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ABSTRACT  

Numerous engineering applications exist for the piezoelectric effect, which results from the electromechanical coupling between electrical and 
mechanical fields. In-plane vibrations of piezoelectric plates’ resonance frequencies and associated mode shapes have been thoroughly investi- 
gated. However, analytical solutions for in-plane-dominated vibrations of thick piezoelectric circular plates are limited. In this paper, higher-order 
plate theories for the in-plane-dominated vibration characteristics of piezoelectric circular thick plates under fully clamped and completely free 
boundary conditions are presented. The resonant frequencies and associated mode shapes were investigated based on two higher-order plate 
theories: second-order shear deformation plate theory and third-order shear deformation plate theory, as well as simplified third-order linear 
piezoelectric theory. Hamilton’s principle was applied to derive equations of motion and boundary conditions. In the theoretical analysis, the 
resonant frequencies, associated mode shapes and distribution of electric displacements for various radius-to-thickness ratios were calculated. 
The numerical results obtained by the finite element method were compared with those obtained from theoretical analysis. Excellent agreement 
was found between the theoretical and numerical results for the thick piezoelectric circular plates. 

KEYWORDS: piezoelectric thick circular plates, in-plane-dominated vibration, higher-order shear deformation plate theory, Hamilton’s 
principle 
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1.  INTRODUCTION 

The piezoelectric effect has many engineering applications owing to the electromechanical coupling between the electrical and me-
chanical fields. Piezoelectric transducers, which are widely used in non-destructive testing, are primarily made of piezoelectric circular
ceramics. High-frequenc y v ibrations are the basis of nondestructive testing. Moreover, the resonant frequencies of in-plane-dominated
vibrations are higher than those of out-of-plane-dominated vibrations. Thus, understanding the in-plane-dominated vibration char-
acteristics of piezoelectric discs is crucial for designing transducers. 
Based on Mindlin’s [ 1 ] piezoelectric plate equations consider ing electr ic potential, rotatory inertia and shear deformations, Tier-

sten and Mindlin [ 2 ] derived more general equations for piezoelectric plates considering extensional modes. Holland [ 3 ] presented a
theoretical study on the extensional modes of rectangular piezoelectric plates using variational techniques. Schmidt [ 4 ] investigated
the extensional vibration of a circular piezoelectric plate covered by concentric circular electrodes both theoretically and experimen-
tally. Schmidt [ 5 ] applied the finite element method ( FEM ) to the extensional vibrations of piezoelectric plates. Ikegami et al. [ 6 ]
observed the fundamental thickness extensional mode of the PbTiO 3 piezoelectric ceramics. Ueha et al. [ 7 ] used an optical hetero-
dyne technique to measure the velocity distributions along the radial direction of thick disks of Pb ( Zr �Ti ) O 3 . Locke et al. [ 8 ] used
the FEM to calculate the natural vibrational modes of piezoelectric ceramic disks, including thickness extensional modes. Ohnishi
et al. [ 9 ] presented a piezoelectric transformer operating in the second thickness extensional vibration mode for power supply. Guo
et al. [ 10 ] predicted the vibration characteristics of piezoelectric discs with finite diameter-to-thickness ratios by using the FEM. The
electrical impedance response and resonant frequencies were measured experimentally. Lee and Edwards [ 11 ] derived approximate
second-order governing equations of extensional vibrations for piezoelectric plates, deduced from 3D equations of linear piezoelec-
tricity. Huang et al. [ 12 ] presented approximate second-order equations for extensional, thickness-stretch, and symmetric thickness-
shear vibrations of piezoelectric ceramic plates with electroded faces. Ma and Huang applied amplitude-fluctuation electronic speckle
pattern interferometry ( AF-ESPI ) to measure the out-of-plane and in-plane modes of rectangular [ 13 , 14 ] and circular [ 15 ] piezoce-
ramic plates. Lin and Ma [ 16 ] designed partial electrodes to study the out-of-plane and in-plane motions of piezoceramic disks using
three experimental methods: AF-ESPI, laser Doppler vibrometer-dynamic signal analyzer, and impedance analysis. Huang et al. [ 17 ]
theoretically, numerically, and experimentally investigated the out-of-plane and in-plane vibration characteristics of the piezoelectric
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Figure 1 A geometric piezoelectric circular plate continuum. 
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isks. The thin plate theory was used in the theoretical analysis. Ma et al. [ 18 ] experimentally and numerically studied the in-plane
ibration characteristics of piezoceramic and piezolaminated composite plates. Huang et al. [ 19 ] applied the Mindlin plate theory to
tudy the transverse and planar vibrations of piezoceramic disks. Chi l lara et al. [ 20 ] studied the in-plane vibration characteristics of
on-uniformly polarized rectangular piezoelectric wafers under the generalized plane stress assumption. Lin et al. [ 21 ] investigated
oth the steady-state and transient dynamic characteristics of polyvinylidene fluoride ( PVDF ) piezoelectric polymers. In steady-state
 ibration, the v isible resonant mode fringe patterns are obtained using the amplitude-fluctuation electronic speckle pattern interfer-
metry technique, and the point-wise displacement data are measured by laser Doppler vibrometer–dynamic signal analysis. The
ensing ability of impact loading history was proved through the transient dynamic experiment by using two PVDFs on the cantilever
eam. By employing piezoelectric theory with thermal effects and von Kármán nonlinea r plate theory, the constitutive equations of the
oron nitride nanotube ( BNNT ) -reinforced piezoelectric plate under complex load were studied by Yang et al. [ 22 ]. The numerical
esults show that decreasing voltage and temperature and increasing volume ratio can delay the chaotic or multiple periodic motions
f BNNT-reinforced piezoelectric plates, thus improving the dynamic stability of the structure. Thick piezoelectric plates can be any
hape and used as a piezoelectric actuator, piezoelectric sensor, or piezoelectric transducer. These thick piezoelectric plates are com-
only used for high-power applications and generation, or ultrasonic sensory applications. High-power ultrasonic scalers/cleaners
re the most widely used application for thick piezoelectric plates. The thicker the plate, the more power it wi l l generate as a cleaner. 
Although the resonant frequencies and associated mode shapes of the in-plane vibration of piezoelectric plates have been extensively

nvestigated, analytical solutions for in-plane-dominated vibrations of thick piezoelectric circular plates, especially with completely
ree boundary conditions, are limited. In this paper, two higher-order plate theories, second-order shear deformation plate theory
 SSDT ) and third-order shear deformation plate theory ( TSDT ) , and simplified third-order linear piezoelectric theory are presented
o study the in-plane dominated vibrations of thick piezoelectric circular plates under fully clamped and completely free boundary
onditions. Hamilton’s principle was applied to derive equations of motion and boundary conditions. In the theoretical analysis,
he resonant frequencies and associated mode shapes for various radius-to-thickness ratios were calculated. The numerical results
btained by the FEM were compared with those obtained from theoretical analysis. 

