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Abstract

Distributed coordinated control for multi-agent systems (MAS) due
to widespread applications in many fields has attracted researchers
from various areas including control, communications, signal process-
ing, robotics, physics and so on. MAS are comprised of a number of
autonomous agents that interact with each other over a shared net-
work to reach a common goal. MAS provide higher redundancy and
improved operational efficiency compared with a single autonomous
agent. Moreover, this class of dynamical systems are known to exploit
the advantages of having distributed sensing and actuation. A canon-
ical problem in cooperative control of MAS is consensus, where the
goal is that all agents eventually arrive at a group decision value. To
this end, the agents locally communicate with each other in the neigh-
borhood to exchange their state information. Effective distributed co-
ordinated control schemes rely on sufficient information transmission

among agents and efficient control protocol design.

This thesis focuses on developing distributed control protocols to ef-
fectively reduce transmission and update frequencies for the agents
while guaranteeing consensus. We develop triggering-based protocols
to facilitate opportunistic inter-agent communication and to allevi-
ate communication and computational burden. We develop a unified
framework for these protocols to solve the state consensus problems

in the discrete-time domain for MAS with single-integrator dynamics



as well as with general linear dynamics. Our approach for triggering-
based protocols is to incorporate state information at each agent to
determine the next event times for state updates and communica-
tion. This feature helps the agents take account of the consensus
level locally and be responsive when they are close to reach their
goals. Specifically, we develop two event-triggered protocols where
the events occur in real time informing the agents to make updates
in their states and broadcasts to transmit their state information to
their neighbors. We also develop a self-triggered protocol where each
agent estimates its next triggering times and broadcast them to their

neighbors at the current triggering times.

The thesis consists of three parts to solve consensus problems of MAS

in the discrete-time framework as follows:

(1) We focus on solving the average consensus problem of MAS with
single-integrator dynamics. We propose three triggering-based pro-
tocols intending to reduce communication and update frequencies
for agents while ensuring average consensus. Lyapunov-based design
methods prescribe when agents should communicate and update their
control so that the network converges to the average of agents’ initial
states asymptotically. Our general approach is to employ triggering
protocols with threshold mechanism that is based on the state values
received from neighbors. We begin with a static version of the trig-
gering protocol to effectively reduce transmission and control update
requirements for agents. When the agent is far from local consen-
sus with its neighbors the threshold is large and the control need not
be very accurate. This helps in reducing triggering instants without

sacrificing convergence performance.



To further reduce the number of triggering instants, we employ an
auxiliary state variable for each agent to regulate the threshold dy-
namically. The auxiliary variables take account of the state errors
and can reduce the number of triggering instants compared with the
static-triggering schemes. Moreover, to avoid continuous monitoring
of the states to determine control update instants, we propose the
self-triggered protocol where the next control update instant is de-
termined using the current state and is sent together with the state
information at the current triggering instant. Each agent only needs
to make updates/broadcasts at its own triggering instants and listen
to its neighbors at their announced triggering instants. Numerical
examples are shown using MAS connected over a random network
to illustrate these protocols in terms of reducing the frequencies of

communication and control updates.

(2) We develop a unified framework for the triggering-based proto-
cols to solve state consensus problems in MAS having general linear
dynamics. We discuss three triggering-based protocols with different
characteristics and advantages in terms of necessary computational re-
sources and capabilities in reducing the frequency of communications
and updates for each agent. In particular, we propose two event-
triggered protocols with state-dependent thresholds. When agents are
far from local consensus, less frequent communication suffices without
sacrificing convergence performance. We start with a static triggering
protocol and then generalize it so that it entails an internal auxiliary
state variable to regulate the threshold dynamically for each agent.
They are referred to as static and dynamic event-triggered protocols,

respectively. The third protocol employs self-triggered control, where



the agents in advance determine and broadcast to their neighbors their
next triggering instants together with their state information. We dis-
cuss an application example of triggering-based protocol to solve the
formation control problem of MAS. Through numerical simulations,

we validate the efficacy of the proposed protocols.

(3) We further extend our proposed framework to solve the weighted
consensus problems in MAS having integrator dynamics with directed
topologies. We generalize the three protocols, namely, the static, dy-
namic and self-triggering protocols, for this case. We characterize
their performances in reducing transmission and update frequencies
for the agents. We also examine how our triggering-based proto-
cols perform when adversaries are present and launch denial-of-service
(DoS) attacks. Simulation examples are provided to demonstrate the

efficiency of the methods and to confirm the theoretical analysis.
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Chapter 1

Introduction

1.1 Background

The recent technological advancement has significantly changed the way we per-
ceive information from the physical world. More recently, a new class of dynamical
systems called cyber-physical systems (CPS) has shown potential application in
many fields [47] including automated driving systems [6], telesurgery [58] and
smart cities [97]. The fusion of communication, control, computing and infor-
mation theories has sprung up the concept of CPS. CPS is characterized by the
combination of physical components and cyber communication [4]. Typically,
network in CPS is not only used to facilitate communication but also to regulate
the physical process by the connected actuators (e.g., manipulating headings and
speeds of vehicles in platoon of vehicles).

Recently, cyber-physical systems have drawn a significant attention in the
area of systems control. In particular, networked control systems (NCS) where
sensor/actuator data is transmitted via wireless communication networks have
become popular [35]. NCS are characterized by traditional feedback control sys-

tems closed through a communication channel possibly shared with other devices



1.2 Multi-agent Consensus

[7], [99]. The use of wireless networks as communication media among the agents
has broadened the scope of MAS applications in many fields [39]. The inherent
tight coupling requirement between physical processes (sampling, actuation) and
cyber processes (communication, computation) in CPS and networked MAS calls
for a resource-efficient coordination scheme to reduce communication and compu-
tational burden. Event-triggered control schemes are used in our study where the
sensor/actuator data is transmitted based on certain conditions on states. This
scheme is useful as the communication resources are utilized only when required
to maintain the desired closed-loop behavior. In this thesis, we examine different
triggering conditions which are well designed to balance between utilization of

communication resources and control performance.

1.2 Multi-agent Consensus

Multi-agent systems are intelligent systems composed of several autonomous
agents working together to reach certain group objective. Research efforts on
MAS have significantly grown due to obvious advantages of higher operational
efficiency and redundancy, increased feasibility and reliability and also distributed
sensing and actuation capabilities. In recent years, the distributed coordinated
control of MAS has received tremendous attention in terms of both theoretic de-
velopments and practical applications. Consensus is one of the most fundamental
research problem associated with the studies of distributed cooperative control
[19]. A consensus algorithm or protocol is an interaction rule that specifies the in-
formation exchange between agents and its neighbors on the shared network [71].
We are interested in developing distributed control protocols wherein agents in-
teract locally with its neighbors and exchange their relative state information to

reach a group agreement.



1.3 Event-triggered Control

The autonomous agents in MAS are often equipped with embedded micro-
processors, onboard communication and actuation modules having limited energy
supplies. The transmission of sensor/actuator data must be viewed as a global re-
source because the communication channel is shared with other agents. This calls
for resource efficient design approaches that can better balance between resources
utilization and control performance. A limitation of time-triggered control is that
it requires synchronous updates of the controllers and can be energy consuming
for agents driven by batteries. Event-triggered control schemes have emerged as
a resource efficient method to alleviate communication and computational bur-
den. This scheme facilitates opportunistic inter agent communication without

sacrificing the performance.

1.3 Event-triggered Control

Modern feedback control systems are typically realized on digital platforms [5]. In
the traditional time-triggered setting, sampling, control and actuation are clock-
driven regardless of whether the new control command is required or not. In
this setting, sampling and transmission instants are scheduled at fixed sampling
period chosen to ensure stability based on the worst-case scenario. This may
result in many redundant transmissions since sampling/transmissions are sched-
uled independent of the current states of the system. It may not be desirable
to continuously monitor the states of a well-behaving system. Instead it may be
more efficient to check intermittently and make sure the closed-loop response is
acceptable. In the context of networked cyber-physical systems, where the sensor
data is sent to the actuator over a wireless channel shared with other devices,
the optimal usage of resources is of importance [40]. Frequent communication

may lead to communication congestion and overtaxing of communication and



1.3 Event-triggered Control
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Figure 1.1: Event-triggered control

computational resources.

Event-triggered control systems have emerged as a favorable alternative to
traditional time-triggered control to save actuation requirements, computation,
and communication resources [38], [44]. The main objective of event-triggering
schemes is to update the states of the controllers and also to transmit them only
when the local measurement error exceeds a pre-established threshold [72]. Typ-
ically, this is done by keeping the last updated/transmitted states and then mon-
itoring their differences from the current states in real-time as shown in Fig. 1.1.
The current states z;(k) and the transmitted states Z;(k) are shown in black and
blue circles, respectively. As soon as the differences become greater than a pre-
defined threshold shown in dashed red line, the new events at ¢ 41 are triggered
and transmissions occur. The primary characteristic of this technique is that it
enables the system to reduce the frequencies of updates and transmissions of the
state values without harming the performance. The importance of this scheme
is manifested through several application examples such as battery-operated sys-
tems and networked control systems with the shared wireless communication

channel.



1.4 Application Examples

1.4 Application Examples

In this section we present an overview of some applications related to the con-

sensus problem in MAS with distributed event-triggered algorithms.

1.4.1 Clock Synchronization

In this particular problem of interest, agents synchronize their imperfect clocks via
communication. The problem has been well addressed using consensus algorithms
with periodic and continuous communications [13], [78]. In particular, we denote
the absolute time by ¢t € R, then the local clock time for sensor node i can be

given as

where a; is the local clock drift and b; is the local clock offset. We introduce a

virtual clock, which is made to synchronize for each agent as

Ti(t) = ou()7(t) + Bi(t), (1.2)

where o;(t) and S;(t) are the controlled drift and offset, respectively. The control
goal is to obtain consensus on virtual clock as |T;(t) — 7;(t)] — 0 by all the
sensor nodes. The nodes update their drift and offset by local communication.
To reduce communication requirement of agents to achieve clock synchronization,

event-triggered protocols are presented in the works [30], [45].

1.4.2 Formation Control

Multi-vehicle cooperative control is a popular topic because of having both com-

mercial and military applications. The formation control for networked vehicles



1.5 Contributions of the Thesis

which require continuous communication between agents has been well estab-
lished [74]. Let us denote the position of agent i as p;(t) € R. The goal of the
formation control is to drive the agents state to p;(t) — p + f;. Here, p is the
average position of all agents and f; corresponds to the fixed formation structure.
The agents need to obtain consensus in virtual states x; = p; — f;, in order to
achieve the desired formation structure. Recently, there has been increased at-
tention on consensus based formation control with event-triggered protocols [1],
[18]. Event-triggered consensus based formation control of multi-robot systems
has been studied in the work [31]. We will discuss formation control problems of

MAS in more detail in Section 4.6.

1.4.3 Power Sharing in Microgrids

Nowadays, due to economic and environmental reasons such as global warming,
the research efforts on microgrids have significantly increased. The optimal con-
trol of microgrids with MAS based hierarchical hybrid control was presented [24].
A fundamental concern is to economically dispatch power produced by distributed
generators to distributed loads. Distributed event-triggered protocols [25], [61]
are presented to achieve power sharing in microgrids. Using distributed event-
triggered voltage control protocol, the reactive power sharing is obtained in the
study [25]. This scheme is effective in reducing communication requirements in
microgrids while maintaining similar performance in reactive power sharing with

the periodic sampling schemes. We refer to [25] for detailed discussions.

1.5 Contributions of the Thesis

This thesis focuses on developing distributed control protocols to reduce trans-

mission and update frequencies for agents while ensuring consensus. We consider



1.5 Contributions of the Thesis

MAS in the discrete-time domain for practical sampled-data implementation. We
develop triggering-based protocols to facilitate opportunistic inter-agent commu-
nication and to alleviate communication and computational burden. We develop
a unified framework for these triggering based protocols to solve state consensus
problem for MAS with single integrator dynamics as well as with general lin-
ear dynamics. Continuous communication is not required to monitor triggering
conditions and controller updates. In particular, we propose two event trigger-
ing protocols with state-dependent thresholds. When agents are far from local
consensus with its neighbors the threshold is large and control signals need not
change much. This aspect helps the agents take account of the consensus level
locally and be responsive when they are close to reach their goals. We start with
a static version of the triggering protocol and then generalize it so that it involves
an internal auxiliary state variable to regulate the threshold dynamically for each
agent. The auxiliary variables take account of the state errors and can reduce
the number of triggering instants compared with the static-triggering schemes.
The third protocol is based on self-triggering control where the agents in advance
determine its next triggering instant and broadcast it to its neighbors together
with its state information. We characterize the performances of these protocols
in a random network. We further extend our proposed framework to solve the
weighted consensus problems in MAS having integrator dynamics with directed
topologies. We also examine how our triggering-based protocols perform when
adversaries are present and launch denial-of-service (DoS) attacks. Numerical
examples are provided to characterize these protocols in terms of reducing the
frequencies of communication and control updates for agents.

We would like to discuss the proposed protocols more explicitly as follows:

1. Protocol 1: Static event triggered

We start with a static event-triggered protocol to effectively reduce com-



1.5 Contributions of the Thesis

munications and control updates for agents. The communication for the
interaction among neighboring agents occurs opportunistically based on the
predefined triggering condition to save energy expenses. Lyapunov-based
design methods prescribe when agents should communicate and update
their control to ensure asymptotic consensus in their states. The events
are triggered as soon as the difference between transmitted states and the
current states exceeds a predefined threshold. The threshold depends on
the local consensus error, i.e., it depends on the state values received from
the neighboring agents. When the agent is far from local consensus the
threshold is large and the control need not change much. This helps for

reducing triggering instants without sacrificing convergence performance.

. Protocol 2: Dynamic event triggered

In the static-triggering protocol, the threshold associated with the state er-
ror becomes smaller and smaller as the system approaches consensus, which
may lead to frequent triggering instants. In order to further reduce the
number of triggering instants, we generalize the static-triggering protocol
so that it entails an internal auxiliary variable to regulate the threshold dy-
namically for each agent. The auxiliary variables take account of the state
errors and can reduce the number of triggering instants compared with the
static-triggering schemes. The static-triggering protocol is a particular case

of the dynamic-triggering protocol.

. Protocol 3: Self triggered

The event-triggered protocols require each agent to continuously monitor
its own state and to continuously listen to its neighbors. The third protocol
employs self-triggered control, where the agents in advance determine and

broadcast to their neighbors their next triggering instants together with
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their state information. Under this approach, each agent only needs to
make updates/broadcasts at its own triggering instants and listen to its

neighbors at their announced triggering instants.

1.6 Outline of the Thesis

This thesis is organized as follows:

In Chapter 2, we present an overview of research on distributed control pro-
tocols to solve consensus problem in MAS followed by research motivation.

