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ABSTRACT

Quadratically constrained quadratic program (QCQP) is a nonconvex optimization problem
which minimizes a quadratic function over quadratic inequality constraints. The QCQP has
a wide range of applications such as sensor network localization problems, and the max-cut
problems; however, its solution is an NP-hard problem in general. One of attractive method
to approximately solve QCQPs is by semidefinite programming (SDP) relaxation, whose op-
timal value gives a lower bound for the optimal value of the corresponding QCQP. The SDP
relaxation is called exact when their optimal values coincide. In this case, we can recover
the optimal solution of the QCQP from its SDP relaxation, and hence these conditions for
QCQPs are extensively studied. It is known that the SDP relaxation is exact if and only if
it has a rank-1 solution. Recently, based on the rank of solutions, exactness conditions for
QCQPs whose data matrices are all diagonal were proposed.

This thesis studies exactness conditions from the aspect of sparsity structures of QC-
QPs. Contributions of this thesis are roughly divided into three. The first contribution is
to provide two exactness conditions for QCQPs with two types of the aggregated sparsity
patterns: connected forest and connected bipartite. This result is obtained mainly from the
rank estimation in the dual problem of the SDP relaxation by using the rank-bound con-
ditions for sparse matrices. Second, the exactness conditions in the first contribution are
generalized by employing a perturbation technique to a QCQP. The connectivity condition
of the aggregated sparsity pattern is removed. Hence, the exactness conditions can be ap-
plied to QCQPs with disconnected forest or disconnected bipartite sparsity patterns. Third,
this thesis discusses special classes of QCQPs such as QCQPs with only one equality con-
straint, QCQPs with all nonnegative off-diagonal elements, and the generalized trust-region
subproblem. In particular, alternative proofs for the exactness of the latter two classes are

provided by developing two distinct conversion methods for QCQPs.
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NOTATION

Sets

R Real numbers

R" Real n-dimensional vectors

R™ Real m x n matrices

R, Nonnegative real numbers

R% Nonnegative orthant of dimension n

s Symmetric n x n matrices

St (5%,) Symmetric positive semidefinite (definite) n x n matrices
N Natural integers {1, 2, ..., n}

[m] Natural integers from 1 to m, i.e., {1, ..., m}

[n, m] Natural integers from n to m, i.e., {n, ..., m}

ACB Set A is a subset of or equal to set B

ACB Set A is a proper subset of set B

K* Dual cone of a cone K (see (2.1))

Operators

A Adjoint operator (W — V) of linearmap d : V - W

Assignment and inequalities
A:=B Ais defined by B
AxB A — B is positive semidefinite

A>B A — Bis positive definite

Xi
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Vectors

Matrices
M.

1

M]]

M,

MT

tr M
rank M
LI,
0,0,
A«B

[ Mmax

svec(M)

List of Tables

ith element of vector v

Transpose of vector v

n-dimensional zero vector (n is often omitted for simplicity)
n-dimensional one vector (n is often omitted for simplicity)
ith unit vector

Inner product of vectors u and v, i.e,, (u,v) = u'v
n 1/p
p-norm of vector v € R, ie, [v], = (Z |v,-|p)
i=1

Maximum norm of vector v € R, i.e,, |[v]|. = max |v;|
i=1,...,n

(i, j)th element of matrix M

Submatrix of matrix M, generated by removing rows and columns indexed
in I and J, respectively

Principal submatrix of matrix M, or equivalently, Mj;

Transpose of matrix M

Trace of matrix M

Rank of matrix M

n x n identity matrix

n X n zero matrix

Frobenius inner product of matrices A and B, i.e., A+ B = tr (ATB)

Maximum norm of matrix M € §", i.e., |M|pax = i ;gaxn | M|

Vectorization of matrix M € $" (see (2.6))



CHAPTER 1

INTRODUCTION

Convex optimization is an important class of mathematical optimization problems including
linear programming (LP), semidefinite programming (SDP), and conic linear programming
problems. Since many kinds of optimization problems in this class can be solved in polyno-
mial time by a variety of solving methods [16, 23, 31, 42, 59, 57], convex optimization problems
arise in many applications such as data fitting [39], portfolio optimization [40], and machine
learning. However, many practical problems are often formulated as nonconvex optimiza-
tion problems, and the analysis of their problem structure is still an important task.
Quadratically constrained quadratic programs (QCQPs) are nonconvex optimization prob-

lems which seek a minimization of a quadratic function over quadratic inequality constraints,

ie.,

*

v* = min xTQ%
(1.1)
st. xTQPx < by, p=1,....m,
where Q°, ..., Q™ is a family of n x n symmetric matrices, and b € R™. Even though it is well-
known that solving a general QCQP is NP-hard, the application range of QCQPs include op-
timal power flow problems [36, 62], pooling problems [33], sensor network localization prob-
lems [6, 32, 49], quadratic assignment problems [45, 61], and the max-cut problem [18]. Indeed,
the QCQP can be expressive as the polynomial optimization problems since any polynomial
optimization problem can be rewritten as a QCQP by introducing auxiliary variables.
Semidefinite programming (SDP) relaxation, one of convex relaxations, is an attractive
method to approximately solve QCQPs due to its tractability. The optimal values of a QCQP
and its SDP relaxation do not coincide in general since the SDP relaxation is constructed by
replacing the matrix xx* with X and dropping the rank-1 constraint in the QCQP. However,
it is known that under certain conditions their optimal values coincide. When all the matri-

ces Q°, ..., Q™ are positive semidefinite, the QCQP can be regarded as a convex optimization
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problem [15], which implies that these optimal values are equal. In this thesis, the SDP re-
laxation is called exact if it and the original QCQP has the same optimal value. Examining
such conditions helps to identify the gap between the QCQP and the convex optimization.

Hence, the main issue in this thesis is to reveal the following question.

Question: What conditions of QCQPs guarantee the exact SDP relaxation?

Recently, this question has drawn the attention of researchers, and many exactness condi-
tions have been identified [2, 3, 4, 10, 11, 24, 28, 37, 50, 53, 54). Yakubovich’s S-lemma [44, 58] (also
known as S-procedure) can be regarded as one of the most important results. The S-lemma
proves that the trust-region subproblem, a special class of QCQPs with only one constraint
(i.e, (1.1) with m = 1), always admits an exact SDP relaxation. The exactness for general
classes of the trust-region subproblems has been also studied. Wang and Xia [56] discussed a
class of QCQPs satisfying m = 2 and Q' = —Q? under some mild assumptions. In addition,
Jeyakumar [24] considered the extended trust-region subproblem whose constraints consist
of one ellipsoid and linear inequalities, and proposed the exactness condition that the alge-
braic multiplicity of the minimum eigenvalue of Q° is strictly greater than the dimension
of the space spanned by the coefficient vectors of the linear inequalities. This condition has

been generalized in [22, 38].

Some researches focus on structures of QCQPs and signs of its elements. Burer and
Ye [10] proposed an LP-based detecting method of the exactness for QCQPs where all the
matrices are diagonal, and demonstrated that it can detect the exactness for some general
QCQPs via a certain conversion. The sign-definite QCQP is defined as a QCQP where all the
oft-diagonal elements are either all nonnegative or all nonpositive element-wisely. QCQPs
with nonpositive off-diagonal data matrices, a special class of sign-definite QCQPs, were
shown to have an exact SDP and SOCP relaxation by Kim and Kojima [32]. Sojoudi and
Lavaei generalized this result to whole sign-definite QCQPs, and they provide a sufficient

condition which uses problem structures characterized by the aggregated sparsity pattern.
Stronger conditions also have been studied. Wang and Kilin¢-Karzan [54] proposed suf-

ficient conditions for the convex hull exactness, i.e., the coincidence of the convex hull of

the epigraph of a QCQP and the projected epigraph of its SDP relaxation. In this context,



the polyhedral property of the feasible region of the dual SDP relaxation was assumed; how-
ever, in [53], they eliminated this assumption and improved their conditions. Argue et al. [2]
employed the rank-one generated (ROG) cone property for the convex hull exactness. They
proposed sufficient conditions for the feasible set of the SDP relaxation to be a ROG cone,
and connected the ROG cone with both the objective value and the exactness of the convex
hull.

This thesis focuses on the sparsity structures of QCQPs, and we propose new exactness
conditions for QCQPs. In addition, we characterize subclasses of QCQPs such that the SDP

relaxation is exact.

Outline and Contributions

We here provide an outline of this thesis. Chapters 3 to 5 correspond to our contributions.
Chapter 2: Strong duality of the SDP relaxation and the aggregated sparsity pattern for
QCAQP play important role in this thesis. Chapter 2 first presents an overview of the conic
linear programming, a general class of the semidefinite programming (SDP), focusing on
the duality theory. Then, we introduce quadratically constrained quadratic programming
(QCQP) and its homogeneous form (1.1). Throughout this thesis, we are interested in the
relationship between a QCQP and its semidefinite programming relaxation which has the

following inequality between the two objective values:

QP e X<b,, p=1,...m
X>0

v* > min{Q’« X (1.2)
Subsequently, this chapter introduces the aggregated sparsity pattern of QCQP after the
preparation of basic terms in graph theory. This pattern allows us to represent the sparse
structure in a QCQP as a undirected graph. Finally, we summarize existing exactness con-
ditions [10, 24, 28, 50, 53, 54], i.e., sufficient conditions in which an equality holds in (1.2).
Chapter 3: This chapter provides two exactness conditions for QCQPs with two types
of the aggregated sparsity pattern: connected forest and connected bipartite. We first present

three conditions for the rank-bound of sparse matrices, and prove the positive semidefinite-
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ness of the matrix which is obtained by replacing some off-diagonal elements of a sparse
positive semidefinite matrix with zeros. The existence of a rank-1 solution, i.e., the exact-
ness, of the SDP relaxation can be ensured by the rank estimation of optimal solutions for
its dual problem under the strong duality. Since the sparsity pattern of dual feasible points is
the same as the aggregated sparsity pattern, the rank-bound conditions for sparse matrices
can be used for this rank estimation in the dual side. As a result, we obtain two exactness

conditions which require checking the infeasibility of systems with

(a) a positive semidefinite constraint, m linear inequality constraints, and one additional

linear equality for the forest aggregated sparsity pattern, or

(b) a positive semidefinite constraint, m linear inequality constraints, and one additional

linear inequality for the bipartite aggregated sparsity pattern.

Chapter 4: In this chapter, the exactness conditions in Chapter 3 are generalized by
exploiting perturbed problems of a QCQP. We first introduce e-perturbed QCQP, a main

tool for the generalization, of the form:
v* > min {xT(Q0 +eP)x | x'QPx <b,, p=1, ...,m}, (1.3)

where ¢P € §" is a perturbation by a negative semidefinite matrix. We then prove that if
this problem has the exact SDP relaxation for any ¢ > 0, the original QCQP also admits
it under each assumption of the exactness conditions in Chapter 3. When these conditions
are partially satisfied, the existence of such a matrix P is always guaranteed in QCQPs with
disconnected aggregated sparsity pattern. Therefore, the connectivity condition of the ag-
gregated sparsity pattern is dropped from the exactness conditions in Chapter 3.

Chapter 5: This chapter discusses special classes of QCQPs such as QCQPs with only
one equality constraint, QCQPs with all nonnegative off-diagonal elements, and the gener-
alized trust-region subproblems. For the first class, this chapter provides a simple exactness
condition which requires checking the positive semidefiniteness of matrices instead of the
infeasibility of systems. To examine the exactness for QCQPs without bipartite or forest

sparsity structures, we develop conversion methods into QCQPs with tractable aggregated



sparsity pattern. One of them decomposes matrices in a general QCQP to that with a bipar-
tite sparsity pattern by using a new variable z := —x (see Section 5.3.2). These conversions
enable us to prove that our exactness conditions cover several existing results [28, 50] based
on the sparsity structures and the element-wise signs of QCQPs. The other is based on the
simultaneous tridiagonalization [48]. Using it with a proper parameter y, we present an alter-
native proof for the exactness of the generalized trust-region subproblem since any problem

can be transformed into another QCQP satisfying our exactness conditions.

The work in this thesis are based on the following publications.

« G. Azuma, M. Fukuda, S. Kim, and M. Yamashita. Exact SDP relaxations of quadrat-
ically constrained quadratic programs with forest structures. Journal of Global Opti-
mization, 82(2):243-262, 2022.

DOI: 10.1007/s10898-021-01071-6

+ G. Azuma, M. Fukuda, S. Kim, and M. Yamashita. Exact SDP relaxations for quadratic
programs with bipartite graph structures. Journal of Global Optimization, 2022.

DOI: 10.1007/s10898-022-01268-3

The first publication discusses QCQPs whose aggregated sparsity pattern is a forest, and its
main results are described in Sections 3.3 and 4.3 of this thesis. Additionally, the second pub-
lication generalizes these results to QCQPs whose aggregated sparsity pattern is a bipartite,

and obtains the results in Sections 3.4 and 4.4.
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CHAPTER 2

PRELIMINARIES

2.1 Convex Cone

Let E be a finite dimensional vector space in which the inner products (-, -) are well-defined.

This section summarizes definitions of a convex set and a cone in E.

Convex Set

A set C C E is called convex if, for any two point x,y € C, and any scalar ¢ € [0, 1], the
following inclusion holds:

ax+ (1 —-a)yeC.

Roughly speaking, since the set {ocx +(1-a)ylace]l0,1] } is a line segment between fixed
points x, y € C, the line segment between any two points in a convex set C lies in C. The

empty set @, a singleton {x}, a line segment, and the whole space E are convex sets.

Cone

A set K C E is cone if the inclusion ax € K holds for any x € K and any scalar ¢ > 0. In
addition, a cone K is called a convex cone if K is also convex. The set of symmetric positive
semidefinite nxn matrices, called the positive semidefinite cone, is an important convex cone
on the space §".

