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A PRACTICAL METHOD FOR CALCULATING NATURAL BENDING FREQUENCIES OF UNIFORM
ELASTIC BEAMS CONSIDERING ROTATORY INERTIA AND SHEAR DEFORMATION

IINRI NS SPNE - MR S O
Yudai YAMAGUCHI, Daiki SATO and Tetsuro TAMURA

In general, eigenvalue analysis for beams considering rotatory inertia and shear deformation is not trivial, even in the case of uniform beams. In

this paper, a practical method is proposed for calculating natural bending frequencies of uniform elastic beams considering rotatory inertia and

shear deformation. The proposed method is based on the modified Timoshenko beam theory, which is more rigorous and realistic than the

traditional Timoshenko beam theory. It is shown that the proposed method calculates the natural frequencies of an arbitrary order-vibration mode

for beams of arbitrary cross-sections with a high level of accuracy, similar to numerical analysis.

Keywords : Uniform elastic beam, Bending vibration, Natural frequency, Rotatory inertia, Shear deformation, Practical method
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Table1 Summary of boundary conditions and frequency equations

| L ) Boundary Condition
2 ’ 3
| Clamped Uy =0 {lwc(lwc{r DM ] }‘JZEJJF 2 ddf";“ =0
_ H X X’
7y
25 AT D 2 2| 4 5 2
\ . — Vv Free 1+K(l+’({rw\“ ) ddm;“ ddu.:“ =0 d‘u,;“ +(I+K{’"‘UM| j M:O
l, E H X X dx M dx
2 S 1 1 e S R
Y L—J . 1 (1 oy duyr 5 d unr 0
B Hinged uyr =0 +xll+x P e e
. . . Frequency Equation
(a) Longitudinal plane and cross section A z
1 0 1 0
Clamped- 0 Wi 0 Vw2 —0
dx M oM y Free Py v cosh gyr L Py v sinh gy L = W nm €08 funa L =y m Sin una L
+—d . .
Lot [7‘3y & ox * ((//Mn — ¢ )Smh PuriL ('/’\«m = fumi )COSh dunl — ((//\ATz = $un )Sm Pura L (V/MTz — 2 )COS dunra L
Jo2 % Y R Nl feeeeeie sttt
/_\ 1 0 1 0
h Clamped- 0 Wi 0 Wnm2 -0
- Clamped cosh ¢y L sinh @y L cos gy L sin gy L
¥ v +(;7dx i Sinh gy L ypym cosh gyl —wm Singun L ur €0s dun |
o225 O
—pA?dx 1 0 1 0
Clamped- 0 Vani 0 749553 —0
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Fig.1 Bending free vibration of a uniform beam model
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BfRICER T 5. Fig.2 1o, 4 I OZFEMDOHBEICOWT, L/D
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SITHBITE RO, ayn X L/D /INEWIFEEREL 20, W,
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T, BN 107 ey b3 /D=3 DHOT, FRENOMEA K
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BfREH LTS ZENRRTERNS. 728, Sezawa2?<C =1 2003,
TB P ORBIECT D S KK E— RIZOW TR ORI R %
HWTW5ED, 1 3Tl 7 TS 200 B AR O E R
ZOEMHIEAC TB HamOER HRXE AT L 2 Lok v
SNTVD (4 B 2H). AMFClE, ZOFIEEZSBIC, 7

115
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Fig.2 Relationship between amr (Eq.7) and GMTzz (Eq.8)

from 1st to 10th mode on each support condition [v= 0.2]
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— %972 BEB B 0 B A BB £, 12, FoiC () SoEHAEL
TRUAHEGT, LR MTB HikiC S < BERDK £, ©
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(a) [#E—HHMH (Clamped - Free)
n<2: g =5.052,

nx3: p =4.454 ,

By =-2.015
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ZEHRTS. Fig3 g,

[CRORERNBELD

TlL, ez no 1 REFE L TKRD

(20

T L HHBAORER, KQOD g, p, &, I L
[CRGE LTz,

2D, (22)

(23),

(24)

