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Abstract

In low-energy hadron physics, one can consider a global symmetry called isospin symmetry (SU(2)
flavor symmetry) for the light quark sector, up and down quarks. We can also consider SU(3) flavor
symmetry with the addition of further strange quarks for the light quark sector. SU(3) flavor symmetry
as well as the symmetry breaking due to the difference among the quark masses are also important,
and they appear in hadron phenomena. Among hadrons kaon is unique; it is a hadron that appears
due to the dynamical breaking of chiral symmetry and reflects the large effect of explicit breaking of
chiral symmetry due to the inclusion of the strange quark. In this dissertation, we study the flavor
symmetry and its symmetry breaking phenomenologically via the hadron phenomena with strangeness
induced by the kaon.

For the study of the isospin symmetry breaking, we propose to utilize the K−d → π−Λp and
K−d → π0Λn reactions in order to investigate the difference between the low-energy Λp and Λn
scatterings. In these reactions, the Λp and Λn scatterings appear as final state interactions. The
large isospin breaking in the ΛN system is proposed by the experiments of the hypernuclei. The
low-energy property of Λp was studied by the pp → K+Λp reaction, while that of the Λn has not
yet been experimentally determined. We find that the ratio of the ΛN invariant mass spectra of the
K−d → π−Λp and K−d → π0Λn reactions is useful for studying the qualitative properties of isospin
symmetry breaking in the low-energy ΛN scattering.

For the SU(3) flavor symmetry breaking, we discuss the density dependence of the chiral condensate
with the strange quarks in the nuclear matter. In order to confirm the dynamical breaking of chiral
symmetry, the partial restoration of the chiral symmetry in nuclear matter is investigated. The
magnitude of the chiral condensate 〈ūu+ d̄d〉 is expected to decrease as chiral symmetry is restored in
the nuclear matter. The partial restoration of the chiral symmetry in nuclear matter is confirmed by
the decrease in the chiral condensate obtained experimentally through the pion-nucleus interactions,
the pionic atom and the pion-nucleus scattering. For the systematic study on the partial restoration of
the chiral symmetry, we derive the in-medium chiral condensate with strange components and discuss
the behavior of in-medium chiral condensate with the obtained KN scattering amplitude. We obtain
the KN scattering amplitude using chiral perturbation theory and the experimental data of the K+N

elastic scatterings. We propose the low-energy experiments of KN scattering in order to obtain the
KN scattering amplitude more precisely and discuss the chiral condensate.

As well as the pion-nucleus interaction from the pionic atoms, the K−-nucleus interaction from
kaonic atoms may be a phenomenological tool to prove the partial restoration of the chiral symmetry.
A pionic atom is well-understood by theoretical and experimental studies. The fundamental π−-
nucleon interaction is repulsive, and then the potential between π− and a nucleus is also worked
repulsively. Therefore the energy shift is seen repulsively in the pionic atoms. On the other hand, the
K− -nucleus interaction is not as precisely understood as the pion-nucleus interaction at present. The
energy shift in the kaonic atom is repulsive as well as that in the pionic atom, while the interaction
between K− and a nucleon is attractive, and the K−-nucleus potential is also attractive. We study
the global feature of the K− -nucleus interaction in terms of the mechanism of the repulsive energy
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shifts by the strong interaction in kaonic atoms. Naively, the effect of the level repulsion to the kaonic
atom by the kaonic nuclei coupled to the atomic state yields the repulsive energy shift, however, in our
study we find that the level repulsion by the nuclear bound states is not responsible for the repulsive
shift and reconfirm that the imaginary part of the optical potential plays a significant role for the
repulsive shift in the kaonic atom.

Through these phenomenological studies with the kaon, we conclude that a phenomenological ap-
proach to flavor symmetry and its breaking is an effective way.
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Chapter 1

Introduction

One of the purposes of physics is to explore the origin of matter. Matter in this world consists of
atoms, which are composed of a nucleus and elementary particles, electrons. The nucleus is made up
of protons and neutrons. A proton and a neutron are composed of three quarks, which are elementary
particles. The elementary particles that make up the matter at the present time, three of the four
known fundamental forces (the electromagnetic, weak and strong interactions) in nature acting on
them, and the elementary particles that mediate them are summarized as the Standard Model. The
experimental property of elementary particles in the Standard Model is summarized in Review of
Particle Physics [1] and shown in Fig. 1.1. In the Standard Model, elementary particles are quarks and
leptons, which are matter particles, gauge bosons, which mediate forces, and Higgs bosons, which give
particles mass. The forces in the Standard Model are electromagnetic, strong, and weak interactions.
This dissertation will focus on the quarks, gluons, and hadrons composed of them that are involved
in the physics of strong interaction.

Fig.1.1 Elementary particles in the Standard Model. This figure is taken from Ref. [2].

The fundamental theory of the strong interaction is a SU(3) gauge theory called Quantum Chromo-
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dynamics (QCD), in which the fundamental degrees of freedom are color-charged quarks and gluons.
At high energies, the coupling constant of QCD is small enough to allow perturbation calculations
and direct treatment of quarks and gluons, whereas at low energies, the coupling constant becomes
large enough to make such calculations impossible. In this case, color confinement occurs and the
quark-gluon exists as a combined bound state that is color-singlet. This state is the hadron, which is
the fundamental degree of freedom in low-energy QCD. Although hadrons themselves are no longer
the most fundamental particles in particle nuclear physics today, they are of interest as systems that
reflect the non-perturbative nature of QCD in low-energy, the standard theory describing strong in-
teractions. In other words, the study of hadrons is essential to investigate the nature of the strong
interaction in low-energy, and hadron physics does just that.

The symmetries that the low-energy QCD Lagrangian possesses, such as flavor symmetry and chiral
symmetry based on it, and their breaking appear in the hadron property, such as the hadron mass
spectrum and interactions between hadrons. The flavor symmetry requires that strong interaction is
invariant with respect to the transformation of the light quark sector, up and down quarks for flavor
SU(2) (isospin symmetry), and up, down and strange quarks for flavor SU(3). SU(3) flavor symmetry
is a functioning symmetry and plays an important role, for example, in the classification of baryon
octet. On the other hand, the symmetry is not exact and is broken because of the large difference of
the strange quark mass (94 MeV) compared to the masses of the up and down quarks (< 10 MeV).
Compared to SU(3) flavor symmetry, isospin symmetry is a good symmetry. This is because the
masses of both up and down quarks (∼ 2 MeV and ∼ 5 MeV) are significantly smaller than the typical
energy scale of hadrons (∼ 1 GeV) and can be considered as zero. However, it is not also an exact
symmetry because there is a slight difference between them. Chiral symmetry plays an important
role in low-energy QCD. Chiral symmetry is a symmetry that requires that flavor transformations
can be performed independently for right- and left-handed quarks. The QCD Lagrangian has the
exact chiral symmetry in the case where the current quark mass is zero. In the real world, the chiral
symmetry is broken explicitly by the finite value of the current quark mass, and it is also broken
spontaneously. Therefore, the QCD vacuum has a non-trivial structure that is not determined by a
single point but is infinitely degenerate. The associated massless Nambu–Goldstone boson appears,
but in fact the Nambu–Goldstone bosons also have nonzero mass because the current quark mass has
a finite value. Among them, kaon is unique: one of Nambu–Goldstone bosons in flavor SU(3) chiral
symmetry, reflects the large effect of the explicit breaking of chiral symmetry due to the inclusion of
the strange quark and is a source of strangeness if used as a beam.

In this dissertation, we study the isospin symmetry breaking in the Λ-nucleon interaction, the density
dependence of the chiral condensate with the strange quarks in the nuclear matter, and K−-nucleus
interaction in terms of flavor symmetry breaking through each hadron reaction induced by the kaon.
Each study is an independent project.

For the study of the isospin symmetry breaking in the Λ-nucleon interaction, we use K−d → πΛN
reaction (K−d → π−Λp and K−d → π0Λn) [3]. These are reactions of isospin partners, so if isospin
symmetry holds exactly, the ratio of the cross sections of these reactions is 2 : 1. The scattering
amplitudes of these reactions are constructed in the same way by isospin symmetry. Isospin symmetry
breaking can then be incorporated via hadronic masses and more fundamental two-body hadron
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interactions appearing in the scattering amplitudes. By choosing the charge of the pion in the final-
state, we can study two reactions with the same initial state K−d, and different final states π−Λp
and π0Λn. The final-state interaction in the K−d → πΛN reaction involves the interaction between
Λ and a nucleon N . While the scattering length of Λ-proton has been studied experimentally by
the pp → K+pΛ reaction [4], that of Λ-neutron has not yet been experimentally determined. Using
this reaction we examine what the difference in the scattering length between Λ-proton and Λ-neutron
would look like. Taking advantage of the fact that these reactions are isospin-partners, we can examine
the isospin symmetry breaking in the Λ-nucleon by taking the ratio of the cross sections of the reactions.

For the study of the density dependence of the chiral condensate with the strange quarks in the
nuclear matter, we use KN elastic scattering [5]. Chiral symmetry, which is dynamically broken in
reality, is considered to be restored at high temperature and/or density due to the phase transition
phenomena. The chiral condensate

〈
ψ̄ψ
〉

is considered to be one of the order parameters of the spon-
taneous breaking of chiral symmetry, which is

〈
ψ̄ψ
〉

6= 0 when it is spontaneously broken. The chiral
symmetry is expected to move toward restoration even in finite density, though not completely, com-
pared to the vacuum. In-medium chiral condensate of flavor SU(2),

〈
ūu+ d̄d

〉
, is expected to be about

30% smaller than in vacuum at normal nuclear density. This prediction has been phenomenologically
proven through hadronic phenomena such as pionic atoms [6–8], which are bound systems between
a pion and a nucleus as a source of high density, and pion-nucleus scattering [9]. In our study, we
focus on the in-medium chiral condensate with the strange quarks 〈ūu+ s̄s〉 for the systematic study
of the partial restoration of chiral symmetry. The condensate with strange quarks is clearly differ-
ent from SU(2) condensate

〈
ūu+ d̄d

〉
. This is because nuclear matter does not contain any strange

quarks, while the condensate contains strange quarks. We first derive 〈ūu+ s̄s〉 in the nuclear medium
based on the correlation function approach [8, 10, 11] and the low-density theorem [12, 13]. Then the
parameters included in the obtained formula are determined using KN elastic scattering. Once the
parameters are determined, the behavior of the condensate in the nuclear matter can be obtained. Of
course, it is possible to consider the chiral condensate in SU(3) flavor symmetric baryonic matter, and
indeed we have included the calculations in Chapter 6.

For the study of the K−-nucleus interaction, we use a kaonic atom, which is one of the exotic atoms,
and a bound state between a negatively charged kaon and a nucleus mainly by Coulomb potential
but the strong force also works. A pionic atom, a bound state between a pion and a nucleus, is
well-understood by theoretical and experimental studies. The fundamental π−-nucleon interaction is
repulsive, and then the potential between π− and the nucleus is also worked repulsively. Therefore
the energy shift which is the correction to binding energy by Coulomb force due to strong force is seen
repulsively in the pionic atom. On the other hand, the study of the kaonic atom is in progress. The
energy shift in the kaonic atom is repulsive as well as that in the pionic atom, while the interaction
between K− and a nucleon is attractive, and the K−-nucleus potential is also attractive. Naively, this
could be attributed to the existence of a kaonic nucleus below the energy spectrum of the kaonic atom
due to attraction and the energy shift is repulsive due to its level repulsion, but on the other hand,
the other mechanism is also possible: Even if the real part of the optical potential which describes
the K−-nucleus interaction is attractive, if the imaginary part of it, which represents the effect of the
kaon absorption to the nucleons, is large, the energy shift will be repulsive. In our study on the kaonic
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atom, we focus on the mechanism of the repulsive shift induced by strong interaction in kaonic atoms.
This dissertation is based on Refs. [3, 5, 14]. The structure of this dissertation is as follows. Chap-

ters 2 and 3 are the review part of research area. In Chapter 2, we discuss QCD which is the
fundamental theory of strong interaction, its symmetries and breaking. In Chapter 3, we discuss sym-
metry breakings and related hadron phenomena. Chapter 4 describes theoretical tools used in this
dissertation. Chapters 5 to 7 are the main results of this dissertation. In Chapter 5, we first show the
theoretical formalism of the K−d → πΛN reaction and then perform the numerical calculations. We
also take the ratio of the cross sections between K−d → π−Λp and K−d → π0Λn reactions in order to
discuss the isospin symmetry breaking in the low-energy Λ-nucleon scattering. Chapter 6 is devoted
to the in-medium chiral condensate with the strange quarks and KN elastic scattering. Chapter 7 is
devoted to the discussion of the mechanism of the repulsive energy shift in the kaonic atom. Finally,
we summarize this dissertation in Chapter 8.
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Chapter 2

Low-energy Quantum Chromodynamics and
its symmetries

In this chapter, we give a brief overview of Quantum Chromodynamics in low-energy and related
topics.

2.1 Quantum Chromodynamics
Strong interaction, one of the four fundamental forces in nature, is described by Quantum Chro-

modynamics (QCD). QCD is a SU(3) gauge theory with color charges as degrees of freedom. The
matter fields are fermionic quarks with spin 1/2 and the gauge fields are bosonic gluons with spin
1. The quarks which correspond to the fundamental representation of SU(3) and the gluons which
correspond to the adjoint representation of SU(3) have three different color charges r, b, g (anti-quarks
have anti-color r̄, b̄, ḡ) and eight different pairs color and anti-color, respectively.

The Lagrangian of QCD is given by

LQCD = −1
4G

a
µνG

µν,a +
∑
f

q̄f (iγµDµ −mf )qf . (2.1)

where qf is the quark field and f is the quark flavor. mf is the current quark mass of flavor f . For
each flavor quark field, since quarks are the fundamental representation of SU(3)c, we have

qf =

qf,Rqf,B
qf,G

. (2.2)

Gaµν and Dµ are the field strength tensor and the covariant derivative defined as

Gµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], (2.3)
Dµ = ∂µ − igAµ, (2.4)

respectively. Aaµ is the color SU(3) gauge field, which corresponds to the gluon fields, and g is the
coupling constant between quarks and gluons.

Six flavors of quarks have been found: up, down, strange, charm, bottom, and top. Table 2.1 lists
the mass, charge, and quantum number of each quark. Up, down, and strange quarks are called light
quarks, and charm, bottom, and top quarks are called heavy quarks, relative to the proton mass (938
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Table 2.1 Mass, charge and quantum number of each quark flavor. The quark masses of the
light sector (up, down and strange) and the heavy sector (charm and bottom) are given by MS
mass with the renormalization scale µ = 2 GeV and with the renormalization scale µ = mf ,
respectively. The top quark mass here is given by an average of the top quark mass from several
measurements. The values of quark masses here is taken from the 2022 version of Review of
Particle Physics [1].

Flavor Mass Charge[e] Quantum number
u 2.16 +0.49

−0.26 MeV +2/3 Iz = +1/2
d 4.67 +0.48

−0.17 MeV −1/3 Iz = −1/2
s 93.4 +8.6

−3.4 MeV −1/3 S = −1
c 1.27 ± 0.02 GeV +2/3 C = +1
b 4.18 +0.03

−0.02 GeV −1/3 B = −1
t 172.69 ± 0.3 GeV +2/3 T = +1

MeV) which is the typical scale for hadrons. Since the top quark decays by weak interaction and
changes into other flavors before hadronization, only charm and bottom are actually considered when
discussing the heavy quarks in the strong interaction. In this dissertation, we consider only the light
quarks below.

2.2 Asymptotic freedom
In the previous section, we have introduced g as the coupling constant of QCD, but with quantum

effects, the coupling constant g becomes dependent on the energy scale µ. That is, g = g(µ). Now
we introduce αs(µ) = g2(µ)

4π as the coupling constant. The µ-dependence of αs(µ) can be computed
perturbatively as

µ2 d
dµ2αs(µ) = β(αs) = −b0α

2
s − b1α

3
s − . . . (2.5)

where

b0 = 11 − 2Nf/3
4π , b1 = 153 − 19Nf

24π2 (2.6)

with Nf stands for the number of quark flavors considered here. Because of β(αs) < 0, we have
αs(µ2) → 0 together with µ → ∞. This behavior of αs is called asymptotic freedom [15, 16]. Solving
Eq. (2.5) for αs yields

αs(µ2) = 12π
(33 − 2Nf ) ln

(
µ2/Λ2

QCD

)[1 − 6(153 − 19Nf )
(33 − 2Nf )2

] ln
(
ln
(
µ2/Λ2

QCD
))

ln
(
µ2/Λ2

QCD

) + . . . (2.7)

where ΛQCD is a parameter that stands for an energy scale that characterizes QCD and depends on
Nf and a renormalization prescription. When MS scheme is used as the renormalization prescription,
ΛQCD = (339 ± 10) MeV when Nf = 3 (u, d, s quarks). Asymptotic freedom allows perturbation
calculations to be performed for high-energy QCD, while in the low-energy region, αs becomes large
enough to make perturbation theory untenable. In the physics of strong interactions in the low-
energy region treated in this dissertation, hadrons are treated as the fundamental degrees of freedom,
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Table 2.2 Non-zero totally antisymmetric structure constants of SU(3)

abc 123 147 156 246 257 345 367 458 678
fabc 1 1

2 − 1
2

1
2

1
2

1
2 − 1

2
1
2
√

3 1
2
√

3

and the interactions that appear are those between hadrons. With the increasing performance of
computers, the method of numerically treating non-perturbative QCD (lattice QCD) is also a very
efficient approach.

2.3 Symmetries of QCD

2.3.1 Color symmetry (SU(3) gauge symmetry)

Color symmetry is the exact and local symmetry of QCD. We confirm the invariance of QCD
Lagrangian (2.1) under the SU(3)c gauge transformation. The SU(3)c gauge transformation to the
quark, anti-quark and gluon fields is given as the following local transformation using the SU(3)c
unitary matrix U(x) that satisfies U(x)U†(x) = U†(x)U(x) = 1 at each point in spacetime:

qf (x) → q′
f (x) = U(x)qf (x) ≡ exp

[
−i

8∑
a=1

θa(x)λ
a

2

]
qf (x) (2.8)

q̄f (x) → q̄′
f (x) = q̄f (x)U†(x) (2.9)

Aµ(x) → A′
µ(x) = U(x)Aµ(x)U†(x) − i

g
(∂µU(x))U†(x). (2.10)

Here λa, the so-called Gell-Mann matrices, is given by the following matrices:

λ1 =

0 1 0
1 0 0
0 0 0

, λ2 =

0 −i 0
i 0 0
0 0 0

, λ3 =

1 0 0
0 −1 0
0 0 0

,
λ4 =

0 0 1
0 0 0
1 0 0

, λ5 =

0 0 −i
0 0 0
i 0 0

, λ6 =

0 0 0
0 0 1
0 1 0

,
λ7 =

0 0 0
0 0 −i
0 i 0

, λ8 = 1√
3

1 0 0
0 1 0
0 0 −2

, λ0 =
√

2
3

1 0 0
0 1 0
0 0 1

. (2.11)

The commutation relations of the Gell-Mann matrices read[
λa

2 ,
λb

2

]
= ifabc

λc

2 (2.12)

where fabc stands for the totally antisymmetric structure constants of SU(3) summarized in Table 2.2.
The anticommutation relations of the Gell-Mann matrices read{

λa

2 ,
λb

2

}
= 1

3δ
ab + dabc

λc

2 (2.13)

where dabc are the totally symmetric and summarized in Table 2.3.
Using Eq. (2.10), the SU(3)c gauge transformation of the field strength Gµν of the gluon fields and
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Table 2.3 Non-zero totally symmetric d symbols of SU(3)

abc 118 146 157 228 247 256 338 344 355
dabc 1√

3
1
2

1
2

1√
3 −1

2
1
2

1√
3

1
2

1
2

abc 366 377 488 558 668 778 888 000 0ii(i 6= 0)

dabc −1
2 −1

2 − 1
2

√
3 − 1

2
√

3 − 1
2

√
3 − 1

2
√

3 − 1√
3

√
2
3

√
2
3

the covariant derivative for the quark fields Dµq are respectively given as

Gµν(x) → G′
µν = ∂µA

′
ν − ∂νA

′
µ − ig

[
A′
µ, A

′
ν

]
=
[
(∂µU)AνU† + U(∂µAν)U† + UAν(∂µU†) − i

g

[
(∂µ∂νU)U† + (∂νU)(∂µU†)

]]
−
[
(∂νU)AµU† + U(∂νAµ)U† + UAµ(∂νU†) − i

g

[
(∂ν∂µU)U† + (∂µU)(∂νU†)

]]
− ig

[(
UAµU

† − i

g
(∂µU)U†

)
,

(
UAνU

† − i

g
(∂νU)U†

)]
= U [∂µAν − ∂νAµ − ig[Aµ, Aν ]]U† = U(x)Gµν(x)U†(x) (2.14)

Dµq(x) → D′
µq

′(x) = (∂µ − igA′
µ(x))q′(x) =

[
∂µ − ig

(
UAµU

† − i

g
(∂µU)U†

)]
Uq

= (∂µU)q + U(∂µq) − igUAµq − (∂µU)q = U(∂µ − igAµ)q
= U(x)Dµq(x) (2.15)

where we use U(∂µU†) = −(∂µU)U† which is derived by the unitarity of U(x).
Finally we confirm that LQCD is invariant under the SU(3)c gauge transformation:

LQCD → L′
QCD = −1

4UG
a
µνU

†UGµν,aU† +
∑
f

q̄fU
†(iγµUDµ −mf )qf = LQCD. (2.16)

2.3.2 Flavor symmetry

Isospin symmetry
Isospin which was first introduced by Heisenberg [17] is a quantum number of the nucleon for the

internal degree of freedom. The proton and neutron have different electroweak interactions but have
almost the same mass. Thus the proton and neutron are regarded as different internal states (isospin)
of the same particle called a nucleon denoted as N , and the proton and neutron are given isospin up
and down directions, respectively. Namely, it is expressed as

N =
(
p
n

)
. (2.17)

This is an analogy for the spin of the electron. In QCD, the isospin is understood as the role of up
and down quarks. SU(2) flavor symmetry or simply isospin symmetry is a symmetry with respect to
rotation in isospin space and is a global SU(2) symmetry that mixes two flavors of quarks, up and
down. Thus, assigning u and d quarks to the isospin 1/2 representation, it is expressed as

q =
(
u
d

)
→ U

(
u
d

)
≡ eiθ

a τa

2

(
u
d

)
(2.18)
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where U is the isospin transformation matrix with the Pauli matrices τa. The masses of up and down
quarks are very small relative to the nucleon mass which is the typical hadron scale and then can be
considered as zero. Therefore, while the isospin symmetry is not exact, it is a very good symmetry.
For example, the masses of the isospin doublet of the nucleon, and the masses of the isospin triplet of
the pion are nearly equal, respectively.

Charge symmetry and charge independence are also presented in relation to the isospin symmetry.
These are symmetries for the nucleons and nuclei and nuclear forces. Charge symmetry is defined as
the invariance under the rotation by π about the y axis in isospin space, a symmetry that is narrower
than isospin symmetry. Charge independence stands for the invariance in general transformations in
isospin space. Charge symmetry yields the consequence that replacing all the protons and neutrons
in a nucleus with neutrons and protons, or in QCD terms, replacing all the up and down quarks with
each other, results in a little change in the observed value. For example, the excited states of mirror
nuclei have the same energy level and spin-parity assignment.

SU(3) flavor symmetry
SU(3) flavor symmetry or simply flavor symmetry is a symmetry that extends the isospin symmetry

to SU(3) to include strange quark in addition to up and down quarks as the light quarks as

q =

ud
s

 → U

ud
s

 ≡ eiθ
a λa

2

ud
s

 (2.19)

where U is the flavor transformation matrix. The flavor symmetry is justified because the mass of
the strange quark is smaller than that of the nucleon, whereas the symmetry breaking is considered
to be greater than the isospin symmetry because it is heavier than that of the up and down quarks.
The flavor symmetry and its breaking appear in the hadron mass spectrum and the hadron-hadron
interaction as well as the isospin symmetry. The well-known examples are the classification of the
pseudoscalar meson flavor octet, the 1/2+ baryon flavor octet shown in Fig. 2.1 and summarized in
Table 2.4, and Gell-Mann–Okubo mass formula [18, 19]. Gell-Mann–Okubo mass formula shows that
taking the SU(3) breaking up to the first-order perturbation of the strange quark mass and estimating
the symmetry breaking effect in the hadron mass relates the hadron masses in the same representation,
such as baryon octet:

MΣ −MN︸ ︷︷ ︸
∼254 MeV

= 1
2(MΞ −MN ) + 3

4(MΣ −MΛ)︸ ︷︷ ︸
∼247 MeV

. (2.20)

Thus, although SU(3) flavor symmetry is broken by the large mass of the strange quark (∼ 100 MeV),
it is worth considering, and the effects of the breaking can be perturbatively incorporated into the
discussion.

The chiral symmetry discussed in the next section is based on isospin or flavor symmetry.
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Table 2.4 Mass and the quantum number of pseudoscalar meson octet and 1/2+ baryon octet.
The values of hadron masses here are isospin-averaged values. Note that one strange quark is
counted with strangeness −1, one anti-strange quark with strangeness +1.

Hadron Mass Isospin Strangeness
π (π−, π0, π+) 138 MeV 1 0
K (K0,K+) 496 MeV 1/2 +1
K̄ (K−, K̄) 496 MeV 1/2 −1

η 548 MeV 0 0
N (p, n) 939 MeV 1/2 0

Λ 1116 MeV 0 −1
Σ (Σ−,Σ0,Σ+) 1193 MeV 1 −1

Ξ (Ξ−,Ξ0) 1318 MeV 1/2 −2

K+K0

K− K̄0

π− π0, η π+

Pseudoscalar meson octet

pn

Ξ− Ξ0

Σ− Σ0, Λ Σ+

1/2+ baryon octet

Fig.2.1 Pseudoscalar meson flavor octet and 1/2+ baryon flavor octet.

2.3.3 Chiral symmetry

We define chirality in order to discuss chiral symmetry. In general, the state with the eigenvalue −1
of γ5 is called the left-handed and the state with eigenvalue +1 is called the right-handed for Dirac
particles. The eigenvalue of γ5 is called chirality. For the massless fermions or the fermions at the
high-energy limit where mass is negligible, chirality matches helicity.

Projection operators with chirality of −1 (left-handed) and +1 (right-handed) are defined as

PL ≡ 1
2(1 − γ5), PR ≡ 1

2(1 + γ5), (2.21)



11

respectively. Projection operators (2.21) satisfy the following relations:

PL + PR = 1 (2.22)

P 2
L = 1

4(1 − γ5)2 = 1
4(21 − 2γ5) = PL (2.23)

P 2
R = 1

4(1 + γ5)2 = 1
4(21 + 2γ5) = PR (2.24)

PLPR = PRPL = 1
2(1 − γ5)1

2(1 + γ5) = 1
4(1 − γ2

5) = 0 (2.25)

Now we define the left-handed quark field qL and the right-handed quark field qR by using the pro-
jection operators (2.21) as

qL = PLq, qR = PRq. (2.26)

Confirm that they are the eigenstates of γ5:

γ5qL = 1
2(γ5 − γ2

5)q = −1
2(1 − γ5)q = −qL (2.27)

γ5qR = 1
2(γ5 + γ2

5)q = 1
2(1 + γ5)q = qR. (2.28)

Rewriting the quark field part of the QCD Lagrangian LQCD, LqQCD using qL and qR, we obtain

LqQCD = q̄(iγµDµ − M)q = q(PL + PR)(iγµDµ − M)(PL + PR)q
= q̄L(iγµDµ)qL + q̄R(iγµDµ)qR − q̄LMqR − q̄RMqL (2.29)

where M denotes the SU(3)f quark mass matrix given as

M =

mu

md

ms

 (2.30)

with mu, md and ms denoting up, down and strange quark mass, respectively. As seen in Eq. (2.29),
the kinetic term is split into the left- and right-handed, while the mass term is a mixture of the
left- and right-handed. Namely, under the limit that quark mass is taken to zero (chiral limit), the
QCD Lagrangian is invariant under the following independent flavor transformations discussed in the
previous section for the left and right components, since the mass term vanishes, as

qL → ULqL, UL = exp
(
iθaL

λa

2

)
∈ SU(3)L, (2.31)

qR → URqR, UR = exp
(
iθaR

λa

2

)
∈ SU(3)R. (2.32)

This invariance of the QCD Lagrangian under SU(3)L × SU(3)R is called chiral symmetry. The
QCD Lagrangian is said to have chiral symmetry when the Lagrangian is invariant under chiral
transformation. Actually, the quark masses are non-zero, then chiral symmetry is not exact symmetry.
However given that the quark masses are sufficiently small compared with the proton mass, chiral
symmetry serves well as a starting point for a discussion on the low-energy QCD, and furthermore,
the effects of breaking by the finite quark mass can be introduced as we will see in the next chapter.
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Fig.2.2 A schematic figure of the chiral transformation.

2.3.4 Noether’s theorem

Let us introduce Noether’s theorem in order to discuss the current and charge of the chiral symmetry.
Noether’s theorem states that if the Lagrangian is invariant under some continuous symmetry, then
the currents associated with that symmetry exist and are conserved when the equation of motion
derived from the Lagrangian is satisfied. In the following, we see Noether’s theorem specifically.