In Chapter 3, we focus on solving the average consensus problem of MAS with
single-integrator dynamics. We propose three triggering-based protocols intend-
ing to reduce communication and update frequencies for agents while ensuring
average consensus. The communication for interaction among neighboring agents
occur opportunistically based on certain conditions on the states. Lyapunov-
based design methods prescribe when agents should communicate and update
their control so that the network converges to the average of agents’ initial states
asymptotically. We characterize the performances of these protocols over a ran-
dom network in terms of reducing the frequencies of communication and control
updates.

In Chapter 4, we develop a unified framework for the triggering based proto-
cols to solve state consensus problem in MAS having general linear dynamics. We
discuss three triggering based protocols with different characteristics and advan-
tages in terms of necessary computational resources and capabilities in reducing
the frequency of communications and updates for each agent. We discuss an
application example of triggering based protocol to solve the formation control
problem of MAS.

In Chapter 5, we further extend our proposed framework to solve the weighted
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consensus problems in MAS having integrator dynamics with directed topologies.
We characterize the advantages of our proposed protocols in terms of reducing
communication and control update requirements for agents. We also examine how
our triggering-based protocols perform when adversaries are present and launch
denial-of-service (DoS) attacks.

Finally, Chapter 6 provides a summary of the results and open research prob-

lems. Some potential directions for future research are also given in this chapter.

10



Chapter 2

Related Research and Motivation

In this chapter current research on distributed control protocols for consensus
problem in MAS is discussed, which is followed by motivation for research on

reducing communication and control update frequencies for agents.

2.1 Overview of Research on MAS

Observations in nature [8] and intriguing animal behaviors such as schooling of
fish, flocking of birds and swarming of bacteria have inspired the development of
algorithms for cooperative behaviors of MAS. Reynolds [76] simulated the first
flocking behavior. Consensus studies have a rich history in computer science and
it arguably forms the foundation of distributed computing [56]. The statistical
consensus theory first appeared in the field of management science and statistics
[22]. The pioneering work [9] on asymptotic agreement problem has broaden the
scope of application of distributed decision making. The theoretical explanation
[43] of Vicsek model [86] opened a new direction for development of consensus
protocols based on graph theory. The seminal work on networked systems with

single-integrator dynamics [71] introduced the concept of algebraic connectivity

11



2.1 Overview of Research on MAS

and Lyapunov based convergence analysis to solve the consensus problem in MAS.
Ren et al. presented the protocols for multi-vehicle cooperative control of MAS
with double integrator dynamics [74].

With advancement in embedded technology, the control laws for agents are
realized on digital platforms. In traditional periodic control, sampling periods
are typically chosen under different constraints due to the hardwares in sensors
and actuators. This may result in frequent communications and control updates
for agents to ensure stability and control performance in the worst-case scenario.
The multi-agent networked systems are characterized by a shared communication
channel. Event triggered control schemes [36], [60], [73] have emerged as a re-
source efficient method to reduce communication and computational burden. The
sampling and control updates occur based on certain conditions on states, i.e.,
when state error exceeds a predefined threshold. The advantage of this scheme
lies in its ability to reduce transmission and update frequencies for agents with-
out harming the performance of the system. At this point, we emphasize that
many of the works dealing with event-triggered control consider systems in the
continuous-time domain. However, from the viewpoint of embedded technology,
it is important to develop schemes that properly function in the discrete-time
domain as well [14], [37], [48].

A Lyapunov-based distributed event-triggered protocol to solve the average
consensus problem for MAS with single-integrator dynamics was presented [23].
The limitation of this work is that continuous monitoring of states of neighboring
agents is required for controller updates. To overcome this limitation an event-
triggering approach where each agent broadcasts its state to neighbors based on
changes in its own state was presented [81]. We emphasize that in many works,
state-independent thresholds are used. As a consequence, in this setting sampling

actions cannot reflect the nature of system dynamics explicitly. Some authors

12



2.1 Overview of Research on MAS

[89], [83] have considered hybrid event generation where events may be driven by
both state and time dependent conditions. Distributed event-triggered consensus
protocols have been proposed [67], [68] for weight balanced and strongly connected
digraphs. We refer to the study [69], for a recent survey on the distributed
protocols to solve consensus problem in MAS. These studies focus on agents with
integrator dynamics.

Extensions of MAS consensus to agents having more general dynamics are
of importance in view of applications. Observer-based consensus protocols for
MAS with linear dynamics have been proposed in [51], [57], [84]. Based on the
dynamics, it may not be possible to achieve static consensus. Instead, we aim to
drive the states of the system to a common trajectory. The synchronization phe-
nomenon [88] in MAS with continuous communication has been well researched
[77], [80], [82]. In these domains, event-triggered protocols have been used to
solve state consensus problems in MAS with general linear dynamics [34], [100],
[102]. Time-dependent event-triggered protocols to solve state consensus prob-
lem have been presented in [29], [91]. Hu et al. [41] proposed an event-triggered
distributed consensus protocol for linear MAS. There are a few recent works that
address distributed consensus protocols for MAS with heterogeneous agents [101]
and with non-linear dynamics [98]. It is noted that many of the works dealing
with event-triggering schemes for MAS consider systems in the continuous-time
domain.

A limitation of event-triggered schemes is that they require constant moni-
toring of the current state of the system to determine control update instants.
In contrast, self-triggered schemes require only the last state measurement to
determine the next control update instant [2], [3]. Self-triggered control for
MAS has been well studied [23], [59], [95]. The work [23] demonstrated that

self-triggering schemes require more controller updates compared with the event-
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2.1 Overview of Research on MAS

triggering schemes. However, they are also found to be more robust against
various disturbances and uncertainties [20]. One issue with these approaches is
that though continuous sensing of states can be avoided, agents may still need
to wait continuously for neighbors sending messages. Some works have tackled
this problem by using event-triggered control with periodic sampling [62] and
self-triggering control [94].

Studies for discrete-time agent systems can be found in [16] where a sufficient
condition described by linear matrix inequalities was proposed to solve the av-
erage consensus problem based on event-triggered and self-triggered protocols.
A particular problem of interest is distributed clock synchronization wherein all
agents in the network synchronize their imperfect clocks via local communica-
tion. To reduce the communication requirement, Kadowaki and Ishii [45] and
Garcia et al. [30] proposed event-triggered control schemes for clock synchro-
nization problems in wireless sensor networks. Another interesting application
is consensus-based formation control of multi-robot systems with event-triggered
coordination to save energy expenses [31].

Since MAS often utilizes wireless communication, they are vulnerable to ma-
licious attacks, making security and reliability a critical design concern. More
recently, event-triggering control has been studied in MAS under cyber attacks
as well: In Wang and Ishii [87] and Matsume et al. [59] resilient consensus al-
gorithms for discrete-time agent systems with adversarial agents are developed
based on both event- and self-triggering controls, where the adversarial agents
may make arbitrary updates in their states. Moreover, Feng and Ishii [27] studied
quantized consensus for leaderless and leader-follower linear MAS in the presence
of denial-of-service (DoS) attacks.

In the thesis, we employ the new mechanism known as dynamic event-triggering

schemes, which has been proposed by Girard [32]. There, controllers are equipped
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with threshold variables that take account of the state errors and can reduce the
number of triggering instants compared with the event-triggering schemes inde-
pendent of the state information. In Yi et al., [94] this idea has been extended
to ensure that the triggering time sequence avoids exhibiting Zeno behaviors. Hu
et al. [42] proposed a dynamic distributed event-triggered consensus protocol
for MAS with general linear dynamics. These works are again restricted to the

continuous-time cases.

2.2 Research Motivation

As we have reviewed in the previous subsection, much attention has been devoted
to solve the state consensus problem of MAS with distributed control protocols
in the continuous-time domain. However, in practice the control laws for agents
have to be realized on digital platforms. We consider consensus problems of
MAS in the discrete time. A significant advantage of working with discrete-time
systems is that there is no concern of Zeno behavior. In continuous time settings,
avoiding Zeno behavior in the sense that an infinite number of triggerings occur
over a finite time interval is a challenging design concern.

To the best of our knowledge, there is no study on state-dependent distributed
protocols to solve consensus problems of MAS in the discrete-time framework. We
develop distributed triggering based protocols where agents interact locally to
exchange state information in order to reach a global objective. In particular, we
develop triggering based protocols to solve the sate consensus problem with the
objective of effectively reducing communication and control update requirement

for agents to save energy expenses.
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Chapter 3

Average Consensus in MAS with

Single-integrator Dynamics

In this chapter, we consider average consensus problem of MAS in the discrete-
time domain. We develop three triggering based protocols with different char-
acteristics and advantages in terms of necessary computational resources and
capabilities in reducing the frequency of communications and updates for each
agent. The first two are event-based triggering protocols, where the agents decide
to transmit their states when the difference from the last transmitted data be-
comes larger than certain thresholds. In both of these event-based protocols, the
thresholds are state dependent while the difference lies in whether the thresholds
employ auxiliary variables or not. For this reason, they will be referred to as
static and dynamic event-triggered protocols and are discussed in Sections 3.2
and 3.3, respectively. The third protocol relies on a slightly different mechanism
for the choice of the events. When an agent makes a transmission, it calculates its
next transmission time and send it along with the current state information. The
self-triggered protocol will be introduced in Section 3.4. A numerical example is

provided to demonstrate the performances of the proposed protocols. This part
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is published in [64], [66].

3.1 Problem Formulation

In this section, we present some preliminaries on graph theory and multi-agent

systems for average consensus.

3.1.1 Graph Theory

Consider the network described by the undirected graph § = (V, €), comprised
of the set of nodes V = {1,..., N} and the set of edges € C V x V. The edge
{i,j} € & indicates that node i and node j can send messages to each other.
The neighbor set of node i is given by N; = {j € V: {i,j} € £}. Moreover, the
degree of node ¢ is the number of its neighbors and is denoted as d; = |N;|. The
graph is assumed to be connected in the sense that for any pair of nodes, there
is a sequence of edges from one to the other.

The adjacency matrix of G is given by A = [a;;] € RV*N | where a;; = 1 if
{i,7} € € and a;; = 0 otherwise. The Laplacian matrix is given by L = [(;;] €
RY*N with ¢;; = —a;; for i # j and ¢; = d;. Note that A and L are symmetric,
ie., A= AT and L = LT. Tt clearly holds L1y = Oy, i.e., the row sums are
zero for the Laplacian. Denote by A; the eigenvalues of the Laplacian; they are
indexed in an increasing order: 0 = \; < Ay < ... < Ay, where \; = 0 follows
from the graph being connected.

The following lemma relates the connectivity of the graph and the eigenvalues

of its Laplacian [94].

Lemma 3.1.1. For a connected graph G, its Laplacian L is positive semi-definite
with A1 (L) = 0 and A\o(L) > 0, and moreover it holds 0 < X\o(L)Kxn < L, where

KN :IN — %1]\[17]\;
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3.1 Problem Formulation

3.1.2 System Model

We consider the multi-agent system of N agents interacting over the network
given by the connected graph G. The agents are modeled as single integrators in

discrete time and their dynamics are described as
zi(k+1) =z;(k) +u(k), i€V, (3.1)

where z;(k) € R is the state and w;(k) € R is the control input associated with
agent ¢ at step k € Z,. For the agents to achieve consensus, they can follow the

common protocol given by the control input [70]

wi(k) = —€ > (k) — z;(k)), (3.2)
JEN;
where 0 < € < 1/dyax and dyax = max;ey d;.
It is well known that the multi-agent system (3.1) under the control law (3.2)

can achieve average consensus in the sense that

for any initial states. That is, the states of all agents eventually coincide at the
value which is the average of the initial states of all agents.

The consensus protocol (3.2) requires each agent i to have access to the exact
state information of its neighbors and to update its control input u;(k) at every
step k. This requirement leads to the conservative use of network resources. We
are interested in synthesizing control protocols for average consensus that relax
both of these requirements, i.e., agents decide when to perform these actions in

a more opportunistic manner.
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3.2 Protocol 1: Static Event Triggered

We finally rewrite the agent system dynamics in (3.1) and (3.2) in the vector
form. Let x(k) = [21(k)---2n(k)]T. Then, the closed-loop dynamics of the

overall system can be given by
z(k+1) = x(k) — eLz(k). (3.3)

Let the average of the states of all agents be Z(k) = 13z (k) = (1/N) >,y zi(k).
We can easily verify that for the system (3.3), the average is an invariant
quantity, i.e.,

T(k+1)=%(k), Vk. (3.4)

This is because the Laplacian L has zero row sums, i.e., L1y = Oy.

3.2 Protocol 1: Static Event Triggered

In this section, we develop a distributed triggering protocol that dictates when
agents should broadcast their state information and update their control inputs.
Here, we introduce the static version of the event-triggering control algorithm.
As we will see, this will serve as the basis also for the dynamic version developed
in the next section.

A distributed event-triggered implementation of controller (3.2) for agent i is

given by

wi(k) = —€ Y (#:(k) — &;(k)). (3.5)

JEN;

Here, #;(k) is the last broadcast state of agent i at time step k and is more
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3.2 Protocol 1: Static Event Triggered

specifically given by
;%ZU{;) = wl(ﬂ)? k € [ iv §+1)7

where t§,ti,... € Z, represent the sequence of event times of agent i.

Note that the latest broadcast state #;(k) of neighboring agent j € N; appears
in the control protocol for agent ¢. This is because agent ¢ has access to only the
last broadcast states ;(k) of its neighbors instead of their true states z;(k) from
the current time k. As a consequence, in this setting, the control inputs are
constant between the triggering times. An alternative approach would be to use
x;(k) instead of z;(k) for agent i’s own state, but this will obviously increase the
frequency of changes in the input value w;(k); hence this is not pursued in our
work.

We develop an asynchronous triggering protocol that dictates when agents
should broadcast their state information to neighboring agents so that the agents
achieve average consensus. The first triggering instants for all agents are chosen
to be the initial time as ¢} = 0. Agent i determines its triggering instants {t}}>,

by the triggering law
£, = min {k >t (ai(k — 1) — 2i(k))” > ai(k)i(k — 1)}, (3.6)

where the threshold is a product of two variables. One is

(k) = 2ed;

where o;(k) takes nonnegative values and exponentially decreases to zero. The
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3.2 Protocol 1: Static Event Triggered

"""" @, (k) Gi(k—1)

: e the
x; (t;) %i(tiy,)  Xi(tieo)

Figure 3.1: Static event-triggering law

other is ¢;(k) given by

Gi(k) = min {% > (#) - Z(t)?, M} > 0, (3.7)
JEN;

where M is a positive constant. This M enables us to keep ¢;(k) bounded by
a known value. We will discuss its role in this protocol later. The variable
¢i(k) depends on the states of the neighboring agents, i.e., it depends on local
consensus error. The threshold is large, when the agent is far from consensus
with its neighbors and hence the control need not be very accurate. This helps
in reducing triggering instants without sacrificing convergence performance.