(b) [E7E —EE (Clamped - Clamped)

n<2: g =4.744 ,
n23: B =4.422,

By = 4.187
B = 4.840

(c) [HE—t > (Clamped - Hinged)

B =4.431,

By =2.422

(d B>¥Y—t ¥ (Hinged - Hinged)

By =4.443 ,

K(21)~(B32)1%,

CF & CC 0¥

5.

wBnwe, XAz k
RKRELRDY
e ERL LT=HA DK

Table2 Values of e obtained by the linear regression to relationships

Br=

(25),
@7,

(29),

(31),
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(26)
(28)

(30

(32)

V=02 OFETNAEFZITEH LTS, £,
WIS U THANIT LT
ZOWBIE, p L g EBEST Lo B, EkE— K

GO, & p OEE NI

o Table2 (v=02)
—  Eq.(20) « Eq.(21) and Eq.(22)

% B IREN AL O G RAE & S & D=
BNRELCTTEDTHD. gL g 2HEmITETIC
FEIZOWTIEAE E 2B E /-,

between ayrs (Eq.7) and awr? (Eq.8) igé e qu)/,
(a) Clamped - Free (b) Clamped - Clamped 30 _/' 5
20 A
" d ¢ Aeqoor Aeosr n d ¢ Aegoor Aeoar lg //T . L gn "
v=0.001 v=02 v=047| [%] [%] v=0.001 v=02 v=047| [%] [%] 0 17 3 4 5 6 7 8 9 10 0
1] 1.875 | 3.036  3.037  3.039 |-0.04 0.06 1| 4730 | 8786 8932 9082 |-1.63 1.69 (a) Clamped - Free
2| 4694 | 8.085 8089 8092 |-005 0.04 2| 7.853 | 13521 13.676 13.833 |-1.13 115 Py
3] 7855 | 12438 12423 12401 | 012 -0.18 3 (10996 | 17960 18103 18244 |-0.79 078 P I Oy
411099 | 16939 16917 16887 | 0.13 -0.18 4| 14137 | 22400 22533 22662 |-0.59 057 ig e -
5014137 | 21381 21351 21312 | 0.14 -0.18 5017279 | 26831 26954 27.072 | -046 044 39 o
6| 17279 | 25.844 25810 25767 | 0.13 -0.17 6| 20420 | 31255 31370 31480 |-037 035 20 //‘"/ 10
7| 20420 | 30293 30.256 30207 | 0.12  -0.16 7] 23562 | 35.685 35793 35895 |-030 0.28 lg P L
8 | 23.562 | 34751 34711 34660 | 0.11 -0.15 8 | 26704 | 40118 40219 40313 [-025 023 SRR RSN
9| 26704 | 39205 39.163 39.108 | 0.11 -0.14 9 | 20.845 | 44.541 44.637 44724 |-021 020 (b) Clamped - Clamped
10| 29.845 | 43.657 43.613 43.557 | 0.10 -0.13 10 32,987 | 48.974  49.064 49.145 |-0.18 0.16 Wl E:TZZ»‘L E“q’(’zg) i a0)
(c) Clamped - Hinged (d) Hinged - Hinged ‘3‘8 {,/ -
" d ¢ Aeqoor Aeosr n d ¢ Aegoor Aeoar Tg
v=0.001 v=02 v=047| [%] [%] v=0.001 v=02 v=047| [%] [%] 0 L 11| gn
1] 3927 | 6755 684 6915 |-1.16 1.19 1| 3142 | 4443 4443 4443 | 000 0.00 0( o) él ;n:pé dé_ Izh; g:’; dxo
2| 7069 | 11222 11299 11.376 |-0.68 0.68 2| 6283 | 888 8838 8886 | 0.00 0.00
3010210 | 15651 15722 15790 | -045 044 3| o5 | 1339 1339 1339 |00 00 e |® E:T;f,,[ Ty and Ea 2)
413352 | 20089 20153 20215 |-032 031 412566 | 17772 17772 17772 | 000 0.00 44 e
5| 16493 | 24514 24574 24631 |-024 0.23 5015708 | 22215 22215 22215 | 000 0.00 30 /./'/’
6| 19.635 | 28952 29.008 29.060 |-0.19 0.18 6| 18.850 | 26.658 26.658 26.658 | 0.00  0.00 Tg
7122777 33390 33442 33491 |-0.16 0.15 7| 21991 | 31101 31101 31101 | 0.00 0.00 0 Ll l1n
8 | 25918 | 37.819 37.869 37.914 |-0.13 0.12 8 | 25133 | 35543 35543 35543 | 0.00 0.0 (;)Zanéeé -6H7|n;ei:| 1
9| 29.060 | 42258 42304 42.346 | -0.11 0.10 9 | 28274 | 39.986 39.986 39.986 | 0.00  0.00 ) ) .
10 | 32201 | 46.689 46733 46772 | -0.09 0.08 10| 31416 | 44429 44429 44429 | 0.00  0.00 Fig.3 Relationship between
coefficient e and mode number n
Table3 Error between value of e by use of Eq.20 to Eq.32 and value of e shown in Table2
(a) Clamped - Free (b) Clamped - Clamped (c) Clamped - Hinged (d) Hinged - Hinged
de [%] de [%] de [%] de [%]
n n n n
v=0001 v=02 v=047 v=0001 v=02 v=047 v=0.001 v=02 v=047 v=0.001 v=02 v=047
1 0.04 000  -0.05 1 166  -001  -1.66 1 145 028  -0.90 1 -0.01 0.00 0.00
2 0.05 000  -0.04 2 114 -001  -1.14 2 055 013 -0.80 2 0.00 0.00 0.00
3 0.06 0.18 036 3 0.81 002 -0.75 3 0.41 004  -048 3 0.00 0.00 0.00
4 | -024 .01 0.07 4 057  -002  -0.59 4 028  -004  -034 4 0.00 0.00 0.00
5 | -013 001 0.19 5 044  -001  -045 5 026 0.01 -0.22 5 0.00 0.00 0.00
6 | -014  -001 0.16 6 038 0.01 -0.34 6 0.19 000  -0.18 6 0.00 0.00 0.00
7 | -0 0.02 0.18 7 0.30 000  -0.28 7 0.15 2001 -0.15 7 0.00 0.00 0.00
8 | -010 001 0.16 8 024 -001  -0.24 8 0.13 000  -0.12 8 0.00 0.00 0.00
9 | -009 002 0.16 9 022 000  -0.19 9 010  -001  -0.11 9 0.00 0.00 0.00
10 | -008 002 0.15 10 | 018  -001  -017 10 | 009 000  -0.09 10 | 000 0.00 0.00
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024 | | | 1
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376 9 12 15 18 21
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Fig.4 Comparison of the results of numerical calculation and proposed formula (Eq.17) on the rectangular cross section beam