We assume that the Lagrangian is written as the functional in terms of the n-independent fields φi
and their derivatives ∂µφi with i = 1, 2, . . . n as

L = L(φ, ∂µφ). (2.33)

The equations of motion is derived by the Lagrangian as

∂L
∂φi

− ∂µ
∂L

∂(∂µφi)
= 0, i = 1, 2, . . . n. (2.34)

We assume that Eq. (2.33) is invariant under the transformation

φi → φ′
i = Uφi ≡ eiθ

aTa

(2.35)

with the real parameter θa = θa(x) and the generator of the transformation T a. The infinitesimal
transformation of the fields is given by

δφi = φ′
i − φi = iθaT aijφj , (2.36)

and its derivative is

∂µδφi = iT aij∂
µ(θaφj), (2.37)
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The variation of the Lagrangian is

δL = L(φ′, ∂µφ
′) − L(φ, ∂µφ)

= ∂L
∂φi

δφi + ∂L
∂(∂µφi)

δ(∂µφi)

= ∂L
∂φi

iθaT aijφj + ∂L
∂(∂µφi)

i(∂µθaT aijφj)

= θa
[
i
∂L
∂φi

T aijφj + i
∂L

∂(∂µφi)
T aij∂µφj

]
+ ∂µθ

a

[
i

∂L
∂(∂µφi)

T aijφj

]
≡ θa∂µJ

µ
a + (∂µθa)Jµa (2.38)

where the so-called Noether’s current Jµa is defined as

Jµa ≡ i
∂L

∂(∂µφi)
T aijφj . (2.39)

Taking the divergence of Jµa , we have

∂µJ
µ
a = ∂µ

∂L
∂(∂µφi)

T aijφj + i
∂L

∂(∂µφi)
T aij∂µφj

= i
∂L
∂φi

T aijφj + i
∂L

∂(∂µφi)
T aij∂µφj (2.40)

where we use the equations of motion. This is consistent with Eq. (2.38). From Eq. (2.38), we can
derive the current and its derivative easily (the method of Gell-Mann and Lévy [20]):

Jµa = ∂L
∂(∂µθa)

, ∂µJ
µ
a = ∂L

∂θa
. (2.41)

In the case of the global symmetry, the term ∂µθ
a vanishes and the current Jaµ conserved:

∂µJaµ = 0. (2.42)

2.3.5 Chiral algebra

Considering the infinitesimal transformation of the chiral symmetry given by

qL →
(
1 + iθaL

λa

2

)
qL, qR →

(
1 + iθaR

λa

2

)
qR, (2.43)

we apply the method of Gell-Mann and Lévy discussed in the previous section and calculate the
Noether’s currents for each transformation as

Laµ = q̄Lγµ
λa

2 qL, ∂µLaµ = 0, (2.44a)

Raµ = q̄Rγµ
λa

2 qR, ∂µRaµ = 0 (2.44b)

Noether’s charges corresponding to each transformation is calculated as

QaL =
∫

d3xLaµ=0 =
∫

d3x q̄Lγ0
λa

2 qL,
dQaL
dt = 0, (2.45a)

QaR =
∫

d3xRaµ=0 =
∫

d3x q̄Rγ0
λa

2 qR,
dQaL
dt = 0. (2.45b)
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These charges satisfy the Lie algebra of SU(3) as follows[
QaL, Q

b
L

]
= ifabcQcL, (2.46a)[

QaR, Q
b
R

]
= ifabcQcR, (2.46b)[

QaL, Q
b
R

]
= 0. (2.46c)

Chiral transformations can be rewritten as a vector transformation with θV = θL = θR and an
axial-vector transformations with θA = −θL = θR given by

q → UV q, UV = exp
(
iθaV

λa

2

)
, (2.47a)

q → UAq, UA = exp
(
iθaAγ5

λa

2

)
, (2.47b)

respectively. The currents associated with the transformations are obtained as

V aµ = Laµ +Raµ = q̄γµ
λa

2 q, ∂µV aµ = 0, (2.48a)

Aaµ = −Laµ +Raµ = q̄γµγ5
λa

2 q, ∂µAaµ = 0, (2.48b)

respectively.
The corresponding conserved charges are given by

QaV = QaL +QaR =
∫

d3x q̄γ0
λa

2 q, (2.49a)

QaA = −QaL +QaR =
∫

d3x q̄γ0γ5
λa

2 q. (2.49b)

Considering Eq. (2.46c), we derive the commutation relations to QaV and QaA as[
QaV , Q

b
V

]
= ifabcQcV , (2.50a)[

QaA, Q
b
A

]
= ifabcQcV , (2.50b)[

QaV , Q
b
A

]
= ifabcQcA. (2.50c)

These relations indicate that the algebra is closed under the vector transformation but not closed
under the axial-vector transformation. Therefore the vector transformation forms a group, while axial
transformation does not.

For the next section, we construct the scalar and pseudoscalar fields from the quark fields as

φa = q̄λaq (2.51)
P a = q̄iγ5λ

aq = i(q̄LλaqR − q̄Rλ
aqL) (2.52)

with a = 0, 1, 2, . . . , 8, respectively.
We see how these composite fields are transformed by the vector and axial-vector transformations:

[
QaV , φ

0] = 0 (2.53)[
QaV , φ

b
]

= ifabcφc, b = 1, 2, . . . , 8 (2.54)[
QaV , P

0] = 0 (2.55)[
QaV , P

b
]

= ifabcP c, b = 1, 2, . . . , 8 (2.56)
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for the vector transformation and[
QaA, φ

0] = i

√
2
3P

a (2.57)

[
QaA, φ

b
]

= iδab
√

2
3P

0 + idabcP c, b = 1, 2, . . . , 8 (2.58)

[
QaA, P

0] = −i
√

2
3S

a (2.59)

[
QaA, P

b
]

= −iδab
√

2
3φ

0 − idabcφc, b = 1, 2, . . . , 8 (2.60)

for the axial-vector transformation. We can see that the axial-vector transformation is the parity
transformation. This indicates that π, which couples with P a, and σ, which couples with φ0, are
transferred to each other in the axial transformation. The hadrons that transfer to each other in the
axial transformation are called chiral partners. As we will see later, under the chiral symmetry, the
chiral partners are degenerate. In particular, choosing certain values for a and b yields the following
equation:

i[Q1
A, P

1(0)] = i[Q2
A, P

2(0)] = i[Q3
A, P

3(0)]

=
√

2
3φ

0(0) + d118φ8(0)

=
√

2
3

√
2
3(ūu+ d̄d+ s̄s) + 1√

3
1√
3

(ūu+ d̄d− 2s̄s)

= ūu+ d̄d, (2.61a)
i[Q4

A, P
4(0)] = i[Q5

A, P
5(0)]

=
√

2
3φ

0(0) + d443φ3(0) + d448φ8(0)

=
√

2
3

√
2
3(ūu+ d̄d+ s̄s) + 1

2(ūu− d̄d) + (− 1
2
√

3
) 1√

3
(ūu+ d̄d− 2s̄s)

= 2
3(ūu+ d̄d+ s̄s) + 1

2(ūu− d̄d) − 1
6(ūu+ d̄d− 2s̄s)

= ūu+ s̄s, (2.61b)
i[Q6

A, P
6(0)] = i[Q7

A, P
7(0)]

= d̄d+ s̄s.

i[Q8
A, P

8(0)] = 2
3(ūu+ d̄d+ s̄s) − 1

3(ūu+ d̄d− 2s̄s)

= 1
3
(
ūu+ d̄d+ 4s̄s

)
. (2.61c)

We shall write these commutation relations notationally as

[QaA, P a(0)] = −i
[
ψ̄ψ
]a
. (2.62)

2.4 Chiral symmetry breaking

2.4.1 Explicit breaking of chiral symmetry

In the previous chapter, we discussed the chiral symmetry under the chiral limit. In reality, however,
the quark masses are finite. Therefore, the chiral symmetry is explicitly broken. Next, let us consider
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the case of a finite quark mass. If the quark masses are equal (SU(3) limit), the Lagrangian is invariant
under the vector transformations. Thus isospin symmetry for up and down quarks holds well, and
flavor symmetry with the addition of strange quarks also holds approximately. On the other hand, if
the quark mass is finite, the Lagrangian is not invariant under axial transformations. The infinitesimal
axial-vector transformation is given by

q →
(
1 + iθaA

λa

2 γ5

)
q. (2.63)

The variation of the mass term of QCD Lagrangian which break the chiral symmetry explicitly is
calculated as

δLQCD = iθaAq̄γ5

{
M,

λa

2

}
q. (2.64)

The divergence of the axial-vector current is given by

∂µAaµ = iq̄γ5

{
M,

λa

2

}
q, (2.65)

or explicitly, setting m = (mu +md)/2 = ms, we have

∂µA1
µ = iq̄γ5

{
M,

λ1

2

}
q = imq̄γ5λ1q = mP 1, (2.66a)

∂µA2
µ = iq̄γ5

{
M,

λ2
2

}
q = imq̄γ5λ2q = mP 2, (2.66b)

∂µA3
µ = iq̄γ5

{
M,

λ3

2

}
q = imq̄γ5λ3q = mP 3, (2.66c)

∂µA4
µ = iq̄γ5

{
M,

λ4

2

}
q = i

m+ms

2 q̄γ5λ4q = m+ms

2 P 4, (2.66d)

∂µA5
µ = iq̄γ5

{
M,

λ5

2

}
q = i

m+ms

2 q̄γ5λ5q = m+ms

2 P 5, (2.66e)

∂µA6
µ = iq̄γ5

{
M,

λ6

2

}
q = i

m+ms

2 q̄γ5λ6q = m+ms

2 P 6, (2.66f)

∂µA7
µ = iq̄γ5

{
M,

λ7

2

}
q = i

m+ms

2 q̄γ5λ7q = m+ms

2 P 7, (2.66g)

∂µA8
µ = iq̄γ5

{
M,

λ8

2

}
q = i

m+ 2ms

3 q̄γ5λ8q = m+ 2ms

3 P 8. (2.66h)

These equations are written collectively as follows:

∂µAaµ = maP a (2.67)

with ma=1∼3 = m, ma=4∼7 = (m+ms)/2 and m8 = (m+ 2ms)/3.
This equation is called the PCAC (partially conserved axial current) relation. When the quark mass

is zero, the axial current is conserved, but even when the quark mass is non-zero, if the quark mass
is sufficiently small, the chiral symmetry is still realized with breaking, and the explicit breaking is
determined by Eq. (2.65). Flavor indices a = 1 ∼ 3 are related to the pions, a = 4 and 5 are related to
the kaons, a = 6 and 7 are related to the anti-kaon, and a = 8 is related to the octet component of the
eta meson η8, respectively. The eighth PCAC is modified as follows to include the zeroth component
due to the ideal mixing induced by SU(3) flavor symmetry breaking, m 6= ms:

∂µA8
µ = m+ 2ms

3 P 8 +
√

2(m−ms)
3 P 0. (2.68)
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This mixes η0 and η8 in the ideal mixing. In the actual η and η′, the η0-η8 mixing is suppressed due
to UA(1) anomaly, then we have η ∼ η8 identified as one of Nambu–Goldstone bosons and η′ ∼ η0

which failed to become Nambu–Goldstone boson. In this dissertation, we do not treat the η′ meson
and do not mention UA(1) anomaly anymore.

2.4.2 Dynamical breaking of chiral symmetry

In this section, we see that the chiral symmetry is spontaneously broken. Considering the charge
QaA of the axial vector transformation and the QCD vacuum |0〉, either of the following two is realized:

• Wigner–Weyl phase: chiral symmetry holds

QaA |0〉 = 0 ∀a (2.69)

• Nambu–Goldstone phase: chiral symmetry is broken

QaA |0〉 6= 0 ∃a (2.70)

The latter case is not an accurate way to write it, and QaA cannot be defined such that it satisfies the
Wigner–Weyl phase.

In the case of the Wigner–Weyl phase, the chiral condensate is zero because we have

〈0|
[
QaA, P

b
]

|0〉 = 〈0|
(
QaAP

b − P bQaA
)

|0〉 = i 〈0|
[
ψ̄ψ
]a |0〉 = 0. (2.71)

Moreover, if chiral symmetry holds, the parity partners of hadrons, which are called chiral partners,
should be degenerate. This can be shown as follows. We introduce two states A and B:

|A〉 = a† |0〉 , |B〉 = b† |0〉 (2.72)

where a† and b† are the creation operators for the state A and B, respectively. Suppose a† and b†

belong to the same irreducible representation of as chiral symmetry, we have[
QaA, a

†] = b† (2.73)

then

QaA |A〉 = QaAa
† |0〉

= a†QaA |0〉 + b† |0〉 |0〉
= |B〉 (2.74)

where we use Eq. (2.69). Under the exact chiral symmetry, the Noether’s charge of the axial-
transformation QaA exchanges with the QCD Hamiltonian HQCD:

[QaA,HQCD] = 0. (2.75)

Thus the energy of B state EB coincides with that of A state EA:

EB = 〈B|HQCD |B〉
= 〈B|HQCDQ

a
A |A〉

= 〈B|QaAHQCD |A〉
= 〈A|HQCD |A〉
= EA. (2.76)
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Therefore the chiral partners, such as π and σ, should be degenerate under the chiral symmetry.
However, it is known that 〈0| ψ̄ψ |0〉 6= 0 for the real vacuum of QCD. This means that Eq. (2.90)
is taken as the real vacuum of QCD, and the symmetry of the axial-vector transformation is broken
spontaneously. On the other hand, the vector transformation is not. That is,

SU(3)L × SU(3)R → SU(3)V , (2.77)

and then the chiral partners in the real world are not degenerate: a pseudoscalar meson π (∼ 140 MeV)
and a scalar meson σ (400 − 550 MeV) *1; a vector meson ρ (∼ 770 MeV) and an axial-vector me-
son a1 (∼ 1260 MeV) as examples. As a result of the dynamical breaking of chiral symmetry, the
Nambu–Goldstone bosons which have very light masses compared with other hadrons appear. Nambu–
Goldstone theorem, which explains this mechanism, will be discussed next section.

2.5 Nambu–Goldstone theorem in QCD
We introduce the correlation functions between the axial-vector current Aaµ(x) and the pseudoscalar

field P a(x), and two pseudoscalar fields given by

Πab
5µ(x, 0) ≡ 〈0| T

[
Aaµ(x)P b(0)

]
|0〉 , (2.78)

Πab(x, 0) ≡ 〈0| T
[
P a(x)P b(0)

]
|0〉 , (2.79)

Πab
5 (x, 0) ≡ ∂µΠab

5µ(x, 0) = ∂µ 〈0| T
[
Aaµ(x)P b(0)

]
|0〉 (2.80)

where T denotes the time-ordered product and |0〉 represents the vacuum state. Taking the divergence
of the operator part in Eq. (2.79), we have

∂µT
[
Aaµ(x)P b(0)

]
= ∂µ[θ(x0)Aaµ(x)P b(0) + θ(−x0)P b(0)Aaµ(x)]
= δ(x0)

[
Aa0(x)P b(0) − P b(0)Aa0(x)

]
+
[
θ(x0)(∂µAaµ(x))P b(0) + θ(−x0)P b(0)(∂µAaµ(x)

]
= T

[
∂µAaµ(x)P b(0)

]
+ δ(x0)

[
Aa0(x), P b(0)

]
. (2.81a)

This identity Eq. (2.81) is called the chiral Ward identity. Performing Fourier transformations to the
momentum space (denoted by q) for Eq. (2.81) with the chiral Ward identity, we have

Πab
5 (q) =

∫
d4x eiqx∂µΠab

5µ(x, 0)

=
∫

d4x eiqx∂µ 〈0| T
[
Aaµ(x)P b(0)

]
|0〉

=
∫

d4x eiqx 〈0|
(
T
[
∂µAaµ(x)P b(0)

]
+ δ(x0)

[
Aa0(x), P b(0)

])
|0〉 (2.82)

*1 The mass is taken from that of f0(500).
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Taking the chiral limit and the soft limit qµ → 0, we obtain

lim
qµ→0

Πab
5 (q) = lim

qµ→0

∫
d4xeiqxδ(x0) 〈0|

[
Aa0(x), P b(0)

]
|0〉

= lim
qµ→0

∫
d3x e−iq·x 〈0|

[
Aa0(0,x), P b(0)

]
|0〉

= 〈0|
[∫

d3xAa0(0,x), P b(0)
]

|0〉

= 〈0|
[
QaA(0), P b(0)

]
|0〉

= −iδab 〈0|
[
ψ̄ψ
]b |0〉 . (2.83)

Eq. (2.83) is known as one of the QCD identities. Here
[
ψ̄ψ
]a is given in Eq. (2.62).

Next performing the partial integration for the correlation function Πab
5 (q), we have

Πab
5 (q) = −iqµ

∫
d4x eiqx 〈0|T [Aaµ(x)P b(0)] |0〉

= −iqµΠab
5µ(q). (2.84)

We insert a complete set of hadronic states labeled as h given as

1 =
∑
h

∫ d3ph
2Eh(2π)3 |h(ph)〉 〈h(ph)| (2.85)

where ph = (Eh,ph) is the four-momentum for the intermediate hadron h with the energy Eh =√
M2
h + E2

h into Πab
5µ(x, 0) as

Πab
5µ(x, 0) = 〈0|T [Aaµ(x)P b(0)] |0〉

=
∑
h

∫ d3ph
2Eh(2π)3

[
θ(x0) 〈0|Aaµ(x) |h(ph)〉 〈h(ph)|P b(0) |0〉

+ θ(−x0) 〈0|P b(0) |h(ph)〉 〈h(ph)|Aaµ(x) |0〉
]
. (2.86)

Since the operator P b is the pseudoscalar operator with the same quantum number as the pseudoscalar
states, the only state that this operator can couple to are the pseudoscalar states. Therefore the
hadrons propagating the correlation function are pions and their excited states for the case of flavor
SU(2), and pions, kaons and an eta meson and their excited states for the case of flavor SU(3). Then
we have |h(ph)〉 → |ha(ph)〉. The coupling constants between the state |ha(ph)〉 and the operators
P a(x), and Aaµ(x) are Gh and Fh, respectively. The pseudoscalar matrix element and the axial-vector
matrix element are given by

〈0|P a(x)
∣∣hb(ph)

〉
= δabGhe

−iphx, (2.87)
〈0|Aaµ(x)

∣∣hb(ph)
〉

= δabiqµFhe
−iphx. (2.88)

The decomposition of the correlation function into each state using these matrix elements gives

Πab
5 (q) = iδab

∑
h

FhGh
q2

q2 −M2
h + iε

. (2.89)

Taking soft limit qµ → 0 for Eq. (2.89) and comparing Eq. (2.83), we have

lim
qµ→0

iδab
∑
h

FhGh
q2

q2 −M2
h + iε

= −iδab 〈0|
[
ψ̄ψ
]b |0〉 (2.90)
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We find that the left side of Eq. (2.90) converges to zero when Mh 6= 0 and has a finite value when
Mh = 0. As mentioned in the previous section, the right side of Eq. (2.90) has a finite value when the
dynamical breaking of chiral symmetry (DBχS). Therefore, whenever chiral symmetry is spontaneously
broken, there must always be a hadronic massless mode, which must be coupled to the axial-vector
current. This massless particle is called the Nambu–Goldstone boson (NG boson). The number of NG
bosons when the symmetry breaks corresponds to the number of generators for the broken symmetry.
This is Nambu–Goldstone theorem. Three pseudoscalar mesons, π0, π

± in flavor SU(2) and eight
pseudoscalar mesons, π0, π

±, K±, K0, K̄0, η in flavor SU(3), are considered as NG bosons. These
hadrons have finite masses due to the explicit breaking of chiral symmetry, but they are less massive
than the typical scale for the hadrons. Therefore they are identified as NG bosons associated with the
dynamical breaking of chiral symmetry. As a result of considering the explicit breaking by finite quark
masses, a relation can be established between physical quantities of quarks and these of hadrons. An
example of this statement is the Gell-Mann–Oakes–Renner relation, which we will see next section.

2.6 Gell-Mann–Oakes–Renner relation
Since NG bosons labeled as Φ here are the pseudoscalar meson, they couple to the operators P a(x)

and Aaµ(x) as follows

〈0|P a(x)
∣∣Φb(p)〉 = δabGΦe

−ipx, 〈0|Aaµ(x)
∣∣Φb(p)〉 = δabipµFΦe

−ipx (2.91)

Here GΦ and FΦ are the coupling constants identified as the wavefunction renormalization and the
decay constant for each NG boson, respectively. Now we use the PCAC relation Eq. (2.65):

∂µAaµ = maP a. (2.92)

Both sides are sandwiched by the vacuum 〈0| and the intermediate NG boson state
∣∣Φb5(p)

〉
. The

left-hand side is

〈0| ∂µAaµ
∣∣Φb5(p)

〉
= δabipµFΦ∂

µe−ipx = δabp2FΦe
−ipx = δabM2

ΦFΦe
−ipx (2.93)

with the mass of NG boson MΦ 6= 0. The right-hand side is

ma 〈0|P a
∣∣Φb(p)〉 = δabmaGΦe

−ipx. (2.94)

Therefore we have

M2
ΦFΦ = maGΦ. (2.95)

From Eq. (2.90), when the vacuum spontaneously breaks the chiral symmetry, we have

FΦGΦ = − 〈0| ψ̄ψ |0〉 . (2.96)

This is Glashow–Weinberg relation [21]. Using Eqs. (2.95) and (2.96) to eliminate Zψ yields Gell-
Mann–Oakes–Renner relation [22] as

M2
ΦF

2
Φ = −ma 〈0| ψ̄ψ |0〉 ≡ −ma

〈
ψ̄ψ
〉

(2.97)
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or explicitly,

M2
πF

2
π = −m

〈
ūu+ d̄d

〉
, (2.98a)

M2
KF

2
K = −m+ms

2 〈ūu+ s̄s〉 , (2.98b)

M2
η8
F 2
η8

= −m+ 2ms

3
1
3
〈
ūu+ d̄d+ 4s̄s

〉
(2.98c)

where Mπ and Fπ, MK and FK , and Mη8 and Fη8 are the mass and the decay constant of the pion,
the kaon, and the η8, respectively. In the η8-η0 mixing due to m 6= ms, the Gell-Mann–Oakes–Renner
relation for the eta meson is modified as

M2
ηF

2
η = −m

3
〈
ūu+ d̄d

〉
− 4ms

3 〈s̄s〉 (2.99)

with the eta meson mass Mη and the decay constant of the eta meson Fη.
The Gell-Mann–Oakes–Renner relation relates the chiral condensate

〈
ψ̄ψ
〉
, which is not a direct

observable, to physical quantities in hadrons, MΦ and FΦ, which are observables. Estimating the
values of the in-vacuum chiral condensates with Eq. (2.98) yields

〈ūu〉0 '
〈
d̄d
〉

0 ∼ −(288 MeV)3 (2.100a)

with m = (mu + md)/2 = 3.4 MeV and ms = 93 MeV. The subscript 0 stands for the in-vacuum
value. The in-vacuum chiral condensates estimated by the lattice QCD [23] are given as

〈ūu〉0 '
〈
d̄d
〉

0 ∼ −(283(2) MeV)3 (2.101a)

in the MS scheme at a renormalization scale of 2 GeV.
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Chapter 3

Symmetry breaking and hadron phenomena

In this chapter, we show the symmetry breakings of QCD and the hadron reactions to study them.

3.1 Isospin symmetry breaking in hadron interaction
Isospin symmetry discussed in Section 2.3.2 comes from the fact that the electric charges are less

relevant for the strong interaction. Due to the difference between the masses of up and down quarks,
the isospin symmetry is broken. The effect of the breaking appears in the hadron masses such as the
masses of proton and neutron, and the hadron-hadron interaction.

3.1.1 Isospin symmetry breaking in nucleon system

Thanks to the charge symmetry or, more generally, the isospin symmetry, the properties of nuclei
and the nuclear force are very similar when all the protons and neutrons are replaced with neutrons
and protons, respectively.

The breaking effect in the nuclei is seen in the mirror nuclei, for example, 3H and 3He. The binding
energy of 3H is 0.071 MeV deeper than that of 3He after correcting the electromagnetic effects*1 [24].

Another example we discuss here is the I = 1 nucleon-nucleon scattering length. The scattering
amplitude f in the low energy is characterized by the scattering length a and effective range r in the
effective range expansion of the S-wave phase shift δ(p) as follows:

f = 1
p cot δ(p) − ip

= 1

−1
a

+ 1
2rp

2 + O(p4) − ip
(3.1)

where p denotes the momentum of the nucleon in the center-of-mass frame. By our definition, the scat-
tering length has a positive (negative) sign for repulsive (attractive) interaction. The experimentally
obtained a and r parameters of the I = 1 nucleon-nucleon scattering correcting the electro-magnetic
effects [25] are

app = −17.3 fm, rpp = 2.85 fm,
ann = −18.9 fm, rnn = 2.75 fm,
anp = −23.7 fm, rnp = 2.77 fm.

*1 Including the electromagnetic effects, the difference is 0.7 − MeV
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These are close values, which is one of evidence that the isospin symmetry is working. The difference
of app and ann is 1.6 fm due to charge symmetry breaking. Similarly, looking at the difference between
anp and ann(app), 5.6 fm, this is due to the charge independence breaking. According to Ref. [25],
the difference between app and ann is caused by nucleon mass-splitting in two-pions exchange and
pion and ρ meson-exchange contributions. As for the difference between anp and ann(app), the mass-
splitting of the charged pion and the neutral pion scattering is a source of it. The reaction calculation
of γd → π+nn is performed to extract more precise ann and rnn experimentally [26].

3.1.2 Isospin symmetry breaking in Λ-nucleon interaction and K−d → πΛN reaction

Λ-nucleon interaction
When the charge symmetry is extended to hyperon systems, the Λp and Λn scatterings are charge

symmetric partners since the Λ baryon has I = 0. In the ΛN system, the charge symmetry coincidences
with the isospin symmetry since the isospin of the ΛN system is 1/2. Isospin symmetry breaking
in the ΛN system appears as a difference between the Λp and Λn interactions. Recently, a large
isospin symmetry breaking effect has been suggested by experimental analysis for the A = 4 mirror
hypernuclei, which are nuclei including the hyperon [27, 28]. From the experiments data, one finds the
difference of the excitation energies from the 0+ ground state to the 1+ excited state of 4

ΛH and 4
ΛHe

to be 0.3 MeV, which is much larger than the binding energy difference of 3H and 3He, 0.071 MeV.
The excitation energies of the first 1+ states are different by 0.3 MeV between 4

ΛH and 4
ΛHe (both the

ground states have 0+), while the difference between nuclear systems 3H and 3He is just 0.071 MeV
after correcting the electromagnetic effects [24]. Namely, 4

ΛHe has more binding energy of Λ than 4
ΛH.

Thus, a large difference between the Λp and Λn interactions could be expected. It is the scattering
length and effective range that determine the interaction in the low-energy region. The scattering
length aΛp and effective range rΛp for Λp scattering were determined experimentally by analyzing the
Λp final state interaction in the pp → K+Λp reaction [4] and their values were determined as

asΛp = −2.43+0.16
−0.25 fm, rsΛp = 2.21+0.16

−0.36 fm (3.2)

for the spin-singlet channel, and

atΛp = −1.56+0.19
−0.22 fm, rtΛp = 3.7+0.6

−0.6 fm (3.3)

for the spin-triplet channel. On the other hand, the low-energy Λn scattering parameters have not
yet been experimentally determined due to the neutral system. Therefore, it is necessary to check
whether isospin symmetry breaking in the ΛN interaction is significant, and it is important to know
the direction of isospin symmetry breaking.

For theoretical approaches on the ΛN interaction, several phenomenological investigations of the ΛN
interaction have been performed by using boson-exchange models (Nijmegen [29–31], Jülich [32–34]
and Ehime [35, 36]), quark models [37–39], and hybrid model known as Kyoto-Niigata [40]. Effective
field theory approaches also have investigated the ΛN interactions based on the flavor SU(3) chiral
symmetry [41–51]. Among them the isospin symmetry breaking in the ΛN interactions was investi-
gated in Ref. [51], giving a difference of the ΛN scattering lengths ∆aISB ≡ aΛp−aΛn of 0.62±0.08 fm
for the spin-singlet state and −0.10 ± 0.02 fm for the spin-triplet state. Thus, the symmetry breaking
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effect is calculated to be small compared with the nucleon-nucleon system. That is why it would be
interesting if we find experimentally large symmetry breaking in the ΛN system, and even if not, a
more precise description of the ΛN system is important for a precise discussion of hypernuclei.

K−d → πΛN reaction
In Chapter 5, we will propose the K−d → πΛN reaction in order to see the isospin symmetry

breaking in Λ-nucleon scattering length by using the final state interaction of the K−d → πΛN
reaction.

The K−d → π−Λp reaction has been studied to investigate the Λp scattering and also the ΣN
interaction with kaons at rest [52, 53] and in-flight [54–57]. There are many theoretical calculations of
this reaction with kaons at rest so far [58–69]. Some of these works have mainly concerned a possible
bound state below the ΣN threshold by considering Σ-Λ conversion in the intermediate states. Thus
the nature of this reaction at the threshold ΣN was interesting.

Here, focusing on the Λp and Λn interactions, we revisit this reaction based on the formulation
developed in Refs. [70–73] by using modern meson-baryon K̄N → MB scattering amplitudes ob-
tained by the chiral unitary approach [74–80] and introducing isospin symmetry breaking in the ΛN
interaction and the scattering amplitudes. We include the kaon rescattering diagram together with
the quasi-free production of the Λ baryon, which are the main sources of the background. By taking
the cross section ratio of these two reactions based on isospin symmetrically constructed theory, we
will study how the isospin symmetry breaking effects appear in the scattering parameters of the ΛN
interaction.

3.2 Partial restoration of chiral symmetry in nuclei and exotic atom

3.2.1 Partial restoration of chiral symmetry in nuclei

We have seen in the previous chapter that the dynamical breaking of chiral symmetry results in
massless Nambu–Goldstone bosons, non-zero chiral condensate in-vacuum, and that the Gell-Mann–
Oakes–Renner relation is valid because of the explicit breaking of the chiral symmetry due to the
non-zero quark mass. The dynamical breaking of chiral symmetry (DBχS) is considered to be a phase
transition phenomenon. Thus the chiral condensate is one of the order parameters for DBχS. As
the environment, here temperature T and density ρ, changes, the magnitude of the chiral condensate
changes as

T, ρ → ∞ =⇒
∣∣〈ψ̄ψ〉∣∣ → 0. (3.4)

Therefore the chiral symmetry is expected to be restored by increasing the temperature T and the
density ρ.

Chiral symmetry is thought to be incompletely restored or partially restored in finite densities such
as nuclei, if not in high density. Taking in-medium chiral condensate〈

ūu+ d̄d
〉∗ ≡ 〈Ω| ūu+ d̄d |Ω〉 (3.5)

with the in-medium grand state |Ω〉 to the first order of nuclear density ρN under the low-density
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approximation, we have 〈
ūu+ d̄d

〉∗ =
〈
ūu+ d̄d

〉
+ 〈N | ūu+ d̄d |N〉 ρN . (3.6)

Using πN sigma term [81]

σπN ≡ m 〈N | ūu+ d̄d |N〉 ' 40 ∼ 60 MeV (3.7)

and the Gell-Mann–Oakes–Renner relation (2.97), we obtain

〈
ūu+ d̄d

〉∗ =
(

1 − σπN
M2
πF

2
π

ρN

)〈
ūu+ d̄d

〉
0 . (3.8)

With the equation Eq. (3.8), the in-medium chiral condensate
〈
ūu+ d̄d

〉∗ at normal nuclear density
ρ0 = 0.17 fm−3 is expected to decrease by 30-40% compared with in-vacuum condensate

〈
ūu+ d̄d

〉
0.

If there is a physical quantity of a hadron that is closely related to the chiral symmetry, we can
experimentally study its change in the nuclear medium by binding and scattering nuclei and the
hadron. If the physical quantity is changed in finite density compared with in-vacuum, then we have
experimentally proved that the chiral symmetry is partially restored in finite density. In particular,
pion and kaon, which are the Nambu-Goldstone bosons associated with the dynamical breaking of
chiral symmetry, are expected to be susceptible to the partial restoration of the chiral symmetry.
Beyond the linear density approximation has been calculated for in-medium chiral condensate by in-
medium chiral perturbation theory [10, 11, 82]. These references show that up to normal nuclear
density, the effect of nonlinear density is not very large and the effect of linear density is dominant.
For pion in nuclei, it is confirmed that the chiral symmetry is recovered by about 30% in the nucleus
by studies on the deeply bound pionic atom which shows the change in the value of in-medium pion
decay constant F ∗

π changes compared with the value of in-vacuum pion decay constant Fπ, and the
Gell-Mann–Oakes–Renner relation Eq. (2.97).

3.2.2 Pionic atom

The constituent particles of an atom, such as electrons and nuclei, are replaced by another particle
with the same charge, which is called an exotic atom. The exotic atom, like a pionic atom, is bound
by electromagnetic interactions to form an atomic state. For hydrogen-like (exotic) atoms, the Bohr
radius aB is inversely proportional to the reduced mass of the system µ as

aB = ~c
Zαµc2 (3.9)

with the proton number Z.
The pionic atom is a system of negatively charged pion π− bound to a nucleus and is a type of

exotic atom. The π−-nucleon interaction is repulsive and therefore the π−-nucleus interaction is also
considered to be repulsive. The π−-nucleus interaction is described as an optical potential, which is
a complex potential with an imaginary part representing the pion absorption into the nucleus. The
π−-nucleus optical potential consists of an S-wave component Us and a P -wave component Up, of
which the S-wave component Us is given as

Us(r) = − 2π
Mπ

[(
1 + Mπ

MN

)
(b∗

0ρN (r) + b∗
1δρ(r) +

(
1 + Mπ

2MN

)
B0ρ

2
N (r))

]
(3.10)
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where ρN = ρn + ρp and δρ = ρn − ρp are the nuclear density which is the sum of the neutron density
ρn and the proton density ρp, and the difference between ρn and ρp, respectively. b∗

0 and b∗
1 stand for

the isoscalar and isovector pion-nucleus scattering lengths, respectively. B0 is the complex parameter
that represents the absorption effect.