Let e;(k) = 2;(k) — z;(k), which is the error in the state and its last broadcast

value for agent i. Notice that as a consequence of (3.6), it holds
lei(F)[” < ai(k)gs(k — 1), (3.8)

We refer to (3.6) as the static triggering protocol since it does not involve any
extra variable other than the agent states x;(k), #;(k), and 2;(k). The triggering

law is distributed since each agent requires only its own and its neighbors’ state

21



3.2 Protocol 1: Static Event Triggered

information. We illustrate the triggering instants in Fig. 3.1. Here, the solid
line indicates the state error (#;(k — 1) — z;(k))? whereas the dashed line is the
threshold «;(k)g;(k — 1) used in the triggering law (3.6). As soon as the state
error (in green circles) exceeds the threshold (and becomes red), the new state

;(t},,) is broadcasted (and the circle goes to zero in green again).

Remark 3.2.1. Here, we should emphasize that when dealing with triggering
rules in the discrete-time domain, the exact amount of the state error exceeding
the threshold at the triggering instants is unknown in advance and is in general
nonzero. This is a major aspect different from the continuous-time counterpart,
where the triggering times are exactly when the state error becomes equal to the
threshold [23], [94]. This property makes the analysis somewhat more complicated
in the discrete-time case. We also note that in (3.6), there is time difference
between &;(k — 1) and z;(k) in the state error to be watched; this notation is also
unique to the discrete-time case studied in this paper. We will discuss these points

more later.

Remark 3.2.2. A conventional method for reducing controller updates is to use
time-scheduled control with periodic updates at a constant period in discrete time
[70], [90]. The control update instants of agents can be given as t; 11 = t; + Ts
with 73 € Z4 and ty = 0. It was shown in Xie et al. [90] that the protocol (3.2)
solves average consensus problem if and only if 0 < 75 < 2/(eAn(L)). As an
event-triggering method, a simpler approach is to use triggering with a threshold
independent of the agent states. To ensure asymptotic consensus, the thresholds

should be time varying, e.g., as
?_H = min {k‘ > t; : (Zi’z(k? — 1) — $Z(k5>)2 > cie_h"k}, (39)

where the parameters are taken as c¢;,h; > 0 [45], [81]. We will compare the
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3.2 Protocol 1: Static Event Triggered

performance of these protocols with the proposed ones by a numerical example in

Section 3.5.

Let 2(k) = [21(k)---2n(k)]T be the broadcast state vector, and let e(k) =
Z(k) — z(k) be the vector of errors in the broadcast states. We can rewrite the

agent system (3.1) under the protocol (3.5) in the vector form as
z(k +1) = x(k) — eLi(k) = x(k) — eLx(k) — eLe(k). (3.10)

Even in presence of the error e(k), we can verify that in this system, the average
remains an invariant quantity as in (3.4).

The distributed static event-triggered control protocol outlined so far can be
summarized in an algorithm form as displayed in Algorithm 1. We are now ready
to state the main result demonstrating that this protocol can be used to solve
the average consensus problem. In the controller (3.5), take the parameter € > 0

small enough that Q € (0,1), where

Q= %(e — 262 dimax) M2 (L). (3.11)

Theorem 3.2.1. Consider the multi-agent system (3.1) with the connected un-
derlying communication graph G. Under Algorithm 1, the event-triggered control

protocol (3.5) and (3.6) achieves average consensus asymptotically.

Proof. Consider the Lyapunov candidate given by
V(k) =[z(k) — f(k)lN]T[:p(k;) —T(k)1n]. (3.12)
We now look at the difference between its values at times & and k£ + 1 as

VV(k) = V(k+1) - V(k).
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Algorithm 1 Static Event-Triggered Control Algorithm

Step 0) Initialize €, 0y, [; = 0 and ¢}, = 0.
At time k, agent i performs the following actions:

Step 1) If [#;(k — 1) — x;(k)]? > a;(k)G;(k — 1), then agent i broadcasts the state
x;(k) to its neighbors and updates its broadcast state as z;(k) = x;(k). Its
latest triggering time is set as t;,41 = k.

Step 2) If new states :i"](tfj 1) are received from some neighbors, then agent i
stores these values.

Step 3) Agent i applies the control input u;(k) given in (3.5).

Step 4) Agent i sets [; to [; + 1 and goes back to Step 1.

From (3.10) and (3.4), we have

VV (k) = [x(k) — eLa(k) — T(k)1n] [o(k) — eLi(k) — T(k)1y]
— [x(k) = Z(k)1n]" [2(k) — Z(k)1n].

We drop the time index k to simplify the notation. Then, we have

VV = [(o = Tly) = e [(o = TLy) = L] - (o = TLy)" (@~ L)
=—2e(z —T1y)"La + 2" LT L
=—2¢(& —e) Li+ 2" L"Li

= —2ei"La + 2ee” Li + 227 LT L. (3.13)

We now upper bound the far right-hand side of (3.13) by applying to the

second term the inequality ab < a? + }le, VYa,b € R, as

TLi =" e —i;) < ZZG%};ZZ(@—@)Q < Zdie?—l—%jTLi

1€V jEN; 1€V jeEN; 1€V jEN; eV
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and to the third term the relation

LT LE =Y [Z(w . f;j)r <3 d S (@ ) < 2 L.

1€V jeN; 1€V JEN;

Then, we obtain

VV < —(€ = 26%dnax) 3" Li + 26 Y _ die}. (3.14)

i€V

From (3.8) and then (3.7), we have

VV < —(€ = 2 dunax) 2T (k)L (k) + > 0i(k)Gi(k — 1)

eV

< —(€ — 2P dmax )3T (k) LE(K) + Omax (k)N M, (3.15)
where 0. (k) = max;ey 0;(k). Notice that

2T Lo = (2 —e)TL(2 —e) <227 Li + 2e" Le

<237 Lz +2||L|||e]|?, (3.16)

where the first inequality holds since the Laplacian L is positive semi-definite and
thus 2a”Lb < a”La + b Lb, Va,b € RY. Also, || - || denotes the Euclidean norm
for vectors and its induced norm for matrices [63]. We apply (3.8) to (3.16) and

obtain

o' (k)L (k) < 23" (k)La(k) + 2| L] Zai(k)@(’f -1
| L]l omax (k) N M

6dmin

< 2:T(k)La(k) +

Y
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where d,;, = min;cy d;. Hence,

L omas ()N

AT A~ 1 T
(k)L (k) > St (k) Lo (k) Sed.

Using this relation in (3.15), we have

]_ 1 - 2 dma_x
VV < =5 (e = 2 dna) Aa(D)V (k) + O (R)N M (1 + ||LH2d—€_),

where the first term on the right-hand side is due to Lemma 3.1.1. Hence,
V(E+1) < (1-Q)V(k)+ Ai(k), (3.17)
where € is given in (3.11) and

1 — 2edpax
Al(/{}> = O'max(k)NM<1 + HLHT) . (318)

Note that Q € (0, 1) from (3.11) and moreover, oy,ax (k) is exponentially decreasing
to zero. Thus, it follows that V(k) — 0 as k — oo. By (3.4), this implies that

average consensus is obtained asymptotically. 0

Here, our algorithm can be viewed as the discrete-time version of the event-
triggering based algorithm from [94], which is for the continuous-time case. The
main difference is that in continuous time, the events can occur as soon as the
threshold such as the one in (3.6) is exceeded, and hence the relation similar to
(3.8) holds but in the form |e;(t)]* < a;G;(t), where the time variable ¢ is the same
on both sides of the inequality. In fact, this enables the use of a constant for o;
in the threshold. In contrast, in the discrete-time case, we found it difficult to
follow the same logic and have chosen this parameter o; as a decreasing function

of time for the proof of Theorem 3.2.1. On the other hand, this makes the

26



3.3 Protocol 2: Dynamic Event Triggered

threshold in (3.6) to be a product of two variables, «;(k) and ¢;(k—1). These are
both decreasing, which may be redundant. In fact, we will show by a numerical
example later that with constant o; we can achieve average consensus. The static
triggering law in the continuous-time case [94] may result in Zeno behavior, or
fast switching, which can be problematic. When the network reaches consensus,
the threshold approaches zero and the triggering condition will be violated every
time, possibly leading to Zeno behavior. In the discrete-time setting there is no
concern for the Zeno phenomenon.

In the proof, we observe that the convergence rate of the MAS network can

be bounded using the Lyapunov function in (3.12) as

T
L

V(k) < (1= (0)+ Y (1—Q1A(D). (3.19)
l

I
=)

This indicates that if we select a large value of M in (3.7), then there is a chance
that the convergence rate becomes slower. That is, there is a potential trade-off

between the convergence rate and triggering frequency.

3.3 Protocol 2: Dynamic Event Triggered

The motivation to use event-triggered control is to reduce actuation requirements
and communication burden. As we have seen in the static event-triggering pro-
tocol from the last section, the threshold associated with the state error becomes
smaller as the system approaches consensus, which may lead to frequent trig-
gering instants. In order to further reduce the number of triggering instants, in
this section, we next propose a dynamic triggering law that involves an auxiliary
variable for each agent to regulate its threshold dynamically. This approach is

based on the static triggering protocol (3.6) and similarly our dynamic triggering
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law is also distributed.
For the dynamic case, each agent 7 is equipped with an additional variable y;

following the update rule given by
Xi(k+1) = (1= Bi)xi(k) + 6; (03(k)Gi(k — 1) — 2ed;e} (k)), (3.20)

where initial value is set as x;(0) > 0 and the parameters g; € (0, 1) and ¢; € [0,1)
are to be designed. The first triggering instants for all agents are chosen to be
the initial time as t§ = 0. Agent i determines its triggering instants {t;}°, by

the triggering law

thy = min {k > 1] : 6,[2ed; @ik — 1) — 2:(k)" = o:(k)G(k — 1)] > xi(k) }
(3.21)

with ¢;(k) and x;(k) defined in (3.7) and (3.20), respectively. Also, 6; > 0. From
(3.21), it follows that at all times k,

Gi(2edief(k) —oi(k)gi(k — 1)) < xi(k), (3.22)
that is,

e; (k) <

rega; (k) + 6i0i(k)ai(k = 1)). (3.23)

The design parameters 6;, 5; and ¢§; are chosen to satisfy the conditions given as
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From (3.20) and (3.22), we have

Xilk +1) > <1 ~ i~ g—) Xi(k)-

7

Hence, under the conditions in (3.24), we can show that x;(k) is always positive:

w2 (1-5- ) 60 >0 (3.29

%

The static triggering protocol can be considered as a limiting case of the
dynamic triggering protocol when 6; attains a very large value as we see by com-
paring the bounds (3.8) and (3.23) for the state errors. On the other hand, from
(3.21) and (3.25), we can conclude that a larger initial value of y;(0) results in
larger inter-event times, i.e., larger differences between consecutive triggering in-
stants. In particular, we also observe that when x;(0) = 0, the dynamic triggering
rule reduces to the static triggering rule and therefore the dynamic event-triggered
law generates fewer triggering instants in comparison to the static event-triggered
law.

The distributed dynamic event-triggered control protocol described so far is
presented as Algorithm 2 for the average consensus problem. The following the-

orem is the main result for the agent systems under this control law.

Theorem 3.3.1. Consider the multi-agent system (3.1) with the connected un-
derlying communication graph G. Under Algorithm 2, the event-triggered control

protocol (3.5) and (3.21) achieves average consensus asymptotically.

Proof. Consider the Lyapunov candidate given by (3.12). Then, we look at its

time difference and upper bound it as it was done in (3.14) in the proof of Theorem
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Algorithm 2 Dynamic Event-Triggered Control Algorithm

Step 0) Initialize €, o;, §; € [0,1), 8; € (0,1), x;(0) > 0, 6; > 0,1; = 0 and ¢, = 0.
At time k, agent i performs the following actions:

Step 1) If [#;(k—1) —z;(k)]*> > 2’?9(; +a;(k)§;(k—1), then agent ¢ broadcasts the

state z; (k) to its neighbors and updates its broadcast state as 2;(k) = 2;(k).
Its latest triggering time is set as ¢, 41 = k.

Step 2) If new states :i"](tfj 1) are received from some neighbors, then agent i
stores these values.

Step 3) Agent i applies the control input w;(k) given in (3.5).

Step 4) Agent i sets [; to [; + 1 and goes back to Step 1.

3.2.1:

VV < (e — 2% duax) 3" (k) La(k) + 2¢ Y _ die} (k). (3.26)
eV

Now from (3.16) and (3.23), we have

) ) L||omax (k) ~—~ . e
T < 94T H— Ak — _
(k) Lx(k) <2z° (k)Lz(k) + P ;ev Gilk—1)+ ———— P Eev Xi(k)
. . L||omax (k)N M | L||
. || .
<227 (k)La(k) + . im0, Eev Xi(k)

Using this relation in (3.26), we have

1 1—2
YV < =2 (e = 263" ()L (k) + o (K) N M (1 + HLHM—E%)

I|IL|I(1 — 2edimax) + 2dmax
2 min,; 6;d; ZXZ
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From (3.18), we have

vV < —%(e 2 ) M LIV (K) + Aa (k) + Ky 3 xa(k),

i€V
where K; = ”LH(l_zii?:fé)dthmx- Recall that Aj(k) goes to zero exponentially.
From (3.11), we arrive at
V(k+1) < (1-QV (k) + A (k) + K1 > xalk). (3.27)

i€V

Now, by (3.20), (3.23) and (3.25),

Oi
k1)< (1= 5 ¢

i

Therefore, we can bound y;(k), which goes to zero by (3.24). Hence, from (3.27),
it follows that V(k) — 0 as k — oo. This implies that average consensus is

obtained asymptotically. O

As we discussed earlier, the dynamic event-triggering approach can be seen
as a generalization of the static counterpart of Section 3. For this reason, the
proof of Theorem 3.3.1 is built upon that of Theorem 3.2.1. While the dynamic
protocol is capable to reduce the frequency of the triggering instants, this point
may not be obvious in the proof. Indeed, comparing the bounds on V(k + 1)
in (3.17) for the static case and (3.27) for the dynamic case, we notice that the
latter one is larger because of the additional terms resulting from the auxiliary
variables y;(k). We will compare the two protocols through numerical simulations
in Section 3.5 and confirm that the dynamic protocol indeed performs better in

reducing the frequency of triggering instants.
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3.4 Protocol 3: Self Triggered

So far, we have presented the static and dynamic event-triggered control pro-
tocols, which are both effective in reducing data transmissions among agents.
However, one disadvantage of these approaches is that they require each agent
to continuously monitor its own state and to continuously listen to its neighbors.
Such continuous monitoring can be expensive in terms of computation resources.
This requirement can be avoided if each agent determines its next triggering time
at the current triggering time and broadcasts this information to its neighbors. In
this section, we discuss such a self-triggered control strategy wherein each agent
only needs to make updates/broadcasts at its own triggering instants and listen
to its neighbors at their triggering instants. To this end, each agent must find
an estimate of its future state at the time of making a transmission. We present
how this can be done.