2. SECOND-ORDER SHEAR DEFORMATION  PLATE  MODEL  

ig. 1 depicts a circular piezoelectric plate with radius R and thickness H = 2 h specified in a cylindrical coordinate system ( r , θ , z ) .
ccording to the linear piezoelectric hypothesis {

σi j = C 

E 
i jkl ε kl − e ki j E k 

D i = e ikl ε kl + ε S i j E j 
, ( 1 ) 

here σ ij and ε kl are the stress and strain, respectively, and E j and D i are the electric field and displacement, respectively. The coef-
cients of C 

E 
i jkl , e ikl , and ε S i j are the elastic stiffness, piezoelectric coefficient, and dielectric coefficient, respectively. The piezoelectric

aterial is a crystal symmetry class C 6 mm . The constitutive equations in matrix notation can be rewritten as: ⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

σrr 
σθθ

σzz 
σθz 
σzr 
σrθ
D r 
D θ

D z 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

= 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

C 

E 
11 C 

E 
12 C 

E 
13 0 0 0 0 0 −e 31 

C 

E 
12 C 

E 
11 C 

E 
13 0 0 0 0 0 −e 31 

C 

E 
13 C 

E 
13 C 

E 
33 0 0 0 0 0 −e 33 

0 0 0 C 

E 
55 0 0 0 −e 15 0 

0 0 0 0 C 

E 
55 0 −e 15 0 0 

0 0 0 0 0 1 
2 

(
C 

E 
11 −C 

E 
12 

)
0 0 0 

0 0 0 0 e 15 0 ε S 11 0 0 
0 0 0 e 15 0 0 0 ε S 11 0 
e 31 e 31 e 33 0 0 0 0 0 ε S 33 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

ε rr 
ε θθ

ε zz 
γθz 
γzr 
γrθ
E r 
E θ

E z 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. ( 2 ) 
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The elastic stiffness and piezoelectric coefficients can be shortened using Voigt notation, and the elastic and piezoelectric constants
can be rewritten as C 

E 
pq and e iq , respectively. The subscripts range of p and q are from 1 to 6. 

The SSDT was used to study the in-plane-dominated vibration of a piezoelectric circular plate. The form of displacement assump-
tion can be given as following: 

u r (r, θ, z, t ) = u 0 (r, θ, t ) − z 2 

2 
∂w (r, θ, t ) 

∂r 
, ( 3 )

u θ (r, θ, z, t ) = v 0 (r, θ, t ) − z 2 

2 
1 
r 
∂w (r, θ, t ) 

∂θ
, ( 4 )

u z (r, θ, z, t ) = zw (r, θ, t ) , ( 5 )

where u 0 and v 0 are the in-plane displacements of the mid-plane, and w is the normal strain along the thickness direction. The strain–
displacement relations are 

ε rr = 

∂u r 
∂r 

, ε θθ = 

u r 
r 

+ 

1 
r 
∂u θ
∂θ

, ε zz = 

∂u z 
∂z 

γrθ = 

1 
r 
∂u r 
∂θ

+ 

∂u θ
∂r 

− u θ
r 

, γrz = 

∂u r 
∂z 

+ 

∂u z 
∂r 

, γθz = 

∂u θ
∂z 

+ 

1 
r 
∂u z 
∂θ

. 

( 6 )

The electrostatic equation can also be given by 
∂D r 

∂r 
+ 

D r 

r 
+ 

1 
r 
∂D θ

∂θ
+ 

∂D z 

∂z 
= 0 . ( 7 )

The electric field–electric potential relations are 

E r = −∂φ

∂r 
, E θ = −1 

r 
∂φ

∂θ
, E z = −∂φ

∂z 
, ( 8 )

where φ is the electric potential. 
The electric potential is assumed to be a cubic equation of z . 

φ ( r, θ, z, t ) = φ( 0 ) ( r, θ, t ) + zφ( 1 ) ( r, θ, t ) + z 2 φ( 2 ) ( r, θ, t ) + z 3 φ( 3 ) ( r, θ, t ) , ( 9 )
where φ( i ) is the i- th order electric potential. 
Considering the electrical potential boundary on two electrode surfaces, it can be represented as 

φ| z = ±h = ±V e iωt . ( 10 )
Electrodes for the piezoelectric plate were laid on the top and bottom surfaces, and the lateral surfaces were all free of electrodes.

Thus, the in-plane electric displacements D r and D θ are negligible compared with the out-of-plane electric displacement D z . Using
the above assumption, the electric potential can be written as the following equation from Eqs. ( 8 ) to ( 12 ) . 

φ = 

zV 

h 
e iωt + 

e 31 h 2 

6 ε S 33 

(
z − z 3 

h 2 

)
	w, ( 11 )

where 	 = 

∂ 2 

∂r 2 + 

1 
r 

∂ 
∂r + 

1 
r 2 

∂ 2 

∂θ2 . The electric fields can be expressed as 

E r = − e 15 
ε S 11 

γrz , ( 12 )

E θ = − e 15 
ε S 11 

γθz , ( 13 )

and 

E z = −V 

h 
e iωt − e 31 h 2 

6 ε S 33 

(
1 − 3 z 2 

h 2 

)
	w. ( 14 )

Hamilton’s principle in control volume V and control surface S can be expressed as 
δ ˜ K + δ ˜ U + δ ˜ W + δ ˜ E = 0 , ( 15 )

where ˜ K is the kinetic energy, ˜ U is the work done by internal forces, ˜ W is the work done by external forces, and ˜ E is the work done by
electric fields. From time t = t 1 to t 2 , virtual variables can be expressed as 

δ ˜ K = 

∫ t 2 

t 1 

∫ 

V 
˙ u j δ ˙ u j d V d t, ( 16 )
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δ ˜ U = −
∫ t 2 

t 1 

∫ 

V 
σi j δε i j d V d t, ( 17 ) 

δ ˜ W = 

∫ t 2 

t 1 

∫ 

s 
˜ t i δu i + qδφdSdt, ( 18 ) 

nd 

δ ˜ E = −
∫ t 2 

t 1 

∫ 

s 
D i δE i d V d t, ( 19 ) 

here ̃  t i is the traction on the control surface and q is the electric charge on the control surface. The equations of motion can be derived
rom Hamilton’s principle. 

