
t′→+∞

∫
DU det(D) ei

∫
d4xLππ

[∏
n

∫
d3xn eipnxnūspnγ

0 δ

iδη̄(xn)

]

× ei
∫

d4xd4y η̄(x)D−1(x,y)η(y)

∏
m

∫
d3ym e−iqmym i

←
δ

δη(ym)u
s
qm

 . (3.20)

In order to set the sources η, η̄ to zero, we act with the left-derivatives δ/δη̄ on the exponential
function, which brings down factors of D−1η:

δ

iδη̄(xn)e
i
∫

d4xd4y η̄(x)D−1(x,y)η(y) =
∫

d4zn′ D
−1(xn, zn′)η(zn′). (3.21)

We let all right-derivatives
←
δ /δη act on this source and can then set the sources to zero, which

makes the exponential function vanish:

〈Ωout|Ωin〉J,η,η̄ = lim
t→−∞
t′→+∞

∫
DU det(D) ei

∫
d4xLππ

×
[∏
n

∫
d3xn eipnxn

∫
d4zn′ ū

s
pnγ

0D−1(xn, zn′)η(zn′)
]

× ei
∫

d4x d4y η̄(x)D−1(x,y)η(y)
}

= 1

×

∏
m

∫
d3ym e−iqmym i

←
δ

δη(ym)u
s
qm

 . (3.22)

Since there are numerous copies of η and
←
δ /δη, and they all anti-commute, we might get a

minus sign, depending on the number of permutations. If σ denotes e.g. σ = (2, 3, 1), which is
an even permutation of (1, 2, 3), we define:

ε(σ) ≡

+1 if σ is an even permutation,
−1 if σ is an odd permutation,

(3.23)

and can write the generating functional as:

Z[J ] = lim
t→−∞
t′→+∞

∫
DU det(D) ei

∫
d4xLππ

×
∑
σ

ε(σ)
∏
n

∫
d3xn d3yσn ei(pnxn−qσnyσn )ūspnγ

0D−1(xn, yσn)usqσn . (3.24)
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We define D = D0 − A, where D0 = i/∂ − mN is the free Dirac operator and A represents
the difference to the full operator D. Later on, A will give us πN interactions, but it is not
necessary to assign this meaning to A yet. Since D−1 appears in the generating functional, we
can do the following manipulation:

A = D0 −D | ← D−1 (3.25a)

D−1
0 → | AD−1 = D0D

−1 − 1 (3.25b)

D−1
0 AD−1 = D−1 −D−1

0 . (3.25c)

This gives us an expansion of the full nucleon propagator (similar to a Dyson series):

D−1 = D−1
0 +D−1

0 AD−1 (3.26a)

= D−1
0 +D−1

0 AD−1
0 +D−1

0 AD−1
0 AD−1

0 + . . . , (3.26b)

and the path integral can be expanded:

Z[J ] = lim
t→−∞
t′→+∞

∫
DU det(D) ei

∫
d4xLππ

∑
σ

ε(σ)
∏
n

∫
d3xn d3yσn ei(pnxn−qσnyσn )ūspnγ

0

×
[
D−1

0 (xn, yσn) +
∫

d4z d4z′D−1
0 (xn, z)A(z, z′)D−1

0 (z′, yσn) + . . .
]
usqσn . (3.27)

We will now use the following relation,

lim
t→∞

∫
d3x eipxu†pD−1

0 (x, x′) = −ieipx′ūp, (3.28)

which is derived step-by-step in Ref. [33]. This enables us to perform the d3xn and d3yσn
integrations. For instance, the first (D−1

0 ) and second (D−1
0 AD−1

0 ) terms in the expansion
become:

(I) = lim
t→−∞
t′→+∞

∏
n

∫
d3xn d3yσn ei(pnxn−qσnyσn )us†pnD

−1
0 (xn, yσn)usqσn (3.29a)

= lim
t′→−∞

∏
n

∫
d3yσn e−iqσnyσn (−i)eipnyσn ūspnu

s
qσn

(3.29b)

= lim
t′→−∞

∏
n

(2π)3δ(3)(pn − qσn)δn,σn(−i) ei(p0
n−q0

σn
)t′︸ ︷︷ ︸

1

ūspnu
s
qσn
. (3.29c)

Since the three-components of the momenta are the same, the respective energies Ep and Eq
will also be equal, therefore the exponential vanishes. Then, the limit over t′ is trivial. The
second term is:

(II) = lim
t→−∞
t′→+∞

∏
n

∫
d3xn d3yσn ei(pnxn−qσnyσn )us†pn

×
∫

d4z d4z′D−1
0 (xn, z)A(z, z′)D−1(z′, yσn)usqσn (3.30a)

=
∏
n

∫
d4zn d4zσn (−i)2ei(pnzn−qσnzσn )ūspnA(zn, zσn)usqσn , (3.30b)
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and so on for the following terms. In summary, we can write the generating functional as:

Z[J ] =
∫
DU det(D) ei

∫
d4xLππ

∑
σ

ε(σ)
∏
n

∫
d3zn d3z′σn e

−ipnznūspn

×
[
δ(3)(zn − z′σn)δn,σn − i

∫
dt dt′ eiEpn tA(zn, z′σn)e−iEqσn t′

− i
∫

dt dt′
∫

d4w d4w′ eiEpn tA(zn, w)D−1
0 (w,w′)A(w′, z′σn)e−iEqσn t′ + . . .

]
× e+iqσnz′σnusqσn , (3.31)

where the second and higher terms have a relative factor of (−i) compared to the first one,
because in the first term, only one copy of D−1

0 was removed. Also, t and t′ are now integration
variables: zµ = (t, z), z′µ = (t′, z′).
If we compare this expression with the Leibniz formula for a determinant of an n×n matrix

M ,

det(M) =
∑
σ

ε(σ)
n∏
i=1

aiσi , (3.32)

we can write the terms inside the path integral as a functional determinant:

Z[J ] =
∫
DU det(D) ei

∫
d4xLππ d̃etF , (3.33)

where the tilde over the determinant means that our basis functions are eipzup with |p| < kF ,
i.e. only states below the Fermi momentum. The operator F is equal to:

F = 13 − i
∫

dt dt′ eiH0tA[14 −D−1
0 A]−1e−iH0t′ , (3.34)

where 13 = δ(3)(zn − zm)δnm, 14 = δ(4)(zn − zm)δnm, and H0 is defined such that when it acts
on the basis functions, we get:

e−iH0t′
[
eipz′up

]
= e−iEpt′eipz′up = e−ipz′up, (3.35a)[

e−ipzūp
]
eiH0t′ = e−ipzūpeiEpt = eipzūp, (3.35b)

and finally, A[14 −D−1
0 A]−1 is an abbreviated way to denote this infinite series:

A[14 −D−1
0 A]−1 = A+D−1

0 AD−1
0 +D−1

0 AD−1
0 AD−1

0 + . . . (3.36)

The next step is to use Jacobi’s formula det eM = eTr M to write d̃etF as exp
(
T̃r lnF

)
, where

the tilde on the trace has a similar meaning:

T̃r =
∫ d4p

(2π)4 (2π)δ(p2 −m2
N)Θ(p0)

∫
d3x d3y =

∫ d3p

(2π)3
1

2Ep

∫
d3x d3y , (3.37)



34 In-Medium Chiral Perturbation Theory

and the generating functional is:

Z[J ] =
∫
DU det(D) ei

∫
d4xLππe

∫ d3p
(2π)3

1
2Ep

∫
d3xd3y e−ipxūp ln(F)eipyup . (3.38)

We can expand the logarithm as follows,

ln(1− ix) = −ix+ x2

2 + ix3

3 −
x4

4 +O(x5), (3.39)

which yields the following expression:

Z[J ] =
∫
DU det(D) ei

∫
d4xLππ

× exp
(
− i

∫ d3p

(2π)3
1

2Ep

∫
d3x d3y eip(x−y)ūpA[14 −D−1

0 A]−1up

+ 1
2

∫ d3p

(2π)3
1

2Ep
d3q

(2π)3
1

2Eq

∫
d3x d3y d3x′ d3y′

× eipxūpA[14 −D−1
0 A]−1e−iqx′uqeiqy

′
ūqA[14 −D−1

0 A]−1e−ipyup + . . .

)
. (3.40)

Note that this expression includes three different expansions:

1. ln(F), which corresponds to an increasing number of in-medium nucleon propagations
with increasing order of expansion,

2. A[14 −D−1
0 A]−1 = A + AD−1

0 A + . . ., which is called expanding the nonlocal vertex iΓ,
and also

3. A = A(1) + A(2) + . . ., which corresponds to expanding the operator A in powers of the
chiral momentum.

Finally, we can rearrange the terms in the exponential function like this:

vTMw = viMijwj = Mijwjvi = Tr {M(w ⊗ v)} , (3.41)

and use the spinor outer product,
2∑
s=1

uspū
s
p = /p+mN , (3.42)

to get:

Z[J ] =
∫
DU det(D) ei

∫
d4xLππ

× exp
(
− i

∫
d̃p
∫

d3x d3y eip(x−y) Tr
{
A[14 −D−1

0 A]−1(/p+mN)
}

+ 1
2

∫
d̃p d̃q

∫
d3(x,y,x′,y′) eip(x−y)e−iq(x′−y′)

× Tr
{
A[14 −D−1

0 A]−1(/p+mN)A[14 −D−1
0 A]−1(/q +mN)

}
+ . . .

)
, (3.43)
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where we used the abbreviation: ∫
d̃p ≡

∫ d3p

(2π)3
1

2Ep
. (3.44)

Although we will show our results in powers of ρ/ρ0, we note that this is just a convenient
normalization of the nucleon density to the normal nuclear density ρ0. The expansion parameter
in this perturbation theory is kF/mN , where kF denotes the nucleons’ Fermi momentum andmN

is the nucleon mass. For instance, at normal nuclear density ρ = ρ0 and in isospin-symmetric
nuclear matter, the Fermi momentum is kF ≈ 270 MeV, which leads to kF/mN ≈ 0.29, even
though ρ/ρ0 = 1 is of order unity.

Isospin-asymmetric nuclear matter. We can now extend this to isospin-asymmetric nuclear
matter in a straight-forward way. Let us go back to Eq. (3.38):

Z[J ] =
∫
DU det(D) ei

∫
d4xLππe

∫
d̃p
∫

d3xd3y e−ipxūp ln(F)eipyup .

If we distinguish between the two isospin components of the spinors us,1p and us,2p for protons
and neutrons, respectively, we can write the generating functional like this:

Z[J ] =
∫
DU det(D) ei

∫
d4xLππ (3.45)

× exp

 kpF∫
0

d̃p
∫

d3x d3y e−ip(x−y)ū1
p ln(F)u1

p +
knF∫
0

d̃p
∫

d3x d3y e−ip(x−y)ū2
p ln(F)u2

p

,
where we integrate up to the proton Fermi momentum in the first term and up to the neutron
Fermi momentum in the second term. This is equivalent to introducing the 2× 2 matrix n(p):

n(p) ≡
Θ(kpF − |p|) 0

0 Θ(knF − |p|)

 , (3.46)

and putting it next to every factor of (/p+mN) inside a trace:

(/p+mN) → (/p+mN)n(p), (3.47)

such that the generating functional for isospin-asymmetric nuclear matter reads:

Z[J ] =
∫
DU det(D) ei

∫
d4xLππ

× exp
(
− i

∫
d̃p
∫

d3x d3y eip(x−y) Tr
{
A[14 −D−1

0 A]−1(/p+mN)n(p)
}

+ 1
2

∫
d̃p d̃q

∫
d3(x,y,x′,y′) eip(x−y)e−iq(x′−y′)

× Tr
{
A[14 −D−1

0 A]−1(/p+mN)n(p)A[14 −D−1
0 A]−1(/q +mN)n(q)

}
+ . . .

)
. (3.48)
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The fermion determinant det(D), which came from the integration over DN̄DN corresponds
to closed fermion loops in vacuum. These contributions should be included in counter terms,
and we therefore set det(D) = 1 in the following.
In the course of this calculation, we assumed the ground state to be a Fermi sea of non-

interacting nucleons. This is important, because nucleon-nucleon interactions are important to
correctly implement diagrams proportional to the square of the nucleon density, i.e. which are
O(ρ2). The scope of our calculations is therefore up to O(ρ5/3), which corresponds to O(k5

F )
when expressed in terms of the Fermi momentum.

3.2. The pion-nucleon Lagrangian
In the previous section, we established the expansion in Fermi sea insertions, which introduces
the in-medium aspect to our calculations. In this section, we will focus on the operator A ≡
D0 −D, which is the source for pion-nucleon interactions [34].
The nucleon Lagrangian in its bilinear form reads

LπN = N̄(iγµ∂µ −mN − A)N, A =
∑
i=1

A(i), N =
p
n

 , (3.49)

where A(i) is of chiral order O(pi). The first term, A(1) reads,

A(1) = −iγµΓµ − igAγµγ5∆µ, (3.50)

where we need the following quantities:

• The vector current Γµ is given by:

Γµ = 1
2[u†, ∂µu]− i

2u
†(vµ + aµ)u− i

2u(vµ − aµ)u† (3.51a)

= 1
2
[
u†∂µu+ u∂µu

†
]
− i

4v
a
µ

[
u†τau+ uτau†

]
− i

4a
a
µ

[
u†τau− uτau†

]
. (3.51b)

• The axial-vector current is defined as:

∆µ = 1
2

{
u†
[
∂µ − i(vµ + aµ)

]
u− u

[
∂µ − i(vµ − aµ)

]
u†
}

(3.52a)

= 1
2
[
u†∂µu− u∂µu†

]
− i

4v
a
µ

[
u†τau− uτau†

]
− i

4a
a
µ

[
u†τau+ uτau†

]
. (3.52b)

• The square root of the chiral field is defined as u2 = U :

u(π) = cos
(
y(π2)

4

)
+ i π√

π2
sin

(
y(π2)

4

)
, (3.53a)

u†(π) = cos
(
y(π2)

4

)
− i π√

π2
sin

(
y(π2)

4

)
, (3.53b)
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and it can be expanded as:

u = 1 + i π2f −
π2

8f 21 + i ππ
2

80f 3 −
9π4

640f 41 + . . . , (3.54a)

u† = 1− i π2f −
π2

8f 21− i ππ
2

80f 3 −
9π4

640f 41 + . . . . (3.54b)

Its derivatives are:

∂µu = πi∂µπ
i

f 2

[
−f

2y′

2 sin
(
y
4

)]
+ i∂µπ

f

√f 2

π2 sin
(
y
4

)
+ iππ

i∂µπ
i

f 3

f 2y′

2

√
f 2

π2 cos
(
y
4

)
−
(
f 2

π2

)3/2

sin
(
y
4

) , (3.55a)

∂µu
† = πi∂µπ

i

f 2

[
−f

2y′

2 sin
(
y
4

)]
− i∂µπ

f

√f 2

π2 sin
(
y
4

)
− iππ

i∂µπ
i

f 3

f 2y′

2

√
f 2

π2 cos
(
y
4

)
−
(
f 2

π2

)3/2

sin
(
y
4

) , (3.55b)

which can be expanded to:

∂µu = i∂µπ2f −
πa∂µπ

a

4f 2 1 + i∂µππ
2 + 2∂µπaπaπ

80f 3 − ∂µπ
aπaπ2

160f 4 1 + . . . , (3.56a)

∂µu
† = −i∂µπ2f −

πa∂µπ
a

4f 2 1− i∂µππ
2 + 2∂µπaπaπ

80f 3 − ∂µπ
aπaπ2

160f 4 1 + . . . . (3.56b)

With these definitions in place, we can calculate the explicit expressions for the operator A(1).
In order to calculate the vector and axial-vector currents, we need the following expressions:

u†∂µu = i∂µπ
f

√f 2

π2
sin(y/2)

2

+ iππ
i∂µπ

i

f 3

f 2y′

2

√
f 2

π2 −
(
f 2

π2

)3/2 sin(y/2)
2


+ iε

abcτ cπa∂µπ
b

f 2

[
f 2

π2 sin2
(
y
4

)]
, (3.57a)

u∂µu
† = i∂µπ

f

−
√
f 2

π2
sin(y/2)

2

− iππ
i∂µπ

i

f 3

f 2y′

2

√
f 2

π2 −
(
f 2

π2

)3/2 sin(y/2)
2


+ iε

abcτ cπa∂µπ
b

f 2

[
f 2

π2 sin2
(
y
4

)]
, (3.57b)

u†τau = τa cos(y/2) + ππa

f 2

[
2f

2

π2 sin2
(
y
4

)]
− εabcπbτ c

f

√f 2

π2 sin
(
y
2

) , (3.57c)

uτau† = τa cos(y/2) + ππa

f 2

[
2f

2

π2 sin2
(
y
4

)]
+ εabcπbτ c

f

√f 2

π2 sin
(
y
2

) . (3.57d)



38 In-Medium Chiral Perturbation Theory

Next, the following linear combinations of Eqs. (3.57a) to (3.57d) are necessary to calculate the
vector and axial-vector currents:

u†∂µu+ u∂µu
† = iε

abcτ cπa∂µπ
b

f 2

[
2f

2

π2 sin2
(
y
4

)]
, (3.58a)

u†∂µu− u∂µu† = i∂µπ
f

√f 2

π2 sin
(
y
2

)+ iππ
i∂µπ

i

f 3

f 2y′
√
f 2

π2 −
(
f 2

π2

)3/2

sin
(
y
2

) , (3.58b)

u†τau+ uτau† = 2τa cos(y/2) + ππa

f 2

[
4f

2

π2 sin2
(
y
4

)]
, (3.58c)

u†τau− uτau† = −ε
abcπbτ c

f

2
√
f 2

π2 sin
(
y
2

) . (3.58d)

Finally, the vector current reads:

Γµ = iε
abcτ cπa∂µπ

b

f 2

[
f 2

π2 sin2
(
y
4

)]
− ivaµτa

cos(y/2)
2 − iππ

a

f 2 vaµ

[
f 2

π2 sin2
(
y
4

)]

+
iεabcaaµπbτ c

f

1
2

√
f 2

π2 sin
(
y
2

) , (3.59)

and can be expanded as follows:

Γµ = iε
abcτ cπa∂µπ

b

4f 2 − i
2v

a
µτ

a + i
4v

a
µτ

aπ
2

f 2 − iππ
a

4f 2 v
a
µ +

iεabcaaµπbτ c

2f +O(1/f 3). (3.60)

The axial-vector current is given by:

∆µ = i∂µπ
f

√f 2

π2
sin(y/2)

2

+ iππ
i∂µπ

i

f 3

f 2y′

2

√
f 2

π2 −
(
f 2

π2

)3/2 sin(y/2)
2


+

iεabcvaµπbτ c

f

1
2

√
f 2

π2 sin
(
y
2

)− iaaµτa
cos(y/2)

2 − iππ
a

f 2 aaµ

[
f 2

π2 sin2
(
y
4

)]
, (3.61)

which can be expanded like this:

∆µ = i∂µπ2f +
iεabcvaµπbτ c

2f − i
2a

a
µτ

a + i
4a

a
µτ

aπ
2

f 2 − iππ
a

4f 2 a
a
µ +O(1/f 3). (3.62)

Higher order interactions. The second-order term, A(2) is given by,

A(2) = −c1 Tr
F
{χ+}+ c2

2m2
N

Tr
F
{uµuν}DµDν − c3

2 Tr
F
{uµuµ}+ c4

2 γ
µγν [uµ, uν ]

− c5χ̂+ −
ic6

8mN

γµγνF+
µν −

ic7

8mN

γµγν Tr
F

{
F+
µν

}
, (3.63)

where the following terms are introduced:
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• χ+ contains scalar and pseudoscalar fields, as well as the pion fields:

χ+ = uχ†u+ u†χu†. (3.64)

• uµ is proportional to the axial-vector current:

uµ = 2i∆µ. (3.65)

• Dµ is a covariant derivative, acting on a spinor ψ as:

Dµψ = ∂µψ + Γµψ. (3.66)

• χ̂+ is the traceless version of χ+, defined as:

χ̂+ = χ+ −
1
2 Tr

F
{χ+} , (3.67)

where the coefficient 1/2 is equal to Tr
F
{1}−1 such that χ̂+ becomes traceless:

Tr
F
{χ̂+} = Tr

F
{χ+} −

1
Tr

F
{1}

Tr
F
{χ+}Tr

F
{1} = 0. (3.68)

• F+
µν is a field strength tensor, defined in terms of the left- and right-handed currents:

F+
µν = u†FR

µνu+ uFL
µνu

†, (3.69a)

FR
µν = ∂µrν − ∂νrµ − i[rν , rµ], (3.69b)

FL
µν = ∂µlν − ∂νlµ − i[lν , lµ], (3.69c)

where rµ = (vµ + aµ)/2 and lµ = (vµ − aµ)/2.

In this thesis, we will need the interactions that are parametrized by the LECs c1,2,3,4. For
the term proportional to c1, we need the trace over χ+. However, this is exactly equivalent to
a term of the pion Lagrangian, Eq. (2.71):

Tr
F
{χ+} = Tr

F

{
uχ†u+ u†χu†

}
= Tr

F

{
χ†u2 + χ(u†)2

}
= Tr

F

{
χ†U + χU †

}
. (3.70)

For the terms proportional to c2,3,4, we need uµ. By definition, this is proportional to the
axial-vector current ∆µ in Eq. (3.61):

uµ = 2i∆µ = ∂µπ

f

−
√
f 2

π2 sin(y/2)
− ππi∂µπi

f 3

f 2y′
√
f 2

π2 −
(
f 2

π2

)3/2

sin(y/2)


−
εabcvaµπ

bτ c

f

√f 2

π2 sin
(
y
2

)+ aaµτ
a cos(y/2) + ππa

f 2 aaµ

[
2f

2

π2 sin2
(
y
4

)]
. (3.71)

Further terms can be calculated in a similar way, but are irrelevant to the present thesis.
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3.2.1. Low energy constants

In this work, we assume that in-vacuum loop effects are renormalized into counter-terms in the
chiral Lagrangian, which means that we take the low energy constants (LECs) to be fixed in
vacuum.
In the following sections, we will need numerical values for the LECs c1,2,3,4. One usually

obtains the values for the LECs of an effective field theory by comparing with experiments. In
this section, we give an overview how to determine these LECs via experimental methods.
The LEC c1 is related to the πN sigma term [6, 46]:

c1 = − 1
4m2

π

[
σπN(0) + 9g2

Am
3
π

64πf 2

]
. (3.72)

A sigma term is a scalar form factor that indicates the strength of certain matrix elements
inside a proton p. In particular, the πN sigma term is defined as:

σπN(t) = mu +md

2 〈p(k′)|ūu+ d̄d|p(k)〉, (3.73)

where t = (k′ − k)2 is the momentum transfer, and mu,d the light quark masses [6].
The LEC c2 is connected to the isospin-even S wave πN scattering length a+ [6, 46]:

c2 = f 2

2m2
π

[
4π(1 + mπ/mN )a+ − 3g2

Am
3
π

64πf 4

]
+ 2c1 − c3 + g2

A

2mN

. (3.74)

For incoming and outgoing pions πain and πbout, the on-shell πN forward scattering amplitude
can be written as [6]:

T ba = T+(ω)δab + T−(ω)iεbacτ c, (3.75)

where ω = n·q, where nµ denotes the frame of the nucleon, and qµ is the pion’s four-momentum.
Under the exchange a ↔ b, which implies q ↔ −q, the functions T± are either even or odd,
T±(ω) = ±T±(−ω). Furthermore, one can define the relevant scattering lengths as [6]:

a± = 1
4π

(
1 + mπ

mN

)−1
T±(mπ). (3.76)

Depending on the total isospin of the πN system being 1/2 or 3/2, the S-wave scattering
lengths are given by [6]:

a1/2 = a+ + 2a−, a3/2 = a+ − a−. (3.77)

The LEC c3 is related to the nucleon axial-vector polarizability αA [6, 46]:

c3 = −f
2

2

[
αA + g2

Amπ

8f 4

(77
48 + g2

A

)]
. (3.78)
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The axial polarizability αA describes the change of the nucleon’s axial charge gA in nuclear
matter and is defined according to Eq. (3.83) in Ref. [6]:

αA = 2 ∂
∂t
Ā+(m2

N +m2
π − t/2 ,m2

N +m2
π − t/2)

∣∣∣
t=0
. (3.79)

Here, A+ is a component of the isospin-even πN scattering amplitude T+
πN = A+(ν, t)+/qB+(ν, t)

with the pion momentum qµ. The arguments of A and B are ν ≡ (s − u)/(4mN) and the
invariant momentum transfer squared, t = (k′ − k)2. Furthermore, the bar reminds of the fact
that the nucleon Born term (proportional to g2

πN) has already been subtracted. The nucleon
isovector charges gi are defined via the following matrix element [73]:

〈p|ūΓid|n〉 = giūpΓiun, (3.80)

which is connected to β-decay. Here, ΓS = 1, ΓA = γµγ5, and ΓT = σµν . The relations
Eqs. (3.72), (3.74) and (3.78) are obtained from O(q2) calculations in chiral perturbation theory,
taken from Ref. [6].
c4 is related to P -wave pion-nucleon scattering [6, 10, 74]. The comparatively large values

of c2,3(c4) are connected to ∆(1232) (ρ) exchange processes [75]. The numerical values of these
LECs are the topic of the next section.
For completeness, we note that the LEC c5 is related to how the strong interactions create a

proton-neutron mass difference, and c6,7 can be obtained from the anomalous magnetic moments
of the proton and the neutron [75], however their numeric values are not important for this
work.

3.2.2. Determination of low-energy constants

The relation of LECs to experimental methods is discussed in detail in Section 3.2.1. In this
section, we will list the different options for their numerical values summarized in Tables 3.1
and 3.2.
The first set of c1,2,3,4 is taken from a textbook reference, Ref. [10]. The second set is taken

from Ref. [72], where experimental data was used to fix the values of the LECs. The LEC c1

was chosen in connection to the πN sigma term:

c1 = − σπN4m2
π

, (3.81)

with an empirical value σπN ≈ 45 MeV. We note that other references suggest a possibly larger
value of σπN ≈ 60 MeV. The LECs c2 and c3 were chosen in connection to the isoscalar πN
scattering length a+:

4π
[
1 + mπ

mN

]
a+ = 2m2

π

f 2
π

[
2c1 − c2 − c3 + g2

A

8mN

]
, (3.82)
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LEC Set 1 [10] Set 2 [72] Set 3 [77]

c1 −0.90 −0.59 −0.61
c2 3.30 3.30 2.97
c3 −4.70 −4.43 −4.05
c4 1.75 1.75 1.85

Table 3.1.: The SU(2) LECs are listed in units of 10−3 MeV−1.

where a+ = (7.6 ± 3.1) × 10−3m−1
π . This means that only the linear combination c2 + c3 is

determined. In order to get separate values for c2 and c3, we used the value for c2 from the
first set and were then able to determine c3. Also, since the LEC c4 only plays a role in isospin-
asymmetric nuclear matter, this LEC was not determined in Ref. [72]. Hence, we also take this
value from the first set. The third set corresponds to fitting data to πp elastic differential cross
sections, using data from Ref. [76] and performed in K. Aoki’s PhD thesis [77] with χ2/N = 3.9.
Note that due to a different convention in the chiral Lagrangian, we have to divide their value
of c4 by two in order to be consistent.

SU(3) LECs. For the SU(3) low-energy constants, we consider four sets of values, as summa-
rized in Table 3.2.
The first two sets were obtained by fitting to lattice QCD data of octet baryon masses, as

reviewed by Ref. [78]. The difference between the first and second set lies in the number of
masses that were considered for the fit. The third set was obtained by Ref. [79] via fitting to
experimental baryon octet data, this was also summarized by [80]. Since they only determined
bD and bF , we use the relation1 between SU(2) and SU(3) LECs, 2b0 + bD + bF = 2c1, to fix
b0. The fourth set is taken from Ref. [81]. There, the authors performed a fit to K+p elastic
differential cross sections, using experimental data from Ref. [82].

Other LECs. Furthermore, we use physical values for the pion decay constant fπ = 92.4
MeV, and the axial coupling gA = 1.26. We also use isospin-averaged values for the pion mass,
mπ = 138 MeV, and the nucleon mass, mN = 939 MeV. In the SU(3) calculations, we use the
eta mass mη = 548 MeV. We will also use these values for the quark masses: mu = 2.16 MeV,
md = 4.67 MeV, and ms = 93 MeV. These values lead to:

δm

m
≈ −1

3 ,
ms

m
≈ 27.2, (3.83)

where m = (mu + md)/2 and δm = (mu − md)/2, which play a role in the explicit isospin
breaking effects.

1This was determined by comparing the results for 〈ūu+ d̄d〉∗SU(2) and 〈ūu+ d̄d〉∗SU(3) in Section 4.4.3.
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LEC Set 1 [78] Set 2 [78] Set 3 [79] Set 4 [81]

b0 −0.609 −0.714 0.064 −0.054
bD 0.225 0.222 0.060 0.064
bF −0.404 −0.428 −0.190 −0.209

Table 3.2.: The SU(3) LECs are listed in units of 10−3 MeV−1.

3.3. Isospin-asymmetric nuclear matter
In order to describe asymmetric nuclear matter, we assume a different Fermi momentum for
the proton and the neutron. They will be denoted kpF and knF , respectively, and depend on the
proton and neutron densities:

kpF = (3π2ρp)1/3, knF = (3π2ρn)1/3. (3.84)

Instead of the two variables {ρp, ρn}, we will use the total nucleon density ρ = ρp + ρn and the
ratio of neutron-to-proton densities r = ρn/ρp. One can calculate the individual densities via:

ρp = ρ

1 + r
, ρn = rρ

1 + r
. (3.85)

In order to restrict the in-medium nucleons’ momenta to always be below their respective Fermi
momenta, we include the matrix n(p), which reads:

n(p) =
Θ(kpF − |p|) 0

0 Θ(knF − |p|)

 . (3.86)

A simple nucleon loop will then include the factor Tr
F
{n(p)}, which leads to two separate inte-

grations, once over momenta below the proton’s Fermi momentum and another over momenta
below the neutron’s Fermi momenta.
The physical effect that asymmetric nuclear matter has on the pion is that the charged

and uncharged pions will behave differently. We perform our calculations in the so-called
mathematical basis of the pions, πa ∈ {π1, π2, π3}. Depending on the ratio r of neutrons and
protons in the nuclear matter, the different pion components are affected differently. Therefore,
after transforming to the physical basis, {π±, π0}, the charged pions and the neutral pions’
properties will not be equal. More details on the transformation between the mathematical
basis and the physical basis can be found in Appendix B.2.
Finally, let us mention numeric values. We will express the nucleon density in terms of the

normal nuclear density ρ0 ≈ 0.17 fm−3, which is the typical density for heavy nuclei. The
densities inside neutron stars are around 2ρ0, but could go as high as 9ρ0 in their center [83].
In heavy nuclei, the ratio of neutrons to protons is around r ≈ 1.5. For instance, the stable
lead nucleus 208Pb has 82 protons and 126 neutrons. In neutron stars, the neutron-to-proton
ratio is about r ≈ 10 [84].
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3.4. In-medium Feynman rules
Finally in this section, we collect the Feynman rules [33, 72] that we use throughout this thesis.

1. For n nucleon loops (i.e. fermionic loops), we include a factor (−1)n, due to the anti-
commutating nature of fermionic variables [85]. Furthermore, for m Fermi sea insertions,
include a factor (−1)m/m. This m counts the number of in-medium nucleon propagators
in a given diagram.

2. An internal pion of momentum pµ is to be replaced by:

π(p)
a b = lim

ε→0

i
p2 −m2

π + iεδ
ab, (3.87)

where mπ is the in vacuum pion mass.

3. An internal nucleon line for a nucleon of momentum pµ propagating in vacuum gets
replaced by:

N(p)
= lim

ε→0

i(/p+mN)
p2 −m2

N + iε, (3.88)

where mN is the nucleon mass.

4. An internal nucleon line for a nucleon of momentum pµ propagating in-medium gets
replaced by:

N(p)
I = (/p+mN) 2π δ(p2 −m2

N)Θ(p0)n(p), (3.89)

so that after integrating over this momentum we get:∫ d4p

(2π)4 (/p+mN) 2π δ(p2 −m2
N)Θ(p0)n(p)

=
∫ d3p

(2π)3
1

2E(p)(/p+mN)n(p)
∣∣∣∣∣
p0→E(p)

, (3.90)

where E(p) = (p2 + m2
N)1/2. For the in-medium nucleons, we make use of the matrix

n(p), which is a matrix in isospin space, that takes care of keeping the momentum of the
nucleon below the respective Fermi momentum:

n(p) =
Θ(kpF − |p|) 0

0 Θ(knF − |p|)

 . (3.91)
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5. A vertex that includes nucleon lines gets a factor [−iAφ···χ], where φ · · ·χ represents all
the fields that interact with the nucleon. We calculate this vertex factor by taking the
functional derivative of the operator A in Eqs. (3.50) and (3.63) with respect to φ · · ·χ
in momentum space,

Aφ···χ = δ

δφ
· · · δ

δχ
A, (3.92)

where an incoming momentum gets replaced by ∂µ → −ipµ and an exiting momentum
will be replaced with ∂µ → ipµ:

δ

δϕ(pin) [∂µϕ] = −ipµin,
δ

δϕ(pout)
[∂µϕ] = ipµout. (3.93)

6. For a vertex that does not connect to any nucleons, we use the pionic Lagrangian L(2)
π

in Eq. (2.53). Similar to the case with A, we now get a factor of [+iLφ···χ], where φ · · ·χ
represents all the fields that interact at this vertex. Again, we calculate this vertex factor
by taking the functional derivative of the Lagrangian with respect to φ · · ·χ in momentum
space,

Lφ···χ = δ

δφ
· · · δ

δχ
L(2)
π , (3.94)

where an incoming momentum gets replaced by ∂µ → −ipµ and an exiting momentum
will be replaced with ∂µ → ipµ.

7. Finally, we integrate over all internal momenta,∫ d4p

(2π)4 , (3.95)

and sum over all Dirac and spinor indices, which often leads to taking the trace of some
expression. We do this in opposite direction as the arrows on fermionic propagators are
pointing.

Another rule comes from the fact that we treat external currents as dynamical fields in our
approach. For reasons explained in Section 5.5, we have to include a factor of (−i) for every
external current in a given diagram.





