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Abstract
Nuclear Engineering course

School of Environment and Society

Doctor of Engineering

Construction of a Framework for Systematical Computation of Prompt Fission
Observables

by Kazuki Fujio

Nuclear fission is the fundamental physics process underlying nuclear applica-

tions. However, the complexity of fission reactions poses challenges in calculating

fission observables. The objective of this work is to construct a systematic framework

for computing fission observables and to evaluate its effectiveness. For this sake, a

method was developed to calculate prompt decay calculations in Hauser-Feshbach

statistical decay model. Model parameters were investigated to reproduce data for

neutron-induced fission of 235U, and their influence on prompt fission observables

was elucidated. Moreover, the mass and total kinetic energy (TKE) distributions of

fission fragments were calculated in four-dimensional Langevin model to prepare the

input of prompt decay calculations in a nuclear physics-based approach. To calculate

accurate fission fragment yields, a method was proposed in this dissertation by su-

perposing two Langevin calculations, considering the influence of magic shells. This

method is applied to a series of Pu isotopes, and the improvement of accuracy was

verified for fission fragment yield and TKE. Then, prompt fission observables were

calculated by combining these two methods and were verified through a comparison

with known data. The proposed framework successfully captured known trends and

reasonably reproduced experimental and evaluated data. Additionally, this frame-

work elucidated potential applicability to nuclides where direct measurements are

difficult.
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Chapter 1

Introduction

This chapter introduces applications related to nuclear fission, the fission process and

the importance of the quantities especially for nuclear engineering, the objective and

novelties of this work, and the structure of this dissertation.

1.1 Overview of applications related to nuclear fission

Nuclear fission is a reaction in which a nucleus splits into two or more nuclei re-

leasing approximately 200 MeV of binding energy in the form of kinetic energies

of the fission fragments and emitted neutrons. This reaction has been the subject of

research for more than 80 years since its discovery, and research based on the nuclear

dynamics approach is actively ongoing to comprehend the mechanisms of the fission

reaction [1, 2]. Since fission holds a pivotal position in both nuclear engineering

applications and fundamental physics, vigorous research is underway in both fields.

1.1.1 Importance of nuclear fission

In nuclear engineering applications, the chain reaction of nuclear fission is utilized

for nuclear power generation. Fuel containing 3 − 4% 235U enrichment is employed

in commercial pressurized water reactors and boiling water reactors in Japan. When
235U absorbs a thermally moderated neutron, it forms a compound nucleus 236U.

Roughly 80% of 236U undergoes the nuclear fission reactions, resulting in the pro-

duction of energy, neutrons, and fission products. Thus, accurate knowledge of nu-

clear fission is essential for operating nuclear reactors safely.

Furthermore, the fission reaction finds application in nuclear transmutation tech-

nologies. In the nuclear reactors, 238U and a part of generated 236U undergo neutron

capture reactions, β− decay, and α decay successively. This process yields Pu iso-

topes and other nuclides such as Np, Am, and Cm isotopes, which are classified as

minor actinides (MA). Spent nuclear fuel contains these MAs, and they emit radia-

tion and generate decay heat over the long term. It can be harmful to the environment
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and requires long-term management. To deal with this issue, research and develop-

ment are ongoing to reduce the amount of MAs. Since nuclear fission reaction is

considered an effective method for reducing MA, nuclear transmutation technology

using fission reaction has been studied to convert MAs into short-lived or harmless

nuclides. Research and development are progressing on a small sodium-cooled fast

reactor [3] and accelerator-driven systems (ADS) [4, 5]. In ADS, fast neutrons are

produced by the spallation reaction induced by accelerated protons. These neutrons

bombard MA nuclides and induce fission reactions. Consequently, accurate knowl-

edge of fission is also important for evaluating the effectiveness of the technologies.

In nuclear astrophysics, nuclear fission is the key to understanding the rapid pro-

cess (r-process) of nucleosynthesis [6]. In the r-process, nuclei rapidly absorb neu-

trons in dense neutron environments after explosive astronomical events, leading to

the formation of isotopes with a large number of neutrons. Since neutron-rich nuclei

are unstable, β− decay or photodisintegration eventually prevails over neutron cap-

ture. Alternatively, the neutron capture process reaches the existence limit of atomic

nuclei, known as the neutron drip line. At these points, further neutron captures

cease, and the nucleus undergoes β− decay. Through β− decays, the number of pro-

tons increases. This series of events, involving multiple neutron capture processes

and combinations of one β− decay, leads to the continuous production of heavy nu-

clei such as gold and uranium. During this r-process nucleosynthesis, neutron-rich

superheavy nuclei, prone to nuclear fission, are formed. By fissioning these nuclei,

the created fission fragments serve as the seed nuclei for the subsequent r-process.

This phenomenon is referred to as nuclear fission recycling and is important in de-

termining the abundance ratio of elements in the universe. Thus, understanding the

fission reaction is essential to investigating nucleosynthesis.

1.1.2 Problems for nuclear applications

Knowledge related to fission, particularly fission observables, plays a crucial role in

nuclear applications. For example, the transportation equation includes a neutron

generation term by fission. The equation is written using a neutron velocity v, the

direction unit vector Ω, and the neutron flux ψ(r, v, Ω, t) as following:

1
v
∂ψ

∂t
+ Ω · ∇ψ+ Σψ

=

∫
dv′dΩ′ψ(v′, Ω′)

[
Σs(v′Ω′ → vΩ) + νΣ f (v′)

χ(v)
4π

]
, (1.1)
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where Σ, Σs, and Σ f are the macroscopic total cross-section, macroscopic scattering

cross-section, and macroscopic fission cross-section, respectively. The second term

on the right-hand side corresponds to the neutron generation term by fission, where ν

is the neutron multiplicity and χ is the fission neutron spectrum. The accurate ν and χ

are required for evaluating the criticality of nuclear reactors and neutron economics.

Moreover, a highly accurate evaluation of fission products is also necessary to under-

stand the distribution and the amount of delayed neutron precursors. As light water

reactors become high burnup, the amount of MA increases. Therefore, it is necessary

to improve the accuracy of fission observables not only for the 235U system but also

for MA nuclides.