Q 1 − Q 2 

r 
+ 

∂Q 1 

∂r 
− 1 

r 
∂Q 6 

∂θ
= I 1 ̈u 0 − I 3 

2 
∂ ̈w 

∂r 
, ( 20 ) 

1 
r 
∂Q 2 

∂θ
+ 

∂Q 6 

∂r 
+ 

2 Q 6 

r 
= I 1 ̈v 0 − I 3 

2 
1 
r 
∂ ̈w 

∂θ
, ( 21 ) 

2 
r 
∂R 1 

∂r 
+ 

∂ 2 R 1 

∂r 2 
− 1 

r 
∂R 2 

∂r 
+ 

1 
r 2 

∂ 2 R 2 

∂θ 2 + 

2 
r 

∂ 2 R 6 

∂ r∂ θ
+ 

2 
r 2 

∂R 6 

∂θ
− 2 Q 3 = I 3 ̈� − I 5 

2 
	ẅ + 2 I 3 ̈w , ( 22 ) 

here ( I 1 , I 3 , I 5 ) = 

∫ h 
−h ρ( 1 , z 

2 , z 4 ) dz ; Q i = 

∫ h 
−h σi dz ; R i = 

∫ h 
−h σi z 2 dz , for i = 1,2,3,6; ( σ 1 , σ 2 , σ 3 , σ 6 ) represent ( σ rr , σ θθ , σ zz ,

r θ) , respectively. The clamped boundary conditions can be expressed as 

w 

| r= R = 

∂w 

∂r 
| r= R = u 0 | r= R = v 0 | r= R = 0 . ( 23 ) 

The free boundary conditions can be expressed as 

R 1 − R 2 

r 
+ 

∂R 1 

∂r 
+ 

2 
r 
∂R 6 

∂θ
−

(
I 3 ̈u 0 − I 5 

2 
∂ ̈w 

∂r 

)∣∣∣∣
r= R 

= R 1 | r= R = Q 1 | r= R = Q 6 | r= R = 0 . ( 24 ) 

The non-dimensional terms introduced are ξ = r / R , η = h / R , w = w , ū 0 = u 0 / R , v̄ 0 = v 0 / R , λ4 = ( ω 

2 R 

2 ρ) / C 

E 
11 , and ω repre-

ents the angular frequency. The procedure for solving the equations of motion was the same as in [ 23 ]. The solutions can be expressed
s 

w̄ = 

( 

3 ∑ 

i =1 

C i ̂  w in (αi ξ ) 

) 

cos (nθ ) e iωt , ( 25 ) 

ˆ u 0 = 

( 

3 ∑ 

i =1 

C i χi 
∂ ̂  w in 

∂ξ
+ C 4 

n 
ξ
ˆ w 4 n 

) 

cos (nθ ) e iωt , ( 26 ) 

ˆ v 0 = 

( 

−
3 ∑ 

i =1 

C i χi 
n 
ξ
ˆ w in −C 4 

∂ ̂  w 4 n 

∂ξ

) 

sin (nθ ) e iωt , ( 27 ) 

here 

ˆ w in (αi ξ ) = 

{ 

J n (αi ξ ) , x i < 0 

I n (αi ξ ) , x i > 0 
i = 1 − 3 , ( 28 ) 

αi = 

√ 

| x i | , ( 29 ) 
nd 

χi = 

η2 

6 
− γ13 

x i + λ4 . ( 30 ) 

The coefficients x 1 to x 3 are the solutions of the cubic equation 

˜ P 1 x 3 + 

˜ P 2 x 2 + 

˜ P 3 x + 

˜ P 4 = 0 ( 31 ) 



414 • Journal of Mechanics , 2022, Vol. 38 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/jom

/article/doi/10.1093/jom
/ufac034/6795282 by Tokyo Institute of Technology Library user on 04 N

ovem
ber 2022
The parameters in Eq. ( 33 ) are defined as 

˜ P 1 = W 11 Z 21 −W 21 Z 11 , ˜ P 2 = W 11 Z 22 + W 12 Z 21 −W 21 Z 12 −W 22 Z 11 , 

˜ P 3 = W 11 Z 23 + W 12 Z 22 −W 22 Z 12 , ˜ P 4 = W 12 Z 23 , W 11 = 1 , W 12 = λ4 , W 21 = 1 , 

W 22 = λ4 − 6 γ13 
η2 , Z 11 = −η2 

6 
, Z 12 = γ13 − η2 

6 
λ4 , Z 21 = −

(
3 
10 

+ 

4 
5 
n 31 

)
η2 , 

Z 22 = 2 γ13 − 3 
10 

η2 λ4 , Z 23 = 2 λ4 − 6 γ33 
η2 , γ12 = 

C 

E 
12 

C 

E 
11 

, γ13 = 

C 

E 
13 

C 

E 
11 

, 

γ55 = 

C 

E 
55 

C 

E 
11 

, and n 31 = 

e 2 31 
6 C 

E 
11 ε 

S 
33 

. 

The coefficient x 4 is expressed as 

x 4 = − 2 λ4 

1 − γ12 
( 32 )

By substituting the solutions into the boundary conditions, the algebraic equations can be written in a matrix form as ⎡ 

⎢ ⎢ ⎢ ⎣ 

S S 11 S S 12 S S 13 S S 14 
S S 21 S S 22 S S 23 S S 24 
S S 31 S S 32 S S 33 S S 34 
S S 41 S S 42 S S 43 S S 44 

⎤ 

⎥ ⎥ ⎥ ⎦ 

⎡ 

⎢ ⎣ 

C 1 
C 2 
C 3 
C 4 

⎤ 

⎥ ⎦ 

= 

⎡ 

⎢ ⎣ 

0 
0 
0 
0 

⎤ 

⎥ ⎦ 

( 33 )

The matrix elements S S i j under clamped boundary conditions and free boundary conditions are provided in Appendix A. The reso-
nant frequencies determine the determinant of the matrix in Eq. ( 35 ) to be zero. 

