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Abstract

Deep Neural Networks (DNNs) are widely used as machine learning models for computer
vision, natural language processing, robotics, and many other areas. The high performance
of DNNs comes from the fact that the rules in machine learning models such as bias-variance
tradeoff do not hold. Recent year studies revealed the relationship between Stochastic gradient
descent and Stochastic gradient langevin dynamics which realize Bayesian learning. On the
other hand, many studies try to realize the Bayesian Deep Neural Networks. From these
viewpoints, Bayesian learning in DNNs gets more important.

In this thesis we theoretically show that the performance of deep neural networks is dif-
ferent from the classical statistical models in perspective of Bayesian learning through the
statistical analysis of generalization error in two cases. One is the case that there exist mul-
tiple optimal probability distributions which are nearest to data generating process. In this
case, the generalization error increases while the number of data increases. This case occurs
when the model has relatively smaller complexity to the data. The other is the case that the
model has larger number of parameters than necessary. In this case, the generalization error
does not increase even if the number of the model parameters increases.
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Chapter 1

Introduction

1.1 Deep Neural Networks

Deep Neural Networks(DNNs) are the most used as machine learning models in the last
ten years. Though the original idea of Neural Network was shown in 1940s, the basis of
modern Deep Learning arose in 1989 LeNet [23]. The structure of LeNet was the combina-
tion of convolutional layers and fully-connected layer same as modern Convolutional Neural
Networks(CNNs) and the backpropagation was used. After twelve years of stagnation after
success of LeNet, AlexNet [21] triggered modern using of Neural Networks. AlexNet is a
development of LeNet and earlier architecture using GPU. Now many architectures of Neural
Networks are used such as Residual Network (ResNet)[15] for computer vision, Generative
Adversarial Network [11] for image processing, Transformer for natural language processing
and many others for many areas. However, the clear theoretical explanation to the high perfor-
mance of Neural Networks are unknown yet. In particular, it is well known that bias-variance
trade-off shown in conventional learning models does not occur in deep neural networks. In
present, there exist some different theories such as double descent [29] or Bayesian perspective
of SGD [36].

1.2 Bayesian Learning

The name of Bayesian learning or Bayes inference comes from the Thomas Bayes who is an
English statistician in 18th century. He discovered the basic probabilistic law of conditional
probability distribution. For a long time, Bayesian inference is used only for analytically calcu-
lated cases such as exponential family and conjugate prior because the calculation of marginal
likelihood needs the integration in Bayesian inference. The situation changed with the devel-
opment of Metropolis–Hastings algorithm which is one of Markov chain Monte Carlo methods
(MCMC) in statistical physics [13]. Metropolis-Hastings algorithm has the problem of rejec-
tion rate, Hamiltonian Monte Carlo(HMC) which comes from the Hamiltonian dynamics in
phase space of statistical mechanics solved this problem [7]. In modern Bayesian inference,
Hamiltonian Monte Carlo or No-U-Turn sampler [17] which is an improvement of HMC is
mainly used for practical way, but the situation changed in Bayesian learning for DNNs. The
name of Bayesian learning or Bayes inference comes from the Thomas Bayes who is an English
statistician in 18th century. He discovered the basic probabilistic law of conditional probability

7



distribution. For a long time, Bayesian inference is used only for analytically calculated cases
such as exponential family and conjugate prior because the calculation of marginal likelihood
needs the integration in Bayesian inference. The situation changed with the development of
Metropolis–Hastings algorithm which is one of Markov chain Monte Carlo methods (MCMC)
in statistical physics [13]. Metropolis-Hastings algorithm has the problem of rejection rate,
Hamiltonian Monte Carlo(HMC) which comes from the Hamiltonian dynamics in phase space
of statistical mechanics solved this problem [7]. In modern Bayesian inference, Hamiltonian
Monte Carlo or No-U-Turn sampler [17] which is an improvement of HMC is mainly used for
practical way, but the situation changed in Bayesian learning for DNNs.

1.3 Neural Networks in Bayesian Learning

Earlier ideas of Neural Networks in Bayesian Learning were discussed by MacKay [24, 25].
In these papers, the gaussian approximation of posteriors which is the variational inference
was mainly used. Neal [30] showed the idea of applying MCMC for Bayesian Neural Net-
works. Variational Approximation and MCMC are the basic methods of realizing Bayesian
posterior for neural networks. Variational Autoencoder [20] and Monte Carlo dropout [9] are
representative variational methods in practical use. On the other hand, Hamiltonian Monte
Carlo or Langevin Dynamics are mainly used among MCMC. In particular, the development
of Stochastic Gradient Langevin Dynamics(SGLD) [49] makes it easier to conduct MCMC in
Neural Network because of the similarity to Stochastic Gradient Descent. In addition, recent
studies showed that the randomness of Stochastic Gradient Descent(SGD) makes them closer
to random walk and SGLD [36]. These studies connected the behavior of SGD with the
flatness [16] through Bayesian learning and the explanation of generalization ability of Deep
Learning. From both viewpoints of direct use of Bayesian Neural Networks and the theory
of SGD in Neural Networks, the understanding of the behavior of Bayesian Neural Networks
has become important.

1.4 Goals of studies

In this thesis we show the two cases of theoretical analysis in Bayesian generalization
error about neural networks [28, 26]. In the first case, we clarify the generalization error of
Bayesian learning when optimal probability distributions are not unique. Optimal probability
distribution is the probability distribution nearest to the data generating process in learning
model. In conventional learning theory, such distributions are assumed to be unique. However,
in case the data generating process is more complicated than model approximation ability,
this assumption cannot always be applied. In particular, if there exists the symmetry in
data generating process which is mismatched to the learning model, this case occurs. In the
second case, we reveal the generalization error of Convolutional Neural Network with and
without skip connection in Bayesian learning. Skip connection is used for many architectures
of CNNs. With skip connection case, we show that the variance term of generalization error
only depends on the complexity of data generating process. As far as currently known, the
models which have such property in Bayesian learning are only fully-connected neural network
with ReLU activation function and CNNs with skip connection. Through analyzing these two
cases we revealed the characteristics of DNNs in Bayesian learning.



Chapter 2

Bayesian learning theory

In this chapter, we explain the framework of Bayesian Learning theory.

2.1 Notations

Table2.1 show the definitions and notations used in this chapter.

Table 2.1: Notation

Notation Definition Name

E[· · · ]
∫
· · ·
∏n

i=1 q(Xi)dX
n average of generating of samples

Ew[· · · ]
∫
· · · p(w|Xn)dw average of posterior

EX [· · · ]
∫
· · · q(x)dx average of true distribution

S −Ex[log q(x)] entropy
Fn − logZn the free energy
Gn Ex[log q(x)/p(x|Xn)] the generalization error

2.2 Bayesian learning

First, we explain the basic calculation of Bayesian learning. In supervised learning, Let
Xn = (X1, · · ·Xn) and Y n = (Y1, · · ·Yn) be training data and labels or output data. The
natural number n is the number of the data. These data and labels are generated from a
true joint distribution q(x, y) = q(y|x)q(x). The prior distribution φ(w), the learning model
p(y|x,w) is given on the bounded parameter set W . Then the posterior distribution is defined
by

p(w|Xn, Y n) =
1

Z(Y n|Xn)
φ(w)

n∏
i=1

p(Yi|Xi, w) (2.1)

where Zn = Z(Y n|Xn) is normalizing constant denoted as marginal likelihood:

Zn =

∫
φ(w)

n∏
i=1

p(Yi|Xi, w)dw. (2.2)
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The posterior distribution estimates the parameters probabilistically. The posterior predictive
distribution is defined as the average of the model by posterior:

p∗(y|x) = p(y|x,Xn, Y n) =

∫
p(y|x,w)p(w|Xn, Y n)dw. (2.3)

The posterior predictive distribution p∗(y|x) is an estimation of true conditional distribution
q(y|x). In case unsupervised learning, the training data is Xn = (X1, · · ·Xn) and the true
distribution is q(x). The learning model is p(x|w). In this case, the posterior distribution and
the posterior predictive distribution are defined by

p(w|Xn) =
1

Z(Xn)
φ(w)

n∏
i=1

p(Xi|w) (2.4)

p∗(x) = p(x|Xn) =

∫
p(x|w)p(w|Xn)dw. (2.5)

Hereinafter in this chapter, we explain about the case unsupervised learning. The same
things hold also in case supervised learning.

2.3 Asymptotic analysis

2.3.1 Kullback-Leibler divergence

Kullback-Leibler(KL) divergence is a statistical distance measuring the probability distri-
butions. For probability distributions p(x), q(x) which supports P,Q satisfy the Q ⊂ P , KL
divergence is defined by

DKL(q(x)|p(x)) =
∫

q(x) log
q(x)

p(x)
dx. (2.6)

KL divergence has the following properties.

• DKL(q(x)|p(x)) ≥ 0

• DKL(q(x)|p(x)) = 0 if and only if p(x) = q(x)

• DKL(q(x)|p(x)) ̸= DKL(p(x)|q(x)) in general.

2.3.2 Free energy and Generalization Error

The generalization error in Bayesian learning is KL divergence between true distribution
and estimated distribution.

Gn = DKL(q(x)|p∗(x)) (2.7)

The free energy Fn is a negative log marginal likelihood also as known as stochastic complexity

Fn = − logZn. (2.8)



Minimizing the average of free energy in data generating is equivalent to minimizing true joint
distribution of data and marginal distribution

E[Fn] = −E[logZn] (2.9)

= −E[log
n∏

i=1

q(Xi)] + E
[
log

q(Xn)

p(Xn)

]
(2.10)

= nS +DKL(q(X
n)|p(Xn)). (2.11)

Average of the generalization error is difference between the average of Free energy of n and
n+ 1:

Lemma 2.3.1.

E[Gn]− S = E[Fn+1]− E[Fn]. (2.12)

Proof. For p(x|Xn) = p(Xn+1|Xn), the following equation holds

p(x|Xn) =
1

Zn

∫
p(Xn+1|w)φ(w)

n∏
i=1

p(Xi|w)dw (2.13)

=
Zn+1

Zn
. (2.14)

The average of a sample of negative log of equation(2.14) completes the lemma.

2.3.3 Regular Case

The set of optimal parameters W0 is defined as the set of all parameters that minimize
the KL divergence of q(x) and p(x|w),

W0 = {w ∈ W |
∫

q(x) log
q(x)

p(x|w)
dx is minimized.} (2.15)

The log density ratio function for w0 ∈ W0 and w ∈ W is defined as

f(x,w0, w) = log
p(x|w0)

p(x|w)
. (2.16)

The empirical error function Kn(w) is defined as

Kn(w) =
1

n

n∑
j=1

f(Xj , w0, w). (2.17)

The log loss function L(w) and the average error function K(w) are defined by

L(w) = −EX [log p(X|w)], (2.18)

K(w) = EX [f(X,w0, w)] = L(w)− L(w0). (2.19)

K(w) satisfies

K(w0) = 0,K(w) ≥ 0. (2.20)



If K(w)can be approximated by a quadratic form, in other words, the Laplace approxi-
mation can be applied to the posterior distribution, average of Free energy has the following
asymptotic expansion with the number of parameters of the learning model d [35, 32]

E[Fn] = n(S +Bias) +
d

2
log n+O(1) (2.21)

where S is entropy of true distribution and Bias is

DKL(q(x)|p(x|w0)). (2.22)

The generalization error is calculated from Free energy by using equation(2.3.1) [2]:

E[Gn] = Bias +
d

2n
+ o

(
1

n

)
. (2.23)

2.4 Singular learning theory

Laplace approximation cannot be applied to the average Kullback-Leibler divergence of
hierarchical model such as Gaussian Mixture or neural networks because of the degeneration
of Fisher information matrix. In this section, we briefly review the theory of asymptotic
behavior of Bayesian generalization error and free energy in such singular cases.[42]

Theorem 2.4.1 (Resolution of singularities). Let W be a bounded closed set in Rd. Assume
that K(w) is nonnegative analytic function on W and that the set {w ∈ W : K(w) = 0} is
not empty. Then there exists ϵ > 0, {Wi : Wi ∈ W}, and {Ui : Ui ∈ Rd} which satisfy

{w ∈ W : K(w) ≤ ϵ} =
∪
i

Wi (2.24)

and, in each pair Wi and Ui, there exists an analytic map g : Ui → Wi which satisfies

K(g(u)) = u2k, (2.25)

|detg′(u)| = b(u)|uh| (2.26)

where k, h(k > 0, h ≥ 0) are d-dimensional multi-indexes, and b(u) > 0 and g′(u) is Jacobian
matrix.