First, recall that the agents update their states based on (3.1) and (3.5) as

ik + 1) = zi(k) — e Y (#:(k) — 25(k)). (3.28)

JEN;

Because of the event-based protocol, the state of agent ¢ at step k € [t],t], ) can

be expressed as

wi(k) = z;(t]) — (k — t))e > (#:(k) — (k)

JEN;

where ¢! is the latest triggering time of agent i. By definition of the triggering
times ¢! for agent i, we have z;(t!) = 2;(k). Thus, the error e;(k) = #;(k) — z;(k)
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can be expressed as

ei(k) = (k — t)e 3 uy (k).

JEN;

where we set u;;(k) as the difference in the broadcast values of agents i and j:
uij(k) = &i(k) — &;(k).

We need to emphasize here that u;;(k) may not be constant for all k € [t], 1, ,)
since neighbors may trigger any time in this interval. Consequently, it is hard
to know the value of e;(k) in the interval k € (¢,¢;,,). To proceed to find
some estimate on e;(k), we next look for an upper bound of w;;(k). Then the
next triggering instant ¢} 41 can be determined at current triggering instant t
accordingly.

Our approach here is to ensure that the error e;(k) decreases exponentially as

lei(k)| < —Lrt, (3.29)

where n > 0 and v € (0,1). Note that this is a sufficient condition for the
inequality in (3.22) since ¢;(k) > 0 and (3.25) holds.

We now provide the protocol based on self-triggered control. First, the pa-
rameter € > 0 in the control (3.28) is chosen sufficiently small that ® € (0, 1),
where

D =1— (e — 4€°dmax) X2(L). (3.30)

Also let
[ = 2¢(1+ €)Nn?. (3.31)
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Furthermore, we introduce the following function to be used by agent i:

\/—>'y + f(m )]

(3.32)

gz(k)

€| )t — thui(ty)

JEN;

=£ [

JEN; m= t3+

where

ti(k) = min{k,t] +1} and (k) = max{k,t{jﬂ} for k € [t),t; ,,) and (3.33)

%)

F(m) = [2 (cpmvmax + %r)} " (3.34)

The parameter V., in (3.34) must be chosen so as to upper bound the initial
value of the Lyapunov candidate as V(0) < Vjax. Such a bound can be found
in practice if the agents’ state values are known to start in a certain interval. It
is however clear that taking a tighter bound V;,,, would help the performance of
the resulting control.

The first triggering instants for all agents are chosen to be the initial time as
ty = 0 for the self-triggering algorithm. Agent i determines its next triggering
instants {t:}7°, by the triggering law

ti;1 = min {k > 1 : gi(k) > 7 ’Yg}- (3.35)

We must note that in this triggering law, g;(k) in (3.32) increases while */2
decreases with respect to k € [t],t],,). Hence, given the past triggering instant ¢
agent i can determine the next one ¢, by solving (3.35).

We propose the self-triggered control protocol given as Algorithm 3 to solve

the average consensus problem. Its capability to achieve average consensus is
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Algorithm 3 Self-Triggered Control Algorithm

Step 0) Initialize 7, 7, [; = 0, and ¢}, = 0.

Step 1) At time ¢! agent i performs the following three actions:
(i) Agent i uses its own state x;(t;) and its neighbors’ states i;(}) to
compute the control input w;(t}) by (3.5).
(ii) Agent i determines the next triggering instant by (3.35).
(iii) Agent ¢ broadcasts (¢, z;(t])) to its neighbors.

Step 2) At the triggering time #], of neighbor j € N; with #], € [t} ¢ ), agent i
updates its control input u;(k) as in (3.5).

Step 3) Agent i sets [; to [; + 1 and goes back to Step 1.

guaranteed by the following theorem.

Theorem 3.4.1. Consider the multi-agent system (3.1) with the connected un-
derlying communication graph G. Under Algorithm 3, the self-triggered control

protocol (3.35) achieves the average consensus asymptotically.
Proof. We again use the Lyapunov candidate in (3.12). Its time difference can

be upper bounded as in (3.14) in the proof of Theorem 3.2.1:

VV = —2ex’ Ly — 2ex’ Le + (v + )" L' L(x + e)

< —QeZqi—l—%Zdie?—l—ZeZ%+4622d¢q¢+2622die?

1€V i€V eV 1€V i€V
< 2’ Lo+ 2 Y die] + ex” L + 4 Ao L + 26 Y die},  (3.36)
i€V eV

where the time index k is dropped for notational simplicity and

35



3.4 Protocol 3: Self Triggered

Here, the difference from (3.14) is that ¢; is used instead of (1/2) 37 (% — 2;)?
used in (3.7) for the variable ¢;(k). Thus, in comparison to (3.14), there are
additional terms in (3.36). We can further bound VV using (3.29) as

VvV < — Z(e — 4€%d;)q; + 2¢(1 +€) Z d;e?

1€V eV

< —(€ — 4% dmax) Mo (L)V (k) + 2€(1 4 €) NP A"
From (3.30) and (3.31), we have
V(k+1) < dV(Ek)+THk.

By iteration we can write

k—1
V(k) < OV + ) OF 17T = &F Vo +
=0

(I)k—"}/k

I.
Q-

We now find an upper bound on |z;(k) — x;(k)|. This is done using (3.34) as

2i(k) — x(k)| < |2s(k) —Z(0)] + |z;(k 0)| < \/2 (Jzi(k 0)[2 + |z;(k) —7(0)[?)
k k 1/
< [2 (cbkvmax n qu :’7’ F)}
— ik

We thus obtain an upper bound of |u;;(k)| as

< |2i(k) — zi(k)| + |zi(k) — 2;(k)| + |z;(k) — 2;(k)]|

T4 ) v+ f(k). (3.37)
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Next, we proceed to find an upper bound of |e;(k)|. At time i, agent 4
already knows t/, z;(#]), and #] 1 for j € N;. We know that u,;(k) is constant for
k € [t},t;;] where t}; is given in (3.33), and for k > tj;, it can be upper bounded

K
by (3.37). Hence, we have

lei(k)| =

e(k — t;) Z u2]<k)‘ < gi(k), k €[ i? ?-1-1)7

JEN;

that is, g;(k) bounds |e;(k)| from above. Hence, under the self-triggering law of
(3.35), it holds that

Ui

v,

[NIE

lei(k)] <

) Vk € [ ;': g—i—l)'

Therefore, all state errors decrease exponentially. This indicates that the multi-
agent system following the self-triggered control law achieves average consensus

asymptotically. O

Our algorithm can be viewed as a discrete-time version of the self-triggering
algorithm of [94], which is for the continuous-time case. The main difference is
that in continuous time, the events can take place as soon as the threshold such

as the one in (3.35) is exceeded with an equality.

3.5 Numerical Example

In this section, we illustrate performance of the proposed protocols via numer-
ical simulations. We first examine a small-scale network and then focus on the

scalability for larger networks.
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Figure 3.2: Network topology
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Figure 3.3: State evolutions under the original protocol (3.2)
3.5.1 Small-scale Network

Consider the connected network consisting of six agents shown in Fig. 3.2. We
choose the initial states as x(0) = [2,5 —43 68 59 —1.3 —3.6]. The con-
trol objective for the network is to reach the average of agents’ initial states,
which is Z(0) = 1, in this case. Using the original control (3.2) with computa-
tion at every step, we show the time responses of the agent states in Fig. 3.3.
The state errors become small around k£ = 30. In the following simulations, we
ran the three proposed algorithms by choosing the parameters so that the states
of the agents change at similar rates for achieving consensus with this case of
conventional control.

First, we examined the static event-triggering protocol (3.6) with € = .075

and o; = .1. From (3.11), we obtained 2 = .021 < 1, which thus satisfies the
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Figure 3.4: State evolutions under the static event-triggering law (3.6)
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Figure 3.5: Triggering instants under the static event-triggering law (3.6)

condition there. The state evolution and the corresponding triggering instants
for each agent are shown in Figs. 3.4 and 3.5, respectively. We observe that the
triggering for the agents takes place infrequently, even after consensus is reached
around time 45. The average number of triggering per agent is 11 times in 70
steps. We notice that the trajectories of the agent states are not as smooth as
the original control case in Fig. 3.3. This may be because the control inputs are
constant between the triggering times under the proposed protocol.

We now make comparisons with two existing triggering approaches discussed
as Remark 3.2.2. We choose the parameters for these protocols so that the average

number of triggering becomes similar to (or even larger than) that in the static
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Figure 3.6: State evolutions under the periodic triggering law with period 7, =5
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Figure 3.7: State evolutions under the state-independent triggering law (3.9) with
cie ik = 0.1~ 01k
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Figure 3.8: Triggering instants under the state-independent triggering law (3.9)
with ¢;e % = 0.1e=01%

40
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event-triggering protocol result above. For the key parameter €, we kept the value
of ¢ = 0.075 as in the proposed protocols. The first is the time-scheduled control
with periodic sampling in discrete time [70], [90]. The period is set as 7, = 5,
in which case the average triggering number is 14 in 70 steps. The agent states
are shown in Fig. 3.6, where they exhibit oscillations. In fact, by increasing the
period to 7, = 6, the system becomes unstable because the consensus condition
Ts < 2/(eAy(L)) = 5.333 from [90] is violated where for the graph in Fig 3.2,
we have Ay (L) = 5. Using smaller e will result in smoother state evolutions and
consensus, but the convergence becomes slower.

The second conventional case is with the event-triggered control [45], [81] in
(3.9) with state independent threshold 0.1e="*. The state evolution and the
corresponding triggering instants for each agents are shown in Figs. 3.7 and 3.8,
respectively. It is clear that this protocol demonstrates similar convergence rates

but with more transmissions.

—Agent 1
Agent 2
—Agent 3
—Agent 4
Agent 5
—Agent 6

States

0 10 20 30 40 50 60 70
Time k

Figure 3.9: State evolutions under the dynamic event-triggering law (3.21)

Next, we used the dynamic event-triggering protocol (3.21). Here for the com-
mon parameters € and o;, we used the same values as above. For the rest, we set
6; = .6, B; = .35, x:(0) = 20, §; = 10. The state evolution and the corresponding

triggering instants for each agent are shown in Figs. 3.9 and 3.10, respectively.
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Figure 3.10: Triggering instants under the dynamic event-triggering law (3.21)
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Figure 3.11: Thresholds for agents under the dynamic event-triggering law (3.21)

The state trajectories roughly follow the same convergence rates for both event-
triggering laws. However, it is evident from Figs. 3.5 and 3.10 that the dynamic
triggering law generates fewer triggering instants as compared to the static trig-
gering law. The average number is 9.66 times in 70 steps. It is interesting to
note that agent 1 has an especially low number of triggering instants; in the dy-
namic case in Fig. 3.10, there are 40 steps without any triggering starting around
k = 20. Fig. 3.11 depicts the threshold variable x;(k) for each agent under the
dynamic triggering law. As shown in Theorem 3.3.1, these thresholds converge

to zero, but may increase sometimes. We also note that in these simulations,
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constant values are used for o; and yet, consensus is achieved. In the theoretical
result, these were assumed to be converging to zero (at arbitrarily chosen rates).

Third, we discuss the self-triggering protocol (3.35). We selected the parame-
ters n = 15 and v = .99. We can confirm that the condition in (3.30) is satisfied
since we get ® = .9925 < 1. The state evolution with self-triggered control law is
presented in Fig. 3.12 and the corresponding triggering times for each agent are
shown in Fig. 3.13. We observe that with the self-triggered control, the agents
arrive at average consensus with about the same convergence performance as
the other two protocols. However, it is evident that the number of triggering
instants are much higher. While in the beginning, the triggering instants are re-
duced to about the same level as those in the event-triggered cases, they increase
afterwards, indicating the conservatisms in the approach.

The average Lyapunov functions for the the static, dynamic and self-triggering
protocols are shown in the left plot of Fig. 3.14. We ran Monte Carlo simulations
of 100 times for these protocols. The initial states are chosen in the set [—10 10]
uniformly randomly and we used the same initial states for all these protocols.
The convergence speeds are almost the same for three protocols. The difference
lies in the average number of triggering instants per agent, which is 10.91, 9.92
and 31.33 for the static, dynamic and self-triggering protocols respectively. The
right plot of Fig. 3.14 shows the results as a box plot.

In summary, we have confirmed that for the considered network with six agents
in Fig. 3.2, the proposed triggering-based protocols perform well in achieving con-
sensus at convergence rates similar to the original control law (3.2) with different
characteristics in terms of transmission frequencies and necessary computational
resources at agent levels. The dynamic triggered protocol is particularly effective

as the threshold can be regulated dynamically for each agent.
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Figure 3.12: State evolutions under the self-triggering law (3.35)
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Figure 3.13: Triggering instants under the self-triggering law (3.35)
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Figure 3.14: Average Lyapunov functions and the number of triggering instants
per agent under the static (3.6), dynamic (3.21) and self-triggering protocols
(3.35) from 100 Monte Carlo simulations
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Figure 3.15: Random network with communication radius r = 4

3.5.2 Random Network

We next examine the scalability of the proposed protocols in a random network.
Let us consider the network comprising of fifty agents randomly located in [10 x
10] XY plane. In order to compare the performances of the nominal, static,
dynamic, and self-triggered protocols, we ran Monte Carlo simulations for 100
times. We set the initial state of nodes in the set [—10 10] uniformly randomly
and used the same value for all protocols.

We consider two nodes are connected if the communication radius r = 4,
as shown in Fig 3.15. The average Lyapunov functions plots for the proposed
protocols are shown in Fig 3.16. We observe that these plots almost coincide
exhibiting similar convergence speed. The numbers of average triggering times
for the proposed protocols to reach consensus, which is chosen at the point where
Lyapunov candidate value becomes 0.1, are presented in Table 3.1. The consensus
is obtained around k = 59.

We next demonstrate the performances of these protocols with r = 5, i.e.,

with increased number of edges. The average Lyapunov functions plots for the
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protocols are shown in Fig 3.17. We observe that these plots almost coincide. The
numbers of average triggering times for the proposed protocols to reach consensus
are shown in Table 3.2. We get consensus around k = 27.

We further increased the number of edges by selecting » = 6. The average
Lyapunov functions plots for the protocols are shown in Fig 3.18, where these
plots almost coincide. The numbers of average triggering times for the proposed
protocols to reach around consensus are shown in Table 3.3. We obtain consensus
around k = 16.

The proposed protocols exhibit similar convergence rates to the nominal pro-
tocol in achieving average consensus. From, these plots it appears that with
more number of edges the convergence rate for the network become faster as well
as there is a slight improvement in reducing communication and control update

frequencies for agents.