3.  THIRD-ORDER  SHEAR DEFORMATION  PLATE  MODEL  

The displacement fields of third-order shear deformation plate model can be expressed as 

u r (r, θ, z, t ) = u 0 (r, θ, t ) − z 2 

2 
∂w (r, θ, t ) 

∂r 
− z 2 h 2 

2 
∂ψ z (r, θ, t ) 

∂r 
( 34 )

u θ (r, θ, z, t ) = v 0 (r, θ, t ) − z 2 

2 
1 
r 
∂w (r, θ, t ) 

∂θ
− z 2 h 2 

2 
1 
r 
∂ψ z (r, θ, t ) 

∂θ
( 35 )

and 
u z (r, θ, z, t ) = zw (r, θ, t ) + z 3 ψ z (r, θ, t ) ( 36 )

where w is the first-order transverse displacement, ψ z is the third-order transverse displacement and u 0 and v 0 are the in-plane dis-
placements of the midplane. The electric potential can be expressed by 

φ = 

zV 

h 
e iωt − h 2 

(
z − z 3 

h 2 

)[
e 33 
ε S 33 

ψ z − e 31 
6 ε S 33 

(	w + h 2 	ψ z ) 
]

( 37 )

The electric fields can be expressed as 

E r = − e 15 
ε S 11 

γrz ( 38 )

E θ = − e 15 
ε S 11 

γθz ( 39 )

and 

E z = −V 

h 
e iωt + h 2 

(
1 − 3 z 2 

h 2 

) [
e 33 
ε S 33 

ψ z − e 31 
6 ε S 33 

(	w + h 2 	ψ z ) 
]

( 40 )

Using Hamilton’s principles, the equations of motion can be obtained. 

Q 1 − Q 2 + 

∂Q 1 − 1 ∂Q 6 = I 1 ̈u 0 − I 3 ∂ ̈w − I 3 h 2 ∂ ψ̈ z ( 41 )

r ∂r r ∂θ 2 ∂r 2 ∂r 
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1 
r 
∂Q 2 

∂θ
+ 

∂Q 6 

∂r 
+ 

2 Q 6 

r 
= I 1 ̈v 0 − I 3 

2 
1 
r 
∂ ̈w 

∂θ
− I 3 h 2 

2 
1 
r 
∂ ψ̈ z 

∂θ
( 42 ) 

2 
r 
∂R 1 

∂r 
+ 

∂ 2 R 1 

∂r 2 
− 1 

r 
∂R 2 

∂r 
+ 

1 
r 2 

∂ 2 R 2 

∂θ 2 + 

2 
r 

∂ 2 R 6 

∂ r∂ θ
+ 

2 
r 2 

∂R 6 

∂θ
− 2 Q 3 

= I 3 ̈� − I 5 
2 

	ẅ − I 5 h 2 

2 
	ψ̈ z + 2 I 3 ̈w + 2 I 5 ψ̈ z 

( 43 ) 

1 
r 
∂M 4 

∂θ
− 1 

h 2 
1 
r 
∂P 4 
∂θ

+ 

∂M 5 

∂r 
− 1 

h 2 
∂P 5 
∂r 

+ 

M 5 

r 
− 1 

h 2 
P 5 
r 

− Q 3 + 

3 R 3 

h 2 

= 

(
I 3 − I 5 

h 2 

)
ẅ + 

(
I 5 − I 7 

h 2 
)
ψ̈ z 

( 44 ) 

here ( I 1 , I 3 , I 5 , I 7 ) = 

∫ h 
−h ρ( 1 , z 

2 , z 4 , z 6 ) dz ; Q i = 

∫ h 
−h σi dz ; R i = 

∫ h 
−h σi z 2 dz for i = 1, 2, 3, 6; M i = 

∫ h 
−h σi zdz ; P i = 

∫ h 
−h σi z 3 dz

or i = 4, 5; ( σ 1 , σ 2 , σ 3 , σ 4 , σ 5 , σ 6 ) represent ( σ rr , σ θθ , σ zz , σ θz , σ rz , σ r θ) , respectively. The clamped boundary conditions can be ex-
ressed as 

w 

| r= R = ψ z | r= R = 

∂w 

∂r 
+ h 2 

∂ψ z 

∂r 
| r= R = u 0 | r= R = v 0 | r= R = 0 . ( 45 ) 

The free boundary conditions can be expressed as 

∂R 1 

∂r 
+ 

R 1 − R 2 

r 
+ 

2 
r 
∂R 6 

∂θ
−

(
I 3 ̈u 0 − I 5 

2 
∂ ̈w 

∂r 
− I 5 h 2 

2 
∂ ψ̈ z 

∂r 

)∣∣∣∣
r= R 

= M 5 − P 5 
h 2 

∣∣∣∣
r= R 

= R 1 | r= R = Q 1 | r= R = Q 6 | r= R = 0 
( 46 ) 

The non-dimensional variables introduced are ξ = r / R , η = h / R , w = w , ψ̄ z = R 

2 ψ z , ū 0 = u 0 / R , v̄ 0 = v 0 / R , and λ4 =
( ω 

2 R 

2 ρ) / C 

E 
11 . The solutions can be expressed as 

w̄ = 

( 

4 ∑ 

i =1 

C i ̂  w in (αi ξ ) 

) 

cos (nθ ) e iωt ( 47 ) 

ψ̄ z = 

( 

4 ∑ 

i =1 

C i λi ̂  w in (αi ξ ) 

) 

cos (nθ ) e iωt ( 48 ) 

ū 0 = 

( 

4 ∑ 

i =1 

C i χi 
∂ ̂  w in 

∂ξ
+ C 5 

n 
ξ
ˆ w 5 n 

) 

cos (nθ ) e iωt ( 49 ) 

nd 

v̄ 0 = 

( 

−
4 ∑ 

i =1 

C i χi 
n 
ξ
ˆ w in −C 5 

∂ ̂  w 5 n 

∂ξ

) 

sin (nθ ) e iωt ( 50 ) 

here 

ˆ w in (αi ξ ) = 

{ 

J n (αi ξ ) , x i < 0 

I n (αi ξ ) , x i > 0 
i = 1 − 5 ( 51 ) 

αi = 

√ 

| x i | ( 52 ) 

λi = −W 31 x i + W 32 

Z 31 x i + Z 32 
( 53 ) 

nd 

χi = 

η2 

6 
+ 

η4 λi 

6 
− γ13 ( 1 + η2 λi ) 

x i + λ4 ( 54 ) 

The coefficients x 1 to x 4 are the solutions of the biquadratic equation. 
˜ P 1 x 4 + 

˜ P 2 x 3 + 

˜ P 3 x 2 + 

˜ P 4 x + 

˜ P 5 = 0 ( 55 ) 



416 • Journal of Mechanics , 2022, Vol. 38 

Table 1 Material Constants of Piezoceramics PSI-5A4E ( Piezo System Incorporation ) . 