Definition 2.4.2 (Real Log Canonical Threshold). Let W be a bounded closed set in Rd.
Assume that K(w) is an analytic function of w ∈ Rd and φ(w) is C∞ function with compact
support W ⊂ Rd. Then, the zeta function is defined by following with a complex variable z

ζ(z) =

∫
W

K(w)zφ(w)dw.

This function is holomorphic in Re(z) > 0. A real log canonical threshold (RLCT) is defined
by the negative maximum pole of ζ and its multiplicity is defined by the order of the maximum
pole.



The normalized marginal likelihood is defined by

Z0
n =

∫
w∈W

exp(−nKn(w))φ(w)dw.

The normalized marginal likelihood Z
(0)
n can be divided into Z

(1)
n and Z

(2)
n as

Z(0)
n = Z(1)

n + Z(2)
n , (2.27)

Z(1)
n =

∫
w∈Wi,K(w)<ϵ

exp(−nKni(w))φ(w)dw, (2.28)

Z(2)
n =

∫
w∈Wi,K(w)≥ϵ

exp(−nKni(w))φ(w)dw. (2.29)

For Z
(1)
n , Z

(2)
n ,

Lemma 2.4.3. Let ϵ > 0 be a monotonically decreasing function of n which satisfies

lim
n→∞

ϵ = 0, (2.30)

lim
n→∞

√
nϵ = ∞. (2.31)

If ϵ satisfies these conditions, then

Z(2)
n = Op(exp(−

√
n)). (2.32)

Lemma 2.4.4. If the log density ratio function has a relatively finite variance,

Z(1)
n =

(log n)m−1

nλ

∫
du∗i

∫
tλ−1 exp(−t+

√
tξn(u))dt+ op

(
(log n)m−1

nλ

)
(2.33)

holds. In this equation, λ and m are respectively the real log canonical threshold and the
multiplicity of zeta functions, and ξn(u) is an empirical process that converges in distribution
to a Gaussian process. du∗ is a measure represented by u, k, h of Ui on which there are the
real log canonical threshold and the multiplicity.

The realizable case of this lemma is proven in [41] and non-realizable case is in [42]. From
Lemma2.4.4 and 2.3.1 we can get the asymptotic form of free energy and the generalization
error in singular case that

E[Fn] = n(S +Bias) + λ log n− (m− 1) log log n+O(1), (2.34)

E[Gn] = Bias +
λ

n
+ o

(
1

n

)
. (2.35)





Chapter 3

Learning theory for non-identifiable
optimal probability distributions

3.1 Motivation

In statistical learning theory, a probability distribution which generates a sample is called a
true distribution and one with a parameter is called a statistical model or a learning machine.
A probability distribution is estimated by applying a training algorithm to a statistical model.
Then, the difference between the true distribution and the estimated one is defined by some
measure, for example, the Kullback-Leibler (KL) divergence. In practical applications, the
true distribution is unknown, hence the free energy and the generalization loss, which give
the relative difference of KL divergence, are used to evaluate the estimated one.

The theoretical values of the free energy and the generalization loss strongly depend on
the geometrical situations of the true distribution and a statistical model. A statistical model
is called regular if the parameter which minimizes the KL divergence of a true distribution
and the statistical model is unique and Hessian matrix of the KL divergence at the minimum
point is regular. For the regular case, the asymptotic behavior of the generalization loss was
revealed by Akaike[1], while that of the free energy was revealed by Schwarz[35]. These results
have been applied to statistical model selection criteria, i.e. Akaike(AIC), Bayesian(BIC),
Deviance(DIC)[37], and Adjusted Bayesian(ABIC)[2].

If a statistical model is not regular, then it is called singular. Many practical probabilistic
models such that neural network, normal mixture model, Bayesian network are singular. On
some singular models, asymptotic behavior of generalization loss and free energy are revealed
when statistical model includes the true distribution in other words bias equals to 0[51, 33].
These studies based on the algebraic geometrical methods[41]. The model selection criterion
for singular cases:WAIC[44], WBIC[46], sBIC[6] are also suggested. In former studies in
singular case, there exists an assumption which holds when bias equals to 0. However, it is
not clear whether the assumption holds or not with larger bias. In particular if probability
distribution on optimal parameter is not unique, this assumption does not always hold. In
such cases asymptotic behavior of generalization loss and free energy are unknown. Whether
WAIC and WBIC select appropriate models or not is also unclear.

In this chapter, we show the asymptotic behavior of the generalization error and the
free energy when the optimal probability distributions are not unique. We show that the
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generalization error gets larger as the sample size increases in this case. This behavior is
not shown in conventional studies of singular model in Bayesian statistics. This behavior is
near to Deep Double Descent [29]. In addition, we show that with small sample size, the
bias of generalization is smaller than apparent bias. This situation occurs when complex true
distribution is estimated by singular statistical model such as neural networks.

3.2 Theoretical conditions

In this section, we summarize some theoretical conditions in the previous researches and
in this paper. Many studies required the following condition.

Definition 3.2.1 (Regular). Let J(w0) be Hessian matrix of KL divergence of q(x) and
p(x|w) on optimal parameter w = w0. If w0 is a single point and J(w0) is a regular matrix,
the statistical model is regular.

This is one of the conditions of asymptotic normality. It is known that if the statistical
model is regular, asymptotic behaviors of the free energy and the generalization loss have
asymptotic expansion[35][2],

E[Fn] = nL(w0) +
d

2
log n+O(1), (3.1)

E[Gn] = L(w0) +
d

2n
+ o

(
1

n

)
. (3.2)

If Hessian matrix is not regular, the statistical model is singular. In this case, asymptotic
behaviors of the free energy and the generalization loss are also known[41][42] as,

E[Fn] = nL(w0) + λ log n− (m− 1) log log n+O(1), (3.3)

E[Gn] = L(w0) +
λ

n
− m− 1

n log n
+ o

(
1

n log n

)
, (3.4)

where λ > 0 is a rational number called the real log canonical threshold (RLCT) and m ≥ 1
is a natural number called the multiplicity. Definitions of these numbers are described in
Definition 2.4.2. These equations require an assumption(see Assumption 3.2.3).

The following condition is also set in many studies.

Definition 3.2.2 (Realizable). If a statistical model satisfies q(x) = p(x|w0), q(x) is said to
be realizable by p(x|w).

This condition means a statistical model includes true distribution. In other words, bias
equals to 0 in this condition.

To focus on model selection criteria, AIC[1] and DIC[37] require both of regular and
realizable for asymptotic equality to generalization loss. So, these criteria are useful when
bias is small and eigenvalues of Hessian matrix is large. On the other hand, BIC[35] and
ABIC[1] don’t require realizable condition for asymptotic equality to free energy. sBIC[6] don’t
require regular condition for asymptotic equality to free energy. WAIC[44] and WBIC[46]
don’t require both of regular and realizable conditions. Thus, these conditions are applicable
conditions of Information criteria.



In singular and realizable case, asymptotic behaviors of generalization errors are re-
vealed in some statistical models in Bayesian estimation :Normal mixture[51], reduced rank
regression[5], naive Bayesian network[33], Markov model[55], and latent Dirichlet allocation[14].
These researches reveal variance of each statistical model when bias equals to 0 by calculating
RLCT and the multiplicity. By studying not only RLCT and the multiplicity but also higher
order random variable terms, [19] constructs the Bayesian test of normal mixture. Asymp-
totic behavior of free energy of Bayesian network when the data are not simple independent
identical random variables is also studied[50]. This is one of the studies removing conventional
assumption in singular case.

Those singular case studies require realizable condition. On the other hand some regular
case studies don’t require realizable condition. To treat these conditions simultaneously the
following condition is suggested.

Assumption 3.2.3. If the following condition is satisfied, it is said that the log density ratio
function has a relatively finite variance.

∃c0 > 0, ∀w ∈ W, ∀w0 ∈ W0, EX [f(X,w0, w)] ≥ c0EX [f(X,w0, w)
2], (3.5)

The following theorem holds for this assumption.

Theorem 3.2.4. If a statistical model is regular or realizable, the log density ration function
has a relatively finite variance.

The proof of this theorem is written in [47]. From this theorem it follows that the theorems
under Assumption3.2.3 also hold with regular case or realizable case. Asymptotic equivalence
of generalization loss and WAIC, free energy and WBIC, equation 3.3, 3.4 required this
assumption. Thus, these information criteria and equations hold in regular or realizable case.
For example, it is known that if a statistical model is regular, λ = d/2 and m = 1 therefore
equation3.3 is same as equation3.1 and therefore equation3.4 is same as equation3.2.

This assumption holds when bias is near to 0 or the statistical model is regular, but other
than those conditions, it is not unclear whether this assumption holds or not. Thus it is not
also unclear that whether WAIC and WBIC are useful or not and equation3.3, equation3.4
hold. In particular, when a statistical model does not satisfy the following condition that
model does not always satisfy Assumption3.2.3.

Definition 3.2.5 (Essentially Unique). If p(x|w0) is unique probability distribution for all
w0, the statistical model is essentially unique.

The following theorem holds for this condition.

Theorem 3.2.6. If the log density ratio function has a relatively finite variance, the statistical
model is essentially unique.

Proof If a statistical model satisfies Assumption3.2.3, there exists a positive real number
c0 > 0 such that for any w01, w02 ∈ W0,

0 = L(w01)− L(w02) = EX [f(X,w01, w02)] ≥ c0EX [f(X,w01, w02)
2], (3.6)

and it follows that f(x,w01, w02) = 0 for all x, which means p(x|w01) = p(x|w02).
From contraposition of this theorem, if a statistical model is not essentially unique, the

statistical model does not satisfy Assumption3.2.3. In this paper, for constructing the theory
in non-essentially unique case, we discuss with following relaxed version of Assumption3.2.3.



Assumption 3.2.7.

∃c0 > 0, ∀w ∈ W, ∃w0 ∈ W0, EX [f(X,w0, w)] ≥ c0EX [f(X,w0, w)
2], (3.7)

From definition, Assumption3.2.7 includes the assumption3.2.3. Assumption3.2.7 holds
if there exists even one w0 for all w satisfying the inequality even though Assumption3.2.3
required all w0 for all w.
Example. The following is an example for the case that the optimal probability distribution
is not unique. We suppose supervised learning of q(y|x) using a statistical model p(y|x, a, b).
The variables a, b are parameters. We suppose true distribution q(y|x), q(x) is

q(y|x) = 1√
2π

exp

(
−(y − f(x))2

2

)
,

q(x) =

{
1
4 (−2 ≤ x ≤ 2)
0 (otherwise)

,

f(x) =


x+ 2 (−2 ≤ x < −1)
1 (−1 ≤ x < 1)

−x+ 2 (1 ≤ x ≤ 2)
.

