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ABSTRACT 

Internal erosion occurs when fines are detached under hydraulic force. More fines are 

washed out with the void growth. The soils become looser and soil strength decreases, which 

subsequently causes the failure of earthen structures. The objective of this dissertation is to 

develop a constitutive model of granular materials considering deterioration induced by 

internal erosion. 

To quantify the seepage-induced internal erosion process, several series of seepage tests are 

investigated. The effects of the initial conditions (i.e., initial fines content, confining pressure, 

flow direction) on the erosion mechanism are elaborated. It is found that the post-erosion 

grading curves shift downward in the fines fraction for all seepage tests; soils with higher 

confining pressure and smaller initial fines content have less loss of fines. When downward 

or upward seepage flow is applied to soils, the heterogeneity of both fines and voids exists 

along the seepage direction. A predictive equation of the final fines content considering 

confining pressure, initial fines content, and flow velocity is proposed. At the same time, a 

hyperbolic tangent function is employed to estimate the erosion-induced volumetric strain 

based on the experimental observations. The Post-erosion void ratio is estimated by 

considering the cumulative fines loss and erosion-induced volumetric strain. 

The mechanical behavior of internally eroded soils under the drained and undrained triaxial 

shearing is largely dependent on the erosion phenomena (suffusion and suffosion), the fines 

content, and the intergranular void ratio. When suffosion occurs, the drained strength of the 

eroded soils is smaller than that of the uneroded soils, while the undrained strength of the 

eroded soils is larger than that of the uneroded soils. This contradiction may be related to the 

stress state and associated particle rearrangement. When suffusion occurs, the undrained 

strength of the eroded soils is smaller than that of the uneroded soils when the intergranular 

void ratio is relatively low. The subloading Cam-clay model can capture the basic features 

of the original soils under the drained triaxial shearing condition. Thus, the subloading Cam-
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clay model is selected to predict the mechanical behavior of the soils with suffosion under 

the drained condition. From the simulation of the drained triaxial tests on the eroded soils, 

evolutions of key parameters (the slope of normal compression line and initial stress ratio) 

with suffosion are quantified. 

The over-consolidation ratio is found to increase with the loss of fines for the eroded loose 

soils, which indicates that erosion makes the loose soils highly structured condition. This 

implies that the normal yield surface for loose soils is expected to expand after erosion. 

However, both peak strength and deviatoric stress at the critical state under the drained 

condition are smaller for the eroded dense soils, and the volume change characteristic 

becomes more contractive. This means that the normal yield surface for dense soils is 

expected to shrink after erosion. Based on these, the subloading Cam-clay model 

incorporated with the similarity ratio for eroded soils is modified. The determination method 

of erosion-related model parameters is proposed through experimental results and back 

analysis of the experimental results. 

The modified subloading Cam-clay model can predict the mechanical behavior of the eroded 

dense soils with different cumulative fines losses under the same confining pressure obtained 

through both the experiments and the DEM simulation. Both predictive equations for the 

seepage-induced erosion and the modified subloading Cam-clay model are employed to 

simulate the seepage and drained triaxial tests of the loose soils with different initial fines 

contents under the same confining pressure (two-step calculation). This study on the 

constitutive model considering internal erosion offers some important insights into the 

design of the earthen structures subjected to seepage flow.  
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NOTATIONS 

a : material parameter that estimates the eroded fines content; 

𝑎0 : material parameter that estimates the final density of fines; 

𝑎1 : material parameter that determines the final fines content; 

𝑎2 : material parameter that estimates the deviatoric stress at the critical state; 

𝑎3 : material parameter that describes the angle of shearing resistance at the 

critical state; 

𝑎4 : material parameter that describes the slope of the normal compression line; 

𝑎𝑒 : material parameter that determines the reference critical void ratio; 

𝐴1 : material parameter in deciding the maximum shear modulus; 

𝐴2 : threshold value in deciding the erosion-induced volumetric strain; 

b : material parameter that estimates the eroded fines content; 

𝑏0 : material parameter that estimates the final density of fines; 

𝑏1 : fitting parameter that determines the final fines content; 

𝑏2 : material parameter that estimates the deviatoric stress at the critical state; 

𝑏3 : material parameter that describes the angle of shearing resistance at the 

critical state; 

𝑏4 : material parameter that describes the slope of the normal compression line; 

𝑏𝑝 : material parameter that indicates the participation of fines in stress 

transmission; 

𝐵𝑠 : constitutive parameter that estimates the grading state index; 

c : material parameter that estimates the eroded fines content;  

𝑐0 : material parameter that estimates the final density of fines; 

𝑐1 : material parameter that determines the final fines content; 

Cc: : curvature coefficient; 

𝐶𝑝 : model parameter (𝐶𝑝 =
𝜆−𝜅

1+𝑒0
); 
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Cu : uniformity coefficient; 

d : dilatancy; 

𝑑0 : material parameter that describes erosion rate; 

𝑑1 : fitting parameter that determines the final fines content; 

d10 : effective grain size (mm); 

d50 : median grain size (mm); 

dXf : grain size when the fines pass X% of the total mass of the fines; 

dX : grain size when X% of mass passing is finer in the grading curve; 

d85SA : grain size of 85% passing base soils calculated based on the surface area; 

𝑑𝜀𝑞
𝑝 : plastic shear strain increment; 

𝑑𝜀𝑣
𝑝 : plastic volumetric strain increment; 

𝐷 : material constant (𝐷 =
𝐶𝑝

𝑀
); 

DXc : grain size when the coarse particles pass X% of the total mass of the coarse 

particles; 

Dc35 : void size of 35% passing the filters; 

e : void ratio; 

𝑒0 : initial void ratio; 

𝑒1 : material parameter that estimates the current fines content; 

𝑒2 : material parameter that estimates the current fines content; 

𝑒∗ : equivalent void ratio (𝑒∗ =
𝑒+(1−𝑏)𝐹𝐶

1−(1−𝑏)𝐹𝐶
); 

𝑒𝑏𝑠 : initial void ratio before shearing that includes the initial void ratio of the 

uneroded soils and post-erosion void ratio of the eroded soils; 

𝑒𝑐 : void ratio after consolidation; 

𝑒𝑐𝑟0 : reference critical void ratio; 

𝑒𝑒𝑟 : post-erosion void ratio; 

𝑒ℎ𝑐,𝑐𝑟0 : initial critical void ratio for the pure coarse particles; 
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𝑒ℎ𝑓,𝑐𝑟0 : initial critical void ratio for the pure fines; 

𝑒𝐻1 : void ratio calculated based on the hypothesis (1); 

𝑒𝑖𝑛𝑖 : initial void ratio before consolidation; 

𝑒𝑚𝑎𝑥 : maximum void ratio; 

𝑒𝑚𝑖𝑛 : minimum void ratio; 

𝑒𝑠 : intergranular void ratio (e𝑠 =
𝑒𝑐+𝐹𝐶

1−𝐹𝐶
); 

𝐹𝐶 : fines content (mass ratio of current fines to current total soils); 

𝐹𝐶0 : initial fines content (mass ratio of initial fines to initial total soils); 

𝐹𝐶∞ : final fines content; 

𝐹𝐶𝑒𝑟 : eroded fines content; 

𝐹𝐶𝑡ℎ : threshold fines content; 

G : shear modulus; 

𝐺0 : material constant that decides the shear modulus; 

𝐺𝑚𝑎𝑥 : maximum shear modulus; 

h0 : material parameter that decides the degrading rate of the structure formed 

by the erosion; 

𝑖 : hydraulic gradient; 

𝑖𝑐 : critical hydraulic gradient; 

𝐼𝐺  : grading state index (𝐼𝐺 =
𝑙𝑛𝑅𝐷

2𝐵𝑠
); 

𝑘 : hydraulic conductivity; 

K : bulk modulus; 

l : material parameter that decides the smoothness of the erosion-induced 

volumetric strain-cumulative fines loss curve; 

𝑚𝑒 : material parameter that determines the reference critical void ratio; 

𝑚𝑅 : material parameter that determines the degradation rate of the over-

consolidation property; 
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p : mean effective stress or confining pressure; 

𝑝∗ : mean effective stress on the normal yield surface; 

𝑝𝑎 : pore air pressure; 

𝑝𝑤 : pore water pressure; 

𝑝0 : reference pressure or atmospheric pressure, taken as 98kPa; 

𝑝𝑐 : pre-consolidation pressure; 

𝑝𝑒𝑟 : mean effective stress on the normal yield surface of the eroded soils; 

𝑝𝑛𝑜𝑟 : normalized confining pressure; 

𝑝𝑁 : intersection point of normal yield surface and mean effective stress; 

𝑝𝑁,𝑒𝑟 : intersection point of the normal yield surface for the eroded soils and mean 

effective stress; 

𝑝𝑟𝑒𝑓 : reference confining pressure (kPa); 

𝑝𝑠 : intersection point of subloading yield surface and mean effective stress; 

q : deviatoric stress; 

𝑞∗ : deviatoric stress on the normal yield surface; 

𝑞𝑒𝑟 : deviatoric stress on the normal yield surface of the eroded soils; 

r : radius of the hole in the hole erosion tests; 

𝑅 : similarity ratio or stress ratio that corresponds to the size ratio of subloading 

surface to normal yield surface (𝑅 =
𝑝𝑆

𝑝𝑁

); 

𝑅0 : initial stress ratio; 

𝑅𝑒𝑟 : similarity ratio, the size ratio of the normal yield surface for the eroded soils 

to the normal yield surface for the uneroded soils; 

𝑅𝐷 : grading ratio of the maximum grain size to the minimum grain size; 

t : seepage time; 

𝑢 : displacement of the soil skeleton; 

v : flow velocity; 

𝑣∗ : lowest flow velocity; 



XXI 

 

𝑣𝑛𝑜𝑟 : normalized flow velocity; 

𝑣𝑟𝑒𝑓 : reference velocity (m/s); 

𝑉𝑠0 : initial volume of the solid; 

𝑉𝑉0 : initial volume of the voids; 

𝛼 : reduction factor; 

𝛼0 : material parameter that describes the initial stress parameter; 

𝛽0 : material parameter that describes the initial stress parameter; 

𝛾 : nondimensional parameter that estimates the current density of fines; 

𝛾′ : buoyant gravity density; 

𝛾𝑤 : water gravity density; 

𝛿𝑖𝑗 : Kronecker symbol; 

𝛥𝐹𝐶 : cumulative fines loss (mass ratio of eroded fines to initial total soils); 

∆ℎ : hydraulic head difference across the length of the hole; 

𝛥𝑝𝑁,0 : initial stress parameter that represents the change in the size of the normal 

yield surface by erosion; 

∆𝑉 : volume change; 

𝛥𝑉𝑠 : volume change induced by the loss of fines; 

𝛥𝑉𝑉 : volume change induced by the decrease of voids; 

∆𝑍 : length of the hole in the hole erosion tests; 

𝜀1 : axial strain; 

𝜀3 : radial strain; 

𝜀𝑞
𝑝 : plastic shear strain; 

𝜀𝑞 : shear strain (𝜀𝑞 =
2

3
(𝜀1 − 𝜀3)); 

𝜀𝑣
𝑝 : plastic volumetric strain; 

𝜀𝑣 : volumetric strain (𝜀𝑣 = 𝜀1 + 2𝜀3); 

𝜀𝑣
𝑒𝑟 : erosion-induced volumetric strain; 
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𝜀𝑣max
𝑒𝑟  : maximum erosion-induced volumetric strain; 

𝜐 : Poisson’s ratio; 

𝜉 : material parameter that determines the reference critical void ratio; 

𝜌𝑓0 : initial density of fines; 

𝜌𝑓 : current density of fines;  

𝜌𝑓∞
∗  : final density of fines; 

𝜎1 : axial stress; 

𝜎3 : radial stress; 

𝜎𝑖𝑗 : total stress; 

𝜎𝑖𝑗
(1) : partial stress of the solid part; 

𝜎𝑖𝑗
(2) : partial stress of the fluid part; 

𝜂𝑑 : dynamic viscosity; 

𝜅 : slope of swelling line in e-ln p space; 

𝜆 : slope of normal compression line in e-ln p space (𝜆 =
𝑒1−𝑒2

ln (𝑝2 𝑝1⁄ )
); 

𝛬 : plastic multiplier; 

M : slope of the critical state line in p-q space; 

𝜏 : hydraulic shear stress; 

𝜑 : angle of shearing resistance at critical state; 

𝜙 : porosity; 

𝜙𝑒𝑟 : erosion-induced porosity; 

𝛹 : state parameter; 

CSD : constriction (void) size distribution; 

NCL : normal compression line; 

OCR : over-consolidation ratio; 

SL : swelling line. 
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1 CHAPTER 1 

INTRODUCTION 

1.1 Introduction 

Internal erosion happens under the seepage flow, which includes concentrated leak erosion, 

backward erosion, contact erosion, and suffusion (Richards and Reddy, 2012). Concentrated 

leak erosion occurs at the low seepage velocity but the large hydraulic gradient. Generally, 

a crack is formed before the initiation of the concentrated leak erosion. When the hydraulic 

gradient is large enough and the geometric condition is satisfied, the concentrated leak 

erosion can form the piping. 

Backward erosion often occurs in the non-cohesive soils, which is usually categorized into 

backward erosion piping and global backward erosion. Backward erosion piping always 

initiates from the downstream side of the embankment dam (Fell and Fry, 2013). The pipe 

is always vertical in the global backward erosion. Piping was previously termed as natural 

tunneling, tunneling erosion, and soil piping, which could be usually found in the bedrock 

of the dryland (Jones, 1981). The initiation and progression of backward erosion can be 

classified into four steps. Figure 1.1 shows the progression of the backward erosion in the 

foundation. Firstly, a certain concentrated leakage or crack is formed at the toe of the 

embankment. Gradually, the backward erosion initiates. Then, the fines are gradually 

detached or washed out subjected to the seepage flow. Furthermore, the pipe is formed after 

a large number of fines are washed out. Finally, a breach appears, which can lead to the 

collapse of the embankment dam or the levee (Fell and Fry, 2013). 

 
Figure 1.1 Schematic of initiation and progression of back erosion (after Fell and Fry, 2013) 
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When the erosion occurs in the contact between the gravel and the fines, contact erosion 

happens. Suffusion, firstly introduced by Pavlov (1989), happens when particles migrate 

through the soil skeleton under seepage flow (Wan and Fell, 2008). Fannin and Slangen 

(2014) subdivided the instability phenomena caused by seepage flow into suffosion and 

suffusion (Fig. 1.2). Suffosion indicates the phenomenon in which collapse of soil structure 

happens after the loss of fines while suffusion is the phenomenon where the soil structure 

and volume remain unchanged with the gradual loss of fines under the seepage flow (soil 

structure in this study mainly refers to the soil skeleton, which bears the most stress). Goldin 

and Rasskazov (1992) found that cumulative fines loss of 3% could have no impact on the 

stability of soils. Other researchers suggested that the influence of the loss of fines on the 

soil structure could be ignored when the cumulative fines loss was smaller than 5% (Wan 

and Fell, 2008). Therefore, the threshold cumulative fines loss can set to 3% to 5%, below 

which the soil structure does not change (suffusion). 

 
(a) Piping        (b) Suffosion      (c) Suffusion 

Figure 1.2 Schematic of different modes of internal erosion 

The erosion can cause damage to both the natural deposits and the earthen structures. For 

instance, it was found that water can cause serious damage to pavements. Through the cracks, 

road shoulders, and the subgrade, water could enter the base. If the drainage system does not 

work well, the internal erosion can occur after a long time, which accounts for more than 

90% of the pavement problems (Chapuis et al., 1996; Cedergren, 1997). Piping failure 

accounts for most of the large embankment dam failures. Depending on the location of the 

piping, the piping in the embankment dam can be classified into three forms, piping through 
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the embankment, piping through the foundation, and piping from the embankment into the 

foundation (Foster, 2000). Two sinkholes appeared in WAC Bennett Dam due to the 

transportation of fines toward downstream after many years (Muir Wood and Maeda, 2008). 

Wilson et al. (2018) noted that levee and dam failures occurred due to continuing soil erosion 

by the subsurface flow. When the crushed zones within dams or river embankments are 

inadequately sealed, the erosion path can be formed through these structures from the 

downward filters, impervious cores to the upward filters. The continuing dropping of the 

construction materials on the overlying part of dams or river embankments caused by the 

seepage flow can cause the settlement of the dam or river embankment surface (Razavi et 

al., 2020).  

 
Figure 1.3 Schematic of the cut-off wall in the embankment 

Some measures can be taken during the construction to avoid the internal erosion in the dams: 

(1) keep the homogeneity of the construction materials; (2) set the transitional zones between 

the fine and coarse materials (Flores-Berrones et al., 2011). At the same time, other 

remediation options can be adopted to prevent internal erosion, mainly filters and barriers 

(Koelewijn and Bridle, 2017). Filters system, the first line of defense against the continuation 

of internal erosion in the dams, can be employed where large hydraulic gradient is developed 

(Caldeira, 2019). Cut-off wall (e.g., sheet pile wall, diaphragm wall, and soil mixing wall) 

and grout curtain can be driven into the dam or river embankments, which increase the length 

of the seepage flow or block the seepage path and reduce the risk of internal erosion (Fig. 

1.3, Odenwald and Ratz, 2012; Thongthamchart and Brohmsubha, 2014). 
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As mentioned above, there are several types of internal erosion. However, in this dissertation, 

the term “internal erosion” is mainly used to describe either suffosion or suffusion type of 

erosion. 

To fully understand the collapse mechanism, many experimental investigations have been 

conducted to study the mechanism of the internal erosion process and the mechanical 

behavior of the internally eroded soils. However, the research on the quantification of the 

erosion process and the constitutive model of the internally eroded soils is quite limited. 

Therefore, this dissertation concentrates on the quantification of the seepage-induced erosion 

process, the variation of the erosion-related model parameters, and the modification of the 

constitutive model considering the effect of internal erosion. 

1.2 Purpose and scope of this study 

The hydraulic force or seeping water can cause the loss of fines and rearrange the soil 

structure, which causes the variation of the mechanical behavior of the eroded soils. With 

the prolonged loss of fines, hazards like sinkholes and piping are likely to happen. Therefore, 

the comprehensive understanding of the evolution of fines under different seepage 

conditions and the subsequent change in the mechanical behavior of the eroded soils is of 

great importance for the design of the earthen structures in the geotechnical field. 

The objectives of this dissertation are as follows: 

(1) To quantify seepage-induced erosion process of soils. 

(2) To identify and quantify key parameters that govern the eroded soil behavior based on 

deformation characteristics of the eroded soils.  

(3) To propose the modified subloading Cam-clay model that can describe the mechanical 

behavior of the eroded soils. 

(4) To confirm the capability of the proposed models through both the seepage tests and 

drained triaxial tests.  
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To achieve these objectives, the following work has been done: 

(1) The hydro-mechanical behavior of the soils subjected to the seepage flow has been 

investigated. Several seepage tests that take the effects of the hydraulic gradient, the 

initial fines content, and the confining pressure into consideration are studied.  

(2) The predictive equation of the fines content after the erosion as a function of the flow 

velocity, the initial fines content, the confining pressure, and elapsed time is proposed. 

At the same time, the erosion-induced volumetric strain and post-erosion void ratio are 

estimated considering internal erosion.  

(3) The subloading Cam-clay model is employed to predict the mechanical behavior of the 

soils with suffosion. The slope of the normal compression line (𝜆), angle of shearing 

resistance at the critical state (𝜑), and initial stress ratio (𝑅0) are identified as the key 

parameters, whose relations with the suffosion parameters (void ratio before shearing, 

final fines content) are established.  

(4) Considering the variation of the normal yield surface induced by erosion, the subloading 

Cam-clay model is modified by incorporating with the similarity ratio for the eroded 

soils. 

(5) Two-step calculation based on the predictive equations in the seepage test part and the 

modified subloading Cam-clay model is conducted to predict the change of soil 

properties and mechanical behavior of the eroded soils. 

1.3 Layout of the dissertation  

This dissertation contains seven chapters. Chapter 1 is the current chapter, which describes 

the background of this research. Besides, the objectives of this study and the work that has 

been done are introduced in sequent. 

Chapter 2 mainly focuses on the internal erosion related literature review, which can be 

divided into four aspects. The initiation of internal erosion is discussed firstly. Then, the 
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variation of the soils under seepage tests, and the numerical simulations on the seepage 

progress are introduced. Besides, the triaxial tests on the internally eroded soils till now are 

shown to fully understand the effect of loss of fines on the soil behavior. Finally, the study 

on the modification of the constitutive model of the internally eroded soils is described.  

Chapter 3 mainly quantifies the effects of internal erosion on soil properties. The seepage 

tests under different conditions are recalled firstly. With the experimental observations on 

these seepage tests, the evolution law expressing the fines content after the erosion 

considering the hydraulic gradient, the initial fines content, and the confining pressure is 

proposed. And erosion-induced volumetric strain and post-erosion void ratio are estimated.  

Chapter 4 firstly introduces the effects of erosion phenomena (suffusion and suffosion) and 

the intergranular void ratio on the mechanical behavior of both loose and dense soils. The 

subloading Cam-clay model is employed to predict the mechanical behavior of the original 

soils. After confirming the good predictability of the subloading Cam-clay model, it is used 

to predict the mechanical behavior of the soils with suffosion. In the end, the key parameters 

governing the mechanical behavior of the eroded soils are identified and the evolution laws 

of the key parameters with the suffosion-related parameters are proposed.  

Chapter 5 mainly describes the modification of the subloading Cam-clay model considering 

the effect of internal erosion. The determination method of the erosion-related model 

parameters is also presented.  

Chapter 6 shows the performance of the modified subloading Cam-clay model through the 

simulation of the drained triaxial tests on eroded soils from both the laboratory and DEM 

approaches. The predictability of the predictive equations for the seepage stage and the 

modified subloading Cam-clay model for the shearing stage is confirmed through the 

seepage and drained triaxial shearing tests. 

The conclusions of this study are summarized in Chapter 7. Some recommendations are also 

given in this chapter. 
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CHAPTER 2 

LITERATURE REVIEW ON INTERNAL EROSION 

2.1 Introduction  

This chapter gives a brief review of the relevant academic literature on internal erosion 

related study. Section 2.2 summarizes three criteria for the initiation of internal erosion. The 

internal erosion process from both laboratory experiments and numerical simulations is 

described in Section 2.3. At the same time, it also introduces evolution laws that express the 

effect of erosion on the hydro-mechanical behavior of soils. In Section 2.4, the mechanical 

behavior of the internally eroded soils obtained from laboratory experiments and DEM 

approaches are discussed. Section 2.5 mainly focuses on the previous study of the 

constitutive models considering the effect of internal erosion. 

2.2 Review of the initiation of internal erosion 

This section mainly focuses on the literature review on the initiation of internal erosion. 

Although the dissertation mainly focuses on the evolution of the erosion-induced material 

properties and the constitutive models considering the effect of internal erosion, it is still 

necessary to understand the required conditions that can cause internal erosion. Generally, 

the stability of the soil structure depends on the following factors: (1) the particle size 

distribution (PSD) of the soils, (2) the disturbing forces on the soils, and (3) the relative 

density of the soils (Kenny and Lau, 1985). Also, some other factors affect the stability of 

the soil structure, such as the confining pressure, the thickness of the filter, and so on. In this 

section, the effect of the grain size on soil stability is firstly discussed. Then, the hydraulic 

force that could cause erosion is presented. Finally, the stress criterion obtained from the 

microscopic approach is described. 
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2.2.1 Grading criterion  

Kenny and Lau (1985) concluded three conditions for the soils that exhibit the propensity of 

the unstable grading: (1) the primary structure, supporting or transferring the most stress, 

exists in the soils, (2) some fines do not transfer any stress inside the voids formed by the 

primary structure, and (3) the voids are large enough for the fines to move through. 

 
Figure 2.1 Determination of stable and unstable gradings (after Kenny and Lau, 1985) 

Kenny et al. (1985) found that the fines of diameter D can pass through the voids inside the 

primary structure formed by particles of diameter 4D and larger. The F indicates the mass 

ratio of the particles smaller than D to the total soils while the H is the mass ratio of the 

particles whose diameter is between D and 4D to the total soils, as shown in the left diagram 

of Fig. 2.1. It can be obtained from previous research that the range of F for widely graded 

soils is 0 ~ 0.2 and that for the poorly graded soils is 0 ~ 0.3 (soils with the uniformity 

coefficient larger than five are widely graded; soils with uniformity coefficient smaller than 

five are poorly graded). The boundary (limiting grading line) between unstable and stable 

soils was suggested by Kovacs (1981). When the shape curve is in the upper right of the 

limiting grading line, the soils can be regarded as unstable soils (right diagram of Fig. 2.1). 

Besides the method depending on the shape curve, other criteria evaluating the potential of 

stability were also proposed. The fines continue to migrate through the coarse particles under 

the seepage flow, which could induce the collapse of the earthen structures. Therefore, 
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Terzaghi and Perk (1948) proposed the concept of the filter for the design of dams (Fig. 2.2). 

