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Abstract

The Mordell-Weil group defined over a finitely generated field over its
prime field has been studied for many years. The most celebrated theorem
in this area is the Mordell-Weil theorem, which states that the Mordell-Weil
group of any abelian variety over a finitely generated field over its prime
field is finitely generated. A natural question to ask is what happens to the
Mordell-Weil group if one replaces the base field with an infinitely generated
field.

Another question comes from anabelian geometry, which is a subject in
algebraic geometry aiming to describe how to reconstruct an algebraic variety
or related geometric objects from its algebraic fundamental group. It has
been thought that the base field of an algebraic variety treated in anabelian
geometry should be a finitely generated field over its prime field. However,
recent studies have shown that there are much various fields suitable for the
base field of anabelian geometry. Kummer-faithful fields seem to be suitable
for developing anabelian geometry. A perfect field K is said to be Kummer-
faithful if the Mordell-Weil group of every semi-abelian variety over every
finite extension of K has no nonzero divisible element. What kind of fields
are Kummer-faithful?

Motivated by these questions, we study the Mordell-Weil group defined
over a large algebraic extension of a finitely generated field over its prime
field. There are three themes in this thesis.

First, we introduce the notion of Drinfeld-Kummer-faithful fields by the
triviality of the divisible part of Drinfeld modules and investigate its prop-
erties. This notion amounts to a function field analogue of that of Kummer-
faithful fields. We present a sufficient condition for a Galois extension of a
function field to be Drinfeld-Kummer-faithful in terms of ramification theory.
We also give some examples of Drinfeld-Kummer-faithful fields, one of which
is constructed inspired by Ozeki-Taguchi’s examples of highly Kummer-
faithful fields.



Second, we discuss the structure of the Mordell-Weil groups of semi-
abelian varieties over finite extensions of K (o) and K[o] in the case where
the field K has characteristic zero. Here, for a field K and an e-tuple o of
elements in the absolute Galois group G of K, we write K (o) for the fixed
field of o in the fixed algebraic closure K of K and K[o] for the maximal
Galois extension of K in K (o). We prove that, if e > 2, then the Mordell-
Weil group of any semi-abelian variety over any finite extension of K|o]
reduced modulo torsion is free for almost all o in the sense of the Haar
measure on G%. Combining with known results, we deduce that the Mordell-
Weil group of any semi-abelian variety over such a field is the direct sum of
a finite torsion subgroup and a free Z-module of denumerable rank. We also
show that K (o) and K[o] are Kummer-faithful for almost all o in G, where
the former is shown under the assumption e > 2. This is an improvement of
the result by Ohtani.

Third, we examine the torsion submodule of Drinfeld modules over a
finite extension of K (o) for a finitely generated function field K over a finite
field and an e-tuple o of elements in G. We prove two finiteness results for
the torsion submodule of Drinfeld modules over such a field; the first one is
that the p-power torsion submodule of ¢(M) is finite for almost all o, any
Drinfeld module ¢ over any finite extension M of K (o), and any nonzero
prime ideal p of the ring of regular elements of the base function field; the
second one is that the torsion submodule of ¢(M) is finite for almost all o
and any Drinfeld module ¢ over any finite extension M of K (o) if e > 2.
These are extensions of the work by the author during his master program
and give complete analogues for Drinfeld modules of generic characteristic of
the finiteness theorems for abelian varieties over K (o) conjectured by Geyer—
Jarden and proved by Jacobson—Jarden. As an application of these results,
we show the freeness result for Drinfeld modules over finite extensions of K [o]
reduced modulo torsion. This is a Drinfeld module analogue of the result in
the second theme in this thesis.
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Chapter 1

Introduction

This thesis contains three main topics and all of these are motivated
by the desire to understand the structure of the Mordell-Weil group over a
large algebraic extension of a finitely generated field over its prime field. The
structure of the Mordell-Weil group (in this thesis, the Mordell-Weil group
means the abelian group of K-rational points of a semi-abelian variety or
a Drinfeld module defined over some field K) over a finitely generated field
over its prime field has been studied for a long time and many results are
known. The following theorem is the most fundamental result in this area.

Mordell-Weil theorem (see [Lan83, Chapter 6, Theorem 1]). Let K be a
finitely generated field over its prime field and A an abelian variety over K.
Then the group A(K) of K-rational points of A is finitely generated.

In 1901, Poincaré [Poi01] defined the rank of an elliptic curve, i.e., an
abelian variety of dimension one, and implicitly assumed that it is finite.
Mordell [Mor22] proved that the group of rational points of any elliptic
curve over the field Q of rational numbers is indeed finitely generated, which
amounted to the above theorem in the case where K = Q and dim A = 1.
Weil [Wei29] generalized the theorem to A of arbitrary dimension over any
number field and Néron [Nér52] in 1952 proved the general case.

One of our motivation for this thesis comes from the question what hap-
pens to A(K) if K is infinitely generated.

Drinfeld modules, introduced by Drinfeld [Dri74] under the name of ellip-
tic modules, are function field analogues for elliptic curves over number fields
(the precise definition is given in Section [2.1)). Drinfeld used them to prove
some special cases of the Langlands conjecture for function fields. There is
an analogous result of the Mordell-Weil theorem for Drinfeld modules, which
was proved by Poonen [Po095] for function fields of transcendence degree one
and by Wang [WanO1] for the general case. This states that, if K is a finitely
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generated function field and ¢ is a Drinfeld module over K, then the group
¢(K) of K-rational points of ¢ is the direct sum of a finite torsion submodule
and a free module of rank N, (for the precise statement, see Theorem .
In contrast to the case of abelian varieties, the group ¢(K) already has infi-
nite rank even if K is finitely generated. Therefore, if we want to consider the
structure of ¢(K) in the case where K is infinitely generated, then what we
are interested in are for example the size of the torsion submodule, whether
or not this group is free modulo torsion, and whether or not it has non-trivial
divisible points.

Another motivation for this thesis is to understand what kind of fields
can be the base fields for developing anabelian geometry. Anabelian geom-
etry is a subject which aims to describe how to reconstruct an algebraic
variety or related geometric objects from its algebraic fundamental group.
Anabelian geometry is proposed by Grothendieck in 1980s, and he consid-
ered that the base field of an algebraic variety treated in anabelian geometry
should be a finitely generated field over its prime field. However, recent
studies have shown that anabelian geometry is developed over much various
fields, such as sub-p-adic fields. The class of Kummer-faithful fields, intro-
duced by Mochizuki [Mocl15], seems to be suitable for anabelian geometry.
A perfect field K is said to be Kummer-faithful if the Mordell-Weil group
of every semi-abelian variety over every finite extension of K has no nonzero
divisible element. This property is thought to be an important one in de-
veloping anabelian geometry. Our interest lies in determining how large the
class of Kummer-faithful fields is.

Ozeki and Taguchi [OT22] introduced the notion of highly Kummer-
faithful fields and studied its properties in terms of ramification theory. The
notion of highly Kummer-faithful fields is a specialization of that of Kummer-
faithful fields in the sense that high Kummer-faithfulness implies Kummer-
faithfulness for a Galois extension of a Kummer-faithful field of characteristic
zero [OT22, Proposition 2.8]. They also provided some examples of highly
Kummer-faithful fields. One of their examples is constructed by adjoining
to a number field K the torsion points of all semi-abelian varieties A over K
of bounded dimension, having order of bounded prime power. The precise
statement is the following.

Theorem A (Ozeki-Taguchi [OT22, Theorem 3.3]). Let K be a number
field, g a positive integer, and m = (my,), a family of non-negative integers,
where p runs over all rational prime numbers. Let K, ., be the extension
of K generated by all coordinates of elements of A[p™»| for all semi-abelian
varieties A over K of dimension at most g and all rational prime numbers p.
Then Ky, ts highly Kummer-faithful. In particular, it is Kummer-faithful.



As the first main topic in this thesis, we investigate a function field ana-
logue of the notion of Kummer-faithful fields in Chapter 8] We introduce
Drinfeld-Kummer-faithful (DKF) fields by the triviality of the divisible parts
of Drinfeld modules. A sufficient condition for a Galois extension of a function
field to be DKF is provided in terms of ramification theory. Some examples
of DKF fields are also given. One of these is constructed using torsion points
of Drinfeld modules in a similar way as Theorem [A] except that we add an-
other parameter to limit the badness of reduction. Note that the maximal
ramification break of the ¢-torsion points of a Drinfeld F,[t]-module ¢ over
F,(t) at a finite prime not dividing (¢) may be arbitrarily large even if ¢ is
of rank two. We will treat such Drinfeld modules in Section 3.2l

The second main topic in this thesis is the Mordell-Weil groups over finite
extensions of K (o) and K|[o] for a finitely generated field K over the field
Q of rational numbers and ¢ € G%. To recall the definitions of K(c) and
of K[o], and summarize their known properties, let us explain the notation
used in this context. Fix an algebraic closure K of any field K and let K°P
be the separable closure of K in K. Let Gx be the absolute Galois group
Gal(K®*P/K) of a field K and e a positive number. For any o € G5, set
K (o) to be the fixed field of o in K. We also set K|o] to be the maximal
Galois extension of K in K(o). We equip the compact group G with the
normalized Haar measure, which allows G% to be regarded as a probability
space. For a given probability space €2, the term almost all w € € is used in
the sense of “all w € () outside some measure zero set”.

Studying the properties of K (o) goes back to Ax [Ax67], and the structure
of the Mordell-Weil groups of semi-abelian varieties over such fields has been
investigated for more than half a century. The following is the summary of
what has been found.

Theorem B. Let K be a finitely generated field over its prime field and e a
positive integer.

(1) (Geyer—Jarden [GJ06, Theorem 2.4] (resp. Frey—Jarden [EreJ74, Theo-
rem 9.1])) Assume that K is an infinite field. Then for almost all o € G
and any abelian variety A of positive dimension over Klo| (resp. K (o)),

the group A(Klo]) (resp. A(K(0))) has rank ¥,.

(2) (Jarden [Jar75, Theorems 8.1 and 8.2]) Let (, denote a primitive n-th
root of unity in K for any positive integer n.

(2-1) For almost all 0 € Gk and any positive integer d, there exist
infinitely many prime numbers [ such that [K(0)(() : K(0)] = d.
In particular, for almost all o € Gk and any finite extension M



of K(o), there exist infinitely many roots of unity contained in
M and a prime number | such that ¢, ¢ M.

(2-ii) Assume e > 2. Then for almost all 0 € G5 and any positive
integer d, there exist only finitely many positive integers n not
divisible by the characteristic of K such that [K(0)(¢,) : K(0)] <
d. In particular, for almost all o € G% and any finite extension
M of K(o), there are only finitely many roots of unity contained
m M.

(3) Consider the following statements on K:

(a) For almost all 0 € Gk and any abelian variety A of positive dimen-
sion over K(o), the group A(K(0))iwor is infinite. Moreover, there
exist infinitely many prime numbers | such that A(K(0))[l] # 0.

(b) Assume e > 2. For almost all 0 € G5 and any abelian variety A
over K (o), the group A(K(0))ior s finite.

(c) For almost all o € G, any abelian variety A over K (o), and any

prime number [, the group A(K(0))[1*] = U A(K (0))[l] is finite.
Then these statements hold in the following situations:

(3-1) (Geyer—Jarden [GJT78, Theorem 1.1]) Replace “any abelian vari-
ety” in each statement with “any elliptic curve”. Then State-
ments (a)—(c) hold for any K.

(3-ii) (Jacobson—Jarden [JJ84 Proposition 4.2]) Statements (a)—(c) hold
if K is a finite field.

(3-iii) (Jacobson—Jarden [JJO1, Main Theorem (b), (a)] ((b) and (c)),
Zywina [Zyw16, Theorem 1.1] ((a) for the number field case)

Jarden—Petersen [JP19, Theorem C] ((a) for the general case))
Statements (a)—(c) hold if K has characteristic zero.

