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A B S T R A C T

The classical design approach for the elastic critical local buckling load of the cold-formed open section (CFOS)
neglects the plate element interaction at the cross-section, which compromises the benefits of CFOSs designed
for high performance. To derive a novel formula for the local buckling coefficient, taking into account the
plate element interaction at the cross-section, a series of displacement functions for expressing the buckling
deformations of the web, flanges, and lips caused by local buckling in CFOSs is proposed in this paper. The
effect of cross-sectional geometry on the buckling coefficient was investigated using the proposed formula
derived from Timoshenko’s plate buckling theory. Further, simplified formulae were proposed for the buckling
coefficient and half wavelength of the elastic critical local buckling for practical use. The reliabilities of the
proposed formulae were verified by comparing the results obtained from the proposed formulae with the
analysis results based on the finite element method and finite strip method.
1. Introduction

Cold-formed open sections (CFOSs) such as thin-walled lipped chan-
nel and hat sections can deliver high performance with a small quantity
of steel and are rapidly becoming popular owing to their ease of fabrica-
tion. The utilization of high-strength steel and development of low-cost
products in recent manufacturing processes has further improved the
structural performance of CFOSs. However, CFOSs are characterized by
low thickness and are therefore prone to multiple patterns of instability
phenomena, such as local, distortional, and flexural buckling at low
stress levels. The values of the buckling load vary in a complicated
manner depending on the cross-sectional geometry. Accordingly, to
maximize the performance, the member design must be based on a
design formula that can accurately calculate the buckling load. There-
fore, since 2007, the North American Specifications for the Design
of Cold-Formed Steel Structures [1] have suggested a computational
design method known as the direct strength method (DSM) [2] to
manage such instability problems. The DSM allows the use of relatively
simple-to-handle tools, such as the finite strip method (FSM) [3],
which can analyze the elastic critical stresses of local, distortional, and
flexural buckling. The most significant advantage of the FSM is that
the boundary conditions at the plate-to-plate junctures are reflected
in the elastic critical stresses, and the plate element interaction is

Abbreviations: CFOS, Cold-formed open section; DSM, Direct strength method; FEM, Finite element method; FSM, Finite strip method
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uwada.r6a.ryohhei@jp.nipponsteel.com (R. Kuwada).

considered. Therefore, the ultimate load of the CFOS can be determined
based on accurately calculated critical buckling stresses. Nevertheless,
some engineers prefer to use traditional simple design formulae for
elastic critical buckling loads as opposed to analytical methods. Thus,
in recent decades, scholars have investigated the influence of plate
element interactions and proposed closed-form formulae for the elastic
critical local buckling load.

The classical design method for the elastic critical local buckling
load of the CFOS involves the evaluation of the buckling coefficient
for each plate by neglecting the plate element interaction at the cross-
section and considering the minimum value as the elastic critical
local buckling load, which is incorporated into the American Iron and
Steel Institute (AISI) specifications [1] and other current codes and
specifications [4,5]. However, the design approach of neglecting the
plate element interaction compromises the benefits of CFOSs designed
for high performance. Accordingly, design formulae and computational
approaches were derived for local buckling by considering the plate
element interaction. Schafer and Peköz [6] presented the closed-form
formulae for local and distortional buckling under compression. The
formulae for local buckling accounted for the interaction between the
connected plates because they were derived based on FSM results.
Schafer [7] also provided semi-empirical formulae for local buckling
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in bending, which were determined by fitting FSM results. Kobashi
et al. [8,9] focused on the restraining effects of plate element in-
teractions on local buckling of rectangular-box-section members and
theoretically derived design formulae. They stated that the width-
to-thickness ratio has no effect on the buckling coefficient of local
buckling if the thickness of the plates constituting the cross-section is
uniform. Yu and Schafer [10] studied the effect of moment gradients on
the buckling stress of thin-walled sections based on the Rayleigh–Ritz
solution that included an assumed deflection function as a combi-
nation of a polynomial and trigonometric series. Kimura et al. [11]
investigated the plate element interaction of I-shaped beam cantilevers
and proposed formulae for the elastic local buckling strength of each
plate based on the energy method. To simulate the complex boundary
conditions of each plate, trigonometric functions that captured the be-
havior of the plates were utilized in the energy method. They reported
that boundary conditions for each plate varied between the pinned
and fixed boundary conditions. Mitsui and Ikarashi [12] used the
energy method to investigate the boundary condition of the web-flange
junctures in cold-formed lipped channel members. They concluded that
the boundary conditions of the web in the lipped channel members are
intermediate between simple and fixed conditions. Salles et al. [13]
presented a method for decomposing the general deformation shape
of a lipped channel column into three main buckling modes – local,
distortional, and flexural global – and derived the buckling load of each
buckling mode based on the energy approach. The cubic polynomials
used in the FSM were employed to describe the cross-sectional defor-
mation of local buckling in their study. This is because the accurate
computation of the elastic critical buckling load requires displacement
functions that can correctly reproduce the buckling deformation oc-
curring in the cross-section. Lu et al. [14] investigated the effects of
end-boundary conditions on the local buckling load of a CFOS in a stub
column. They proposed a theoretical analysis model that reflected the
plate element interaction between the flanges and lips on the web by
considering rotational springs to derive explicit formulae for the local
buckling load. In addition to these theoretical studies, several experi-
mental and analytical investigations of plate element interaction have
been conducted [15–24]. Based on the contributions of these studies,
the elastic local buckling load can be derived with greater accuracy
when compared with the result obtained using the conventional design
approach.

In the classical design approach, the elastic critical local buckling
stress of the plate is determined using Eq. (1).

𝜎𝑐𝑟 = 𝑘 𝜋2𝐸
12

(

1 − 𝜈2
)

( 𝑡
𝑏

)2
, (1)

where 𝜎𝑐𝑟 is the elastic critical buckling stress, E is the modulus of
elasticity, 𝜈 is the Poisson’s ratio, t is the thickness, and b is the
width of the plate. k is the buckling coefficient, which varies with the
cross-sectional geometry, boundary, and loading conditions. In general,
the buckling coefficient of a simply supported plate, which has the
lowest value, is employed as a conservative measure [5]. However,
the actual boundary condition of each plate is expected to be within
the range of the simply supported and fixed support conditions, as
reported in previous studies [7,8,11–13]. In other words, the member
design procedure based on the minimum buckling coefficient does
not optimize the cross-sectional geometry of CFOS, thereby failing to
harness its full performance potential. To address these shortcomings,
this study focuses on the elastic critical local buckling load of CFOSs,
such as the thin-walled lipped channel sections and hat sections shown
in Fig. 1, under uniform compression. In particular, a novel formula
is derived for the buckling coefficient; the formula yields almost the
same values as obtained by the FSM and finite element method (FEM)
analyses in a theoretical solution. To accomplish this task, displacement
functions that can accurately capture the deformation due to local
buckling under uniform compression of each plate comprising the cross-
section are proposed. This is described in Section 2. Then, a theoretical
2

Fig. 1. Deformed shape of local buckling: (a) Lipped channel section. (b) Hat section.

analysis is performed using the proposed displacement functions and
the energy approach based on Timoshenko’s plate buckling theory [25].
The effect of the cross-sectional geometry on the elastic critical local
buckling stress is discussed in Section 3. During the discussion of the
theoretical analysis, four shape ratios related to the member profile are
defined [length-to-width ratio of the web (𝜆𝑤 = L/𝑏𝑤), web-to-flange
width ratio (𝜒𝑓 = 𝑏𝑓∕𝑏𝑤), web-to-lip width ratio (𝜒𝑙 = d/𝑏𝑤), and
width-to-thickness ratio of the web (𝜒𝑡 = 𝑏𝑤/t), where L is the column
length, 𝑏𝑤 is the depth of the web, 𝑏𝑓 is the width of the flange, and
d is the width of the lip]. Furthermore, it is theoretically shown that
only three shape ratios (𝜆𝑤, 𝜒𝑓 , and 𝜒𝑙) are related to the buckling
coefficient for the elastic critical local buckling. Finally, a closed-form
simplified formula for the elastic critical local buckling coefficient and
a formula for the critical half-wavelength ratio that minimizes the
elastic critical local buckling stress are presented. The validity of the
proposed formulae is examined through comparison with the results of
parametric FEM analysis and the cross-section elastic buckling analysis
(CUFSM) software [26].