4. In-Medium Quark Condensate

In this chapter, we demonstrate how to compute the density dependence of the in-medium
quark condensate. We will first consider the SU(2) case in Section 4.1, where we show how to
calculate the condensate devising the chiral Ward identity. In Section 4.2, we apply in-medium
chiral perturbation theory up to next-to-leading order and present our results in Section 4.3. In
Section 4.4, we present a simple extension to the SU(3) case, where we can perform a first-order
(linear density) estimation of the quantities 〈ūu− d̄d〉∗ and 〈s̄s〉∗.

4.1. Using the SU(2) chiral Ward identity
In this section, we show how to calculate the nuclear density dependence of the in-medium
quark condensate. To do this, we follow Ref. [68] and use the chiral Ward identity. We start
with the divergence of the following time-ordered product:

∂µ[TAaµ(x)P b(0)] = ∂µ[Aaµ(x)P b(0)Θ(x0) + P b(0)Aaµ(x)Θ(−x0)]. (4.1)

Using ∂µΘ(x0 − y0) = δ(x0 − y0)δµ0, we write:

∂µ[TAaµ(x)P b(0)] = ∂µAaµ(x)P b(0)Θ(x0) + Aa0(x)P b(0)δ(x0)

+ P b(0)∂µAaµ(x)Θ(−x0)− P b(0)Aa0(x)δ(x0) (4.2a)

= T[∂µAaµ(x)P b(0)] + δ(x0)[Aa0(x), P b(0)]. (4.2b)

We can use the partially-conserved axial current (PCAC) relation ∂µAaµ(x) = mP a(x) with m
the quark mass, which yields:

∂µ[TAaµ(x)P b(0)] = mT[P a(x)P b(0)] + δ(x0)[Aa0(x), P b(0)]. (4.3)

Next we evaluate the whole equation between the in-medium vacuum |Ω〉,

∂µ〈Ω|TAaµ(x)P b(0)|Ω〉 = m〈Ω|TP a(x)P b(0)|Ω〉+ δ(x0)〈Ω|[Aa0(x), P b(0)]|Ω〉, (4.4)

and write the equation in terms of the pseudoscalar two-point correlation function Πab(x, 0) as
well as the pseudoscalar-axial-vector correlation function Πab

5µ(x, 0):

∂µΠab
5µ(x, 0) = mΠab(x, 0) + δ(x0)〈Ω|[Aa0(x), P b(0)]|Ω〉. (4.5)



48 In-Medium Quark Condensate

We then multiply the whole equation by exp(iq · (x− 0)) and integrate over d4x in order to
write this in terms of Fourier transformed momentum space correlation functions:∫

d4x eiq·x∂µΠab
5µ(x, 0) = m

∫
d4x eiq·xΠab(x, 0) +

∫
d4x eiq·xδ(x0)〈Ω|[Aa0(x), P b(0)]|Ω〉 (4.6a)

= m
∫

d4x eiq·xΠab(x, 0) +
∫

d3x e−iq·x〈Ω|[Aa0(x), P b(0)]|Ω〉. (4.6b)

After a partial integration on the left-hand side of the equation, we use the momentum space
correlation functions Π(q) and Π5µ:

−iqµΠab
5µ(q) = mΠab(q) +

∫
d3x e−iq·x〈Ω|[Aa0(x), P b(0)]|Ω〉. (4.7)

Now we take the soft limit qµ → 0 and perform the d3x integration over the axial-vector current,
which gives the corresponding conserved Noether charge according to Qa

5 =
∫

d3xAa0(x):

−i lim
q→0

qµΠab
5µ(q) = mΠab(0) + 〈Ω|[Qa

5, P
b(0)]|Ω〉. (4.8)

In order to continue, we employ the SU(2) chiral transformation behavior of the pseudoscalar
current1, [Qa

5, P
b(0)] = −iδabq̄q(x), to write the equation like this:

mΠab(0) + i lim
q→0

qµΠab
5µ(q) = iδab〈Ω|q̄q|Ω〉. (4.9)

So by calculating the pseudoscalar two-point correlation function in chiral perturbation theory,
we can infer the density dependence of the in-medium quark condensate.
We will write down the result for the in-medium condensate in terms of a ratio of the in-

medium value compared to the in-vacuum value. Therefore, the expression for the vacuum
condensate is useful,

〈q̄q〉0 ≡ 〈ūu+ d̄d〉0 = −2f 2B0, (4.10)

such that a multiplication by the quark mass and division by the vacuum condensate amounts
to:

m

〈q̄q〉0
= − m

2f 2B0
, (4.11)

which we will often use in Section 4.2. Note that here in the SU(2) case, 〈q̄q〉0 = 〈ūu+ d̄d〉0 =
−2f 2B0, where as in the SU(3) case, 〈q̄q〉0 = 〈ūu+ d̄d+ s̄s〉0 = −3f 2B0.

1Since we are only considering SU(2) here, the right-hand side only involves δab and the isoscalar scalar current.
For SU(3), the right-hand side would be 2/3δabq̄q + dabcq̄λcq where dabc are SU(3)’s totally symmetric
structure constants.
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4.2. Calculation of the SU(2) quark condensate

As described in Section 4.1, we will now show how to calculate the pseudoscalar two-point
correlation function Πab(0), which can be used to calculate the density dependence of the in-
medium quark condensate according to Eq. (4.9):

mΠab(0) + i lim
q→0

qµΠab
5µ(q) = iδab〈Ω|q̄q|Ω〉.

The second term on the left-hand side of the equation vanishes in the soft limit. This is because
there are no zero-mass modes in our system which could provide a factor of 1/q2 with their
propagator in a diagram of Πab

5µ. Hence, we only need to calculate Πab. In an expansion of
the quark mass, the quark condensate starts at O(m0), but the left-hand side of the equation
looks proportional to O(m). However, the soft limit leads to pion propagators 1/m2

π in the
pseudoscalar correlation function, and since m2

π ∝ m, the expansion in the quark mass of the
left-hand side indeed starts at O(m0).

We have to consider diagrams with two external pseudoscalar lines. The meaning of the
different lines in the diagrams and the corresponding Feynman rules are discussed in Section 3.4.
These diagrams follow from the expansion schemes, as discussed in Section 3.1.1. In particular,
we treat each expansion as follows: First, we expand ln(F) up to second order, which means
we can have diagrams with up to two in-medium nucleon propagators. Second, we expand
A[14−D−1

0 A]−1 also to second order, which means we can have in-vacuum nucleon propagators
between two vertices. This happens for instance in the first type of diagrams. We will not
include a diagram with an in-vacuum nucleon propagator if a purely in-vacuum loop can be
contracted to a vertex, since we use experimental data for our LECs and those only-vacuum
contributions are already renormalized to yield these numerical values. Third, we include πN
interactions up to second order A = A(1) + A(2). We furthermore restrict our calculations to
diagrams proportional to O(k5

F ) = O(ρ5/3), since one would have to include nucleon-nucleon
interactions in the Lagrangian in order to be able to discuss O(ρ2) terms. These considerations
lead to the diagrams in Tables 4.1 to 4.5.

These tables are organized as follows. For each type of diagram, there can be an interaction
from A(1) or A(2). Hence, for each diagram we investigate all possible cases of interactions,
i ∈ {1, 2} for one vertex or (i, j) ∈ {11, 12, 21, 22} for two vertices. If such a vertex does
not exist (because there is no corresponding term in the Lagrangian) we disregard the whole
diagram. Still, some diagrams might vanish in the course of the calculation, which will be
shown later on. In summary, we will calculate three type-2 diagrams, two type-3 diagrams,
seven type-4 diagrams and one type-5 diagram:



50 In-Medium Quark Condensate

I

J

i j
i A1(1)

A1(1)
A2(2)

A2(2)

j A1(1)
A2(2)

A1(1)
A2(2)

I

J

2i j
i A1(1)

A1(1)
A2(2)

A2(2)

j 1 A2(3) 1 A2(3)

I

J

2 2i j
i A1(4) 1 A2(3)

A2(3)

j A1(4)
A2(3) 1 A2(3)

Table 4.1.: Type 1 Πab diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of A(1)

p = 0, (2) because of A(2)
p = 0, (3) because of A(2)

π = 0 and
(4) because A(1)

π

q→0= 0 in the soft limit. In total, no diagram remains.

I

i
i A1(1)

A2(2)

I

2i
i A1(3) 2

I

2 2i i 1 2

Table 4.2.: Type 2 Πab diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of A(1)

pp = 0, (2) because of A(2)
pp = 0, and (3) because of A(1)

πp = 0.
In total, three diagrams remain.

I

J

2

i j
no contribution because L(2)

ππpp = 0

I

J

22

j k

i 1 1 A2(1)
A2(1)

j 1 A2(1) 1 A2(1)

I

J

2 22

j k

i 1 1 A2(1)
A2(1)

j 1 A2(1) 1 A2(1)

Table 4.3.: Type 3 Πab diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of A(2)

π = 0. In total, two diagrams remain.
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I

J

i j
i A1(1)

A1(1) 2 2
j A1(1) 2 A1(1) 2

I

J

2i j
i A1(1)

A1(1) 2 2
j 1 2 1 2

I

J

2 2i j
i 1 1 2 2
j 1 2 1 2

Table 4.4.: Type 4 Πab diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of A(1)

πp = 0. In total, seven diagrams remain. We will see that
all type-4 diagrams will precisely cancel each other in the soft limit.

HN

i

j

i A1(1)
A1(1)

A2(2)
A2(2)

j 1 A2(3) 1 A2(3)

HN

2i

j

i A1(4)
A1(4)

A2(5)
A2(5)

j 1 A2(3) 1 A2(3)

HN

2 2i

j

i 1 1 A2(6)
A2(6)

j 1 A2(3) 1 A2(3)

Table 4.5.: Type 5 Πab diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of A(1)

πpp = 0, (2) because of A(2)
πpp = 0, (3) because of A(2)

π = 0,
(4) because of A(1)

π2p = 0, (5) because of A(2)
π2p = 0, and (6) because of A(2)

π3 = 0. In
total, one diagram remains.

4.2.1. One-loop diagrams of type 2

First Diagram

The first diagram for the in-medium pseudoscalar correlation function is:

Πab
2,1(0) :

I

22pa pb
πc(q)

(4.12)
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In terms of an integral expression, this can be translated to2:

Πab
2,1(0) = lim

qµ→0
(−1)L (−1)n

n
(−i)2

∫ d3p

(2π)3
1

2Ep
Tr
{

[−iA(2)
πp ]ac(/p+mN)n(p)

} iδac
q2 −m2

π

[iL(2)
πp ]cb.

(4.13)

In this diagram, we have one fermionic loop, L = 1, one Fermi-sea propagator, n = 1, and two
external currents in the correlation function, thus we get a factor of (−i)2. The relevant terms
in the Lagrangian, which contain the necessary information about the vertices in the present
diagram, are:

A(2)
πp = −8c1B0

f
piπi, (4.14a)

L(2)
πp = 2fB0π

ipi. (4.14b)

In order to use these interactions in the Feynman rules, we perform a functional differentiation
with respect to the interacting fields to get the vertex factors:

[−iA(2)
πp ]ac = 8ic1B0

f
δac, (4.15a)

[iL(2)
πp ]cb = 2ifB0δ

bc. (4.15b)

The trace in spinor space yields:

Tr
S

{
/p+mN

}
= 4mN . (4.16)

In order to efficiently calculate the traces of Dirac gamma matrices, we employed the Math-
ematica package FeynCalc [86–88] for several calculations in this and the next chapter. The
trace in isospin space yields:

Tr
F
{n(p)} = Θp

p + Θn
p. (4.17)

We can take the soft limit without problems, which gives us:

Πab
2,1(0) = −iδab32c1B

2
0mN

m2
π

∫ d3p

(2π)3
1
Ep

(Θp
p + Θn

p). (4.18)

Now we change to spherical coordinates, d3p = 4πp2 dp, and have our result for the first
diagram:

Πab
2,1(0) = −iδab16c1B

2
0mN

π2m2
π

∫
dp p

2

Ep
(Θp

p + Θn
p). (4.19)

2Note the difference between the external isovector pseudoscalar field pa and the nucleon momentum pµ =
(Ep,p), since both are denoted by the letter “p”.
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In order to account for the fact that the nucleon loop can be attached to either vertex, we
include a factor of two:

Πab
2,1(0) = −iδab32c1B

2
0mN

π2m2
π

∫
dp p

2

Ep
(Θp

p + Θn
p). (4.20)

The result for the first diagram is:

mΠab
2,1(0)
〈q̄q〉0

= iδab8c1mN

π2f 2

∫
dp p

2

Ep
[Θp

p + Θn
p]. (4.21)

Here we used the relation for the LEC B0 in order to replace B0m→ m2
π/2.

Second Diagram

The second type-2 diagram is:

Πab
2,2(0) :

I

2 21pa pb
πc(q) πd(q)

(4.22)

In terms of an integral expression, this can be translated to:

Πab
2,2(0) = lim

qµ→0
(−i)2[iL(2)

πp ]ac i
q2 −m2

π

(−1)(−1)
1

×
∫ d3p

(2π)3
1

2Ep
Tr
{

[−iA(1)
ππ ]cd(/p+mN)n(p)

} i
q2 −m2

π

[iL(2)
πp ]db. (4.23)

The relevant term in the Lagrangian is:

A(1)
ππ = 1

4f 2γ
µπi∂µπ

jεijkτ k. (4.24)

Since we take the soft limit qµ → 0, this diagram will vanish because the vertex is proportional
to the pion momentum.

Third Diagram

The third and last type-2 diagram is:

Πab
2,3(0) :

I

2 22pa pb
πc(q) πd(q)

(4.25)

In terms of an integral expression, this can be translated to:

Πab
2,3(0) = lim

qµ→0
(−i)2[iL(2)

πp ]ac i
q2 −m2

π

(−1)(−1)
1

×
∫ d3p

(2π)3
1

2Ep
Tr
{

[−iA(2)
ππ ]cd(/p+mN)n(p)

} i
q2 −m2

π

[iL(2)
πp ]db. (4.26)
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The relevant term in the Lagrangian is:

A(2)
ππ = 4B0c1m

f 2 πiπi + c2

f 2m2
N

∂µπ
i∂νπ

i∂µ∂ν − c3

f 2∂µπ
i∂µπi + ic4

f 2 ε
ijkτ kγµγν∂µπ

i∂νπ
j. (4.27)

In the soft limit, only the first term will be relevant. The vertex factor in the soft limit is:

[−iA(2)
ππ ]cd = −8ic1B0m

f 2 δcd. (4.28)

The trace simplifies to:

Tr
{

[−iA(2)
ππ ]cd(/p+mN)n(p)

}
= −32ic1B0mmN

f 2 δcd[Θp
p + Θn

p]. (4.29)

The diagram therefore yields:

Πab
2,3(0) = iδab32B2

0mNc1B0m

π2m4
π

∫
dp p2

E(p) [Θp
p + Θn

p], (4.30)

and the result is:

mΠab
2,3(0)
〈q̄q〉0

= −iδab4c1mN

π2f 2

∫
dp p2

E(p) [Θp
p + Θn

p], (4.31)

where we used the relation for the LEC B0 in order to replace B0m→ mπ/2. In total, we can
write for the LO diagrams:

〈q̄q〉∗

〈q̄q〉0
= 1 + 4c1

f 2 ρ+O(ρ4/3) (4.32)

4.2.2. Two-loop diagrams of type 3

First Diagram

The next diagram is:

Πab
3,1(0) : I

J

22

1 1

pbpa

p

k

πc(p− k) πd(p− k)

πe(q)

(4.33)

In terms of an integral expression, this can be translated to:

Πab
3,1(0) = lim

qµ→0
(−1)L (−1)n

n
(−i)2 1

2

∫ d3p

(2π)3
d3k

(2π)3
1

4p0k0
[iL(2)

π3p]
acde

[
i

(p− k)2 −m2
π

]2

× Tr
{

[−iA(1)
π ]c(/k +mN)n(k)[−iA(1)

π ]d(/p+mN)n(p)
}

× i
q2 −m2

π

[iL(2)
πp ]eb. (4.34)
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The relevant terms in the Lagrangian are:

L(2)
π3p = −B0

5f p
iπiπjπj, (4.35a)

A(1)
π = gA

2f γ
µγ5∂µπ

iτ i, (4.35b)

L(2)
πp = 2fB0π

ipi, (4.35c)

and the vertex factors are:

[iL(2)
π3p]

abcd = −2iB0

5f (δacde + δadce + δaecd), (4.36a)

[−iA(1)
π ]c = −gA2f (/p− /k)γ5τ c, (4.36b)

[−iA(1)
π ]d = gA

2f (/p− /k)γ5τ d, (4.36c)

[iL(2)
πp ]eb = 2ifB0δ

be. (4.36d)

The trace in spinor space is:

Tr
S

{
(/p− /k)γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 16m2

N(p0k0 − pk cos θ −m2
N), (4.37)

where we used p2 = m2
N = k2 since both nucleons are on the mass shell. The trace in isospin

space is:

(δacde + δadce + δaecd) Tr
F

{
τ cn(k)τ dn(p)

}
= (Θp

pΘp
k + 4Θp

pΘn
k + 4Θn

pΘp
k + Θn

pΘn
k)δab

+ 2(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3 , (4.38)

where Θx
y is an abbreviation for Θ(kxF − |y|), the Heaviside step function that ensures that the

nucleon’s momentum stays below the Fermi momentum. The diagram, after accounting for the
fact that the nucleon loop can be attached on either vertex (i.e. multiplying by 2), is given by:

Πab
3,1(0) = −i g

2
AB

2
0m

2
N

20π4f 2m2
π

∫
dp dk d cos θp

2k2

p0k0

p0k0 − pk cos θ −m2
N

(2m2
N −m2

π − 2p0k0 + 2pk cos θ)2

×



(Θp
pΘp

k + 4Θp
pΘn

k + 4Θn
pΘp

k + Θn
pΘn

k)δab

0

2(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

, (4.39)

and the result including the quark mass is:
mΠab

3,1(0)
〈q̄q〉0

= i g
2
Am

2
N

5(2πf)4

∫
dp dk d cos θp

2k2

p0k0

p0k0 − pk cos θ −m2
N

(2m2
N −m2

π − 2p0k0 + 2pk cos θ)2

×



(Θp
pΘp

k + 4Θp
pΘn

k + 4Θn
pΘp

k + Θn
pΘn

k)δab

0

2(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

. (4.40)
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Second Diagram

The next diagram is:

Πab
3,2(0) : I

J

2 22

1 1

pbpa

p

k

πc(p− k) πd(p− k)

πf (q)πe(q)

(4.41)

In terms of an integral expression, this can be translated to:

Πab
3,2(0) = lim

qµ→0
(−1)L (−1)n

n
(−i)2 i

q2 −m2
π

[iL(2)
πp ]ae1

2

∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk

× [iL(2)
π4 ]cdef

[
i

(p− k)2 −m2
π

]2

× Tr
{

[−iA(1)
π ]c(/k +mN)n(k)[−iA(1)

π ]d(/p+mN)n(p)
}

× i
q2 −m2

π

[iL(2)
πp ]fb. (4.42)

The relevant terms in the Lagrangian are:

L(2)
π4 = 1

10f 2∂µπ
i∂µπjπkπl(3δikδjl − δijδkl)− B0m

20f 2π
iπiπjπj, (4.43a)

A(1)
π = gA

2f γ
µγ5∂µπ

iτ i, (4.43b)

L(2)
πp = 2fB0π

ipi, (4.43c)

and the vertex factors are:

[iL(2)
π4 ]efcd = − i

5f 2

[
2[(p− k)2 + q2

0]δefcd

−
[
3[(p− k)2 + q2

0]− 10(p0 − k0)q0
]
δecfd

−
[
3[(p− k)2 + q2

0] + 10(p0 − k0)q0
]
δedfc

+ 2B0m(δabcd + δacbd + δedfc)
]
, (4.44a)

[−iA(1)
π ]c = −gA2f (/p− /k)γ5τ c, (4.44b)

[−iA(1)
π ]d = gA

2f (/p− /k)γ5τ d, (4.44c)

[iL(2)
πp ]ae = 2ifB0δ

ae. (4.44d)

For later convenience, we write the four-pion vertex in the following way:

[iL(2)
π4 ]efcd = − i

5f 2 [v1δ
ef
cd + v2δ

ec
fd + v3δ

ed
fc], (4.45a)
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v1 = 2(p− k)2 + 2q2
0 + 2B0m, (4.45b)

v2 = −3(p− k)2 − 3q2
0 + 10(p0 − k0)q0 + 2B0m, (4.45c)

v3 = −3(p− k)2 − 3q2
0 − 10(p0 − k0)q0 + 2B0m. (4.45d)

The trace in spinor space is:

Tr
S

{
(/p− /k)γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 16m2

N(p0k0 − pk cos θ −m2
N), (4.46)

where we used p2 = m2
N = k2 since both nucleons are on the mass shell. The trace in isospin

space is:

[iL(2)
π4 ]efcd Tr

F

{
τ cn(k)τ dn(p)

}
= − i

5f 2

×



v1(Θp
pΘp

k + Θn
pΘn

k)δef + (2v1 + v2 + v3)(Θp
pΘn

k + Θn
pΘp

k)δef

(v2 − v3)(Θp
pΘn

k −Θn
pΘp

k)iεef3

(v2 + v3)(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δe3f3

. (4.47)

With this, the diagram is given by:

Πab
3,2(0) = − lim

qµ→0

1
q2 −m2

π

16ig2
AB

2
0m

2
N

80f 2

∫ d3p

(2π)3
d3k

(2π)3
1

EpEk

×
[

1
(p− k)2 −m2

π

]2
p0k0 − pk cos θ −m2

N

q2 −m2
π

×



v1(Θp
pΘp

k + Θn
pΘn

k)δab + (2v1 + v2 + v3)(Θp
pΘn

k + Θn
pΘp

k)δab

(v2 − v3)(Θp
pΘn

k −Θn
pΘp

k)iεab3

(v2 + v3)(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

. (4.48)

We now take the soft limit, where the vertex functions simplify to:

v1 = 2(p− k)2 + 2B0m, (4.49a)

v2 = −3(p− k)2 + 2B0m, (4.49b)

v3 = −3(p− k)2 + 2B0m, (4.49c)

hence v2 − v3 = 0, and the diagrams yields:

Πab
3,2(0) = − ig2

AB
2
0m

2
N

40π4f 2m4
π

∫
dp dk d cos θ p2k2

EpEk

EpEk − pk cos θ −m2
N

(2m2
N −m2

π − 2EpEk + 2pk cos θ)2

×



v1(Θp
pΘp

k + Θn
pΘn

k)δab + (2v1 + v2 + v3)(Θp
pΘn

k + Θn
pΘp

k)δab

0

(v2 + v3)(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

. (4.50)
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We now use B0m = m2
π/2 and divide by the vacuum condensate 〈q̄q〉0 = −2f 2B0. The result

for this diagram is:

mΠab
3,2(0)
〈q̄q〉0

= i g2
Am

2
N

10(2πf)4m2
π

∫
dp dk d cos θ p2k2

EpEk

EpEk − pk cos θ −m2
N

(2m2
N −m2

π − 2EpEk + 2pk cos θ)2

×



v1(Θp
pΘp

k + Θn
pΘn

k)δab + (2v1 + v2 + v3)(Θp
pΘn

k + Θn
pΘp

k)δab

0

(v2 + v3)(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

, (4.51)

and we abbreviate:

v1 = 2(p− k)2 +m2
π, (4.52a)

2v1 + v2 + v3 = −2(p− k)2 + 4m2
π, (4.52b)

v2 + v3 = −6(p− k)2 + 2m2
π, (4.52c)

where (p− k)2 = 2m2
N − 2p0k0 + 2pk cos θ.

4.2.3. Two-loop diagrams of type 4

First diagram

The next diagram is:

Πab
4,1(0) :

I

J

2 2pa pb

k

p

(4.53)

In terms of an integral expression, this can be translated to:

Πab
4,1(0) = lim

qµ→0
(−1)L (−1)n

n
(−i)2

∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk
i

(p− k)2 −m2
π

× Tr
{

[−iA(2)
πp ]ac(/p+mN)n(p)[−iA(2)

πp ]cb(/k +mN)n(k)
}
, (4.54)

where L = 1 and n = 2 and the virtual pion πc has momentum pµ− kµ going to the right. The
relevant term in the Lagrangian is:

A(2)
πp = −8c1B0

f
piπi, (4.55)

and the vertex factors are:

[−iA(2)
πp ]ac = i8c1B0

f
δac, (4.56a)
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[−iA(2)
πp ]cb = i8c1B0

f
δbc. (4.56b)

The trace yields:

Tr
{

[−iA(2)
πp ]ac(/p+mN)n(p)[−iA(2)

πp ]cb(/k +mN)n(k)
}

= −256c2
1B

2
0

f 2 (EpEk − p · k +m2
N)(Θp

p + Θn
p)(Θp

k + Θn
k)δab, (4.57)

and the diagram is given by:

Πab
4,1(0) = −iδab32c2

1B
2
0

f 2

∫ d3p

(2π)3
d3k

(2π)3
1

EpEk

EpEk − p · k +m2
N

(p− k)2 −m2
π

× (Θp
p + Θn

p)(Θp
k + Θn

k). (4.58)

Second diagram

The next diagram is:

Πab
4,2(0) :

I

J

22 1pa pb

k

p

πd (4.59)

In terms of an integral expression, this can be written as:

Πab
4,2(0) = 2 lim

qµ→0
(−1)L (−1)n

n
(−i)2

∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk
i

(q + p− k)2 −m2
π

× Tr
{

[−iA(2)
πp ]ac(/p+mN)n(p)[−iA(1)

ππ ]cd(/k +mN)n(k)
}

× i
q2 −m2

π

[iL(2)
πp ]db, (4.60)

where L = 1 and n = 2 and the virtual pion πc has momentum qµ + pµ − kµ. We also have
to include a factor of 2, since the pion can be attached left or right. The relevant terms in the
Lagrangian are:

A(2)
πp = −8c1B0

f
piπi, (4.61a)

A(1)
ππ = 1

4f 2γ
µπi∂µπ

jεijkτ k, (4.61b)

L(2)
πp = 2fB0π

ipi, (4.61c)

and the vertex factors in the soft limit are:

[−iA(2)
πp ]ac = i8c1B0

f
δac, (4.62a)
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[−iA(1)
ππ ]cd = 1

4f 2 (2/q + /p− /k)εcdkτ k, (4.62b)

[iL(2)
πp ]db = 2ifB0δ

bd. (4.62c)

The trace in Dirac spinor space yields:

Tr
S

{
(/p+mN)(2/q + /p− /k)(/k +mN)

}
= 4mNq0(Ep + Ek), (4.63)

which vanishes in the soft limit.

Third diagram

The next diagram is:

Πab
4,3(0) :

I

J

22 2pa pb

k

p

πd (4.64)

In terms of an integral expression, this equals:

Πab
4,3(0) = 2 lim

qµ→0
(−1)L (−1)n

n
(−i)2

∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk
i

(q + p− k)2 −m2
π

× Tr
{

[−iA(2)
πp ]ac(/p+mN)n(p)[−iA(1)

ππ ]cd(/k +mN)n(k)
}

× i
q2 −m2

π

[iL(2)
πp ]db, (4.65)

where L = 1 and n = 2 and the virtual pion πc has momentum qµ + pµ − kµ. We also have
to include a factor of 2, since the pion can be attached left or right. The relevant terms in the
Lagrangian are:

A(2)
πp = −8c1B0

f
piπi, (4.66a)

A(2)
ππ = 4B0c1m

f 2 πiπi + c2

f 2m2
N

∂µπ
i∂νπ

i∂µ∂ν − c3

f 2∂µπ
i∂µπi

+ ic4

f 2 ε
ijkτ kγµγν∂µπ

i∂νπ
j, (4.66b)

L(2)
πp = 2fB0π

ipi, (4.66c)

and the vertex factors in the soft limit are:

[−iA(2)
πp ]ac = i8c1B0

f
δac, (4.67a)

[−iA(2)
ππ ]cd = −i8c1B0m

f 2 δcd, (4.67b)

[iL(2)
πp ]db = 2ifB0δ

bd. (4.67c)
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In the soft limit, the trace yields:

Tr
{

[−iA(2)
πp ]ac(/p+mN)n(p)[−iA(1)

ππ ]cd(/k +mN)n(k)
}

= 256c2
1B

2
0m

f 3 (EpEk − p · k +m2
N)(Θp

p + Θn
p)(Θp

k + Θn
k)δad. (4.68)

With this, the diagram is given by:

Πab
4,3(0) = iδab128c2

1B
3
0m

f 2m2
π

∫ d3p

(2π)3
d3k

(2π)3
1

EpEk

EpEk − p · k +m2
N

(p− k)2 −m2
π

× (Θp
p + Θn

p)(Θp
k + Θn

k). (4.69)

After using B0m = m2
π/2, we get:

Πab
4,3(0) = iδab64c2

1B
2
0

f 2

∫ d3p

(2π)3
d3k

(2π)3
1

EpEk

EpEk − p · k +m2
N

(p− k)2 −m2
π

× (Θp
p + Θn

p)(Θp
k + Θn

k), (4.70)

i.e. Πab
4,1(0) and Πab

4,3(0) are related by:

−2Πab
4,1(0) = Πab

4,3(0). (4.71)

Fourth diagram

The next diagram is:

Πab
4,4(0) :

I

J

2 21 1pa pb

k

p

πd πe (4.72)

In terms of an integral expression, this can be translated to:

Πab
4,4(0) = lim

qµ→0
(−1)L (−1)n

n
(−i)2[iL(2)

πp ]ad i
q2 −m2

π

∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk
i

(q + p− k)2 −m2
π

× Tr
{

[−iA(1)
ππ ]dc(/p+mN)n(p)[−iA(1)

ππ ]ce(/k +mN)n(k)
}

× i
q2 −m2

π

[iL(2)
πp ]eb, (4.73)

where L = 1 and n = 2 and the virtual pion πc has momentum qµ + pµ − kµ. The relevant
terms in the Lagrangian are:

A(1)
ππ = 1

4f 2γ
µπi∂µπ

jεijkτ k, (4.74a)

L(2)
πp = 2fB0π

ipi. (4.74b)
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In the soft limit, the relevant vertices are:

[−iA(1)
ππ ]dc = 1

4f 2 (/p− /k)εdckτ k, (4.75a)

[−iA(1)
ππ ]ce = 1

4f 2 (/p− /k)εcelτ l, (4.75b)

[iL(2)
πp ]ab = 2ifB0δ

ab. (4.75c)

The trace yields zero in the soft limit, i.e. this diagram vanishes:

Πab
4,4(0) = 0. (4.76)

Fifth diagram

The next diagram is:

Πab
4,5(0) :

I

J

2 21 2pa pb

k

p

πd πe (4.77)

In terms of an integral expression, this can be written as:

Πab
4,5(0) = lim

qµ→0
(−1)L (−1)n

n
(−i)2[iL(2)

πp ]ad i
q2 −m2

π

∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk
i

(q + p− k)2 −m2
π

× Tr
{

[−iA(1)
ππ ]dc(/p+mN)n(p)[−iA(2)

ππ ]ce(/k +mN)n(k)
}

× i
q2 −m2

π

[iL(2)
πp ]eb, (4.78)

where L = 1 and n = 2 and the virtual pion πc has momentum qµ + pµ − kµ. The relevant
terms in the Lagrangian are:

A(1)
ππ = 1

4f 2γ
µπi∂µπ

jεijkτ k, (4.79a)

A(2)
ππ = 4B0c1m

f 2 πiπi + c2

f 2m2
N

∂µπ
i∂νπ

i∂µ∂ν − c3

f 2∂µπ
i∂µπi

+ ic4

f 2 ε
ijkτ kγµγν∂µπ

i∂νπ
j, (4.79b)

L(2)
πp = 2fB0π

ipi. (4.79c)

In the soft limit, the relevant vertices are:

[−iA(1)
ππ ]dc = 1

4f 2 (/p− /k)εdckτ k, (4.80a)

[−iA(2)
ππ ]ce = −i8c1B0m

f 2 δce, (4.80b)

[iL(2)
πp ]ab = 2ifB0δ

ab. (4.80c)

The trace yields zero in the soft limit, i.e. this diagram vanishes:

Πab
4,5(0) = 0. (4.81)
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Sixth diagram

The next diagram is:

Πab
4,6(0) :

I

J

2 22 1pa pb

k

p

πd πe (4.82)

In terms of an integral expression, this diagram is given by:

Πab
4,6(0) = lim

qµ→0
(−1)L (−1)n

n
(−i)2[iL(2)

πp ]ad i
q2 −m2

π

∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk
i

(q + p− k)2 −m2
π

× Tr
{

[−iA(2)
ππ ]dc(/p+mN)n(p)[−iA(1)

ππ ]ce(/k +mN)n(k)
}

× i
q2 −m2

π

[iL(2)
πp ]eb, (4.83)

where L = 1 and n = 2 and the virtual pion πc has momentum qµ + pµ − kµ. The relevant
terms in the Lagrangian are:

A(1)
ππ = 1

4f 2γ
µπi∂µπ

jεijkτ k, (4.84a)

A(2)
ππ = 4B0c1m

f 2 πiπi + c2

f 2m2
N

∂µπ
i∂νπ

i∂µ∂ν − c3

f 2∂µπ
i∂µπi

+ ic4

f 2 ε
ijkτ kγµγν∂µπ

i∂νπ
j, (4.84b)

L(2)
πp = 2fB0π

ipi. (4.84c)

In the soft limit, the relevant vertices are:

[−iA(2)
ππ ]dc = −i8c1B0m

f 2 δdc, (4.85a)

[−iA(1)
ππ ]ce = 1

4f 2 (/p− /k)εcelτ l, (4.85b)

[iL(2)
πp ]ab = 2ifB0δ

ab. (4.85c)

The trace yields zero in the soft limit, i.e. this diagram vanishes:

Πab
4,6(0) = 0. (4.86)

Seventh diagram

The next diagram is:

Πab
4,7(0) :

I

J

2 22 2pa pb

k

p

πd πe (4.87)
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In terms of an integral expression, this can be translated to:

Πab
4,7(0) = lim

qµ→0
(−1)L (−1)n

n
(−i)2[iL(2)

πp ]ad i
q2 −m2

π

∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk
i

(q + p− k)2 −m2
π

× Tr
{

[−iA(2)
ππ ]dc(/p+mN)n(p)[−iA(2)

ππ ]ce(/k +mN)n(k)
}

× i
q2 −m2

π

[iL(2)
πp ]eb, (4.88)

where L = 1 and n = 2 and the virtual pion πc has momentum qµ + pµ − kµ. The relevant
terms in the Lagrangian are:

A(2)
ππ = 4B0c1m

f 2 πiπi + c2

f 2m2
N

∂µπ
i∂νπ

i∂µ∂ν − c3

f 2∂µπ
i∂µπi

+ ic4

f 2 ε
ijkτ kγµγν∂µπ

i∂νπ
j, (4.89a)

L(2)
πp = 2fB0π

ipi. (4.89b)

In the soft limit, the relevant vertices are:

[−iA(2)
ππ ]dc = −i8c1B0m

f 2 δdc, (4.90a)

[−iA(1)
ππ ]ce = −i8c1B0m

f 2 δce, (4.90b)

[iL(2)
πp ]ab = 2ifB0δ

ab. (4.90c)

The trace yields:

Tr
{

[−iA(2)
ππ ]dc(/p+mN)n(p)[−iA(2)

ππ ]ce(/k +mN)n(k)
}

= −256c2
1B

2
0m

2

f 4 (EpEk − p · k +m2
N)(Θp

p + Θn
p)(Θp

k + Θn
k)δde. (4.91)

With this, the last type-4 diagram is given by:

Πab
4,7(0) = −iδab128c2

1B
4
0m

2

f 2m4
π

∫ d3p

(2π)3
d3k

(2π)3
1

EpEk

EpEk − p · k +m2
N

(p− k)2 −m2
π

× (Θp
p + Θn

p)(Θp
k + Θn

k). (4.92)

Finally we use B0m = m2
π/2 again and get:

Πab
4,7(0) = −iδab32c2

1B
2
0

f 2

∫ d3p

(2π)3
d3k

(2π)3
1

EpEk

EpEk − p · k +m2
N

(p− k)2 −m2
π

× (Θp
p + Θn

p)(Θp
k + Θn

k). (4.93)

Thus, in the soft limit, we have:

Πab
4,1(0) = Πab

4,7(0). (4.94)
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Cancellation in the soft limit

In summary, these are the results for the type-4 diagrams in the soft limit:

Π4,1 = −1
2Π4,3, (4.95a)

Π4,2 = Π4,4 = Π4,5 = Π4,6 = 0, (4.95b)

Π4,7 = Π4,1, (4.95c)

which means that
7∑
i=1

Π4,i = Π4,1 + Π4,3 + Π4,7 = 0 and thus all type-4 diagrams vanish.