We also suppose a statistical model p(y|x, a, b),

p(y|x, a, b) = 1√
2π

exp

(
−(y − σ(ax+ b))2

2

)
(3.8)

σ(x) =
1

1 + exp(−x)
. (3.9)

In this situation, the KL divergence between q(y|x) and p(y|x, a, b) can be calculated as

KL(q(y, x)|p(y, x|a, b)) =
∫

q(y, x) log
q(y|x)

p(y|x, a, b)
=

∫
q(y|x)q(x) log q(y|x)

p(y|x, a, b)
dxdy,

(3.10)

=
1

2

∫
q(x)(f(x)− σ(ax+ b))2dx. (3.11)

Note that q(x) and f(x) are even functions. In addition, σ(ax + b) and σ(−ax + b) are
line symmetric on x = 0. Therefore, KL(q(y|x)|p(y|x, a, b)) = KL(q(y|x)|p(y|x,−a, b)) holds.
Thus, we can find two optimal parameters as (a0, b0) and (−a0, b0). These two points satisfy
p(y, x|a0, b0) ̸= p(y, x| − a0, b0). A numerical calculation shows that the optimal parameters
in this case are (5.13, 7.71), (−5.13, 7.71). Note that each neighbor of optimal parameter
(5.13, 7.71), (−5.13, 7.71) is same as regular condition, thus in this case statistical model
satisfies the Assumption3.2.7.

3.3 Main theorem

We estimate a probability distribution q(x) by Bayesian inference using a statistical model
p(x|w) and prior distribution φ(w). It is assumed that the set of parameters W is compact
and that p(x|w) is continuous for w.

Problem treated in this paper. We assume about the set W0.



Assumption 3.3.1. We assume that the set W0 can be represented by a disjoint union of
W0i(i ∈ I) which satisfies

∪i∈IW0i = W0, (3.12)

W0i ∩W0j = ∅(i ̸= j), (3.13)

where in each subset W0i for w0i ∈ W0i optimal probability distribution p(x|w0i) is unique on
the other hand if i ̸= j, w0i ∈ W0i, w0j ∈ W0j, p(x|w0i) ̸= p(x|w0j)

In particular, if I has only a single element, it is same as essentially unique case.
The main result of this paper is the following Theorem3.3.2.

Theorem 3.3.2. If a statistical model satisfies Assumption3.2.7 and Assumption3.3.1, index
set I are natural numbers the free energy and generalization loss has an asymptotic expansion
that

E[Fn] = nL(w0)−
√
nµ+ λ̂ log n− (m̂− 1) log log n+O(1), (3.14)

E[Gn] = L(w0)−
µ

2
√
n
+ o

(
1√
n

)
(3.15)

where µ, λ̂, m̂ are real numbers satisfying µ ≥ 0, λ̂ > 0, and m̂ ≥ 1.

3.4 Proof of main theorem

In this section, we discuss the proof of Theorem3.3.2 in case the number of optimal prob-
ability distributions is finite.

To show Theorem3.3.2, let us represent the set of parameters as

W = ∪m
i=1Wi,

where W0i ⊂ Wi. We define the empirical log function as

Ln(w) = − 1

n

n∑
j=1

log p(Xj |w). (3.16)

We also define the index empirical log function Lni(w) and the index empirical error function
Kni(w) as

Lni = Ln(w0i). (3.17)

Kni(w) =
1

n

n∑
j=1

f(Xj , w0i, w). (3.18)

The marginal likelihood of each domain Z
(i)
n is also defined by

Z(i)
n =

∫
w∈Wi

exp(−nLn(w))φ(w)dw. (3.19)



By using Ln(w) = Kni(w) + Lni, we have

Z(i)
n = exp(−nLni)

∫
w∈Wi

exp(−nKni(w))φ(w)dw. (3.20)

The index normalized marginal likelihood of each domain Z0i
n is defined by

Z0i
n =

∫
w∈Wi

exp(−nKni(w))φ(w)dw. (3.21)

In accordance with these definitions, the marginal likelihood is given by

Zn =

∫
w∈W

exp(−nLn(w))φ(w)dw =
m∑
i=1

exp(−nβLni)Z
0i
n . (3.22)

The normalized marginal likelihood Z0i
n can be divided into Z1i

n and Z2i
n as

Z(0i)
n = Z(1i)

n + Z(2i)
n , (37)

Z(1i)
n =

∫
w∈Wi,K(w)<ϵ

exp(−nKni(w))φ(w)dw, (3.23)

Z(2i)
n =

∫
w∈Wi,K(w)≥ϵ

exp(−nKni(w))φ(w)dw. (3.24)

From Lemma2.4.3, with appropriate ϵ,Z
(2i)
n = Op(exp(−

√
n)) holds. The optimal parameter

set in each Wi is W0i; therefore, in this set, the optimal probability distribution is only
p(x|w0i). In Assumption3.2.7, w0 corresponding to w ∈ W0i is only w0i. Thus

∃c0∀w ∈ Wi∀w0i EX [f(x,w0i, wi)] ≥ c0EX [f(x,w0i, wi)
2]. (3.25)

holds. This condition is corresponding to Assumption3.2.3. Then, applying the Lemma2.4.4,
there exists a measure du∗i such that

Z(1i)
n =

(log n)mi−1

nλi

∫
du∗i

∫
tλi−1 exp(−βt+ β

√
tξni(ui))dt+ op

(
(log n)mi−1

nλi

)
. (3.26)

Thus, the marginal likelihood is

Zn =

m∑
i=1

exp(−nLni)Z
(0i)
n (3.27)

=

m∑
i=1

exp(−nLni)
(log n)mi−1

nλi

(∫
du∗i

∫
tλi−1 exp(−t+

√
tξni(ui))dt+ op (1)

)
. (3.28)

From (4), the free energy is given by

Fn = − logZn

= f1 − f1 + g1 − g1 + g2 − g2 − logZn,

= f1 + f2 + f3 + op(1), (3.29)



where

g1 = − log

(
m∑
i=1

e(−nLni−λi logn+(mi−1) log log n)

)
, (3.30)

g2 = − log

(
m∑
i=1

e(−Θ(β,ξni)−nLni−λi logn+(mi−1) log log n)

)
, (3.31)

f1 = − log

(
m∑
k=1

e(−nLni)

)
, (3.32)

f2 = −f1 + g1 = − log

(∑m
i=1 e

(−nLni−λi logn+(mi−1) log log n)∑m
k=1 e

(−n Lni)

)
, (3.33)

f3 = −g1 + g2 = − log

(∑m
i=1 e

(−Θ(ξni)−nLni−λi logn+(mi−1) log log n)∑m
i=1 e

(−nLni−λi logn+(mi−1) log log n)

)
. (3.34)

In the above equations, we have used the notation,

Θ(ξni) (3.35)

= − log

(∫
du∗i

∫ ∞

0
dt tλi−1 exp(−t+

√
tξni(ui))

)
. (3.36)

In the following, we examine the asymptotic behaviors of the three terms eq3.29. First, to
study f1, we define imax and Y by

imax = argmax
i

(−Lni), (3.37)

Y = −nLnimax . (3.38)

From the definition,

log

(
m∑
i=1

e(−nLni)

)
− Y = log

1 +
m∑

i ̸=imax

e(−nLni−Y )

 . (3.39)

Since Y + nLni ≥ 0,

0 < log

(
m∑
i=1

e(−nLni)

)
− Y ≤ m log 2. (3.40)

Therefore,

f1 = Y +Op(1) = −nLnimax +Op(1).

Note that the average of Lni is L(w0i), which does not depend on i. Let us define a random
variable,

Ln(w0i) ≡
√
n(−Ln(w0i) + L(w0i)). (3.41)



By using the central limit theorem, Ln(w0i) (i = 1, 2, ...,m) converges in distribution to an
m-dimensional Gaussian random variable L (w0i) on w0i ∈ W0 whose average is zero and
variance-covariance matrix V = (Vij) is

Vij = EX [(log p(X|w0i) + L(w0))(log p(X|w0j) + L(w0))]. (3.42)

Then we obtain

f1 = nL(w0)−
√
n max
w0∈W0

Ln(w0) +Op(1). (3.43)

Using L (w0), the asymptotic behavior of its average is given by

E[f1] = nL(w0)− E[
√
n max
w0∈W0

L (w0)] +O(1). (3.44)

Now, let us examine the second term f2 in eq3.29. If there exist multiple imax, we define imax

as the i whose RLCT is smallest, and if the RLCTs are the same, we define imax as the i
whose multiplicity is biggest. Using imax so defined, the asymptotic behavior of the second
term f2 is given by

−f2 = log

(∑m
i=1 e

(−nLni−λi logn+(mi−1) log log n)∑m
i=1 e

(−nLni))

)
(3.45)

= −λimax log n+ (mkmax − 1) log log n (3.46)

+ log

(
1 +

∑m
k ̸=imax

e(−nLnk−Y−(∆λk) logn+(∆mk) log log n)

1 +
∑m

k ̸=imax
e(−nLni−Y ))

)
(3.47)

= −λimax log n+ (mimax − 1) log log n+ log

(
1 + op(e

−na)

1 + op(e−na)

)
(3.48)

= −λimax log n+ (mimax − 1) log log n+ op(e
−na), (3.49)

where ∆λi and ∆mi are λi − λimax and mi −mimax respectively, and a ≥ 0 is the difference
between Y and the second biggest −nLni.

E[f2] = λimax log n− (mimax − 1) log log n+O(1). (3.50)

Next, let us study the third term f3 in eq3.29. We define a random variable ai as follows.

ai =
e−nLni−λi logn+(mi−1) log log n∑m

i=1 e
(−nLni−λi logn+(mi−1) log log n)

. (3.51)

The sum of ai over i is 1. Using ai is 1. We can describe the third term using ai, so we can
describe the free energy as follows.

Fn = nL(w0)−
√
n max
w0∈W0

Ln(w0) + λimax log n− (mimax − 1) log log n (3.52)

− log

(
m∑
i=1

aie
−Θ(ξni)

)
+Op(1). (3.53)



Lastly, in order to derive the asymptotic behavior of the average E[Fn], we show that the
average of the random variable

f4 ≡ log

(
m∑
i=1

aie
−Θ(ξni)

)

is finite. By the Cauchy-Schwarz inequality,

− t+ supu|ξni(ui)|2

2
≤

√
tξni(ui) ≤

t+ supu|ξni(ui)|2

2
(3.54)

holds. In the integral range of ui,[0, 1]
d, we have

− log

∫
du∗i − log

∫
dt tλi−1 exp(−1

2
t)− 1

2
sup

ui∈[0,1]d
|ξni(ui)|2 (3.55)

≤ Θ(ξni(ui)) (3.56)

≤ − log

∫
du∗i − log

∫
dt tλi−1 exp(−3

2
t) +

1

2
sup

ui∈[0,1]d
|ξni(ui)|2. (3.57)

Using Jensen’s inequality,

f4 ≥
m∑
i=1

ai(−Θ(ξni(u))) (3.58)

≥
m∑
i=1

ai

(
log

∫
du∗i + log

∫
dt tλi−1 exp−

3β
2
t−1

2
sup

ui∈[0,1]d
|ξni(ui)|2

)
(3.59)

holds. From the nature of empirical processes, ξni(ui) converge in low to Gaussian processes
ξi(ui) and

lim
n→∞

E[ sup
ui∈[0,1]d

|ξni(ui)|2] = lim
n→∞

E[ sup
ui∈[0,1]d

|ξi(ui)|2] (3.60)

holds[40]. In regard to the lower bound of log
(∑m

i=1 aie
−Θ(ξni(u))

)
, the only term that may

diverge as a random variable is ξni(ui), so E[log
(∑m

i=1 aie
−Θ(ξni(u))

)
] can be shown to be

bounded below. In addition, because sup
ui∈[0,1]d

|ξni(ui)|2 ≥ 0 holds, we have

f4 ≤ log

(
max

i

∫
dt tλi−1e−

1
2
t

∫
du∗i

)(
me

1
2

∑m
i=1 supu|ξni(ui)|2

)
(3.61)

= log

(
max

i

∫
dt tλi−1e−

1
2
t

∫
du∗i

)
+ logm+

1

2

m∑
i=1

supu|ξnk(ui)|2. (3.62)

Hence, as we did for the lower bound it can be shown that E[log
(∑m

i=1 aie
−Θ(ξni(u))

)
] is

bounded from above. By summing up the above equations, the asymptotic behavior of E[Fn]



can be described as

E[Fn] = nL(w0)−
√
nE[ max

w0∈W0

L (w0)]

+

m∑
k=1

αi(λi log n− (mi − 1) log log n) +O(1), (3.63)

where αi is the probability that i = imax. By putting λ̂ =
∑m

k=1 αiλi and m̂ =
∑m

k=1 αimi,
we obtain

E[Fn] = nL(w0)−
√
nE[ max

w0∈W0

L (w0)] + λ̂ log n− (m̂− 1) log log n+O(1) (3.64)

holds.
Using Theorem2.3.1, and assuming that E[Gn(1)] has an asymptotic expansion, we find that

E[Gn] = L(w0)−
1

2
√
n
E[ max

w0∈W0

L (w0)] + o

(
1√
n

)
. (3.65)

From this Theorem3.3.2 is proved.