2. Derivation of elastic critical local buckling coefficient

2.1. Proposed displacement functions for local buckling

Fig. 2(a) shows an overview of the model and coordinate system
applied in the theoretical analysis. A cold-formed lipped channel sec-
tion is considered as an example. The thickness is assumed to be
constant for the entire member, and each plate remains orthogonal after
local buckling, where the bent portions between the plate elements
were ignored. A CFOS buckles locally with several half-waves along
the member length when subjected to uniform compression. Fig. 2(b)
shows the cross-sectional deformation of the CFOS at an arbitrary
z-coordinate.

In this study, the elastic critical local buckling load was derived
based on Timoshenko’s plate buckling theory [26], which requires
setting up displacement functions for each plate forming the cross-
section as well as consideration of the plate element interaction to
obtain an accurate calculation of the local buckling stress. According to
the coordinate system defined in Fig. 2(a) and (b), the deformed shape
of the web, flanges, and lips due to local buckling can be expressed by
multiplying the deformation in the longitudinal direction by that in the
width direction of each plate as follows:

𝑤𝑤 (𝑦, 𝑧) = 𝑢 (𝑧)𝑤 (𝑦) , (2a)

𝑤𝑓 (𝑥, 𝑧) = 𝑢 (𝑧) 𝑓 (𝑥) , (2b)

𝑤𝑙 (𝑦, 𝑧) = 𝑢 (𝑧) 𝑙 (𝑦) , (2c)

where 𝑤𝑤(y, z), 𝑤𝑓 (x, z), and 𝑤𝑙(y, z) are the displacement functions
of the web, flange, and lip, respectively; the functions w(y), f (x), and
l(y) represent the cross-sectional deformation of each plate, and u(z)
represents the deformation in the longitudinal direction. The form of

the displacement function varies depending on the boundary conditions
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Fig. 2. Local buckling deformation of the CFOS: (a) Theoretical analysis model and coordinate system (e.g., lipped channel member). (b) Cross-sectional deformation. (c)
Displacement function of the web. (d) Displacement function of the flange. (e) Displacement function of the lip.
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at the plate ends. It can be expressed using Eq. (3a) for the simple
support condition and Eq. (3b) for the fixed support condition.

𝑢 (𝑧) = sin 𝑚𝜋𝑧
𝐿

, (3a)

𝑢 (𝑧) = sin 𝜋𝑧
𝐿

sin 𝑚𝜋𝑧
𝐿

, (3b)

here m denotes the number of buckling half-waves along the longitu-
inal direction. Because the web is joined to flanges and lips of the same
hape, the deformation of the web can be assumed to be line symmetric.
ubsequently, the following function is adopted for the cross-sectional
eformation of the web:

(𝑦) = 𝑙𝑎 sin
𝜋𝑦
𝑏𝑤

+ 𝑙𝑏

(

1 + cos
𝜋
(

2𝑦 − 𝑏𝑤
)

𝑏𝑤

)

, (4)

where 𝑙𝑎 and 𝑙𝑏 are constants that determine the deformed shape of the
web. Fig. 2(c) shows the functions of Eq. (4). In earlier studies [8,11–
14], the boundary condition for a plate with other plates joined to it on
both edges was reported to be in the range between the conditions of
simple and fixed supports; thus, Eq. (4) is expressed as a combination
of sinusoidal and cosine waves. In contrast, it can be assumed that the
flanges are joined to the web and lip of different widths and that the
boundary conditions at both edges are different, resulting in a nonlinear
symmetric deformation. The following function was proposed for the
cross-sectional deformation of the flanges:

𝑓 (𝑥) = 𝑙𝑐 sin
𝜋𝑥
𝑏𝑓

+ 𝑙𝑑 sin
𝜋
(

𝑏𝑓 − 𝑥
)2

𝑏2𝑓
, (5)

where 𝑙𝑐 and 𝑙𝑑 denote constants that determine the shape of the de-
formed flange. As shown in Fig. 2(d), Eq. (5) consists of a combination
of a sinusoidal function and a non-line-symmetric function. Finally,
Eq. (6) is adopted for the cross-sectional deformation of the lip.

𝑙 (𝑦) = 𝑙𝑒
𝑦
𝑑
+ 𝑙𝑓

(

1 − cos
𝜋𝑦
2𝑑

)

, (6)

here 𝑙𝑒 and 𝑙𝑓 are constants that determine the deformed shapes of the
ips. When the lip width is relatively small, it can be assumed that the
ip is nearly rigid and its out-of-plane bending deformation decreases;
owever, when the lip width is relatively large, the lip deforms flexibly.
herefore, Eq. (6) can be expressed as a combination of functions,
s shown in Fig. 2(e). Assuming that each plate retains the original
ngle at the junctures after local buckling, these displacement functions
eed to satisfy the following conditions in arbitrary z-coordinates:
𝜕𝑤∕𝜕𝑦|𝑦=0 = 𝜕𝑓∕𝜕𝑥|𝑥=0 and 𝜕𝑓∕𝜕𝑥|𝑥=𝑏𝑓 = 𝜕𝑙∕𝜕𝑦|𝑦=0. Based on these
onditions, each constant has the following relationships:

= −𝑏
(

𝑙 + 2𝑙
)

∕𝑏 , (7)
𝑎 𝑤 𝑐 𝑑 𝑓

3

𝑒 = 𝜋𝑑𝑙𝑐∕𝑏𝑓 . (8)

As the cross-sectional geometry of the hat section is simply the reverse
of the direction of the lip of the lipped channel section, Eqs. (2)–(8)
can also be adopted for the buckling deformation of the hat members.

2.2. Strain energy and work performed by uniform compression

According to the energy method, the incremental strain energy for
each plate can be expressed as

𝛥𝑈1 =
𝐷
2 ∫

𝐿

0 ∫

𝑏𝑤

0

[

(

𝜕2𝑤𝑤

𝜕𝑦2

)2

+
(

𝜕2𝑤𝑤

𝜕𝑧2

)2

+ 2𝜈
𝜕2𝑤𝑤

𝜕𝑦2
𝜕2𝑤𝑤

𝜕𝑧2

+2 (1 − 𝜈)
(

𝜕2𝑤𝑤
𝜕𝑦𝜕𝑧

)2]

𝑑𝑦𝑑𝑧, (9)

𝛥𝑈2 =
𝐷
2 ∫

𝐿

0 ∫

𝑏𝑓

0

⎡

⎢

⎢

⎣

(

𝜕2𝑤𝑓

𝜕𝑥2

)2

+

(

𝜕2𝑤𝑓

𝜕𝑧2

)2

+ 2𝜈
𝜕2𝑤𝑓

𝜕𝑥2
𝜕2𝑤𝑓

𝜕𝑧2

+2 (1 − 𝜈)

(

𝜕2𝑤𝑓

𝜕𝑥𝜕𝑧

)2
⎤

⎥

⎥

⎦

𝑑𝑥𝑑𝑧, (10)