The criteria of the filter were D15c/d85f ≤ 4, D15c/d15f ≥ 4, which were based on the 

laboratory tests and practical experience (Fig. 2.3). D15c (grain size when the coarse particles 

pass the 15% of the total mass of the coarse particles) is related to the distance between the 

randomly coarse particles, which can be selected as the good indicator representing the void 

size inside the filter (Vanmarcke and Honjo, 1985). d85f (grain size when the fines pass 85% 

of the total mass of the fines) is the size that all fines can stay stable and the filter can retain 

the fines of this size (Honjo and Veneziano, 1989). Honjo and Veneziano (1989) modified 

the filter criteria proposed by Terzaghi by adding another grain size ratio (d95/d75). When the 

self-healing index (d95/d75) is less than seven, the non-cohesive base soils are considered to 

be stable. 

 
Figure 2.2 Schematic diagram of the filter 

 
Figure 2.3 The determination of d85f and D15c in the particle size distribution (PSD) (after 
Kenny and Lau, 1985) 
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The use of the particle size distribution could cause errors in the widely graded soils, as the 

large particles with the larger mass and fewer numbers were over-represented. It is difficult 

for a few large particles to contact each other and form large voids. Considering the 

ineffectiveness of the sole use of the criterion D15c/d85f on the evaluation of the filter, the 

concept of the constriction (void) size distribution (CSD) was proposed by Locke et al. 

(2001). Indraratna et al. (2007) proposed the method of determining the filter constriction 

size distribution for the soils with a certain relative density and particle size distribution, 

which could be calculated based on mass, number, or surface area (Fig. 2.4). The number of 

coarse particles is small and the surface area of these coarse particles is large, which indicates 

that the contacts between the coarse particles and others are quite important. Therefore, the 

filter constriction size distribution calculated based on the surface area was recommended 

(Humes, 1996). The criterion, Dc35/d85SA ＜1, was proposed for the evaluation of the filter 

effectiveness. The Dc35 is the constriction (void) size of 35% passing the filters while the 

d85SA is the grain size of 85% passing base soils calculated based on the surface area. The 

experimental evidence showed that the criterion (Dc35/d85SA) could separate the ineffective 

filters successfully, and also avoided being conservative compared with the criteria proposed 

by Terzaghi and Perk (1948). 

 
Figure 2.4 Calculated constriction size distributions and particle size distributions by mass, 
number, and surface area (after Indraratna et al., 2007) 
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Wan and Fell (2008) also thought the presently employed evaluation criteria for assessing 

the potential of internal stability were conservative. They modified the Burenkova method 

incorporated with the grain size ratios (d90/d60 and d20/d5) to obtain the probability contours, 

which assessed the stability of widely graded soils successfully and failed to evaluate the 

stability of the gap-graded soils. They found that soils with a flat slope in the fines fraction 

and steep slope in the coarse fraction were more likely to be unstable. Finally, they suggested 

that the evaluation of the internal stability of the gap-graded soils should depend on the slope 

of the fines fraction instead of the grain size ratio (d20/d5). 

 
Figure 2.5 Four types of grading curves (after Marot et al., 2016) 

Marot et al. (2016) assessed the stability of the soils directly from the grading curves. There 

are four types of grading curves: uniformly distributed, upwardly convex, gap-graded, and 

upwardly concave respectively (Fig. 2.5). For Curve 1, the total soils including fines and 

coarse particles are well distributed, showing a typical grading curve of stable soils. When 

it comes to Curve 2, the soils are mostly constituted by fines. Only a few coarse particles 

float inside the fines. Therefore, soils under this situation are also considered to be stable. A 

certain range of particles is missing in the gap-graded soils (Curve 3), which causes larger 

voids for small particles to migrate under hydraulic force. In this case, the soils are regraded 

to be unstable. The slope of the fines fraction is flat and that of the coarse fraction is steep 
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in Curve 4. It seems that the grain size of the coarse particles is well distributed, which forms 

the primary structure. The number of fines is small compared with that of the coarse particles. 

The voids formed by the primary structure are large enough for fines to move through. Thus, 

the soils with the grading shape of upwardly concave (Curve 4) are unstable. 

2.2.2 Hydraulic criterion  

Hydraulic loading is another necessary factor to induce internal erosion, which can be mainly 

divided into three categories, the hydraulic gradient, the seepage velocity, and the hydraulic 

shear stress respectively (Marot et al., 2016). Terzaghi (1925) proposed the theoretic 

equation of the critical upward hydraulic gradient for the occurrence of piping: 

𝑖𝑐 =
𝛾′

𝛾𝑤

(2.1) 

where 𝑖𝑐  is the critical hydraulic gradient, 𝛾′  is the buoyant gravity density, 𝛾𝑤  is the 

water gravity density. The critical hydraulic gradient of the stable soils under upward flow 

is one, which means that effective stress equals zero. However, the critical hydraulic gradient 

of the unstable soils is usually one-fifth to one-third of that of the stable soils. It is also found 

that the critical hydraulic gradient of soils under the horizontal flow is smaller than that under 

upward flow. The development of the initiation of piping was shown in Fig. 2.6.  

 
Figure 2.6 Three phases of the initiation of the piping 
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The whole process can be divided into three phases. In phase I, the permeability is constant. 

Some small movement of fines occurs at Point B. With the increase of the flow velocity, the 

permeability increases. The piping is gradually formed from Point B to Point C, during which 

fines move at many positions and then the slight piping appears at the downstream side. 

From Point C, strong piping happens (Skempton and Brogan, 1994). 

The discrepancy between the critical hydraulic gradients from experimental results and 

theoretical calculation existed (Wan and Fell, 2008). Skempton and Brogan (1994) proposed 

a reduction factor 𝛼  (𝛼 < 1 ), which was used to describe that the load-carry structure 

mainly consisted of coarse particles that exist in the specimen. The fines can either fill the 

voids or take part in the stress transmission. When a large number of fines did not take part 

in the stress transmission, the critical hydraulic gradient decreases. The equation of the 

critical hydraulic gradient considering the reduction factor 𝛼 is shown as below: 

𝑖𝑐 = 𝛼
𝛾′

𝛾𝑤

(2.2) 

In the hole erosion tests, the voids of the specimen were assumed as a parallel hole with the 

radius r (Reddi et al., 2000). When the horizontal seepage flow was applied to the specimen, 

the hydraulic force was replaced by the hydraulic shear stress that occurred on the hole 

surface. The equation of the hydraulic shear stress was expressed as follow (Hillel, 1980): 

𝜏 = (
∆ℎ𝛾𝑤

∆𝑍
)

𝑟

2
(2.3) 

where ∆𝑍 is the length of the hole, ∆ℎ is the hydraulic head difference across the length 

of the hole. Reddi et al. (2000) also proposed the formulation of the relation between the 

radius r and other soils parameters: 

𝑟 = √
8𝑘𝜂𝑑

𝜙𝛾𝑤

(2.4) 

where 𝑘 is the permeability coefficient, 𝜙 is the porosity, 𝜂𝑑 is the dynamic viscosity. 
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Finally, hydraulic shear stress can be shown as: 

𝜏 = (
∆ℎ

∆𝑍
) √

2𝑘𝜂𝑑𝛾𝑤

𝜙
(2.5) 

The upward critical gradient for the soils with high porosity was much lower than that with 

low porosity from several laboratory tests (Wan and Fell, 2008; Richards and Reddy, 2012). 

Tomlinson and Vaid (2000) found that confining pressure affected the critical hydraulic 

gradient. As some clogging was formed by the arch under the seepage flow, the confining 

pressure could push out the clogging. In this case, the confining pressure was regarded as 

the destabilizing force. Under the higher confining pressure, the erosion could be triggered 

by a lower hydraulic gradient. The increasing rate of hydraulic gradient could also affect the 

onset of internal erosion. During the migration or clogging of the fines, the large increase 

rate of the hydraulic gradient could cause the fines to continue to be washed out, avoiding 

the formation of the new filter (Kohler, 1993). 

 
Figure 2.7 Schematic diagram of the piping test apparatus (after Richards and Reddy, 2012) 

The apparatus measuring the critical hydraulic gradient improved gradually. In the beginning, 

the test apparatus was very simple, which only contained a transparent cylinder and some 

piezometers. Nowadays, the true-triaxial piping apparatus was developed, which contained 
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the inlet-flow control panel, air bladder pressure control panel, air compressor, sample box, 

pressurized receiving vessel, and pressurized water resource (Fig 2.7). The effects of the 

stress state, the seepage direction, the initial porosity, and the seepage flow rate on the critical 

hydraulic gradient could be investigated. 

2.2.3 Stress criterion  

The above criteria are obtained based on the macroscopic analysis, which lacks the 

micromechanical basis. DEM approach can assess the properties of the soils from the respect 

of the particle scale through establishing the model with numerous idealized particles 

(Cundall and Strack, 1979). The particles were assumed to be spherical in the DEM approach, 

and the computation of the relative movement between particles was based on Newton’s 

second law. The velocity, acceleration, and displacement of each particle could be obtained. 

There is a growing body of literature that recognizes the importance of the study of granular 

materials through the DEM approach.  

The stability of the soils can be assessed based on the coordination number instead of the 

contact force (Shire and O’Sullivan, 2013). Through the DEM simulations, the stability of 

the filter increased with the coordination number, which was usually more than four for 

stable soils. Shire and O’Sullivan (2013) confirmed that a majority of loose fines (fines did 

not take part in the stress transmission) existed in the unstable soils, which dominated the 

value of the coordination number. With the process of erosion, the value of the coordination 

number reduced. The transitions between unstable and stable soils are not clear at the particle 

level. 

Shire et al. (2014) continued to carry out 48 DEM simulations on the investigation of factors 

affecting the stability of the soils. The results showed that the fines content and the relative 

density had a great influence on the reduction factor 𝛼. From the microscopic analysis, the 

reduction factor 𝛼  had relations with both the fines content and the grading criterion 

(D15c/d85f). When the value of D15c/d85f was low, the reduction factor 𝛼 was approaching 
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one as the soils were overfilled. While the value of D15c/d85f was high, the ratio of the voids 

to the fines increased, leading to a decrease of the reduction factor 𝛼. The DEM simulations 

showed that when fines content was smaller than 25%, the soils were underfilled; If the fines 

content was larger than 35%, the soils were overfilled; If the fines content was between 25% 

and 35%, the soils were in the transitional state (Shire et al., 2014). These results reflected 

those of Skempton and Brogan (1994) who found that the fines played a decreasing role in 

the stress transmission when fines content was below 24% ~ 29% and separated the coarse 

particles when the fines content was larger than 35% from piping experiments.  

Kuwano et al. (2016) considered particle gravity in the DEM approach, in which the 

specimens were prepared by two methods, compression and pluviation. The reduction factor 

𝛼 of the specimens prepared by pluviation was higher than that of the specimens prepared 

by compression. Kuwano and Shire (2018) simulated the initiation of the suffusion through 

the coupled Computational Fluid Dynamics (CFD)-DEM approach. The initiation of the 

suffusion was found to be affected by the combination of particle stress and primary structure. 

With the gradual erosion of the particles with a low coordination number, the particles with 

high coordination number began to be washed out. 

2.3 Study on the progression of internal erosion 

Fines transport and redeposit simultaneously under the seepage flow. The number of eroded 

fines along with time could be measured through laboratory tests. At the same time, internal 

erosion is affected by many factors, such as hydraulic gradient, initial fines content, and 

confining pressure. The DEM approach coupled with many fluid dynamics approaches can 

be helpful to investigate the erosion process from the perspective of the microscopic scale. 

Some evolution laws of fines, based on the experimental observations, have been proposed 

to quantify the internal erosion process. 

2.3.1 Laboratory tests of the internal erosion process 

Different experimental methods have been proposed to measure the erodibility of the soils, 



17 

 

such as pinhole tests, hole erosion tests, flume tests, and internal erosion tests (Arulanandan 

et al., 1975; Reddi et al., 2000). A 2mm hole was drilled in the soil core in the pinhole tests, 

which could be regarded as the preferential flow path. The recorded hole diameter and the 

flow rate were used to characterize the erodibility of the soils qualitatively. For the hole 

erosion tests, the diameter of the hole was usually set to 6 mm (Wan and Fell, 2004). Reddi 

et al. (2000) conducted both the hole erosion tests and the internal erosion tests to identify 

the particles’ transportation and reclogging. As the pipe has been formed in the hole erosion 

tests, the erosion rate of the hole erosion test was larger than that of the internal erosion tests. 

Particle transportation and reclogging were found to take an important role in the erosion 

process. Sterpi (2003) conducted the seepage tests on the specimens with 23% initial fines 

content under the upward seepage flow. The specimen with the larger hydraulic gradient had 

a larger number of eroded fines. 

The permeability showed different trends under different conditions (i.e., soil composition, 

hydraulic gradient, hydraulic head difference, and flow rate) during the process of seepage 

tests. Xiao and Shwiyhat (2012) conducted downward seepage tests on the gap-graded soils 

with a constant hydraulic gradient of 20.8. The permeability showed a decreasing trend. The 

explanation was that the size of the voids decreased with the clogging of fines, which in turn 

entrapped the fines again. Ke and Takahashi (2012) conducted upward seepage tests to 

investigate the hydrological properties of the internally eroded soils with the constant 

hydraulic head difference. However, the permeability showed an increasing trend during the 

process of erosion, which resulted from the continuing loss of fines and the subsequent 

formation of the flow path. More seepage tests under constant flow rate were conducted to 

investigate the erosion characteristics by Ke and Takahashi (2014a). The sudden increase of 

the hydraulic gradient was regarded as the sign of the onset of internal erosion. The 

permeability fluctuated due to the washing out and reclogging of fines. The loss of fines 

could form the preferential flow paths in the soils, which increased the hydraulic gradient 

and decreased permeability. However, some relatively large fines could block up these 
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formed flow paths and increased permeability. 

Luo et al. (2013) compared the differences between the effect of the long-term hydraulic 

head and the short-term hydraulic head during the erosion tests (long-term hydraulic head 

indicates that the hydraulic gradient was kept unchanged during seepage tests for a long time; 

short-term hydraulic head indicates that the hydraulic head increased gradually until the 

collapse of the soils). The specimens under the long-term hydraulic head are more likely to 

be eroded than those under the short-term hydraulic head. At the same time, the soils under 

higher confining pressure were found to be more difficult to be eroded. The permeability 

depended on the fate of the fines for the soils under the long-term designated hydraulic head. 

When the designated hydraulic head was low, the detached fines were easy to be trapped 

again, leading to an increase in the permeability. However, when the designated hydraulic 

head was high, the detached fines were mainly washed out, enlarging the voids and 

decreasing the permeability. 

2.3.2 Numerical simulations of the internal erosion progress 

3              

4       (a) Voids are small           (b) Specimens are easy to be eroded 

5  

6 (c) No clay exists 

Figure 2.8 Different scenarios of the sand-clay mixtures (after Bonelli and Marot, 2011) 

Bonelli and Marot (2011) proposed an erosion law of the sand-clay mixtures under the 
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seepage flow while ignoring the effects of confining pressure and the volume variation. The 

erosion was regarded as an interfacial process, which indicated the clay/water interface 

erosion in particular. The erosion law was established based on some basic assumptions: (a) 

when the sand was filled with clay, no erosion happened as the voids were small; (b) when 

some voids existed, the specimens were susceptible to internal erosion; and (c) when no clay 

existed, the erosion did not occur (Fig. 2.8). The simulation of the internally eroded soils 

under different hydraulic gradients based on the proposed erosion law agreed well with those 

from experiments. 

Both 2D (Dimension) and 3D Finite Element Method (FEM) approaches were employed to 

investigate the failure mechanism of the dam induced by internal erosion. The dam failure 

during the rainy season could be caused by many factors, such as overtopping and seepage 

flow. The study on the coupled effects of these factors on the failure mechanism of the dam 

is quite limited. Uzuoka et al. (2012) proposed the u-pa-pw formulation to study the effect of 

internal erosion on the failure mechanism of the landslide dam through the 2D FEM 

approach (u indicates the displacement of the soil skeleton, pa indicates the pore air pressure, 

pw denotes the pore water pressure). The mass exchange between the soil skeleton and pore 

water was regarded as the process of the eroded fines falling into the pore water. The 

proposed erosion model, considering the effects of unsaturated soils and mean effective 

stress, was validated by the experimental tests. The simulation of the Yunokura landslide 

showed that the erosion occurred in the upstream slope firstly, and then a large flow path 

formed. The 2D simulation on the piping initiation and progression ignored the hydraulic 

force from the third dimension and its relative effect on erosion, which could cause the 

simulation results unreliable. Vandenbore et al. (2014) simulated the back-erosion piping 

(from the downstream to the upstream) in a dam through the 3D FEM approach. The dam 

was filled with cohesive soils with a designated number of outflow openings. The dam with 

only one outflow opening was found to be more vulnerable to collapse than that with several 

outflow openings. 
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DEM coupled with CFD was firstly employed to give insight into the micromechanical 

behavior of the internally eroded soils by Tsuji et al. (1992). The fluid pressure and fluid 

velocity could be obtained in the CFD approach. Then, the interaction between particles and 

fluid was coupled. The variation of porosity was studied based on the coupled CFD-DEM 

method on both stable and unstable filters under upward seepage flow (Huang et al., 2014). 

The simulated specimen was prepared with the base soil on the bottom and the filter on the 

top (Fig. 2.9). For the stable filter, the porosity of the base soil layer near the filter increased 

at the beginning, and the increasing rate decreased with the progression of the internal 

erosion. Then, the porosity in this layer began to decrease as the trapped fines filled the voids. 

Finally, the porosity of the base soil layer near the filter was kept constant. The porosity of 

the stable filter decreased at the beginning and then kept unchanged along with time. For the 

unstable filter, the porosity of the base soil increased all the time as fines continued 

penetrating the filters. The porosity of the unstable filters decreased gradually.  

 
Figure 2.9 Preparation of base soil-filter model (after Huang et al., 2014) 

Tao and Tao (2017) used the CFD-DEM approach to study the micro-mechanism of the 

piping. The piping in essence was the breakage of the equilibrium between particles. The 

larger increase rate of the pressure difference could result in a smaller critical hydraulic 

gradient. With the continuation of the piping under the upward seepage flow, both the contact 

forces and the coordination numbers of soils decreased. As the soils became looser under the 
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upward seepage flow, the direction of the contact forces transferred from the vertical at the 

beginning to be more horizontal under large hydraulic forces. Compared with the uniform 

soils, the nonuniform soils had smaller porosity, which required a larger flow velocity or 

larger hydraulic gradient for the initiation of the internal erosion. 

The upward seepage flow was also simulated on the specimens consisted of 26000 particles 

with the 26% initial fines content under 50 kPa confining pressure through the CFD-DEM 

approach (Hu et al., 2019). Fines with low coordination numbers and weak contact force 

were found to be more prone to be eroded. The gap-graded soils enjoyed a large amount of 

fines movement and loss of fines under the large hydraulic gradient, while the widely graded 

soils were seldom eroded. A sudden increase of the hydraulic gradient occurred as the 

washout of the clusters (gathering of fines), leading to the collapse of the soil skeleton and a 

decrease in the total volume. The downstream part of the specimens had a larger void ratio 

after the seepage flow compared with other parts of the specimens, which caused the 

heterogeneity of the soils along the flow direction (Chang, 2012; Hu et al., 2019).  

DEM could be coupled with other fluid methods, such as Pore-scale Finite Volumes (PFV), 

Lattice Boltzmann Method (LBM), to investigate the evolution of soils subjected to seepage 

flow. Given that the CFD approach was computationally expensive, Sari et al. (2011) 

simulated the upward seepage flow by injecting the fluid on a point below the soils based on 

the coupled DEM-PFV approach. The geometry of each void in the PFV approach was 

calculated with the movement of particles every step. Consequently, the hydraulic forces on 

particles and the fluxes were computed. The CFD-DEM approach determined the hydraulic 

force above the particle scale (a group of particles), and the direction of the hydraulic force 

was that of the averaged fluid velocity. But the DEM-PFV approach determined the 

hydraulic force at the particle level. The injection forces were in terms of pressure and flux 

respectively. The threshold injected pressure was around 10 kPa, below which the soils kept 

stable under seepage flow. When the injected pressure was larger than 10 kPa, the soils were 

eroded gradually. The imposed flux was set to 2 m3/s, which could trigger the migration of 
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fines under seepage flow. The pressure decreased dramatically as the permeability increased 

after the onset of erosion.  

It was found that more fines could be eroded when the direction of the macroscopic seepage 

flow was consistent with the orientation of the privileged force chain through the DEM-PFV 

approach (Chareyre et al., 2012). The erosion-induced decrease of particle force chains could 

lead to an increase in the number of no-contact particles inside the voids (Wautier et al., 

2018). 

The coupled DEM-LBM approach was employed to investigate the internal erosion progress 

(Lomine et al., 2013; Sibille et al., 2015). The contact friction law existed among particles 

in the DEM approach. For cohesive soils, the contact cohesion disappeared upon the broken 

connections between the particles due to internal erosion. The contact could be reformed 

again through the re-deposition or clogging. Transportation of the fines was driven by the 

flow power in the LBM approach. Several lattices were used to represent the fluid domain. 

The fluid was represented by several groups of particle packages, which stayed on the lattice 

nodes. Under the flow power, fines in these particle packages moved to nearby lattice nodes. 

The mass erosion rate was found to have a positive linear relationship with the excess flow 

power. The simulation results could capture the main features of internally eroded soils under 

different hydraulic gradients.  

The drag force could be computed directly by solving the interaction between the eroded 

fines and the nodes in the Bonded Particles Method (BPM)-LBM approach while the drag 

force was calculated through the empirical equation in the CFD-DEM approach. Through 

the BPM-LBM approach, Wang et al. (2017) validated the proposed filter criterion D15c/d85f 

≤ 4 and found that the larger hydraulic gradient could cause more fines to move into the 

filter. 

2.3.3 Quantification of the internal erosion process 

To quantify the internal erosion process, an empirical exponent function was proposed to 
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describe the erosion process under different hydraulic gradients along with time, based on 

the experimental results (Fig. 2.10, Sterpi, 2003). The equation of the eroded fines content 

was as follows: 

𝐹𝐶𝑒𝑟 = 𝐹𝐶0 [1 − 𝑒𝑥𝑝 (− (
𝑡

𝑡0
)

𝑏

∙
𝑖𝑐

𝑎
)] (2.6) 

where 𝐹𝐶𝑒𝑟  is the eroded fines content (percentage by mass), 𝑡  denotes time, 𝑡0  is the 

reference time, taken as one hour, 𝑖  is the hydraulic gradient, a, b, and c are material 

parameters.  

 
Figure 2.10 Eroded fines content along with the time (after Sterpi, 2003) 

By using Eqn (2.6), the remaining fines content can be derived:  

𝐹𝐶 = 𝐹𝐶0 − 𝐹𝐶𝑒𝑟 = 𝐹𝐶0 ∙ 𝑒𝑥𝑝 (− (
𝑡

𝑡0
)

𝑏

∙
𝑖𝑐

𝑎
) (2.7) 

Two drawbacks existed in Eqn. (2.7): (a) the erosion could happen at any hydraulic gradient; 

(b) when the long-term seepage flow was applied to the soils, all the fines were washed out. 

Thus, the concept of the final density of fines was proposed to avoid the phenomenon that 

all the fines were washed out after a long seepage time (Cividini and Gioda, 2004). The loss 
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of fines could be regarded as the change in the density of fines when both coarse particles 

and fines were considered to be uncompressed. When the flow velocity was large enough, 

the current density of fines (𝜌𝑓) tended to zero; when the flow velocity was small or zero, 

almost no fines were washed out. Based on these, a reasonable formulation of the current 

density of fines under different flow velocities was proposed:  

𝜌𝑓(𝑣) = 𝜌𝑓0 − (𝜌𝑓0 − 𝜌𝑓∞
∗ ) ∙

𝑣

𝑣∗
                   𝑖𝑓   0 ≤ 𝑣 ≤ 𝑣∗ (2.8) 

𝜌𝑓(𝑣) = 𝜌𝑓∞
∗ − 𝛾 ∙ 𝑙𝑜𝑔 (

𝑣

𝑣∗
)                  𝑖𝑓   𝑣∗ ≤ 𝑣 (2.9) 

where 𝜌𝑓0 is the initial density of fines, 𝜌𝑓∞
∗  is the final density of fines, 𝑣∗ is the lowest 

flow velocity applied to the specimen, 𝑣  is the applied flow velocity, 𝛾  is a non-

dimensional parameter. 

Cividini et al. (2009) proposed the evolution law of the final density of fines in the terms of 

hydraulic gradient and initial density of fines:  

𝜌𝑓∞
∗ (𝜌𝑓0, 𝑖) = 𝜌𝑓0[(1 − 𝑐0) ∙ exp(−𝑎0 ∙ 𝑖𝑏0) + 𝑐0] (2.10) 

where 𝑎0, 𝑏0, and 𝑐0 are material parameters. Based on the experimental observations, the 

erosion rate was found to have a linear relation with the square root of the hydraulic gradient, 

and the erosion rate was also related to the final density of fines. Finally, the equation of the 

erosion rate was proposed:  

𝜕𝜌𝑓(𝜌𝑓0, 𝑖, 𝑡)

𝜕𝑡
= 𝑑0 ∙ √𝑖 ∙ [𝜌𝑓(𝜌𝑓0, 𝑖, 𝑡) − 𝜌𝑓∞

∗ (𝜌𝑓0, 𝑖)] (2.11) 

where 𝑑0 is a material parameter. 