(3-iv) (Jacobson—Jarden [JJOI, Main Theorem (a)]) Statement (c) holds
for any K.

(4) (Jarden—Petersen [JP22, Theorem 1.3 (ii)]) Assume that K has char-
acteristic zero and e > 2. Then for almost all o0 € G, any finite
extension M of K (o), and any abelian variety A over M, it holds that
Nys1 - AM) =0, where n runs over all positive integers.

Geyer and Jarden [GJ78] conjectured that Statements (a)—(c) of (3) in
this theorem holds for any finitely generated field K over its prime field.
We note that the paper of Jacobson and Jarden [JJ84] involves a proof of
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Statement (a) for K with positive characteristic, but it contains an error as
indicated in [JJ85]. Statements (a) and (b) for K which is infinite and has
positive characteristic remain open.

In Chapter [4, we describe more detailed structures of the Mordell-Weil
groups of semi-abelian varieties over finite extensions of K (o) and Klo] in
the case of characteristic zero. Section [4.1]is devoted to proving the freeness
of the Mordell-Weil groups modulo torsion in the situation of Theorem [B|(1).
Combining with Theorem [B] (2-ii) and (3-iii), we deduce that the Mordell-
Weil group of any semi-abelian variety over such a field is the direct sum of a
finite torsion subgroup and a free Z-module of denumerable rank. Section
concerns the Kummer-faithfulness of K (o) and of K[o]. Since the Kummer-
faithfulness means that the Mordell-Weil group does not contain groups like
Q or Q/Z as subgroups, our results are thought to describe more detailed
structures of the Mordell-Weil groups of semi-abelian varieties over such
fields.

The last main topic in this thesis is the finiteness on the torsion submodule
of Drinfeld modules over K (o) for a finitely generated field K of an algebraic
function field F' in one variable over a finite field and o € G%. The author
studied a Drinfeld module analogue of Theorem [B| (3) during his master
program and obtained a partial answer. Let A be the ring of functions in F
regular outside a fixed prime oo of F.

Theorem C (Asayama [Asa2ll Theorem 1.4]). Let K be a finitely generated
field over F' and e a positive integer. Then for almost all o € G% and any
Drinfeld A-module ¢ over K (o) with Endg¢ = A, the following statements
hold:

(a) Assume e = 1. The A-module ¢(K(0))wor is infinite. Moreover, there
exist infinitely many nonzero prime ideals p of A such that ¢(K(0))[p] #
0.

(b) Assume e > 2. The A-module ¢(K(0))ior is finite.
(c) For any nonzero prime ideal p of A, the A-module ¢(K (0))[p™] is finite.

Note that it is not needed to mention Part (a) in the later discussion,
but we refer it only for consistency. This theorem relies on the (adelic)
open image theorems for Drinfeld modules proved by Pink and by Pink and
Riitsche (see Theorem [2.1.5 (1-i) and (2-i), respectively). The assumption
Endiz¢ = A comes from them. One expects that this assumption can be
dropped from the theorem. In addition, one also expects that the theorem
is still valid if K (o) is replaced with its finite extension.

10



In Chapter , we establish the desired generalizations (Theoremsand
of Parts (b) and (c) of Theorem . The DKF-ness result for K|o] is
obtained immediately from the generalization of Part (c) (Corollary [5.1.5).
The proof is done by using the generalizations (Theorem [2.1.5 (1-ii) and
(2-ii)) of the theorems for the image of Galois representations arising from
Drinfeld modules described above. After establishing these results, we prove
the freeness of Drinfeld modules modulo torsion over a finite extension of K [o]
for 0 € G with e > 2, which is a Drinfeld module analogue of the result
in Section 1.1 We show the Drinfeld module analogue of the proposition
([Moo09) Proposition 7], see Proposition proved by Moon, which is the
key proposition in Section [4.1

We conclude the introduction by mentioning that Chapter [3|of this thesis
is based on the papers [Asa23| and [AH23].
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Chapter 2

Preliminaries

This chapter is dedicated to introducing the basic notions which we will
use in the later chapters. We use the following notation in any situation
throughout this thesis. For any field E, fix an algebraic closure E of E and
let E5°P be the separable closure of F in E. Denote by Gp the absolute
Galois group Gal(E*?/E) of E. We extend each element in G to E in the
unique way.

2.1 Drinfeld modules

Let F' be an algebraic function field in one variable over the finite field IF,
of ¢ elements, where ¢ is a power of a prime number p. We fix a prime oo of
F. Denote by A the ring of functions in F' which are regular outside co. Let
M4 be the set of nonzero prime ideals of A. An A-field is a field K which is
equipped with a homomorphism of F -algebras ¢ : A — K. Throughout this
thesis, we consider only A-fields with ¢ injective. Such an A-field is said to
have generic characteristic. For an A-field K with generic characteristic we
can identify A with the image of .. Thus it allows us to consider K as an
extension of F'.

Let K{7} be a twisted polynomial ring over K generated by the g-th
power Frobenius morphism 7, with the relation 7a = a?7 for all a € K. We
have the correspondence

K{r} o {z;;oaixqi nzo,aiEK}
ST & S X

where the right hand side forms a non-commutative ring with multiplication
given by composition. Let 0 : K{7} — K be the morphism which takes each
polynomial in K{7} to its constant term.
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Definition 2.1.1. A Drinfeld A-module over K is a ring homomorphism of
F,-algebras ¢ : A — K{7} such that 0 o ¢ = ¢ and there is a« € A with

bq # 1(a)T°.
Let L be a field extension of an A-field K. Each Drinfeld A-module ¢
over K defines a structure of an A-module on L by

ar = ¢o(x) fora e Aandx € L.

Here f(z) = 3, a;29 for f = Y, a7 € K{r} and x € L. We use the
notation ¢(L) rather than L when we regard L as an A-module induced by
¢ in the above way.

For any a € A, define the a-torsion submodule ¢(L)[a] of ¢(L) by

¢(L)la] = {u € ¢(L) | ¢a(u) = 0}.
Let a be a nonzero ideal of A. Then the a-torsion submodule ¢(L)[a] of
¢(L) is defined by ¢(L)[a] = (,eq ?(L)[a]. We usually write ¢[a] for ¢(K)[a]
and ¢[a] for ¢(K)[a], respectively. We immediately find that if a = (a) is
a principal ideal, then ¢(L)[a] = ¢(L)[a]. The a-power torsion submodule
¢(L)[a>] is defined to be ¢(L)[a>] = U, ¢(L)[a"], where n ranges over
all positive integers. Finally, the torsion submodule ¢(L)io is defined by

O(L)ior = Upaca @(L)]a] = Upaca #(L)[a]. Namely, ¢(L)ior consists of all
u € ¢(L) such that there is a nonzero a € A with ¢,(u) = 0.

We can show that, for every Drinfeld A-module ¢ over K, there exists a
positive integer r satisfying deg._ ¢, = rdega for each a € A. This integer r
is said to be the rank of ¢ [Pap23| Definition A.6 and Corollary A.14 (1)].

Theorem 2.1.2 (see [Pap23, Theorem A.12 (1) and Corollary A.15]). Let ¢
be a Drinfeld A-module of rank r over K and n a positive integer. Then, for
any nonzero prime ideal p of A, we have

¢lp"] = (A/p")".
More generally, for any nonzero ideal a of A, we have
¢la] = (A/a)".

The next result is a Drinfeld module analogue of the Mordell-Weil the-
orem. As usual, the rank of an A-module X means the dimension of the
F'-vector space X ®4 F.

Theorem 2.1.3 (Poonen [Po095, Theorem 1] (the finite extension case),
Wang [Wan01, Theorem 1] (the general case)). Let K be a finitely generated
extension of F' and ¢ a Drinfeld A-module over K. Then the group ¢(K) is
the direct sum of a finite torsion submodule ¢(K )iy and a free A-module of
rank Ng.
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We recall the notions of a morphism of Drinfeld modules and the ring of
endomorphisms of a Drinfeld module.

Definition 2.1.4. Let ¢ and ¥ be two Drinfeld A-modules over an A-field K
and L a field extension of K. A morphism from ¢ to ¢ over L is a polynomial
f € L{r} satistying f¢, = ¢, f for all a € A. A morphism from ¢ to itself is
called an endomorphism of ¢. Denote by End ¢ the set of all endomorphisms

of ¢ over L.

Obviously, Endy¢ forms a subring of L{7}. For any a € A, the poly-
nomial ¢, is clearly an endomorphism of ¢. Therefore we view Endj¢ as
always containing A. However, not all Drinfeld A-modules have A as their
endomorphism rings.

At the end of this section, we recall the theorems on Galois representations
associated to Drinfeld modules. Let ¢ be a Drinfeld A-module over an A-field
K. For any p € My, the p-adic Tate module T,(¢) of ¢ is defined by

T,(6) = lim ¢[p").

From Theorem if ¢ has rank r, then T, (¢) is a free A,-module of rank r,
where A, is the completion of A at p. The p-adic Tate module T, (¢) induces
a continuous Galois representation

pp : Grc — GL, (Th(0)) = GL,(A,).

Since the action of the endomorphism ring End g ¢ commutes with the repre-
sentation py, the image p,(G ) of Gk under p, is contained in the centralizer
Centgr, (4,)(Endg¢). Let Al be the ring of finite adeles of F. Then p, in-
duces the adelic representation

pad: G = [ GL:(4y) € GL,(Af).
pEMA

Theorem 2.1.5. Let K be a finitely generated field of F' and ¢ a Drinfeld
A-module of rank r over K.

(1) (Pink [Pin97, Theorems 0.1 and 0.2])

(1-1) Suppose Endi¢ = A. Then, for any finite subset A in My, the
1mage of the homomorphism

Gi — [ ] GL(4,)

peA

induced by p, for p € A is open.
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(1-ii) Suppose Endz¢ = Endg . Then, for any finite subset A in My,
the image of the homomorphism

GK — H CentGLT(Ap)(Enqub)

peEA
induced by p, for p € A is open.
(2) (Pink—Riitsche [PR09, Theorems 0.1 and 0.2])

(2-1) Suppose Endyiz¢ = A. Then the image of the adelic representation

Pad - GK — GL,(A%)

1S open.
(2-ii) Suppose Endz¢ = Endgé. Then the image of the adelic repre-
sentation
Pad - G — H Centgr, (4,)(Endg¢)
peEMA
1S open.

We remark that, since Endg ¢ is finitely generated as an A-module [Pap23|,
Theorem A.16], there exists a finite extension K’ of K such that Endyi¢ =
EHdK/(b.

2.2 Ramification

Keep the notation of the previous section. We introduce the notion of the
finiteness of the maximal breaks according to Ozeki-Taguchi [OT22, Defini-
tion 2.14]. For any algebraic field extension E of F, let 9, be the set of
primes of E not lying above oo and we call the element of 9, a finite prime.
Let MY be the set of primes of E lying above oo and we call the element of
M an infinite prime. Recall that M1y is the set of nonzero prime ideals of A
and we identify it with 9t%.. Since, in contrast to the number field case, the
influence of the ramification at infinite primes cannot be essentially ignored
in the function field case, the following definition takes into account such
circumstances.

Definition 2.2.1. (1) Let K be an algebraic extension of a local field F
of positive characteristic. Let K be the Galois closure of the maxi-
mal separable subextension of K/E. The mazimal ramification break
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(mazimal break for short) of K/E is defined to be inf{u € [—1,+00) |
Gal(K/E)* = 1}. Here, for u > —1, we write Gal(K/E)* for the u-
th upper ramification group of Gal(K /E) in the sense of Serre [Ser79)
Chapter IV, Section 3]. The extension K/FE is said to have finite mazimal
break if the maximal break of K/E is finite.