𝛥𝑈3 =
𝐷
2 ∫

𝐿

0 ∫

𝑑

0

[

(

𝜕2𝑤𝑙

𝜕𝑦2

)2

+
(

𝜕2𝑤𝑙

𝜕𝑧2

)2

+ 2𝜈
𝜕2𝑤𝑙

𝜕𝑦2
𝜕2𝑤𝑙

𝜕𝑧2

+2 (1 − 𝜈)
(

𝜕2𝑤𝑙
𝜕𝑦𝜕𝑧

)2]

𝑑𝑦𝑑𝑧, (11)

where 𝛥𝑈1, 𝛥𝑈2, and 𝛥𝑈3 represent the strain energy of a single plate
or the web, flange, and lip, respectively; L denotes the column length;
= 𝐸𝑡3/[12(1 − 𝜈2)] denotes the flexural rigidity of the plate; E

enotes the modulus of elasticity; and 𝜈 denotes Poisson’s ratio. The
ncremental work performed by the uniform compression of the web,
lange, and lip can be derived as

𝑐𝑟,𝑙 ⋅ 𝛥𝑇1 =
𝑡𝜎𝑐𝑟,𝑙
2 ∫

𝐿

0 ∫

𝑏𝑤

0

(

𝜕𝑤𝑤

𝜕𝑧

)2

𝑑𝑦𝑑𝑧 =
𝑡𝑘𝑤,𝑙𝜎0

2 ∫

𝐿

0 ∫

𝑏𝑤

0

(

𝜕𝑤𝑤

𝜕𝑧

)2

𝑑𝑦𝑑𝑧,

(12)

𝜎𝑐𝑟,𝑙 ⋅ 𝛥𝑇2 =
𝑡𝜎𝑐𝑟,𝑙
2 ∫

𝐿

0 ∫

𝑏𝑓

0

( 𝜕𝑤𝑓

𝜕𝑧

)2

𝑑𝑥𝑑𝑧 =
𝑡𝑘𝑤,𝑙𝜎0

2 ∫

𝐿

0 ∫

𝑏𝑓

0

( 𝜕𝑤𝑓

𝜕𝑧

)2

𝑑𝑥𝑑𝑧,

(13)

𝜎𝑐𝑟,𝑙 ⋅ 𝛥𝑇3 =
𝑡𝜎𝑐𝑟,𝑙
2 ∫

𝐿

0 ∫

𝑑

0

(

𝜕𝑤𝑙

𝜕𝑧

)2

𝑑𝑦𝑑𝑧 =
𝑡𝑘𝑤,𝑙𝜎0

2 ∫

𝐿

0 ∫

𝑑

0

(

𝜕𝑤𝑙

𝜕𝑧

)2

𝑑𝑦𝑑𝑧,

(14)
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a

where 𝛥𝑇1, 𝛥𝑇2, and 𝛥𝑇3 represent the work performed by uniform
compression on a single plate of the web, flange, and lip, respectively;
𝜎𝑐𝑟,𝑙 denotes the elastic critical stress for local buckling; 𝑘𝑤,𝑙 is the
buckling coefficient of the web that minimizes the elastic critical local
buckling stress 𝜎𝑐𝑟,𝑙 = 𝑘𝑤,𝑙𝜎0; and 𝜎0 is the base stress defined to simplify
he expression in this paper, as presented in Eq. (15).

0 =
𝜋2𝐸𝑡2

12
(

1 − 𝜈2
)

𝑏2𝑤
(15)

Assuming that the sum of the strain energy is equal to the sum of
the work done by uniform compression, the potential energy 𝛱 can be
btained by performing an integral calculation as

= 𝛥𝑈1 + 2𝛥𝑈2 + 2𝛥𝑈3 − 𝑘𝑤,𝑙𝜎0
(

𝛥𝑇1 + 2𝛥𝑇2 + 2𝛥𝑇3
)

= 0. (16)

Based on the principle of minimum potential energy, an analytical
formula can be obtained by differentiating Eq. (16) with respect to the
auxiliary variables 𝑙𝑏, 𝑙𝑐 , 𝑙𝑑 , and 𝑙𝑓 (m = 1, 2, 3, . . . ) as follows:

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑠1 − 𝑒1𝑘𝑤,𝑙,AF 𝑠2 − 𝑒2𝑘𝑤,𝑙,AF 𝑠3 − 𝑒3𝑘𝑤,𝑙,AF 𝑠4 − 𝑒4𝑘𝑤,𝑙,AF

𝑠2 − 𝑒2𝑘𝑤,𝑙,AF 𝑠5 − 𝑒5𝑘𝑤,𝑙,AF 𝑠6 − 𝑒6𝑘𝑤,𝑙,AF 𝑠7 − 𝑒7𝑘𝑤,𝑙,AF

𝑠3 − 𝑒3𝑘𝑤,𝑙,AF 𝑠6 − 𝑒6𝑘𝑤,𝑙,AF 𝑠8 − 𝑒8𝑘𝑤,𝑙,AF 𝑠9 − 𝑒9𝑘𝑤,𝑙,AF

𝑠4 − 𝑒4𝑘𝑤,𝑙,AF 𝑠7 − 𝑒7𝑘𝑤,𝑙,AF 𝑠9 − 𝑒9𝑘𝑤,𝑙,AF 𝑠10 − 𝑒10𝑘𝑤,𝑙,AF

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑙𝑏

𝑙𝑐

𝑙𝑑

𝑙𝑓

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 0,

(17)

where 𝑘𝑤,𝑙,AF is the buckling coefficient determined by the analytical
formula presented in Eq. (17). The elastic critical buckling stress for
local buckling 𝜎𝑐𝑟,𝑙,AF = 𝑘𝑤,𝑙,AF𝜎0 can be obtained by determining the
lowest eigenvalues when Eq. (17) has nontrivial solutions, that is, when
(𝑙𝑏 𝑙𝑐 𝑙𝑑 𝑙𝑓 )T in Eq. (17) has a non-{0} solution. The buckling displace-
ment corresponding to the elastic critical buckling stress is obtained as
an eigenvector corresponding to the eigenvalues. The functions 𝑠1, 𝑠2,
𝑠3, . . . , 𝑠10 and 𝑒1, 𝑒2, 𝑒3, . . . , 𝑒10 in Eq. (17) are introduced to obtain
Eq. (17) in a compact version. The process for deriving each function
is described in Appendix. Considering a simply supported condition
as an example, the components in Eq. (17) are expressed as shown
below.

𝑒1 = 1.5 (18a)

𝑠1 = 1.5
(

𝑚
𝜆𝑤

)2
+ 8

(

𝜆𝑤
𝑚

)2
+ 4 (18b)

2 = − 8
3𝜋𝜒𝑓

(18c)

2 = 𝑒2

(

𝑚
𝜆𝑤

+
𝜆𝑤
𝑚

)2
(18d)

3 = 2𝑒2 (18e)

3 = 2𝑠2 (18f)

𝑒4 = 𝑠4 = 𝑒9 = 𝑠9 = 0 (18g)

5 =
3 + 6𝜒3

𝑓 + 4𝜋2𝜒3
𝑙

6𝜒2
𝑓

(18h)

5 =
1

6𝜒2
𝑓

{

3
(

𝑚
𝜆𝑤

+
𝜆𝑤
𝑚

)2
+ 6𝜒𝑓

(𝑚𝜒𝑓

𝜆𝑤
+

𝜆𝑤
𝑚𝜒𝑓

)2

+4𝜒𝑙

[

(

𝑚𝜋𝜒𝑙
𝜆𝑤

)2
+ 6 (1 − 𝜈)

]}

(18i)

𝑒6 =
1 + 0.770𝜒3

𝑓

𝜒2
𝑓

(18j)

6 =

(

𝑚
𝜆𝑤

+ 𝜆𝑤
𝑚

)2
+ 0.770𝜒𝑓

(

𝑚𝜒𝑓
𝜆𝑤

+ 𝜆𝑤
𝑚𝜒𝑓

)2

2
(18k)
𝜒𝑓

4

𝑒7 =
𝜒2
𝑙
(

𝜋2 − 4𝜋 + 8
)