However, measuring the fission observables in experiments is significantly chal-

lenging due to the sample availability and handling, high radiation background, and

insufficient detection efficiencies in many cases. Currently, the experimental data is

limited to fission observables from a handful of nuclides, primarily 235U, 238U, and
239Pu. For MA nuclides, the experimental data is few or no data available. The ex-

perimental nuclear reaction data library EXFOR contains over a thousand datasets

for the fission yields and neutron observables of 235U(n,f). In contrast, the numbers

of datasets for 237Np(n,f) and 241Am(n,f) are approximately one-tenth of those for
235U(n,f). Moreover, the experimental results often suffer from large uncertainty due

to the experimental difficulties. Figure 1.1 shows the prompt fission neutron spec-

trum of 237Np(n,f) at 0.5 MeV incident neutron energy [7], and the result has large

error bars as the outgoing neutron energy increases. These problems make nuclear

applications difficult.
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Figure 1.1: The experimental prompt fission neutron spectrum of
237Np(n,f) at 0.5 MeV incident neutron energy [7].

The prompt fission neutron spectrum of MA nuclides is crucial for the practical

use of the ADS. Although depending on the design of systems, MA nuclides reach

approximately 63% of the ADS fuel [8]. Table 1.1 provides an example of the com-

position of MA nuclides in the ADS fuel. Sensitivity and uncertainty analyses for

ADS were performed with the core loaded with MA nuclides, utilizing covariance

data from the JENDL-4 nuclear data library [5]. The study revealed that the covari-

ances of the neutron spectrum for MA nuclides were substantial in high energies,

introducing significant uncertainties on reactor physics parameters of ADS. Con-

sequently, understanding the fission observables of MA nuclides is key in nuclear

transmutation.

Table 1.1: The MA composition in ADS fuel calculated from Refer-
ence [8].

Nuclides (%) Nuclides (%)
237Np 31.48 243Cm 0.02

241Am 20.75 244Cm 2.56
242mAm 0.04 245Cm 0.25

243Am 8.48 246Cm 0.03
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1.2 Nuclear fission process and fission observables

In addition to experimental measurements, theoretical approaches are effective meth-

ods for this purpose. However, the fission reaction is a dynamic process involving

multiple steps based on different physical mechanisms. Each step needs to be de-

scribed according to the corresponding physical mechanism. This section introduces

the steps and fission observables that are the focus of this work.

1.2.1 Nuclear fission process

The fission process can be separated into four steps: I. Forming a compound nucleus,

II. Nuclear deformation, III. Prompt decay, and IV. β− decay. Figure 1.2 provides a

schematic view of nuclear fission for reference. In this work, binary fission and

first-chance fission, in which no neutrons are emitted prior to fission are considered.

Below, each step is explained.

I. Forming a compound nucleus
The fission process will occur either spontaneously or be induced

by a particle. In the case of neutron-induced fission, the fission

process starts when a fissile nucleus captures a neutron, forming

a compound nucleus. The compound nucleus gains an excitation

energy which is the sum of the neutron incident energy and the

neutron separation energy. This process corresponds to step I in

Figure 1.2.

II. Nuclear deformation
Step II is nuclear deformation, which corresponds to the process

circled in the red box in Figure 1.2. The excited compound nucleus

undergoes shape deformation by a collective motion, and the reac-

tion proceeds along the fission path. After surmounting multiple

fission barriers, the compound nucleus is deformed in a shape with

a narrow neck in the middle of it. Subsequently, the compound

nucleus is divided into two highly excited fission fragments by the

scission of the neck, and more than a thousand types of fragments

are produced stochastically. Although it is impossible to experi-

mentally observe the process after forming the compound nucleus

up to scission, a review paper reports that it takes approximately

10−21 − 10−19 seconds [1].
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III. Prompt decay
After scission, the fission fragments proceed to the prompt de-

cay process to release their excitation energies. This process is

step III as illustrated in Figure 1.2. In the prompt decay process,

the fragments are de-excited to their ground states or the isomeric

states by emitting prompt neutrons and γ rays in competition. Note

that fission fragments after the prompt decay are specifically re-

ferred to as fission products. The reference [1] shows that the time

scales of prompt neutron and γ ray emissions are about 10−18 and

10−14 − 10−7 seconds, respectively.

IV. β− decay
The last process is β− decay, and this corresponds to step IV in

Figure 1.2. The β− decay takes place in neutron-rich fission prod-

ucts. In this process, a neutron in a nucleus converts into a pro-

ton by emitting an electron and an anti-neutrino. The time scale

of the process is reported as greater than 10−6 seconds [1]. The

fission products reduce their excess number of neutrons by repeat-

ing β− decay several times, eventually reaching the final stable or

long-lived fission products. Besides β− decay, the excited fission

products after β− decay emit neutrons and γ rays. These are called

delayed neutron and delayed γ ray, respectively.

Figure 1.2: A schematic view of nuclear fission.

1.2.2 Fission observables focused on in this work

The following describes the significance of the fission observables focused on in this

work for nuclear applications.
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Fission yields
The fission yield refers to the mass or both mass and charge distri-

butions, representing the quantity and types of nuclides produced.

Different fission yields are defined depending on the stage at which

the distribution is defined. In this context, the concepts of fission

fragment yield and fission product yield are introduced here.

The fission fragment yield represents the yield immediately after

scission. Since the prompt neutrons start to evaporate from fis-

sion fragments after about 10−18 seconds, it is difficult to measure

this primary fission fragment yield directly in experiments. Since

the fission fragment yield significantly impacts the following decay

processes, an accurate and consistent evaluation is necessary. Ex-

perimentally, the velocity and/or kinetic energy of both fragments

or one fragment after prompt neutron emission is simultaneously

measured, such as the double energy method (2E method) [9], and

the fission fragment yield is obtained after corrections.

The fission product yield represents the yield after the decay pro-

cesses. This quantity is important to predict the amount of nuclides

generated in nuclear reactors. Moreover, it is necessary to investi-

gate the safety and effectiveness of the transmutation technologies.

In this work, independent fission product yield, which is the yield

after prompt decay, is investigated in more detail.

Total kinetic energy (TKE)
Total kinetic energy is the sum of kinetic energy of the pair of fis-

sion fragments. The evaluation of TKE is crucial because it directly

influences the excitation energy of fragments, which has an impact

on the results of prompt decay calculation.

Neutron multiplicity
The neutron multiplicity is the number of prompt neutrons emitted

from fission fragments. This quantity plays an important role in

controlling nuclear reactors. In critical nuclear reactors, the num-

ber of neutrons increases by fission and decreases by neutron cap-

ture or leakage from the system. The neutron multiplication factor

is defined as the ratio between these increase and decrease pro-

cesses, and it determines the criticality of reactors.

Prompt fission neutron spectrum
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The prompt fission spectrum (PFNS) represents the energy distri-

bution of the emitted neutron. The nuclear reaction depends on the

neutron energy. For example, when the ratio of high-energy neu-

trons is large, i.e., the spectrum is hard, the probability of neutron

capture will change in a reactor. Consequently, the PFNS influ-

ences the burn-up characteristics of the nuclear reactor core and is

key to analyzing the burn-up characteristics.