4.2.4. Two-loop diagrams of type 5

The only diagram in this group is:

Πab
5 (0) : HN

2 21

1

pa pb

pk (4.96)

In terms of an integral expression, this can be translated to:

Πab
5 (0) = lim

qµ→0
(−i)2(−1)L (−1)n

n
[iL(2)

πp ]ad i
q2 −m2

π

∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk

× Tr
{

[−iA(1)
π3 ]dec(/k +mN)n(k)[−iA(1)

π ]c(/p+mN)n(p)
} i

(p− k)2 +m2
π

× i
q2 −m2

π

[iL(2)
πp ]eb, (4.97)

where L = 1, n = 2 and we have to replace p0 =
√
p2 +m2

N and k0 =
√
k2 +m2

N . The pion
momentum is pµ − kµ, going in the upwards direction. The relevant terms in the Lagrangian
are:

A(1)
π = gA

2f γ
µγ5∂µπ

iτ i, (4.98a)

A
(1)
π3 = gA

20f 3γ
µγ5

[
3πiπj∂µπj − πjπj∂µπi

]
τ i, (4.98b)

L(2)
πp = 2fB0π

ipi, (4.98c)

and the vertices are:

[−iA(1)
π3 ]dec = gA

20f 3

[
δidec(5/q − 3/p+ 3/k) + δiedc(−5/q − 3/p+ 3/k) + δicde2(/p− /k)

]
γ5τ i, (4.99a)

[−iA(1)
π ]c = gA

2f (/p− /k)γ5τ c, (4.99b)

[iL(2)
πp ]ab = 2ifB0δ

ab. (4.99c)
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The results for the traces are (we simplify using p2 = m2
N = k2):

Tr
S

{
(5/q − 3/p+ 3/k)γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 8m2

N(6m2
N − 5q0(Ep − Ek)− 6EpEk + 6p · k), (4.100a)

Tr
S

{
(−5/q − 3/p+ 3/k)γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 8m2

N(6m2
N + 5q0(Ep − Ek)− 6EpEk + 6p · k), (4.100b)

Tr
S

{
2(/p− /k)γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 32m2

N(EpEk − p · k −m2
N). (4.100c)

After taking the soft limit, we get:

Πab
5 (0) = i4m2

NB
2
0g

2
A

10(2π)4f 2m4
π

∫
dp dk d(cos θ) p2k2

EpEk

EpEk − pk cos θ −m2
N

2m2
N − 2EpEk + 2pk cos θ +m2

π

× (Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)


2δab

0
−6δa3

b3

. (4.101)

Finally, we include the quark mass and divide by the vacuum condensate:

mΠab
5 (0)
〈q̄q〉0

= i g2
Am

2
N

10(2πf)4m2
π

∫
dp dk d cos θp

2k2

p0k0

p0k0 − pk cos θ −m2
N

2m2
N −m2

π − 2p0k0 + 2pk cos θ

× (Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)


−2δab

0

6δa3
b3

, (4.102)

where we also used the relation B0m = m2
π/2.

4.2.5. Cancellation of symmetry breaking terms

By calculating the two-point pseudoscalar correlation functions, we got terms proportional to
δab, but also terms proportional to δa3δb3. According to SU(2) chiral symmetry, the δa3

b3 terms
break this symmetry. However, if we add all diagrams, then these terms precisely cancel each
other:

δa3
b3 : Π3,1 + Π3,2 + Π5 = 0, (4.103)

where we already included a factor of 2 inside of Π3,1 in order to account for the two vertices
that the nucleon loop can attach to.
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The results of the corresponding diagrams (only the terms proportional to δa3δb3) are as
follows:

mΠab
3,1(0)
〈q̄q〉0

= i g2
Am

2
N

10(2πf)4m2
π

∫
dp dk d cos θp

2k2

p0k0

4m2
π(p0k0 − pk cos θ −m2

N)
(2m2

N −m2
π − 2p0k0 + 2pk cos θ)2

× (Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3 , (4.104a)

mΠab
3,2(0)
〈q̄q〉0

= i g2
Am

2
N

10(2πf)4m2
π

∫
dp dk d cos θp

2k2

p0k0

p0k0 − pk cos θ −m2
N

(2m2
N −m2

π − 2p0k0 + 2pk cos θ)2

× (v2 + v3)(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3 . (4.104b)

Here we used the relation for the LEC B0 in order to replace B0m → m2
π/2. The vertex

functions simplify a bit for qµ = 0:

v2 + v3 = −6(p− k)2 + 2m2
π, (4.105)

where (p− k)2 = 2m2
N − 2pµkµ. The last contribution proportional to δa3δb3 is:

mΠab
5 (0)
〈q̄q〉0

= i g2
Am

2
N

10(2πf)4m2
π

∫
dp dk d cos θp

2k2

p0k0

pµkµ −m2
N

2m2
N −m2

π − 2p0k0 + 2pk cos θ
× 6(Θp

p −Θn
p)(Θp

k −Θn
k)δa3

b3 , (4.106)

where pµkµ = p0k0 − pk cos θ. Since the coefficients are the same in these terms, we can start
by adding the integrands:

Integrands = 4m2
π(p0k0 − pk cos θ −m2

N)
2m2

N −m2
π − 2p0k0 + 2pk cos θ + (2m2

π − 6(p− k)2)(p0k0 − pk cos θ −m2
N)

2m2
N −m2

π − 2p0k0 + 2pk cos θ
+ 6(p0k0 − pk cos θ −m2

N). (4.107)

We can combine the two fractions and use (p− k)2 = 2m2
N − 2pµkµ:

Integrands = (6m2
π − 12m2

N + 12p0k0 − 12pk cos θ)(p0k0 − pk cos θ −m2
N)

2m2
N −m2

π − 2p0k0 + 2pk cos θ
+ 6(p0k0 − pk cos θ −m2

N). (4.108)

Finally, we cancel the left bracket in the numerator and all of the denominator to yield −6,
which leads to:

−6(p0k0 − pk cos θ −m2
N) + 6(p0k0 − pk cos θ −m2

N) = 0, (4.109)

i.e. the symmetry breaking terms precisely cancel each other.
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4.3. Results: quark condensate

For the in-medium quark condensate, the integrals in Section 4.2 are solved numerically using
Python [89–91] and the result yields the density dependence of the quark condensate, which
is presented in Fig. 4.1. We perform these calculations for three sets of low-energy constants,
which we discuss in detail in Section 3.2.2. In summary, set 1 is taken from a textbook reference,
set 2 was obtained in Ref. [68] by comparing to experimental data, and set 3 was obtained in
Ref. [77] by fitting to scattering data.
Our computed value of the quark condensate at normal nuclear density, which shows a

reduction of 34–35% (LEC sets 2, 3) shows good agreement with Ref. [35], where the in-
medium behavior of the quark condensate was shown to be: 〈q̄q〉∗/〈q̄q〉0 ≈ (b1/b∗1 )1/2[1− 1

2βρ] ≈
1 − 0.37 ρ/ρ0. Here, the parameters take on the following values b1/b

∗
1|ρ=ρ0 ≈ 0.79 ± 0.05 and

β ≈ (2.17± 0.04) fm3, which were obtained from experimental data from deeply bound pionic
atoms and isospin-singlet πN -scattering amplitudes, respectively. Our results are also in good
agreement with results obtained in Ref. [92] which are summarized by Ref. [93]. They are also
consistent with Refs. [50, 94]. Ref. [95] uses methods of the functional renormalization group
including fluctuations beyond the mean-field approximation and arrives at the result that the
quark condensate is reduced by only around 20% at normal nuclear density.
The density dependence of the in-medium quark condensate shows a linear behavior, since

the next-to-leading order contributions in the density expansion, which lead to O(ρ4/3) and
O(ρ5/3) behavior, are much smaller. The contributions of the individual diagrams are shown in
Fig. 4.2. The right two figures show that the next-to-leading order diagrams have rather tiny
contributions to the quark condensate. This is because the Fermi momentum is small compared
to the nucleon mass in low densities and the Fermi motion expansion could be convergent. In
this sense, the nucleon-nucleon correlation, which plays a role from O(ρ2), should be important
and bring a new scale parameter.
This work is built on the foundation of Ref. [68], where the in-medium quark condensate was

calculated for isospin-symmetric nuclear matter. In this work, we found several new diagrams
which are necessary contributions to the in-medium quark condensate. In particular, the third
type of diagram in Table 4.2 with i = 1, the second type of diagram in Table 4.4 with i = 1 as
well as the third type of diagram in Table 4.4 with i 6= j. Furthermore, diagrams like the one
in Table 4.5 were not considered at all in Ref. [68]. Comparing to Ref. [92] and related works,
we include interactions from A(2), but omit 2π-exchange and ∆-excitation processes, as they
contribute beyond O(ρ5/3). In order to include such processes, Ref. [92] uses a nucleon-nucleon
potential obtained from lattice QCD data.
Despite being a small contribution, the isospin-asymmetry of the surrounding nuclear matter

plays a role in the in-medium quark condensate. As shown in Fig. 4.3, for normal nuclear
density ρ = ρ0, different values for the neutron-to-proton ratio have a small effect on the in-
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medium quark condensate. In particular, when plotted logarithmically, one can clearly see that
the plot is symmetric around the point ρn/ρp = 1, which represents isospin symmetric nuclear
matter. This means, the in-medium quark condensate behaves the same for a certain ratio
ρn/ρp and for the inverse ratio (ρn/ρp)−1 because of isospin symmetry. This can also be seen
on the far left and far right ends of the plot, which correspond to proton matter and neutron
matter, respectively. Furthermore, there is no significant effect if we treat protons and neutrons
with different masses mp 6= mn.
For interactions between nucleons the ∆ baryons might be an important ingredient, as sug-

gested by Ref. [92], however in this work we do not consider dynamical ∆ interactions. Since
some ∆ contributions are already implicitly included in the low-energy constants, our calcula-
tions are expected to be valid as long as dynamical ∆ interactions are not required. Otherwise,
one would have to include the ∆ fields in the Lagrangian and investigate their in-medium
effects.

4.4. A simple SU(3) extension
In this section, we perform a simple extension to SU(3). This is not a “true” in-medium chiral
perturbation theory, as we simply use an in-vacuum chiral SU(3) Lagrangian. In order to
estimate the effects of nuclear matter, we investigate diagrams with meson-nucleon interactions
and then manually restrict the proton and neutron momenta to be below their respective Fermi
momenta.
The details on how to extend our formalism to SU(3) can be found in Appendix A.1. In

Sections 4.4.1 and 4.4.3 to 4.4.5, we will show the explicit calculations for the quark condensates
〈ūu − d̄d〉∗, 〈ūu + d̄d〉∗, 〈ūu + s̄s〉∗, and 〈d̄d + s̄s〉∗. Finally, in Section 4.4.6, we present our
results.

4.4.1. Up minus down quark condensate with explicit isospin breaking

In this section, we present an estimation of the isospin splitting of the quark condensate
in nuclear matter, i.e., the quantity 〈ūu − d̄d〉∗ in leading order of the density expansion.
This splitting arises due to explicit isospin breaking, which we will consider via mu 6= md

in the Lagrangian and ρp 6= ρn in the nuclear matter. There is also isospin breaking via
different hadron masses, like mp 6= mn, however since these effects yield minor corrections,
(mn −mp)/(mn +mp) ≈ 10−4, we neglect them, and instead use isospin-averaged masses. We
also omit SU(3) breaking in the meson decay constant.
The present calculation is an estimate for two reasons. First, the values of the LECs are not

fixed by scattering data, and second, there are no dynamic meson loops included, i.e., this is a
linear-density approximation. In order to compute 〈ūu− d̄d〉∗, we need to extend our formalism
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Figure 4.1.: Density dependence of the in-medium quark condensate, normalized to the vac-
uum condensate. The ratio of neutrons to protons is given by ρn/ρp. At normal
nuclear density, ρ = ρ0, the quark condensate is reduced by about 52% (set 1)
and 34–35% (sets 2,3) compared to its vacuum value.
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Figure 4.2.: Density dependence of the contributions to the in-medium quark condensate,
normalized to the vacuum condensate. The ratio of neutrons to protons is given
by ρn/ρp. Fig. 4.1 shows the sum of these three contributions. (a) The leading
order contributions corresponding to Eqs. (4.21) and (4.31). (b) The next-to-
leading order contributions corresponding to Eqs. (4.40) and (4.51). (c) The
next-to-leading order contributions corresponding to Eq. (4.102).
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Figure 4.3.: Density dependence of the in-medium quark condensate, normalized to the vac-
uum condensate. The ratio of neutrons to protons is given by ρn/ρp. The
in-medium quark condensate at a fixed density is symmetric around the point
ρn/ρp = 1 under the exchange ρn ↔ ρp. The far left of these plots correspond to
proton matter, whereas the far right corresponds to neutron matter.
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to SU(3), since the SU(2) chiral transformation of a pseudoscalar current can only yield the
sum ūu+ d̄d.
In the pionic part of the SU(3) Lagrangian,

L(2)
π = f 2

4 Tr
{
DµU

†DµU + χ†U + χU †
}
, (4.110)

we introduce the quark mass isospin breaking via the scalar source in χ = 2B0(s + ip), as
discussed in Eq. (A.24).

Chiral Ward identity with explicit isospin breaking

We start with

∂µ[TAaµ(x)P b(0)] = T[∂µAaµ(x)P b(0)] + δ(x0)[Aa0(x), P b(0)]. (4.111)

We can use the partially-conserved axial current (PCAC) relation:

∂µAaµ(x) = iq̄
{
M,

λa
2

}
γ5q, (4.112)

with the quark mass matrix M = diag(m+ δm,m− δm,ms). We need:

∂µA3
µ(x) = iq̄{M,

λ3

2 }γ
5q = iq̄

δm
√

2
3λ

0 +mλ3 + δm√
3
λ8

 γ5q

= δm

√
2
3P

0 +mP 3 + δm√
3
P 8. (4.113)

If we choose a = 3 and b = 8 and take the vacuum expectation value, we get:

∂µΠ38
5µ(x, 0) = δm

√
2
3Π08(x, 0) +mΠ38(x, 0) + δm√

3
Π88(x, 0) + δ(x0)〈Ω|[A3

0(x), P 8(0)]|Ω〉.

(4.114)

We perform a Fourier transformation and take the soft limit:

0 = δm

√
2
3Π08(0) +mΠ38(0) + δm√

3
Π88(0) +

∫
d3x 〈Ω|[A3

0(x), P 8(0)]|Ω〉. (4.115)

After integrating we use the commutator: [Q3
5, P

8(0)] = − i√
3S

3(0) = − i√
3 [ūu− d̄d]:

i√
3
〈ūu− d̄d〉∗ = δm

√
2
3Π08(0) +mΠ38(0) + δm√

3
Π88(0). (4.116)

So in order to calculate the difference of the quark condensates, we need to calculate:

〈ūu− d̄d〉∗ = −i
√

3mΠ38(0)− i
√

2δmΠ08(0)− iδmΠ88(0). (4.117)
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Diagrams

We treat the π0η mixing as perturbations in our calculations, i.e. we introduce a π0η vertex.
Every π0η mixing from the Lagrangian due to δm 6= 0,

iLπ0η8 = −2iB0 δm√
3

, (4.118)

gives us a correction depending on whether the new propagator belongs to the π0 or the η8:

additional pion: × 2√
3
B0m

δm

m

1
m2
π

≈ 0.2 (4.119a)

additional eta: × 2√
3
B0m

δm

m

1
m2
η

≈ 0.012 (4.119b)

using mπ = 138 MeV and mη = 548 MeV. We will in the following consider all diagrams
with additional pions coming from this π0-η8 mixing, since the large mass of the η8 leads to a
suppression of new η8 propagators in the soft limit.
The diagrams for Π38 are as follows:

Π38(q) =
I

P 8 P 3π0
+

I

P 8 P 3
η8

+
I

P 8 P 3
η8 π0

+
I

P 8 P 3
η8 π0

+
I

P 8 P 3
η8 π0

(4.120)

The necessary interactions are:

iLN̄Np8π0 = ±4iB0(bD + bF )√
3f

, (4.121a)

iLN̄Np3η = ±4iB0(bD + bF )√
3f

, (4.121b)

iLN̄Np3π0 = 4iB0(2b0 + bD + bF )
f

, (4.121c)

iLN̄Nπ0η = −4iB0δm(2b0 + bD + bF )√
3f 2

∓ 4iB0m(bD + bF )√
3f 2

, (4.121d)

iLN̄Np8η = 4iB0(6b0 + 5bD − 3bF )
3f , (4.121e)

iLp3π0 = iLp8η = 2iB0f. (4.121f)
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The first diagram yields:

Π38
1 = (−i)2

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Np8π0 ](/p+mN)n(p)
} i
−m2

π

[iLp3π0 ] (4.122a)

= −i8mNB
2
0(bD + bF )√
3π2m2

π

∫
dp p

2

Ep
[Θp

p −Θn
p], (4.122b)

the second diagram results in:

Π38
2 = (−i)2

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Np3η](/p+mN)n(p)
} i
−m2

η

[iLp8η] (4.123a)

= −i8mNB
2
0(bD + bF )√
3π2m2

η

∫
dp p

2

Ep
[Θp

p −Θn
p]. (4.123b)

The third diagram is given by:

Π38
3 = (−i)2

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Np8η](/p+mN)n(p)
} i
−m2

η

[iLπ0η]
i
−m2

π

[iLp3π0 ] (4.124a)

= i16mNB
3
0δm(6b0 + 5bD − 3bF )
3
√

3π2m2
πm

2
η

∫
dp p

2

Ep
[Θp

p + Θn
p], (4.124b)

the fourth diagram yields:

Π38
4 = (−i)2

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Nπ0η](/p+mN)n(p)
} i
−m2

η

[iLp8η]
i
−m2

π

[iLp3π0 ] (4.125a)

= i16B3
0δm(2b0 + bD + bF )mN√

3π2m2
πm

2
η

∫
dp p

2

Ep
[Θp

p + Θn
p] + i8B

2
0mN(bD + bF )√

3π2m2
η

∫
dp p

2

Ep
[Θp

p −Θn
p],

(4.125b)

and the fifth diagram results in:

Π38
5 = (−i)2[iLp8η]

i
−m2

η

[iLπ0η]
i
−m2

π

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Np3π0 ](/p+mN)n(p)
}

(4.126a)

= i16mNB
3
0δm(2b0 + bD + bF )√

3π2m2
ηm

2
π

∫
dp p

2

Ep
[Θp

p + Θn
p]. (4.126b)

The result of all diagrams, divided by the vacuum condensate, is as follows:

−i
√

3mΠ38
1

〈q̄q〉0
= 2mN(bD + bF )

f 2π2

∫
dp p

2

Ep
[Θp

p −Θn
p], (4.127a)

−i
√

3mΠ38
2

〈q̄q〉0
= 4mNB0m(bD + bF )

π2f 2m2
η

∫
dp p

2

Ep
[Θp

p −Θn
p], (4.127b)

−i
√

3mΠ38
3

〈q̄q〉0
= −4mNB0δm(6b0 + 5bD − 3bF )

3f 2π2m2
η

∫
dp p

2

Ep
[Θp

p + Θn
p], (4.127c)
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−i
√

3mΠ38
4

〈q̄q〉0
= −8B2

0mδm(2b0 + bD + bF )mN

π2f 2m2
πm

2
η

∫
dp p

2

Ep
[Θp

p + Θn
p]

− 4B0mmN(bD + bF )
π2f 2m2

η

∫
dp p

2

Ep
[Θp

p −Θn
p], (4.127d)

−i
√

3mΠ38
5

〈q̄q〉0
= −4mNB0δm(2b0 + bD + bF )

f 2π2m2
η

∫
dp p

2

Ep
[Θp

p + Θn
p], (4.127e)

where we used B0m = m2
π/2 and divided by 〈q̄q〉0 = −2f 2B0.

The diagrams for Π08 are:

Π08(q) =
I

P 8 P 0
η

+
I

P 8 P 0
η π0

(4.128)

and the interactions are:

iLp0π0 = iLp0η = 0, (4.129a)

iLN̄Np0η = −4i
√

2B0(bD − 3bF )
3f , (4.129b)

iLN̄Np0π0 = ±
4i
√

2
3B0(bD + bF )

f
, (4.129c)

iLp8η = 2iB0f. (4.129d)

The first diagram yields:

Π08
1 = (−i)2

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Np0η](/p+mN)n(p)
} i
−m2

η

[iLp8η] (4.130a)

= i8
√

2mNB
2
0(bD − 3bF )

3π2m2
η

∫
dp p

2

Ep
[Θp

p + Θn
p], (4.130b)

and the second diagram results in:

Π08
2 = (−i)2[iLp8η]

i
−m2

η

[iLπ0η]
i
−m2

π

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Np0π0 ](/p+mN)n(p)
}

(4.131a)

= i16
√

2mNB
3
0δm(bD + bF )

3π2m2
ηm

2
π

∫
dp p

2

Ep
[Θp

p −Θn
p]. (4.131b)

The result is as follows:

−i
√

2δmΠ08
1

〈q̄q〉0
= −8mNB0δm(bD − 3bF )

3π2m2
ηf

2

∫
dp p

2

Ep
[Θp

p + Θn
p], (4.132a)

−i
√

2δmΠ08
2

〈q̄q〉0
= −16mNB

2
0(δm)2(bD + bF )

3f 2π2m2
ηm

2
π

∫
dp p

2

Ep
[Θp

p −Θn
p], (4.132b)

where we used B0m = m2
π/2 and divided by 〈q̄q〉0 = −2f 2B0.
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The diagrams for Π88 are:

Π88(q) = 2
I

P 8 P 8
η

+ 2
I

P 8 P 8
η π0

+
I

P 8 P 8
η η

(4.133)

and the interactions are:

iLp8π0 = 0, (4.134a)

iLp8η = 2iB0f, (4.134b)

iLN̄Np8η = 4iB0(6b0 + 5bD − 3bF )
3f , (4.134c)

iLN̄Np8π0 = ±4iB0(bD + bF )√
3f

, (4.134d)

iLN̄Nη8η8 = −2iB0[m(2b0 + bD + bF ) + 4ms(b0 + bD − bF ))
3f 2 ∓ 2iB0δm(bD + bF )

3f 2 . (4.134e)

The first diagram gives:

Π88
1 = (−i)2

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Np8η](/p+mN)n(p)
} i
−m2

η

[iLp8η] (4.135a)

= −i8mNB
2
0(6b0 + 5bD − 3bF )

3π2m2
η

∫
dp p

2

Ep
[Θp

p + Θn
p], (4.135b)

the second diagram yields:

Π88
2 = (−i)2[iLp8η]

i
−m2

η

[iLπ0η]
i
−m2

π

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Np8π0 ](/p+mN)n(p)
}

(4.136a)

= i16mNB
3
0δm(bD + bF )

3π2m2
ηm

2
π

∫
dp p

2

Ep
[Θp

p −Θn
p], (4.136b)

and the third diagram yields:

Π88
3 = (−i)2

∫ d3p

(2π)3
1

2Ep
Tr
{

[iLN̄Nηη](/p+mN)n(p)
} i
−m2

η

[iLp8η]
i
−m2

η

[iLp8η] (4.137a)

= i
8mNB

2
0

[
B0m(2b0 + bD + bF ) + 4B0ms(b0 + bD − bF )

]
3π2m4

η

∫
dp p

2

Ep
[Θp

p + Θn
p] (4.137b)

= i8mNB
3
0 [m(2b0 + bD + bF ) + 4ms(b0 + bD − bF ))

3π2m4
η

∫
dp p

2

Ep
[Θp

p + Θn
p]

+ i8mNB
3
0δm(bD + bF )
3π2m4

η

∫
dp p

2

Ep
[Θp

p −Θn
p]. (4.137c)
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These diagrams give the following contribution to the quark condensate:

−iδmΠ88
1

〈q̄q〉0
× 2 = 8mNB0δm(6b0 + 5bD − 3bF )

3f 2π2m2
η

∫
dp p

2

Ep
[Θp

p + Θn
p], (4.138a)

−iδmΠ88
2

〈q̄q〉0
× 2 = −16mNB

2
0(δm)2(bD + bF )

3f 2π2m2
ηm

2
π

∫
dp p

2

Ep
[Θp

p −Θn
p], (4.138b)

−iδmΠ88
3

〈q̄q〉0
= −4mNB

2
0δm[m(2b0 + bD + bF ) + 4ms(b0 + bD − bF ))

3f 2π2m4
η

∫
dp p

2

Ep
[Θp

p + Θn
p]

− 4mNB
2
0(δm)2(bD + bF )
3f 2π2m4

η

∫
dp p

2

Ep
[Θp

p −Θn
p], (4.138c)

where we used B0m = m2
π/2 and divided by 〈q̄q〉0 = −2f 2B0.

In the soft limit and omitting terms beyond O(ρ) and O(δm), which means omitting terms
with triple isospin breaking, the three results for Π38, Π08 and Π88 can be summarized:

√
3mΠ38

i〈q̄q〉0
= 2ρ
f 2 (bD + bF )1− r

1 + r
− 2ρ
f 2 (18b0 + 11bD + 3bF ) δm

m+ 2ms

, (4.139a)

√
2δmΠ08

i〈q̄q〉0
= −4ρ(bD − 3bF )

f 2
δm

m+ 2ms

, (4.139b)

δmΠ88

i〈q̄q〉0
= ρ

f 2

[
2(9b0 + 7bD − 3bF ) + m2

π

m2
η

(bD − 3bF )
]

δm

m+ 2ms

. (4.139c)

4.4.2. Results: difference of light quark condensates

In agreement with the Vafa–Witten theorem [96], our results only depend on the difference of
proton and neutron densities in the absence of explicit isospin breaking (δm = 0), since isospin
symmetry is not spontaneously broken in QCD. We in fact find that all contributions with
δm = 0 contain the difference of nucleon densities and contributions of order (δm) contain the
sum of nucleon densities:

〈ūu− d̄d〉∗︸ ︷︷ ︸
isospin-odd

= (...) [Θp −Θn]︸ ︷︷ ︸
odd

+ (...) δm︸︷︷︸
odd

[Θp + Θn]︸ ︷︷ ︸
even︸ ︷︷ ︸

1× isospin breaking

+ (...) (δm)2︸ ︷︷ ︸
even

[Θp −Θn]︸ ︷︷ ︸
odd︸ ︷︷ ︸

3× isospin breaking

+ . . . . (4.140)

We further used a quark mass ratio of δm/m ≈ −1/3 (equivalent to mu/md ≈ 0.46) and
ms/m ≈ 27.2 and the following leading order relations of meson masses with relation to B0:

m2
π = 2B0m, m2

η = 2
3B0(m+ 2ms), (4.141)

with mπ = 138 MeV and mη = 548 MeV.
The results of Π38, Π08 and Π88 are shown in Figs. 4.4 and 4.5. The density dependence

of 〈ūu − d̄d〉∗ is one order of magnitude smaller than the density dependence of 〈ūu + d̄d〉∗.
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〈ū
u
−
d̄
d
〉∗

on
th
e
nu

cl
eo
n
de
ns
ity

fo
r
a
nu

cl
eo
n
ra
tio

of
ρ
n
/ρ

p
=

1.
5.

(c
)
Sa

m
e
as

be
fo
re
,

he
re

w
ith

a
ra
tio

ρ
n
/ρ

p
=

10
.



80 In-Medium Quark Condensate

0.
0

0.
5

1.
0

1.
5

2.
0

ρ
/ρ

0

−
0
.0

2

0
.0

0

0
.0

2

0
.0

4

0
.0

6

0
.0

8

0
.1

0
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〈ūu−d̄d〉∗/〈q̄q〉0

(a
)

ρ
=
ρ

0

to
ta

l

to
ta

l
(δ
m

=
0)

0.
0

0.
5

1.
0

1.
5

2.
0

ρ
/ρ

0

−
0
.0

2

0
.0

0

0
.0

2

0
.0

4

0
.0

6

0
.0

8

0
.1

0
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〈ūu−d̄d〉∗/〈q̄q〉0

(a
)

ρ
=
ρ

0

to
ta

l

to
ta

l
(δ
m

=
0)

F
ig

ur
e

4.
5.

:
To

p
to

bo
tt
om

:
LE

C
se
ts

3
an

d
4
of

Ta
bl
e
3.
2.

(a
)
T
he

de
pe

nd
en
ce

of
〈ū
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This is because the coefficient in 〈ūu− d̄d〉∗ is smaller by a factor of 10 than the coefficient in
〈ūu+ d̄d〉∗, e.g. for the LEC set 1:

bD + bF ≈ −0.18 GeV−1, (4.142a)

2b0 + bD + bF ≈ −1.4 GeV−1. (4.142b)

We illustrate the effects of explicit isospin breaking by also plotting the result for δm = 0.
Figures 4.4 and 4.5 (a) show the dependence of 〈ūu − d̄d〉∗ on the neutron-to-proton ratio.
The isospin breaking due to mu 6= md leads to a reduction of around 1% at normal nuclear
density, almost independent of nucleon ratios. Interestingly, the LEC set 4 exhibits no difference
between explicit isospin breaking or its absence. Figures 4.4 and 4.5 (b) show the dependence
of 〈ūu − d̄d〉∗ on the nucleon density, in particular the three contributions to 〈ūu − d̄d〉∗ as
well as their sum are shown. For a nucleon ratio of ρn/ρp = 1.5, the up and down quark
condensates are almost the same. Figures 4.4 and 4.5 (c) also show the density dependence
and was calculated using a nucleon ratio ρn/ρp = 10.
Although the explicit isospin breaking due to non-equal quark masses in the Lagrangian

provides a numerically smaller effect than the isospin breaking from the surrounding nuclear
matter at e.g. ρn/ρp = 1.5,

1
150 ≈

∣∣∣∣∣ δm

m+ 2ms

∣∣∣∣∣�
∣∣∣∣1− r1 + r

∣∣∣∣ = 1
5 , (4.143)

this is compensated by the large number of diagrams due to δm 6= 0, which leads to a large
contribution via the LECs (LEC set 1):

−(bD + bF )1− r
1 + r

≈ 0.04 GeV−1, (4.144a)

(18b0 + 11bD + 3bF ) δm

m+ 2ms

≈ 0.06 GeV−1. (4.144b)

Here we note that the coefficients of the LECs in Eq. (4.144b) are one order of magnitude larger
than the ones in Eq. (4.144a). This is significant, especially since b0 is larger than the other
LECs bD and bF , which gets further enhanced by the factor of 18. Hence, the effects of isospin
breaking in the Lagrangian and in the nuclear matter are of similar size in our calculations.
Still, there exists a possible ambiguity in the determination of b0, which is often absorbed in
the chiral limit octet baryon masses m0. It is possible to extract a value for b0 from scattering
experiments, although such experimental data is scarce. Such an issue is absent in the LECs
bD and bF , which are determined via Gell-Mann–Okubo mass relations.
For a nucleon ratio of 1.5, i.e. the one most accessible to experiments via heavy nuclei, the

up and down quark condensates behave almost the same with increasing density, see Figs. 4.4
and 4.5 (a). The effect of explicit isospin breaking in the Lagrangian leads to an almost constant
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Figure 4.6.: Top row: LEC sets 1 and 2, bottom row: LEC sets 3 and 4 from Table 3.2. The
result for 〈ūu + d̄d〉∗ was obtained from the SU(2) LEC set 2 in Table 3.1. In
three out of four cases, the up and down quark condensates behave almost the
same in nuclear matter with ρn/ρp = 1.5, which is typical for heavy nuclei.

reduction of 1% along all nucleon ratios, but the splitting of up and down quark condensates
increases due to the isospin breaking of the surrounding nuclear matter.
It would be interesting to discuss the experimental determination of the coefficients bD + bF

etc., appearing in our results. As is well-known, the parameter c1 is determined by the πN -σ
term, which is obtained by taking the soft limit in πN scattering, limp→0 TπN(p) = −σπN/f 2.
In a similar way, the SU(3) coefficients could be extracted from the ηN → π0N scattering
amplitudes in the soft limit. Nevertheless, it would be difficult, because the η meson mass is
so large that a theoretical extrapolation to the soft limit would have a large uncertainty. In
addition, in ηN → π0N scattering, the contribution of the N(1535) nucleon resonance is known
to dominate the amplitude around the threshold. The resonance contribution should therefore
be counted in the extrapolation.
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Finally, we also show the up and down quark condensates separately in Fig. 4.6 by combining
the results for 〈ūu+ d̄d〉∗ and 〈ūu− d̄d〉∗.