𝜋𝜒𝑓
(18l)

7 = 𝑒7

(

𝑚
𝜆𝑤

)2
+

4 − (𝜋 + 2) 𝜈
𝜋𝜒𝑓

(18m)

𝑒8 =
2
(

1 + 0.378𝜒3
𝑓

)

𝜒2
𝑓

(18n)

𝑠8 =
2
𝜒2
𝑓

{

(

𝑚
𝜆𝑤

+
𝜆𝑤
𝑚

)2

+0.378𝜒𝑓

[

(𝑚𝜒𝑓

𝜆𝑤

)2
+ 5.00

(

𝜆𝑤
𝑚𝜒𝑓

)2
+ 3.38

]}

(18o)

𝑒10 =
(3𝜋 − 8)𝜒𝑙

𝜋
(18p)

𝑠10 = 𝑒10

(

𝑚
𝜆𝑤

)2
+ 1

2𝜋𝜒𝑙

[

𝜋
8

(

𝜆𝑤
𝑚𝜒𝑙

)2
− 4𝜈 + 𝜋

]

(18q)

As shown in Eqs. (17) and (18), the elastic critical local buckling
stress of the CFOS is expressed as a function of the buckling coefficient
of the web, 𝑘𝑤,𝑙, which varies only with the integral constants shown
in Eqs. (18a)–(18q). Moreover, Eqs. (18a)–(18q) are composed of only
the three shape factors defined in this study [length-to-width ratio
of the web (𝜆𝑤 = L/𝑏𝑤), web-to-flange width ratio (𝜒𝑓 = 𝑏𝑓∕𝑏𝑤),
nd web-to-lip width ratio (𝜒𝑙 = d/𝑏𝑤)] and the material constants E

and 𝜈. That is, Eqs. (18a)–(18q) imply that the buckling coefficient
of the elastic critical local buckling of the CFOS is affected only by
the changes in the three shape factors. Note that the fourth column
and fourth row of the matrix in Eq. (17) contain terms related to the
flexible lips (out-of-plane deflection of the lip). Therefore, for a rigidly
deformed lip (where it rotates around the flange-to-lip juncture without
out-of-plane deformation), neglecting these terms and transforming the
matrix to a 3 × 3 square form yield the elastic critical local buckling
load. Moreover, as previously mentioned, the displacement function
proposed for a lipped channel section can also be applied to a hat
section. That is, the local buckling load of the lipped channel sections
and hat sections can be obtained using the formulae shown in Eqs. (17)
and (18).

Fig. 3 shows examples of the effect of the length-to-width ratio of
the web 𝜆𝑤 on the elastic critical local buckling loads obtained using the
derived analytical formula, assuming that the boundary condition at the
plate end edges was a simple or fixed support. The elastic critical local
buckling loads obtained through the FEM analysis and CUFSM [26]
were compared with the calculation results obtained from the proposed
analytical formula. Regarding the material properties, the modulus
of elasticity E and Poisson’s ratio 𝜈 were set to 205 GPa and 0.3,
respectively. The details of the finite element (FE) model are presented
in Section 4. The elastic critical local buckling loads were converted to
the buckling coefficients 𝑘𝑤,𝑙,AF (obtained from the proposed analytical
formula), 𝑘𝑤,𝑙,FEM (obtained from the FEM analysis), and 𝑘𝑤,𝑙,CUFSM
(obtained from CUFSM). The local buckling modes obtained from each
method for the simple and fixed support conditions are shown in Fig. 4.
As depicted in Fig. 3, the calculated elastic critical local buckling load
obtained from the proposed formula agreed well with the predicted
results obtained using the FEM analysis and CUFSM, regardless of the
cross-sectional geometry. In addition, the buckling deformation and
number of half-waves obtained by each method (Fig. 4) were the
same. Therefore, the elastic critical local buckling load and buckling
deformation can be estimated using the proposed analytical formula
regardless of whether the lip extends in the inside or outside direction
along the y-axis. Further validation of the derived analytical formula is
presented in Section 4. As illustrated in Fig. 3, for web ratios below 5.0,
the buckling coefficient of the elastic critical local buckling of the CFOS
is influenced by the length-to-width ratio of the web. Nonetheless, as
the length-to-width ratio of the web increases, the influence on the
buckling coefficient diminishes and becomes negligible. Here, Fig. 3(a)
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Fig. 3. Comparison of various signature local buckling loads: (a) Lipped channel section. (b) Hat section.
Fig. 4. Comparison of local buckling modes with 𝜆𝑤 = 3: (a) Lipped channel section (C-100 × 60 × 20 × 1.0). (b) Hat section (Hat −100 × 80 × 30 × 1.0).
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hows the analytical results for the lipped channel section and results
or the hat section with the same dimensions with simple support
onditions. As shown in Fig. 3, if the cross-sectional dimensions are the
ame, the lipped channel and hat sections have the same local buckling
tresses because the direction of only the lip is reversed. Therefore, the
ollowing discussion focuses on the lipped channel section.

. Influence of cross-sectional geometry on local buckling coeffi-
ient

As shown in Fig. 3, the influence of the boundary conditions on the
alue of 𝑘𝑤,𝑙 is significant when 𝜆𝑤 is less than 1.0, and the value of
𝑤,𝑙 is higher for fixed support than for simple support. In contrast,
he difference in the buckling coefficient decreases as the value of 𝜆𝑤
ncreases; furthermore, the convergence value (the minimum elastic
ritical load) of 𝑘𝑤,𝑙 for each boundary condition is the same. In general,
or most practical lengths of structural members, the length-to-width
atio of the web is larger than 3.0 [5], and the influence of the boundary
onditions becomes relatively small. Therefore, by investigating the
onvergence value of 𝑘𝑤,𝑙, it is possible to conservatively evaluate the
uckling load and analyze the local buckling behavior of the CFOS.
 i

5

ased on the analytical equation for the simple support condition
hown in Eqs. (17) and (18), we clarify the effect of the cross-sectional
eometry on the convergence value of the local buckling coefficient for
he CFOS.

The results shown in Fig. 5 were obtained from a parametric in-
estigation of the convergence values of 𝑘𝑤,𝑙,AF by using the proposed
nalytical formula for the simple support condition. The results ob-
ained considering the flexible lips (out-of-plane deflection of the lips)
re illustrated by black lines, and the results obtained by ignoring
he out-of-plane deflection of the lips (rigid lips) are illustrated by
ed lines. First, it can be clearly seen that the web-to-flange width
atio 𝜒𝑓 = 𝑏𝑓∕𝑏𝑤 is a dominant factor for the buckling coefficient in
ocal buckling. The influence of the web-to-flange width ratio is shown
n Fig. 6(a). As the web-to-flange width ratio increased, the values
f 𝑘𝑤,𝑙,AF decreased. When the web-to-flange ratio exceeded approx-
mately 1.0, the values of 𝑘𝑤,𝑙,AF became lower than 4.0. Because the
inimum buckling coefficient of a plate with simple support conditions
nder uniform compression is 4.0, a web buckling coefficient of less
han 4.0 implies that plates other than the web buckle locally. Examples
f the cross-sectional shapes owing to local buckling deformation are
llustrated in Fig. 6(a). When the web-to-flange width ratio 𝜒 is
𝑓
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Fig. 5. Changes in the buckling coefficients for elastic critical local buckling according to geometric parameters 𝜒𝑓 = 𝑏𝑓 ∕𝑏𝑤 and 𝜒𝑙 = d/𝑏𝑤. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 6. Influence of cross-sectional geometry on buckling coefficient for local buckling: (a) 𝑘𝑤,𝑙 vs. 𝜒𝑓 = 𝑏𝑓 ∕𝑏𝑤. (b) 𝑘𝑤,𝑙 vs. 𝜒𝑙 = d/𝑏𝑤. (c) 𝑘𝑤,𝑙 vs. 𝜒𝑡 = 𝑏𝑤/t.
small, the local buckling deformation around the junctures between
the web and flanges hardly rotates and the buckling coefficient of
the web is close to 6.98, indicating that the web experiences local
buckling under the near-fixed-support condition. When the web-to-
flange width ratio 𝜒𝑓 increases, the junctures between the web and
flanges rotate; when it exceeds 1.0, the buckling coefficient of the web
declines below 4.0, indicating that the local buckling of the flange
determines the buckling load of the member. In this study, the plate
element interaction is reflected in the elastic critical local buckling
stress. Therefore, the local buckling stress of the member can be directly
evaluated by the buckling coefficient of the web, even in cases where
the local buckling of the flanges determines the elastic critical local
buckling stress. Second, it can be concluded that the influence of the
lip width on the buckling coefficient is not significant, as shown in
Figs. 5 and 6(b). The difference between the results that account for
lip flexibility and those that ignore the out-of-plane lip deflection is
small when the web-to-lip width ratio 𝜒𝑙 = d/𝑏𝑤 is greater than 0.35.