3.5 Experiment

In this section, we show the results of an experiment for the case when the optimal
probability distribution is not unique.

3.5.1 Experiment1

We set the true distribution as

q(y|x) = 1√
0.08π

exp

(
−(y − f(x))2

0.08

)
.

f(x) =


x+ 2 (−2 ≤ x < −1)

1 (−1 ≤ x < 1)

−x+ 2 (1 ≤ x ≤ 2)

q(x) =

{
1
4 (−2 ≤ x ≤ 2)

0 otherwise.

We use following statistical model and prior distributions.

p(y|x, a, b) = 1√
0.08

exp

(
−(y − σ(ax+ b))2

0.08

)
.

σ(x) =
1

1 + exp(−x)
.

a ∼ Unifrom(0, 20)

b ∼ Unifrom(−20, 20)



Figure 3.1: Experimental value and theoretical free energy depending on the sample size. The
error bar is the SE of the average of free energy. The theoretical value of log likelihood(nL(w0))
is subtracted from each value.

This statistical model has two optimal parameters

w01 = (5.13, 7.71), w02 = (−5.13, 7.71).

At these points,

p(x|w01) ̸= p(x|w02)

holds. In this case, eq3.64 gives the theoretical asymptotic behavior of the free energy versus
inverse temperature for β = 1. Note that the KL-divergence between q(y, x) and p(y, x|a, b)
in each neighborhood of the optimal parameter is regular, so λ = 1 and m = 1. The expecta-
tion of the maximum value of a 2-dimensional Gaussian distribution follows a 1-dimensional
Gaussian distribution (see the appendix). We will show that the theoretical behavior of free
energy obeys

E[Fn(1)] = nL(w0)−
√
n

√
V[log(p(y|x, a0, b0))− log(p(y|x,−a0, b0))]

2π
+ log n+O(1).

(3.66)

In eq3.66, L(w0) and the coefficient of
√
n can be calculated by numerical integration. We

used the average of Fn calculated from the true distribution q(y|x), q(x) as the experimental
value of E[Fn]. The prior distribution p(a), p(b) does not have an effect on the asymptotic
behavior. For this reason, we used equally spaced fixed values for integration. We compared
this experimental values and theoretical values, except for the O(1) term.

We calculated the experimental values of E[Fn] whose sample size were n = 100 to 600
every 100. For making variance the same size, we repeat to calculate Fn from 10000 times
to 60000 times in steps of 10000 for each sample sizes. This means E[Fn] of n = 100 is
average of 10000 samples of F100. Figure1 compares the experimental and theoretical values.
The experimental behavior of the free energy depending on the sample size is similar to
the theoretical behavior. Figure2 shows the difference between the theoretical value and
experimental value. This difference corresponds to O(1) term. This difference is remains on
this order regardless of the sample size. The experimental results support the theoretical
formula, Theorem3.3.2.



Figure 3.2: Difference between experimental value and theoretical value in Figure1. The error
bar is the same as in Figure1.

3.5.2 Experiment2

We experimentally show that if optimal probability distribution is not unique, the gener-
alization loss gets larger as the number of data becomes larger. We set the true distribution
as 2-dimensional 4-component Gaussian mixture where

q(x) =
4∑

i=1

1

4
· 1√

2π
exp

(
−1

2
||x− b̄(i)||2

)
b̄(1), b̄(2), b̄(3), b̄(4) = (1, 1)T , (1,−1)T , (−1, 1)T , (−1,−1)T .

We use 2-dimensional 2-component Gaussian mixture model and prior distribution where

p(x|a, b(1), b(2)) = a√
2π

exp

(
−1

2
||x− b(1)||2

)
+

1− a√
2π

exp

(
−1

2
||x− b(2)||2

)
â ∼ Normal(0, 4)

a =
1

1 + exp(−â)
.

b
(i)
j ,∼ Unifrom(−10, 10) (i = 1, 2 j = 1, 2).

In this statistical model, mixture weight a is reparameterized for Markov chain Monte Carlo
method(MCMC). The average of each Gaussian in true distribution b̄(1), b̄(2), b̄(3), b̄(4) is ro-
tationally symmetric in π/2 for coordinate system of x. We set the optimal parameter of
statistical model as (â, b̂1, b̂2). We also set the R(θ) as the rotation matrix where

R(θ) =

[
cos θ − sin θ
sin θ cos θ

]
. (3.67)



By using the symmetric property of q(x) and the property of R(π/2) the following equation
holds.∫

q(x) log p(x|â, b̂(1), b̂(2))dx =

∫
q(R(−π/2)R(π/2)x) log p(R(π/2)x|â, R(π/2)b̂(1), R(π/2)b̂(2))dx

=

∫
q(R(−π/2)x′) log p(x′|â, R(π/2)b̂(1), R(π/2)b̂(2))|R(−π/2)|dx′

=

∫
q(x′) log p(x′|â, R(π/2)b̂(1), R(π/2)b̂(2))dx′ (x′ = R(π/2)x)

(3.68)

From eq3.68, (â, R(π/2)b̂(1), R(π/2)b̂(2)) is also optimal parameter. Moreover,

p(x|â, b̂(1), b̂(2)) ̸= p(x|â, R(π/2)b̂(1), R(π/2)b̂(2)) (3.69)

holds in general, therefore optimal probability distribution is not unique.

We experimentally calculate the generalization lossE[Gn] in this case. From n-dataXn

generating from q(x), we calculate posterior distribution p(a, b(1), b(2)|Xn) and predictive
distribution p(x|Xn). In this experiment we use the No-U-Turn Sampler(NUTS)[17] to realize
the posterior distribution. We calculate the experimental value of Gn by the average of
log p(x|Xn) of 10000 test sample. We estimate E[Gn] by the average of 100 times of this
calculation.

Table 3.1: Experimental value of E[Gn]

sample size E[Gn] Standard error

100 2.56864 0.01091
200 2.58427 0.00991
300 2.58111 0.01013
400 2.58471 0.01082
500 2.58640 0.01105

Table1 shows the results of the experiment. E[Gn] increases by the sample size increase.
There is a reversal of change n = 200, that may be caused by the effect of lower order term
in o(1/

√
n). This result supports the main result.

3.6 Discussion

We found that if the optimal probability distribution is not unique, the apparent bias or
the variance gets smaller for a finite sample number n corresponding to a Gaussian process
determined by the log loss of the optimal parameter set, and the reduction converges to 0
asymptotically. This behavior can be explained qualitatively as follows: when there are two
or more optimal probability distributions, the posterior distribution can be selected to be the
nearest optimal probability distribution by bias of data, and this makes the generalization loss
smaller than the average generation of data. As the number of samples and the bias increase,
data generates averagely and generalization loss gets larger.



Both experiment1 and experiment2 are the case while the true distribution is symmetric,
the statistical model is smaller than sufficiently realizing them. In real data analysis, if the
generalization error gets larger by the sample size larger, it can be detected that the statistical
model is smaller than appropriate size or the model does not fit to the unknown symmetric
property of true distribution. In particular, such situations may occur depending on the
relationship between dimensions in high dimensional data.

The behavior of generalization error shown in this paper is near to phenomena in Deep
Double Descent[29]. The section ”Sample-wise non-monotonicity” in [29] shows the behavior
generalization error gets larger with increasing sample size. The test error shown in the
experiment of [29] does not converge to 0 by increasing the sample size. Therefore, Deep
Double Descent of sample-wise case is also the case that bias does not equal to 0. Although the
relation between Deep Double Descent and the term discovered in this paper is unclear in the
range of this paper, to develop the study of multiple optimal probability distribution case in
particular the unfitness between true and statistical model in high dimensional distributions, it
is possible to contribute clarifying the irregular behavior of neural network. The specification
of unfitness between true and statistical model can help the efficient expansion of statistical
model to estimate true distribution with lower bias and generalization error. 　

In this paper, we showed that the asymptotic behavior of the free energy and generalization
loss are determined by n

1
2 and n− 1

2 order. Previous research[45] provides concrete example
in which there is a unique optimal probability distribution but Assumption3.2.3 does not
hold. In that paper, the asymptotic behavior of the free energy and the generalization loss
are determined by n

1
3 and n− 2

3 order, so we predict that the lowest order determining the
asymptotic behavior of the free energy and generalization loss are n

1
2 and n− 1

2 .
We showed that the asymptotic behaviors of the free energy and generalization loss are

determined by the maximum value of a Gaussian process. The probability distribution of
the maximum value of a Gaussian process or multivariate normal distribution can not be
calculated analytically, but an approximate calculation, called the “tube method”[22] exists.
There is also a method for calculating the upper and lower bounds of the expectation of the
maximum value of a Gaussian process, called “chaining”[39]. This maximum value is what
determines the free energy and generalization loss in this paper.

3.7 Conclusion

We examined the case of when an important assumption in singular learning theory about
the log density ration function is loosened. In this case there is a new term that is determined
by a Gaussian process, whereby the generalization loss asymptotically increases as the size
of the dataset increases. In the future, we should examine the asymptotic behavior of the
generalization loss as a random variable, in particular the asymptotic equivalence of WAIC [44]
and WBIC [46] in this case, and in the case in which the assumption is completely removed.

Appendix 3.A Maximum value of 2-dimensional Gaussian

We will derive the following equation.

E[maxL (w0)] =

√
V[log(p(x|w01))− log(p(x|w02))]

2π
(A1)



In this equation, L (w0) is a 2-dimensional Gaussian distribution which average is 0 and
variance-covariance matrix is

Vij = E[(log p(x|w0i) + L(w0))(log p(x|w0j) + L(w0))] (A2)

We define two random variables as

z1 = L (w01)− L (w02).

z2 = L (w01) + L (w02)

The random variables (z1, z2) are also from 2-dimensional Gaussian distribution whose average
is 0 and variance-covariance matrix is(

1 −1
1 1

)(
V11 V12

V21 V22

)(
1 1
−1 1

)
=

(
V11 + V22 − V12 − V21 V11 − V22 + V12 − V21

V11 − V22 − V12 + V21 V11 + V22 + V12 + V21

)
.

The marginal distribution about z1 is a 1-dimensional Gaussian distribution whose average is
0 and the variance is

V11 + V22 − V12 − V21.