Dual cone of a cone K is the set
K*:{y€E|(x,y>20 VxEK}. (2.1)

Even when a given set K is not convex, the dual cone K™ must be a convex cone. An inter-
esting property of the dual cone is that K C (K*)* holds. In particular, if K is closed convex,
then K = (K*)*.
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2.2 Conic Linear Programming

Conic linear programming is well-known as an extension of linear programming where the
variable is chosen from a closed convex cone instead of the vector space R". It includes
many noteworthy convex optimization problems such as semidefinite programming prob-
lems, second-order cone programming problems. In this section, the formulation of the
conic linear programming and the several optimization problem are presented.

Let E, and E, be finite dimensional vector spaces in which the inner products (-, -) are
well-defined. Let J, and J; be closed convex cones of E, and Ey, respectively. For a given
beE,;c € E,, and a linear map of : E, — Eg the general form of the conic linear

programming and its dual are as follows:

6, = inf (c,u) (22
st. ue], du—>be ],
6; = sup (b,v) (3

st. ve]Jy, c—Qﬂ*vEJI;,

where A* denotes the adjoint of of, and JII*J and J; are the dual cones of J, and Jj, respec-
tively. Note that we use here infimum/supremum instead of minimize/maximize since the
optimal value of problems may not be attained. Throughout this thesis, we will use mini-

mize/maximize if we implicitly assume that the optimal value can be attained.

2.2.1 Semidefinite Programming

Semidefinite programming (SDP) is an important class of convex optimization problems
where the objective function and constraints are linear and the domain of variables is a pos-
itive semidefinite cone. More precisely, the inequality form of SDP is to find a symmetric
matrix X of the following optimization problem:

min Q%+ X

(2.4)
st. Xe§, QP «X—-b,<0, p=1,....m
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where Q°,...,0? € $" and b, € R for p = 1,...,m are problem data. Since the equality

constraint Qf « X — b, = 0 can be divided into two inequality constraints
QP e X ~b,<0 and -QF«X+b,<0 (2.5)

in a similar way to the linear programming, the form (2.4) covers the equality form of SDPs.
The SDP (2.4) is a special case of the conic linear programming. To confirm this, we take
J, = 8} and J; = —R". Then, by the definition of the dual cone, J, and J; are self-dual, i.e.,
J;, = §% and J; = —R". For a symmetric matrix X € §", we define the vectorization of X as
follows:
Xll
\/§X21

\/§an
X
svec(X) := 2| e RiD/2, (2.6)

V2Xs,

\/EXnZ

Xnn

Using u := svec(X) and q? := svec(Q?), we have
QF « X = svec(Q”)" svec(X) = (q”,u) forallp=0,..,m.

Taking
(q',w)

(q",u)

a SDP (2.4) can be formulated by a conic linear programming (2.2).
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2.2.2 Strong Duality

On convex optimization problems, the duality of the primal and the dual problems plays an
important role to analyze their behaviour. In this subsection, we briefly explain the weak and
strong duality of the conic linear programming, and we introduce the recent results which
propose the sufficient conditions of the strong duality for the conic linear programming.
Let F, and F; be feasible regions of (2.2) and (2.3), respectively. The weak duality holds

between (2.2) and (2.3).
Proposition 2.1. Suppose that both F, and F, are nonempty. Then,
(c,u) >(b,v) foralluec%F,andv € F,.
Proof. Lets € JI; such that s = ¢ — of*v. Then,
(c,u) —(b,v) = (s,u) + (d"v,u) — (b,v)
={(s,u) + (du — b,v) > 0.
The last inequality follows from s € J;, u € J,, du —b € J;, and v € J,. L]

In [30], the authors have proposed new conditions for the strong duality of the primal-

dual pair of (2.2) and (2.3).

Proposition 2.2. (Corollary 4.3 [30]) If the set of optimal solutions (or feasible region) of primal
cone linear programming (2.2) or its dual form (2.3) is nonempty and bounded. then —oo < 0, =

0y < oo.

2.3 Quadratically Constrained Quadratic Programs

Quadratically constrained quadratic program (QCQP) is a nonlinear optimization problem
where the objective function and all the constraints are quadratic. More precisely, it is a
minimization problem of the form

min xTQ% + 2(q°)Tx

. (2.7)
st xTQPx +2(q”) x < by, p=1,..,m.
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where x € R" is a variable vector, and (Q?,q”) € §" xR" for p = 0,...,mand b € R™ are
problem data. In this formulation, the constant b, € R in the objective function is omitted
because it does not affect the optimal solutions. When all the matrices Q°, ..., Q™ are positive
semidefinite, (2.7) can be transformed to a variety of convex optimization problems, e.g., a
SDP, which implies that it can be solved in polynomial time. However, solving a general
QCQP is known to be a NP-hard problem in general, and many relaxation techniques for
the QCQP has been studied. In Section 2.3.1, the semidefinite programming relaxation, one
of relaxation technique, will be introduced.

The formulation (2.7) has linear terms 2(q°)Tx and 2(q” ) x; however, such a formulation

can be transformed into the homogeneous form with no linear terms:

min xTQ%

(2.8)
st. x'QPx<b, p=1,..m
Indeed, since for any p =0, ..., m,
B T
1 o (g)'||1
QP x +2(q") ' x = T,
x| | QF ||x
the problem (2.7) is equivalent to the following QCQPs
- T T
|10 (@ |1
min
x| |° Q° ||x
- T . (2.9)
1l o (D1
s.t. 1 <b,, p=1,...m,
x| |¢7 QF ||x

and linear terms are vanished. The variable of (2.9) is X := [x,; x| with the linear constraint
xo = 1. To avoid this linear constraint, two quadratic constraints x> < 1 and —xZ < —1 are

usually employed, as follows:

min x7' 0 (qO)T X

q¢ o

— 0 Pyt (2.10)
s.t. xT (@) x<b,, p=1,..,m,

q QF

xTEpx <1, —x'Ejx<-1.
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An optimal solution of (2.10) may not seem to satisfy the constraints of (2.9), since xZ < 1
and —x; < —1 allow that x, = —1. However, we can recover a solution of (2.9) as x;'%
even if xo = —1. Putting appropriate (n + 1) x (n + 1) matrices, (2.10) can be regarded as the
homogeneous QCQP (2.8). Since the homogeneous QCQP is a simpler form than the original

(2.7), we often use the homogeneous form in this thesis.

2.3.1 Semidefinite Programming Relaxation

Semidefinite programming relaxation (SDP relaxation) [18] is an attractive technique for solv-
ing QCQPs approximately, generating an SDP that provides a lower bound on the optimal
value of the original QCQP. As described in Section 2.2, since the conic linear program-
ming including the SDP can be solved in polynomial time by the primal-dual interior-point
method, the SDP relaxation allows us to obtain lower bounds in polynomial time, In this
subsection, we first explain a method to relax the QCQP to the corresponding SDP.

All the quadratic terms x*Q”x in (2.7) can be expressed as Q7 » (xxT) where « denotes

the Frobenius inner product. Introducing a matrix variable X = xx7, (2.7) is equivalent to

min Q%+ X +2(q°) x
st. QF « X + 2(qP)Tx <b,, p=1,.,m,

X = xxT.

Then, relaxing the equality constraint X = xx7 to positive semidefinite constraint X > xxT,

we obtain the SDP relaxation of (2.7):

min Q%+ X +2(q°) x
st. QP+ X +2(¢")'x<b,, p=1,..,m, (2.11)

X > xxT.

To show that (2.11) is a SDP, we continue the transformation. By the Schur complement [60],
the last constraint in (2.11) is represented by

1 xT
>0

x X
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Since for any p,

T
0 (g* 1 x!
QP-X+2(qP)Tx: (q) Y, Y := ,
q QF x
the following formulation is obtained:
[ T
0 0
min <q ) Y
¢ Q
s.t. Y >0,
[ T
0 P
(") Y -b,<0, p=1,.,m,
q" QF

(ele?)'Y—ng —(616?)'Y+1SO.

The last two inequalities are introduced to fix the (1, 1)-st element of Y as 1. Comparing with
(2.4), we conclude that the above formulation is a SDP with m + 2 linear constraints and an
(n+ 1) x (n + 1) matrix variable Y.

Let vcop denote the optimal value of (2.7), vipp that of (2.11). For an optimal solution x*

of (2.7) attaining vacQP, since
QF {x*(x*)T} +2(g") x" = (x)TQPx" + 2(q") x* < by, p=1,..,m,
the n x n matrix x*(x*)" is a feasible point of (2.11). An observation on the objective function
Dheor = () Q"% +2(¢") x" = Q"+ {x*(x")" } + 2(¢") ' x",

implies that (2.11) attains vgcqp. Therefore, vipp < vGcqp follows. In general, the equality be-

tween them does not hold. The difference of them (vcqp — v3pp) is often called the relaxation

&ap-

2.4 Aggregated Sparsity Pattern

Aggregated sparsity pattern (or aggregate sparsity pattern) is originally used to describe the

sparsity structure of SDPs. Using this sparsity pattern, it is possible to structurally express
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whether the (i, j)th element of the matrix variable X appears in a SDP (2.4). Exploiting the
aggregated sparsity pattern to decompose a SDP to smaller SDPs has been a popular sub-
ject [16, 31]. Recently, several researches incorporate the aggregated sparsity pattern in other
optimization problems, e.g., the second-order cone programming [47] and the polynomial
optimization problem [29].

In this section, to describe the aggregated sparsity pattern, we first introduce basic ter-
minologies and concepts in the graph theory. Then, we will define the aggregated sparsity

pattern for the SDP, and illustrate an aggregated sparsity pattern of a simple instance of SDP.

2.4.1 Basic of Graph Theory

A graph G is a pair consisting of a vertex set 7" and an edge set € C 7 x 7/, denoted by
G(V',6) [46]). Each edge e € E is represented by a pair (u,v) of two distinct vertices u € V'
and v € V. A given graph is called an undirected graph if all edges do not have a direction.
On the undirected graph, the edges (u,v) and (v, u) coincide, and (u,v) € € if and only if
(v,u) € €. In this thesis, we only think undirected graphs, and hence we simply refer to an
undirected graph as a graph.

An walk W is a nonempty sequence W = (vy, e, s, ..., €51, V) Where vertices and edges
in G are alternately listed and for any i = 1,..., f — 1, the edge (v;, v;11) exists in €. Since the
edge e; can be uniquely determined from vertices, the walk is often represented by the vertex
sequence W = (vy, v, ..., vf). The start and end vertices of W denote v; and vy, respectively.

A path is an walk in which the each vertex appears in W only once except the end vertex,
that is, the path W does not pass each vertices twice. In particular, when the start and end
vertices coincide (v; = vy), it is called a cycle in G. The path and cycle are important concepts
in the graph theory. We next introduce graph properties defined by them.

A connected graph is a graph G where there exists a path between any pair of two vertices
in G. Otherwise, the graph G is called a disconnected graph. A maximal connected subgraph
G'(V’,€") where U’ C VU and €’ C € is called a connected component of a graph G(7/, €).
The number of connected components is uniquely determined for a given graph G. The

connected graphs have only one connected component, and the disconnected graph must
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have two or more connected components.

A tree is a connected graph which has no cycles. For example, a path which has different
start and end vertices is always a tree. When a tree T has n vertices, it must have n — 1 edges.
A path between any pair of two vertices in a tree T is unique, a well property. The union of
one or more trees are called a forest. Since a tree is always a forest, the forest is a wider class
than the tree.

A bipartite graph is a graph which has no cycles of odd length. In other words, a bipartite
graph can contain only even length cycles. Since the forest cannot contain cycles of any
length, the bipartite graph is more general than forest.

A cycle basis of a graph G is a minimal set of cycles in G where every cycle in G can be

expressed as a symmetric difference of one or more cycles in the cycle basis.

2.4.2 Sparsity Pattern of Matrix

The sparsity pattern of a given symmetric matrix M € §" can be represented by its nonzero

elements as follows:
Eum = {(i,j)e[n]x[n”Mij;tO}. (2.12)

By definition, if (i, j) € €, then the (i, j)th element of M must be zero. Since M is symmetric,
(i, j) € 6y if and only if (j,i) € Ey. A small number |€,,;| implies that M has many zero
elements, thus M is close to the zero matrix.

To visualize the sparsity pattern 6, the graph G ([n], %M) is often used where
Gv =Gy \{(w,u)|u € [n]}.

We call symmetric matrices as forest-structured matrices if the graphs of their sparsity pat-

terns are forests.

2.4.3 Aggregated Sparsity Pattern of SDPs and QCQPs

For the SDP of the form (2.4), its aggregated sparsity pattern is the graph G(7, €) where the

vertex set 7V is [n], and the edge set € contains all the off-diagonal indices at which Q7 takes
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nonzero for some p € [0, m]. More precisely,
€ = {(i,j) EV XV ‘i + janng # 0 for some p € [O,m]}. (2.13)

Similarly, the aggregated sparsity pattern of the QCQP (2.8) is defined as that of its SDP
relaxation. The graph G is also called an aggregated sparsity pattern graph. If € corresponds
to an adjacency matrix Q of n vertices, then Q is called the aggregated sparsity pattern matrix.

The aggregated sparsity pattern can also be defined by the sparsity patterns of Q°, ..., Q™.

By definition, € is a union of their sparsity patterns:
% = %QO U U%Qm

We next discuss the following example of a SDP.

Example 2.3.
min Q%+ X
(2.14)
st. Q'eX <10, Q*+X <10, Q*+X <5,
where
0 -2 0 2 - 5 2 0 1
o -2 0 -1 0 ) 2 -1 3 0
@ 0 -1 5 1 0" 0 3 3 -1 ’
2 0 1 —4_ _1 0 -1 4
-1 1 0 0 — 4 -1 0 O
) 1 4 -1 0 3 -1 -2 1 0
¢ 0 -1 6 1 0" 0 1 -2 4
0o o0 1 =2 i 0O 0 4 2

The aggregated sparsity pattern of this example is

€ =1{(1,2),(1,4),(2,3),(3,4)}.