owever, the extent to which the difference manifests itself is limited,
nd the cross-sectional deformations due to local buckling are almost
dentical, as shown in Fig. 6(b). The effect of the width-to-thickness
atio of the web, 𝜒𝑡 = 𝑏𝑤/t, on the buckling coefficient is shown in
ig. 6(c). Eq. (18) does not include a variable for the width-to-thickness
atio; therefore, the buckling coefficient of the web does not change
ven if the width-to-thickness ratio changes, as shown in Fig. 6(c).
6

4. General formula for elastic critical local buckling

4.1. Estimation of elastic critical local buckling coefficient

In the practical design of the CFOS, the elastic critical local buckling
stress of a member is determined by comparing or summarizing the
elastic local buckling stress of each plate, which is obtained from
Eq. (1). Although the buckling coefficient k in Eq. (1) varies for plates
comprising the cross-section or their boundary conditions, the mini-
mum value of the buckling coefficient obtained under the assumption of
simply supported plates is used. In contrast, the buckling coefficient 𝑘𝑤,𝑙
derived using the proposed analytical formula (Eq. (17)) is obtained as
the buckling coefficient of the web and is directly converted from the
elastic critical local buckling stress. In other words, the elastic critical
local buckling stress of a member can be estimated by substituting 𝑘𝑤,𝑙
obtained using Eq. (17) into Eq. (19).

𝜎𝑐𝑟,𝑙 = 𝑘𝑤,𝑙
𝜋2𝐸𝑡2

12
(

1 − 𝜈2
)

𝑏2𝑤
(19)

Thus, the proposed design method is simple and enables a more
accurate estimation of the local buckling stress when compared to
the current design methods because the proposed analytical formula
considers the plate element interaction. However, the proposed analyt-
ical formula requires computation to determine the minimum buckling
coefficient, and its expression is complex. Hence, we simplified the
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Fig. 7. FE models of CFOSs.
a
f

roposed analytical formula derived in Section 2 to obtain a novel gen-
ral formula for calculating the minimum elastic critical local buckling
tress of the CFOS based on the results of the parametric investigation
escribed in Section 3 to make it easy for engineers to use. The
arametric investigation results of the minimum elastic critical local
uckling stress indicate that the buckling coefficient of the web for
lastic critical local buckling was affected only by the web-to-flange
idth ratio 𝜒𝑓 and web-to-lip width ratio 𝜒𝑙, and 𝜒𝑓 was the dominant
ariable. Based on the parametric investigation results, the buckling
oefficient of the web for CFOS can be fitted using Eq. (20).

𝑤,𝑙,P =

⎧

⎪

⎨

⎪

⎩

𝜒𝑓
(

5.48𝜒𝑓 − 6
)

+ 6.98 0.0 < 𝜒𝑓 ≤ 0.5

𝜒𝑓

{

−3.8𝜒𝑓 − 10
(

𝜒𝑓 − 0.5
)

[

(

𝜒𝑙 − 0.2
)2 − 0.04

]

+ 3
}

+ 4.8 0.5 < 𝜒𝑓 ≤ 1.2

(20)

To investigate the reliability of the simplified formula in Eq. (20)
and the analytical formula shown in Eq. (17), a parametric eigenvalue
elastic buckling analysis based on FEA was performed. Fig. 7 illustrates
the features of the FE model. The general FEA software MSC Marc
version 2021 [27] was used to create a numerical model of the CFOS,
as shown in Fig. 7. The FE model was constructed using Element 139
(four-node shell elements with six degrees of freedom at each node,
with translations and rotations about three reference axes), which was
suitable for analyzing thin-shell structures. To determine the appropri-
ate mesh size, an eigenvalue analysis was conducted for different mesh
sizes. Based on the results of the convergence study, a mesh size of
(2.5 × 2.5 mm) was selected. For the material properties, the modulus
of elasticity E was set to 205 GPa, and the Poisson’s ratio 𝜈 was set to
0.3. For the models with the simply supported condition, the rotational
degrees of freedom for the plate’s end edges were removed, whereas
the translational degrees of freedom in the x and y directions were
restrained. The translational degrees of freedom at the middle of the
member in the z direction were restrained. Additionally, to prevent
buckling modes other than local buckling, the translational degrees of
freedom at sides CBCT and DBDT in the x direction and the translational
degrees of freedom at sides BBBT and EBET in the y direction were
restrained. Axial loads were introduced at the nodes at the plate end
edges to apply uniform compression. As analytical variables, the web-
to-flange width ratio 𝜒𝑓 was varied in the range of 0.2 to 1.2, and the
web-to-lip width ratio 𝜒𝑙 was varied in the range of 0.0 to 0.4. The
variables used in the parametric study are summarized in Table 1. The
web depth 𝑏𝑤, thickness t, and length-to-width ratio of the web 𝜆𝑤 were
fixed at 100 mm, 1.0 mm, and 20, respectively. Parametric FEA was
performed on 216 different cross-sections.

A comparison of the elastic critical local buckling stress values
obtained based on the proposed analytical formula 𝜎𝑐𝑟,𝑙,AF (Eq. (17))
and the elastic critical local buckling stress values obtained by FEM,
7

Table 1
Parameter settings for FEM and CUFSM.

Parameters Range

Depth of web 𝑏𝑤 100 mm
Thickness 1.0 mm

Web-to-flange width ratio
𝜒𝑓 = 𝑏𝑓 ∕𝑏𝑤

{0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1, 1.2}

Web-to-lip width ratio
𝜒𝑙 = d/𝑏𝑤

{0.00, 0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40}

𝜎𝑐𝑟,𝑙,FEM, is shown in Fig. 8. Table 2 summarizes the parametric study
results. As mentioned earlier, because the elastic critical local buck-
ling stresses of the lipped channel and hat sections with the same
dimensions were identical, the results for the lipped channel section are
presented as examples in Fig. 8. It is seen that the analytical formula
can well predict the values of 𝜎𝑐𝑟,𝑙,FEM, as shown in Fig. 8(a). The mean
nd standard deviation of the predicted values based on the analytical
ormula 𝜎𝑐𝑟,𝑙,AF (Eq. (17)), with respect to the FEM values 𝜎𝑐𝑟,𝑙,FEM, were