Table 3.1: Performance under the proposed protocols with communication radius
r = 4 in random network

Protocols Static | Dynamic | Self
Average numbers of triggering times || 15.4 12.8 39.3

Table 3.2: Performance under the proposed protocols with communication radius
r = 5 in random network

Protocols Static | Dynamic | Self
Average numbers of triggering times || 10.6 8.4 21.2

Table 3.3: Performance under the proposed protocols with communication radius
r = 6 in random network

Protocols Static | Dynamic | Self
Average numbers of triggering times 7.8 5.7 12.3
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Figure 3.16: Average Lyapunov functions plots with » = 4 for 100 Monte Carlo
simulations
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Figure 3.17: Average Lyapunov functions plots with r = 5 for 100 Monte Carlo
simulations
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Figure 3.18: Average Lyapunov functions plots with » = 6 for 100 Monte Carlo
simulations
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The opportunistic triggering nature of the event-triggered protocol makes it
appealing for conceptual and design purpose as compared with periodic sampling.
However, the quantitative performance specifications are surprisingly yet to be
explored for different triggering based protocols. The choice of the triggering
protocol to be implemented is task specific. For example, in some applications,
it may be desirable to reduce the triggering instants as much as possible while
in other cases, it may be required to get faster convergence without paying much

attention on frequent communications.
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Chapter 4

State Consensus in MAS with

General Linear Dynamics

In the previous chapter, we discussed average consensus in MAS with single-
integrator dynamics. For states corresponding to real physical process we now
consider state consensus problem in MAS having general linear dynamics. It is
noted that many practical agent systems have dynamics to look beyond simple
integrator case. In this chapter, to address this issue, we develop a unified frame-
work for triggering based protocols to solve the state consensus problem in MAS
with linear dynamics. Our general approach is to employ triggering protocols
that depend on the state values received from neighbors. We start with a static
version and then generalize it so that it involves an internal auxiliary variable to
regulate the threshold dynamically for each agent. They are referred to as static
and dynamic event-triggered protocols and are discussed in Sections 4.2 and 4.3,
respectively. The third protocol is based of self-triggering control, where agents
determine its next transmission time and send it along with the state informa-
tion at current triggering times. This one will be introduced in Section 4.4. A

numerical example is provided to demonstrate the performances of the proposed
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protocols. This part is published in [65].

4.1 Problem Formulation

In this section, we present multi-agent systems for state consensus. For the

preliminaries on graph theory we refer to the section 3.1.1.

4.1.1 System Model

We consider the multi-agent system of N agents interacting over the network
given by the connected graph G. The agents are modeled by the following linear

dynamics in discrete time:
zi(k + 1) = Az;(k) + Bu,(k), (4.1)

where x;(k) € R™ is the state and w;(k) € R is the control input associated with
agent ¢ at time step k € Z,. Here, A € R™" and B € R" are, respectively, the
system and input matrices of (4.1). We assume that the matrix pair (A, B) is
controllable.

Each agent 7 is equipped with the distributed control protocol of the following

form:

wilk) = —K 3 ay (k) - &(k)). (4.2)

JEN;

Here, K € R™" is the feedback gain matrix. The last broadcast state of agent i

at time step k is denoted by Z;(k) and more specifically it is given by

jjl(k) = xi(t§)7 ke [téatf—i-l%
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where t§,t! ... € Z, represent the sequence of event times of agent i. Note
that the latest broadcast state z;(k) of neighboring agent j € N; appears in the
control protocol (4.2) for agent i. This is because agent i has access to only the
last broadcasted states Z;(k) of its neighbors instead of their true states z;(k).
As a consequence, in this setting, the control inputs are constant between the
triggering times.

The objective of this study is to design event-triggering control protocols so
that the N agents can reach state consensus asymptotically as limy_, [|z;(k) —
z;(k)|| = 0 for all 4,5 € V. That is, the entire states of all agents must coincide
eventually. Note that this notion of consensus does not constrain the exact value
of the states. Thus it is possible that the state values may not converge to a
particular state, and remain to change over time even after they take the same
values.

It is known from [96] that in the nominal case when the original state and the
broadcast state match at all times as Z;(k) = z;(k) for i € V and k, a necessary
and sufficient condition to achieve state consensus is that there exists a feedback

gain matrix K such that the spectral radius of

J = diag(A — \BK,...,A— A\yBK) (4.3)

satisfies p(J) < 1. We assume that such a matrix K exists.
We now rewrite the agent system in a matrix form. Let z(k) = [z1(k) - - - zn (k)]

2(k) = [21(k) - - &n(K)]T and let

e(k) = @ (k) — (k)

be the vector of errors in the broadcast states. We can rewrite the closed-loop
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system from (4.1) and (4.2) in compact form as
r(k+1)=(Unv®A—-L®BK)x(k) - (L ® BK)e(k). (4.4)

We denote the state average of the agent as T(k) = + Y ,cp 2i(k) and the

disagreement vector as d;(k) = x;(k) — Z(k). In compact form, we have
0(k) = (T ® L) (k), (4.5)

where §(k) = [61(k)---oy(k)] and T = Iy — +1y1%.

Now, we provide the design procedure for the control law. First, for the
Laplacian, we take its left eigenvectors as ¢;, that is, they satisfy ¢! L = \;¢7
for i € V. Then let ® = [¢ - - - ¢n] and moreover let U = [15/V N, ®] € RV*N,

which is an orthogonal matrix. The following properties hold:

U'U =1y, LY="TL=L and U'LU = diag(0, Xa, ..., \y). (4.6)

The following modified algebraic Riccati inequality from [96] in the discrete-

time domain is solved to obtain a positive-definite matrix P > 0 :
P—ATPA+(1 - (HA"PB(B"PB)'B"PA=Q >0, (4.7)

where the parameter ¢ > 0 is chosen such that

max{()\N_)Q)Z 1—2/\}<§2<; (4.8)
AN+ X)) = H_j|)\?(A)|2 '

and \}(A) denotes the unstable eigenvalues of A. Furthermore, let the controller
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gain be

2BTPA
K = . 4.
(A2 + Av)BTPB (4.9)

The design parameter €2 is chosen as Q € (0,1) to ensure asymptotic consensus,
where

Q= s Pan(Q) = RNy — AN+ ) (4.10)

and

ko = |A"PBK]||, k= |K"B"PBK]|. (4.11)

We next introduce three triggering based protocols with different characteris-
tics and advantages in terms of necessary computational resources and capabilities

in reducing the frequency of communications and updates for each agent.

4.2 Protocol 1: Static Event Triggered

In this section, we develop an asynchronous triggering protocol that dictates when
agents should broadcast their state information to neighboring agents so that the
agents achieve state consensus.

The first triggering instants for all agents are chosen to be the initial time as

£ =0. Agent i determines its triggering instants {t}3°, by the triggering law
thn = min {k > 1 ¢ |2i(k = 1) = 2R 2 as(k)a(k — 1)}, (4.12)

where the threshold is a product of two variables. The first variable «; (k) takes

nonnegative values and exponentially decreases to zero. The other is §;(k) given
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4.2 Protocol 1: Static Event Triggered

() = min {5 S allee) - s 20, (@)

JEN;
where M is a positive constant. This M enables us to keep ¢;(k) bounded by a
known value. The variable ¢;(k) depends on local consensus error. The threshold
in (4.12) becomes large when the agent is far from consensus with its neighbors
and hence the control need not be very accurate. This helps in reducing triggering
instants without sacrificing convergence performance. Notice that by (4.12) it

holds
lles(k)|1? < ai(k)gi(k —1). (4.14)

The triggering protocol in (4.12) is said to be static since it involves only the
agent states z;(k), 2;(k), and 2,(k) and there is no extra variable. The triggering
law is fully distributed since each agent requires only its own and its neighbors’
state information.

We would like to present the main result for the static event-triggering pro-

tocol.

Theorem 4.2.1. Consider the multi-agent system (4.1) whose underlying graph
G is connected. Under the static event-triggering control protocol (4.2) and (4.12),

the agents achieve state consensus asymptotically.

Proof. Consider the Lyapunov candidate given by

V (k) = 6T (k)(Ix @ P)5(k). (4.15)
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4.2 Protocol 1: Static Event Triggered

We now look at the difference between its values at times k& + 1 and k as

VV(k)=V(k+1)—V(k)
= 6T(k +1)(Ix ® P)o(k + 1) — 67 (k)(Ix @ P)5(k).

We drop the time index & to simplify the notation. Then by (4.4),

VV =[In®A—~L®BK)§ — (L® BK)e|"(Iy ® P)
[(Iy®A—L®BK)j— (L® BK)e] — 6 (Iy ® P)J
=6"[Iy @ (ATPA— P)]6 — 20" (L ® ATPBK)§ — 20" (L @ ATPBK)e
+6"(L® BK) (Iy ® P)(L ® BK)§ + 20" (L ® BK)"(Iy ® P)(L ® BK)e

+e"(L® BK)"(Iy ® P)(L ® BK)e. (4.16)

By (4.6), we bound the first and second terms of the far right-hand side of
(4.16) as

N
"Iy ® (ATPA— P) = 2(L® ATPBK)]§ < Y _6[[ATPA— P — 2)\;A"PBK]j;,
=2

where 6 = (UT ® I,,)8. Note that by (4.5) and the definition of U, it holds é; = 0.
From (4.8) and (4.9), we have

6T Iy ® (ATPA - P) —2(L ® A" PBK))§

N
. ATPB .
<> O/[A"PA-P — (1 - (*)p5pm B PAJS;.
— BTPB
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4.2 Protocol 1: Static Event Triggered

We can further rewrite this using (4.7) as
N N
"Iy ® (ATPA— P) = 2(L® ATPBK)]§ < =) " 67Qd;i < —Xuin(Q) > _ 10|
=2 =2

We now bound the cross-terms in the third term of (4.16) using Young’s

inequality: a’b < 1{ja||? + 3||b||* for a,b € R" as

N N N N
—20"(L @ ATPBK)e < kg > N0l + D llesll” < oAy D 16017 + D llesll®,
i=1 i=1

=2 i=1
where kg is given in (4.11). Similarly, we bound the fifth term of (4.16) as
N ) N
26"(L ® BK)"(Iy ® P)(L® BK)e < &3> M6 + > Jlel|?
=2 i=1

N N
< AN D ISP+ el
i=1 i=1

where k; is given in (4.11).

We now bound the fourth term of (4.16) using (4.11) and (4.6) as
N ) N
0"(L® BK)"(Iy ® P)(L® BK)S < k1 »_ N[16:]1* < ki Ay > 161>
i=2 i=1
Similarly, the last term of (4.16) can be bounded as
N N
e"(L®BK)"(Iy® P)(L® BK)e < k1 Y _MJl&]” < mAy > lledl”,
i=1 i=1

where ¢ = (U @ I,)e .
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4.2 Protocol 1: Static Event Triggered

Combining all the terms obtained above, we have from (4.16)

N N
VV < ~Dain(@) — 60N — 1A (L4 £ A3 DG + 2+ mdd) D llell”.
=1 i=1
(4.17)

From (4.13) and (4.14), we have

N
VV < —Pain(Q) — 6505 — k1A (1 + 51 0%)] Z 16117 + (2 + K1 A% ) Qmax (k) N M,

i=1
(4.18)
where aupax (k) = max;ey o; (k). Hence from (4.10),
V(k+1) < (1 -V (k)+ A (k),
where
AL(E) = (24 51 A% amax (k) N M. (4.19)

Note that 2 € (0,1) from (4.10) and moreover, aumax(k) is exponentially de-
creasing to zero. Thus, it follows that V' (k) — 0 as k — oo. This implies that

consensus is obtained asymptotically by the multi-agent system. O

The proposed event-triggered control can be viewed as an extension of the
consensus protocol in [64] from the scalar-integrator agent case to the case of
agents with linear dynamics. We also note that our controller design process is
based on the approach of [96]; there, it is shown that the solvability of the Riccati
equation in (4.7) is a necessary and sufficient condition. We have additional
technical assumption on (, which is the lower bound expressed as 1 — 2\, in

(4.8). This design constraint may have a limited effect especially when the second
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4.3 Protocol 2: Dynamic Event Triggered

largest eigenvalue of the Laplacian is large as Ay > 1/2.

4.3 Protocol 2: Dynamic Event Triggered

In this section, we extend the static triggering protocol from the previous section
to the dynamic version. The intuition behind the dynamic triggering law is to
regulate the threshold dynamically for each agent based on the state information
of itself and neighbors. With the static triggering law, the threshold associated
with the state error becomes smaller and smaller as the system approaches con-
sensus. This may lead to frequent triggering instants. The dynamic triggering
law that we propose employs an internal auxiliary state variable for each agent
to regulate its threshold. This approach is based on the static triggering protocol
(4.12) and is also fully distributed.

Agent 7 employs an internal dynamic variable y; satisfying the update rule

given by
Xi(k 4+ 1) = Bixi(k) + ai(k)gi(k — 1) — [le (k)% (4.20)

where the initial value is set as x;(0) > 0 and the parameter 5; € (0,1) is to be
designed. This variable x;(k) will be used in the dynamic threshold and will help
us in reducing triggering frequencies compared with the static-triggering protocol.

The first triggering instants for all agents are chosen to be the initial time as

£ =0. Agent i determines its triggering instants {t;}3°, by the triggering law

with ¢;(k) and x;(k) given in (4.13) and (4.20), respectively. We also take 6; > 0.
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4.3 Protocol 2: Dynamic Event Triggered

Using (4.21), we can easily show that for all k

O: (lle:(R)|I* — as(k)di(k — 1)) < xi(k). (4.22)
This implies

eI < 5 ((h) + b (R~ 1). (1.23)

Take the parameter 6; such that

1
0; > —. 4.24
5 (4.24)
On the other hand, we can show that y;(k) is positive for all k. This is because

from (4.20) and (4.22), we obtain

Thus, by (4.24), it follows

xi(k) > <5¢ - %) xi(0) > 0. (4.25)

)

We should highlight that the dynamic triggering protocol (4.21) is a general-
ization of the static triggering protocol (4.12). In particular, by taking the initial
values of the auxiliary states x;(0) to be zero (and hence x;(k) = 0 at all times),
the two protocols coincide. Further, by taking larger positive values for x;(0),
the threshold remains large and thus the number of triggering instants can be
reduced with the dynamic event-triggering protocol. This can be seen from (4.21)
and (4.25).

The main result for the dynamic event triggered protocol is stated below.
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4.3 Protocol 2: Dynamic Event Triggered

Theorem 4.3.1. Consider the multi-agent system (4.1) whose underlying graph
G is connected. Under the dynamic event-triggering control protocol (4.2) and

(4.21), the agents achieve state consensus asymptotically.