According to eq.(16) and eq.(34), we have

V11 + V22 − V12 − V21

= E[(log p(x|w01)(log p(x|w01)]− L(w0)
2 + E[(log p(x|w02)(log p(x|w02)]

− L(w0)
2 − 2(E[(log p(x|w01)(log p(x|w02)]− L(w0)

2)

= E[(log p(x|w01)− log p(x|w02))
2]

= V[(log p(x|w01)− log p(x|w02))] (A3)

We define a random variable z3

z3 =

{
z1 z1 ≥ 0

0 z1 < 0

By using z3 we can describe the maximum value of L (w0) in the following way,

maxL (w0) = L (w02) + z3. (A4)

Considering the average of L (w02) is 0, we find that

E[maxL (w0)] = E[z3]. (A5)

E[z3] is the expectation of a positive value in a Gaussian distribution. This integration of a
Gaussian whose variance is σ2 can be calculated as∫ ∞

0

x√
2π

exp

(
− x2

2σ2

)
=

[
− σ√

2π
exp

(
− x2

2σ2

)]∞
0

=
σ√
2π

. (A6)



From (A3), (A5), and(A6), we have

E[maxL (w0)] = E[z3] =
√

V[log(p(x|w01))− log(p(x|w02))]

2π
.

Therefore, (A1) holds.



Chapter 4

Free Energy of Bayesian
Convolutional Neural Networks

4.1 Motivation

Convolutional Neural Networks (CNNs) are a type of Neural Networks mainly used for
computer vision. CNNs have been shown high performance with deep layers[38, 21]. Residual
Network(ResNet)[15] adopted the skip connection for addressing the problem that the loss
function of CNN with deep layers does not decrease well through optimization. After success
of ResNet, the CNNs with more than 100 layers are realized. The high performance of ResNet
has been explained by similarity to the ensemble learning [18, 31, 10]. On the other hand,
there is a common issue in neural networks that the reason why the overparametrized deep
neural network generalized has been unknown yet.

In conventional learning theory, if the Fisher information matrix of a learning machine is
positive definite, and the data size is sufficient large, the generalization error of the learning
machine is determined from the number of its parameter in maximum likelihood estimator[1].
The similar property is shown in free energy and generalization error in Bayesian learning[35,
32, 2]. From these characteristics of generalization error and free energy some information
criteria such as AIC, BIC and MDL are proposed. However, most of the hierarchical models
such as neural networks have degenerated Fisher information matrix. In such models, the
Bayesian generalization error and free energy are determined by a rational number called Real
Log Canonical Threshold(RLCT) and that is smaller than the number of parameters [42, 43].
In particular, RLCTs are revealed in some concrete models such as three layered neural
networks[41, 4], normal mixtures [12, 51], Poisson mixtures[34], Boltzmann machine[52, 3],
reduced rank regression[5], Latent Dirichlet allocation[14], matrix factorization, and Bayesian
Network[53]. While RLCTs of many hierarchical models are revealed, that of neural networks
with multiple layer of nonlinear transformation has not been clarified. Yet the possibility of
that is shown in [48], the RLCT of Deep Neural Network is revealed[27]. On the other hand
the RLCT of neural networks other than DNN was not explored.

In Bayesian learning for neural networks, how to realize the posterior is important. There
exist approaches for generating posterior, Variational Approximation and Markov chain Monte
Carlo(MCMC) methods. For Variational Approximation methods for neural networks, Vari-
ational Autoencoder[20] and Monte Carlo dropout[9] are practically used. Also for CNNs,
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variational approach for Bayesian inference was proposed [8]. MCMC for neural networks,
Hamiltonian Monte Carlo and Langevin Dynamics are useful for sampling from posterior.
Stochastic Gradient Langevin Dynamics(SGLD)[49] which is a method applying Stochastic
Gradient Descent instead of Gradient Descent to Langevin Dynamics is popular MCMC for
Bayesian Neural Networks. [54] used SGLD for generating posterior of CNNs.

In this chapter we clarify the free energy and generalization error of Bayesian CNNs
with and without skip connection. In both case the free energy and generalization error
don’t depend on the number of parameters in redundant filters. Then, in case without skip
connection, the redundant layers affect the free energy and generalization error whereas they
don’t affect in case with skip connection. This chapter consists of seven main sections and one
appendix. In section4.2, we describe the setting of Convolutional Neural Network analyzed in
this chapter. In section4.3, we show the main theorem of this paper. In section4.4, we prove
the main theorem of this chapter. In section4.5, we conduct the experiment of synthetic
data. In section4.6 and section4.7, we discuss the theorem in this chapter and conclusion. In
appendix4.A we explain former study about fully connected deep neural network case.

4.2 Convolutional Neural Network

In this section we describe the function of Convolutional Neural Network. First, we explain
CNN without skip connection. The kernel size is 3 × 3 with zero padding and 1-stride.
The activation function is ReLU. The numbers of the layers of the CNN are K1(≥ 3) for
Convolutional Layers and K2(≥ 3) for Fully Connected Layers.

Let x ∈ RL1×L2×H1 be an input vector generated from q(x) with bounded support and
y ∈ {0, 1}HK1+K2 be an output vector with q(y|x). We define w(k) ∈ R3×3×Hk−1×Hk , b(k) ∈ RHk

as weight and bias parameters in each Convolutional Layer (2 ≤ k ≤ K1). f
(k) ∈ RL1×L2×Hk

is output of each layer for 1 ≤ k ≤ K1. Conv(f, w) is the convolution operation with zero
padding and 1-stride:

Conv(fk−1, wk)l1,l2,hk
=
∑
hk−1

p=3,q=3∑
p=1,q=1

fl1+p−1,l2+p−1,hk−1
wp,q,hk−1,hk

. (4.1)

We define g(bk) : RHk → RL1×L2×Hk as

g(b(k))l1,l2 = b(k) (4.2)

for 1 ≤ l1 ≤ L1, 1 ≤ l2 ≤ L2. By using w(k) , g(b(k)), and f (k−1), f (k) is described by

f (k)(w, b, x) = σ(Conv(f (k−1)(w, b, x), w(k)) + g(b(k))) (4.3)

where w, b are the set of all weight and bias parameters. σ() is a function that applies the
ReLU to all the elements of the input tensor.

The output of k = K1 + 1 layer is result of Global Average Pooling on k = K1 layer:

f (K1+1)(w, b, x) =
1

L1L2

l1=L1∑
l1=1

l2=L2∑
l2=1

f (K1)(w, b, x)l1,l2 . (4.4)



Let w(k) ∈ RHk×RHk−1 , b(k) ∈ RHk be weight and bias parameters in each Fully Connected
Layer (K1 + 2 ≤ k ≤ K1 +K2). For K1 + 2 ≤ k ≤ K1 +K2 − 1, f (k) is defined by

f (k)(w, b, x) = σ(w(k)f (k−1)(w, b, x) + b(k)), (4.5)

and for k = K1 +K2,

f (K1+K2)(w, b, x) = softmax(w(k)f (k−1)(w, b, x) + b(k)), (4.6)

where softmax() is a softmax function

softmax(z)i =
ezi∑J
j=1 e

zj
. (4.7)

The output of the model is represented stochastically

y ∼ Categorical(f (K1+K2)(w, b, x)) (4.8)

where Categorical() is a categorical distribution.
Then we describe CNN with skip connection. The number of layers within the skip

connection is Ks and the number of skip connection is M . The output of the layer with
skipped connection is described by

f (mKs+2)(w, b, x) = σ(Conv(f (mKs+1)(w, b, x), w(mKs+2))

+B(mKs+2) + f ((m−1)Ks+2)(w, b, x)). (4.9)

In this case, CNN satisfies the following conditions

K1 = MKs + 2

HmKs+2 = const(1 ≤ m ≤ M). (4.10)

The other conditions are the same as the case without skip connection.

Without Skip Connection With Skip Connection

Figure 4.1: The structure of Convolutional Neural Network with and without Skip Connection

Figure4.1 shows the configuration of Convolutional Neural Network analyzed in this paper.



4.3 Main Theorem

In this subsection, the main result of this paper is introduced. We assume that the model
CNN has enough complexity to approximate the data generating process. In such situation,
the data generating process is described by a CNN which is smaller than model. We define the
data generating network. Both in case with and without skip connection, the data generating
network satisfies the following conditions about the number of layers and filters,

K∗
1 ≤ K1,K

∗
2 ≤ K2,H

∗
1 = H1,H

∗
K1

= HK1+K2 (4.11)

and

Hk ≥


H∗

K∗
1

(K∗
1 + 1 ≤ k ≤ K1)

H∗
K1+K∗

2
(K1 +K∗

2 + 1 ≤ k ≤ K1 +K2 − 1)

H∗
k (others)

where K∗
1 ,K

∗
2 ,H

∗
k are the corresponding sizes of K1,K2,Hk on data generating network.

These conditions indicate that the data generating network has smaller number of layers and
width on each layer. Then, we show the main theorem.

Theorem 4.3.1. (No Skip connection) Assume that the learning machine and the data
generating distribution are given by p(y|x,w, b) and q(y|x) = p(y|x,w∗, b∗) in case with-
out skip connection which satisfy the conditions (4.11) and (4.12), and that a training data
{(Xi, Yi) i = 1, 2, ..., n} is independently taken from q(x)q(y|x). Then the average free energy
satisfies the inequality,

E[Fn] ≤ nS + λCNN log n+ C (4.12)

where

λCNN =
1

2

(
|w∗|0 + |b∗|0 + (K1 −K∗

1 )(9H
∗
K∗

1
+ 1)H∗

K∗
1

)
(4.13)

where |w∗|0, |b∗|0 are the numbers of parameters of weights and biases in data generating
network.

Theorem 4.3.2. (Skip connection) Assume that the learning machine and the data generating
distribution are given by p(y|x,w, b) and q(y|x) = p(y|x,w∗, b∗) in case with skip connection
which satisfy the conditions (4.10), (4.11) and (4.12), and that a training data {(Xi, Yi) i =
1, 2, ..., n} is independently taken from q(x)q(y|x). Then

λCNN =
1

2
(|w∗|0 + |b∗|0). (4.14)

If there exists asymptotic expansion of the generalization error E[Gn] in theorem4.3.1 and
theorem4.3.2, that satisfies the following inequality

E[Gn] ≤
λCNN

n
+ o

(
1

n

)
, (4.15)

where

Gn =

∫
q(x)

HK1+K2∑
i=1

f
(K∗

1+K∗
2 )

i (w∗, b∗, x) log
f
(K∗

1+K∗
2 )

i (w∗, b∗, x)

Ew,b[f
(K1+K2)
i (w, b, x)]

dx (4.16)

which corresponds to categorical cross entropy.



4.4 Proof of main theorem

In this section, we show the proof of main theorem.

4.4.1 Inequalities

Note that we describe the Frobenius norm of any order of tensor as ∥ · · · ∥. We denote
the Kullback-Leibler divergence of a data-generating distribution q(y|x) = p(y|x,w∗, b∗) and
a model p(y|x) that

K(w, b) =

∫
q(x)q(y|x) log q(y|x)

p(y|x,w, b)
dxdy. (4.17)

Lemma 4.4.1. [27] Assume that a set W is contained in the set determined by the prior
distribution {(w, b);φ(w, b) > 0}. Then for an arbitrary positive integer n,

E[Fn] ≤ nS − log

∫
W

exp(−nK(w, b))φ(w, b)dwdb. (4.18)

Lemma 4.4.2. [27] For arbitrary vectors s, t,

∥σ(s)− σ(t)∥ ≤ ∥s− t∥. (4.19)

Lemma 4.4.3. [27] For arbitrary w,w′, b, b′, and K1 + 1 ≤ k ≤ K1 + K2, the following
inequality holds,

∥f (k)(w, b, x)− f (k)(w′, b′, x)∥
≤ ∥w(k) − w′(k)∥∥f (k−1)(w, b, x)∥+ ∥b(k) − b′(k)∥
+ ∥w(k)∥∥f (k−1)(w, b, x)− f (k−1)(w′, b′, x)∥. (4.20)

Corollary 4.4.4. For arbitrary w,w′, b, b′, and 1 ≤ k ≤ K1, the following inequality holds,

∥f (k)(w, b, x)− f (k)(w′, b′, x)∥
≤ 9∥w(k) − w′(k)∥∥f (k−1)(w, b, x)∥+ L1L2∥b(k) − b′(k)∥
+ 9∥w(k)∥∥f (k−1)(w, b, x)− f (k−1)(w′, b′, x)∥
+ δ(k)∥w(k)∥∥f (k−K2−1)(w, b, x)− f (k−K2−1)(w′, b′, x)∥. (4.21)

where δ(k) equals to 1 if the network has Skip connection and k = mK2+2, otherwise it equals
to 0

Proof.

f (k)(w, b, x)− f (k)(w′, b′, x)

= σ(Conv(f (k−1)(w, b, x), w(k)) + g(b(k)))− σ(Conv(f (k−1)(w, b, x), w′(k))) + g(b′(k)))

+ σ(Conv(f (k−1)(w, b, x), w′(k)) + g(b′(k)))− σ(Conv(f (k−1)(w′, b′, x), w′(k)) + g(b′(k))).
(4.22)



From definition of Conv(), the following equation holds.