1.3 Objective and novelty of the present research

The fission reaction is a multifaceted physical phenomenon involving the formation

of a compound nucleus, nuclear deformation, prompt decay, and β− decay. Given

that each process is rooted in different physical mechanisms, theoretical gaps exist

between stages. Addressing these gaps is crucial for evaluating the fission observ-

ables of nuclides with limited or no experimental data. The primary objective of

this work is to construct a framework for systematically evaluating the fission ob-

servables and to evaluate its effectiveness, covering the processes after forming a

compound nucleus up to the prompt decay. The novelty of this work lies in three key

approaches: 1) Establishment of a method of prompt decay calculations in Hauser-

Feshbach statistical model implemented in TALYS, 2) Improvement of the accuracy

of the fission fragment yield in four-dimensional Langevin model, and 3) Connection

of four-dimensional Langevin model and Hauser-Feshbach statistical decay model.

The abstracts of these new approaches are presented in the following subsections.

1.3.1 Establishment of a method of prompt decay calculations in
Hauser-Feshbach statistical model implemented in TALYS

Computational approaches have been developed to calculate fission observables af-

ter prompt decay in both empirical models and theoretical models based on nuclear

physics. Among these approaches, the approach based on the Hauser-Feshbach sta-

tistical theory is capable of prompt decay calculations from fission fragments and can

accurately incorporate correlations between fission observables. Recently, a nuclear

reaction code TALYS [10] was implemented with a function to perform Hauser-

Feshbach calculations for fission fragments with fission fragment data, such as fis-

sion fragment yield and TKE of fragments. Other physical quantities also influence

prompt decay calculations in addition to the fission fragment yield, however, the pa-

rameter values of several physical quantities that are determined to reproduce the
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existing prompt fission observables are unknown in TALYS. In this work, a method

is developed to evaluate the prompt fission observables by elucidating the influence

of physical quantities related to prompt fission observables in TALYS.

TALYS includes parameters or scaling factors to control the physical quantities

related to prompt fission observables, allowing users to specify them as the input pa-

rameters. For instance, the spin-parity distribution of fission fragments in TALYS is

modeled using parameters because the mechanism of angular momentum generation

at scission is not yet completely understood. Additionally, it is recognized that at

high excitation energies, the level spacing of excited levels becomes small, and the

levels merge into continuous, making it difficult to distinguish individual levels. Both

discrete levels and continuum states are states that a compound state can transition

to through de-excitation by emitting particles. As the number of states increases, the

states that a compound state can transition to increase within the conservation laws

of energy, spin, and parity in the Hauser-Feshbach theory. Consequently, it is con-

sidered that the number of states also affects the prompt fission observables. Using

phenomenologically prepared fission fragment data, their influence is investigated on

the prompt fission observables of 235U(nth,f), for which reported data is abundant.

1.3.2 Improvement of the accuracy of the fission fragment yield
in four-dimensional Langevin model

The Langevin approach simulates the process after forming a compound nucleus

to scission by solving the time evolution of nuclear shape and calculates both fis-

sion fragment yield and TKE simultaneously [11]. This approach successfully de-

scribes systematics and anomalies of fission fragment yield and average TKE from

actinides to superheavy nuclei, such as a sudden change of mass distributions in
256−258Fm [11, 12, 13]. However, there is room for improvement regarding the accu-

rate determination of peak positions in fission fragment yields.

In this work, the competition between different magic shells is incorporated to im-

prove the accuracy of the peak position and width of fission fragment yields by con-

sidering different fission modes. The fission modes are considered based on Brosa’s

notation [14]. The fission modes are calculated separately in the four-dimensional

Langevin model and are superposed using a specific ratio. The accuracy of the fis-

sion fragment yield and TKEs is assessed by comparing the calculated results with

the experimental and previous results.
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1.3.3 Connection of four-dimensional Langevin model and Hauser-
Feshbach statistical decay model

Most computational codes prepare inputs for prompt decay calculations, such as fis-

sion fragment yield and TKE, separately using phenomenological methods or exper-

imental data. These approaches may lack the capability to cover a wide range of

nuclides and often struggle with incorporating the correlation between fission frag-

ment yield and TKE. To overcome these issues, the input data should be calculated

by theoretical models based on nuclear physics.

In Section 1.3.1 and Section 1.3.2, the theoretical approaches are proposed for

each process after forming a compound nucleus to scission and the process of prompt

decay to achieve the systematic evaluation of the fission observables. In this work,

a method has been developed to evaluate prompt fission observables by connecting

the obtained fission fragment yield and TKE to the Hauser-Feshbach statistical decay

model, building on the research results of Section 1.3.1 and Section 1.3.2. The pro-

posed method is applied to 239Pu(n,f) and verified by comparing the obtained fission

observables with the experimental and evaluated data.

1.4 Structure of this dissertation

Chapter 1 provides an introduction to applications related to nuclear fission, the fis-

sion process and the significance of the fission observables, and the objective and

novelties of this work. Chapter 2 presents the results related to establishing the

method for evaluating prompt fission observables in the Hauser-Feshbach statistical

model implemented in TALYS. This Chapter includes investigations of the influence

of the spin-parity distribution and the number of continuum states on the fission ob-

servables. In Chapter 3, the focus is on improving the accuracy of peak positions

of the fission fragment yield in the four-dimensional Langevin model. The calcu-

lation methodology is detailed and verified for 238,240,242Pu(sf) and 239Pu(n,f). The

obtained fission fragment yields and TKEs are compared with experimental data and

the previous results. Chapter 4 presents the calculated fission observables obtained

by connecting the Langevin results to a Hauser-Feshbach statistical decay model

implemented in TALYS. The calculations are conducted for 239Pu(n,f) in the range

of the incident neutron energy from thermal to 5 MeV, and the obtained results are

compared with available data. Conclusions are provided in Chapter 5.
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Chapter 2

Establishment of a method of prompt decay
calculations in Hauser-Feshbach statistical
model implemented in TALYS

The Hauser-Feshbach statistical decay approach implemented in TALYS enables the

evaluation of the fission observables after the prompt decay process in a consistent

manner. TALYS allows users to specify various parameters influencing these observ-

ables in the input. There are several parameters for controlling the prompt decay

calculations of fission fragments. In this chapter, a method is established to evaluate

prompt fission observables in the Hauser-Feshbach statistical model implemented in

TALYS. To achieve this, the influence of the spin-parity distribution and the number

of continuum states of fission fragments on the prompt fission observables is elu-

cidated. The following sections provide an overview of theoretical approaches for

prompt fission observables, the Hauser-Feshbach statistical decay model in TALYS,

and the results obtained from these investigations.