2.4  Mechanical behavior of the internally eroded soils 

As the on-site internally eroded soils are not easy to obtain, soils with different fines contents 

are used to mimic the internally eroded soils at the beginning. Shortly afterward, many 

apparatuses, combining the seepage tests and triaxial tests, were modified to investigate the 
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mechanical behavior of the internally eroded soils. For further understanding of the effect of 

internal erosion on the mechanical behavior of soils, the DEM approach was employed from 

the respects of coordination number, active fines, and so on.  

2.4.1 Laboratory tests on the internally eroded soils 

The threshold fines content ( 𝐹𝐶𝑡ℎ ) is an important indicator of the alteration in the 

mechanical behavior of soil mixtures, below which the soils are fines-dominated and above 

which the soils are coarse particles-dominated. Zuo and Baudet (2015) summarized the 

determination methods of the threshold fines content from the aspects of experiments, 

analytical and semi-analytical methods. More detailly, factors, such as void ratio, packing 

density, number of the cycles when the liquefaction occurs, and grain size ratio of coarse 

particles to fines, can be used to estimate the threshold fines content. When the grain size 

ratio of coarse particles to fines is large enough, the threshold fines content of the coarse 

particles-fines mixture is within a small range (Rahman et al., 2009). As the erosion happens 

in the condition that the fines content is smaller than the threshold fines content, the soils 

described in this study are mostly coarse particles-dominated. 

Soils have different fines contents after internal erosion. Therefore, the study on the 

mechanical behavior of soils with different fines contents is helpful to understand the 

mechanism of internal erosion to a certain extent. Previously published studies on the effect 

of the fines content on the mechanical behavior of the mixtures under the undrained 

condition are not consistent. A series of undrained triaxial tests were conducted to investigate 

the effect of the fines content and void ratio on the mechanical behavior of the sand-silt 

mixtures (Thevanayagam et al., 2002). Soils showed a decreasing trend of deviatoric stress 

with the increase of fines content under the undrained condition when the intergranular void 

ratios of the sand-silt mixtures were close to the maximum void ratio of pure coarse particles. 

When the intergranular void ratios of the sand-silt mixtures were relatively low, the 

deviatoric stress under the undrained condition increased with fines contents (intergranular 
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void ratio,𝑒𝑠 = (𝑒𝑐 + 𝐹𝐶) (1 − 𝐹𝐶)⁄ , indicates that all fines were considered as voids; 𝑒𝑐 

is the void ratio after consolidation; 𝐹𝐶 denotes the fines content). 

Ouyang and Takahashi (2016) conducted the undrained triaxial tests on loose soils with 

different fines contents. The soils with smaller fines content had higher secant stiffness, peak 

strength, and deviatoric stress at the critical state than those with larger fines content. 

Microscopic observations showed that soils with fewer fines had fewer fines jamming, which 

increased the number of contacts between coarse particles per unit volume. 

However, Andrianatrehina et al. (2016) found that the deviatoric stress under the undrained 

condition decreased with the sand in the dense sand-gravel mixtures. The explanation was 

that force chains were destabilized with the decrease of sand. Mahmoud et al. (2016) focused 

on the influence of fines content and over-consolidation ratio (OCR) on the mechanical 

behavior of the sand-silt mixtures under the undrained condition. For the mixtures with the 

same fines content and different OCRs (1, 2, and 4), the deviatoric stress under the undrained 

condition increased with the OCR. When the OCR was high (e.g., 4), the effect of silt content, 

ranging from 0% ~ 20%, on the deviatoric stress under the undrained condition was 

negligible. It could be concluded that the mechanical behavior of the sand-silt mixtures under 

the undrained condition was governed by the OCR other than the silt content when the silt 

content was smaller than the threshold fines content.  

To investigate the effect of fines on the mixture soils, the maximum shear modulus (𝐺𝑚𝑎𝑥) 

of the mixture soils at the small strain level with different fines contents was measured 

through the resonant column tests (Goudarzy et al., 2016). At the same time, the Hardin 

relation was used to estimate the maximum shear modulus (Hardin and Back, 1966), as 

shown: 

𝐺𝑚𝑎𝑥 = 𝐴1𝑝𝑎𝑓(𝑒∗) (
𝑝

𝑝0
)

𝑛

(2.12) 
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where 𝐴1 and n are material parameters, 𝑝0 is the atmospheric pressure, 𝑝 is the mean 

effective stress, 𝑓(𝑒∗) is the function of the equivalent void ratio 𝑒∗ (𝑒∗ =
𝑒𝑐+(1−𝑏𝑝)𝐹𝐶

1−(1−𝑏𝑝)𝐹𝐶
, 

𝑏𝑝 indicates the participation of fines in stress transmission). When the fines content was 

smaller than the threshold fines content, the equivalent void ratio increased with the fines 

content, and the maximum shear modulus (𝐺𝑚𝑎𝑥) at the small strain level decreased with the 

increase of the fines content. The accuracy of Eqn. (2.12) was highly dependent on the 

accuracy of the estimation of the equivalent void ratio. 

However, soils directly prepared with different fines content cannot comprehensively 

represent the internally eroded soils, especially the soils with suffosion whose structure 

changes subjected to the seepage flow. The Cone Penetration Tests (CPTs) were conducted 

on both the soils with different initial fines contents (ranging from 14.3% ~ 25%) and the 

soils subjected to seepage flow (Ke and Takahashi, 2012). Original soils with smaller initial 

fines content had a higher cone resistance. The increase of fines could cause a decrease of 

contacts between coarse particles per unit volume, resulting in a decrease in the cone 

resistance. Interestingly, eroded soils with smaller final fines content had a lower cone 

resistance. Erosion made the soils looser, resulting in a decrease in the cone resistance. 

Many drained triaxial tests have been conducted on the eroded soils, which were obtained 

after the seepage tests. The deviatoric stress of the eroded loose soils at the large strain level 

was lower than that of the original soils under the drained condition (Ke and Takahashi, 

2014a, 2014b, 2015). The change in the deviatoric stress of the internally eroded soils within 

the small axial strain was studied from the aspect of the normalized secant stiffness (Ke and 

Takahashi, 2015). The normalized secant stiffness of both original and internally eroded soils 

was shown in Fig. 2.11. The normalized secant stiffness of the internally eroded soils at the 

very beginning was larger than that of the original soils, for the seepage flow could 

strengthen the structure of the soils. The temporary reinforcement collapsed with shearing, 

causing a sudden drop in the normalized secant stiffness. Finally, the secant stiffness of the 
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internally eroded soils decreased and became lower than that of the original soils. For eroded 

dense soils, both peak strength and deviatoric stress at the critical state decreased after 

erosion under the drained condition (Chen et al., 2016; Li et al., 2017, 2020). 

 
Figure 2.11 Comparisons of the normalized secant stiffness of both original and internally 
eroded soils (Specimens named with “35” refer to the initial fines content is 35%. “50, 100, 
200” indicate the confining pressures, 50 kPa, 100 kPa, 200 kPa, respectively. “E” means 
internally eroded soils, “N” represents the sample without erosion; after Ke and Takahashi, 
2015) 

Chang and Zhang (2011) studied the effect of the complex stress state on the hydro-

mechanical behavior of the eroded soil. The initial stress states were (50 kPa, 0 kPa), (83 

kPa, 100 kPa), (100 kPa, 150 kPa) respectively (the values in the bracket are mean effective 

stress and deviatoric stress). The structure of the soils became unstable under the larger stress 

state, resulting in a larger erosion rate and a larger amount of loss of fines. After the seepage 

test, drained triaxial tests were carried out. Although the soils with a higher initial stress state 

enjoyed a larger amount of loss of fine, the peak strength of which was higher than that with 

a lower initial stress state. 

A series of undrained cyclic triaxial tests were conducted to understand the cyclic behavior 

of the soils subjected to internal erosion. Ke and Takahashi (2014b) found that more cyclic 

loops were needed for the failure of eroded soils compared with original soils. The evaluation 

of the liquefaction potential on the internally eroded soils depended on the intergranular void 
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ratio other than the global void ratio (Mehdizadeh et al., 2019). As the total volume 

decreased with the loss of fines, the intergranular void ratio also decreased, which resulted 

in a decrease of the liquefaction potential. This study supports evidence from previous 

observations (Naeini and Baziar, 2004). 

Prasomosri and Takahashi (2020) conducted a series of seepage tests on the gap-graded soils 

with different initial fines contents. Different erosion phenomena were found during the 

seepage tests: self-filtering happened when fines content was smaller than 20%; no marked 

volume change was found (suffusion) when initial fines content was 30%; marked volume 

change occurred (suffosion) when initial fines content ranged from 32.5% to 40%. 

Undrained triaxial tests on both uneroded and eroded soils with initial fines contents ranging 

from 0% to 35% were conducted subsequently, which indicated that the undrained 

mechanical behavior of the eroded soils largely depended on the fines content and related 

erosion phenomena. 

2.4.2 DEM simulation of the mechanical behavior of internally eroded soils 

DEM can simulate the mechanical behavior of brittle materials such as rock, concrete, and 

ceramic, which are difficult to be reproduced by the continuum method. The mechanical 

behavior such as contraction/dilation, strain-hardening/softening could be realized by the 

DEM approach (Tavarez and Plesha, 2007). 

To understand the micromechanical behavior of soils with different grading curves 

comprehensively, isotropic compression tests on three types of soils were simulated through 

the 3D DEM approach (Langroudi et al., 2012). Soils with the grading curve “Cu=3” were 

internally stable, while soils with the grading curve “G3-a” and “k” were internally unstable 

(Fig. 2.12). It was found that the average coordination number of stable soils under isotropic 

compression was larger than that of unstable soils (Fig. 2.13). The perturbations existed in 

the variation of average coordination number of soils with grading curves “G3-a” and “k”. 

The possible explanation was that the particles with no-contact or one-contact existed inside 
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the voids, leading to the discontinuation of the coordination number under isotropic 

compression. Based on the microscopic observations in the force chain of these soils, stable 

soils had homogenous force networks while unstable soils had heterogenous force networks. 

 
Figure 2.12 Grading curves for three types of soils (after Langroudi et al., 2012) 

 
Figure 2.13 Average coordination number under different mean effective stresses (after 
Langroudi et al., 2012) 

The effects of the particle shape and the fines content on the binary mixtures were 

investigated through the 3D DEM approach (Ng et al., 2016). The particle shape was 

described by particle radius ratio, sphericity, elongation, and roundness. Compared with the 

influence of the fines content, the particle shape played a greater role in the peak strength. 
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However, the particle shape had a negligible impact on the critical void ratio while the fines 

content played an important role in the critical void ratio. Hosn et al. (2016) studied the 

effect of active fines content on the mechanical behavior of internally eroded soils through 

the 3D DEM approach. The active fines denoted the fines which took part in the stress 

transmission. The active fines content was a limit, below which the fines mainly filled the 

voids and do not transfer the stress. When fines content surpassed the active fines content, 

the macroscopic mechanical behavior of the soils changed remarkably. Whether or not the 

values of the threshold fines content and the active fines content were the same depended on 

the packing density, the mineralogy, and the particle shape.  

The effects of the stress ratio on the volumetric characteristics of the soils subjected to 

internal erosion were studied through the DEM approach, and the dense assemblies of 2D 

circular particles were used to mimic the soils (Muir Wood et al., 2008). The removal of the 

non-contact fines could both decrease the volume and increase the void ratio, in which the 

effect of increasing the void ratio dominated. Fines were directly deleted at different stress 

ratios. The initial uneroded dense soils showed a dilative trend under the drained triaxial 

shearing condition. When fines were deleted at a low stress ratio, the internally eroded soils 

showed contractive behavior. When fines were deleted at a high stress ratio, the internally 

eroded soils showed dilative behavior. 

To study the effect of different erosion processes on the mechanical behavior of internally 

eroded soils, two erosion scenarios (i.e., deleting the fines randomly and deleting the fines 

with fewer contacts) were simulated through the 3D DEM approach (Zhang et al., 2019). 

The internally eroded soils from deleting the fines with fewer contacts showed higher initial 

stiffness but lower deviatoric stress at the critical state compared with those from random 

deletion of the fines. Hu et al. (2019) obtained the internally eroded soils under the seepage 

flow through the CFD approach, after which the triaxial shearing on the internally eroded 

soils was simulated through the DEM approach. The internally eroded soils showed a 

reduction in the peak strength and similar deviatoric stress at the critical state compared with 



32 

 

the original soils. The void ratio at the critical state of the internally eroded soils was higher 

than that of the original soils. 

2.5 Constitutive models considering internal erosion 

Currently, some constitutive models have been modified to simulate the mechanical behavior 

of the soils subjected to internal erosion. The review of the modification of the constitutive 

model considering internal erosion will be presented from the aspects of the model parameter 

study, the mobilized friction angle variation, the critical state line variation, and the porosity 

variation. 

2.5.1 Review on model parameter study considering the effect of internal erosion 

Through the information from the triaxial tests simulated by the DEM approach, the 

influence of the erosion on the model parameters could be analyzed. Wang and Li (2015) 

classified the effects of erosion into four aspects: the loose effect, force network damage, 

force network relaxation, and variation of the critical state. The designated number of fines 

were directly removed at the specified stress state to simulate the erosion process. Depending 

on the DEM simulations of the internally eroded soils under different mass erosion 

percentages, the relations between the state-based elastoplastic model parameters (i.e., void 

ratio, critical state line related parameters, the stress reduction) and mass erosion percentage 

were established quantitatively. The simulation made by the modified state-based 

elastoplastic model agreed well with those from DEM simulations. 

The Duncan-Chang E-B model was used to simulate the triaxial tests of both uneroded soils 

and internally eroded soils with different cumulative fines losses (Zhang and Chen, 2017). 

As it was difficult to obtain the on-site soils, the soils prepared in the laboratory had the same 

grading curves as the on-site soils. The internally eroded soils were prepared with fewer 

fines while keeping the porosity the same as the on-site internally eroded soils. Through the 

back analysis and the regression analysis, the relations between the model parameters 

(volumetric strain parameters and shear deformation parameters) and the cumulative fines 
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loss were derived quantitatively. The Duncan-Chang E-B model considering different 

cumulative fines losses could be used to describe the erosion-induced variation of 

mechanical behavior. 

2.5.2 Constitutive models focusing on the erosion-induced variation of mobilized friction 

angle 

Hicher (2013) investigated the effects of erosion on mechanical behavior at the particle level. 

The impact of removing fines on mechanical behavior was presented in two aspects: the 

decrease in the contacts between particles and the decrease of the mobilized friction angle. 

The post-erosion void ratio was linked with the mobilized friction angle, which was then 

incorporated into the microstructural model. And the critical state line was considered 

unchanged. The change in the number of contacts per unit volume caused by internal erosion 

was also considered in the microstructural model. From the numerical simulation, it was 

found that the erosion-induced deformation was very large at the high stress ratio. The 

diffuse failure, which occurred at the low stress level and without any plastic strain 

localization, was found during the triaxial shearing on the internally eroded soils (Daouadji 

et al., 2011). This microstructural model was validated by the DEM simulations.  

2.5.3 Constitutive models focusing on the erosion-induced variation of the critical state 

line 

Many researchers focused on the erosion-induced variation of the critical state line when 

studying the constitutive model considering the effect of internal erosion. To quantify the 

effect of internal erosion on the grading curves, the grading ratio (𝑅𝐷) of the maximum grain 

size to the minimum grain size was proposed (Muir Wood and Maeda, 2007). And the 

grading state index (𝐼𝐺 =
𝑙𝑛𝑅𝐷

2𝐵𝑠
, 𝐵𝑠 is a constitutive parameter, Fig. 2.14) was proposed, which 

could be employed to estimate the evolution of both specific volume and critical state line 

(Muir Wood et al., 2010). The variation of both specific volume and critical state line could 

be reflected by the state parameter (𝛹), which was a hardening parameter in the Severn-Trent 
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sand model. The Severn-Trent sand model considering the loss of fines could capture the 

main features of the internally eroded soils. 

 
Figure 2.14 The definition of the grading ratio (RD) and the constitutive parameter Bs (after 
Muir Wood et al., 2010) 

 
Figure 2.15 The variation of void ratio under different fines contents (after Yin et al., 2014) 

It was found that the minimum void ratio of the foundry sand-silt mixture decreased with 

the fines content firstly, and then increased with the fines content (Fig. 2.15). The reference 

critical void ratio (𝑒𝑐𝑟0) along with different fines contents was found to have a similar trend. 

The predictive equation of the reference critical void ratio under different fines contents was 

firstly proposed by Yin et al. (2014), as shown in the equation: 
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𝑒𝑐𝑟0 = [𝑒ℎ𝑐,𝑐𝑟0(1 − 𝐹𝐶) + 𝑎𝑒𝐹𝐶]
1−tanh[𝜉(𝐹𝐶−𝐹𝐶𝑡ℎ)]

2

+𝑒ℎ𝑓,𝑐𝑟0(𝐹𝐶 +
1−𝐹𝐶

(𝑅𝑑)𝑚𝑒
)

1+tanh[𝜉(𝐹𝐶−𝐹𝐶𝑡ℎ)]

2
(2.13)

  

where 𝑒ℎ𝑐,𝑐𝑟0 is the initial critical void ratio for the pure coarse particles, 𝑒ℎ𝑓,𝑐𝑟0 is the 

initial critical void ratio for the pure fines, 𝑎𝑒  and 𝜉  are material parameters, 𝑚𝑒  is a 

coefficient (0＜𝑚𝑒＜1). 

The slope of the normal compression line (𝜆) was assumed to be unchanged after erosion. 

The critical state line with different fines contents could be obtained based on Eqn. (2.13). 

The variation of the critical state line was then incorporated into the elastoplastic model, 

which could predict the mechanical behavior of the soils under different fines contents. Soils 

had different fines contents after the seepage tests, then it was natural to think that Eqn. (2.13) 

could also be employed to predict the critical state line of soils subjected to seepage flow. 

Yang et al. (2018) treated the hydro-mechanical effects on the soils as a two-step process. 

Firstly, the porosity and the permeability increased due to the seepage flow. Secondly, the 

continuing loss of fines increased the void ratio and the critical state line. The mass change 

model and the modified elastoplastic constitutive model were coupled to investigate the 

phenomenon of internal erosion and the subsequent variation of mechanical behavior. To 

simulate the real scale problems, both 2D and 3D dike-on-foundation models were 

established (Yang et al., 2018, 2020). The effects of the leakage cavity size and the hydraulic 

head difference between the upstream and downstream on the development of the sinkhole 

were studied. 

2.5.4 Constitutive models focusing on the erosion-induced variation of porosity 

The erosion process and mechanical failure could affect each other. The migration of the 

fines could cause an increase in the porosity and the rearrangement of the soils, resulting in 

a strength decrease for most cases. Meanwhile, the external stress could cause stress 

concentration, leading to soil damage in a certain location, which in return caused the 

transportation of fines among the voids formed by coarse particles. Stavropoulou et al. (1998) 
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divided the total stress into two partial stresses for the fluid phase and the solid phase. The 

equation was constructed as: 

𝜎𝑖𝑗 = 𝜎𝑖𝑗
(1) + 𝜎𝑖𝑗

(2) (2.14) 

𝜎𝑖𝑗
(1) = (1 − 𝜙)𝜎𝑖𝑗̅̅̅̅      ,     𝜎𝑖𝑗

(2) = −𝜙𝑝𝑤𝛿𝑖𝑗 (2.15) 

where 𝜎𝑖𝑗 is the total stress, 𝜎𝑖𝑗
(1) is the partial stress of the solid part,  𝜎𝑖𝑗

(2) is the partial 

stress of the fluid part, 𝜙 is the porosity, 𝜎𝑖𝑗̅̅̅̅  is the stress related to the strain, 𝛿𝑖𝑗 is the 

Kronecker symbol. The cohesion decreased with the increase of porosity. Through the 

numerical simulations based on proposed equations, the erosion-induced deformation and 

failure near the wellbore were analyzed. 

The erosion-induced porosity ( 𝜙𝑒𝑟 ) was proposed as an internal variable, which was 

regarded as the irreversible strain (Rousseau Q. et al., 2018, 2020). In this case, the hardening 

law of the pre-consolidation pressure (𝑝𝑐) was established in terms of 𝜙𝑒𝑟. The predictive 

equation of porosity-dependent friction angle at critical state was also proposed, varying 

from the maximum friction angle to the minimum friction angle with the increase of 𝜙𝑒𝑟. 

The extended Sinfonietta-Classica constitutive model considering the variation of 𝜙𝑒𝑟 

could reproduce the strength reduction and the volumetric strain variation of the internally 

eroded soils observed from the experimental results (Nova, 1989). 

2.6 Summary  

Study on the internal erosion mainly focuses on four aspects, i.e., the initiation of internal 

erosion, the internal erosion process, the variation of mechanical behavior for the eroded 

soils, and the constitutive model considering internal erosion. Normally, the initiation of the 

erosion is thought to be difficult under the higher confining pressure. However, a special 

situation exists that the higher confining pressure could cause the collapse of the arch and a 

smaller hydraulic gradient is required for the initiation of the erosion. To quantify the internal 

erosion process, the equation expressing the fines considering initial fines content and 
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hydraulic gradient has been proposed. However, other factors (e.g., confining pressure, flow 

velocity) may also affect the internal erosion process, which needs to be considered in the 

predictive equation of fines. The modifications of the constitutive model for the eroded soils 

are mainly from the aspects of the critical state line, friction angle of shearing at the critical 

state line. Internal erosion is also thought to change the size of the yield surface, which 

should be considered in the modification of the constitutive model. The simulated results 

from these modified constitutive models are seldom compared with the experimental results. 

Besides, computation considering both the seepage tests and the subsequent triaxial shearing 

is quite limited.  
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3 CHAPTER 3 

QUANTIFICATION OF SEEPAGE-INDUCED INTERNAL 

EROSION 

3.1  Introduction  

Many researchers have conducted seepage tests on unstable soils to investigate the changes 

in the soil properties. At the same time, some also study the effects of factors (i.e., initial 

fines content, hydraulic gradient, grain size, and flow direction) on the transportation of fines. 

Besides these experimental studies, the predictive equation of the fines content after erosion 

considering the initial fines content and the hydraulic gradient has been proposed. However, 

the limited study focuses on the effect of the confining pressure on the particle transportation. 

At the same time, few researchers quantify the effect of the cumulative fines loss on the 

erosion-induced volume change.  

To understand the evolution process of the soils in detail, typical seepage tests under different 

conditions are firstly recalled in this chapter. The erosion-induced variations of basic 

properties such as the particle size distribution, the fines content, and the void ratio are 

analyzed under different conditions. Moreover, the heterogeneity of the eroded soils along 

the flow direction is also described. Secondly, the predictive equation of the fines content 

considering the effects of the initial fines content, the flow velocity, and the confining 

pressure is proposed. Besides, the predictive equation of erosion-induced volumetric strain 

is proposed based on the experimental results. Finally, post-erosion void ratios, estimated 

based on the erosion-induced volumetric strain and the cumulative fines loss, are compared 

with those from experimental results. 
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3.2 Experimental investigations 

3.2.1 Seepage tests of loose sand under different confining pressures 

Ke and Takahashi (2014a) conducted seepage tests and drained triaxial tests on loose gap-

graded soils successively. Generally, the definition of dense or loose sand depends on the 

relative density. However, the maximum and minimum void ratios cannot obtain for most 

cases selected in this study. The sand, whose deviatoric stress reaches the peak strength and 

then decreases (showing the softening trend) under the drained condition, is defined as the 

dense sand. The sand, whose deviatoric stress increases gradually and reaches the critical 

state (showing the hardening trend) under the drained condition, is defined as the loose sand 

(Craig, 2004). The silica Nos. 3 and 8 sands, functioning as coarse particles and fines 

respectively, were washed to remove the impurities. The properties of silica sand used in the 

experiment are summarized in Table 3.1. The cylinder-shaped specimens were prepared by 

the mixture of silica No.3 and No.8 sands with the moist tamping method (Ladd, 1978). The 

grain size of silica No.8 sand was smaller than 1 mm and the grain size of silica No.3 was 

found to be larger than 1 mm. Specimens had initial fines contents of 15%, 25%, and 35% 

in the mass ratio of fines to initial total soils. As the threshold fines content of the mixtures, 

obtained from the relation of the maximum/minimum void ratio and different fines contents 

(Fig. 3.1), was around 35%, the specimens were categorized as coarse particles dominated 

soils (Yang et al., 2005; Ke, 2015; Wang et al., 2018).  