1.021 and 0.01229, respectively, and no analytical case had a predicted
error of 5% or more. Therefore, the proposed analytical formula is
applicable in the range of 0.0 < 𝜒𝑓 ≤ 1.2 (web-to-flange width ratio)
and 0.0 ≤ 𝜒𝑙 ≤ 0.4 (web-to-lip width ratio). Second, Fig. 8(b) shows the
comparison of the elastic critical local buckling stresses obtained from
FEM, 𝜎𝑐𝑟,𝑙,FEM, and the proposed simplified formula (Eq. (20)) 𝜎𝑐𝑟,𝑙,P.
Fig. 8(b) also depicts the comparison of the prediction results obtained
from the FEA with those obtained from Schafer’s formula in [7] (𝜎𝑐𝑟,𝑙,S)
and the classical design approach [1,4,5] that considers the plates
as simply supported (𝜎𝑐𝑟,𝑙,CD). As shown in Fig. 8(b), the simplified
formula proposed in this study can provide more accurate prediction
results for the local buckling stress than those obtained from the clas-
sical design approach and Schafer’s formula. The mean and standard
deviation (S.D.) of the predicted values based on the simplified formula
(Eq. (20)) with respect to the FEM values were 0.9990 and 0.01740,
respectively, indicating that the simplified formula can predict the local
buckling stress with almost the same accuracy as the analytical formula
presented in Eq. (17). Note that Schafer’s formula may yield negative
buckling stresses when the web-to-flange width ratio 𝜒𝑓 is relatively
low and the web-to-lip width ratio 𝜒𝑙 is high, such as when 𝜒𝑓 = 0.2 and
𝜒𝑙 = 0.25. However, cross-sectional geometries with negative buckling
stresses are not utilized in reality; therefore, Schafer’s formula does
not interfere with practical usage. In addition, Schafer’s formula is an
approximation of the FSM results, and therefore, it can help predict
the local buckling stresses more accurately than the classical design
method. As shown in Fig. 8, if the plate element interaction is not
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Fig. 8. Comparison of elastic critical local buckling stresses obtained from FEA and calculations: (a) Prediction results obtained from the analytical formula (Eq. (17)). (b) Prediction
results obtained from the proposed simplified formula (Eq. (20)) and other design formulae.
Table 2
Comparison of the results of elastic critical local buckling stresses according to each
method with the FEM results.

𝜎𝑐𝑟,𝑙,AF∕𝜎𝑐𝑟,𝑙,FEM 𝜎𝑐𝑟,𝑙,P∕𝜎𝑐𝑟,𝑙,FEM 𝜎𝑐𝑟,𝑙,S∕𝜎𝑐𝑟,𝑙,FEM 𝜎𝑐𝑟,𝑙,CD∕𝜎𝑐𝑟,𝑙,FEM
Mean 1.021 0.9990 0.9246 0.7564
S.D. 0.01229 0.01740 0.03749 0.1247
Max. 1.041 1.032 1.016 0.9955
Min 1.000 0.9565 0.8246 0.4309

Note: The mean, standard deviation, maximum, and minimum of 𝜎𝑐𝑟,𝑙,S/𝜎𝑐𝑟,𝑙,FEM are
btained by excluding the results for which the predictions of Schaeffer’s formula
esulted in negative buckling stress.

orrectly reflected in the design formula, the local buckling load of the
FOS will be significantly underestimated. Such a design method would

ose the advantage of CFOS, which was developed for the advanced
tilization of steel by varying the cross-sectional geometry. Therefore,
esign formulae that consider plate element interactions, such as the
ormulae proposed in this paper and Shaffer’s formula, are essential to
xpand the usage of the CFOS.

.2. Estimation of buckling half-wavelength that minimizes elastic critical
ocal buckling stress

According to Timoshenko’s plate buckling theory, the elastic critical
uckling stress can be expressed using Eq. (16).

𝑐𝑟,𝑙 =
𝛥𝑈1 + 2𝛥𝑈2 + 2𝛥𝑈3
𝛥𝑇1 + 2𝛥𝑇2 + 2𝛥𝑇3

(21)

The critical half-wavelength ratio was obtained by substituting the
eigenvalue vectors 𝑙𝑏, 𝑙𝑐 , 𝑙𝑑 , and 𝑙𝑓 obtained from the analytical formula
(Eq. (17)) into 𝜕𝜎𝑐𝑟,𝑙∕𝜕𝜆𝑤 = 0. However, as mentioned previously,
the proposed analytical formula requires computation. Therefore, the
purpose of this subsection is to present novel general formulae for
estimating the critical half-wavelength ratio that minimizes the elastic
critical local buckling stress of the CFOS. It is well known that the
critical half-wavelength ratios for the fixed and simply supported plates
under uniform compression are 2/3 and 1.0 [1,5], respectively. In
addition, the variation in the critical half-wavelength ratio is related to
the changes in the buckling coefficient. Furthermore, the buckling co-
efficient of the web is affected by the web-to-flange width ratio 𝜒𝑓 and
web-to-lip width ratio 𝜒𝑙, where 𝜒𝑓 is the dominant variable. Therefore,
the simplified formula for predicting the critical half-wavelength ratio
of local buckling was proposed by fitting with 𝜒𝑓 and 𝜒𝑙 as the vari-
ables; the critical half-wavelength ratio 𝜆𝑐𝑟 becomes 0.67 when 𝜒𝑓 = 0
and 𝜒𝑙 = 0, which was considered the fixed support condition, whereas
it becomes 1.0 when 𝜒𝑓 = 1.0 and 𝜒𝑙 = 0, which was considered the
simply supported condition.
8

(1) For 0.00 ≤ 𝜒𝑙 ≤ 0.25

𝜆𝑐𝑟,𝑙,P =

{

𝜒𝑓∕4 + 2∕3 0.0 < 𝜒𝑓 ≤ 0.8

2𝜒𝑓∕3 + 1∕3 0.8 < 𝜒𝑓 ≤ 1.2
(22a)

(2) For 0.25 < 𝜒𝑙 ≤ 0.40

𝜆𝑐𝑟,𝑙,P =

{

𝜒𝑓
(

0.75 + 𝜒𝑙
)

∕4 + 2∕3 0.0 < 𝜒𝑓 ≤ 0.8
[

𝜒𝑓
(

1.5 + 2𝜒𝑙
)

+ 1.25 − 𝜒𝑙
]

∕3 0.8 < 𝜒𝑓 ≤ 1.2
(22b)

A comparison of the signature curves for local buckling and the pro-
posed simplified formulae (Eqs. (20) and (22)) are shown in Fig. 9(a).
For the material properties, the modulus of elasticity E was set to 205
GPa and Poisson’s ratio 𝜈 was set to 0.3. The boundary condition of
both ends was set to the simply supported condition in the CUFSM. As
shown in Fig. 9(a), the proposed simplified formulae can predict the
elastic critical local buckling stresses and critical half-wavelength ratio
that minimizes the local buckling stress. Fig. 9(b) presents a comparison
of the critical half-wavelength ratio for local buckling based on the
proposed formula (Eq. (22)), 𝜆𝑐𝑟,P, and the critical half-wavelength ratio
obtained by CUFSM, 𝜆𝑐𝑟,CUFSM. The variables for the parametric study
were the same as those used in the FEM, as shown in Fig. 7. The mean
and standard deviations of the predicted values based on the simplified
formula (Eq. (22)) with respect to the CUFSM values were 0.9949 and
0.02069, respectively. Analytical cases with a prediction error of 5% or
more were limited to 𝜒𝑙 greater than 0.40.

5. Conclusion

In this study, a series of displacement functions that can express the
buckling deformations of the web, flanges, and lips, caused by local
buckling in a CFOS, was developed by considering the effects of plate
element interaction. Based on these displacement functions, a novel
analytical formula for local buckling was derived, and the influence
of cross-sectional geometry on the elastic critical local buckling load
was investigated. The simplified formulae for the buckling coefficient
and half-wavelength that minimize the elastic critical local buckling
load were also presented for practical purposes. The validity of these
formulae was demonstrated by comparing their results with the pre-
diction results obtained through FEM and CUFSM. The following main
conclusions were obtained:

(1) The analytical equation (Eq. (17)) accurately estimated the elas-
tic critical local buckling stress and local buckling deformation
of the CFOS.