(2) Let K be a Galois extension of a function field F. For p € My, the
extension K/F is said to have finite maximal break at p if the extension
K/ F, has finite maximal break, where B € ML, is above p. Notice that
this is defined independently of the choice of 3.

(3) Let K be a Galois extension of a function field F'. The extension K/F is
said to have finite mazximal break outside oo if K/F has finite maximal
break at every p € M 4.

The following proposition is used to construct Drinfeld F,[t]-modules over
F,(t) whose t-torsion points induce arbitrarily large maximal break in Chap-
ter [3l We note that this is a slight generalization of the function field case
of [EV02, Chapter III, Proposition 2.5].

Proposition 2.2.2. Let K be a complete discrete valuation field of charac-
teristic p > 0. Assume that K contains Fy, where ¢ = p¥ for some positive
integer v. Let vk denote the normalized valuation. Let o be an element in
K and X a root of the polynomial X1 — X — . If vk () is negative and not
divisible by p, then the extension K(\)/K is totally ramified of degree q with
Galois group isomorphic to (Z/pZ)". Its mazximal break is given by —v ().

Proof. See [AH23|, Proposition 3.2]. O

2.3 Kummer-faithful fields

Kummer-faithful fields are defined by the triviality of the divisible parts
of the Mordell-Weil groups of semi-abelian varieties as follows.

Definition 2.3.1 ([Mocl5, Definition 1.5]). Let K be a perfect field. We
say that K is Kummer-faithful if, for every finite extension L of K and every
semi-abelian variety A over L, it holds that (1) -, n-A(L) = 0, where n runs
over all positive integers. -

The following facts immediately follow from the definition of Kummer-
faithfulness.

(1) Any perfect subfield of a Kummer-faithful field is also Kummer-faithful.
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(2) Let K’ be a finite extension of a perfect field K. Then K’ is Kummer-
faithful if and only if K is Kummer-faithful.

It is also known that any sub-p-adic field is Kummer-faithful [Moc15]
Remark 1.5.4]. Note that a sub-p-adic field for some rational prime number
p means a field isomorphic to a subfield of a finitely generated extension of
the field Q, of p-adic numbers. In particular, any number field is Kummer-
faithful. On the other hand, any algebraically closed field is obviously not
Kummer-faithful.

In order to define Drinfeld-Kummer-faithful fields in Chapter [3| we gener-
alize the notion of the divisible part to a module over a general commutative
ring.

Definition 2.3.2. Let R be a commutative ring with identity. Let M be an
R-module. An element x in M is called divisible if, for every nonzero a € R,
there exists y in M such that x = ay. For an ideal a of R, we say that z € M
is a-divisible if, for every positive integer n, there exist a € a” and y € M
such that z = ay. Denote by Mg;, (resp. M, qiv) the set of divisible (resp.
a-divisible) elements in M, i.e.,

Mgy = ﬂ aM <resp. My giv = ﬂ a”M) .

a€R\{0} n>1

For simplicity, if a = (a) is a principal ideal, we say a-divisible for (a)-divisible
and write M qiv for Mg)_qiv.

Via this definition, we can rewrite the condition (1,5, n - A(L) = 0 in
Definition as A(L)aiy = 0 as a Z-module.

Proposition 2.3.3. A perfect field K is Kummer-faithful if and only if
Gum(L)aiy = 0 for any finite extension L of K and A(K)ay = 0 for any
abelian variety A over K.

Proof. See [OT22, Proposition 2.3]. ]

We can extend (3-iii) in Theorem [B|to finite extensions of K (o). For the
convenience of applying this theorem in Chapter |4} we describe the assertion
of this theorem again.

Theorem 2.3.4. Let K be a finitely generated field over Q and e a positive
integer.

(1) Assume e > 2. For almost all o € G, any finite extension M of K (o),
and any abelian variety A over M, the group A(M )i i finite.
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(2) For almost all o € GS, any finite extension M of K(o), any abelian
variety A over M, and any prime number [, the group A(M)[I>°] is finite.

Proof. Let A be an abelian variety over a finite extension M of K (o). Using
Weil restriction for abelian varieties [JP22, Lemma 6.1], we know that B =
Res ;7 (»)(A) is an abelian variety over K(o) and A(M) = B(K(0)). Hence
the theorem follows from (3-iii) in Theorem [B] O

2.4 The Haar measure of a profinite group

Let G be a profinite group and B its Borel algebra. A function p: B — R
is a (normalized) Haar measure if p is a probability measure and satisfies
the following extra conditions:

(1) (translation invariance) If B € B and g € G, then u(¢gB) = u(Bg) =
1(B).

(2) (regularity) For B € B and € > 0, there exist an open set U and a closed
set C'in G such that C € B C U and u(U \ C) < e.

It is known that a Haar measure is uniquely defined on every profinite
group G (see [FriJ23, Proposition 21.2.1]). We write this measure as pg,
but other symbols may be used depending on convention made by chapters.
We use the same notation for its completion. If G is a closed subgroup of
another profinite group G’ and o € G’, then we regard the function uga(X) =
pe(Xa™!) as a probability measure on Ga.

The probability measure p has monotonicity; if B and B’ are measurable
sets with B C B’, then u(B) < p(B’). For a countable collection {B;} -
of measurable sets, we have u(UJ: =5 B;) < S u(B;) (countable subaddi-
tivity). In particular, the countable union of measure zero sets is again a
measure zero set. If H is a closed subgroup of finite index in a profinite
group G, then pg(H) =1/(G : H).

If G, and G5 are profinite groups, then the direct product G| x G4 is also
a profinite group. Thus we can equip G; X G5 with the Haar measure pg, g, -
On the other hand, we can also consider the product measure pg, X pg, of
G1 x Ga, which satisfies (g, X pa,)(B1 X B2) = pug, (B1)pg,(Bs) for all
measurable subsets By C G and By C (5. It can be proved that pg, «a,
and ug, X pg, coincide (after completion) [FriJ23, Proposition 21.4.2]. Of
course, this result generalizes to the direct product G; x --- x G, of a finite
number of profinite groups G, ..., G,, particularly to G¢, the direct product
of e copies of a profinite group G.
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Some of our theorems are proved using the following well-known lemma
in probability theory.

Lemma 2.4.1 (The first Borel-Cantelli lemma, see [Fr1J23] Lemma 21.3.5 (a)]).
Let {B;} be a countable collection of measurable subsets of a profinite
group G. Define

+00 400
B = m U B; ={g € G| g € B; for infinitely many v’s}.

n=11i1=n

Our results that hold for almost all elements in a profinite group are
obtained, not only by using this lemma, but also by computing the measure
of the exceptional set and showing that it is zero. Therefore these proofs are
non-constructive and do not give an explicit element for which our statements

hold.
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Chapter 3

Kummer-faithfulness for
function fields

We use the notation defined in Sections[2.T]and 2.2} F is a global function
field over the finite field F, of ¢ elements, oo is a fixed prime of F', and A
is the subring of F' consisting of functions regular outside co; 9, and MY
respectively are the sets of finite and infinite primes of any algebraic extension
E of F, and 9, is the set of nonzero prime ideals of A (we identify it with

ME).

3.1 Drinfeld-Kummer-faithful fields

In this section, we define a notion of Drinfeld-Kummer-faithful fields and
study its properties. Unlike that of Kummer-faithfulness, we do not assume
that the field is perfect. Recall that we only consider Drinfeld modules of
generic characteristic.

Definition 3.1.1. An extension K over F is called Drinfeld- Kummer-faithful
(we abbreviate it as DKF) if, for every finite extension L of K and every
Drinfeld A-module ¢ over L, it holds that ¢(L)gy = 0.

As in the case of Kummer-faithfulness, it immediately follows from the
definition that any intermediate field of a DKF field K/F is also DKF. Let
K’ be a finite extension of K/F. Then K’ is DKF if and only if K is DKF.

If K is a finitely generated field over F', then, for any Drinfeld A-module
¢ over K, we have ¢(K)qiy = 0 from Theorem 2.1.3] Therefore K is DKF.
On the other hand, the algebraic closure F and the separable closure F*%P of
F' are obviously not DKF. The DKF-ness represents that the field is small
in the sense that Drinfeld modules have no nonzero divisible points.
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Let ¢ be a Drinfeld A-module and p a nonzero prime ideal. Recall that
the p-adic Tate module of ¢ is defined by T,(¢) = Jm ¢[p™]. The following

proposition is an analogue of [OT22l Proposition 2.4].

Proposition 3.1.2. Let K C L be two extensions in F of F. Let ¢ be a
Drinfeld A-module over K.

(1) For any nonzero prime ideal p of A, the following conditions are equivalent:

(i) (A(L)[p>])p-aiv = 0.
(i) @(L)[p™] is finite.
(iii) Ty(¢)“" = 0.

(2) Consider the following conditions on ¢:

(a) ¢(L)aw = 0.
(b) (¢(L)tor)div = 0.
(c) ¢(L)[p™] is finite for any nonzero prime ideal p in A.

Then we have (a) = (b) < (¢). If K is DKF and L/K is Galois, then
we have (a) < (b) < (c).

Proof. (1) The definition of Tate modules implies the equivalence of (ii) and
(iii). Since the class number of A is finite (see [FriJ23, Lemma 5.1.2]), there
exists a € A such that the principal ideal (a) is a p-power. Then T,(¢) =
Im ¢[p"] = lim ¢[a™] and this isomorphism is compatible with the action of
G . The natural isomorphisms (Mm Pla™))9t =2 Homy (A[1/al/A, ¢(L)[a>])
and (¢(L)[a™])a-aiv = (¢(L)[p™])p-aiv yield the equivalence of (i) and (ii).

(2) It is obvious that (a) implies (b). To see that (b) implies (c), we take
a, € A such that the principal ideal (a,) is a p-power as in (1) for each p.
Then we have the natural isomorphisms

[I7(@)% = [ Homa(AL/a,]/A, 6(L)[a7])
p

o H Hom 4 (A[1/ap]/A, #(L)ior)

=~ Homy (@ All/ay] /A, ¢(L)t0r>
p
>~ Hom(F/A, ¢(L)ior),
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where p runs over the nonzero prime ideals of A. By (b), we have T,(4)% =0
for all p. Thus (c¢) holds from (1).

To show that (c) implies (b), we prove the contraposition. Suppose that
there exists a nonzero x € (@¢(L)ior)aiv- Let a be the annihilator of x and
P1, ..., P, the prime ideals appearing in the prime decomposition of a. Set
S = A\(Up:) and B = S~ A. Then B is a principal ideal domain since it is a
Dedekind domain with only finitely many prime ideals (see [Neu99, Chapter I,
Section 3, Exercise 4]). Hence there is b € B with S~'a = (b). In addition,
2 is a nonzero divisible point in S™'¢(L)io: and (b) is the annihilator of  in
ST G(L)tor- Let P = () be a prime ideal of B dividing b. By renumbering
the indices, we may assume A NP = p;. Then it follows that 7 lbx is a
nonzero point in (S7'G(L))[P>|yp.aiv. Take s € S satisfying st 'b € A and
let y = s~ tbx. Then y is a nonzero point in ¢(L)[p3°]p,-aiv- By (1), ¢(L)[ps°]
is infinite and the negation of (c¢) holds.

Now we prove that (b) implies (a) if K is DKF and L/K is Galois.
We use again the proof by contraposition. Suppose that there is a nonzero
xr € ¢(L)ai. For a nonzero a € A, we set X, ={y € ¢(L) | + = ay}. Then
(X,), forms a projective system. Since each X, is a nonempty finite set
by assumption, the projective limit lim X, is also not empty. Let (y,), €
im X, and K" a finite subextension of L/K with z € ¢(K'). Then K’ is

KF since K is so. Thus there exists ag € A such that y,, ¢ ¢(K’). Let
0o be an element in G satisfying ogya, # Yo, and put z, = ooy, — y, for
each nonzero a € A. Then z,, # 0 and az,q, = 24, for each a. Since L/K
is Galois, we have z,, € ¢(L)[ag]. This shows that z,, is a nonzero point in
(¢(L)tor )aiv, which establishes the negation of (b). O

In the rest of this section, we assume F' = F,(t), oo = (1/t), and A = F[t].