Table 3.1 Property of silica sand for Ke and Takahashi (2014a) 

Property Silica No.3 Silica No.8 

Specific gravity 2.63 2.63 

Median grain size (d50, mm) 1.72 0.16 

Effective grain size (d10, mm) 1.37 0.087 

Maximum void ratio 1.009 1.333 

Minimum void ratio 0.697 0.703 
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Figure 3.1 Maximum and minimum void ratios along with fines contents (Data from Ke, 
2015) 

 
Figure 3.2 Grading curves of both silica No.3 and No.8 sands (after Ke and Takahashi, 2014a) 

The mixture specimens were classified as internally unstable soils based on criteria proposed 

by previous researchers (when D15c/d85f > 4 or H/F < 1, the specimen is considered to be 

internally unstable, Fig. 3.2, Kezdi, 1979; Kenney and Lau, 1985). After the specimens were 

put in the triaxial cell, they were saturated and consolidated. Then different confining 

pressures were applied to the specimens, 50 kPa, 100 kPa, and 200 kPa, respectively (Ke 

and Takahashi, 2014a, 2015). As the bottom mesh has 1mm openings, fines could flow 
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through this mesh by the hydraulic force. 

    
Figure 3.3 Schematic diagram of downward seepage test 

 
Figure 3.4 Inflow rate for seepage test (after Ke and Takahashi, 2014a) 

Figure 3.3 briefly shows the apparatus assembly of seepage tests. The downward flow was 

applied to the specimen with an increasing inflow rate from zero to 310 mL/min (5.17×10-6 

m3/s). The whole inflow process was divided into three stages as shown in Fig. 3.4 to avoid 

the collapse of structures formed by coarse particles (Fannin, 2015). In Stage 1, the flow rate 

increment was 10 (mL/min)/min for 10 minutes until the flow rate reached 100 mL/min. In 

Stage 2, the flow rate increment was 50 (mL/min)/min for 4 minutes until the flow rate 

reached 300 mL/min. Finally, in Stage 3, the flow rate was increased to the target value (310 
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mL/min), and the flow rate was kept constant for at least 3 hours. During the seepage tests, 

downward discharge effluent along with fines flowed into the eroded soil collection unit 

through a pipe. The cumulative fines that remained in the light tray were continuously 

measured by a highly sensitive waterproofed load cell. Axial and lateral strains could also 

be measured. When no visible fines and effluent could be observed from the collection unit, 

the seepage tests were terminated. 

 
Figure 3.5 Particle size distribution curves before and after erosion under different confining 
pressures (Experimental data from Ke, 2015) 

Figure 3.5 illustrates post-erosion grading curves under different confining pressures (i.e., 

50 kPa, 100 kPa, 200 kPa). Comparing with the initial grading curve, the post- erosion 

grading curves shift downward clearly in the fines fraction. The amount of this shifting of 

grading curves depends on the applied confining pressure. The uniformity coefficient and 

curvature coefficient for the uneroded and eroded specimens are calculated and summarized 

in Table 3.2. Based on the criteria (when both Cu≥6, 1＜Cc＜3 are met, the sand is regarded 

as well graded sand; otherwise, it is regarded as poorly graded sand), both uneroded sand 

and eroded sand are classified as poorly graded sand. Both the curvature coefficient and 

uniformity coefficient varied dramatically due to erosion. 
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Table 3.2 Change in material properties and other parameters after erosion for the soils with 
different confining pressures for Ke and Takahashi (2014a) 

Specimens d10 d30 d60 Cu Cc 𝛥𝐹𝐶 𝐹𝐶∞ 𝑒𝑐 𝑒𝑒𝑟 𝜀𝑣
𝑒𝑟 

35N-50 0.10 0.21 1.73 17.3 0.25 0% 35% 0.55 0.55 0 

35E-50 1.15 1.60 1.88 1.63 1.18 29.25% 8.1% 0.55 1.01 3.91% 

35E-100 0.21 1.55 1.88 8.95 6.09 23.04% 15.5% 0.56 0.92 3.65% 

35E-200 0.10 1.28 2.02 20.2 8.11 13.81% 24.6% 0.54 0.77 2.82% 
Note: Cu represents the uniformity coefficient; Cc represents the curvature coefficient; 𝛥𝐹𝐶 
represents the cumulative fines loss (mass ratio of eroded fines to initial total soils); FC∞ 
denotes the final fines content, which indicates the initial fines content for the uneroded soils 
and the post-erosion fines content for the eroded soils; 𝑒𝑐  means the void ratio after 
consolidation;  𝑒𝑒𝑟  means the post-erosion void ratio; 𝜀𝑣

𝑒𝑟 indicates the erosion-induced 
volumetric strain. 

 
Figure 3.6 Erosion-induced change in fines content for different initial mean effective 
stresses (Experimental data from Ke and Takahashi, 2014a) 

Figure 3.6 presents erosion-induced changes in fines content for the different initial 

confining pressures. For 50 kPa initial confining pressure, the specimen experienced the 

largest fines content loss, and the fines content decreased from 35% to 8.1%. With the higher 

confining pressure, the loss of fines was less compared to the case under 50 kPa initial 

confining pressure. Bendahmane et al. (2008) observed that the increase in the confining 

pressure would result in a decrease in the maximum erosion rate. The higher initial mean 
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effective stress may have caused tighter interlocking between particles, which made it more 

difficult for small particles to migrate under seepage flow. The same tendency can be seen 

in the tests reported here. Before the seepage test, the void ratio was almost the same for all 

the cases (cf. Fig. 3.7). The erosion made the void ratio larger, especially in the case under 

50 kPa initial confining pressure, and the void ratio increased from 0.55 to 1.01. After the 

seepage tests, the measured volumetric strain ranged from 2.5% to 4%. 

 
Figure 3.7 Erosion-induced change of void ratio for different initial mean effective stresses 
(Experimental data from Ke and Takahashi, 2014a) 

3.2.2 Seepage tests of loose sand with different initial fines contents 

The specimens with 15%, 25%, and 35% initial fines contents were also subjected to seepage 

flow under the 50 kPa confining pressure (Ke and Takahashi, 2014a). Figure 3.8 shows the 

post-erosion grading curves of the soils with different initial fines contents. Comparing with 

the initial grading curve, post-erosion grading curves also shift downward clearly in the fines 

fraction. The specimen with 35% initial fines content has the largest shift, while those with 

15% and 25% initial fines contents have a similar amount of shift. The curvature coefficient 

and uniformity coefficient and other material properties for specimens with erosion are 

calculated and summarized in Table 3.3. The uniformity coefficient decreased while the 

curvature coefficient increased after internal erosion. 
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Figure 3.8 Particle size distribution curves before and after erosion under different initial 
fines contents ( 𝐹𝐶0  denotes the initial fines content; Experimental data from Ke and 
Takahashi, 2014a) 

 

Table 3.3 Details of material properties of the silica mixtures with different initial fines 
contents before and after erosion for Ke and Takahashi (2014a) 

Specimens d10 d30 d60 Cu Cc 𝛥𝐹𝐶 𝐹𝐶∞ 𝑒𝑐 𝑒𝑒𝑟 𝜀𝑣
𝑒𝑟 

35N-50 0.10 0.21 1.73 17.3 0.25 0% 35% 0.55 0.55 0 

35E-50 1.15 1.60 1.88 1.63 1.18 29.2% 8.1% 0.55 1.01 3.91% 

25E-50 0.28 1.56 2.01 7.29 4.37 15.1% 11.6% 0.57 0.81 0.8% 

15E-50 0.69 1.58 2.01 2.93 1.81 4.9% 10.6% 0.68 0.78 0.01% 

 

Figure 3.9 presents the change of fines content for specimens with different initial fines 

contents under the same confining pressure (50 kPa). The specimen with larger initial fines 

content has a relatively larger change of the fines content. Ke and Takahashi (2012) also 

found that the soils with larger initial fines content had a larger fines content loss. The 

possible explanation may be that a large number of fines do not participate in the stress 

transmission in the soils with larger initial fines content and are easier to be washed out under 

seepage flow.  
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Figure 3.9 Erosion-induced change of fines content for different initial fines contents 
(Experimental data from Ke and Takahashi, 2014a) 

 
Figure 3.10 Erosion-induced change of void ratio for different initial fines contents 
(Experimental data from Ke and Takahashi, 2014a) 

Figure 3.10 describes the variation of the void ratio for soils under different initial fines 

contents. The initial void ratios of the soils with different initial fines contents were different; 

the specimen with the smaller initial fines content had a larger initial void ratio but the 

relative density was the same. The soils were coarse particle-dominated, in which fines filled 

the voids formed by coarse particles. The void ratio increased after the seepage tests. The 

specimen with 35% initial fines content experienced the most loss of fines, resulting in the 

largest increase of the void ratio after erosion. The soils with 15% initial fines content had 
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the lowest cumulative fines loss (i.e., 4.9%), whose volume was almost unchanged after 

erosion. 

3.2.3 Seepage tests of dense soils with different cumulative fines losses 

Chen et al. (2016) investigated the variations of the material properties of the dense soils 

subjected to seepage flow. The test apparatus contained four systems, i.e., the triaxial system, 

the pressurized water supply system, the soil collection system, and the water collection 

system (Chang and Zhang, 2011). The table salt functioning as a part of fines was added into 

the soils during the sample preparation. The 50 kPa confining pressure was applied to the 

specimen. In the beginning, the carbon dioxide was put into the specimen to increase the 

saturation degree. Then, the pressurized water supply system supplied the seepage water 

with a relatively low hydraulic gradient for around 36 hours. When all the salt was dissolved 

through the seepage water, the seepage test was terminated. Two groups of dense soils were 

studied: Group A, the soils with 20% initial fines content had cumulative fines losses 0%, 

5%, and 15% after the salt dissolution; Group B, the soils with 35% initial fines content had 

cumulative fines losses 0%, 10% and 30% after the salt dissolution. The material 

compositions and physical properties of the dense soils are summarized in Table 3.4. As the 

Cc of the Group B soil is smaller than one, the Group B soil is classified as poorly graded 

soils. 

Table 3.4 Material compositions and physical properties of soils with different initial fines 
contents subjected to internal erosion for Chen et al. (2016) 

Samples Coarse Fines 𝐹𝐶0 Cu Cc Types 

20N-50 
Completely 

decomposed granite 

Leighton 

Buzzard sand 
20% - - Group A  

35N-50 
Completely 

decomposed granite 

Leighton 

Buzzard sand 
35% 16.7 0.09 Group B  

Note: “-” indicates that the information is not given. 
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The change of material properties of two groups of dense soils subjected to seepage water 

was studied by Chen et al. (2016). The material properties of soils before and after erosion 

are summarized in Table 3.5. The larger the cumulative fines loss, the larger the erosion-

induced volumetric strain. The specimen B3 had a 30% cumulative fines loss, whose 

erosion-induced volumetric strain was quite large. As the salt accounts for 30% of the total 

mass in specimen B3 during preparation, much salt takes part in the force transmission. After 

the salt dissolution, the original soil structure collapses. The rearrangement of soils can cause 

a decrease in volume. 

Table 3.5 Details of material properties of the dense soils before and after erosion for Chen 
et al. (2016) 

Specimens 𝐹𝐶0 𝛥𝐹𝐶 𝐹𝐶∞ 𝑒𝑐 𝑒𝑒𝑟 𝜀𝑣
𝑒𝑟 

A1 20% 0% 20% 0.461 0.461 0% 

A2 20% 5% 15.8% 0.461 0.514 1.51% 

A3 20% 15% 5.9% 0.461 0.644 4.32% 

B1 35% 0% 35% 0.377 0.377 0% 

B2 35% 10% 27.8% 0.377 0.476 3.58% 

B3 35% 30% 7.1% 0.377 0.593 19.06% 

 

    
(a) Group A soils                      (b) Group B soils 

Figure 3.11 Erosion-induced change of void ratio for different cumulative fines losses 
(Experimental data from Chen et al., 2016) 
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Since the amount of the cumulative fines loss was designated (the amount of salt in the 

specimen), we only studied the variations of voids ratio after erosion. The initial void ratios 

of the specimens without erosion were the same. Figure 3.11 indicates that the void ratios 

for both Groups A and B soils increase with the cumulative fines loss. The specimen with 

the larger cumulative fines loss had a larger increase in the void ratio. 

3.2.4 Seepage-induced grading heterogeneity of the soils 

Seepage flow in an upward or downward direction can both cause the heterogeneity of the 

specimen. Heterogeneity in this study mainly refers to the variations of the grading curve, 

the fines contents, the void ratio of different layers in the specimen along the seepage 

direction. Figure 3.12 describes the differences of the grading curves in the different parts of 

specimens with 35% initial fines content under 50 kPa confining pressure after erosion (Ke 

and Takahashi, 2014a). The downward seepage water was applied to the specimen, and the 

specimen was divided into the upper layer and bottom layer. The loss of fines in the upper 

layer was more than that in the bottom layer, which was in line with that of previous studies 

(Kenney and Lau, 1985). 

 
Figure 3.12 Particle size distribution curves of different parts for the specimen after erosion 
(Experimental data from Ke and Takahashi, 2014a) 

Li et al. (2020) studied the effects of particle size distribution heterogeneity of soils under 
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seepage flow. The specimens were prepared by the gap-graded soils with a large value of Cu, 

whose physical properties were summarized in Table 3.6. Seepage water could pass through 

the specimens in both upward and downward directions with a constant hydraulic head. The 

silica 60 G and 5 mm basalt functioned as the fines while the 10mm basalt functioned as the 

coarse particles. The initial fines content was around 32%, and the coarse particles mainly 

formed the bearing skeleton. The specimens underwent different amounts of downward 

seepage water (i.e., 8×10-3 m3, 24×10-3 m3, and 48×10-3 m3) under 50 kPa confining pressure. 

After the seepage tests, the fines contents of different parts of the specimen along the flow 

direction were different, which resulted in heterogeneity. 

Table 3.6 Materials and properties of soils with 32% initial fines content for Li et al. (2020) 

Sample Coarse Fines 
d60 

(mm) 
d30 

(mm) 
d10 

(mm) 
𝐹𝐶0 Cu Cc 

Particle 
description 

32N-50 
10mm 
Basalt 

Silica 
60G, 
5mm 
Basalt 

6.9 0.97 0.02 32% 284.6 5.6 
Sub-

angular 

Note: dX indicates grain size when X % of mass passing is finer in the grading curve. 

 

 
Figure 3.13 Erosion-induced change of fines content for different sample lengths 
(Experimental data from Li et al., 2020) 
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Figure 3.14 Erosion-induced change of post-erosion void ratio for different sample lengths 
(Experimental data from Li et al., 2020) 

The specimen under 24×10-3 m3 downward seepage water was considered to study the 

heterogeneity of the eroded soils in more detail. The eroded specimen was divided into four 

parts along the flow direction. The midpoint of each part was assumed to represent the whole 

layer. Figure 3.13 shows that the top layer has a larger cumulative fines loss compared with 

the bottom layer. The cumulative fines losses of the middle two layers were almost the same. 

The transportation and re-deposition of fines happened simultaneously during erosion in the 

middle two layers. The top layer underwent the most fines transportation and the fewest fines 

re-deposition, while the bottom layer had the opposite phenomenon. The change of post-

erosion void ratio along the specimen length is illustrated in Fig 3.14, which shows that the 

void ratio of the top layer has the largest increase as a result of the largest loss of fines in this 

layer. The post-erosion void ratio decreased linearly with the distance from the top of the 

specimen. Hu et al. (2019) simulated the specimens under the upward seepage flow through 

the CFD-DEM simulation. They divided the specimen into three parts (top part, middle part, 

and bottom part). The top part also had the largest loss of fines and the highest increase of 

void ratio, while the bottom part enjoyed the least loss of fines and the lowest increase of 

void ratio. Under both downward and upward directions of seepage flow, the top layer has 

the largest loss of fines. Thus, another factor (particle gravity) is thought to affect the 
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variations of loss of fines and void ratio in different layers. As the particle size distribution 

curve of the soils has an important effect on the mechanical behavior of the eroded soils 

(Muir Wood et al., 2010), the heterogeneity of particle size distributions for different layers 

also affects the mechanical behavior of the eroded soils. 

3.3 Quantification of the internal erosion process 

3.3.1 Predictive equation of the fines content during the erosion process 

4  
Figure 3.15 Fines contents along with time under different confining pressures Experimental 
data from Ke and Takahashi, 2014a) 

 
Figure 3.16 Change of final fines contents under different confining pressures (Experimental 
data from Ke and Takahashi, 2014a) 
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When the seepage flow was applied to the unstable soils, the variation of fines contents under 

different confining pressures against elapsed time could be obtained. It took some time for 

the initiation of erosion by seepage flow. However, in the following evaluation, the elapsed 

time before erosion was ignored for simplification. As depicted in Fig. 3.15, the fines 

contents decrease with the continuing inflow and tend to converge to certain values (Ke and 

Takahashi, 2014a). It is also noticeable from this figure that a specimen under higher 

confining pressure has less loss of fines. Figure. 3.16 shows that final fines content is a 

monotonic increase function of the mean effective stress (soils with 35% initial fines content 

under different confining pressures 50 kPa, 100 kPa, and 200 kPa). The fines will be difficult 

to be eroded when the confining pressure is high. Fines are expected to be eroded mostly 

when the confining pressure is close to zero, under which there is no external constraining 

force preventing fines from transporting. 

Figure 3.17a shows the change of fines content with different initial fines contents (15%, 

25%, 35%) under 50 kPa confining pressure (Ke and Takahashi, 2014a). The fines content 

decreases with the elapsed time and finally tended to converge to a certain value. The erosion 

rate depends on the initial fines content. The specimen with larger initial fines content has a 

larger erosion rate.  

   
   

(a) Experimental results               (b) Prediction curves 
Figure 3.17 Fines content against elapsed time with different initial fines contents (15%, 
25%, 35%) under 50 kPa confining pressure (Data from Ke and Takahashi, 2014a) 
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(a) Specimens subjected to upward seepage flow with different initial fines contents 

(16.7%, 20%, and 25%, Experimental data from Ke and Takahashi, 2012) 

 
(b) Specimens subjected to downward seepage flow with different initial fines contents 

(15%, 25%, and 35%, Experimental data from Ke and Takahashi, 2014a) 
Figure 3.18 Change of final fines contents with different initial fines contents 

Tomlinson and Vaid (2000) also found that confining pressure made a difference in the final 

fines content; meanwhile, both flow velocity and initial fines content could cause the change 

of finial fines content. It is believed that the specimen with the larger initial fines content has 

the larger final fines content after erosion (Sterpi, 2003). A series of the soils subjected to 

the upward seepage flow under very low confining pressure with 16.7%, 20%, and 25% 

initial fines contents were conducted by Ke and Takahashi (2012). Figure 3.18a shows that 
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the final fines content has a positive linear relationship with the initial fines content for the 

eroded soils. However, no clear relation between the final fines content and the initial fines 

content can be found in another series of the soils that underwent the downward seepage 

flow with 15%, 25%, and 35% initial fines contents under 50kPa confining pressure (Fig. 

3.18b, Ke and Takahashi, 2014a). 

Cividini et al. (2009) regarded the decrease of non-dimensional density of fines as the loss 

of fines. The long-term non-dimensional density of fines was a function of the initial non-

dimensional density of fines and hydraulic gradient. The change of fines can be expressed 

as the variation of the fines content, the equation of the final fines content considering the 

effect of initial fines content and the hydraulic gradient is proposed: 

𝐹𝐶∞(𝐹𝐶0, 𝑖) = 𝐹𝐶0 ∙ [(1 − 𝑑1)𝑒𝑥𝑝(−𝑎1 ∙ 𝑖𝑏1) + 𝑑1] (3.1) 

where 𝑎1, 𝑏1, and 𝑑1 are fitting parameters. From the fitting of the experimental data, 𝑎1, 

𝑏1, and 𝑑1 are taken as 1.1, 2.2, and 0.05 for the soil with 23% initial fines content under 

different hydraulic gradients (Fig. 3.19). With the increase of hydraulic gradient, the final 

fines content decreases rapidly firstly, and then decreases slowly, finally tends to be constant 

(close to zero). 

 
Figure 3.19 Change of final fines content with different hydraulic gradients (Experimental 
data from Sterpi, 2003) 
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However, the effect of confining pressure has not been considered. In this subsection, the 

effect of the hydraulic gradient is replaced by the effect of flow velocity. Also, the effect of 

confining pressure on the variation of fines content is studied. In the formulation, the flow 

velocity is normalized by reference velocity, and confining pressure is normalized by 

reference confining pressure, where reference velocity 𝑣𝑟𝑒𝑓  equals to 0.0001 m/s and 

reference confining pressure 𝑝𝑟𝑒𝑓  equals to 1 kPa. Final fines content 

𝐹𝐶∞(𝐹𝐶0, 𝑣𝑛𝑜𝑟 , 𝑝𝑛𝑜𝑟) is constructed as a function of initial fines content 𝐹𝐶0, normalized 

flow velocity 𝑣𝑛𝑜𝑟, and normalized confining pressure 𝑝𝑛𝑜𝑟.  

 
Figure 3.20 Normalized finial fines content along the reciprocal of normalized confining 
pressure (Experimental data from Ke and Takahashi, 2014a) 

Experimental data in Fig. 3.20 show the change of the normalized final fines content 

𝐹𝐶∞/𝐹𝐶0 along with the parameter 1/𝑝𝑛𝑜𝑟 for specimens with 35% initial fines content 

and different confining pressures (50 kPa, 100 kPa, and 200 kPa). As we can see, the 

normalized final fines content decreases with the increase of 1/𝑝𝑛𝑜𝑟, and the normalized 

final fines content equals one when 1/𝑝𝑛𝑜𝑟  converges towards zero (which means the 

confining pressure is very high). At the same time, the final fines content increases with the 

initial fines content (cf. Fig. 3.18a). The equation of the final fines content is proposed: 

𝐹𝐶∞(𝐹𝐶0, 𝑣𝑛𝑜𝑟 , 𝑝𝑛𝑜𝑟) = 𝐹𝐶0 ∙ [(1 − 𝑑1)𝑒𝑥𝑝 (−𝑎1 ∙ (𝑣𝑛𝑜𝑟)𝑏1 ∙ (
1

𝑝𝑛𝑜𝑟
)𝑐1) + 𝑑1] (3.2) 
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where 𝑎1, 𝑏1, 𝑐1, and 𝑑1 are fitting parameters. From the fitting of the experimental data 

(Fig. 3.20), 𝑎1, 𝑏1, 𝑐1, and 𝑑1 are taken as 6.5, 0.95, 0.95, and 0.12 for the soils with 35% 

initial fines contents under different confining pressures (50 kPa, 100 kPa, and 200 kPa). 

 
Figure 3.21 Trends of erosion rate with elapsed time under different confining pressures 
(Experimental data from Ke and Takahashi, 2014a) 

Figure 3.21 shows the trend of erosion rate along elapsed time for the specimens under 

different confining pressures. The erosion rate denotes the fines content change per unit time. 

The erosion rate follows the conditions: (a) for all cases with different confining pressures, 

it decreases monotonically with time and finally tends to zero; and (b) it decreases with the 

increase of confining pressure. Previous research indicated that the erosion rate also 

depended on the root of the hydraulic gradient (Cividini et al., 2009). The change of 

hydraulic permeability was small after the onset of internal erosion, which was assumed to 

be unchanged during erosion for simplification. And then the hydraulic gradient could be 

replaced by flow velocity (Bowman and Hunter, 2017). Consequently, the following 

equation of current fines content 𝐹𝐶(𝐹𝐶0, 𝑣𝑛𝑜𝑟 , 𝑝𝑛𝑜𝑟 , 𝑡) is proposed: 

𝜕𝐹𝐶(𝐹𝐶0, 𝑣𝑛𝑜𝑟 , 𝑝𝑛𝑜𝑟 , 𝑡)

𝜕𝑡
= −𝑒1 ∙ (𝑣𝑛𝑜𝑟)0.5 ∙ (

1

𝑝𝑛𝑜𝑟
)

𝑒2

∙ (𝐹𝐶 − 𝐹𝐶∞) (3.3) 

Based on this, the function of 𝐹𝐶 can be obtained by integration: 
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𝐹𝐶 = (𝐹𝐶0 − 𝐹𝐶∞) ∙ exp [−𝑒1 ∙ (𝑣𝑛𝑜𝑟)0.5 ∙ (
1

𝑝𝑛𝑜𝑟
)

𝑒2

∙ 𝑡] + 𝐹𝐶∞ (3.4) 

where 𝑒1 =0.00035 and 𝑒2 =0.12, the predictive equation of Eqn. (3.4) can capture the 

features of the experimental results under different confining pressures (cf. Fig. 3.15). At the 

same time, if we know the final fines content of the specimens with 15%, 25%, and 35% 

initial fines contents under 50 kPa confining pressure, Eqn. (3.4) can also estimate the 

variation of the fines content for the soils with different initial fines contents during internal 

erosion well (cf. Fig. 3.17b). Eqns (3.2) and (3.4), considering the effect of flow velocity and 

confining pressure, are suitable for the prediction of the fines content of the eroded soils 

obtained through the loss of fines under the seepage flow, but not suitable for the prediction 

of the fines content of the eroded soils obtained through the salt dissolution.  

3.2.2 Estimation of the erosion-induced volumetric strain 

The erosion-induced change in volume of the soils under seepage flow was found in some 

experiments (Xiao and Shwiyhat 2012; Ke and Takahashi, 2014a, 2015; Chen et al., 2016). 