4.4.3. Up plus down quark condensate

In the following, we set δm = 0 again. In order to calculate 〈ūu+ d̄d〉∗, we need these diagrams:

Π33(q) =
I

p3 p3π0
+

I

p3 p3π0

+
I

p3 p3π0 π0
(4.145)

The necessary vertex factors are:

[iLP 3π0 ] = 2iB0f, (4.146a)

LN̄Np3π0 = 4B0(2b0 + bD + bF )
f

, (4.146b)

[iLN̄Nπ0π0 ] = −4iB0m(2b0 + bD + bF )
f 2 , (4.146c)

which we obtained from Eq. (A.18).

First diagram (nucleon loop on the left)

Π33
1 (0) = (−1)L (−1)1

1! (−i)2
∫ d3p

(2π)3
1

2p0
Tr
{

[iLN̄Np3φ3 ](/p+mN)n(p)
} i
−m2

π

[iLp3φ3 ] (4.147)

The necessary vertices are:

[iLN̄Nπ0p3 ] = 4iB0(2b0 + bD + bF )
f

, (4.148a)

[iLpaφb ] = 2iB0fδ
ab. (4.148b)

The result of this diagram is:

Π33
1 (0) = −8iB2

0(2b0 + bD + bF )mN

π2m2
π

∫
dp p

2

p0
(Θp

p + Θn
p). (4.149)

We divide by 〈ūu+ d̄d〉0 = −2B0f
2:

〈ūu+ d̄d〉∗1
〈ūu+ d̄d〉0

= −im
−2f 2B0

Π33
1 (0)

= 4B0m(2b0 + bD + bF )mN

π2m2
πf

2

∫
dp p

2

p0
(Θp

p + Θn
p), (4.150)
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and use mB0 = m2
π/2:

〈ūu+ d̄d〉∗1
〈ūu+ d̄d〉0

= 2(2b0 + bD + bF )mN

π2f 2

∫
dp p

2

p0
(Θp

p + Θn
p). (4.151)

Second diagram (nucleon loop on the right)

Due to symmetry, this result is the same as the first diagram:

〈ūu+ d̄d〉∗2
〈ūu+ d̄d〉0

= 〈ūu+ d̄d〉∗1
〈ūu+ d̄d〉0

(4.152)

Third diagram (nucleon loop in the middle)

Π33
3 (0) = (−1)L (−1)1

1! (−i)2
∫ d3p

(2π)3
1

2p0
[iLp3Φ3 ] i

−m2
π

Tr
{

[iLN̄Nφ3φ3 ](/p+mN)n(p)
} i
−m2

π

[iLp3Φ3 ]

(4.153)

The relevant vertices are:

[iLpaφb ] = 2iB0fδ
ab, (4.154a)

[iLN̄Nπ0π0 ] = −4iB0m(2b0 + bD + bF )
f 2 . (4.154b)

We can simplify this to:

Π33
3 (0) = 16iB3

0m(2b0 + bD + bF )mN

π2m4
π

∫
dp p

2

p0
(Θp

p + Θn
p), (4.155)

and divide by 〈ūu+ d̄d〉0 = −2B0f
2:

〈ūu+ d̄d〉∗3
〈ūu+ d̄d〉0

= −im
−2f 2B0

Π33
3 (0)

= −8B2
0m

2(2b0 + bD + bF )mN

π2m4
πf

2

∫
dp p

2

p0
(Θp

p + Θn
p). (4.156)

Finally we use mB0 = m2
π/2:

〈ūu+ d̄d〉∗3
〈ūu+ d̄d〉0

= −2(2b0 + bD + bF )mN

π2f 2

∫
dp p

2

p0
(Θp

p + Θn
p). (4.157)

Result

The calculations of the previous sections showed that:

〈ūu+ d̄d〉∗1
〈ūu+ d̄d〉0

= 〈ūu+ d̄d〉∗2
〈ūu+ d̄d〉0

= −〈ūu+ d̄d〉∗3
〈ūu+ d̄d〉0

, (4.158)
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so only the first diagram remains after summing over all three:
〈ūu+ d̄d〉∗

〈ūu+ d̄d〉0
= 2(2b0 + bD + bF )mN

π2f 2

∫
dp p

2

p0
(Θp

p + Θn
p). (4.159)

In the large-mN limit (see Appendix B.4.5 for details), we can evaluate this to:

〈ūu+ d̄d〉∗

〈ūu+ d̄d〉0
mN→∞= 2ρ(2b0 + bD + bF )

f 2 . (4.160)

Comparing this to the linear-density result of the SU(2) calculation in Eqs. (4.21) and (4.31)
(i.e. only the type-2 diagrams):

〈q̄q〉∗LO
〈q̄q〉0

= 4c1mN

π2f 2

∫
dp p2

E(p) [Θp
p + Θn

p] mN→∞= 4c1ρ

f 2 (4.161)

we can relate the following SU(2) and SU(3) LECs:

2b0 + bD + bF = 2c1. (4.162)

4.4.4. Up plus strange quark condensate

In order to calculate 〈ūu+ s̄s〉∗, we need these diagrams:

Π4+i5,4−i5(q) =
I

P 4+iP 5
√

2
P 4−iP 5
√

2
K+

+
I

P 4+iP 5
√

2
P 4−iP 5
√

2
K+

+
I

P 4+iP 5
√

2
P 4−iP 5
√

2
K+ K+

(4.163)

The necessary vertex factors are derived in Appendix A.1.4:

[iLP4+iP5
√

2
K−

] = 2iB0f, (4.164a)

[iLP4−iP5
√

2
K+ ] = 2iB0f, (4.164b)

[iL
p̄pP

4+iP5
√

2
K+ ] = 8iB0(b0 + bD)

f
, (4.164c)

[iL
n̄nP

4+iP5
√

2
K+ ] = 4iB0(2b0 + bD − bF )

f
, (4.164d)

[iL
p̄pP

4−iP5
√

2
K−

] = 8iB0(b0 + bD)
f

, (4.164e)

[iL
n̄nP

4−iP5
√

2
K−

] = 4iB0(2b0 + bD − bF )
f

, (4.164f)

[iLp̄pK+K− ] = −4iB0(m+ms)(b0 + bD)
f 2 , (4.164g)

[iLn̄nK+K− ] = −2iB0(m+ms)(2b0 + bD − bF )
f 2 . (4.164h)
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First diagram (nucleon loop on the left)

The first diagram can be written like this:

Π1(0) = (−1)(−1)(−i)2
∫ d3p

(2π)3
1

2p0
Tr
{

(/p+mN)n(p)[iL
N̄N P4+iP5

√
2

K+ ]
} i
−m2

K

[iLP4−iP5
√

2
K+ ].

(4.165)

The necessary vertices for this diagram are:

[iLP4−iP5
√

2
K+ ] = 2iB0f, (4.166a)

[iL
p̄pP

4+iP5
√

2
K+ ] = 8iB0(b0 + bD)

f
, (4.166b)

[iL
n̄nP

4+iP5
√

2
K+ ] = 4iB0(2b0 + bD − bF )

f
. (4.166c)

We can simplify this to:

Π1(0) = −2B0fmN

π2m2
K

∫
dp p

2

p0
Tr
{
n(p)[iL

N̄N P4+iP5
√

2
K+ ]

}

= −2B0fmN

π2m2
K

∫
dp p

2

p0

[
Θp

p[iL
p̄pP

4+iP5
√

2
K+ ] + Θn

p[iL
n̄nP

4+iP5
√

2
K+ ]

]

= −8iB2
0mN

π2m2
K

∫
dp p

2

p0

[
2(b0 + bD)Θp

p + (2b0 + bD − bF )Θn
p

]
. (4.167)

We recall Eq. (4.9) and divide by the vacuum condensate 〈ūu+ s̄s〉0 = −2B0f
2:

〈ūu+ s̄s〉∗1
〈ūu+ s̄s〉0

=
−im+ms

2 Π1(0)
−2B0f 2

= 2B0(m+ms)mN

π2f 2m2
K

∫
dp p

2

p0

[
2(b0 + bD)Θp

p + (2b0 + bD − bF )Θn
p

]
. (4.168)

Lastly, we use B0(m+ms) = m2
K :

〈ūu+ s̄s〉∗1
〈ūu+ s̄s〉0

= 2mN

π2f 2

∫
dp p

2

p0

[
2(b0 + bD)Θp

p + (2b0 + bD − bF )Θn
p

]
. (4.169)

Second diagram (nucleon loop on the right)

Since K+ and K− have the same mass and the vertices are also the same, this is the same as
the first diagram:

〈ūu+ s̄s〉∗2
〈ūu+ s̄s〉0

= 〈ūu+ s̄s〉∗1
〈ūu+ s̄s〉0

. (4.170)
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Third diagram (nucleon loop in the middle)

The diagram can be written as:

Π3(0) = (−1)(−1)(−i)2
∫ d3p

(2π)3
1

2p0
[iLP4+iP5

√
2

K−
] i
−m2

K

Tr
{

(/p+mN)n(p)[iLN̄NK+K− ]
}

× i
−m2

K

[iLP4−iP5
√

2
K+ ]. (4.171)

The vertices are:

[iLP4+iP5
√

2
K−

] = 2iB0f, (4.172a)

[iLP4−iP5
√

2
K+ ] = 2iB0f, (4.172b)

[iLp̄pK+K− ] = −4iB0(m+ms)(b0 + bD)
f 2 , (4.172c)

[iLn̄nK+K− ] = −2iB0(m+ms)(2b0 + bD − bF )
f 2 . (4.172d)

We can simplify this to:

Π3(0) = 8iB3
0(m+ms)mN

π2m4
K

∫
dp p

2

p0

[
2(b0 + bD)Θp

p + (2b0 + bD − bF )Θn
p

]
. (4.173)

We recall Eq. (4.9) and divide by the vacuum condensate 〈ūu+ s̄s〉0 = −2B0f
2:

〈ūu+ s̄s〉∗3
〈ūu+ s̄s〉0

=
−im+ms

2 Π3(0)
−2B0f 2

= −2B2
0(m+ms)2mN

π2m4
Kf

2

∫
dp p

2

p0

[
2(b0 + bD)Θp

p + (2b0 + bD − bF )Θn
p

]
. (4.174)

Lastly, we use B0(m+ms) = m2
K :

〈ūu+ s̄s〉∗3
〈ūu+ s̄s〉0

= −2mN

π2f 2

∫
dp p

2

p0

[
2(b0 + bD)Θp

p + (2b0 + bD − bF )Θn
p

]
. (4.175)

Result

Since our calculations showed that:
〈ūu+ s̄s〉∗1
〈ūu+ s̄s〉0

= 〈ūu+ s̄s〉∗2
〈ūu+ s̄s〉0

= −〈ūu+ s̄s〉∗3
〈ūu+ s̄s〉0

, (4.176)

the result is:
〈ūu+ s̄s〉∗

〈ūu+ s̄s〉0
= 2mN

π2f 2

∫
dp p

2

p0

[
2(b0 + bD)Θp

p + (2b0 + bD − bF )Θn
p

]
. (4.177)

We can expand this in the large mN limit:
〈ūu+ s̄s〉∗

〈ūu+ s̄s〉0
= 2ρ

(1 + r)f 2 [2(b0 + bD) + r(2b0 + bD − bF )] . (4.178)
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4.4.5. Down plus strange quark condensate

In order to calculate 〈d̄d+ s̄s〉∗, we need these diagrams:

Π6+i7,6−i7(q) =
I

P 6+iP 7
√

2
P 6−iP 7
√

2
K0

+
I

P 6+iP 7
√

2
P 6−iP 7
√

2
K0

+
I

P 6+iP 7
√

2
P 6−iP 7
√

2
K0 K0

(4.179)

The necessary vertex factors are derived in Appendix A.1.4:

[iLP6+iP7
√

2
K̄0 ] = 2iB0f, (4.180a)

[iLP6−iP7
√

2
K0 ] = 2iB0f, (4.180b)

[iL
p̄pP

6+iP7
√

2
K0 ] = 4iB0(2b0 + bD − bF )

f
, (4.180c)

[iL
n̄nP

6+iP7
√

2
K0 ] = 8iB0(b0 + bD)

f
, (4.180d)

[iL
p̄pP

6−iP7
√

2
K̄0 ] = 4iB0(2b0 + bD − bF )

f
, (4.180e)

[iL
n̄nP

6−iP7
√

2
K̄0 ] = 8iB0(b0 + bD)

f
, (4.180f)

[iLp̄pK0K̄0 ] = −2iB0(m+ms)(2b0 + bD − bF )
f 2 , (4.180g)

[iLn̄nK0K̄0 ] = −4iB0(m+ms)(b0 + bD)
f 2 . (4.180h)

First diagram (nucleon loop on the left)

This is the first diagram:

Π1(0) = (−1)(−1)(−i)2
∫ d3p

(2π)3
1

2p0
Tr
{

(/p+mN)n(p)[iL
N̄N P6+iP7

√
2

K0 ]
} i
−m2

K

[iLP6−iP7
√

2
K0 ].

(4.181)

The necessary vertices are:

[iLP6−iP7
√

2
K0 ] = 2iB0f, (4.182a)

[iL
p̄pP

6+iP7
√

2
K0 ] = 4iB0(2b0 + bD − bF )

f
, (4.182b)

[iL
n̄nP

6+iP7
√

2
K0 ] = 8iB0(b0 + bD)

f
. (4.182c)
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We can simplify this:

Π1(0) = −2B0fmN

π2m2
K

∫
dp p

2

p0
Tr
{
n(p)[iL

N̄N P6+iP7
√

2
K0 ]
}

= −2B0fmN

π2m2
K

∫
dp p

2

p0

[
Θp

p[iL
p̄pP

6+iP7
√

2
K0 ] + Θn

p[iL
n̄nP

6+iP7
√

2
K0 ]
]

= −8iB2
0mN

π2m2
K

∫
dp p

2

p0

[
(2b0 + bD − bF )Θp

p + 2(b0 + bD)Θn
p

]
. (4.183)

We recall Eq. (4.9) and divide by the vacuum condensate 〈d̄d+ s̄s〉0 = −2B0f
2:

〈d̄d+ s̄s〉∗1
〈d̄d+ s̄s〉0

=
−im+ms

2 Π1(0)
−2B0f 2

= 2B0(m+ms)mN

π2f 2m2
K

∫
dp p

2

p0

[
(2b0 + bD − bF )Θp

p + 2(b0 + bD)Θn
p

]
. (4.184)

Finally, we use B0(m+ms) = m2
K :

〈d̄d+ s̄s〉∗1
〈d̄d+ s̄s〉0

= 2mN

π2f 2

∫
dp p

2

p0

[
(2b0 + bD − bF )Θp

p + 2(b0 + bD)Θn
p

]
. (4.185)

Second diagram (nucleon loop on the right)

Since K0 and K̄0 have the same mass and the vertices are also the same, this is the same as
the first diagram:

〈d̄d+ s̄s〉∗2
〈d̄d+ s̄s〉0

= 〈d̄d+ s̄s〉∗1
〈d̄d+ s̄s〉0

. (4.186)

Third diagram (nucleon loop in the middle)

The diagram is:

Π3(0) = (−1)(−1)(−i)2
∫ d3p

(2π)3
1

2p0
[iLP6+iP7

√
2

K̄0 ] i
−m2

K

Tr
{

(/p+mN)n(p)[iLN̄NK0K̄0 ]
}

× i
−m2

K

[iLP6−iP7
√

2
K0 ] (4.187)

The relevant vertices for this diagram are:

[iLP6+iP7
√

2
K̄0 ] = 2iB0f, (4.188a)

[iLP6−iP7
√

2
K0 ] = 2iB0f, (4.188b)

[iLp̄pK0K̄0 ] = −2iB0(m+ms)(2b0 + bD − bF )
f 2 , (4.188c)

[iLn̄nK0K̄0 ] = −4iB0(m+ms)(b0 + bD)
f 2 . (4.188d)
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We can simplify this to:

Π3(0) = 8iB3
0(m+ms)mN

π2m4
K

∫
dp p

2

p0

[
(2b0 + bD − bF )Θp

p + 2(b0 + bD)Θn
p

]
. (4.189)

We recall Eq. (4.9) and divide by the vacuum condensate 〈d̄d+ s̄s〉0 = −2B0f
2:

〈d̄d+ s̄s〉∗3
〈d̄d+ s̄s〉0

=
−im+ms

2 Π3(0)
−2B0f 2

= −2B2
0(m+ms)2mN

π2m4
Kf

2

∫
dp p

2

p0

[
(2b0 + bD − bF )Θp

p + 2(b0 + bD)Θn
p

]
. (4.190)

Lastly, we use B0(m+ms) = m2
K to remove the LEC B0:

〈d̄d+ s̄s〉∗3
〈d̄d+ s̄s〉0

= −2mN

π2f 2

∫
dp p

2

p0

[
(2b0 + bD − bF )Θp

p + 2(b0 + bD)Θn
p

]
. (4.191)

Result

Since our calculations showed that:

〈d̄d+ s̄s〉∗1
〈d̄d+ s̄s〉0

= 〈d̄d+ s̄s〉∗2
〈d̄d+ s̄s〉0

= −〈d̄d+ s̄s〉∗3
〈d̄d+ s̄s〉0

, (4.192)

the result is:

〈d̄d+ s̄s〉∗

〈d̄d+ s̄s〉0
= 2mN

π2f 2

∫
dp p

2

p0

[
(2b0 + bD − bF )Θp

p + 2(b0 + bD)Θn
p

]
, (4.193)

and we can expand this in the large mN limit:

〈d̄d+ s̄s〉∗

〈d̄d+ s̄s〉0
= 2ρ

(1 + r)f 2 [(2b0 + bD − bF ) + 2r(b0 + bD)] . (4.194)

4.4.6. Results: strange quark condensate

We isolate the strange condensate as follows:

〈s̄s〉∗

〈s̄s〉0
= 〈ūu+ s̄s〉∗

〈ūu+ s̄s〉0
+ 〈d̄d+ s̄s〉∗

〈d̄d+ s̄s〉0
− 〈ūu+ d̄d〉∗

〈ūu+ d̄d〉0
, (4.195)

where we assume 〈ūu〉0 = 〈d̄d〉0 = 〈s̄s〉0 for simplicity. If we use Eqs. (4.160), (4.178)
and (4.194), this yields the linear density approximation:

〈s̄s〉∗

〈s̄s〉0
= 4ρ
f 2 [b0 + bD − bF ] . (4.196)

This expression is independent of the neutron-to-proton ratio. Since we assume isospin sym-
metry, the up and down quarks have the same mass. And because the strong interactions do
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Figure 4.7.: Linear density approximation of the density dependence of the strange quark con-
densate in nuclear matter. According to Eq. (4.196), all results are independent
of the nucleon ratio r = ρn/ρp in the linear density approximation.

not distinguish between quark flavors, the strange quark cannot distinguish a proton from a
neutron, hence the ratio does not play a role.
Looking at Fig. 4.7, we see that the results strongly depend on the choice of the low-energy

constants. There are two main ways to determine the low-energy constants of an SU(3) chiral
Lagrangian. First, one can calculate expressions for e.g. the octet baryon masses and fit them
to either experimentally obtained data, or data obtained via lattice QCD calculations. Second,
one can calculate certain quantities and fit them to scattering data. In fact, future research is
planned to pursue the second option: By fitting to K+N scattering data3, we aim to determine
a set of SU(3) LECs.

3K+N scattering is preferable over K−N scattering, since in K+N scattering there cannot be a Λ(1405)
resonance due to baryon number conservation.





5. In-Medium Pion Properties

Since the dynamical breaking of QCD’s chiral symmetry may be responsible for the bulk of
all hadron masses, a potential partial restoration of chiral symmetry should lead to changes
in various hadron properties. In order to investigate this, we compute the pion self-energy in
isospin-asymmetric nuclear matter, which enables us to deduce the density dependence of the
pion in-medium mass, as well as the pion in-medium wave function renormalization. We also
investigate a different set of diagrams in order to compute the density dependence of the in-
medium pion decay constant. This chapter presents the results of the corresponding diagrams,
which will be discussed in the following chapter.
The first section, Section 5.1, follows Ref. [72] and defines the various in-medium pion prop-

erties that we aim to compute within the scope of this thesis. In Sections 5.2 and 5.3, we
compute the diagrams for the self-energy and present our results for the in-medium pion mass.
In Section 5.4, we show how to compute the wave function renormalization and discuss the
results of our calculations. Next, in Section 5.5, we discuss the pion decay constant first in vac-
uum and then in nuclear matter. Afterwards, we calculate the required diagrams in Section 5.6
and discuss the results in Section 5.7.

5.1. In-medium pions
When the pion operator πa with a = 1, 2, 3 acts on the in-medium vacuum |Ω〉, it creates an
in-medium pion state with mass m∗π and wave function renormalization Z. In other words, this
operator satisfies:

〈Ω|πa|π∗b(p)〉 = δab
√
Z, (5.1)

where the in-medium pion state having momentum pµ is denoted with |π∗a(p)〉. The in-vacuum
pion state is conventionally normalized according to the covariant normalization:

〈πa(k)|πb(p)〉 = (2π)32ωpδ(3)(p− k). (5.2)

We now define the in-medium pion mass as the pole position of the in-medium pion propagator,
where here and in the following equations the limit of ε→ 0 has to be taken:

〈Ω|πaπb|Ω〉 = iZ
p2

0 − v2
πp

2 −m∗2π + iε, (5.3)
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or written in terms of in-vacuum quantities,

〈Ω|πaπb|Ω〉 = i
p2 −m2

π − Σ(p) + iε. (5.4)

How the in-medium mass, wave function renormalization and velocity are related to the self-
energy Σ is the topic of the next section.
The coupling of the in-medium pion state |π∗a(p)〉 to a pseudoscalar current is given by the

in-medium coupling constant G∗π:

〈Ω|P |π∗〉 = G∗π. (5.5)

Since the pseudoscalar current is related to the pion field in vacuum via P = Ĝππ, we can
either calculate G∗π to be:

G∗π = 〈Ω|P |π∗〉 = Ĝπ〈Ω|π|π∗〉 = Ĝπ

√
Z, (5.6)

where we used Eq. (5.1) in the last equality. This can also be explicitly shown by using the
LSZ reduction formula (roughly speaking, changing the pion from a state to an operator leads
to an inverse propagator):

G∗π = 〈Ω|P |π∗〉 =
[

i
√
Z

p2
0 − v2

πp
2 −m∗2π + iε

]−1

〈Ω|Pπ|Ω〉 (5.7a)

=
[

i
√
Z

p2
0 − v2

πp
2 −m∗2π + iε

]−1

Ĝπ〈Ω|ππ|Ω〉 (5.7b)

=
[

i
√
Z

p2
0 − v2

πp
2 −m∗2π + iε

]−1

Ĝπ

[
iZ

p2
0 − v2

πp
2 −m∗2π + iε

]
(5.7c)

= Ĝ
√
Z, (5.7d)

which agrees with Eq. (5.6).
The connection between Ĝπ and G∗π can also be seen in the pseudoscalar two-point function,

Π = 〈Ω|PP |Ω〉 = G∗π
i

p2
0 − v2

πp
2 −m∗2π + iεG

∗
π + other, (5.8)

where “other” stands for regular terms near the pion pole. This can also be written in terms
of in-vacuum quantities:

Π = Ĝπ
i

p2 −m2
π − Σ + iεĜπ + other. (5.9)

By using G∗π =
√
ZĜπ, we can also write this as:

Π = Ĝπ
iZ

p2
0 − v2

πp
2 −m∗2π + iεĜπ + other. (5.10)
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5.1.1. Pion mass and wave function renormalization

We start with the pseudoscalar two-point correlation function in nuclear matter:

Πab(x, y) = 〈Ω|P a(x)P b(y)|Ω〉. (5.11)

This correlation function has a pole in momentum space when p2 = m∗2π . We can write this in
terms of in-medium pion quantities,

Π = 〈Ω|PP |Ω〉 = G∗π
i

p2
0 − v2

πp
2 −m∗2π + iεG

∗
π + other. (5.12)

Here, G∗π is defined as the pseudoscalar coupling between the pseudoscalar current and the
pion, m∗π and vπ are the pion’s in-medium mass and velocity respectively and we disregard all
other terms that might contribute to Πab, but have no divergence at the pion pole. Since we
assume G∗π not to have any singularity at the pion pole, we can extract the in-medium pion
mass for p = 0 using p2

0 = m∗2π and the residue of this two-point correlation function can be
interpreted as G∗2π .
The pseudoscalar two-point correction function can also be written in terms of in-vacuum

quantities,

Π = Ĝπ
i

p2 −m2
π − Σ + iεĜπ + other, (5.13)

where mπ is the pion’s vacuum mass, which we take to be mπ = 138 MeV. Σ(p2) is the pion’s
self-energy, where Σ > 0 leads to an increase in the in-medium pion mass. Lastly, quantities
with a caret like Ĝπ represent vertex corrections. In particular, Ĝπ stands for the in-medium
vertex correction of the pion-pseudoscalar vertex. These vertex corrections are calculated by
drawing one-particle irreducible (1PI) diagrams. In Section 5.5, we will consider another such
vertex correction, the correction to the pion decay constant.
We now expand the self-energy in Eq. (5.13) in a Taylor series around the point p = (p0,p) =

(m∗2π ,0):

Σ(p2) = Σ(m∗2π ) + (p2
0 −m∗2π )∂Σ(p2)

∂p2
0

∣∣∣∣∣
p=(m∗2π ,0)

+ p2∂Σ(p2)
∂p2

∣∣∣∣∣
p=(m∗2π ,0)

+ · · · (5.14)

We can then write the fraction in Eq. (5.13) as:

[p2 −m2
π − Σ(p2)]−1 ≈p2

0 − p2 −m2
π − Σ(m∗2π )− (p2

0 −m∗2π )∂Σ(p2)
∂p2

0

∣∣∣∣∣
p=(m∗2π ,0)

− p2∂Σ(p2)
∂p2

∣∣∣∣∣
p=(m∗2π ,0)

−1

. (5.15)

First, we define the pion’s in-medium mass:

m∗2π = m2
π + Σ(m∗2π ), (5.16)
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and can simplify the expression in Eq. (5.15):

[p2 −m2
π − Σ(p2)]−1 ≈(p2

0 −m∗2π )
1− ∂Σ(p2)

∂p2
0

∣∣∣∣∣
p=(m∗2π ,0)

− p2 − p2∂Σ(p2)
∂p2

∣∣∣∣∣
p=(m∗2π ,0)

−1

. (5.17)

Then we define the pion’s wave function renormalization Z in terms of the self-energy:

Z =
1− ∂Σ(p2)

∂p2
0

∣∣∣∣∣
p=(m∗2π ,0)

−1

, (5.18)

and write Eq. (5.15) as:

[p2 −m2
π − Σ(p2)]−1 ≈

(p2
0 −m∗2π ) 1

Z
− p2

1 + ∂Σ(p2)
∂p2

∣∣∣∣∣
p=(m∗2π ,0)

−1

. (5.19)

Finally, we define the pion’s in-medium velocity:

v2
π =

1 + ∂Σ(p2)
∂p2

∣∣∣∣∣
p=(m∗2π ,0)

Z. (5.20)

This lets us write the pseudoscalar two-point correlation function in Eq. (5.13) as:

Π = Ĝπ
iZ

p2
0 − v2

πp
2 −m∗2π + iεĜπ + other, (5.21)

where pv = vπp is the pion’s in-medium momentum. By comparing the pseudoscalar two-
point function written completely in terms of in-medium quantities in Eq. (5.12) with this new
expression, we can read off the relation between the in-medium pion-pseudoscalar vertex G∗π
and the in-medium correction to this vertex: G∗π =

√
ZĜπ, which we discussed in the previous

section.
The reason why we expanded the self-energy in order to arrive at Eq. (5.21), is that using

chiral perturbation theory, we can calculate both the pion’s self-energy, as well as the vertex
correction Ĝπ. Thus, by using Eqs. (5.16), (5.18) and (5.20), it is possible to calculate the
in-medium quantities m∗π, Z and vπ.

5.2. Calculation of the in-medium pion self-energy
We discuss in detail how we chose the relevant diagrams in Section 4.2 and list them in Table 5.1.
These tables are organized as follows. For each type of diagram, there can be an interaction
from A(1) or A(2). Hence, for each diagram we investigate all possible cases of interactions,
i ∈ {1, 2} for one vertex or (i, j) ∈ {11, 12, 21, 22} for two vertices. If such a vertex does
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not exist (because there is no corresponding term in the Lagrangian) we disregard the whole
diagram. Still, some diagrams might vanish in the course of the calculation, which will be
shown later on. In summary, we will calculate one type-1 diagram, two type-2 diagrams, one
type-3 diagrams, four type-4 diagrams and one type-5 diagram:

I

J

i j
i 1 1 A2(1)

A2(1)

j 1 A2(1) 1 A2(1)

I

i
i 1 2

I

J

i

j k

i A1(3)
A1(3)

A1(3)
A1(3) 2 2 2 2

j 1 1 A2(1)
A2(1) 1 1 A2(1)

A2(1)

k 1 A2(1) 1 A2(1) 1 A2(1) 1 A2(1)

I

J

i j
i 1 1 2 2
j 1 2 1 2

HN

i

j

i 1 1 A2(2)
A2(2)

j 1 A2(1) 1 A2(1)

Table 5.1.: Self-energy diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of A(2)

π = 0, (2) because of A(2)
π3 = 0, and (3) because of L(1)

π4 = 0.
In total, nine diagrams remain. We will see that the type-4 diagrams are actually
O(ρ2), i.e. they are out of the scope of this thesis.

and the total self energy is given by the sum over all diagrams. For our calculations, we will
fix the external momentum as qµ = (q0,0)µ, i.e. we consider the pion at rest.

