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We have studied the strength of the Bardeen—Cooper—Schrieffer (BCS) pairing force, used
as a residual interaction to the relativistic mean-field approach, to reproduce the height
of the inner fission barriers for actinide nuclei. It was found that increasing the pairing
strength by about 13% makes the reproduction of the inner fission barriers better over a
wide range of actinide nuclei. This result was verified by using the moment of inertia of the
pairing rotational energy, which was introduced to avoid mean-field and odd-mass effects
in the pairing interaction, to deduce purely the pairing strength. The pairing interaction
thus determined could also improve the description of the binding energy of heavy nuclei.
As a result, a consistent picture among inner fission barrier, binding energy, and pairing
moment of inertia could be obtained in terms of the relativistic mean-field + BCS theory
for a broad region of the actinide nuclei.

Subject Index D01, D06, D12, D26

1. Introduction

Nuclear fission is a process where a mono-nucleus turns into two smaller fragments, occasion-
ally associated with the emission of a few neutrons or light charged particles. This phenomenon
is important for applications in nuclear technologies due to the large Q-values and the possibil-
ity of sustaining chain reactions mediated by neutrons, and also for fundamental science such
as r-process nucleosynthesis in the cosmos. However, it is still a mysterious physics phenomenon
as a large-amplitude collective motion of finite nucleon systems [1]. The first theoretical analy-
sis was carried out by Bohr and Wheeler, who introduced the important concept of fissility and
predicted the existence of a fission barrier that corresponds to the activation energy of chemi-
cal reactions [2]. In their analysis they used the liquid-drop model of nuclei which predicts that
there is only one barrier, or saddle point, in the complex potential-energy landscape in the mul-
tidimensional space of collective variables characterizing the nuclear shape during the fission
process. In the contemporary understanding of nuclear fission for the actinide region, where
experimental data are most abundant, it is known that nuclear fission occurs over the fission
barrier, which typically has a two-humped structure, namely, over the inner and the outer bar-
riers [3]. From an extensive amount of theoretical analysis, we now understand that the inner
fission barrier is located in a space of deformation parameters where the mass asymmetry is
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not important, but it is important for the outer barrier. Also, it is reported that the effect of
triaxiality is present for the inner barrier, though its effect on the fission barrier heights is small
(typically less than 1 MeV) in the macro-micro model [3,4] and some microscopic models [5—
9]. However, in calculations using the relativistic mean-field (RMF) + point-coupling model of
Refs. [10-13], the inner barrier is reduced by about 2 MeV by considering triaxiality, and there-
fore this effect is noticeable. In this manner, the effect of triaxiality on the inner fission barrier
is highly model dependent and its quantitative value is uncertain. Furthermore, calculating the
inner fission barrier without incorporating triaxiality not only saves computational time, but
also makes sense since many computer programs used in applications assume axial symmetry
(e.g. SkyAx [14] and the two-center shell model [15]). Therefore, we deal with the properties of
the inner fission barrier ignoring triaxiality as the first step of this study. We understand that
inclusion of triaxiality is definitely important for the quantitative calculation of fission barriers,
but it will be left as a subject for future work.

The fission barrier has also been calculated in non-relativistic frameworks [16,17]. Besides the
phenomenological ones whose parameters can be adjusted to observables, many non-relativistic
microscopic approaches are based on Hartree—Fock theory with Skyrme [18] or Gogny forces
[19] or density-functional theory. Those interactions (or functionals) are adjusted to reproduce
the experimental data of ground-state properties, and have achieved great success in repro-
ducing not only the properties of nuclear matter but also binding energies, nuclear radii, and
neutron skin thickness over a wide range of nuclei systematically. The pairing interaction is in-
cluded as a residual interaction in the Bardeen—Cooper—Schrieffer (BCS) or Bogoliubov form.
In spite of the success in explaining ground-state properties, however, prediction of the fission
barriers has remained quite poor. In many cases, the fission barriers for actinides are overesti-
mated by 2 to 5 MeV [18,19], and it has been difficult to balance the reproduction of the fission
barriers and the predictions for the ground-state properties.