[Natural frequency fyr of 1st ~ 10th mode]
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Fig.5 Error of natural frequencies fyr obtained by proposed formula (Eq.17) against numerical solutions

on the rectangular cross-section beam
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Table4 Beam models for numerical example

115

Table5 Results of numerical example

No. 1) (2) 3) (4) Mode | Natural Frequency (1) 2) 3) 4)
Rectangle Thin-Walled Square Hollow Circle Thin-Walled I-Section Numerical 138.30 91.87 0.46 3091
st | e 13832 91.90 0.46 31.00
po2p 01D - _*&04‘3 Error 0.01% 0.03% 0.00% 031%
_ ! o 2 Numerical ~ 301.44 306.19 277 94.05
Section D D ol 10058 2nd Formula 301.75 306.17 2.77 94.60
D Error 0.10% -0.01% -0.03% 0.58%
. R I Numerical ~ 863.74 1079.83 20.84 395.29
g B * D— s [P e 86097 1079.81 20.84 398.30
Error -0.32% 0.00% -0.02% 0.76%
EZ:I;?;:E Clamped - Clamped Hinged - Hinged Clamped - Free Clamped - Hinged Joth fwr [HZ] I\;u::;::l 1:2?2 z;;g;; Zij Z:gz
B [m] 0.5 0.5 — 02 Error -0.29% 0.00% -0.29% 0.33%
D [m] 1.0 0.5 5.0 0.4 Numerical ~ 3664.52 4760.58 150.14 2164.57
L [m] 4.0 40 75.0 8.0 som |7 pe 366489 4760.48 149.62 2167.28
p [kg/m'] 2.4x10° 7.8%10° 2.4x10° 7.8x10° Error 0.01% 0.00% -0.34% 0.13%
E [MPa] 2.0x10" 2.0x10° 2.0x10* 2.0x10° Numerical ~ 9199.67 11973.67 399.78 5570.11
v 0.20 0.30 0.20 030 sot | b 022531 1197341 399.21 5579.96
k' 0.845 0.436 0.532 0.373 Error 0.28% 0.00% -0.14% 0.18%