The pion-nuclear isovector scattering length b∗
1 is associated with the chiral condensate in the

medium as follows [7]. Firstly, the Gell-Mann-Oakes-Renner relation is valid in the nuclear medium
under the low-density approximation [83] as

M∗
π

2F ∗
π

2 = −m
〈
ūu+ d̄d

〉∗
. (3.11)

Taking the ratio to the Gell-Mann-Oakes-Renner equation in-vacuum, we obtain〈
ūu+ d̄d

〉∗〈
ūu+ d̄d

〉
0

= M∗
π

2

Mπ
2
F ∗
π

2

Fπ2 ' 1.04 F ∗
π

2

Fπ2 (3.12)

where we use the in-medium pion mass M∗
π ∼ Mπ + 3 MeV [83–85].

Next, we use the Weinberg-Tomozawa relation. The in-vacuum Weinberg-Tomozawa relation [86, 87]
is given by

b1 = − 1
4πε1

Mπ

2F 2
π

(3.13)

with ε1 = 1+Mπ/MN = 1.149. According to Refs.[7, 8], the Weinberg-Tomozawa relation is extended
to the nuclear matter as

b∗
1(ρN ) = − 1

4πε1
Mπ

2F ∗2
π

. (3.14)

Taking the ration between the isovector scattering length of pion-nucleus b∗
1(ρN ) and that of pion-

nucleon b1, we have

b1

b∗
1

' F ∗
π

2

Fπ2 . (3.15)

Then we obtain 〈
ūu+ d̄d

〉∗〈
ūu+ d̄d

〉
0

' 1.04 b1

b∗
1
. (3.16)

From Eq. (3.16), the density dependence of the chiral condensate, a non-observable quantity, can be
evaluated from the pion-nucleus isovector scattering length b∗

1, which is an observed quantity obtained
by the precise measurement of the pion-nucleus system.

The ratio between b1 and b∗
1 was determined from the experiment on deeply bound states of the

pionic atoms using Sn nuclei [6]. They reported

b1

b∗
1(ρN = 0.6ρ0) = 0.78 ± 0.05. (3.17)

An analysis of the π±-nucleus scattering also gave a similar result for b∗
1 [9]. Extrapolating this

formula to ρN = ρ0 under the assumption of the linear density approximation, they found that the
chiral condensate is reduced by about 33% at the normal nuclear density ρ0. This reproduced the
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value of 30-40% expected in Section 3.2.1 and the experiment quantitatively showed that the chiral
symmetry was partially restored.

Another calculation for the pion-nuclear isovector scattering and the chiral condensate is reported
by Ref. [8]. The model-independent relation under the chiral limit is derived as〈

ūu+ d̄d
〉∗〈

ūu+ d̄d
〉

0
' Z∗1/2

π

(
b1

b∗
1

)1/2
(3.18)

where Z∗1/2
π the wavefunction renormalization of the pion in nuclear matter given by

Z∗1/2
π = 1 − γ

ρN
ρ0

(3.19)

with γ ' 0.184 estimated from the in-vacuum πN scattering amplitude. This analysis also gave the
result that the chiral condensate was reduced by about 30% at the normal nuclear density ρ0.

3.2.3 In-medium chiral condensate with strange quarks and KN elastic scattering

In-medium chiral condensate strange quarks
From a systematic point of view, we can also consider the chiral condensate with strange quarks

in the nuclear matter 〈ūu+ s̄s〉∗. Here we assume the isospin symmetry. The chiral condensate
contains strange quark components, whereas the nuclear matter does not contain any strange quarks,
so the condensate breaks SU(3) flavor symmetry. As with

〈
ūu+ d̄d

〉∗ discussed in Section 3.2.1,
the theoretical calculation for the low-density relation of 〈ūu+ s̄s〉∗ is first performed, and then the
parameters included in the relation are estimated from experimental data as well as the σπN term.

In Chapter 6, we will derive in-medium chiral condensate with strange quarks using the correlation
function approach [10, 11, 70] and the low-density theorem [12, 13]. Details are given in Chapter 6,
but as a result, the in-medium chiral condensate with strange quarks is expressed in terms of the KN
scattering amplitude TKN in the soft limit. In order to take the soft limit for the KN scattering
amplitude, we employ the flavor SU(3) chiral perturbation theory. The in-medium condensate is ob-
tained as a quantity including the low-energy constants (LECs) in the flavor SU(3) chiral perturbation
theory as parameters [5, 88]

〈ūu+ s̄s〉∗

〈ūu+ s̄s〉0
= 1 + (3bI=1 + bI=0)

F 2
K

ρN (3.20)

with bI=1 = b0 + bD and bI=0 = b0 − bF where b0, bD and bF are the LECs of the next-to-leading
order of SU(3) chiral perturbation theory in Eq. (4.49).

KN elastic scattering
Just as πN scattering was used to study the behavior of

〈
ūu+ d̄d

〉∗, we will use KN scattering
to evaluate that of 〈ūu + s̄s〉∗.The advantage of the KN system is that bI=0,1 can be determined
directly from the experiments, not b0, bD and bF . For determining the LECs, K+N scatterings are
preferable over K−N scatterings since the Λ(1405) resonance appears below the threshold and has
a narrow decay width in K̄N system, while such resonance as Λ(1405) does not exist. The K+N

scattering at low energy has been studied for a long time [89]. A recent study is done by Refs. [90, 91].
Reference [90] have constructed the K+N scattering amplitude using chiral unitary approach and
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discussed the presence of the broad resonance state with I = 0, S = +1 around Plab = 600 MeV.
In Ref. [90], Aoki and Jido paid close attention to a sudden increase of the I = 0 total cross section
around Plab = 450 MeV/c seen in the experimental data [92] (Carroll 1973). They constructed
the K+N scattering amplitudes using the chiral unitary approach and the model parameters were
determined using observed cross sections of the K+N elastic scattering up to Plab = 800 MeV. They
found two best solutions for the K+N amplitude with I = 0; in solution 1 the P01 amplitude provides
a dominant contribution, while in solution 2 both P01 and P03 amplitudes contribute to the cross
section. The former solution is more consistent with the Martin partial wave analysis [89]. Having
performed analytic continuation of the obtained amplitudes into the complex energy plane, they found
a resonance state in each solution. Solution 1 provides a resonance with 1617 MeV mass and 305 MeV
width in the P01 partial wave, while solution 2 finds the resonance with 1678 MeV mass and 463 MeV
width in the P03 partial wave. We will call the resonance in the former solution P01 resonance and
the latter one P03 resonance in this paper.

It should be noted that the LECs in the chiral unitary approach are different from the original
values as a result of the unitarization. And since the amplitude by chiral unitary approach is obtained
numerically, it is not possible to perform the operation of taking the soft-limit. Therefore in order to
achieve the purpose of determining the LECs, the K+N scatterings need to be described by chiral
perturbation theory, not the chiral unitary approach. Reference [91] has carried out the construction
of the K+N scattering amplitude using chiral perturbation theory up to the next-to-leading order, in
which some terms are not considered.

In Chapter 6, we will construct K+N scattering amplitudes using the chiral perturbation theory
up to the next-to-leading order and some terms from the next-to-next-to-leading order which includes
the strange quark mass, and estimate LECs using scattering data. Moreover, we will also consider the
case of incorporating the P01 or P03 resonance states discussed in Ref.[90] to our amplitude obtained
by chiral perturbation theory. The resonance state can influence the determination of the LECs. The
determined LECs provide the behavior of the chiral condensate with strange in the nuclear matter.

We will also calculate the wavefunction renormalization of kaon in nuclei. In-medium property of
NG bosons was investigated in terms of the wave function renormalization [7, 91, 93]. In Ref. [7],
the wave function renormalization for the in-medium pion was discussed. Following that, the wave
function renormalization for the in-medium kaon was calculated by constructing the K+N amplitude
in Ref. [91, 94]. Its result provided the wavefunction renormalization factor at the normal nuclear
density was about 2 to 6% depending on the kaon momentum. This implied that the K+N interaction
got 2 to 6% enhancement in nuclear matter. On the other hand, the phenomenological study for the
K+-nucleus elastic scattering [95] indicated 14-34% enhancement. Thus Reference [91] suggested that
the wave function renormalization gave a part of the in-medium effect for the kaon.

3.2.4 Kaonic atom and K−-nucleus interaction

As with the pionic atom discussed in Section 3.2.2, we can also consider a kaon atom which is the
bound states of a K− and a nucleus attracted mainly by the Coulomb interaction. From the kaonic
atoms, the K−-nucleus interaction which is one of the important quantities in the investigation of
the in-medium kaon can be extracted. The hadronic interactions by the K−-nucleus optical potential
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shift the energy of the atomic state from that of the pure Coulombic bound state and provide the
absorption widths. A schematic figure is shown in Fig. 3.1. The energy shift and the absorption
width are extracted experimentally through the X-ray spectroscopy. The K− K− that stops around
a nucleus is captured in an atomic orbit, is deexcited by emitting X-rays, and is absorbed into the
nucleus. In experiments, the emitted X-rays are observed.

←Energy	Shift
↑Energy	Spectrum	by	Pure	Coulomb

↑Width

Fig.3.1 A schematic figure of the energy shift and absorption width. The arrows indicate the
energy shift from the energy spectrum considering only the Coulomb interaction below, and the
gray band over the upper spectrum indicates the absorption width.

So far, a lot of work has been done for the extraction of the optical potential of K− in nucleus from
the experimental data of kaonic atoms [96–105]. For instance, in Ref. [96], a global fit of the optical
potential to the observed experimental data for the shift and width was performed, and the so-called
phenomenological deep potential was obtained together with a shallower potential with a linear density
approximation. There it was found that the imaginary part of the optical potential is comparably
large to the real part to reproduce the observed data. Theoretical calculations have been also done
in Refs. [106–128], for instance, using the chiral unitary approach [116]. The theoretical calculations
support the shallower optical potential. Reference [129] showed that while both the phenomenological
deep potential and the shallow potential based on the chiral unitary approach gave the same energy
levels of 39K kaonic atom for each angular momentum L = 0, 1, 2, 3, they produced the different energy
spectrum for kaonic nuclear states of 39K. We do not have enough information on kaonic atoms with
small angular momentum that cannot be studied by X-ray spectroscopy. This is very different from the
situation for the pionic atoms. For kaonic nuclei, the K̄NN state, in which one K̄ and two nucleons
are bound, was observed in the J-PARC E-15 experiment [130]. However, the existence of a nuclear
state bounded with K− in the medium-heavy nucleus has not been confirmed. The determination of
the K−-nucleus interaction leads to in-medium K− as well as the case of the pionic atom, however,
this study is in progress.

In Chapter 7, apart from the big issue for the depth of the optical potential, we will investigate a
global feature of the optical potential by arising the question of the origin of the repulsive shift seen in
all of the observed kaonic atoms. It is well-known that the hadronic K̄N interaction is so attractive as
to form Λ(1405) as a bound state of K̄N with I = 0 [74, 75, 80, 131]. Nevertheless, in the kaonic atoms,
the energy shift induced by the strong interaction is upwards repulsively. In other words, the scattering
length of the K̄N with I = 0 is known to have repulsive nature. This is a consequence of the presence
of the Λ(1405) resonance below the K̄N scattering threshold, which induces the level repulsion due to
the mixing of the Λ(1405) resonance and the K̄N scattering states. The repulsive nature of the K̄N
threshold may be kept even in the nuclear medium because the upward shift of the Λ(1405) due to
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the nucleon Pauli blocking [106–108] is compensated by the attraction for the in-medium K̄ treated
self-consistently into the K̄ propagation in medium [112, 115]. There are two possible mechanisms for
this puzzle of the repulsive shift in the atomic states. One is the level repulsion between the atomic and
nuclear states as seen in the K̄N system. When the optical potential would be so strong as to provide
a nuclear state close to the atomic state, with the coupling of these states level repulsion could take
place and the atomic state could be pushed away upwards. The other mechanism is an effect of a large
imaginary part of the optical potential ImVopt, which works as repulsive interactions. The imaginary
part provides nuclear absorption in 1st order perturbation, while in the 2nd order perturbation it gives
repulsive interaction. The aim of our study in Chapter 7 is to find which mechanism is realized in the
actual kaonic atoms. It is not the present intention here to extract the precise characteristics of the
interaction between the kaon and the nucleus from the kaonic atom data. Rather, we are interested
in finding the overall characteristics of the optical potential of the kaonic atom. To this end, we will
employ a simple linear-density potential for the strong interaction between kaons and nucleus and
consider the strength of the potential as an average aggregate from the atomic length scale. The
origin of the microscopic nature of the potential is beyond the scope of our study.
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Chapter 4

Theoretical tools

In this chapter, we describe the theoretical tools we use for each study. In Section 4.1, we summarize
the kinematical formulations for the two-body calculation in order to discuss KN scattering used in
Chapter 6, and for the two-body→three-body calculation in order to discuss the ΛN invariant mass
spectrum of the K−d → πΛN reaction in Chapter 5. In Section 4.2, we introduce chiral perturbation
theory for the construction of the KN scattering amplitude used in Chapter 6. In Section 4.3, we
show the numerical method for solving the Klein-Gordon equation with the imaginary potential for
the kaonic atom discussed in Chapter 7.

4.1 Kinematical formulation
In this section, we show the kinematical formulation for the two-body reaction and the three-body

reaction.

4.1.1 Kinematics for two body reaction

In Chapter 6, we calculate the differential and total cross sections of KN → KN reaction. We
introduce the general form of T -matrix for spin-0 boson (kaon) and spin-1/2 fermion (nucleon) scat-
tering

TKN (s, t) = ū(p4, s4)
[
A(s, t) + 1

2(/p1 + /p3)B(s, t)
]
u(p2, s2). (4.1)

The initial K+ and nucleon momenta denote p1 and p2, respectively, while the final kaon and nucleon
momenta stand for p3 and p4. u(p, s) is Dirac spinor with three-momentum p and spin s, which is
normalized by ū(p, s)u(p, s′) = 2MNδss′ with nucleon mass MN . A(s, t) and B(s, t) are two Lorentz-
invariant functions of the two independent Mandelstam variables

s = (p1 + p2)2

t = (p1 − p3)2. (4.2)

There is also a third Mandelstam variable, u defined as

u = (p2 − p3)2. (4.3)

Let us take the center-of-mass (c.m.) frame for partial wave decomposition. There we write the
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T -matrix in terms of non-spin-flip amplitude f and spin-flip amplitude g as

T (s, t) = χ†(λ4)[f(W, θ) − i(σ · n̂)g(W, θ)]χ(λ2) (4.4)

where W and θ are the total energy of the system and the scattering angle between p1 and p3 in the
center-of-mass frame, respectively, n̂ is the normal vector of the scattering plane defined by

n̂ = p3 × p1

|p3 × p1|
, (4.5)

and χ(λ) is the Pauli spinor of a nucleon with helicity λ.
From Eq. (4.1) and Eq. (4.4), we obtain the relation of the Lorentz-invariant amplitudes A, B and

the c.m. amplitudes f , g, as

f(W, θ) = (EN +MN )(A+ ωB) + k2B + (EN +MN + ω)B −A

EN +MN
k2 cos θ, (4.6)

g(W, θ) = −(EN +MN + ω)B −A

EN +MN
k2 sin θ, (4.7)

where EN , ω and k stand for the nucleon energy, kaon energy and kaon momentum in the center-of-
mass frame, respectively. For the detailed calculation, see Appendix A.

The amplitudes f and g are decomposed into the partial waves with Legendre polynomial P`(x) as

f(W, θ) =
∞∑
`=0

f`(W )P`(cos θ), (4.8)

g(W, θ) =
∞∑
`=0

g`(W ) sin θdP`(cos θ)
d cos θ . (4.9)

We introduce the amplitude of the total angular momentum j = `± 1
2 , T`± as

f`(W ) = (`+ 1)T`+(W ) + `T`−(W ), (4.10)
g`(W ) = T`+(W ) − T`−(W ), (4.11)

or equivalently

T`+(W ) = 1
2`+ 1(f`(W ) + `g`(W )), (4.12)

T`−(W ) = 1
2`+ 1(f`(W ) − (`+ 1)g`(W )). (4.13)

By taking the average of the initial nucleon spins and the summation of the final nucleon spins, the
differential cross section in the center-of-mass frame is calculated as

dσ
dΩ = 1

64π2s

(
|f(W, θ)|2 + |g(W, θ)|2

)
. (4.14)

By integrating the differential cross section in terms of the solid angle Ω, we obtain the total cross
section as

σ = 1
32πs

∫
d cos θ

(
|f(W, θ)|2 + |g(W, θ)|2

)
. (4.15)

Once the T -matrix can be calculated using chiral perturbation theory, it can be rewritten in the form
A and B, or f and g to make it easier to use for calculating the cross section.
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Coulomb correction
For the K+p amplitude, we need to introduce the Coulomb correction. Here we follow the prescrip-

tion done in Refs. [90, 91] originally given in Ref. [132]. The repulsive Coulomb amplitude is calculated
as

fC = − α

2kv sin2(θ/2)
exp

[
−iα
v

ln
(

sin2 θ

2

)]
(4.16)

with the scattering angle θ, the fine structure constant α and the K+N relative velocity v defined by

v = k(EK + Ep)
EKEp

. (4.17)

We add the Coulomb amplitude to the amplitudes calculated by the chiral perturbation theory. In
addition, we multiply the Coulomb phase shift factor e2iΦ` with

Φ` =
∑̀
n=1

tan−1 α

nv
(4.18)

for ` > 0 (Φ0 = 0) to the strong interaction amplitudes. Finally, we have the amplitude with the
Coulomb corrections as

fK
+p =

∞∑
`=0

[
(`+ 1)T I=1

`+ + `T I=1
`−

]
e2iΦ`P`(cos θ) − 8π

√
sfC , (4.19)

gK
+p =

∞∑
`=1

[
T I=1
`+ − T I=1

`−
]
e2iΦ` sin θdP`(cos θ)

d cos θ . (4.20)

4.1.2 Kinematics for three body reaction

K− (k)

d (pd)

Λ (pΛ)

π (pπ)

N (pN )

Fig.4.1 Kinematics of the K−d → πΛN reaction.

In Chapter 5, we will calculate the invariant mass spectrum of K−d → πΛN reaction. In preparation
for this, we consider the kinematical formulation of the three body reaction. In general, n-body phase
space dΠn is given by

dΠn = (2π)4δ(4)

(
Ptotal −

n∑
i=1

pi

)
n∏
i=1

d3pi
(2π)3Ni (4.21)
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where Ptotal is the total momentum of the system, pi is the momentum of the i-th particle in the final
state and Ni stands for the normalization factor as

Ni =


1

2ωi
for mesons,

2Mi

2Ei
for baryons,

(4.22)

with the meson energy ωi, the baryon energy Ei and the baryon mass Mi.
The cross section of two particles 1 and 2 in the initial state is given by

dσ = 1
vrel

N1N2dΠn|T |2 (4.23)

where T is T -matrix of the reaction and vrel is defined by

vrel =
√

(k1 · k2) −m2
1m

2
2

k0
1k

0
2

(4.24)

with ki and mi are the i-th momentum and mass in the initial state. In the center of mass frame, vrel

is transformed to

vrel =
∣∣∣∣ |kc.m.|
k0

1
− −|kc.m.|

k0
2

∣∣∣∣ = (k0
2 + k0

1)kc.m.

k0
1k

0
2

= Ec.m.kc.m.

k0
1k

0
2

. (4.25)

Next, we formulate the invariant mass spectrum of the K−d → πΛN reaction. We assign the
momentum variables shown in Fig. 4.1. We obtain the total cross section of the K−d → πΛN reaction
as

dσ = 1
vrel

N1N2dΠ3|T |2

= k0p0
d

kc.m.Ec.m.

1
2k0

2Md

2p0
d

dΠ3|T |2

= Md

kc.m.Ec.m.

d3pπ
(2π)3

1
2ωπ

d3pΛ

(2π)3
2MΛ

2EΛ

d3pN
(2π)3

2MN

2EN
× (2π)4δ(4)(Ptotal − pπ − pΛ − pN ) |T |2. (4.26)

The reaction K−d → πΛN requires five kinematical variables to fix the phase space of the three-
body final state [1]. In this study we are interested in the mass spectra of the ΛN systems, thus we
choose the following variables for unpolarized deuteron targets: the ΛN invariant mass MΛN defined
as

MΛN =
√

(EΛ + EN )2 − (pΛ + pN )2
, (4.27)

the solid angle of the final pion in the total center-of-mass (c.m.) frame Ωπ, and the solid angle of the
final Λ in the Λ-nucleon c.m. frame Ω∗

Λ. Then the cross section (4.26) becomes

dσ = 1
(2π)5

MdMΛMN

4kc.m.E2
c.m.

|T |2|pπ| |p ∗
Λ| dMΛNdΩ∗

ΛdΩπ (4.28)

where Ec.m. is the total c.m. energy, kc.m. and pπ are the initial K− and final π momenta in the
total c.m. frame, respectively, p ∗

Λ denotes the momentum of the final Λ in the Λ-nucleon c.m. frame,
respectively, and T represents the T -matrix of the reaction.
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The absolute value of the Λ momentum p ∗
Λ in the Λ-nucleon c.m. frame can be fixed by the Λ-nucleon

invariant mass as

|p ∗
Λ| = λ1/2(M2

ΛN ,M
2
Λ,M

2
N )

2MΛN
, (4.29)

and similarly, the absolute value of the pion momentum pπ in the total c.m. frame can be fixed by
the total energy of the reaction Ec.m. as

|pπ| = λ1/2(E2
c.m.,M

2
ΛN ,M

2
π)

2Ec.m.
(4.30)

with the Källen function λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx.

4.2 Chiral perturbation theory
Chiral perturbation theory is a low-energy effective theory of QCD that describes a phenomenon in

which the chiral symmetry is spontaneously broken. It describes the dynamics of hadrons such as the
Nambu-Goldstone bosons that arise as a consequence of the dynamical breaking of chiral symmetry. In
low-energy QCD, quarks and gluons compose hadrons due to the color confinement making it difficult
to treat them as fundamental degrees of freedom, thus we construct a low-energy effective theory
in which hadrons are fundamental degrees of freedom instead of quarks and gluons. In this section,
we construct the effective chiral Lagrangian for mesons and meson-baryons. The chiral perturbation
theory will be used in Chapter 6. The description in this section is based on References [133–138].

4.2.1 Effective field theory

An effective theory is a theoretical tool for describing low-energy physics, an approximation to a
more fundamental underlying theory, such as QCD. The term "low energy" here refers to energies below
a certain energy scale Λ. In the effective theory, only degrees of freedom related to low energy are used
to construct the theory, and all information with energy above Λ is integrated and interpreted. As
a result, they are included in the constants in the effective Lagrangian (called low-energy constants,
LECs). The theoretical basis of the effective field theory was established by Weinberg [139] as a
theorem as:

if one writes down the most general possible Lagrangian, including all terms consistent with
assumed symmetry principles, and then calculates matrix elements with this Lagrangian to any
given order in perturbation theory, the result will simply be the most general possible S-matrix
consistent with analyticity, perturbative unitarity, cluster decomposition and the assumed sym-
metry principles.

Based on this theorem, chiral perturbation theory was developed [140, 141].

4.2.2 Chiral perturbation theory

Chiral perturbation theory which is the low-energy effective theory of QCD is a theory built on the
chiral symmetry, the symmetry of the original theory, and its dynamical breaking. In the dynami-
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cally broken phase, the chiral symmetry cannot be expressed linearly but is expressed as a nonlinear
transformation. Therefore the Nambu–Goldstone boson fields themselves are transformed nonlinearly.

Chiral Lagrangian for meson
Firstly, we construct chiral Lagrangian for meson. The dynamical symmetry breaking of the chiral

symmetry is expressed by the groups as

G ≡ SU(3)L × SU(3)R
DBχS−−−−→ H ≡ SU(3)V . (4.31)

We denote φa(a = 1, 2, . . . 8) as the Nambu–Goldstone boson fields in the coset space G/H, and choose
a coset representative ξ(φ) ≡ (ξL(φ), ξR(φ)) ∈ G. The transformation rules of the Nambu–Goldstone
boson fields under chiral transformation g ≡ (gL, gR) ∈ G are given via ξ as

ξL(φ) G−→ gLξL(φ)h†(φ, g), ξR(φ) G−→ gRξR(φ)h†(φ, g) (4.32)

where h(φ, g) ∈ H. Without loss of generality, we can put ξ†
L(φ) = ξR(φ) = ξ(φ), and the transforma-

tion rule of ξ(φ) is

ξ(φ) G−→ hξ(φ)g†
L = gRξ(φ)h†. (4.33)

Introducing U(φ) ≡ ξ(φ)2 which is called the chiral field, then we have the linear transformation rule
for U(φ)

U(φ) G−→ gRU(φ)g†
L. (4.34)

The meson fields Φ = φaλa/
√

2 are written in the SU(3) matrix form as

Φ =


Φ3√

2 + Φ8√
6

Φ1−iΦ2√
2

Φ4−iΦ5√
2

Φ1+iΦ2√
2 − Φ3√

2 + Φ8√
6

Φ6−iΦ7√
2

Φ4+iΦ5√
2

Φ6+iΦ7√
2 − 2√

6Φ8

 ≡


π0
√

2 + η√
6 π+ K+

π− − π0
√

2 + η√
6 K0

K− K̄0 − 2√
6η

 . (4.35)

Here we use the Coleman–Callan–Wess–Zumino (CCWZ) parametrization for the chiral field U as

U = exp
(
i
√

2Φ/F
)

(4.36)

where F is a normalization of the meson field Φ and corresponds to the meson decay constant.
In chiral perturbation theory, the most general Lagrangian involving the matrix U(φ) is constructed

using chiral symmetry as a guide. When the Lagrangian has exact flavor SU(3)L×SU(3)R chiral sym-
metry, the Nambu–Goldstone bosons are massless, then the four-momentum of a Nambu–Goldstone
boson on the mass shell is given by pµ = (|p|,p). Therefore, when the spatial momentum can be
regarded as sufficiently smaller than the chiral symmetry breaking scale Λχ = 4πFπ ∼ 1 GeV, the
perturbation expansion by pµ is a good approximation. In this sense, chiral perturbation theory is
an effective field theory. When the flavor SU(3)L × SU(3)R symmetry is not exact, that is, when the
quark has non-zero mass and then chiral symmetry is broken explicitly, the Nambu–Goldstone bosons
have also non-zero mass. In this case, if the mass of the Nambu–Goldstone boson is small and p is
also small, the perturbation expansion is valid in the same way as well as the case of the chiral limit.
Under the above conditions, the Lagrangian is expanded in terms of powers of the momentum of the
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Nambu–Goldstone boson (powers of the derivative for the Nambu–Goldstone fields). Since only even
powers are allowed due to the conservation of parity, the effective Lagrangian which is called the chiral
Lagrangian is given by

Leff(U) =
∑
n

L2n. (4.37)

In the low-energy region, the term with the minimum number of derivatives can be considered domi-
nant. The term Tr

[
UU†] which is a non-derivative term but chiral invariant is constant because U is

a unitary matrix.
The leading order of the chiral Lagrangian, which includes the Nambu–Goldstone field and an

external source, is given by

L(2)
M = F 2

4 Tr
{
DµU

†DµU + χ†U + χU†} (4.38)

where the field χ which contains the scalar and pseudoscalar external field, s = saλa and p = paλa, is
given by

χ = 2B0(s+ ip), χ† = 2B0(s− ip), (4.39)

where B0 is a low-energy constant that is fixed by the relation

M2
K = B0(m+ms) (4.40)

with the kaon mass MK in this dissertation. The filed χ is transformed under the chiral transformation
as

χ
G−→ gRχg

†
L. (4.41)

The covariant derivative Dµ contains the vector and axial-vector external fields as

DµU = ∂µU − irµU + iU`µ (4.42)

where rµ = 1
2(vµ+aµ) and `µ = 1

2(vµ− aµ) with the vector current vµ and the axial-vector current aµ.
Using these external fields, the electromagnetic and semileptonic weak interactions, and the explicit
breaking of chiral symmetry by the quark mass can be incorporated into the chiral Lagrangian. In
particular, the explicit breaking of chiral symmetry due to the quark mass is introduced as s = M =
diag(m,m,ms).

Chiral perturbation theory for meson-baryon
Next, we construct chiral Lagrangian for meson-baryon. The octet of 1

2
+ baryon fields B is intro-

duced as

B =


B3√

2 + B8√
6

B1−iB2√
2

B4−iB5√
2

B1+iB2√
2 −B3√

2 + B8√
6

B6−iB7√
2

B4+iB5√
2

B6+iB7√
2 − 2√

6B8

 ≡


Σ0
√

2 + Λ√
6 Σ+ p

Σ− − Σ0
√

2 + Λ√
6 n

Ξ− Ξ0 − 2√
6Λ

 (4.43)
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and its adjoint B̄ = B̄aλa/
√

2 by

B̄ =


B̄3√

2 + B̄8√
6

B̄1−iB̄2√
2

B̄4−iB̄5√
2

B̄1+iB̄2√
2 − B̄3√

2 + B̄8√
6

B̄6−iB̄7√
2

B̄4+iB̄5√
2

B̄6+iB̄7√
2 − 2√

6B̄8

 ≡


Σ̄0
√

2 + Λ̄√
6 Σ̄− Ξ̄−

Σ̄+ − Σ̄0
√

2 + Λ̄√
6 Ξ̄0

p̄ n̄ − 2√
6 Λ̄

 . (4.44)

Baryon fields are transformed under G = SU(3)L × SU(3)R as

B
G−→ h(φ, g)Bh†(φ, g). (4.45)

The leading order of the SU(3) meson-baryon chiral Lagrangian reads

L(1)
MB = Tr

{
B̄(i /D −M0)B)

}
− D

2 Tr
{
B̄γµγ5{uµ, B}

}
− F

2 Tr
{
B̄γµγ5[uµ, B]

}
, (4.46)

where M0 is the baryon mass at the chiral limit.
The covariant derivative for the baryon field is introduced as

DµB = ∂µB + [Γµ, B] (4.47)

with the mesonic vector current called chiral connection given as

Γµ = 1
2(ξ†∂µξ + ξ∂µξ

†)

where ξ2 = U . The mesonic axial-vector current called chiral vielbein is introduced as

uµ = i(ξ†∂µξ − ξ∂µξ
†). (4.48)

The low-energy constants D and F are to be determined by fitting the semi-leptonic decay.
The next-to-leading order (NLO) of the chiral Lagrangian is given by

L(2)
MB = bD Tr

{
B̄{χ+, B}

}
+ bF Tr

{
B̄[χ+, B]

}
+ b0 Tr

{
B̄B

}
Tr{χ+} + d1Tr

(
B̄{uµ, [uµ, B]}

)
+ d2Tr

(
B̄[uµ, [uµ, B]]

)
+ d3Tr

(
B̄uµ)Tr(uµB

)
+ d4Tr

(
B̄B)Tr(uµuµ

)
− g1

8M2
N

Tr
(
B̄{uµ, [uν , {Dµ, Dν}B]}

)
− g2

8M2
N

Tr
(
B̄[uµ, [uν , {Dµ, Dν}B]]

)
− g3

8M2
N

Tr(B̄uµ)Tr(uν , {Dµ, Dν}B) − g4

8M2
N

Tr(B̄{Dµ, Dν}B)Tr(uµuν)

− h1

4 Tr
(
B̄[γµ, γν ]Buµuν

)
− h2

4 Tr
(
B̄[γµ, γν ]uµ[uν , B]

)
− h3

4 Tr
(
B̄[γµ, γν ]uµ{uν , B}

)
− h4

4 Tr(B̄[γµ, γν ]uµ)Tr(uνB) + h.c. (4.49)

where bi, di, gi and hi are the LECs of NLO. The terms that include bi and di appear in the typical
flavor SU(3) chiral Lagrangian such as in Ref. [80, 91], while the terms that include gi and hi are
introduced as the extension of the flavor SU(2) chiral Lagrangian and used in Ref. [90].