5.2.1. One-loop diagrams of type 1

This self-energy diagram is given by

−iΣab
1 (q0) =

I

J

1 1πa(q) πb(q)

p+ q

p

(5.22)

This actually corresponds to four diagrams, one where there are two vacuum propagators, two
with one vacuum- and one in-medium propagator, and one with two in-medium propagators.
We discard the first one with only vacuum propagators, since we assume that the values for our
LECs are already fixed in vacuum. We can also ignore the last one, since if both nucleons are
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on the mass-shell, this means p2 = m2
N and (p+ q)2 = p2 + 2p0q0 + q2

0 = m2
N , while also p0 > 0

and p0 + q0 > 0. Using the first two equations, we get the relation 2p0q0 + q2
0 = 0, which we can

solve for p0 = −q0/2. Since the external pion energy must be positive, q0 > 0, this contradicts
the requirement for the nucleon momentum p0 > 0. Therefore we can discard this diagram.
The two remaining diagrams are:

−iΣab
1a(q0) =

I

J

1 1πa(q) πb(q)

p+ q

p

, (5.23a)

−iΣab
1b(q0) =

I

J

1 1πa(q) πb(q)

p+ q

p

. (5.23b)

The thin line represents an in-vacuum propagator and the thick line represents the in-medium
propagator. The diagrams in Eq. (5.23) illustrate the expansion of A[14 −D−1

0 A]−1 in second
order to AD−1

0 A, i.e. including an in-vacuum propagator. This is equivalent to the so-called
“conventional approach” of nuclear many-body calculations, which involves a Pauli-blocked
nucleon propagator (which can only have momenta above the Fermi momentum), denoted here
with a double-stroke line. This equivalence has been shown by Ref. [68].
These diagrams are now given by the following expressions:

−iΣab
1a(q0) = (−1)L (−1)n

n

∫ d3p

(2π)3
1

2E(p)
i

(p+ q)2 −m2
N

× Tr
{

[−iA(1)
π ]a(/p+mN)n(p)[−iA(1)

π ]b(/p+ /q +mN)
} ∣∣∣∣∣

p0→E(p)
, (5.24a)

−iΣab
1b(q0) = (−1)L (−1)n

n

∫ d3p

(2π)3
1

2E(p+ q)
i

p2 −m2
N

× Tr
{

[−iA(1)
π ]a(/p+mN)[−iA(1)

π ]b(/p+ /q +mN)n(p+ q)
} ∣∣∣∣∣

p0→E(p)−q0

. (5.24b)

The relevant term in the Lagrangian reads:

A(1)
π = gA

2f γ
µγ5∂µπ

iτ i, (5.25)

and the vertex factors are for both diagrams:

[−iA(1)
π ]a = −gA2f /qγ

5τa, (5.26a)

[−iA(1)
π ]b = gA

2f /qγ
5τ b. (5.26b)

The trace in spinor space is the same for both diagrams:

Tr
S

{
/qγ

5(/p+mN)/qγ5(/p+ /q +mN)
}

= −4q2
0(m2

N − p2
0 − p2 − p0q0), (5.27)
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however, p0 is to be replaced by different terms for the two diagrams. Since we assume a pion
at rest, q = 0, the traces in isospin space are similar:

Tr
F

{
τ bn(p)τa

}
= (Θp

p + Θn
p )δab + (Θp

p −Θn
p )iεab3, (5.28a)

Tr
F

{
τ bτan(p)

}
= (Θp

p + Θn
p )δab − (Θp

p −Θn
p )iεab3. (5.28b)

Collecting all coefficients, we can write the sum of the two diagrams as:

Σab
1 (q) = g2

A

16π2f 2

∫
dp p2

E(p)

×



[
Tr
S
{··· }

p2
0−p2+2p0q0+q2

0−m
2
N

∣∣∣∣∣
p0→E(p)

+ Tr
S
{··· }

p2
0−p2−m2

N

∣∣∣∣∣
p0→E(p)−q0

]
(Θp

p + Θn
p ) δab[

Tr
S
{··· }

p2
0−p2+2p0q0+q2

0−m
2
N

∣∣∣∣∣
p0→E(p)

− Tr
S
{··· }

p2
0−p2−m2

N

∣∣∣∣∣
p0→E(p)−q0

]
(Θp

p −Θn
p ) iεab3

. (5.29)

The terms inside the integral can be simplified:

Tr
S
{· · · }

p2
0 − p2 + 2p0q0 + q2

0 −m2
N

∣∣∣∣∣
p0→E(p)

+ Tr
S
{· · · }

p2
0 − p2 −m2

N

∣∣∣∣∣
p0→E(p)−q0

= 16m2
Nq

2
0

4E(p)2 − q2
0
, (5.30a)

Tr
S
{· · · }

p2
0 − p2 + 2p0q0 + q2

0 −m2
N

∣∣∣∣∣
p0→E(p)

− Tr
S
{· · · }

p2
0 − p2 −m2

N

∣∣∣∣∣
p0→E(p)−q0

= 8E(p)q0(4p2 − q2
0)

4E(p)2 − q2
0

, (5.30b)

so that the first self-energy diagram is given by:

Σab
1 (q) = g2

Aq
2
0

4π2f 2

∫
dp p2

E(p)


4m2

N

4E(p)2−q2
0
(Θp

p + Θn
p ) δab

2E(p)
q0

4p2−q2
0

4E(p)2−q2
0
(Θp

p −Θn
p ) iεab3

. (5.31)

After performing the first integral analytically, we can expand the diagonal part of the self-
energy as follows:

Σdiag
1 (q) = g2

AmNq
2
0ρ

f 2(4m2
N − q2

0) +O(ρ4/3). (5.32)

5.2.2. One-loop diagrams of type 2

Leading Order Interactions

The next self energy diagram is given by:

−iΣab
2a(q) =

I

1πa(q) πb(q) (5.33a)

= (−1)L (−1)n
n

∫ d3p

(2π)3
1

2E(p) Tr
{

[−iA(1)
ππ ]ab(/p+mN)n(p)

}
, (5.33b)
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with L = 1 and n = 1. The relevant term in the Lagrangian is:

A(1)
ππ = 1

4f 2γ
µπi∂µπ

jεijkτ k. (5.34)

The vertex reads,

[−iA(1)
ππ ]ab = 1

2f 2/qε
abcτ c. (5.35)

The traces are:

Tr
S

{
/q(/p+m)

}
= 4p · q = 4p0q0, (5.36a)

Tr
F
{τ cn(p)} = (Θp

p −Θn
p)δc3, (5.36b)

and the diagram is given by:

Σab
2a(q) = q0

f 2

∫ d3p

(2π)3 (Θp
p −Θn

p)iεab3 (5.37a)

= q0

2f 2 (ρp − ρn)iεab3. (5.37b)

Written in terms of the total density ρ and the neutron-to-proton ratio, the second diagram
reads:

Σab
2a(q) = q0 ρ

2f 2
1− r
1 + r

iεab3. (5.38)

Next-to-leading order interactions

The next self energy diagram is given by

−iΣab
2b(q) =

I

2πa(q) πb(q) (5.39a)

= (−1)L (−1)n
n

∫ d3p

(2π)3
1

2E(p) Tr
{

[−iA(2)
ππ ]ab(/p+mN)n(p)

}
, (5.39b)

where (−1)L accounts for L = 1 fermionic loop, (−1)n
n

must be included for n = 1 Fermi-sea
insertions. Also, since the nucleon is on its mass shell, p0 must be replaced with E(p). The
relevant term in the Lagrangian reads:

A(2)
ππ = 4B0c1m

f 2 πiπi + c2

f 2m2
N

∂µπ
i∂νπ

i∂µ∂ν − c3

f 2∂µπ
i∂µπi + ic4

f 2 ε
ijkτ kγµγν∂µπ

i∂νπ
j, (5.40)

and thus the vertex factor is:

[−iA(2)
ππ ]ab = −8ic1B0m

f 2 δab + 2ic2

f 2m2
N

(q · p)2δab + 2ic3

f 2 q
2δab + 2c4

f 2 q
2εabkτ k (5.41a)

= −8ic1B0m

f 2 δab + 2ic2

f 2m2
N

q2
0E(p)2δab + 2ic3

f 2 q
2
0δ
ab + 2c4

f 2 q
2
0ε
abkτ k. (5.41b)
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The trace in spinor space is easily evaluated,

Tr
S

{
/p+mN

}
= 4mN , (5.42)

and the for the trace in isospin space we have two different terms:

Tr
F
{n(p)} = Θp

p + Θn
p, (5.43a)

Tr
F

{
τ kn(p)

}
= (Θp

p −Θn
p)δk3. (5.43b)

We can now split the self-energy into a diagonal part, proportional to δab, and an off-diagonal
part, proportional to iεab3:

Σab
2b(q) = 2mNq

2
0

f 2π2

∫
dp p2

E(p)


(

4c1B0m
q2

0
− c2(p2+m2

N )
m2
N

− c3

)
[Θp

p + Θn
p]δab

c4[Θp
p −Θn

p]iεab3
. (5.44)

One can now use the following integral results:
∫ A

0
dp p2

√
p2 +m2

N = 1
8

[
A2
√
A2 +m2

N(2A2 +m2
N)−m4

N sinh−1(A/mN )
]
, (5.45a)

∫ A

0
dp p2√

p2 +m2
N

= 1
2

A√A2 +m2
N −m2

N tanh−1

 A√
A2 +m2

N

 , (5.45b)

to get an analytic result. For example, the diagonal part of the self-energy is given by:

Σdiag
2 (q) = ρ(4c1m

2
π − 2q2

0(c2 + c3))
f 2 +O(ρ4/3). (5.46)

5.2.3. Two-loop diagrams of type 3

The next self energy diagram is given by:

−iΣab
3 (q) = I

J

2

1 1

πa(q) πb(q)

p

k

πc(p− k) πd(p− k) (5.47a)

= (−1)L (−1)n
n

1
2

∫ d3p

(2π3)
d3k

(2π3)
1

4p0k0
[iL(2)

π4 ]abcd
[

i
(p− k)2 −m2

π

]2

× Tr
{

[−iA(1)
π ]c(/k +mN)n(k)[−iA(1)

π ]d(/p+mN)n(p)
}
, (5.47b)

where (−1)L accounts for L = 1 fermionic loop, (−1)n
n

must be included for n = 2 Fermi-sea
insertions. Additionally, we include a symmetry factor of 1/2. Since the nucleons are on their
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mass shell, p0 must be replaced with
√
p2 +m2

N and k0 by
√
k2 +m2

N . The relevant terms in
the Lagrangian read:

L(2)
π4 = 1

10f 2∂µπ
i∂µπjπkπl(3δikδjl − δijδkl)− mB0

20f 2π
iπiπjπj, (5.48a)

A(1)
π = gA

2f γ
µγ5∂µπ

iτ i, (5.48b)

and the corresponding vertex factors are:

[iL(2)
π4 ]abcd = − i

5f 2

[
2[(p− k)2 + q2

0]δabcd

−
[
3[(p− k)2 + q2

0]− 10(p0 − k0)q0
]
δacbd

−
[
3[(p− k)2 + q2

0] + 10(p0 − k0)q0
]
δadbc

+ 2B0m(δabcd + δacbd + δadbc )
]
, (5.49a)

[−iA(1)
π ]c = −gA2f (/p− /k)γ5τ c, (5.49b)

[−iA(1)
π ]d = gA

2f (/p− /k)γ5τ d. (5.49c)

For later convenience, we write the four-pion vertex in the following way:

[iL(2)
π4 ]abcd = − i

5f 2 [v1δ
ab
cd + v2δ

ac
bd + v3δ

ad
bc ], (5.50a)

v1 = 2(p− k)2 + 2q2
0 + 2B0m, (5.50b)

v2 = −3(p− k)2 − 3q2
0 + 10(p0 − k0)q0 + 2B0m, (5.50c)

v3 = −3(p− k)2 − 3q2
0 − 10(p0 − k0)q0 + 2B0m. (5.50d)

The trace in spinor space is:

Tr
S

{
(/p− /k)γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 16m2

N(p0k0 − pk cos θ −m2
N), (5.51)

where we used p2 = m2
N = k2 since both nucleons are on the mass shell. The trace in isospin

space is:

[iL(2)
π4 ]abcd Tr

F

{
τ cn(k)τ dn(p)

}
= − i

5f 2

×



v1(Θp
pΘp

k + Θn
pΘn

k)δab + (2v1 + v2 + v3)(Θp
pΘn

k + Θn
pΘp

k)δab

(v2 − v3)(Θp
pΘn

k −Θn
pΘp

k)iεab3

(v2 + v3)(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

, (5.52)
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where Θx
y is an abbreviation for Θ(kxF − |y|), the Heaviside step function that ensures that the

nucleon’s momentum stays below the Fermi momentum. The third self-energy diagram can
now be written as:

Σab
3 (q) = − g2

Am
2
N

10(2πf)4

∫
dp dk d cos θp

2k2

p0k0

p0k0 − pk cos θ −m2
N

(2m2
N −m2

π − 2p0k0 + 2pk cos θ)2

×



v1(Θp
pΘp

k + Θn
pΘn

k)δab + (2v1 + v2 + v3)(Θp
pΘn

k + Θn
pΘp

k)δab

(v2 − v3)(Θp
pΘn

k −Θn
pΘp

k)iεab3

(v2 + v3)(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

. (5.53)

The vertex functions simplify a bit:

2v1 + v2 + v3 = −2(p− k)2 + 8B0m, (5.54a)

v2 + v3 = −6(p− k)2 − 6q2
0 + 4B0m, (5.54b)

v2 − v3 = 20(p0 − k0)q0, (5.54c)

where (p− k)2 = 2m2
N − 2p0k0 + 2pk cos θ.

5.2.4. Two-loop diagrams of type 4

First diagram: (11)

−iΣab
4,11(q) =

I

J

1 1

k

p

q

= (−1)(−1)2

2!

∫ d3p

(2π)3
d3k

(2π)3
1

4p0k0

i
(q + p− k)2 −m2

π

× Tr
{

[−iA(1)
ππ ]ac(/p+mN)n(p)[−iA(1)

ππ ]cb(/k +mN)n(k)
}

(5.55)

The vertex factors are:

[−iA(1)
ππ ]ac = 1

4f 2 (2/q − /k + /p)εackτ k, (5.56a)

[−iA(1)
ππ ]cb = 1

4f 2 (2/q − /k + /p)εcblτ l. (5.56b)

The result of the traces is:

Tr {· · · }ab = 16q2
0

(2f)4 (p0k0 + p · k +m2
N)



−(Θp
pΘp

k + Θp
pΘn

k + Θn
pΘp

k + Θn
pΘn

k) δab

(Θp
pΘn

k −Θn
pΘp

k) iεab3

(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k) δa3
b3

. (5.57)
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So the self-energy is given by:

Σab
4,11(q) = q2

0
4(2πf)4

∫
dp dk d(cos θ) p

2k2

p0k0

p0k0 + p · k +m2
N

(q + p− k)2 −m2
π

×



−(Θp
pΘp

k + Θp
pΘn

k + Θn
pΘp

k + Θn
pΘn

k) δab

(Θp
pΘn

k −Θn
pΘp

k) iεab3

(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k) δa3
b3

. (5.58)

If we expand this using the large-mN expansion to first order, we get:

Σab
4,11(q) = q2

0
2(2πf)4

∫
dp dk d(cos θ) p2k2

p2 − 2p · k + k2 +m2
π − q2

0

×



(Θp
pΘp

k + Θp
pΘn

k + Θn
pΘp

k + Θn
pΘn

k) δab

−(Θp
pΘn

k −Θn
pΘp

k) iεab3

−(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k) δa3
b3

. (5.59)

We can perform the integration over d(cos θ):

Σab
4,11(q) = q2

0
2(2πf)4

∫
dp dk pk arctanh

[
2pk

p2 + k2 +m2
π − q2

0

]

×



(Θp
pΘp

k + Θp
pΘn

k + Θn
pΘp

k + Θn
pΘn

k) δab

−(Θp
pΘn

k −Θn
pΘp

k) iεab3

−(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k) δa3
b3

. (5.60)

Expanding the integrand reveals a O(p2k2) dependence,

pk arctanh
[

2pk
p2 + k2 +m2

π − q2
0

]
= p2

(
2k2

m2
π − q2

0
+O

(
k3
))

+O
(
p3
)
, (5.61)

which means that after integrating this expression over dp and dk, we get a O(p3k3) behavior,
which corresponds to O(k6

F ) = O(ρ2). Hence, this diagram (and in fact all type-4 diagrams)
are out of the scope of this thesis. We note that near q0 = mπ, this expansion breaks down,
because then, the quantity p/(q0 −mπ) is not a small quantity anymore.
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Second diagram: (12)

The next self-energy diagram is:

−iΣab
4,12(q) =

I

J

1 2

k

p

q

= (−1)(−1)2

2!

∫ d3p

(2π)3
d3k

(2π)3
1

4p0k0

i
(q + p− k)2 −m2

π

× Tr
{

[−iA(1)
ππ ]ac(/p+mN)n(p)[−iA(2)

ππ ]cb(/k +mN)n(k)
}
. (5.62)

The vertex factors are:

[−iA(1)
ππ ]ac = 1

4f 2 (2/q − /k + /p)εackτ k, (5.63a)

[−iA(2)
ππ ]cb = − i

f 2

[
CRδ

bc + c4iεcblτ l[/p− /k, /q]
]
, (5.63b)

CR ≡ 8c1B0m+ 2c2

m2
N

q0k0(q0k0 + p0k0 − p · k − k2
0 + k2) + 2c3q0(q0 + p0 − k0).

The result of the traces is:

Tr {. . .} = 6CRmNq0(p0 + k0)
f 4 (Θn

pΘn
k −Θp

pΘp
k)iεab3

− 4c4mNq
2
0

f 4 (p2 − 2p · k + k2)


−(Θp

p + Θn
p)(Θp

k + Θn
k)δab

(Θp
pΘn

k −Θn
pΘp

k)iεab3

(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

. (5.64)

We can simplify:

Σab
4,12(q) = 3mNq0

32π4f 4

∫
dp dk d cos θp

2k2

p0k0

CR(p0 + k0)
q2 + 2m2

N + 2q0(p0 − k0)− 2p0k0 + 2pk cos θ −m2
π

× (Θn
pΘn

k −Θp
pΘp

k)iεab3

+ c4mNq
2
0

16π4f 4

∫
dp dk d cos θp

2k2

p0k0

p2 − 2pk cos θ + k2

q2 + 2m2
N + 2q0(p0 − k0)− 2p0k0 + 2pk cos θ −m2

π

×


(Θp

p + Θn
p)(Θp

k + Θn
k)δab

−(Θp
pΘn

k −Θn
pΘp

k)iεab3

−(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

. (5.65)
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We expand both terms in the large-mN expansion and keep the leading order term:

Σab
4,12(q) = 3q0(4c1B0m+ c2q

2
0 + c3q

2
0)

8π4f 4

∫
dp dk d cos θ p2k2

p2 − 2pk cos θ + k2 +m2
π − q2

0

× (Θp
pΘp

k −Θn
pΘn

k)iεab3

+ c4q
2
0

16π4f 4mN

∫
dp dk d cos θ p2k2(p2 − 2pk cos θ + k2)

p2 − 2pk cos θ + k2 +m2
π − q2

0

×


−(Θp

p + Θn
p)(Θp

k + Θn
k)δab

(Θp
pΘn

k −Θn
pΘp

k)iεab3

(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

. (5.66)

If we set q0 = mπ and use B0m = m2
π/2:

Σab
4,12 = 3m3

π(2c1 + c2 + c3)
8π4f 4

∫
dp dk d cos θ p2k2

p2 − 2pk cos θ + k2

× (Θp
pΘp

k −Θn
pΘn

k)iεab3

+ c4m
2
π

16π4f 4mN

∫
dp dk d cos θ p2k2


−(Θp

p + Θn
p)(Θp

k + Θn
k)δab

(Θp
pΘn

k −Θn
pΘp

k)iεab3

(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

, (5.67)

hence this diagram also yields a O(ρ2) dependence.

Third diagram: (21)

The next self-energy diagram is:

−iΣab
4,21(q) =

I

J

2 1

k

p

q

= (−1)(−1)2

2!

∫ d3p

(2π)3
d3k

(2π)3
1

4p0k0

i
(q + p− k)2 −m2

π

× Tr
{

[−iA(2)
ππ ]ac(/p+mN)n(p)[−iA(1)

ππ ]cb(/k +mN)n(k)
}
. (5.68)

The vertex factors are:

[−iA(2)
ππ ]ac = − i

f 2

[
CLδ

ac + c4iεcakτ k[/p− /k, /q]
]
, (5.69a)

CL ≡ 8c1B0m+ 2c2

m2
N

q0p0(q0p0 − p0k0 + p · k + p2
0 − p2) + 2c3q0(q0 + p0 − k0),

[−iA(1)
ππ ]cb = 1

4f 2 (2/q − /k + /p)εcblτ l. (5.69b)
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The result of the traces is:

Tr {. . .} = 6CLmNq0(p0 + k0)
f 4 (Θn

pΘn
k −Θp

pΘp
k)iεab3

+ 4c4mNq
2
0

f 4 (p2 − 2p · k + k2)


(Θp

p + Θn
p)(Θp

k + Θn
k)δab

(Θn
pΘp

k −Θp
pΘn

k)iεab3

−(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

. (5.70)

We can simplify this to:

Σab
4,21(q) = 3CLmNq0

32π4f 4

∫
dp dk d cos θp

2k2

p0k0

p0 + k0

q2
0 + 2m2

N + 2q0(p0 − k0)− 2p0k0 + 2pk cos θ −m2
π

× (Θn
pΘn

k −Θp
pΘp

k)iεab3

+ c4mNq
2
0

16π4f 4

∫
dp dk d cos θp

2k2

p0k0

p2 − 2pk cos θ + k2

q2
0 + 2m2

N + 2q0(p0 − k0)− 2p0k0 + 2pk cos θ −m2
π

×


(Θp

p + Θn
p)(Θp

k + Θn
k)δab

(Θn
pΘp

k −Θp
pΘn

k)iεab3

−(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

, (5.71)

and expand both terms in the large-mN expansion while keeping the leading order terms:

Σab
4,21(q) = 3q0(4c1B0m+ c2q

2
0 + c3q

2
0)

8π4f 4

∫
dp dk d cos θ p2k2

p2 − pk cos θ + k2 +m2
π − q2

0

× (Θp
pΘp

k −Θn
pΘn

k)iεab3

+ c4q
2
0

16π4f 4mN

∫
dp dk d cos θ p2k2(p2 − 2pk cos θ + k2)

p2 − pk cos θ + k2 +m2
π − q2

0

×


−(Θp

p + Θn
p)(Θp

k + Θn
k)δab

(Θp
pΘn

k −Θn
pΘp

k)iεab3

(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

. (5.72)

If we use q0 = mπ and B0m = m2
π/2:

Σab
4,21 = 3m3

π(2c1 + c2 + c3)
8π4f 4

∫
dp dk d cos θ p2k2

p2 − pk cos θ + k2

× (Θp
pΘp

k −Θn
pΘn

k)iεab3

+ c4m
2
π

16π4f 4mN

∫
dp dk d cos θp2k2

×


−(Θp

p + Θn
p)(Θp

k + Θn
k)δab

(Θp
pΘn

k −Θn
pΘp

k)iεab3

(Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3

(5.73)

So in those limits, Σab
4,12 = Σab

4,21, which means this diagram gives us a O(ρ2) dependence.
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Fourth diagram: (22)

The last type-4 self-energy diagram is:

−iΣab
4,22(q) =

I

J

2 2

k

p

q

= (−1)(−1)2

2!

∫ d3p

(2π)3
d3k

(2π)3
1

4p0k0

i
(q + p− k)2 −m2

π

× Tr
{

[−iA(2)
ππ ]ac(/p+mN)n(p)[−iA(2)

ππ ]cb(/k +mN)n(k)
}
. (5.74)

The vertex factors are:

[−iA(2)
ππ ]ac = − i

f 2

[
CLδ

ac + c4iεcakτ k[/p− /k, /q]
]
, (5.75a)

CL ≡ 8c1B0m+ 2c2

m2
N

q0p0(q0p0 − p0k0 + p · k + p2
0 − p2) + 2c3q0(q0 + p0 − k0),

[−iA(2)
ππ ]cb = − i

f 2

[
CRδ

bc + c4iεcblτ l[/p− /k, /q]
]
, (5.75b)

CR ≡ 8c1B0m+ 2c2

m2
N

q0k0(q0k0 + p0k0 − p · k − k2
0 + k2) + 2c3q0(q0 + p0 − k0).

The result of the traces is:

Tr {. . .} = − 1
f 4

[
4CLCR(p0k0 − p · k +m2

N)(Θp
pΘp

k + Θn
pΘn

k)δab

+ 8c4(CL + CR)q0(p0 + k0)(m2
N − p0k0 + pk)(Θp

pΘp
k −Θn

pΘn
k)iεab3

+ 16c4q
2
0

{[
(p0 + k0)2 − 4m2

N

]
[p0k0 − pk] +m2

N [2p0k0 − 3p2
0 − 3k2

0 + 4m2
N ]
}

× [(Θp
p + Θn

p)(Θp
k + Θn

k)δab + (Θn
pΘp

k −Θp
pΘn

k)iεab3 − (Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3 ]
]
.

(5.76)

In the large-mN expansion to leading order, the integrand is:
Tr {. . .}

p0k0((q + p− k)2 −m2
π) = 32(4c1B0m+ c2q

2
0 + c3q

2
0)2

f 4(p2 − 2pk cos θ + k2 +m2
π − q2

0)(Θp
pΘp

k + Θn
pΘn

k)δab +O(1/mN),

(5.77)

so the self-energy is:

Σab
4,22(q) = (4c1B0m+ c2q

2
0 + c3q

2
0)2

2π4f 4

∫
dp dk d cos θp2k2 (Θp

pΘp
k + Θn

pΘn
k)δab

(p2 − 2pk cos θ + k2 +m2
π − q2

0) (5.78)

Now we use B0m = m2
π/2 and q0 = mπ:

Σab
4,22(q) = δab

m2
π(2c1 + c2 + c3)2

2π4f 4

∫
dp dk d cos θp2k2 (Θp

pΘp
k + Θn

pΘn
k)

(p2 − 2pk cos θ + k2) , (5.79)

which means this diagrams yields a O(ρ2) dependence as well.
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5.2.5. Two-loop diagrams of type 5

The next self energy diagram is:

−iΣab
5 (q0) = HN

1

1

πa(q) πb(q)
pk (5.80a)

= (−1)L (−1)n
n

∫ d3p

(2π)3
d3k

(2π)3
1

4p0k0

i
(p− k)2 −m2

π

× Tr
{

[−iA(1)
π3 ]abc(/k +mN)n(k)[−iA(1)

π ]c(/p+mN)n(p)
}
, (5.80b)

where L = 1, n = 2 and we have to replace p0 =
√
p2 +m2

N and k0 =
√
k2 +m2

N . The pion
momentum is pµ − kµ, going in the upwards direction. The relevant terms in the Lagrangian
are:

A(1)
π = gA

2f γ
µγ5∂µπ

iτ i, (5.81a)

A
(1)
π3 = gA

20f 3γ
µγ5

[
3πiπj∂µπj − πjπj∂µπi

]
τ i, (5.81b)

and the vertices are:

[−iA(1)
π3 ]abc = gA

20f 3

[
δiabc(5/q − 3/p+ 3/k) + δibac(−5/q − 3/p+ 3/k) + δicab2(/p− /k)

]
γ5τ i, (5.82a)

[−iA(1)
π ]c = gA

2f (/p− /k)γ5τ c. (5.82b)

The results for the traces over gamma matrices are are (we simplify using p2 = m2
N = k2):

Tr
S

{
(5/q − 3/p+ 3/k)γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 8m2

N(6m2
N − 5q0(p0 − k0)− 6p0k0 + 6p · k), (5.83a)

Tr
S

{
(−5/q − 3/p+ 3/k)γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 8m2

N(6m2
N + 5q0(p0 − k0)− 6p0k0 + 6p · k), (5.83b)

2 Tr
S

{
(/p− /k)γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 32m2

N(p0k0 − p · k −m2
N), (5.83c)

and the traces over Pauli matrices are:

δiabc Tr
F

{
τ in(k)τ cn(p)

}
= [Θp

pΘn
k + Θn

pΘp
k]δab + [Θp

pΘn
k −Θn

pΘp
k]iεab3

+ (Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3 , (5.84a)

δibac Tr
F

{
τ in(k)τ cn(p)

}
= [Θp

pΘn
k + Θn

pΘp
k]δab − [Θp

pΘn
k −Θn

pΘp
k]iεab3

+ (Θp
p −Θn

p)(Θp
k −Θn

k)δa3
b3 , (5.84b)

δicab Tr
F

{
τ in(k)τ cn(p)

}
= [Θp

pΘp
k + 2Θp

pΘn
k + 2Θn

pΘp
k + Θn

pΘn
k]δab. (5.84c)
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m∗π−/mπ m∗π0/mπ m∗π+/mπ m∗π/mπ(r = 1)

This work LEC set 1 1.05 0.94 0.81 0.94
LEC set 2 1.10 0.99 0.87 0.99
LEC set 3 1.10 0.98 0.86 0.98

Theoretical Ref. [97] 1.10 1.04 0.99 —
Refs. [95, 98] 1.06 — — —
Ref. [34] 1.13 — — —
Ref. [99] — — — 0.95
Ref. [100] — — — 1.03

Experimental Ref. [101] 1.17 ∼ 1.20 — — —
Ref. [37] 1.22 — — —

Table 5.2.: Comparing the results for the in-medium pion mass at r = 1.5 (first three values)
and at r = 1 (last column). The LEC sets refer to the values given in Table 3.1.
All values correspond to densities at normal nuclear density: ρ = ρ0.

Finally, the self-energy is given by:

Σ5(q) = g2
Am

2
N

10(2πf)4

∫
dp dk d cos θ p

2k2

p0k0

1
2m2

N −m2
π − 2p0k0 + 2pk cos θ

2(k0p0 − pk cos θ −m2
N)(Θp

pΘp
k −Θp

pΘn
k −Θn

pΘp
k + Θn

pΘn
k)δab

5q0(k0 − p0)(Θp
pΘn

k −Θn
pΘp

k)iεab3

−6(k0p0 − pk cos θ −m2
N)(Θp

pΘp
k −Θp

pΘn
k −Θn

pΘp
k + Θn

pΘn
k)δa3

b3 .

(5.85)

Note that for symmetrical nuclear matter (i.e. Θp
p = Θn

p), this diagram completely vanishes.

5.3. Results: Mass
We show the density dependence of the in-medium pion masses and their dependence on the
nucleon ratios in Fig. 5.1, using the three sets of low-energy constants given in Table 3.1, and
also in Table 5.2. The left column of Fig. 5.1 shows the three pion masses and their dependence
on the nucleon density at a fixed ratio ρn/ρp = 1.5. The right column of Fig. 5.1 shows the
same pion masses and how they depend on different nucleon ratios at a fixed nucleon density
of ρ = ρ0. The behavior of m∗π(r) is symmetric around r = ρn/ρp = 1, such that the π0 mass
is invariant under the exchange r ↔ 1/r, while π± → π∓.
The mass of the negatively charged pion increases at normal nuclear density and for a nucleon

ratio of r = 1.5 by 5–10%, depending on the choice of the LECs. This is in quite good agreement
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Figure 5.1.: Top to bottom: LEC sets 1, 2, and 3 from Table 3.1. Left: The isospin-
asymmetric nuclear matter splits the pion triplet masses. Right: The plots
are symmetric around the point r = ρn/ρp = 1, such that under the exchange
r ↔ 1/r, the π0 mass stays the same, but the π± masses get exchanged. This
behavior is also present in the results for Z and fπ. The vertical grey line marks
the ratio ρn/ρp = 1.5.
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with other works who computed the same in-medium mass at ρ = ρ0 and r = 1.5: Ref. [97]
uses a two-loop chiral perturbation theory and reports an increase of 10%. Refs. [95, 98] use
functional renormalization group methods and arrive at an increase of 6%. Finally, Ref. [34]
uses one-loop in-medium chiral perturbation theory and reports an increase of 13%. The mass
of the neutral pion changes only slightly and we found a decrease of 1–5%, and the mass of the
positively charged pion decreases by 14–19%. We can compare these values to Ref. [97] which
reports an increase of 4% and a decrease of 1%, respectively.
Using experimental data for the optical potential and extrapolating to normal nuclear density,

Ref. [101] found an increase of 17–20%. This was obtained by fitting the b0 parameter in the
optical potential to data from 207Pb pionic atoms. A later study performed by Suzuki et al. [37]
additionally considered the in-medium change of b1 in pionic 115,119,123Sn atoms and reported
the following values:

b0 = −0.0233/mπ, b1 = −0.1149/mπ, Re(B0) = −0.019/m4
π. (5.86)

Using these values in the πN optical potential,

V (r) = −2π
µ

[
ε1

{
b0ρ(r) + b1ρ(r)r − 1

r + 1

}
+ ε2Re(B0)ρ2(r)

]
, (5.87)

leads to a similar increase of around 22% at normal nuclear density. In contrast, a different
(Ericson–Weise) parametrization of the optical potential [102],

V (r) = −2π
µ
ρ(r)

[
b0 −mπ(b2

0 + 2b2
1)
]
, (5.88)

leads to a 11% mass increase of the π−. We note that this parametrization treats single
scattering and double scattering separately, hence we should use an in-vacuum value of b0 =
−0.01/mπ, as it appears in πN scattering.
In summary, for a neutron-rich nuclear matter, the π− mass is increased while the π+ mass

gets decreased. For a proton-rich nuclear matter, the opposite is the case. This can be observed
in the right column of Fig. 5.1, and can be explained via the Weinberg–Tomozawa theorem [17,
103, 104] of low-energy scattering. Using Clebsch–Gordan coefficients [53], one can show that a
neutron-π− pair couples to a total isospin-3/2 state, whereas a neutron-π+ pair mostly couples
to a total isospin-1/2 state:

|nπ−〉 = |12 ,−
1
2 , 1,−1〉 = |32 ,−

3
2〉, (5.89a)

|nπ+〉 = |12 ,−
1
2 , 1, 1〉 = 1√

3
|32 ,

1
2〉+

√
2
3 |

1
2 ,

1
2〉. (5.89b)

By using the Weinberg–Tomozawa theorem where I denotes the total isospin of the pion-nucleon
system,

aI = −g
2
Vmπ

2πf 2
π

[
1 + mπ

mN

]−1 [
I(I + 1)− IN(IN + 1)︸ ︷︷ ︸

3/4

− Iπ(Iπ + 1)︸ ︷︷ ︸
2

]
, (5.90)
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or comparing to experimental data [17, 105], we find that the scattering length of the total
isospin-1/2 system is positive (i.e. repulsive interaction), and the scattering length of the total
isospin-3/2 system is negative (i.e. attractive interaction):

ath.1/2mπ = 0.20, aexp.1/2 mπ = 0.171(5), (5.91)

ath.3/2mπ = −0.10, aexp.3/2 mπ = −0.088(4). (5.92)

One can show that the pion’s self-energy in nuclear matter is proportional to the negative
T -matrix element of the interaction process (see e.g. Ref. [102], chapter 5.7). And since the
T -matrix element is proportional to the scattering length, we conclude that negative scattering
length for the I = 3/2 system leads to a positive contribution of the π− self-energy, i.e. a mass
increase. The opposite holds for a proton-rich nuclear matter, where |p〉 = |12

1
2〉.

For isospin-symmetric nuclear matter, the masses of all pions decrease equally by 1–6% at
normal nuclear density. This is compatible with the results in Ref. [99], which uses an NJL
model and reports a decrease of 5%. Ref. [100] uses chiral perturbation theory and reports an
increase of 3%.
Around 50 years ago, Migdal [106], Sawyer [107, 108] and Scalapino [109] proposed the idea

that pions might undergo a condensation process at high densities due to a p-wave coupling
between pions and nucleons (summarized in Ref. [110]). Our calculations suggest that the
positively charged pion might condense at r = 8–12 at normal nuclear density, see Fig. 5.1.
Consequently, the negatively charged pion condensates at the corresponding inverse ratios 1/r.
One important difference to Ref. [72] is that this work does not employ the large-mN limit

in order to arrive at analytical solutions. This is important e.g. for the symmetric part of Σ2b

(i.e. the terms proportional to δab):

Σab
2b(q) = 2mNq

2
0

f 2π2

∫
dp p2√

p2 +m2
N

(
2c1m

2
π

q2
0
− c2(p2 +m2

N)
m2
N

− c3

)
[Θp

p + Θn
p]δab. (5.93)

In Ref. [72], the authors assumed a pion at rest q0 = mπ and expanded the integrand in the
large-mN expansion:

Σab
2b(q) = 2m2

π

f 2π2

∫
dp p2(2c1 − c2 − c3)[Θp

p + Θn
p]δab +O(1/m2

N). (5.94)

However, since the combination of LECs 2c1 − c2 − c3 is proportional to the isoscalar πN
scattering length b+, which is especially small for pions, this term in the large-mN expansion
is small compared to the next one, which is parametrized by 2c1 + c2 − c3. Hence, by only
considering the first term in the large-mN expansion, one neglects the comparatively large
effects of the second leading term. Consequently, our results of the self-energy (and thus the
in-medium pion mass) does not agree with Ref. [72].
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Before we discuss the next in-medium pion quantities, let us briefly mention other related
works that deal with isospin-asymmetric nuclear matter and related hadronic effects. Refs. [111–
114] and related works investigated isospin-asymmetric nuclear matter and the possibility of
pion condensation in the NJL model. Further meson condensation processes were investigated
by Refs. [115, 116], who considered both isospin-asymmetric nuclear matter and strange nuclear
matter. In Ref. [36], the authors calculate the s-wave optical potential in isospin-asymmetric
nuclear matter. Ref. [117] investigated ∆ formation in isospin-asymmetric nuclear matter and
Ref. [118] investigated isospin-asymmetric nuclear matter in the holographic Witten–Sakai–
Sugimoto model.