2.1 Overview of theoretical approaches for prompt fis-

sion observables

As discussed in Chapter 1, the fission observables after prompt decay play a crucial

role in various contexts, particularly in nuclear applications. However, comprehen-

sive modeling of these observables for different fissioning systems at various exci-

tation energies remains challenging. Moreover, the estimation of accurate fission

observables required for the aforementioned applications still relies on empirical

models. For instance, Wahl systematics for fission yields [15, 16], and Madland-

England model [17] for isomeric ratios. The Los Alamos (Madland-Nix) model for

PFNS [18] is based on physical considerations; however, it takes into account only
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one fragmentation (the so-called most probable fragmentation). If the fission observ-

ables are calculated separately, the correlation that should exist between the fission

observables will be overlooked. In recent years, research approaches incorporating

the sequential emission of neutrons and γ-rays have been developed to overcome this

flaw. Although there are only a few computational codes that can calculate a set of

fission observables after prompt decay, several computer programs have been devel-

oped based on their own theoretical frameworks. Distinct differences between codes

can be observed in included physical quantities, models, calculation techniques, and

so on. These codes are either by Monte Carlo samplings, such as CGMF [19, 20],

FREYA [21, 22], FIFRELIN [23, 24, 25], and GEF [26], or by deterministic ap-

proaches, such as the Point-by-Point model (PbP) [27], the Deterministic Sequential

Emission model (DSE) [28], and HF3D [29, 30, 31]. Among the codes introduced

above, the Hauser-Feshbach approach is a powerful approach for calculating the fis-

sion observables after prompt decay.

The Hauser-Feshbach approach, which can treat emissions as competitive pro-

cesses using transmission coefficients and calculates particle emissions from an ex-

cited nucleus, has been applied to the prompt decay of fission fragments. Figure 2.1

shows a schematic view of the multiple neutron and γ-ray emission process from

an excited fission fragment (Z, A). The initial fragment (Z, A) is in the continuum

excited state and it decays to either the continuum or discrete states of (Z, A − 1)

by emitting a neutron, and either the continuum or discrete states of (Z, A) by emit-

ting γ-rays. This sequential process continues until each state reaches the ground or

isomeric state.

This method computes the evaporation of prompt neutrons and γ-rays for each

fission fragment and calculates their multiplicities and spectra. Additionally, the in-

dependent fission product yield is deduced from the primary fission fragment yield

by considering the obtained prompt neutron multiplicity. This approach enables us to

evaluate the fission observables from the prompt decay process in a consistent man-

ner. Recently, a nuclear reaction code TALYS implemented a deterministic Hauser-

Feshbach statistical decay calculation [32, 33]. TALYS calculates fission fragment

de-excitation by integrating the Hauser-Feshbach statistical decay calculation over

the distribution for all fission fragments, instead of Monte Carlo sampling. The main

advantage of the deterministic treatment is that this can take into account the small

probability of fission events.
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Figure 2.1: Schematic view of the multiple neutrons and γ-rays emis-
sion process from a fission fragment (Z, A). The vertical axis shows
the excitation energy and S n is the neutron separation energy. The
solid arrows represent neutron emission and the dashed vertical arrows
represent γ-ray emission. This figure is taken from Reference [33].

2.2 Hauser-Feshbach statistical decay model in TALYS

The TALYS code (version: 1.96) includes several modules for calculating fission

observables. A new approach was recently implemented [32, 34, 33] to make use of

phenomenological and empirical codes, such as GEF [26, 35], HF3D [29, 30], and

SPY [36, 37], as fission fragment generators to create a fission fragment database

for TALYS. The database has files for each fissioning nuclide and incident energy.

Each file contains the initial conditions defined by the fission fragment yield Yff(Z, A)

for each fragment charge Z and mass number A, the mean excitation energy Ēx of

its Gaussian distribution, the width σEx of the excitation energy distribution, and

average total kinetic energy (⟨TKE⟩) for a fragment pair. TALYS uses these databases

to calculate evaporation data, e.g., neutron and γ-ray emissions sequentially until

both fragments are de-excited and reach their ground states.
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2.2.1 Statistical decay of fission fragments described by Hauser-
Feshbach theory

The particle emissions, such as neutron and γ-ray emissions, can be calculated ac-

cording to the Hauser-Feshbach theory [38], where the nuclear cross section σαα′ is

given as:

σαα′ =
π

k2
α

∑
Jπ jℓ j′ℓ′

gJT jℓ
α

T j′ℓ′

α′∑
α′′ j′′ℓ′′ T

j′′ℓ′′
α′′

, (2.1)

where kα denotes a wave number, and T jℓ
α represents a transmission coefficient and is

calculated in the optical model or in using the γ-ray strength function. The subscript

α denotes the entrance channel expressed in the pair of an incident particle and a

target nucleus. The term “channel” also includes a set of quantities, such as spin and

parity of the particle or nucleus related to the reaction. The subscript α′ represents

one exit channel, and it specifies the outgoing particle and the residual nucleus. The

symbols ℓ, j (ℓ′, j′) are the orbital angular momentum and total angular momentum

of the incident (outgoing) particle respectively and satisfy the conservation of angular

momentum:

J⃗ = I⃗ + j⃗ = I⃗′ + j⃗′, (2.2)

where I⃗ (I⃗′) is the spin of the target (residual) nucleus, and J⃗ denotes the spin of the

compound nucleus. The total angular momentum j⃗ of the incident particle can be

expressed using the spin s⃗ of the incident particle as follows:

j⃗ = ℓ⃗+ s⃗. (2.3)

Then the spin statistical factor gJ in Equation (2.1) can be expressed with the quan-

tities explained above:

gJ =
2J + 1

(2I + 1)(2s + 1)
. (2.4)

Furthermore, the conservation law of parity must be satisfied before and after the

reaction:

π = πIπα(−1)ℓ = πI′πα′(−1)ℓ
′

, (2.5)



2.2. Hauser-Feshbach statistical decay model in TALYS 15

where π represents a parity of the compound nucleus, and πI , πα, πI′ , and πα′ indi-

cate parities of the target nucleus, incident particle, residual nucleus, and outgoing

particle, respectively.