However, no volume change also happened when soils were subjected to the seepage flow 

(Fannin and Slangen, 2014; Li et al., 2020). The possible explanation may be that the soils 

are constituted by two parts: the stable skeleton (mainly formed by coarse particles) and the 

migratable particles that do not contribute to the stress transmission (mainly fines). When 

the cumulative fines loss is small, or the skeleton is competent enough, the volume may be 

unchanged even the internal erosion occurs due to the seepage flow (suffusion). Contrarily, 

when the loss of the fines is large, or the skeleton collapses by the large seepage force, the 

volume may change dramatically (suffosion). 

It is important to find the relation between erosion-induced volumetric strain and the 

cumulative fines loss for the modeling of the internally eroded soil behavior. As the 

maximum cumulative fines loss exists for any binary mixture under seepage flow and both 

coarse particles and fines are nearly incompressible, the maximum erosion-induced 
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volumetric strain 𝜀𝑣max
𝑒𝑟  may also exist for the soils subjected to the seepage flow.  

In this subsection, the variation of the erosion-induced volumetric strain from two cases is 

investigated. For the loose soils, the experiments conducted by Ke and Takahashi (2014a) 

were analyzed. Chen et al. (2016) investigated the variations of the material properties of 

the dense soils subjected to seepage flow. Generally, the erosion-induced volumetric strain 

of dense soils is expected to be smaller than that of the loose soils. However, the erosion-

induced volumetric strain of dense soils is much larger than that of the loose soils in this 

study (Fig. 3.21b). The explanation is that the salt is used to mimic the erosion of the dense 

soils and the salt dissolution can also cause a decrease in the soil volume. Here, it is assumed 

that depending on the cumulative fines loss ∆𝐹𝐶 , the erosion-induced volumetric strain 

varies from 0 to the maximum volumetric strain 𝜀𝑣max
𝑒𝑟 . The equation of the erosion-induced 

volumetric strain is proposed as: 

𝜀𝑣
𝑒𝑟 =

1

2
𝜀𝑣max

𝑒𝑟 (1 + tanh (
1

𝑙
(∆𝐹𝐶−𝐴2))) (3.5) 

where 𝐴2 is the threshold, l is a parameter deciding the smoothness of the fitting curve, the 

curve is much smoother when the value of l is larger (Fig. 3.22a). From the fitting of the 

experimental data (Fig. 3.22b), 𝜀𝑣max
𝑒𝑟 , 𝐴2, l are taken as 20%, 19%, and 0.095 for dense 

soils (Group B, Chen et al., 2016); 4.2%, 16%, and 0.055 for loose soils (Ke and Takahashi, 

2014a). The range of the fitting parameter l is suggested to be 0 < l < 0.1. When l > 0.1, it is 

difficult to predict the phenomenon that volume does not change when the cumulative fines 

loss is small through Eqn. (3.5). The internal erosion occurs when the soils are unstable, 

which suggests that Eqn. (3.5) is suitable for the most gap-graded soils and the eroded soils 

obtained through salt dissolution.  

The erosion-induced volumetric strain is also affected by the confining pressure, but this 

effect is not considered in Eqn. (3.5). From the fitting curve, we can know that the erosion-

induced volumetric strain is almost zero when the cumulative fines loss is less than 5% for 

loose soils. When the cumulative fines loss is more than 25%, the volumetric strain of loose 
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soils shows almost the greatest value but becomes insensitive to the amount of the loss of 

fines. The change of volumetric strain for dense soils has a similar trend.  

 
(a) Change of the hyperbolic tangent function with 𝐴2 and l 

 
(b)Fitting of erosion-induced volumetric strains of both the loose and dense soils 

Figure 3.22 Erosion-induced volumetric strain against cumulative fines loss (Experimental 
data of loose sand from Ke and Takahashi, 2014a; Experimental data of dense sand from 
Chen et al., 2016) 

Figure 3.23 shows the seepage tests required for the determination of the erosion parameters. 

The number and type of seepage tests depend on the many conditions (e.g., confining 

pressure, initial fines content, and flow velocity). When only confining pressures are 

different, a series of seepage tests under different confining pressures with the same initial 
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fines contents and constant flow velocity need to be conducted. However, when initial fines 

contents and flow velocities change, more seepage tests considering the variations of initial 

fines contents and flow velocity need to be conducted. 

 
Figure 3.23 Flowchart for determining required seepage tests and erosion parameters 

3.2.3 Estimation of the post-erosion void ratio 

The void ratio of the specimen increases after the seepage test. Sterpi (2003) divided the total 

specimen into voids and solid and proposed three hypotheses about the variation of void 

ratio and volumetric strain after the seepage test: (1) the total volume of the specimen kept 

constant, which noted that the volumetric strain was zero. Eroded fines could cause the 

increase of voids and the decrease of the solid; (2) all eroded fines were washed out while 

the voids did not change, which caused the variation of volumetric strain; (3) the void ratio 

of the specimen were unchanged with the loss of both the voids and the solid (Fig. 3.24). 

The specific gravities of both fines and coarse particles are assumed to be the same, and then 

the percentage by volume of eroded particles can be expressed as the percentage by mass of 
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eroded particles (𝛥𝑉𝑠=𝛥FC). 

 
Figure 3.25 Change in the void ratio of internally eroded soils with different confining 
pressures along with the cumulative fines loss (Experimental data from Ke and Takahashi, 
2014a) 

The void ratios before and after erosion and the cumulative fines loss for both loose and 

dense soils are summarized in Tables 3.2, 3.3, and 3.5. As mentioned above, the specimens 

with higher confining pressure have fewer eroded fines, which results in relatively smaller 

fines content variation. The trends of the void ratio change of the internally eroded soils 

under different confining pressures along different cumulative fines loss are plotted based 

on three hypotheses (Fig. 3.25). As the initial void ratios of specimens after consolidation 

with 35% initial fines contents under different confining pressures (50 kPa, 100 kPa, and 

Figure 3.24 Three hypotheses of the change in void ratio and volumetric strain ( 𝑉𝑉0 
represents the initial volume of the voids; 𝑉𝑠0  denotes the initial volume of the solid; 
𝛥𝑉𝑠 means the volume change induced by the loss of fines; 𝛥𝑉𝑉 means the volume change 
induced by the loss of voids) 
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200 kPa) are quite close, the initial void ratio after consolidation in this figure is determined 

by average value for simplification, yields 𝑒𝑐=0.55 (Fig. 3.25). The prediction curves of 

post-erosion void ratio under different initial fines contents and different cumulative fines 

losses are plotted in Figs. 3.26 and 3.27, respectively.  

  
(a) Soils with 15% initial fines content        (b) Soils with 25% initial fines content 

Figure 3.26 Change in the post-erosion void ratio with different initial fines contents along 
with the cumulative fines loss (Experimental data from Ke and Takahashi, 2014a) 

 
Figure 3.27 Change in the void ratio of the eroded dense soils (Group B, Experimental data 
from Chen et al., 2016) 

The experimental results drop between prediction curves obtained through hypotheses (1) 

and (2), while hypothesis (3) shows that no change of void ratio happens with the increase 
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of the cumulative fines loss. Compared with the prediction curve by hypothesis (2), 

experimental results are closer to that by hypothesis (1) for most cases. The equation used in 

hypothesis (1) is shown below: 

e𝐻1 =
𝑒𝑐 + ∆𝐹𝐶

1 − ∆𝐹𝐶 (3.6) 

where 𝑒𝑐  is the void ratio after the consolidation, 𝑒𝐻1  is the post-erosion void ratio 

calculated based on hypothesis (1). For the case (Group B, Chen et al., 2016), the 

experimental results are closer to prediction results calculated by hypothesis (2), which are 

underestimated (Fig. 3.27).  

The prediction curves for hypothesis (1) are closer to the experimental results but 

overestimate for most cases, which results from the ignorance of the effect of the volumetric 

strain. If we know the erosion-induced volumetric strain, we can estimate the post-erosion 

void ratio (Ke and Takahashi, 2014a). Then the equation considering the effect of the 

volumetric strain is as follow: 

𝑒𝑒𝑟 = (1 − 𝜀𝑣
𝑒𝑟) (

𝑒𝑐 + ∆𝐹𝐶

1 − ∆𝐹𝐶
) − 𝜀𝑣

𝑒𝑟 (3.7) 

where ∆𝐹𝐶 is also regarded as a percentage by volume when the specific gravities of both 

the coarse particles and fines are the same. The post-erosion void ratios from both 

experimental and prediction results calculated by Eqn. (3.7) are plotted in Fig. 3.28, from 

which we can know that Eqn. (3.7) can be used to estimate the post-erosion void ratios by 

considering the cumulative fines loss and erosion-induced volumetric strain, i.e., Eqn. (3.7) 

is suitable for the prediction of post-erosion void ratio for the gap-graded soils and the eroded 

soils obtained after the salt dissolution. For the dense soils with 30% cumulative fines loss, 

the calculated post-erosion void ratio is larger than that from the experiment (question mark 

in Fig. 3.28a). This discrepancy could be attributed to the post-erosion void ratio of soils 

with 30% cumulative fines loss was closer to the prediction curve calculated by hypothesis 

(2) (Fig. 3.27). The seepage scenario of the hypothesis (2) is that the loss of fines (dissolution 
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of the salt) does not increase the voids dramatically, but decreases the solid.  

   
(a)Variation with cumulative fines loss         (b)Variation with void ratio eH1 

Figure 3.28 Post-erosion void ratios comparison between experimental and calculated results 

3.3 Summary 

Several series of laboratory erosion tests on gap-graded soils under different conditions have 

been discussed in this chapter. The post-erosion grading curves shift downward in the fines 

fraction for all erosion tests. Compared with the effect of initial fines content, the amount of 

this shifting for grading curves depends more on the applied confining pressure. The soils 

with higher confining pressure and smaller initial fines content have less loss of fines, 

resulting in a smaller increase in post-erosion void ratio compared with those of lower 

confining pressure and larger initial fines content.  

The heterogeneity exists along the flow direction through the specimen. From the top to the 

bottom of the internally eroded soils with the downward flow, both the cumulative fines loss 

and the post-erosion void ratio are found to decrease linearly with the distance from the top 

of the specimen. The top layer of the eroded soils also has the largest amounts of loss of fines 

in the upward flow through CFD-DEM simulation. Therefore, gravity is thought to affect 

the movement of fines under the seepage flow. 

The predictive equation of the fines content incorporated with the mean effective stress, the 
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initial fines content, and the flow velocity have been proposed. The fines content of the soils 

under constant flow velocity decreases gradually, finally tending to converge to a certain 

value. The proposed predictive equation can capture the main features of the variations of 

the fines content during erosion under different confining pressures and different initial fines 

contents. There should be a positive correlation between the final fines content and the initial 

fines content (Cividini et al., 2009). However, some specimens with different initial fines 

contents do not show this relation, which needs further study.  

The volumetric strain is almost zero when the cumulative fines loss is very small. At the 

same time, the volumetric strain of the internally eroded soils shows approximately the 

highest value when the cumulative fines loss is large enough. It becomes insensitive to the 

amount of the loss of fines when the cumulative fines loss is large. Based on these 

phenomena, a hyperbolic tangent function is employed to predict the variation of the erosion-

induced volumetric strain along with the cumulative fines loss. At last, the equation 

incorporated with cumulative fines loss and volumetric strain has been employed to predict 

the post-erosion void ratio, which is important to study the mechanical behavior of the 

internally eroded soils.  
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4 CHAPTER 4 

PARAMETER STUDY ON CONSTITUTIVE MODEL FOR 

SANDY SOILS CONSIDERING THE INFLUENCE OF 

INTERNAL EROSION 

4.1 Introduction 

There remains a need for further investigations on the variations of model parameters caused 

by internal erosion concerning the experimental evidence (Chang et al. 2014; Ke and 

Takahashi, 2014a, 2014b, 2015; Ouyang and Takahashi, 2015; Li et al., 2017, 2020; 

Mehdizadeh et al., 2017). In this chapter, firstly, the variation of mechanical behavior of the 

soils after different erosion phenomena (suffosion and suffusion) under both drained and 

undrained triaxial tests are introduced. The effects of fines content and intergranular void 

ratio on the soil structure are discussed. After confirming the good reproducibility of the 

subloading Cam-clay model for uneroded specimens under the drained condition, the 

mechanical response of the soils with suffosion under the drained condition is simulated 

using the same model. Finally, the evolutions of key parameters with suffosion-related 

parameters are examined and analyzed. 

4.2 Experimental investigations in literature 

To investigate the change in the mechanical behavior of the internally eroded soils, many 

researchers have conducted both the drained and undrained triaxial tests. The effects of the 

erosion phenomena (suffusion and suffosion) and intergranular void ratio on the variation of 

both the drained and undrained mechanical behavior will be discussed in detail.  

4.2.1 Mechanical behavior of the soils after suffosion 

Ke and Takahashi (2015) performed seepage and drained triaxial tests to understand the 

mechanical behavior of the loose soils with suffosion. Figure 4.1a shows the changes of 
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deviatoric stress with axial strain. For the same initial confining pressure, the deviatoric 

stress of the eroded specimen is smaller than that of the uneroded specimen at the relatively 

large axial strain level. However, the deviatoric stress of the eroded specimen is larger than 

that of the uneroded specimen when the axial strain is small (less than 1%, Fig. 4.1b). As for 

the volumetric strain change, no large difference can be seen among the cases, and the 

volumetric strain for the eroded specimens is slightly smaller than that of the uneroded one 

(Fig. 4.1c).  

   
(a)Deviatoric stress-axial strain response         (b)At the small axial strain level 

 
(c)Volumetric strain-axial strain response 

Figure 4.1 Mechanical behavior of both uneroded and eroded specimens under drained 
triaxial shearing tests (Experimental data from Ke and Takahashi, 2015) 

The volumetric strain is defined as the volume change divided by the initial total volume 

(𝜀𝑣 = ∆𝑉 𝑉0⁄ = ∆𝑉 (1 + 𝑒𝑏𝑠⁄ )). The volumetric strain is affected by two factors, volume 



71 

 

change (∆𝑉) and the initial void ratio before shearing (𝑒𝑏𝑠). The ∆𝑉 of the internally eroded 

soils during triaxial shearing is larger than that of the uneroded soils during triaxial shearing. 

At the same times, the 𝑒𝑏𝑠 also increases after suffosion-type erosion. When the effect of 

the void ratio increment is larger than that of the volume change, the volumetric strain of the 

internally eroded soils becomes less than that of the uneroded soils. 

Li et al. (2017) performed similar tests. After the seepage tests, the drained triaxial shearing 

tests were performed to study the effect of suffosion on the dense specimens. With the loss 

of fines, the peak strength decreased (Fig. 4.2a), which was consistent with experimental 

results by many researchers (Ke and Takahashi, 2014a, 2015; Chen et al., 2016 among 

others). It is worth noting that deviatoric stress at the critical state showed a minor change. 

The dense soils became less dilative or became contractive with the loss of fines. This 

suffosion process changes the soils from a dense state to a loose state; hence, it is expected 

to make the dense soils more contractive (Fig. 4.2b). 

  
(a)Deviatoric stress-axial strain response  (b)Volumetric strain-axial strain response 

Figure 4.2 Drained mechanical behavior of both uneroded and eroded specimens 
(Experimental data from Li et al., 2017) 

Xiao and Shwiyhat (2012) studied the effects of the suffosion on the undrained mechanical 

behavior of the mixture of sand and kaolinite clay. The original soils were prepared by the 

mixture of poorly graded river sand and the non-expansive kaolinite clay (accounting for 10% 
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of the total mass). Three kinds of gap-graded soils were obtained through removing the soils 

of the grain sizes from 1.18 mm to 0.3 mm (#16×#50), from 0.6 mm to 0.3 mm (#30×#50), 

and from 0.6 mm to 0.15 mm (#30×#100) respectively. The seepage tests were performed 

on the gap-graded soils, after which the undrained triaxial shearing tests were conducted. 

The details of both uneroded and eroded specimens are summarized in Table 4.1. Figure 4.3 

shows the comparison of the deviatoric stresses of the uneroded and internally eroded soils. 

Both the peak strength and deviatoric stress at the critical state of the internally eroded soils 

were larger than those of the uneroded soils for all three cases. 

 
(a) Specimen #16×#50               (b) Specimen #30×#50  

 
(c)Specimen #30×#100  

Figure 4.3 Mechanical behavior of specimens without and with suffosion under undrained 
triaxial shearing (Experimental data from Xiao and Shwiyhat, 2012) 
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Table 4.1 Details for sand and kaolinite clay mixtures with and without suffosion for Xiao 
and Shwiyhat (2012) 

Specimens Dry density Relative density 𝑒𝑐 𝜀𝑣
𝑒𝑟 𝑒𝑒𝑟 

#16×#50N 1.88 g/cm3 86.0% 0.43 - - 

#16×#50E 1.86 g/cm3 85.1% 0.43 0.62% 0.44 

#30×#50N 1.95 g/cm3 93.0% 0.37 - - 

#30×#50E 1.79 g/cm3 85.2% 0.37 0.32% 0.50 

#30×#100N 1.95 g/cm3 93.0% 0.37 - - 

#30×#100E 1.79 g/cm3 85.1% 0.37 0.75% 0.50 

 

Table 4.2 Basic properties of uneroded soils and seepage tests results for Ouyang and 
Takahashi (2016) 

Specimens 𝐹𝐶0 𝐹𝐶∞ 𝑒𝑖𝑛𝑖 𝑒𝑐 𝜀𝑣
𝑒𝑟 𝑒𝑒𝑟 𝑒𝑠 

15N-50 15% 15% 0.68 0.67 - 0.67 0.96 

15E-50 15% 8.75% 0.68 0.67 0.2% 0.80 0.98 

25N-50 25% 25% 0.61 0.54 - 0.54 1.05 

25E-50 25% 13.10% 0.61 0.54 1.9% 0.81 1.06 

35N-50 35% 35% 0.61 0.59 - 0.59 1.45 

35E-50 35% 13.00% 0.61 0.59 10.2% 0.99 1.29 

Note: eini indicates the initial void ratio before consolidation. 

Ouyang and Takahashi (2016) investigated the change in the structure of the internally 

eroded soils subjected to suffosion through recorded microscopic images. The specimens 

were prepared by the mixture of silica No. 3 and No. 8 sands with 15%, 25%, and 35% initial 

fines contents. The increase in the flow rate is the same as that conducted by Ke and 

Takahashi (2014a). The changes in fines contents and void ratios after suffosion are 

summarized in Table 4.2. To study the effects of suffosion on the mechanical behavior of the 

soils, undrained triaxial tests on both uneroded and eroded soils were conducted. Figure 4.4 

shows the deviatoric stress-axial strain curves of the uneroded and eroded soils under the 
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undrained condition. Both the peak strength and deviatoric stress at the critical state of the 

internally eroded soils are larger than those of the uneroded soils.  

   
(a) Specimen with 15% initial fine content  (b) Specimen with 25% initial fine content 

 
(c) Specimen with 35% initial fine content 

Figure 4.4 Undrained stress-strain curves of the uneroded and eroded soils (Experimental 
data from Ouyang and Takahashi, 2016) 

Prasomsri and Takahashi (2020) conducted seepage tests on the soils with different initial 

fines contents. Here, the seepage tests with 25% and 32.5% initial fines contents are recalled. 

The variations of the fines content and the void ratio are summarized in Table 4.3. The 

suffosion happened in soils with 32.5% initial fines content because significant change 

existed in the volume after the seepage tests. After the seepage tests, undrained triaxial tests 
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were conducted on the internally eroded soils. It was found that the mechanical behavior of 

the eroded soils had a relation with the fines content and the erosion phenomena. When 

suffosion happened, deviatoric stress at a large axial strain level was larger than that of the 

uneroded soils (Fig. 4.5). The rearrangement happened during suffosion, which caused an 

increase of deviatoric stress at the large strain level. 

Table 4.3 Basic properties of both uneroded and eroded soils for Prasomsri and Takahashi 
(2020) 

Specimens 𝐹𝐶0 𝐹𝐶∞ 𝑒𝑐 𝜀𝑣
𝑒𝑟 𝑒𝑒𝑟 𝑒𝑠 

25N-50 25% 25% 0.58 - - 1.10 

25E-50 25% 24.2% 0.59 0.01% 0.65 1.18 

32.5N-50 32.5% 32.5% 0.54 - - 1.28 

32.5E-50 32.5% 31.4% 0.54 1.15% 0.60 1.34 

 

 
Figure 4.5 Undrained stress-strain curves of soils with and without suffosion (Experimental 
data from Prasomsri and Takahashi, 2020) 

In a word, both the total volume and the number of fines decrease after suffosion in their 

tests (Fig. 4.6). The decrease in the total volume indicates the collapse of the original 

structure and the rearrangement of the new structure, which plays an important role in the 

mechanical behavior of the soils after suffosion.  
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Figure 4.6 Description of the suffosion-type erosion 

Under the drained triaxial shearing condition, the effect of this rearrangement was not 

obvious at the large strain level. Deviatoric stress of eroded soils was smaller than that of 

uneroded soils at the large strain level (Ke and Takahashi, 2015; Chen et al., 2016; Li et al., 

2017). However, this rearrangement could cause an increase of stiffness for eroded loose 

soils within a small strain level, which was weak and easy to collapse with straining.  

Under the undrained triaxial shearing condition, the deviatoric stresses of the soils with 

suffosion were larger than those of uneroded soils (Xiao and Shwiyhat, 2012; Ouyang and 

Takahashi, 2016; Prasomsri and Takahashi, 2020). Xiao and Shwiyhat (2012) thought that 

the increase in both peak strength and deviatoric stress at the critical state of the soils after 

suffosion was attributed to the loss of saturation after seepage tests. To validate their thoughts, 

they re-saturated the specimens after the seepage tests. However, the peak strength and 

deviatoric stress at the critical state of the eroded and subsequent re-saturated soils were still 

larger than those of the uneroded soils. It was believed that the re-saturation process could 

rearrange the soil structure. Ouyang and Takahashi (2016) focused on the change of the soil 

structure caused by seepage flow through the microscopic observation. It was found that 

some fines could coat the coarse particles while other fines filled the voids formed by coarse 

particles. From the microscopic observation, most fines were jammed around the coarse 

particles after the suffosion, which strengthened the structure of the soils. 

4.2.2 Mechanical behavior of the soils after suffusion 

To understand the effects of the fines content, the global void ratio, and the intergranular 
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void ratio on the mechanical behavior of the sandy silts, Thevanayagam et al. (2002) 

conducted several series of undrained triaxial tests. Two groups of soils are discussed in this 

subsection. The global void ratios were about 0.60 for Group C soils while the intergranular 

void ratios were almost the same, around 0.67 for Group D soils, summarized in Table 4.4. 

The soils were prepared by the mixture of host sand (F55, Foundry Sand) and the crushed 

silica fines (silts, silica No.40) with different initial fines contents, 0%, 7%, and 15% 

respectively. These fines contents were smaller than the threshold fines content (around 25% 

in this case). For suffusion, the intergranular void ratios are the same after the seepage tests. 

Therefore, Group D soils could be employed to investigate the mechanical behavior of the 

soils after the suffusion. The undrained triaxial tests were conducted on both Group C and 

D soils.  

Table 4.4 Basic material properties of two groups of soils (Groups C and D) for 
Thevanayagam et al. (2002) 

Group 𝐹𝐶0 d10 (mm) d30 (mm) d60 (mm) Cu Cc 𝑒𝑐 𝑒𝑠 

C 0% 0.16 0.22 0.27 1.7 1.1 0.598 0.598 

C 7% - - - - - 0.596 0.716 

C 15% 0.018 0.19 0.25 13.6 8.2 0.584 0.864 

C 15% 0.018 0.19 0.25 13.6 8.2 0.595 0.876 

D 0% 0.16 0.22 0.27 1.7 1.1 0.665 0.665 

D 7% - - - - - 0.558 0.675 

D 15% 0.018 0.19 0.25 13.6 8.2 0.423 0.674 
 

Figure 4.7a shows that when the global void ratios and the initial confining pressures are the 

same for all cases of the Group C soils, the increase of the fines contents can increase the 

fragility. However, the increase of fines contents can decrease the fragility when the 

intergranular void ratios are similar for the Group D soils (Fig. 4.7b). The functions of fines 

in the soils could vary with the change of the intergranular void ratios (Thevanayagam et al., 

2002). When the intergranular void ratio is larger or close to the maximum void ratio of pure 
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host sand (Group C soils), the fines may support the coarse grain skeleton and reduce the 

coarse-coarse contacts, which could increase the fragility. When the intergranular void ratio 

is relatively low (Group D), the fines around the coarse particles strengthen the structure, 

providing a cushioning effect. 

  
(a) Group C soils                       (b) Group D soils 

Figure 4.7 Undrained mechanical behavior of the soils under different initial fines contents 
(Experimental data from Thevanayagam et al., 2002) 

 
Figure 4.8 Undrained stress-strain relations for both uneroded and eroded specimens with 
25% initial fine content (Experimental data from Prasomsri and Takahashi, 2020) 

Figure 4.8 shows the variation of the deviatoric stress for soils with 25% initial fines content 

after suffusion (Prasomsri and Takahashi, 2020). The basic properties of the soils with 25% 
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initial fines content are summarized in Table 4.3. When suffusion happened, deviatoric 

stresses of internally eroded soils at both peak state and large axial strain level decreased 

compared with those of uneroded soils. 