Proof. This proof follows similar steps as in that of Theorem 4.2.1. We use the
same Lyapunov candidate from (4.15) and upper bound its time difference as in

(4.17). Then, we obtain
N N
VV < =Dain(@) = 60N — 1A (L 4+ £ A6 + 2+ mdi) D el
i=1 i=1
The inequality in (4.23) implies

N
VV < —Pain(@) = koA — ma AL (1 4+ mA)] D 116017

=1

al 2+ 1102
+ (24 K1AY) Z@i(k)@i(k - 1)+ (#) ZXi
i—1

mini 91 1
1=

From (4.19), we can show
N N
VV < ~Dain(Q) = KgAR = miAR (L +wAR)] Y 6l + Avlk) +#2 ) i
i=1 i=1

2+kK1 /\%\,

where ko = e O

. As we have seen earlier, from the form given in (4.19), A, (k)

exponentially converges to zero. By (4.10),
N
VV < —QV (k) + Ag(k) + 52 Y xa(k). (4.26)
i=1

Now, by (4.20), (4.23) and (4.25)
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4.4 Protocol 3: Self Triggered

Therefore, we can bound y;(k), which goes to zero by (4.24). Hence, from (4.26),
it follows that V(k) — 0 as k — oo. This implies that consensus is obtained

asymptotically by the multi-agent system. O

4.4 Protocol 3: Self Triggered

As mentioned in section 3.4, one weakness of event-triggered schemes is that the
agents require constant monitoring of the current state of the system to determine
control update instants. In this section, we present self-triggered control strategy
wherein each agent only needs to make updates/broadcasts at its own triggering
instants and listen to its neighbors at their triggering instants. To this end,
each agent must find an estimate of its future state at the time of making a
transmission. We present how this can be done.

First, recall that the agents update their states based on (4.1) and (4.2) as

zi(k+1) = Azy(k) — BK Y ay(&:(k) — &;(k)). (4.27)

JEN;

Because of the event-based protocol, the state of agent i at step k € [t],t], ) can

be expressed as

5 (K) = A () — 3 AR Y ay (1) - 35(0)

=t} JEN;

where ¢! is the latest triggering time of agent 7. By definition of the triggering
times t! for agent i, we have z;(t!) = 2;(k). Thus, the error e;(k) = #;(k) — z;(k)
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4.4 Protocol 3: Self Triggered

can be expressed as

k—1
ez(k) = ZAkililBK Z Q5 Uzj(k) -+ |:[ — Akit;:| Q?l(t;)
1=t} JEN;

where we set u;;(k) as the difference in the broadcast values of agents i and j:
uij(k) = Zi(k) — (k).

We need to emphasize here that u;;(k) may not be constant for all k € [t],t], )
since neighbors may trigger any time in this interval. Consequently, it is hard
to know the value of e;(k) in the interval k € (¢,¢;,,). To proceed to find
some estimate on e;(k), we next look for an upper bound of w;;(k). Then the
next triggering instant 41 can be determined at current triggering instant tl
accordingly.

Our approach here is to ensure that the error e;(k) decreases exponentially as

les(k)|| < n vz, (4.28)

where > 0 and v € (0,1).
We now provide the protocol based on self-triggered control. First, the design

parameter W is chosen as ¥ € (0, 1), where
T=1-0Q. (4.29)

Also let
I = (2+ rm\y)Nn>. (4.30)
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4.4 Protocol 3: Self Triggered

Furthermore, we introduce the following function to be used by agent i:

k-1
(k) = | [1— 4] )| + || S0 4 1BE S (8 — 1) ayg ()
1=t} JEN;
k—1 t?j_l
+ ZAk_l_l Z aij Z 20 % + f(m)||, (4.31)
1=t} JEN; m:t{Jrl
where

tii(k) = min{kz,t{jﬂ} and ¢, (k) = max{k,t{jﬂ} for k€ [t} ,t ,,) and (4.32)

f(m) = {%(P) (97" Vinas + ‘Pg—:zmr)} - (4.33)

The parameter V., in (4.33) must be chosen so as to upper bound the initial
value of the Lyapunov candidate as V(0) < Vjyax. Such a bound can be found in
practice if the agents’ state values are known to start in a certain interval.

The first triggering instants for all agents are chosen to be the initial time as
ti = 0 for the self-triggering algorithm. Agent i determines its next triggering

instants {¢/}7°, by the triggering law

IMIES

}. (4.34)

thq :min{k>t§:gi(k) >0y

We must note that in this triggering law, g;(k) in (4.31) increases while */2
decreases with respect to k € [t],t,,). Hence, given the past triggering instant ¢;
agent i can determine the next one ¢/, by solving (4.34).

We now propose the self-triggered protocol to solve state consensus problem.

Its capability to achieve state consensus is guaranteed by the following theorem.
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Theorem 4.4.1. Consider the multi-agent system (4.1) whose underlying graph G
is connected. Under the self-triggering control protocol (4.34), the agents achieve

state consensus asymptotically.

Proof. We again use the Lyapunov candidate in (4.15). Its time difference can

be upper bounded as in (4.17) in the proof of Theorem 4.2.1:

N N
VV < ~ain(@) = mAY = KAR (L + w0 X)) D I8P+ 2+ miA%) Y el
i=1

i=1
We can further bound VV using (4.28) as
VV < =QV(k)+ (24 miAy) Np*y~.
From (4.29) and (4.30), we have
V(k+1) < W V(k) + T,

By iteration we can write

k—1
V(k) S \I’k Vmax + Z \I’k_l_l Ff)/l = qjk Vmax +

=0

\I/k—’yk

I
U —

We now find an upper bound on ||z;(k) — x;(k)||. This is done using (4.33) as

i (k) = 25 (k)|| < [lzi(k) = Z(R)| + [lz;(k) = Z(R)]]

2 qjk _ ,.yk: 1/2
< vtV + —T
o |:>\min(P) ( + Y >:|

= [ (k).
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4.5 Numerical Example

We thus obtain an upper bound of |lu;;(k)|| as

[wi (R)[| = ||2:(k) — 2;(K)]
< | #i(k) — (k)| + [|wi(k) — 25 (R)|| + [l (k) — 2;(k)|]
<27 + f(k). (4.35)

Next, we proceed to find an upper bound of [le;(k)||. At time t!, agent i
already knows ¢, z;(t]), and ¢/, , for j € N;. We know that u;;(k) is constant for
k € [t;, t};] where tj; is given in (4.32), and for k > t;;,

by (4.35). Hence, we have

it can be upper bounded

k—1
les(hll < |[[1 = A% aatep) | + | 32 A BE Y agug (k)| < aulh). b €[4 ,0).
1=t} JEN;

that is, g;(k) bounds ||e;(k)|| from above. Hence, under the self-triggering law of
(4.34), it holds that

k i 40
les(R)II < m vz, VE €[t t,).

Therefore, all state errors decrease exponentially. This indicates that the multi-
agent system following the self-triggered control law achieves state consensus

asymptotically. O

65



4.5 Numerical Example

10 —Agent 1

Agent 2
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0 ;% S————— —Agent 4
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—Agent 3
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Time k

- 5

States x°
o

Figure 4.1: State evolutions under the nominal control (4.2)

4.5 Numerical Example

We consider the same six-agent network shown as Fig. 3.2 in Section 3.5. Each

agent has the system and input matrices of the form

1 0.0503] . [0.0489
0 0.9763| 0.0296

The controller gain obtained from (4.9) is K = [5.75 1.95]. In the simulations,
we start with the nominal protocol with computation at every step k (i.e., we
use (4.2) after replacing #;(k) with z;(k) for all i € V). We next illustrate
the performances of the proposed static, dynamic and self-triggering protocols;
to focus on the comparison of the number of events triggered, we choose their
parameters so that the convergence rates for the three protocols are similar.

In the first part of the simulations, we fixed the initial states as

1.6 —3.3 —7.9 8.4
.Tl(O) - ) .732(0) = ) IS(O) = ’ .T4(O) - s
2.7 —1.5 6.2 —4.3
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States x°
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Time k

70
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Figure 4.2: State evolutions under the static triggering law (4.12)

T T T T T T T T T
GT** * ok ok * * * ok kK * ok Kk ok * * * K
5 =
0
Q
%4 * % I R * % * ok * * -
c
%3 * % * * * ok x ok kX * ok ok K * ok * *
(=]
<
24 * * * * * ¥ * * * * S+
1% % * * % * ¥ ¥ * % * * * *
1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Time k

Figure 4.3: Triggering instants under the static triggering law (4.12)

2.5
3.5

) x6<o) =

—-2.1

—6.3

and obtained the state evolutions. Fig. 4.1 shows the result under the nominal

protocol. State consensus is achieved by all the agents in the network. For the

static event-triggering protocol (4.12), we set the variable o; = 0.1. The state

responses of agents are presented in Fig. 4.2 and the corresponding triggering

instants for each agent are shown in Fig. 4.3. The average number of triggered

events per agent is 16.33 times in 100 steps. The state evolutions roughly follow
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the same convergence rates as the nominal protocol.

10

—Agent 1
—Agent 2
—Agent 3

States x*

—Agent 4
Agent 5
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_10 1 1 1 1 1 1 1
70

80 90 100

10

—Agent 1
—Agent 2
—Agent 3
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—Agent 4
Agent 5
—Agent 6

_10 1 1 1 1 1 1 1
50 60 70

Time k

80 90 100

Figure 4.4: State evolutions under the state-independent thresholds
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%3*************************
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| | | | | | | | |
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Time k

100

Figure 4.5: Triggering instants under the state-independent thresholds

We now make comparisons with conventional case, i.e., event-triggered con-

trol with state independent threshold. We set the threshold value as 0.1e=0%.

The state evolution and the corresponding triggering

instants for each agents are

shown in Figs. 4.4 and 4.5, respectively. It is clear that this protocol demonstrates

similar convergence rates but with more transmissions.

Next, we examine the dynamic event-triggering protocol (4.21). The value

of the common parameter «; is taken the same as above. We chose the design

parameters [3;
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10 —Agent 1
- —Agent 2
—Agent 3
—Agent 4
Agent 5
—Agent 6

States x*
o

_10 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

10 —Agent 1
- —Agent 2
—Agent 3
—Agent 4
Agent 5
—Agent 6

States x°

0 10 20 30 40 50 60 70 80 90 100
Time k

-10

Figure 4.6: State evolutions under the dynamic triggering law (4.21)
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Figure 4.7: Triggering instants under the dynamic triggering law (4.21)

for each agent are shown in Figs. 4.6 and 4.7, respectively. Compared to the static
triggering law, the dynamic one generates less triggering instants. This can be
seen from Figs. 4.3 and 4.7. The average number of triggered events per agent
is 12.83 times in 100 steps. From these results, we observe that the frequency
of events can be reduced by using event-triggering protocols and especially the
dynamic version.

Third, we discuss the self-triggering protocol (4.34). We selected the param-

eters 7 = 20 and v = .99. The state evolution with self-triggered control law is
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Figure 4.8: State evolutions under the self triggering law (4.34)
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Figure 4.9: Triggering instants under the self triggering law (4.34)

presented in Fig. 4.8 and the corresponding triggering times for each agent are
shown in Fig. 4.9. We observe that with the self-triggered control, the agents
arrive at state consensus with about the same convergence performance as the
other two proposed protocols. However, it is evident that the number of triggering
instants are much higher.

In summary, we observe that the proposed protocols perform well in achiev-
ing state consensus at convergence rates similar to the nominal control law with

different characteristics in terms of transmission frequencies and necessary compu-
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tational resources at agent levels. The dynamic triggering protocol is particularly

effective in reducing the number of triggering instants.

4.6 Formation Control Example

In this section, we discuss the event-triggered control protocol to solve the for-
mation control problem of MAS. We consider the agents with double-integrator
dynamics in discrete time given as
1,
pi(k+ 1) = pi(k) + Tovi(k) + 57 u;(k),
vi(k+1) = v(k) + ou;(k), 1€V, (4.36)

where p;(k) € R and v;(k) € R are the position and velocity, respectively. The
control input is denoted by w;(k) € R and sampling period by 75, > 0. We denote
the variable (;(k) = [pi(k), vi(k)]". The agent dynamics (4.36) can be written in

vector form as

1 7 %7'82 _
Glk+1) = Gk)+ u;(k), 1€V (4.37)
0 1 T

It is known from [96] that the control protocol of the following form solves the

second-order consensus problem

wi(k) = =K a;(Gi(k) — (k). (4.38)

JEN;

where K € R'? is the feedback gain matrix.
We next discuss the formation control problem of MAS. In order to maintain

a fixed formation structure the velocity of all agents must be in consensus. Given
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the formation vector H = [hy, ..., hy|T € RY, the agent system (4.37) is said to

reach formation [50] for any initial states (;(0) if the following conditions hold:

Tin [ (pi(k) = he) = () = hy) | =0,

lim |jv; (k) — v;(k)| =0, i,j € V. (4.39)

k—o00

The formation control problem can be solved for H; = [h; 0]7 by modifying
the control protocol (4.38) as (see, e.g.,[96])

wi(k) = =K Y ai; ((Gi(k) — H) = (¢;(k) — Hy)). (4.40)
JEN;
The second-order consensus problem can be solved only for the formation struc-
tures satisfying (A — I)(H; — H;) = 0, i.e., the velocity of all agents must reach
the same value asymptotically.

It can be seen that in the control protocol (4.40) agents require exact state
information of neighboring agents to update the control input w;(k) at every step
k. We now present the event-triggered formation control protocol that can better
balance between utilization of communication resources and control performance.

The control protocol (4.40) is modified as

wilk) = =K Y ay ((G(k) = Hi) = (k) — Hy)), (4.41)

JEN;

where (;(k) is the latest broadcast state of agent i. The triggering law (4.12) is

modified as

thy = min {k > ¢ |Gk = 1) = G2 = as(k)ai(k - 1)}, (4.42)
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where the variable g;(k) is given as

60 =min {3 S aglG) ~GER My 20

JEN;

Figure 4.10: Network topology
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Figure 4.11: Formation control under the protocol (4.40)
We now illustrate a simulation example to show the formation control of the
four agent network shown in Fig. 4.10. The system and input matrices with

sampling period 74, = .25 are

1 0.25 0.031
, B
0 1 0.25

The controller gain obtained from (4.9) is K = [1.42 1.77]. The control objective
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here is that the agents evolve to form a parallelogram. The state trajectories
of agents with protocol (4.40) are shown in Fig. 4.11. We next demonstrate
the performance of the event-triggered protocol (4.42). The parameter is set as
a; = 0.01. The state evolutions of agents are shown in Fig. 4.12 and their trig-
gering instants are shown in Fig. 4.13. The agents achieve the desired formation

structure with the event-triggered protocol (4.42).
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Figure 4.12: Formation control under the protocol (4.41)
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Figure 4.13: Triggering instants under the protocol (4.41)

74



4.6 Formation Control Example

100

50

20

/]

Wi

— i~
—

Figure 4.14: Formation control under the protocol (4.41) for the complete network

4.5

4kl kK kK Kk K kK Kk Kk ok ok ok ok ok K Kk ok kK kK ok ok ok ok kK ok ok Kk K

3.5F
n
g 3
o
£25-
c
8) 2 Jeleiek: Joboleiok
<
1.5¢

1 sk ook K K kK Kk Kk k%

plolclolololololok K K K K K K ke kK K K ek K K K kK kK kK K K K K K K K K K K Kk K K Kk Kk kK

T T T T T

% ok Kk kK kKK Kk kK kK K Kk kK Kk K K Kk kK KK K kK kK K Kk kK

* Kk Kk Kk ok Kk Kk Kk Kk k Kk Kk Kk k k ¥k k k *k k ¥k k-

0.5
0 10

20 30 40 50 60 70 80 90
Time k

100

Figure 4.15: Triggering instants under the protocol (4.41) for the complete net-

work

We next demonstrate the performance of the event-triggered protocol for a

complete network consisting of four agents. The state evolutions of agents and

their triggering times are shown in Figs. 4.14 and 4.15, respectively. The agents

achieve the desired formation structure with less number of triggering instants.
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Chapter 5

Weighted Consensus in MAS
with Directed Topologies

In this chapter, we study the consensus problem in multi-agent networks with
directed topologies. This is an extension of the problem setting of the one stud-
ied in Chapter 3, which was limited to graphs with undirected topologies. We
generalize the three protocols proposed there, namely, the static, dynamic, and
self-triggering protocols to solve the weighted consensus problem in strongly con-
nected agent network. Our approach here relies on the triggering protocols that
we proposed in Chapter 3, depending on the state values received from neigh-
bors. We begin with a static version of the triggering protocol to effectively
reduce transmission and control update requirements for agents. In order to fur-
ther reduce the number of triggering instants, we employ auxiliary state variable
for each agent to regulate the threshold dynamically. The third protocol uses
self-triggering control mechanism. Each agent determines its next transmission
instant at current triggering times and send it to their neighbors along with the
state information. Simulation examples are illustrated to demonstrate the effec-

tiveness of the proposed protocols.
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5.1 Problem Formulation

5.1 Problem Formulation

We present preliminaries on graph theory [11] and the multi-agent system for the

weighted consensus problem in this section.