5.4. Results: Wave function renormalization
Since the wave function renormalization Z is related to the self-energy by a derivative with
respect to q2

0 as in Eq. (5.18),

Z =
1− ∂Σ(p2)

∂p2
0

∣∣∣∣∣
p=(m∗2π ,0)

−1

, (5.95)

we will perform this derivative for each self-energy diagram separately.
The type-1 self-energy diagrams yield:

Σab
1 (q) = − g2

Aq
2
0

4π2f 2

∫
dpp

2

p0


− 4m2

N

4E(p)2−q2
0
(Θp

p + Θn
p ) δab

2E(p)
q0

−4p2+q2
0

4E(p)2−q2
0
(Θp

p −Θn
p ) iεab3

,

∂Σab
1

∂q2
0

= − g2
A

4π2f 2

∫
dpp

2

p0


− 16m2

Np
2
0

(q2
0−4p2

0)2 (Θp
p + Θn

p ) δab

−p0(q2
0(q2

0−12p2
0)+4p2(q2

0+4p2
0))

q0(q2
0−4p2

0)2 (Θp
p −Θn

p ) iεab3
, (5.96)

the first type-2 diagram gives the following contribution:

Σab
2a(q) = q0 ρ

2f 2
1− r
1 + r

iεab3, ∂Σab
2a

∂q2
0

= ρ

4q0f 2
1− r
1 + r

iεab3, (5.97)

and the second type-2 diagram yields:

Σab
2b(q) = 2mNq

2
0

f 2π2

∫
dp p2

E(p)


(

4c1B0m
q2

0
− c2(p2+m2

N )
m2
N

− c3

)
[Θp

p + Θn
p]δab

c4[Θp
p −Θn

p]iεab3
,

∂Σab
2b

∂q2
0

= 2mN

f 2π2

∫
dp p2

E(p)


(
− c2(p2+m2

N )
m2
N

− c3

)
[Θp

p + Θn
p]δab

c4[Θp
p −Θn

p]iεab3
. (5.98)
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The type-3 diagram is as follows:

Σab
3 (q) = − g2

Am
2
N

10(2πf)4

∫
dp dk d cos θp

2k2

p0k0

p0k0 − pk cos θ −m2
N

(2m2
N −m2

π − 2p0k0 + 2pk cos θ)2

×



v1(Θp
pΘp

k + Θn
pΘn

k)δab + (2v1 + v2 + v3)(Θp
pΘn

k + Θn
pΘp

k)δab

(v2 − v3)(Θp
pΘn

k −Θn
pΘp

k)iεab3

(v2 + v3)(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

,

∂Σab
3

∂q2
0

= − g2
Am

2
N

10(2πf)4

∫
dp dk d cos θp

2k2

p0k0

p0k0 − pk cos θ −m2
N

(2m2
N −m2

π − 2p0k0 + 2pk cos θ)2

×



2(Θp
pΘp

k + Θn
pΘn

k)δab

10
q0

(p0 − k0)(Θp
pΘn

k −Θn
pΘp

k)iεab3

−6(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

, (5.99)

with:

v1 = 2(p− k)2 + 2q2
0 + 2B0m, (5.100a)

2v1 + v2 + v3 = −2(p− k)2 + 8B0m, (5.100b)

v2 + v3 = −6(p− k)2 − 6q2
0 + 4B0m, (5.100c)

v2 − v3 = 20(p0 − k0)q0, (5.100d)

where (p− k)2 = 2m2
N − 2p0k0 + 2pk cos θ. We skip the type-4 diagrams since they are out of

the scope of this thesis, and the final diagram is:

Σ5(q) = g2
Am

2
N

10(2πf)4

∫
dp dk d cos θ p

2k2

p0k0

1
2m2

N −m2
π − 2p0k0 + 2pk cos θ

2(k0p0 − pk cos θ −m2
N)(Θp

pΘp
k −Θp

pΘn
k −Θn

pΘp
k + Θn

pΘn
k)δab

5q0(k0 − p0)(Θp
pΘn

k −Θn
pΘp

k)εab3

−6(k0p0 − pk cos θ −m2
N)(Θp

pΘp
k −Θp

pΘn
k −Θn

pΘp
k + Θn

pΘn
k)δa3

b3

,

∂Σab
5

∂q2
0

= g2
Am

2
N

10(2πf)4

∫
dp dk d cos θ p

2k2

p0k0

1
2m2

N −m2
π − 2p0k0 + 2pk cos θ

0

5
2q0

(k0 − p0)(Θp
pΘn

k −Θn
pΘp

k)εab3

0

. (5.101)
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Zπ− Zπ0 Zπ+ Zπ(r = 1)

This work LEC set 1 1.59 1.42 1.26 1.43
LEC set 2 1.51 1.35 1.18 1.35
LEC set 3 1.51 1.34 1.17 1.34

Theoretical Ref. [119] — — — 1.51 ∼ 1.53
Ref. [36] — — — 1.57
Ref. [72] — — — 1.40

Table 5.3.: Comparing the results for the in-medium pion wave function renormalization at
r = 1.5 (first three values) and at r = 1 (last column). The LEC sets refer to
the values given in Table 3.1. All values correspond to densities at normal nuclear
density: ρ = ρ0.

Another method to calculate the wave function renormalization is to perform a numerical
derivative of the self-energy:

∂Σ(q2)
∂q2

0
≈ Σ(q2 + δ)− Σ(q2)

δ
, (5.102)

by calculating the self-energy twice at different values of q0 and a small enough difference δ.
The density dependence of the in-medium pion wave functions renormalizations is shown in

Fig. 5.2, where we use the three sets of low-energy constants given in Table 3.1, and also in
Table 5.3. Similar to the in-medium masses, under r ↔ 1/r the wave function renormalization
of π0 stays the same, whereas π± ↔ π∓.
The in-medium wave function renormalization of the negatively charged pion increases at

normal nuclear density by 51–59%, for the neutral pion it increases by 34–42% and for the
positively charged pion, the wave function renormalization increases by 17–26%.
In the case of isospin-symmetric nuclear matter, the wave function renormalization of all pions

increases by around 34–43% at normal nuclear density. We can compare this to other works,
for instance Ref. [119], who used a chiral perturbation theory approach and connected those
results to a linear sigma model calculation, and reported an increase of 51–53%. Furthermore,
Ref. [36] reports a 57% increase at normal nuclear density using two-loop chiral perturbation
theory in order to calculate the pion-nuclear s-wave optical potential.

5.5. Pion decay constant
The pion’s decay constant is defined in terms of a matrix element of the axial-vector current
between a one-pion state and the vacuum. We will first consider the decay constant in vacuum,
in order to show that when using chiral perturbation theory to calculate this matrix element,
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Figure 5.2.: Top to bottom: LEC sets 1, 2, and 3 from Table 3.1. In all cases, the in-medium
pion wave function renormalization increases in nuclear matter. For ratios r < 1,
i.e. more protons than neutrons, the order of the three lines is reversed.
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we need an additional factor of (−i), as mentioned in the list of Feynman rules. Afterwards
we discuss the in-medium case in more detail and calculate the density dependence of the
in-medium pion decay constant.

5.5.1. Decay constant in vacuum

In vacuum, the pion’s decay constant is defined by:

〈0|Aaµ(x)|πb(p)〉 = ifpµe−ip·xδab. (5.103)

In chiral perturbation theory, this Aaµ(x) is no dynamical field by itself (it has no bilinear term in
the Lagrangian), instead it is a function of the pion fields. It is the axial-vector Noether current
corresponding to an axial SU(2)L×SU(2)R rotation. We can calculate the exact expression for
Aaµ either by using Noether’s theorem [58, 59] for an axial-vector rotation, or by investigating
the Lagrangian and identifying all terms that couple to the external source aaµ:

L(2)
π ⊃ Aaµ a

µ
a . (5.104)

Either way, this Noether current Aaµ can be written in terms of the chiral field U as [9, 10]:

Aaµ = −if
2

4 Tr
{
τa{U, ∂µU †}

}
, (5.105)

and by using the relations of U in terms of the pion fields (see Eqs. (2.54) and (2.60b)), we can
write this current as:

Aaµ = −f∂µπa +O(π3). (5.106)

Defining the decay constant. With the expression of Aaµ in terms of the pion fields, the
following matrix element,

〈0|Aaµ(x)|πb(p)〉 = 〈0|−f∂µπa(x)|πb〉, (5.107)

actually describes one pion, interacting with another pion1. Treating each πa(x) as a separate
scalar field, we can write them in the following way [85]:

πa(x) =
∫ d3k

(2π)3
1√
2ωk

[
aake−ik·x + aa†k eik·x

]
. (5.108)

Thus, the derivative of πa(x), as it appears in Eq. (5.107), can be written as:

∂µπ
a(x) =

∫ d3k

(2π)3
1√
2ωk

[
−ikµaake−ik·x + ikµaa†k eik·x

]
. (5.109)

1Actually, there are higher terms, cf. Eq. (5.106), but we ignore them for now.
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Regarding Eq. (5.107), we can ignore the term with a†, since it will vanish anyway. So we
continue only with the first term inside the square brackets, which yields:

〈0|Aaµ(x)|πb(p)〉 = −f
∫ d3k

(2π)3
1√
2ωk

(−ikµ)e−ik·x〈0|aak|πb(p)〉. (5.110)

Next we note that, since the creation operator creates a one-particle state out of the vacuum [85]
as follows:

aa†p |0〉 = 1
√2ωp

|πa(p)〉, (5.111)

an annihilation operator will act to a left vacuum as follows:

〈0|aap = 1
√2ωp

〈πa(p)|. (5.112)

This yields the following expression:

〈0|Aaµ(x)|πb(p)〉 = if
∫ d3k

(2π)3
1

2ωk
kµe−ik·x〈πa(k)|πb(p)〉. (5.113)

Here we use the usual covariant normalization of one-particle states in a quantum field the-
ory [85]:

〈πa(k)|πb(p)〉 = (2π)32ωpδ(3)(p− k), (5.114)

to simplify Eq. (5.113):

〈0|Aaµ(x)|πb(p)〉 = if
∫ d3k

(2π)3
1

2ωk
kµe−ik·x(2π)32ωpδ(3)(p− k) = ifpµe−ip·x, (5.115a)

which defines the pion decay constant f . In the last step, even though the delta distribution
was only three-dimensional, we were able to replace kµ with pµ, since for p = k, the following
relation holds:

p0 = ωp =
√
p2 +m2

π =
√
k2 +m2

π = ωk = k0. (5.116)

Using chiral perturbation theory. When we want to calculate the decay constant using
Eq. (5.103) in-medium, we should calculate Feynman diagrams with one external leg for the
pion, coupling to the external axial-vector source. In practice, we treat the external source aaµ
like a dynamical field when calculating vertices using the Feynman rules laid out in Section 3.4.
This leads to the following question: how exactly do we treat a diagram with an external
current? For one incoming pion, the S-matrix element can be written using the LSZ formula:

〈f |S|i〉 = 〈0out|πbin(p)〉, (5.117)
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and this S-matrix element is what we usually calculate using Feynman rules. So let us ignore the
axial-vector current for now, and investigate the result of Eq. (5.117). In order to calculate S-
matrix elements from vacuum expectation values, we usually make use of a reduction formula,
like the Lehmann–Symanzik–Zimmermann (LSZ) formula [85, 120]. For every external line
corresponding to a dynamical field, we get a factor which cancels the on-shell propagators of
the external lines in a given diagram:

〈f |S|i〉 = 〈0out|πbin(p)〉 =
[
i
∫

d4x e−ip·x(�x +m2
π)
]
〈0|πb(x)|0〉. (5.118)

Now we use perturbation theory and write this in terms of non-interacting fields:

〈f |S|i〉 = i
∫

d4x e−ip·x(�x +m2
π)〈0|πb(x)ei

∫
dzLint|0〉. (5.119)

The relevant interaction we want to consider is the one given in Eq. (5.104),

L(2)
π ⊃ Aaµ a

µ
a , (5.120)

therefore by expanding the exponential and only considering the term linear in the axial-vector
field, we have:

〈f |S|i〉 = i
∫

d4x e−ip·x(�x +m2
π)〈0|πb(x)i

∫
d4zAaµ(z)aµa(z)|0〉. (5.121)

Using Eq. (5.106), we can write the axial-vector Noether current in terms of the pion field:

〈f |S|i〉 = −f
∫

d4x d4z e−ip·x(−�x −m2
π)aµa(z)〈0|πb(x)∂zµπa(z)|0〉. (5.122)

Next we write the partial derivative with respect to z outside of the vacuum expectation value,
which we recognize as the pion Feynman propagator,

〈0|πb(x)πa(z)|0〉 =
∫ d4k

(2π)4
i

k2 −m2
π + iεe

ik(x−z)δab, (5.123)

so that the S-matrix element reads:

〈f |S|i〉 = −f
∫

d4x d4z
d4k

(2π)4 e−ip·x(k2 −m2
π)aµa(z)(−ikµ) i

k2 −m2
π + iεe

ik(x−z)δab, (5.124)

where we let �x = ∂xµ∂
µ
x and ∂zµ act on the exponential from the Feynman propagator. The

LSZ factor precisely cancels the pion propagator and we are left with:

〈f |S|i〉 = −fδab
∫

d4x d4z
d4k

(2π)4 ei(k−p)·x−ik·zaµa(z)kµ. (5.125)

We perform the integration over x, yielding a delta distribution,

〈f |S|i〉 = −fδab
∫

d4z d4k δ(4)(k − p)e−ik·zaµa(z)kµ, (5.126)
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which renders the k-integration trivial:

〈f |S|i〉 = −fpµδab
∫

d4z e−ip·zaµa(z). (5.127)

Now we will focus on the external source again. The way to include the axial-vector current
Aaµ(x) inside a vacuum expectation value is to perform a functional derivative with respect to
−iδ/δaaµ(x):

〈0|Aaµ(x)|πb(p)〉 = δ

iδaaµ(x)〈0|π
b(p)〉. (5.128)

In the following we show that by treating the axial-vector current as a dynamical field, we are
actually calculating the right-hand side of Eq. (5.128) times i. Therefore, when there is an
axial-vector current in the diagram, we have to include an additional factor of (−i) to account
for the 1/i in Eq. (5.128).
If we apply this to Eq. (5.127), we get:

δ

iδaaµ(x)〈f |S|i〉 = −fpµδab
δ

iδaaµ(x)

∫
d4z e−ip·zaµa(z) (5.129a)

= ifpµδab
∫

d4z e−ip·zδ(4)(z − x) (5.129b)

= ifpµδabe−ip·x, (5.129c)

which is exactly the result we would expect from Eq. (5.115a).

An example in the vacuum. To give an example of why this additional factor of (−i) is
necessary, let us consider the vacuum case. In order to calculate f , we consider the following
diagram:

iM = aaµ πb(p)• (5.130)

Using the Feynman rules as described in Section 3.4, this diagram is simply given by i times
the pion-axial vertex. The interaction Lagrangian reads to first order,

L(2)
π ⊃ Aiµa

µ
i = −f∂µπiaµi , (5.131)

therefore the vertex factor is given after functional differentiation with respect to πb and aaµ
(for an incoming pion, the derivative becomes −ipµ):

Lπa = ifpµδab (5.132)

Including the (−i) from Eq. (5.128), the diagram is thus given by:

iM = (−i)× i2fpµδab = ifpµδab, (5.133)

which is the expected result.
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5.5.2. Decay constant in nuclear matter

In nuclear matter, the decay constant is defined as matrix element of the axial-vector current
Aaµ [72] between a one-pion in-medium state and the vacuum:

〈Ω|Aaµ(0)|π∗b(p)〉 = i
[
pµF

∗(p) + nµ(p · n)N∗(p)
]
δab, (5.134)

where nµ is a four-vector that specifies the in-medium rest frame and has nµnµ = 1. The
two form factors F ∗ and N∗ can be functions of pµpµ and pµn

µ, in accordance with Lorentz
covariance. By taking nµ = (1,0)µ, one can define the temporal and spatial components of the
in-medium pion decay constant:

〈Ω|Aa0(0)|π∗b(p)〉 = iftp0, (5.135a)

〈Ω|Aai (0)|π∗b(p)〉 = ifspi. (5.135b)

These in-medium pion decay constants can be obtained for a on-shell pion with p0 = m∗π and
p = 0. They are related to the form factors via:

ft = F ∗(m∗π,0) +N∗(m∗π,0), (5.136a)

fs = F ∗(m∗π,0). (5.136b)

In order to know which diagrams to calculate in order to determine the in-medium decay
constant, let us recall some important in-medium pion relations (see Section 5.1 for more
details). The pseudoscalar current and the pion operator are related via P = Ĝππ and the pion
propagator can be written as:

〈Ω|ππ|Ω〉 = iZ
p2

0 − v2
πp

2 −m∗2π + iε.

With this, we can use the LSZ reduction formula again and write it as:

〈Ω|Aa0(0)|π∗b(p)〉 =
[

i
√
Z

p2
0 − v2

πp
2 −m∗2π + iε

]−1

〈Ω|Aa0(0)π|Ω〉. (5.137)

Next, we use π = P/Ĝπ:

〈Ω|Aa0(0)|π∗b(p)〉 =
[

i
√
Z

p2
0 − v2

πp
2 −m∗2π + iε

]−1 1
Ĝπ

〈Ω|Aa0(0)P |Ω〉. (5.138)

We now insert a completeness relation between the two currents, but only focus on the pion
states:

〈Ω|Aa0(0)|π∗b(p)〉 = lim
p2→m∗2π

[
i
√
Z

p2
0 − v2

πp
2 −m∗2π + iε

]−1 1
Ĝπ

〈Ω|Aa0(0)|π〉〈π|P |Ω〉. (5.139)



Calculation of the in-medium pion decay constant 123

The first matrix element on the right-hand side gives us the vertex correction f̂ and the second
one is proportional to a pion propagator:

〈Ω|Aa0(0)|π∗b(p)〉 = lim
p2→m∗2π

[
i
√
Z

p2
0 − v2

πp
2 −m∗2π + iε

]−1 1
Ĝπ

if̂tp0〈Ω|ππ|Ω〉Ĝπ. (5.140)

The inverse pion propagator and the pion propagator cancel, which yields:

〈Ω|Aa0(0)|π∗b(p)〉 = if̂tp0
√
Z. (5.141)

Finally, since this should be equal to iftp0 due to Eq. (5.135a), we get the relation:

ft =
√
Zf̂t. (5.142)

This means, we have to calculate 1PI diagrams with an incoming pion and an external axial-
vector current A0 to get f̂t (the decay constant vertex correction), and then multiply this with
the square root of the wave function renormalization

√
Z.

5.6. Calculation of the in-medium pion decay constant
The in-medium pion decay constant is given by ft = f̂t

√
Z, where f̂t is the one-particle irre-

ducible vertex correction to the decay constant and Z is the in-medium pion wave function
renormalization. f̂t can be calculated using the following in-medium correlation function,

〈Ω|Aa0|πb(q)〉1PI = iδabq0f̂t (5.143)

We discuss in detail how we chose the relevant diagrams in Section 4.2 and list them in Tables 5.4
to 5.8. These tables are organized as follows. For each type of diagram, there can be an
interaction from A(1) or A(2). Hence, for each diagram we investigate all possible cases of
interactions, i ∈ {1, 2} for one vertex or (i, j) ∈ {11, 12, 21, 22} for two vertices. If such a
vertex does not exist (because there is no corresponding term in the Lagrangian) we disregard
the whole diagram. Still, some diagrams might vanish in the course of the calculation, which
will be shown later on. In summary, we will calculate one type-1 diagram, two type-2 diagrams,
one type-3 diagrams, four type-4 diagrams and one type-5 diagram:

I

J

i j
i 1 1 A2(1)

A2(1)

j 1 A2(2) 1 A2(2)

Table 5.4.: Type 1 f̂t diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of A(2)

π = 0, and (2) because of A(2)
a = 0. In total, one diagram

remains.
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I

i
i 1 2

Table 5.5.: Type 2 f̂t diagrams. Since we cannot exclude any diagram based on the interac-
tions in the Lagrangian, both diagrams remain.

I

J

i

j k

i A1(1)
A1(1)

A1(1)
A1(1) 2 2 2 2

j 1 1 A2(2)
A2(2) 1 1 A2(2)

A2(2)

k 1 A2(2) 1 A2(2) 1 A2(2) 1 A2(2)

Table 5.6.: Type 3 f̂t diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of L(1) = 0, and (2) because of A(2)

π = 0. In total, one diagram
remains.

I

J

i j
i 1 1 2 2
j 1 2 1 2

Table 5.7.: Type 4 f̂t diagrams. In total, four diagrams would remain, however as discussed
for the self-energy diagrams, those are O(ρ2) and therefore out of our scope.

HN

i

j

i 1 1 A2(1)
A2(1)

j 1 A2(2) 1 A2(2)

Table 5.8.: Type 5 f̂t diagrams. The superscript (1) denotes that the corresponding diagram
vanishes because of A(2)

aπ2 = 0, and (2) because of A(2)
π = 0. In total, one diagram

remains.

The wavy lines represent axial-vector currents, dashed lines are pions, double lines are Pauli-
blocked nucleons and thick lines are in-medium nucleons. We will consider a pion at rest with
momentum qµ = (q0,0)µ.

5.6.1. One-loop diagrams of type 1

The first diagram to calculate the decay constant is given by:

f̂t,1 :
I

J

1 1πb(q) aa0

p+ q

p

(5.144)

This actually corresponds to four diagrams, one where there are two vacuum propagators, two
with one vacuum- and one in-medium propagator, and one with two in-medium propagators.
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We discard the first one with only vacuum propagators, since we assume that the values for our
LECs are already fixed in vacuum. We can also ignore the last one, since if both nucleons are
on the mass-shell, this means p2 = m2

N and (p + q)2 = m2
N , while also p0 > 0 and p0 + q0 > 0.

Using the first two equations, we get 2p0q0 + q2
0 = 0, which we can solve for p0 = −q0/2. But

since q0 > 0, this contradicts the requirement p0 > 0. Thus, the Heaviside function will give
zero and the whole diagram vanishes.
The two remaining diagrams are:

f̂t,1a :
I

J

1 1πb(q) aa0

p+ q

p

, f̂t,1b :
I

J

1 1πb(q) aa0

p+ q

p

. (5.145)

The thin line represents an in-vacuum propagator and the thick line represents the in-medium
propagator. These diagrams are now given by the following expressions:

iq0f̂
ab
t,1a = (−1)L (−1)n

n
(−i)

∫ d3p

(2π)3
1

2E(p)
i

(p+ q)2 −m2
N

× Tr
{

[−iA(1)
π ]b(/p+mN)n(p)[−iA(1)

a ]a(/p+ /q +mN)
} ∣∣∣∣∣

p0→E(p)
, (5.146a)

iq0f̂
ab
t,1b = (−1)L (−1)n

n
(−i)

∫ d3p

(2π)3
1

2E(p+ q)
i

p2 −m2
N

× Tr
{

[−iA(1)
π ]b(/p+mN)[−iA(1)

a ]a(/p+ /q +mN)n(p+ q)
} ∣∣∣∣∣

p0→E(p)−q0

. (5.146b)

The relevant terms in the Lagrangian are:

A(1)
a = −gAγµγ5aiµ

τ i

2 , (5.147a)

A(1)
π = gA

2f γ
µγ5∂µπ

iτ i, (5.147b)

and the vertex factors are for both diagrams:

[−iA(1)
π ]b = −gA2f /qγ

5τ b, (5.148a)

[−iA(1)
a ]a = igA2 γ0γ5τa. (5.148b)

The trace in spinor space is the same for both diagrams:

Tr
S
{· · · } = −4q0(m2

N + p2 − p0q0 − 2p2
0), (5.149)

however, p0 is to be replaced by different terms for the two diagrams. Since we assume a pion
at rest, q = 0, the traces in isospin space are similar:

Tr
F

{
τ bn(p)τa

}
= (Θp

p + Θn
p )δab + (Θp

p −Θn
p )iεab3, (5.150a)
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Tr
F

{
τ bτan(p)

}
= (Θp

p + Θn
p )δab − (Θp

p −Θn
p )iεab3. (5.150b)

Collecting all coefficients, we can write the sum of the two diagrams as:

f̂abt,1 = g2
A

4π2f

∫
dp p2

E(p)



[
Tr
S
{··· }

p2
0−p2+2p0q0+q2

0−m
2
N

∣∣∣∣∣
p0→E(p)

+ Tr
S
{··· }

p2
0−p2−m2

N

∣∣∣∣∣
p0→E(p)−q0

]
(Θp

p + Θn
p ) δab,[

Tr
S
{··· }

p2
0−p2+2p0q0+q2

0−m
2
N

∣∣∣∣∣
p0→E(p)

− Tr
S
{··· }

p2
0−p2−m2

N

∣∣∣∣∣
p0→E(p)−q0

]
(Θp

p −Θn
p ) iεab3.

(5.151)

The terms inside the integral can be simplified:

Tr
S
{· · · }

p2
0 − p2 + 2p0q0 + q2

0 −m2
N

∣∣∣∣∣
p0→E(p)

+ Tr
S
{· · · }

p2
0 − p2 −m2

N

∣∣∣∣∣
p0→E(p)−q0

= − 4m2
N

4E(p)2 − q2
0
, (5.152a)

Tr
S
{· · · }

p2
0 − p2 + 2p0q0 + q2

0 −m2
N

∣∣∣∣∣
p0→E(p)

− Tr
S
{· · · }

p2
0 − p2 −m2

N

∣∣∣∣∣
p0→E(p)−q0

= 2E(p)
q0

−4p2 + q2
0

4p2 + 4m2
N − q2

0
.

(5.152b)

Therefore we get the following result:

f̂abt,1 = g2
A

4π2f

∫
dp p2

E(p)



[
− 4m2

N

4E(p)2−q2
0

]
(Θp

p + Θn
p ) δab[

2E(p)
q0

−4p2+q2
0

4p2+4m2
N−q

2
0

]
(Θp

p −Θn
p ) iεab3

. (5.153)

After evaluating the first integral analytically, we can write down the diagonal part of the
diagram as follows:

f̂diag1 = − g2
AmNρ

f(4m2
N − q2

0) + (ρ4/3). (5.154)

5.6.2. One-loop diagrams of type 2

Leading-order interactions

The next diagram to calculate the decay constant is given by:

f̂t,2a :
I

11 aa0πb(q)
p

(5.155)

This can be written as an integral:

iq0f̂
ab
t,2a = (−1)L (−1)n

n
(−i)

∫ d3p

(2π)3
1

2E(p) Tr
{

[−iA(1)
πa ]ab(/p+mN)n(p)

}
, (5.156)

where (−1)L accounts for L = 1 fermionic loop, (−1)n
n

must be included for n = 1 Fermi-sea
insertions and (−i) comes from the fact that we have one external current in our correlation
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function. Also, since the nucleon is on its mass shell, p0 must be replaced with E(p). The
relevant term in the Lagrangian reads:

A(1)
πa = − 1

2f γ
µπiajµε

ijkτ k, (5.157)

so the vertex factor is:

[−iA(1)
πa ]ab = i

2f γ
0εbakτ k. (5.158)

The traces are:

Tr
S

{
γ0(/p+mN)

}
= 4p0, (5.159a)

Tr
F

{
τ kn(p)

}
= (Θp

p −Θn
p)δk3. (5.159b)

Using the relation of the nucleon densities and the Fermi momenta,∫ d3p

(2π)3 Θi
p = ρi

2 (i = p, n), (5.160)

we can write down the solution analytically:

f̂t,2a = ρ

2q0f

1− r
1 + r

iεab3. (5.161)

Next-to-leading order interactions

The next diagram to calculate the decay constant is given by:

f̂t,2b :
I

2 aa0πb(q)
p

(5.162)

This can be written as an integral:

iq0f̂
ab
t,2b = (−1)L (−1)n

n
(−i)

∫ d3p

(2π)3
1

2E(p) Tr
{

[−iA(2)
πa ]ab(/p+mN)n(p)

}
, (5.163)

where (−1)L accounts for L = 1 fermionic loop, (−1)n
n

must be included for n = 1 Fermi-sea
insertions and (−i) comes from the fact that we have one external current in our correlation
function. Also, since the nucleon is on its mass shell, p0 must be replaced with E(p). The
relevant term in the Lagrangian reads:

A(2)
πa = − 2c2

fm2
N

∂µπ
iaiν∂

µ∂ν + 2c3

f
∂µπ

iaµi − ic4

f
εijkτ k∂µπ

iajν [γµ, γν ], (5.164)

so the vertex factor is:

[−iA(2)
πa ]ab = − 2c2

fm2
N

p2
0q0δ

ab − 2c3

f
q0δ

ab, (5.165)
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and since it is diagonal in both spinor and isospin space, the traces can be evaluated easily:

Tr
S

{
/p+mN

}
= 4mN , Tr

F
{n(p)} = Θp

p + Θn
p. (5.166)

Putting everything together, the vertex correction is given by:

f̂abt,2b = δab
2mN

fπ2

∫
dp p2

E(p)

(
c2
p2 +m2

N

m2
N

+ c3

)
(Θp

p + Θn
p). (5.167)

We can perform this integral analytically and get the result:

f̂diag2 = 2ρ(c2 + c3)
f

+O(ρ4/3) (5.168)

5.6.3. Two-loop diagrams of type 3

The third diagram to calculate the decay constant is given by:

f̂abt,3 : I

J

2

1 1

πb(q) aa0

p

k

πc(p− k) πd(p− k) (5.169)

This can be written as

iq0f̂abt,3 = (−1)L (−1)n
n

(−i)1
2

∫ d3k

(2π)3
1

2k0

∫ d3p

(2π)3
1

2p0
[iLπ3a]abcd

(
i

(p− k)2 −m2
π

)2

× Tr
{

[−iA(1)
π ]c(/k +mN)n(k)[−iA(1)

π ]d(/p+mN)n(p)
}
, (5.170)

where we include a factor (−1)L for one fermionic loop, (−1)2/2 for two Fermi-sea insertions,
(−i) since we have one source in the correlation function and 1/2 is a symmetry factor for this
diagram. The relevant terms in the Lagrangian are:

L(2)
π3a = 1

5f a
i
µ∂

µπjπkπl(3δijδkl − 4δikδjl), (5.171a)

A(1)
π = gA

2f γ
µγ5∂µπ

iτ i, (5.171b)

and the corresponding vertex factors are:

[iLπ3a]abcd = 1
5f

[
(−6q0)δabcd + (4q0 − 10p0 + 10k0)δacbd + (4q0 + 10p0 − 10k0)δadbc

]
, (5.172a)

[−iA(1)
π ]c = −gA2f (/p− /k)γ5τ c, (5.172b)

[−iA(1)
π ]d = gA

2f (/p− /k)γ5τ d. (5.172c)
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The trace in spinor space can be evaluated using the fact that both nucleons are on-shell, i.e.
p2 = m2

N as well as k2 = m2
N :

Tr
S

{
/kγ5(/p+mN)/kγ5(/p+ /k +mN)

}
= 16m2

N(p0k0 − p · k −m2
N). (5.173)

The trace over Pauli matrices is:

[iLπ3a]abcd Tr
F

{
τ cn(k)τ dn(p)

}
= 1

5f


−2q0(3Θp

pΘp
k + 2Θp

pΘn
k + 2Θn

pΘp
k + 3Θn

pΘn
k)δab

20(k0 − p0)(Θp
pΘn

k −Θn
pΘp

k)iεab3

8q0(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

(5.174)

where Θx
y is an abbreviation for Θ(kxF − |y|), the Heaviside step function that ensures that the

nucleon’s momentum stays below the Fermi momentum. Finally, f̂3 is given by:

f̂abt,3 = m2
Ng

2
A

(2π)5f 3q0

∫
dp dk d(cos θ) p

2k2

p0k0

p0k0 − pk cos θ −m2
N

(2m2
N − 2p0k0 + 2pk cos θ −m2

π)2

×


−2q0(3Θp

pΘp
k + 2Θp

pΘn
k + 2Θn

pΘp
k + 3Θn

pΘn
k)δab

20(k0 − p0)(Θp
pΘn

k −Θn
pΘp

k)iεab3

8q0(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

. (5.175)

5.6.4. Two-loop diagrams of type 4

First diagram

The first diagram to calculate the decay constant is given by:

f̂abt,4a :
I

J

1 1πb(q) aa0

k

p

(5.176)

where the intermediate pion has momentum qµ + pµ − kµ. This can be written as:

if̂abt,4aq0 = (−1)L (−1)n
n

(−i)
∫ d3p

(2π)3
d3k

(2π)3
1

4EpEk
i

(q + p− k)2 −m2
π

× Tr
{

[−iA(1)
π2 ]bc(/p+mN)n(p)[−iA(1)

πa ]ca(/k +mN)n(k)
}
. (5.177)

The terms in the Lagrangian are:

A(1)
ππ = 1

4f 2γ
µπi∂µπ

jεijkτ k, (5.178a)

A(1)
πa = − 1

2f γ
µπiajµε

ijkτ k, (5.178b)
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and the vertex factors are:

[−iA(1)
π2 ]bc = 1

4f 2 (2/q + /p− /k)εbckτ k, (5.179a)

[−iA(1)
πa ]ca = i

2f γ
0εcalτ l. (5.179b)

The trace yields:

Tr
{

[−iA(1)
π2 ]bc(/p+mN)n(p)[−iA(1)

πa ]ca(/k +mN)n(k)
}

= 8iq0

(2f)3 (EpEk + p · k +m2
N)


−(Θp

p + Θn
p)(Θp

k + Θn
k) δab

−(Θp
pΘn

k −Θn
pΘp

k) iεab3

(Θp
p −Θn

p)(Θp
k −Θn

k) δa3
b3

, (5.180)

with this, the diagram is given by:

f̂abt,4a = − 1
(2f)3

∫ d3p

(2π)3
d3k

(2π)3
1

EpEk

EpEk + p · k +m2
N

(q + p− k)2 −m2
π

×


−(Θp

p + Θn
p)(Θp

k + Θn
k) δab

−(Θp
pΘn

k −Θn
pΘp

k) iεab3

(Θp
p −Θn

p)(Θp
k −Θn

k) δa3
b3

. (5.181)

This is the same integrand we encountered in the type-4 self-energy diagrams, i.e. also this
type-4 decay constant diagram is of order O(ρ2). And in fact, the other type-4 diagrams are
as well.