Material properties Values 

Density ( kg/m 

3 ) ρ 7800 

Elastic constants ( GPa ) C 

E 
11 80 .4 

C 

E 
12 30 .0 

C 

E 
13 21 .1 

C 

E 
33 60 .0 

C 

E 
55 15 .9 

Piezoelectric stress constants ( C / m 

2 ) e 15 8 .77 
e 31 −12 .77 
e 33 15 .41 

Dielectric constants ( 10 −9 F / m ) ε S 11 11 .12 
ε S 33 5 .08 
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The parameters in Eq. ( 57 ) are defined as 

˜ P 1 = W 31 ( Z 11 − Z 21 ) − Z 31 ( W 11 −W 21 ) , 
˜ P 2 = W 31 ( Z 12 + Y 22 Z 11 − Z 22 − Y 12 Z 21 ) + W 32 ( Z 11 − Z 21 ) 

−Z 31 ( W 12 + Y 22 W 11 −W 22 − Y 12 W 21 ) − Z 32 ( W 11 −W 21 ) , 
˜ P 3 = W 31 ( Y 22 Z 12 − Z 23 − Y 12 Z 22 ) + W 32 ( Z 12 + Y 22 Z 11 − Z 22 − Y 12 Z 21 ) 

−Z 31 ( Y 22 W 12 −W 23 − Y 12 W 22 ) − Z 32 ( W 12 + Y 22 W 11 −W 22 − Y 12 W 21 ) , 
˜ P 4 = −W 31 Y 12 Z 23 + W 32 ( Y 22 Z 12 − Z 23 − Y 12 Z 22 ) + Z 31 Y 12 W 23 − Z 32 ( Y 22 W 12 −W 23 − Y 12 W 22 ) , 

˜ P 5 = −W 32 Y 12 Z 23 + Z 32 Y 12 W 23 , Y 11 = 1 , Y 12 = λ4 , Y 21 = 1 , Y 22 = λ4 − 6 γ13 
η2 W 11 = −η2 

6 
, W 12 = γ13 − η2 

6 
λ4 ,

W 21 = −
(

3 
10 

+ 

2 
15 

m 2 

)
η2 , W 22 = 2 γ13 − 3 

10 
η2 λ4 , W 23 = 2 λ4 − 6 γ33 

η2 , Z 11 = −η4 

6 
, Z 12 = 

(
γ13 − η2 

6 
λ4 

)
η2 , 

Z 21 = −
(

3 
10 

+ 

2 
15 

m 2 

)
η4 , Z 22 = 

(
14 
5 

γ13 + 

4 
5 
m 1 − 3 

10 
η2 λ4 

)
η2 , Z 23 = 

6 
5 
η2 λ4 − 6 γ33 , γ12 = 

C 

E 
12 

C 

E 
11 

, γ13 = 

C 

E 
13 

C 

E 
11 

, 

γ55 = 

C 

E 
55 

C 

E 
11 

, m 1 = 

e 31 e 33 
C 

E 
11 ε 

S 
33 

, m 2 = 

e 2 31 
C 

E 
11 ε 

S 
33 

, m 3 = 

e 2 15 
C 

E 
11 ε 

S 
11 

, and m 4 = 

e 2 33 
C 

E 
11 ε 

S 
33 

. 

The coefficient x 5 is expressed as 

x 5 = − 2 λ4 

1 − γ12 
. ( 56 )

By substituting the solutions into the boundary conditions, the algebraic equations can be written in a matrix form as ⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

S T 11 S T 12 S T 13 S T 14 S T 15 
S T 21 S T 22 S T 23 S T 24 S T 25 
S T 31 S T 32 S T 33 S T 34 S T 35 
S T 41 S T 42 S T 43 S T 44 S T 45 
S T 51 S T 52 S T 53 S T 54 S T 55 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

C 1 

C 2 

C 3 

C 4 

C 5 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

= 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 
0 
0 
0 
0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. ( 57 )

The matrix elements S T i j under clamped and free boundary conditions are provided in Appendix B. 

4. NUM ERIC  AL  RESULTS  AND  DISCUSSION 

Theoretical and numerical calculations were carried out on a thick piezoceramic disk with a radius of 29 mm under fully clamped and
completely free boundary conditions. The numerical findings were obtained using the commercial finite element program COMSOL
Multiphysics and used to validate the theoretical results. The 3D element with finer mesh was used to guarantee precision and con-
vergence of the numerical model. Two comparatively thick thicknesses, 2.9 and 5.8 mm, were used for the study. Table 1 contains a
list of the piezoceramic PSI-5A4E ( Piezo System Incorporation ) material characteristics. 



In-plane vibration in piezoelectric thick plates • 417 

Table 2 The first ten natural frequencies ( Hz ) obtained from COMSOL and plate theories for a plate with clamped boundary conditions ( R/H = 

10 ) . 

Mode ( n , c ) COMSOL SSDT Error ( % ) TSDT Error ( % ) 

1 ( 1,0 ) 32 826 32 878 0.1584 32 878 0.1584 
2 ( 0,0 ) 37 791 37 791 0.0000 37 791 0.0000 
3 ( 2,0 ) 51 063 51 150 0.1704 51 149 0.1684 
4 ( 1,1 ) 53 007 53 009 0.0038 53 009 0.0038 
5 ( 0,0 ) 64 375 64 485 0.1709 64 484 0.1693 
6 ( 3,0 ) 66 322 66 425 0.1553 66 425 0.1553 
7 ( 2,1 ) 68 202 68 219 0.0249 68 219 0.0249 
8 ( 0,1 ) 69 193 69 193 0.0000 69 193 0.0000 
9 ( 4,0 ) 79 857 79 964 0.1340 79 963 0.1327 
10 ( 1,1 ) 83 552 83 564 0.0144 83 564 0.0144 
11 ( 3,1 ) 83 946 84 003 0.0679 84 003 0.0679 
12 ( 1,1 ) 90 065 90 210 0.1610 90 209 0.1599 
13 ( 5,0 ) 92 433 92 541 0.1168 92 540 0.1158 
14 ( 2,1 ) 97 711 97 714 0.0031 97 714 0.0031 

Table 3 The first ten natural frequencies ( Hz ) obtained from COMSOL and plate theories for a plate with clamped boundary conditions 
( R / H = 5 ) . 