Proposition 3.1.3. Let K be a finite extension of F', ¢ a Drinfeld A-module
over K, and p a nonzero prime ideal of A. For a Galois extension LK with
finite mazximal break outside oo, we have T,(¢)%t = 0.

Proof. We first remark that LK’/K’ has finite maximal break outside oo for
any finite separable extension K’ of K. We start the proof by finding suitable
K'.

Assume T = T,(¢)%% # 0. The Galois group G = Gal(L/K) acts on T
and the representation arising from this is unramified at finite primes of K not
lying above p at which ¢ has good reduction [Tak82, Theorem 1]. Hence there
exists a finite subset S C 9. such that T,(¢) is unramified outside S UIMF.
Let x : G — A be the character induced from the action of G on det "= A,
and KT the intermediate field of L/K corresponding to ker y. Then K/K is
abelian. For any [ € S, by [FV02, Chapter IV, Corollary of Theorem 6.2], the
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reciprocity map K* — Gal(K?/K) sends the u-th higher group U l(g[ ) of units
of K; isomorphically onto Gal(K2"/K|)* for any integer u > 0. Composing
with the natural projection Gal(K?/K;) — Gal(K/K)), where £ denotes a
prime of KT lying over [, we have the surjection Uf(g) — Gal(KE/K[)“. Then
we obtain the surjection

U JU — Gal(KL/K)°/Gal(K}/K)"

for v > 0. By assumption, Gal(K ; /K" is trivial for sufficiently large u.
Since UI(?[)/U[%) is finite, we know that Gal(K\/K,)° is finite. Hence there
exists a finite extension K (I) over K in KT such that the restriction of x to
Gal(L/K(l)) is unramified at all primes of K (I) lying over .

For any [ € MY, let A be the lattice in K[*” associated to ¢. Then there
exists a finite separable extension E of K| with A C E. The action of Gg on
T, (¢) induces the action of Gk, on A ®4 A,, under which Gg acts trivially.
We set K([) to be a finite separable extension of K whose completion at
some suitable prime lying over [ coincides with E. Then the representation
Gal(L - K(I)/K(l)) — T is unramified at all primes of K (I) lying over [. We
replace K with the compositum of K([) for all [ € S UM and may assume
that y is unramified at every prime of K.

Take | € ML, not lying above S. Then the eigenvalue oy of the action of
the Frobenius element on 7,(¢) satisfies |o|o = q[1 /™ where ¢ is the cardi-
nality of the residue field at [ and ry4 is the rank of ¢ [Tak82 Proposition 3].
In particular, |oy|o > 1. Thus the image x(G) of G under the above y is
infinite. Let M be the extension of K satisfying x(G) = Gal(M/K). Then
M is an infinite abelian extension over K unramified at every prime. Since
the constant extension in K(7,(¢))/K is finite [Gek19, Remark 4.2], there
exists a finite constant extension K”/K in M such that M/K" is geometric
and infinite abelian extension unramified at every prime. However, this is
impossible since the maximal geometric extension unramified at every prime
must be finite (see [AT09, Chapter VIII, Section 3]). O

Theorem 3.1.4. A Galois extension L/K with finite maximal break outside
0o is DKF.

Proof. Let L' be a finite Galois extension of L and ¢ a Drinfeld A-module over
L’. There exists a finite subextension K’ of L'/K such that L'/K’ is Galois
and that ¢ is defined over K'. From the assumption, L'/ K’ has finite maximal
break outside oo. By Proposition [3.1.3] for any nonzero prime ideal p in A4,
we have Ty (¢)¢+ = 0. Hence ¢(L)[p™] is finite by Proposition[3.1.2(1). Now
K’ is DKF as K is so. Then ¢(L')aiv = 0 by (2) of the same proposition.
Therefore L is DKF. O
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Corollary 3.1.5. Let L be as in Theorem . Then LE 1s DKF.

Proof. We see that LE/ K has finite maximal break outside co and apply
Theorem [B.1.4] O

Corollary 3.1.6. If a Galois extension L/K is tamely ramified, then L is
DKF. In particular, the mazimal tamely ramified extension of K is DKF.

Proof. It immediately follows from Theorem [3.1.4] O

3.2 Drinfeld modules with torsion points yield-
ing large maximal break

This section is devoted to observing the ramification arising from the
torsion points of Drinfeld modules. All materials of this section are included
in the paper by the author and Huang [AH23|. However, for the consistency
of the present thesis, we reprove the existence of a family of Drinfeld modules
of rank two having t-torsion points with arbitrarily large maximal break.

Assume F' = F(t), oo = (1/t), A =TF,[t]. Let K be a finite extension of
F. Let p be a finite prime of K not dividing the prime (¢) and v, the valuation
associated to p normalized so that v,(K*) = Z. We uniquely extend v, to
the separable closure K, of the completion K, of K at p.

Let ¢ be a Drinfeld A-module over K, of rank two defined by ¢,(X) =
tX 4+ a1 X9+ aquQ, where a;,as € K,,. Let 3 = a'{“/ag be the j-invariant
of ¢. Since we assume that p does not divide (), we have v,(t) = 0. Put
s1 = vp(a1) and s9 = vy(az). Then v,(3) = (¢+1)s1 — s2. To accomplish the
goal of this section, we assume v,(j) < 0.

We determine the Newton polygon of ¢;(X) at p under this assumption.
We find that the slope of the segment connecting the two points (1,0) and
(q,s1) and the slope of the segment connecting the two points (¢, s;) and
(¢%, s2) are respectively s1/(q — 1) and (sa — s1)/(¢* — q). Since v,(j) < 0,

we have
S1 S92 — 81

¢—1 ¢-q
Hence the Newton polygon of ¢;(X) at p has exactly two segments. Let &
and & be two roots of ¢,(X) with valuations

S1
q—1

So — 81
?—q

vp(€1) = — vp(&2) = —

Y

respectively.
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Let b be an element in K,(&) with valuation s1/(¢ — 1), e.g., b = 1/&;.
Put ¥ = b?/a; and ®(X) = 0'¢(X/b). Let by and by be respectively the
coefficient of X and X" in ®(X). Namely,

-1
bq tX+Xq+ a9 q2.

2_
aq ba 9aq

B(X) = bpX + X!+ b XT =

Note that the coefficient of X? in ®(X) is 1. We have v,(by) = 0 and
op(ba) = —0p(3) > 0.
Let n(X) = tX 4+ a; X9 In the same manner as (X)), we define H(X) =
b'n(X/b), ie.,
H(X) = byX + X°.

Then the splitting field of H(X) over K,(&) coincides with that of n(X)
and any nonzero root of H(X) has valuation zero. Moreover, this field is a
Kummer extension and any nonzero root of 7(X) can be a generator of this
extension.

Lemma 3.2.1 ([AH23, Lemma 3.10 (1)]). The field K,(&) coincides with
the splitting field of n(X) = tX + a1 X? over K,.

Proof. Let d = b&;. Then vy(d) = 0 and ®(d) = 0. Let x4, ..., x,_1 denote all
nonzero roots of H(X). If i # j, then x;—z, has valuation zero since it is again
a nonzero root of H(X') and w,(by) = 0. Hence, if we show that there exists
i such that vy(x; — d) > 0, then Krasner’s lemma [Pap23| Proposition 2.3.9]
tells us that x; € K,(&), which is what we want to prove. Since ®(d) = 0,
we have

q—1
H(d) = [[(d — 2;) = bod + d = —byd".
i=1
Hence
g—1 g—1
-0 ([l 20) <oy >0
i=1 i=1
This implies the existence of ¢ such that v,(z; — d) > 0, as desired. O

Lemma 3.2.2 (J[AH23, Lemma 3.10 (3)]). Let Ly = K,(¢[t]) and let M; be
the splitting field of the degree q polynomial

H(X) = X?— X — B € K,(&)[X]

with § = 5(1]271612/15 over K,(§1). Then the field M, is contained in Ly. The
extension Ly /M is a compositum of Kummer extensions.
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Proof. In the proof of this lemma, we take b = 1/&;. Then any element in F,
is a root of ®(X) and the polynomial X?—X =[],y (X —u) divides ®(X).
Let ©(X) be the polynomial such that ©(X)(X? — X) = ®(X). Noticing
that —by — by = 1 since ®(1) = 0, and that by/by = 1/, we have

O(X) = by (Z Xt — %) ;
=1

whose roots generate Ly over K,(&).

Consider the polynomial ©(X) = Y% | X' — 1/3 and its splitting field
M over K,(&). Then any root of ©(X) is a (¢ — 1)-st power of a root
of ©(X). This implies that the field Mj is contained in L; and that the
extension L;/Mj is a compositum of Kummer extensions. Hence it suffices
to show that M; = M. We have

q
O X(X9-1)  X(X-—1) .
X' = = = X(X —1)1
; X -1 X -1 ( )

and O(X +1) = X9+ X? ! —1/8. Then
~ (1
= — q —
H(X) BX@(X+1).

This shows that the splitting fields of H(X) and of ©(X) are the same, which
completes the proof. O

In the rest of this section, we assume p { vy(j). The extension K,(&)/K,
is tamely ramified since it is generated by the (¢ — 1)-st root of —t/a; by
Lemma . The extension L;/M; is also tamely ramified by Lemma m
Let Ny be the splitting field of the polynomial X? — X over K,(&). It is
tamely ramified and is a subextension of M; /K, (&) since any root of X7—5X
is the difference of some two roots of H(X).

Let w be a nonzero root of X? — fX. We have v,(w) = —vy(3)/(q — 1).
Consider the polynomial H(X) = w %H(wX) = X7 — X —w™'. Then any
root of H(X) generates M; over Ni. We know that —uy, (w™!) = en, /K, Up(w)
is a positive integer not divisible by p, where ey, /k, denotes the ramification
index of Ny/K,. Applying Proposition to H(X), the extension M; /N,
is a degree ¢ totally ramified Galois extension with maximal break vy, (w).
As the extensions L; /M; and N; /K, are tamely ramified, the maximal break
of Ly /Ky is vy () e, 1, = ty(@) = —vy(3)/ g — 1).

This result implies that, if v,(j) is sufficiently negative and not divisible
by p, then we obtain a Drinfeld module ¢ of rank two with the extension
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K,(¢[t])/ K, having arbitrarily large maximal break. For example, the case

p = (t+1) and the Drinfeld A-module ¢ over F' defined by ¢;(X) = tX + X9+

(t+1)'X 7 for a positive integer ¢ not divisible by p satisfies this assumption.
In conclusion, we have shown the following result.

Proposition 3.2.3. Let K be a finite extension of F' and p a finite prime
of K not dividing (t). Let C be a real number. Then there exists a Drinfeld
A-module ¢ over K of rank two such that the maximal break of K,(¢[t])/ K,
is larger than C'.

3.3 Construction of Drinfeld-Kummer-faithful
fields from Drinfeld modules

Recall that 9%, denotes the set of primes of E not lying above oo for
any finite field extension E over F. For [ € ML, denote by v the valuation
corresponding to [ normalized so that v(E*) = Z. We uniquely extend v
to E;*. We use the notation vy, for the valuation corresponding to a finite
extension L of Ey normalized so that vy (L*) = Z. Denote by O, the valuation
ring corresponding to Ey. To simplify the notation, for a principal ideal a of
A, we will write again a for its generator when the choice of the generator
poses no problem.