∥Conv(f (k−1)(w, b, x), w(k))j∥ ≤
Hk−1∑
i=1

∥f (k−1)(w, b, x)i∥|(
3∑

p=1

3∑
q=1

w
(k)
pqij)|1

≤ 9∥f (k−1)(w, b, x)∥∥w:,:,:,j∥ (4.23)

By using lemma4.A.2, (4.22) and (4.23), corollary4.4.4 is proved.

Lemma 4.4.5. For arbitrary w, b, x,

∥f (k)(w, b, x)∥ ≤ Dk∥w(k)∥∥w(k−1)∥ · · · ∥w(2)∥∥x∥ (4.24)

+D0∥b(k)∥+
k−2∑
j=1

Dj∥w(k)∥∥w(k−1)∥ · · · ∥w(k−j)∥∥b(k−j)∥.

where Dj , 0 ≤ j ≤ k is constant.

Proof. By considering the case all the parameters of w′ and b′ are 0, in Lemma 4.A.3, it
follows that

∥f (k)(w, b, x)∥ ≤ 9∥w(k)∥∥f (k−1)(w, b, x)∥+ L1L2∥b(k)∥ (4.25)

+ δ(k)∥w(k)∥∥f (k−K2−1)(w, b, x)− f (k−K2−1)(w′, b′, x)∥.

Then mathematical induction gives the Lemma.

4.4.2 Notations of parameters

In order to prove the main theorem, we need several notations. We divide the filters
of learning model in each convolutional layer 1 ≤ hk ≤ Hk into the 1 ≤ hk ≤ H∗

k and
H∗

k + 1 ≤ hk ≤ Hk. The former is denoted as A and the latter is denoted as B. The

convergent tensor E(k) ∈ R3×3×Hk−1×Hk and vector E(k)
0 ∈ RHk where the absolute values of

all elements are smaller than 1/
√
n are denoted by

E(k)
pq =

(
E(k)
pqAA E(k)

pqAB

E(k)
pqBA E(k)

pqBB

)
, (1 ≤ p ≤ 3, 1 ≤ q ≤ 3), (4.26)

E(k)
0 =

(
E(k)
A0

E(k)
B0

)
. (4.27)

The positive constant tensor M(k) and vector M(k)
0 are defined by the condition that all

elements are in the interval [A,B],

M(k)
pq =

(
M(k)

pqAA M(k)
pqAB

M(k)
pqBA M(k)

pqBB

)
, (1 ≤ p ≤ 3, 1 ≤ q ≤ 3), (4.28)

M(k)
0 =

(
M(k)

A0

M(k)
B0

)
. (4.29)

To prove Theorem 4.3.1 4.3.2, we show an upper bound of E[Fn] is given by choosing a set
WE which consists of essential weight and bias parameters in convolutional layers and fully
connected layers.



4.4.3 No Skip Connection Case

Definition. (Essential parameter set WE without Skip Connection). A parameter (w, b) is
said to be in an essential parameter set WE if it satisfies the following conditions (1),(2) for
2 ≤ k ≤ K1,

(1) For 2 ≤ k ≤ K∗
1

w(k)
pq =

(
(w∗)(k) + E(k)

pqAA M(k)
pqAB

−M(k)
pqBA −M(k)

pqBB

)
, (4.30)

b(k) =

(
(b∗)(k) + E(k)

A0

−M(k)
B0

)
, (4.31)

for 1 ≤ p ≤ 3, 1 ≤ q ≤ 3
(2) For K∗

1 + 1 ≤ k ≤ K1

w(k)
pq =

(
Z(k)
pqAA M(k)

pqAB

−M(k)
pqBA −M(k)

pqBB

)
, (4.32)

b(k) =

(
(b∗)(k) + E(k)

A0

−M(k)
B0

)
, (4.33)

where

Z(k)
pqAA =

{
I22AA + E(k)

22AA (p = q = 2)

E(k)
pqAA (others)

. (4.34)

where I22AA ∈ R(H∗)(k) × R(H∗)(k) is an identity matrix.

Lemma 4.4.6. Assume that the weight and bias parameters of convolutional layers are in
the essential set WE in case without Skip Connection. Then there exist constants c1, c2 > 0
such that

∥f (K1)
:,:,A (w, b, x)− f (K∗

1 )(w∗, b∗, x)∥ ≤ c1√
n
(∥x∥+ 1), (4.35)

∥f (K1)
:,:,A (w, b, x)∥ ≤ c2(∥x∥+ 1). (4.36)

Proof. Eq.(4.79) is derived from Lemma 4.A.4. By the definitions (4.71), (4.72), for 2 ≤ k ≤
K∗

f
(2)
A (w, b, x) = σ(Conv(f

(1)
:,:,A(w, b, x), (w

∗)(2) + E(2)
:,:,AA) + g((b∗)(2) + E(2)

A0 )), (4.37)

f
(k)
A (w, b, x) = σ(Conv(f

(k−1)
:,:,A (w, b, x), (w∗)(k) + E(k)

:,:,AA)

+ Conv(f
(k−1)
:,:,B (w, b, x),M(k)

:,:,AB) + g((b∗)(k) + E(k)
A0 )). (4.38)

In k = 2, |x| is bounded andM(k)
:,:,AB is a constant tensor, M(k)

B0 is large sufficiently, f
(2)
:,:,B(w, b, x) =

0 because all the elements of the output of ReLU function f (2)(w, b, x) are nonnegative. For



3 ≤ k ≤ K1, f
(k)
:,:,B(w, b, x) = 0, since all elements of w

(k)
:,:,BA, w

(k)
:,:,BB, and w

(k)
B0 are negative.

Hence, by Lemma 4.A.3, for 2 ≤ k ≤ K∗
1 ,

∥f (k)
:,:,A(w, b, x)− f (k)(w∗, b∗, x)∥

≤ 9∥E(k)
:,:,AA∥∥f

(k−1)(w, b, x)∥+ L1L2∥E(k)
A0 ∥

+ 9∥(w∗)(k)∥∥f (k−1)
:,:,A (w, b, x)− f (k−1)(w∗, b∗, x)∥. (4.39)

and for K∗
1 + 1 ≤ k ≤ K1, by using f (K∗

1 )(w∗, b∗, x) as f (k)(w∗, b∗, x),

∥f (k)
:,:,A(w, b, x)− f (K∗

1 )(w∗, b∗, x)∥

≤ 9∥E(k)
:,:,AA∥∥f

(k−1)(w, b, x)∥+ L1L2∥E(k)
A0 ∥

+ 9∥(w∗)(k)∥∥f (k−1)
:,:,A (w, b, x)− f (K∗

1 )(w∗, b∗, x)∥. (4.40)

The elements of tensors and vectors in E(k−1)
:,:,AA and E(k)

:,:,A0 are bounded by 1/
√
n order

term, hence ∥E(k−1)
AA ∥ and ∥E(k)

A0 ∥ are bounded by 1/
√
n order term. Moreover, ∥(w∗)(k)∥ is

a constant term. For k = 2, f
(k−1)
:,:,A (w, b, x) − f (k−1)(w∗, b∗, x) = x − x = 0. Then, by using

mathematical induction for (4.39) and (4.40) , the all terms can be bounded by 1/
√
n terms,

hence we obtained the Lemma.

From [27], because of the output in k = K1 + 1 is nonnegative there exist the essential
parameters for fully connected layers such that the number of the convergent parameters E
equals to that of data generating network. From these lemmas, the main theorem can be
proved.

(Proof of Theorem 4.3.1). By Lemma 4.A.1, it is sufficient to prove that there exists a
constant C > 0 such that ∫

WE

exp(−nK(w, b))φ(w, b)dwdb ≥ C

nλ
(4.41)

From the property of KL-divergence, there exists the positive constant c4

K(w, b) ≤ c4
2

∫
∥f (K1+K2)(w, b, x)− f (K∗

1+K∗
2 )(w∗, b∗, x)∥2q(x)dx. (4.42)

By using Lemma 4.A.5, if (w, b) ∈ WE ,

K(w, b) ≤ c4c
2
3

2n

∫
(∥x∥+ 1)2q(x)dx =

c5
n

< ∞. (4.43)

It follows that ∫
WE

exp(−nK(w, b))φ(w, b)dwdb

≥ exp(−c5)

(
min

(w,b)∈WE

φ(w, b)

)
Vol(WE). (4.44)



where c5 > 0, min(w,b)∈WE
φ(w, b) > 0, and Vol(WE) is the volume of the set WE by the

Lebesgue measure. The convergent scale of Vol(WE) is determined from the number of con-
vergent parameter E in WE . Then,

Vol(WE) ≥
C1

nλ
, (4.45)

where

λ =
1

2

k=K1∑
k=2

(9H∗
k−1 + 1)H∗

k +

k=K1+K2∑
k=K1+1

(9H∗
k−1 + 1)H∗

k

 (4.46)

=
1

2

(
|w∗|0 + |b∗|0 + (K1 −K∗

1 )(9H
∗
K∗

1
+ 1)H∗

K∗
1

)
.

We obtained theorem4.3.1.

4.4.4 Skip Connection Case

Definition. (Essential parameter set WE with Skip Connection). An essential parameter set
WE with Skip Connection satisfies the following conditions (1),(2) for 2 ≤ k ≤ K1,
(1) For 2 ≤ k ≤ K∗

1 , the same conditions as (4.71) and (4.72).

(2) For K∗
1 + 1 ≤ k ≤ K1

w(k)
pq =

(
−M(k)

pqAA −M(k)
pqAB

−M(k)
pqBA −M(k)

pqBB

)
, (4.47)

b(k) =

(
−M(k)

A0

−M(k)
B0

)
, (4.48)

Lemma 4.4.7. Assume that the weight and bias parameters of convolutional layers are in
the essential set WE in case with Skip Connection. Then there exist constants c1, c2 > 0 such
that

∥f (K1)
:,:,A (w, b, x)− f (K∗

1 )(w∗, b∗, x)∥ ≤ c1√
n
(∥x∥+ 1), (4.49)

∥f (K1)
:,:,A (w, b, x)∥ ≤ c2(∥x∥+ 1). (4.50)

Proof. Because of similar reason to lemma4.A.5, holds. By Lemma 4.A.3, for k = mKs + 1,

∥f (k)
:,:,A(w, b, x)− f (k)(w∗, b∗, x)∥

≤ 9∥E(k)
:,:,AA∥∥f

(k−1)(w, b, x)∥+ L1L2∥E(k)
A0 ∥

+ 9∥(w∗)(k)∥∥f (k−1)
:,:,A (w, b, x)− f (k−1)(w∗, b∗, x)∥

+ ∥w(k)∥∥f (k−K2−1)(w, b, x)− f (k−K2−1)(w′, b′, x)∥. (4.51)

If k ̸= mKs + 1 and 2 ≤ k ≤ K∗
1 , inequality (4.39) holds. Same as the lemma4.A.5, from

mathematical induction, ∥f (K∗
1 )

:,:,A (w, b, x) − f (K∗
1 )(w∗, b∗, x)∥ is bounded by 1/

√
n terms. For



2 ≤ k ≤ K1, f
(k)
:,:,B(w, b, x) = 0 same reason as lemma4.A.5. For K∗

1 + 1 ≤ k ≤ K1, since all

elements of w(k) and b(k) are negative, the following equations are given.

f
(k)
:,:,A(w, b, x) =

{
f (K∗

1 )(w, b, x) (k = nKs + 1)
0 (others)

. (4.52)

Hence, we obtained the Lemma.