Since (1, 3)th and (2, 4)th elements are zeros in all of Q°, Q', Q% Q°, the indices (1,3) and

(2,4) are not contained in €. On the other hand, for any other index (i, j) with i # j, at

0 1 2

least one of Q; Qi Qs f] is nonzero, i.e., there exist the other edges. For example, for the
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Figure 2.1: The aggregated sparsity pattern graph and matrix of Example 2.3. The sign *

denotes an arbitrary nonzero value.

index (i, j) = (1, 4), we have (Q?,, 01,, 0%, 03,) = (2,1,0,0), and hence the first two nonzero
elements cause the edge between 1 and 4. Figure 2.1 illustrates the aggregated sparsity pat-
tern graph G({1, 2, 3, 4}, €), and the corresponding aggregated sparsity pattern matrix Q. As
shown in the figure, G has only one cycle with 4 vertices. It is the simplest example of con-

nected bipartite graphs with cycles.

2.5 Exactness of SDP Relaxation of QCQPs

We give the precise definition of the exactness of the SDP relaxation for QCQPs.

Definition 2.4. For the QCQP (2.7), its SDP relaxation is called exact if the optimal values of
the QCQP (2.7) and the SDP relaxation (2.11) are equal and attained. In addition, when the SDP

relaxation is exact, we say that QCQP has the exact SDP relaxation.

The rank of an optimal solution of the SDP relaxation plays an important role when the
exactness is discussed. Indeed, the following proposition is well-known to be a sufficient

condition of the exactness:

Proposition 2.5. If there exists an optimal solution (x*, X*) of SDP relaxation (2.11) such that
the matrix
1 (x)T
x* X"

is of rank-1, the original QCQP (2.7) has the exact SDP relaxation.
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Proof. Let (x*, X™) be an optimal solution of SDP relaxation (2.11). Since the above matrix is

of rank-1, the equality X* = x*(x*)" holds. Hence, we have
OF « X* + 2(q”)Tx* = (x")"'0Px* + Z(qp)Tx* for any p € [0,m],

which implies x* is a feasible point for (2.7). It is concluded that the optimal value of (2.7) is

less than or equal to that of (2.11). O

Thus, from a practical point of view, the exactness of the SDP relaxation can be determined
by solving it by an SDP solver and checking the rank of an obtained solution.

A different approach on the exactness of the SDP relaxation for QCQPs is to study the
convex hull exactness, i.e., the coincidence of the convex hull of the epigraph of a QCQP and
the projected epigraph of its SDP relaxation [2, 34, 52, 53, 54]. By definition, the convex hull
exactness is stronger than the exactness in Definition 2.4, and hence the exact SDP relax-
ation exists whenever the convex hull exactness holds. In this thesis, when we simply say the
exactness, it is based on Definition 2.4, not the convex hull exactness.

The rest of this section consists of (i) the summary of known classes in which the SDP

relaxation is exact, and (ii) the introduction of known exactness conditions for QCQPs.

2.5.1 Generalized Trust-region Subproblem

The trust-region subproblem is an auxiliary problem in the trust-region method [12], and to

minimize a quadratic function over the full-dimensional ellipsoid:

min xTQ% + 2(q°)Tx
st. xTQPx + 2(g?)" x < by, @15
where Q% Q! € $", ¢°, q* € R", and b; € R. Since x is within the full-dimensional ellipsoid,
we can assume without loss of generality that Q' > O and b; > 0. It is known that the SDP re-
laxation of the trust-region subproblem always has an optimal solution of rank-1[44)]. Hence,
it is exact by Proposition 2.5. Since the SDP is solvable in polynomial time as mentioned in
Section 2.2.1, so is the trust-region subproblem regardless of the positive semidefiniteness of

Q°. Recently, finding an approximate solution of the trust-region subproblem in linear time

has been a popular subject [20, 21, 55].
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Generalized trust-region subproblem (GTRS) is a generalized class of the trust-region
subproblem, where the constraint is not limited to the full-dimensional ellipsoid. Thus, Q' ¥*
O and b; # 0 are allowed in (2.15). As the same as the trust-region subproblem, Yakubovich’s
S-lemma [44, 58] (also known as S-procedure) proves that the GTRS also always admits an
exact SDP relaxation [51]. In addition, a linear-time algorithm for the GTRS was already

proposed [25].

2.5.2 Conditions using Diagonal QCQPs

In this subsection, we briefly present a method in Burer and Ye [10] to determine the upper
bound of the minimum rank in all the optimal solutions of the SDP relaxation for a class
of QCQPs. This method is based on the n systems of linear inequalities constructed by the
data of a given QCQP, and by counting the number of feasible systems among them, the de-
sired maximum rank can be estimated. By Proposition 2.5, the special case of this estimation
derives the exactness conditions for SDP relaxation of the QCQP.

The following assumptions of QCQPs (2.7) are used in [10].

Assumption 2.6.

(a) There exists a feasible point for (2.7).
(b) There exists y > 0 satisfying 3, y,QF > O.
p=1

(c) There exists an interior feasible points for (2.11).

In addition, data matrices Q°, ..., Q™ are assumed to be diagonal. QCQPs satisfying this di-
agonal assumption are called diagonal QCQPs.
Let r* be the smallest rank in all the optimal solutions
x* X
of the SDP relaxation (2.11) of a QCQP. The value of r* can measure the tractability of the

SDP relaxation. For example, r* = 1 implies that at least one optimal solution of the SDP

relaxation (2.11) is of rank-1, and so (2.11) is exact by Proposition 2.5. In addition, the low-rank
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factorization method [9] may help to solve the SDP relaxation of a QCQP when r* is small.
Several upper bounds of r* have been reported [5, 13, 35, 43].

We define the feasibility number f of a diagonal QCQP. The number f is nonnegative,
and counts the number of £ € [n] such that the following system has no solutions:

y20, Q"+ % y,0” >0,
p=1
(2.16)

tr

q°+ ) ypq"] =0
p=1

14

Since all the matrices Q°, ..., O™ are diagonal, the second inequality of (2.16) can be rewritten

as linear inequalities

>0 forallje€[n].

Jjj

Q"+ ) y,07

p=1

The last two equalities are also linear, thus (2.16) is a system of linear inequalities. Therefore,
by Farkas’ lemma [8, Section 5.8.3], (2.16) has no solutions if and only if the following linear
system has a feasible solution:
Q% X +q)x, = —1,
QP e X +qfx, <0, p=1,..,m,
(2.17)
X;; >0, jel[n]\{4
XeS§", x€eR.
The variable X is a matrix; however, only its diagonal elements appears in (2.17) due to the
diagonal QCQP. Hence, the number of variables in (2.17) is just n + 1. Using the transformed

system, the feasibility number f also can be expressed as
f= |{f € [n]|(z17) has a solution}| )
Recently, Burer and Ye [10] proposed an upper bound of r* using f.

Theorem 2.7. [10, Theorem 1] Assume that Assumption 2.6 holds. Let (x*, X*) be a pair of an

optimal solution of the SDP relaxation (2.11) of a given QCQP (2.7). Then,

1 < rank <n—-f+1
x* X"

In addition, r* <n— f + 1.
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In particular, if n — f + 1 = 1 (or equivalently, f = n), then the matrix

1 (X*)T

x* X

in the above inequality must be of rank-1, since the left-hand side and the right-hand side
bound its rank by 1. By Proposition 2.5, we can conclude that the SDP relaxation is always

exact as below.

Corollary 2.8. Assume that Assumption 2.6 holds. If the system (2.17) has a feasible solution for

any £ € [n], then the SDP relaxation (2.11) of a given QCQP (2.7) is exact.

2.5.3 Conditions under Sign-definite Property

A sign-definite set S C R is a finite set of real numbers whose members are either all nonneg-
ative or all nonpositive values, i.e., ab > 0 for any a,b € S. For example, the set {0, 100, 0, 2}
is sign-definite while sets {0, 100, 0, —2} and {—1, 1} are not sign-definite.

For the discussion on QCQPs with sign-definiteness, we employ the following notation
from [50]. Let € be the aggregated sparsity pattern of a QCQP. For each edge (i, j) € €, the

edge sign o;; is defined as

+1if Q... Q >0,
o =31 -1 ifQp),..,Q <0, (2.18)

0 otherwise.

S

Note that since the sign o;; corresponds to an edge (i, j) € €, at most one of cases holds in
the above definition. Obviously, o;; € {—1, +1} if and only if {Qioj, s QZ’} is sign-definite. A

QCQP is called a sign-definite QCQP if o;; # 0 for all (i, j) € €.

Sojoudi and Lavaei [50] proposed the following condition for sign-definite QCQPs.

Theorem 2.9 ([so, Theorem 2]). The SDP relaxation of (2.8) are exact if both of the following
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hold:

oij # 0, v(i, j) €6, (2.19)

H oij = (—1)%", vref{l,...,k}, (2.20)

(1.8,

where the set of cycles 6, ...,6, C € denotes a cycle basis for G.

As mentioned above, (2.19) implies that a given QCQP (2.8) is a sign-definite QCQP. For sev-
eral graph families of the aggregated sparsity pattern graph G, they also presented the fol-

lowing corollary:

Corollary 2.10 ([so, Corollary 1]). The SDP relaxation and the SOCP relaxation of (2.8) are
exact if one of the following holds:

(@) G is forest with o;; € {—1,1} for all (i, j) € 6,
(b) G is bipartite with o;; = 1 for all (i, j) € 6,

(c) G is arbitrary with o;; = —1 for all (i, j) € 6.



CHAPTER 3

EXACTNESS CONDITION UNDER
CONNECTED CASES

3.1 Introduction
Throughout this chapter, we consider the homogeneous version of QCQPs:

min xTQ%
3.1)
st. xTQPx < b,, p=1,....m,

and we assume that the aggregated sparsity pattern graph G := G(7/, €) of a given homoge-
neous QCQP is connected. The disconnected graph G will be dealt with in the next chapter.

For the homogeneous QCQP, the SDP relaxation and its dual problem can be expressed as

min Q%+ X
st. QP+ X <b,, p=1,..,m, (3.2)
X >0,

max —b'y
st. Q"+ y,0P =0, y=>0.
p=1

To make the discussion easier, we define a matrix-valued function S(y) as
S(») :=Q"+ ), %,Q".
p=1
then the feasible region of (3.3) is represented by S(y) > O and y > 0.
In this chapter, we present sufficient conditions for the SDP relaxation to be exact under
two certain graph classes of G. The first result is for a forest graph G and it is provided as

Theorem 3.7 in Section 3.3. As well as Theorem 2.7, this result is based on the upper bound

23
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of the maximum rank of SDP solutions. To detect the exactness of a given QCQP, we only
need to check the infeasibility of n systems. We next expand a class of QCQPs with forests
to that with bipartite at Theorem 3.10 in Section 3.4. Even though these theorems require the
connectivity of G, they are extended to the ones for the disconnected aggregated sparsity in
Chapter 4.

At the end of this chapter, Section 3.5 and Section 3.6, we compare Theorem 3.7 for the for-
est graphs, Theorem 3.10 for the bipartite graphs, and existing results shown in Theorem 2.9
and Theorem 2.7, using two examples. For these examples, we will check the feasibility sys-

tems in analytical and computational aspects.

3.2 Properties of Matrix Classes

3.2.1 Tridiagonal Matrix

A tridiagonal matrix is a matrix M € R™" where the element M;; is zero for any i, j € [n]

such that |i — j| > 2, i.e,,

0 *« =
* 0
E O
0 v 0w K]

is a tridiagonal matrix even if elements represented by * take nonzero values. In this sub-
section, we introduce two properties for tridiagonal matrices: (i) a sufficient condition for a
tridiagonal M € $" to be of rank at least (n — 1); (ii) the positive semidefiniteness of a matrix
dropping some off-diagonal elements from a symmetric matrix M € §.

We now consider a tridiagonal and symmetric matrix M € §". Let € be the sparsity
pattern of M defined in (2.12). Since the number of super-diagonal elements of M is exactly
n—1, the cardinality of ‘€ is at most 2(n—1) due to the symmetricity of M. Any super-diagonal

element on (i,i + 1) € € corresponds to (i + 1,1) on sub-diagonal. Thus, the graph G([n], €)
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1 2 3 n
° ° — - —e

Figure 3.1: Sparsity pattern graph of tridiagonal matrix

of the sparsity pattern can be expressed by strings of vertices as displayed in Figure 3.1.

We discuss a method to estimate a lower bound on the rank of tridiagonal matrices. For
general matrices, this estimation is hard. In the case of a diagonal matrix, we know that its
rank equals the number of nonzero elements on its main diagonal. For a tridiagonal matrix,
we can show that its rank can be bounded from below by the number of off-diagonal nonzero

elements. The following lemma is immediately obtained from the result of [26].

Lemma 3.1. Let M € §" be a tridiagonal matrix. If all the superdiagonal elements of M are

nonzeros, then rank M >n—1

Proof. Let A be an arbitrary eigenvalue of M. We consider an (n — 1) x (n — 1) matrix L

constructed by removing the first row and the nth column from M — AI, i.e,,

MlZ MZZ - A M23

My Msz — A
L:=WM - AI){Z,.,.,n}{l,...,n—l} = M3, My p—1
My 151 —A
M1

Then L is a nonsingular matrix as all elements on the main diagonal are nonzeros. Since L is
a submatrix of M — AI, the rank of M — AI must be greater than or equal to n — 1, and hence
both the geometric and the algebraic multiplicity of A are 1. It implies that rank(M) = n— 1

if the eigenvalues of M contain 0; otherwise rank(M) = n. L]

For symmetric positive semidefinite matrices $" > M > O, it is difficult to determine
whether the positive semidefiniteness is maintained after replacing some of off-diagonal el-
ements with zeros. However, in the case of positive semidefinite tridiagonal matrices, we
show in the following lemma that they remain to be positive semidefinite even if some of

off-diagonal elements are replaced by zeros.
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Lemma 3.2. Let M € §" be a positive semidefinite and tridiagonal matrix, and € be the sparsity
pattern of M. For a subset E C 6, let L € " be the tridiagonal matrix constructed by replacing
the matrix elements of M indexed by E with zeros, i.e.,

0 if(,j)eEor(ji)€E,
Lij =

M;; otherwise.