The scalar and pseudoscalar sources are contained in χ± as

χ± = ξχ†ξ ± ξ†χξ†. (4.50)

In order to improve extrapolation in the strange quark sector for Chapter 6, we introduce some
terms of the next-to-next-to-leading order (NNLO) of the chiral Lagrangian [142], which contain the
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strange quark mass ms in χ− as

L(3)
MB = v1 Tr

(
B̄{χ−, γ5B}

)
+ v2 Tr

(
B̄[χ−, γ5B]

)
+ w1 Tr

(
B̄γµB[χ−, u

µ]
)

+ w2 Tr
(
B̄[χ−, u

µ]γµB
)

+ w3
[
Tr
(
B̄uµ

)
Tr(χ−γµB) − Tr

(
B̄χ−

)
Tr(uµγµB)

]
(4.51)

where vi and wi are the LECs.

In-medium chiral perturbation theory
In-medium extension of chiral perturbation theory is done by Ref.[143] and further developed by

Ref. [83]. In this theory, kF /Λχ with the Fermi momentum kF of the nucleon in nuclear matter is
introduced as a new expansion parameter. kF is related to the nuclear density ρ by ρ = k3

F /3π2.
Therefore this theory allows for expansion by the nuclear density. Recent calculations by in-medium
chiral perturbation theory are done in Ref. [144] for the in-medium pion property, Ref. [10] for SU(2)
chiral condensate in symmetric nuclear matter and Ref. [11] for that in asymmetric nuclear matter.

Chiral unitarity approach
In chiral perturbation theory, the scattering amplitude is described by perturbative expansion, but

the excited states of hadron cannot be represented by finite-order perturbation expansions. In order to
represent the excited states in chiral perturbation theory, it is necessary to either explicitly incorporate
them into chiral perturbation theory or dynamically generate them by non-perturbative conditions.
Chiral unitarity approach [74–80] is the latter case. In the chiral unitarity approach, the unitarization
for the scattering amplitude T is performed by solving the Lippmann-Schwinger equation:

T = V + V GT (4.52)

where V is the interaction kernel derived by chiral perturbation theory and G is the loop function.
As a result of the unitarization, the excited state is described as a pole of the obtained scattering
amplitude. The Λ(1405) resonance which is the excited state of the Λ baryon is described by the
chiral unitarity approach [80].

4.2.3 Example

In the previous section, we introduced the chiral Lagrangian. In this section, we give a calculation
example of the meson-baryon reaction using the chiral Lagrangian. To start, we need to clarify the
reaction to be computed. Then, we expand the chiral Lagrangian from the meson field Φ in the chiral
field U and the baryon field B to the specific hadron field, e.g., the kaon field π+ and the proton
field p, and extract only the parts that are relevant to the reaction we are dealing with. We consider
the leading order of π+p elastic scattering as an example. Here we do not consider the Coulomb
correction. Expanding Eq. (4.46) and extracting the related terms, we find

L = 1
4F 2

π

[
p̄(i/∂π−)π+p− p̄π−(i/∂π+)p

]
+ D + F√

2Fπ

[
n̄(/∂π−)γ5p+ p̄(/∂π+)γ5n

]
. (4.53)
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Note that the outgoing baryon field is represented by B̄, whereas the outgoing meson field is the
complex conjugate of the incoming meson field, e.g. the outgoing π+ is represented by π− field in
this example. The first term is a contact interaction of meson fields interacting with baryons at a
single point, and the second term is the pseudovector meson-baryon coupling. They are the so-called
Weinberg–Tomozawa term and Born term, respectively.

π+(p1) π+(p3)

p(p2) p(p4)

π+ π+

p n p

Fig.4.2 Feynman diagrams related to π+p elastic scattering. The left diagram indicates the
contact interaction. The right diagram means the u-channel Born term.

Let us calculate the T -matrix of two body meson-baryon scattering using the leading order of chiral
Lagrangian. Firstly, we give the Weinberg–Tomozawa interaction TWT which is the contact interaction
derived by the leading order of the Lagrangian:

TWT = −ū(p4, s4)
[
Lπ+p

]
u(p2, s2)

= −ū(p4, s4) 1
4F 2

π

(−/p3 − /p1)u(p2, s2)

= 1
4F 2

π

ū(p4, s4)(/p1 + /p3)u(p2, s2) (4.54)

where the minus sign over the whole equation is a notation. [L] is the vertex factor defined as

[Lφ...χ] = δ

δφ
. . .

δ

δχ
Lφ...χ (4.55)

where φ . . . χ represents all the fields that interact at this vertex. The derivative with incoming meson
gets replaced by i∂µ → pµ and the derivative with outgoing meson is replaced with i∂µ → −pµ.

Similarly, next, let us consider the u-channel Born term given by

TBorn = −ū(p4, s4)
[
Lπ+np

]
SnF (p2 − p3)

[
Lpπ+n

]
u(p2, s2)

= −(D + F )2

2F 2
π

ū(p4, s4)
(
−i/p1γ

5) Mn + /p2 − /p3
M2
n − (p2 − p3)2

(
i/p3γ

5)u(p2, s2)

= − g2
A

2F 2
π

ū(p4, s4)
(
/p1γ

5) Mn + /p2 − /p3
M2
n − (p2 − p3)2

(
/p3γ

5)u(p2, s2) (4.56)

where SBF is a fermion propagator SBF (q) = 1/(MB + /q− iε) with the baryon mass MB. gA = D+F is
the axial-vector coupling constant. The scattering length is given by the T -matrix at the threshold:

aπ+p = aI=3/2 = − 1
8π(Mπ+ +Mp)

T thr
π+p = 0.126 fm (4.57)

where we use gA = 1.267. The experimental value is given by

aI=3/2
ex ≡ −(bex

0 + bex
1 )

= −(−0.1 × 10−3 M−1
π − 88.5 × 10−3 M−1

π )
= 0.125 fm (4.58)
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where the values of the isoscalar and isovector scattering length of πN , bex
0 = −0.1 × 10−3 M−1

π and
bex

1 = −88.5×10−3 M−1
π are taken from Ref. [145]. We find that we obtain a good value by the leading

order of chiral perturbation theory and chiral perturbation theory works well.
At the end of this section, we give the rules of calculation using the chiral Lagrangian:

1. Draw the Feynman graphs of the reaction one needs.
2. Expand the chiral Lagrangian and extract the terms related to the reaction one considers.
3. Calculate the vertex factor from the Lagrangian.
4. Attach the building blocks (the vertex, the propagator, the spinor. . . ) to the Feynman diagram
5. If necessary, organize the obtained equation using the Klein-Gordon equation, Dirac equation,

on-shell condition, etc.

4.3 Numerical calculation of the Klein-Gordon equation with the complex
optical potential

We refer to Reference [146] in writing this section. In this section, we show the numerical calculation
of the Klein-Gordon equation with the complex optical potential. The form of the equation we will
consider is given by

[−{E − Vc(r)}2 − ∇2 + µ2 + 2µVopt(r)]φ(r) = 0 (4.59)

where E ≡ µ − EB − iΓ/2 is the energy with the reduced mass µ, the binding energy EB and the
absorption width Γ, Vc(r) and Vopt(r) stand for the Coulomb and the optical potentials, respectively.
φ(r) is the wavefunction we will consider. We do not consider angle dependence for the potential.
Removing the angular dependence from the wavefunction, we obtain the radial direction part of the
equation as [

−{E − Vc(r)}2 − d2

dr2 + `(`+ 1)
r2 + µ2 + 2µVopt(r)

]
χ(r) = 0 (4.60)

where χ(r) is defined as χ(r) = rR(r) with the radial direction part of the wavefunction R(r). The
angle-dependent part of the wavefunction is obtained as a spherical harmonic function.

The optical potential in Eq. (4.60) is generally a complex potential. Thus the eigenenergy of the
equation is also the complex eigenvalue. We describe the numerical solution of the equation of motion
with such complex eigenvalues. Let us consider the following general form of the equation of motion:(

− d2

dr2 + Ṽ (r)
)
χ(r) = −k2χ(r) (4.61)

where k2 is the complex eigenvalue and Ṽ (r) is a complex potential function that goes to zero suffi-
ciently early at r → ∞. In the case of Eq. (4.60), Ṽ (r) includes not only Vopt(r) but also Vc(r) and a
centrifugal barrier.

For a bound state, we consider finding the eigenvalue k2 numerically. Imposing χ(r) ∝ r`+1 as a
boundary condition at r ∼ 0 and assuming a certain k, χ(r) can be calculated numerically at any r.
We assume that χ(r) can be expressed as follows:

χ(r) = A(k)f(r) +B(k)g(r) (4.62)
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where f(r) and g(r) is two independent solution of Eq. (4.61). From the condition Ṽ (r → ∞) = 0,
they satisfy

f(r → ∞) → exp(−kr), g(r → ∞) → exp(+kr). (4.63)

A(k) and B(k) depend on the eigenvalue k, but not on r. The problem here is whether χ(r) is the
wavefunction of the bound system, namely converges at infinity. Taking Re k > 0, the first term of
Eq. (4.62) converges at infinity and the second term diverges at infinity. Then k = ksol which satisfies
the condition B(ksol) = 0 is the eigenvalue of the bound system for the equation. In practice, the
behavior of the wavefunction at infinity cannot be calculated numerically, but we can find k such that
the absolute value of the wavefunction (χ(rmax))2 is minimized for r = rmax sufficiently larger than the
system under consideration*1. ksol is k when (χ(rmax))2 takes a minimum value. When performing a
numerical calculation, instead of the absolute value of the wavefunction χ2(rmax), the function

v(k) = χ2(rmax)
exp(2(Re k)rmax) (4.64)

is used for the finding of ksol. Organizing Eq. (4.60) in the form (4.61) yields(
− d2

dr2 + Ṽ (r)
)
χ = −

[
−(µ− EB)2 + µ2 + Γ2

4 + iΓ(µ− EB)
]
χ ≡ −k2χ (4.65)

where Ṽ (r) is the sum of the terms containing the potential and the centrifugal force potential. In
Chapter 7, we will examine the optical potential by solving the equation Eq. (4.65) backward, giving
the energy as the initial value.

*1 Note that the length scales are very different at the atomic or nuclear scale.
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Chapter 5

Isospin symmetry breaking in Λ-nucleon
interaction investigated with K−d → πΛN

reaction

5.1 Introduction
The difference between the Λ-proton (Λp) and Λ-neutron (Λn) is interesting in terms of the isospin

symmetry breaking in the system that includes strangeness. Recently a large isospin symmetry break-
ing effect has been suggested by experimental analysis for the A = 4 mirror Λ-hypernuclei [27, 28].
From the experimental data, one finds the difference of the excitation energies from the 0+ ground
state to the 1+ excited state of 4

ΛH and 4
ΛHe to be 0.3 MeV, which is much larger than the binding

energy difference of 3H and 3He, 0.071 MeV. While the isospin symmetry breaking of the Λ binding
energy to the nucleus in the Λ hypernuclei, the isospin symmetry breaking of the elementary process
of that, the ΛN system is not fully understood. In particular, the Λn scattering is not enough under-
stood, while the Λp scattering was extracted from the pp → K+Λp reaction [4]. In any case, there is
little information on the ΛN system and more experimentation should be done for discussion on the
isospin symmetry breaking in ΛN .

In this chapter, we propose the K−d → πΛN reaction with stopped kaons as a useful tool to
study the isospin symmetry breaking in the ΛN interaction, how different aΛp and aΛn are, from the
final state interactions of the reaction. Theoretically, the formulation of the K−d → πΛN scattering
amplitude is constructed in the same way due to the isospin symmetry, and the effect of symmetry
breaking can be put into the components of amplitudes, such as the ΛN scattering parameters.
Information about scattering parameters may be derived by comparing sensitivities to scattering
parameters in the spectra with experiments. Furthermore, for the qualitative discussions such as
whether aΛp or aΛn is larger, by taking the ratio of the spectra of the two reactions, the effect of
isospin symmetry breaking can be visualized. Experimentally, two reactions, K−d → π−Λp and
K−d → π0Λn are initiated as the same K−d and is distinguished by the charge of the pion in the
final state. We formulate the scattering amplitudes of the K−d → π−Λp and K−d → π0Λn reactions.
Then we discuss the possibility to extract the ΛN scattering parameters and the isospin symmetry
breaking from the reactions.
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5.2 Kinematics of K−d → πΛN reaction
Since we are interested in the invariant mass spectrum of ΛN for the K−d → πΛN reaction, we

utilize the kinematical formulation introduced in Section 4.1. In the K−d → πΛN reaction, the
deuteron is a probe so is at rest in the lab frame. The kaon beam is incident on the deuteron. In
our study, we take the stopped kaon as the incident kaon which means that the momentum of the
incident kaon is taken as zero at the lab. frame. Considering stopped kaons that have no directions,
namely no direction in the initial state due to both the kaon and deuteron having no momentum, we
can take the final pion momentum as a reference of the spatial coordinate for the final state without
loss of generality.

In addition, taking the stopped kaon, the spin configuration of the ΛN system is fixed as the spin-
triplet in the K−d → πΛN reaction. The spin of the ΛN system is either singlet or triplet. If one
considers stopped kaons, the spin-triplet configuration dominates the ΛN final state interaction around
its production threshold because the deuteron has spin 1 and the non-spin-flip S-wave interactions are
the main contributions in the low-energy region. This is a good feature to fix the spin configuration
of the ΛN system. It is also reported in Refs. [60, 147] that, thanks to the finite size of the deuteron,
K− in the atomic p-orbit is also absorbed by the S-wave K−N interaction.

Moreover, once one fixes the reaction plane, the scattering amplitude does not depend on the
azimuthal angle of Ω∗

Λ for unpolarized deuterons.
In our calculation, since the incident kaon momentum in the laboratory frame is fixed at 0 MeV/c,

we introduce the ΛN invariant mass spectrum without kc.m. as

SN (MΛN ) ≡ kc.m.
dσ

dMΛN
(5.1)

= MdMΛMN

16π3E2
c.m.

|pπ| |p ∗
Λ|
∫

|TπΛN |2d cos θ∗
Λ

where θ ∗
Λ denotes the polar angle of the final Λ in the Λ-nucleon c.m. frame. The K−d → πΛN

scattering amplitude TπΛN will be discussed in the next section.

5.3 Formulation of K−d scattering amplitudes
In this section, we formulate the scattering amplitudes of the K−d → πΛN reactions by following

Refs. [70–73] which is developed in order to study the hyperon resonance. One of the good advantages
of the reaction is that it is initiated by the same K−d system and includes π−Λp and π0Λn in the
final states, which are isospin partners. Thus, we can use the same theoretical framework for these
two final states and the formulation can be fixed by a better-known Λp channel to apply the uncertain
Λn channel.

The Feynman diagrams that we consider in our calculation are given in Fig. 5.1 for the K−d → π−Λp
process (hereafter referred to as the Λp process) and Fig. 5.2 for the K−d → π0Λn process (hereafter
referred to as the Λn process). The initial K− is absorbed by one of the nucleons in the deuteron as
K−N → πY or K−N → K̄N . In Dia. 1, the Λ hyperon produced by the K− absorption scatters with
another nucleon. This diagram, which we call Λ-exchange diagram, is our target diagram that contains
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Dia. 1 Dia. 2a Dia. 2b

Dia. 3 Dia. 4

Dia. 5a Dia. 5b

Fig.5.1 Feynman diagrams used for the calculation of the Λp process. In the diagrams, TMB

(TY N ) denotes the meson-baryon (hyperon-nucleon) amplitude scattering amplitude.

the final state interaction of ΛN . Diagram 2 has the Σ hyperon exchange and contains a transition
amplitude of ΣN → ΛN . In Dia. 3, which we call impulse approximation, the K− absorption takes
place without the final state interaction. In Dia. 4 the initial K− scatters with one of the nucleons in
the deuteron and rescatters with another nucleon. We call this diagram kaon-exchange. Diagrams 3
and 4 will turn out to be the main sources of the backgrounds. Diagram 5 has the pion-exchange with
the final state interaction between a pion and a nucleon. We will see later that the pion-exchange
diagram is negligibly small. The c.m. energies of these processes are low enough and one may use
S-wave amplitudes. We use the observed hadron masses given in the Review of Particle Physics [1] in
the following calculation.
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Dia. 1 Dia. 2a Dia. 2b

Dia. 3 Dia. 4a Dia. 4b

Dia. 5a Dia. 5b

Fig.5.2 Same as in Fig. 5.1 but for the Λn process.

Diagram 1: Λ-exchange diagram as a example of T -matrix amplitude calculation
First, we formulate the amplitude of the Λ-exchange diagrams Dia. 1 in Figs. 5.1 and 5.2. We follow

Ref. [71] which was the first work to develop this formulation. Here we explain the details of this
formulation using this calculation as an example of T -matrix amplitude calculation.

We perform the calculation of the S-matrix of Dia. 1. Given the wavefunctions of the incoming
kaon and the particles in the final state as plane waves, and writing the wavefunctions of the nucleons
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in the deuteron as ϕi (i = 1, 2), we find

S = 1 −

(∏
i

Ni

)∫
d4x1

∫
d4x2

∫ d4q

(2π)4
e−iq·(x1−x2)

q0 −
√
q2 +M2

Λ + iε

× eipΛ·x1eipN ·x1eipπ·x2e−ik·x2e−ip0
1x

0
1ϕ1(x1)

× e−ip0
2x

0
2ϕ2(x2)(−i)TK−N→πΛ (−i)TΛN . (5.2)

where TK−N→πΛ and TΛN are the T -matrices of the K−N → πΛ and the Λ-nucleon reactions, respec-
tively. p1 and p2 are the momenta of nucleons inside the deuteron. The plane waves are normalized
in a box with a unit volume, and the normalization factors of them are given by

Ni =


√

1
2ωi

for mesons,√
2Mi

2Ei
for baryons.

The integrations with respect to the time components x0
1 and x0

2 give energy conservations:∫
dx0

1 e
−i(p0

1+q0−p0
Λ+p0

N ) = 2πδ(p0
1 + q0 − p0

Λ + p0
N ),∫

dx0
2 e

−i(p0
2+k0−q0+p0

π) = 2πδ(p0
2 + k0 − q0 + p0

π),

respectively. Furthermore, integrating with respect to q0

∫ dq0

2π

∫
dx0

1 e
−i(p0

1+q0−p0
Λ+p0

N )
∫

dx0
2 e

−i(p0
2+k0−q0+p0

π)

=
∫ dq0

2π 2πδ(p0
1 + q0 − p0

Λ + p0
N )2πδ(p0

2 + k0 − q0 + p0
π)

=2πδ(k0 + p0
d − p0

Λ − p0
N − p0

π), (5.3)

we obtain the total energy conservation k0 + p0
d = p0

Λ + p0
N + p0

π. and q0 has been fixed as q0 =
k0 + p0

2 − p0
N = p0

Λ + p0
π − p0

1. Here we use again p0
1 + p0

2 = p0
d.

For the spacial integrals, we introduce the relative coordinate between x1 and x2 as R = (x1 +x2)/2
and r = x1 − x2, and the deuteron wavefunction of the relative motion ϕ(r). We assume that the
deuteron wavefunction of the center of mass motion is the plane wave. In order to perform the spacial
integrals, the two nucleon wavefunctions inside the deuteron, ϕ1(x1) and ϕ2(x2) are replaced to the
deuteron wavefunctions as

N1N2ϕ1(x1)ϕ2(x2) → Nde
ipd·Rϕ(r) (5.4)

where the deuteron wavefunction is normalized as∫
d3r |ϕ(r)|2 = 1. (5.5)

The integration in terms of R gives the total momentum conservation, while the integration of r gives
the Fourier transformation of the deuteron wavefunction ϕ(r) as∫

d3r ϕ(r) ei(−k+pπ−pΛ−pN +2q)·r2 = ϕ̃(q + pπ − k) (5.6)
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where we use the total momentum conservation. Note that ϕ̃ is defined in the deuteron rest frame
same as the lab. frame, then pd is dropped and the argument of ϕ̃ should be given in the lab. frame.

Here we introduce a specific form of the deuteron wave function in the momentum space ϕ̃(r) which
is used in this study. We neglect the small d-wave component of the deuteron wavefunction and use
a parameterization of the S-wave component given by an analytic function in the CD-Bonn potential
[148] as

ϕ̃(p) = 1√
(2π)3

11∑
j=1

Cj
p2 +m2

j

(5.7)

where Cj and mj were determined in Ref. [148]. The argument of ϕ̃ in Eq. (5.9) is fixed by the
momentum conservation of the vertex of the first-scattering.

Finally we obtain the S-matrix for the diagram 1 as

S = 1 − i

(∏
i

Ni

)
(2π)4δ(4)(k + pd − pΛ − pN − pπ)

× TΛN

∫
d3q

(2π)3
ϕ̃(q + pπ − k)

q0 −
√
q2 +M2

Λ + iε
TK−N→πΛ. (5.8)

Since in general the T -matrix is defined by

S = 1 − i

(∏
i

Ni

)
(2π)4δ(4)(k + pd − pΛ − pN − pπ)T ,

we obtain the T -matrix corresponding to the diagram 1 T (1)
πΛN as

T (1)
πΛN =TΛN (MΛN )

∫
d3q

(2π)3
2MΛ

q2 −MΛ
2 + iε

× ϕ̃(q + pπ) TK−N→πΛ(W ) (5.9)

where MΛN is the invariant mass of Λ and N in the final state, q is the momentum of the exchange Λ,
ϕ̃ is the S-wave deuteron wavefunction in the momentum space, and W denotes the invariant mass of
the initial kaon and the nucleon inside the deuteron. The amplitude TΛN and TK−N→πΛ stand for the
S-wave scattering amplitudes of the ΛN → ΛN and K−N → πΛ processes, respectively. The charges
of N and π are fixed in each process as shown in Figs. 5.1 and 5.2. For instance, K−N → πΛ for the
Λp process corresponds to K−n → π−Λ.

The nonrelativistic propagator is extended to a relativistic one as

1
q0 −

√
q2 +M2 + iε

' 2M
q2 −M2 + iε

for simplicity of the calculation. With this approximation, we can perform the momentum integral
of Eq. (5.9) analytically, which reduces the calculation costs a lot. For the detail of the momentum
integral, see Appendix B.

For the baryon exchange diagrams, Dia. 1 and 2, q0 and W are fixed as

q0 = MK− +Md −
(
M2 − Bd

2

)
− p0

π (5.10)
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W =
(
M1 − Bd

2

)
+MK− (5.11)

where Bd is the binding energy of deuteron, M1(M2) is the participant (spectator) nucleon mass in
K−N → πΛ, and p0

π is the energy of the final-state pion.

Diagram 2: Σ-exchange diagram
Next, as well as the foreground diagram, the Σ-exchange diagrams given by Dia. 2 in Figs. 5.1

and 5.2 are formulated as

T (2)
πΛN = TΣN→ΛN (MΛN )

∫
d3q

(2π)3
2MΣ

q2 −MΣ
2 + iε

× ϕ̃(q + pπ) TK−N→πΣ(W ). (5.12)

Here q0 and W are fixed as we do in Eqs. (5.10) and (5.11).
Due to charge conservation, the charge of the exchange Σ differs depending on which nucleon in the

deuteron the kaon reacts with. As seen in Dia.2a of Fig. 5.1, the initial kaon reacts with the neutron in
the deuteron and the charge of the pion in the final state is fixed as a negative charge, then the charge
of Σ should be fixed as neutral charge. In the same way, the charge of the exchange Σ is specified in
Dia.2a and b of Figs. 5.1 and 5.2.

Diagram 3: Impulse approximation
We consider the amplitudes of the impulse approximation given by Dia. 3. In this diagram, the

nucleon in the deuteron which does not interact with the initial kaon is treated as a spectator. The
amplitudes are calculated as

T (3)
πΛN = TK−N→πΛ(MπΛ) ϕ̃(pN ) (5.13)

where pN is the momentum of the spectator nucleon in the rest frame of the deuteron.

Diagram 4: Kaon-exchange diagram
The kaon-exchange processes given by Dia. 4 can be calculated as

T (4)
πΛN = TK̄N→πΛ(MπΛ)

∫
d3q

(2π)3
ϕ̃(q + pN )
q2 −M2

K̄
+ iε

× TK−N→K̄N (W ). (5.14)

For K−d → π−Λp, the exchanged kaon is only K−, while for K−d → π0Λn, K− and K̄0 are allowed
as the exchanged kaon due to charge conversion. For the kaon-exchange diagrams, q0 is fixed as

q0 = MK− +Md −
(
M2 − Bd

2

)
− p0

N (5.15)

with p0
N the energy of the final-state nucleon and W is the same as Eq. (5.11).



50

Diagram 5: Pion-exchange diagram
We obtain the amplitudes for the pion-exchange processes given by Dia. 5 as

T (5)
πΛN =TπN→πN (MπN )

∫
d3q

(2π)3
ϕ̃(q + pΛ)
q2 −M2

π + iε

× TK−N→πΛ(W ) (5.16)

where both π0 and π− are allowed as the exchanged pion for each process, pΛ is the momentum of
the final-state Λ baryon in the total c.m. frame. For the pion-exchange diagrams, q0 is fixed as

q0 = MK− +Md −
(
M2 − Bd

2

)
− p0

Λ (5.17)

with p0
Λ the energy of the final-state Λ baryon and W is the same as Eq. (5.11).

Total, foreground and background amplitudes
The total amplitude for K−d → πΛN is defined by the sum of all amplitudes described above as

TπΛN =
∑
j

T (j)
πΛN . (5.18)

The amplitude of primary interest (the foreground amplitude) in our calculation for K−d → πΛN is
given by the Λ-exchange diagram (Dia. 1 in Figs. 5.1 and 5.2) as

T FG
πΛN = T (1)

πΛN , (5.19)

and the background amplitude is defined by removing the foreground amplitude from the total am-
plitude as

T BG
πΛN =

∑
j 6=1

T (j)
πΛN . (5.20)

The relative phases of these amplitudes are safely fixed within the formulation. In the next sec-
tion, we show the fundamental amplitudes included in the amplitudes we have obtained above. The
meson-baryon scattering amplitudes are calculated by using the chiral unitary approach in which the
amplitudes are obtained by resumming the interaction kernel given by the chiral perturbation theory.
The interaction kernels are obtained at the tree level, having real values. The baryon-baryon interac-
tions are parametrized by the effective range expansion and the values at the threshold are given by
the scattering length which is real for the ΛN interaction. In this way, the phases of the two-body
amplitudes are fixed without any ambiguities.

The isospin breaking effects on the T -matrix of the reaction T are introduced by using the observed
masses for the exchanged particles and through the amplitudes of the absorption processes and the
final state interactions. The details of the isospin breaking of these amplitudes are described below.

5.3.1 Hyperon-nucleon and meson-baryon amplitudes

In this section, we explain the fundamental amplitudes which constitute K−d scattering amplitudes,
such as the hyperon-nucleon and meson-baryon amplitudes.
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Λ-nucleon amplitude
We parametrize the low-energy S-wave ΛN scattering amplitude by the scattering length aΛN and

the effective range rΛN given by

TΛN = N 1

− 1
aΛN

+ 1
2rΛNp

∗
Λ

2 − ip ∗
Λ

(5.21)

where p ∗
Λ is the momentum in the Λ-nucleon c.m. frame, and the kinematic factor N is given by

N = − 8πMΛN√
(2MY )(2M2)(2Mf )(2MΛ)

(5.22)

for the Y N2 → ΛNf process, where MY , M2 and Mf are the masses of Y , N2 and Nf , respectively.
We use the observed baryon masses for each channel, and this kinematic factor is also used for the
ΣN → ΛN transition.

In our formulation, the spin-flip of the baryon-baryon interaction does not occur due to the stopped
kaon thus we can only consider the spin-triplet of the ΛN interaction. The experimentally obtained
aΛN and rΛN of the spin-triplet Λ-proton are atΛp = −1.56+0.19

−0.22 fm and rtΛp = 3.7+0.6
−0.6 fm, respectively

via the pp → K+Λp reaction [4]. On the other hand, the Λ-neutron interaction is not measured
separately. The same value as the parameters of Λp is tentatively used as that of Λn. If there is the
isospin symmetry breaking in the ΛN system, there should be a difference between aΛp and aΛn, and
rΛp and rΛn. The sensitivity of the ΛN scattering parameters to the cross section of the reaction will
be discussed in Section 5.4.4.

ΣN → ΛN transition amplitude
For the ΣN → ΛN transition amplitude TΣN→ΛN , we employ the unitarity of S-matrix in the

isospin-doublet ΛN and ΣN channels. With the diagonal ΛN and ΣN amplitudes given, we deter-
mine the off-diagonal amplitude ΣN → ΛN according to the unitarity. The diagonal ΛN and ΣN
amplitudes at their threshold are fixed by the scattering lengths. For the ΣN amplitude, we first adopt
aΣN = 1.68 − i2.35 fm which is obtained by the Nijmegen NSC97f potential [29]. We also compare
the results with aΣN = −3.83 − i3.01 fm taken from the Jülich ’04 potential [34].

The unitarity is implemented to the normalized transition amplitude f , which is defined by T ≡ N f

with the kinematical factor N given in Eq. (5.22), as

F =
(
−V −1 − iP

)−1 (5.23)

where F , V , and P stand for the matrices of the scattering amplitudes, the interaction kernels, and
the momenta, respectively, and are defined as

F =
(
fΛN fΣΛ
fΣΛ fΣN

)
, (5.24)

V =
(
v11 v12
v12 v22

)
, (5.25)

P =
(
p ∗

Λ 0
0 p ∗

Σ

)
. (5.26)
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Table 5.1 Model parameters in a unit of MeV−1

aΣN
1.68 − i2.35 fm

(NSC97f)
−3.83 − i3.01 fm

(Jülich ’04)
v11 8.3 × 10−5 2.1 × 10−2

v12 6.5 × 10−3 4.4 × 10−2

v22 8.8 × 10−3 7.1 × 10−2

Here, p ∗
Λ and p ∗

Σ in P are the momenta of Λ and Σ in the Λ-nucleon c.m. frame, respectively. Note
that p ∗

Σ is pure imaginary when one considers the energy region below the ΣN threshold. Here we
assume that each vij model parameter is constant.