%7-, Tableb 21X, 1, 2%, 5K, 10, 20 %k, 50 kD 6>
DF— RIZOWTOFHERBRZ/R L TWA. Tables DFERE R 5 &,
BEILZL ORI D00, HEUSAOWIHOSHEICE, A(17)
LY+ E CEAIRDEAFHR CE TV 2 LR nnd. F
7z, 10 kE— K% L[5 20 %k, 50 IRE— RIZBWTh, EHHE
il & Bl iR DFRZEIT/NE W DL EDOFER S, 2R LR T,
MBS OWE IR A BT 530, @MROE— REFHoxt4 &3
LHEThHhoTHANTHDLLEZOLND.

5. #

KT, R & & WA % B L — B R0 th
FEARBEOEROELFHFEZRE L, RELEHAT
%LU Table6 IZF & 5.

Jll]

Table6 Summary of proposed calculation method

fur = foe 10050k We/AP " o=t
N<2: Bi=5.052, fr=-2015

Clamped - Free

n>3: Pi=4454, fr=-0917

Clamped - Clamped

Clamped - Hinged

Hinged - Hinged

fur : Natural frequency based on the Modified Timoshenko beam theory
fse : Natural frequency based on the Bernoulli - Euler beam theory (Eq.(18))

A :Slenderness ratio K= 2(1 + v)/k' : Elastic modulus ratio

v : Poisson' s ratio k': Shear coefficient n: Mode number

R LI FIEICOWT, FHE LORGEORBRZ L FICE LD 5.
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P (MTB #im) ([ZHES0WTng.
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1 [ 1 [ B
P :Z an — ale "'05T22 . P :Z an + lZle +an (A11), (A12)
Thb.

T, CFoREHIC, 1 (X(A6) OITEOIREIEICEH T 5 TB #
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FERETRT. £72, CFOBREOEEE— ROXIL, T84, ~ 4, % 4, %
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Table A2 D[UDOKD ¢, by oy v ZTNTN gy, by > Vam »

Y \CEEHRZ 7L 0N, MTBHEHZTOEAGE— FOR L2 5.

Table A1 Boundary conditions and frequency equations on TB theory
(Clamped - Free)

Boundary Condition

Clamped 0 =0 {n[""j"" ]}ﬂw—: du
I

o) | dur L dur
Free I e e P
Free { [ “ ]}dv’ e

3, » 2
L (g o) di
prxa

u ) ax

Frequency Equation

1 0 1 0
0 m 0 n
m " . =0
oy coshgy L $uyrn sinhy, L = Praym cosgraL =y L
y (v — (1 - or 0.} ) sinh n —(-o [0 )nlcoshgnl  — (e —(-o [ )uisingal (e —(1-or [0 )pa)cospul]
Clamped-
Free 1 0 1 0
0 [ 0
[2] . Guatrricosgril.
tym -(-or [0 )nlsingnl  tyn —(1-or/o Ynlcosgnl  ~lyr—(1-or [0 )rsingul  fym -1

* u/u:¢n’fl+(0:m]’*m‘%fl. wzmjh[ﬂ]lvfafl. wﬁ:amfn(ﬂ]'ww. umzm{l{’“:’”‘ ]'w%f
| u u | u

J | J -
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Table A2 Eigenmode equation on TB theory (Clamped - Free)

