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Abstract

The Mordell–Weil group defined over a finitely generated field over its
prime field has been studied for many years. The most celebrated theorem
in this area is the Mordell–Weil theorem, which states that the Mordell–Weil
group of any abelian variety over a finitely generated field over its prime
field is finitely generated. A natural question to ask is what happens to the
Mordell–Weil group if one replaces the base field with an infinitely generated
field.

Another question comes from anabelian geometry, which is a subject in
algebraic geometry aiming to describe how to reconstruct an algebraic variety
or related geometric objects from its algebraic fundamental group. It has
been thought that the base field of an algebraic variety treated in anabelian
geometry should be a finitely generated field over its prime field. However,
recent studies have shown that there are much various fields suitable for the
base field of anabelian geometry. Kummer-faithful fields seem to be suitable
for developing anabelian geometry. A perfect field K is said to be Kummer-
faithful if the Mordell–Weil group of every semi-abelian variety over every
finite extension of K has no nonzero divisible element. What kind of fields
are Kummer-faithful?

Motivated by these questions, we study the Mordell–Weil group defined
over a large algebraic extension of a finitely generated field over its prime
field. There are three themes in this thesis.

First, we introduce the notion of Drinfeld-Kummer-faithful fields by the
triviality of the divisible part of Drinfeld modules and investigate its prop-
erties. This notion amounts to a function field analogue of that of Kummer-
faithful fields. We present a sufficient condition for a Galois extension of a
function field to be Drinfeld-Kummer-faithful in terms of ramification theory.
We also give some examples of Drinfeld-Kummer-faithful fields, one of which
is constructed inspired by Ozeki–Taguchi’s examples of highly Kummer-
faithful fields.
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Second, we discuss the structure of the Mordell–Weil groups of semi-
abelian varieties over finite extensions of K(σ) and K[σ] in the case where
the field K has characteristic zero. Here, for a field K and an e-tuple σ of
elements in the absolute Galois group GK of K, we write K(σ) for the fixed
field of σ in the fixed algebraic closure K of K and K[σ] for the maximal
Galois extension of K in K(σ). We prove that, if e ≥ 2, then the Mordell–
Weil group of any semi-abelian variety over any finite extension of K[σ]
reduced modulo torsion is free for almost all σ in the sense of the Haar
measure on Ge

K . Combining with known results, we deduce that the Mordell–
Weil group of any semi-abelian variety over such a field is the direct sum of
a finite torsion subgroup and a free Z-module of denumerable rank. We also
show that K(σ) and K[σ] are Kummer-faithful for almost all σ in Ge

K , where
the former is shown under the assumption e ≥ 2. This is an improvement of
the result by Ohtani.

Third, we examine the torsion submodule of Drinfeld modules over a
finite extension of K(σ) for a finitely generated function field K over a finite
field and an e-tuple σ of elements in GK . We prove two finiteness results for
the torsion submodule of Drinfeld modules over such a field; the first one is
that the p-power torsion submodule of ϕ(M) is finite for almost all σ, any
Drinfeld module ϕ over any finite extension M of K(σ), and any nonzero
prime ideal p of the ring of regular elements of the base function field; the
second one is that the torsion submodule of ϕ(M) is finite for almost all σ
and any Drinfeld module ϕ over any finite extension M of K(σ) if e ≥ 2.
These are extensions of the work by the author during his master program
and give complete analogues for Drinfeld modules of generic characteristic of
the finiteness theorems for abelian varieties over K(σ) conjectured by Geyer–
Jarden and proved by Jacobson–Jarden. As an application of these results,
we show the freeness result for Drinfeld modules over finite extensions ofK[σ]
reduced modulo torsion. This is a Drinfeld module analogue of the result in
the second theme in this thesis.
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Chapter 1

Introduction

This thesis contains three main topics and all of these are motivated
by the desire to understand the structure of the Mordell–Weil group over a
large algebraic extension of a finitely generated field over its prime field. The
structure of the Mordell–Weil group (in this thesis, the Mordell–Weil group
means the abelian group of K-rational points of a semi-abelian variety or
a Drinfeld module defined over some field K) over a finitely generated field
over its prime field has been studied for a long time and many results are
known. The following theorem is the most fundamental result in this area.

Mordell–Weil theorem (see [Lan83, Chapter 6, Theorem 1]). Let K be a
finitely generated field over its prime field and A an abelian variety over K.
Then the group A(K) of K-rational points of A is finitely generated.

In 1901, Poincaré [Poi01] defined the rank of an elliptic curve, i.e., an
abelian variety of dimension one, and implicitly assumed that it is finite.
Mordell [Mor22] proved that the group of rational points of any elliptic
curve over the field Q of rational numbers is indeed finitely generated, which
amounted to the above theorem in the case where K = Q and dimA = 1.
Weil [Wei29] generalized the theorem to A of arbitrary dimension over any
number field and Néron [Nér52] in 1952 proved the general case.

One of our motivation for this thesis comes from the question what hap-
pens to A(K) if K is infinitely generated.

Drinfeld modules, introduced by Drinfeld [Dri74] under the name of ellip-
tic modules, are function field analogues for elliptic curves over number fields
(the precise definition is given in Section 2.1). Drinfeld used them to prove
some special cases of the Langlands conjecture for function fields. There is
an analogous result of the Mordell–Weil theorem for Drinfeld modules, which
was proved by Poonen [Poo95] for function fields of transcendence degree one
and by Wang [Wan01] for the general case. This states that, if K is a finitely
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generated function field and ϕ is a Drinfeld module over K, then the group
ϕ(K) of K-rational points of ϕ is the direct sum of a finite torsion submodule
and a free module of rank ℵ0 (for the precise statement, see Theorem 2.1.3).
In contrast to the case of abelian varieties, the group ϕ(K) already has infi-
nite rank even if K is finitely generated. Therefore, if we want to consider the
structure of ϕ(K) in the case where K is infinitely generated, then what we
are interested in are for example the size of the torsion submodule, whether
or not this group is free modulo torsion, and whether or not it has non-trivial
divisible points.

Another motivation for this thesis is to understand what kind of fields
can be the base fields for developing anabelian geometry. Anabelian geom-
etry is a subject which aims to describe how to reconstruct an algebraic
variety or related geometric objects from its algebraic fundamental group.
Anabelian geometry is proposed by Grothendieck in 1980s, and he consid-
ered that the base field of an algebraic variety treated in anabelian geometry
should be a finitely generated field over its prime field. However, recent
studies have shown that anabelian geometry is developed over much various
fields, such as sub-p-adic fields. The class of Kummer-faithful fields, intro-
duced by Mochizuki [Moc15], seems to be suitable for anabelian geometry.
A perfect field K is said to be Kummer-faithful if the Mordell–Weil group
of every semi-abelian variety over every finite extension of K has no nonzero
divisible element. This property is thought to be an important one in de-
veloping anabelian geometry. Our interest lies in determining how large the
class of Kummer-faithful fields is.

Ozeki and Taguchi [OT22] introduced the notion of highly Kummer-
faithful fields and studied its properties in terms of ramification theory. The
notion of highly Kummer-faithful fields is a specialization of that of Kummer-
faithful fields in the sense that high Kummer-faithfulness implies Kummer-
faithfulness for a Galois extension of a Kummer-faithful field of characteristic
zero [OT22, Proposition 2.8]. They also provided some examples of highly
Kummer-faithful fields. One of their examples is constructed by adjoining
to a number field K the torsion points of all semi-abelian varieties A over K
of bounded dimension, having order of bounded prime power. The precise
statement is the following.

Theorem A (Ozeki–Taguchi [OT22, Theorem 3.3]). Let K be a number
field, g a positive integer, and m = (mp)p a family of non-negative integers,
where p runs over all rational prime numbers. Let Kg,m be the extension
of K generated by all coordinates of elements of A[pmp ] for all semi-abelian
varieties A over K of dimension at most g and all rational prime numbers p.
Then Kg,m is highly Kummer-faithful. In particular, it is Kummer-faithful.

7



As the first main topic in this thesis, we investigate a function field ana-
logue of the notion of Kummer-faithful fields in Chapter 3. We introduce
Drinfeld-Kummer-faithful (DKF) fields by the triviality of the divisible parts
of Drinfeld modules. A sufficient condition for a Galois extension of a function
field to be DKF is provided in terms of ramification theory. Some examples
of DKF fields are also given. One of these is constructed using torsion points
of Drinfeld modules in a similar way as Theorem A, except that we add an-
other parameter to limit the badness of reduction. Note that the maximal
ramification break of the t-torsion points of a Drinfeld Fq[t]-module ϕ over
Fq(t) at a finite prime not dividing (t) may be arbitrarily large even if ϕ is
of rank two. We will treat such Drinfeld modules in Section 3.2.

The second main topic in this thesis is the Mordell–Weil groups over finite
extensions of K(σ) and K[σ] for a finitely generated field K over the field
Q of rational numbers and σ ∈ Ge

K . To recall the definitions of K(σ) and
of K[σ], and summarize their known properties, let us explain the notation
used in this context. Fix an algebraic closure K of any field K and let Ksep

be the separable closure of K in K. Let GK be the absolute Galois group
Gal(Ksep/K) of a field K and e a positive number. For any σ ∈ Ge

K , set
K(σ) to be the fixed field of σ in K. We also set K[σ] to be the maximal
Galois extension of K in K(σ). We equip the compact group Ge

K with the
normalized Haar measure, which allows Ge

K to be regarded as a probability
space. For a given probability space Ω, the term almost all ω ∈ Ω is used in
the sense of “all ω ∈ Ω outside some measure zero set”.

Studying the properties ofK(σ) goes back to Ax [Ax67], and the structure
of the Mordell–Weil groups of semi-abelian varieties over such fields has been
investigated for more than half a century. The following is the summary of
what has been found.

Theorem B. Let K be a finitely generated field over its prime field and e a
positive integer.

(1) (Geyer–Jarden [GJ06, Theorem 2.4] (resp. Frey–Jarden [FreJ74, Theo-
rem 9.1])) Assume that K is an infinite field. Then for almost all σ ∈ Ge

K

and any abelian variety A of positive dimension over K[σ] (resp. K(σ)),
the group A(K[σ]) (resp. A(K(σ))) has rank ℵ0.

(2) (Jarden [Jar75, Theorems 8.1 and 8.2]) Let ζn denote a primitive n-th
root of unity in K for any positive integer n.

(2-i) For almost all σ ∈ GK and any positive integer d, there exist
infinitely many prime numbers l such that [K(σ)(ζl) : K(σ)] = d.
In particular, for almost all σ ∈ GK and any finite extension M
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of K(σ), there exist infinitely many roots of unity contained in
M and a prime number l such that ζl /∈M .

(2-ii) Assume e ≥ 2. Then for almost all σ ∈ Ge
K and any positive

integer d, there exist only finitely many positive integers n not
divisible by the characteristic of K such that [K(σ)(ζn) : K(σ)] ≤
d. In particular, for almost all σ ∈ Ge

K and any finite extension
M of K(σ), there are only finitely many roots of unity contained
in M .

(3) Consider the following statements on K:

(a) For almost all σ ∈ GK and any abelian variety A of positive dimen-
sion over K(σ), the group A(K(σ))tor is infinite. Moreover, there
exist infinitely many prime numbers l such that A(K(σ))[l] ̸= 0.

(b) Assume e ≥ 2. For almost all σ ∈ Ge
K and any abelian variety A

over K(σ), the group A(K(σ))tor is finite.

(c) For almost all σ ∈ Ge
K, any abelian variety A over K(σ), and any

prime number l, the group A(K(σ))[l∞] =
⋃+∞
i=1 A(K(σ))[li] is finite.

Then these statements hold in the following situations:

(3-i) (Geyer–Jarden [GJ78, Theorem 1.1]) Replace “any abelian vari-
ety” in each statement with “any elliptic curve”. Then State-
ments (a)–(c) hold for any K.

(3-ii) (Jacobson–Jarden [JJ84, Proposition 4.2]) Statements (a)–(c) hold
if K is a finite field.

(3-iii) (Jacobson–Jarden [JJ01, Main Theorem (b), (a)] ((b) and (c)),
Zywina [Zyw16, Theorem 1.1] ((a) for the number field case),
Jarden–Petersen [JP19, Theorem C] ((a) for the general case))
Statements (a)–(c) hold if K has characteristic zero.

(3-iv) (Jacobson–Jarden [JJ01, Main Theorem (a)]) Statement (c) holds
for any K.

(4) (Jarden–Petersen [JP22, Theorem 1.3 (ii)]) Assume that K has char-
acteristic zero and e ≥ 2. Then for almost all σ ∈ Ge

K, any finite
extension M of K(σ), and any abelian variety A over M , it holds that⋂
n≥1 n · A(M) = 0, where n runs over all positive integers.

Geyer and Jarden [GJ78] conjectured that Statements (a)–(c) of (3) in
this theorem holds for any finitely generated field K over its prime field.
We note that the paper of Jacobson and Jarden [JJ84] involves a proof of
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Statement (a) for K with positive characteristic, but it contains an error as
indicated in [JJ85]. Statements (a) and (b) for K which is infinite and has
positive characteristic remain open.