The parameters describing the mean-field effects should be determined to reproduce the
global properties of many nuclei, so must not be adjusted to local properties of nuclei. On
the other hand, the parameters for the pairing interaction could be determined in a narrow
region of nuclei, or ultimately nucleus by nucleus, since they describe the residual interaction.
Moreover, the parameters for the pairing interaction have previously been determined from ex-
perimental data on the gap parameters and/or even—odd staggering of nuclear properties [5].
However, these methods are associated with ambiguities coming from the facts that (i) the gap
parameter and the even—odd staggering are affected by the mean-field properties, and (ii) there
is an ambiguity in the microscopic calculation of odd nuclei that breaks the time-reversal sym-
metry. A special treatment like the blocking method is also necessary in the calculation for odd
nuclei, but it may introduce extra sources of uncertainty. A novel method, therefore, should be
used to determine the parameters in the pairing interaction to avoid pollution by the mean-field
effects and/or debatable methods of calculation for odd nuclei.

In this work, we propose a method to determine the BCS pairing interaction strengths [6] for
actinide nuclei to reproduce the height of the inner fission barrier in the relativistic mean-field
theory [20]. Our emphasis is to validate the pairing interaction thus determined by consid-
ering the “pairing moment of inertia” [21,22], which gives a property of the pairing interac-
tion avoiding much of the mean-field effects and is determined using information only from
a set of even—even nuclei. It has been pointed out that the pairing moment of inertia is an
excellent experimental observable for maintaining time-reversal symmetry and measuring pair
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correlation properly [21,22]. In addition, we verify that the pairing interaction determined here
can provide a better prediction for the ground-state binding energies, pairing moment of inertia,
and fission barrier heights simultaneously.

Our paper is organized as follows. In Sect. 2 we introduce the relativistic mean-field theory,
pair correlation, and pairing rotation energy. In Sect. 3.1, we first look at the changes in the
inner fission barrier when the pair correlation force is changed, taking **°Pu as an example,
and evaluate the change in the pair rotation energy according to the change of the pair corre-
lation force. In Sect. 3.2, the scope of investigation is expanded to a broader region of actinide
nuclei, and the pair correlation force that reproduces the experimental inner fission barriers is
obtained by referring to the Reference Input Parameter Library (RIPL-3) [23]. This is a highly
important database for theoreticians involved in the development and use of nuclear reaction
modeling (ALICE [24], EMPIRE [25], GNASH [26], UNF [27], TALYS [28], CCONE [29], and
so on) for both theoretical research and nuclear data evaluations. In addition, RIPL-3 is often
used to compare experimental and theoretical values of a wide variety of nuclear quantities.
Furthermore, by using this pair correlation force, we verify that the binding energy and also the
pair rotation are simultaneously described better than the original pairing interaction. In other
words, we have shown that the pair rotation can be used to determine the pairing strength in a
systematic manner.

2. Method
2.1 Relativistic mean-field theory
We start with the Lagrangian density considering relativistic invariance,

_ 1 _
Lrmr = Y (iy, 0" — M)y + za“aaua —U(o) —g:¥yo

1 1 _
— —Q"'Q,, + —mi o' w, — g, Uy Yo, + Uw)
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including the non-linear terms
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U() = Emiaz + §b203 + Zb304, 3)
1
Ulw) = 103(%0)“ ) “)

as self-interaction terms [30-32]. Here, M is the nucleon mass, m,, m,,, and m, denote the meson
masses, and g,, g,, and g, represent the meson—nucleon coupling constants. Furthermore, o,
o, p*, and A* indicate the scalar-isoscalar field, vector-isoscalar field, vector-isovector field,
and photon field, respectively. The symbol  represents the nucleon Dirac field consisting of
four components. In the relativistic mean-field approach, however, the fluctuation of the meson
field is ignored, as are the negative energy components (the so-called no-sea approximation).
Furthermore, besides the non-linear self-interaction term of the o-meson which has been com-
monly used, the non-linear self-interaction term of the w-meson, whose importance has been
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Table 1. Parameter values used in NLV-20.

M My my, m, s Lo gp b b3 c3
(MeV) (MeV) (MeV) (MeV) (fm~1)

938.9  489.049 780.0 763 10.0518  12.9354 490748 —12.7384  —34.0567  20.0

suggested by relativistic Brueckner—Hartree—Fock (RBHF) theory in recent years [31], is in-
cluded. For this sake, we used the NLV-20 parameter set [32] primarily, although the conclusion
obtained in this work does not depend on the particular choice of parameter set.