On the whole, when the intergranular void ratio of soils was lower than the maximum void 

ratio of the pure coarse particles, the loss of fines after suffusion increased the fragility 

(collapse potential) under the undrained condition. Figure 4.9 shows that the intergranular 

void ratio of the soils kept unchanged after suffusion. The fines could strengthen the soil 

structure, and the loss of fines could cause a decrease in the soil strength. (Group D, 

Thevanayagam et al., 2002; Li et al., 2020; Prasomsri and Takahashi, 2020). 

 
Figure 4.9 Description of the suffusion while the intergranular void ratio is relatively low 

 
Figure 4.10 Description of the suffusion while the intergranular void ratio is close to the 
maximum void ratio of the pure coarse particles 

However, a special situation existed for soils with different initial fines contents under the 

undrained condition. When the intergranular void ratio of soils was close to the maximum 

void ratio of the pure coarse particles, the fines have a lubrication effect on the soil structure 

(Fig. 4.10). The increase of the fines may increase the fragility (collapse potential), leading 

to a decrease of deviatoric stress under the undrained condition (Group C, Thevanayagam et 
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al., 2002).  

4.3 Constitutive model used 

4.3.1 Model description 

Hashiguchi (1989) proposed the concept of the subloading surface, which could describe the 

plastic deformation of the material even inside the normal yield surface and realize the 

smooth of stress-strain behavior under loading. The current stress state point is always on 

the subloading surface, and the normal yield surface can expand or contract with the 

movement of the subloading surface. The subloading surface is geometrically similar to 

Cam-clay (normal) yield surface, as shown in Fig. 4.11.  

 
Figure 4.11 Subloading surface and normal yield surface 

In the p-q space, the yield function of the normal yield surface, similar to the yield surface 

of the original Cam-clay model (𝑓 = 𝑀𝑙𝑛
𝑝

𝑝0
+

𝑞

𝑝
= 0), can be expressed as: 

𝑓 = 𝑀𝐷𝑙𝑛
𝑝∗

𝑝𝑁
+ 𝐷

𝑞∗

𝑝∗
=

𝜆 − 𝜅

1 + 𝑒0
𝑙𝑛

𝑝∗

𝑝𝑁
+ 𝐷

𝑞∗

𝑝∗
= 𝐶𝑝𝑙𝑛

𝑝∗

𝑝𝑁
+ 𝐷

𝑞∗

𝑝∗
= 0 (4.1) 

where 𝐶𝑝 =
𝜆−𝜅

1+𝑒0
 (Zhu et al., 2013), 𝐷 is a material constant (𝐷 =

𝐶𝑝

𝑀
, Shibata, 1963), 𝜆 

is the slope of the normal compression line in e-ln p space, 𝜅 is the slope of swelling line 
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in e-ln p space. p is mean effective stress (𝑝 =
𝜎1+2𝜎3

3
, 𝜎1 is the axial stress, 𝜎3 is the radial 

stress, all mean stresses p in this dissertation represent mean effective stresses), and q is 

deviatoric stress (𝑞 = 𝜎1 − 𝜎3). M (critical stress ratio) is the slope of the critical state line 

in p-q space; e0 is the initial void ratio; 𝑝𝑠 and 𝑝𝑁 are intersection points of the subloading 

and normal yield surfaces and mean effective stress axis; 𝑝∗ and 𝑞∗ are mean effective 

stress and deviatoric stress on the normal yield surface, respectively. 

The current stress state (p, q) is on the subloading surface. By considering the concept of 

subloading surface, Eqn. (4.1) can be rewritten as:  

𝑓 = 𝐶𝑝 [𝑙𝑛
𝑝

𝑝0
− (𝑙𝑛

𝑝𝑁

𝑝0
− 𝑙𝑛

𝑝𝑁

𝑝𝑠
)] + 𝐷

𝑞

𝑝
= 0 (4.2) 

where 𝑝0 is the reference pressure, taken as 98 kPa. The plastic volumetric strain caused by 

isotropic compression from 𝑝0 to 𝑝𝑁, is expressed as: 

𝜀𝑣
𝑝 = 𝐶𝑝𝑙𝑛

𝑝𝑁

𝑝0

(4.3) 

where 𝑅 =
𝑝𝑆

𝑝𝑁
  is stress ratio that corresponds to the size ratio of subloading surface to 

normal yield surface, and is also the reciprocal of over-consolidation ratio. By using Eqn. 

(4.3), the subloading surface can be written as: 

𝑓 = 𝐶𝑝𝑙𝑛
𝑝

𝑝0
− 𝜀𝑣

𝑝 − 𝐶𝑝𝑙𝑛𝑅 + 𝐷
𝑞

𝑝
= 0 (4.4) 

Since the current stress state point has to be on the subloading surface all the time, the 

following consistency conditions have to be satisfied: 

𝑑𝑓 =
𝜕𝑓

𝜕𝑝
𝑑𝑝 +

𝜕𝑓

𝜕𝑞
𝑑𝑞 +

𝜕𝑓

𝜕𝑅
𝑑𝑅 −

1

𝐶𝑝
𝜀𝑣

𝑝 = 0 (4.5) 

When the associated flow rule is adopted to the subloading surface, the plastic strain 

increments can be calculated as: 
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𝑑𝜀𝑣
𝑝 = Λ

𝜕𝑓

𝜕𝑝
    ,    𝑑𝜀𝑞

𝑝 = Λ
𝜕𝑓

𝜕𝑞
(4.6) 

where 𝛬  is the plastic multiplier (non-negative), 𝑑𝜀𝑣
𝑝  is the plastic volumetric strain 

increment, 𝑑𝜀𝑞
𝑝 is the plastic shear strain increment. The evolution rule of R is as follows 

(Hashiguchi, 1989): 

𝑑𝑅 = 𝑈𝑑𝜀𝑞
𝑝 (4.7) 

where 𝑈 = −𝑚𝑅𝑙𝑛𝑅 ∙
1

𝐷
, and 𝑚𝑅 is a material constant.  

By substituting Eqns. (4.6), (4.7) into (4.5), 𝛬 can be obtained: 

Λ =

𝜕𝑓
𝜕𝑝

𝑑𝑝 +
𝜕𝑓
𝜕𝑞

𝑑𝑞

1
𝑅

𝜕𝑓
𝜕𝑞

+
1

𝐶𝑝

𝜕𝑓
𝜕𝑝

(4.8) 

From this plastic multiplier, the following constitutive equation can be obtained: 

(
𝑑𝑝
𝑑𝑞

) = 𝑫𝑒𝑝 (
𝑑𝜀𝑣

𝑑𝜀𝑞
) (4.9) 

where 𝜀𝑣 is the volumetric strain (𝜀𝑣 = 𝜀1 + 2𝜀3, 𝜀1 is the axial strain; 𝜀3 is the radial 

strain); 𝜀𝑞 is the shear strain (𝜀𝑞 =
2

3
(𝜀1 − 𝜀3)). The elastoplastic stiffness matrix in Eqn. 

(4.9) can be written as: 

𝑫𝑒𝑝 = 𝑫𝑒 −
𝑫𝑒𝜕𝒇𝜕𝒇𝑇𝑫𝑒

𝜕𝒇𝑇𝑫𝑒𝜕𝒇 + 𝐻
(4.10) 

where 𝑫𝑒 = [
𝐾 0
0 3𝐺

], 𝜕𝒇𝑇 = {
𝜕𝑓

𝜕𝑝

𝜕𝑓

𝜕𝑞
}, G is the shear modulus and K is the bulk modulus. 

G and K can be expressed by the following equations (Richart et al., 1970): 

𝐺 = 𝐺0

(2.97 − 𝑒)2

1 + 𝑒
√𝑝𝑝0   ,   𝐾 = 𝐺

2(1 + 𝜈)

3(1 − 2𝜈)
(4.11) 

where 𝐺0 is a material constant (Li and Dafalias, 2000), e is the void ratio, v is Poisson’s 
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ratio. 𝜀𝑣
𝑝 and 𝑅 are hardening parameters, and the hardening function can be written as: 

𝐻 =
1

𝑅

𝜕𝑓

𝜕𝑞
+

1

𝐶𝑝

𝜕𝑓

𝜕𝑝
(4.12) 

4.3.2 Model performance for uneroded soil 

5  
6 Figure 4.12 Isotropic volume change of uneroded specimen (Experimental data from Ke, 

2015) 

Under the drained triaxial shearing condition, the deviatoric stress of the eroded soils at the 

large axial strain decreased after both suffosion and suffusion (Ke and Takahashi, 2015; Li 

et al., 2020). The effect of the erosion type differences (suffosion and suffusion) cannot be 

ignored in the study of the constitutive model for the soil under the drained condition. The 

effect of suffosion on the model parameters is considered in this chapter. Drained triaxial 

tests on soils with and without suffosion conducted by Ke and Takahashi (2015) are 

considered to examine the capability of the constitutive model. Key parameters in the model 

above are 𝜆 ,  𝜅 , M, 𝑒0 , and the initial value of R. Isotropic compression test has been 

conducted on uneroded specimens with 35% initial fines content. The specific volume 

variation along with mean effective stress is plotted in Fig. 4.12. As the normal compression 

line (NCL) is not straight along with the mean effective stress, it is divided into two distinct 

regions. The first one is the elastic rebound curve under the low stress while the other is the 

elastoplastic linear compression curve under the higher stress (Gregory et al., 2006). Since 
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the greater part of the normal compression curve is approximately straight for the soil used, 

the slope of the normal compression line is expressed as 𝜆 (𝜆 =
𝑒1−𝑒2

ln (𝑝2 𝑝1⁄ )
). The value of 𝜆 

can be estimated by the fitting of the higher-stress part of the compression curve. Since the 

swelling line (SL) is straight, the slope of the swelling line (𝜅) can be directly fitted. As the 

estimated pre-consolidation pressure (𝑝𝑐) is 70 kPa, the initial stress ratio (𝑅0) for the case 

with 50 kPa confining pressure is estimated as 0.71 (see Fig. 4.12) and is set 1.0 for the other 

cases. Poisson’s ratio is assumed 0.2 for all the tests. 

 
Figure 4.13 Effective stress paths in drained triaxial tests on uneroded specimens 
(Experimental data from Ke and Takahashi, 2015) 

When deviatoric stress of the specimen shows the constant value with increasing the axial 

strain and keeping the volume constant, the soils can be regarded as in the critical state, and 

M (stress ratio at the critical state) can be determined from the effective stress paths (Fig. 

4.13). The stress-strain curves (cf. Fig. 4.1) show that the deviatoric stress increases 

gradually and reaches a peak value with the axial strain. However, as the experiments were 

terminated at the axial strain from 12% to 18%, the eroded samples have not reached the 

critical state. To estimate the deviatoric stress at the critical state of the eroded samples, the 

fitting with a hyperbolic function was proposed (Ferreia & Bica, 2006): 

𝑞 =
𝜀1

𝑎2 + 𝑏2𝜀1

(4.13) 
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where 𝑎2 and 𝑏2 are material constants, which can be determined by the fitting. 1/𝑏2 is 

regarded as the deviatoric stress at the critical state.  

 
Figure 4.14 Critical state line and stress path in p-q space 

For the drained triaxial shearing tests, the slope of the stress path is three in the p-q space 

(Fig. 4.14). The slope of the critical state line (M) can be estimated by the parameter 𝑏2 

above. For triaxial shearing tests, the angle of shearing resistance at the critical state (𝜑) can 

be obtained from the equation as below:  

𝑀 =
6𝑠𝑖𝑛𝜑

3 − 𝑠𝑖𝑛𝜑
(4.14) 

Based on the back analysis, we estimate the parameter for the evolution of R as 𝑚𝑅, equals 

0.2. The material constant G0 is estimated as 100 MPa, which is assumed to be the same 

under different confining pressure as Eqn. (4.11) has considered the effect of confining 

pressure. Parameters used in the simulations are summarized in Table 4.5. Simulation results 

are plotted in Fig. 4.15 (Sim. represents simulation results and Exp. represents experiment 

results). From Fig. 4.15, it can be said that the subloading Cam-clay model can reasonably 

capture the features of uneroded specimens under the drained condition. 
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Table 4.5 Parameters for original soils for Ke and Takahashi (2015) 

Specimens 𝜆 𝜅 M 𝑅0 𝑒𝑐 

35N-50 0.052 0.014 1.65 0.71 0.55 

35N-100 0.052 0.014 1.65 1.0 0.56 

35N-200 0.052 0.014 1.65 1.0 0.54 
 

   
(a)Deviatoric stress-axial strain response    (b)Volumetric strain-axial strain response 

Figure 4.15 Comparisons between drained triaxial shearing test and prediction by the 
subloading Cam-clay model for uneroded specimens (Experimental data from Ke and 
Takahashi, 2015) 

4.4 Model parameter study considering the effect of suffosion  

The fines content of the soils whose voids formed by coarse particles are full of fines is 

called the transitional fines content (𝐹𝐶𝑡ℎ) (Yang et al., 2005; Andrianatrehina et al., 2016). 

In this chapter, 𝐹𝐶𝑡ℎ is determined from the minimum value of 𝑒𝑚𝑎𝑥 and 𝑒𝑚𝑖𝑛. The 𝐹𝐶𝑡ℎ  

is determined to be 35%, at which both maximum and minimum void ratios show a trough 

(cf. Fig. 3.1). 

4.4.1 Influence of fines content on the angle of shearing resistance at the critical state 

Table 4.6 summarizes the previous studies on the variations of fines contents on the soil 

shear strength. There are both positive correlation and negative correlation between fines 
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content and shear strength, which means the shear strength or angle of the shear resistance 

is also affected by other factors, such as void ratio, mineral composition, particle shape, 

particle size distribution, the method of specimen preparation and so on. For Samples 6 and 

7, shearing tests on the internally eroded soils were also conducted. They were prepared by 

binary poorly graded sand, after a certain period of seepage flow, both angles of shearing 

resistance at peak and critical state became smaller with the loss of non-plastic fines.  

Table 4.6 Influence of fines content on shear strength 

Samples 
Drained/ 

Undrained 

Ranges of  

fines content 

Types of 

fines 

Positive/Negative 

Correlation 
Reference 

1 Undrained 3%-18% Plastic Negative Ishihara (1993) 

2 Undrained 10%-40% Plastic Negative Pitman et al. (1994) 

2' Undrianed 0%-40% Non-plastic Positive Pitman et al. (1994) 

3 Undrained 12%-27% Non-plastic Negative Thevanayagam et al. (1997) 

4 Undrained 6%-27.5% Plastic Negative Yin (1999) 

5 Undrained 0%-30% Non-plastic Negative Chien et al. (2002) 

6 Undrained 0%-20% Non-plastic Positive Ni et al. (2004) 

6' Undrained 0%-20% Plastic Negative Ni et al. (2004) 

7 Undrained 0%-15% Non-plastic Positive Murthy et al. (2007) 

8 Undrained 0%-50% Non-plastic Negative Belkhatir et al. (2010) 

9 Drained 25%-35% Non-plastic Positive Chang et al. (2014) 

10 Drained 5%-35% Non-plastic Positive Chen et al. (2016) 

 

 
Figure 4.16 Determination of the deviatoric stress at the critical state of eroded specimens 
(Experimental data from Ke and Takahashi, 2015) 
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The initial fines contents (𝐹𝐶0) are 35% for all specimens in the case of Ke and Takahashi 

(2015). The deviatoric stress at the critical state (convergence value) of eroded specimens 

under 50 kPa, 100 kPa, and 200 kPa initial mean effective stresses are obtained through Eqn. 

(4.13) as shown in Fig.4.16, based on which the angle of shearing resistance at the critical 

state (𝜑) can be calculated through Eqn. (4.14). Final fines contents (𝐹𝐶∞) and the angles of 

shearing resistance at the critical state (𝜑) of both uneroded and eroded specimens under 50 

kPa, 100 kPa, and 200 kPa initial mean effective stresses are summarized in Table 4.7. The 

relation between the angle of shearing resistance at the critical state and final fines content 

is fitted as a linear function with the equation shown below (Fig. 4.17): 

𝜑 = 𝑎3 ∙ 𝐹𝐶∞ + 𝑏3 (4.15) 

where 𝑎3=14.5, and 𝑏3=34.8. The angle of shearing resistance at the critical state decreases 

with the decrease of final fines content, which is the same as the previous results (Samples 

9 and 10) described above. 

Table 4.7 Influence of final fines content on the angle of shearing resistance at the critical 
state for Ke and Takahashi (2015) 

Specimens 𝐹𝐶∞ 𝜑(°) 

35N* 35.0% 40.3 

35E200 24.6% 37.6 

35E100 15.5% 37.1 

35E50 8.1% 36.2 

Note: 35N* denotes uneroded specimens with 35% initial fines content under 50 kPa, 100 
kPa, and 200 kPa confining pressures. 

Here, only the final fines content is considered as an explaining variable. However, as the 

seepage-induced suffosion not only makes the fines content smaller but also makes the void 

ratio larger, this decrease of the angle of shearing resistance at the critical state with the 

decrease of the final fines content may have also been affected by the increase of the void 

ratio. Since the separation of these effects cannot be made in the experiment, the contribution 
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of the void ratio increase cannot be explicitly expressed in this study. Presumably, the impact 

of the loss of fines is not large on change in the angle of shearing resistance at the critical 

state. The relationship between the angle of the shearing resistance and the final fines content 

for the uneroded soils is also added in Fig. 4.17. The uneroded soils were directly prepared 

with 15%, 25%, and 35% initial fines contents, on which triaxial tests were conducted under 

50 kPa confining pressure. The angle of shearing resistance of the eroded soils is found to 

be smaller than those of the uneroded soils with the same fines content, which is attributed 

to two reasons. Firstly, fines with more angularities are assumed to be easily eroded. 

Uneroded soils have more angular fines than eroded soils with the same fines content. 

Secondly, the heterogeneity of particle size distribution along with the seepage direction of 

the eroded soils exists after erosion. Li et al. (2020) also found that both peak strength and 

deviatoric stress at the critical state of the soils with heterogeneous particle size distribution 

were smaller than those with homogeneous particle size distribution. Figure 4.17 also 

indicates that the heterogeneity of particle size distribution changes the trend of the angle of 

shearing resistance, which needs more experimental study in the future. 

 
Figure 4.17 Angle of shearing resistance at the critical state versus final fines content 
(Experimental data of uneroded soils from Ke and Takahashi 2014a, Experimental data of 
eroded soils from Ke and Takahashi, 2015) 
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4.4.2 Influence of suffosion on the slope of the NCL (λ) 

Isotropic compression tests have been conducted on both eroded and uneroded specimens, 

and curves of specific volume changes with mean effective stress are plotted in Fig. 4.18. 

Eroded specimen refers to the sample remaining 13% fines content after suffosion under 50 

kPa confining pressure with 35% initial fines content. The eroded specimen was firstly 

loaded to 100 kPa and then was unloaded down to 20 kPa. Isotropic loading was then 

conducted until the load reached 200 kPa, after which the eroded specimen was unloaded to 

20 kPa again. At last, the isotropic compression was given to the specimen up to 300 kPa. 

The uneroded specimen had 35% initial fines content. The isotropic compression started 

from 20 kPa. Firstly, the specimen was loaded to 100 kPa. Secondly, the specimen was 

unloaded to 20 kPa, after which the specimen was loaded to 200 kPa. Then, the specimen 

was unloaded to 20 kPa again. Finally, the isotropic compression was given to the specimen 

up to 300 kPa (Fig. 4.18). By suffosion, the normal compression line is shifted upward, and 

its slope increases. However, we can observe that the swelling line of the eroded specimen 

is almost parallel to that of the uneroded specimen, which means that suffosion has a minor 

effect on the slope of the swelling line (Fig. 4.18). 

 
Figure 4.18 Normal compression lines and swelling lines for eroded and uneroded specimens 
(Experimental data from Ke, 2015) 
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Comparing to the variations of the slope of the swelling line (𝜅) with suffosion, a marked 

change in the slope of the normal compression line (𝜆) can be seen. Therefore, within the 

scope of this study, it is reasonable to ignore the suffosion-induced change of 𝜅. Based on 

the observation in the isotropic compression tests, we estimate the values of 𝜆 and 𝑅0 with 

different losses of fines from back analysis for simulation on the eroded specimens. In this 

study, the increase of stiffness at the small strain level for eroded specimens in the deviatoric 

stress-axial strain curve obtained in the experiment is ignored for simplicity. The 𝐺0  is 

assumed unchanged during the simulation for both uneroded and eroded specimens based 

on the observation above. 

4.4.3 Simulation of eroded specimens and evaluation of the slope of NCL (λ) 

Figure 4.19 shows the simulation results for the eroded specimens. Here, 𝜆 and 𝑅0 are 

considered to be fitting parameters, which are obtained by trial and error to fit the stress-

strain response of the experimental results for eroded soils. The numerical simulation can 

capture the basic features of eroded specimens under the drained triaxial shearing condition. 

The predicted deviatoric stress is smaller than the experimental one at the smaller strain level, 

which could be due to the rearrangement of soil particles after the seepage test. This 

rearrangement would have reinforced the soil structure in the experiment. However, at the 

larger strain level, the predicted deviatoric stress is larger than the experimental result. It is 

supposed that the structure formed has been destroyed under the larger deviatoric stress. In 

other words, interlocking formed by clogged fines may have been broken in this stage in the 

experiment, but this appears less in the simulation. The predicted volumetric strains under 

50 kPa, 100 kPa confining pressures are almost the same as the experimental ones at the 

larger strain level. The final axial strain under 200 kPa confining pressure stops around 11%, 

at which the predicted volumetric strain is larger than the experimental result. However, the 

predicted and experimental volumetric strains under 200 kPa may well be similar in the 

larger axial strain. When it comes to the volumetric strains under all mean effective stresses 

in the axial strain from 0 ~ 10%, all volumetric strains are overestimated. This is presumably 



92 

 

because Poisson’s ratio is kept unchanged during the simulation. Parameters obtained from 

this back analysis are summarized in Table 4.8. 

Table 4.8 Parameters for eroded specimens for Ke and Takahashi (2015) 

Specimens 𝜆 M 𝑅0 𝑒𝑒𝑟 𝐹𝐶∞ 

35E-50 0.072 1.47 0.67 1.01 8.1% 

35E-100 0.069 1.51 0.83 0.92 15.5% 

35E-200 0.064 1.53 0.94 0.77 24.6% 
 

   
(a)Deviatoric stress-axial strain response   (b)Volumetric strain-axial strain response 

Figure 4.19 Predictions of mechanical behavior of eroded specimens under drained triaxial 
shearing (Experimental data from Ke and Takahashi, 2015) 

The slope of the normal compression line (𝜆 ) can be estimated with a linear empirical 

equation with a single soil parameter such as liquid limit for clay. For high plastic soils, as 

both water content and void ratio have a linear relation with liquid limit, they can also be 

used for estimation of the slope of the normal compression line (Al-Khafaji and Andersland, 

1992). The compression of sand is mostly affected by its structure and particle re-orientation 

(Sowers, 1979). For both low plastic soils and high plastic sand and silts, Sowers (1979) 

found the linear relation between the void ratio and the compression index. A similar 

expression will be used later to examine the relation between the slope of the normal 

compression line and the void ratio before shearing. 
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During the process of suffosion, the loss of fines may result in a larger void ratio, 

accompanied by the rearrangement of particles. Soils with a larger void ratio may produce 

larger volume change under isotropic compression. Both fines content and void ratio may 

have effects on the compression index. Here it is assumed that the void ratio has a greater 

impact on the compression index compared with fines content, and the void ratio is chosen 

as an explaining variable in the formulation of the compression index. The values of void 

ratio before shearing and slope of normal compression line for both uneroded and eroded 

specimens are summarized in Tables 4.5 and 4.8, and the relation between the slope of 

normal compression line and initial void ratio before shearing is fitted as shown in Fig. 4.20 

with the equation below: 

𝜆 = 𝑎4 ∙ 𝑒𝑏𝑠 + 𝑏4 (4.16) 

where a4=0.045, b4=0.028, 𝑒𝑏𝑠 denotes the initial void ratio before shearing, which includes 

the initial void ratio of the uneroded soils after consolidation and the post-erosion void ratio 

of the internally eroded soils. The slope of the normal compression line increases with an 

increasing void ratio before shearing due to suffosion. 

 
Figure 4.20 Change in the slope of normal compression line with initial void ratio before 
shearing (Experimental data from Ke and Takahashi, 2015) 
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4.4.4 Influence of initial void ratio before shearing on the initial stress ratio 

The initial stress ratio (𝑅0 ) for the eroded soil is estimated by back analysis. The over-

consolidation properties of the soils can be examined by the reciprocal of the initial stress 

ratio. As the initial stress ratio denotes the size ratio of the initial subloading surface to the 

initial normal yield surface, the smaller value of the initial stress ratio corresponds to the 

larger over-consolidation ratio or highly structured nature of the soil.  