5.1.1 Graph Theory

Consider the network described by directed graph § = (V, ), comprised of the
node set V= {1,..., N} and the edge set £ C VxV. The edge (j,i) € € indicates
that node j can send message to node 7 and is called an incoming edge of node 1.
The set of (incoming) neighbors of node i is given by N; = {j € V : (j,7) € £}.

Moreover, the weighted degree of agent ¢ is denoted as d; = ) aj;. A directed

JEN;
graph § is strongly connected if there is a directed path from every node to every
other node in the graph. It holds that for a strongly connected graph G, the
corresponding Laplacian matrix L is irreducible.

We introduce the following lemmas (e.g., [75]) that will be useful in our de-

velopment.

Lemma 5.1.1. If L is irreducible, then zero is an algebraically simple eigenvalue

of L and there erists a positive vector & = (&1, -+, &n]|T such that ETL = 0 and
ZiGV & =1

Lemma 5.1.2. Suppose that L is irreducible. Let = = diag&y,- -+ ,&n]. Then
R = %(EL + LTZ) is positive semi-definite matriz with row sums equal to zero

and has zero eigenvalue with algebraic multiplicity one.

We denote the eigenvalues of R in increasing order as 0 = A\; < --- < Ay
Also, let us denote the matrix U = Z—££€7 and its eigenvalues in increasing order
as 0 = p; < --- < py. Then it holds that for all z € RY satisfying L 1, we

have \oz?x < 2T Rx < AyaTx and pox’z < 27Uz < uyata.
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5.2 Protocol 1: Static Event Triggered

5.1.2 System Model

Let us consider the agent network comprising of N identical agents. The digraph
G describes the interaction among agents. Each agent ¢ € V takes the dynamics

in a discrete-time integrator form given as
ik +1) = x(k) + wi(k), (5.1)

where z;(k) € R is the state and w;(k) € R is the control input for agent i at
step k € Z.. The agents are said to achieve weighted consensus asymptotically
if zi(k) — >_;&;(0) as k — oo for all 4. It is well known that consensus can be

reached through the common control protocol (see, e.g., [70]) given by

wi(k) = —e Y ai(wi(k) — 2;(k)), (5.2)
JEN;
where 0 < € < 1/dyax and dya = max;ey d;.

Agent i in consensus protocol (5.2) requires exact state information from
neighboring agents to update the control input at every step k. This may re-
sult in excessive usage of communication and computational resources. We next
introduce triggering-based control protocols that can better balance between uti-

lization of communication resources and control performances.

5.2 Protocol 1: Static Event Triggered

In this section, we present the first event-triggered protocol, which employs a
state-dependent but static threshold for determining the event times.

In our triggering-based control protocols, the control input for agent i is
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5.2 Protocol 1: Static Event Triggered

slightly modified from (5.2) to the form

wi(k) = =€ Y ay(&i(k) — 2;(k)). (5.3)
JEN;
Here, 7;(k) and 2,(k) denote the last broadcast states of agents i and j, respec-
tively.
Let 2(k) = [z1(k) - an(k)]” and &(k) = [#1(k) - - 2n(K)]T. Also, let e(k) =
Z(k)—z(k) be the vector of the errors between the broadcast state and the original

state. We now rewrite the agent system (5.1) and (5.3) in the vector form as

x(k+1) = z(k) — eLz(k)
= (k) — eLx(k) — eLe(k). (5.4)

We introduce an asynchronous triggering protocol that specifies the transmis-
sion times for the agents to interact so as to seek consensus among neighbors.
For all agents, the starting time ¢ = 0 is set as the first triggering instant. The

triggering instants {t!}7°, for agents are arbitrated via the triggering protocol

£, =min {k >t (#3(k — 1) — 23(k))° > ou(k)di(k — 1)}. (5.5)

ai(k)

-7 » Where
1

Here, the threshold is composed of two parts: The first one is «o; (k) =

oi(k) is a function that is exponentially decreasing in time. The second one is

state dependent given by

G;(k) = min {% S ay (#;(6) — a:(t)”, M} > (), (5.6)

JEN;

where M is a positive scalar, setting a known bound on the threshold. It should
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5.2 Protocol 1: Static Event Triggered

be noted that under the triggering protocol (5.5), we have
lei(k)]* < ai(k)qs(k — 1). (5.7)

We now state our first result for the multi-agent systems under the static

event-triggered protocol.

Theorem 5.2.1. Consider the multi-agent system (5.1) with the strongly con-
nected underlying communication digraph G. The event-triggered control protocol

(5.3) and (5.5) achieves weighted consensus asymptotically.

Proof. As a Lyapunov candidate, we employ
V(k) = [x(k) = T(k) 1] E[z(k) — T(k)1x] = 2T (k) Uz (k), (5.8)

where the group decision value is the weighted average given as T(k) = Y.y §&4(k).
It is decided by the left eigenvector £ associated with A = 0 of L. It is easy to

check that this value Z(k) remains constant over time, that is,
Z(k+1) = T [w(k) — eLa(k)] = z(k). (5.9)

We now examine the difference between Lyapunov candidate values at times

k + 1 and k given by
VV(k)=V(k+1)—-V(k).
From (5.4) and (5.9), we have

VV (k) = [2(k) — eLi(k) — T(k) 1) =[x (k) — eLi(k) — T(k)1x]
— [x(k) = Z(k)1n]" = [z(k) — Z(k)1x].
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5.2 Protocol 1: Static Event Triggered

For simplicity, we drop the time index k. Then, we get

YV = [(@ — 71y) - eLi] E|(@ — T1y) - eLi] — (¢ = T1x) E(w — T1y)
=—2¢(¢ —¢)'=Li + 22" L"=L3
= — 2ei"EL¢ + 2ee" =L + 3 L= L. (5.10)

We next apply the inequality ab < a® + %bz, Va,b € R, to the second term of
(5.10) in order to get its upper bound as

el =L < Z Z fiaije? + i Z Z giaij(.’i'i - fﬂj)Q

1€V jEN; i€V jEN;
1
< Gdie} + QxT:Lx.
1€V

For the third term in (5.10), using the relation (> 7_, vk)* < p> v_, yi for any
Yi,...,Yp € Rand p € Z; from the Cauchy—-Schwarz inequality, we have

ATITSh — Zfi [ Z aij(#; — j;j)r < Z d; Z &Gagi(&; — ;)

i€V EN; i€V jEN;

AT — 7 A
< 2dmax max?” ZLT,
where amax = max; jev a;;. Then, we get

VV < —(€ = 26dnax Omax) " ELE + 26 > Eidse?. (5.11)

i€V
Now from (5.7) and then (5.6), we have
VV < —(€ = 26 inax Oma) 3T 2L + Y &03(R)Gi(k — 1)

i€V

< —(e— 262 pax amax)iT(k)ELi(kJ) + EmaxOmax (k) N M, (5.12)
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5.2 Protocol 1: Static Event Triggered

where Epax = max;ey & and opax (k) = max;ey 0;(k). We note that

2TZLr = (2 — e)TEL(2 — e) < 227ZEL3 4 2¢"ELe

< 22TZLg + 2||ZL ||| el (5.13)
We now use (5.7) in (5.13) to get

o (k)ELx(k) < 227 (k)ELE(K) + 2| ZL) > ai(k)gi(k — 1)

eV
=L NM
< 257 (K)2La (k) + 2L omax (k) |
6dmin
where d,i, = min;ey d;. Therefore,
AT(k)ELi(k‘) > §$T(k‘)ELm(k) _ I H; . (k) ‘
€min

A
VV < ——(e — 2% dpax amax)—2V(k
KN
1 - 2 dmax max
+0max(k>NM gmax—i_ ||ELH ‘ ¢ :
2dmin
Now let
9—1(6—26261 a )ﬁ (5.14)
2 max max /l,N‘ .

Take the parameter € in (5.3) to be small so that 2 € (0, 1) holds. Then, it follows
that

V(k+1) < (1 -V (k) + A(k),
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5.3 Protocol 2: Dynamic Event Triggered

where

(5.15)

—_ 1 - 2Edmax amax
Ay (k) = Omax (k)N M (fmax =L~ )

Recall that Q € (0,1) and opax(k) is exponentially decreasing to zero. As a result,
V(k) — 0 as k — oo. From (5.9), we conclude that weighted consensus can be

reached asymptotically over the directed network. O

In this section, we have introduced the static event-triggered update rule for
networks having directed topologies. This update rule in fact takes a very similar
form as the one for undirected networks studied in Section 3.2. As we will see,
the same holds for the other two protocols as well. This aspect may highlight
the generality of this framework of the event-triggered protocols. In the proofs
of consensus results, however, the Lyapunov functions used are different for the
undirected and directed cases: For the former, we use [z(k) — Z(k)1y]"[z(k) —
Z(k)1y] and for the latter [z(k) — Z(k)1n]TZ[z(k) — Z(k)1y]. These Lyapunov
functions are consistent with those used in the conventional consensus schemes
(see, e.g., [11]). It is noticed that for the directed topology case, the eigenvector
¢ of the Laplacian L plays a crucial role in the proof though in the protocol itself,

there is no need for the agents to have such global information.

5.3 Protocol 2: Dynamic Event Triggered

In this section, we introduce the dynamic event-triggered protocol to further
reduce the triggering times for agents. In this protocol, each agent regulates its
threshold dynamically by having an auxiliary state variable.

Each agent ¢ entails y; that follows the update rule

Xi(k +1) = Bixi(k) + 03(k)Gi(k — 1) — 2ed;e; (k), (5.16)
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5.3 Protocol 2: Dynamic Event Triggered

where x;(0) > 0 and 3; € (0,1).
For all agents, the starting time ¢, = 0 is set as the first triggering instant. The

triggering instants {t!}7°, for agent i is set via the following triggering protocol:

ti,, = min {k: > 111 0;[2ed; (35(k — 1) — 24(k))” — ou(k)ai(k — 1)] > Xi(k:)}.

(5.17)
The design parameter is §; > 0. It holds from (5.17) that
0;(2¢d;e} (k) — oi(k)ai(k — 1)) < xi(k) (5.18)
at all time k, that is,
1
2(k) < ; oi(k)gi(k —1)). 1
) < g (k) + 0 Rk — 1) (519)
We select the parameters #; so that
6 > (5.20)
B '
Now from (5.16) and (5.18), we get
1
xi(k+1) > (B — 0 Xi(k).
The auxiliary variable y;(k) is always positive under (5.20) as
1\F

It is apparent from (5.18) that when 6; is very large, then the dynamic protocol

reduces to the static protocol. Larger values for x;(0) at the initial time may result
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in longer intervals between events. This can be seen from (5.17) and (5.21).
Setting x;(0) = 0, these protocols coincide. Furthermore, since we select the
threshold parameter x;(0) > 0, it remains large, which helps in reducing triggering
times for agents compared with the static version.

We now present the main result for the dynamic event-triggered protocol.

Theorem 5.3.1. Consider the multi-agent system (5.1) with the strongly con-
nected underlying communication digraph G. The event-triggered control protocol

(5.3) and (5.17) achieves weighted consensus asymptotically.

Proof. We consider the Lyapunov candidate given by (5.8). We follow the similar

process as it was done in the proof for Theorem 5.2.1:

VV < —(€ = 26 dmax amax) @ (R)ELE(K) + 2>~ &idie? (k). (5.22)
1€V

Using (5.13) and (5.19), we have

EL||omax(k . =L
T (R)ELa(k) < 207 (W)ELa (k) + =2 Tmax() Y Gk —1) + =L Y xilk)
1€V

emin; d; g e min; 0,d;
< 287 (k)ELa (k) + HEL'"’Qjm"ik)NM H}L'Efy 7 ;xi(k).
We use the above relation in (5.22) to obtain
VvV < —%(e — 26 dipax Amax )2 (k)ELx(k)
Ol DN (s + S )
i [CEESXMRRER TR 0 P

i€V
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From (5.15), we have

1 A
VV < == (€ = 26 unax Gmax)—V (k) + Mg (k) + K1 ) xa(k)
2 1N i€V
where K; = [EEI0= 2€d§"“m"ni“;z)+2d“‘”€m“ We recall that A;(k) goes to zero expo-

nentially. From (5.14), we have
VV < —QV (k) + Ay(k) + K ) xa(k). (5.23)
i€V

Now, by (5.16) and (5.19),

xi(k+1) < (ﬁz ) (k) + 20,(k)M.

Hence, we can bound x;(k), which goes to zero by (5.20). From (5.23), it follows
that V(k) — 0 as k — oo. This implies that weighted consensus is obtained

asymptotically. O

5.4 Protocol 3: Self Triggered

We notice from (5.5) and (5.17) that the static and dynamic event-based trig-
gering protocols require continuous monitoring of agent states, which can require
extra energy. This aspect can be improved if each agent makes predictions regard-
ing its time for the next triggering based on current states. This is the underlying
idea of the self-triggered control mechanism to be discussed in this section.