The aim of this section is to give some examples of DKF fields which are
infinitely generated over F'. We will show that the field obtained by adjoining
the torsion points, of bounded order, of Drinfeld modules of bounded rank
with “not too bad” reduction, by referring to the strategy in Section 5 of
the paper of Rosen [Ros03]. Because we are only interested in the finiteness
of the maximal breaks, our estimate in this section will seem far from being
optimal. For more accurate estimates, see [Tag92] or [CL13].

Proposition 3.3.1. Let K be a finite extension of F. Let p € M4 and
[ € M. Let m, r, and N be non-negative integers. Assume that p™ is a
principal ideal. Let a(p™) be the highest coefficient of ¢ym(X) for a Drinfeld
A-module ¢ over K. Then there is a constant C' depending only on p, [, m,
r, and N such that, for any Drinfeld A-module ¢ over Oy of rank at most r
with vi(a(p™)) < N, the mazimal break of K(o[p™])/ K is at most C.

Proof. Looking at the Newton polygon of ¢ym(X) at [, for a nonzero = €
¢[p™], we have
0—wu(p™)  w(p™)

g—1  q¢g-—1

u(x) < —
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and

vi(a(p™)) — 0 _ —u(a(p™))
g7 B ™) _ grodesr)—1 | gradeg(r—1(g — 1)’
Here rg denotes the rank of ¢. Suppose that G%, # 1. For o # 1 in G,
there exists = in ¢[p™] such that oz # x. Take b € K| with —uv(z) < v(b) <
—v(z) + 1. Then v (bz) > 0 and

u(x) > —

vr(o(br) — bx) = er kvi(o(bxr) — bx)
= er/k (v(ow — ) + v (b))

< eL/k, (Uq;(fml) " <_CJ’“¢ d_;()"[i‘?g?; )— 1)) ' 1> |

Here L = K((¢[p™]) and ey /k, denotes the ramification index of L/K;. Thus
)M )y

Since ey, is bounded in terms of p, m, and r (An obvious bound is (g"4¢®™))!
because L/K| is the splitting field of the polynomial ¢,m(X), whose degree
is at most ¢"9°*™)) we obtain a desired upper bound of . O

From now on, we assume F' = F (t), oo = (1/t), and A = F,[t]. For a
Drinfeld A-module ¢ over K with stable reduction, let (¢,I") be the Tate
uniformization of ¢ at [ € ML.. Here 1 is a Drinfeld A-module over O with
good reduction and I is a 1-lattice, which means a finitely generated discrete
projective A-submodule of ¢(K[®") stable under the action of Gg,. Such a
pair is called a Tate datum. The power series

er(X)=X ] (1—5)

~er\ {0} "

defines an F,-linear entire function on ¢ (K;*") and satisfies ert), = @qer for
all @ € A (we can see er as an element in O{{7}}, the non-commutative
ring of formal power series in 7 with coefficients in O}, whose multiplication
is determined by 72 = 2?7 for x € O). For positive integers r, and rp, there
is a natural one-to-one correspondence (see [Dri74, Section 7))

Drinfeld A-modules ¢ of rank ry + rp over (Ko )
K\ with stable reduction of rank 7, (-1SOII.

bl A-module over O with good reduction of

Tate data (¢,T"), where ¢ is a Drinfeld
/(K[—isom.).
rank ry and I' is a ¢-lattice of rank rp
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Note that two Tate data (¢,T") and (¢/,I") are K-isomorphic if there exists
an isomorphism from v to ¢ over K| which induces an isomorphism from I"
to I'.

We introduce the notion of the size of a Tate datum (¢),I'). We notice
that, as we have assumed A = [F,[t], any ¢)-lattice I is a finitely generated free
A-submodule in (K["). Since I' is discrete and ¢ has good reduction, we
have v(7) < 0 and v(Y,(7)) = ¢ 4@y () for v € T\ {0} and a € A\ {0}.
According to Gardeyn [Gar(2, Section 1], we define

Il = (=i, ()™

for v € '\ {0} and ||0]|; = 0. Here Iy € M4 lies under [. Then ||—||; is a
G k-invariant norm relative to the absolute value |—|, = ¢%°&(~) at oo and is
unchanged under a finite extension of K. We recall the notion of successive
minima of an A-lattice from the paper of Taguchi [Tag93, Section 4] in a
general setting. Notice that an A-lattice means a finitely generated discrete
free A-module with respect to some norm ||—||.

Definition 3.3.2. Let A be an A-lattice with respect to a norm ||—||. For a
real number ¢, we set

B(e) = {A e A A < e}

Let r be the rank of A. For 1 < i < r, the i-th successive minimum ¢; is
the smallest real number ¢ such that B(c) contains at least ¢ elements of A
which are linearly independent over A. An A-basis (\;)1<i<, of A is said to
be a successive minimum basis if it satisfies || \;|| = ¢; for all i.

Note that the set B(c) is finite for any real number c. We easily verify
that the successive minima and the successive minimum basis always exist.
A useful property of successive minima is the next lemma.

Lemma 3.3.3 (|[Tag93, Lemma 4.2]). Let A be an A-lattice of rank r with
respect to a norm ||—|| and (\;)1<i<, an A-basis of A such that || \|| < -+ <
IAr]l. Then the following conditions are equivalent:

(a) (Ai)1<i<r 1S a successive minimum basis.

(b) 122 aiill = max{[laiAi[|} for all (a:)i<i<r € A"

For an A-lattice A with successive minima cq, ..., ¢,, we define the covol-
ume D(A) of A as their product, i.e.,

DA) =]]e
i=1
The next lemma is easy.
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Lemma 3.3.4. Let A be an A-lattice of rank v and (¢;)1<i<, its successive
minima. If € is a real positive number with € < ci, then we have ¢, <

e~ D(A).
Proof. Since D(A) > ¢~ Y¢,, we have ¢, < ¢; " VD(A) <e~-UD(A). O

Now we turn to the situation of a Drinfeld A-module ¢ of rank at most r
over K. From [Dri74, Proposition 7.1], there is a tamely ramified extension
K’ of K of ramification index dividing d = lem{q’ —1 | 1 < 4 < r} such
that ¢ has stable reduction at I' € ML, lying above [. Let (¢),T) be the
Tate uniformization at I'. Recall that I" is an A-lattice under the action of
A via ¢ and the norm ||—|| = ||—||v. Put D(¢,l) = D(I'). Notice that it is
independent of the choices of an extension K’, a prime ', and a Tate datum
(¢, T). We also remark that, for a Galois extension L/K, the maximal break
of LK'/K' is at most d times that of L/K. We write r, for the rank of ¢,
ry for the rank of 9, and rp for the rank of I'.

Proposition 3.3.5. Let K be a finite extension of F. Let p € M4 and
[ € M. Let m, r, and N be non-negative integers. Then there is a con-
stant C' depending only on p, [, m, r, and N such that, for any Drinfeld
A-module ¢ over O of rank at most r with D(¢,1) < N, the maximal break
of Ki(¢[p™])/ K is at most C.

Proof. By Proposition [3.3.1] it suffices to give an upper bound of v(a(p™))
in terms of p, [, m, r, and N. The above remark allows us to replace K with
its tamely ramified extension of ramification index dividing d and to assume
that ¢ has stable reduction at [ over K. Let (¢,1") be a Tate uniformization
of ¢ at [. If r, = r4, then ¢ has good reduction at [ and v(a(p™)) = 0.
We assume ry, < 74 for the rest of the proof. Let (7;)1<i<,. be a successive
minimum basis of I'. We have a natural isomorphism

Y (T)/T 5 ¢[p™); 2+ T+ er(2).
Then
X X
v [ (e ()
ceolp)\ {0} 2e(h (0)/IN0) :

Comparing the highest coefficient of both hand sides, we obtain
a(p™) =p" / [T er(2).

where z runs over (¢ (I')/T) \ {0}.
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Let & be a solution of the equation ,m(X) = ~;. We claim that the set

Z = {Zr¢ai(7i> +n

=1

a; € A with deg(a;) < deg(p™), and n € MPm]}

is a system of representatives for ¢y (I')/I" with 0 € Z. Indeed, we can
easily confirm that Z is contained in @/J&i(F), that its cardinality is equal to
g'edesr™) = #¢[p™], and that no two elements in Z are congruent modulo I'.

In order to obtain an upper bound of v(a(p™)), we should find a lower
bound of v((er(z)) for a nonzero z € Z. We have

aler(2) =u |2 ] (1-%)

ver\{o}

> u(z) + > )v[ (3)

yel\{0}; vi(v)>vi(z

>u(2) - #{y € I'[ul(y) > wl2)}-

The last inequality follows since v((7y) < 0 for a nonzero v € I'. For a nonzero
2= 1q,(&) +n € Z, we evaluate

vi(z) = min({v (¢, (&)} U{wi(n)})
= min{q" deg(ai)@[(fz’)}i
> gre(deg®™)=1) o=y deg(p™) min{v(7;) }i
=—q o,
Then we find

#{y e T [uly) >wu(z)}
<#{yel|uly) >—qg™ar}

=# {(Clb s Gpp) € ATy (Z ¢ai(7z’>> > —q‘”’cf?}
=1

=TI #a € Al ulwa () > —a it}
=1

— H# {ai €A ‘ deg(a;) < log, (CCT—F> — 1}
i=1 g

D
C’I‘
< | | —£.
C.
i=1
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On the other hand, the conjugates of v; are contained in the set {y €
L' | |[7]i = &1}, whose cardinality is at most ¢'" — 1. Hence the degree of
the splitting field L’ of the minimal polynomial of v; over K is bounded
and there exists a constant C’ depending on r such that the ramification
index ep/ i, of L'/K is at most C’. (An obvious bound is C" = (¢" — 1)!.)
Since v(y1) < 0, we have v(y;) < —1/C" s0 ¢; = (—vi(y))/™e > C'—re,
Applying Lemma with € = C’"~%/™ we obtain

ula(s™) = u@™) = 3 uler(:))
2e2\{0}
oy
< (™) — (7o s™) — 1) (—g o) T
&
=1
rp—1
< v[(pm) _i_qrd,deg(pm)_lc:? H Ci_l
=1

< U[(pm> + qr¢ deg(pm)fl(C/(rpfl)/er((ﬁ’ [))T‘¢C/T¢*2
< uy(p™) + ¢ BT NTe 01t D (re=2)
which proves the proposition. O
For a positive integer r, a family of positive integers N = (N[)[efm%

indexed by M., and a family of non-negative integers m = (my)yem, indexed
by M4, let Dy (r, N, m) be the set of Drinfeld A-modules ¢ over K of rank at
most r with D(¢, ) < N for all [ € ML, Define K, n.m to be the extension
of K generated by all elements of ¢[p™] for all ¢ € P (r, N,m) and all
JURS My

Theorem 3.3.6. The field K, N m is DKF.

Proof. By Theorem 3.1.4] it is enough to show that K. 5, has finite maximal
break outside co. We remark that Lemma 3.1 in [OT22] still holds in the
context of function fields. Thus it suffices to prove that, for any [ € 9t
there exists a constant u([) such that the maximal break of K(¢[p™])/K is
at most u(l) for any ¢ € ®x(r, N,m) and any p € MNMy.

Fix [€ M., ¢ € Px(r,N,m), and p € M4. By the remark preceding
Proposition [3.3.5] we may assume that ¢ has stable reduction at [ over K.