Then, L > O.

Proof. To use induction on the size of the set E, let us first consider the case |E| = 1. Then, E
has one element (i,i+ 1) € E for some i. For any I C [n], we examine the principal submatrix
L; which is generated by removing rows and columns not indexed in I. We have the following

two cases:

(@) Ifi ¢ T ori+ 1 ¢ I, the principal L; does not have (i,i + 1)th and (i + 1, i)th elements

of M, therefore

det (LI) = det (M]) > 0.

(b) Ifi € I andi + 1 € I, the principal L; has (i,i + 1)th and (i + 1,i)th elements of M

replaced by zeros. Since the submatrix L; is a block diagonal matrix with two blocks,

det (Ly) = det (Lngi,..3) det (Lingis1, .n})

= det (Mln{l,...,i}> det (Mln{i+1,..‘,n}) >0,

where the last inequality follows from the fact that all the principal minors of M are

nonnegative.

Since all the principal minors of L are nonnegative, L > O follows.

Suppose the result is true for |[E| = k — 1, and consider the case |E| = k. The set E can
be divided into two sets: F := {(j,j + 1)} and E \ F. Let N € $" be a tridiagonal matrix
constructed by replacing the (j, j + 1) and (j + 1, j) elements of M with zeros. Then, from
the case mentioned above, N > O holds. Since |E \ F| = k — 1, by the induction hypothesis,
we have L > O. 0
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3.2.2 Forest-structured Matrix

We call a matrix M € §" a forest-structured matrix if its sparsity pattern graph is forest: for

example, an arrow-type matrix of form

U1 Wy
[22) Wy
V= (3-4)
Un-1 Wn1
L Wi Wz ot Wy Un

In Section 3.2.1, we considered the tridiagonal matrix whose sparsity pattern can be rep-
resented by a string of vertices. Since its sparsity pattern graph is obviously a forest (see
Figure 3.1), a tridiagonal matrix is always a forest-structured matrix. In this subsection, we
introduce generalized results of Lemmas 3.1 and 3.2.

In [27], Johnson et al. have proposed the lower bound conditions for a positive semidefi-

nite and forest-structured matrix.

Lemma 3.3. [27, Corollary 3.9] Let M € S" be a positive semidefinite and forest-structured
matrix with the sparsity pattern . If the sparsity pattern graph G([n], €) of M is connected and

the off-diagonal element M;; is nonzero for all (i, j) € €, then rank M > n — 1.

To illustrate this lemma, we now consider an arrow-type matrix represented by (3.4).
We can easily check that if vy,...,v,-; are nonzeros, then the rank of V is at least n — 1.
Simultaneously, by Lemma 3.3, the same result holds if V > O and wy, ..., w,_; are nonzeros.

The following lemma is an extension of Lemma 3.2 to forest-structured matrices.

Lemma 3.4. Let M € S" be a positive semidefinite and forest-structured matrix, and € be the
sparsity pattern of M. For a subset E C 6, let L = [¢;] € S" be the forest-structured matrix

constructed by replacing the matrix elements of M indexed by E with zero, i.e.,

0 if (i, j)) € Eor (j,i) € E,
M;; otherwise.

Then, L > O.
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Proof. Ttsuffices to consider the case |E| = 1 since similar inductive arguments to the proof of
Lemma 3.2 can be applied. In this case, there exists only one element (i, j) in E. By removing
the edge (i, j) from G(7/, €) of the forest-structured matrix M, a tree in G(¥/, 6) is divided
into two trees: one with the node i, and the other with the node j. The set ¥/ is also separated
into two sets: W; C 7/, the set of nodes in the component including the node i in the graph
G(T,E€\{(i, j),(j,D)}),and W, C U/, the set of the other nodes. Without loss of generality, we
may assume that the indices in W; and W, are consecutive integers, i.e., there exists a positive
number £ such that W; = [¢] and W, = [n] \ [£]. For any I C [n], we have the following two

cases:

(@) Ifi ¢ I or j ¢ I, the principal L; does not include (i, j)th and (j, i)th elements of M,
then

det (L[) = det(M]) > 0.

(b) Ifi € I and j € I, the principal L; includes (i, j)th and (j, i)th elements of M, and their
values are zeros. Since the submatrix L; is a block diagonal matrix with two blocks,

we have that
det (L]) = det (mel) det (mez) = det (mel) det (Msz) >0,

where the last inequality follows from the fact that all the principal minors of M are

nonnegative.

Since all the principal minors of L are nonnegative, we have L > O. O

3.2.3 Matrix with Bipartite Structure

The following lemma is an immediate consequence of Proposition 1 of [19]. It shows that the
rank of a nonnegative positive semidefinite matrix can be bounded below by n — 1 under

some sparsity conditions if the sum of every row of the matrix is positive.

Lemma 3.5 ([19, Proposition 1]). Let M € R™" be a nonnegative and positive semidefinite matrix

with M1 > 0. If the sparsity pattern graph of M is bipartite and connected, then rank(M) > n—1.
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3.3 Forest Sparsity Structure Cases

In this section, we assume that the aggregated sparsity pattern graph G is forest. A class of
QCQPs whose G is forest is called a forest-structured QCQP. We also assume the following

for a given forest-structured QCQP and its SDP relaxation:

Assumption 3.6.

(a) There exists a feasible point for (3.1).
(b) There exists y > 0 satisfying 3, y,Q° > O.
p=1

(c) There exists an interior feasible points for (3.2).

We note that these assumptions were also used for the diagonal QCQPs to establish the results
on the exact SDP relaxations in [10]. Assumption 3.6(b) can be also represented as y < 0 and
pﬁl 7,07 < 0.

By Assumption 3.6(a) and (b), we see that the feasible regions of (3.1) and (3.2) are bounded,
and a solution to (3.1) exists. In fact, multiplying the constraint x' Q”x < b, by y,, and adding
these for p, we have

x! ( i prf’) x<b'y.
p=1
Thus, since ’zn: 7,07 > O, all the feasible points of (3.1) are in the ellipsoid given by the above

p=1
inequality. It also implies that all the feasible points of (3.2) is bounded as:

> 707 |+ X <b'.
p=1
By Assumption 3.6(b) and (c), the strong duality holds for the primal SDP (3.2).

We are ready to present our main results on the exactness of SDP relaxations for forest-

structured QCQPs.

Theorem 3.7. Suppose that Assumption 3.6 holds and the aggregated sparsity pattern graph
G(V',6) of (3.1) is a forest and connected graph, i.e., a tree. Then, its SDP relaxation (3.2) is exact

if for all (k, ¢) € 6, the following system has no solutions:

y>0,S(y) =0, [SD]k =0, (3-5)
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Proof. Let X* be any optimal solution for (3.2). By Assumption 3.6, there exists an optimal
solution y* for (3.3). Since y* > 0 and S(y*) > O, we have S(y*)i, # 0 for every (k, £) € € by
the assumption. This implies that all the off-diagonal elements on € of the forest-structured
matrix S(y*) are nonzeros, thus rank S(y*) > n — 1 by Lemma 3.1. Since Assumption 3.6(b)
and (c) hold, it follows X*S(y*) = O by the strong duality. From the Sylvester’s rank in-
equality [1], rank X* + rank S(y*) < n + rank X*S(y*) holds for X* and S(y*). Therefore,
rank X* < n+rank O —rank S(y*) < n+ 0 — (n— 1) = 1. By Proposition 2.5, we obtain the

desired result. L]

We note that, although we can construct n® systems (3.5), only n — 1 systems are used in

Theorem 3.7 because a tree has just n — 1 edges.

3.4 Bipartite Sparsity Structure Cases

Throughout this section, we assume that the aggregated sparsity pattern graph G is bipartite.
The forest-structured QCQP discussed in Section 3.3 does not have a cycle in the aggregated
sparsity pattern graph. On the other hand, since a bipartite allows even-length cycles, QCQPs
in this section is more general than QCQPs in Section 3.3.

In this section, we introduce Assumption 3.8 instead of Assumption 3.6. Assumption 3.6
has been introduced to use the strong duality in the proof of Theorem 3.7 in Section 3.3.
As shown in Remark 3.9 below, Assumption 3.8 is a weaker condition than Assumption 3.6;
however, the strong duality holds under this weaker condition. Under the new assumption,
we provide a new exactness conditions that can be applied to wider problems than that in

Section 3.3
Assumption 3.8. The following two conditions hold:
(i) the sets of optimal solutions for (3.2) and (3.3) are nonempty; and

(ii) at least one of the following two conditions holds:

(a) the feasible region of (3.2) is bounded; or

(b) the set of optimal solutions for (3.3) is bounded.
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Remark 3.9. Assumption 3.8 is weaker than Assumption 3.6. To compare these assumptions, we
suppose that there exists y > 0 such that 3’ , 7,Q7 = O. Then, there obviously exists sufficiently

large A > 0 such that

Ay=0 and Q"+ ) 17,07 > O,
P

which implies (3.3) has an interior feasible point. It follows that the set of optimal solutions of
(3.2) is bounded. Similarly, since (3.2) has an interior point by Assumption 3.6, the set of optimal
solutions of (3.3) is also bounded. This indicates Assumption Assumption 3.8 (i) and (ii)(b).

In addition, as mentioned right after Assumption 3.6, the feasible region of (3.2) is bounded.

Thus, Assumption 3.8(ii)(a) is also satisfied under Assumption 3.6.

We utilize Lemma 3.5 to estimate the rank of solutions of the dual SDP relaxation, and

establish conditions for the exact SDP relaxation in this section.

Theorem 3.10. Suppose that Assumption 3.8 holds and the aggregated sparsity pattern G(V',€)
of (3.1) is a bipartite and connected graph. Then, its SDP relaxation (3.2) is exact if, for all (k, £) €

€, the following system has no solutions:
>0, S(3) =0, Sy <0, 56

Proof. Let X™ be any optimal solution for (3.2) which exists by Assumption 3.8. By Proposi-
tion 2.2, the optimal values of (3.2) and (3.3) are finite and equal. Thus, there exists an optimal

solution y* for (3.3) such that the complementary slackness holds, i.e.,
X*S(y*) = 0.

Since y* > 0 and S(y*) > O, by the infeasibility of (3.6), we obtain S(y*);, > 0 for every
(k, £) € ‘€. Furthermore, for each i € 7/, the ith element of S(y*)1 is

[S(J’*)l]i = Z S(y*)ij

J=1

=Sy ) + Z S(y™)i; > 0.

(i.)ee
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From Lemma 3.5, it follows rank { S(y*)} > n — 1. By the Sylvester’s rank inequality [1],

rank(X") < n — rank { S(y*) } + rank { X*S(y") }

<n-(n-1)
=1
Therefore, by Proposition 2.5, the SDP relaxation is exact. U

The exactness of a given QCQP can be determined by checking the infeasibility of |é]
systems. Each system (3.6) should be infeasible if a SDP with objective function 0 and con-

straints (3.6) has no solutions, or if the optimal value of an SDP,

p=min  S(¥)k
st. ¥y>0, S(y) =0,

is positive. Thus, we can check the infeasibility of them by using SDP solvers. In Section 3.6,
we used the latter SDP to determine the exactness of an instance QCQP under the default
parameters of the solver MOSEK [41] in Julia. Moreover, as seen in the following subsections,
we can also analytically check the infeasibility if the SDP has nice properties. For instance,
some of such properties were discussed in [50]. As a result, Theorem 3.10 can be considered

as a generalization of the previous result.

3.5 Comparison between Our Results

We now compare Theorem 3.7 and Theorem 3.10 in this section.

Compared with Theorem 3.7, Theorem 3.10 can determine the exactness of a wider class
of QCQPs in terms of the required assumption and sparsity. As mentioned in Remark 3.9,
the assumptions in Theorem 3.10 are weaker than those in Theorem 3.7, and the aggregated
sparsity pattern of G is extended from forest graphs to bipartite graphs.

When the assumption of Theorem 3.7 or Theorem 3.10 is satisfied, the optimal values of
a given QCQP and its SDP relaxation are equal. Simultaneously, in their proofs, it is also

guaranteed that all feasible points of the SDP relaxations are of rank-1, which implies that
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any optimal solution of the SDP relaxation can recover the corresponding optimal solution

of the original QCQP.

3.6 Numerical Experiment

We investigate analytical and computational aspects of the conditions in Theorems 3.7 and 3.10
with two QCQP instances below. The first QCQP consists of 2x2 data matrices. We show the
exactness of its SDP relaxation by checking the feasibility systems in Theorems 3.7 and 3.10
without SDP solvers. Next, the QCQP whose SDP relaxation is Example 2.3 is considered as
the second QCQP. As the size n of the second QCQP is 4, it is difficult to handle the positive
semidefinite constraint S(y) > O without numerical computation. We present a numerical
method for testing the exactness of the SDP relaxation with a computational solver.

We also detail the difference between our results (Theorems 3.7 and 3.10) and the existing
result (Theorems 2.7 and 2.9). For the two QCQP instances in this section, we cannot apply
Theorem 2.7 because their aggregated sparsity patterns € are a forest and a bipartite. In
addition, even though Theorem 2.9 can be applied to any pattern 6, it cannot detect their
exactness because the sign edge o;; = 0 for some (i, j) € €, which implies that the instances
do not satisfy the condition (2.19). In Section 5.3, we will prove that Theorem 3.10 is more
general than Theorem 2.9.