In Chapter 4, we describe more detailed structures of the Mordell–Weil
groups of semi-abelian varieties over finite extensions of K(σ) and K[σ] in
the case of characteristic zero. Section 4.1 is devoted to proving the freeness
of the Mordell–Weil groups modulo torsion in the situation of Theorem B (1).
Combining with Theorem B, (2-ii) and (3-iii), we deduce that the Mordell–
Weil group of any semi-abelian variety over such a field is the direct sum of a
finite torsion subgroup and a free Z-module of denumerable rank. Section 4.2
concerns the Kummer-faithfulness of K(σ) and of K[σ]. Since the Kummer-
faithfulness means that the Mordell–Weil group does not contain groups like
Q or Q/Z as subgroups, our results are thought to describe more detailed
structures of the Mordell–Weil groups of semi-abelian varieties over such
fields.

The last main topic in this thesis is the finiteness on the torsion submodule
of Drinfeld modules over K(σ) for a finitely generated field K of an algebraic
function field F in one variable over a finite field and σ ∈ Ge

K . The author
studied a Drinfeld module analogue of Theorem B (3) during his master
program and obtained a partial answer. Let A be the ring of functions in F
regular outside a fixed prime ∞ of F .

Theorem C (Asayama [Asa21, Theorem 1.4]). Let K be a finitely generated
field over F and e a positive integer. Then for almost all σ ∈ Ge

K and any
Drinfeld A-module ϕ over K(σ) with EndKϕ = A, the following statements
hold:

(a) Assume e = 1. The A-module ϕ(K(σ))tor is infinite. Moreover, there
exist infinitely many nonzero prime ideals p of A such that ϕ(K(σ))[p] ̸=
0.

(b) Assume e ≥ 2. The A-module ϕ(K(σ))tor is finite.

(c) For any nonzero prime ideal p of A, the A-module ϕ(K(σ))[p∞] is finite.

Note that it is not needed to mention Part (a) in the later discussion,
but we refer it only for consistency. This theorem relies on the (adelic)
open image theorems for Drinfeld modules proved by Pink and by Pink and
Rütsche (see Theorem 2.1.5, (1-i) and (2-i), respectively). The assumption
EndKϕ = A comes from them. One expects that this assumption can be
dropped from the theorem. In addition, one also expects that the theorem
is still valid if K(σ) is replaced with its finite extension.
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In Chapter 5, we establish the desired generalizations (Theorems 5.1.4 and
5.1.3) of Parts (b) and (c) of Theorem C. The DKF-ness result for K[σ] is
obtained immediately from the generalization of Part (c) (Corollary 5.1.5).
The proof is done by using the generalizations (Theorem 2.1.5, (1-ii) and
(2-ii)) of the theorems for the image of Galois representations arising from
Drinfeld modules described above. After establishing these results, we prove
the freeness of Drinfeld modules modulo torsion over a finite extension ofK[σ]
for σ ∈ Ge

K with e ≥ 2, which is a Drinfeld module analogue of the result
in Section 4.1. We show the Drinfeld module analogue of the proposition
([Moo09, Proposition 7], see Proposition 4.1.2) proved by Moon, which is the
key proposition in Section 4.1.

We conclude the introduction by mentioning that Chapter 3 of this thesis
is based on the papers [Asa23] and [AH23].
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Chapter 2

Preliminaries

This chapter is dedicated to introducing the basic notions which we will
use in the later chapters. We use the following notation in any situation
throughout this thesis. For any field E, fix an algebraic closure E of E and
let Esep be the separable closure of E in E. Denote by GE the absolute
Galois group Gal(Esep/E) of E. We extend each element in GE to E in the
unique way.

2.1 Drinfeld modules

Let F be an algebraic function field in one variable over the finite field Fq
of q elements, where q is a power of a prime number p. We fix a prime ∞ of
F . Denote by A the ring of functions in F which are regular outside ∞. Let
MA be the set of nonzero prime ideals of A. An A-field is a field K which is
equipped with a homomorphism of Fq-algebras ι : A→ K. Throughout this
thesis, we consider only A-fields with ι injective. Such an A-field is said to
have generic characteristic. For an A-field K with generic characteristic we
can identify A with the image of ι. Thus it allows us to consider K as an
extension of F .

Let K{τ} be a twisted polynomial ring over K generated by the q-th
power Frobenius morphism τ , with the relation τa = aqτ for all a ∈ K. We
have the correspondence

K{τ} ↔
{∑n

i=0 aiX
qi
∣∣∣ n ≥ 0, ai ∈ K

}
∑

i aiτ
i ↔

∑
i aiX

qi ,

where the right hand side forms a non-commutative ring with multiplication
given by composition. Let ∂ : K{τ} → K be the morphism which takes each
polynomial in K{τ} to its constant term.
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Definition 2.1.1. A Drinfeld A-module over K is a ring homomorphism of
Fq-algebras ϕ : A → K{τ} such that ∂ ◦ ϕ = ι and there is a ∈ A with
ϕa ̸= ι(a)τ 0.

Let L be a field extension of an A-field K. Each Drinfeld A-module ϕ
over K defines a structure of an A-module on L by

ax = ϕa(x) for a ∈ A and x ∈ L.

Here f(x) =
∑

i aix
qi for f =

∑
i aiτ

i ∈ K{τ} and x ∈ L. We use the
notation ϕ(L) rather than L when we regard L as an A-module induced by
ϕ in the above way.

For any a ∈ A, define the a-torsion submodule ϕ(L)[a] of ϕ(L) by

ϕ(L)[a] = {u ∈ ϕ(L) | ϕa(u) = 0}.

Let a be a nonzero ideal of A. Then the a-torsion submodule ϕ(L)[a] of
ϕ(L) is defined by ϕ(L)[a] =

⋂
a∈a ϕ(L)[a]. We usually write ϕ[a] for ϕ(K)[a]

and ϕ[a] for ϕ(K)[a], respectively. We immediately find that if a = (a) is
a principal ideal, then ϕ(L)[a] = ϕ(L)[a]. The a-power torsion submodule
ϕ(L)[a∞] is defined to be ϕ(L)[a∞] =

⋃
n≥1 ϕ(L)[a

n], where n ranges over
all positive integers. Finally, the torsion submodule ϕ(L)tor is defined by
ϕ(L)tor =

⋃
0̸=a∈A ϕ(L)[a] =

⋃
0̸=a⊆A ϕ(L)[a]. Namely, ϕ(L)tor consists of all

u ∈ ϕ(L) such that there is a nonzero a ∈ A with ϕa(u) = 0.
We can show that, for every Drinfeld A-module ϕ over K, there exists a

positive integer r satisfying degτ ϕa = r deg a for each a ∈ A. This integer r
is said to be the rank of ϕ [Pap23, Definition A.6 and Corollary A.14 (1)].

Theorem 2.1.2 (see [Pap23, Theorem A.12 (1) and Corollary A.15]). Let ϕ
be a Drinfeld A-module of rank r over K and n a positive integer. Then, for
any nonzero prime ideal p of A, we have

ϕ[pn] ∼= (A/pn)r.

More generally, for any nonzero ideal a of A, we have

ϕ[a] ∼= (A/a)r.

The next result is a Drinfeld module analogue of the Mordell–Weil the-
orem. As usual, the rank of an A-module X means the dimension of the
F -vector space X ⊗A F .
Theorem 2.1.3 (Poonen [Poo95, Theorem 1] (the finite extension case),
Wang [Wan01, Theorem 1] (the general case)). Let K be a finitely generated
extension of F and ϕ a Drinfeld A-module over K. Then the group ϕ(K) is
the direct sum of a finite torsion submodule ϕ(K)tor and a free A-module of
rank ℵ0.
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We recall the notions of a morphism of Drinfeld modules and the ring of
endomorphisms of a Drinfeld module.

Definition 2.1.4. Let ϕ and ψ be two Drinfeld A-modules over an A-field K
and L a field extension of K. A morphism from ϕ to ψ over L is a polynomial
f ∈ L{τ} satisfying fϕa = ψaf for all a ∈ A. A morphism from ϕ to itself is
called an endomorphism of ϕ. Denote by EndLϕ the set of all endomorphisms
of ϕ over L.

Obviously, EndLϕ forms a subring of L{τ}. For any a ∈ A, the poly-
nomial ϕa is clearly an endomorphism of ϕ. Therefore we view EndLϕ as
always containing A. However, not all Drinfeld A-modules have A as their
endomorphism rings.

At the end of this section, we recall the theorems on Galois representations
associated to Drinfeld modules. Let ϕ be a Drinfeld A-module over an A-field
K. For any p ∈MA, the p-adic Tate module Tp(ϕ) of ϕ is defined by

Tp(ϕ) = lim←−ϕ[p
n].

From Theorem 2.1.2, if ϕ has rank r, then Tp(ϕ) is a free Ap-module of rank r,
where Ap is the completion of A at p. The p-adic Tate module Tp(ϕ) induces
a continuous Galois representation

ρp : GK → GLAp(Tp(ϕ))
∼= GLr(Ap).

Since the action of the endomorphism ring EndKϕ commutes with the repre-
sentation ρp, the image ρp(GK) of GK under ρp is contained in the centralizer
CentGLr(Ap)(EndKϕ). Let Af

F be the ring of finite adeles of F . Then ρp in-
duces the adelic representation

ρad : GK →
∏

p∈MA

GLr(Ap) ⊆ GLr(Af
F ).

Theorem 2.1.5. Let K be a finitely generated field of F and ϕ a Drinfeld
A-module of rank r over K.

(1) (Pink [Pin97, Theorems 0.1 and 0.2])

(1-i) Suppose EndKϕ = A. Then, for any finite subset Λ in MA, the
image of the homomorphism

GK →
∏
p∈Λ

GLr(Ap)

induced by ρp for p ∈ Λ is open.
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(1-ii) Suppose EndKϕ = EndKϕ. Then, for any finite subset Λ in MA,
the image of the homomorphism

GK →
∏
p∈Λ

CentGLr(Ap)(EndKϕ)

induced by ρp for p ∈ Λ is open.

(2) (Pink–Rütsche [PR09, Theorems 0.1 and 0.2])

(2-i) Suppose EndKϕ = A. Then the image of the adelic representation

ρad : GK → GLr(Af
F )

is open.

(2-ii) Suppose EndKϕ = EndKϕ. Then the image of the adelic repre-
sentation

ρad : GK →
∏

p∈MA

CentGLr(Ap)(EndKϕ)

is open.

We remark that, since EndKϕ is finitely generated as an A-module [Pap23,
Theorem A.16], there exists a finite extension K ′ of K such that EndKϕ =
EndK′ϕ.

2.2 Ramification

Keep the notation of the previous section. We introduce the notion of the
finiteness of the maximal breaks according to Ozeki–Taguchi [OT22, Defini-
tion 2.14]. For any algebraic field extension E of F , let Mf

E be the set of
primes of E not lying above∞ and we call the element of Mf

E a finite prime.
Let M∞

E be the set of primes of E lying above ∞ and we call the element of
M∞

E an infinite prime. Recall that MA is the set of nonzero prime ideals of A
and we identify it with Mf

F . Since, in contrast to the number field case, the
influence of the ramification at infinite primes cannot be essentially ignored
in the function field case, the following definition takes into account such
circumstances.

Definition 2.2.1. (1) Let K be an algebraic extension of a local field E

of positive characteristic. Let K̃ be the Galois closure of the maxi-
mal separable subextension of K/E. The maximal ramification break
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(maximal break for short) of K/E is defined to be inf{u ∈ [−1,+∞) |
Gal(K̃/E)u = 1}. Here, for u ≥ −1, we write Gal(K̃/E)u for the u-

th upper ramification group of Gal(K̃/E) in the sense of Serre [Ser79,
Chapter IV, Section 3]. The extensionK/E is said to have finite maximal
break if the maximal break of K/E is finite.

(2) Let K be a Galois extension of a function field F . For p ∈ MA, the
extension K/F is said to have finite maximal break at p if the extension
KP/Fp has finite maximal break, where P ∈Mf

K is above p. Notice that
this is defined independently of the choice of P.

(3) Let K be a Galois extension of a function field F . The extension K/F is
said to have finite maximal break outside ∞ if K/F has finite maximal
break at every p ∈MA.

The following proposition is used to construct Drinfeld Fq[t]-modules over
Fq(t) whose t-torsion points induce arbitrarily large maximal break in Chap-
ter 3. We note that this is a slight generalization of the function field case
of [FV02, Chapter III, Proposition 2.5].

Proposition 2.2.2. Let K be a complete discrete valuation field of charac-
teristic p > 0. Assume that K contains Fq, where q = pν for some positive
integer ν. Let vK denote the normalized valuation. Let α be an element in
K and λ a root of the polynomial Xq −X − α. If vK(α) is negative and not
divisible by p, then the extension K(λ)/K is totally ramified of degree q with
Galois group isomorphic to (Z/pZ)ν. Its maximal break is given by −vK(α).

Proof. See [AH23, Proposition 3.2].

2.3 Kummer-faithful fields

Kummer-faithful fields are defined by the triviality of the divisible parts
of the Mordell–Weil groups of semi-abelian varieties as follows.

Definition 2.3.1 ([Moc15, Definition 1.5]). Let K be a perfect field. We
say that K is Kummer-faithful if, for every finite extension L of K and every
semi-abelian variety A over L, it holds that

⋂
n≥1 n ·A(L) = 0, where n runs

over all positive integers.

The following facts immediately follow from the definition of Kummer-
faithfulness.

(1) Any perfect subfield of a Kummer-faithful field is also Kummer-faithful.
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(2) Let K ′ be a finite extension of a perfect field K. Then K ′ is Kummer-
faithful if and only if K is Kummer-faithful.