Mode ( n , c ) COMSOL SSDT Error ( % ) TSDT Error ( % ) 

1 ( 1,0 ) 32 850 32 958 0.3288 32 957 0.3257 
2 ( 0,0 ) 37 791 37 791 0.0000 37 791 0.0000 
3 ( 2,0 ) 51 087 51 267 0.3523 51 266 0.3504 
4 ( 1,1 ) 53 004 53 009 0.0094 53 009 0.0094 
5 ( 0,0 ) 64 309 64 540 0.3592 64 538 0.3561 
6 ( 3,0 ) 66 338 66 552 0.3226 66 551 0.3211 
7 ( 2,1 ) 68 185 68 226 0.0601 68 226 0.0601 
8 ( 0,1 ) 69 193 69 193 0.0000 69 193 0.0000 
9 ( 4,0 ) 79 864 80 087 0.2792 80 086 0.2780 
10 ( 1,1 ) 83 526 83 552 0.0311 83 551 0.0299 
11 ( 3,1 ) 83 886 84 025 0.1657 84 024 0.1645 
12 ( 1,1 ) 89 793 90 114 0.3575 90 110 0.3530 
13 ( 5,0 ) 92 434 92 658 0.2423 92 657 0.2413 
14 ( 2,1 ) 97 674 97 681 0.0072 97 681 0.0072 
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Tables 2 and 3 show the resonant frequencies of the in-plane dominated modes under 100 000 Hz obtained from COMSOL,
SDT and TSDT of a piezoceramic plate with fully clamped boundary conditions and different radius-to-thickness ratios ( R / H = 10
nd 5 ) . Here, the error = | f Theory − f COMSOL |/ f COMSOL × 100%; mode indices n and c represent the number of nodal lines and nodal
ircles, respectively. Tables 4 and 5 show the resonant frequencies of the in-plane dominated modes under 100 000 Hz obtained
rom COMSOL, SSDT and TSDT of a piezoceramic plate with completely free boundary conditions and different radius-to-thickness
atios ( R / H = 10 and 5 ) . The two high-order shear-deformation plate theories can accurately predict the resonant frequencies of thick
iezoelectric plates. Thickness has a significant effect on the error between the theoretical and numerical results. The error between
he theoretical and numerical results increases with increasing thickness. In Table 2 , the absolute errors for the SSDT and TSDT are ˂
.1709% and 0.1693%, respectively. In Table 3 , the absolute errors for the SSDT and TSDT are ˂ 0.3592% and 0.3561%, respectively.
n Table 4 , the absolute errors for the SSDT and TSDT are ˂ 0.6190% and 0.0010%, respectively. In Table 5 , the absolute errors for the
SDT and TSDT are ˂ 0.0078% and 0.0064%, respectively. From Tables 2 –5 , it can be observed that the errors under fully clamped
oundary conditions are larger than those under completely free boundary conditions. The natural frequencies of the torsion modes
re independent of the thickness ( second and eighth modes in Tables 2 and 3 and the seventh and 16th modes in Tables 4 and 5 ) .
n Tables 2 and 3 , the absolute errors for the TSDT and SSDT are similar for the clamped boundary. However, from Tables 4 and 5 ,
he absolute errors for the TSDT are smaller than that for SSDT. We believe that as the radius-to-thickness ratio become smaller, more
ccurate result can be obtained base on the TSDT theory. 
Figs. 2 and 3 show the selected mode shapes of the piezoceramic disk with fully clamped boundary conditions for R / H = 10 and
 / H = 5, respectively. Figs. 4 and 5 show the selected mode shapes of the piezoceramic disk with completely free boundary conditions
or R / H = 10 and R / H = 5, respectively. The mode shapes in the three directions are shown as obtained from COMSOL, SSDT and
SDT. The bold and black lines represent the nodal lines in the mode shapes obtained from COMSOL. The red and green regions
epresent the positive and negative displacements, respectively, in the mode shapes obtained from the theories. The bold and black
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Table 4 The first ten natural frequencies ( Hz ) obtained from COMSOL and plate theories for a plate with free boundary conditions ( R / H = 

10 ) . 

Mode ( n , c ) COMSOL SSDT Error ( % ) TSDT Error ( % ) 

1 ( 2,0 ) 23 136 23 135 −0 .0043 23 136 0.0000 
2 ( 1,0 ) 27 034 27 032 −0 .0074 27 034 0.0000 
3 ( 0,0 ) 34 497 34 497 0 .0000 34 497 0.0000 
4 ( 3,1 ) 35 527 35 521 −0 .0169 35 527 0.0000 
5 ( 2,0 ) 41 979 41 934 −0 .1072 41 979 0.0000 
6 ( 4,0 ) 46 269 46 265 −0 .0086 46 269 0.0000 
7 ( 0,0 ) 50 651 50 651 0 .0000 50 651 0.0000 
8 ( 5,0 ) 56 341 56 317 −0 .0426 56 341 0.0000 
9 ( 3,1 ) 57 682 57 680 −0 .0035 57 682 0.0000 
10 ( 1,1 ) 59 183 59 168 −0 .0253 59 183 0.0000 
11 ( 6,0 ) 66 082 66 078 −0 .0061 66 082 0.0000 
12 ( 1,0 ) 67 555 67 556 0 .0015 67 555 0.0000 
13 ( 4,1 ) 73 510 73 055 −0 .6190 73 510 0.0000 
14 ( 2,1 ) 75 574 75 567 −0 .0093 75 574 0.0000 
15 ( 7,0 ) 75 638 75 597 −0 .0542 75 638 0.0000 
16 ( 0,2 ) 83 017 83 017 0 .0000 83 017 0.0000 
17 ( 8,0 ) 85 078 85 092 0 .0165 85 078 0.0000 
18 ( 2,2 ) 87 030 87 040 0 .0115 87 030 0.0000 
19 ( 5,1 ) 89 058 89 035 −0 .0258 89 058 0.0000 
20 ( 3,1 ) 89 334 89 308 −0 .0291 89 334 0.0000 
21 ( 0,1 ) 90 382 90 379 −0 .0033 90 382 0.0000 
22 ( 9,0 ) 94 439 94 389 −0 .0529 94 439 0.0000 
23 ( 1,2 ) 98 140 98 138 −0 .0020 98 139 -0.0010 

Table 5 The first ten natural frequencies ( Hz ) obtained from COMSOL and plate theories for a plate with free boundary conditions ( R / H = 5 ) . 