For numerical experiments, JuMP [14] was used with the solver MOSEK [41] and SDPs
were solved with tolerance 1.0 x 1078, All numerical results are shown with four significant

digits.

3.6.1 A QCQP instance with n = 2

Example 3.11. Consider the QCQP (3.1) with
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We first verify whether the problem satisfies the assumption of Theorem 3.10. The ag-
gregated sparsity pattern graph G is bipartite and connected as it has only two vertices and
QY% # 0. Since Q' is positive definite, the problem satisfies Assumption 3.6. By the discussion

in Remark 3.9, it also satisfies Assumption 3.8. It only remains to show that the system

w0, So =" |ew| 0 —1+4p<o
-1 -2 4 6

has no solutions. By definition, .§(y1) > O holds if and only if all the principal minors of
§(y1) are nonnegative, or equivalently, =3 + 3y; > 0, =2 + 6y; > 0, and 2y? — 16y; + 5 > 0.
Hence, if y; >4 +3 J6 /2 = 7.674, then the first two inequalities of the system are satisfied.
Since —1 + 4y, > —1 + 4(4 + 3y6/2) = 15 + 6 /6 > 0, the last inequality does not hold for
such y;. The problem therefore admits an exact SDP relaxation.

Actually, we numerically obtained an optimal solution of the above QCQP in Example 3.11
and its SDP relaxation as

1.731 2.997 —=2.021

x* = and X" = ,
—1.167 —2.021 1.362

respectively. From (x*)'Q%x* — Q° « X* = 5.379 x 10", we observe numerically that the
SDP relaxation provided the exact optimal value.

Since G is clearly a forest (no cycles), we can also apply Theorem 3.7. From the discussion
above, the system (3.5) has no solutions for (k, £) = (1,2) and Assumption 3.6(a) is satisfied.

By taking

we know Q' « X =09 < 1 = b;. Hence, the exactness of the SDP relaxation can be proved
by Theorem 3.7. We mention that this result cannot be obtained by Theorem 2.9 proposed
in [50]. Since Q% = —1 and Q], = 4, the edge sign o, of the edge (1,2) must be zero by

definition, contradicting (2.19).

3.6.2 A QCQP instance withn = 3

We next consider the following QCQP.
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Example 3.12.

st xTQ'x <10, xTQ’x <10, x'Q%x <5,
where
0 -2 0 2 5 2 0 1
o |72 0 -1 0 L |2 -1 3 o0
¢ 0 -1 5 1 0" 0 3 3 -1|
2 0 1 —4 1 0 -1 4
-1 1 0 0 4 -1 0 0
, |1 4 -1 0 , |-1 -2 1 0
¢ 0 -1 6 1 0" 0 1 -2 4
0 0 1 -2 (0 0 4 2

Since the SDP relaxation of Example 3.12 is (2.14) obviously, the aggregated sparsity pattern
of Example 3.12 is a cycle graph with four vertices (Figure 2.1), as well as (2.14).

We computed an optimal solution of Example 3.12 and that of its SDP relaxation as

3.412 11.65 —15.48 5.163 —15.84
—4.536 —15.48 20.57 —6.862 21.06 .
=~ and X* = € $+5
1.513 5.163 —6.862 2.289 —7.024
—4.642 —15.84 21.06 -—-7.024 21.55

respectively. From (x*)7Q%* — Q% « X* = 2.450 x 10~%, we observe again numerically that
the SDP relaxation resulted in the exact optimal value.
We first see whether Example 3.12 satisfies the assumption of Theorem 3.10. We compute

30" + 4Q% + 0Q° as

2 0 1 -1 1 0
-1 3 0 1 4 -1 0 , |10 13 5 0
+4 +0-Q° =
3 3 -1 0 -1 6 1 0 5 33 1
0 -1 4 0 0 1 -2 30 1 4

11 10 0 3
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Table 3.1: Optimal values of (3.7) for each (k, £)

k0|12 @3 19 69

u* ‘7.828 7.301  5.653 0.3215

and its minimum eigenvalue is approximately 0.1577. Thus, there exists y > 0 such that
710" + 7,0% + 30° > O, e.g., ¥ = [3;4;0]. As mentioned in Remark 3.9, it follows that the
second problem satisfies Assumption 3.8. To show the exactness of the SDP relaxation for
the problem, it only remains to show that the system (3.6) has no solutions for all (k, £) € €.
Using an SDP solver, we observe that there is no solution for the system. Indeed, for every
(k, £) € 6, the SDP
p=min S(y)k
st. y>0, S(y) =0,

3.7)

returns the optimal values shown in Table 3.1, which implies that no solution exists for (3.6)
since S(y)x, cannot attain a nonpositive value. Therefore, the SDP relaxation of Example 3.12
is exact by Theorem 3.10.

On the contrary, Theorem 2.9 in [50] is not sufficient to show the exactness of the SDP
relaxation. The edge sign oy, for (1, 2)th element is 0 by definition. Since the cycle basis of
€ is only 6, = G, the left-hand side of (2.20) is 01,02303404; = 0. However, its right-hand

side only takes —1 or +1. This implies that Theorem 2.9 cannot be applied to Example 3.12.



CHAPTER 4

EXACTNESS CONDITION UNDER
DISCONNECTED CASES

4.1 Introduction

The connectivity of the aggregated sparsity pattern graph G has played an important role
for our main theorems in Chapter 3. For QCQPs with sparse data matrices, the connectivity
assumption might be a difficult condition to be satisfied. In this chapter, we relax this condi-
tion, and we extend our conditions to QCQPs whose aggregated sparsity pattern graphs are
disconnected. In other words, we assume that the aggregated sparsity pattern graph G of a
given QCQP is a disconnected graph.

Continuing from the previous chapter, we use the homogeneous version of QCQPs (3.1).

In this chapter, we introduce an e-perturbed QCQP to relax the condition.

4.2 e-perturbed QCQP

We perturb the objective function of a given QCQP to remove the connectivity of G from

results in Chapter 3. Let P € $" be an nxn nonzero matrix, and let ¢ > 0 denote the magnitude

of the perturbation. An e-perturbed QCQP is described as follows:
min xT (Q°+¢P) x

(4.1)
st. xTQPx<b, p=1,.,m.

Note that for a given QCQP (3.1), the corresponding e-perturbed QCQP is given by adding
a term ex!Px to its objective function. Hence, the feasible region of (4.1) is the same as the

original QCQP (3.1). To generalize S(y) in the dual problem for the e-perturbed QCQP, we

37
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define
S(y; ) :==Q°+¢eP + Zprp.

p=1
Then, it follows from the definition that S(y; €) = S(y) + €P.

For an e-perturbed QCQP, its primal and dual SDP relaxation can be written as

min (Q°+eP) X

st. QP«X<b,, p=1,..m, (4-2)
X >0,
max —-b'y
(4.3)

st. S(y;e)=0, y=>0.

As same as (4.1), the primal SDP relaxations of a given QCQP and the corresponding ¢-
perturbed QCQP, i.e, (3.2) and (4.2), have the same feasible region. On the other hand, since
the perturbation term P appears in the constraints of (4.3), the similar relationship does not
hold in the dual side.

In the following sections, for a disconnected version of QCQPs, we will choice a suitable
matrix P such that the e-perturbed QCQP has a connected aggregated sparsity pattern graph.
Then, we can apply our results in Chapter 3 to the obtained e-perturbed QCQP instead of the
original disconnected QCQP. The equivalence between the exactness of the original QCQP
and that of the e-perturbed QCQP will be discussed in each section, since this equivalence

depends on the difference of assumptions (Assumptions 3.6 and 3.8).

4.3 Forest-structured QCQPs

In this section, we continue considering the forest-structured QCQP from Section 3.3 under
the same assumption (Assumption 3.6). Since the feasible regions of QCQP (3.1) and its SDP
relaxation are bounded by Assumption 3.6, the feasible regions for the perturbed problems
(4.1) and (4.2) are also bounded. The following lemma states that the exactness of the SDP
relaxation for the original problem (3.1) can be determined by that of perturbed problems

(4.1) and (4.2).
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Lemma 4.1. Let P # O be an nxn nonzero matrix, and {,};2, be a sequence such that lim ¢, = 0.
t—o0

If the SDP relaxation of the &,-perturbed problem (4.1) is exact for allt = 1,2, ..., then the original

problem (3.1) also has an exact SDP relaxation.

We mention that Lemma 4.1 was first proved by Zhou et al. [62, Lemma 1] in the context of
optimal power flow problems. Their proof is based on the closedness of the set of all the
rank-1 matrices in their problems. However, since this set is not closed in general QCQPs,
the proof needs to be modified to use in our context. In the following proof, we employ the

closed set A instead of the set of all rank-1 matrices.

Proof. Let A and B be the feasible regions of (3.1) and (3.2), respectively:

A:={xeR"|Q«(xx") < by, p=1,...,m},

B:={XeS"|X>0, Q"«X<b, p=1,...m}.

Note that A is a closed set and both A and B are bounded by Assumption 3.6. Thus, A is a
compact set in R". For any t > 1, let x;, and X; be optimal solutions of (4.1) and (4.2) satisfying
xtxtT = X, which follows from the assumption on the exactness of the relaxation of (4.1). As

a result, a sequence {x,};; can be defined.

Since the feasible regions of (3.1) and (4.1) are identical, we have x, € A. From the com-
pactness of A, there exists x}, = }ng x;in A. As Xjjm = thxﬁm € B by the relationship

between A and B, the rank-1 matrix Xj;,, is also feasible for (3.2).

To show that Xy, is an optimal solution of (3.2), we assume that there exists another
feasible Xopr # Xiim such that v := Q% ¢ Xji, — Q° ¢ Xope > 0. Since B is bounded, there exists
p such that [ X| e < g for any X € B, which implies |xxT|nax < p for any x € A. For a

sufficiently large ¢ such that

v
< ——m7 and X xT — X < ————
4n2}1uP”max ” At hm”max

v
€
t 20| Qs
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we have

Q° « (2] — Xiim) > —

>

gtP d (xtx;r) > —

1%
2
1%
4’

0 _No
Q * Xiim = * Xopt +v,

2> &P+ Xop.
Consequently, adding these inequalities and the equality,
(Q° +&P) + (xix!) > (Q° + &1P) + Xops
which contradicts the optimality of xtxtT in (4.2). The desired result follows. U]

Using the above lemma, we can generalize the exactness conditions for the forest-structured

QCQPs with a connected aggregated sparsity pattern graph as follows.

Theorem 4.2. Suppose that Assumption 3.6 holds and the aggregated sparsity pattern graph
G(V,€) of (3.) is a forest. Then, its SDP relaxation (3.2) is exact if for all (k,£) € &, the

system (3.5) has no solutions.

Proof. Let G(V,€) be the aggregate sparsity graph of the SDP relaxation defined in (2.13)
for the forest-structured QCQP, and let k denote the number of connected components of
G(,6). Since G(V/, €) consists of one or more trees, we can construct a set & with k — 1
edges such that G(7,€ U D) is a tree (i.e., a connected graph with no cycles). Let P :=

Y. eie; be a perturbation matrix defined by the n x n matrices e;e}. With ¢ > 0, consider
E[lﬁ)eee;“%-perturbed QCQP (4.1) with this P. Obviously, the aggregate sparsity pattern graph of the
e-perturbed QCQP (4.1) is G(T', € UD). The system (3.5) that corresponds to the e-perturbed

QCAQP (4.1) can be written as:

y =0, QO + Z £ (e,-ejT.) + Z prP >0, (4.42)
(i.)eD p=1
Q"+ Z € (eieJT') + Z Vpl QP lke = 0. (4.4b)
(i,j)G(QZ) ke p=1
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For the exact SDP relaxation of (4.1), we need to show that (4.4) has no feasible solutions for
all (k, £) € € UD. First, suppose (k, £) € D. Since [Q” ], = 0 (Vp = 0,1,..., m), the left hand
side of (4.4b) becomes

£ Z [eie}]k(=£>0.

(i,))e2
We have shown that (4.4b) does not hold for any y > 0.
Next, we suppose (k, £) € €. Assume that (4.4) has a solution y. Then,
y>0, Q'+ > e(ee])+ ), 9,0" =0, [Qlw+ ), 9[0ke=0.  (45)
(i.))eD p=1 p=1
We now define a forest-structured matrix S € $" as:
Q'+ Y ¢ (eieJT.) + Y, 9,07 (g.r) 2D,
[g]qr = (L)< qr (46)
0 (q,r) € D.

T

If (g, r) ¢ D, by definition, we have [eie]T.]qr = 0 for any (i, j) € D. If (q,r) € D, we

have [QO + 2 j/pQP]qr = 0 since [Q”], = 0 for any p € {0} U [m]. Thus, we obtain that

S =0Q"+ Y y,0°. By Lemma 3.4, it follows that S > O, which implies that ¥ solves the
p=1

following system:

y>0, Q°+) %,0°>0, [Qlu+ ), ylQ k=0 (47)

p=1 p=1
We know that the system (4.7), which is equivalent to (3.5) for (3.1), has no feasible points by
the assumption. This is a contradiction. Thus, (4.4) has no feasible points. By Theorem 3.7,
the SDP relaxation for (4.1) with considering P is exact for all € > 0.
We now take a sequence {¢};>, which converges to zero so that the SDP relaxation for
&-perturbed QCQP (4.1) is exact for all t = 1, 2, .... By Lemma 4.1, we conclude that the SDP

relaxation for (3.1) is exact. O

We note that the system (3.5) must be tested for feasibility for all (k, £) € € in Theo-
rem 4.2. In Theorem 3.7, we need to additionally examine whether the aggregate sparsity
pattern graph is connected. Thus, the sufficient condition presented in Theorem 4.2 can be

applied to more general QCQPs than the one in Theorem 3.7.
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4.4 Bipartite Sparsity Structure Cases

In this section, we replace the assumption for connected graphs by a slightly different as-
sumption (Assumption 4.3), and present a new condition for the exact SDP relaxation.