If p lies beneath [, then there is a constant C; such that the maximal
break of K(¢[p™])/K, is at most C; by Proposition 3.3.5l Suppose I { p.
Let (¢,I") be the Tate uniformization of ¢ at [. Since ¢ has good reduction,
K([p™])/ K, is unramified [Tak82, Theorem 1]. Let u be a real number
with G%, # 1 and o # 1 belong to GY%, . Then there is i with oy; # ;. From
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the definition of the first successive minimum ¢, we have ||oy; — vl > a.
Hence vi(oy; — 7i) < —c,”. Take b € K with —v(y;) < v(b) < —vi(7;) + 1.
Then v(by;) > 0 and
i) (0 (07i) = byi) = exoy oo (byi) = bvi)

= ex,(ry/x(vi(oy — i) + vi(b))

< ey (=a’ —uln) +1)

< exry/r(—c e +1),
where ek, ()/k, is the ramification index of K((I')/K;. Thus

u < e ryk(—¢" + b+ 1) — 1.

By |Gar02, Proposition 4], on the different ©(K(I")/K;) of K(I")/Ki, we

have 4
ord{O(K(I')/K) <1+ 25: (qi_lv[ (’Yl) H Ci> ‘

Vi Cj

As in the proof of Proposition [3.3.5 there exists a constant C” depending
only on r such that ¢; > C’~'/v. Then by [Ser79, Chapter III, Section 6,
Proposition 13|, we evaluate

er,y/k, < 1+ ord D (K(T)/KY)
:2+2ZF (q“( HC—>
z:1 L B =1 G
§2+2izlq c; (c_1>
< 2+20TwTZF (qcrr)i_l
< o qCrr
(&1

i=1

qc rp—1
<24 207 -2 <i>
C1

=24 dgm e e Y
S 2 T 4qr72(0lr 2D(¢, [))rflc/er
S ) + 4qr720/r(r72)N[r71.

Here we use > .0 o' < 2a/77! for @ > 2, and apply Lemma m Hence

u < (2 + 4qr—20/r(r—2)N[r—1)((C/rp—lN[)r,/, + 1) -1
S (2 + 4qr—20/r(r—2)N[r—1)(Cl(r—1)2/4N[r + 1) 1.
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Set (5 to be the rightmost hand side in the above inequality.

Now we put u(l) = max{Cy,Cy}. We are going to show that this u(l) is
the desired constant. The case [ | p is clear. Suppose that [{p. We have the
exact sequence

0 = $[p™] = gp™] = T/p™T — 0

on which G, acts compatibly. We view this sequence as that of F,-vector
spaces. Then this sequence splits. If u > wu(l), then G, acts trivially on
Y[p™] and I'/p™T. Therefore G, also acts trivially on ¢[p™] and the proof
is completed. O

Remark 3.3.7. There exists a constant C' depending only on K and r such
that, for any Drinfeld A-module ¢ over K of rank r, the degree of the algebraic
closure of F in K (¢(K5P)i,,) is at most C' [Gek19, Remark 4.2]. Therefore,
the algebraic closure of Fy in K, n p, is finite. From Corollary , we see
that K, v m[F, is an infinite extension of K, n , and still DKF.
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Chapter 4

Mordell-Weil groups over large
algebraic extensions of fields of
characteristic zero

The goal of this chapter is to prove some properties on the Mordell-Weil
groups over finite extensions of K (o) and of K[o] when the characteristic of
K is zero. In this chapter, we simply write the Haar measure uge of Gj as

L.

4.1 Freeness of Mordell-Weil groups modulo
torsion

The first result in this chapter is on the freeness of the Mordell-Weil
groups over finite extensions of K [¢] modulo torsion. We note that, because
these fields are countable, the rank of the Mordell-Weil groups over such a
field has infinite rank if and only if it has rank N,.

Theorem 4.1.1. Suppose that K is a finitely generated field over Q and
e > 2. Then, for almost all o € G, the following statement holds: for any
finite extension L of K|o] and any semi-abelian variety A over L, the group

A(L)/A(L)tor is a free Z-module of rank W,.

Before proving this theorem, let us recall the proposition by Moon [Moo09],
which plays a key role in our proof. It is notable that Moon seemingly proved
this proposition only for the case where K is a number field and A is an
abelian variety, but the same proof works in the more general setting.
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Proposition 4.1.2 (Moon [Moo09, Proposition 7]). Let K be a field of car-
dinality at most Ry and A a semi-abelian variety over K. Let L be a Galois
extension of K such that A(L)io is finite. Then the group A(L)/A(L)ior is
a free Z-module of rank at most V.

Proof of Theorem [£.1.1]. We separate the proof of this theorem into two
parts, one for the freeness of the group A(L)/A(L)o; and the other for the
infiniteness of the rank of the group A(L). First, we show the former part.

Let 0 € GS% satisfy the following: for any finite extension M of K(o),
only finitely many roots of unity belong to M and the group B(M )i, is finite
for any abelian variety B over M. By Theorems|B|(2-ii) and[2.3.4] (1), almost
all 0 € G satisfy this condition. Let L be a finite extension of Klo| and
M = L-K(o). Then M is a finite extension of K (o). Let A be a semi-abelian
variety over L. Then A is an extension of an abelian variety B by a torus
T. By assumption, the groups 7'(M )ior and B(M )io, are finite, and so are
A(M)tor and A(L)tor. There exists a finite extension K’ of K in L such that
L/K'is Galois and A is defined over K’. Applying Proposition to L/ K’
and A, we find that A(L)/A(L)o is a free Z-module of rank at most Rj.

It remains to show that almost all 0 € G satisfy the following condition:
for any finite extension L of K[o] and any semi-abelian variety A over L, the
group A(L) has infinite rank. In fact, it turns out that we only need to prove
this when A is an abelian variety of positive dimension. Theorem [B| (1)
says that the following weaker claim than this statement holds for almost
all 0 € G%: for any abelian variety A of positive dimension over K[o],
the group A(K[o]) has rank Ry. Let o satisfy the statement in the above
claim, L be a finite extension of K|[o], and A an abelian variety of positive
dimension over L. Let B = Res; z(,(A) be the Weil restriction of A with

respect to L/K|[o]. Then B is an abelian variety over K[o] and we have

A(L) = B(K]o]) by [JP22, Lemma 6.1]. The assumption on ¢ implies that

B(K]o]) has rank 8y and A(L) also does, which completes the proof. O

“As described in the proof, for almost all ¢ € GY, any finite extension L
of K[o], and any semi-abelian variety A over L, the torsion group A(L)or
is finite. Combining with the theorem, we obtain the structure of the group

A(L).
Corollary 4.1.3. Let K and e be as in Theorem [L.1.1]. Then, for almost all
o € GY%, the following statement holds: for any finite extension L of K|[o]

and any semi-abelian variety A over L, the group A(L) is the direct sum of
a finite torsion subgroup and a free Z-module of rank N.

Proof. Let 0 € GY satisfy each statement in Theorems [B| (2-ii), [2.3.4] (1),
and [4.1.1. We show that the statement in the corollary holds for o. Let
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L be a finite extension of K[o] and A a semi-abelian variety over L. Then
the group A(L)/A(L)ior is a free Z-module of rank Xy and in particular it
is projective. Hence the identity map on A(L)/A(L)y can be lifted to a
homomorphism A(L)/A(L)io; — A(L). This provides a section of the exact
sequence

0= A(L)uor = A(L) = A(L)/A(L)ior = 0

and we have A(L) = A(L)ior ® A(L)/A(L)tor- The corollary follows from this
decomposition. O

Remark 4.1.4. If e = 1, then the proof of Theorem is invalid. This
is because, for almost all ¢ € G and any abelian variety A, the groups
Gum(K (0))ior and A(K(9))ior are infinite (Theorem [B] (2-1) and (3-iii)). Tt is
not known whether Theorem [4.1.1] still holds in the case e = 1.

We also mention the following facts. Let K be a finitely generated field of
Q and e a positive integer. Then, for almost all ¢ € G%, the field K (o) is a
Galois extension of no proper subfield of K (o) and K (¢)/K|o] is an infinite
extension. These facts follow from [BS09, Theorems 7.9 and 7.10].

4.2 Kummer-faithfulness for some large alge-
braic extensions

Ohtani showed that, if K is a number field and e > 2, then any finite
extension of K[o] is Kummer-faithful for almost all o € G% (see [Oht22]
Corollary 1] and its corrigendum [Oht23] Corollary 1]). Our next result is on
the Kummer-faithfulness for finite extensions of K (o) and of K[o]|, which is
an extension of the result by Ohtani.

Theorem 4.2.1. Suppose that K is a finitely generated field over Q and
e > 2. Then, for almost all o € G5, any finite extension of K (o) is Kummer-

faithful.

Proof. Since Kummer-faithfulness is preserved under finite extensions, we
only have to show that K (o) is Kummer-faithful for almost all o € G%. We
know from Theorem [B| (4) that A(K(c))qy = 0 for almost all 0 € G and
any abelian variety A over K (o). By Proposition it suffices to show
Gu(M)giy = 0 for almost all ¢ € G and any finite extension M of K (o).
Let S be the set of 0 € G% such that G, (M)aiy # 0 for some finite
extension M of K (o). For every a € K\ {1}, let S, be the set of o € G%
such that a € G, (M )g;y for some finite extension M of K (o). Then we have
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S = Uae?x\{l} S,. Since K\ {1} is countable, it suffices to show 1(S,) = 0

for each a € K\ {1}.

If a is a root of unity, then K (o) has infinitely many roots of unity for
each o € S,. Since the set of ¢ € G% with K (o) having infinitely many roots
of unity has measure zero with respect to p by Theorem |[B| (2-ii), we have

11(Sa) = 0.
Suppose that a is not a root of unity. For n > 1, put

T = {0 € G% | some n-th root of a belongs to K ()},

and let a!”, ... ol be all solutions of X" = a in K. Let T\™" be the
set of 0 € G% With ozl(n) € K(o). Then we have T = Ui, T and
w(T) = 1/[K (™) : K]¢. The assumption on a tells us that there exists
a prime number lo such that a is not an [-th power in K(a) for all prime

numbers [ > ly. If [ is such a prime, then the polynomial X' — a is irreducible
in K(a)[X] [Lan02, Chapter VI, Theorem 9.1]. Hence we have

(K (o) : K] = [K(a") : K(a)][K(a) : K] >

and

l 1
(l (%) (& Z) —
pu(Ty) <,u<| lT ><E (T, l = e

Since e > 2, we can take an infinite set A, of prime numbers l 2 lp with
> e, 1/1571 < 400, The first Borel-Cantelli lemma (Lemma [2.4.1)) implies

that, for almost all o € G, there are only finitely many | € A, with o € T,
This shows that there are 1nﬁn1tely many [ € A, such that a is not an [-th
power in K (o) for such 0. By the same argument as above, we obtain

[K(0)(a") : K(o)] > 1

for infinitely many [ € A, and all 1 <+ </[. This implies that a ¢ Gu(M)aiv
for almost all 0 € GY and all finite extensions M of K(o), which yields
w1(S,) = 0, as desired. O

Theorem 4.2.2. Let K be a finitely generated field over Q and e a posi-
tie integer. Then, for almost all o € G5, any finite extension of K[o] is
Kummer-faithful.

Proof. 1If e > 2, then the proposition follows from Theorem m (it also
follows from Theorem and Theorem [B| (4)). Hence we may assume e =
1. Since Kummer-faithfulness is preserved under finite extensions, we only
discuss whether K|[o] is Kummer-faithful. By Proposition , it suffices to
show that the following two statements hold for almost all o0 € G
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(a) Gu(L)aiy = 0 for any finite extension L of K|o].
(b) A(K][o])aiy = 0 for any abelian variety A over K[o].