Mode ( n , c ) COMSOL SSDT Error ( % ) TSDT Error ( % ) 

1 ( 2,0 ) 23 136 23 136 0.0000 23 137 0.0043 
2 ( 1,0 ) 27 030 27 030 0.0000 27 030 0.0000 
3 ( 0,0 ) 34 464 34 464 0.0000 34 464 0.0000 
4 ( 3,0 ) 35 526 35 526 0.0000 35 526 0.0000 
5 ( 2,0 ) 41 962 41 962 0.0000 41 962 0.0000 
6 ( 4,0 ) 46 265 46 265 0.0000 46 265 0.0000 
7 ( 0,1 ) 50 651 50 651 0.0000 50 651 0.0000 
8 ( 5,1 ) 56 331 56 331 0.0000 56 331 0.0000 
9 ( 3,1 ) 57 641 57 642 0.0017 57 642 0.0017 
10 ( 1,2 ) 59 075 59 076 0.0017 59 075 0.0000 
11 ( 6,0 ) 66 065 66 065 0.0000 66 065 0.0000 
12 ( 1,0 ) 67 520 67 520 0.0000 67 520 0.0000 
13 ( 4,1 ) 73 433 73 434 0.0014 73 434 0.0014 
14 ( 2,1 ) 75 457 75 459 0.0027 75 458 0.0013 
15 ( 7,0 ) 75 610 75 611 0.0013 75 610 0.0000 
16 ( 0,2 ) 83 017 83 017 0.0000 83 017 0.0000 
17 ( 8,0 ) 85 035 85 038 0.0035 85 037 0.0024 
18 ( 2,2 ) 86 788 86 791 0.0035 86 789 0.0012 
19 ( 5,1 ) 88 937 88 940 0.0034 88 938 0.0011 
20 ( 3,1 ) 89 194 89 196 0.0022 89 195 0.0011 
21 ( 0,1 ) 89 894 89 901 0.0078 89 896 0.0022 
22 ( 9,0 ) 94 378 94 384 0.0064 94 384 0.0064 
23 ( 1,2 ) 98 126 98 126 0.0000 98 126 0.0000 
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lines represent nodal lines. The ratios are the maximum displacements in the r and θ directions to the maximum displacement in the z
direction. The theoretical ratios and mode shapes were in excellent agreement with the numerical calculations. It can be easily proven
that the vibrations are in-plane dominated. However, for different thicknesses, even when the natural frequencies were similar, the
ratios were different. For example, the natural frequencies of the first modes in Figs. 2 and 3 were similar. However, the ratio ( TSDT )
in the r direction in Fig. 2 is 40.958 while that in Fig. 3 is 20.497. 
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Figs. 6 and 7 show the selected figures of electric displacement D z of the piezoceramic disk with fully clamped boundary conditions
or R / H = 10 and R / H = 5, respectively. Figs. 8 and 9 show the selected of electric displacement D z of the piezoceramic disk with
ompletely free boundary conditions for R / H = 10 and R / H = 5, respectively. 
The solution of electric displacement D z based on SSDT can be expressed as 

D z = 

( 

3 ∑ 

i =1 

C i 

(
e 31 χi ̂  	 + e 33 − e 31 

η2 

6 
ˆ 	

)
ˆ w in (αi ξ ) 

) 

cos (nθ ) e iωt ( 58 ) 
igure 2 Selected mode shapes with clamped boundary condition ( R/H = 10 ) . 

ded from
 https://academ

ic.oup.com
/jom

/article/doi/10.1093/jom
/ufac034/6795282 by Tokyo Institute of Technology Library user on 04 N

ovem
ber 2022



420 • Journal of Mechanics , 2022, Vol. 38 

Figure 2 Continued. 
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Figure 3 Selected mode shapes with clamped boundary condition ( R/H = 5 ) . 
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Figure 3 Continued . 
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Figure 4 Selected mode shapes with free boundary condition ( R/H = 10 ) . 
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Figure 4 Continued . 
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Figure 5 Selected mode shapes with free boundary condition ( R/H = 5 ) . 
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Figure 5 Continued . 
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Figure 6 First six electric displacements along z -direction for clamped boundary condition ( R/H = 10 ) . 

Figure 7 First six electric displacements along z -direction for clamped boundary condition ( R/H = 5 ) . 
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Figure 8 First six electric displacements along z -direction for free boundary condition ( R/H = 10 ) . 

Figure 9 First six electric displacements along z -direction for free boundary condition ( R/H = 5 ) . 
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The solution of electric displacement D z based on TSDT can be expressed as 

D z = 

( 

3 ∑ 

i =1 

C i 

(
e 31 χi ̂  	 + e 33 ( 1 + λi η

2 ) − e 31 
η2 

6 
( 1 + λi η

2 ) ̂  	

)
ˆ w in (αi ξ ) 

) 

cos (nθ ) e iωt ( 59 ) 

The theoretical mode shapes of electric displacement D z were in excellent agreement with the numerical calculations for different
hickness and boundary conditions. It can be observed that the distribution of electric displacements D z are similar with those mode
hapes in the z direction. This result implies that the designs of surface electrodes for exciting specific in-plane mode shapes can be
eferred to the associated distributions of displacement function u z . Furthermore, the comparison results in Figs. 6 and 7 indicate that
he analytical method can give more stable and convergence physical quantities of displacement and electric properties than numerical
alculation results. 

5. CONCLUSIONS  

n this study, the authors present two higher-order plate theories: SSDT and TSDT, and simplified third-order linear piezoelectric the-
ry to study the in-plane dominated vibrations of thick piezoelectric circular plates under fully clamped and completely free boundary
onditions. Hamilton’s principle and the variation method were applied to derive the equations of motion and boundary conditions.
n theoretical analysis, the resonant frequencies, associated mode shapes and shapes of electr ic distr ibution for var ious radius-to-
hickness ratios were calculated. The numerical results obtained by the FEM were compared with those obtained from theoretical
nalysis. The two higher-order shear deformation plate theories and simplified third-order linear piezoelectric theory can accurately
redict the resonant frequencies and mode shapes. The proposed theories have been verified by comparison with FEM. The proposed
heories wi l l be applied to study the in-plane dominated vibrations of thick piezoelectric rectangular plates analytically, especially un-
er completely free boundary conditions. The work is now in progress. 
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APPENDIX A  

ase 1 clamped boundary condition ( i = 1 − 3 ) : 

S S 1 i = 

ˆ w in (αi ) ( A.1 ) 

S S 14 = 0 ( A.2 ) 

S S 2 i = 

∂ ̂  w in (αi ) 
∂ξ

( A.3 ) 

S S 24 = 0 ( A.4 ) 

S S 2 i = χi 
∂ ̂  w in (αi ) 

∂ξ
( A.5 ) 

S S 34 = n ̂  w 4 n (α4 ) ( A.6 ) 

S S 4 i = χi n ̂  w in (αi ) ( A.7 ) 