The denominator in Equation (2.1) takes the sum of possible exit channels. There-

fore, the following part in Equation (2.1) is considered as the branching ratio of de-

cay:

∑
j′ℓ′

T j′ℓ′

α′∑
α′′ j′′ℓ′′ T

j′′ℓ′′
α′′

. (2.6)

Given the laws of conservation of spin and parity, when the entrance channel is spec-

ified, the exit channel is determined by the angular momentum and parity brought

out by the emitted particles. Equation (2.6) shows the probability of de-excitation to

the exit channel α′. If the exit channel includes the continuum states, the branching

ratio can be expressed as:

∑
j′ℓ′

T j′ℓ′

α′ (ϵα′)ρα′(Eα′ , I′, π′)dϵα′∑
α′′ j′′ℓ′′

∫
T j′′ℓ′′
α′′ (ϵα′′)ρα′′(Eα′′ , I′′, π′′)dϵα′′

, (2.7)

where ρ represents the level density of the residual nucleus including both the discrete

and continuum states, where the contribution from the former is given as a sum of

δ functions, while that of the latter is given by the Fermi-gas formula as will appear

shortly below. Here, the symbol ϵα′ denotes the kinetic energy of the emitted particle

in α′ channel, which is related to the excitation energy of the residual nucleus Eα′ by

energy conservation, namely,

Ex = ϵα′ + Eα′ + S α′(A), (2.8)

where S α′(A) denotes separation energy of particle α′ from the parent nucleus having

mass number A.

The primary fission fragments’ quantities are required to calculate the sequen-

tial de-excitation process. TALYS reads the fission fragment information from the

databases described above and builds an excitation energy distribution G(Ex) and a

spin-parity distribution R(J, π, Ex). The initial population P0,Z,A of a given fission

fragment is expressed as follows:

P0,Z,A(J, π, Ex) = R(J, π, Ex)G(Ex). (2.9)



16
Chapter 2. Establishment of a method of prompt decay calculations in

Hauser-Feshbach statistical model implemented in TALYS

TALYS assumes a Gaussian fragment excitation energy distribution with the mean

excitation energy Ēx and the width σEx ,

G(Ex) =
1

√
2πσEx

exp

−(Ex − Ēx)2

2σ2
Ex

. (2.10)

The angular momentum generation remains a challenge for contemporary fission

modeling [2, 39, 40, 41, 42]. TALYS adopts the spin-parity distribution R(J, π, Ex)

by following the functional dependency of the level density formula [43]. Since the

parity distribution is 1/2, the spin-parity distribution R(J, π, Ex) is expressed in the

form of the Fermi-gas model:

R(J, π, Ex) =
1
2
·

2J + 1
2Xσ2(Ex)

exp
{
−
(J + 1/2)2

2Xσ2(Ex)

}
. (2.11)

In this equation, X represents a scaling factor, where X = f 2 for primary fission

fragments and X = fs for fission products. A scaling factor f 2 is introduced in order

to assure a reasonable agreement with experimental data. This new scaling parameter

controls the distribution of angular momenta for primary fission fragments. Another

important parameter is the spin cut-off parameter σ2(Ex) based on a level density

model [44, 45], defined as:

σ2(Ex) = 0.01389
A5/3

ã

√
a(Ex − ∆), (2.12)

where ∆ is the pairing energy correction, ã is the asymptotic level density parameter,

and a is the level density parameter. TALYS uses another scaling factor, fs, which

represents a global adjustment factor of the nuclear spin cut-off parameter, applicable

for the level density model. This parameter is multiplied to σ2(Ex) and affects all

independent fission products that are populated by the emission of prompt neutrons.

The distributions G(Ex) and R(J, π, Ex) should satisfy the normalization condition:∫
G(Ex)dEx = 1,∑

Jπ

R(J, π, Ex) = 1. (2.13)

The other ingredients in the Hauser-Feshbach model calculations include the op-

tical model potentials for neutron and charged particles, the level density parameters,

the γ-ray strength function, and the discrete level properties for all residual nuclei.

For this study, the Koning-Delaroche global optical potential [46] for neutrons, a
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composite level density formula (Gilbert and Cameron model [47]) using the level

density parameters and systematics from Reference [48], IAEA-CRP SMLO 2019 ta-

bles and IAEA GSF CRP 2018 for E1 and M1 γ-ray strength functions [49, 50, 51],

and the discrete level data from RIPL-3 [52] are utilized.

2.2.2 Calculations of prompt fission observables

The statistical Hauser-Feshbach calculation is performed from the initial condition

(J, π, Ex) of a fission fragment (Z, A) while the results for the emitted neutrons and

γ-rays are νn(Z, A, J, π, Ex) and νγ(Z, A, J, π, Ex). These results are then weighted

using the initial fission yields to calculate the final observables.

The prompt fission neutron multiplicity ν̄n(Z, A) of a given fission fragment is

calculated by adding the fission neutron production resulting from the initial popula-

tion P0,Z,A(J, π, Ex),

ν̄n(Z, A) =

∫ ∫ ∑
J,π

νn(Z, A, J, π, Ex)

× PFNS(CMS)(Z,A,J,π)(ϵ)P0,Z,A(J, π, Ex)dϵdEx, (2.14)

where νn(Z, A, J, π, Ex) is the neutron multiplicity and PFNS(CMS)(Z,A,J,π)(ϵ) is the

neutron kinetic energy spectrum in center-of-mass system (CMS). The PFNS(CMS)(Z,A)(ϵ)

produced by the fragment (Z, A) is given by

PFNS(CMS)(Z,A)(ϵ) =
1

ν̄n(Z, A)

∫ ∑
J,π

νn(Z, A, J, π, Ex)

× PFNS(CMS)(Z,A,J,π)(ϵ)P0,Z,A(J, π, Ex)dEx. (2.15)

The fission neutron spectrum of a fragment in the laboratory frame, PFNS(LAB)(Z,A)(E),

is converted from the center-of-mass system by Feather’s formula [53, 54, 55]:

PFNS(LAB)(E) =
∫ (

√
E+
√

E f )
2

(
√

E−
√

E f )2

PFNS(CMS)(ϵ)

4
√

E f
√
ϵ

dϵ, (2.16)

where E f is the kinetic energy per nucleon of the fission fragment. The PFNS is

usually plotted as a ratio to a Maxwell-Boltzmann distribution (hereafter referred to

as Maxwellian):

ϕM(E) =
2√
πT 3

M

√
E exp

(
−

E
TM

)
. (2.17)
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In this work, TM = 1.32 MeV is adopted for comparison with experimental and

evaluated data.