It is also known that any sub-p-adic field is Kummer-faithful [Moc15,
Remark 1.5.4]. Note that a sub-p-adic field for some rational prime number
p means a field isomorphic to a subfield of a finitely generated extension of
the field Qp of p-adic numbers. In particular, any number field is Kummer-
faithful. On the other hand, any algebraically closed field is obviously not
Kummer-faithful.

In order to define Drinfeld-Kummer-faithful fields in Chapter 3, we gener-
alize the notion of the divisible part to a module over a general commutative
ring.

Definition 2.3.2. Let R be a commutative ring with identity. Let M be an
R-module. An element x in M is called divisible if, for every nonzero a ∈ R,
there exists y inM such that x = ay. For an ideal a of R, we say that x ∈M
is a-divisible if, for every positive integer n, there exist a ∈ an and y ∈ M
such that x = ay. Denote by Mdiv (resp. Ma-div) the set of divisible (resp.
a-divisible) elements in M , i.e.,

Mdiv =
⋂

a∈R\{0}

aM

(
resp. Ma-div =

⋂
n≥1

anM

)
.

For simplicity, if a = (a) is a principal ideal, we say a-divisible for (a)-divisible
and write Ma-div for M(a)-div.

Via this definition, we can rewrite the condition
⋂
n≥1 n · A(L) = 0 in

Definition 2.3.1 as A(L)div = 0 as a Z-module.

Proposition 2.3.3. A perfect field K is Kummer-faithful if and only if
Gm(L)div = 0 for any finite extension L of K and A(K)div = 0 for any
abelian variety A over K.

Proof. See [OT22, Proposition 2.3].

We can extend (3-iii) in Theorem B to finite extensions of K(σ). For the
convenience of applying this theorem in Chapter 4, we describe the assertion
of this theorem again.

Theorem 2.3.4. Let K be a finitely generated field over Q and e a positive
integer.

(1) Assume e ≥ 2. For almost all σ ∈ Ge
K, any finite extension M of K(σ),

and any abelian variety A over M , the group A(M)tor is finite.
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(2) For almost all σ ∈ Ge
K, any finite extension M of K(σ), any abelian

variety A overM , and any prime number l, the group A(M)[l∞] is finite.

Proof. Let A be an abelian variety over a finite extension M of K(σ). Using
Weil restriction for abelian varieties [JP22, Lemma 6.1], we know that B =
ResM/K(σ)(A) is an abelian variety over K(σ) and A(M) ∼= B(K(σ)). Hence
the theorem follows from (3-iii) in Theorem B.

2.4 The Haar measure of a profinite group

Let G be a profinite group and B its Borel algebra. A function µ : B → R
is a (normalized) Haar measure if µ is a probability measure and satisfies
the following extra conditions:

(1) (translation invariance) If B ∈ B and g ∈ G, then µ(gB) = µ(Bg) =
µ(B).

(2) (regularity) For B ∈ B and ε > 0, there exist an open set U and a closed
set C in G such that C ⊆ B ⊆ U and µ(U \ C) < ε.

It is known that a Haar measure is uniquely defined on every profinite
group G (see [FriJ23, Proposition 21.2.1]). We write this measure as µG,
but other symbols may be used depending on convention made by chapters.
We use the same notation for its completion. If G is a closed subgroup of
another profinite groupG′ and α ∈ G′, then we regard the function µGα(X) =
µG(Xα

−1) as a probability measure on Gα.
The probability measure µ has monotonicity; if B and B′ are measurable

sets with B ⊆ B′, then µ(B) ≤ µ(B′). For a countable collection {Bi}+∞
i=1

of measurable sets, we have µ(
⋃+∞
i=1 Bi) ≤

∑+∞
i=1 µ(Bi) (countable subaddi-

tivity). In particular, the countable union of measure zero sets is again a
measure zero set. If H is a closed subgroup of finite index in a profinite
group G, then µG(H) = 1/(G : H).

If G1 and G2 are profinite groups, then the direct product G1×G2 is also
a profinite group. Thus we can equip G1×G2 with the Haar measure µG1×G2 .
On the other hand, we can also consider the product measure µG1 × µG2 of
G1 × G2, which satisfies (µG1 × µG2)(B1 × B2) = µG1(B1)µG2(B2) for all
measurable subsets B1 ⊆ G1 and B2 ⊆ G2. It can be proved that µG1×G2

and µG1 × µG2 coincide (after completion) [FriJ23, Proposition 21.4.2]. Of
course, this result generalizes to the direct product G1 × · · · ×Ge of a finite
number of profinite groups G1, . . . , Ge, particularly to Ge, the direct product
of e copies of a profinite group G.
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Some of our theorems are proved using the following well-known lemma
in probability theory.

Lemma 2.4.1 (The first Borel–Cantelli lemma, see [FriJ23, Lemma 21.3.5 (a)]).
Let {Bi}+∞

i=1 be a countable collection of measurable subsets of a profinite
group G. Define

B =
+∞⋂
n=1

+∞⋃
i=n

Bi = {g ∈ G | g ∈ Bi for infinitely many i’s}.

If
∑+∞

i=1 µG(Bi) < +∞, then µG(B) = 0.

Our results that hold for almost all elements in a profinite group are
obtained, not only by using this lemma, but also by computing the measure
of the exceptional set and showing that it is zero. Therefore these proofs are
non-constructive and do not give an explicit element for which our statements
hold.
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Chapter 3

Kummer-faithfulness for
function fields

We use the notation defined in Sections 2.1 and 2.2; F is a global function
field over the finite field Fq of q elements, ∞ is a fixed prime of F , and A
is the subring of F consisting of functions regular outside ∞; Mf

E and M∞
E

respectively are the sets of finite and infinite primes of any algebraic extension
E of F , and MA is the set of nonzero prime ideals of A (we identify it with
Mf

F ).

3.1 Drinfeld-Kummer-faithful fields

In this section, we define a notion of Drinfeld-Kummer-faithful fields and
study its properties. Unlike that of Kummer-faithfulness, we do not assume
that the field is perfect. Recall that we only consider Drinfeld modules of
generic characteristic.

Definition 3.1.1. An extensionK over F is called Drinfeld-Kummer-faithful
(we abbreviate it as DKF ) if, for every finite extension L of K and every
Drinfeld A-module ϕ over L, it holds that ϕ(L)div = 0.

As in the case of Kummer-faithfulness, it immediately follows from the
definition that any intermediate field of a DKF field K/F is also DKF. Let
K ′ be a finite extension of K/F . Then K ′ is DKF if and only if K is DKF.

If K is a finitely generated field over F , then, for any Drinfeld A-module
ϕ over K, we have ϕ(K)div = 0 from Theorem 2.1.3. Therefore K is DKF.
On the other hand, the algebraic closure F and the separable closure F sep of
F are obviously not DKF. The DKF-ness represents that the field is small
in the sense that Drinfeld modules have no nonzero divisible points.
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Let ϕ be a Drinfeld A-module and p a nonzero prime ideal. Recall that
the p-adic Tate module of ϕ is defined by Tp(ϕ) = lim←−n ϕ[p

n]. The following
proposition is an analogue of [OT22, Proposition 2.4].

Proposition 3.1.2. Let K ⊆ L be two extensions in F of F . Let ϕ be a
Drinfeld A-module over K.

(1) For any nonzero prime ideal p of A, the following conditions are equivalent:

(i) (ϕ(L)[p∞])p-div = 0.

(ii) ϕ(L)[p∞] is finite.

(iii) Tp(ϕ)
GL = 0.

(2) Consider the following conditions on ϕ:

(a) ϕ(L)div = 0.

(b) (ϕ(L)tor)div = 0.

(c) ϕ(L)[p∞] is finite for any nonzero prime ideal p in A.

Then we have (a) ⇒ (b) ⇔ (c). If K is DKF and L/K is Galois, then
we have (a) ⇔ (b) ⇔ (c).

Proof. (1) The definition of Tate modules implies the equivalence of (ii) and
(iii). Since the class number of A is finite (see [FriJ23, Lemma 5.1.2]), there
exists a ∈ A such that the principal ideal (a) is a p-power. Then Tp(ϕ) =
lim←−n ϕ[p

n] ∼= lim←−m ϕ[a
m] and this isomorphism is compatible with the action of

GL. The natural isomorphisms (lim←−m ϕ[a
m])GL ∼= HomA(A[1/a]/A, ϕ(L)[a

∞])
and (ϕ(L)[a∞])a-div = (ϕ(L)[p∞])p-div yield the equivalence of (i) and (ii).

(2) It is obvious that (a) implies (b). To see that (b) implies (c), we take
ap ∈ A such that the principal ideal (ap) is a p-power as in (1) for each p.
Then we have the natural isomorphisms∏

p

Tp(ϕ)
GL ∼=

∏
p

HomA(A[1/ap]/A, ϕ(L)[a
∞
p ])

∼=
∏
p

HomA(A[1/ap]/A, ϕ(L)tor)

∼= HomA

(⊕
p

A[1/ap]/A, ϕ(L)tor

)
∼= HomA(F/A, ϕ(L)tor),
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where p runs over the nonzero prime ideals of A. By (b), we have Tp(ϕ)
GL = 0

for all p. Thus (c) holds from (1).
To show that (c) implies (b), we prove the contraposition. Suppose that

there exists a nonzero x ∈ (ϕ(L)tor)div. Let a be the annihilator of x and
p1, . . . , pn the prime ideals appearing in the prime decomposition of a. Set
S = A\(

⋃
pi) and B = S−1A. Then B is a principal ideal domain since it is a

Dedekind domain with only finitely many prime ideals (see [Neu99, Chapter I,
Section 3, Exercise 4]). Hence there is b ∈ B with S−1a = (b). In addition,
x is a nonzero divisible point in S−1ϕ(L)tor and (b) is the annihilator of x in
S−1ϕ(L)tor. Let P = (π) be a prime ideal of B dividing b. By renumbering
the indices, we may assume A ∩ P = p1. Then it follows that π−1bx is a
nonzero point in (S−1ϕ(L))[P∞]P-div. Take s ∈ S satisfying sπ−1b ∈ A and
let y = sπ−1bx. Then y is a nonzero point in ϕ(L)[p∞1 ]p1-div. By (1), ϕ(L)[p∞1 ]
is infinite and the negation of (c) holds.

Now we prove that (b) implies (a) if K is DKF and L/K is Galois.
We use again the proof by contraposition. Suppose that there is a nonzero
x ∈ ϕ(L)div. For a nonzero a ∈ A, we set Xa = {y ∈ ϕ(L) | x = ay}. Then
(Xa)a forms a projective system. Since each Xa is a nonempty finite set
by assumption, the projective limit lim←−aXa is also not empty. Let (ya)a ∈
lim←−aXa and K ′ a finite subextension of L/K with x ∈ ϕ(K ′). Then K ′ is
DKF since K is so. Thus there exists a0 ∈ A such that ya0 /∈ ϕ(K ′). Let
σ0 be an element in GK′ satisfying σ0ya0 ̸= ya0 and put za = σ0ya − ya for
each nonzero a ∈ A. Then za0 ̸= 0 and azaa0 = za0 for each a. Since L/K
is Galois, we have za0 ∈ ϕ(L)[a0]. This shows that za0 is a nonzero point in
(ϕ(L)tor)div, which establishes the negation of (b).

In the rest of this section, we assume F = Fq(t),∞ = (1/t), and A = Fq[t].

Proposition 3.1.3. Let K be a finite extension of F , ϕ a Drinfeld A-module
over K, and p a nonzero prime ideal of A. For a Galois extension L/K with
finite maximal break outside ∞, we have Tp(ϕ)

GL = 0.

Proof. We first remark that LK ′/K ′ has finite maximal break outside∞ for
any finite separable extension K ′ of K. We start the proof by finding suitable
K ′.

Assume T = Tp(ϕ)
GL ̸= 0. The Galois group G = Gal(L/K) acts on T

and the representation arising from this is unramified at finite primes ofK not
lying above p at which ϕ has good reduction [Tak82, Theorem 1]. Hence there
exists a finite subset S ⊆Mf

K such that Tp(ϕ) is unramified outside S∪M∞
K .

Let χ : G→ A×
p be the character induced from the action of G on detT ∼= Ap

and K† the intermediate field of L/K corresponding to kerχ. Then K†/K is
abelian. For any l ∈ S, by [FV02, Chapter IV, Corollary of Theorem 6.2], the
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reciprocity mapK×
l → Gal(Kab

l /Kl) sends the u-th higher group U
(u)
Kl

of units

of Kl isomorphically onto Gal(Kab
l /Kl)

u for any integer u ≥ 0. Composing
with the natural projection Gal(Kab

l /Kl)→ Gal(K†
L/Kl), where L denotes a

prime of K† lying over l, we have the surjection U
(u)
Kl
→ Gal(K†

L/Kl)
u. Then

we obtain the surjection

U
(0)
Kl
/U

(u)
Kl
→ Gal(K†

L/Kl)
0/Gal(K†

L/Kl)
u

for u ≥ 0. By assumption, Gal(K†
L/Kl)

u is trivial for sufficiently large u.

Since U
(0)
Kl
/U

(u)
Kl

is finite, we know that Gal(K†
L/Kl)

0 is finite. Hence there

exists a finite extension K(l) over K in K† such that the restriction of χ to
Gal(L/K(l)) is unramified at all primes of K(l) lying over l.