By using Eq. (5.23), we obtain the off-diagonal amplitude fΣN→ΛN from the unitarity of S-matrix.
The model parameters are determined so as to reproduce the scattering lengths of the ΛN and ΣN
at their thresholds:

fΛN = −aΛN , (5.27)
fΣN = −aΣN = −(A− iB) (5.28)

with the spin-triplet isospin-doublet ΛN scattering length aΛN and ΣN scattering length aΣN = A−iB
where A and B are real. We obtain the matrix V :

v11 = −κΣB + aΛNκΛ(1 − κΣA)
κΛ(1 − κΣA+ κΣBaΛNκΛ) , (5.29)

v12 = −

√
B(1 − 2κΛA+ κ2

ΣA
2 + κ2

ΣB
2)(1 + a2

ΛNκ
2
Λ)

√
κΛ(1 − κΣA+ κΣaΛNBκΛ) , (5.30)

v22 = A− κΣA
2 − κΣB

2 + aΛNBκΛ

1 − κΣA+ κΣaΛNBκΛ
(5.31)

where κΛ = p ∗
Λ at the ΣN threshold and κΣ = −ip ∗

Σ at the ΛN threshold. All the vij parameters
are real. The determined vij parameters are summarized in Table 5.1. In these calculations, we
use the isospin-averaged masses to obtain the kinematical variables and find κΛ = 283.8 MeV and
κΣ = 282.6 MeV. In the following calculations, we introduce the known isospin breaking effect into
the transition amplitude TΣN→ΛN through the kinematic factor N given in Eq. (5.22). Anyhow
the isospin breaking effects on the transition amplitude are irrelevant to the cross sections of the
K−d → ΛN reactions around the ΛN threshold because the Σ-exchange diagram itself provides little
contribution there as we will see below in the next section.

K̄N → MB amplitude
The K̄N → K̄N , K̄N → πΛ and K̄N → πΣ amplitudes are given by the chiral unitary approach

using the parameters in Ref. [77] similarly to Refs. [70–73]. The isospin breaking of these amplitudes
is introduced by using the physical hadron masses in the loop functions and kinematic factors of the
chiral unitary approach. The interaction kernels are given by the Weinberg-Tomozawa interaction and
do not contain explicit flavor symmetry breaking. The subtraction constants are also determined in
an isospin symmetric way. In Fig. 5.3, we plot the modules of the K̄N scattering amplitudes used in
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Fig.5.3 Modules of K̄N → K̄N , K̄N → πΛ and K̄N → πΣ scattering amplitude obtained in
the chiral unitary approach using the parameters in Ref. [77]

this work. The isospin breaking of the K̄N thresholds is properly introduced by using the observed
masses in the loop functions. It is known that the chiral unitary amplitudes reproduce the observed
scattering cross sections of K−p → K−p and to various channels, say π−Σ+ and π+Σ−, in the low-
energy region well. (See, for instance, Ref. [80].) Around the K̄N thresholds the isospin breaking
effects look large. There, the theoretical description of the K̄N scattering amplitudes could be less
reliable, because isospin breaking was not considered in the interaction kernels, although the isospin
breaking effects may be enhanced around the thresholds.

πN amplitude
For πN → πN scattering, we use the empirical amplitude tπN [149] which is based on the available

scattering data. It has been constructed isospin-symmetrically. Our amplitude TπN is obtained by
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Table 5.2 The values of the hadron masses we use in this chapter.

Mp Mn MΛ MΣ+ MΣ0 MΣ−

938.272 MeV 939.565 MeV 1115.683 MeV 1189.370 MeV 1192.642 MeV 1197.449 MeV

MK− MK̄0 Mπ− Mπ0

493.677 MeV 497.611 MeV 139.570 MeV 134.977 MeV

tπN with a kinematic factor as follows:

TπN = − 8πMπN√
ki
√
kf

√
2Mi

√
2Mf

tπN (5.32)

where MπN in the invariant mass of πN , ki(kf ) is the momentum of the initial (final) pion, Mi(Mj)
is the mass of the initial (final) nucleon. The isospin breaking effect in the πN amplitude TπN comes
from the kinematic factor. We will see below that the contributions of the π-exchange are negligible,
and thus the introduction of the isospin breaking in the πN amplitudes is not important.

5.4 Results
In this section, we show numerical results of the calculation for the K−d → π−Λp and K−d → π0Λn

reactions. Since we do not incorporate the Coulomb correction to the amplitude, our calculations give
quantities that should be compared to the experimental values corrected for the effect of Coulomb.

We use the most probable values of the observed spin-triplet Λ-proton scattering parameters aex
Λp =

−1.56 fm and rex
Λp = 3.7 fm as both the Λ-proton and Λ-neutron scattering parameters in Eq. (5.21),

and use aΣN = 1.68 − i2.35 fm (NSC97f). The parameter sensitivity will be discussed later. We
use the observed hadron masses given in the Review of Particle Physics [1] in the following calcula-
tion to incorporate the isospin symmetry breaking effect in hadron masses. The hadron masses are
summarized in Table 5.2

5.4.1 Tests of our formulation: Comparison to the previous experiment of K−d → π−Λp

reaction

In order to check the consistency of our formulation with existing experimental data, we first compare
our calculation with the past experiments of K−d → π−Λp with stopped K−.

First, we show the proton kinetic energy Tp = Ep − Mp spectrum in Fig. 5.4 together with the
experimental data in Ref. [52]. Our calculation is multiplied by a constant to adjust the height to
the data. In Ref. [52], they have shown the number counts on the K−d → π−Λp reaction with
stopped K− as a function of the kinetic energy of the emitted proton, Tp. In their result, a bump
structure was found around Tp = 30 MeV, but it was not reproduced in the previous theoretical
calculation [60]. Reference [52] mentioned that the bump structure would be explained by the effect
of the Σ(1385) resonance. Nevertheless, it is unnatural that Σ(1385) resonance, coupling to K−N in
the P -wave, appears in the relevant energy region of this reaction. Our calculation reproduces nicely
the bump structure seen in the experimental data without introducing the Σ(1385) resonance. In our
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calculation, we take into account several diagrams with their interference and the bump structure is
actually explained by the interference between the Σ-exchange and other contributions coming from
the foreground, the impulse and the kaon-exchange diagrams. The theoretical line shown in Ref. [52]
considered only the impulse and Σ-Λ conversion effects without their interference. Our calculation
shows that one does not have to introduce the Σ(1385) resonance in the calculation of such low-energy
K̄N scattering.

Next, we show the Λp invariant mass spectrum in comparison with the experimental data [53] as
plotted in Fig. 5.5. In Ref. [53], they have measured the number of counts on the K−d → π−Λp
reaction with stopped K− and shown it as a function of the Λp invariant mass. It was pointed out
in Refs. [67, 68] that only events with proton recoil momenta more than 75 MeV/c were counted in
Ref. [53]. Thus, in order to compare our result with the experimental data given in Ref. [53], we
make a similar cut on proton momenta in our calculation. Our calculation reproduces well the rapid
increase at the threshold observed in the experimental data. The Λp invariant mass spectrum without
the proton momentum cutoff will be shown in Fig. 5.6 of the next section.

The comparison of the two experimental results with our formulation shows that our formulation
works well.

0 20 40 60 80
Tp [MeV]

0

10

20

30

40

50

Nu
m

be
r o

f e
ve

nt
s

All
FG
 ex

Impulse
K ex

Fig.5.4 Proton kinetic energy Tp spectrum for K−d → π−Λp reaction in comparison with the
experimental data taken from Ref. [52].

5.4.2 Invariant mass spectrum and background reduction

We are interested to see if we can extract the information on the scattering parameters of the ΛN
from the spectrum of the K−d → πΛN reaction. In particular, it is important that whether the
contribution of the foreground diagram which includes the ΛN amplitude is seen in the spectrum. We
show the ΛN invariant mass spectra for the Λp process and Λn process where θ∗

Λ is integrated from 0
to π in Fig. 5.6. Here we use the excitation energy EΛN defined from the threshold as

EΛN ≡ MΛN − (MΛ +MN ) (5.33)
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Fig.5.5 Λp invariant mass spectrum for K−d → π−Λp reaction in comparison with the experi-
mental data taken from Ref. [53]. The theoretical spectrum is obtained by removing the events
with the proton momentum less than 75 MeV/c.

instead of the invariant mass itself. The foreground and background separated spectra are also plotted
in Fig. 5.6. As can be seen in these plots, the background contribution dominates the total spectrum.
Therefore, it may be difficult to extract the scattering properties of ΛN from the invariant spectrum.
We decompose the spectra into their components and look for appropriate kinematic conditions to
reduce the background contribution.
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Fig.5.6 Λp invariant mass spectra for the Λp process (above) and the Λn process (below) with
stopped kaons. The horizontal axis represents the excitation energy from the threshold in a unit
of MeV. The solid, dashed, dash-dotted lines indicate the contributions of the total amplitudes,
the foreground amplitude (only Dia. 1 in Figs. 5.1 and 5.2), the background amplitudes (the
diagrams other than Dia. 1).

In Fig. 5.7, we show the decomposed components of the spectra. As seen in the figure the impulse
diagram gives the largest contribution and dominates the background. The contribution from the
kaon-exchange diagram is the second largest and is comparable with the foreground diagram. The Σ
and π-exchange diagrams give tiny contributions. In particular, the π-exchange contribution is found
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to be negligibly small in the range of the excitation energy which we consider here. For the excitation
energy higher than 40 MeV, the contribution from the Σ-exchange diagram becomes comparable to
the foreground but now we only focus on the threshold of ΛN so it does not matter.
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Fig.5.7 Decomposed background contributions of the Λp and Λn processes. The solid, dashed,
dash-dotted, dotted, dash-dotted, and density dash-dotted lines show the contributions from the
foreground, Σ-exchange, impulse, K exchange, and π-exchange diagrams, respectively.

In order to better see the contribution of the foreground diagram, it is necessary to reduce the
background effects. We discuss the background reduction in the ΛN invariant mass spectrum for the
K−d → πΛN reaction by controlling the kinematical condition.

Let us examine the angular dependence of the cross section for the impulse diagram. With a stopped
kaon the final pion is emitted in the opposite direction to the Λ in the laboratory frame because the
initial nucleon in the deuteron has a small Fermi momentum thanks to the small deuteron binding
energy. Thus, the impulse diagram gives a larger contribution for larger θ∗

Λ. The kaon-exchange
diagram has also similar angular dependence because the exchange kaon also has a small momentum
for a stopped initial kaon. Therefore, the main background diagrams, Dias. 3 and 4, have a smaller
contribution for smaller θ∗

Λ. This can be checked by plotting a ratio defined by

RB = |T BG
πΛN |2

|T FG
πΛN |2

. (5.34)

As seen in Fig. 5.8, RB is large at θ∗
Λ > 3π/4. In order to reduce the background, we should avoid

this region. In EΛN & 40 MeV, RB is large independently of θ∗
Λ. This is because the contribution of

Σ-exchange increases as EΛN approaches the ΣN threshold seen in Fig. 5.7.
In order to reduce the background contributions, let us propose to restrict the integral region of

the angle θ∗
Λ as 0 to π/2. In Fig. 5.9, we show the total, foreground, and background ΛN mass

spectra for the Λp process integrated within the range [0, π/2]. From Fig. 5.9, it can be seen that
the background contributions are substantially suppressed for EΛp < 30 MeV. We also plot the ΛN
mass spectrum for each contribution in Fig. 5.10, showing that the foreground contribution dominates
over the other contributions of EΛp < 40 MeV. In particular, the contribution of the pion-exchange
diagram is negligibly small. The Σ-exchange contribution is also quite small EΛp < 30 MeV, but it
gets comparable to the foreground contribution for EΛp > 40 MeV. Hereafter the integral of θ∗

Λ is
performed from 0 up to π/2. We also take π/2 for the upper limit of the angular integrals of the Λn
process.
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Fig.5.8 Two dimensional plot of RB as a function of θ∗
Λ and EΛN for the Λp process.
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Fig.5.9 Λp mass spectra for the Λp process (above) and the Λn process (below) integrated in
the range [0, π/2] with stopped kaon. The horizontal axis represents the excitation energy from
the threshold in a unit of MeV. The solid, dashed, dash-dotted lines indicate the contributions of
the total amplitudes, the foreground amplitude (only Dia. 1 in Figs. 5.1 and 5.2), the background
amplitudes (the diagrams other than Dia. 1).
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Fig.5.10 Decomposed background contributions of the Λp process (above) and Λn process (be-
low) integrated in the range [0, π/2]. The solid, dashed, dash-dotted, dotted, dash-dotted, and
density dash-dotted lines show the contributions from the foreground, Σ-exchange, impulse, K

exchange, and π-exchange diagrams, respectively.
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The purpose of this study is to see isospin symmetry breaking in the ΛN interaction. It is very
important to control the isospin symmetry breaking effects from other sources. In particular, there is
a large isospin breaking effect around the K̄N thresholds in the K̄N → MB amplitudes as seen in
Fig. 5.3. If possible, it is better to avoid this energy region by controlling the kinematical variables of
the final state. In the diagrams expect the impulse approximation (Dia. 3) in Figs. 5.1 and 5.2, the
energy of the first scattering is determined by those of the initial kaon and the participant nucleon in
the deuteron. Thus, the first scattering cannot be controlled by the final state kinematics. For the
second scattering, on the other hand, the c.m. energy is dependent on the kinematics of the final state
and is controllable.

In order to see isospin breaking of the K̄N → πΛ amplitudes, let us plot the following ratio of the
K̄N → πΛ amplitudes in Fig. 5.11:

RV (W ) =
|TK−p→π0Λ − TK̄0n→π0Λ|

√
2|TK−n→π−Λ|

. (5.35)

The ratio should be unity if the amplitude is isospin symmetric. This figure shows the large isospin
breaking effect around the threshold region, 1420 MeV < W < 1450 MeV. The c.m. energy of the
second scattering is determined by the final state momenta. In order to find kinematic conditions in
the final state corresponding a large isospin breaking effect in the K̄N → πΛ amplitudes, we show the
c.m. energy W of πΛ as a function of θ∗

Λ in Fig. 5.12 for several EΛp. One can see that if one wants
to avoid the large isospin breaking area 1420 MeV < W < 1450 MeV for the K̄N → πΛ amplitudes,
smaller angles are favorable, such as θ∗

Λ < π/2. This implies that our integral region of θ∗
Λ is in this

safe range.
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Fig.5.11 Ratio (5.35) for the K̄N → πΛ amplitudes as a function of the c.m. energy of πΛ.
The thresholds of K−p, K̄0n and K−n are at 1431.95, 1433.24 and 1437.18 MeV, respectively.
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Λ for several EΛp.

5.4.3 Sensitivity to aΛN , rΛN and aΣN

In the previous section, the background effect and the effect of the isospin symmetry breaking in
K̄N → πΛ could be reduced by restricting the angle of integration to the range of 0 to π/2 in order
to see the foreground contribution more clearly in the ΛN invariant mass spectrum. In this section,
we discuss the sensitivity of aΛN , rΛN and aΣN after restricting the angle.

First, we evaluate the sensitivity of the invariant mass spectra of the Λp process by changing the
values of aΛp and rΛp within the experimental errors in order to see the experimental uncertainties on
the Λp scattering parameters. The result is shown in Fig. 5.13 using aΣN = 1.68 − i2.35 fm (NSC97f)
and Fig. 5.14 using aΣN = −3.83 − i3.01 fm (Jülich ’04). In each upper plot, we change the value of
the scattering length within aΛp = −1.56+0.19

−0.22 fm with fixing the effective range as rΛp = 3.7 fm, while
we vary the value of the effective range within rΛp = 3.7+0.6

−0.6 fm with aΛp = −1.56 fm in each lower
plot. From Figs. 5.13 and 5.14, one can see that the Λp mass spectrum changes in the regions of the
lower excitation energies 0 < EΛp < 15 MeV when aΛp is varied, and it changes in 5 < EΛp < 30 MeV
when rΛp is varied.

Comparing Figs. 5.13 and 5.14, we find that the two models have little difference in the low-energy
region now we consider, while at EΛp > 40 MeV the spectrum using aΣN = 1.68 − i2.35 fm (NSC97f)
increases as increase of EΛp and that using aΣN = −3.83 − i3.01 fm (Jülich ’04) does not.

Next, we calculate the sensitivity of the invariant mass spectra of the Λn process. In order to see
isospin symmetry breaking, we change the scattering parameters for the Λn process, aΛn and rΛn,
within ±10% of the experimentally determined values for Λp scattering. In Fig. 5.15 and Fig. 5.16
we show the calculated spectra with different aΛn and rΛn for the Λn process. In each upper plot, we
change aΛn, while we vary rΛn in each lower plot. One can see from the plots the invariant mass spectra
change significantly in the regions 0 < EΛn < 15 MeV for the scattering length and less significantly
5 < EΛp < 30 MeV for the effective range. Again we also compare the results with different values
from NSC97f in Fig. 5.15 and Jülich ’04 in Fig. 5.16.

We can see that the shapes of the spectra with NSC97f and Jülich ’04 are different above 40 MeV,
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which is approaching the ΣN threshold, while they are almost the same below 40 MeV. Thus, we
could determine the ΛN scattering properties insensitively to the value of aΣN from the invariant
mass spectra for EΛN < 40 MeV.
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Fig.5.13 Λp invariant mass spectra calculated with different aΛp and rΛp values for the Λp pro-
cess. In the upper plot the value of the scattering length is changed within aΛp = −1.56+0.19

−0.22 fm,
while the value of the effective range varies within rΛp = 3.7+0.6

−0.6 fm in the lower plot. For the
two plots aΣN = 1.68 − i2.35 fm (NSC97f) is used.
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Fig.5.14 Same as Fig. 5.13 but aΣN = −3.83 − i3.01 fm (Jülich ’04) is used.

5.4.4 Ratio between two reactions

It may be difficult to extract the properties of the low-energy ΛN scattering by comparing directly
the line shapes of the ΛN invariant mass spectra obtained in experiments to that from the theoretical
calculation in the previous section. Therefore, as a complementary calculation to the one in the
previous section, we would like to propose taking the ratio of the cross sections as a function of the
excitation energy EΛN between the Λn and Λp processes:

RS = 2Sn
Sp

(5.36)

where factor 2 is introduced to normalize the ratio to be unity regardless of the excitation energy
when the isospin symmetry is satisfied. This is due to isospin symmetric formulation. Using RS ,
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Fig.5.15 Λn invariant mass spectra calculated with different aΛn and rΛn values for the Λn

process. In the upper plot, the value of the scattering length is changed within ±10% of the
observed Λp scattering aΛp = −1.56 fm, while the value of the effective range varies within
±10% of the observed Λp effective range rΛp = 3.7 fm in the lower plot. For the two plots
aΣN = 1.68 − i2.35 fm (NSC97f) is used.
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Fig.5.16 Same as Fig. 5.15 but aΣN = −3.83 − i3.01 fm (Jülich ’04) is used.

we expect to extract relative difference between the Λn and Λp scattering properties, that is isospin
symmetry breaking. We note that the isospin breaking from other sources is modeled by introducing
the observed hadron masses when we calculate the energy-momenta of particles and the kinematic
factors. It is also noted that because the Σ and π-exchange diagrams do not contribute visibly around
the ΛN threshold, the isospin breaking in the ΣN transition and πN amplitudes is not important in
this calculation.

First of all, we show the ratio calculated only with the foreground diagram in order to check the
feasibility of extracting the isospin symmetry breaking effects in the ΛN interaction from RS . In
Fig. 5.17 we show RS for several aΛn values within range of ±10% of aΛp. This range must be much
wider than the typical uncertainty in the difference between aΛn and aΛp from isospin symmetry
breaking. We fix the other ΛN parameters: aΛp = −1.56 fm, rΛn = rΛp = 3.7 fm. Figure 5.17 shows
that for aΛn/aΛp < 1.0 the ratio RS tends to go down as the excitation energy approaches to the ΛN
threshold, which for aΛn/aΛp > 1.0 it tends to be enhanced. Thus isospin symmetry breaking effect on
the ΛN scattering could be clearly seen particularly around the threshold if one could observe only the
foreground contribution. We find that RS works for extracting the isospin symmetry breaking in the
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ΛN scattering length. We see that even though RS for the isospin symmetric case with aΛn/aΛp = 1
is almost constant against the excitation energy, it deviates from unity. This is because of the isospin
symmetry breaking of the K−N → πΛ amplitudes (the first scattering in Dia. 1), which is independent
of the excitation energy.
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Fig.5.17 Ratio RS calculated only with the foreground diagram as a function of the excited
energy EΛN . We take several aΛn values within ±10% of aΛp, while the other ΛN parameters
are fixed at aΛp = −1.56 fm, and rΛn = rΛp = 3.7 fm.

Next, we calculate the ratio RS by incorporating all the background contributions. We change
the Λn scattering length aΛn within ±10% of the Λp scattering length aΛp = −1.56 fm and fix the
effective range as rΛn = rΛp = 3.7 fm again. The results are shown in Fig. 5.18. The upper panel of
Fig. 5.18 is calculated with aΣN = 1.68 − i2.35 fm (NSC97f) while the lower panel of Fig. 5.18 is with
aΣN = −3.83 − i3.01 fm (Jülich ’04).

These figures show that the interference to the background contributions gives an enhancement
of RS at the vicinity of the threshold. Still, we find qualitative sensitivity to the change of the
ratio aΛn/aΛp in a wide range of the excitation energy 0 ≤ EΛp < 30 MeV, in which the ratio RS

gets enhanced with larger aΛn/aΛp. Unfortunately, we do not find qualitative sensitivity as seen in
Fig. 5.17.

Comparing Figs. 5.17 and 5.18, we find that the interference between the foreground and back-
grounds is substantially large even if we reduce the background effects by making the angular cut on
θ∗

Λ. In order to enhance the interference, we calculate the ratio RS without the angular cut. The
results are shown in Fig. 5.19. The difference between aΛn and aΛp can be seen more qualitatively than
Fig. 5.18. It should be noted that the difference is seen only near the threshold up to EΛp = 10 MeV.
For aΛn/aΛp < 1.0, RS tends to go down significantly as the excitation energy approaches the thresh-
old, while for aΛn/aΛp > 1.0 it tends not to go down so much. This behavior is due to the effect of
interference between the foreground and impulse diagrams, with the background contribution being
the largest. This may help to extract the nature of the isospin symmetry breaking in the ΛN interac-
tion. At least we could find out the direction of the isospin symmetry breaking of the Λn scattering
length against Λp.



64

0 10 20 30 40 50
E N [MeV]

0.6

0.7

0.8

0.9

1.0

1.1
S

(A) NSC97f
a n/a p

1.1
1.05
1.0

0.95
0.9

0 10 20 30 40 50
E N [MeV]

0.6

0.7

0.8

0.9

1.0

1.1

S

(B) Julich '04
a n/a p

1.1
1.05
1.0

0.95
0.9

Fig.5.18 Same as Fig. 5.17 but for incorporating the background contributions. The upper
and lower panels show the ratios obtained by using the aΣN values in NSC97f and Jülich ’04,
respectively.
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Fig.5.19 Same as Fig. 5.18 but the cutoff of θ∗
Λ is not applied. The upper and lower panels

show the ratios obtained by using the aΣN values in NSC97f and Jülich ’04, respectively.

5.5 Summary
In this chapter, we have proposed that the K−d → πΛN reaction has an advantage for the study

of isospin symmetry breaking in the ΛN scattering because both isospin partners, Λp and Λn, are
possible in the final state and we can observe Λp and Λn final state interactions with the same
initial condition by selecting the charge of the final-state pion. We have formulated the K−d → πΛN
scattering amplitudes by considering not only the foreground contribution which contains the ΛN final
state interaction but also the background contributions which include the impulse contribution, the
Σ, K and π-exchange contributions. These background diagrams contain the πΛ and πN final state
interactions. For stopped kaons, the ΛN interaction is dominated by the spin-triplet configuration
because of the deuteron spin and S-wave dominance of low-energy scattering. In order to reduce the
background effects, we have examined the dependence of the amplitude to the angle of Λ in the final
state and have found that the background effects can be suppressed for narrower angles between Λ
and π. We have found that the ΛN invariant mass spectra both for the Λp and Λn processes are
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sensitive to the ΛN scattering properties around the ΛN threshold, EΛp < 30 MeV and that one may
extract the scattering lengths and the effective ranges from these spectra. It has also been found
that the ΣN → ΛN transition effect is less important around the ΛN threshold and the π exchange
contribution is negligibly small. We have suggested that the ratio of the invariant mass spectra for the
Λn and Λp processes works well to extract the qualitative tendency of the isospin symmetry breaking
effects between the low-energy Λp and Λn scatterings.
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Chapter 6

In-medium chiral condensate with strange
quarks estimated from K+N scattering

6.1 Introduction
As mentioned in Section 3.2.3, the purpose of this chapter is to evaluate the chiral condensate

extended to flavor SU(3).
In order to confirm the dynamical breaking of chiral symmetry (DBχS), the partial restoration of

the chiral symmetry in nuclear matter which has a finite density is investigated. For the flavor SU(2)
case, the magnitude of 〈ūu+ d̄d〉 is expected to decrease as chiral symmetry is restored in nuclear
matter. It was predicted by a model-independent low-density theorem [12, 13]. With the πN -σ term
σπN = 40 ∼ 60 MeV which is determined by πN scattering, the in-medium condensate decreases by
30 − 40% at the normal nuclear density compared to the in-vacuum one. Of particular interest are
Nambu-Goldstone bosons (NG bosons) such as pion, which are appeared by the dynamical breaking
of chiral symmetry. Hence the property of the NG boson is sensitive to DBχS. The partial restoration
of DBχS has been confirmed, especially for pion in nucleus [6–9]. Systematic studies of other hadronic
systems are needed to firmly establish that chiral symmetry is partially restored in finite density. For
this reason, we would like to consider NG bosons with strangeness.

In this chapter, we focus on chiral condensate with strange quarks in nuclear matter in order to
study a systematic study of the partial restoration of chiral symmetry. In our calculation, we derive
the chiral condensate with strange quarks, 〈ūu+ s̄s〉∗ based on the correlation function approach and
the low-density theorem. We then obtain 〈ūu+ s̄s〉∗ in terms of KN scattering amplitude in soft-limit.
We construct the KN scattering amplitudes using the chiral perturbation theory and determine the
low-energy constants from the K+N elastic scattering in the same way that σπN was determined by
πN scattering. Since the KN system contains a strange quark unlike the πN system, we utilize the
leading order, the next-to-leading order and some terms from the next-to-next order which includes the
strange quark mass of chiral perturbation theory to incorporate the SU(3) flavor symmetry breaking
effect due to the strange quark. The determined KN scattering amplitudes provide the behavior of
〈ūu+ s̄s〉∗ in nuclear matter.
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6.2 In-medium chiral condensate with strange
In this section, we construct the chiral condensate based on the correlation function approach

[8, 10, 11] and the low-density theorem [12, 13].

6.2.1 Correlation function approach

Following Refs. [8, 10, 11], we recall the divergence of the following time-ordered product discussed
in Eq. (2.81)

∂µT
[
Aaµ(x)P b(0)

]
= T

[
∂µAaµ(x)P b(0)

]
+ δ(x0)

[
Aa0(x), P b(0)

]
. (6.1)

where the axial-vector current Aaµ(x) and the pseudoscalar fields P a(x) which were introduced in
Section 2.5.

We can use the partially-conserved axial current (PCAC) relation for the kaon sector Eq. (2.65) as

∂µAaµ(x) = m+ms

2 P a(x) (6.2)

for flavor index a = 4, 5. We use the isospin-symmetric quark mass m and the strange quark mass
ms. In our approach, we consider the extension of the correlation functions defined in Section 2.5 to
in the nuclear matter, which means replacing the vacuum state |0〉 with the in-medium grand state
|Ω〉 in Eq. (2.79). We evaluate Eq. (6.2) by the in-medium vacuum |Ω〉 as

∂µΠab
5µ(x, 0; ρN ) = m+ms

2 Πab(x, 0; ρN ) + δ(x0) 〈Ω| [Aa0(x), P b(0)] |Ω〉 , (6.3)

where we introduce the in-medium correlation functions

Πab
5µ(x, 0; ρN ) =

〈
TAaµ(x)P b(0)

〉∗ ≡ 〈Ω| TAaµ(x)P b(0) |Ω〉 , (6.4)

Πab(x, 0; ρN ) =
〈
TP a(x)P b(0)

〉∗ ≡ 〈Ω| TP a(x)P b(0) |Ω〉 . (6.5)

Performing the Fourier transformation to the momentum space and taking the soft limit qµ → 0, we
obtain

δab〈ūu+ s̄s〉∗ = −im+ms

2 Πab(q = 0; ρN ) (6.6)

with indices a, b = 4, 5. Taking the linear combination for the indices, we obtain the in-medium
condensate in terms of the linear combination of the pseudoscalar fields:

〈ūu+ s̄s〉∗ = −im+ms

4
(
Π44(q = 0; ρN ) + Π55(q = 0; ρN )

)
= −im+ms

4
〈
P 4(0)P 4(0) + P 5(0)P 5(0)

〉∗

= −im+ms

2

〈(
P 4(0) + iP 5(0)√

2

)(
P 4(0) − iP 5(0)√

2

)〉∗

≡ −im+ms

2 Π4+i5,4−i5(q = 0; ρN ). (6.7)

Taking ρN = 0, the in-vacuum condensate is represented in terms of the in-vacuum correlation func-
tion:

〈ūu+ s̄s〉0 = −im+ms

2 Π4+i5,4−i5(q = 0; ρN = 0). (6.8)
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6.2.2 Low-density theorem

In the low-density theorem [12, 13], we can expand the in-medium matrix element of an operator O
as

〈Ω|O |Ω〉 = 〈0|O |0〉 + ρN 〈N |O |N〉 + O(ρn>1
N ). (6.9)

Applying this theorem to Π4+i5,4−i5(q; ρN ), we obtain

Π4+i5,4−i5(q; ρN ) = G2
K 〈0|K−(q)K+(q) |0〉 + ρNG

2
K 〈N |K−(q)K+(q) |N〉 +O(ρn>1

N ) (6.10a)
= Π4+i5,4−i5(q; ρN = 0) + ρNG

2
K 〈N |K−(q)K+(q) |N〉 +O(ρn>1

N ), (6.10b)

Π4+i5,4−i5(q; ρN = 0) = G2
K 〈0|K−(q)K+(q) |0〉 = iG2

K

q2 −M2
K

(6.10c)

where GK is the in-vacuum coupling defined as 〈0| P
4−iP 5
√

2 |K+〉 ≡ GK . 〈0|K−(q)K+(q) |0〉 stands
for the in-vacuum kaon propagator. The matrix element 〈N |K−(q)K+(q) |N〉 is written by the kaon-
nucleon scattering amplitude TKN (q) using the reduction formula [86] as

〈N |K−(q)K+(q) |N〉 = i

q2 −M2
K

1
q2 −M2

K

(
−TKN (q)

2MN

)
. (6.11)

Finally, the chiral condensate with the strange quarks is given in terms of the kaon-nucleon scattering
amplitude TKN in the soft limit using Eqs. (6.7), (6.8), (6.10) and (6.11) as

〈ūu+ s̄s〉∗ = −im+ms

2 Π4+i5,4−i5(q = 0; ρN ) (6.12)

= −im+ms

2 Π4+i5,4−i5(0; 0)
(

1 + ρN
M2
K

TKN (q = 0)
2MN

)
(6.13)

〈ūu+ s̄s〉∗

〈ūu+ s̄s〉0
=
(

1 + ρN
M2
K

TKN (q = 0)
2MN

)
. (6.14)

Here, in order to evaluate the chiral condensate, it is necessary to take the soft limit for TKN , and for
this purpose, TKN is constructed using chiral perturbation theory for the next section.