S S 44 = 

∂ ̂  w 4 n (α4 ) 
∂ξ

( A.8 ) 
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Case 2 free boundary condition ( i = 1 − 3 ) : 

S S 1 i = 

(
χi − 3 

10 
η2 

)(
∂ 3 ˆ w in (αi ) 

∂ξ 3 + 

∂ 2 ˆ w in (αi ) 
∂ξ 2 

)
+ ( − χi 

(
n 2 + 1 

)
− ( 1 − γ12 ) χi n 2 + 

3 
10 

η2 ( 1 − γ12 ) n 2 + 

3 
10 

η2 (1 + n 2 
) + γ13 

−4 
5 
η2 x i n 31 + λ4 χi − 3 

10 
η2 λ4 

)
∂ ̂  w in (αi ) 

∂ξ

+ ( 3 − γ12 ) 
(

χi − 3 
10 

η2 
)
n 2 ˆ w in (αi ) 

( A.9 )

S S 14 = 

(−n 3 ( 1 − γ12 ) + λ4 n 
)
ˆ w 4 n (α4 ) + ( 1 − γ12 ) n 

∂ ̂  w 4 n (α4 ) 
∂ξ

( A.10 )

S S 2 i = 

(
χi − 3 

10 
η2 

)(
∂ 2 ˆ w in (αi ) 

∂ξ 2 + γ12 
∂ ̂  w in (αi ) 

∂ξ
− γ12 n 2 ˆ w in (αi ) 

)

+ 

(
γ13 − 4 

5 
η2 x i n 31 

)
ˆ w in (αi ) 

( A.11 )

S S 24 = ( 1 − γ12 ) n 
(

∂ ̂  w 4 n (α4 ) 
∂ξ

− ˆ w 4 n (α4 ) 
)

( A.12 )

S S 3 i = 

(
χi − η2 

6 

) (
∂ 2 ˆ w in (αi ) 

∂ξ 2 + γ12 
∂ ̂  w in (αi ) 

∂ξ
− γ12 n 2 ˆ w in (αi ) 

)
+ γ13 ̂  w in (αi ) ( A.13 )

S S 34 = ( 1 − γ12 ) n 
(

∂ ̂  w 4 n (α4 ) 
∂ξ

− ˆ w 4 n (α4 ) 
)

( A.14 )

S S 4 i = n 
(
2 χi − η2 

3 

) (
−∂ ̂  w in (αi ) 

∂ξ
+ 

ˆ w in (αi ) 
)

( A.15 )

S S 44 = −n 2 ˆ w 4 n (α4 ) + 

∂ ̂  w 4 n (α4 ) 
∂ξ

− ∂ 2 ˆ w 4 n (α4 ) 
∂ 2 ξ

( A.16 )

APPENDIX B  

Case 1 clamped boundary condition ( i = 1 − 4 ) : 

S T 1 i = 

ˆ w in (αi ) ( B.1 )

S T 15 = 0 ( B.2 )

S T 2 i = λi ̂  w in (αi ) ( B.3 )

S T 25 = 0 ( B.4 )

S T 3 i = ( 1 + η2 λi ) 
∂ ̂  w in (αi ) 

∂ξ
( B.5 )

S T 35 = 0 ( B.6 )

S T 4 i = χi 
∂ ̂  w in (αi ) 

∂ξ
( B.7 )

S T 45 = n ̂  w 5 n (α5 ) ( B.8 )

S T 5 i = χi n ̂  w in (αi ) ( B.9 )

S T 55 = 

∂ ̂  w 5 n (α5 ) 
∂ξ

( B.10 )
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Case 2 free boundary condition ( i = 1 − 4 ) : 

S T 1 i = χi 
∂ ̂  w in (αi ) 

∂ξ
( B.11 ) 

S T 15 = 0 ( B.12 ) 

S T 2 i = 

(
χi − 3 

10 
η2 − 3 

10 
η4 λi 

) (
∂ 3 ˆ w in (αi ) 

∂ξ 3 + 

∂ 2 ˆ w in (αi ) 
∂ξ 2 

+ 

(
λ4 − (

n 2 + 1 
) − ( 1 − γ12 ) n 2 

) ∂ ̂  w in (αi ) 
∂ξ

+ ( 3 − γ12 ) n 2 ˆ w in (αi ) 
)

(
γ13 + 

(
9 
5 
γ13 + 

4 
5 
m 1 

)
η2 λi − 2 

15 
m 2 x i η2 (1 + η2 λi 

)) ∂ ̂  w in (αi ) 
∂ξ

( B.13 ) 

S T 25 = ( −n 3 ( 1 − γ12 ) + λ4 n ) ̂  w 5 n (α5 ) + ( 1 − γ12 ) n 
∂ ̂  w 5 n (α5 ) 

∂ξ
( B.14 ) 

S T 3 i = 

(
χi − 3 

10 
η2 − 3 

10 
η4 λi 

) (
∂ 2 ˆ w in (αi ) 

∂ξ 2 + γ12 
∂ ̂  w in (αi ) 

∂ξ
− γ12 n 2 ˆ w in (αi ) 

)

+ 

(
γ13 + 

(
9 
5 
γ13 + 

4 
5 
m 1 

)
η2 λi − 2 

15 
m 2 x i η2 (1 + η2 λi 

))
ˆ w in (αi ) 

( B.15 ) 

S T 35 = ( 1 − γ12 ) n 
(

∂ ̂  w 5 n (α5 ) 
∂ξ

− ˆ w 5 n (α5 ) 
)

( B.16 ) 

S T 4 i = 

(
χi − η2 

6 
− η4 

6 
λi 

) (
∂ 2 ˆ w in (αi ) 

∂ξ 2 + γ12 
∂ ̂  w in (αi ) 

∂ξ
− γ12 n 2 ˆ w in (αi ) 

)
+ γ13 

(
1 + η2 λi 

)
ˆ w in (αi ) 

( B.17 ) 

S T 45 = ( 1 − γ12 ) n 
(

∂ ̂  w 5 n (α5 ) 
∂ξ

− ˆ w 5 n (α5 ) 
)

( B.18 ) 

S T 5 i = n 
(
2 χi − η2 

3 
− η4 

3 
λi 

)(
−∂ ̂  w in (αi ) 

∂ξ
+ 

ˆ w in (αi ) 
)

( B.19 ) 

S T 55 = −n 2 ˆ w 5 n (α5 ) + 

∂ ̂  w 5 n (α5 ) 
∂ξ

− ∂ 2 ˆ w 5 n (α5 ) 
∂ 2 ξ

( B.20 ) 
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