(2) The buckling coefficient of the elastic critical local buckling of

the CFOS was determined by the changes in the three shape
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N

Fig. 9. Comparison of half-wavelengths for local buckling obtained from CUFSM with those calculated using the proposed formulae. (b) Prediction results obtained from the
proposed simplified formulae (Eq. (22)).
factors [length-to-width ratio of the web (𝜆𝑤 = L/𝑏𝑤), web-to-
flange width ratio (𝜒𝑓 = 𝑏𝑓∕𝑏𝑤), and web-to-lip width ratio (𝜒𝑙 =
d/𝑏𝑤)]. With an increase in the value of 𝜆𝑤, the buckling coeffi-
cient converges to the minimum buckling coefficient. It was clear
that the web-to-flange width ratio 𝜒𝑓 was the dominant factor
for the minimum buckling coefficient for local buckling, whereas
the influence of the web-to-lip width ratio was not significant.

(3) The validity of the proposed analytical equation (Eq. (17)) was
verified by comparing it with the parametric eigenvalue elastic
buckling analysis based on the FEM. The proposed analytical
formula is applicable in the range of 0.0 < 𝜒𝑓 ≤ 1.2 and
0.0 ≤ 𝜒𝑙 ≤ 0.4. The mean and standard deviation of the predicted
values based on the analytical formula 𝜎𝑐𝑟,𝑙,AF with respect to the
FEM values 𝜎𝑐𝑟,𝑙,FEM were 1.021 and 0.01229, respectively, and
no analytical case had a prediction error of 5% or more.

(4) A simplified formula (Eq. (20)) was derived based on an analysis
of the influence of cross-sectional geometry on the buckling
stresses. The mean and standard deviation of the predicted
values based on the simplified formula for the FEM values were
0.9990 and 0.01740, respectively, indicating that the simplified
formula could predict the local buckling stress with almost the
same accuracy as the analytical formula proposed in this study.

otation

𝑏 Width of the plate
𝑏𝑤, 𝑏𝑓 , d Web depth, flange width, lip width
D Flexural rigidity of the plate
E, 𝜈 Modulus of elasticity and Poisson’s ratio,

respectively
𝑘 Buckling coefficient
𝑘𝑤,𝑙 Buckling coefficient of the web for elastic critical

local buckling of the CFOS
𝑘𝑤,𝑙,AF Buckling coefficient of the web, determined using

Eq. (17)

𝑘𝑤,𝑙,P Buckling coefficient of the web, determined by
the simplified formula presented in Eq. (20)

L Member length

𝑙𝑎, 𝑙𝑏, 𝑙𝑐 , 𝑙𝑑 Constants that determine the cross-sectional
deformation

𝑚 Number of buckling half-waves along the
longitudinal direction

𝑡 Thickness of the plate
9

𝜎0 Base stress defined in Eq. (15) to simplify the
expression

𝜎𝑐𝑟 Elastic critical buckling stress
𝜎𝑐𝑟,𝑙 Elastic critical local buckling stress

𝜎𝑐𝑟,𝑙,AF Elastic critical local buckling stress of the CFOS,
determined using Eq. (17)

𝜎𝑐𝑟,𝑙,CD Elastic critical local buckling stress obtained from
the classical design approach [1,4,5] that
considers the plates as simply supported

𝜎𝑐𝑟,𝑙,FEM Elastic critical local buckling stress obtained from
the FEM analysis results

𝜎𝑐𝑟,𝑙,S Elastic critical local buckling stress of the CFOS,
determined by Schafer’s formula in [7]

𝛥𝑈1, 𝛥𝑈2, 𝛥𝑈3 Strain energy of a single plate for the web, flange,
and lip, respectively.

𝛥𝑇1, 𝛥𝑇2, 𝛥𝑇3 Work done by uniform compression on a single
plate of the web, flange, and lip, respectively

𝛱 Potential energy
𝜆𝑐𝑟,CUFSM Critical half-wavelength ratio for local buckling,

obtained using CUFSM software
𝜆𝑐𝑟,P Critical half-wavelength ratio for local buckling

based on the proposed formula (Eq. (22))
𝜆𝑤 Length-to-width ratio of web (= L/𝑏𝑤)
𝜒𝑓 Web-to-flange width ratio (= 𝑏𝑓∕𝑏𝑤)
𝜒𝑙 Web-to-lip width ratio (= d/𝑏𝑤)
𝜒𝑡 Width-to-thickness ratio of web (= 𝑏𝑤/t)
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Appendix. Development of the theoretical procedure

Substituting Eqs. (2a), (4), (7) into Eqs. (9) and (12), each term
related to the web is calculated as follows.

∫

𝐿

0 ∫

𝑏𝑤

0

(

𝜕2𝑤𝑤

𝜕𝑦2

)2

𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢 (𝑧)2 𝑑𝑧

⋅
𝜋4

𝑏3𝑤

(

8𝑙2𝑏 +
𝑙2𝑐
2𝜒2

𝑓

+
2𝑙2𝑑
𝜒2
𝑓

−
16𝑙𝑏𝑙𝑐
3𝜋𝜒𝑓

−
32𝑙𝑏𝑙𝑑
3𝜋𝜒𝑓

+
2𝑙𝑐 𝑙𝑑
𝜒2
𝑓

)

(A.1)

∫

𝐿

0 ∫

𝑏𝑤

0

(

𝜕2𝑤𝑤

𝜕𝑧2

)2

𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢′′ (𝑧)2 𝑑𝑧

⋅ 𝑏𝑤

(

3𝑙2𝑏
2

+
𝑙2𝑐
2𝜒2

𝑓

+
2𝑙2𝑑
𝜒2
𝑓

−
16𝑙𝑏𝑙𝑐
3𝜋𝜒𝑓

−
32𝑙𝑏𝑙𝑑
3𝜋𝜒𝑓

+
2𝑙𝑐 𝑙𝑑
𝜒2
𝑓

)

(A.2)

∫

𝐿

0 ∫

𝑏𝑤

0

𝜕2𝑤𝑤

𝜕𝑦2
𝜕2𝑤𝑤

𝜕𝑧2
𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢 (𝑧) 𝑢′′ (𝑧) 𝑑𝑧

⋅
𝜋2

𝑏𝑤

(

−2𝑙2𝑏 −
𝑙2𝑐
2𝜒2

𝑓

−
2𝑙2𝑑
𝜒2
𝑓

+
16𝑙𝑏𝑙𝑐
3𝜋𝜒𝑓

+
32𝑙𝑏𝑙𝑑
3𝜋𝜒𝑓

−
2𝑙𝑐 𝑙𝑑
𝜒2
𝑓

)

(A.3)

∫

𝐿

0 ∫

𝑏𝑤

0

(

𝜕2𝑤𝑤
𝜕𝑦𝜕𝑧

)2

𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢′ (𝑧)2 𝑑𝑧

⋅
𝜋2

𝑏𝑤

(

2𝑙2𝑏 +
𝑙2𝑐
2𝜒2

𝑓

+
2𝑙2𝑑
𝜒2
𝑓

−
16𝑙𝑏𝑙𝑐
3𝜋𝜒𝑓

−
32𝑙𝑏𝑙𝑑
3𝜋𝜒𝑓

+
2𝑙𝑐 𝑙𝑑
𝜒2
𝑓

)

(A.4)

∫

𝐿

0 ∫

𝑏𝑤

0

(

𝜕𝑤𝑤
𝜕𝑧

)2
𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢′ (𝑧)2 𝑑𝑧

⋅ 𝑏𝑤

(

3𝑙2𝑏
2

+
𝑙2𝑐
2𝜒2

𝑓

+
2𝑙2𝑑
𝜒2
𝑓

−
16𝑙𝑏𝑙𝑐
3𝜋𝜒𝑓

−
32𝑙𝑏𝑙𝑑
3𝜋𝜒𝑓

+
2𝑙𝑐 𝑙𝑑
𝜒2
𝑓

)

(A.5)

Substituting Eqs. (2b) and (5) into Eqs. (10) and (13), the terms
elated to the flange and web are calculated as follows.