The parameters of NLV-20 are shown in Table 1, adjusted to reproduce the binding ener-
gies of 160, 40-48Ca, 36 38Nj, 838Gy, 07y, 112,124, 1328y 146G, and 2°8Pb, the diffraction radii of
160, 40.48(Cq, 6. 8Ny, 88Qy W07y 112.124Qy 146G, and 298Pb, and the surface thicknesses of 1°0,
40.48Cq, 27y, 112.124Qn and 2%®Pb. The saturation density obtained with this parameter set is
0.151 fm~—3, the binding energy per nucleon is 16.24 MeV, the incompressibility is 190 MeV,
and the symmetry energy per nucleon is 42.1 MeV for symmetric nuclear matter. Note that the
parameters were determined by the properties of spherical nuclei alone, ranging from '°O to
208Pb.

We used the Nilsson oscillators in the basis expansion and cylindrical coordinates for the
calculations with NLV-20, and deformed harmonic oscillators in the basis in the DD-ME2 and
DD-PCI cases. For the numerical details, refer to Refs. [32,33].

The total energy was calculated by volume-integrating the energy density obtained as the (00)
component of the energy—momentum tensor [20]. Then, corrections were given for the center-
of-mass energy E¢y = (Isczm) J2AM, where P.,, is the center-of-mass momentum operator [32],
and the pairing energy as explained in the next subsection. In calculating the total energy as a
function of the deformation to cover the inner fission barrier, we imposed a constraint on the
quadrupole moment calculated from the nucleon density p(r):

O = %/g / Pro)22 — 2 — ). 5)

The effective pairing interaction is parametrized by using the following local pairing energy
functional [34]:

2.2 Pairing interaction

1 k
i = 2 [ EogEnm6,0). (6)
qe{p.n}
where x ,(r) is the local part of the pair density matrix,

Xq(r) =-2 Z fkuk,qvk,q |¢k,q(r)

k>0
1

1 expl(er — by — AE))/11g]’ ®
with ¢, , the single-particle wave function for ¢ € {p, n}. The symbols u; , and v , denote,
respectively, the vacant and occupied amplitudes of a single orbit k£ obtained by the BCS theory.
Furthermore, f; are the energy-dependent cutoff weights, while AE, and u, = AE,/10 denote
cutoff’ parameters [34]. In the present work we use a simple constant pairing strength, G,(r)
= G,, corresponding to the delta pairing interaction. The pairing strengths are taken from

2
’

(7

Sk
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Ref. [32]: G, = —348 MeV fm? for neutrons and G, = —349 MeV fm? for protons. These values
are determined as follows. In Ref. [32], the pairing strengths were determined by reproducing the
experimental pairing gaps of *Ca, 1%°Sn-128Sn, and **' Pb->**Pb for neutrons, and **Cr, £Ge-
$Ru, $36Xe-137Thb, and $12Rn-31Ac for protons. Hereafter, a set of these numbers is denoted
as G = (—348, —349) [32].

2.3 Pairing rotation
In this work we adjust the strength of the pairing interaction to reproduce the height of the
inner fission barriers of nuclei in the actinide region. Such a procedure can be justified only
if the pairing strength thus determined is firmly consistent with the quantity related to the
pairing correlation. Normally, the evaluation of the pair correlation is performed using the
pairing gap and/or odd—even staggering of binding energy or neutron separation energy. But
this method suffers from effects coming from the mean-field part, and also is difficult since
it involves calculation for odd nuclei that break the time-reversal symmetry. Numerically, a
special technique like the “blocking method” must be employed for calculating odd nuclei,
which introduces extra ambiguity. Instead, we bring a concept called the moment of inertia of
the “pairing rotation” [21,22]. This quantity can be evaluated using the binding energy of even—
even nuclei alone, and hence is an excellent experimental observable for obtaining information
on pair correlations that maintain time-reversal symmetry, while simultaneously reducing the
mean-field effects.
The pairing rotation energy is defined by the following equation, derived by the pair correla-
tion breaking the U(1) gauge symmetry [21,22]:
E(N, Zy) = E(No, Zo) + An(No, Zo)AN + _(aNy )
’ ' ’ 2Inn(N0a ZO),
where E(Ny, Zy) denotes the ground-state energy for a nucleus with neutron number N,
and proton number Zy, AN = N — Ny, A(Ny) = dE/dN|y—n, 1s the chemical potential, and
the second-order term is the pairing rotational energy with the pairing moment of inertia
Tin(No, Zo)~' = d’E /dN?|y—n,. The pairing moment of inertia is given by the reciprocal of
the second-order derivative of the energy around the (Vy, Zj) nucleus, which can be calculated
by the following finite differentiation:
E(Ny + 2i, Zy) + E(Ny — 2i, Zy) — 2E(Ny, Zy)
4i '
where i = 1 is usually selected to calculate the second derivative of the pairing rotation energy
by using nuclei with Ny — 2, Ny, and Ny + 2 neutrons, but for some cases i = 2 gives a better
description of the second-order derivative, Eq. (9), or to discriminate different parametriza-
tions. This quantity can be calculated by using the binding energy of even—even nuclei; the
experimental values were taken from AME2016 [35].