For any l ∈M∞
K , let Λ be the lattice in Ksep

l associated to ϕ. Then there
exists a finite separable extension E of Kl with Λ ⊆ E. The action of GK on
Tp(ϕ) induces the action of GKl

on Λ ⊗A Ap, under which GE acts trivially.
We set K(l) to be a finite separable extension of K whose completion at
some suitable prime lying over l coincides with E. Then the representation
Gal(L ·K(l)/K(l))→ T is unramified at all primes of K(l) lying over l. We
replace K with the compositum of K(l) for all l ∈ S ∪M∞

K and may assume
that χ is unramified at every prime of K.

Take l ∈Mf
K not lying above S. Then the eigenvalue αl of the action of

the Frobenius element on Tp(ϕ) satisfies |αl|∞ = q
1/rϕ
l , where ql is the cardi-

nality of the residue field at l and rϕ is the rank of ϕ [Tak82, Proposition 3].
In particular, |αl|∞ > 1. Thus the image χ(G) of G under the above χ is
infinite. Let M be the extension of K satisfying χ(G) = Gal(M/K). Then
M is an infinite abelian extension over K unramified at every prime. Since
the constant extension in K(Tp(ϕ))/K is finite [Gek19, Remark 4.2], there
exists a finite constant extension K ′′/K in M such that M/K ′′ is geometric
and infinite abelian extension unramified at every prime. However, this is
impossible since the maximal geometric extension unramified at every prime
must be finite (see [AT09, Chapter VIII, Section 3]).

Theorem 3.1.4. A Galois extension L/K with finite maximal break outside
∞ is DKF.

Proof. Let L′ be a finite Galois extension of L and ϕ a Drinfeld A-module over
L′. There exists a finite subextension K ′ of L′/K such that L′/K ′ is Galois
and that ϕ is defined overK ′. From the assumption, L′/K ′ has finite maximal
break outside ∞. By Proposition 3.1.3, for any nonzero prime ideal p in A,
we have Tp(ϕ)

GL′ = 0. Hence ϕ(L′)[p∞] is finite by Proposition 3.1.2 (1). Now
K ′ is DKF as K is so. Then ϕ(L′)div = 0 by (2) of the same proposition.
Therefore L is DKF.
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Corollary 3.1.5. Let L be as in Theorem 3.1.4. Then LFq is DKF.

Proof. We see that LFq/K has finite maximal break outside ∞ and apply
Theorem 3.1.4.

Corollary 3.1.6. If a Galois extension L/K is tamely ramified, then L is
DKF. In particular, the maximal tamely ramified extension of K is DKF.

Proof. It immediately follows from Theorem 3.1.4.

3.2 Drinfeld modules with torsion points yield-

ing large maximal break

This section is devoted to observing the ramification arising from the
torsion points of Drinfeld modules. All materials of this section are included
in the paper by the author and Huang [AH23]. However, for the consistency
of the present thesis, we reprove the existence of a family of Drinfeld modules
of rank two having t-torsion points with arbitrarily large maximal break.

Assume F = Fq(t), ∞ = (1/t), A = Fq[t]. Let K be a finite extension of
F . Let p be a finite prime ofK not dividing the prime (t) and vp the valuation
associated to p normalized so that vp(K

×) = Z. We uniquely extend vp to
the separable closure Ksep

p of the completion Kp of K at p.
Let ϕ be a Drinfeld A-module over Kp of rank two defined by ϕt(X) =

tX + a1X
q + a2X

q2 , where a1, a2 ∈ Kp. Let j = aq+1
1 /a2 be the j-invariant

of ϕ. Since we assume that p does not divide (t), we have vp(t) = 0. Put
s1 = vp(a1) and s2 = vp(a2). Then vp(j) = (q+ 1)s1− s2. To accomplish the
goal of this section, we assume vp(j) < 0.

We determine the Newton polygon of ϕt(X) at p under this assumption.
We find that the slope of the segment connecting the two points (1, 0) and
(q, s1) and the slope of the segment connecting the two points (q, s1) and
(q2, s2) are respectively s1/(q − 1) and (s2 − s1)/(q2 − q). Since vp(j) < 0,
we have

s1
q − 1

<
s2 − s1
q2 − q

.

Hence the Newton polygon of ϕt(X) at p has exactly two segments. Let ξ1
and ξ2 be two roots of ϕt(X) with valuations

vp(ξ1) = −
s1

q − 1
, vp(ξ2) = −

s2 − s1
q2 − q

,

respectively.
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Let b be an element in Kp(ξ1) with valuation s1/(q − 1), e.g., b = 1/ξ1.
Put b′ = bq/a1 and Φ(X) = b′ϕt(X/b). Let b0 and b2 be respectively the
coefficient of X and Xq2 in Φ(X). Namely,

Φ(X) = b0X +Xq + b2X
q2 =

bq−1t

a1
X +Xq +

a2
bq2−qa1

Xq2 .

Note that the coefficient of Xq in Φ(X) is 1. We have vp(b0) = 0 and
vp(b2) = −vp(j) > 0.

Let η(X) = tX + a1X
q. In the same manner as Φ(X), we define H(X) =

b′η(X/b), i.e.,
H(X) = b0X +Xq.

Then the splitting field of H(X) over Kp(ξ1) coincides with that of η(X)
and any nonzero root of H(X) has valuation zero. Moreover, this field is a
Kummer extension and any nonzero root of η(X) can be a generator of this
extension.

Lemma 3.2.1 ([AH23, Lemma 3.10 (1)]). The field Kp(ξ1) coincides with
the splitting field of η(X) = tX + a1X

q over Kp.

Proof. Let d = bξ1. Then vp(d) = 0 and Φ(d) = 0. Let x1, . . . , xq−1 denote all
nonzero roots of H(X). If i ̸= j, then xi−xj has valuation zero since it is again
a nonzero root of H(X) and vp(b0) = 0. Hence, if we show that there exists
i such that vp(xi − d) > 0, then Krasner’s lemma [Pap23, Proposition 2.3.9]
tells us that xi ∈ Kp(ξ1), which is what we want to prove. Since Φ(d) = 0,
we have

H(d) =

q−1∏
i=1

(d− xi) = b0d+ dq = −b2dq
2

.

Hence
q−1∑
i=1

vp(xi − d) = vp

(
q−1∏
i=1

(d− xi)

)
= vp(−b2dq

2

) > 0.

This implies the existence of i such that vp(xi − d) > 0, as desired.

Lemma 3.2.2 ([AH23, Lemma 3.10 (3)]). Let L1 = Kp(ϕ[t]) and let M1 be
the splitting field of the degree q polynomial

H̃(X) = Xq − βX − β ∈ Kp(ξ1)[X]

with β = ξq
2−1

1 a2/t over Kp(ξ1). Then the field M1 is contained in L1. The
extension L1/M1 is a compositum of Kummer extensions.
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Proof. In the proof of this lemma, we take b = 1/ξ1. Then any element in Fq
is a root of Φ(X) and the polynomial Xq−X =

∏
u∈Fq(X−u) divides Φ(X).

Let Θ(X) be the polynomial such that Θ(X)(Xq − X) = Φ(X). Noticing
that −b0 − b2 = 1 since Φ(1) = 0, and that b0/b2 = 1/β, we have

Θ(X) = b2

(
q∑
i=1

X i(q−1) − 1

β

)
,

whose roots generate L1 over Kp(ξ1).
Consider the polynomial Θ(X) =

∑q
i=1X

i − 1/β and its splitting field
M ′

1 over Kp(ξ1). Then any root of Θ(X) is a (q − 1)-st power of a root
of Θ(X). This implies that the field M ′

1 is contained in L1 and that the
extension L1/M

′
1 is a compositum of Kummer extensions. Hence it suffices

to show that M1 =M ′
1. We have

q∑
i=1

X i =
X(Xq − 1)

X − 1
=
X(X − 1)q

X − 1
= X(X − 1)q−1

and Θ(X + 1) = Xq +Xq−1 − 1/β. Then

H̃(X) = −βXqΘ

(
1

X
+ 1

)
.

This shows that the splitting fields of H̃(X) and of Θ(X) are the same, which
completes the proof.

In the rest of this section, we assume p ∤ vp(j). The extension Kp(ξ1)/Kp

is tamely ramified since it is generated by the (q − 1)-st root of −t/a1 by
Lemma 3.2.1. The extension L1/M1 is also tamely ramified by Lemma 3.2.2.
Let N1 be the splitting field of the polynomial Xq − βX over Kp(ξ1). It is
tamely ramified and is a subextension ofM1/Kp(ξ1) since any root ofX

q−βX
is the difference of some two roots of H̃(X).

Let ω be a nonzero root of Xq − βX. We have vp(ω) = −vp(j)/(q − 1).

Consider the polynomial Ĥ(X) = ω−qH̃(ωX) = Xq − X − ω−1. Then any

root of Ĥ(X) generatesM1 over N1. We know that −vN1(ω
−1) = eN1/Kpvp(ω)

is a positive integer not divisible by p, where eN1/Kp denotes the ramification

index of N1/Kp. Applying Proposition 2.2.2 to Ĥ(X), the extension M1/N1

is a degree q totally ramified Galois extension with maximal break vN1(ω).
As the extensions L1/M1 and N1/Kp are tamely ramified, the maximal break
of L1/Kp is vN1(ω)/eN1/Kp = vp(ω) = −vp(j)/(q − 1).

This result implies that, if vp(j) is sufficiently negative and not divisible
by p, then we obtain a Drinfeld module ϕ of rank two with the extension

26



Kp(ϕ[t])/Kp having arbitrarily large maximal break. For example, the case
p = (t+1) and the Drinfeld A-module ϕ over F defined by ϕt(X) = tX+Xq+
(t+1)iXq2 for a positive integer i not divisible by p satisfies this assumption.

In conclusion, we have shown the following result.

Proposition 3.2.3. Let K be a finite extension of F and p a finite prime
of K not dividing (t). Let C be a real number. Then there exists a Drinfeld
A-module ϕ over K of rank two such that the maximal break of Kp(ϕ[t])/Kp

is larger than C.

3.3 Construction of Drinfeld-Kummer-faithful

fields from Drinfeld modules

Recall that Mf
E denotes the set of primes of E not lying above ∞ for

any finite field extension E over F . For l ∈Mf
E, denote by vl the valuation

corresponding to l normalized so that vl(E
×) = Z. We uniquely extend vl

to Esep
l . We use the notation vL for the valuation corresponding to a finite

extension L of El normalized so that vL(L
×) = Z. Denote by Ol the valuation

ring corresponding to El. To simplify the notation, for a principal ideal a of
A, we will write again a for its generator when the choice of the generator
poses no problem.

The aim of this section is to give some examples of DKF fields which are
infinitely generated over F . We will show that the field obtained by adjoining
the torsion points, of bounded order, of Drinfeld modules of bounded rank
with “not too bad” reduction, by referring to the strategy in Section 5 of
the paper of Rosen [Ros03]. Because we are only interested in the finiteness
of the maximal breaks, our estimate in this section will seem far from being
optimal. For more accurate estimates, see [Tag92] or [CL13].

Proposition 3.3.1. Let K be a finite extension of F . Let p ∈ MA and
l ∈ Mf

K. Let m, r, and N be non-negative integers. Assume that pm is a
principal ideal. Let a(pm) be the highest coefficient of ϕpm(X) for a Drinfeld
A-module ϕ over Kl. Then there is a constant C depending only on p, l, m,
r, and N such that, for any Drinfeld A-module ϕ over Ol of rank at most r
with vl(a(p

m)) ≤ N , the maximal break of Kl(ϕ[p
m])/Kl is at most C.

Proof. Looking at the Newton polygon of ϕpm(X) at l, for a nonzero x ∈
ϕ[pm], we have

vl(x) ≤ −
0− vl(pm)
q − 1

=
vl(p

m)

q − 1
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and

vl(x) ≥ −
vl(a(p

m))− 0

qrϕ deg(pm) − qrϕ deg(pm)−1
=

−vl(a(pm))
qrϕ deg(pm)−1(q − 1)

.

Here rϕ denotes the rank of ϕ. Suppose that Gu
Kl
̸= 1. For σ ̸= 1 in Gu

Kl
,

there exists x in ϕ[pm] such that σx ̸= x. Take b ∈ Kl with −vl(x) ≤ vl(b) <
−vl(x) + 1. Then vl(bx) ≥ 0 and

vL(σ(bx)− bx) = eL/Kl
vl(σ(bx)− bx)

= eL/Kl
(vl(σx− x) + vl(b))

≤ eL/Kl

(
vl(p

m)

q − 1
+

(
− −vl(a(pm))
qrϕ deg(pm)−1(q − 1)

)
+ 1

)
.

Here L = Kl(ϕ[p
m]) and eL/Kl

denotes the ramification index of L/Kl. Thus

u ≤ eL/Kl

(
vl(p

m)

q − 1
+

vl(a(p
m))

qrϕ deg(pm)−1(q − 1)
+ 1

)
− 1.

Since eL/Kl
is bounded in terms of p,m, and r (An obvious bound is (qr deg(p

m))!
because L/Kl is the splitting field of the polynomial ϕpm(X), whose degree
is at most qr deg(p

m)), we obtain a desired upper bound of u.