The γ-ray observables can be obtained in a similar way to the neutron observ-

ables. The prompt fission γ-ray multiplicity ν̄γ(Z, A) is calculated by using the initial

population and the γ-ray spectrum PFGS(Z,A,J,π)(ϵ) in the center-of-mass system:

ν̄γ(Z, A) =

∫ ∫ ∑
J,π

νγ(Z, A, J, π, Ex)

×PFGS(Z,A,J,π)(ϵ)P0,Z,A(J, π, Ex)dϵdEx. (2.18)

The PFGS(Z,A)(E) produced by the fragment (Z, A) is given by

PFGS(Z,A)(ϵ) =

∫ ∑
J,π

νγ(Z, A, J, π, Ex)

× PFGS(Z,A,J,π)(ϵ)P0,Z,A(J, π, Ex)dEx. (2.19)

Due to prompt neutron emission, the mirror symmetry seen in the primary fission

fragment yield is broken and characteristic peaks appear. The independent fission

product yield Y(Z, A) is deduced from the primary fission fragment yields Yff(Z, A):

Y(Z, A) =
∑
ν

PZ,A+ν(ν)Yff(Z, A + ν), (2.20)

where PZ,A(ν) is the probability to emit ν neutrons by the primary fragment (Z, A).

2.2.3 Calculation conditions

The fission fragment data, such as (Yff(Z, A), Ēx,σEx , ⟨TKE⟩) are necessary to per-

form the Hauser-Feshbach statistical decay calculations. In this chapter, the data

from the HF3D model stored in the TALYS fission fragment database are utilized for

investigating the effect of TALYS parameters, and the 235U(nth,f) reaction is selected

due to the availability of abundant comparable data. The fission fragment distribu-

tion in the HF3D model is generated by fitting the experimentally available Yff(A),

⟨TKE⟩ (A) data [29]. This enables highly accurate comparisons.
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2.3 Influence of TALYS parameters on prompt fission

observables

The influence of the input parameters of the spin-parity distribution and the number

of continuum states, which are essential for controlling the statistical decay calcula-

tion of fission fragments, is investigated. The scaling factor f 2 in Eq. (2.11) mod-

ulates the angular momentum distribution. The other scaling factor adjusts the spin

cut-off parameter, σ2(Ex), by the multiplication factor fs. The number of continuum

states N is given by

N = (Emax
x − Elevel

x )/∆bins(Z, A), (2.21)

where ∆bins is the energy width of discretized continuum state, Emax
x is the maximum

excitation energy, and Elevel
x is the excitation energy of the last discrete level. In

TALYS, N varies in response to the number of nucleons emitted. If the number of

emitted nucleons is less than 4, the value of N remains the same as the input value.

However, if the number of emitted nucleons is less than 8, the revised number of

continuum states denoted as N′ can be:

N
′

= (1 − 0.1(x − 4)) × N, (2.22)

where x is the number of emitted nucleons. If the number of emitted nucleons is

greater than 8, the value of N′ is reduced to half of the initial value of N.

Since TALYS calculates the neutron and γ-ray evaporation competitively, the

neutron observables correlate with the γ-ray observables. Therefore, the parameters

should be determined considering the accuracy of γ-ray observables. The optimal

values are determined to achieve accurate prompt neutron multiplicity and improve

the accuracy of γ-ray observables at thermal energy. The investigation results are

shown below using fission fragment data of the HF3D model.

For the influence of other TALYS parameters on the prompt fission observables,

refer to Appendix A.

2.3.1 Influence of the spin-parity distribution

The values of parameters are investigated to reproduce the experimental results by

referring to the parameters used in several previous studies. In the previous investi-

gation [29], the HF3D model indicated that f = 2.5 was necessary to reproduce the
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neutron observables in the neutron-induced fission of 235U up to 5 MeV incident en-

ergy. Therefore, the investigation is conducted on the value of f 2 to a range of 4−6 in

the TALYS calculations, based on rough estimates from the same study [29]. A sen-

sitivity analysis is conducted by varying the f 2 parameter between 3 and 6 (changing

in unit steps), and the fs parameter between 0.4 and 1.0 (changing by 0.2 in step

size). The input for the TALYS calculation was based on (Yff(Z, A), Ēx,σEx , ⟨TKE⟩)

obtained from HF3D.

Table 2.1 presents a summary of the calculated values for the prompt neutron

multiplicity ν̄n, the prompt γ-ray multiplicity ν̄γ, the average energy ⟨ϵn⟩ of emitted

neutron, and the average energy ⟨ϵγ⟩ of emitted γ-ray. Results obtained with f 2 = 4

yield better ν̄n values, but smaller ν̄γ compared to those obtained with f 2 = 5, 6. The

results indicate a clear trend in which ⟨ϵγ⟩ decreases with increasing values of f 2 and

fs, respectively. ⟨ϵn⟩ also decreases as fs increases.

The calculated result generally reproduces ν̄n with f 2 = 4. The dependence of fs

is investigated in more detail for the multiplicities and PFNS, with f 2 = 4. Figure 2.2

and Figure 2.3 represent the neutron multiplicity ν̄n(A) and the γ-ray multiplicity

ν̄γ(A), respectively, as a function of fragment mass number. The experimental results

show a trend in ν̄n(A), resembling the teeth of a saw, where ν̄n(A) increases as the

light (heavy) fragment mass number increases (Hereafter referred to as the saw-tooth

shape). The calculated ν̄n(A) reproduces this saw-tooth shape and aligns well with

experimental results. Moreover, the calculated result indicates that fs has almost no

significant influence on ν̄n(A). On the other hand, fs has a notable impact on ν̄γ(A).

A larger fs value gives a broader spin distribution for fission fragments, resulting

in increasing the average spin of the fission fragment. Fission fragments with high

angular momenta are unable to reach low-excitation levels directly since the γ-ray

transition is generally governed by dipole transitions. Therefore, larger values of

initial spins lead to an increase in the number of emitted γ-rays. This stands in

contrast to neutron emissions, highlighting a significant difference between the two

types of emissions.
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Table 2.1: Sensitivity of the spin-parity distribution factors on prompt
neutron and γ-ray multiplicities (ν̄n and ν̄γ, respectively) and aver-
age energies (⟨ϵn⟩ and ⟨ϵγ⟩, respectively) for the 235U(nth,f) reaction.
⟨ϵn⟩ is given in the laboratory frame (LAB), while ⟨ϵγ⟩ is given in the
center-of-mass system (CMS).