Since L is a Galois extension of some finite extension of K, the con-
ditions G (L)giy = 0 and A(K[o])giy = 0 respectively can be replaced
with (G (L)ior)aiv = 0 and that A(K[o])[*°] is finite for any prime num-
ber [ [OT22, Proposition 2.4 (2)]. Then Statement (a) holds for almost all
o € Gk from Theorem [B| (2-1). Statement (b) holds for almost all o € Gg

by Theorem [2.3.4] (2). O

Remark 4.2.3. If e = 1, then the proof of Theorem [4.2.1] is invalid because,
in the estimation of M(Tél)), the upper bound 1/1°"! no longer goes to zero
as | — +o00. Moreover, it is not known whether almost all o € G have the
property that A(K(c))qy = 0 for any abelian variety A over K (o) [JP22,
Remark 5.5]. It remains open whether Theorem holds even in the case
e=1.
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Chapter 5

Finiteness of torsion of Drinfeld
modules over large algebraic
function fields

It is a natural question to ask whether there are analogous results for
Drinfeld modules to the theorems in Chapter [4l If we follow the strategy of
proving the original theorems to show this analogue, one finds that some of
the results we need are not completely known. This chapter focuses on this
problem and we prove some finiteness results on the torsion submodules of
Drinfeld A-modules over a finite extension of K (o). These results are gener-
alizations of Parts (b) and (c) of our previous results (Theorem[C). These also
correspond to analogues for Drinfeld modules of generic characteristic of the
finiteness theorems for abelian varieties over large algebraic extensions con-
jectured by Geyer—Jarden and proved by Jacobson—Jarden (see Theorem
(3-iii) and (3-iv)). After that, we show the Drinfeld module analogue of
Moon’s result (Proposition and deduce the analogue of Theorem [4.1.1]
We follow the notation in Section 2.1} F' is a global function field over the
finite field F, of ¢ elements, oo is a fixed prime of F', A is the subring of
I consisting of functions regular outside oo, and 9, is the set of nonzero
prime ideals of A. Let K be a finitely generated field over F'.

5.1 Torsion points of Drinfeld modules over
large algebraic extensions

In this section, the letter u without subscript denotes the Haar measure

pas, on Gi.
Let G be an arbitrary group and Z an abelian group on which G acts. If
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G and Z have topologies, then we also assume that the action of G on 7 is
continuous. For given GG, Z, and a positive integer N, set (G, Z) to be the
set of g € G such that there exists nonzero z € Z such that ¢"z = 2. If G is
a (closed) subgroup of GL,,(R) and Z = R™ for some positive integer m and
some commutative ring R with unity, and G operates on R™ in the usual
manner, then Xy (G, R™) is the set of ¢ € G which has some N-th root of
unity as an eigenvalue. If Y is a (closed) subset (not necessarily a subgroup)
of G, then we set Xnx(Y,Z) = Y NEN(G,Z). In what follows, we identify
each element in R* with the corresponding scalar matrix in GL,,(R) and R*
with the subgroup of scalar matrices in GL,,(R).

We begin by showing the following lemma, which is a partial general-
ization of [Asa2ll, Lemma 5.1]. Its proof is done in a similar way as [JJO1)
Lemma 3.1], which gives an upper bound on the cardinality of ¥,(G,F,) for
a subgroup G of GL,,(F,).

Lemma 5.1.1. Let m and N be positive integers. Then for any power q of

a prime number p, any subgroup G in GL,,(F,), and any a € GL,,(F,), we
have

#Xn(Ga, FT) < mN'

#(Ga) T q—1

Here we write N = p* N’ with u > 0 and ged(p, N') = 1.

(FX :FXNG).

q

Proof. Put H = FX NG and write ¥y = Xy(Ga,Fy') for short. Let U

be the set of N-th roots of unity in IE_'q. Then #U = N’. Consider the
surjective map f : H X Xy — HXy defined by f(n,X) = nX. Take any
Y € HY . For any ¢ € U, let =¢ be the set of X € Xy such that there is
n € H with nX =Y. For any X € =, the element n € H with nX =Y is
uniquely determined and 7n( is an eigenvalue of Y. Moreover, no two distinct
elements in = correspond to the same element in H. Since Y has at most
m eigenvalues, we have #Z: < m. Thus we obtain

HIHY) < # (U EC) < mN'.
¢ev
Hence #(H x Ey) < mN'#(HXn) < mN'#(Ga). Therefore we have

H#XN < mN'  mN'
#(Ga) — #H  q—1
as desired. O

(FX: H),

q
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The next lemma is a generalization of [Asa21 Lemma 5.3]. Note that the
method of the proof is originally traced back to [JJO1, Lemma 3.2], which
states that, if G is a closed subgroup of GL,,(Z,) having infinitely many
scalar matrices, then ¥, (G, Z;") is a zero set in G.

Lemma 5.1.2. Let m and N be positive integers and p € M. Let G be a
closed subgroup of GL,,,(Ay) and o € GL,,,(Ay). Suppose that G has infinitely
many scalar matrices in GLy,(Ap). Then Yn(Ga, AY') is a zero set in Ga.

Proof. For any x € F,, let ¥(x) be the set of g € Ga of which z is an
eigenvalue. Then we have

Sn(Ga, A7) = U 2(¢).

¢: N-th root of unity

It suffices to show that 3(() is a zero set in Ga for any N-th root ¢ of unity.
Let H be the set of scalar matrices belonging to G. We claim that, if s is a
positive integer and 7y, ..., 7, are distinct elements in H, then 7;3({)N---N
ns2(C) is a zero set. The desired result is obtained as the special case of this
claim where s =1 and n; = 1.

Indeed, if s > m + 1 and 7y, ...,n, are distinct elements in H, then

7712((> N---N nsE(C) = 2<771C) M---N 2(7750

is the set of matrices which have 7,(, ..., nsC as eigenvalues. Since any matrix
in Ga has at most m eigenvalues, this set is empty. In particular, it is a zero
set.

Now assume that the claim holds for s+ 1. We prove the claim for s. Let
M, ..., 1ns be distinct elements in H and put D = m%(¢)N---NnsX(C). Since
H is infinite, we can take a sequence {&} % of H such that & # & /ny for
any 1 <i<jandany 1 <k <s. If1 <7<y, then

EDNED C &) NE(mE(C) N+ NnsX(C))
= &mE(Q) NEME() M-+ N EME(C)

and &1, §m, - - ., &ns are distinct s+1 elements in H. The induction hypoth-

esis implies f1ga(§m B (O)NEmE(O)N- - -NEMsX(C)) = 0 and puga(§,DNE; D) =
0. Therefore, for each j, we obtain

1 1 g 1
pea(D) == pealéD) = —poa | | J&D | < =
J i=1 J i=1 J
Taking j — 400, we have pgq(D) = 0. O
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Now we are ready to prove the main theorem. We first show the statement
for the p-power torsion submodule and then show the statement for the
torsion submodule.

Theorem 5.1.3. Let K be a finitely generated field over F and e a positive
integer. Then for almost all o € G, the following statement holds: for
any finite extension M of K (o), any Drinfeld A-module ¢ over M, and any
p € My, the A-module ¢(M)[p] is finite.

Proof. Let X, be the set of 0 € G% for which the statement in the theorem
does not hold. Then it is easily seen that X, C X{. Hence, if the theorem
holds for e = 1, then it establishes for arbitrary e. Therefore we may assume
e=1.

Let Z be the set of finite subsets in K stable under the action of Gk.
Let 0 € X;. Then there exist Z € Z, a Drinfeld A-module ¢ over K (o)(Z),
and p € M4 such that ¢(K (0)(2))[p>] is infinite. Replacing Z with a larger
one if necessary, we may assume that ¢ is defined over K(Z) and satisfies
Endz¢ = Endg(z)¢. As a result, we obtain

xi=J U | {0 € Gk | $(K(0)(2))[p>] is infinite}.
Zez ¢/K(Z) peEM 4
Endg¢=End g (z)¢

The right hand side is a denumerable union. Hence it is sufficient to prove
that the set {0 € Gk | ¢(K(0)(Z))[p>] is infinite} is a zero set in G for
each Z € Z, Drinfeld A-module ¢ over K(Z) with Endz¢ = Endg(z)¢, and
JURS My

In the rest of this proof, we fix Z, ¢, and p as above. Put U = {0 € G |
¢(K(0)(Z))[p™] is infinite}. Let K(Z)s be the maximal separable subexten-
sion of K(Z)/K. Let B be the Galois group of K(Z)s/K and N = #B.
Extend each element in B to an element in G and we identify B as a rep-
resentative system for G /Gr(z),. Let Ug = U N Ggz),B for B € B. Then
U= UgpepUs. Let

p=pp: Gr(z). = GLa, (T(0)) = GL.(Ay)

be the Galois representation arising from the action of G (z), on the p-adic
Tate module T,(¢) of ¢. Here r denotes the rank of ¢. For any g € B,
let °¢ be the Drinfeld A-module given by (°¢), = ?(¢,) for a € A. We
choose the isomorphism GLy,(T,(°¢)) = GL,(A,) so that the composition
with Gre(z), = GLa, (T;(°¢)) corresponds to p. We define the group homo-
morphism

0:Gr — GLAP (@ Tp(ﬁqﬁ)) = GL,,N(Ap)

BeB
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as follows. Let o € Gk and v € B satisfy 0 € Gk (z),7. Then

o= [(s)pen = (02T4-15)5eB]

defines a representation of G on Py Ty (P¢). The isomorphism

GLy, <€B Tp<ﬂ¢>>) > GL,y (4,)

BEB

is the one induced by the chosen isomorphisms GLy4, (7,(°¢)) = GL,(A,) for
all 3 € B. The group GL,(4,) acts diagonally on @5 T,(7¢) = AN and
this defines a group homomorphism

6 : GL,(Ap) — GLy, (@ Tp(%)) ~ GL,n(4,).

BeB

Since the action of the endomorphism ring Endg(z)¢ commutes with
the representation p, the image p(Gr(z),) of Gk(z), under p is contained
in the centralizer C' = C}, = Centgr,(4,)(Endg(z)¢). The theorem of Pink
(Theorem [.1.5] (1-ii)) asserts that p(Gk(z),) has finite index in C'. Thus
8(p(Gr(z).)) = 0(Gk(z),) is a finite index subgroup of §(C'). Hence

1scyo8) (0(Gr(2).08)) = tscy(0(Gr(z).)) >0

for any 8 € Gk.

Let 3 € B and 0 € Uz. Since ¢(K(c)(Z))[p>] is infinite, we have
Ty () %)) % 0. Take nonzero z € Ty(¢)“K)1@. Since oV fixes K (0)(Z),
the image 6(c™) fixes a nonzero element (z5)sen € @yep Tp(’¢) given by
xy =z and x5 = 0 for 3 # 1. Then we see that §(c) € Xn(0(Gk(2).3), A;").
Hence 0(Up) C En(0(Gk(2).03), A;N). As 6(C) contains all scalar matrices
in GL,y(A,), the above argument and Lemma imply

NQ(GK(Z)Sﬁ)(e(U[?)) < p Ho(G i (2),8) (2N<9<GK(Z ) A;N>)
s 8 (En(0(GK(2).8 )aA;N))

pscyo) (0(Gr(z).0
Ma(C)e ( N(3(C)0(B), A
©0(8)(0(G K (2).8))

w

Therefore pg,, s(Us) = 0. Since G (z),B has positive measure in G, we
have ((Ug) = 0. This implies p(U) = 0, as desired. O
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Theorem 5.1.4. Let K be a finitely generated field over F' and e > 2. Then
for almost all o € GY, the following statement holds: for any finite extension
M of K(o) and any Drinfeld A-module ¢ over M, the A-module ¢(M )ior 1S
finite.

Proof. Let X be the set of 0 € G for which the statement in the theorem
does not hold. As in the proof of Theorem [5.1.3] we have

x=U U  {oeCk|d(E(0)(2)r is infinite}
zez_ ¢/K(7)
Endg¢=Endk(z)¢

and it suffices to prove that the set {0 € G% | ¢(K(0)(Z))1or is infinite} is
a zero set in G for each Z € Z and Drinfeld A-module ¢ over K(Z) with
End?gb = EndK(Z)gb. .