6.3 Formulation of KN amplitudes
In order to estimate the in-medium chiral condensate with strange quarks 〈ūu + s̄s〉∗ based on

Eq. (6.12), we construct the kaon-nucleon scattering amplitude TKN from the observed data of the
K+N scattering using chiral perturbation theory introduced in Sec. 4.2. We use the kinematical
formulation given in Section 4.1 and the Coulomb correction is taken into K+p amplitude obtained
in chiral perturbation theory by way given in Section 4.1.1.
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6.3.1 KN scattering amplitude in chiral perturbation theory

The K+N scattering amplitudes in the particle basis TK+p→K+p, TK+n→K+n and TK
+n→K0p are

constructed by those in the isospin basis T I (I = 0, 1) as

TK
+p→K+p = T I=1, (6.15)

TK
+n→K+n = 1

2
(
T I=1 + T I=0), (6.16)

TK
+n→K0p = 1

2
(
T I=1 − T I=0). (6.17)

In this section, we construct the tree-level amplitude of the K+N elastic scattering using the chiral
perturbation theory based on Section 4.2.3 as

TKN = TWT + TBorn + TNLO + TNNLO. (6.18)

The leading order contribution contains the amplitudes of the contact Weinberg-Tomozawa interaction
TWT and the u-channel Born terms of the hyperons with the KYN Yukawa interactions TBorn. The
loop diagrams contribute from the next-to-next-to-leading order (NNLO).

K+(p1) K(p3)

N(p2) N(p4)

K+ K

N Y N

Fig.6.1 Feynman diagrams related to K+N elastic scattering. The left diagram indicates the
contact interaction. The right diagram means the u-channel Born term.

Leading order: Weinberg-Tomozawa term
The invariant amplitudes for the Weinberg-Tomozawa diagrams in the isospin basis are calculated

as

T I=0
WT = 0, T I=1

WT = 1
2F 2

K

ū(p4, s4)( /p1 + /p3)u(p2, s2) (6.19)

and their corresponding invariant amplitudes read

AI=0
WT = BI=0

WT = AI=1
WT = 0, BI=1

WT = 1
F 2
K

(6.20)

with the kaon decay constant FK .
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Leading order: Born term
The invariant amplitudes for the u-channel Born terms in the isospin basis are evaluated as

T I=0
Born = −3

4
(D − F )2

F 2
K

ū(p4, s4)/p1γ5
MΣ + (/p2 − /p3)

M2
Σ − (p2 − p3)2 − iε

/p3γ5u(p2, s2)

+ 1
12

(3F +D)2

F 2
K

ū(p4, s4)/p1γ5
MΛ + (/p2 − /p3)

M2
Λ − (p2 − p3)2 − iε

/p3γ5u(p2, s2), (6.21)

T I=1
Born = −1

4
(D − F )2

F 2
K

ū(p4, s4)/p1γ5
MΣ + (/p2 − /p3)

M2
Σ − (p2 − p3)2 − iε

/p3γ5u(p2, s2)

− 1
12

(3F +D)2

F 2
K

ū(p4, s4)/p1γ5
MΛ + (/p2 − /p3)

M2
Λ − (p2 − p3)2 − iε

/p3γ5u(p2, s2) (6.22)

where Σ baryon mass MΣ and Λ baryon mass MΛ and their corresponding invariant amplitudes read

AI=0
Born =3

4
(D − F )2

F 2
K

(MN +MΣ)(M2
N − u)

u−M2
Σ

− 1
12

(3F +D)2

F 2
K

(MN +MΛ)(M2
N − u)

u−M2
Λ

, (6.23)

BI=0
Born = − 3

4
(D − F )2

F 2
K

u+M2
N + 2MΣMN

u−M2
Σ

+ 1
12

(3F +D)2

F 2
K

u+M2
N + 2MΛMN

u−M2
Λ

, (6.24)

AI=1
Born =1

4
(D − F )2

F 2
K

(MN +MΣ)(M2
N − u)

u−M2
Σ

+ 1
12

(3F +D)2

F 2
K

(MN +MΛ)(M2
N − u)

u−M2
Λ

, (6.25)

BI=1
Born = − 1

4
(D − F )2

F 2
K

u+M2
N + 2MΣMN

u−M2
Σ

− 1
12

(3F +D)2

F 2
K

u+M2
N + 2MΛMN

u−M2
Λ

(6.26)

with the Σ baryon mass MΣ, the Λ baryon mass MΛ and the Mandelstam variable u = (p2 − p3)2 =
2M2

N + 2M2
K − s− t. We use the isospin-averaged hadron masses for the calculation in this chapter.

Next-to-leading order
The next-to-leading order of the K+N scattering amplitudes for I = 0, 1 is calculated as

T INLO =
[

4B0

F 2
K

(m̂+ms)bI + 2
F 2
K

(p1 · p3)dI + (p2 · p1)(p2 · p3) + (p4 · p1)(p4 · p3)
2M2

NF
2
K

gI
]

× ū(p4, s4)u(p2, s2) − hI

2F 2
K

pµ1p
ν
3 ū(p4, s4)[γµ, γν ]u(p2, s2), (6.27)

where we have introduced the LECs in the isospin basis, bI , dI , gI and hI , which are defined by the
LECs, bi, di, gi and hi appearing in the chiral Lagrangian 4.49 as

bI=0 = b0 − bF , bI=1 = b0 + bD, (6.28)
dI=0 = 2d1 + d3 − 2d4, dI=1 = −2d2 − d3 − 2d4, (6.29)
gI=0 = 2g1 + g3 − 2g4, gI=1 = −2g2 − g3 − 2g4, (6.30)
hI=0 = h1 + h2 + h3 + h4, hI=1 = h1 − h2 − h3 − h4. (6.31)

The corresponding invariant amplitudes to Eq. (6.27) read

AINLO = 4B0

F 2
K

(m+ms)bI + 2
F 2
K

(p1 · p3)dI

+ (p2 · p1)(p2 · p3) + (p4 · p1)(p4 · p3)
2M2

NF
2
K

gI + p1 · (p2 + p4)
F 2
K

hI (6.32)

BINLO = −2MN

F 2
K

hI . (6.33)
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Some terms from next-to-next-to-leading order
In order to improve extrapolation in the strange quark sector, we introduce some terms from the

next-to-next-to-leading order (NNLO) of the chiral Lagrangian Eq. (4.51) which contain the strange
quark mass.

The K+N scattering amplitudes obtained by using Eq. (4.51) for I = 0, 1 are given by

T I=0
NNLO =3(D − F )(vD − vF )M2

K

F 2
K

ū(p4, s4)
(
γ5
MΣ + /p2 − /p3
u−M2

Σ
/p3γ5 − /p1γ5

MΣ + /p2 − /p3
u−M2

Σ
γ5

)
u(p2, s2)

−(D + 3F )(vD + 3vF )M2
K

3F 2
K

ū(p4, s4)
(
γ5
MΛ + /p2 − /p3
u−M2

Λ
/p3γ5 − /p1γ5

MΛ + /p2 − /p3
u−M2

Λ
γ5

)
u(p2, s2)

−4(w1 + w2 − w3)M2
K

F 2
K

ū(p4, s4)(/p1 + /p3)u(p2, s2) (6.34)

T I=1
NNLO =(D − F )(vD − vF )M2

K

F 2
K

ū(p4, s4)
(
γ5
MΣ + /p2 − /p3
u−M2

Σ
/p3γ5 − /p1γ5

MΣ + /p2 − /p3
u−M2

Σ
γ5

)
u(p2, s2)

+(D + 3F )(vD + 3vF )M2
K

3F 2
K

ū(p4, s4)
(
γ5
MΛ + /p2 − /p3
u−M2

Λ
/p3γ5 − /p1γ5

MΛ + /p2 − /p3
u−M2

Λ
γ5

)
u(p2, s2)

−4(w1 − w2 + w3)M2
K

F 2
K

ū(p4, s4)(/p1 + /p3)u(p2, s2) (6.35)

and the invariant amplitudes read

AI=0 =6(D − F )v−M
2
K

F 2
K

(p1 · p4) + (p2 · p3) −M2
K

u−M2
Σ

−2(D + 3F )v+M
2
K

3F 2
K

(p1 · p4) + (p2 · p3) −M2
K

u−M2
Λ

(6.36)

BI=0 = − 6(D − F )v−M
2
K

F 2
K

MN +MΣ

u−M2
Σ

+2(D + 3F )v+M
2
K

3F 2
K

MN +MΛ

u−M2
Λ

− 8M2
Kw

I=0

F 2
K

(6.37)

AI=1 =2(D − F )v−M
2
K

F 2
K

(p1 · p4) + (p2 · p3) −M2
K

u−M2
Σ

+2(D + 3F )v+M
2
K

3F 2
K

(p1 · p4) + (p2 · p3) −M2
K

u−M2
Λ

(6.38)

BI=1 = − 2(D − F )v−M
2
K

F 2
K

MN +MΣ

u−M2
Σ

−2(D + 3F )v+M
2
K

3F 2
K

MN +MΛ

u−M2
Λ

− 8M2
Kw

I=1

F 2
K

. (6.39)

Here we introduce the LECs in isospin space as

v− = vD − vF , v+ = vD + 3vF , (6.40)
wI=0 = w1 − w2 + w3, wI=1 = w1 + w2 − w3. (6.41)

The low-energy constants in the next-to-next-to-leading order of Lagrangian, v± are included in both
isospin channels.

Applying the isospin-averaged kaon-nucleon amplitude to Eq. (6.12), we obtain the chiral condensate
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Table 6.1 The property of the broad resonance states in the KN scattering with S = +1 and
I = 0 around

√
s = 1650 MeV reported by Ref. [90]. The coupling strengths are obtained from

the residue of the scattering amplitudes at the resonance positions [150].

Solution Resonance (JP ) mass [MeV] width [MeV] coupling strength [ GeV−1]

Solution 1 P01 (1
2

+) 1617 305 5.26 − 2.62i
Solution 2 P03 (3

2
+) 1678 463 4.64 − 2.62i

in terms of the LECs defined in chiral perturbation theory as

〈ūu+ s̄s〉∗

〈ūu+ s̄s〉0
=
(

1 + ρN
2MNM2

K

3T I=1(q = 0) + T I=0(q = 0)
4

)
= 1 + (3bI=1 + bI=0)

F 2
K

ρN . (6.42)

Using this equation, the chiral condensate can be evaluated directly from the LECs determined from
experiments within the linear density.

6.3.2 Including resonance state

As discussed in Section 3.2.3, the resonance state is reported in the I = 0 sector of KN scattering
amplitude [90]. The resonance energies correspond to Plab ∼ 600 MeV/c in the K+N scattering. The
resonance parameters are summarized in Table 6.1. Since these resonances have a large width, the
resonance may contribute to the I = 0 scattering amplitude in a wide range of the energy around
Plab ∼ 600 MeV/c. In addition, most of the low-energy data for the I = 0 cross section are in
these energies. Because resonances cannot be expressed in the perturbative expansion of energy, we
take account of the resonance contribution explicitly into our amplitudes. The resonances state is
introduced to the I = 0 amplitude by adding the following amplitude to the appropriate partial wave
amplitude T`=1± defined in Eq. (4.13):

TPole = g2k2
√
s−W + iΓ/2

(6.43)

where k is the c.m. momentum of the K+N scattering, W and Γ are the mass and width of the
resonance state, respectively, and g is the coupling strength of the resonance state to the K+N I = 0
channel. The values of the coupling strengths are obtained as the residue of the scattering amplitudes
at the resonance positions [150].

6.4 Results
In this section, we carry out the χ2 fitting of the K+N amplitude obtained by chiral perturbation

theory to the experimental data and determine the LECs.
The reduced χ2 function is defined as

χ2
d.o.f. = 1

#d.o.f.

N∑
i

(
yi − f(xi)

σi

)2
(6.44)
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Table 6.2 The values of the physical constants we use in this chapter.

MN MK MΛ MΣ FK D F

938.9 MeV 495.6 MeV 1115.7 MeV 1193.2 MeV 110.0 MeV 0.80 0.46

where yi, f(xi), σi and N are the experimental data, the theoretical calculations with the parameters,
the errors of the data and the number of the data, respectively. #d.o.f. stands for the number of degree
of freedom. In our analysis, we consider the partial waves up to the D-wave (` = 2). We restrict the
energy region up to Plab = 800 MeV/c, where the inelastic contribution such as pion production starts
to be significant.

The low-energy constants in the leading order of Lagrangian, D and F , have already been determined
by the hyperon semi-leptonic decays at tree level [151]. We use the isospin-averaged hadron masses.
These values are summarized in Table 6.2.

6.4.1 Determination of the low-energy constants

We determine the LECs, bI , dI , gI , hI , wI for I = 0, 1, and v± appearing in both I = 0 and
I = 1 amplitudes, simultaneously using the experimental data of the K+p differential cross section
between Plab = 145 MeV/c and 726 MeV/c [152], the K+n → K0p charge exchange differential
cross sections between Plab = 434 MeV/c and 780 MeV/c [153, 154], I = 1 total cross section between
Plab = 145 MeV/c and 788 MeV/c [92, 152, 155–158], and I = 0 total cross section. For the calculation
for the K+p scattering, we include the Coulomb correction discussed in Section 4.1.1. In this work,
we consider four different cases for the fittings: FIT 1 uses Carroll 1973 [92] for the I = 0 total cross
section, while FIT 2 employs Bowen 1970 [156]. Both cases do not introduce the broad resonance into
the I = 0 amplitude. FIT 3 considers the P01 resonance by adding the resonance contribution (6.43)
to the scattering amplitude, while FIT 4 takes account of the P03 resonance. In FIT 3 and FIT 4, we
use Bowen 1970 for the I = 0 total cross section, because the resonance properties were obtained by
using Bowen 1970 in Ref. [90]. In these fittings, we do not use the differential cross sections of the
K+n elastic scattering due to their large experimental uncertainties. The determined LECs for each
case are summarized in Table 6.3. The table shows that the values of LECs for I = 1 in FIT 1, 2 and
4 are consistent with each other. This implies that the K+p experimental data constrain the I = 1
KN amplitude very well.

In Figs. 6.2 and 6.3, we show our numerical results for the I = 1 total cross section and the K+p

elastic differential cross section calculated with the determined LECs, respectively, and compare them
with the experimental observations. For the total cross section in Fig. 6.2 we use the scattering
amplitude calculated only with the strong interaction, while the K+p differential cross sections in
Fig. 6.3 include the Coulomb corrections formulated in Section 4.1.1. In both figures, four sets of
the determined LECs reproduce the experimental observations very well in the same manner. It is
notable that chiral perturbation theory works well to reproduce the I = 1 KN amplitude in the
energy region that we consider. Some deviations among four sets of the parameters get evident from
Plab = 500 MeV/c in the K+p differential cross section.
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In Figs. 6.4 and 6.5, we show the I = 0 total cross section and the differential cross section for
the charge exchange process K+n → K0p calculated with the determined LECs for each case, and
we compare them with the experimental data. As stated above, for FIT 1 we use Carroll 1973 for
the data of the I = 0 total cross section, while for FITs 2, 3 and 4 Bowen 1970 is used. Each fit
reproduces the experimental data well. In particular, Fig. 6.5 shows that these four fits reproduce the
experimental data well up to Plab = 720 MeV/c. Nevertheless, it should be emphasized that we find
some deviations among the fits in the total cross sections in low energies below 300 MeV/c. This is
because due to the lack of experimental data, the LECs are not constrained so much. In fact, as seen
in Table 6.3, the values of LECs for I = 0 are different in the fits. To fix the low-energy behavior of
the scattering amplitude with I = 0, experimental data below 300 MeV/c are extremely important.
It is also interesting to mention that the total cross sections obtained by FIT 2 and FIT 4 are almost
the same up to 600 MeV/c. In these fits, we use the same experimental data (Bowen 1970) but FIT 4
includes the P03 resonance contribution. Thus, our finding that FIT 2 and FIT 4 give a consistent
result implies that the contribution of the P03 resonance can be absorbed into the LECs to reproduce
the scattering amplitude up to 600 MeV/c. This situation can be understood by the fact that the
obtained LECs for FIT 2 and FIT 4 are also almost equivalent but there are small deviations in the
LECs for I=0. These differences in the LECs represent the contribution of the P03 resonance.

In Fig. 6.6, we show the partial wave decomposition of the I = 1 total cross section. In all fits except
FIT 1, the S-wave contribution is dominant, while in FIT 1, the S-wave is the largest contribution at
low momenta, but the contribution of the P -wave is as large as that of the S-wave at high momenta.
The contribution of the D-wave is very small in each FIT.

In Fig. 6.7, we show the partial wave decomposition of the I = 0 total cross section. As seen
in Fig. 6.7, each fit provides different contributions of the partial waves. In FITs 2, 3, and 4 the
contribution of the D-wave is very small, while in FIT 1, the D-wave contribution is particularly large
at higher momentum. In FITs 2, 3 and 4, P -waves give essential contributions, while the S-wave
contribution is found to be minor in all the fits. In FIT 3, the contribution of the P01 partial wave is
large reflecting the explicit introduction of the resonance contribution into the amplitude. The partial
wave decompositions of FITs 2 and 4 are also consistent with each other. This tells us again that FITs
2 and 4 are equivalent.

In Fig. 6.8, we show our calculated results and the experimental data for the differential cross sections
of the K+n elastic scattering. Although the K+n elastic scattering data are not used for the fitting, the
K+n elastic cross section should be reproduced according to the isospin symmetry, which is certainly
good for hadronic reactions in these energies, because all of the theoretical calculations reproduce the
cross sections of the K+p elastic and K+n → K0p scatterings. Nevertheless, the experimental data
are poorly reproduced in low energies and, especially, for higher energies the theoretical predictions
are scattered among the fittings. Fig. 6.8 also shows that the difference between FIT 2 and FIT 4 can
be seen at cos θc.m. = 1 for Plab > 680 MeV/c, where the resonance contribution may be significant.
This implies that forward scattering data for Plab > 680 MeV/c may give us important constraints on
the wide resonance with S = +1.



75

Table 6.3 Determined low-energy constants. The values of the parameters except wI are shown
in unit of GeV−1, and these of wI are shown in units of GeV−2. FIT 1 uses Carroll 1973 [92]
as the I = 0 total cross section, while FIT 2 employs Bowen 1970 [156]. Both cases do not
introduce the broad resonance into the I = 0 amplitude. FIT 3 considers the P01 resonance by
adding the resonance contribution, while FIT 4 takes account of the P03 resonance. In FIT 3
and FIT 4, Bowen 1970 is used for the I = 0 total cross section.

Fitting FIT 1 FIT 2 FIT 3 FIT 4

bI=1 −1.07 ± 0.11 −1.13 ± 0.10 −0.11 ± 0.12 −1.08 ± 0.11
dI=1 −2.05 ± 0.20 −2.08 ± 0.17 0.19 ± 0.19 −1.97 ± 0.17
gI=1 −0.82 ± 0.22 −0.90 ± 0.18 −0.80 ± 0.20 −1.01 ± 0.19
hI=1 3.70 ± 0.50 4.20 ± 0.60 0.90 ± 0.54 4.20 ± 0.60
wI=1 −0.76 ± 0.11 −1.01 ± 0.10 −0.36 ± 0.10 −1.05 ± 0.10
bI=0 −3.66 ± 0.30 1.40 ± 0.40 2.40 ± 0.48 2.30 ± 0.40
dI=0 −9.20 ± 0.40 −0.30 ± 0.40 −1.40 ± 0.58 −0.60 ± 0.50
gI=0 1.50 ± 0.50 6.10 ± 0.70 8.30 ± 0.95 8.10 ± 0.80
hI=0 16.30 ± 0.70 −3.90 ± 0.80 −1.60 ± 0.96 −4.90 ± 0.80
wI=0 −0.57 ± 0.29 4.19 ± 0.35 4.90 ± 0.46 5.00 ± 0.40
v− 42.90 ± 1.70 12.70 ± 1.70 5.00 ± 0.19 10.1 ± 1.70
v+ −7.60 ± 0.90 4.60 ± 0.90 −3.63 ± 0.93 4.70 ± 0.90

χ2
dof 2.41 2.75 2.95 2.96
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Fig.6.2 I = 1 K+N total cross section calculated with the determined LECs in Table. 6.3 in
comparison with the experimental data [92, 152, 155–158].
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Fig.6.3 Calculated differential cross sections of the K+p elastic scattering in comparison with
the experimental data of Ref. [152].
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Fig.6.4 I = 0 K+N total cross section calculated with the determined LECs in Table. 6.3 in
comparison with the experimental data [92, 156, 158].
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Fig.6.5 Calculated differential cross sections of K+n → K0p charge exchange scattering in
comparison with the experimental data of Ref. [153, 154]. The momenta at the Plab = 640, 720
and 780 MeV/c are the data from Ref. [153]. The others are the data from Ref. [154].
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Fig.6.6 Partial wave contributions of I = 1 K+N total cross section calculated with the deter-
mined LECs determined by each FIT.
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Fig.6.7 Partial wave contributions of I = 0 K+N total cross section calculated with the deter-
mined LECs determined by each FIT.
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Fig.6.8 Calculated differential cross sections of K+n elastic scattering in comparison with the
experimental data of Ref. [154, 159]. The momenta at the Plab = 640, 720 and 780 MeV/c are
the data from Ref. [159]. The others are the data from Ref. [154].



82

6.4.2 Behavior of in-medium chiral condensate with strange quarks

In this section, we discuss the behavior of in-medium chiral condensate with strange quarks Eq. (6.42)
with the determined LECs in the previous sections. As seen in Eq. (6.42), the sign of (3bI=1 + bI=0)
determines whether the chiral condensate increases or decreases. It should be noted that the qualitative
behavior of the chiral condensate is important here and the detailed value of (3bI=1 + bI=0) is not
focused in this chapter since the chiral condensate Eq. (6.42) is calculated under the linear density
approximation.

We adopt the SU(3) low-energy constants obtained by other calculations and summarized in Ta-
ble 6.4 in order to see the dependency of the parameter choice. The first was obtained by fitting to
lattice QCD data of octet baryon masses [160]. The second set was obtained by Ref. [161] via fitting
to experimental baryon octet data, this was also summarized by Ref. [162]. Since Ref. [161] only
determined bD and bF , we fix b0 so that 〈ūu〉∗ with the kaon decay constant FK is reduced by 30%
compared to in-vacuum at normal nuclear density ρ0.

In order to see the density dependency of in-medium chiral condensate with strange, we plot
Eq. (6.42) with our LECs in Table 6.3 together with Eq. (6.42) with the LECs in Table 6.4 as shown in
Fig. 6.9. The behavior of the in-medium condensate is highly dependent on the choice of the param-
eter set. At ρN = ρ0 the chiral condensate with the parameter sets in Table 6.4 is reduced by about
15∼23%, which is consistent with the results by FITs 2 and 4, which gives about 10∼20% reduction.
As far as FIT 1 is concerned, the chiral condensate decreases very significantly compared to that with
the LECs in Table 6.4. In contrast to these FITs, FIT 3 leads to the in-medium chiral condensate
increased at ρN = ρ0 compared to the in-vacuum condensate. This behavior is unnatural in terms of
the partial restoration of DBχS at high density. FIT 3′ is discussed in the next section.

The choice of the experimental data of the I = 0 total cross section and the presence or absence
of the resonance state in I = 0 K+N scatterings have a significant impact on the determination of
the LECs which is important for the behavior of the chiral condensate. Therefore we emphasize that
in order to determine the behavior of the in-medium chiral condensate with strange quarks precisely,
it is important to accurately determine many experimental values at the energy much lower than
Plab = 600 MeV such that the effect of the resonance state needs not to be taken into account.

Table 6.4 SU(3) low-energy constants obtained by other calculations are shown in units of GeV−1.

LEC Ref. 1 [160] Ref. 2 [161]

b0 −0.609 −0.630
bD 0.225 0.060
bF −0.404 −0.190
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Fig.6.9 Density dependency of the in-medium chiral condensate with strange quarks calculated
with our parameters in Tables 6.3 and 6.5 in comparison with the chiral condensate with the
parameters in Table 6.4.

6.4.3 Another solution with the P01 resonance

We obtained FITs 1∼4 as the solution of the fitting for the K+N cross sections. Unlike FITs 1, 2
and 4, FIT 3 does not provide the decreasing condensate at nuclear matter. We find another solution
that minimizes Eq. (6.44) with the P01 resonance. This is named FIT 3′ and is shown in Table 6.5.
Compared to the I = 1 LECs of FIT 3, those of FIT 3′ is closer to those of FITs 1, 2 and 4. The
result of the calculation of in-medium chiral condensate using the LEC of FIT 3′ is shown in Fig. 6.9.
It decreases compared to the chiral condensate in vacuum at ρN = ρ0, as in the case with FITs 1,2
and 4. This behavior is consistent with the partial restoration of DBχS at high density. The fact that
there is another solution with the P01 resonance for which χ2

d.o.f. remains nearly unchanged indicates
that the LECs with the smallest value of χ2

d.o.f. may change as the experimental values increase in the
future.
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Table 6.5 Same as FIT 3 in Table 6.3 but the LECs that provide the minimized χ2
d.o.f.. The

LECs are shown in unit of GeV−1.

Fitting FIT 3′ (Bowen 1970 with P01)

bI=1 −0.39 ± 0.12
dI=1 0.69 ± 0.18
gI=1 −1.07 ± 0.21
hI=1 2.10 ± 0.50
wI=1 −0.66 ± 0.10
bI=0 −0.80 ± 0.50
dI=0 −2.00 ± 0.60
gI=0 1.00 ± 0.90
hI=0 −3.90 ± 0.90
wI=0 −0.10 ± 0.40
v− 6.90 ± 0.19
v+ −2.00 ± 0.90

χ2
dof 3.00

6.4.4 Chiral condensate in SU(3) symmetric baryonic matter

As seen in the previous section, we discussed the chiral condensate including the strange quark
component in symmetric nuclear matter consisting of the nucleons not including the strange quarks.
In that sense, we discussed the SU(3) chiral condensate in the SU(2) symmetric baryonic matter. It is
also interesting to further extend the chiral condensate in nuclear matter to that in the hypothetical
hyperon matter and the SU(3) symmetric baryonic matter. Note, however, that chiral condensate in
nuclear matter can be studied phenomenologically from the NG boson in heavy nuclei, as could be
discussed from pionic atoms and pion-nuclei scattering, whereas it is difficult to evaluate the chiral
condensate in hyperon matter phenomenologically.

Just as protons and neutrons are the same numbers in symmetric nuclear matter, we define
SU(3) symmetric baryonic matter to have the same numbers of 1/2+ baryons in SU(3) octet,
p, n,Λ,Σ+,Σ0,Σ−,Ξ0 and Ξ−. We further define that there are the same numbers of Σ+, Σ0, and
Σ− in Σ-hyperon matter, and the same numbers of Ξ0 and Ξ− in Ξ-hyperon matter. Of course, only
Λ exists in Λ-hyperon matter.

The chiral condensates 〈ūu+ d̄d〉 and 〈ūu+ s̄s〉 in nuclear matter and each hyperon matter such as
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Λ-matter, Σ-matter and Ξ-matter are obtained in the same way as Section 6.2:

〈ūu+ d̄d〉∗
N

〈ūu+ d̄d〉0
= 1 + (4b0 + 2bD − 2bF )

F 2
π

ρB, (6.45a)

〈ūu+ d̄d〉∗
Λ

〈ūu+ d̄d〉0
= 1 + (12b0 + 4bD)

3F 2
π

ρB, (6.45b)

〈ūu+ d̄d〉∗
Σ

〈ūu+ d̄d〉0
= 1 + (4b0 + 4bD)

F 2
π

ρB, (6.45c)

〈ūu+ d̄d〉∗
Ξ

〈ūu+ d̄d〉0
= 1 + (4b0 + 2bD − 2bF )

F 2
π

ρB, (6.45d)

〈ūu+ s̄s〉∗
N

〈ūu+ s̄s〉0
= 1 + (4b0 + 3bD − bF )

F 2
K

ρB, (6.46a)

〈ūu+ s̄s〉∗
Λ

〈ūu+ s̄s〉0
= 1 + 2(6b0 + 5bD)

3F 2
K

ρB, (6.46b)

〈ūu+ s̄s〉∗
Σ

〈ūu+ s̄s〉0
= 1 + 2(2b0 + bD)

F 2
K

ρB, (6.46c)

〈ūu+ s̄s〉∗
Ξ

〈ūu+ s̄s〉0
= 1 + (4b0 + 3bD + bF )

F 2
K

ρB, (6.46d)

where ρB is the density of the baryon number in each matter and we use the vertices of the meson-
baryon T -matrices are summarized in Appendix D. The chiral condensates in the SU(3) symmetric
baryonic matter are also obtained as:

〈ūu+ d̄d〉∗
B

〈ūu+ d̄d〉0
= 1

8

[
2〈ūu+ d̄d〉∗

N

〈ūu+ d̄d〉0
+ 〈ūu+ d̄d〉∗

Λ
〈ūu+ d̄d〉0

+ 3〈ūu+ d̄d〉∗
Σ

〈ūu+ d̄d〉0
+ 2〈ūu+ d̄d〉∗

Ξ
〈ūu+ d̄d〉0

]
(6.47)

〈ūu+ s̄s〉∗
B

〈ūu+ s̄s〉0
= 1

8

[
2〈ūu+ s̄s〉∗

N

〈ūu+ s̄s〉0
+ 〈ūu+ s̄s〉∗

Λ
〈ūu+ s̄s〉0

+ 3〈ūu+ s̄s〉∗
Σ

〈ūu+ s̄s〉0
+ 2〈ūu+ s̄s〉∗

Ξ
〈ūu+ s̄s〉0

]
(6.48)

where we relabel the chiral condensate in nuclear matter 〈〉∗ as 〈〉∗
N to distinguish it from that in other

baryonic matter. The SU(3) chiral condensate in the SU(3) symmetric baryonic matter is calculated
as

〈ūu+ d̄d+ s̄s〉∗
B

〈ūu+ d̄d+ s̄s〉0
= 2

3

(
〈ūu+ s̄s〉∗

B

〈ūu+ s̄s〉0
+ 1

2
〈ūu+ d̄d〉∗

B

〈ūu+ d̄d〉0

)
where we assume that the in-vacuum condensates have the same value: 〈ūu〉0 = 〈d̄d〉0 = 〈s̄s〉0 which
seems to be valid according to the lattice QCD calculation [23].

As we saw in the previous section, to evaluate the chiral condensate in the nuclear matter, it is
sufficient to determine the two-parameter pairs bI=0,1, and for this purpose, the parameters were
determined from KN scattering. On the other hand, the combinations of the LECs in Eq. (6.45)
which cannot be rewritten in terms of the LECs in NLO of KN amplitudes, bI=1 = b0 + bD and
bI=0 = b0 −bF , should be normally determined from the meson-hyperon scatterings as well as the KN
scattering. In our calculation here, we utilize FIT 2 of the obtained LECs bI=0,1 from KN scattering
in the previous section. Furthermore we use the relation formula between SU(2) and SU(3) LECs to
fix b0 [11]:

2b0 + bD + bF = 2b0 + bI=1 − bI=0 = 2c1 (6.49)
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where c1 is one of the SU(2) LECs. Here we use c1 = −0.59 GeV−1 [81].
Firstly, we plot the behavior of 〈ūu + d̄d〉 in nuclear matter, each hyperon matter and the SU(3)

symmetric baryonic matter shown in Fig. 6.10. This calculation shows that the SU(3) flavor symmetry
breaking for the baryon matter since the condensate 〈ūu+ d̄d〉 has no strange components but hyperon
matter contains the strange quarks. The relative amount of up and down quarks in hyperon matter
is less than in nuclear matter, so the condensate in hyperon matter is expected not to decrease more
than that in nuclear matter. Fig. 6.10 shows that the chiral condensates in Λ-matter and Ξ-matter
increase compared to the in-vacuum condensate, while the chiral condensate in Σ-matter decreases
more than that in nuclear matter. Thus the results show a different behavior from the expectation.
On the other hand, the condensate in the SU(3) symmetric baryonic matter is reduced but not more
than that in nuclear matter, this is the expected behavior.
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Fig.6.10 Baryon density dependencies of 〈ūu + d̄d〉 in nuclear matter, each hyperon matter and
the SU(3) symmetric baryonic matter.