Same as without Skip connection case, by using the result of [27] for fully connected layer
and inequality(4.44),(4.45), we obtained theorem4.3.2.

4.5 Experiment

In this section, we show the result of experiment of synthetic data.

4.5.1 Methods

We prepared 2-class labeled simple data shown in fig4.2. The data is x ∈ R4×4 and the
values of each element are in (−1, 1). The average of each element is 0.5 or −0.5 and added
the truncated normal distribution noise within the interval(−0.5, 0.5). The probability of each
label of data is 0.5. We trained CNN whose number of convolutional layer K1 = 2 and fully
connected layers K2 = 2 with SGD. The number of filter is H2 = 2 and the parameters are L2

regularized. We use the trained CNN named ”true model” as a data generating distribution.
Note that the label of original data fig4.2 is deterministic, but the label of true model is
probabilistic. We prepare three learning CNN models. Each number of convolutional layers
is K1 = 2, 3, 4. Each model has skip connection every one layers or does not have skip
connection. The number of filters in each layer is Hk = 4. They have K2 = 2 fully connected
layers. The prior distribution is the Gaussian distribution which covariance matrix is 104I
for weight parameter and 102I for bias parameter. We trained the learning CNN models by
using the Langevin dynamics. The learning rate is 10−2 and the interval of sampling is 100.
We use the average of 1000 samples of learning CNN models as the average of posterior. We
estimated the generalization error by the test error of 10000 test data from true model and
trained each learning model 10 times and estimated the E[Gn] from the average of test error.

Figure 4.2: The average of input x of each label



4.5.2 Result of experiments

Table 4.1: Experimental value and theoretical upper bound of the generalization error

model n× Test Error λCNN dmodel/2

K1 = 2 16.0(1.9) 13 25
K1 = 3 no skip 10.0(0.9) 32 99
K1 = 4 no skip 58.4(2.3) 51 173
K1 = 3 with skip 11.4(2.3) 13 99
K1 = 4 with skip 15.6(1.2) 13 173

Table4.1 shows the result of the experiment. Test Error shows n times of the average of
10 test error in each model and the standard error of them. dmodel is a number of parameters
of each model. All the CNN models include the true model, hence the bias is 0. Then from
equation(4.15), theoretical upper bound of the generalization error is λCNN/n. In table4.1,
the experimental values of all models are smaller than dmodel/2. Moreover, in case with skip
connection, the experimental value did not so increase as the increase of the number of layer.
Then, in case K1 = 4 without skip connection, the experimental value increased from the case
K1 = 2. In case K1 = 3 without skip connection, the experimental value is smaller than that
of K1 = 2. Behavior of MCMC is considered to be the cause of this result. Since MCMC in
high dimensional model needs the long series for convergence in general, the result is deviated
from theoretical predict.

4.6 Discussion

4.6.1 Difference with or without Skip Connection

In this paper for analyzing the overparametrized CNN, the data generating network is
smaller than learning network both case of Skip Connection. Nevertheless, two cases of the
data generating network is different, if the learning model network has double filter H(k) to
the data generating network in each convolutional layer, the model network can represent the
generating network in different case. The output of each layer is nonnegative hence the model
can represent the skip connection or the negative of that. If the model network doesn’t have
larger layer to the data generating network, the free energy of CNN with skip connection can
be both larger or smaller than that without skip connection by the data generating network.
Then, the layer of model network gets larger, the free energy of CNN with skip connection
does not change but that without skip connection gets larger and the free energy of CNN
with skip connection comes to have smaller free energy for all data generating network.

4.6.2 Comparison to Deep Neural Network

Firstly we compare the result of this paper to that of DNN in [27]. In case of DNN,
the free energy depends on the layers of the model and only on that of the data generating
network. This stands to the reason that mapping of the linear transformation in lower layer
can be represented in higher layer. On the other hand, convolution operation doesn’t have
such property, hence the free energy of CNN without skip connection depends on the layer of



learning model network. However, with skip connection, there exists the essential parameter
which doesn’t depend on overparametrized layers and the free energy does not also depend
on the layer of learning model network.

4.7 Conclusion

In this chapter, we studied Free energy of Bayesian Convolutional Neural Network with
Skip Connection and compared to the case without Skip Connection. Free energy of Bayesian
CNN with Skip Connection doesn’t depend on the layer of the model unlike the case without
Skip Connection. In Bayesian learning, the increase of Free energy is equivalent to general-
ization error, hence the generalization error has same property about the Skip Connection.
In particular, Free energy of CNN with skip connection does not depend on the number of
parameters in learning network but depends only on that in data generating network. This
feature shows the generalization ability of CNN with skip connection does not decrease with
respect to any overparameterization in Bayesian learning.

Appendix 4.A Fully connected case

In this appendix, we introduce the main theorem and proof of a paper[27] which is about
the free energy of full connected Bayesian Deep Neural Network.

4.A.1 Main theorem

Assume that the learning machine and the data generating distribution are given by
p(y|x,w, b) and q(y|x) = p(y|x,w∗, b∗) which satisfy the conditions eq.(4.11), eq.(4.12), and
eq.(4.10), and that a sample {(Xi, Yi) i = 1, 2, ..., n} is independently subject to q(x)q(y|x).
Then the average free energy satisfies the inequality,

E[Fn] ≤ nS + λReLU log n+ C.

For general cases,

λReLU =
1

2
(d∗ +H∗

3 (H2 −H∗
2 ))) , (4.53)

where d∗ is sum of the number of parameters in w∗ and b∗. If the support of the input
distribution is bounded or contained in nonnegative region,

λReLU =
d∗

2
(4.54)

These results show that the average free energy is bounded, even if the number of layers are
larger than necessary to estimate the data-generation network. In particular eq.(4.53) is equal
to the half the number of parameters in the data-generating network.



4.A.2 Lemmas

In this section, we prepare several lemmas which are necessary to prove the main theorem.
Let the Kullback-Leibler divergence of a data-generating network q(y|x) = p(y|x,w∗, b∗)

and a learning machine p(y|x) be

K(w, b) =

∫
q(x)q(y|x) log q(y|x)

p(y|x,w, b)
dxdy.

It is well-known that K(w, b) ≥ 0 for an arbitrary (w, b) and K(w, b) = 0 if and only if
q(y|x) = p(y|x,w, b).

Lemma 4.A.1. Assume that a set W is contained in the set determined by the prior distri-
bution {(w, b);φ(w, b) > 0}. Then for an arbitrary positive integer n,

E[Fn] ≤ nS − log

∫
W

exp(−nK(w, b))φ(w, b)dwdb.

Proof. An empirical Kullback-Leibler divergence is defined by

Kn(w, b) =
1

n

n∑
i=1

log
p(Yi|Xi, w

∗, b∗)

p(Yi|Xi, w, b)
,

which satisfies E[Kn](w, b)] = K(w, b).

q(yn|xn)
p(yn|xn)

= exp(−
n∑

i=1

log
q(Yi|Xi)

p(Yi|Xi, w, b)
) (4.55)

= exp(−nKn(w, b)). (4.56)

From the definition of free energy,

E[Fn] = −E[log
q(yn|xn)
p(yn|xn)

] + nS (4.57)

= −E[log
∫

φ(w, b) exp(−nKn(w, b))dwdb] + nS. (4.58)

By applying Lemma.1 in [42],

E[Fn] ≤ − log

∫
φ(w, b) exp(−E[nKn(w, b)])dwdb+ nS (4.59)

≤ − log

∫
φ(w, b) exp(−nK(w, b))dwdb+ nS (4.60)

≤ − log

∫
W

φ(w, b) exp(−nK(w, b))dwdb+ nS, (4.61)

where the last inequality is derived the fact that the restriction of integrated region makes
the integration not larger.

Lemma 4.A.2. For arbitrary vectors s, t,

∥σ(s)− σ(t)∥ ≤ ∥s− t∥.



Proof. If si, ti ≥ 0 or si, ti ≤ 0, then |σi(s) − σi(t)| = |si − ti|. If si ≥ 0, ti < 0, then
|σi(s)− σi(t)| = |si| ≤ |si − ti|. If si < 0, ti ≥ 0, then |σi(s)− σi(t)| = |ti| ≤ |si − ti|. Hence,

∥σ(s)− σ(t)∥2 =
∑
i

|σi(s)− σi(t)|2 ≤
∑
i

|si − ti|2 = ∥s− t∥2.

Lemma 4.A.3. For arbitrary w,w′, b, b′, the following inequality holds,

∥f (k)(w, b, x)− f (k)(w′, b′, x)∥
≤ ∥w(k) − w′(k)∥∥f (k−1)(w, b, x)∥+ ∥b(k) − b′(k)∥
+ ∥w(k)∥∥f (k−1)(w, b, x)− f (k−1)(w′, b′, x)∥, (4.62)

where ∥w(k)∥ is the operator norm of a matrix w(k).

Proof.

f (k)(w, b, x)− f (k)(w′, b′, x)

= σ(w(k)f (k−1)(w, b, x) + b(k))− σ(w′(k)f (k−1)(w, b, x) + b′(k))

+ σ(w′(k)f (k−1)(w, b, x) + b′(k))− σ(w′(k)f (k−1)(w′, b′, x) + b′(k)). (4.63)

Hence, by using Lemma 4.A.2,

∥f (k)(w, b, x)− f (k)(w′, b′, x)∥
≤ ∥σ(w(k)f (k−1)(w, b, x) + b(k))− σ(w′(k)f (k−1)(w, b, x) + b′(k))∥
+ ∥σ(w′(k)f (k−1)(w, b, x) + b′k))− σ(w′(k)f (k−1)(w′, b′, x) + b′(k))∥
≤ ∥w(k) − w′(k)∥∥f (k−1)(w, b, x)∥+ ∥b(k) − b′(k)∥
+ ∥w′(k)∥∥f (k−1)(w, b, x)− f (k−1)(w′, b′, x)∥. (4.64)

Hence, lemma is proved.

Lemma 4.A.4. For arbitrary w, b, x,

∥f (k)(w, b, x)∥ ≤ ∥w(k)∥∥w(k−1)∥ · · · ∥w(2)∥∥x∥ (4.65)

+ ∥b(k)∥+
k−2∑
j=1

∥w(k)∥∥w(k−1)∥ · · · ∥w(k−j)∥∥b(k−j)∥. (4.66)

Proof. By substituting w′ := 0 and b′ = 0, in Lemma 4.A.3, it follows that

∥f (k)(w, b, x)∥ ≤ ∥w(k)∥∥f (k−1)(w, b, x)∥+ ∥b(k)∥. (4.67)

Then mathematical induction gives the Lemma.