The following assumption is slightly stronger than Assumption 3.8 in the sense that it
requires the existence of a feasible interior point of the dual SDP relaxation (3.3). However,

it can be satisfied in practice without much difficulty.

Assumption 4.3. The following two conditions hold:
(i) the sets of optimal solutions for (3.2) and (3.3) are nonempty; and
(ii) at least one of the following two conditions holds:

(a) the feasible region of (3.2) is bounded; or

(b) for (3.3), the set of optimal solutions is bounded, and the interior of the feasible region

is nonempty.

Under the condition that the feasible region of a QCQP is bounded, Lemma 4.1 proved
that the SDP relaxation is exact if a sequence of perturbed QCQPs that satisfy the exactness
condition converges to the original one. In Theorem 4.2, this result was used to eliminate the
requirement that the aggregated sparsity pattern graph is connected from Theorem 3.7. The

following lemmas are extensions of the results in Section 4.3 under a weaker assumption.

Lemma 4.4. Suppose that Assumption 4.3(i) and (ii)(a) hold. Let P be an n x n nonzero matrix,

and {&;};2 | be a monotonically decreasing sequence such that lim &, = 0. If the SDP relaxation of
t—o0

the &;-perturbed problem (4.1) is exact for allt = 1,2, ..., then the SDP relaxation of the original

problem (3.1) is also exact.
Proof. Let A and B be the feasible regions of (3.1) and (3.2), respectively:

A ::{erR”‘Qp-(xxT)pr, p= 1,...,m},

B:={Xe$|Q"+X<b,, p=1..m}.
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Note that B is a compact set by the assumption. The intersection of B and the set of at most

rank-1 matrices

B, :=Bn{X € §"|rank(X) < 1}

=4X>O|rank(X) <1, QP+« X <b,, p=1,....m
p> P

is also a compact set since {X € §" |rank(X) < 1} is closed. There exists a bijection f : A —
B, given by f(x) = xx7, thus A is also a compact set. Then, we can apply an argument
similar to the proof of Lemma 4.1.

For any t > 1, let x;, and X, be optimal solutions of (4.1) and (4.2) satisfying xtxtT = X,
whose existence follows from the assumption on the exactness of the relaxation of (4.1). As a
result, a sequence as {x,};; can be defined.

Since the feasible regions of (3.1) and (4.1) are identical, we have x;, € A. From the com-
pactness of A, there exists xj, = }Lrg x; € A As Xy = thxﬁm € B by the relationship
between A and B, the rank-1 matrix Xj;, is also feasible for (3.2).

To show that Xy, is an optimal solution of (3.2), we assume that there exists another
feasible Xopr # Xiim such that v := Q% ¢ Xy, — Q° ¢ Xope > 0. Since B is bounded, there exists
gt such that | X|na < g for any X € B, which implies |xxT|no < p for any x € A. For a

sufficiently large ¢ satisfying

% v
6§ < ——— and |xx] — Ximlmax < ———,
T An2p| P o T 22 Q% nax
we have
0 T 14
Qe (xtxt - Xlim) > o
1%
&P« (x,x}) > 7

0 0
Q" ¢ Xiim = .XOpt+Vs

14
Z > EtP ® Xopt-

Consequently, adding these inequalities and the equality, we obtain

(Q° +&P) - (xtx;r) >(Q"+&P) Xopts

which contradicts the optimality of x;x] in (4.2). The desired result follows. 0
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Lemma 4.5. Suppose that Assumption 4.3(i) and (ii)(a) hold. Let P be an nxn negative semidefinite
nonzero matrix, and {&;};-, be a monotonically decreasing sequence such that lim,_,.. & = 0. If
the SDP relaxation of the &;-perturbed problem (4.1) is exact for all t = 1,2,..., then the SDP

relaxation of the original problem (3.1) is also exact.

Proof. LetT := {y >0|S(y) = O} be the feasible region of (3.3). Define

I(e) :={y>0[S(y; &) =0}

as the feasible region of the dual SDP relaxation (4.3) with the perturbation. Since P is nega-
tive semidefinite, we have S(y; ¢;) X S(y; &) forany y > 0 and ¢; > ¢, > 0, which indicates

a monotonic structure of the sequence {I'(¢,)},- ;:
I =T(0) 2 - 2T(er41) 2T(er) 2 -+

From Assumption 4.3(ii)(b), there exists a point y € I' such that S(¥) > O. Since each I'(¢;) is
a closed set and lim,_,, &; = 0, there exists an integer T such that S(j; er) > O. In addition,
it holds that S(y; ¢,) > S(y; er) fort > T.

Let v; and B*(¢;) be the optimal value and the set of the corresponding optimal solutions
of the SDP relaxation of (4.1) with the perturbation ¢, respectively. From the assumptions
that (3.1) has a feasible point and P is negative semidefinite, there is an upper bound o such

that v;” < v for any t. Therefore, it holds that, for any ¢ > T,

B(e)={X€S"|X =0, (Q°+&P)+ X =v;, QP+ X < b, forall p € [m] }

g{XeS” X =0, <Q°+gtP+ZyPQP)-X£vt*+5sz}
p=1

={Xes'|X>20 SFe) X <v+3'b},

C{XeS'[X20 SFe)X<o+5'b},

which implies | J B*(¢;) is bounded since S(y; er) > O. With the exact SDP relaxation of
t=T

the perturbed problems and strong duality, we can consider X* € B*(¢,), a rank-1 solution of

the primal SDP relaxation, and y* € I'(¢,), an optimal solution of (4.3) with the perturbation

& satisfying X'S(y"; €,) = O. We define a closed set as

v (Jwe)
t=T
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so that the sequence {X'};>; C U. Since |/ B*(¢) is bounded, the set U is a compact set. As
t=T
the sequence has an accumulation point, we let X''™ := lim X* € U by taking an appropriate

t—o0

subsequence from {X" |t > T}. Moreover, since G B*(¢;) is included in the feasible region of
(3.2), its closure U is also in the same set, which ;;plies that X"™ is an at most rank-1 feasible
point of (3.2).

Finally, we show the optimality of X'™ for (3.2). Let v* be the optimal value of the SDP

relaxation of (3.1). For any ¢, we have
QX' +e(PeX') =0 <v"<Q« X",

The first inequality comes from the negative semidefiniteness of P. By taking the limit of

both sides, Q° « X''™ = p* follows. O

We note that the negative semidefiniteness of P assumed in Lemma 4.5 is not included
in Lemma 4.4. In the subsequent discussion, we remove the assumption on the connectiv-
ity of G from Theorem 3.10 using Lemmas 4.4 and 4.5. We present an improved version of

Theorem 3.10 for QCQPs with disconnected aggregated sparsity pattern graphs G.

Theorem 4.6. Suppose that Assumption 4.3 holds and the aggregated sparsity pattern graph
G(V',6) of (3.1) is a bipartite. Then, its SDP relaxation (3.2) is exact if, for all (k, ) € 6, the

system (3.6) has no solutions.

Proof. Let L denote the number of connected components of G, and choose an arbitrary

vertex u; from the connected components indexed by i € [L]. Then, we define the edge set
F ={(w,uip) i€ [L—-1]}.

Since F connects the ith and (i+1)th component, the graph G(¥/, € := GUF) is a connected
and bipartite graph. Let P € §" be the negative of the Laplacian matrix of a subgraph GV, F)

of G induced by &, i.e,
—deg(i)  ifi=,
Pi=141 if (i, j) e For (j,i) € F,

0 otherwise,

\




46 4. Exactness Condition under Disconnected Cases

where deg(i) denotes the degree of the vertex i in the subgraph G(%¥, F). Since the Laplacian
matrix is positive semidefinite, P is negative semidefinite. By adding a perturbation ¢P with
any € > 0 into (3.1), we obtain an e-perturbed QCQP (4.1) whose aggregated sparsity pattern
graph is G(7/, €).

To check the exactness of the SDP relaxation for (4.1) by Theorem 3.10, it suffices to show

that the following system
y20,S(y;6) =0, S(y; )ke <0

has no solutions for all (k, £) € €, where S(y; €) := (Q° + ¢P) + Zpe[m] ypQF. Let y be an

arbitrary vector satisfying the first two constraints, i.e., ¥ > 0 and S(y; ¢) > O.
() If (k, ¢) € F, then P, = 1 and Q,f{, = 0 for any p € [0, m] by definition. Thus, we have

S(j’, E)k[ = EPk[ > 0.

(i) If (k, ) € E\NF = €, the system (3.6) with (k, £) has no solutions, which implies

S(#ke > 0. Since (k, £) ¢ F, we have Py, = 0. Hence, it follows
S(¥; ke = S(¥)ke > 0.

Therefore, all the systems have no solutions, and the SDP relaxation of (4.1) is exact.
Let {&}2, € R, be a monotonically decreasing sequence converging to zero, then the
SDP relaxation of the ¢-perturbed QCQP is exact as discussed above. By Lemmas 4.4 or 4.5,

the desired result follows. O]



CHAPTER 5

EXACT SDP RELAXATION OF SPECIAL
CLASSES OF QCQPS

5.1 Introduction

In Chapters 3 and 4, we have proposed four exactness conditions for sparse QCQPs. In this
chapter, by using these conditions, we discuss the exactness for special classes of QCQPs
such as QCQPs with one equality constraint (Section 5.2), sign-definite QCQPs (Section 5.3),
and the generalized trust-region subproblem (Section 5.4). In particular, for the second and
the third classes, we generalize our exactness conditions to dense QCQPs by developing

conversion methods which transform dense QCQPs into sparse ones.

5.2 QCQPs with One Equality Constraint
In this section, we consider the following QCQP:

min xTQ%

st. xTQ'x = b,.

(5.1)

To write (5.1) in the form of (3.1), the equality constraint is converted into two inequality
constraints xTQ'x < by and xT(—Q")x < —b. It is clear that problem (5.1) is a special case of

QCQP (3.1) with two constraints. Since both matrices Q' and —Q! appear in the inequality

- 0 N1 1y . . 1 _
constraints of (5.1), the set {Q; Qi =0, j} is not sign-definite unless Q;; = 0. As a result,
Corollary 5.2 cannot be used to determine the exactness of the SDP relaxation of (3.1). For

(5.1), we propose the following exactness condition.

47
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Corollary 5.1. Let € be the aggregated sparsity pattern of (5.1). Suppose that Assumption 3.6
holds, and (5.1) is a forest-structured QCQP. If

0
0*- 2014 0
ij
for all (i, j) € € such that Ql.lj # 0, then the SDP relaxation for (5.1) is exact.

Proof. Let G(,€) be the aggregate sparsity pattern graph for Assumption 3.6. If (3.5) is
infeasible for all (k, £) € €, then we know from Theorem 4.2 that the SDP relaxation is exact.
Thus, we analyze the feasibility of the system (3.5) for each (k, £) € €. We compute S(y) in

the system as:

S) =Q° + 30" +y:(-0"), y= 7 0,

Y2

=0°+z0", z:=y,—p€R.

Then, the system (3.5) is equivalent to the following system:
0’ +2z0' >0, Q,S[ + zQ,lf =0. (5.2)

@@ If[Q']x; = 0, then [Q°]x, = 0 by (k, £) € 6. Since any z € R does not satisfy the second

equation in (5.2), the system (5.2) is infeasible.

(b) If[Q']xs # 0, we assume that a solution z* to (5.2) exists. By solving the second equation

in (5.2) for z* and substituting it into the first equation, we have

[Qo]ij 1
Q' - ==70'>0,
[O'];;
which is a contradiction. Thus, the desired result follows. 0

Burer and Ye [10] proposed several methods to extend their result of diagonal QCQPs
to a general class of QCQPs with exact SDP relaxations. However, for some QCQPs, it is
difficult to show the exactness of relaxations by their conditions; for example, it is hard to
prove the existence of an exact relaxation for the generalized trust-region subproblem (see

Section 5.4).
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5.3 Sign-definite QCQPs

In this section, we focus on sign-definite QCQPs whose data matrices are element-wise sign-
definite, that is, the set {Qioj, e Q{?} is sign-definite for all (i, j) € €. For subclasses of the
sign-definite QCQP, several researches [7, 28, 36] proved the exactness of its SDP relaxation
(see Section 2.5.3). Using the feasibility of the system (3.5), we provide an alternative proofs
for them.

We first provide the exactness of the SDP relaxation for a forest-structured and sign-

definite QCQP, which can be derived from Theorem 4.2.

Corollary 5.2. Let G(7',€) be the aggregated sparsity pattern graph of (3.1). Suppose that
Assumption 3.6 holds, and that G is a forest. If the set {Qy,, ..., Qf} is sign-definite for all (k, ¢) €

€, then the SDP relaxation (3.2) is exact.
Proof. Define P € §" given by
. _ mn p
+1 if Q=0 and Elgijzo,
Pj=9 -1 ile.Oj =0 and Zng- <0,
p=

0 otherwise.

N

Let {&}2, € R be a sequence converging to zero. Consider the ¢-perturbed problem (4.1)

with a perturbation P defined in Section 4.2. The corresponding system (3.5) is

y20, Q"+e&P+ ) y,0" >0, Of+ePu+ ), y,0h=0. (5.3)
p=1 p=1

Now we analyze the feasibility of the system for each (k, ¢) € 6.
(@ If Q), # 0, then for any y > 0, the right-hand side of the third equation in (5.3) is

z >0 if Q> 0,
Ql(c)[ + Z VpQke =
p=1 <0 if Q]g[ <0,

by the sign-definite assumption on the set {Q},, ..., Oi*}. Therefore the system (5.3) has

no solution.



50 5. Exact SDP Relaxation of Special classes of QCQPs

(b) If Y, = 0, then for any y > 0,

m
m >0 ify Qf,>0,
0 —_
Qke Z VpQby = p=t
p=1 <0 otherwise.