TALYS(HF3D)

# of N f 2 fs νγ νn ⟨ϵγ⟩[MeV] ⟨ϵn⟩[MeV]

300 3 0.4 5.06 2.49 0.87 2.05

3 0.6 5.76 2.47 0.82 1.95

3 0.8 6.21 2.45 0.79 1.92

3 1.0 6.50 2.44 0.76 1.91

4 0.4 6.05 2.41 0.77 2.08

4 0.6 6.92 2.40 0.73 1.94

4 0.8 7.48 2.39 0.70 1.90

4 1.0 7.85 2.38 0.68 1.89

5 0.4 6.85 2.35 0.71 2.11

5 0.6 7.90 2.34 0.68 1.94

5 0.8 8.55 2.33 0.65 1.89

5 1.0 8.96 2.33 0.63 1.87

6 0.4 7.45 2.30 0.68 2.13

6 0.6 8.66 2.29 0.65 1.94

6 0.8 9.36 2.29 0.62 1.88

6 1.0 9.85 2.29 0.59 1.86

ENDF-B/VIII.0 [56] 8.58 2.41 0.85 2.00

JEFF-3.3 [57] 8.74 2.41 0.81 2.00

JENDL-5 [58] 7.43 2.41 0.94 1.99
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Figure 2.2: The dependence of the spin-parity distribution factor on
the prompt neutron multiplicity. The reaction is 235U(nth,f), and the
input data is obtained from HF3D model.
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Figure 2.3: The dependence of the spin-parity distribution factor on
the prompt γ-ray multiplicity. The reaction is 235U(nth,f), and the input
data is obtained from HF3D model.

Figure 2.4 shows the calculated PFNS(LAB), and the inset figure represents the

PFNS as a ratio to a Maxwellian spectrum. The calculated PFNS(LAB) approximately

reproduces the shape of the PFNS of the reported results on a logarithmic scale for
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f 2 = 4. The fs value has a significant impact on both the peak position and shape of

the PFNS(LAB) above 2 MeV.

Since the factors of the spin-parity distribution affect ν̄γ(A), it is considered that

these factors also have an impact on the prompt fission γ-ray spectrum. Figure 2.5

exhibits the calculated PFGS multiplied by ν̄γ. The factor fs mainly affects the peak

position of the PFGS.

It is also confirmed that fs has just a small influence on the independent fission

product yield, and this is because fs does not change ν̄n(A) (see Figure 2.6).
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Figure 2.4: Influence of spin-parity distribution factor on PFNS(LAB)
with N = 300. The inset figure shows the PFNS(LAB) as a ratio to a
Maxwellian spectrum at TM = 1.32 MeV. The reaction is 235U(nth,f),
and the input data is obtained from HF3D model.
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Figure 2.5: Influence of the spin-parity distribution factor on the
PFGS multiplied by the γ-ray multiplicity for the 235U(nth,f) reaction,
and the input data is obtained from the HF3D model. The enlarged
view of the lower energy region is displayed in the inset.
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2.3.2 Influence of the number of continuum states

A sensitivity analysis is also performed to study the role of the number of continuum

states, N. The HF3D model employs a constant ∆bins size of 100 keV for both the

primary fission fragment and the decaying nucleus, while TALYS partitioned the

excitation energy into the specified number of N. To ensure a maximum ∆bins size of

500 keV, the N range is set to be between 50 and 300. Figure 2.7 shows the calculated

ν̄n(A) with changing N, and it indicates that N has only a minor influence on ν̄n(A).

On the other hand, N has a large impact on ν̄γ(A), as shown in Figure 2.8. The ν̄γ
increases with N because the number of available states for the nucleus to transition

into increases. The values of ν̄n and ν̄γ are summarized in Table 2.2 and Figure 2.9.
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Figure 2.7: The dependence of the number of continuum states on the
prompt neutron multiplicity. The reaction is 235U(nth,f), and the input
data is obtained from HF3D model.
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dependent γ-ray multiplicity for the 235U(nth,f) reaction, and the input
data is obtained from HF3D model.

Table 2.2: Sensitivity of the number of continuum states on prompt
neutron and γ-ray multiplicities (ν̄n and ν̄γ, respectively) and aver-
age energies (⟨ϵn⟩ and ⟨ϵγ⟩, respectively) for the 235U(nth,f) reaction.
⟨ϵn⟩ is given in the laboratory frame (LAB), while ⟨ϵγ⟩ is given in the
center-of-mass system (CMS).

TALYS(HF3D)

# of N f 2 fs νγ νn ⟨ϵγ⟩[MeV] ⟨ϵn⟩[MeV]

50 4 0.4 3.46 2.49 1.19 1.99

100 4 0.4 4.87 2.43 0.92 2.05

200 4 0.4 5.78 2.41 0.80 2.07

300 4 0.4 6.05 2.41 0.77 2.08

ENDF-B/VIII.0 [56] 8.58 2.41 0.85 2.00

JEFF-3.3 [57] 8.74 2.41 0.81 2.00

JENDL-5 [58] 7.43 2.41 0.94 1.99
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Figure 2.10 represents the calculated PFNS(LAB) with changing N value. While

the effect of N is seen in the peak position of the PFNS, it is confirmed that N does

not change the shape of the overall PFNS.
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Figure 2.10: Influence of the number of continuum states on the
PFNS(LAB) for the 235U(nth,f) reaction, and the input data is obtained
from the HF3D model. The inset figure shows the PFNS(LAB) as a
ratio to a Maxwellian spectrum at TM = 1.32 MeV.
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The value of N has an impact on the γ-ray multiplicity as discussed above. The

N dependence of the PFGS multiplied by ν̄γ is shown in Figure 2.11, which is con-

sidered to have a strong correlation with ν̄γ. The influence of N is mainly observed

in the region below 0.5 MeV of the outgoing photon energy. The calculated result

shows a higher peak around 0.2 MeV with a larger N value, and the result of N = 300

is relatively in good agreement with the reported data. Since the excitation energy

of the fission fragment must be conserved, the energy per one γ-ray emission is ex-

pected to decrease with a larger N. Consequently, the peak becomes higher when the

value of N is larger.
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Figure 2.11: Influence of the number of continuum states on the PFGS
multiplied by the γ-ray multiplicity for the 235U(nth,f) reaction, and
the input data is obtained from the HF3D model. The enlarged view
of the lower energy region is displayed in the inset of the figure.

Both ν̄γ and the PFGS exhibit sensitivity to N. It is verified that the impact of N

on the neutron observables is relatively small, and thus a higher N value improves the

consistency of the γ-ray observables with experimental and evaluated data. Regard-

ing independent fission product yield, the effect of N is shown in Figure 2.12. The

calculated result exhibits that N is insignificant on the independent fission product

yield. The reason remains the same as the discussion in Section 2.3.1, namely, ν̄n is

not significantly influenced by N.
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Figure 2.12: Influence of the number of continuum states on the in-
dependent fission product yield. The reaction is 235U(nth,f), and the
input data is obtained from HF3D model.

2.4 Conclusions of Chapter 2

In this chapter, a method was established to evaluate the prompt fission observ-

ables in the Hauser-Feshbach statistical decay model implemented in TALYS. This

is achieved by elucidating the influence of the spin-parity distribution factors f 2, fs,

and the number of continuum states N on the fission observables after prompt decay.