T, (No, Zo) =

nn

(10)

3. Results and discussion
3.1 Total energy
In this paper we examine the influence of the pairing rotation for six actinides (>**U, 236U, 240Pu,
22Ppy, 2Cm, and ?**Cm) which are representative compound nuclei synthesized in neutron-
induced reactions.

First, we show the dependence of the total energy of 2**Pu on the quadrupole mo-
ment in three cases with pairing strengths 0.8G, G, and 1.2G. Here, G is the original value
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Fig. 1. The dependence of the total energy of *°Pu on the quadrupole moment for three values of the
pairing strength parameters.

G = (Gy, G,) = (—348, —349) MeV fm°. Since the original value G was determined from even—
odd mass staggering, which has an ambiguity in connection with the pairing strength, we ad-
justed the pairing strength to reproduce the heights of the inner fission barrier, and validated
the results by other quantities, namely the moment of inertia of the pairing rotation and the
binding energies. Furthermore, there is the possibility of adjusting G, and G, independently.
However, we did not do this since we tried to minimize the extra freedom we introduced in this
work.

Figure 1 shows how the total energy of *°Pu depends on O for three sets of pairing
strengths. It can be seen that the position of the ground state stays at 0>y >~ 30 barn, while
the top of the inner barrier, namely, the saddle point, stays at O,y >~ 60 barn regardless of the
strength of the pairing interaction. The height of the inner fission barrier was obtained as the
difference between the energies of the saddle point and the ground state. The experimental
value of the height of the inner fission barrier, taken from RIPL-3 [23], is 6.05 MeV, while the
three values of the pairing strength yield the following three results:

G — 7.54 MeV, 1.2G — 5.08 MeV, 0.8G — 9.71 MeV. (11)

Hereafter, we adjust the pairing strengths of both neutrons and protons by a single multi-
plier parameter o as G — aG. One of the reasons why the height of the inner fission barrier
changes depending on the strength of the pairing force is due to the fact that the single-particle
level densities around the Fermi surface are different at the ground state and the saddle point.
This physical picture can be understood from Fig. 2, which depicts the neutron single-particle
energies of *°Pu at the ground state and saddle point. Furthermore, from Fig. 3, which shows
the deformation dependence of the pairing energy at each pairing strength, it is possible to
know how the pairing energy works at each degree of deformation. In particular, these val-
ues are maximal at the GS (ground state), while they take minimal values at the saddle point.
Such a physical picture can be understood intuitively by the following equation proposed in
Ref. [36], which defines the difference between the energies of the correlated state E(A # 0) and
the unpaired state E(A = 0):

E(A)— E(0) ~ —%pAQ, (12)
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Fig. 2. The neutron single-particle energies of 2*°Pu at the ground state (left) and saddle point (right).
In addition, the broken lines represent occupied probabilities at both points. The horizontal dot-dashed
lines denote the Fermi energy (or chemical potential in BCS theory). Here, “GS” represents the ground
states.
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Fig. 3. The pairing energy of a neutron (left) and proton (right) of >*°Pu as a function of the deformation
by each pairing strength.

where A is the BCS gap parameter and p is the level density. The gap A is also given approxi-
mately as

1

A~2Sexp|—— ), (13)