We recall that agents update their states using the protocol (5.1) and (5.3) as

zi(k+1 —eY ay(d (k). (5.24)

JEN;
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i

Following the event driven protocol, the state of agent ¢ at k € [t],¢],,) can be

written as

k—1
(k) = zi(t]) — e Y Y ay (1) — &5(1)),
=t} JEN;
where ¢! denotes the most recent triggering instant of agent i. We express the

broadcast error e;(k) = Z;(k) — x;(k) as

k—1

ei(k) =€ > aguy(l),
1=t} JEN;

where u;; (1) = z;(1) — 2;(1).

We note that as the neighbors might trigger at any point in the interval
k € [t;,t;.,), u;(k) may not be a constant in this case. As a consequence,
determining the value of e;(k) in this interval is difficult. In order to obtain an
estimate on e;(k), we need to determine an upper bound of w;;(k). This will
enable us to make an estimate on the future triggering time ¢}, at ¢].

Our strategy is to guarantee that the error e;(k) goes to zero exponentially

under the bound

ea(k)] < =%, (5.25)

where the design parameters are n > 0 and v € (0, 1).
We now present the self-triggering algorithm. First, for the control protocol

(5.24), the parameter € should be taken small enough that ® € (0, 1), where

A
®=1— (€ — 4 dpax) —. (5.26)
UN
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Also let
[ = 2¢(1+€)Nn?. (5.27)

Moreover, we define the following function to be used later:

) =¢ ZZ“U )

1=t} JEN;

+ek§z% %:1 [(\/_ \/—>’V + f(m )]

I=t; JEN:  m=t]

where t};(k) = min{k,t{jﬂ}, and t7;(k) = max{k, t{jﬂ} for k € [t} .t} ,,). More-

over, let

pm — ,ym 1/2
m) = 2<q>mvmax —r) , 5.28
o = | + 5= (5.28)
where m > 0 and Vj,.x satisfies V(0) < Vi, i.€., it serves as an upper bound on
the Lyapunov candidate at the initial time.

For all agents, the starting time ¢, = 0 is set as the first triggering instant. The

triggering instants {ti}7°, for agent i is set via the following triggering protocol

i : i no_k
41 = mm{k >t gi(k) > \/d_i’yz}' (5.29)

It is worth noting that in (5.29), g;(k) is a function of the current state values of
the neighbors of agent ¢ and itself and increases while v%/2 exponentially decreases
over k € [tj,t,,). Hence, at any triggering time ¢}, agent ¢ can calculate in real
time from (5.29) its next triggering time ¢} ;.

The following is the third result of this chapter, concerning multi-agent sys-

tems employing the self-triggered protocol.
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Theorem 5.4.1. Consider the multi-agent system (5.1) with the strongly con-
nected underlying communication digraph G. The self-triggered control protocol

(5.29) achieves weighted consensus asymptotically.

Proof. We follow the similar process as the one in the proof for Theorem 5.2.1

by employing the same Lyapunov candidate from (5.8):

VV = 2ex"ZLx — 2ea"ZLe + (x +e) ' L"ZL(z + ¢)
2 4qi 2 2 2
< —2¢ Z §iqi + 2¢ Z Gidie; + 2¢ Z 5@'5 +4e Z §idiq; + 2¢ Z die;,

i€V i€V i€V i€V i€V
where
1 2
JEN;
We can further bound VV using (5.25) as

1€V eV

A
< —(e— 462dmax)u—2V(k) + 2¢(1 4 €)N*A".
N

From (5.26) and (5.27), we obtain
V(k+1) < OV (k) + T~

Using linear iterations, we have

k—1
V(k) < O Vipax + Yy OFTH

=0
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We next proceed to find an upper bound on |z;(k) — z;(k)| using (5.28) as

|zi(k) — x;(K)| < |2i(k) = Z(O)] + |2; (k) — 7(0)]
< \/Z(I%'(/f) —Z(0)? + [z;(k) = Z(0)]?)

k. k 1/2
< (ot + )
¢ —v

= f(k).

An upper bound on |u;;(k)| can be found as

< [Zi(k) = (k)| + [2i(k) = 2;(R)| + |z (k) — 5 (F)]

< ( 'rzdi " \/Wd_]> vi + f(k). (5.30)

We are now going to find an upper bound on |e;(k)|. At time ¢}, agent i has

information on #, x;(t]), and t]

141 for j € N;. It follows that u;(k) is constant

for k € [t!,t}.] and for k > tilj, we can upper bound it by (5.30). Thus, we have

AR

> a,-ju,-j(k;)‘ < gi(k), k € [t} t1,1),
that is, |e; (k)| is bounded by g¢;(k). Therefore, using self-triggered protocol (5.29),

we arrive at

Ly
Vd;

IME

lei(k)| < , Yk € [t t))-

Hence, the agent network asymptotically achieves weighted consensus under the

self-triggered protocol. O
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Figure 5.1: Network topology
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Figure 5.2: State evolutions under the original protocol (5.2)
5.5 Numerical Example

We consider the strongly connected digraph comprising four agents shown in
Fig. 5.1. The left eigenvector corresponding to the zero eigenvalue of its Lapla-
cian is €7 = [0.03 0.21 0.28 0.48], which satisfies the conditions 7L = 0 and
Y icv&i = 1 as given in Lemma 5.1.1. The initial states for agents are set as x(0)
= [2,5 79 —34 4,2]. The objective is to achieve consensus on the weighted
average of these initial states, which is T(k) = 2.85. The state evolutions of
agents using original control protocol (5.2) with communication at every step k
are shown in Fig. 5.2. We observe that the agents reach weighted consensus. We
next examine the performances of the proposed protocols in terms of convergence
rates and numbers of triggering times for agents. Their parameters are chosen so

that the protocols have similar convergence rates.
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Figure 5.3: State evolutions and triggering instants under the static event-
triggering law (5.5)
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Figure 5.4: State evolutions and triggering instants under the state-independent
triggering law

First, we look at the results of the static event-triggered protocol (5.5). The
parameters are set as € = .03 and o; = 0.1. The state evolutions of agents and
their triggering instants are shown (with their corresponding colors) in Fig. 5.3.
It can be seen that the network achieves weighted consensus. Each agent triggers
17.25 times in 70 steps on average. Note that agent 1 is triggered most frequently
under this protocol.

We now make comparison with the conventional event-triggering protocol
from [81] employing the threshold 0.1e7%%% which is independent of the state.

The state evolutions for individual agents and their triggering times are shown
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in Fig. 5.4. We observe similar convergence rates as the static protocol however
with about 25% more triggering times. Each agent triggers 21.75 times in 70
steps on average.

Next, we examine network performances with the dynamic event-triggered
protocol (5.17). We used the same values for the parameters € and o; as in the
static event-triggered protocol. We set the other parameters as 6; = .60, 8; = .35,
xi(0) = 10 and 6; = 10. The results are presented in Fig. 5.5 in a similar fashion
as above. It can be noticed from Figs. 5.3 and 5.5 that the triggering instants
are less with the dynamic protocol when compared with the static version. In
the dynamic case, the average number of triggering times per agent is 13 in 70
steps, about 30% less than the static triggered case. We point out that the agents
demonstrate similar convergence rates as in the other protocols though the level
of oscillations in their states in the initial phase seem more rough. Also, there is
no particular period where events occur more often, and for agent 1, the number
of transmissions has especially decreased. This seems to indicate that the event
times are more carefully chosen by the dynamic event-triggered protocol.

We finally discuss the performances with the self-triggered protocol (5.29).
The parameters are set as n = 10 and v = .99. The simulation results are shown
in Fig. 5.6. It can be observed that the convergence rates of the network are
similar for all the proposed protocols. The number of triggering times are higher
with self-triggered protocol. Agents 1 and 3 have the maximum weighted degree,
which may be the reason of more events at these nodes.

We highlight that the proposed protocols provide different options for achiev-
ing consensus in agent networks. They exhibit different characteristics in terms

of both convergence and communication/control update requirements.
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Figure 5.5: State evolutions and triggering instants under the dynamic event-
triggering law (5.17)
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Figure 5.6: State evolutions and triggering instants under the self-triggering law

(5.29)

5.6 Resilient Consensus Problem

Cyber physical systems are synergistic integration of communication, computa-
tion and control combining both physical devices and cyber layer. The com-
munication network in CPS is prone to malicious attacks, making security and
reliability the prime design concern. The two common category of attacks are
denial-of-service (DoS) attacks affecting the timeliness of information exchange
and deception attacks deteriorating the reliability and integrity of data [21]. We
focus our attention on DoS attacks [15] that can considered as partial or total

interruption of communications.
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5.6 Resilient Consensus Problem

We consider event-triggered resilient consensus problem of MAS in discrete
time under DoS attacks. In continuous-time setting there are few works which
address this issue [28], [92]. The objective of the attackers is to destroy consensus
by denying the communications between agents. We assume that the DoS attacks
simultaneously affect both the measurement (sensor to controller) and the control
(controller to actuator) channels.

We recall the fundamental case of MAS with single-integrator dynamics de-

scribed as

The distributed event-triggered implementation of controller for agent ¢ under

Dos attacks is given by

0, under DoS
w;(k) = (5.31)

—€> e, @ij(2i(k) — 2;(k)), otherwise
We now introduce the class of DoS attacks considered in our study. The
network may not reach consensus if the DoS attacks are active at all times. We
assume that there exist I1; > 0 and v4 € [0, 1] such that for k& € Z, , the duration

of DoS attacks are confined by
(I)d(k‘) <II;+ I/d(k>. (532)

Here v, is the fraction of sampling times under attacks. The value II; > 0
enables the attack to be active at time 0. This type of model for DoS attacks
are considered in continuous time setting [21], [79] as well as in discrete time
framework [26], [46].

In the presence of DoS attacks, the Lyapunov function evolves in two modes.
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5.6 Resilient Consensus Problem

In nominal mode when there are no attacks, the network evolves under the static
triggering protocol 5.5 as discussed in section 5.2 while it evolves as constant
under disruptions. We next find bounds on Lyapunov functions in both modes

as

AV (k), A = 1,under DoS
Vik+1) < (5.33)

(1 =)V (k) + Ay(k), otherwise
Here, the design parameter ¥ is chosen as ¥ € (0,1), where ¥ = 1 — Q. The
Lyapunov function in multiplicative form can be given as
k=g (k)—1
Vik) < (,Ilkf@d(k) 4 Z \Ijkf%(k)fqul(l)>A<1>d(k)v(O>

=0
k=P g(k)—1
< \I{k_nd_Vd(k)A‘bd(k)V(O) + Z \I/k—@d(k)—l—lAl(Z)Aq’d(k)v(o)
=0
k—®4(k)—1

b
< PETea®y o) 4 YT WA (ATBV(0). (5.34)
=0

Note that ¥ € (0,1) and the last term in the inequality 5.34 is exponentially
decreasing to zero. Thus, it follows that V' (k) — 0 as k — oo. This implies that
average consensus is obtained asymptotically under DoS attacks.

We consider the MAS network shown in Fig. 5.7 under DoS attacks. We
assume that all communication links fail simultaneously during the disruption
period. We examined the static-triggering protocol (5.5) to solve consensus prob-
lem in presence of DoS attacks. The state responses of agents are presented
in Fig. 5.8 and the corresponding triggering instants for each agent are shown in
Fig. 5.9. The shaded areas represent the DoS attack intervals. The agents achieve
weighted consensus with slower convergence compared with the case without DoS

attacks as shown in Fig. 5.3.
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Figure 5.
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Figure 5.7: Network topology under DoS attacks
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Figure 5.9: Triggering instants under the static event-triggering law (5.5) with
DoS attacks
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Chapter 6

Conclusion

6.1 Summary of Achievements

The main contribution of the thesis can be summarized as follows:

1. Static event-triggered protocol

We proposed a novel static event-triggered protocol for the state consensus
problem in discrete time MAS. The inter agent communications occur op-
portunistically to alleviate communication and computational burden. We
have employed event-triggering protocol with threshold mechanism based
on the state values received from neighboring agents. We characterized its
advantages in terms of reducing transmission and update frequencies for

the agents.

2. Dynamic event-triggered protocol

We generalized the static-triggering protocol such that the threshold in-
volved an auxiliary dynamic variable that allowed larger inter event times.
We observed that with more complex protocols in triggering events, the
number of triggering instants became less. The static triggering protocol is

a particular case of the dynamic triggering protocol.
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6.2 Future Directions

3. Self-triggered protocol

We developed self-triggered protocols to avoid continuous monitoring and
listening requirements. Under the approach, each agent only needs to make
updates/broadcasts at its own triggering instants and listen to its neighbors

at their announced triggering instants.

We developed a unified framework for these triggering based protocols to solve
state consensus problem for MAS with single integrator dynamics as well as with
general linear dynamics. We further extend our proposed framework to solve the
weighted consensus problems in MAS having integrator dynamics with directed

topologies.

6.2 Future Directions

We have focused our attention on distributed triggering based strategies to solve
multi-agent consensus problem. Even though state control problems in MAS
have been well addressed in literature, there is still much space for improvement
over the existing methodologies. There are many potential research directions
worthy of further exploration. We suggest some of the interesting yet challenging

research topics below.

1. Resilient consensus with event-triggered control

The cyber security issue is prevailing in the context of networked systems
as more and more devices are getting connected. The communication net-
work may easily fall victim to malicious attacks. The security problem in
CPS are more challenging compared with the general cyber security as the
impact of cyber attacks can transcend to the physical world [85]. For e.g.,
if a nuclear power plant is open-loop unstable then failure of communica-

tion between controller and actuator can severely damage the environment.
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6.2 Future Directions

We are interested in developing event-triggered protocols to solve resilient

consensus problems for agent systems having linear dynamics.

. Finite-time event-triggered consensus

Most studies on distributed event-triggered protocol guarantee asymptotic
consensus of MAS. In many practical agent systems, it is expected to reach
event-triggered consensus in finite time [55]. It is an interesting yet chal-
lenging area of research to ensure fast convergence while reducing commu-
nication and computational burden. Furthermore, it is more desirable to
develop fixed time event-triggered protocols [52] to achieve consensus in

preset time while saving energy expenses.

. Event-triggered consensus in directed network

In the undirected network topology, the Laplacian matrix is symmetrical
and average consensus can be achieved. The average consensus problem
for the directed graph with continuous communication is addressed in the
work [12]. In order to reach consensus, a rooted spanning tree must be
present in the digraph. The event-triggered consensus problem in directed
MAS having integrator dynamics [17], [49] and linear dynamics [42], [54]

are studied.

. Distributed optimization

The event-triggered protocols may be used to reduce information exchanges
between agents in order to solve the distributed optimization problem. The
objective here is to find an optimal control strategy subjected to given
constraints or specific cost functions [53], [93]. The application area includes
wireless sensor networks and source localization. This particular problem

of interest is a worthy avenue for future exploration.
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6.2 Future Directions

5. Event-triggered protocols under stochasticity

Most studies on consensus problem consider the deterministic agent dynam-
ics and deterministic event-triggering protocols. In practice, the stochastic
measurement and communication noise may be present in the MAS network.
There are only few works [10], [33] where events are triggered stochastically.

This area is worthwhile for future investigations.
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