From

m
e>0 if Y Qf, >0,
&P = p=l
—£ <0 otherwise,

the right-hand side of the third equation in (5.3) is nonzero, which implies that the

system has no solution.

As (a) and (b) cover all possible cases, the SDP relaxation of the &-perturbed problem (4.1) is
exact for any & by Theorem 4.2. Therefore, the original QCQP (3.1) is also exact by Lemma 4.1.
]

We will use Corollary 5.2 to prove the exact SDP relaxation for another class of QCQPs in
Section 5.4.2.

As shown in the above corollary, for the forest-structured QCQP, it is easy to show that
the element-wise sign-definiteness is a sufficient conditions for the exact SDP relaxation.
However, for a wider class of QCQPs, we need to prepare (i) the exactness for nonnegative
off-diagonal QCQPs under bipartite sparsity structure, and (ii) a conversion method from
QCQPs to the corresponding QCQPs with bipartite sparsity structure. The following sub-

sections discuss them, and then we generalize Corollary 5.2.

5.3.1 Nonnegative Off-diagonal QCQPs

By Theorem 4.6, we can also prove a known result, i.e., the exactness of the SDP relaxation
for QCQPs with nonnegative off-diagonal data matrices Q°, ..., O™, which was referred as
Corollary 2.10(b). In this section, we provide an alternative proof for a specialized case, in

which a QCQP has bipartite sparsity pattern graph.

Corollary 5.3. Suppose that Assumption 3.8 holds, and that the aggregated sparsity pattern graph
G(V',€) of (3.) is bipartite and connected. If Qf; > 0 for all (i, j) € 6, and Qf, > 0 for all

(i, j) € € and all p € [m)], then the SDP relaxation is exact.
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Proof. Let y > 0 be any nonnegative vector satisfying S(y) > O. By the assumption, for any
(i,j) €8,
Sy = Qi+ D, 305> Q5 >o.

pelm]
Hence, the system (3.6) for every (i, j) € € has no solutions. Therefore, by Theorem 3.10, the

SDP relaxation is exact. U
Corollary 5.4. Suppose that Assumption 4.3 holds, and that the aggregated sparsity pattern graph

G(V,6) of (3.) is bipartite. If QF, > 0 for all (i, j) € € and for all p € [0,m], then the SDP

relaxation is exact.

Proof. Let P € $" be the negative of the Laplacian matrix of G(7/, ), i.e.,

—deg(i)  ifi=j,

Pij=11 if (i, j) € G or (j,i) € &,

0 otherwise.

\

Since the Laplacian matrix is positive semidefinite, P is negative semidefinite. By adding a
perturbation ¢P with any ¢ > 0, we obtain an e-perturbed QCQP (4.1) whose aggregated
sparsity pattern graph remains the same as the graph G(7/, 6).

To determine whether the SDP relaxation is exact for this e-perturbed QCQP (4.1), it

suffices to check the infeasibility of the system, according to Theorem 4.6:
y20, S(y; €) =0, S(y; €k < 0.

Let y > 0 be an arbitrary vector satisfying the first two constraints, i.e, ¥ > 0 and S(y; ¢) >

O. For every (k, £) € €, since S(¥)x, > 0 and Py, > 0, we have
S(¥; €)e = €Prp > 0,

which implies that the system above has no solutions. Hence, by Theorem 4.6, the SDP re-
laxation of the e-perturbed QCQP (4.1) is exact.

Let{e};2, C R, beamonotonically decreasing sequence converging to zero, then the SDP
relaxation of the e-perturbed QCQP is exact as discussed above. By Lemmas 4.4 and 4.5, the
SDP relaxation of a QCQP with nonnegative off-diagonal elements and bipartite structures

is also exact. ]
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Comparing Corollaries 5.3 and 5.4, the assumption of Corollary 5.3 contains the connec-
tivity of the aggregated sparsity pattern graph. In this sense, Corollary 5.4 can be applied
to more general QCQPs. However, Assumption 4.3 in Corollary 5.4 is slightly weaker than
Assumption 3.8 in Corollary 5.3, and hence the use of these corollaries should be addressed
for each sign-definite QCQP.

In Section 5.3.3, we will use Corollaries 5.3 and 5.4 to construct more generalized condi-

tions.

5.3.2 Conversion

To transform a QCQP into an equivalent QCQP with bipartite aggregated sparsity pattern
graph, we define a diagonal matrix D? € §" with a positive number from the diagonal of
Q? for every p. In addition, off-diagonal elements of Qf are divided into two nonnegative
symmetric matrices 2N?, 2N? € §" according to their signs such that O = D? + 2N¥ —2N?.

More precisely, for an arbitrary positive number § > 0,
DI = QF + 26,

+Qf ifi# jand Qf >0,

2[N?]; j
0 otherwise,

—Qf ifi# jand Qf; <0,

2[NPlij =128 ifi=j

0 otherwise.
We introduce a new variable z such that z := —x. Then,
T
. x| |D?+2NP NP||x
x QFx = : (5.4)
z N? O ||z
The constraint z = —x can be expressed as |x + z|* < 0, which can be written as

T
T x| [I Illx
(x+2)(x+2)= <0.

z| |1 I||z
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=)

+

Figure 5.1: An aggregated sparsity pattern graph with edge signs. The solid and dashed lines
show that the corresponding o;; are +1 and —1, respectively. Both lines indicate the existence

of nonzero elements in some Q7.

Thus, we have an equivalent QCQP:

- T r
x| |[D°+2N? N°||x
min
z N° 0|z
- 1T r
x| |D? +2Nf N?||x
s.t. <b, pelm], (5:5)
z N? O ||z
- 3T r
x| (I If|x
<0.

z| I I||z

Note that (5.5) includes m + 1 constraints and all off-diagonal elements of data matrices are
nonnegative since Nf and N” are nonnegative. Let G(7/, €) denote the aggregated sparsity
pattern graph of (5.5). The number of vertices in G is twice as many as that in G due to the
additional variable z. If G is bipartite and Ql-oj # 0 for all (i, j) € 6, the SDP relaxation of (5.5)
is exact since the assumptions of Corollary 5.3 are satisfied.

The rest of this subsection illustrates this conversion using an easy-to-understand exam-

ple.

Example 5.5. Now, consider an instance of QCQP (3.1) with n = 4, Qb, = 0(p € [0, m]) and
the edge signs

op=+1, o3=-1, ou=+1, o03=+1, o3 =+L

Figure s.1illustrates the above signs. We also suppose that Q}; # 0 for all (i, j) € €. Then, for any

distinct i, j € [n], the set {Q?j, e 1’7} is sign-definite by definition. Since there exist odd cycles,

e.g., {(1,2),(2,3),(3, 1)}, the aggregated sparsity pattern graph of the QCQP with the above edge
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signs is not bipartite. Next, we transform the QCQP instance into an equivalent QCQP with

bipartite aggregated sparsity pattern graph. Since n = 4, we see V' = [8). Figure 5.2a displays G

from

oh o 0 Oy 0 0 —305 0
Q5 O 0F 0 o 0 0 0
0 0h 0 Oh |-10h 0 0 0

DP + 2N? NP Qb 0 Qb O I 21‘ I

NP ol | o 0 —205 0 T I‘O

0 0 0 0 o
-0 0 0 0
0 0 0 0

and [I I;1 I]. There exist three types of edges:

-

(i) (1,2),(2,3),(3,49.(1,4);

(i) (1,7),(3,5);

(ii)) (1,5),(2,6),(3,7),(4,8).

The edges in (i) and (ii) are derived from four elements of Nf on the upper-left of the data matrices,
and two elements of N? on the upper-right and the lower-left of the data matrices, respectively. The
edges for (iii) represent off-diagonal elements in [I I;I I| in the new constraint. In Figure 5.2a, the
cycle in the solid lines is bipartite with the vertices {1, 2, 3, 4}, and hence its vertices can be divided
into two distinct sets L, = {1,3}and R, = {2,4}. If welet L, := {6,8} and R, := {5, 7}, there are
no edges between any distinct i, j in L, U Ly, and the same is true for Ry U R,. The graph G is thus

bipartite (Figure 5.2b). We can conclude that the SDP relaxation of (5.5) is exact by Corollary 5.3.

5.3.3 Graph-based Condition of Sign-definite QCQP

Similar to the last part of Example 5.5, the SDP relaxation of any QCQP that satisfies Theo-
rem 2.9 can be shown to be exact by the above conversion. Therefore, Theorem 3.10 includes

a wider classes of QCQPs than Theorem 2.9. We prove this assertion in the following.
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(a) Vertices are divided into two groups: the (b) Vertices are reorganized to show the bipartite
upper vertices correspond to x while the structure of the graph.

lower ones correspond to z.

Figure 5.2: Aggregated sparsity pattern graph of the transformed example. The solid lines
and the dashed lines come from N’ and N?, respectively. The dotted lines are for the new

constraint |x + z|* < 0.

Proposition 5.6. Suppose that Assumption 3.8 holds, the aggregated sparsity pattern graph
G(V,€) of (3.1) is connected, and that Qg # 0 for all (i, j) € 6. If (3.1) satisfies the assumption
of Theorem 2.9, then the SDP relaxation of the equivalent QCQP (5.5) is exact by Corollary 5.3.

In addition, the SDP relaxation of (3.1) is also exact.

Proof. Let G(V,€) be the aggregated sparsity pattern graph of (5.5). Since the number of
variables is 2n, ¥ = [2n] holds. The edges in G are:

-

G ) fori, j € V such that o;; = +1,

(i) (,j+n),(j,i+n) fori,je ¥V suchthato;; = -1,

(i) (i,i+n) forie Y.

\

Note that no edges exist among the vertices in {n + 1, ..., 2n}. By the definition of (5.5), an
edge (i, j) with 0;; = —1 in G is decomposed into two paths with positive signs in G: (a) the
edges (j,i+n) and (i +n, i); (b) the edges (i, j +n) and (j +n, j), as shown in Figure 5.3. Since
G is connected, so is the graph G. Recall that all off-diagonal elements of the data matrices in
(5.5) are nonnegative, since both N” and N are nonnegative matrices. In particular, for each
(i, j) € 6, the (i, j)th element of the matrix in the objective function is not only nonnegative

but also positive by assumption. Thus, to apply Corollary 5.3, it remains to show that G is
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G/ G/ NLLdge — > L[]
O SRR

j . _f>o o 1
@ N I

Figure 5.3: An edge with the negative sign. If the  Figure s5.4: Removing and adding
cycle 6 has the edge (i, j) with o;; = —1, then  edges, and calculating of the number of
(i, j) is decomposed into two paths: (a) (j,i + n)  edges if U = 2. The black circles are
and (i + n, i) via the vertex i + n; (b) (i, j + n) and  the vertices in [n] while the white cir-

(j + n, j) via the vertex j + n. cles represent those in [n + 1, 2n].

bipartite.

Assume, to the contrary, that there exists an odd cycle BinG. LetU C [n+1,2n] denote
the set of vertices on [n + 1, 2n] in 6. As illustrated in Figure 5.3, any vertex v :=i+n € U
connects with i and j € % in 6. Hence for every vertex v € U, by removing the edges (i, v)
and (v, j) from @€ and adding the edge (i, j) with the negative sign to 6, we obtain a new
cycle € in G. Since 2|9 | edges are removed and |U| edges are added in this procedure, it
follows |G| = |6| — 2|U| + |U| = |6| — |U|. Figure 5.4 displays a case for |%| = 2. Thus,
if |U| is even (odd), |€| is odd (resp., even), hence, by (2.20) in Theorem 2.9, the number of
negative edges in ‘6 must be odd (resp., even). However, the number of negative edges in ‘€
is equal to || since G has no negative edges and all the additional edges in the conversion
from 6 to G are negative. This is a contradiction. Therefore, there are no odd cycles in G,
which implies G is bipartite.

By Corollary 5.3, the SDP relaxation of (5.5) is exact. Since there exists a bijection x +—
[x; —x] between optimal solutions of (3.1) and those of (5.5), the SDP relaxation of (3.1) is also

exact. O]

Proposition 5.6 is proved under the assumptions that (i) G is connected; (ii) Qloj # 0 for all
(i, j) € 6. Although these assumptions may seem strong, we next show that they can be

removed by using Corollary 5.4 instead of Corollary s.3.

Proposition 5.7. Suppose that Assumption 4.3 holds and no conditions on sparsity are considered.
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If (3.1) satisfies the assumption of Theorem 2.9, then (5.5) also satisfies that of Corollary 5.4. In

addition, the exactness of its SDP relaxation can be proved by Theorem 4.0.

5.3.4 Nonpositive Off-diagonal QCQPs

At the end of this section, we apply Proposition 5.6 to a class of QCQPs where all the off-
diagonal elements of every matrix Q°, ..., Q™ are nonpositive. We call QCQPs in this class
nonpositive off-diagonal QCQPs. It is well-known that their SDP relaxations are exact [28].
By applying the same transformation above, we obtain (5.5) with N? = O for every p since
no positive off-diagonal elements exist. The diagonal elements of D? do not generate edges
in the aggregated sparsity pattern graph, thus, the data matrices in (5.5) induce a bipartite
sparsity pattern graph. Therefore, the SDP relaxation is exact. This can be regarded as an

alternative proof for [28] and Corollary 2.10(c).

Corollary 5.8. Under Assumption 3.8, the SDP relaxation of a nonpositive off-diagonal QCQP
is exact if the aggregate sparsity pattern graph G(V','8) of (3.1) is connected and Qf; < 0 for all
(i,j) €6

Corollary 5.9. Under Assumption 4.3, the SDP relaxation of a nonpositive off-diagonal QCQP

is exact.