5.6.5. Two-loop diagrams of type 5

The final diagram to calculate the decay constant is given by:

f̂abt,5 : HN

1

1

πb(q) aa0
pk (5.182)

where the pion momentum is pµ − kµ in the upwards direction. This can be written as:

iq0f̂
ab
t,5 = (−1)L (−1)n

n
(−i)

∫ d3p

(2π)3
d3k

(2π)3
1

4p0k0

i
(p− k)2 −m2

π

× Tr
{

[−iA(1)
π2a]

abc(/k +mN)n(k)[−iA(1)
π ]c(/p+mN)n(p)

}
. (5.183)

The relevant terms in the Lagrangian are:

A
(1)
π2a = gA

4f 2γ
µγ5πiπjakµτ

l(δijkl − δikjl ), (5.184a)
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A(1)
π = gA

2f γ
µγ5∂µπ

iτ i, (5.184b)

and the vertices are:

[−iA(1)
π2a]

abc = i gA4f 2γ
0γ5(δabτ c + δacτ b − 2δbcτa), (5.185a)

[−iA(1)
π ]c = gA

2f (/p− /k)γ5τ c. (5.185b)

The traces are calculated to be:

Tr
S

{
γ0γ5(/k +mN)(/p− /k)γ5(/p+mN)

}
= 8m2

N(k0 − p0), (5.186a)

Tr
F

{
(δabτ c + δacτ b − 2δbcτa)n(k)τ cn(p)

}
=


(Θp

pΘp
k + Θp

pΘn
k + Θn

pΘp
k + Θn

pΘn
k)δab

−3(Θp
pΘn

k −Θn
pΘp

k)iεab3

−(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

.

(5.186b)

Finally, this diagram is given by:

f̂t,5 = − g2
Am

2
N

26π4f 3q0

∫
dp dk d cos θ p

2k2

p0k0

k0 − p0

2m2
N −m2

π − 2p0k0 + 2pk cos θ

×


(Θp

pΘp
k + Θp

pΘn
k + Θn

pΘp
k + Θn

pΘn
k)δab

−3(Θp
pΘn

k −Θn
pΘp

k)iεab3

−(Θp
pΘp

k −Θp
pΘn

k −Θn
pΘp

k + Θn
pΘn

k)δa3
b3

. (5.187)

5.7. Results: Decay constant
In this section, we discuss the in-medium pion decay constants. We show their density depen-
dence in Fig. 5.3, using the three sets of low-energy constants given in Table 3.1, and also in
Table 5.9.
The in-medium decay constant for the negatively charged pion decreases by around 9–18% at

normal nuclear density. This is consistent with the results reported in Ref. [35], which reports a
decrease of 12% at normal nuclear density. The authors were able to determine the parameter
b∗1, which is used to parametrize the isovector part of the s-wave pion-nucleus optical potential.
The numerical value of b∗1 was obtained from pionic atom and π−-nucleus scattering data. The
authors found the following relation between b(∗)

1 and f (∗): b1/b
∗
1 = (f ∗/f)2, and since the in-

medium quantity b∗1 was found to be enhanced in nuclear matter, the authors concluded that
the in-medium pion decay constant would be reduced in nuclear matter. Furthermore, our
calculations show that the decay constants for the neutral pion decrease by around 25–34% and
for the positively charged pion by around 41–48%, depending on the choice of the LECs.
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f ∗π−/fπ f ∗π0/fπ f ∗π+/fπ f ∗π/fπ(r = 1)

This work LEC set 1 0.82 0.66 0.52 0.66
LEC set 2 0.90 0.74 0.59 0.74
LEC set 3 0.91 0.75 0.59 0.75

Theoretical Ref. [35] 0.88 — — —
Ref. [72] — — — 0.75
Refs. [34, 94] — — — 0.74
Ref. [99] — — — 0.87

Experimental Ref. [121] 0.80 — — —

Table 5.9.: Comparing the results for the in-medium pion decay constant at r = 1.5 (first
three values) and at r = 1 (last column). The LEC sets refer to the values given
in Table 3.1. All values correspond to densities at normal nuclear density: ρ = ρ0.

For isospin-symmetric nuclear matter, all three decay constants behave the same and decrease
by around 25–34% at normal nuclear density. This agrees well with other works (in the following
all values are given at ρ = ρ0), e.g. Ref. [72], which reported a 25% decrease and Refs. [34,
94], who used a one-loop in-medium chiral perturbation theory to arrive at a 26% decrease.
Furthermore, Ref. [99] used a NJL model and reports a decrease of 13% and Ref. [121] reports
a decrease of 20% by deriving s-wave pion nucleus potential parameters.

5.7.1. In-Medium Gell-Mann–Oakes–Renner Relation

The GMOR relation [122] connects the quark condensate 〈q̄q〉 = 〈ūu + d̄d〉 to hadronic (i.e.
pion) quantities:

m2
πf

2
π = −mu +md

2 〈q̄q〉. (5.188)

In order to derive an in-medium version of the Gell-Mann–Oakes–Renner (GOR) relation, we
follow Ref. [35], but generalize their discussion to isospin-asymmetric nuclear matter. We start
with the following correlation function,

Πab
5 (q) =

∫
d4x eiq·x∂µ〈Ω|TAaµ(x)P b(0)|Ω〉 (5.189a)

=
∫

d4x (−∂µeiq·x)〈Ω|TAaµ(x)P b(0)|Ω〉 (5.189b)

= −iqµ
∫

d4x eiq·x〈Ω|TAaµ(x)P b(0)|Ω〉, (5.189c)

such that in the soft limit:

Πab
5 (0) = −iδab〈q̄q〉∗. (5.190)
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Figure 5.3.: Top to bottom: LEC sets 1, 2, and 3 from Table 3.1. The in-medium pion decay
constant decreases in nuclear matter compared to its vacuum value. For ρn > ρp,
the decay constant of the positively charged pion decreases the most rapidly, for
ρn < ρp, the order of the three lines is reversed.
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We insert a complete set of hadronic states,

1 =
∑
n

∫ d3pn
(2π)32En

|n(pn)〉〈n(pn)|, (5.191)

where pµn = (En,pn) into the matrix element in Eq. (5.189):

〈Ω|TAaµ(x)P b(0)|Ω〉 =
∑
n

∫ d3pn
(2π)32En

[
Θ(x0)〈Ω|Aaµ(x)|n(pn)〉〈n(pn)|P b(0)|Ω〉

+ Θ(−x0)〈Ω|P b(0)|n(pn)〉〈n(pn)|Aaµ(x)|Ω〉
]
. (5.192)

The states we are interested in are the pions |π∗a(p)〉. We use these matrix elements:

〈Ω|Aaµ(x)|π∗b(p)〉 = i[fdδab + foiεab3 + f3δ
a3δb3]pµe−ip·x ≡ ifabpµe−ip·x, (5.193a)

〈Ω|P a(x)|π∗b(p)〉 = [Gdδ
ab +Goiεab3 +G3δ

a3δb3]e−ip·x ≡ Gabe−ip·x, (5.193b)

where fπ± = fd ± fo and fπ0 = fd + f3, as discussed in Appendix B.3. Note that, for isospin-
symmetric nuclear matter, these matrix elements would only be proportional to δab. We obtain:

〈Ω|TAaµ(x)P b(0)|Ω〉 = i
∑
n

∫ d3pn
(2π)3

(pn)µ
2En

×
[
Θ(x0)fanḠbne−ipn·x −Θ(−x0)f̄anGbneipn·x

]
, (5.194)

where a bar denotes a complex conjugate (since a star usually denotes an in-medium quantity
in this thesis). We can now use the following mathematical identity:

Θ(±x0)e∓iEnx0 = ± 1
2πi

∞∫
−∞

dω eiωx0

ω ± En ∓ iε. (5.195)

By using this, we can write the integral as a four-dimensional momentum integral:

〈Ω|TAaµ(x)P b(0)|Ω〉 =
∑
n

∫ d4pn
(2π)4

(pn)µ
2En

[
fanḠbnei(p

0
nt+pn·x)

p0 + En − iε + f̄anGbnei(p
0
nt−pn·x)

p0 − En + iε

]
. (5.196)

We use this expression in the correlation function Eq. (5.189):

Πab
5 (q) = −i

∑
n

∫
d4x

d4pn
(2π)4

q · pn
2En

eiq·x
[
fanḠbnei(p

0
nt+pn·x)

p0 + En − iε + f̄anGbnei(p
0
nt−pn·x)

p0 − En + iε

]
, (5.197)

so that we can perform the integration over d4x:

Πab
5 (q) = −i

∑
n

∫
d4pn

q · pn
2En

[
fanḠbnδ

(3)(pn − q)
p0 + En − iε + f̄anGbnδ

(3)(pn + q)
p0 − En + iε

]
δ(p0

n + q0). (5.198)
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Also the integration over d4pn is now trivial and we obtain:

Πab
5 (q) = i

∑
n

1
2En

[
q2fanḠbn

q0 − En + iε + (q2
0 + q2)f̄anGbn

q0 + En − iε

]
. (5.199)

If we have zero-modes in the system, we get the following expression in the soft limit:

lim
qµ→0

Πab
5 (q) =

∑
n

Re
[
f̄anGbn

]
= −δab〈q̄q〉∗, (5.200)

which is a generalized Glashow–Weinberg relation. For different values for a and b, we get:

Re


f̄11G11 + f̄12G12 f̄11G21 + f̄12G22 0
f̄21G11 + f̄22G12 f̄21G21 + f̄22G22 0

0 0 f̄33G33

 = −


〈q̄q〉∗ 0 0

0 〈q̄q〉∗ 0
0 0 〈q̄q〉∗

 , (5.201)

which we can rewrite as:

Re


f̄dGd + f̄oGo −i(f̄dGo + f̄oGd) 0

i(f̄dGo + f̄oGd) f̄dGd + f̄oGo 0
0 0 (f̄d + f̄3)(Gd +G3)

 = −〈q̄q〉∗13. (5.202)

Using fπ± = fd ± fo and fπ0 = fd + f3, we rewrite the equations along the diagonal to:
1
2Re

[
f̄π+Gπ+ + f̄π−Gπ−

]
= −〈q̄q〉∗, (5.203a)

Re
[
f̄π0Gπ0

]
= −〈q̄q〉∗. (5.203b)

These generalized Glashow–Weinberg relations are valid in the chiral limit.
Next, we use the PCAC relation ∂µAaµ(x) = mP a(x) and evaluate it between the vacuum

and a pion state:

〈Ω|∂µA±µ (x)|π∗±(p)〉 =
√

2fπ±m∗2π±e−ip·x, 〈Ω|∂µA0
µ(x)|π∗0(p)〉 = fπ0m∗2π0e−ip·x, (5.204a)

m〈Ω|P±(x)|π∗±(p)〉 = m
√

2Gπ±e−ip·x, m〈Ω|P 0(x)|π∗0(p)〉 = mGπ0e−ip·x. (5.204b)

such that: fπ±,0m∗2π±,0 = mGπ±,0 . We can use this to substitute for Gπ±,0 , in order to arrive at
generalized GOR relations:

|fπ+ |2m∗2π+ + |fπ−|2m∗2π−
2 = −m〈q̄q〉∗, (5.205a)

|fπ0|2m2
π0 = −m〈q̄q〉∗. (5.205b)

Using the values from the LEC set 3, we get the following result:
|fπ+|2m∗2π+ + |fπ− |2m∗2π−

2

/
[−m〈q̄q〉∗] ≈ 1.13, (5.206a)

|fπ0|2m2
π0

/
[−m〈q̄q〉∗] ≈ 0.97. (5.206b)

Here we used the following in-vacuum quantities: m ≡ (mu + md)/2 ≈ 3.4 MeV, mπ = 138
MeV, fπ = 92.4 MeV, and 1

2〈ūu+ d̄d〉0 ≈ −[272(5) MeV]3 [93]. Since the GOR relation is valid
up to O(m) = O(m2

π) where m is the quark mass, the deviation occurring in Eq. (5.206) can
be understood due to higher-order contributions.





6. Summary

In the scope of this thesis we thoroughly discussed the effect that isospin breaking of the
surrounding nuclear matter has on the in-medium quark condensate, as well as in-medium
pion properties. To this end, we devised in-medium chiral perturbation theory to calculate the
density dependence of those quantities.
We have computed the density dependence of the 〈ūu + d̄d〉∗ quark condensate in isospin-

asymmetric nuclear matter using an SU(2) in-medium chiral perturbation theory up to second
order in the chiral counting. Our results show that the reduction of the magnitude of the
quark condensate in an isospin asymmetric nuclear matter with ρn/ρp = 1.5 agrees with the
phenomenological result obtained using experimental observations, and also confirm previous
theoretical estimates. Furthermore, our results show that the effect of the isospin-asymmetric
nuclear matter is weak, yet non-zero. This is because contributions beyond the linear density are
rather small due to smaller Fermi motion in low densities. Nucleon-nucleon correlations, which
play a role at O(ρ2), could contribute to the deviation of the 〈ūu+ d̄d〉∗ quark condensate in the
asymmetric nuclear matter from that in the symmetric nuclear matter. We have extended our
formalism to SU(3), which allowed us to perform a linear-density approximation of the density
dependence of the condensate difference 〈ūu − d̄d〉∗, as well as the strange condensate 〈s̄s〉∗.
For the condensate difference 〈ūu− d̄d〉∗ in particular, we investigated explicit isospin breaking
via non-equal light quark masses in the Lagrangian, which had a quantitatively similar effect as
the isospin breaking via the surrounding nuclear matter. Nevertheless, we have found that the
magnitude of the splitting is not so large in comparison with the in-medium reduction of the
quark condensate 〈q̄q〉∗. It would be interesting to obtain the low-energy constants of the SU(3)
chiral Lagrangian by experimental scattering data. While this work used values obtained from
a fit to octet baryon masses via Gell-Mann–Okubo relations, a determination via scattering
data is currently in preparation1.
In order to investigate the in-medium pion properties, we started by precisely defining the in-

medium pion wave function and related quantities. We then used in-medium chiral perturbation
theory to calculate the density dependence of the pion self-energy, which was composed of three
components, corresponding to the three pions in the pion triplet. By diagonalizing the self-
energy in the physical pion basis, we were able to compute the in-medium mass and wave
function renormalization for the charged π± and neutral π0 pions separately. This splitting

1Y. Iizawa, D. Jido, S.Hübsch (in preparation).
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of the isospin triplet quantities is due to the isospin-asymmetry we introduced in the nuclear
matter. At a neutron-to-proton ratio of around 1.5, the π− mass increased, whereas the π0,+

masses decreased. By plotting the pion masses at normal nuclear density over varying nucleon
ratios, we saw that the positively charged pion might undergo a condensation process at a
neutron-to-proton ratio of around 8 to 12. Since these plots are logarithmically symmetric
around isospin-symmetric nuclear matter, the negatively charged pion might undergo such a
condensation at corresponding inverse ratios.
The in-medium wave function renormalization increased in nuclear matter for all three pions.

And by using our results for the in-medium wave function renormalization, we also calculated
the 1PI vertex correction to the in-medium pion decay constant, which decreases in nuclear
matter and also shows a similar splitting of triplet pion quantities.
Future works might include nucleon-nucleon interaction terms in the Lagrangian. This would

lead to new effects beyond the linear density and a new scale for the density expansion, while
also enabling to reach higher densities. It should be certainly intriguing to perform dynami-
cal calculations in the SU(3) in-medium chiral perturbation theory beyond the linear density
approximation, where meson loop amplitudes become reachable.



A. Physical background

A.1. Details on the SU(3) extension

In Appendix A.1.1, we present a relation between commutators of currents and various com-
binations of quark fields. In Appendix A.1.2, we use the chiral Ward identity to show which
diagrams need to be considered in order to calculate the desired quark condensates. In the
following sections, we quickly discuss the SU(3) Lagrangian that we will use in Appendix A.1.3
and show the diagrams that we compute in Appendix A.1.4.

A.1.1. Current algebra commutator relation

Based on the QCD current algebra (see for instance chapter 1.4.3 in Ref. [10]), we have the fol-
lowing equal-time commutator relation between the zero-component of an axial-vector current
Aaµ = q̄γµγ

5 λa
2 q and a pseudoscalar current P a = q̄iγ5λaq:

[Aa0(x), P b(y)]x0=y0 = −iδ(3)(x− y)
√2

3δ
abS0(x) + dabcSc(x)

 , (A.1)

where the scalar current is Sa = q̄λaq. Since the Noether charge is defined as the spatial integral
over the zero-component of the axial-vector current, Qa

5 =
∫

d3xAa0(x), we can integrate and
write the commutator relation as:

[Qa
5, P

b(0)] = −i
√2

3δ
abS0(0) + dabcSc(0)

 . (A.2)

If we choose certain values of a and b, we get specific combinations of scalar quark field com-
binations. For a = 3 and b = 8, we get the difference of up and down currents:

[Q3
5, P

8(0)] = − i√
3
S3(0) = − i√

3
[ūu− d̄d], (A.3)
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the values a = 3 and b = 3 lead to the sum of up and down currents:

[Q3
5, P

3(0)] = −i
√2

3S
0(0) + d338S8(0)


= −i

√2
3

√
2
3(ūu+ d̄d+ s̄s) + 1√

3
1√
3

(ūu+ d̄d− 2s̄s)


= −i
[
ūu+ d̄d

]
, (A.4)

and for a = b = {4, 5, 6, 7}, we can involve the strange currents:

[Q4
5, P

4(0)] = −i
√2

3S
0(0) + d443S3(0) + d448S8(0)


= −i

√2
3

√
2
3(ūu+ d̄d+ s̄s) + 1

2(ūu− d̄d) + (− 1
2
√

3
) 1√

3
(ūu+ d̄d− 2s̄s)


= −i

[2
3(ūu+ d̄d+ s̄s) + 1

2(ūu− d̄d)− 1
6(ūu+ d̄d− 2s̄s)

]
= −i [ūu+ s̄s] , (A.5a)

[Q5
5, P

5(0)] = (. . .) = −i [ūu+ s̄s] , (A.5b)

[Q6
5, P

6(0)] = (. . .) = −i
[
d̄d+ s̄s

]
, (A.5c)

[Q7
5, P

7(0)] = (. . .) = −i
[
d̄d+ s̄s

]
. (A.5d)

Note that we define λ0 =
√

2/31, in order to be consistent with the normalization condition
Tr
{
λaλb

}
= 2δab. The SU(3) structure constants are listed in Appendix B.4.3. In the next

section, we will use these commutators and show how to compute the in-medium condensates.

A.1.2. Chiral Ward identity in the SU(3) case

We start with the divergence of the following time-ordered product:

∂µ[TAaµ(x)P b(0)] = T[∂µAaµ(x)P b(0)] + δ(x0)[Aa0(x), P b(0)]. (A.6)

We can use the partially-conserved axial current (PCAC) relation:

∂µAaµ(x) = iq̄
{
M,

λa
2

}
γ5q, (A.7)

with M = diag (m,m,ms) the quark mass matrix. We need the following values of a:

∂µA3
µ(x) = iq̄{M,

λ3

2 }γ
5q = imq̄λ3γ

5q = mP 3, (A.8a)

∂µA4
µ(x) = iq̄{M,

λ4

2 }γ
5q = im+ms

2 q̄λ4γ
5q = m+ms

2 P 4, (A.8b)
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∂µA5
µ(x) = iq̄{M,

λ5

2 }γ
5q = im+ms

2 q̄λ5γ
5q = m+ms

2 P 5, (A.8c)

∂µA6
µ(x) = iq̄{M,

λ6

2 }γ
5q = im+ms

2 q̄λ6γ
5q = m+ms

2 P 6, (A.8d)

∂µA7
µ(x) = iq̄{M,

λ7

2 }γ
5q = im+ms

2 q̄λ7γ
5q = m+ms

2 P 7. (A.8e)

Now we evaluate the whole equation Eq. (A.6) between the in-medium vacuum |Ω〉,

∂µΠ38
5µ(x, 0) = mΠ38(x, 0) + δ(x0)〈Ω|[A3

0(x), P 8(0)]|Ω〉, (A.9a)

∂µΠ33
5µ(x, 0) = mΠ33(x, 0) + δ(x0)〈Ω|[A3

0(x), P 3(0)]|Ω〉, (A.9b)

∂µΠ44
5µ(x, 0) = m+ms

2 Π44(x, 0) + δ(x0)〈Ω|[A4
0(x), P 4(0)]|Ω〉, (A.9c)

∂µΠ55
5µ(x, 0) = m+ms

2 Π55(x, 0) + δ(x0)〈Ω|[A5
0(x), P 5(0)]|Ω〉, (A.9d)

∂µΠ66
5µ(x, 0) = m+ms

2 Π66(x, 0) + δ(x0)〈Ω|[A6
0(x), P 6(0)]|Ω〉, (A.9e)

∂µΠ77
5µ(x, 0) = m+ms

2 Π77(x, 0) + δ(x0)〈Ω|[A7
0(x), P 7(0)]|Ω〉, (A.9f)

where we abbreviated:

Πab
5µ(x, 0) = 〈Ω|TAaµ(x)P b(0)|Ω〉, Πab(x, 0) = 〈Ω|TP a(x)P b(0)|Ω〉. (A.10)

We perform a Fourier transformation to momentum space,

−iqµΠ38
5µ(q) = mΠ38(q) +

∫
d3x e−iq·x〈Ω|[Aa0(x), P b(0)]|Ω〉, (A.11a)

−iqµΠ33
5µ(q) = mΠ33(q) +

∫
d3x e−iq·x〈Ω|[A3

0(x), P 3(0)]|Ω〉, (A.11b)

−iqµΠ44
5µ(q) = m+ms

2 Π44(q) +
∫

d3x e−iq·x〈Ω|[A4
0(x), P 4(0)]|Ω〉, (A.11c)

−iqµΠ55
5µ(q) = m+ms

2 Π55(q) +
∫

d3x e−iq·x〈Ω|[A5
0(x), P 5(0)]|Ω〉, (A.11d)

−iqµΠ66
5µ(q) = m+ms

2 Π66(q) +
∫

d3x e−iq·x〈Ω|[A6
0(x), P 6(0)]|Ω〉, (A.11e)

−iqµΠ77
5µ(q) = m+ms

2 Π77(q) +
∫

d3x e−iq·x〈Ω|[A7
0(x), P 7(0)]|Ω〉, (A.11f)

and take the soft limit qµ → 0. This allows us to integrate over the last term, which gives the
corresponding conserved Noether charge according to Qa

5 =
∫

d3xAa0(x):

−i lim
q→0

qµΠ38
5µ(q) = mΠ38(0) + 〈Ω|[Q3

5, P
8(0)]|Ω〉, (A.12a)

−i lim
q→0

qµΠ33
5µ(q) = mΠ33(0) + 〈Ω|[Q3

5, P
3(0)]|Ω〉, (A.12b)

−i lim
q→0

qµΠ44
5µ(q) = m+ms

2 Π44(0) + 〈Ω|[Q4
5, P

4(0)]|Ω〉, (A.12c)

−i lim
q→0

qµΠ55
5µ(q) = m+ms

2 Π55(0) + 〈Ω|[Q5
5, P

5(0)]|Ω〉, (A.12d)
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−i lim
q→0

qµΠ66
5µ(q) = m+ms

2 Π66(0) + 〈Ω|[Q6
5, P

6(0)]|Ω〉, (A.12e)

−i lim
q→0

qµΠ77
5µ(q) = m+ms

2 Π77(0) + 〈Ω|[Q7
5, P

7(0)]|Ω〉. (A.12f)

In order to continue, we employ the SU(3) chiral transformation behavior of the pseudoscalar
current, Eq. (A.3) (and subsequent relations), to write the equation like this:

mΠ38(0) + i lim
q→0

qµΠ38
5µ(q) = i√

3
〈ūu− d̄d〉∗, (A.13a)

mΠ33(0) + i lim
q→0

qµΠ33
5µ(q) = i〈ūu+ d̄d〉∗, (A.13b)

m+ms

2 Π44(0) + i lim
q→0

qµΠ44
5µ(q) = i〈ūu+ s̄s〉∗, (A.13c)

m+ms

2 Π55(0) + i lim
q→0

qµΠ55
5µ(q) = i〈ūu+ s̄s〉∗, (A.13d)

m+ms

2 Π66(0) + i lim
q→0

qµΠ66
5µ(q) = i〈d̄d+ s̄s〉∗, (A.13e)

m+ms

2 Π77(0) + i lim
q→0

qµΠ77
5µ(q) = i〈d̄d+ s̄s〉∗. (A.13f)

In the soft limit, the second term on the left-hand side vanishes, since we don’t have zero modes,
so by calculating Πab in chiral perturbation theory, we can infer the density dependence of the
condensates:

〈ūu− d̄d〉∗ = −i
√

3mΠ38(0), (A.14a)

〈ūu+ d̄d〉∗ = −imΠ33(0), (A.14b)

〈ūu+ s̄s〉∗ = −im+ms

2 Π44(0), (A.14c)

〈ūu+ s̄s〉∗ = −im+ms

2 Π55(0), (A.14d)

〈d̄d+ s̄s〉∗ = −im+ms

2 Π66(0), (A.14e)

〈d̄d+ s̄s〉∗ = −im+ms

2 Π77(0). (A.14f)

For the strange condensates, we actually calculate them like this, using a linear combination of
correlation functions:

〈ūu+ s̄s〉∗ = −im+ms

4
[
Π44(0) + Π55(0)

]
, (A.15a)

〈d̄d+ s̄s〉∗ = −im+ms

4
[
Π66(0) + Π77(0)

]
, (A.15b)

and use the following relations:

〈(P4 + iP5)(P4 − iP5)〉∗ = 〈P4P4 + P5P5〉∗ =
[
Π44(0) + Π55(0)

]
, (A.16a)

〈(P6 + iP7)(P6 − iP7)〉∗ = 〈P6P6 + P7P7〉∗ =
[
Π66(0) + Π77(0)

]
, (A.16b)
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so that we finally have:

〈ūu− d̄d〉∗ = −im〈Ω|P 3P 8|Ω〉∗, (A.17a)

〈ūu+ d̄d〉∗ = −im〈Ω|P 3P 3|Ω〉∗, (A.17b)

〈ūu+ s̄s〉∗ = −im+ms

2

〈(
P4 + iP5√

2

)(
P4 − iP5√

2

)〉∗
, (A.17c)

〈d̄d+ s̄s〉∗ = −im+ms

2

〈(
P6 + iP7√

2

)(
P6 − iP7√

2

)〉∗
. (A.17d)

These combinations of pseudoscalar currents in Eqs. (A.17c) and (A.17d) makes it convenient
to perform calculations using kaons.

A.1.3. SU(3) chiral perturbation theory

We use the following SU(3) chiral Lagrangian [78, 123] with a meson-only part and meson-
baryon interactions:

L = L(2)
Φ + L(1)

MB + L(2)
MB, (A.18)

where:

L(2)
Φ = f 2

4 Tr
{
DµU

†DµU + χ†U + χU †
}
, (A.19a)

L(1)
MB = Tr

{
B̄(i /D −M0)B)

}
− D

2 Tr
{
B̄γµγ5{uµ, B}

}
− F

2 Tr
{
B̄γµγ5[uµ, B]

}
, (A.19b)

L(2)
MB = bD Tr

{
B̄{χ+, B}

}
+ bF Tr

{
B̄[χ+, B]

}
+ b0 Tr

{
B̄B

}
Tr {χ+}+ . . . (A.19c)

There are many more terms that would be allowed by chiral symmetry to enter L(2)
MB, however

those are not relevant to the present calculations.
The meson octet Φ = Φaλa/

√
2 is given in terms of the chiral field U = exp

(
i
√

2Φ/f
)
:

U = 1 + i
√

2
f

Φ− 1
f 2 Φ2 + . . . , U † = 1− i

√
2
f

Φ− 1
f 2 Φ2 + . . . , (A.20)

where we identify the physical fields as follows:

Φ =


Φ3√

2 + Φ8√
6

Φ1−iΦ2√
2

Φ4−iΦ5√
2

Φ1+iΦ2√
2 −Φ3√

2 + Φ8√
6

Φ6−iΦ7√
2

Φ4+iΦ5√
2

Φ6+iΦ7√
2 − 2√

6Φ8

 =


π0
√

2 + η√
6 π+ K+

π− − π0
√

2 + η√
6 K0

K− K̄0 − 2√
6η

 . (A.21)

These fields are related by:

Φ1 = 1√
2

(π+ + π−), π+ = 1√
2

(Φ1 − iΦ2), (A.22a)
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Φ2 = i√
2

(π+ − π−), π− = 1√
2

(Φ1 + iΦ2), (A.22b)

Φ3 = π0, π0 = Φ3, (A.22c)

Φ4 = 1√
2

(K+ +K−), K+ = 1√
2

(Φ4 − iΦ5), (A.22d)

Φ5 = i√
2

(K+ −K−), K− = 1√
2

(Φ4 + iΦ5), (A.22e)

Φ6 = 1√
2

(K0 + K̄0), K0 = 1√
2

(Φ6 − iΦ7), (A.22f)

Φ7 = i√
2

(K0 − K̄0), K̄0 = 1√
2

(Φ6 + iΦ7), (A.22g)

Φ8 = η, η = Φ8. (A.22h)

Since we will only perform a linear density (first order, i.e. no loop diagrams) calculation, this
simple parametrization of the chiral field is more convenient than the parametrization we used
in the SU(2) case.
The scalar (s = saλa) and pseudoscalar fields (p = paλa) are contained in χ:

χ = 2B0(s+ ip), χ† = 2B0(s− ip), (A.23)

where we set s = M = diag (m,m,ms) = 2m+ms
3 1+ m−ms√

3 λ8 in the case that mu = md = m, or

s =


mu 0 0
0 md 0
0 0 ms

 = mu +md +ms

3︸ ︷︷ ︸
2m+ms

3

1 + mu −md

2︸ ︷︷ ︸
δm

λ3 + mu +md − 2ms

2
√

3︸ ︷︷ ︸
m−ms√

3

λ8 (A.24)

where m = (mu+md)/2 and δm = (mu−md)/2, if we want to include explicit isospin breaking
in the Lagrangian. Note that the notation λ0 =

√
2/31 is also common, which ensures that

the normalization of Gell-Mann matrices Tr
{
λaλb

}
= 2δab holds also for a = 0.

The baryon octet B = Baλa/
√

2 is given by:

B =


B3√

2 + B8√
6

B1−iB2√
2

B4−iB5√
2

B1+iB2√
2 −B3√

2 + B8√
6

B6−iB7√
2

B4+iB5√
2

B6+iB7√
2 − 2√

6B8

 ≡


Σ0
√

2 + Λ√
6 Σ+ p

Σ− −Σ0
√

2 + Λ√
6 n

Ξ− Ξ0 − 2√
6Λ

 , (A.25)

and their adjoints B̄ = B̄aλa/
√

2 by:

B̄ =


B̄3√

2 + B̄8√
6

B̄1−iB̄2√
2

B̄4−iB̄5√
2

B̄1+iB̄2√
2 − B̄3√

2 + B̄8√
6

B̄6−iB̄7√
2

B̄4+iB̄5√
2

B̄6+iB̄7√
2 − 2√

6B̄8

 ≡


Σ̄0
√

2 + Λ̄√
6 Σ̄− Ξ̄−

Σ̄+ − Σ̄0
√

2 + Λ̄√
6 Ξ̄0

p̄ n̄ − 2√
6Λ̄

 . (A.26)
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The baryon fields Ba are given in terms of the physical fields as:

B1 = 1√
2

(Σ+ + Σ−), B̄1 = 1√
2

(Σ̄+ + Σ̄−), (A.27a)

B2 = i√
2

(Σ+ − Σ−), B̄2 = i√
2

(Σ̄− − Σ̄+), (A.27b)

B3 = Σ0, B̄3 = Σ̄0, (A.27c)

B4 = 1√
2

(p+ Ξ−), B̄4 = 1√
2

(p̄+ Ξ̄−), (A.27d)

B5 = i√
2

(p− Ξ−), B̄5 = i√
2

(Ξ̄− − p̄), (A.27e)

B6 = 1√
2

(n+ Ξ0), B̄6 = 1√
2

(n̄+ Ξ̄0), (A.27f)

B7 = i√
2

(n− Ξ0), B̄7 = i√
2

(Ξ̄0 − n̄), (A.27g)

B8 = Λ, B̄8 = Λ̄, (A.27h)

and the physical fields are given in terms of the Ba baryon fields as:

Σ+ = 1√
2

(B1 − iB2), Σ̄+ = 1√
2

(B̄1 + iB̄2), (A.28a)

Σ− = 1√
2

(B1 + iB2), Σ̄− = 1√
2

(B̄1 − iB̄2), (A.28b)

Σ0 = B3, Σ̄0 = B̄3, (A.28c)

p = 1√
2

(B4 − iB5), p̄ = 1√
2

(B̄4 + iB̄5), (A.28d)

n = 1√
2

(B6 − iB7), n̄ = 1√
2

(B̄6 + iB̄7), (A.28e)

Ξ− = 1√
2

(B4 + iB5), Ξ̄− = 1√
2

(B̄4 − iB̄5), (A.28f)

Ξ0 = 1√
2

(B6 + iB7), Ξ̄0 = 1√
2

(B̄6 − iB̄7), (A.28g)

Λ = B8, Λ̄ = B̄8. (A.28h)

The field χ+ is defined as:

χ+ = uχ†u+ u†χu†, (A.29)

where u2 = U , as in the SU(2) case:

u = 1 + i√
2f

Φ− 1
4f 2 Φ2 + . . . , u† = 1− i√

2f
Φ− 1

4f 2 Φ2 + . . . (A.30)
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A.1.4. Kaon interaction Lagrangian

We want to calculate the following correlation functions:

Π38 = 〈Ω|P 3P 8|Ω〉∗, (A.31a)

Π33 = 〈Ω|P 3P 3|Ω〉∗, (A.31b)

Π4+i5,4−i5 =
〈(

P4 + iP5√
2

)(
P4 − iP5√

2

)〉∗
, (A.31c)

Π6+i7,6−i7 =
〈(

P6 + iP7√
2

)(
P6 − iP7√

2

)〉∗
, (A.31d)

in order to compute 〈ūu− d̄d〉∗, 〈ūu+ d̄d〉∗, 〈ūu+ s̄s〉∗ and 〈d̄d+ s̄s〉∗, respectively, as derived in
Eq. (A.17). We will show the specific diagrams later when we actually calculate the in-medium
condensates.
It is easy to show that the interaction between a mesonic field and a pseudoscalar current is

given by:

[iLΦapb ] = 2iB0fδ
ab, (A.32)

however for further interactions involving the kaons, we need to take a closer look at the
interaction terms of the Lagrangian1.
This is the interaction Lagrangian in terms of Φa:

LN̄NΦp = 8B0(b0 + bD)
f

[
p̄pΦ4p4 + p̄pΦ5p5 + n̄nΦ6p6 + n̄nΦ7p7

]

+ 4B0(2b0 + bD − bF )
f

[
n̄nΦ4p4 + n̄nΦ5p5 + p̄pΦ6p6 + p̄pΦ7p7

]
, (A.33a)

LN̄NΦ2 = −2B0(m+ms)(b0 + bD)
f 2

[
p̄pΦ2

4 + p̄pΦ2
5 + n̄nΦ2

6 + n̄nΦ2
7

]

− B0(m+ms)(2b0 + bD − bF )
f 2

[
n̄nΦ2

4 + n̄nΦ2
5 + p̄pΦ2

6 + p̄pΦ2
7

]
. (A.33b)

We do not have a mixing between Φ4,5,6,7. Since the kaons are given by:

Φ4 = 1√
2

(K+ +K−), K+ = 1√
2

(Φ4 − iΦ5),

Φ5 = i√
2

(K+ −K−), K− = 1√
2

(Φ4 + iΦ5),

Φ6 = 1√
2

(K0 + K̄0), K0 = 1√
2

(Φ6 − iΦ7),

Φ7 = i√
2

(K0 − K̄0), K̄0 = 1√
2

(Φ6 + iΦ7),

1Since the kaons are given as a superposition of mesonic fields, we derive their interaction vertices more
carefully.