From now on, we assume F = Fq(t), ∞ = (1/t), and A = Fq[t]. For a
Drinfeld A-module ϕ over K with stable reduction, let (ψ,Γ) be the Tate
uniformization of ϕ at l ∈Mf

K . Here ψ is a Drinfeld A-module over Ol with
good reduction and Γ is a ψ-lattice, which means a finitely generated discrete
projective A-submodule of ψ(Ksep

l ) stable under the action of GKl
. Such a

pair is called a Tate datum. The power series

eΓ(X) = X
∏

γ∈Γ\{0}

(
1− X

γ

)
defines an Fq-linear entire function on ψ(Ksep

l ) and satisfies eΓψa = ϕaeΓ for
all a ∈ A (we can see eΓ as an element in Ol{{τ}}, the non-commutative
ring of formal power series in τ with coefficients in Ol, whose multiplication
is determined by τx = xqτ for x ∈ Ol). For positive integers rψ and rΓ, there
is a natural one-to-one correspondence (see [Dri74, Section 7]){

Drinfeld A-modules ϕ of rank rψ + rΓ over
Kl with stable reduction of rank rψ

}/
(Kl-isom.)

1:1←→


Tate data (ψ,Γ), where ψ is a Drinfeld
A-module over Ol with good reduction of
rank rψ and Γ is a ψ-lattice of rank rΓ


/

(Kl-isom.).
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Note that two Tate data (ψ,Γ) and (ψ′,Γ′) are Kl-isomorphic if there exists
an isomorphism from ψ to ψ′ over Kl which induces an isomorphism from Γ
to Γ′.

We introduce the notion of the size of a Tate datum (ψ,Γ). We notice
that, as we have assumed A = Fq[t], any ψ-lattice Γ is a finitely generated free
A-submodule in ψ(Ksep

l ). Since Γ is discrete and ψ has good reduction, we
have vl(γ) < 0 and vl(ψa(γ)) = qrψ deg(a)vl(γ) for γ ∈ Γ \ {0} and a ∈ A \ {0}.
According to Gardeyn [Gar02, Section 1], we define

∥γ∥l = (−vl0(γ))1/rψ

for γ ∈ Γ \ {0} and ∥0∥l = 0. Here l0 ∈ MA lies under l. Then ∥−∥l is a
GKl

-invariant norm relative to the absolute value |−|∞ = qdeg(−) at∞ and is
unchanged under a finite extension of K. We recall the notion of successive
minima of an A-lattice from the paper of Taguchi [Tag93, Section 4] in a
general setting. Notice that an A-lattice means a finitely generated discrete
free A-module with respect to some norm ∥−∥.
Definition 3.3.2. Let Λ be an A-lattice with respect to a norm ∥−∥. For a
real number c, we set

B(c) = {λ ∈ Λ | ∥λ∥ ≤ c}.

Let r be the rank of Λ. For 1 ≤ i ≤ r, the i-th successive minimum ci is
the smallest real number c such that B(c) contains at least i elements of Λ
which are linearly independent over A. An A-basis (λi)1≤i≤r of Λ is said to
be a successive minimum basis if it satisfies ∥λi∥ = ci for all i.

Note that the set B(c) is finite for any real number c. We easily verify
that the successive minima and the successive minimum basis always exist.
A useful property of successive minima is the next lemma.

Lemma 3.3.3 ([Tag93, Lemma 4.2]). Let Λ be an A-lattice of rank r with
respect to a norm ∥−∥ and (λi)1≤i≤r an A-basis of Λ such that ∥λ1∥ ≤ · · · ≤
∥λr∥. Then the following conditions are equivalent:

(a) (λi)1≤i≤r is a successive minimum basis.

(b) ∥
∑
aiλi∥ = max{∥aiλi∥} for all (ai)1≤i≤r ∈ Ar.

For an A-lattice Λ with successive minima c1, . . . , cr, we define the covol-
ume D(Λ) of Λ as their product, i.e.,

D(Λ) =
r∏
i=1

ci.

The next lemma is easy.
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Lemma 3.3.4. Let Λ be an A-lattice of rank r and (ci)1≤i≤r its successive
minima. If ε is a real positive number with ε ≤ c1, then we have cr ≤
ε−(r−1)D(Λ).

Proof. Since D(Λ) ≥ cr−1
1 cr, we have cr ≤ c

−(r−1)
1 D(Λ) ≤ ε−(r−1)D(Λ).

Now we turn to the situation of a Drinfeld A-module ϕ of rank at most r
over K. From [Dri74, Proposition 7.1], there is a tamely ramified extension
K ′ of K of ramification index dividing d = lcm{qi − 1 | 1 ≤ i ≤ r} such
that ϕ has stable reduction at l′ ∈ Mf

K′ lying above l. Let (ψ,Γ) be the
Tate uniformization at l′. Recall that Γ is an A-lattice under the action of
A via ψ and the norm ∥−∥ = ∥−∥l′ . Put D(ϕ, l) = D(Γ). Notice that it is
independent of the choices of an extension K ′, a prime l′, and a Tate datum
(ψ,Γ). We also remark that, for a Galois extension L/K, the maximal break
of LK ′/K ′ is at most d times that of L/K. We write rϕ for the rank of ϕ,
rψ for the rank of ψ, and rΓ for the rank of Γ.

Proposition 3.3.5. Let K be a finite extension of F . Let p ∈ MA and
l ∈ Mf

K. Let m, r, and N be non-negative integers. Then there is a con-
stant C depending only on p, l, m, r, and N such that, for any Drinfeld
A-module ϕ over Ol of rank at most r with D(ϕ, l) ≤ N , the maximal break
of Kl(ϕ[p

m])/Kl is at most C.

Proof. By Proposition 3.3.1, it suffices to give an upper bound of vl(a(p
m))

in terms of p, l, m, r, and N . The above remark allows us to replace K with
its tamely ramified extension of ramification index dividing d and to assume
that ϕ has stable reduction at l over K. Let (ψ,Γ) be a Tate uniformization
of ϕ at l. If rψ = rϕ, then ϕ has good reduction at l and vl(a(p

m)) = 0.
We assume rψ < rϕ for the rest of the proof. Let (γi)1≤i≤rΓ be a successive
minimum basis of Γ. We have a natural isomorphism

ψ−1
pm(Γ)/Γ

∼→ ϕ[pm]; z + Γ 7→ eΓ(z).

Then

ϕpm(X) = pmX
∏

ξ∈ϕ[pm]\{0}

(
1− X

ξ

)
= pmX

∏
z∈(ψ−1

pm (Γ)/Γ)\{0}

(
1− X

eΓ(z)

)
.

Comparing the highest coefficient of both hand sides, we obtain

a(pm) = pm
/∏

z

eΓ(z),

where z runs over (ψ−1
pm(Γ)/Γ) \ {0}.
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Let ξi be a solution of the equation ψpm(X) = γi. We claim that the set

Z =

{
rΓ∑
i=1

ψai(γi) + η

∣∣∣∣∣ ai ∈ A with deg(ai) < deg(pm), and η ∈ ψ[pm]

}
is a system of representatives for ψ−1

pm(Γ)/Γ with 0 ∈ Z. Indeed, we can
easily confirm that Z is contained in ψ−1

pm(Γ), that its cardinality is equal to

qrϕ deg(pm) = #ϕ[pm], and that no two elements in Z are congruent modulo Γ.
In order to obtain an upper bound of vl(a(p

m)), we should find a lower
bound of vl(eΓ(z)) for a nonzero z ∈ Z. We have

vl(eΓ(z)) = vl

z ∏
γ∈Γ\{0}

(
1− z

γ

)
≥ vl(z) +

∑
γ∈Γ\{0}; vl(γ)>vl(z)

vl

(
z

γ

)
≥ vl(z) ·#{γ ∈ Γ | vl(γ) > vl(z)}.

The last inequality follows since vl(γ) < 0 for a nonzero γ ∈ Γ. For a nonzero
z =

∑
ψai(ξi) + η ∈ Z, we evaluate

vl(z) ≥ min({vl(ψai(ξi))}i ∪ {vl(η)})
= min{qrψ deg(ai)vl(ξi)}i
≥ qrψ(deg(p

m)−1) · q−rψ deg(pm) min{vl(γi)}i
= −q−rψcrψrΓ .

Then we find

#{γ ∈ Γ | vl(γ) > vl(z)}
≤ #{γ ∈ Γ | vl(γ) > −q−rψc

rψ
rΓ}

= #

{
(a1, . . . , arΓ) ∈ ArΓ

∣∣∣∣∣ vl
(

rΓ∑
i=1

ψai(γi)

)
> −q−rψcrψrΓ

}

=

rΓ∏
i=1

#{ai ∈ A | vl(ψai(γi)) > −q−rψc
rψ
rΓ}

=

rΓ∏
i=1

#

{
ai ∈ A

∣∣∣∣ deg(ai) < logq

(
crΓ
ci

)
− 1

}
<

rΓ∏
i=1

crΓ
ci
.
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On the other hand, the conjugates of γ1 are contained in the set {γ ∈
Γ | ∥γ∥l = c1}, whose cardinality is at most qrΓ − 1. Hence the degree of
the splitting field L′ of the minimal polynomial of γ1 over Kl is bounded
and there exists a constant C ′ depending on r such that the ramification
index eL′/Kl

of L′/Kl is at most C ′. (An obvious bound is C ′ = (qr − 1)!.)
Since vl(γ1) < 0, we have vl(γ1) ≤ −1/C ′ so c1 = (−vl(γ1))1/rψ ≥ C ′−1/rψ .
Applying Lemma 3.3.4 with ε = C ′−1/rψ , we obtain

vl(a(p
m)) = vl(p

m)−
∑

z∈Z\{0}

vl(eΓ(z))

≤ vl(p
m)− (qrϕ deg(pm) − 1)(−q−rψcrψrΓ )

rΓ∏
i=1

crΓ
ci

< vl(p
m) + qrϕ deg(pm)−1c

rϕ
rΓ

rΓ−1∏
i=1

c−1
i

≤ vl(p
m) + qrϕ deg(pm)−1(C ′(rΓ−1)/rψD(ϕ, l))rϕC ′rϕ−2

≤ vl(p
m) + qrϕ deg(pm)−1N rϕC ′(rϕ+1)(rϕ−2),

which proves the proposition.

For a positive integer r, a family of positive integers N = (Nl)l∈Mf
K

indexed byMf
K , and a family of non-negative integersm = (mp)p∈MA

indexed
byMA, let ΦK(r,N ,m) be the set of Drinfeld A-modules ϕ overK of rank at
most r with D(ϕ, l) ≤ Nl for all l ∈Mf

K . Define Kr,N ,m to be the extension
of K generated by all elements of ϕ[pmp ] for all ϕ ∈ ΦK(r,N ,m) and all
p ∈MA.

Theorem 3.3.6. The field Kr,N ,m is DKF.

Proof. By Theorem 3.1.4, it is enough to show thatKr,N ,m has finite maximal
break outside ∞. We remark that Lemma 3.1 in [OT22] still holds in the
context of function fields. Thus it suffices to prove that, for any l ∈ Mf

K ,
there exists a constant u(l) such that the maximal break of Kl(ϕ[p

mp ])/Kl is
at most u(l) for any ϕ ∈ ΦK(r,N ,m) and any p ∈MA.

Fix l ∈ Mf
K , ϕ ∈ ΦK(r,N ,m), and p ∈ MA. By the remark preceding

Proposition 3.3.5, we may assume that ϕ has stable reduction at l over K.
If p lies beneath l, then there is a constant C1 such that the maximal

break of Kl(ϕ[p
mp ])/Kl is at most C1 by Proposition 3.3.5. Suppose l ∤ p.

Let (ψ,Γ) be the Tate uniformization of ϕ at l. Since ψ has good reduction,
Kl(ψ[p

mp ])/Kl is unramified [Tak82, Theorem 1]. Let u be a real number
with Gu

Kl
̸= 1 and σ ̸= 1 belong to Gu

Kl
. Then there is i with σγi ̸= γi. From
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the definition of the first successive minimum c1, we have ∥σγi − γi∥l ≥ c1.
Hence vl(σγi − γi) ≤ −c

rψ
1 . Take b ∈ Kl with −vl(γi) ≤ vl(b) < −vl(γi) + 1.

Then vl(bγi) ≥ 0 and

vKl(Γ)(σ(bγi)− bγi) = eKl(Γ)/Kl
vl(σ(bγi)− bγi)

= eKl(Γ)/Kl
(vl(σγi − γi) + vl(b))

< eKl(Γ)/Kl
(−crψ1 − vl(γi) + 1)

≤ eKl(Γ)/Kl
(−crψ1 + c

rψ
rΓ + 1),

where eKl(Γ)/Kl
is the ramification index of Kl(Γ)/Kl. Thus

u ≤ eKl(Γ)/Kl
(−crψ1 + c

rψ
rΓ + 1)− 1.

By [Gar02, Proposition 4], on the different D(Kl(Γ)/Kl) of Kl(Γ)/Kl, we
have

ordl D(Kl(Γ)/Kl) ≤ 1 + 2

rΓ∑
i=1

(
qi−1vl

(
γ1
γi

) i∏
j=1

ci
cj

)
.