In order to prove the main theorem, we need several notations. The convergent matrix

E(k) and vector E(k)
0 defined by the condition that the absolute values of all entries are smaller

than 1/
√
n, which is denoted by

E(k) =

(
E(k)
AA E(k)

AB

E(k)
BA E(k)

BB

)
, E(k)

0 =

(
E(k)
A0

E(k)
B0

)
. (4.68)

The positive-small-constant matrix D(k) and vector D(k)
0 are defined by the condition that all

entries are positive and smaller than δ > 0 where δ does not depend on n, which is denoted
by

D(k) =

(
D(k)

AA D(k)
AB

D(k)
BA D(k)

BB

)
, D(k)

0 =

(
D(k)

A0

D(k)
B0

)
. (4.69)

The positive constant matrix M(k) and vector M(k)
0 are defined by the condition that all

entries are in the interval [1, 2],

M(k) =

(
M(k)

AA M(k)
AB

M(k)
BA M(k)

BB

)
, M(k)

0 =

(
M(k)

A0

M(k)
B0

)
. (4.70)

To prove Theorem 4.3.1, we show an upper bound of E[Fn] is given by choosing a set WE

which consists of essential weight and bias parameters.
Definition. (Essential parameter set WE). A parameter (w, b) is said to be in an essential
parameter set WE if it satisfies the following conditions, (1), (2), and (3).
(1) For 2 ≤ k ≤ N∗ − 1, there exist convergent matrices E(k) and positive constant matrices
M(k) such that

w(k) =

(
(w∗)(k) + E(k)

AA Z(k)
AB

−M(k)
BA −M(k)

BB

)
, (4.71)

b(k) =

(
(b∗)(k) + E(k)

A0

−M(k)
B0

)
, (4.72)

where

Z(k)
AB =

{
E(3)
AB (k = 3)

M(k)
AB (k ̸= 3)

. (4.73)

Note that, for k = 2, Z(k)
AB, M

(k)
BB, and M(k)

B0 are the empty matrix.
(2) For N∗ ≤ k ≤ N−1, there exist positive-small-constant matrix D(k) and positive constant
matrix M(k)

w(k) =

(
IN∗−1 +D(k)

AA M(k)
AB

−M(k)
BA −M(k)

BB

)
, (4.74)

b(k) =

(
M(k)

A0

−M(k)
B0

)
, (4.75)



where IN∗−1 is the identity matrix of HN∗−1 ×HN∗−1.

(3) For k = N , there exist convergent matrix E(N) and vector E(N)
0 such that

w(N) =
(

(w∗)(N
∗)P−1 + E(N)

AA , M(N)
AB

)
(4.76)

b(N) = (b∗)(N
∗) −

N−1∑
k=N∗

w(N−1)w(N−2) · · ·w(k)b(k−1) + E(N)
B0 , (4.77)

where P ∈ R(H∗
N∗−1

)×(H∗
N∗−1

) is defined by matrices in eq.(4.74)

P = w
(N−1)
AA w

(N−2)
AA · · ·w(N∗)

AA .

Note that a positive constant δ > 0 is taken sufficiently small such that arbitrary w
(k)
AA (N∗ ≤

k ≤ N − 1) is invertible.

Lemma 4.A.5. Assume that the weight and bias parameters are in the essential set WE.
Then there exist constants c1, c2 > 0 such that

∥f (N∗−1)
A (w, b, x)− f (N∗−1)(w∗, b∗, x)∥ ≤ c1√

n
(∥x∥+ 1), (4.78)

∥f (N∗−1)
B (w, b, x)∥ ≤ c2(∥x∥+ 1). (4.79)

Proof. Eq (4.79) is derived from Lemma 4.A.4. By the definitions (4.71), (4.72), for 4 ≤ k ≤
N∗ − 1

f
(2)
A (w, b, x) = σ(((w∗)(2) + E(2)

AA)f
(1)
A (w, b, x) + (b∗)(2) + E(2)

A0 ), (4.80)

f
(3)
A (w, b, x) = σ(((w∗)(3) + E(3)

AA)f
(2)
A (w, b, x)

+ E(3)
ABf

(2)
B (w, b, x) + (b∗)(3) + E(3)

A0 ), (4.81)

f
(k)
A (w, b, x) = σ(((w∗)(k) + E(k)

AA)f
(k−1)
A (w, b, x)

+M(k)
ABf

(k−1)
B (w, b, x) + (b∗)(k) + E(k)

A0 ). (4.82)

Here, for 4 ≤ k ≤ N∗ − 1, f
(k−1)
B (w, b, x) = 0, since all entries of w

(k−1)
BA , w

(k−1)
BB , and w

(k−1)
B0

are negative and the output of ReLU function f
(k−2)
B (w, b, x) is nonnegative. On the other

hand,

f (k)(w∗, b∗, x) = σ((w∗)(k)f (k−1)(w∗, b∗, x) + (b∗)(k)). (4.83)

Hence, by Lemma 4.A.3, 2 ≤ k ≤ N∗ − 1,

∥f (k)
1 (w, b, x)− f (k)(w∗, b∗, x)∥ (4.84)

≤ ∥E (k−1)
AA f

(k−1)
A (w, b, x) + E(k)

01 ∥+ δk,3∥E
(3)
ABf

(2)
B (w, b, x)∥ (4.85)

+ ∥(w∗)(k)(f
(k−1)
A (w, b, x)− f (k−1)(w∗, b∗, x))∥ (4.86)

≤ ∥E (k−1)
AA ∥∥f (k−1)

A (w, b, x)∥+ ∥E(k)
A0 ∥+ δk,3∥E

(3)
AB∥∥f

(2)
B (w, b, x)∥ (4.87)

+ ∥(w∗)(k)∥∥f (k−1)
A (w, b, x)− f (k−1)(w∗, b∗, x)∥, (4.88)



where δk,3 = 1 if k = 1 or 0 otherwise. The entries of matrices in E(k−1)
AA , E(3)

AB, and E(k)
A0

are bounded by 1/
√
n order term and the operator norm is bounded by the Frobenius norm,

hence ∥E(k−1)
AA ∥, ∥E(3)

AB∥, and ∥E(k)
A0 ∥ are bounded by 1/

√
n order term. Moreover, ∥(w∗)(k)∥ is

a constant term. For k = 2, f
(k−1)
A (w, b, x) − f (k−1)(w∗, b∗, x) = x − x = 0. Then by using

mathematical induction we obtain the Lemma.

Lemma 4.A.6. Assume that the weight and bias parameters are in the set WE. Then there
exists a constant c3 > 0 such that

∥f (N)(w, b, x)− f (N∗)(w∗, b∗, x)∥ ≤ c3√
n
(∥x∥+ 1). (4.89)

Proof. Let h ∈ RHN and h∗ ∈ RH∗
N∗ (HN = H∗

N∗) be input vectors into the output layers of
the learning and data-generating machines respectively. In other words, h and h∗ is defined
such that f (N)(w, b, x) = σ(h) and f (N∗)(w∗, b∗, x) = σ(h∗). By the definition of the essential

parameter set (2), for N∗ − 1 ≤ k ≤ N − 1, all entries of w
(k)
BA, w

(k)
BB and b

(k)
B0 are negative.

Hence, for N∗ ≤ k ≤ N − 1, f
(k)
2 (w, b, x) = 0. For N∗ ≤ k ≤ N − 1, all entries of w

(k)
AA, w

(k)
AB

and b
(k)
A0 are positive. Hence, by using σ(t) = t for t ≥ 0,

h = w
(N)
AAw

(N−1)
AA · · ·w(N∗)

AA f
(N∗−1)
A (w, b, x) (4.90)

+ b
(N)
A0 +

N−1∑
k=N∗

w
(N−1)
AA · · ·w(k)

AAb
(k−1)
A0 . (4.91)

On the other hand,

h∗ = (w∗)(N
∗)f (N∗−1)(w∗, b∗, x) + (b∗)(N). (4.92)

If w is in the essential set of parameters,

w
(N)
AAw

(N−1)
AA · · ·w(N∗)

AA = ((w∗)(N
∗)B−1 + E(N)

AA )w
(N−1)
AA · · ·w(N∗)

AA (4.93)

= (w∗)(N
∗) + E(N)

AA w
(N−1)
AA · · ·w(N∗)

AA . (4.94)

It follows that

∥w(N)w(N−1) · · ·w(N∗)f (N∗−1)(w, b, x)− w(N∗)f (N∗−1)(w∗, b∗, x)∥ (4.95)

≤ ∥w(N)
AAw

(N−1)
AA · · ·w(N∗)

AA f
(N∗−1)
A (w, b, x)− w(N∗)f (N∗−1)(w∗, b∗, x)∥ (4.96)

≤ ∥(w∗)(N
∗)(f

(N∗−1)
A (w, b, x)− f (N∗−1)(w∗, b∗, x))∥ (4.97)

+ ∥E(N)
AB ∥∥w(N−1)

AA ∥ · · · ∥w(N∗)
AA ∥∥f (N∗−1)

A (w∗, b∗, x)∥ (4.98)

≤ c4√
n
(∥x∥+ 1), (4.99)

where the last inequality is derived by Lemma 4.A.5. Also by the definition,

∥b(N) +

N−1∑
k=N∗

w(N−1) · · ·w(k)b(k−1) − (b∗)(N
∗)∥ ≤ c4√

n
, (4.100)



it follows that
∥h− h∗∥ ≤ c5√

n
(∥x∥+ 1).

Then applying Lemma 4.A.2 completes the lemma.

Lemma 4.A.7. (1) If the support of q(x) is contained in a positive region, the same conclusion

as Lemma 4.A.5 holds by replacing Z(3)
AB in (4.73) with M(3)

AB.
(2) If the support of q(x) is contained in a bounded region, the same conclusion as Lemma

4.A.5 holds by replacing Z(3)
AB in (4.73) with M(3)

AB and by replacing −M(3)
B0 in (4.72) with a

matrix in a sufficiently small region.

Proof. In both cases, f
(2)
B (w, b, x) = 0 in eq.(4.81) holds. Hence, the same conclusion of

Lemma 4.A.5 holds.

4.A.3 Proof of Main Theorem

In this section we prove the main theorem.

Proof. (Main theorem). By Lemma 4.A.1, it is sufficient to prove that there exists a constant
C > 0 such that ∫

WE

exp(−nK(w, b))φ(w, b)dwdb ≥ C

nλ

where

K(w, b) =
1

2

∫
∥f (N)(w, b, x)− f (N∗)(w∗, b∗, x)∥2q(x)dx.

By using Lemma 4.A.6, if (w, b) ∈ WE ,

K(w, b) ≤ c23
2n

∫
(∥x∥+ 1)2q(x)dx =

c4
n

< ∞.

It follows that ∫
WE

exp(−nK(w, b))φ(w, b)dwdb (4.101)

≥ exp(−c4)

(
min

(w,b)∈WE

φ(w, b)

)
Vol(WE). (4.102)

where c4 > 0, min(w,b)∈WE
φ(w, b) > 0, and Vol(WE) is the volume of the set WE by the

Lebesgue measure. By the definition of the essential parameter set WE , its volume is deter-
mined by the dimension of the convergent matrices and vectors. Let 2λ be the number of
parameters in convergent matrices and vectors. Then

Vol(WE) ≥
C1

nλ
,

where in general cases,

λ =
1

2

(
H∗

N∗(H∗
N−1 + 1) +H∗

3 (H2 −H∗
2 ) +

N∗−1∑
k=2

H∗
k(H

∗
k−1 + 1)

)
(4.103)

=
1

2
(d∗ +H∗

3 (H2 −H∗
2 )) . (4.104)



If the support of the input distribution is contained in a positive region or a bounded region,

λ =
1

2

(
H∗

N∗(H∗
N−1 + 1) +

N∗−1∑
k=2

H∗
k(H

∗
k−1 + 1)

)
(4.105)

=
d∗

2
, (4.106)

which completes the main theorem.





Chapter 5

Conclusion

This thesis shows the free energy and the generalization error of Bayesian learning in cases
that model has multiple optimal probability distributions and CNNs are overparamtetrized.
The first study revealed that if there exist multiple optimal probability distributions, the
generalization error gets larger if the number of data increases. This situation occurs when
complex learning models are used for complex data such as learning of deep neural networks.
The second study revealed that even if CNNs are overparamtetrized, the generalization error
only depends on the complexity of data generating process with skip connection. Among the
models which are revealed the asymptotic behavior in Bayesian learning, only fully connected
DNNs and CNNs with skip connection have such property. We clarified the peculiarities of
DNNs on Bayesian learning in these two studies.
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