G
0P

which indicates that it increases as p increases. Here, S denotes an energy range where the u and
v factors deviate noticeably from 0 and 1, respectively, and Gy denotes the pairing strength in
MeV when the pairing interaction is written in the form Hy,ir = Go Y, >, aLaLagaU [36]. From
Egs. (12) and (13) and Figs. 2 and Fig. 3, it can be seen that the pairing effect is stronger as a
negative value at the saddle point than in the ground state since the level density is higher in the
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Fig. 5. The pairing rotation energy by changing the pairing strength in 2*°Pu with NLV-20.

former. We also notice that the change of the pairing energy is stronger for neutrons than for
protons. Furthermore, as shown in Fig. 4, which depicts the changes of pairing energy for each
pairing strength on ground states and saddle point, the slope of the pairing energy dependent
on the pairing strength parameter « is steeper at the saddle point where the level density is
higher. It is concluded that one of the reasons for the fission barrier changes is the effects of
the pairing correlation. The above discussion was conducted with reference to Ref. [6], which
also contains a more detailed analysis and discussion.

In this example, increasing the value of the pairing strength decreases the overall energy of
the system, while the change is smaller at the ground state than at the saddle point. Accord-
ingly, it changes the height of the inner fission barrier, and the agreement with the experimental
value becomes better. The crucial point here, however, is whether or not the increase of the pair-
ing strength gives a consistent picture, or better reproduction, for the pairing rotation. To see
this, we plot the pairing rotation energy in Fig. 5. It can be seen that the experimental value
of the pairing rotational energy around **°Pu is reproduced almost equivalently when the pair-
ing strength is increased with the original pairing strength for i = 1 (see Eq. (10)), or better
for the i = 2 case. In particular, it can be seen that the results for 0.8G and G at N = 142 are
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Fig. 6. The pairing rotation energy by changing the pairing strength in 2*°Pu with DD-ME2 [33,37] (left)
and DD-PC1 [33,38] (right). Lines are drawn only as eye-guides, and only the values at even integer
values of the neutron number have meaning.

significantly worse than 1.2G. The deviation between the calculated pairing rotational energy
at N = 150 seems to be smallest with 0.8G. However, the total deviation in N = 142150 be-
comes smallest with 1.2G. Similar plots were made for different interactions, DD-ME2 [37] and
DD-PC1 [38], in Fig. 6. In the latter two interactions, agreement with the measured pairing ro-
tational energy is drastically improved when the pairing strength is increased by 20% compared
with the original strength and the case where the pairing strength is reduced by 20%. The values
of the fission barriers for the two latter, density-dependent, interactions with triaxiality taken
into account are 7.50 and 6.53 MeV, respectively, which are still 1-2 MeV too large compared to
the measured value. This is the same situation as calculation with the NLV-20 interaction, with-
out triaxiality. This result indicates a procedure to increase the pairing strength in the actinide
region to better reproduce the values of the inner fission barrier. Therefore, we will proceed
to perform a systematic analysis in this direction by adopting the NLV-20 interaction in the
following.

3.2 Pairing strength

From the preceeding analysis, we found that the fission barrier can be adjusted by changing the
pairing strength, while making agreement with the pairing rotational energy much better than
using the original pairing strength, as shown in Figs. 5 and 6. Therefore, we selected six nuclei
(P4, 230U, 40Py, 24Py, >*Cm, and ***Cm) from the actinide region for which the moment of
inertia of the pairing rotation can be defined well, and determined the pair correlation force
that reproduces the experimental values of the inner fission barriers taken from RIPL-3 [23].
Such pairing strengths adjusted to reproduce the inner fission barrier are denoted as Gyt = o
. G and the pair strength parameter values « are shown in Fig. 7 as a function of Z?/4'3 for
the fissioning nuclei. A straight line assuming a weak dependence on Z%/A'3 is drawn, but it is
almost equivalent with the average o value of 1.127.

We calculated the root-mean square (RMS) error by

(xh — xoP)?
RMS = Z %, {x; = By, binding energy, Z,, for the ith nucleus}, (14)
i=1
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Fig. 7. The pair strength parameter o with Z?/4'3. The solid line is a linear fit to @, and Gpey =
a(for each nucleus) - G.

Table 2. RMS error by G and G-

G Ghest
Br MeV 1.39 —
Binding energy (MeV) 2.84 1.43
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Fig. 8. RMS for the fission barrier, with RIPL-3 taken as the standard.

where x!" and x{*P denote the theoretical and experimental values, respectively. Table 2 summa-
rizes the RMS errors of the three quantities depending on the pairing force strength. It should
be noted that the binding energy calculated with Gy becomes better for all the nuclides con-
sidered: the RMS error is improved by about 50%. Similarly, it can be seen that the pairing
moment of inertia is also improved by calculation with Gy, resulting in the RMS error being
reduced by more than 16%.