We fix Z and ¢ as above. Put V = {0 € G% | ¢(K(0)(Z))tor is infinite}.
It contains the set

W ={ocG%|d(K(c)(Z))[p] #0 for infinitely many p € M4}

Theorem tells us that the set V' '\ W is a zero set. Indeed, for each
o € V\ W, there exists p € 94 such that ¢(K(0)(Z))[p™] is infinite and
the statement in Theorem does not hold for o. Thus to prove that V'
is a zero set, it is sufficient to show that W is a zero set.

We continue to use some of the notation and the convention in the proof
of the previous theorem. Let K(Z)s be the maximal separable subextension
of K(Z)/K, B the Galois group of K(Z)s/K, and N = #B. We regard B
as a representative system for G /Gg(z),. For any f € B, let 8% be the
Drinfeld A-module given by (°¢), = #(¢,) for a € A.

For any p € My, let W, be the set of o € G with ¢(K(0)(Z))[p] # 0.
Let

Py : Gi(z). = GLr,(¢[p]) = GL,(Fy)

be the Galois representation arising from the action of G (z), on the p-
torsion submodule ¢[p] of ¢. Here r denotes the rank of ¢ and F, = A/p.
We notice that p, is obtained as the composition of p, : Gg(z), = GL,(4,)
and the reduction modulo p, for which we write 7, : GL,(4,) — GL.(Fy).
For any 8 € B, we choose the isomorphism GLg, (°¢[p]) = GL,(F,) so that
the composition with Gz, — GLg,(°¢[p]) corresponds to p,. We define
the group homomorphism

,: G — GLs, (@%M) ~ GL,(F,)

BeB
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as follows. Let o € Gk and v € B satisfy 0 € Gk (z),7. Then

o= [(s)pen = (02T4-15)5eB]

defines a representation of G on Pscp Ao[p]. The isomorphism

GLr, (@ 6</5[P]> = GLyy (Fy)

BeB

is the one induced by the chosen isomorphisms GLg, (°¢[p]) = GL,(F,) for
all 3 € B. The diagonal action of GL,(Fy) on Pycp Polp] = FyN defines a
group homomorphism

8y : GL,(Fy) = GLg, (@ %m) > GL,y(F,).

BeB

Since the action of the endomorphism ring Endg(z)¢ commutes with the
representation p,, the image p,(Gk(z),) of Gk(z), under p, is contained in
the centralizer C, = Centgr, (4,)(Endgz¢). The theorem of Pink-Riitsche
(Theorem [2.1.5] (2-ii)) asserts that there exists a subset P C 94 such that
all but finitely many p € 914 belong to P and p,(Gk(z),) = C, for all p € P.

Let p € P. Then we have 0,(Gk(z),) = 6, 0 mp 0 po(Gi(2),) = 0 0 mp(Cy).
Let o = (04,...,0.) € W,. Then there is nonzero x € ¢(K(c)(Z))[p]. For
1 <i < e, we sce that 6,(0) fixes (25)pen € Pyep ¢lp] given by 21 =
and 25 = 0 for 8 # 1 since o fixes K(0)(Z). Thus we have 0,(0;) €
YN (0p(Gk), FyN) for each i. Hence we obtain 65(W,) C Xn(6,(Gk), FyV)°

and
#(EN(0p(G), FV)) <#ZN(9p(GK)aF£N))E
7 (7% I G X (cPs R A
We have
Sn(0(Gr), FN) = | Sn(6u(Cr(2.8), FyN)
BeB
= | Zn (0, 0 m(Cy)0,(8), F}N).
BeB

Since 0, o m,(Cy) contains all scalar matrices in GL, x(Fy), Lemma gives

#E (Jp © T (C) 0, (8), FY) < rNN'
#(0p 0 mp(C)6,(5)) T #F, -1
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where N = p"N’ with u > 0 and ged(p, N’) = 1. Then we estimate

#ZN(QP(GK),IF;N) <U[3GB v (G oﬂp(Cp)ep(ﬂ)aF;N»

#0p(Gc) #0,(G )
#EN (0 0 7 (Cy)0p(8), ;™)
S T REACeA)
rNN'
<#B- F,— 1

Hence we have NN\
T
B-
) < (#8225

for any p € P. Since e > 2, the sum }_ o (#F, —1)~¢ converges. Thus
> pem, MW,) < +00. The first Borel-Cantelli lemma (Lemma [2.4.1)) implies
that, for almost all ¢ € G, there are only finitely many p € 9%, such that
o € W,. This yields (W) = 0, which completes the proof. O

We conclude this section by proving the following immediate corollary of

Theorem B.1.3]

Corollary 5.1.5. Let K be a finitely generated field over F' and e a positive
integer. Then, for almost all o € GS., any finite extension of K|o| is DKF.

Proof. Since DKF-ness is preserved under finite extensions, we only examine
the DKF-ness of K|o] itself. Let L be a finite extension of K[o] and ¢
a Drinfeld A-module over L. Then we can take a finite subextension K’ of
L/K such that ¢ is defined over K’ and that the extension L/ K" is Galois. By
the fact that K’ is DKF and Proposition [3.1.2) (2), the condition ¢(L)qiy = 0
is equivalent to that ¢(L)[p™] is finite for any p € 4. Theorem [.1.3]
implies that the latter condition holds for almost all o € G%, which proves
the corollary. O]

5.2 Freeness of Drinfeld modules modulo tor-
sion

In this section, we investigate the structure of the Drinfeld modules over
a finite extension of the maximal Galois extension K|[o| of K in K (o), where
o € G with e > 2. We first prove the following key proposition.
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Proposition 5.2.1. Let K be an A-field which is finitely generated over F
and ¢ a Drinfeld A-module over K. Let M be a Galois extension of K such
that ¢(M)or is finite. Then the group ¢(M)/d(M)or is a free A-module of
rank Ng.

The proof is carried out in parallel with that of Moon’s result (Proposi-
tion . The only difficulty arises from the fact that A is not in general a
principal ideal domain and finitely generated torsion-free A-modules are not
always free. Note that the following Lemmas [5.2.2] 5.2.3] and corre-
spond to Lemmas 4, 5, and 6 in [Moo09], respectively.

Let X be an A-module. For an A-submodule Y of X, the A-saturation
Y~ of Y in X is defined by

Y¥={x € X |ax €Y for some a € A\ {0}}.

It is an A-submodule of X containing Y. An A-submodule Y of X is said
to be A-saturated if Y~ =Y. Note that Y is A-saturated if and only if the
quotient group X/Y is a torsion-free A-module.

Lemma 5.2.2. Let K be an A-field and ¢ a Drinfeld A-module over K. Let
M be a Galois extension of K such that ¢(M )i is finite. We denote the
annihilator of ¢(M ) by a. Let L be a finite extension of K contained in
M. Then the A-saturation ¢(L)~ of (L) in ¢(M) is contained in a='¢(L) =
{z € (M) | ¢p(x) € ¢(L) for all b € a} (actually this definition depends on
M, but the reference to M is omitted from the notation for simplicity).

Proof. Let = be an element of ¢(L)~. Then there is a nonzero a € A with
¢o(z) € ¢(L). For any 7 € Gal(M/L), the element 7x — x is an a-torsion
element in ¢(M). Indeed, ¢,(72 — ) = 7(¢a(x)) — pa(x) = 0. Then a
annihilates 7z — x. Namely, 7(¢y(z)) = ¢p(x) for all 7 € Gal(M /L) and all
b € a. This implies z € a~*¢(L). O

Lemma 5.2.3. Let X be a finitely generated A-module and Y an A-submodule
of X. Suppose that Y is A-saturated. Then there exists an A-submodule Z
of X such that X =Y @ Z.

Proof. Since Y is A-saturated and X is finitely generated, the quotient A-
module X/Y is a finitely generated torsion-free A-module. Thus it is projec-
tive since A is a Dedekind domain [DF04] Section 16.3, Corollary 23]. Then
the exact sequence 0 — Y — X — X/Y — 0 splits [DF04, Section 10.5,
Proposition 30]. Hence X has an A-submodule isomorphic to X/Y and we
obtain X =Y ¢ X/Y. O
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Lemma 5.2.4. Let X be a torsion-free A-module of rank Ro. Let (Y;)i>1
be an increasing sequence of finitely generated A-submodules Y; of X such
that X = U;s, Y. Suppose that there is a nonzero ideal a of A such that
Y~ Caly, for alli > 1. Then X is a free A-module.

Proof. Since Y;™ contains Y;, we have X = (J,-, Y™, As Y,” C a™'Y; and

X is torsion-free, Y;™ is finitely generated for all i > 1. By Lemma [5.2.3
Y~ =Y., ®Z;,_ for some A-submodule Z;_; of Y. Then we have X = Y~®
@D,.~, Z;. Since Y~ and all Z; are finitely generated torsion-free A-modules,
they are isomorphic to the direct sums of ideals of A [DF04, Section 16.3,
Theorem 22] and X is the direct sum of R ideals of A. By [Po095, Lemma 12],

we conclude that X is free. O

Proof of Proposition [5.2.1] If M is a finite extension of K, the proposition
follows from Theorem R.1.3] Assume that M is an infinite extension of K.
Since M has cardinality R,, we can take an increasing sequence (L;);>; of
finite separable extensions L; of K contained in M with M = (J;»; L;. Set
X = ¢(M)/p(M)ior and Y; = ¢(L;)/P(Li)tor- Since ¢(M ), is finite, the
annihilator a of ¢(M )iy is nonzero. By Lemma we have ¢(L;)~ C
a'¢(L;) in ¢(M) for all &+ > 1. Then Y;" C a™'V; in X. Since ¢(K)

already has rank X, we know that ¢(M) has also rank ¥, and so does X.
Lemma implies that X is free, as desired. O

We are now in a position to prove the structure theorem of Drinfeld
modules over a finite extension of K[o].

Theorem 5.2.5. Let K be a finitely generated field of F' and e > 2. Then,
for almost all 0 € G, the following statement holds: for any finite extension
L of K|o] and any Drinfeld A-module ¢ over L, the group ¢(L)/¢(L)ior 5 a
free A-module of rank Ng.

Proof. Fix 0 € G% satisfying the statement in Theorem [5.1.4] It suffices
to show that the statement in the theorem holds for o. Let L be a finite
extension of K[o] and set M = L - K(o). Then M is a finite extension of
K (o). By assumption, for any Drinfeld A-module ¢ over L, the A-module
&(M )tor is finite and so is ¢(L)o,. There exists a finite subextension K’ of
L/K such that ¢ is defined over K’ and that the extension L/K’ is Galois.
Applying Proposition[5.2.1] we conclude that ¢(L)/¢(L)ser is a free A-module
of rank Ng. O

Corollary 5.2.6. Let K and e be as in Theorem [5.2.5. Then, for almost all
o € G, the following statement holds: for any finite extension L of K|o]
and any Drinfeld A-module ¢ over L, the group ¢(L) is the direct sum of a
finite torsion submodule and a free A-module of rank Ng.
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Proof. As in the proof of Theorem [5.2.5| it is sufficient to prove that the
statement in the corollary holds for any o € G satisfying the statement in
Theorem Fix such o € G%. Let L be a finite extension of K[o] and ¢ a
Drinfeld A-module over L. Since o satisfies the statement in Theorem [5.2.5
the group ¢(L)/¢(L)sor is a free A-module of rank Ry and in particular it is
projective. Therefore the exact sequence

0— (b(L)tor — ¢(L) — ¢(L)/¢(L>tor -0
splits [DE04] Section 10.5, Proposition 30], and we have

O(L) = ¢(L)tor ® ¢(L)/d(L)sor-

Since the statement in Theorem holds for o, the A-module ¢(L)o, is
finite and this is nothing but the desired decomposition. O]
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