$ryni coshdu L + gy COS¢|2L(Slnh¢r Y XJ
uyrm sinh gL + gy singuL | v

[1] ur =4 {cosh¢nx —COSPpx —

Prayesos pril = i cosgril rx— Vi ¢|4X]}

[2] uy = A4 cOSPrsx — COSPpryx — - -
R T gy singnL — grpnsingul | Vi

% On [1], Replacing ¢ri, ¢ro, i, Wra With durr, duma, Wars, Wame gives iy
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Kzmd. £7z, £ — N3 2 EA R A f, Chr L7zl % Ko FLF)
IZ/RLTWS. X Numerical (%, TB & MTB Bgl2 &S 7= 5 il 31
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Fig.A Comparison of the eigenmodes around the cut-off frequency f.
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Tobe's formula (2nd)
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Fig.B1 Comparison of numerical calculation and
Tobe’s formula (Eq.(B3) and Eq.(B4))
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Fig.B2 Comparison of numerical calculation
and Tobe’s formula (Eq.(B3) and (B4))
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Fig.E Error of evaluation of natural frequency on rectangular
cross section beams by the practical formula
[If the equation of e is not divided into cases according to the value of n]
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In general, the Bernoulli-Euler beam theory (BEB theory) is the most well-known in bending vibration theory of 1D
elastic beams. However, large errors occur in BEB theory for short beams or high-order modes due to neglect of rotatory
inertia and shear deformation in the theory?. A more rigorous theory for bending vibration of beams has been proposed
by Timoshenko, which takes into account shear deformation and bending deformation induced rotatory inertia?-?. Many
previous studies have shown that the Timoshenko beam theory (TB theory) is highly accurate for low-order modes.
However, TB theory has a cut-off frequency, defined by parameters of the beam, above which the accuracy of the
evaluation is not guaranteed®®. In addition, although the problem of TB theory having two frequency spectra above
the cut-off frequency has been shown and discussed for many years, the debate has not been yet resolved?19. Recently,
a new beam theory, the modified Timoshenko beam theory (MTB theory) has been proposed!¥-15, The improvement in
MTB theory is that consideration is given towards shear deformation induced rotatory inertia, which was neglected on
TB theory. MTB theory does not have a cut-off frequency and there is no second spectrum in any frequency region!¥.
Therefore, MTB theory is more rigorous and realistic than TB theory.

Rigorous vibration theories for beams are highly versatile!6-19, In the future, MTB theory is likely to be adopted across
many engineering fields instead of TB theory. However, this theory does not have the simplicity and practicality of BEB
theory, and requires complex numerical analysis to calculate the natural frequencies even for uniform beams. Therefore,
it is desirable to establish practical methods that can be used without the need for numerical analysis. Although a
simplified formula for calculating natural frequencies of uniform beams based on TB theory exists??, it lacks in accuracy
and applicability range.

Therefore, in this paper a practical method is proposed for calculating the natural bending frequencies of uniform
beams considering rotatory inertia and shear deformation, based on MTB theory. First, numerical solutions of natural
frequencies based on MTB theory are obtained up to the 10th mode for rectangular cross-section beams with different
support conditions and parameters such as slenderness ratio and Poisson's ratio. Next, a linear equation is created by
focusing on properties of the numerical solution. By use of the linear equation and the equation of motion, a simplified
formula for natural frequencies (Eq.(17)) is derived. Using the derived formula, we can calculate natural frequency
based on MTB theory by simply multiplying a natural frequency obtained from BEB theory by a term. A coefficient in
the term of the formula is obtained according to the order of the mode. For very short beams and beams with very small
or large Poisson's ratios, the errors of natural frequencies calculated by the proposed formula increase, however, tend
to be within about 1 % for the range of parameters considered in this study. Furthermore, verification by numerical
examples show that the proposed method keeps high accuracy for beams with other types of cross-section, and for
higher-order modes. These results demonstrate that the proposed practical method for calculating natural bending

frequencies of uniform beams is widely effective, regardless of the order of the mode or parameters of beam.
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