As in the proof of Proposition 3.3.5, there exists a constant C ′ depending
only on r such that c1 ≥ C ′−1/rψ . Then by [Ser79, Chapter III, Section 6,
Proposition 13], we evaluate

eKl(Γ)/Kl
≤ 1 + ordlD(Kl(Γ)/Kl)

= 2 + 2

rΓ∑
i=1

(
qi−1(−crψ1 + c

rψ
i )

i∏
j=1

ci
cj

)

≤ 2 + 2

rΓ∑
i=1

qi−1c
rψ
i

(
ci
c1

)i−1

≤ 2 + 2c
rψ
rΓ

rΓ∑
i=1

(
qcrΓ
c1

)i−1

< 2 + 2c
rψ
rΓ · 2

(
qcrΓ
c1

)rΓ−1

= 2 + 4qrΓ−1c
rϕ−1
rΓ c

−(rΓ−1)
1

≤ 2 + 4qr−2(C ′r−2D(ϕ, l))r−1C ′r−2

≤ 2 + 4qr−2C ′r(r−2)N r−1
l .

Here we use
∑rΓ

i=1 α
i−1 < 2αrΓ−1 for α ≥ 2, and apply Lemma 3.3.4. Hence

u < (2 + 4qr−2C ′r(r−2)N r−1
l )((C ′rΓ−1Nl)

rψ + 1)− 1

≤ (2 + 4qr−2C ′r(r−2)N r−1
l )(C ′(r−1)2/4N r

l + 1)− 1.
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Set C2 to be the rightmost hand side in the above inequality.
Now we put u(l) = max{C1, C2}. We are going to show that this u(l) is

the desired constant. The case l | p is clear. Suppose that l ∤ p. We have the
exact sequence

0→ ψ[pmp ]
eΓ→ ϕ[pmp ]→ Γ/pmpΓ→ 0

on which GKl
acts compatibly. We view this sequence as that of Fq-vector

spaces. Then this sequence splits. If u ≥ u(l), then Gu
Kl

acts trivially on
ψ[pmp ] and Γ/pmpΓ. Therefore Gu

Kl
also acts trivially on ϕ[pmp ] and the proof

is completed.

Remark 3.3.7. There exists a constant C depending only on K and r such
that, for any DrinfeldA-module ϕ overK of rank r, the degree of the algebraic
closure of Fq in K(ϕ(Ksep)tor) is at most C [Gek19, Remark 4.2]. Therefore,
the algebraic closure of Fq in Kr,N ,m is finite. From Corollary 3.1.5, we see
that Kr,N ,mFq is an infinite extension of Kr,N ,m and still DKF.
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Chapter 4

Mordell–Weil groups over large
algebraic extensions of fields of
characteristic zero

The goal of this chapter is to prove some properties on the Mordell–Weil
groups over finite extensions of K(σ) and of K[σ] when the characteristic of
K is zero. In this chapter, we simply write the Haar measure µGeK of Ge

K as
µ.

4.1 Freeness of Mordell–Weil groups modulo

torsion

The first result in this chapter is on the freeness of the Mordell–Weil
groups over finite extensions of K[σ] modulo torsion. We note that, because
these fields are countable, the rank of the Mordell–Weil groups over such a
field has infinite rank if and only if it has rank ℵ0.

Theorem 4.1.1. Suppose that K is a finitely generated field over Q and
e ≥ 2. Then, for almost all σ ∈ Ge

K, the following statement holds: for any
finite extension L of K[σ] and any semi-abelian variety A over L, the group
A(L)/A(L)tor is a free Z-module of rank ℵ0.

Before proving this theorem, let us recall the proposition by Moon [Moo09],
which plays a key role in our proof. It is notable that Moon seemingly proved
this proposition only for the case where K is a number field and A is an
abelian variety, but the same proof works in the more general setting.
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Proposition 4.1.2 (Moon [Moo09, Proposition 7]). Let K be a field of car-
dinality at most ℵ0 and A a semi-abelian variety over K. Let L be a Galois
extension of K such that A(L)tor is finite. Then the group A(L)/A(L)tor is
a free Z-module of rank at most ℵ0.

Proof of Theorem 4.1.1. We separate the proof of this theorem into two
parts, one for the freeness of the group A(L)/A(L)tor and the other for the
infiniteness of the rank of the group A(L). First, we show the former part.

Let σ ∈ Ge
K satisfy the following: for any finite extension M of K(σ),

only finitely many roots of unity belong toM and the group B(M)tor is finite
for any abelian variety B overM . By Theorems B (2-ii) and 2.3.4 (1), almost
all σ ∈ Ge

K satisfy this condition. Let L be a finite extension of K[σ] and
M = L·K(σ). ThenM is a finite extension of K(σ). Let A be a semi-abelian
variety over L. Then A is an extension of an abelian variety B by a torus
T . By assumption, the groups T (M)tor and B(M)tor are finite, and so are
A(M)tor and A(L)tor. There exists a finite extension K ′ of K in L such that
L/K ′ is Galois and A is defined over K ′. Applying Proposition 4.1.2 to L/K ′

and A, we find that A(L)/A(L)tor is a free Z-module of rank at most ℵ0.
It remains to show that almost all σ ∈ Ge

K satisfy the following condition:
for any finite extension L of K[σ] and any semi-abelian variety A over L, the
group A(L) has infinite rank. In fact, it turns out that we only need to prove
this when A is an abelian variety of positive dimension. Theorem B (1)
says that the following weaker claim than this statement holds for almost
all σ ∈ Ge

K : for any abelian variety A of positive dimension over K[σ],
the group A(K[σ]) has rank ℵ0. Let σ satisfy the statement in the above
claim, L be a finite extension of K[σ], and A an abelian variety of positive
dimension over L. Let B = ResL/K[σ](A) be the Weil restriction of A with

respect to L/K[σ]. Then B is an abelian variety over K[σ] and we have
A(L) ∼= B(K[σ]) by [JP22, Lemma 6.1]. The assumption on σ implies that
B(K[σ]) has rank ℵ0 and A(L) also does, which completes the proof.

As described in the proof, for almost all σ ∈ Ge
K , any finite extension L

of K[σ], and any semi-abelian variety A over L, the torsion group A(L)tor
is finite. Combining with the theorem, we obtain the structure of the group
A(L).

Corollary 4.1.3. Let K and e be as in Theorem 4.1.1. Then, for almost all
σ ∈ Ge

K, the following statement holds: for any finite extension L of K[σ]
and any semi-abelian variety A over L, the group A(L) is the direct sum of
a finite torsion subgroup and a free Z-module of rank ℵ0.

Proof. Let σ ∈ Ge
K satisfy each statement in Theorems B (2-ii), 2.3.4 (1),

and 4.1.1. We show that the statement in the corollary holds for σ. Let
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L be a finite extension of K[σ] and A a semi-abelian variety over L. Then
the group A(L)/A(L)tor is a free Z-module of rank ℵ0 and in particular it
is projective. Hence the identity map on A(L)/A(L)tor can be lifted to a
homomorphism A(L)/A(L)tor → A(L). This provides a section of the exact
sequence

0→ A(L)tor → A(L)→ A(L)/A(L)tor → 0

and we have A(L) = A(L)tor⊕A(L)/A(L)tor. The corollary follows from this
decomposition.

Remark 4.1.4. If e = 1, then the proof of Theorem 4.1.1 is invalid. This
is because, for almost all σ ∈ GK and any abelian variety A, the groups
Gm(K(σ))tor and A(K(σ))tor are infinite (Theorem B, (2-i) and (3-iii)). It is
not known whether Theorem 4.1.1 still holds in the case e = 1.

We also mention the following facts. Let K be a finitely generated field of
Q and e a positive integer. Then, for almost all σ ∈ Ge

K , the field K(σ) is a
Galois extension of no proper subfield of K(σ) and K(σ)/K[σ] is an infinite
extension. These facts follow from [BS09, Theorems 7.9 and 7.10].

4.2 Kummer-faithfulness for some large alge-

braic extensions

Ohtani showed that, if K is a number field and e ≥ 2, then any finite
extension of K[σ] is Kummer-faithful for almost all σ ∈ Ge

K (see [Oht22,
Corollary 1] and its corrigendum [Oht23, Corollary 1]). Our next result is on
the Kummer-faithfulness for finite extensions of K(σ) and of K[σ], which is
an extension of the result by Ohtani.

Theorem 4.2.1. Suppose that K is a finitely generated field over Q and
e ≥ 2. Then, for almost all σ ∈ Ge

K, any finite extension of K(σ) is Kummer-
faithful.

Proof. Since Kummer-faithfulness is preserved under finite extensions, we
only have to show that K(σ) is Kummer-faithful for almost all σ ∈ Ge

K . We
know from Theorem B (4) that A(K(σ))div = 0 for almost all σ ∈ Ge

K and
any abelian variety A over K(σ). By Proposition 2.3.3, it suffices to show
Gm(M)div = 0 for almost all σ ∈ Ge

K and any finite extension M of K(σ).
Let S be the set of σ ∈ Ge

K such that Gm(M)div ̸= 0 for some finite

extension M of K(σ). For every a ∈ K× \ {1}, let Sa be the set of σ ∈ Ge
K

such that a ∈ Gm(M)div for some finite extension M of K(σ). Then we have
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S =
⋃
a∈K×\{1} Sa. Since K

× \ {1} is countable, it suffices to show µ(Sa) = 0

for each a ∈ K× \ {1}.
If a is a root of unity, then K(σ) has infinitely many roots of unity for

each σ ∈ Sa. Since the set of σ ∈ Ge
K with K(σ) having infinitely many roots

of unity has measure zero with respect to µ by Theorem B (2-ii), we have
µ(Sa) = 0.

Suppose that a is not a root of unity. For n ≥ 1, put

T (n)
a = {σ ∈ Ge

K | some n-th root of a belongs to K(σ)},

and let α
(n)
1 , . . . , α

(n)
n be all solutions of Xn = a in K. Let T

(n,i)
a be the

set of σ ∈ Ge
K with α

(n)
i ∈ K(σ). Then we have T

(n)
a =

⋃n
i=1 T

(n,i)
a and

µ(T
(n,i)
a ) = 1/[K(α

(n)
i ) : K]e. The assumption on a tells us that there exists

a prime number l0 such that a is not an l-th power in K(a) for all prime
numbers l ≥ l0. If l is such a prime, then the polynomial X l−a is irreducible
in K(a)[X] [Lan02, Chapter VI, Theorem 9.1]. Hence we have

[K(α
(l)
i ) : K] = [K(α

(l)
i ) : K(a)][K(a) : K] ≥ l

and

µ(T (l)
a ) ≤ µ

(
l⋃

i=1

T (l,i)
a

)
≤

l∑
i=1

µ(T (l,i)
a ) ≤ l

le
=

1

le−1
.

Since e ≥ 2, we can take an infinite set Λa of prime numbers l ≥ l0 with∑
l∈Λa 1/l

e−1 < +∞. The first Borel–Cantelli lemma (Lemma 2.4.1) implies

that, for almost all σ ∈ Ge
K , there are only finitely many l ∈ Λa with σ ∈ T (l)

a .
This shows that there are infinitely many l ∈ Λa such that a is not an l-th
power in K(σ) for such σ. By the same argument as above, we obtain

[K(σ)(α
(l)
i ) : K(σ)] ≥ l

for infinitely many l ∈ Λa and all 1 ≤ i ≤ l. This implies that a /∈ Gm(M)div
for almost all σ ∈ Ge

K and all finite extensions M of K(σ), which yields
µ(Sa) = 0, as desired.

Theorem 4.2.2. Let K be a finitely generated field over Q and e a posi-
tive integer. Then, for almost all σ ∈ Ge

K, any finite extension of K[σ] is
Kummer-faithful.

Proof. If e ≥ 2, then the proposition follows from Theorem 4.2.1 (it also
follows from Theorem 4.1.1 and Theorem B (4)). Hence we may assume e =
1. Since Kummer-faithfulness is preserved under finite extensions, we only
discuss whether K[σ] is Kummer-faithful. By Proposition 2.3.3, it suffices to
show that the following two statements hold for almost all σ ∈ GK :
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(a) Gm(L)div = 0 for any finite extension L of K[σ].

(b) A(K[σ])div = 0 for any abelian variety A over K[σ].

Since L is a Galois extension of some finite extension of K, the con-
ditions Gm(L)div = 0 and A(K[σ])div = 0 respectively can be replaced
with (Gm(L)tor)div = 0 and that A(K[σ])[l∞] is finite for any prime num-
ber l [OT22, Proposition 2.4 (2)]. Then Statement (a) holds for almost all
σ ∈ GK from Theorem B (2-i). Statement (b) holds for almost all σ ∈ GK

by Theorem 2.3.4 (2).

Remark 4.2.3. If e = 1, then the proof of Theorem 4.2.1 is invalid because,
in the estimation of µ(T

(l)
a ), the upper bound 1/le−1 no longer goes to zero

as l → +∞. Moreover, it is not known whether almost all σ ∈ GK have the
property that A(K(σ))div = 0 for any abelian variety A over K(σ) [JP22,
Remark 5.5]. It remains open whether Theorem 4.2.1 holds even in the case
e = 1.
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Chapter 5

Finiteness of torsion of Drinfeld
modules over large algebraic
function fields

It is a natural question to ask whether there are analogous results for
Drinfeld modules to the theorems in Chapter 4. If we follow the strategy of
proving the original theorems to show this analogue, one finds that some of
the results we need are not completely known. This chapter focuses on this
problem and we prove some finiteness results on the torsion submodules of
Drinfeld A-modules over a finite extension of K(σ). These results are gener-
alizations of Parts (b) and (c) of our previous results (Theorem C). These also
correspond to analogues for Drinfeld modules of generic characteristic of the
finiteness theorems for abelian varieties over large algebraic extensions con-
jectured by Geyer–Jarden and proved by Jacobson–Jarden (see Theorem B,
(3-iii) and (3-iv)). After that, we show the Drinfeld module analogue of
Moon’s result (Proposition 4.1.2) and deduce the analogue of Theorem 4.1.1.
We follow the notation in Section 2.1; F is a global function field over the
finite field Fq of q elements, ∞ is a fixed prime of F , A is the subring of
F consisting of functions regular outside ∞, and MA is the set of nonzero
prime ideals of A. Let K be a finitely generated field over F .