Next, we plot the behavior of 〈ūu + s̄s〉 in nuclear matter, each hyperon matter and the SU(3)
symmetric baryonic matter shown in Fig. 6.11. The calculation shows that the chiral condensates
in Λ-matter and Ξ-matter are reduced compared to the chiral condensate in nuclear matter, but
the condensate in Σ-matter is not reduced compared to nuclear matter. Thus, since hyperon matter
contains strange quarks, it would seem that the chiral condensate with strange components in hyperon
matter would be reduced compared to chiral condensate in nuclear matter, but this is not necessarily
the case. On the other hand, the condensate in the SU(3) symmetric baryonic matter is reduced
compared to that in nuclear matter, this is the expected behavior.
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Fig.6.11 Same as Fig. 6.10, but 〈ūu + s̄s〉.

For the SU(3) chiral condensate in the SU(3) symmetric baryonic matter, our result is seen in
Fig. 6.12. The chiral condensate decreases by 25% at ρB = ρ0. Thus the chiral symmetry is partially
restored by 25% at ρB = ρ0. This is consistent with the case of the SU(2) chiral condensate in nuclear
matter.
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Fig.6.12 Baryon density dependencies of the SU(3) chiral condensate in the SU(3) symmetric
baryonic matter with FIT 2 and Eq. (6.49).

It would be important to know the meson-hyperon interaction in order to investigate the SU(3) flavor
symmetry breaking of 〈ūu+ d̄d〉 in the SU(3) baryonic matter and the SU(3) chiral condensate in the
SU(3) symmetric baryonic matter. The meson-hyperon scattering could give important information
on the limitation of the SU(3) LECs, complementary to the KN scattering.

6.4.5 Wave function renormalization of in-medium kaon

We also discuss the wavefunction renormalization of the kaon-nucleus using the obtained KN am-
plitudes. In our study, we construct the K+N scattering amplitudes that are further developed from
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Ref. [91]. So we calculate the wavefunction renormalization for the in-medium kaon using our K+N

scattering amplitudes constructed in the previous section. We use the isospin-averaged KN scattering
amplitude for forward direction written as

T ave
KN (ω, θ = 0) = 1

4
[
3T I=1

KN (ω, θ = 0) + T I=0
KN (ω, θ = 0)

]
. (6.50)

We obtain the optical potential of K+-nucleus in the linear density approximation as

2MKVopt(ω∗
K) = ρN

2MN
T ave
KN (ω∗

K , θ = 0) (6.51)

where ω∗
K is the in-medium kaon energy. Now we assume that Vopt(ω∗

K) << ωK and use the Klein-
Gordon equation ω∗2

K − ω2
K − 2MKVopt(ω∗

K) = 0 and its positive solution. Expanding the self-energy
around ω∗

K = ωK , we obtain
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)
Vopt(ωK) ≡ ZKVopt(ωK), (6.52)

ZK ≡ 1 + MK

ωK

∂Vopt

∂ω∗
K

∣∣∣∣
ω∗

K
=ωK

(6.53)

where ZK is the wavefunction renormalization factor. The dependence of the momentum of kaon in
nuclear matter PK+ of the wavefunction renormalization factor ZK at the normal nuclear density is
shown in Fig. 6.13. ZK with FIT 3′ is almost independent of PK+ and gives almost 6% enhancement.
On the other hand, those with all FITs expect FIT 3′ increases with respect to PK+ . The degree of this
increase depends on the choice of FIT. The density dependence of the wavefunction renormalization
factor ZK at the PK+ = 488 MeV/c is shown in Fig. 6.14. For the type of FIT, the enhancement ranges
from 2% to 5% at the normal nuclear density. The K+N interaction should be determined without
ambiguity in terms of the investigation of the wavefunction renormalization for kaon in the nuclear
matter. In the case of the in-medium pion, the wavefunction renormalization factor is enhanced by
40% at the normal nuclear density [144]. Compared to the case of the in-medium pion, our calculation
gives a smaller enhancement at the normal nuclear density.
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Fig.6.13 The dependence of the momentum of kaon in nuclear matter PK+ of the absolute value
of the wavefunction renormalization factor ZK at the normal nuclear density.
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Fig.6.14 The density dependence of the absolute value of the wavefunction renormalization
factor ZK at the PK+ = 488 MeV/c.

6.5 Summary
We have obtained the in-medium condensate that contains the kaon-nucleon scattering amplitude

TKN in the soft limit under the linear density approximation. We have utilized SU(3) chiral pertur-
bation theory in order to calculate TKN . Taking the soft limit, we have rewritten the condensate in
terms of the low-energy constants (LECs) defined as SU(3) chiral perturbation theory.

We have estimated the LECs of SU(3) chiral perturbation theory using the experimental data of the
K+N elastic scatterings for the study of the chiral condensate including the strange components in
nuclear matter. In order to improve extrapolation to the strange sector, we have utilized some terms
from the next-to-next-to-leading order of the chiral Lagrangian, which contains the strange quark
mass in addition to the chiral Lagrangian up to next-to-leading order. The LECs that appear here
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characterize the interaction between K+ and N . We have fitted them to reproduce the experimental
data. We have performed the fitting for the LECs using the experimental data of the K+p differential
cross section, the K+n → K0p charge exchange differential cross sections, I = 1 total cross section,
and I = 0 total cross section.

For I = 0 amplitude, there are two choices of the experimental data for the total cross section.
Moreover, it has been reported that a resonance state could exist around Plab = 600 MeV at I = 0.
Therefore, we have performed fitting considering the different experimental data and the presence
of the resonance state. In particular, we have obtained the I = 1 amplitude which reproduces the
experimental data at Plab < 800 MeV very well. For the I = 0 amplitude, since it has been reported
that a resonance state exists around Plab = 600 MeV at I = 0, we have performed fitting the LECs
in the case with/without the resonance state. We have determined the I = 0 amplitude to reproduce
the I = 0 total cross section and the differential cross section of the K+n → K0p well, while the
differential cross section of the K+n elastic scattering not used for fitting has not been reproduced.

We have discussed the behavior of the in-medium chiral condensate with strange components based
on the determined LECs. We have suggested that the choice of the experimental data for the I = 0
total cross section and whether the resonance state exists contribute to the behavior of the condensate
in nuclear matter. We have also calculated the chiral condensates in hyperon matter and the SU(3)
symmetric baryonic matter. In particular, we have indicated that the SU(3) flavor symmetry breaking
was studied from 〈ūu+ d̄d〉 in hyperon matter and the SU(3) symmetric baryonic matter. Moreover,
we have calculated 〈ūu + d̄d + s̄s〉 in the SU(3) symmetric baryonic matter and obtained the 25%
restoration of the chiral symmetry in the case of SU(3) with our fitted LECs. This result is consistent
with the case of the SU(2) condensate in nuclear matter. We have also indicated that the meson-
hyperon scatterings are important to determine the SU(3) LECs.

We have calculated the wavefunction renormalization factor using the obtained T -matrix of KN .
The dependence of the momentum of kaon in nuclear matter PK+ of the wavefunction renormalization
factor ZK at the normal nuclear density depends on the FITs. It is important to determine the LECs
in terms of wavefunction renormalization. In any FITs, the wavefunction renormalization factor for
in-medium kaon has not increased as much as that for in-medium pion at the normal nuclear density.

We have emphasized that in order to determine the behavior of in-medium chiral condensate with
strange precisely, it is important to accurately determine the experimental values at the energy much
lower than Plab = 600 MeV such that the effect of the resonance state needs not to be taken into
account, or to determine the existence of the resonance state.
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Chapter 7

Kaonic atom and K−-nucleus interaction

7.1 Introduction: Two possible origins of the energy shift
K−-nucleus interaction is extracted by kaonic atoms which are bound states betweenK− and nucleus

mainly by Coulomb interaction, as well as pion-nucleus interactions for pionic atoms. Just as we
discussed partial restoration of chiral symmetry in nuclear medium from the pion-nucleus interaction
in Sec. 3.2.2, it may be possible to extract the information about partial restoration of chiral symmetry
from the K−-nucleus interactions in the kaonic atom, but this has not currently been done*1. The
K−-nucleus interaction is not as well understood as the pion-nucleus interaction. In particular, various
arguments exist about K−-nucleus potential [96, 116], and while there are deep and shallow potentials
as to their depth, they have not been determined.

The strong interaction effects on kaonic atoms can be seen in the energy shift from the pure Coulomb
energy spectrum ∆E, and the absorption width Γ. The energy shift is defined by the following
formula:

∆E = EB − Ec (7.1)

where Ec is the postulatory binding energy of the kaon and the atomic nucleus calculated by consider-
ing only the Coulomb potential and EB is the real part of the authentic binding energy including both
the effects of the strong and electromagnetic interactions. If ∆E > 0 (∆E < 0) the strong interaction
effect to the binding energy is attractive (repulsive).

The energy shift is found to be repulsive in all observed kaonic atoms. However, the strong interac-
tion between K−N is known to be attractive because Λ(1405) is considered to be the K̄N bound state
and therefore K−-nucleus potential is considered to be attractive as well as K−N interaction. Hence
we focus on the origin of the repulsive shift in kaonic atoms from the attractive strong interaction
in this chapter In this study, we do not go into the depth of the K−-nucleus optical potential, but
we focus on the feature that the shift of the binding energy due to the strong interaction is repulsive
despite the K−-nucleus potential being attractive, i.e., the binding energy works in the direction of
decreasing the absolute value of the binding energy.

We have two candidates for the origin of the repulsive shift. One is an effect of strong attractive
interactions. If the attraction is so strong that some nuclear bound states are generated under the
atomic states, the atomic states are repelled upwards by these bound states as a consequence of level

*1 The kaon-nucleus scattering may currently be better suited for that discussion [91].
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repulsion if the nuclear and atomic states have the same angular momentum. This mechanism is also
seen in the K̄N system. The scattering length of the K̄N with I = 0 is known to have repulsive
nature even though the K̄N interaction is attractive. This puzzle is solved by the presence of the
Λ(1405) resonance below the threshold of K̄N . The coupling of Λ(1405) and K̄N scattering states
causes the level repulsion and consequently, the K̄N scattering length is seen as if K̄N were repulsively
interacting. In this case, the real part of the optical potential may be more significant for the repulsive
shift than the imaginary part.

The other is an effect of a large imaginary part of the optical potential. It works repulsively, because,
for example, the 2nd order perturbation of the large imaginary part

E(2)
n =

∑
m 6=n

〈φn|i ImVopt|φm〉2

En − Em
(7.2)

may give a positive value. Therefore if the optical potential has a large imaginary part, it gives the
repulsive energy shift. In other words, as discussed along the context of deeply bound antiproton
atoms in Ref. [98], the large imaginary part suppresses the atomic wavefunction inside the nucleus,
and consequently, the normalized wavefunction is pushed away to the outside of the nucleus. In this
way, the large imaginary part plays an important role in the repulsive shift.

We study the global feature of the K−-nucleus potential, especially the role of the imaginary part,
in the view of the kaonic atom by the following approach: Firstly, we determine optical potential
parameters for each observed kaonic atom by solving the Klein-Gordon equation so as to reproduce
the experimental data of the energy shift and the absorption width. Next, we confirm whether the
obtained potential parameters describe also the other kaonic atoms by calculating the energy shifts
and the absorption widths of various kaonic atoms using the parameters fitted by each kaonic atom
and checking whether the calculated values are consistent with the experimental data.

7.2 Model of kaonic atom
In this section, we explain our formulation to calculate the binding energy of a kaonic atom. We

solve the Klein-Gordon equation for the relative motion of K− and a nucleus
We derive the equation of motion with the Coulomb potential Vc(r) and the optical potential Vopt(r).

We study the optical potential between kaon and the nucleus by solving the Klein-Gordon equation.

[
−{E − Vc(r)}2 − ∇2 + µ2 + 2µVopt(r)

]
φ(r) = 0, (7.3)

with the Coulomb potential Vc(r) of the electromagnetic interaction and the optical potential Vopt(r)
of the strong interaction. The Coulomb potential is introduced as the zeroth component of the vector
potential, and the optical potential is introduced as the scalar potential which is connected to the
self-energy. The complex energy E is written as E = µ − EB − iΓ/2 with the reduced mass µ, the
binding energy EB and the absorption width Γ. We assume spherical potentials for Vc(r) and Vopt(r),
and the wavefunction φ(r) can be decomposed as φ(r) = Rn`(r)Y m` (Ω) with the radial wavefunction
R(r) and the spherical harmonics Y m` (Ω).

In order to see a global feature of the optical potential, we construct the K−-nucleus optical potential
simply under the linear nuclear density approximation. The K−-nucleus optical potential Vopt(r)
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which is assumed to be proportional to nuclear density ρN (r) is given by

Vopt(r) = −(V0 + iW0)ρN (r)
ρ0

(7.4)

where V0 and W0 are parameters of the strength of the strong interaction. These parameters are
determined by two experimental values, which are the energy shift and the absorption width for each
kaonic atom. We assume that the strength of the optical potential does not depend on nucleus. We
use the Woods-Saxon form for the nuclear density ρN (r) distribution:

ρN (r) = ρ0

1 + exp[(r −RB)/a] (7.5)

where RB and a are the nuclear radius and diffuseness parameters. The parameters are taken from
Refs. [163, 164] and summarized in Table 7.1.

The imaginary part of the optical potential produces nuclear absorption. We assume that the
real part of the optical potential works attractively because of the fact that the K−N interaction is
attractive.

Microscopically, the dynamical effects of the K̄N interaction in the nucleus such as the presence of
the Λ(1405) resonance below the K̄N threshold, especially the energy dependence of the potential,
are important to describe the K− optical potential. Indeed, here we focus on the global feature of
the optical potential for the kaonic atom and investigate it in the very narrow atomic energy range.
We are interested in the existence or nonexistence of the nuclear states which affect the position of
the atomic state. We do not intend to study the microscopic details of the kaon optical potential nor
determine precisely the position of the nuclear bound states of the kaon which should be very sensitive
to the dynamics of the K̄N interaction.

For the Coulomb potential Vc(r), the charge distribution of the nucleus is taken into account as

Vc(r) = − e2

4π

∫
ρp(r′)

|r − r ′|
d3r′, (7.6)

where ρp(r) is the proton density. We assume that the same density distribution as ρN (r) for the
proton density ρp(r) = ρp0/(1 + exp[(r −RB)/a]) with ρp0 normalized as∫

ρp(r)d3r = Z, (7.7)

with the proton number Z. The Coulomb energy Ec appears in Eq. (7.2) is obtained by Vopt = 0.
In this calculation, we do not consider the effect of vacuum polarization. We have confirmed that

this effect on the energy shift and the absorption width is at most 5% and these values are smaller
than the experimental errors.

7.3 Result
In this section, we show numerical results calculated by using the approach shown in the previous

section. First, we show the optical potential parameters V0 and W0 in various kaonic atoms. Then,
we confirm their universality.
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Table 7.1 Density parameters, the nuclear radius RB and the diffuseness a, used in this calcu-
lation. The values are taken from Refs. [163, 164]

Nucleus RB[fm] a[fm]
Mg 2.980 0.551
Al 2.840 0.569
Si 2.930 0.569
P 3.078 0.569
S 3.165 0.569
Cl 3.395 0.569
Co 4.080 0.569
Ni 4.090 0.569
Cu 4.200 0.569
Ag 5.300 0.532
Cd 5.380 0.563
In 5.357 0.563
Sn 5.300 0.583

Table 7.2 Observed data of the energy shift ∆E and the absorption width Γ. The values are
taken from Refs. [165–167]. For the Cu kaonic atom, two data sets are employed; one data
named Cu1 is taken from Ref. [167], and the other data set named Cu2 is taken from Ref. [166].

Atom Transition ∆E [keV] Γ [keV] Ref.
Mg 4f→3d −0.027 ± 0.015 0.214±0.015 [166]
Al 4f→3d −0.760 ± 0.050 0.490±0.160 [166]
Si 4f→3d −0.130 ± 0.015 0.800±0.033 [166]
P 4f→3d −0.330 ± 0.08 1.440±0.120 [165]
S 4f→3d −0.550 ± 0.06 2.330±0.200 [165]
Cl 4f→3d −0.770 ± 0.40 3.80±1.0 [165]
Co 5g→4f −0.099 ± 0.106 0.64±0.25 [166]
Ni 5g→4f −0.180 ± 0.070 0.59±0.21 [167]

Cu1 5g→4f −0.240 ± 0.220 1.650±0.72 [167]
Cu2 5g→4f −0.377 ± 0.048 1.35±0.17 [166]
Ag 6h→5g −0.18 ± 0.12 1.54±0.58 [166]
Cd 6h→5g −0.40 ± 0.10 2.01±0.44 [166]
In 6h→5g −0.53 ± 0.15 2.38±0.57 [166]
Sn 6h→5g −0.41 ± 0.18 3.18±0.64 [166]
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Table 7.3 Obtained potential parameters for Cu1 kaonic atom.

Used datum Potential type V0[MeV] W0[MeV]
Cu1 1 79.5 114.5

2 78.0 20.0
3 199.5 28.0

7.3.1 Determining potential parameters

Let us first determine the optical potential parameters V0 and W0 so as to reproduce the central
value of each datum shown in Table 7.2. These data are taken from Refs. [165–167]. We will use two
data sets of the Cu kaonic atom; one data named Cu1 is taken from Ref. [167], and the other data set
named Cu2 is taken from Ref. [166].

We calculate the Klein-Gordon equation (7.3) with optical potential (7.4) and the Coulomb potential
(7.6) for various kaonic atoms using the following values of the hadron masses,

MK− = 493.677 MeV, (7.8)
MN = 938.919 MeV. (7.9)

Here we have taken the isospin average of the nucleon masses. We use a kaonic atom reduced mass
given by

µ = A MNMK−/(A MN +MK−), (7.10)

with mass number A. Here we ignore the effect of the nuclear binding energy. We have confirmed
that the effects are negligibly small.

Let us focus on a Cu kaonic atom as an example. In the Cu kaonic atom, the 4f orbit is the last
orbit. The strong interaction for the 5g orbit may be ignored and the level shift and absorption width
are extracted from the transition 5g → 4f . There are two data sets for the Cu kaonic atom, Cu1

and Cu2 shown in Table 7.2. We use the Cu1 data set for this example. We search the potential
parameters which reproduce the shift and absorption width, −0.240 keV and 1.650 keV in the range of
0 MeV ≤ V0, W0 ≤ 300 MeV. We obtain three potential parameters within this range. The result is
shown in Table 7.3. These potentials provide the same repulsive shift and absorption width but have
different features. The first potential has a larger imaginary part than its real part. The second has a
larger real part than its imaginary part. The third has the largest real part of the three and a small
imaginary part.

We calculate wavefunctions using these potentials and show those of the Cu kaonic atom in Figs. 7.1
and 7.2. Fig. 7.1 shows wavefunctions of the Cu kaonic atom in an atomic scale (r = 0 ∼ 100 fm)
while Fig. 7.2 shows wavefunctions of the kaonic atom in a nuclear scale (r = 0 ∼ 10 fm). These
potentials yield similar wavefunctions at the atomic scale, while the number of nodes that corresponds
to the number of the nuclear bound states, is different from each other at the nuclear scale. The
wavefunction obtained by Potential 1 has no nodes, the wavefunction by Potential 2 has one node and
the wavefunction by Potential 3 has two nodes.
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Fig.7.1 Wavefunctions squared of the atomic states with ` = 3 (last orbit) calculated with
Potentials 1, 2 and 3 for the Cu1 kaonic atom in the atomic radial range.
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Fig.7.2 Same as in Fig.1, but in the nuclear radial range.

.

The Cu kaonic atom with Potential 1 has no nuclear states with the same angular momentum as the
atomic state with ` = 3 in which we are interested here. Thus, the nuclear states are not responsible
for the repulsive shift in Potential 1. In order to see the role of the imaginary part of Potential 1 for
the repulsive shift, we reduce the strength of the imaginary part of the potential W0 by introducing
a factor λ1 as ImVopt(r) → λ1 ImVopt(r) and changing λ1 from 1 to 0.4 without changing the real
part. For λ1 < 0.4, the imaginary part of the potential becomes smaller and the strength of the real
part remains unchanged so that it no longer approaches Potential 1 but Potential 2 behavior. Thus,
for λ1 < 0.4, the energy shift is caused by level repulsion due to the nuclear state of the K−-nucleus
system. In this calculation we want to see the contribution of the imaginary part of the potential, so
we consider λ1 ≥ 0.4. The energy shift and the absorption width for each λ1 are plotted in Fig. 7.3.
This figure shows that, as the strength of the imaginary part decreases, the energy shift also decreases.
This implies that the large imaginary part is responsible for the repulsive shift in Potential 1.
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Potentials 2 and 3 provide nuclear states with ` = 3 below the atomic 4f state. We find one nuclear
state with ` = 3 for Potential 2 at −EB − iΓ/2 = (−5.8 − i22.4/2) MeV and two nuclear states
for Potential 3 at −EB − iΓ/2 = (−102.5 − i57.0/2) MeV as the ground state and at −EB − iΓ/2 =
(−17.7−i32.0/2) MeV as a radial excited state. The detailed values of these spectra are not important.
What we emphasize here is the fact that a shallow nuclear state exists with the same quantum number
to the atomic state, and this nuclear state definitely couples to the atomic state and repels it up due
to the level repulsion. In order to confirm this speculation, we introduce a parameter λ2 in the optical
potential as Vopt(r) → λ2Vopt(r) to change the position of the nuclear state. Changing λ2 from 1.0 to
0.6, we find that the binding energy of the nuclear state gets smaller and negative for λ2≤0.8. The
state with negative binding energy is a resonance thanks to the centrifugal barrier with ` = 3. The
nuclear state with the negative binding energy is located above the atomic state. In such a case, the
energy shift of the atomic state gets attractive. This is because the atomic state lies below the nuclear
state and the level repulsion pushes down the atomic state. We see this situation with λ2 = 0.6, 0.7, 0.8
in Table 7.4. In this way, we conclude that in Potential 2 and 3 the nuclear state is responsible for
the repulsive shift of the atomic state.

The reason that Potentials 2 and 3 have a smaller imaginary part than Potential 1 is as follows.
The absorption width may be given by the expectation value of the imaginary part of the potential
in the wavefunction of the atomic state as

Γ ∼ 〈Atom| ImVopt |Atom〉 . (7.11)

As seen in Fig. 7.2, thanks to mixing with the nuclear states, the wavefunctions for Potentials 2 and
3 have a larger contribution than that of Potential 1 in the nuclear length scale. Because the optical
potential has values in the nuclear range, the overlap integrals get sufficiently large even with small
imaginary parts of the optical potential to reproduce the observed absorption width. In contrast,
in order to reproduce the observed absorption width by the wavefunction without nodes, the optical
potential necessarily has a large imaginary part. This mechanism appears in the case of Potential 1.

Now let us see the potential parameters obtained by other kaonic atoms. We find a very similar
trend to the Cu case, that is, the potentials are classified into three categories; Potential 1 having a
large imaginary part, Potential 2 having a small imaginary part and Potential 3 having a deep real part
and a small imaginary part. Potential 1 provides no nuclear states with the same quantum numbers
to the atomic state of interest, while Potentials 2 and 3 have nuclear states. We show the numerical
results for the obtained potential parameters in Tables table 7.5, 7.6 and 7.7 for Potentials 1, 2 and 3,
respectively. In Figs. 7.4 to 7.6, we plot the values of the potential parameters for each kaonic atom to
see the atomic number dependence. One finds in Fig. 7.4 that the imaginary parts of Potential 1 are
larger than those of the real parts independently of the atomic number and that the values themselves
are scattered. For Potentials 2 and 3, Figs. 7.5 and 7.6 show that the real parts of the potentials are
larger than their imaginary parts again independently of the atomic number and that the real parts
tend to decrease as the atomic number increases.

In summary, we find that the observed data of the kaonic atoms suggest two types of optical
potentials; one potential has a large imaginary part without giving nuclear states with the same
quantum number to the atomic state (Potential 1), and the other (Potentials 2 and 3) has a sufficiently
large real part to give a shallow nuclear bound state. For the origin of the repulsive shift of the kaonic
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Table 7.4 Energy shifts and absorption widths of the atomic and nuclear states with ` = 3
calculated for the Cu1 kaonic atom by Potential 2 as a function of λ2, which is introduced to
control the strength of the potential. We the nuclear states get resonances, the energy shifts of
the atomic states become attractive.

λ2 kaonic atom kaonic nucleus
−Shift [keV] Width [keV] EB [MeV] Width [MeV]

1.0 0.240 1.65 5.8 22.4
0.9 0.168 2.18 1.8 17.5
0.8 -0.216 2.57 -2.0 13.3
0.7 -0.648 2.05 -5.3 8.2
0.6 -0.696 1.19 -8.0 2.3

atom, in the former potential, the imaginary part works repulsively to the atomic state, while in the
latter potential, the nuclear bound state repels up the atomic state.

7.3.2 Confirmation of universality

In the previous section, for each kaonic atom, two mechanisms are possible to explain the repulsive
shifts of the atomic states. Here we pin down which scenario is realized in the observed kaonic atom
by checking the universality of the optical potential obtained by one kaonic atom datum for other
kaonic atoms. We calculate the energy shifts and the absorption widths for various kaonic atoms with
the optical potential obtained in the previous section.

We show in Fig. 7.8 the energy shifts and the absorption widths of the 3d states of kaonic atoms
calculated with Potential 1 in comparison with experimental data. Each line is calculated with a set
of potential parameters (W0, V0) fitted by the data of a kaonic atom. This figure shows that all of the
lines are with the errors of the experimental data, and we find that the calculation with Potential 1 is
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Table 7.5 Determined potential parameters of Potential 1 for each kaonic atom.

Used datum. V0[MeV] W0[MeV]
Mg 24.5 79.0
Al 46.0 126.5
Si 61.5 120.5
P 67.0 142.0
S 79.0 142.0
Cl 79.0 142.0
Co 28.0 91.0
Ni 79.0 164.0

Cu1 79.5 114.5
Cu2 23.5 134.0
Ag 71.5 88.0
Cd 67.5 117.0
In 44.0 114.5
Sn 70.5 95.0

Table 7.6 Same as in Table 5, but of Potential 2.

Used datum. V0[MeV] W0[MeV]
Mg 128.0 24.0
Al 126.0 28.0
Si 116.5 31.0
P 100.5 26.5
S 93.0 27.0
Cl 84.0 26.5
Co 93.5 17.5
Ni 82.5 16.0

Cu1 78.0 20.0
Cu2 82.5 14.5
Ag 67.5 18.0
Cd 64.5 14.0
In 66.0 13.0
Sn 65.5 15.5

consistent with all of the observed experiments for the 3d states. In the same way, we plot the energy
shifts and the absorption widths for the 4f states in Fig. 7.9 and for the 5g states in Fig. 7.10. In
Fig. 7.11 we show the shifts calculated by all of the potentials obtained in the previous section, and we
find that the calculations are consistent with the experimental data. This implies that the potential
with a large imaginary part widely explains the kaonic atom data and can be the origin of the repulsive
shift. This type of potential was found in Ref. [96] as teffρ. Recently the K− optical potential has
been reanalyzed in Ref. [128] by considering multinucleon absorption and the K̄N amplitude based
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Table 7.7 Same as in Table 5, but of Potential 3.

Used datum. V0[MeV] W0[MeV]
Mg 305.0 24.5
Al 316.0 32.5
Si 301.0 35.5
P 270.0 36.5
S 258.0 38.0
Cl 231.0 38.0
Co 215.5 19.5
Ni 203.5 27.0

Cu1 199.5 28.0
Cu2 197.0 20.0
Ag 163.0 24.0
Cd 153.5 23.0
In 153.5 18.0
Sn 157.5 22.5
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Fig.7.4 Atomic dependence of the potential parameters for Potential 1. The plus (+) and cross
(×) signs denote the parameters for the real and imaginary parts, respectively.

on recent theoretical developments. There the optical potentials which were found to reproduce the
K− atom data have a larger imaginary part than its real part. Interestingly they have also found that
most of the imaginary part comes from multinucleon absorption.

Actually, the real parts of the obtained optical potentials widely spread from 20 MeV to 80 MeV
and are not determined as well as the imaginary parts. Thus, the real part of the optical potential is
not sensitive to the spectra of the kaonic atoms. For precise determination of the optical potential,
one should observe the nuclear states of the kaonic nucleus system.

The energy shifts and the absorption widths calculated with Potential 2 for the 3d, 4f and 5g
states of kaonic atoms are shown in Figs. 7.12 to 7.14, respectively, and in Fig. 7.15, we show all
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Fig.7.5 Same as in Fig.4, but for Potential 2.
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Fig.7.6 Same as in Fig.4, but for Potential 3.

of the calculation in one figure. These figures show that Potential 2 does not universally reproduce
the observed shifts and absorption widths, and Potential 2 explains a specific kaonic nucleus only.
Therefore, Potential 2 cannot be a solution to explain all of the energy shifts and absorption widths of
the observed kaonic atoms, and the presence of the nuclear states is not responsible for the repulsive
shift. For Potential 3, we find a discrepancy to the experiments in a similar way to Potential 2 as seen
in the summary plot of Potential 3 given in Fig. 7.16.

The reason that Potentials 2 and 3 do not explain the repulsive shifts is as follows. A schematic
figure of the explanation is shown in Fig. 7.7. If the level repulsion would be the origin of the repulsive
shift, the atomic state should be sensitive to the position of the nuclear states because the mixing of
these states determines the energy of the atomic state. Now each kaonic atom shares a common depth
of the optical potential, but the potential size depends on the nuclear radius which is proportional to
A1/3. When the potential size is wider, the bound states have a deeper energy, which is an exercise of
quantum mechanics for the bound states in a square-well potential. If the nuclear states get deeper,
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the effects of the level repulsion become weaker, because the level mixing takes place when the levels
are close energetically. As a consequence, the energy of the atomic state is strongly dependent on the
atomic nuclide. Thus, this kind of potential cannot be universally applied for kaonic atoms. Actually,
this type of potential was not found in the global fit performed in Ref. [96].

repulsive

no effect of  
level repulsion 

attractive

repulsive

nuclear state

atomic stateatomic state

nuclear state

atomic state

Fig.7.7 A schematic figure of repulsive energy shift due to level repulsion assuming a given
potential parameter.

7.3.3 Other types of potential

In this section, we discuss two other types of optical potential in order to see the effect of the
nuclear surface. One is a non-linear nuclear density potential, and the other is a linear nuclear density
potential using other parameters of nuclear radius and diffuseness. These are accepted as optical
potentials in the previous analysis [96].

Potential with non-linear density term
We study the optical potential of kaonic atoms with the non-linear term for nuclear density ρN . We

have studied the optical potential of kaonic atoms under the linear nuclear density approximation in
Eq. (7.4) in the previous section. We have found that the imaginary part of optical potential has an
important role in the repulsive shift in kaonic atoms. Hence next we examine the optical potential
which has a non-linear term, and confirm whether it provides the repulsive shift not by the level
repulsion of nuclear states but by the imaginary part of the potential.