Details on the SU(3) extension 147

we can substitute Φa for the physical kaon fields:

LN̄NΦp = 8B0(b0 + bD)√
2f

×
[
p̄p(K+ +K−)p4 + p̄pi(K+ −K−)p5 + n̄n(K0 + K̄0)p6 + n̄ni(K0 − K̄0)p7

]

+ 4B0(2b0 + bD − bF )√
2f

×
[
n̄n(K+ +K−)p4 + n̄ni(K+ −K−)p5 + p̄p(K0 + K̄0)p6 + p̄pi(K0 − K̄0)p7

]
,

(A.34a)

LN̄NΦ2 = −2B0(m+ms)(b0 + bD)
2f 2

×
[
p̄p(K+ +K−)2 − p̄p(K+ −K−)2 + n̄n(K0 + K̄0)2 − n̄n(K0 − K̄0)2

]

− B0(m+ms)(2b0 + bD − bF )
2f 2

×
[
n̄n(K+ +K−)2 − n̄n(K+ −K−)2 + p̄p(K0 + K̄0)2 − p̄p(K0 − K̄0)2

]
. (A.34b)

After simplifying these expressions, we get:

LN̄NΦp = 8B0(b0 + bD)√
2f

×
[
p̄p
[
K+(p4 + ip5) +K−(p4 − ip5)

]
+ n̄n

[
K0(p6 + ip7) + K̄0(p6 − ip7)

]]

+ 4B0(2b0 + bD − bF )√
2f

×
[
n̄n
[
K+(p4 + ip5) +K−(p4 − ip5)

]
+ p̄p

[
K0(p6 + ip7) + K̄0(p6 − ip7)

]]
,

(A.35a)

LN̄NΦ2 = −4B0(m+ms)(b0 + bD)
f 2

[
p̄pK+K− + n̄nK0K̄0

]

− 2B0(m+ms)(2b0 + bD − bF )
f 2

[
n̄nK+K− + p̄pK0K̄0

]
. (A.35b)

Now we can read off the following interaction terms for the charged kaons:

[iL
p̄pP

4+iP5
√

2
K+ ] = 8iB0(b0 + bD)

f
, (A.36a)
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[iL
n̄nP

4+iP5
√

2
K+ ] = 4iB0(2b0 + bD − bF )

f
, (A.36b)

[iL
p̄pP

4−iP5
√

2
K−

] = 8iB0(b0 + bD)
f

, (A.36c)

[iL
n̄nP

4−iP5
√

2
K−

] = 4iB0(2b0 + bD − bF )
f

, (A.36d)

[iLp̄pK+K− ] = −4iB0(m+ms)(b0 + bD)
f 2 , (A.36e)

[iLn̄nK+K− ] = −2iB0(m+ms)(2b0 + bD − bF )
f 2 , (A.36f)

and similarly for the electrically neutral kaons:

[iL
p̄pP

6+iP7
√

2
K0 ] = 4iB0(2b0 + bD − bF )

f
, (A.37a)

[iL
n̄nP

6+iP7
√

2
K0 ] = 8iB0(b0 + bD)

f
, (A.37b)

[iL
p̄pP

6−iP7
√

2
K̄0 ] = 4iB0(2b0 + bD − bF )

f
, (A.37c)

[iL
n̄nP

6−iP7
√

2
K̄0 ] = 8iB0(b0 + bD)

f
, (A.37d)

[iLp̄pK0K̄0 ] = −2iB0(m+ms)(2b0 + bD − bF )
f 2 , (A.37e)

[iLn̄nK0K̄0 ] = −4iB0(m+ms)(b0 + bD)
f 2 . (A.37f)

A.2. Interactions in the Lagrangian
In this section, we list all the interactions in the Lagrangian that we use in this thesis. First,
these are the interactions coming from the chiral Lagrangian, involving only the pion field and
external sources,

L(2)
π = f 2

4 Tr
{
DµU

†DµU + χ†U + χU †
}

• The π-p vertex:

L(2)
πp = 2fB0π

ipi. (A.38)

• The π-a vertex:

L(2)
πa = −f∂µπi

aµi
2 . (A.39)

• The πππ-p vertex:

L(2)
π3p = −B0

5f p
iπiπjπj. (A.40)
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• The π4 vertex:

L(2)
π4 = 1

10f 2∂µπ
i∂µπjπkπl(3δikδjl − δijδkl)− mB0

20f 2π
iπiπjπj. (A.41)

• The π3-aµ vertex:

L(2)
π3a = 1

5f a
i
µ∂

µπjπkπl(3δijδkl − 4δikδjl). (A.42)

Using the first term in the expansion of the pion-nucleon interaction operator A,

A(1) = −iγµΓµ − igAγµγ5∆µ,

we find the following interactions relevant for this thesis (note that the only parameter is gA),

• The NN -aµ vertex:

A(1)
a = −gAγµγ5aiµ

τ i

2 . (A.43)

• The NN -πaµ vertex:

A(1)
πa = − 1

2f γ
µπiajµε

ijkτ k. (A.44)

• The NN -ππaµ vertex:

A
(1)
π2a = gA

4f 2γ
µγ5πaπbacµτ

d(δabcd − δacbd). (A.45)

• The NN -π vertex:

A(1)
π = gA

2f γ
µγ5∂µπ

iτ i. (A.46)

• The NN -ππ vertex:

A(1)
ππ = 1

4f 2γ
µπi∂µπ

jεijkτ k. (A.47)

• The NN -πππ vertex:

A
(1)
π3 = gA

20f 3γ
µγ5

[
3πiπj∂µπj − πjπj∂µπi

]
τ i. (A.48)

The second term, A(2) is given by:

A(2) = −c1 Tr
F
{χ+}+ c2

2m2
N

Tr
F
{uµuν}DµDν − c3

2 Tr
F
{uµuµ}+ c4

2 γ
µγν [uµ, uν ]

− c5χ̂+ −
ic6

8mN

γµγνF+
µν −

ic7

8mN

γµγν Tr
F

{
F+
µν

}
,

and leads to these interactions:
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• The NN -π vertex:

A(2)
π = 0. (A.49)

• The NN -πππ vertex:

A
(2)
π3 = 0. (A.50)

• The NN -aµ vertex:

A(2)
a = 0. (A.51)

• The NN -πaµ vertex:

A(2)
πa = − 2c2

fm2
N

∂µπ
iaiν∂

µ∂ν + 2c3

f
∂µπiaiµ −

ic4

f
εijkτ k∂µπ

iajν [γµ, γν ]. (A.52)

• The NN -πp vertex:

A(2)
πp = −8c1B0

f
piπi. (A.53)

• The NN -ππ vertex:

A(2)
ππ = 4B0c1m

f 2 πiπi + c2

f 2m2
N

∂µπ
i∂νπ

i∂µ∂ν − c3

f 2∂µπ
i∂µπi + ic4

f 2 ε
ijkτ kγµγν∂µπ

i∂νπ
j.

(A.54)

A.2.1. Interactions in the SU(3) Lagrangian

From the SU(3) Lagrangian Eq. (A.18):

L = L(2)
Φ + L(1)

MB + L(2)
MB, (A.55)

where:

L(2)
Φ = f 2

4 Tr
{
DµU

†DµU + χ†U + χU †
}
, (A.56a)

L(1)
MB = Tr

{
B̄(i /D −M0)B)

}
− D

2 Tr
{
B̄γµγ5{uµ, B}

}
− F

2 Tr
{
B̄γµγ5[uµ, B]

}
, (A.56b)

L(2)
MB = bD Tr

{
B̄{χ+, B}

}
+ bF Tr

{
B̄[χ+, B]

}
+ b0 Tr

{
B̄B

}
Tr {χ+}+ . . . , (A.56c)

we get the following interactions. First, the interactions with external currents are:

LΦp = 2B0fΦapa (a = 1, .., 8), (A.57a)

LN̄Np0η8 = −4
√

2B0(bD − 3bF )
3f (p̄p+ n̄n)p0η8, (A.57b)
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LN̄Np0π0 =
4
√

2
3B0(bD + bF )

f
(p̄p− n̄n)p0π0, (A.57c)

LN̄Np8π0 = 4B0(bD + bF )√
3f

(p̄p− n̄n)p8π0, (A.57d)

LN̄Np3η8 = 4B0(bD + bF )√
3f

(p̄p− n̄n)p3η8, (A.57e)

LN̄Np3π0 = 4B0(2b0 + bD + bF )
f

(p̄p+ n̄n)p3π0, (A.57f)

LN̄Np8η8 = 4B0(6b0 + 5bD − 3bF )
3f (p̄p+ n̄n)p8η8, (A.57g)

and these interactions do not exist: Lp0π0 = Lp0η = 0.
Interactions without external currents:

Lπ0η8 = −2B0 δm√
3

π0η8, (A.58a)

LN̄Nπ0η8 = −4B0δm(2b0 + bD + bF )√
3f 2

(p̄p+ n̄n)π0η8

− 4B0m(bD + bF )√
3f 2

(p̄p− n̄n)π0η8, (A.58b)

LN̄Nη8η8 = −2B0[m(2b0 + bD + bF ) + 4ms(b0 + bD − bF ))
3f 2 (p̄p+ n̄n)η8η8

− 2B0δm(bD + bF )
3f 2 (p̄p− n̄n)η8η8, (A.58c)

LN̄Nπ0π0 = −4B0m(2b0 + bD + bF )
f 2 (p̄p+ n̄n)π0π0. (A.58d)

Interactions involving electrically charged kaons:

L
p̄pP

4+iP5
√

2
K+ = 8B0(b0 + bD)

f
p̄p
P 4 + iP 5
√

2
K+, (A.59a)

L
n̄nP

4+iP5
√

2
K+ = 4B0(2b0 + bD − bF )

f
n̄n
P 4 + iP 5
√

2
K+, (A.59b)

L
p̄pP

4−iP5
√

2
K−

= 8B0(b0 + bD)
f

p̄p
P 4 − iP 5
√

2
K−, (A.59c)

L
n̄nP

4−iP5
√

2
K−

= 4B0(2b0 + bD − bF )
f

n̄n
P 4 − iP 5
√

2
K−, (A.59d)

Lp̄pK+K− = −4B0(m+ms)(b0 + bD)
f 2 p̄pK+K−, (A.59e)

Ln̄nK+K− = −2B0(m+ms)(2b0 + bD − bF )
f 2 n̄nK+K−, (A.59f)

and similarly for the electrically neutral kaons:

L
p̄pP

6+iP7
√

2
K0 = 4B0(2b0 + bD − bF )

f
p̄p
P 6 + iP 7
√

2
K0, (A.60a)
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L
n̄nP

6+iP7
√

2
K0 = 8B0(b0 + bD)

f
n̄n
P 6 + iP 7
√

2
K0, (A.60b)

L
p̄pP

6−iP7
√

2
K̄0 = 4B0(2b0 + bD − bF )

f
p̄p
P 6 − iP 7
√

2
K̄0, (A.60c)

L
n̄nP

6−iP7
√

2
K̄0 = 8B0(b0 + bD)

f
n̄n
P 6 − iP 7
√

2
K̄0, (A.60d)

Lp̄pK0K̄0 = −2B0(m+ms)(2b0 + bD − bF )
f 2 p̄pK0K̄0, (A.60e)

Ln̄nK0K̄0 = −4B0(m+ms)(b0 + bD)
f 2 n̄nK0K̄0. (A.60f)

A.3. Spinor conventions

In this section, we summarize our conventions for quantized fermionic fields, following Ref. [85].
The nucleon and its conjugate can be expanded as:

N(x) =
2∑
s=1

∫ d3p

(2π)3
1
√2ωp

(
aspu

s
pe−ip·x + bs†p v

s
peip·x

)
, (A.61a)

N̄(x) =
2∑
s=1

∫ d3p

(2π)3
1
√2ωp

(
as†p ū

s
peip·x + bspv̄

s
pe−ip·x

)
, (A.61b)

where as(†)p the annihilation (creation) operator for a nucleon of momentum p and spin s, and
bs(†)p the annihilation (creation) operator for an anti-nucleon of momentum p and spin s. They
fulfill the following anticommutator relations:

{asp, a
s′†
p′ } = (2π)3δ(3)(p− p′)δss′ = {bsp, b

s′†
p′ }. (A.62)

Next, usp and vsp are four-component spinors that can be written in terms of two two-component
(Weyl) spinors,

usp =
√p · σ ξs√

p · σ̄ ξs

 , vsp =
 √p · σ ηs
−
√
p · σ̄ ηs

 , (A.63)

where we can choose a basis for the spinors as the eigenvectors of the third Pauli matrix, σ3,

ξ1 = η1 =
1

0

 , ξ2 = η2 =
0

1

 , σµ =
1
σ

 , σ̄µ =
 1
−σ

 . (A.64)

Here, ξ1 and ξ2 represent spin-up and spin-down along the z-axis, respectively, whereas we have
to flip these assignments for the antiparticle spinors η, where η1 and η2 stand for spin-down
and spin-up, respectively. The square root over √p · σ is to be treated by taking the positive
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square root of the operator’s eigenvalue, that is for a nucleon propagating in z-direction with
pµ = (E, 0, 0, pz)µ:

√
p · σ

1
0

 =
√E − pz√

E + pz

 . (A.65)

Finally, the spinors are normalized according to2:

ūspu
s′

p = 2mδss′ , v̄spv
s′

p = −2mδss′ , (A.66a)

us†p u
s′

p = 2E(p)δss′ , vs†p v
s′

p = 2E(p)δss′ , (A.66b)

where—independent of the choice of the normalization—the equalities ūu = m
E(p)u

†u and v̄v =
− m
E(p)v

†v hold. For two spinors with three-momenta in opposite directions, we have:

us
†

p v
s′

−p = 0, vs
†

p u
s′

−p = 0. (A.67)

The spinors u and v are orthogonal to each other with respect to their Dirac adjoint, but not
with respect to their Hermitian adjoint:

ūspv
s′

p = 0, v̄spu
s′

p = 0, (A.68a)

us†p v
s′

p 6= 0, vs†p u
s′

p 6= 0. (A.68b)

Lastly, their outer product yields:∑
s

uspū
s
p = /p+mN ,

∑
s

vspv̄
s
p = /p−mN . (A.69)

2The spinors can be normalized arbitrarily, as long as u†u and v†v transform under Lorentz transformations
like the zero-component of a four vector in order to have a Lorentz invariant probability dP ∼ d3x ψ̄γ0ψ ∼
d3xψ†ψ. Refs. [85, 124–128] choose the same normalization as this thesis, where ūu = 2m = −v̄v. On the
other hand, Refs. [55, 56, 129, 130] choose a normalization where ūu = 1 = −v̄v.
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B.1. How to expand the chiral field
We choose the following parametrization of the chiral field U :

U(π) = exp
[
iπ y(π2)

2
√
π2

]
= cos

(
y(π2)

2

)
+ i π√

π2
sin

(
y(π2)

2

)
, (B.1)

where π = πaτa and π2 = πaτaπbτ b = πaπa1 = π21. We will now discuss how this expansion
into sine and cosine functions work, as well as how to deal with the function y(π2). To start,
we define the matrix M as:

M = π
y(π2)
2
√
π2

= y(π2)
2
√
π2

 π3 π1 − iπ2

π1 + iπ2 π3

 . (B.2)

Since π2 = π21, the square of this matrix M , and in fact all even powers of M are easily
obtained:

M2 = π21
y(π2)2

4π2 =
(
y(π2)

2

)2

1, M2n =
(
y(π2)

2

)2n

1. (B.3)

In contrast, the odd powers are:

M2n+1 =
(
y(π2)

2

)2n+1
π√
π2
. (B.4)

Using these results, the exponential of M can be separated into a part proportional to the
identity matrix, and a part proportional to the pion fields:

exp [iM ] = 1 + iM − 1
2M

2 − i
3!M

3 + . . . (B.5a)

=
1 +

(
y(π2)

2

)2

+ . . .

1 + i
y(π2)

2 − 1
3!

(
y(π2)

2

)3

+ . . .

 π√
π2
. (B.5b)

The terms in brackets are exactly the Taylor expanded terms of a cosine and a sine function,
which directly yields Eq. (B.1).
The function y(π2) is defined to satisfy:

y(π2)− sin
(
y(π2)

)
= 4

3

(
π2

f 2

)3/2

. (B.6)
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a1 a3 a5 a7 a9 a11 a13 a15 a17 . . . a2n

2 2
15

4
175

8
1 575

86
67 375

9 704
28 153 125

1 211 512
12 415 528 125

265 816
9 306 171 875

66 170 151 332
7 719 664 999 921 875 0

Table B.1.: The first nine nonvanishing coefficients in the series expansion of y(π2). All coef-
ficients an with n an even integer vanish.

In order to solve this, we set η ≡ (π2/f 2)1/2 for brevity and make a power series ansatz,

y(π2) =
∞∑
n=0

anη
n, η =

√
π2

f 2 . (B.7)

The terms corresponding to n < 0 would produce inverse pion fields in the Lagrangian, so we
ignore those, and the term corresponding to n = 0 has to vanish, since for η = 0, the equation
simplifies to y = sin(y), which is only solved by y = 0. By using this ansatz iteratively in
Eq. (B.6), we can compare coefficients of various powers of η. The first few of these equations
are

n = 1 0 = 0 (B.8a)

n = 2 0 = 0 (B.8b)

n = 3 a3
1

6 = 4
3 (B.8c)

n = 4 1
2a

2
1a2 = 0 (B.8d)

n = 5 − a5
1

120 + 1
2a3a

2
1 + 1

2a
2
2a1 = 0 (B.8e)

... ...

At any given order of ηn, there are only terms involving am with m ≤ n. And since with each
step in increasing order, only one new term enters the equation, one can calculate the values
for an step by step. More precisely, comparing coefficients at order n enables us to calculate
an−2. The result for y(π2) reads:

y(π2) = 2η + 2
15η

3 + 4
175η

5 + 8
1 575η

7 + 86
67 375η

9 · · · , η =
√
π2

f 2 . (B.9)

However, in order to evaluate the chiral field U , we need the sine and cosine of this function.
By using their respective series expansion, those terms are given by:

cos
(
y(π2)

2

)
= 1− 1

2η
2 − 1

40η
4 − 11

2 800η
6 − 823

1 008 000η
8 + · · · , (B.10a)

sin
(
y(π2)

2

)
= η − 1

10η
3 − 19

1 400η
5 − 71

25 200η
7 − 17 753

25 872 000η
9 + · · · (B.10b)
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With this, the chiral field is given as

U(π) = 1 + iπ
f
− 1

2
π2

f 2 −
i

10
ππ2

f 3 −
1
40

(π2)2

f 4 −
19i

1 400
π(π2)2

f 5 + · · · (B.11)

If one takes a derivative of Eq. (B.6), we get an equation for y′, which we need in order to deal
with ∂µU :

y′(π2)− cos(y)y′(π2) = 2
f 2

√
π2

f 2 . (B.12)

If we rearrange this equation, we get an expression for y′ in terms of the sine function of y.
Therefore we can do a series expansion, similar to Eqs. (B.10a) and (B.10b):

y′(π2) = 1
f 2 sin2(y/2)

√
π2

f 2 (B.13a)

= 1
f 2

√
f 2

π2

1 + 1
5
π2

f 2 + 2
35

(
π2

f 2

)2

+ 4
225

(
π2

f 2

)3

+ 387
67 375

(
π2

f 2

)4

+ · · ·
 . (B.13b)

The following Mathematica code can be used to quickly calculate the function y(π2) to any
odd-number order (the order should be chosen odd, since coefficients an with n even are zero
anyway):

1 order = 51;
2 Subscript[a, 1] = 2;
3 y = Sum[Subscript[a, i] x^i, {i, 1, order, 2}];
4 If[OddQ[order] && Positive[order],
5 For[i = 5, i < order + 4, i += 2,
6 rule = Solve[
7 Normal[Series[y - Sin[y] - 4/3 x^3, {x, 0, i}]]/x^i == 0][[1]];
8 y = y /. rule
9 ]

10 ]

where the variable order has to be an odd number, greater than zero. Furthermore, we use x to
abbreviate x =

√
π2/f 2. In order to check whether the code ran successfully, the following code

should simply evaluate to True, since it is the defining equation of y(π2) up to the designated
order:

1 Series[y - Sin[y] == 4/3 x^3, {x, 0, order}]

Functions of y(π2) can then be expanded like this:

1 Series[1/x Sin[y/4], {x, 0, 6}]
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which results in:√
f 2

π2 sin(y/4) = 1
2 + 1

80
π2

f 2 + 81
44 800

(
π2

f 2

)2

+ 1 171
3 225 600

(
π2

f 2

)3

+O
(
(π2

/
f 2 )7/2

)
. (B.14)

Another possibility is to use the open-source Python library SymPy [131]:

1 import sympy
2

3 order = 10
4 x, i = sympy.symbols(’x i’)
5 y = sympy.Sum(sympy.Indexed(’a’,i) * x**i,(i,1,order)).doit()
6

7 for i in range(0, order+1, 2):
8 y = y.subs(sympy.Indexed(’a’,i), 0) # set a_2n = 0
9 y = y.subs(sympy.Indexed(’a’,1), 2) # set a_1 = 2

10

11 for i in range(3, order, 2):
12 print("Order x^{0} done. ".format(i), end="\r", flush=True)
13 eq = y - sympy.sin(y) - 4*x**3/3
14 eq_expanded = eq.series(x, 0, i+4).removeO() / x**(i+2)
15 sol = sympy.solve(eq_expanded, sympy.Indexed(’a’,i))
16 y = y.subs(sympy.Indexed(’a’,i), sol[0])
17

18 # The following line should return 0
19 test = (y - sympy.sin(y) - 4*x**3/3).series(x, 0, order).removeO()
20 if not test:
21 print("Coefficients determined successfully.")

After a successful determination of the coefficients an, one can evaluate functions of y(π2) as
follows:

1 (1/x * sympy.sin(y/4)).series(x, 0, 6)

which returns the same expansion as seen in Eq. (B.14).

B.2. Changing the basis of the self-energy

In our calculations, we calculated the in-medium pion self-energy in the so-called mathematical
pion basis: {π1, π2, π3}. However, the physical states are the charged pions: {π+, π−, π0}.

https://www.sympy.org/en/index.html
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These states are related via the following system of linear equations:

π+ = 1√
2

(π1 − iπ2), π1 = 1√
2

(π+ + π−), (B.15a)

π− = 1√
2

(π1 + iπ2), π2 = i√
2

(π+ − π−), (B.15b)

π0 = π3, π3 = π0. (B.15c)

For a matrix given in the mathematical basis, Omath, we can calculate the same matrix in the
physical basis, Ophys, via the following calculation:

Ophys = T−1Omath T, (B.16)

where the transformation matrix T is a matrix whose columns are the coordinates of the vectors
in the new (physical) basis with respect to the old (mathematical) one. Thus, T is given by

T =


1√
2

1√
2 0

− i√
2

i√
2 0

0 0 1

 . (B.17)

The pion properties are calculated in the mathematical basis and typically contain the following
flavor structures: Oabmath ∼ O1δ

ab +O2iεab3 +O3δ
a3δb3. This leads to the following general form

of Omath:

Omath =


O1 iO2 0
−iO2 O1 0

0 0 O1 +O3

 . (B.18)

If we now apply Eq. (B.16), we get

Ophys =


O1 +O2 0 0

0 O1 −O2 0
0 0 O1 +O3

 , (B.19)

and confirm that in the physical basis, the various pion properties are diagonal.

B.3. Changing the basis of the decay constant
While the charged pions are defined like this:

π± = 1√
2

(π1 ∓ iπ2), π0 = π3, (B.20)

the charged currents are defined without this factor of
√

2:

J± = J1 ± iJ2, J0 = J3, (B.21)
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since the ladder operators for the SU(2) algebra are defined as t± = t1 ± it2.
A given diagram for the decay constant can contain the following terms, fab = f1δ

ab+f2iεab3+
f3δ

a3δb3. Therefore the possible results for fab are
f1 if2 0
−if2 f1 0

0 0 f1 + f3

 (B.22)

Lastly, if f = 92 MeV, then we have to include a factor of
√

2 when dealing with charged states:

〈Ω|Ja|πb〉 ∝ fab 〈Ω|J±|π±〉 ∝
√

2f± (B.23)

Now since the currents and the pions transform differently, how do we calculate the charged
decay constants? It turns out that the same relation holds as for the self-energy which we
derived in the previous section. To see this, we write

〈Ω|J+|π+〉 = 〈Ω|
[
J1 + iJ2

]
1√
2

[
|π1〉 − i|π2〉

]
(B.24a)

= 1√
2
〈Ω|J1|π1〉+ 1√

2
〈Ω|J2|π2〉+ i√

2
〈Ω|J2|π1〉 − i√

2
〈Ω|J1|π2〉 (B.24b)

∝ 1√
2
f 11 + 1√

2
f 22 + i√

2
f 21 − i√

2
f 12 (B.24c)

=
√

2
[

1
2f

11 + 1
2f

22 + i
2f

21 − i
2f

12
]

(B.24d)

=
√

2
[

1
2f1 + 1

2f1 + 1
2f2 + 1

2f2

]
(B.24e)

=
√

2
[
f1 + f2

]
(B.24f)

!=
√

2f+ (B.24g)

In a similar way, one can calculate

〈Ω|J+|π−〉 = 0 (B.25a)

〈Ω|J+|π0〉 = 0 (B.25b)

〈Ω|J−|π+〉 = 0 (B.25c)

〈Ω|J−|π−〉 =
√

2
[
f1 − f2

]
(B.25d)

〈Ω|J−|π0〉 = 0 (B.25e)

〈Ω|J0|π+〉 = 0 (B.25f)

〈Ω|J0|π−〉 = 0 (B.25g)

〈Ω|J0|π0〉 =
[
f1 + f3

]
(B.25h)
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The charged decay constants can be calculated exactly like the charged self-energies, viz. Σ± =
Σ1 ± Σ2 and Σ0 = Σ1 + Σ3, since the “missing” factor of

√
2 is present in Eq. (B.23). In

summary:

f± = f1 ± f2, f0 = f1 + f3. (B.26)

B.4. Useful identities

This section lists useful mathematical identities involving the Pauli matrices, and the Dirac
gamma matrices. These relations are very useful to calculate the traces that result from applying
the Feynman rules to our diagrams.

B.4.1. Pauli matrices

The Pauli matrices are a set of three 2× 2-matrices, which are Hermitian and unitary:

τ 1 =
0 1

1 0

 , τ 2 =
0 −i
i 0

 , τ 3 =
1 0

0 −1

 . (B.27)

The commutator of two Pauli matrices is:

[τa, τ b] = 2iεabcτ c, (B.28)

and the anticommutator reads:

{τa, τ b} = 2δab1. (B.29)

From the commutator and the anticommutator, one can derive this general expression for the
product of two Pauli matrices:

τaτ b = δab1 + iεabcτ c. (B.30)

Finally, we often evaluate the trace over a certain number of Pauli matrices:

Tr {τa} = 0, (B.31a)

Tr
{
τaτ b

}
= 2δab, (B.31b)

Tr
{
τaτ bτ c

}
= 2iεabc, (B.31c)

Tr
{
τaτ bτ cτ d

}
= 2(δabδcd − δacδbd + δadδbc). (B.31d)
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B.4.2. Traces over Pauli matrices

We often have to evaluate traces over Pauli matrices, especially involving the matrix n(p),

n(p) =
Θ(kpF − |p|) 0

0 Θ(knF − |p|)


= 1

2
[
Θ(kpF − |p|) + Θ(knF − |p|)

]
1 + 1

2
[
Θ(kpF − |p|)−Θ(knF − |p|)

]
τ 3, (B.32)

where we usually abbreviate Θ(kiF − |p|) ≡ Θi
p. The following traces are often used:

Tr
F
{n(p)n(q)} = Θp

pΘp
q + Θn

pΘn
q , (B.33a)

Tr
F
{τan(p)n(q)} = [Θp

pΘp
q −Θn

pΘn
q ]δa3, (B.33b)

Tr
F
{n(p)τan(q)} = [Θp

pΘp
q −Θn

pΘn
q ]δa3, (B.33c)

Tr
F

{
τan(p)τ bn(q)

}
= [Θp

pΘn
q + Θn

pΘp
q]δab + [Θp

pΘn
q −Θn

pΘp
q]iεa3b

+ [Θp
pΘp

q −Θp
pΘn

q −Θn
pΘp

q + Θn
pΘn

q ]δa3δb3. (B.33d)

B.4.3. Gell-Mann matrices and SU(3) structure constants

The eight Gell-Mann matrices λa are a basis of linearly independent 3× 3 Hermitian matrices
with vanishing trace. They are conventionally normalized by the following equation:

Tr
{
λaλb

}
= 2δab. (B.34a)

The product of two Gell-Mann matrices can be evaluated by using the following relations:

[λa, λb] = 2ifabcλc, (B.35a)

{λa, λb} = 4
3δ

ab1 + 2dabcλc, (B.35b)

λaλb = 2
3δ

ab1 + (dabc + ifabc)λc. (B.35c)

Here, the totally antisymmetric and totally symmetric structure constants can be defined like
this:

Tr
{
λa[λb, λc]

}
= 4ifabc, (B.36a)

Tr
{
λa{λb, λc}

}
= 4dabc. (B.36b)

Their numeric values are as follows. Any combination of indices that is not listed vanishes:

f 123 = 1, (B.37a)

f 147 = −f 156 = f 246 = f 257 = f 345 = −f 367 = 1
2 , (B.37b)

f 458 = f 678 =
√

3
2 . (B.37c)
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Similarly, the totally symmetric structure constants are:

d118 = d228 = d338 = −d888 = 1√
3
, (B.38a)

d448 = d558 = d668 = d778 = − 1
2
√

3
, (B.38b)

d344 = d355 = −d366 = −d377 = −d247 = d146 = d157 = d256 = 1
2 . (B.38c)

We will also make use of one additional Gell-Mann matrix, λ0 =
√

2/31, where the normaliza-
tion is chosen such that it agrees with Eq. (B.34a).

B.4.4. Dirac gamma matrices

In d space-time dimensions, there are 2bd/2c gamma matrices. The defining property of the
gamma matrices is their anticommutation relation, expressed by the Clifford algebra,

{γµ, γν} = γµγν + γνγµ = 2ηµν1, (B.39)

where ηµν is the inverse of the mostly-minus Minkowski metric ηµν = diag (1,−1,−1,−1)µν .
When a four-vector contracts with a gamma matrix, we use the Feynman-slash notation,

/p ≡ pµγ
µ = pµγµ. (B.40)

Additionally to the four gamma matrices, one can define a fifth matrix,

γ5 = iγ0γ1γ2γ3 = ± i
4!εµναβγ

µγνγαγβ, for ε0123 = ±1, (B.41)

where the choice of the sign corresponding to the definition of ε0123. The following traces over
gamma matrices are often used in this work:

Tr {γµ} = Tr {γµγνγσ} = Tr {γµ1 · · · γµ2n+1} = 0 ∀n ∈ N, (B.42a)

Tr
{
γ5γµ

}
= Tr

{
γ5γµγνγσ

}
= Tr

{
γ5γµ1 · · · γµ2n+1

}
= 0 ∀n ∈ N, (B.42b)

Tr
{
γ5
}

= Tr
{
γ5γµγν

}
= 0, (B.42c)

Tr {γµγν} = 4ηµν , (B.42d)

Tr {γµγνγσγρ} = 4(ηµνησρ − ηµσηνρ + ηµρηνσ), (B.42e)

Tr
{
γ5γµγνγσγρ

}
= ±4iεµνσρ for ε0123 = ±1. (B.42f)

B.4.5. Employing the large nucleon mass limit

We can use this limit to evaluate the following integrals:
mN

π2

∫ ∞
0

dp p2√
p2 +m2

N

Θp
p = ρp +O(1/m2

N)

= ρ

1 + r
+O(1/m2

N), (B.43a)



164 Mathematical Background

mN

π2

∫ ∞
0

dp p2√
p2 +m2

N

Θn
p = ρn +O(1/m2

N)

= ρ r

1 + r
+O(1/m2

N), (B.43b)

mN

π2

∫ ∞
0

dp p2√
p2 +m2

N

(Θp
p + Θn

p) = ρ+O(1/m2
N), (B.43c)

mN

π2

∫ ∞
0

dp p2√
p2 +m2

N

(Θp
p −Θn

p) = ρ
1− r
1 + r

+O(1/m2
N), (B.43d)

where ρ = ρp + ρn and r = ρn/ρp.
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