5.1 Torsion points of Drinfeld modules over

large algebraic extensions

In this section, the letter µ without subscript denotes the Haar measure
µGeK on Ge

K .
Let G be an arbitrary group and Z an abelian group on which G acts. If
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G and Z have topologies, then we also assume that the action of G on Z is
continuous. For given G, Z, and a positive integer N , set ΣN(G,Z) to be the
set of g ∈ G such that there exists nonzero z ∈ Z such that gNz = z. If G is
a (closed) subgroup of GLm(R) and Z = Rm for some positive integer m and
some commutative ring R with unity, and G operates on Rm in the usual
manner, then ΣN(G,R

m) is the set of g ∈ G which has some N -th root of
unity as an eigenvalue. If Y is a (closed) subset (not necessarily a subgroup)
of G, then we set ΣN(Y, Z) = Y ∩ ΣN(G,Z). In what follows, we identify
each element in R× with the corresponding scalar matrix in GLm(R) and R

×

with the subgroup of scalar matrices in GLm(R).
We begin by showing the following lemma, which is a partial general-

ization of [Asa21, Lemma 5.1]. Its proof is done in a similar way as [JJ01,
Lemma 3.1], which gives an upper bound on the cardinality of Σ1(G,Fp) for
a subgroup G of GLm(Fp).

Lemma 5.1.1. Let m and N be positive integers. Then for any power q of
a prime number p, any subgroup G in GLm(Fq), and any α ∈ GLm(Fq), we
have

#ΣN(Gα,Fmq )
#(Gα)

≤ mN ′

q − 1
(F×

q : F×
q ∩G).

Here we write N = puN ′ with u ≥ 0 and gcd(p,N ′) = 1.

Proof. Put H = F×
q ∩ G and write ΣN = ΣN(Gα,Fmq ) for short. Let U

be the set of N -th roots of unity in Fq. Then #U = N ′. Consider the
surjective map f : H × ΣN → HΣN defined by f(η,X) = ηX. Take any
Y ∈ HΣN . For any ζ ∈ U , let Ξζ be the set of X ∈ ΣN such that there is
η ∈ H with ηX = Y . For any X ∈ Ξζ , the element η ∈ H with ηX = Y is
uniquely determined and ηζ is an eigenvalue of Y . Moreover, no two distinct
elements in Ξζ correspond to the same element in H. Since Y has at most
m eigenvalues, we have #Ξζ ≤ m. Thus we obtain

#f−1(Y ) ≤ #

(⋃
ζ∈U

Ξζ

)
≤ mN ′.

Hence #(H × ΣN) ≤ mN ′#(HΣN) ≤ mN ′#(Gα). Therefore we have

#ΣN

#(Gα)
≤ mN ′

#H
=
mN ′

q − 1
(F×

q : H),

as desired.
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The next lemma is a generalization of [Asa21, Lemma 5.3]. Note that the
method of the proof is originally traced back to [JJ01, Lemma 3.2], which
states that, if G is a closed subgroup of GLm(Zp) having infinitely many
scalar matrices, then Σ1(G,Zmp ) is a zero set in G.

Lemma 5.1.2. Let m and N be positive integers and p ∈ MA. Let G be a
closed subgroup of GLm(Ap) and α ∈ GLm(Ap). Suppose that G has infinitely
many scalar matrices in GLm(Ap). Then ΣN(Gα,A

m
p ) is a zero set in Gα.

Proof. For any x ∈ Fp, let Σ(x) be the set of g ∈ Gα of which x is an
eigenvalue. Then we have

ΣN(Gα,A
m
p ) =

⋃
ζ: N -th root of unity

Σ(ζ).

It suffices to show that Σ(ζ) is a zero set in Gα for any N -th root ζ of unity.
Let H be the set of scalar matrices belonging to G. We claim that, if s is a
positive integer and η1, . . . , ηs are distinct elements in H, then η1Σ(ζ)∩ · · · ∩
ηsΣ(ζ) is a zero set. The desired result is obtained as the special case of this
claim where s = 1 and η1 = 1.

Indeed, if s ≥ m+ 1 and η1, . . . , ηs are distinct elements in H, then

η1Σ(ζ) ∩ · · · ∩ ηsΣ(ζ) = Σ(η1ζ) ∩ · · · ∩ Σ(ηsζ)

is the set of matrices which have η1ζ, . . . , ηsζ as eigenvalues. Since any matrix
in Gα has at most m eigenvalues, this set is empty. In particular, it is a zero
set.

Now assume that the claim holds for s+1. We prove the claim for s. Let
η1, . . . , ηs be distinct elements in H and put D = η1Σ(ζ)∩· · ·∩ηsΣ(ζ). Since
H is infinite, we can take a sequence {ξi}+∞

i=1 of H such that ξj ̸= ξiη1/ηk for
any 1 ≤ i < j and any 1 ≤ k ≤ s. If 1 ≤ i < j, then

ξiD ∩ ξjD ⊆ ξi(η1Σ(ζ)) ∩ ξj(η1Σ(ζ) ∩ · · · ∩ ηsΣ(ζ))
= ξiη1Σ(ζ) ∩ ξjη1Σ(ζ) ∩ · · · ∩ ξjηsΣ(ζ)

and ξiη1, ξjη1, . . . , ξjηs are distinct s+1 elements inH. The induction hypoth-
esis implies µGα(ξiη1Σ(ζ)∩ξjη1Σ(ζ)∩· · ·∩ξjηsΣ(ζ)) = 0 and µGα(ξiD∩ξjD) =
0. Therefore, for each j, we obtain

µGα(D) =
1

j

j∑
i=1

µGα(ξiD) =
1

j
µGα

(
j⋃
i=1

ξiD

)
≤ 1

j
.

Taking j → +∞, we have µGα(D) = 0.
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Now we are ready to prove the main theorem. We first show the statement
for the p-power torsion submodule and then show the statement for the
torsion submodule.

Theorem 5.1.3. Let K be a finitely generated field over F and e a positive
integer. Then for almost all σ ∈ Ge

K, the following statement holds: for
any finite extension M of K(σ), any Drinfeld A-module ϕ over M , and any
p ∈MA, the A-module ϕ(M)[p∞] is finite.

Proof. Let Xe be the set of σ ∈ Ge
K for which the statement in the theorem

does not hold. Then it is easily seen that Xe ⊆ Xe
1 . Hence, if the theorem

holds for e = 1, then it establishes for arbitrary e. Therefore we may assume
e = 1.

Let Z be the set of finite subsets in K stable under the action of GK .
Let σ ∈ X1. Then there exist Z ∈ Z, a Drinfeld A-module ϕ over K(σ)(Z),
and p ∈MA such that ϕ(K(σ)(Z))[p∞] is infinite. Replacing Z with a larger
one if necessary, we may assume that ϕ is defined over K(Z) and satisfies
EndKϕ = EndK(Z)ϕ. As a result, we obtain

X1 =
⋃
Z∈Z

⋃
ϕ/K(Z)

EndKϕ=EndK(Z)ϕ

⋃
p∈MA

{σ ∈ GK | ϕ(K(σ)(Z))[p∞] is infinite}.

The right hand side is a denumerable union. Hence it is sufficient to prove
that the set {σ ∈ GK | ϕ(K(σ)(Z))[p∞] is infinite} is a zero set in GK for
each Z ∈ Z, Drinfeld A-module ϕ over K(Z) with EndKϕ = EndK(Z)ϕ, and
p ∈MA.

In the rest of this proof, we fix Z, ϕ, and p as above. Put U = {σ ∈ GK |
ϕ(K(σ)(Z))[p∞] is infinite}. Let K(Z)s be the maximal separable subexten-
sion of K(Z)/K. Let B be the Galois group of K(Z)s/K and N = #B.
Extend each element in B to an element in GK and we identify B as a rep-
resentative system for GK/GK(Z)s . Let Uβ = U ∩ GK(Z)sβ for β ∈ B. Then
U =

⋃
β∈B Uβ. Let

ρ = ρp : GK(Z)s → GLAp(Tp(ϕ))
∼= GLr(Ap)

be the Galois representation arising from the action of GK(Z)s on the p-adic
Tate module Tp(ϕ) of ϕ. Here r denotes the rank of ϕ. For any β ∈ B,
let βϕ be the Drinfeld A-module given by (βϕ)a = β(ϕa) for a ∈ A. We
choose the isomorphism GLAp(Tp(

βϕ)) ∼= GLr(Ap) so that the composition
with GK(Z)s → GLAp(Tp(

βϕ)) corresponds to ρ. We define the group homo-
morphism

θ : GK → GLAp

(⊕
β∈B

Tp(
βϕ)

)
∼= GLrN(Ap)
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as follows. Let σ ∈ GK and γ ∈ B satisfy σ ∈ GK(Z)sγ. Then

σ 7→ [(xβ)β∈B 7→ (σxγ−1β)β∈B]

defines a representation of GK on
⊕

β∈B Tp(
βϕ). The isomorphism

GLAp

(⊕
β∈B

Tp(
βϕ)

)
∼= GLrN(Ap)

is the one induced by the chosen isomorphisms GLAp(Tp(
βϕ)) ∼= GLr(Ap) for

all β ∈ B. The group GLr(Ap) acts diagonally on
⊕

β∈B Tp(
βϕ) ∼= ArNp and

this defines a group homomorphism

δ : GLr(Ap)→ GLAp

(⊕
β∈B

Tp(
βϕ)

)
∼= GLrN(Ap).

Since the action of the endomorphism ring EndK(Z)ϕ commutes with
the representation ρ, the image ρ(GK(Z)s) of GK(Z)s under ρ is contained
in the centralizer C = Cp = CentGLr(Ap)(EndK(Z)ϕ). The theorem of Pink
(Theorem 2.1.5 (1-ii)) asserts that ρ(GK(Z)s) has finite index in C. Thus
δ(ρ(GK(Z)s)) = θ(GK(Z)s) is a finite index subgroup of δ(C). Hence

µδ(C)θ(β)(θ(GK(Z)sβ)) = µδ(C)(θ(GK(Z)s)) > 0

for any β ∈ GK .
Let β ∈ B and σ ∈ Uβ. Since ϕ(K(σ)(Z))[p∞] is infinite, we have

Tp(ϕ)
GK(σ)(Z) ̸= 0. Take nonzero x ∈ Tp(ϕ)GK(σ)(Z) . Since σN fixes K(σ)(Z),

the image θ(σN) fixes a nonzero element (xβ)β∈B ∈
⊕

β∈B Tp(
βϕ) given by

x1 = x and xβ = 0 for β ̸= 1. Then we see that θ(σ) ∈ ΣN(θ(GK(Z)sβ), A
rN
p ).

Hence θ(Uβ) ⊆ ΣN(θ(GK(Z)sβ), A
rN
p ). As δ(C) contains all scalar matrices

in GLrN(Ap), the above argument and Lemma 5.1.2 imply

µθ(GK(Z)sβ)
(θ(Uβ)) ≤ µθ(GK(Z)sβ)

(ΣN(θ(GK(Z)sβ), A
rN
p ))

=
µδ(C)θ(β)(ΣN(θ(GK(Z)sβ), A

rN
p ))

µδ(C)θ(β)(θ(GK(Z)sβ))

≤
µδ(C)θ(β)(ΣN(δ(C)θ(β), A

rN
p ))

µδ(C)θ(β)(θ(GK(Z)sβ))
= 0.

Therefore µGK(Z)sβ
(Uβ) = 0. Since GK(Z)sβ has positive measure in GK , we

have µ(Uβ) = 0. This implies µ(U) = 0, as desired.
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Theorem 5.1.4. Let K be a finitely generated field over F and e ≥ 2. Then
for almost all σ ∈ Ge

K, the following statement holds: for any finite extension
M of K(σ) and any Drinfeld A-module ϕ over M , the A-module ϕ(M)tor is
finite.

Proof. Let X be the set of σ ∈ Ge
K for which the statement in the theorem

does not hold. As in the proof of Theorem 5.1.3, we have

X =
⋃
Z∈Z

⋃
ϕ/K(Z)

EndKϕ=EndK(Z)ϕ

{σ ∈ Ge
K | ϕ(K(σ)(Z))tor is infinite}

and it suffices to prove that the set {σ ∈ Ge
K | ϕ(K(σ)(Z))tor is infinite} is

a zero set in Ge
K for each Z ∈ Z and Drinfeld A-module ϕ over K(Z) with

EndKϕ = EndK(Z)ϕ.
We fix Z and ϕ as above. Put V = {σ ∈ Ge

K | ϕ(K(σ)(Z))tor is infinite}.
It contains the set

W = {σ ∈ Ge
K | ϕ(K(σ)(Z))[p] ̸= 0 for infinitely many p ∈MA}.