5.4 Trust-region Subproblems via Tridiagonalization

To apply the results in Chapters 3 and 4 to a wider class of QCQPs, we consider QCQPs (3.1)
which is not forest-structured. In this section, we assume that all the matrices of a QCQP
are simultaneously tridiagonalizable. In Section 5.4.1, simultaneous tridiagonalization is dis-
cussed in detail when m = 1 (only one quadratic constraint). Then, a method to determine
the exactness of the SDP relaxation for these QCQPs is described. In addition, we provide
an alternative proof for the exactness of generalized trust-region subproblems (GTRSs).
The matrices Q°, Q',...,Q™ € $" are called simultaneous tridiagonalizable if there exist

a nonsingular matrix U such that UTQU,UTQU, ..., UTQ™U are tridiagonal matrices. The
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simultaneous tridiagonalization is a generalization of the simultaneous diagonalization used
in [10]. By replacing U 'x with X, we obtain the QCQP with tridiagonal data matrices which
is equivalent to (2.7):

N N T .
min %' (UTQU) & +2(U"q°) %

(5.6)
st. &7 (UTQMU) & +2(UTq) % <b, p=1,..,m.

The standard SDP relaxation of (5.6) is
+
+2(U%q?) % <b,, p=1,...,m, (5.7)

Obviously, if x is an optimal solution of (5.6), then Ux is an optimal solution of the original
problem (2.7). Therefore, the SDP relaxation (2.11) of (2.7) is at least as strong as the corre-
sponding SDP relaxation (5.7) for (5.6). As a result, if (5.6) has an exact relaxation, then (2.7)
also has an exact relaxation. When (5.6) becomes a forest-structured QCQP in the homoge-
neous form, the exactness conditions in Chapters 3 and 4 can be applied to (5.6). We note that
the exactness of the SDP relaxation for QCQPs (2.7) can be determined if their data matrices

are simultaneous tridiagonalizable even when they are not forest-structured.

5.4.1 Simultaneous Tridiagonalization

Simultaneous tridiagonalization of multiple matrices is an extension of simultaneous diago-
nalization, and it can be achieved by finding a nonsingular matrix that transforms all matrices
to tridiagonal matrices. Recently, Sidje [48] (See also Garvey et al. [17]) introduced conditions

under which two matrices are simultaneous tridiagonalizable.

Proposition 5.10. (Section 2 [48]) Let K,M € $" and 0 # y € R. Suppose that the matrix

pencil K — yM is nonsingular. Then, K and M are simultaneously tridiagonalizable.

If the data matrices are simultaneously tridiagonalizable with the nonsingular matrix U, we
also need a method to compute U. Sidje proposed a method to compute such a nonsingular

matrix U on the basis of Householder reflections. We briefly describe his method for the
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simultaneous tridiagonalization, and then analyze this method to find new properties which
will be used in the proof of the GTRS.

In the beginning of the Sidje’s recursive procedure [48], the matrices are initialized as
K" := K, M" := M € §". Then, an appropriate nonsingular matrix Uk = [1, OE_I; uy, (7"] €

R** with nonsingular U* € R&D*¢-D and 4 € R* is chosen such that

at each step k = n, ..., 2. Here &, 74, Vi, 0% € R, and K¥-1, M*~1 € R&D*=1_This procedure

generates two tridiagonal matrices:

& Ta : Vo Op :
! |
Tn gn—l ‘ Op Vp1 ‘
! |
UTK"U = " ! and  UTMU = |
! |
73 fz : T2 o3 Vo : oy
Ty : Kl oy : Ml
where
Il : In_z :
U::Unfff‘fff,...,,,,‘,,,'
Nk  U?

Now, consider the kth step. To have nonzero elements only on the diagonals, superdiagonals,

and subdiagonals by the operation shown in (5.8), U* should satisfy the following equations:

(ﬁk)T (K{kl},{Z,A..,k} + K{kz,.,‘,k}uk) = Tgés,

~ (5.9)
(Uk)T (M{kl},{z,...,k} + M{kz,__,,k}uk) = oyey,

where e; € R* is the one vector and K{’; .y means the submatrix of K ¥ obtained by remov-
ing the first row and column from K*. In his procedure, U* is chosen to be a Householder

reflection, and therefore, nonsingular, and the existence of u; follows imposing

(ﬁk)T (Kfiy o, + Ko, gth) = Y(ﬁk)T (Mo, + M. gte) (5.10)

for 0 # y € R since K — yM is nonsingular. By restricting y to be positive, we extend

Proposition s.10.
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Lemma 5.11. Let K,M € §" and R 3 y > 0. Suppose that the matrix pencil K — yM is
nonsingular. Then, there exists a nonsingular matrix U € §" that simultaneously tridiagonalizes
K and M. Moreover, for any i € [n — 1], the (i,i + 1)th elements of U'KU and UMU are

sign-definite.

Proof. Substituting (5.9) into (5.10), we obtain 7, = yoy. Since y > 0, the set {ry, oy} is sign-
definite for any k = n,...,2. The variables 7} and o} appear on the (1,2),...,(n — 1,n)th
elements of UTK"U and UTM"U, respectively. O

If the elements on superdiagonal of all matrices can be transformed to sign-definite elements,
then we can apply Corollary 5.2 to show the exactness of the SDP relaxation, which is dis-

cussed next in Section 5.4.2.

5.4.2 Generalized Trust-region Subproblem

Consider the Generalized trust-region subproblem (GTRS):

min xTQ% + 2(¢°)"x (610
5.11
st. xTQ'x +2(¢") x < b,.

The GTRS can be considered a generalization of the classical TRS that minimizes a quadratic
objective function over an Euclidean ball, i.e., the GTRS with Q' > O. This fact can be seen
by substituting @x as a new variable x, where \/5 denotes the Cholesky factor of Q,
ie, Q' = \/@T \/@ . In the TRS, Q° is not necessarily positive definite. Although the TRS
is nonlinear and nonconvex, its SDP relaxation is well-known to be exact [44]. The GTRS
shares nice properties with the TRS. For example, by using S-lemma, it is proved that the
SDP relaxation of the GTRS is always exact under the Slater’s condition.

Since the GTRS is a QCQP (2.7) with only one constraint (m = 1), we can also prove
that the GTRS admits an exact SDP relaxation with the exactness conditions presented in
Chapters 3 and 4. Although the result is not new, our proof shows a procedure on how to
apply the exactness conditions for tridiagonal QCQPs to wider classes of QCQPs. In fact,
the proof demonstrates how to determine the exactness of a given QCQP in practice, and it

can be used to analyze the exactness conditions for broader classes of QCQPs.
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Any QCQP can be formulated in the equivalent homogeneous QCQP as in (3.1), thus,
it is sufficient to consider the following QCQP with an additional variable to discuss the
exactness for the GTRS (5.11):

min xTQ%
st. xTQlx <0, (5.12)
xTEx = 1.

where

Q_P = _bp qPT

q 0OF

(p=0,1) and by =0.

For simplicity, we assume that the number of variables in (5.12) is n. As (5.12) has the additional
equality constraint, the problem (5.12) is a QCQP with three inequality constraints, and (5.12)
is no longer a GTRS. In the subsequent discussion, we describe the exactness for (5.12) using
the simultaneous tridiagonalization. In particular, we show that the SDP relaxation of GTRS

(5.11) is exact as follows.

Theorem 5.12. Suppose that GTRS (5.12) satisfies Assumption 3.6. Then, the SDP relaxation of

(5.12) is exact.

Proof. Let us first consider the case when Q° — yQ! is nonsingular for some y > 0. By
Lemma 5.1, we obtain a nonsingular matrix U € $" that simultaneously tridiagonalizes Q°
and Q', and the (i,i + 1)th elements of UTQ°U and UTQ!U become sign-definite for any

i € [n — 1]. Let these tridiagonal matrices
R? =[rf] :=U"QPU, p=0,1.

Foranyi € [n—1], the set{r},, r;,,} is sign-definite. By letting y = U™'x, the homogeneous

TRS (5.12) can be transformed to an equivalent tridiagonal QCQP:

min y'R’y
st. y'R'y <o, (5.13)
yTElly =1.

Notice that the first row of U is [1 0,,_; '] by the construction of section 5.4.1. By Corollary 5.2,
the SDP relaxation of (5.13) is exact. As U is nonsingular, the SDP relaxation of the original

problem (5.12) is also exact.
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Now consider the other case, i.e., there is no y > 0 such that Q° — yQ! is nonsingular.
We will show that, for a fixed y > 0 and any ¢ > 0, the SDP relaxation of the following

e-perturbed problem is exact:

min xT (Q° +¢l,) x
s.t. xTQ1x <0, (5.14)

xTE;x = 1.

Then, by Lemma 4.1, the SDP relaxation of the original problem (5.12) is also exact. Since

det (QO - le) =0, 0% — yQ! can be diagonalized, as below:

A - -
=pT (QO - le) P, (5.15)
Onfrk
where rk := rank (QO - le), P € R™ is an orthogonal matrix, and A € $* is a diagonal

matrix. By adding perturbation with sufficiently small ¢ > 0 to both sides of (5.15),

A _ _ - -
+el, = PT(Q° —yQ') P+ eP"I,P = PT (Q° + eI, —yQ') P,
On—rk

(QO + eIn) — yQ! becomes nonsingular. From the first case of this proof, the SDP relaxation

of (5.14) must be exact. [



CHAPTER 6

CONCLUSION AND OUTLOOK

Many practical optimization problems have sparsity structures on their data. In particular,
on QCQPs, such sparsity structures can be exploited to characterize their SDP relaxations.
This thesis has focused on developing sufficient conditions of QCQPs, under which their op-
timal solution can be recovered from the SDP relaxation, by dividing sparsity to four classes
of graphs: connected forest (i.e., tree) structures, connected bipartite structures, disconnected
forest structures, and disconnected bipartite structures. In this chapter, we conclude this the-

sis by summarizing the main results and discussing several research directions.

6.1 Summary

The sparsity pattern of a matrix plays an important role for the determination of the rank
of matrices as discussed in Section 3.2. In the context of the SDP relaxation of the QCQP,
when an optimal solution of the relaxation is rank-1, the original QCQP with n variables
can be exactly solved (c.f., Proposition 2.5). Under the strong duality, this rank condition
derives another condition in the dual SDP, i.e., the existence of an optimal solution of at least
n — 1. The main idea of this thesis is to estimate the rank of solutions of dual SDP using the

aggregated sparsity pattern of the QCQP.

Connected Aggregated Sparsity QCQPs

Chapter 3 focused on connected structures of the aggregated sparsity pattern for the QCQP
with n variables. We first presented conditions for matrices under which their ranks are at
least n—1 for three sparsity structures: tridiagonal matrices (strings of vertices), forest struc-

tures, and bipartite structures. In particular, the condition for the forest structures is more
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general than that for tridiagonal matrices and thus we proposed an exactness condition for
QCQPs with forest-structured matrices. It requires the infeasibility of n — 1 systems with
a linear matrix inequality and n + 1 ordinary inequalities. We then considered the other
structure, and proposed another condition for QCQPs whose aggregated sparsity pattern
is bipartite. The main difference between these two conditions are that the one of linear in-
equalities in the system is changed to an equality. The two instances of QCQPs were provided

to show our results in analytical and computational aspects.

Disconnected Aggregated Sparsity QCQPs

In Chapter 4, we extended both exactness conditions of Chapter 3 to QCQPs which do not
satisfy the connectivity conditions, that is, where the aggregated sparsity pattern is discon-
nected. Section 4.2 provided the definition of the e-perturbed QCQP which is constructed
by adding a perturbation to the objective function of the original QCQP. We first proved that
if the SDP relaxation of the e-perturbed QCQP for each epsilon that converges to zero is ex-
act, then that of the original QCQP is also exact under each assumption for forest-structured
and bipartite-structured QCQPs in Sections 4.3 and 4.4. The remaining task is to find a per-
turbation of e-perturbed QCQP which admits the exact SDP relaxation. Proofs of exactness
conditions for disconnected version theorems (Theorems 4.2 and 4.6) constructed a pertur-

bation matrix P for each of forest-structured QCQPs and bipartite-structured QCQPs.

Special Classes of QCQPs

In Chapter 5, we applied exactness conditions of Chapters 3 and 4 to the three subclasses of
QCQPs: QCQPs with only one equality constraints, the generalized trust-region subprob-
lems, and QCQPs whose data matrices are element-wise either all nonnegative or all non-
positive. For the first subclasses, Section 5.2 presented a tractable exactness conditions which
require checking the positive semidefiniteness of only n — 1 matrices instead of solving the
systems.

We next considered sign-definite QCQPs in Section 5.3. As an immediate consequence of
the exactness condition for bipartite aggregated sparsity patterns, it was proved that QCQPs

whose off-diagonal elements are all nonnegative admit the exact SDP relaxation. We next
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developed a conversion method from a sign-definite QCQP to the corresponding QCQP
with bipartite aggregated sparsity pattern in order to handle all the sign-definite QCQPs.
Employing this conversion method, we proved that our conditions cover all the sparsity
conditions in the existing results [7, 28, 36] for the sign-definite QCQP (Proposition 5.6).
Section 5.4 considered the simultaneous tridiagonalization of matrices to transform the
generalized version of trust-region subproblems (GTRS) into tractable QCQPs on the exact-
ness condition for tridiagonal QCQPs, and revealed that all the off-diagonal elements of the
obtained QCQP are nonnegative for a positive parameter y. Using this property, we proved

that any GTRS can be solved by the exact SDP relaxation.

6.2 Future Directions

For our future work, sufficient conditions for the exactness of a wider class of QCQPs than
those with bipartite aggregated sparsity pattern graph will be investigated. We will also study
whether there may be simpler conditions based on the optimal solutions of (3.2) and (3.3)
than Assumption 4.3 in Theorem 4.6. Furthermore, examining our conditions to analyze
the exact SDP relaxation of QCQPs transformed from polynomial optimization would be an

interesting subject.
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