Both fines content and void ratio change with seepage flow. The fines continue decreasing 

and tend to be unchanged under a constant flow rate. The void ratio of the soils increases 

gradually, during which the new arrangement is formed. Hájek et al. (2009) selected void 

ratio as the state variable to simulate the mechanical behavior of soils with different over-

consolidation ratios. It is reasonable to select the initial void ratio to be an explaining variable 

for the initial stress ratio in this study. Both coarse particles and fines take part in the force 

chain when the fines content is around 35%. However, with the increase of the void ratio, 

more coarse particles take part in the force chain. In this case, more pressure may act on the 

supporting structures (Hanna and Romhein, 2008), which causes an increase in the over-

consolidation ratio. The interlocking prior to shearing seems stronger after suffosion, along 

with an increase in the void ratio, which also makes the over-consolidation ratio larger 

(Mahmoudi et al., 2018).  

Figure 4.21 plots the estimated initial stress ratio against the initial void ratio before shearing 

for different confining pressures. With the increase of the initial void ratio before shearing, 

the initial stress ratio decreases, which means the suffosion makes the over-consolidation 

ratio larger or makes the soil highly structured condition. However, the impact of the 

suffosion-induced structure reinforcement is small when we focus on the variation of the 

initial stress ratio. At the same time, this temporary reinforcement is easy to fade with the 

continuing triaxial shearing. 
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Figure 4.21 Estimated initial stress ratio against the initial void ratio before shearing for Ke 
and Takahashi (2015) 

4.5 Summary 

Seepage tests followed by both drained and undrained triaxial shearing are studied to 

investigate the variations of mechanical behavior of the soils subjected to internal erosion. 

The erosion phenomena and intergranular void ratio play an important role in the alteration 

of mechanical behavior. For suffosion, the drained deviatoric stress of eroded soils is smaller 

than that of uneroded soils, while the undrained deviatoric stress of eroded soils is larger 

than that of uneroded soils. The volumetric strain of eroded loose soils shows a minor change 

and decreases, while the eroded dense soils become contractive under the drained condition 

in many of the literature. For suffusion, when the intergranular void ratio is relatively low, 

the deviatoric stress of eroded soils is smaller than that of uneroded soils under the undrained 

condition. When the intergranular void ratio is close to the maximum void ratio of the pure 

coarse particles, the increase of fines causes a decrease in the deviatoric stress under the 

undrained condition.  

The subloading Cam-clay model predicts the stress-strain behavior of the original soils under 

the drained condition well. Parameter study of the soils with suffosion under the drained 

condition is conducted based on the subloading Cam-clay model. It is identified that the 
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slope of the normal compression line (𝜆) and initial stress ratio (𝑅0) are the key parameters 

to characterize the suffosion effects on the mechanical behavior of the gap-graded sandy 

soils. Through back analysis, evolutions of the slope of the normal compression line and 

initial stress ratio are quantified. Since the larger void ratio soil exhibits the larger volume 

change, the initial void ratio before shearing is selected as an explaining variable for the 

slope of the normal compression line, and it is found that the slope of the normal compression 

line has a positive correlation with the initial void ratio before shearing. The initial void ratio 

before shearing can also be the explaining variable for the initial stress ratio, and it is found 

that the initial stress ratio decreases with the increase of the initial void ratio before shearing. 

This means that the suffosion makes the over-consolidation ratio larger or makes the soil 

highly structured condition. 

Based on the experimental observations, the internally eroded loose soils show a sudden 

change in the deviatoric stress at the smaller axial strain level (less than 1%). In the present 

study, this feature is ignored for simplicity. However, this may be associated with the 

reinforcing effect of the clogged fines (Ke and Takahashi, 2015), and further studies 

regarding this effect would be worthwhile. 
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CHAPTER 5 

MODIFICATION OF THE SUBLOADING CAM-CLAY 

MODEL 

5.1 Introduction 

The constitutive models with reasonable accuracy, which can express the strength and 

deformation characteristics of the internally eroded soils, are required to solve the 

geotechnical problems. In this chapter, the modified subloading Cam-clay model 

incorporated with the normal yield surface for the internally eroded soils is proposed. In the 

following sections, the development of the normal yield surface for eroded soils is presented 

in detail. The determination method of the erosion-related model parameters is also 

explained. 

5.2 Modified model description  

The modified model is based on the subloading Cam-clay model. Liu and Carter (2002) 

proposed a new structured Cam-clay model based on the modified Cam-clay model, which 

introduced the effect of structure. Through the change in the initial yield surface, volumetric 

strain, and shear strain, the proposed model could predict the mechanical behavior of the 

structured soils. Considering the influence of temperature on the mechanical behavior of 

granular materials, the subloading Cam-clay model was modified by introducing the concept 

the equivalent stress (Zhang et al., 2012). The subloading surface was also modified to model 

the mechanical behavior of cement-treated soils (Gai and Sánchez, 2019). The increased 

amount of cement is a process that strengthens the soils.  

The erosion has different effects, i.e., the deviatoric stress at the large strain level decreases 

after the erosion for both loose and dense soils under the drained triaxial shearing condition. 

The volumetric strain of eroded loose soils decreases while the eroded dense soils become 
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less dilative or become contractive after erosion. The normal yield surface of the eroded soils 

varies after the internal erosion. The following modified subloading Cam-clay model is 

inspired by the modified model for the cement-treated soils by Gai and Sánchez (2019). 

5.2.1 Modified normal yield surface of eroded soils 

 
                 (a)Variation of the shape of the yield surface 

   
(b)Variation of yield surface for loose soils  (c)Variation of yield surface for dense soils 

Figure 5.1 Concept of normal yield surface for the eroded soils (a and b: data from 35N-50 
and 35E-50, Ke and Takahashi 2015; c: data from 35E-50 of Group B with 10% cumulative 
fines loss, Chen et al., 2016; NYS: normal yield surface; SYS: subloading yield surface) 

Based on the analysis in Subsection 4.4.1, the critical stress ratio (M) decreases after erosion, 

which can cause the change of shape for the yield surface (Fig. 5.1a). From the variation of 

the initial stress ratio (𝑅0) after erosion in Subsection 4.4.4, we can know that the normal 

yield surface of the loose soils expands after erosion, which indicates that the structure of 
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the loose soils is reinforced after the seepage tests, but this kind of reinforcement was weak 

and easy to collapse. However, the erosion could cause the shrinkage of the normal yield 

surface for the dense soils as the deviatoric stress decreases and the volumetric strain 

becomes contractive after erosion. The concept of the normal yield surface of eroded soils 

is shown in Figs 5.1b and 5.1c. 

Based on the geometrical relations between different yield surfaces, we can obtain: 

𝑝

𝑝𝑆
=

𝑝𝑒𝑟

𝑝𝑁,𝑒𝑟
=

𝑝∗

𝑝𝑁

(5.1) 

𝑞

𝑝
=

𝑞𝑒𝑟

𝑝𝑒𝑟
=

𝑞∗

𝑝∗
(5.2) 

where (𝑝, 𝑞) represents the current stress state; (𝑝𝑒𝑟 , 𝑞𝑒𝑟) is the stress state point on the 

normal yield surface for the eroded soil; (𝑝∗, 𝑞∗) is the stress state point on the normal yield 

surface for the uneroded soil. 𝑝𝑠 , 𝑝𝑁,𝑒𝑟 , 𝑝𝑁  are the intersections of subloading surface, 

normal yield surface for the internally eroded soils, and normal yield surface for the 

uneroded soils with the mean effective stress axis respectively. 

The normal yield surface for the eroded soils can be expressed as: 

𝑓 = 𝐶𝑝ln
𝑝𝑒𝑟

𝑝𝑁,𝑒𝑟
+ 𝐷

𝑞𝑒𝑟

𝑝𝑒𝑟
= 0 (5.3) 

Similarity ratio (stress ratio) R, 0＜𝑅 ≤ 1, is the size ratio of the subloading yield surface 

to the normal yield surface of uneroded soils: 

𝑅 =
𝑝

𝑝∗
=

𝑞

𝑞∗
=

𝑝𝑆

𝑝𝑁

(5.4) 

Similarity ratio of the eroded soils 𝑅𝑒𝑟, is the size ratio of the normal yield surface for the 

eroded soils to the normal yield surface for the uneroded soils: 

𝑅𝑒𝑟 =
𝑝𝑒𝑟

𝑝∗
=

𝑞𝑒𝑟

𝑞∗
=

𝑝𝑁,𝑒𝑟

𝑝𝑁

(5.5) 

For eroded loose soils, 𝑅𝑒𝑟 ≥ 1 . When 𝑅𝑒𝑟  decreases, the effect of erosion-induced 
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reinforcement decreases. When the effect of the erosion does not exist, 𝑅𝑒𝑟 equals to one. 

For eroded dense soils, 𝑅 ≤ 𝑅𝑒𝑟 ≤ 1 . When 𝑅𝑒𝑟  gets closer to R, the effect of over-

consolidation disappears. When the effect of the erosion does not exist, 𝑅𝑒𝑟 also equals to 

one. 

The normal yield surface for the eroded soils can be written as below: 

𝑓 = 𝐶𝑝ln (
𝑝𝑒𝑟

𝑝0
⋅

𝑝0

𝑝𝑁,𝑒𝑟
) + 𝐷

𝑞𝑒𝑟

𝑝𝑒𝑟
= 0 (5.6) 

where 𝑝0 is the reference stress. 

If we assume that, for the normally and isotropically consolidated eroded soils, the plastic 

volumetric strain can be obtained as: 

𝜀𝑣
𝑝 = 𝐶𝑝ln

𝑝𝑁,𝑒𝑟

𝑝0

(5.7) 

Equation (5.6) can be written as: 

𝑓 = 𝐶𝑝ln
𝑝𝑒𝑟

𝑝0
− 𝜀𝑣

𝑝 + 𝐷
𝑞𝑒𝑟

𝑝𝑒𝑟
= 0 (5.8) 

This equation can be rearranged in the form of the current stress state (𝑝, 𝑞) as below: 

𝑓 = 𝐶𝑝ln (
𝑝

𝑝0
⋅

𝑝𝑒𝑟

𝑝∗
⋅

𝑝∗

𝑝
) − 𝜀𝑣

𝑝 + 𝐷
𝑞

𝑝
= 0 (5.9) 

Substituting Eqns. (5.4) and (5.5) into Eqn. (5.9), we can obtain the following subloading 

surface of the eroded soils: 

𝑓 = 𝐶𝑝ln
𝑝

𝑝0
+ 𝐶𝑝ln𝑅𝑒𝑟,𝑙−𝐶𝑝ln𝑅 − 𝜀𝑣

𝑝 + 𝐷
𝑞

𝑝
= 0 (5.10) 

5.2.2 Plastic potential, flow rule, and consistency condition 

The associated flow rule is applied to the subloading surface. The plastic volumetric strain 

increment and plastic shear strain increment can be obtained from the following equations: 
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𝑑𝜀𝑣
𝑝 = 𝛬

𝜕𝑓

𝜕𝑝
(5.11) 

𝑑𝜀𝑞
𝑝 = 𝛬

𝜕𝑓

𝜕𝑞
(5.12) 

in which 𝛬 is the plastic multiplier The hardening law of R is expressed as: 

𝑑𝑅 = −
𝑚𝑅

𝐷
ln𝑅 ⋅ 𝑑𝜀𝑞

𝑝 (5.13) 

where 𝑚𝑅 is a material constant, determined by the degrading rate of the over-consolidation.  

The construction of the evolution law of 𝑅𝑒𝑟 considers that the increment of 𝑅𝑒𝑟 is related 

to the plastic shear strain increment. Then the evolution law of 𝑅𝑒𝑟 is expressed as: 

𝑑𝑅𝑒𝑟 = ℎ0 ⋅ (
1

𝑅𝑒𝑟
− 1) ⋅ 𝑑𝜀𝑞

𝑝
 (5.14) 

where ℎ0 is a material constant, which is determined by the degrading rate of the effect 

caused by erosion. 

Since the current stress state remains on the subloading surface during the plastic flow, the 

consistency equation is applied to the subloading surface of the eroded soils, as shown: 

𝑑𝑓 =
𝜕𝑓

𝜕𝑝
𝑑𝑝 +

𝜕𝑓

𝜕𝑞
𝑑𝑞 +

𝜕𝑓

𝜕𝑅
𝑑𝑅 +

𝜕𝑓

𝜕𝜀𝑣
𝑝 𝑑𝜀𝑣

𝑝 +
𝜕𝑓

𝜕𝑅𝑒𝑟
𝑑𝑅𝑒𝑟 = 0 (5.15) 

The plastic multiplier can be obtained as: 

𝛬 =

𝜕𝑓
𝜕𝑝

⋅ 𝐾 ⋅ 𝑑𝜀𝑣 +
𝜕𝑓
𝜕𝑞

⋅ 3𝐺 ⋅ 𝑑𝜀𝑞

𝐾 ⋅ (
𝜕𝑓
𝜕𝑝

)
2

+ 3𝐺 ⋅ (
𝜕𝑓
𝜕𝑞

)
2

+ 𝐻

(5.16) 

where H is the hardening function and is expressed as: 

𝐻 = −
𝜕𝑓

𝜕𝒌
⋅

𝜕𝒌𝑇

𝜕𝜀𝑖𝑗
𝑝 ⋅

𝜕𝑓

𝜕𝜎𝑖𝑗

(5.17) 

where k indicates the hardening parameters in this study, 𝜀𝑣
𝑝, R, 𝑅𝑒𝑟 respectively. 
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5.2.3 Stress-strain relation 

The elastoplastic equation with the triaxial stress and strain parameters is expressed as: 

(
𝑑𝑝
𝑑𝑞

) = 𝑫𝑒𝑝 (
𝑑𝜀𝑣

𝑑𝜀𝑞
) (5.18) 

where Dep is the elastoplastic stiffness matrix, 𝑫𝑒𝑝 = 𝑫𝑒 −
𝑫𝑒𝜕𝒇𝜕𝒇𝑇𝑫𝑒

𝜕𝒇𝑇𝑫𝑒𝜕𝒇+𝐻
 , in which 𝑫𝑒 =

[
𝐾 0
0 3𝐺

], and 𝜕𝒇𝑇 = {
𝜕𝑓

𝜕𝑝

𝜕𝑓

𝜕𝑞
}. K and G can be obtained from the equations below: 

𝐺 = 𝐺0

(2.97 − 𝑒)2

1 + 𝑒
√𝑝𝑝0   ,   𝐾 = 𝐺

2(1 + 𝜈)

3(1 − 2𝜈)
(5.19) 

5.3 Effects of the erosion on the model parameters 

In Chapter 4, the tests done by Ke and Takahashi (2015) are used to examine the relation 

between the key model parameters and the parameters that represent the state of the soils. In 

addition to this, the tests by Chen et al. (2016) and Li et al. (2020), which are introduced in 

Chapter 3, are used to examine the effects of the erosion on the model parameters 

. 

   
(a)Deviatoric stress-axial strain response   (b)Volumetric strain-axial strain response 

Figure 5.2 Typical simulation results of drained triaxial shearing through the modified model 
on loose soils with and without erosion (Experimental data from Ke and Takahashi, 2015) 
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(a)Deviatoric stress-axial strain response  (b) Volumetric strain-axial strain response 

Figure 5.3 Simulation results of drained triaxial shearing through the modified model on 
dense soils with and without erosion (Group B, Experimental data from Chen et al., 2016) 

 

  
(a)Deviatoric stress-axial strain response   (b) Volumetric strain-axial strain response 

Figure 5.4 Simulation results of drained triaxial shearing through the modified model on 
dense soils with and without erosion (Experimental data from Li et al., 2020) 

The modified subloading Cam-clay model is used to predict the mechanical behavior of the 

eroded soils. The stress behavior of both uneroded and eroded loose soils can be predicted. 

The contractive trend of the volumetric strain for the eroded loose soils under 50 kPa 

confining pressure can be captured. However, the predicted volumetric strain for both 

uneroded and eroded loose soils under 100 kPa and 200 kPa confining pressures are similar, 
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which is due to the underestimation of the volumetric strain of the uneroded loose soils (Fig. 

5.2). The modified subloading Cam-clay model can capture the main features of both 

uneroded and the eroded soils dense soils with different cumulative fines losses (Fig. 5.3 and 

5.4). The model parameters from tests and back analysis are summarized in Table 5.1, in 

which G0 is considered to be unchanged after erosion, and h0 is obtained by trial and error 

to fit the stress-strain response of the experimental results for eroded soils. 

Table 5.1 Model parameters used in the modified subloading Cam-clay model 

Samples 𝑒𝑐 𝛥𝐹𝐶 𝜆 𝜅 M 𝐺0/MPa v 𝑅0 𝑚𝑅 Rer h0 References 

35E-50 0.55 29.25% 0.072 0.014 1.47 100 0.2 0.71 0.2 1.17 100 Ke and 

Takahashi 

(2015) 

35E-100 0.56 23.04% 0.069 0.014 1.51 100 0.2 1 0.2 1.11 100 

35E-200 0.54 13.81% 0.064 0.014 1.53 100 0.2 1 0.2 1.06 100 

35E-50 0.377 0% 0.045 0.01 1.45 100 0.3 0.125 0.3 1 100 Group B 

soils, Chen 

et al. (2016) 

35E-50 0.377 10% 0.084 0.01 1.36 100 0.3 0.125 0.3 0.7 100 

35E-50 0.377 30% 0.098 0.01 1.28 100 0.3 0.125 0.3 0.625 100 

32E-50 0.33 0% 0.060 0.02 1.76 150 0.3 0.048 0.5 1 200 
Li et al. 

(2020) 
32E-50 0.33 4.1% 0.065 0.02 1.70 150 0.3 0.048 0.5 0.85 200 

32E-50 0.33 10.2% 0.068 0.02 1.65 150 0.3 0.048 0.5 0.78 200 

Note: “0.33” is the void ratio after consolidation for the case of 32E-50, which is not given 
in the original paper and is calculated based on Eqn. (3.6). 

5.3.1 Fines content-dependent angle of shearing resistance at the critical state (φ) 

The critical stress ratio (M) can be estimated from the critical strength of the stress path. 

When the fines content is smaller than the threshold fines content, the angle of shearing 

resistance at critical state (𝑀 = 6sin𝜑/(3 − sin𝜑)) increases with the final fines content. 

The angle of shearing resistance at the critical state is affected by many factors, such as 

particle shape, fines content, particle size distribution, and so on. The relations between the 

angle of shearing resistance at the critical state and final fines content for both loose and 

dense soils are plotted in Fig. 5.5 and are fitted by: 
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𝜑(𝐹𝐶∞) = 𝑎3 ⋅ 𝐹𝐶∞ + 𝑏3 (5.20) 

where 𝑎3 is the gradient of the angle of shearing resistance at the critical state, 𝑏3 is the 

angle of shearing resistance at a critical state for the soils when 𝐹𝐶∞ equals to zero.  

Figure 5.5 indicates that the angle of shearing resistance at the critical state increases with 

the final fines content when the final fines content is smaller than the threshold fines content. 

Depending on the particle shape and mineral composition, the gradient of the angle of the 

shearing resistance at the critical state (𝑎3) and the angle of shearing resistance at critical 

state for the soils without fines (𝑏3) are different. The expected curves for uneroded soils are 

plotted (Ke and Takahashi, 2015; Li et al., 2020), and the explanation of the variation is the 

same as that in Subsection 4.4.1. For the eroded soils after salt dissolution, the effect of 

heterogeneity of particle size distribution can be ignored. In this case, the expected curve of 

the uneroded soils might be the same as that of the eroded soils with the same final fines 

content.  

 
Figure 5.5 Relation between the angle of shearing resistance at the critical state and the final 
fines content 

5.3.2 Initial void ratio before shearing-dependent slope of the normal compression line 

(λ) 

The slope of the normal compression line is normally obtained from the isotropic 
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compression tests. It is also possible to estimate the slope of the normal compression line 

from the back analysis. Based on the study in Subsection 4.4.3, it is reasonable to assume 

that the slope of the normal compression line has a linear relation with the initial void ratio 

before shearing (Fig. 5.6), as follow:  

𝜆(𝑒𝑏𝑠) = 𝑎4 ⋅ 𝑒𝑏𝑠 + 𝑏4 (5.21) 

where 𝑎4 is the gradient of the 𝜆, 𝑏4 is the intercept of the 𝜆-axis, 𝑒𝑏𝑠 denotes the initial 

void ratio before shearing.  

Figure 5.6 indicates that the slope of the normal compression line increases with the initial 

void ratio before shearing for all the examined soils. Depending on the initial fines contents 

and the material compositions, the gradient 𝑎4  and the intercepts 𝑏4  are different for 

different examined soils. 

 
Figure 5.6 Relation between the slope of the normal compression line and the initial void 
ratio before shearing 

5.3.3 Normalized cumulative fines loss-dependent initial similarity ratio 

The initial similarity ratio of the eroded soils (𝑅𝑒𝑟,0) should be determined by the extent of 

the erosion prior to shearing. The initial similarity ratio 𝑅𝑒𝑟,0  of the eroded soils is 

expressed by using 𝛥𝑝𝑁,0 as: 
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𝑅𝑒𝑟,0 =
𝑝𝑁,𝑒𝑟0

𝑝𝑁,0
=

𝑝𝑁,0 + 𝛥𝑝𝑁,0

𝑝𝑁,0

(5.22) 

where 𝛥𝑝𝑁,0 is an initial stress parameter that represents the change in the size of the normal 

yield surface by erosion, 𝑝𝑁,0  is the initial intersection of the normal yield surface of 

uneroded soils and the mean effective stress axis (pre-consolidation stress). 𝛥𝑝𝑁,0  is 

assumed to be related to both the cumulative fines loss and initial fines content, expressed 

as: 

𝛥𝑝𝑁,0 = 𝛽0 ⋅ (
𝛥𝐹𝐶

𝐹𝐶0
)

𝛼0

⋅ 𝑝𝑁,0 (5.23) 

where 𝛼0 and 𝛽0 are material constants. By substituting Eqn. (5.23) into Eqn. (5.22), we 

can obtain: 

𝑅𝑒𝑟,0 =
𝑝𝑁,0 + 𝛽0 ⋅ (

𝛥𝐹𝐶
𝐹𝐶 )

𝛼0

⋅ 𝑝𝑁,0

𝑝𝑁,0
= 1 + 𝛽0 ⋅ (

𝛥𝐹𝐶

𝐹𝐶0
)

𝛼0

(5.24) 

 
Figure 5.7 Relation between the initial similarity ratio and the normalized cumulative fines 
content 

The initial similarity ratios can be obtained from the back analysis of different series of 

drained triaxial tests with different cumulative fines loss. The relations between the initial 
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similarity ratio and normalized cumulative fines loss for both loose and dense soils are 

plotted in Fig. 5.7. The initial similarity ratio for the dense soils decreases from one with the 

loss of fines, while the initial similarity ratio for the loose soils slightly increases with the 

loss of fines. 

5.3.4 Determination of initial conditions considering the internal erosion 

The shear behavior of soils is affected by the extent of the erosion. The above-mentioned 

parameters, such as the volumetric strain induced by erosion, the angle of shearing resistance 

at the critical state, the slope of the normal compression line, and the initial similarity ratio 

of eroded soils may have a great impact on the soil responses. By using the equations above 

and those shown in Chapter 3, it is possible to determine the parameters needed for the 

calculation of the responses of the internally eroded soils, as shown in Fig. 5.8. 

6  
7 Figure 5.8 Determination of parameters for calculation of the responses of the internally 

eroded soils 
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5.4 Summary 

Based on the back analysis and the experimental observations on the mechanical behavior 

of the eroded loose and dense soils, the similarity ratio of the eroded soils that characterizes 

the normal yield surface of the eroded soils to the normal yield surface of the uneroded soils 

is introduced to consider the change in the size of the yield surface due to erosion and its 

decay with the shearing. The concept of the normal yield surface of the eroded soils is 

implemented into the subloading Cam-clay model. 

From the experimental results and back analysis of the experimental results (Ke and 

Takahashi 2015; Chen et al., 2016; Li et al., 2020), key parameters of the modified model 

are identified, i.e., the post-erosion void ratio, the slope of normal compression line, the 

angle of shearing resistance at the critical state, and the similarity ratio for the eroded soils. 

The effects of the erosion on the modified model parameters are quantified. And the 

determination method of the erosion-related model parameters is proposed.  
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CHAPTER 6 

PERFORMANCE OF THE MODIFIED SUBLOADING CAM-

CLAY MODEL 

6.1  Introduction 

In this chapter, to evaluate the capability of the modified subloading Cam-clay model, a 

series of drained triaxial tests by Chen et al. (2016) and DEM calculations by Wang and Li 

(2015) with different cumulative fines losses under the same confining pressure (50 kPa) are 

simulated. To confirm the capability of the predictive equations of both the fines content and 

the volumetric strain and the modified subloading Cam-clay models, the laboratory seepage 

and drained triaxial tests conducted by Ke and Takahashi (2014a) are chosen in this chapter. 