Theorem 5.1.3 tells us that the set V \ W is a zero set. Indeed, for each
σ ∈ V \W , there exists p ∈ MA such that ϕ(K(σ)(Z))[p∞] is infinite and
the statement in Theorem 5.1.3 does not hold for σ. Thus to prove that V
is a zero set, it is sufficient to show that W is a zero set.

We continue to use some of the notation and the convention in the proof
of the previous theorem. Let K(Z)s be the maximal separable subextension
of K(Z)/K, B the Galois group of K(Z)s/K, and N = #B. We regard B
as a representative system for GK/GK(Z)s . For any β ∈ B, let βϕ be the
Drinfeld A-module given by (βϕ)a =

β(ϕa) for a ∈ A.
For any p ∈ MA, let Wp be the set of σ ∈ Ge

K with ϕ(K(σ)(Z))[p] ̸= 0.
Let

ρp : GK(Z)s → GLFp(ϕ[p])
∼= GLr(Fp)

be the Galois representation arising from the action of GK(Z)s on the p-
torsion submodule ϕ[p] of ϕ. Here r denotes the rank of ϕ and Fp = A/p.
We notice that ρp is obtained as the composition of ρp : GK(Z)s → GLr(Ap)
and the reduction modulo p, for which we write πp : GLr(Ap) → GLr(Fp).
For any β ∈ B, we choose the isomorphism GLFp(

βϕ[p]) ∼= GLr(Fp) so that
the composition with GK(Z)s → GLFp(

βϕ[p]) corresponds to ρp. We define
the group homomorphism

θp : GK → GLFp

(⊕
β∈B

βϕ[p]

)
∼= GLrN(Fp)
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as follows. Let σ ∈ GK and γ ∈ B satisfy σ ∈ GK(Z)sγ. Then

σ 7→ [(xβ)β∈B 7→ (σxγ−1β)β∈B]

defines a representation of GK on
⊕

β∈B
βϕ[p]. The isomorphism

GLFp

(⊕
β∈B

βϕ[p]

)
∼= GLrN(Fp)

is the one induced by the chosen isomorphisms GLFp(
βϕ[p]) ∼= GLr(Fp) for

all β ∈ B. The diagonal action of GLr(Fp) on
⊕

β∈B
βϕ[p] ∼= FrNp defines a

group homomorphism

δp : GLr(Fp)→ GLFp

(⊕
β∈B

βϕ[p]

)
∼= GLrN(Fp).

Since the action of the endomorphism ring EndK(Z)ϕ commutes with the
representation ρp, the image ρp(GK(Z)s) of GK(Z)s under ρp is contained in
the centralizer Cp = CentGLr(Ap)(EndK(Z)ϕ). The theorem of Pink–Rütsche
(Theorem 2.1.5 (2-ii)) asserts that there exists a subset P ⊆ MA such that
all but finitely many p ∈MA belong to P and ρp(GK(Z)s) = Cp for all p ∈ P .

Let p ∈ P . Then we have θp(GK(Z)s) = δp ◦ πp ◦ ρp(GK(Z)s) = δp ◦ πp(Cp).
Let σ = (σ1, . . . , σe) ∈ Wp. Then there is nonzero x ∈ ϕ(K(σ)(Z))[p]. For
1 ≤ i ≤ e, we see that θp(σ

N
i ) fixes (xβ)β∈B ∈

⊕
β∈B

βϕ[p] given by x1 = x

and xβ = 0 for β ̸= 1 since σNi fixes K(σ)(Z). Thus we have θp(σi) ∈
ΣN(θp(GK),FrNp ) for each i. Hence we obtain θep(Wp) ⊆ ΣN(θp(GK),FrNp )e

and

µ(Wp) ≤
#(ΣN(θp(GK),FrNp )e)

#θep(G
e
K)

=

(
#ΣN(θp(GK),FrNp )

#θp(GK)

)e
.

We have

ΣN(θp(GK),FrNp ) =
⋃
β∈B

ΣN(θp(GK(Z)sβ),FrNp )

=
⋃
β∈B

ΣN(δp ◦ πp(Cp)θp(β),FrNp ).

Since δp ◦πp(Cp) contains all scalar matrices in GLrN(Fp), Lemma 5.1.1 gives

#ΣN(δp ◦ πp(Cp)θp(β),FrNp )

#(δp ◦ πp(Cp)θp(β))
≤ rNN ′

#Fp − 1
,
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where N = puN ′ with u ≥ 0 and gcd(p,N ′) = 1. Then we estimate

#ΣN(θp(GK),FrNp )

#θp(GK)
=

#
(⋃

β∈B ΣN(δp ◦ πp(Cp)θp(β),FrNp )
)

#θp(GK)

≤
∑
β∈B

#ΣN(δp ◦ πp(Cp)θp(β),FrNp )

#(δp ◦ πp(Cp))

≤ #B · rNN ′

#Fp − 1
.

Hence we have

µ(Wp) ≤
(
#B · rNN ′

#Fp − 1

)e
.

for any p ∈ P . Since e ≥ 2, the sum
∑

p∈MA
(#Fp − 1)−e converges. Thus∑

p∈MA
µ(Wp) < +∞. The first Borel–Cantelli lemma (Lemma 2.4.1) implies

that, for almost all σ ∈ Ge
K , there are only finitely many p ∈MA such that

σ ∈ Wp. This yields µ(W ) = 0, which completes the proof.

We conclude this section by proving the following immediate corollary of
Theorem 5.1.3.

Corollary 5.1.5. Let K be a finitely generated field over F and e a positive
integer. Then, for almost all σ ∈ Ge

K, any finite extension of K[σ] is DKF.

Proof. Since DKF-ness is preserved under finite extensions, we only examine
the DKF-ness of K[σ] itself. Let L be a finite extension of K[σ] and ϕ
a Drinfeld A-module over L. Then we can take a finite subextension K ′ of
L/K such that ϕ is defined overK ′ and that the extension L/K ′ is Galois. By
the fact that K ′ is DKF and Proposition 3.1.2 (2), the condition ϕ(L)div = 0
is equivalent to that ϕ(L)[p∞] is finite for any p ∈ MA. Theorem 5.1.3
implies that the latter condition holds for almost all σ ∈ Ge

K , which proves
the corollary.

5.2 Freeness of Drinfeld modules modulo tor-

sion

In this section, we investigate the structure of the Drinfeld modules over
a finite extension of the maximal Galois extension K[σ] of K in K(σ), where
σ ∈ Ge

K with e ≥ 2. We first prove the following key proposition.
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Proposition 5.2.1. Let K be an A-field which is finitely generated over F
and ϕ a Drinfeld A-module over K. Let M be a Galois extension of K such
that ϕ(M)tor is finite. Then the group ϕ(M)/ϕ(M)tor is a free A-module of
rank ℵ0.

The proof is carried out in parallel with that of Moon’s result (Proposi-
tion 4.1.2). The only difficulty arises from the fact that A is not in general a
principal ideal domain and finitely generated torsion-free A-modules are not
always free. Note that the following Lemmas 5.2.2, 5.2.3, and 5.2.4 corre-
spond to Lemmas 4, 5, and 6 in [Moo09], respectively.

Let X be an A-module. For an A-submodule Y of X, the A-saturation
Y ∼ of Y in X is defined by

Y ∼ = {x ∈ X | ax ∈ Y for some a ∈ A \ {0}}.

It is an A-submodule of X containing Y . An A-submodule Y of X is said
to be A-saturated if Y ∼ = Y . Note that Y is A-saturated if and only if the
quotient group X/Y is a torsion-free A-module.

Lemma 5.2.2. Let K be an A-field and ϕ a Drinfeld A-module over K. Let
M be a Galois extension of K such that ϕ(M)tor is finite. We denote the
annihilator of ϕ(M)tor by a. Let L be a finite extension of K contained in
M . Then the A-saturation ϕ(L)∼ of ϕ(L) in ϕ(M) is contained in a−1ϕ(L) =
{x ∈ ϕ(M) | ϕb(x) ∈ ϕ(L) for all b ∈ a} (actually this definition depends on
M , but the reference to M is omitted from the notation for simplicity).

Proof. Let x be an element of ϕ(L)∼. Then there is a nonzero a ∈ A with
ϕa(x) ∈ ϕ(L). For any τ ∈ Gal(M/L), the element τx − x is an a-torsion
element in ϕ(M). Indeed, ϕa(τx − x) = τ(ϕa(x)) − ϕa(x) = 0. Then a
annihilates τx − x. Namely, τ(ϕb(x)) = ϕb(x) for all τ ∈ Gal(M/L) and all
b ∈ a. This implies x ∈ a−1ϕ(L).

Lemma 5.2.3. Let X be a finitely generated A-module and Y an A-submodule
of X. Suppose that Y is A-saturated. Then there exists an A-submodule Z
of X such that X = Y ⊕ Z.

Proof. Since Y is A-saturated and X is finitely generated, the quotient A-
module X/Y is a finitely generated torsion-free A-module. Thus it is projec-
tive since A is a Dedekind domain [DF04, Section 16.3, Corollary 23]. Then
the exact sequence 0 → Y → X → X/Y → 0 splits [DF04, Section 10.5,
Proposition 30]. Hence X has an A-submodule isomorphic to X/Y and we
obtain X = Y ⊕X/Y .
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Lemma 5.2.4. Let X be a torsion-free A-module of rank ℵ0. Let (Yi)i≥1

be an increasing sequence of finitely generated A-submodules Yi of X such
that X =

⋃
i≥1 Yi. Suppose that there is a nonzero ideal a of A such that

Y ∼
i ⊆ a−1Yi for all i ≥ 1. Then X is a free A-module.

Proof. Since Y ∼
i contains Yi, we have X =

⋃
i≥1 Y

∼
i . As Y ∼

i ⊆ a−1Yi and
X is torsion-free, Y ∼

i is finitely generated for all i ≥ 1. By Lemma 5.2.3,
Y ∼
i = Y ∼

i−1⊕Zi−1 for some A-submodule Zi−1 of Y
∼
i . Then we haveX = Y ∼

1 ⊕⊕
i≥1 Zi. Since Y ∼

1 and all Zi are finitely generated torsion-free A-modules,
they are isomorphic to the direct sums of ideals of A [DF04, Section 16.3,
Theorem 22] andX is the direct sum of ℵ0 ideals ofA. By [Poo95, Lemma 12],
we conclude that X is free.

Proof of Proposition 5.2.1. If M is a finite extension of K, the proposition
follows from Theorem 2.1.3. Assume that M is an infinite extension of K.
Since M has cardinality ℵ0, we can take an increasing sequence (Li)i≥1 of
finite separable extensions Li of K contained in M with M =

⋃
i≥1 Li. Set

X = ϕ(M)/ϕ(M)tor and Yi = ϕ(Li)/ϕ(Li)tor. Since ϕ(M)tor is finite, the
annihilator a of ϕ(M)tor is nonzero. By Lemma 5.2.2, we have ϕ(Li)

∼ ⊆
a−1ϕ(Li) in ϕ(M) for all i ≥ 1. Then Y ∼

i ⊆ a−1Yi in X. Since ϕ(K)
already has rank ℵ0, we know that ϕ(M) has also rank ℵ0 and so does X.
Lemma 5.2.4 implies that X is free, as desired.

We are now in a position to prove the structure theorem of Drinfeld
modules over a finite extension of K[σ].

Theorem 5.2.5. Let K be a finitely generated field of F and e ≥ 2. Then,
for almost all σ ∈ Ge

K, the following statement holds: for any finite extension
L of K[σ] and any Drinfeld A-module ϕ over L, the group ϕ(L)/ϕ(L)tor is a
free A-module of rank ℵ0.

Proof. Fix σ ∈ Ge
K satisfying the statement in Theorem 5.1.4. It suffices

to show that the statement in the theorem holds for σ. Let L be a finite
extension of K[σ] and set M = L · K(σ). Then M is a finite extension of
K(σ). By assumption, for any Drinfeld A-module ϕ over L, the A-module
ϕ(M)tor is finite and so is ϕ(L)tor. There exists a finite subextension K ′ of
L/K such that ϕ is defined over K ′ and that the extension L/K ′ is Galois.
Applying Proposition 5.2.1, we conclude that ϕ(L)/ϕ(L)tor is a free A-module
of rank ℵ0.

Corollary 5.2.6. Let K and e be as in Theorem 5.2.5. Then, for almost all
σ ∈ Ge

K, the following statement holds: for any finite extension L of K[σ]
and any Drinfeld A-module ϕ over L, the group ϕ(L) is the direct sum of a
finite torsion submodule and a free A-module of rank ℵ0.
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Proof. As in the proof of Theorem 5.2.5, it is sufficient to prove that the
statement in the corollary holds for any σ ∈ Ge

K satisfying the statement in
Theorem 5.1.4. Fix such σ ∈ Ge

K . Let L be a finite extension of K[σ] and ϕ a
Drinfeld A-module over L. Since σ satisfies the statement in Theorem 5.2.5,
the group ϕ(L)/ϕ(L)tor is a free A-module of rank ℵ0 and in particular it is
projective. Therefore the exact sequence

0→ ϕ(L)tor → ϕ(L)→ ϕ(L)/ϕ(L)tor → 0

splits [DF04, Section 10.5, Proposition 30], and we have

ϕ(L) = ϕ(L)tor ⊕ ϕ(L)/ϕ(L)tor.

Since the statement in Theorem 5.1.4 holds for σ, the A-module ϕ(L)tor is
finite and this is nothing but the desired decomposition.
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