The phenomenological potential reported in Ref. [96] has non-linear density terms and is given by

Vopt(r) = −4π
2µ

(
1 + MK

MN

)
aeff(ρN )ρN (7.12)

and

aeff(ρN ) = (−0.15 + 0.62i) + (1.66 − 0.04i)(ρN/ρ0)0.21 fm (7.13)

where aeff(ρN ) is a density dependent effective scattering length. This potential amounts to (−190 −
i80) MeV at the nuclear center. The Real part of the potential is almost proportional to the non-linear
term and the imaginary part is almost proportional to the linear term.
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Fig.7.8 Energy shifts (upper plot) and absorption width (lower plot) of the kaonic atoms with
` = 2 calculated with Potential 1. Each line corresponds to the results obtained by the potential
parameters determined by the datum of the indicated atom. The points with error bars are the
experimental data.

Here we take the following form to study the non-linear term effect :

Vopt(r) = −V0

(
ρN (r)
ρ0

)α
− iW0

(
ρN (r)
ρ0

)
, (7.14)

where α is a parameter that characterizes the non-linear effect of the real part. We assume the
real part of this potential is proportional to the non-linear term and the imaginary part is to the
linear term. We determine the parameters V0 and W0 again from the observed shift and absorption
width for the non-linear parameter α changed from α = 1 (Potential 1) to α = 1.231. We carry out
the calculation in order to find the parameters V0 and W0 for the Cu kaonic atom for ` = 3 and
summarize the result in Table 7.8. This shows that the potential with α = 1.231 has very similar
potential parameters with the phenomenological potential obtained in Ref. [96]. It is also found that
potentials with stronger nonlinearity have a deeper real part and a smaller imaginary part. It is
interesting that this potential is continuously connected to Potential 1 with the parameter α. This
fact implies that the phenomenological potential in Ref. [96] may have similar properties to Potential 1.
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Fig.7.9 Same as in Fig. 7.8, but for the kaonic atoms with ` = 3

In order to see the nature of the obtained potential, we calculate the energy spectrum of the kaonic
nucleus with ` = 3 using the following potential:

Vopt(r) = −174.0
(
ρN (r)
ρ0

)1.231
− i 70.0

(
ρN (r)
ρ0

)
MeV. (7.15)

This potential is the most similar to the phenomenological potential given in Ref. [96]. This potential
provides nuclear states for ` = 3 with −EB − iΓ/2 = (−52.1 − i85.1/2) MeV as the ground state and
with −EB − iΓ/2 = (+12.8 − i69.5/2) MeV as a radial excited state with a negative binding energy
and a large absorption width. The ground state has such deep binding energy that the nuclear state
hardly influences the atomic states and its absorption width is also large. The excited state is a
resonance with a negative binding energy trapped by the centrifugal barrier and is sitting above the
atomic states. This feature is different from Potentials 2 and 3. The potential in Eq. (7.15) has very
similar characteristics to Potential 1, which provides the repulsive shift by the effect of the imaginary
part.

We discuss the universality of the potential in Eq. (7.15). We calculate the energy shifts and
absorption widths for the various kaonic atoms using the optical potentials in 7.15. We confirm that
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Fig.7.10 Same as in Fig. 7.8, but for the kaonic atoms with ` = 4.
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Fig.7.11 Summary of energy shifts of kaonic atoms in the last orbit calculated with Potential 1.
The values are same as Figs. 7.8, 7.9 and 7.10.
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Fig.7.12 Same as in Fig. 7.8, but for Potential 2.

the potential reproduces the observed data seen in Table 7.2 within the experimental error as found
for Potential 1 (Vopt(r) = −(79.5 + 114.5i)(ρN (r)/ρ0) MeV) in the previous section. This is a natural
result because the potential in Eq. (7.15) is similar to the phenomenological potential in Ref. [96]
which has already the universality to reproduce a wide range of the observed kaonic atoms.

In Fig. 7.17 we plot the energy shifts and the absorption widths of the kaonic atoms with the last
orbit 4f calculated by the potential in Eq. (7.15) and Potential 1 for Cu1. This figure shows that the
potential in Eq. (7.15) provides almost the same atomic spectrum with Potential 1 and is consistent
with the observation. Therefore, even though potentials with nonlinearity have a deeper real part,
nuclear states play no significant role in the repulsive energy shift of the atomic state and have similar
features with Potential 1, in which the imaginary part of the optical potential works essentially for
the repulsive shift.

Another nuclear density parameter
In this section, we study the optical potential with another nuclear density parameter, which is

originally used in Ref. [96] and referred to as “Unfolded” there. Here we list the density parameters
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Fig.7.13 Same as in Fig. 7.12, but for the kaonic atoms with ` = 3.

for the Co, Ni and Cu nuclei in Table 7.9. These density parameters have a bit larger radius RB
and a smaller diffuseness a. Using the “Unfolded” nuclear density parameter, we calculate the optical
potential parameters for Cu to reproduce the Cu1 datum in the linear density approximation and
obtain the optical potential

Vopt(r) = −(156.0 + i 122.0)
(
ρN (r)
ρ0

)
MeV. (7.16)

This potential again has a larger real part, which has an almost double depth in comparison with
Potential 1, while the imaginary part is as large as Potential 1. In Fig. 7.17, we compare the energy
shifts and absorption widths calculated by the potential in Eq. (7.16) and Potential 1 for Cu1. Again
we find that the potential in Eq. (7.16) and Potential 1 give the almost same atomic spectrum and
the potential in Eq. (7.16) is consistent with the experiments for other nuclei than Cu, even though
the real parts of these optical potentials are quite different. This implies that the potentials that
successfully reproduce the observed energy shifts and absorption width of kaonic atoms widely have
a large imaginary part and it is responsible for the repulsive shift, no matter how the real part of the
optical potential is large.
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Fig.7.14 Same as in Fig. 7.12, but for the kaonic atoms with ` = 4.
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Fig.7.15 Same as in Fig. 7.11, but for Potential 2.

7.4 Summary
We have clarified the mechanism of the repulsive energy shifts for the last orbits of the kaonic atoms

from the pure Coulomb spectrum. The repulsive shifts are observed universally in all of the observed
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Fig.7.16 Same as in Fig. 7.11, but for Potential 3.

Table 7.8 Determined potential parameters for each α. The Cu1 data are used to determine
the parameter. The α parameter characterizes the nonlinearity of the density dependence.

α V0[MeV] W0[MeV]
1.000 79.5 114.5
1.033 90.0 109.0
1.066 101.0 105.0
1.099 114.0 99.0
1.132 127.0 94.0
1.165 141.0 89.0
1.198 157.0 81.0
1.231 174.0 70.0

Table 7.9 Unfolded nuclear parameters taken from Ref. [96]

Nuclei RB[fm] a[fm]
Co 4.124 0.504
Ni 4.134 0.500
Cu 4.243 0.501

kaonic atoms. In order to investigate a global characteristic of the optical potential of kaonic atom, we
have made good use of a simple potential proportional to the nuclear density ρN and have introduced
two parameters for the strengths of the real and imaginary parts of the short-range optical potential,
which may be regarded as averaged property seen from the atomic range. We have determined these
potential parameters so as to reproduce the observed repulsive shift and absorption width for each
kaonic atom datum. We have obtained two kinds of potentials for each datum based on the different
mechanisms; in the first case (Potential 1), the potential has a large imaginary part and the imaginary
part works repulsively, and in the second case (Potentials 2 and 3), the potential has a substantially
large real part that yields nuclear bound states with the same angular momentum to the atomic
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Fig.7.17 Energy shifts (upper plot) and absorption width (lower plot) of the kaonic atoms with
` = 3 calculated with Potential 1 for Cu1, Eq. (7.15) and Eq. (7.16). The solid, dashed and
dotted lines denote the results obtained by Potential 1, Eq. (7.15) and Eq. (7.16), respectively.
The points with error bars are the experimental data.

state and the nuclear states push up repulsively the atomic state. Having confirmed the universality
of these potentials, we have found that Potential 1 which has a large imaginary part explains the
experimental data globally, but Potentials 2 and 3 can explain only limited kaonic atoms. Therefore,
we conclude that the origin of the repulsive shift in kaonic atoms does not come from level repulsion by
the nuclear bound state, and that the imaginary part of the optical potential plays a significant role in
the repulsive shift of kaonic atoms. This result implies that it would be somewhat difficult to observe
nuclear states in heavier nuclei because of large nuclear absorption. Since the large absorption effect
can be understood in connection with the resonance state, we hope that the kaon-nucleus interaction
in the medium and heavy nuclei can be discussed more quantitatively, along with the refinement of
our understanding of the K̄N and the Λ(1405) resonance counted with it.
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Chapter 8

Summary and Conclusion

In this dissertation, we have studied the SU(3) flavor symmetry and its breaking based on the hadron
phenomena in the low-energy QCD. The kaon is characterized as a source of strangeness and is also
a Nambu-Goldstone boson in the SU(3)L × SU(3)R chiral symmetry, and furthermore, as a hadron
reflecting the effect of explicit symmetry breaking by the mass of the strange quark. Therefore we
have focused on the hadron reactions induced by the kaon.

We have reviewed the symmetries of QCD, in particular flavor symmetry and chiral symmetry as
symmetries related to the kaon. The flavor symmetry is the symmetry that mixes the light quark
flavor and is justified by the fact that the masses of the light quark are less than the typical QCD
scale ΛQCD ∼ 1 GeV and can therefore be regarded as zero. The chiral symmetry is based on flavor
symmetry and states that flavor transformation can be performed left-handed and right-handed inde-
pendently. The chiral symmetry is dynamically broken and then the chiral condensate has a finite value
and is also explicitly broken due to the finite quark masses, resulting in the Gell-Mann–Oakes–Renner
relation. These symmetry breakings are associated with hadron phenomena. For example, the isospin
symmetry breaking yields a difference in the I = 1 nucleon-nucleon scattering lengths. From the
pionic atom which is the bound system between π− and the nucleus, the restoration of the broken
chiral symmetry is proved phenomenologically. Similar to these examples, we have studied the effects
of the symmetry breaking in hadron phenomena induced by the kaon.

For the study of the isospin symmetry breaking, we have focused on the difference between the
Λp and Λn in terms of the scattering length. The ΛN scattering is interesting to study the isospin
symmetry breaking in systems containing strangeness, but there is not much information on ΛN
scattering. The Λp scattering was studied via the pp → K+Λp, while the Λn scattering is not enough
understood. We have found that the K−d → π−Λp and K−d → π0Λn reactions with stopped kaon is
useful as a tool to investigate the difference between the low-energy Λp and Λn interactions in terms
of the scattering length. Since these reactions are isospin partners, their scattering amplitudes can
be constructed in a similar manner. Isospin symmetry breaking effects can be included in the more
basic amplitudes that construct the diagram. Using stopped kaons, the low-energy ΛN interaction is
dominated by the spin-triplet configuration. We have found that the ΛN invariant mass spectra both
for the Λp and Λn processes are sensitive to the ΛN scattering properties around the ΛN threshold,
EΛp < 30 MeV and that one may extract the scattering lengths and the effective ranges from these
spectra after restricting the angle between Λ and π in the final state in order to reduce the background
contributions. We have also found that the ratio of the invariant mass spectra for the K−d → π−Λp
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and K−d → π0Λn reactions works well to extract the qualitative tendency of the isospin symmetry
breaking effects between the low-energy Λp and Λn scatterings. Even if it is difficult to extract the
information on the ΛN scattering from the invariant mass spectrum itself, it may be possible to make
qualitative arguments such as whether the scattering length of Λn is larger or smaller than that of Λp
by studying the ratio of the reactions. Through this study, we were able to propose an experimental
approach to contribute to understanding the breaking of isospin symmetry in the ΛN system which
is not well understood by the reaction calculation of K−d → πΛN .

For the SU(3) flavor symmetry breaking, we have studied the chiral condensate with strange quark
components in nuclear matter without strangeness. For the phenomenological proof of the dynamical
breaking of chiral symmetry (DBχS), the partial restoration of the chiral symmetry in nuclear matter
is investigated. In particular, in the case of the flavor SU(2), the 30% decrease of the magnitude of
〈ūu+ d̄d〉 has already been confirmed in nuclear matter, then the chiral symmetry has been confirmed
to be partially restored in nuclear matter. For the systematic study of DBχS, we have studied 〈ūu+ s̄s〉
in nuclear matter. 〈ūu+ s̄s〉 contains strange quark components while the nuclear matter does not.
Therefore, unlike the in-medium 〈ūu+ d̄d〉, the in-medium 〈ūu+ s̄s〉 reflects the effect of the SU(3)
flavor symmetry breaking. We have derived the in-medium chiral condensate with strange components
based on the correlation function approach and the low-density theorem. As a result, we have obtained
the in-medium condensate that contains the kaon-nucleon scattering amplitude TKN in the soft limit
under the linear density approximation. We have utilized the SU(3) chiral perturbation theory in
order to calculate TKN . Taking the soft limit, we have rewritten the condensate in terms of the
low-energy constants (LECs) defined as the SU(3) chiral perturbation theory. We have obtained KN
amplitude TKN with the LECs of the SU(3) chiral perturbation theory using the experimental data
of the K+N elastic scatterings. In order to incorporate the flavor SU(3) breaking effect to the KN
scattering amplitude, we have employed some terms from the next-to-next-to-leading order of the
chiral Lagrangian which contains the strange quark mass. Moreover, we have included the resonance
state with the broad decay width to the I = 0 sector. The choice of the experimental data for
I = 0 total cross section and whether the resonance state exists have affected the determination of
the LECs in KN amplitude. In the current status, the LECs are not determined uniquely due to
the lack of experimental data at low energies, where the resonance state is not affected, therefore
the behavior of the in-medium chiral condensate with strange components is not yet well determined.
This study has concluded the need for KN scattering experiments at low energies to determine the
LECs while avoiding the effect of the broad resonance. We have also performed the calculations of
the chiral condensates in the hyperon matter and the SU(3) symmetric baryonic matter using the
same formulation as for the chiral condensate in the nuclear matter. We have studied the SU(3) flavor
symmetry breaking from 〈ūu + d̄d〉 in hyperon matter and the SU(3) symmetric baryonic matter.
Moreover, we have obtained the 25% restoration of the chiral symmetry in the case of SU(3) from
〈ūu+ d̄d+ s̄s〉 in the SU(3) symmetric baryonic matter with our fitted LECs. This result is consistent
with the case of the SU(2) condensate in nuclear matter. We have also calculated the wavefunction
renormalization factor which is related to the partial restoration of chiral symmetry using the obtained
KN amplitude with each FIT of the LECs. In our calculation, we have found that the wavefunction
renormalization factor for the in-medium kaon did not increase as much as that for the in-medium
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pion at normal nuclear density. We have emphasized that it is important to determine the LECs in
terms of the wavefunction renormalization. We have been able to conduct a theoretical study and
propose the necessary experiment of K+N scattering for a more systematic understanding of DBχS.

As well as the pion-nucleus interaction from the pionic atoms, the K−-nucleus interaction from
kaonic atoms can be a phenomenological tool to prove the dynamical breaking of chiral symmetry, but
at present, the K−-nucleus interaction is not as precisely understood as the pion-nucleus interaction.
We have focused on the connection between the attractive real part of the K−-nucleus optical potential
and the repulsive energy shift in the kaonic atom, and have aimed to understand the global nature of
the K−-nucleus interaction from this viewpoint. In the case of the pionic atoms, both the energy shifts
and the π−-nucleus strong interaction are repulsive, which is naturally understood. We have considered
two mechanisms of the repulsive energy shifts for the last orbits of the kaonic atoms from the pure
Coulomb spectrum. One candidate is the level repulsion between the atomic state and the nuclear
state of the K−- nucleus system. The other is the effect of the large imaginary part of the optical
potential. In order to identify the origin of the repulsive shifts in kaonic atoms, we have obtained
the optical potential parameters so as to reproduce the observed repulsive shift and absorption width
for each kaonic atom datum. As a result, parameters derived from the former candidate do not give
systematic experimental value reproduction, while parameters derived from the latter candidate give
systematic experimental reproducibility. Therefore, we conclude that the origin of the repulsive shift
in kaonic atoms does not come from level repulsion by the nuclear bound state, and that the imaginary
part of the optical potential plays a significant role in the repulsive shift of kaonic atoms. This result
implies that it would be somewhat difficult to observe nuclear states in heavier nuclei because of
large nuclear absorption. Since the large absorption effect can be understood in connection with the
resonance state, we hope that the K−-nucleus interaction in the medium and heavy nuclei can be
discussed more quantitatively, along with the refinement of our understanding of the K̄N and the
Λ(1405) resonance counted with it. Together with the study of K+-nucleus scattering, we hope that
experiments on the heavy kaonic atom will be conducted to understand the role of strangeness in the
nuclear medium. We hope that our study will be one of the starting points for such experiments.

In future studies, for the study of the isospin symmetry breaking in ΛN system, we will perform the
extension of our formulation to finite momentum for initial kaon and incorporate P -wave interaction
and the spin-flip configuration [168] to extract not only the information of the spin-triplet configuration
but also that of the spin-singlet. For the study of the in-medium 〈ūu+ s̄s〉, it is interesting to analyze
K+d → KNN scattering in order to extract the information on the I = 0 sector of KN amplitude
[169]. It is also important to make the in-medium chiral condensate more precise. It is interesting to
evaluate the effect of the nonlinear term and the effect of the S-wave Λ(1405) resonance on the chiral
condensate. And it would be very interesting if chiral condensate can be experimentally evaluated
from the study of the K+-nucleus system as well as the pion-nucleus system, and we look forward to
theoretical and experimental studies for this purpose. It is also interesting to determine the meson-
hyperon interactions from the experiments of the scattering to give a limitation for the SU(3) LECs,
complementary to the KN scattering. For future theoretical work on kaonic atoms, the study of the
optical potential of kaonic helium isotopes, 3He and 4He, is in progress [170]. The purpose of this
study is to extract the property of the optical potential from the experiment on kaonic helium isotopes,
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J-PARC E62 experiment [171], in which the author of this dissertation participated. It would be also
interesting to examine the connection between light kaonic atoms such as the kaonic helium and the
heavier kaonic atom we have dealt with in our study.

We conclude that investigating the phenomena with strangeness induced by the kaon is a very
effective way to understand flavor symmetry and its breaking phenomenologically. Experiments using
kaon beams are being conducted at J-PARC in Japan. Further cooperation between the experimental
study conducted at J-PARC and other accelerator facilities and theoretical study will continue to
advance the physics of the light quark sector. While the physics of the light quark sector is moving
toward a more precise understanding of SU(2) flavors, it is still a work in progress when even SU(3)
flavors are considered. We hope that this study has contributed to the completion of the physics of
light quark sectors.
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Appendix A

Convention

The metric in Minkowski space is defined by

gµν =


1

−1
−1

−1

. (A.1)

The inner product of four vectors xµ = (x0,x) and yµ = (y0,y) is

x · y = xy = xµyµ = x0y0 − x · y. (A.2)

We utilize Dirac matrices in Dirac–Pauli representation:

γ0 =
(
I2 0
0 −I2

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
0 I2
I2 0

)
. (A.3)

Dirac matrices satisfy

{γµ, γν} = 2gµνI4,
{
γµ, γ5} = 0, (γ5)2 = I4, (γµ)† = γ0γµγ0, (γ5)† = γ5. (A.4)

Dirac spinors are given by

u(p, s) =
√
E +M

(
χs

σ·p
E+Mχs

)
,

ū(p, s) =
√
E +M

(
χ†
s −χ†

s
σ·p
E+M

)
(A.5)

with the mass M , the four momentum pµ = (E,p), the energy E =
√
p2 +M2 and the spin indices

s. The Pauli spinor χs is defined by

χs=1 =
(

1
0

)
, χs=−1 =

(
0
1

)
(A.6)

with the orthonormal and completeness conditions:

χ†
sχs′ = δss′ ,

∑
s

χsχ
†
s =

(
1 0
0 1

)
. (A.7)

The Dirac spinor satisfies the Dirac equation:

(/p−M)u(p, s) = 0, ū(p, s)(/p−M) = 0 (A.8)
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The normalization of the Dirac spinor is

ū(p, s′)u(p, s) = (E +M)χ†
s

(
1 − (σ · p)(σ · p)

(E +M)2

)
χr

= 2Mδs′s, (A.9)
u†(p, s′)u(p, s) = 2Eδs′s. (A.10)

If we take the form of T -matrix as

T = ū(p′, s′)
[
A+ 1

2(/k + /k′)B
]
u(p, s), (A.11)

the T -matrix can be written using Eq. (A.5) as

T = ū(p′, s′)[A+ /kB]u(p, s)

= χ†
s′

[
(E +M)

(
A+Bω + k2

cmB(1 + cos θ)
E +M

− k2
cm cos θ

(E +M)2 (A−Bω)

+ iσ · n k2
cm sin θ

(
B − A−Bω

E +M

))]
χs

= χ†
s′

[
(E +M)(A+Bω) + k2

cmB + (E +M + ω)B −A

E +M
k2

cm cos θ

+ iσ · n (E +M + ω)B −A

E +M
k2

cm sin θ
]
χs (A.12)

where n = (k′ × k)/|k′ × k|. Here we use

ū(p′, s′)u(p, s) = (E +M)
(

1 − (σ · p′)(σ · p)
(E +M)2

)
δs′s = (E +M)

(
1 − p′ · p + iσ · (p′ × p)

(E +M)2

)
δs′s,

(A.13)

ū(p′, s′)γ0u(p, s) = (E +M)
(

1 + (σ · p′)(σ · p)
(E +M)2

)
δs′s = (E +M)

(
1 + p′ · p + iσ · (p′ × p)

(E +M)2

)
δs′s,

(A.14)

ū(p′, s′)γiu(p, s) = (E +M)
(
σ · p′σi

E +M
+ σiσ · p
E +M

)
δs′s =

(
pi

′
+ pi − ip′ × σ + ip × σ

)
δs′s. (A.15)

Then we have the form of the T -matrix as

T = χ†
s′ [f − i(σ · n̂)g]χs (A.16)

f = (E +M)(A+Bω) + k2
cmB + (E +M + ω)B −A

E +M
k2

cm cos θ (A.17)

g = −(E +M + ω)B −A

E +M
k2

cm sin θ. (A.18)

For the calculation of the cross section, we need to consider spin summation. We should take an
average over the degrees of freedom for the initial state and sum over the degrees of freedom for the
final state. If we take the form of T -matrix as T = χ†

s′T ′χs, then the differential cross section is
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calculated as

dσ
dΩ = 1

64π2s

1
2
∑
s′

∑
s

|T |2

= 1
64π2s

1
2
∑
s′

∑
s

|χ†
s′χs|2|T ′|2

= 1
64π2s

1
2
∑
s′

∑
s

|δs′s|2|T ′|2

= 1
64π2s

|T ′|2. (A.19)



129

Appendix B

Loop integral

For the calculation of theK−d scattering amplitude, we need to calculate the following loop integral:

I ≡ −
∫ d3q

(2π)3
1

q2 + µ2
1

(q + Q)2 +M2 (B.1)

where µ =
√
M2
K − q2

0 − iε. The integral can be calculated as

I = − 1
2π2

∫
dr rj0(Qr)e−Mr

∫
dq q2

q2 + µ2 j0(qr) (B.2)

where jn is the spherical Bessel function. For the integration with respect to q, we use∫
dq q2

q2 + µ2 j0(qr) = π

2
e−µr

r
. (B.3)

Then we have

I = − 1
2π2

∫
dr rj0(Qr)e−Mr π

2
e−µr

r

= − 1
4π

∫
dr j0(Qr)e−(M+µ)r

= i

8πQ ln
(
M + µ+ iQ

M + µ− iQ

)
. (B.4)

For µ2 = 0:

Re I = − i

4πQ arctan
(

Q

M + µ

)
, (B.5)

Im I = 0. (B.6)

For µ2 ≤ 0:

Re I = − i

8πQ

(
arctan

(
Q− |µ|
M

)
+ arctan

(
Q+ |µ|
M

))
, (B.7)

Im I = 1
16πQ ln

(
M2 + (Q2 − |µ|2)
M2 + (Q2 + |µ|2)

)
. (B.8)

This calculation used for Section 5.3.
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Appendix C

Legendre polynomials

We use Legendre polynomial P`(x) and its derivative P ′
`(x) to perform the partial wave decompo-

sition in Chapter 6. The first few Legendre polynomials we use are

P0(x) = 1 (C.1)
P1(x) = x (C.2)

P2(x) = 1
2
(
3x2 − 1

)
(C.3)

P3(x) = 1
2
(
5x3 − 3x

)
(C.4)

P4(x) = 1
8
(
35x4 − 30x2 + 3

)
(C.5)

P5(x) = 1
8
(
63x5 − 70x3 + 15x

)
. (C.6)

The orthonormal relations for the Legendre polynomial and its derivative are given by∫ 1

−1
P`(x)P`′(x) dx = 2

2`+ 1δ``
′ , (C.7)∫ 1

−1
(1 − x2)P ′

`(x)P ′
`′(x) dx = 2

2`+ 1`(`+ 1)δ``′ , (C.8)

respectively.
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Appendix D

Vertices of meson-baryon Lagrangian related
to the chiral condensate

For the meson-baryon amplitude TMB related to the chiral condensate, we need these vertices:

[iLp̄pπ0π0 ] = −4iB0m(2b0 + bD + bF )
F 2
π

(D.1a)

[iLn̄nπ0π0 ] = −4iB0m(2b0 + bD + bF )
F 2
π

(D.1b)

[iLΛ̄Λπ0π0 ] = −8iB0m(3b0 + bD)
3F 2

π

(D.1c)

[iLΣ̄+Σ+π0π0 ] = −8iB0m(b0 + bD)
F 2
π

(D.1d)

[iLΣ̄−Σ−π0π0 ] = −8iB0m(b0 + bD)
F 2
π

(D.1e)

[iLΣ̄0Σ0π0π0 ] = −8iB0m(b0 + bD)
F 2
π

(D.1f)

[iLΞ̄0Ξ0π0π0 ] = −4iB0m(2b0 + bD − bF )
F 2
π

(D.1g)

[iLΞ̄−Ξ−π0π0 ] = −4iB0m(2b0 + bD − bF )
F 2
π

(D.1h)
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[iLp̄pK+K− ] = −4iB0(m+ms)(b0 + bD)
F 2
K

(D.2a)

[iLn̄nK+K− ] = −2iB0(m+ms)(2b0 + bD − bF )
F 2
K

(D.2b)

[iLΛ̄ΛK+K− ] = −2iB0(m+ms)(6b0 + 5bD)
3F 2

K

(D.2c)

[iLΣ̄+Σ+K+K− ] = −2iB0(m+ms)(2b0 + bD + bF )
F 2
K

(D.2d)

[iLΣ̄−Σ−K+K− ] = −2iB0(m+ms)(2b0 + bD − bF )
F 2
K

(D.2e)

[iLΣ̄0Σ0K+K− ] = −2iB0(m+ms)(2b0 + bD)
F 2
K

(D.2f)

[iLΞ̄0Ξ0K+K− ] = −2iB0(m+ms)(2b0 + bD + bF )
F 2
K

(D.2g)

[iLΞ̄−Ξ−K+K− ] = −4iB0(m+ms)(b0 + bD)
F 2
K

(D.2h)

[iLp̄pK0K̄0 ] = −2iB0(m+ms)(2b0 + bD − bF )
F 2
K

(D.2i)

[iLn̄nK0K̄0 ] = −4iB0(m+ms)(b0 + bD)
F 2
K

(D.2j)

[iLΛ̄ΛK0K̄0 ] = −2iB0(m+ms)(6b0 + 5bD)
3F 2

K

(D.2k)

[iLΣ̄+Σ+K0K̄0 ] = −2iB0(m+ms)(2b0 + bD − bF )
F 2
K

(D.2l)

[iLΣ̄0Σ0K0K̄0 ] = −4iB0(m+ms)(b0 + bD)
F 2
K

(D.2m)

[iLΣ̄−Σ−K0K̄0 ] = −2iB0(m+ms)(2b0 + bD + bF )
F 2
K

(D.2n)

[iLΞ̄0Ξ0K0K̄0 ] = −4iB0(m+ms)(b0 + bD)
F 2
K

(D.2o)

[iLΞ̄−Ξ−K0K̄0 ] = −2iB0(m+ms)(2b0 + bD + bF )
F 2
K

(D.2p)
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Appendix E

Isospin configuration

The physical meson and baryon fields are specified in terms of the magnitude of isospin and the
third component of isospin and written as |Φ, U, I3〉 and |B,U, I3〉, respectively. Isospin conventions
for the hadrons with phase convention are given by∣∣π+〉 = − |Φ, 1, 1〉 ,

∣∣π0〉 = |Φ, 1, 0〉 ,
∣∣π−〉 = |Φ, 1,−1〉 , (E.1)∣∣K+〉 = |Φ, 1/2, 1/2〉 ,

∣∣K0〉 = |Φ, 1/2,−1/2〉 ,
∣∣K−〉 = − |Φ, 1/2,−1/2〉 ,

∣∣K̄〉 = |Φ, 1/2, 1/2〉 ,
(E.2)

|p〉 = |B, 1/2, 1/2〉 , |n〉 = |B, 1/2,−1/2〉 , (E.3)
|Λ〉 = |B, 0, 0〉 , (E.4)∣∣Σ+〉 = − |B, 1, 1〉 ,

∣∣Σ0〉 = |B, 1, 0〉 ,
∣∣Σ−〉 = − |B, 1,−1〉 (E.5)∣∣Ξ0〉 = |B, 1/2, 1/2〉 ,

∣∣Ξ−〉 = − |B, 1/2,−1/2〉 . (E.6)

The KN states are decomposed by the isospin basis:∣∣K+p
〉

= |KN, 1, 1〉 , (E.7)∣∣K+n
〉

= 1√
2

(|KN, 1, 0〉 + |KN, 0, 0〉), (E.8)∣∣K0p
〉

= 1√
2

(|KN, 1, 0〉 − |KN, 0, 0〉), (E.9)∣∣K0n
〉

= |KN, 1,−1〉 . (E.10)

Thus the T -matrix of the KN scattering are also decomposed by the T -matrix in isospin basis:

TK+p =
〈
K+p

∣∣T ∣∣K+p
〉

= 〈KN, 1, 1|T |KN, 1, 1〉 = T I=1, (E.11)

TK+n =
〈
K+n

∣∣T ∣∣K+n
〉

= 1√
2

(〈KN, 1, 0| + 〈KN, 0, 0|)T 1√
2

(|KN, 1, 0〉 + |KN, 0, 0〉) = 1
2(T I=1 + T I=0),

(E.12)

TK+n→K0p =
〈
K0p

∣∣T ∣∣K+n
〉

= 1√
2

(〈KN, 1, 0| − 〈KN, 0, 0|)T 1√
2

(|KN, 1, 0〉 + |KN, 0, 0〉) = 1
2(T I=1 − T I=0).

(E.13)
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Isospin averaged amplitudes of the kaon-baryon scattering:

T ave
KN = 3T I=1

KN + T I=0
KN

4 , (E.14a)

T ave
KΛ = T

I=1/2
KΛ (E.14b)

T ave
KΣ = 4T I=3/2

KΣ + 2T I=1/2
KΣ

6 , (E.14c)

T ave
KΞ = 3T I=1

KΞ + T I=0
KΞ

4 . (E.14d)

The kaon-SU(3) baryon amplitude:

T
SU(3) ave
KB = 1

8[2T ave
KN + T ave

KΛ + 3T ave
KΣ + 2T ave

KΞ]. (E.15)