6.2 Simulation of drained triaxial tests on the eroded dense soils 

The drained triaxial shearing tests (Group A soils, cf. Subsection 3.2.3) conducted by Chen 

et al. (2016), which has not been used in the previous Chapter, are used for the simulation. 

The poorly graded specimen was prepared by a mixture of the sand having different grain 

sizes. The drained triaxial shearing tests were conducted with 20% initial fines content under 

50kPa confining pressure. 

6.2.1 Calibration of the model parameters 

The parameters of the modified subloading Cam-clay model can be divided into two parts: 

1) the model parameters for the uneroded soil, the slopes of normal compression line and the 

swelling line in the e-ln p space (𝜆  and 𝜅 ), which can be obtained from the isotropic 

compression test. M is the critical stress ratio, which can be obtained from the triaxial 

shearing test. 𝑅0 is the initial similarity ratio (stress ratio), and 𝑚𝑅 is the degradation factor 

of the stress ratio, which can be obtained from the triaxial shearing tests. ν is Poisson’s ratio, 

which is selected as 0.3. 𝐺0  is a material constant, taken as 100 MPa. 2) the model 
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parameters for the eroded soil, h0, 𝛼0, 𝛽0, 𝑎3, 𝑎4 are estimated by the calibration for the 

Group B soils (Figs. 5.6, 5.7, and 5.8 for Chen et al., 2016); 𝐴2, l, 𝜀𝑣max
𝑒𝑟  are estimated by 

the fitting of the erosion-induced volumetric strain against the cumulative fines loss of Group 

B soils (Fig. 3.22 for Chen et al., 2016). All parameters are summarized in Tables 6.1 and 

6.2. 

Table 6.1 The material parameters and physical constants of the dense soils for Group A, 
Chen et al. (2016) 

Case 
Original Model Parameters 

𝜆 𝜅 M 𝑒𝑐 𝑅0 𝑚𝑅 𝐺0 v 

Group A 0.055 0.01 1.35 0.461 0.12 0.3 100 0.3 
 

Table 6.2 The erosion parameters of the dense soils for Group A, Chen et al. (2016) 

Case 
Erosion Parameters 

h0 𝛼0 𝛽0 𝐴2 l 𝜀𝑣max
𝑒𝑟  𝑎3 𝑎4 

Group A  100 0.41 -0.47 19% 0.095 20% 12.8 0.245 
 
6.2.2 Simulations of the drained triaxial tests on both uneroded and eroded dense soils 

Figure 6.1 shows the comparisons between experimental and simulation results of the dense 

soils (Group A, Chen et al., 2016). The soils were subjected to seepage flow, after which the 

drained triaxial tests were conducted. The soils have the same initial void ratio of 0.461 

before erosion, exhibiting the dilative behavior. The deviatoric stress increases to the peak 

and then decreases with axial strain for all the cases. However, both peak strength and 

deviatoric stress at the critical state decrease for the soils with 5% and 15% cumulative fines 

loss. With the increase of cumulative fines loss, the volumetric strain becomes more 

contractive. 

A good agreement is obtained between the experimental and simulation results. The 

modified constitutive model can capture the mechanical behavior of the internally eroded 
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soils at the dense state. 

   
(a)Deviatoric stress-axial strain response      (b)Volumetric strain-axial strain response 

Figure 6.1 Comparison between experimental and simulation results of drained triaxial 
shearing on eroded dense soils (Group A, Experimental date from Chen et al., 2016) 

6.2.3 Effects of the degradation parameter h0 

7  
8 Figure 6.2 Variation of similarity ratio of the dense soils (𝑅𝑒𝑟) along with axial strain under 

different degradation parameters 

The parameter h0 represents the degradation of the similarity ratio (𝑅𝑒𝑟). The soils (Group 

A, Chen et al., 2016) with 15% cumulative fines loss are considered to study the effect of 

the degradation parameter on the evolution of the similarity ratio for the eroded dense soils. 

Figure 6.2 shows the variation of the similarity ratio for the eroded dense soils under different 



114 

 

degradation parameters h0. The similarity ratio for the eroded dense soils increases with 

shearing, finally reaches one, which indicates that the effect of erosion fades with the 

continuing shearing. The greater the value of the degradation parameter h0, the faster the 

degradation of the erosion effect. 

6.3  Comparison between the theoretical analysis and DEM simulation 

The DEM model was established by Wang and Li (2015) to investigate the effect of internal 

erosion on the mechanical behavior of the soils. The specimen was made up of 40000 

particles totally, with an initial fines content of 40%. The fines were directly deleted to 

simulate the process of internal erosion through some subroutines. In this subsection, the 

mechanical behavior of the soils with different cumulative fines losses (0%, 1%, and 3%) 

was simulated through the modified subloading Cam-clay model. After confirming that the 

simulation results through the modified subloading Cam-clay model agreed well with those 

through DEM simulations, the relations between the modified model parameters (similarity 

ratio and angle of shearing resistance at the critical state) and the erosion parameters 

(normalized cumulative fines loss and final fines content) could be obtained. Through these 

relations, the modified subloading Cam-clay model could predict the mechanical behavior 

of the soils with other cumulative fines losses (2% and 4%). 

6.3.1 Determination of the modified model parameters 

The drained triaxial tests on the dense soils with 0%, 1%, and 3% cumulative fines losses 

were simulated through the DEM simulation. The modified subloading Cam-clay model was 

employed to predict the mechanical behavior of the internally eroded soils under the 50 kPa 

confining pressure (Fig. 6.3). The main features of the eroded soils from both the DEM 

simulation results and the modified subloading Cam-clay model results are shown in Figure 

6.3. As the cumulative fines losses are relatively small, deviatoric stress at the critical state 

after erosion shows a slight decrease. However, a clear reduction of the peak strength can be 

observed for the internally eroded soils. The specimen with the larger cumulative fines loss 
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has a larger remarkable reduction. The porosity increases during the triaxial shearing, which 

tends to the critical state with the shearing. The parameters of the modified model were 

summarized in Table 6.3.  

Table 6.3 Model parameters used in the modified subloading Cam-clay model for Wang and 
Li (2015) 

Samples 𝑒𝑐 𝛥𝐹𝐶  𝜆 𝜅 M G0/MPa v R 𝑚𝑅 𝑅𝑒𝑟,0 h0 

E1 0.377 0% 0.042 0.01 0.73 150 0.2 0.04 1.5 1 - 

E2 0.377 1% 0.042 0.01 0.70 150 0.2 0.04 1.5 0.9 200 

E3 0.377 3% 0.042 0.01 0.68 150 0.2 0.04 1.5 0.6 200 
 

 
(a)Deviatoric stress-axial strain response (b)Relation between porosity and axial strain 

Figure 6.3 Comparison between DEM simulation results and the modified Cam-clay 
simulation results of drained triaxial shearing on dense soils with 0%, 1%, and 3% 
cumulative fines losses (DEM simulation data from Wang and Li, 2015) 

It was found that the volume did not change when the cumulative fines loss was less than 

4%. The post-erosion void ratio can be calculated based on Eqn. (3.6) while ignoring the 

effect of the volumetric strain. The 𝜆  and 𝜅  are assumed to be unchanged because the 

cumulative fines losses are relatively small. The M and 𝑅𝑒𝑟,0 decrease after internal erosion, 

whose evolution laws with erosion parameters are plotted in Figs.6.4 and 6.5. 
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Figure 6.4 Relation between the similarity ratio and the normalized cumulative fines loss for 
the internally eroded soils with 0%, 1%, and 3% cumulative fines losses (Data from Wang 
and Li, 2015) 

 
Figure 6.5 Relation between the angle of shearing resistance at the critical state and the final 
fines content for the internally eroded soils with 0%, 1%, and 3% cumulative fines losses 
(Data from Wang and Li, 2015) 

6.3.2 Comparison between the theoretical results and DEM simulations 

Wang and Li (2015) also simulated the drained triaxial tests of the soils under 50 kPa 

confining pressure with 2% and 4% cumulative fines losses through the DEM approach, 
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which were used to show the capability of the modified subloading Cam-clay model in this 

subsection. The parameters of the modified subloading Cam-clay model include two parts: 

1) the model parameters for the uneroded soil, 𝜆 and 𝜅 are considered to be unchanged 

because of the small cumulative fines loss. M can be calculated based on the fitted equation 

in Fig. 6.5. 𝑅0, 𝑚𝑅, ν, 𝐺0 are also regarded unchanged after erosion for simplification. 2) 

the model parameters for the eroded soil, 𝑅𝑒𝑟,0 can be obtained from the fitted equation in 

Fig. 6.4. The parameters for the modified subloading Cam-clay model are summarized in 

Table 6.4.  

Table 6.4 Model parameters used in the modified subloading Cam-clay model for Wang and 
Li (2015) 

Samples 𝑒𝑐 𝛥𝐹𝐶  𝜆 𝜅 M 𝐺0/MPa v 𝑅0 𝑚𝑅 𝑅𝑒𝑟,0 h0 

E4 0.377 2% 0.042 0.01 0.69 150 0.2 0.04 1.5 0.74 200 

E5 0.377 4% 0.042 0.01 0.66 150 0.2 0.04 1.5 0.54 200 
 

 
Figure 6.6 Comparison between DEM simulation results and the modified subloading Cam-
clay simulation results of drained triaxial shearing on eroded dense soils with 2% and 4% 
cumulative fines losses (DEM simulation data from Wang and Li, 2015) 

Figure 6.6 shows the comparisons between results from the modified subloading Cam-clay 

model and DEM simulation of the internally eroded soils with 2% and 4% cumulative fines 

losses. The soils have the same initial void ratios (0.377) before erosion, exhibiting the 
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dilative behavior. The deviatoric stress increases to the peak and then decreases for these two 

cases. The peak strength decreases with the increase of cumulative fines loss.  

A good agreement is obtained between prediction results from the modified subloading Cam-

clay model and DEM simulation. The modified constitutive model can capture the 

mechanical behavior of the internally eroded soils.  

6.4 Model performance in seepage and drained triaxial tests (two-step 

calculation) 

The seepage tests under 50 kPa confining pressure with 15%, 25%, and 35% initial fines 

contents were conducted by Ke and Takahashi (2014a), after which the drained triaxial tests 

were conducted on the internally eroded soils. The variation of the internal erosion process 

and triaxial responses of the soils could be predicted based on the proposed predictive 

equations of fines contents and volumetric strain, and the modified subloading Cam-clay 

model. 

6.4.1 Estimation in seepage tests part 

The specimens, a mixture of silica No.3 and No.8 sands, underwent a constant flow rate of 

310 mL/min under the 50 kPa confining pressure. Eqn. (3.2) can be used to predict the final 

fines contents. The material parameters used in Eqn. (3.2) are the same as those for 

specimens with 35% initial fines content under different confining pressures 50 kPa, 100 

kPa, and 200 kPa respectively. After obtaining the final fines content after the seepage flow, 

the erosion-induced volumetric strain can be achieved upon knowing the cumulative fines 

loss through Eqn. (3.5). The parameters used in Eqn. (3.5) can be obtained from Fig. 3.22 

for the loose sand.  

Finally, we can calculate the post-erosion void ratio through Eqn. (3.7). The estimated 

parameters of the specimens subjected to internal erosion with different initial fines contents 

are summarized in Table 6.5.  
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Table 6.5 Estimated parameters of the internally eroded soils with different initial fines 
contents for Ke and Takahashi (2014a) 

Samples 𝑒𝑐 𝐹𝐶0 𝐹𝐶∞ 𝛥𝐹𝐶 𝜀𝑣
𝑒𝑟 𝑒𝑒𝑟 𝑒𝑠 

15E-50 0.68 15% 3.70% 11.73% 0.73% 0.89 0.96 

25E-50 0.57 25% 6.16% 20.08% 3.43% 0.90 1.02 

35E-50 0.55 35% 8.63% 28.86% 4.16% 1.01 1.20 
 
6.4.2 Prediction of drained triaxial shearing tests part 

The drained triaxial shearing tests were conducted on the eroded specimens under 50kPa 

confining pressure. The modified subloading Cam-clay model is used to predict the 

mechanical behavior of the internally eroded soils with different initial fines contents. The 

model parameters of the uneroded soils contain 𝜆, 𝜅, M, 𝑅0, ν, and 𝐺0. The determination 

of these parameters has been introduced detailly in Subsection 6.2.1. The model parameters 

of the internally eroded soils are h0, 𝛼0 , 𝛽0 , 𝑎3 , and 𝑎4 , which can be estimated by the 

calibration for the soils with 35% initial fines content under different confining pressures 

(Figs. 5.6, 5.7, and 5.8 for Ke and Takahashi, 2015). The parameters for both uneroded and 

internally eroded soils are summarized in Tables 6.6 and 6.7.  

Table 6.6 Model parameters of the uneroded soils for Ke and Takahashi (2014a) 

Samples 𝑒𝑐 𝐹𝐶0 𝜆 𝜅 M 𝐺0/MPa v 𝑅0 𝑚𝑅 𝑒𝑠 

15N-50 0.68 15% 0.058 0.014 1.70 100 0.2 0.71 0.2 0.98 

25N-50 0.57 25% 0.058 0.014 1.59 100 0.2 0.71 0.2 1.09 

35N-50 0.55 35% 0.056 0.014 1.56 100 0.2 0.71 0.2 1.38 
 
Table 6.7 Estimated parameters for the modified subloading Cam-clay model for Ke and 
Takahashi (2014a) 

Samples 𝑒𝑒𝑟 h0 𝛼0 β0 𝑎3 𝑎4 

15E-50 0.89 100 0.55 0.14 14.5 0.045 

25E-50 0.90 100 0.55 0.14 14.5 0.045 

35E-50 1.01 100 0.55 0.14 14.5 0.045 
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Figures 6.7, 6.8, and 6.9 show the comparisons between experimental and simulation results 

of drained triaxial shearing tests on both uneroded and the internally eroded soils under 50 

confining pressure with 15%, 25%, and 35% initial fines contents respectively. The modified 

subloading Cam-clay model can predict that both uneroded and internally eroded soils with 

smaller initial fines content have larger deviatoric stress than those with larger initial fines 

content; the deviatoric stress of the eroded soils is lower than that of the uneroded soils 

(Figures 6.7a, 6.8a, and 6.9a). However, the deviatoric stresses of both uneroded and 

internally eroded soils at the smaller strain level are underestimated, especially for the case 

with 15% initial fines contents. The possible reason may be that the soils prepared with 15% 

initial fines content have a strong structure, as there are more contacts between coarse 

particles in the soils with 15% initial fines content. 

   
(a)Deviatoric stress-axial strain response   (b)Volumetric strain-axial strain response 

Figure 6.7 Comparison between experimental and simulation results of drained triaxial 
shearing tests on both uneroded and internally eroded soils with 15% initial fines content 
(Experimental data from Ke and Takahashi, 2014a) 

The volumetric strains of both the uneroded soils and the internally eroded soils do not show 

a dramatic variation for the soils with 35% initial fines content (Fig. 6.9b). However, the 

volumetric strains of the internally eroded soils with 15% and 25% show a minor change 

and decrease after erosion (Figs. 6.7b and 6.8b). The modified subloading Cam-clay model 

can capture the feature that the volumetric strains of all internally eroded loose soils decrease 
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after erosion.  

    
(a)Deviatoric stress-axial strain response   (b)Volumetric strain-axial strain response 

Figure 6.8 Comparison between experimental and simulation results of drained triaxial 
shearing tests on both uneroded and internally eroded soils with 25% initial fines contents 
(Experimental data from Ke and Takahashi, 2014a) 

   
(a)Deviatoric stress-axial strain response    (b)Volumetric strain-axial strain response 

Figure 6.9 Comparison between experimental and simulation results of drained triaxial 
shearing tests on both uneroded and internally eroded soils with 35% initial fines content 
(Experimental data from Ke and Takahashi, 2014a) 

Through the proposed predictive equations of fines content and the volumetric strain, the 

post-erosion void ratios under different initial fines contents are predicted. The mechanical 

behavior of both uneroded and internally eroded soils obtained through the modified 
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subloading Cam-clay model agrees reasonably well with the experimental results.  

6.5 Applicability of the proposed model for the eroded soils 

The predictive equations can be used to estimate the variation of some properties (e.g., fines 

content, volumetric strain) for the gap graded soils under the seepage flow. The proposed 

constitutive model can simulate the mechanical behavior of both uneroded and eroded gap 

graded soils under the drained condition. However, some limitations are existing in the 

proposed model.  

When salt functions as fines under the seepage flow, all salt is dissolved after the seepage 

flow at a designated hydraulic gradient, which will cause a large volumetric strain (Fig. 6.10). 

If all the salt is replaced by the fines, fewer fines can be washed out under the seepage flow 

at the same hydraulic gradient as other factors (e.g., constriction size) can prevent fines from 

migrating. In this case, both volumetric strain and void ratio of the specimen mixed with 

fines are smaller than that of the specimen mixed with the salt after erosion. Compared with 

the mechanical behavior of the eroded specimen mixed with fines under the drain condition, 

the deviatoric stress of the specimen mixed with the salt under the drain condition becomes 

smaller and volumetric strain becomes contractive after salt dissolution.  

 
(a)Before dissolution       (b)After dissolution 

Figure 6.10 Variation of the specimen before and after the salt dissolution 

The usage of the salt intends to investigate the variation of the mechanical behavior of the 

soils with different cumulative fines losses. Eqns. (3.2) and (3.4) for the estimation of the 



123 

 

fines content are not suitable for the specimen after salt dissolution. Eqn. (3.5) and (3.7) for 

the estimation of the erosion-induced volumetric strain and post-erosion void ratio are 

suitable for the specimen after salt dissolution. In the selected cases (Chen et al., 2016), the 

drained triaxial tests were conducted on the eroded specimens without any salt, i.e., salt did 

not participate in the stress transmission during the triaxial shearing. However, dissoluble 

chemicals, such as salt, take part in the stress transmission in the field. Therefore, the 

proposed constitutive model cannot simulate the variation of mechanical behavior of the 

soils suffering the chemical dissolution in the field.  

Under the undrained condition, the prediction of the pore water pressure is highly related to 

the prediction of the volumetric strain under the drained condition. The simulated volumetric 

strain of the loose sand at the small strain is overestimated (Figs. 5.2 and 6.7), in which case 

the simulated pore water pressure of the loose sand at the small strain under the undrained 

condition may also be overestimated.  

     
(a)Deviatoric stress-axial strain response        (b)Effective stress path  

Figure 6.11 Typical mechanical behavior of the sand under the undrained condition and 
definition of the phase transformation state  

The mechanical behavior of the eroded soils under the undrained condition can be classified 

into no-flow for the dense soils (Fig. 4.5), limited flow for the loose soils (Fig. 4.4), and flow 

for the very loose soils (Fig. 4.8). The phase transformation is a significant feature for the 
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undrained mechanical behavior of the soils (Fig. 6.11), which has also been considered in 

some constitutive models (Li and Dafalias, 2000; Nguyen et al., 2018). At this state, the 

dilatancy (d) equals zero. The proposed constitutive model may predict the mechanical 

behavior of the eroded soils under the undrained condition, whose dilatancy (𝑑 = 𝑀 − 𝜂) is 

the same as that of the original cam clay model. In this case, the phase transformation can 

be reflected by other parameters (e.g., R, Rer) in the proposed constitutive model, not the 

clear model parameters obtained from the condition that dilatancy (d) equals zero. Therefore, 

the proposed model cannot simulate the phase transformation state with clear model 

parameters. 

6.6 Summary 

By using the proposed modified subloading Cam-clay model, the shearing after the erosion 

of the dense soils through laboratory tests and DEM simulation can be simulated. The 

similarity ratio of the eroded dense soils (𝑅𝑒𝑟) increases with the continuing shearing and 

reaches to be one finally. And it increases faster with the larger value of the degradation 

parameter h0. 

The performance of the predictive equations in the seepage part and the modified subloading 

Cam-clay model is shown through the simulation of the seepage and drained triaxial shearing 

tests. The final fines contents of the eroded loose soils with 15%, 25%, and 35% initial fines 

contents are calculated through the proposed predictive equation. Considering the different 

cumulative fines losses, the erosion-induced volumetric strains are obtained. And the post-

erosion void ratios are calculated by considering the cumulative fines loss and erosion-

induced volumetric strain. With the post-erosion void ratios and other estimated model 

parameters, the modified subloading Cam-clay model can capture the main features of the 

eroded loose soils with different initial fines contents. 

The modified model cannot predict the change in shearing response due to erosion during 

shearing, which needs further research from the respects of both experiment and theory.  
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7 CHAPTER 7 

CONCLUSIONS 

7.1 Main conclusions 

The main goal of this dissertation is to develop a constitutive model of granular materials 

considering deterioration induced by internal erosion. For this purpose, several series of 

seepage tests have been recalled firstly. The effects of erosion on soils have been quantified, 

which are described in Chapter 3 and the conclusions are as follows: 

(1) When a large number of fines are washed out, the post-erosion void ratio increases, and 

the amount of this increase also depends on the confining pressure and the initial fines 

content.  

(2) The post-erosion grading curves shift downward in fines fraction for all erosion tests, the 

amount of this shifting depends more on the applied confining pressure compared with 

the effect of initial fines content.  

(3) The predictive equation of the fines content after erosion considering the mean effective 

stress, the initial fines content, and the flow velocity is proposed, which can capture the 

main features of the variations of the fines content under seepage flow. 

(4) Change of the erosion-induced volumetric strain with cumulative fines loss can be 

expressed by using a hyperbolic tangent function. The post-erosion void ratio can be 

estimated by considering the cumulative fines content and the volumetric strain.  

To investigate the effect of erosion on the mechanical behavior of soils, many experimental 

studies are elaborated in Chapter 4. The subloading Cam-clay model is employed to predict 

the mechanical behavior of the original loose soils under the drained condition. After 

confirming the capability of the subloading Cam-clay model for the original loose soils, it is 

used to simulate the mechanical behavior of soils with suffosion under the drained condition. 
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Then, key parameters are identified and quantified. The specific conclusions are as follows:  

(1) The mechanical behavior of the eroded soils is largely dependent on the erosion 

phenomena (suffusion and suffosion), the initial fines content, and the intergranular void 

ratio.  

(2) The slope of the normal compression line (𝜆) and initial stress ratio (𝑅0) are identified 

as the key parameters to characterize the suffosion effects on the mechanical behavior of 

the gap-graded loose soils.  

(3) The slope of the normal compression line of the loose soils has a positive correlation 

with the initial void ratio before shearing. 

(4) The initial stress ratio of the loose soils decreases with the increase of the initial void 

ratio before shearing, which means that the suffosion makes the over-consolidation ratio 

larger or makes the soil highly structured condition. 

In Chapter 5, the normal yield surface is expected to expand for the eroded loose soils based 

on the finding in Chapter 4. The normal yield surface is expected to shrink for the eroded 

dense soils as both peak strength and deviatoric stress at the critical state decrease under the 

drained condition and the volumetric strain becomes more contractive. The similarity ratio 

of the eroded soils that characterizes the normal yield surface of the eroded soils to the 

normal yield surface of the uneroded soils is proposed. The similarity ratio is incorporated 

into the subloading Cam-clay model. The evolutions of key parameters are obtained through 

the prediction of the mechanical behavior of the eroded soils under the drained condition. 

The conclusions are as follows: 

(1) The modified subloading Cam-clay model is proposed by incorporating with the 

similarity ratio for the eroded soils. 

(2) The key parameters in the modified subloading Cam-clay model are the post-erosion 

void ratio, the slope of normal compression line, the angle of shearing resistance at the 
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critical state, the similarity ratio of the eroded soils.  

(3) The determination method of erosion-related parameters, such as the similarity ratio for 

the eroded soils, is proposed.  

In Chapter 6, the capability of the modified subloading Cam-clay model is discussed through 

the simulation for the drained triaxial tests of the eroded soils from the laboratory tests and 

DEM approach. The performance of both predictive equations in the seepage part and the 

modified subloading Cam-clay model is confirmed through the two-step calculation. The 

conclusions are summarized as follows: 

(1) By using the modified subloading Cam-clay model, the shearing after erosion can be 

simulated for the eroded dense soils under the drained condition. However, the modified 

subloading Cam-clay model cannot predict the change in shearing response due to 

erosion during shearing. 

(2) The variation of material properties due to erosion and the subsequent variation of the 

drained mechanical behavior is predicted through the two-step calculation. 

7.2 Recommendations for future study 

Seepage flow can cause heterogeneity, such as the variation of void ratio, fines contents, 

particle size distribution of different parts for the soils along the seepage direction. (Li et al., 

2020). Subsequently, it affects the mechanical behavior of the internally eroded soils. 

However, the modified constitutive model considering internal erosion has ignored the effect 

of heterogeneity. The modified constitutive model considering the heterogeneity would help 

us to establish a greater degree of accuracy on the prediction of the mechanical behavior of 

the internally eroded soils. 

The mechanical behavior of the internally eroded soils is obtained after finishing the seepage 

tests in the laboratory. However, the change in mechanical behavior occurs during the 

erosion process in nature. Therefore, the modified model, predicting the change in 
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mechanical behavior due to erosion during shearing, can make contributions to the design of 

earthen structures subjected to internal erosion.  
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