In the following, we use the linear fit of the o value as shown in Fig. 7 to calculate the sys-
tematic properties in the actinide region.

First, we compare the RMS values of the inner fission barrier height from two sources (GEF
[39] and Méller [40]) and present the RMF (original G and G, = « - G with « given as a linear
fit) against the experimental data given in RIPL-3 [23] for Z =90, 92, and 94 elements in Fig. §.
What is clear is that Moller’s RMS of the barrier calculated by the macroscopic—microscopic
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Fig. 9. Comparison of the calculation results for inner fission barrier by RMF (linear fit to G, with
RMF (G), GEF, Moller, and RIPL-3.

model and RMF (G) behaves differently from GEF and RMF (G ). The RMF (G, ) result
for uranium (Z = 92) has a large RMS due to the inability to reproduce the bouncing behavior
of 38U (see Fig. 9). It was found that G|, calculated here gives a small RMS overall, especially
for Pu and Cm isotopes.

Next, the calculated inner fission barrier heights by RMF (G
by a linear fit) and RMF (G) are compared for each element in Fig. 9. It can be seen that for
nuclides other than 23%U, the agreement with the data (open purple diamonds) is improved
by about 2MeV by calculations with G| (red filled circles) than those with G (filled yellow
diamonds). A comparison of the inner fission barrier obtained by using G, with other lit-
erature values (GEF [39] (blue filled squares) and Moller [40] (orange filled triangles)) is also
shown in this figure. We recognize that the present RMF calculation with G, reproduces the
fission barrier height quite well compared to other calculations. The By of 23U shows a sudden
jump from that of 23°U, but this behavior could not be reproduced by the present parametriza-
tion given by a linear function of Z2/4'3. Otherwise, the present parametrization shows an
overall agreement with experimental data for other isotopes of U and all the Pu and Cm

=« - G, where « is given

1sotopes.

The changes in the description of the binding energies and moment of inertia of pairing
rotation Z,, calculated with G and « - G where « is given by the linear fit in Fig. 7 are indicated
in Table 3. As we can see, the RMS errors for both quantities were reduced noticeably. It is
especially interesting that the improvements in the binding energies are significant, since the
RMF parameters were originally determined to reproduce the binding energies of lighter nuclei,
so we may expect that there is a little room to improve the description of the binding energies.
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Table 3. Binding energy and moment of inertia of pairing rotation for

G and Gy .
RMS(B.E.) (MeV) RMS(Z,,) MeV~)
Element G Gi)est G G{)est
Uranium 3.450 1.934 1.022 0.840
Plutonium 3.757 2.226 1.182 0.756
Curium 3.377 1.905 2.471 1.788

4. Summary

We systematically investigated the height of the inner fission barrier of actinide nuclei using
BCS pair correlation as a residual interaction in relativistic mean-field theory. In all of the
NLV-20, DD-ME2, and DD-PCI1 parametrizations, the inner fission barrier was overestimated
by 1-2MeV for **°Pu. On this basis, the experimental values of the inner fission barrier could
be reproduced better by appropriately enhancing the pair correlation force by about 13%, and
new systematics of the pairing strength was constructed for NLV-20 as a linear fit that can be
applicable to nuclei in the actinide region. In addition, we introduced the concept of pair rota-
tion, which has been pointed out recently as a method for purely evaluating the pair correlation
effects compared to the conventional method, and validated the pairing strength adjusted to
reproduce the inner fission barrier. As a result, consistent results were obtained in which not
only the inner fission barrier heights but also the accuracy of the binding energy and the pair
rotation moment of inertia were improved simultaneously, and this new systematics can be
used for predictions of various quantities in the actinide region. Although our results were ob-
tained in terms of the constant pairing strength in the relativistic mean-field theory, the same
trend can be concluded for a density-dependent pairing interaction, or even for non-relativistic
approaches such as the Skyrme-Hartree—Fock method. It must also be pointed out that the
inclusion of triaxiality will change the value of the o parameter given as a linear fit, but the
essential conclusions should remain unchanged.
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