∫

𝐿

0 ∫

𝑏𝑓

0

(

𝜕2𝑤𝑓

𝜕𝑥2

)2

𝑑𝑥𝑑𝑧 = ∫

𝐿

0
𝑢 (𝑧)2 𝑑𝑧

⋅
𝜋4

𝑏3𝑤𝜒3
𝑓

(

𝑙2𝑐
2

+ 1.89𝑙2𝑑 + 0.770𝑙𝑐 𝑙𝑑

)

(A.6)

∫

𝐿

0 ∫

𝑏𝑓

0

(

𝜕2𝑤𝑓

𝜕𝑧2

)2

𝑑𝑥𝑑𝑧 = ∫

𝐿

0
𝑢′′ (𝑧)2 𝑑𝑧

⋅ 𝑏𝑤𝜒𝑓

(

𝑙2𝑐
2

+
0.378𝑙2𝑑
𝜒2
𝑓

+ 0.770𝑙𝑐 𝑙𝑑

)

(A.7)

∫

𝐿

0 ∫

𝑏𝑓

0

𝜕2𝑤𝑓

𝜕𝑥2
𝜕2𝑤𝑓

𝜕𝑧2
𝑑𝑥𝑑𝑧 = ∫

𝐿

0
𝑢 (𝑧) 𝑢′′ (𝑧) 𝑑𝑧

⋅

[

− 𝜋2

𝑏𝑤𝜒𝑓

(

𝑙2𝑐
2

+ 0.639𝑙2𝑑 + 0.770𝑙𝑐 𝑙𝑑

)]

(A.8)

∫

𝐿

0 ∫

𝑏𝑓

0

(

𝜕2𝑤𝑓

𝜕𝑥𝜕𝑧

)2

𝑑𝑥𝑑𝑧 = ∫

𝐿

0
𝑢′ (𝑧)2 𝑑𝑧

⋅
𝜋2

𝑏𝑤𝜒𝑓

(

𝑙2𝑐
2

+ 0.639𝑙2𝑑 + 0.770𝑙𝑐 𝑙𝑑

)

(A.9)

∫

𝐿

0 ∫

𝑏𝑓

0

( 𝜕𝑤𝑓

𝜕𝑧

)2

𝑑𝑥𝑑𝑧 = ∫

𝐿

0
𝑢′ (𝑧)2 𝑑𝑧

⋅ 𝑏𝑤𝜒𝑓

(

𝑙2𝑐
2

+
0.378𝑙2𝑑
𝜒2
𝑓

+ 0.770𝑙𝑐 𝑙𝑑

)

(A.10)
10
Substituting Eqs. (2c), (6), and (8) into Eqs. (11) and (14), each term
related to the lip is calculated as follows:

∫

𝐿

0 ∫

𝑑

0

(

𝜕2𝑤𝑙

𝜕𝑦2

)2

𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢 (𝑧)2 𝑑𝑧

⋅
𝜋4𝑙2𝑓

32𝑏3𝑤𝜒3
𝑙

(A.11)

∫

𝐿

0 ∫

𝑑

0

(

𝜕2𝑤𝑙

𝜕𝑧2

)2

𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢′′ (𝑧)2 𝑑𝑧

⋅ 𝑏𝑤𝜒𝑙

[

𝜋2𝜒2
𝑙 𝑙

2
𝑐

3𝜒2
𝑓

+
(3𝜋 − 8) 𝑙2𝑓

2𝜋
+

(

𝜋2 − 4𝜋 + 8
)

𝜒𝑙𝑙𝑐 𝑙𝑓
𝜋𝜒𝑓

]

(A.12)

∫

𝐿

0 ∫

𝑑

0

𝜕2𝑤𝑙

𝜕𝑦2
𝜕2𝑤𝑙

𝜕𝑧2
𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢 (𝑧) 𝑢′′ (𝑧) 𝑑𝑧

⋅
𝜋

𝑏𝑤𝜒𝑓

[

(4 − 𝜋)𝜒𝑓 𝑙2𝑓
8𝜒𝑙

+
(𝜋 − 2) 𝑙𝑐 𝑙𝑓

2

]

(A.13)

∫

𝐿

0 ∫

𝑑

0

(

𝜕2𝑤𝑙
𝜕𝑦𝜕𝑧

)2

𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢′ (𝑧)2 𝑑𝑧

⋅
𝜋2

𝑏𝑤𝜒𝑓

(

𝜒𝑙2𝑐
𝜒𝑓

+
𝜒𝑓 𝑙2𝑓
8𝜒𝑙

+
2𝑙𝑐 𝑙𝑓
𝜋

)

(A.14)

∫

𝐿

0 ∫

𝑑

0

(

𝜕𝑤𝑙
𝜕𝑧

)2
𝑑𝑦𝑑𝑧 = ∫

𝐿

0
𝑢′ (𝑧)2 𝑑𝑧

⋅ 𝑏𝑤𝜒𝑙

[

𝜋2𝜒2
𝑙 𝑙

2
𝑐

3𝜒2
𝑓

+
(3𝜋 − 8) 𝑙2𝑓

2𝜋
+

(

𝜋2 − 4𝜋 + 8
)

𝜒𝑙𝑙𝑐 𝑙𝑓
𝜋𝜒𝑓

]

(A.15)

𝑢 (𝑧), 𝑢′ (𝑧), and 𝑢′′ (𝑧) in Eqs. (A.1)–(A.15) are the displacement
unctions in the longitudinal direction depending on the boundary
onditions at both ends of the plates. Substituting Eqs. (3a) or (3b) into
(𝑧), 𝑢′ (𝑧), and 𝑢′′ (𝑧), the following equations for the simply and fixed
upport condition can be obtained:
1) For simply supported condition

∫

𝐿

0
𝑢 (𝑧)2 𝑑𝑧 = 𝐿

2
(A.16)

∫

𝐿

0
𝑢′′ (𝑧)2 𝑑𝑧 =

(𝑚𝜋
𝐿

)4 𝐿
2

(A.17)

∫

𝐿

0
𝑢 (𝑧) 𝑢′′ (𝑧) 𝑑𝑧 = −

(𝑚𝜋
𝐿

)2 𝐿
2

(A.18)

∫

𝐿

0
𝑢′ (𝑧)2 𝑑𝑧 =

(𝑚𝜋
𝐿

)2 𝐿
2

(A.19)

2) For fixed support condition

∫

𝐿

0
𝑢 (𝑧)2 𝑑𝑧 = 𝐿

4
(A.20)

∫

𝐿

0
𝑢′′ (𝑧)2 𝑑𝑧 =

( 𝜋
𝐿

)4

[

4𝑚2 +
(

𝑚2 + 1
)2
]

𝐿

4
(A.21)

∫

𝐿

0
𝑢 (𝑧) 𝑢′′ (𝑧) 𝑑𝑧 = −

( 𝜋
𝐿

)2
(

𝑚2 + 1
)

𝐿
4

(A.22)

∫

𝐿

0
𝑢′ (𝑧)2 𝑑𝑧 =

( 𝜋
𝐿

)2
(

𝑚2 + 1
)

𝐿
4

(A.23)
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