The fission fragment data were employed from that of the HF3D model stored in the

TALYS fission fragment database, and 235U(nth,f) was selected due to the availability

of abundant comparable data.

The calculated results showed that f 2 and fs have a large impact on the γ-ray

multiplicity, whereas the parameters have a small influence on the neutron multiplic-

ity. It was also observed that results obtained with f 2 = 4 provided better ν̄n values.

The result with f 2 = 4 approximately reproduced the shape of the PFNS as reported,

considering a logarithmic scale. It was confirmed that fs does not significantly impact

the independent fission product yield due to its small influence on the neutron multi-

plicity. Regarding N, the value mainly affected both the γ-ray observables, namely,

the γ-ray multiplicity and PFGS. It was revealed that a higher N value was preferred

by comparing the calculated γ-ray observables with experimental and evaluated data.
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The N value showed a minor impact on the independent fission product yield this is

because the N influence is small for the neutron multiplicity.
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Chapter 3

Improvement of the accuracy of the fission
fragment yield in four-dimensional Langevin
model

The objective of this work is to construct a systematic framework for evaluating the

prompt fission observables of nuclides with limited or no experimental data. To

achieve this, theoretical models based on nuclear physics are employed to prepare

the fission fragment data, which serves as input for the prompt decay calculations.

Specifically, the four-dimensional Langevin model has been developed to simulate

the process after forming a compound nucleus to scission, driven by the deforma-

tion of the nucleus. In this section, a new method is proposed to improve the accu-

racy of peak positions of the fission fragment yield in the four-dimensional Langevin

model by incorporating the competition between different magic shells. This chap-

ter explains an overview of nuclear models, the four-dimensional Langevin model

employed to calculate the pre-neutron mass and TKE distributions Yff(A, TKE) of

fission fragments, and the idea used in this work. Subsequently, the calculated fis-

sion fragment yield and TKE are presented for 238,240,242Pu(sf) and 239Pu(n,f). The

present results are compared with experimental data, as well as previous Langevin

results.

3.1 Descriptions of atomic nucleus and potential en-

ergy surface

3.1.1 Models for describing atomic nucleus

In 1939, Bohr and Wheeler published a paper on nuclear fission based on the liquid

drop model, which takes account of the quadrupole and hexadecapole deformations

by assuming incomprehensibility and saturation properties of the nucleus [59]. They

treated nuclei as analogous to charged oil droplets, explaining that fission is caused
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by the energy balance between Coulomb energy and surface tension along the defor-

mation. Furthermore, they could partially explain spontaneous fission and the fission

barrier which is the potential barrier that must be overcome for nuclear fission to

occur by introducing a quantity of “fissility" derived from the energy balance. While

their idea successfully explained one aspect of the atomic nucleus, it was impossible

to explain the features, such as deformation in the ground state and mass-asymmetric

distributions of the fission fragments.

When an atomic nucleus has a certain number of neutrons (protons), its binding

energy becomes greater than that of its neighboring isotopes and isotones, and ac-

cordingly, stability becomes stronger. Figure 3.1 is taken from Reference [60], and

it shows mass differences ∆Mc2 obtained by subtracting the liquid drop energy from

the experimental mass values. The result indicates the ∆Mc2 has dips at specific

values as a function of the neutron number of the nucleus; as a result, the binding

energy is larger locally at those neutron numbers. The nuclei with specific numbers

of neutrons and protons are particularly stable and were considered as the same anal-

ogy to the shell closure of noble gas atoms. Apart from the liquid drop model which

implicitly assumes that nuclear force is very strong, an independent particle model

of nuclei was proposed, in which it was assumed that nucleons move independently

(or freely) in an average potential created by all other nucleons. In the same analogy

to atoms, Mayer and Jensen introduced the spin-orbital coupling term to the average

potential of atomic nuclei, and they reproduced the magic numbers in the spherical

case [61, 62]. In particular, numbers in which the number of neutrons (protons) is 2,

8, 20, 50, 82, and 126 (for neutrons only) are called magic numbers, and when both

neutrons and protons are magic numbers, they are denoted as double magic num-

bers. While it became possible to describe the magic number of an atomic nucleus,

this was applicable only when the nucleus was spherical but was not applied to de-

formed nuclei or to phenomena in which the nucleus deforms significantly, such as

nuclear fission. It must be noted that some of the small magic numbers disappear at

very neutron-rich nuclei, and N =6, 16, 34 appear as new magic numbers there.

Figure 3.1: Mass difference as a function of neutron number from
Reference [60].
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To take account of the deformed nucleus, Nilsson added another spin-orbit term

to Hamiltonian and introduced a concept of a deformed harmonic oscillator model

of nuclei, denoted as Nilsson model [63]. This approach succeeded in reproducing

many properties of the deformed nucleus by removing the degeneracy of states seen

in the spherical model. Furthermore, Strutinsky introduced the concept of shell cor-

rection by considering the difference between the sum of the single-particle energies

below Fermi energy and that of the “smeared” states [64, 65]. He calculated the po-

tential energy by adding the shell correction to the liquid drop model. This approach

succeeded in describing the deformed nucleus at the ground state and fission bar-

rier, which is the minimum energy required to undergo nuclear fission apart from the

tunneling effects.

In addition to the shell effect, pairing correlation is also an important character-

istic of the atomic nucleus. The odd-even staggering structure is seen, for example,

when the neutron separation energy of a nuclide is plotted against its isotope. Nuclei

with an even number of neutrons (protons) exhibit larger neutron (proton) separa-

tion energies than nuclei with an odd number of neutrons (protons). This even-odd

effect is explained by the formation of pairs by the attractive force acting between

two neutrons (protons) in analogy to superconductivity found in condensed matter

physics. This pair correlation is introduced based on the BCS model [66], which has

successfully explained the superconductivity of matters, in the atomic nucleus as pair

correction.

The calculation methods introduced above are classified as the macroscopic-

microscopic approach that treats the shell effect and pairing correlation as quantum

corrections. Recent advancements in computer science have led to the development

of microscopic models. Microscopic models can describe atomic nuclei based on the

internal nucleon degrees of freedom. The nuclear structure has been also investigated

by using microscopic mean-field models with effective interactions. The effective in-

teraction can be formulated using nuclear densities and is also referred to as the

energy density functional (EDF). Various types of EDFs have been proposed with

different contexts, such as relativistic [67] or non-relativistic [68], finite-range [69]

or zero-range force [70], and so on.

3.1.2 Potential energy surface

The development of these methods has enabled calculation for atomic nuclei with

various deformations, allowing computation of potential energy surface (PES) by us-

ing microscopic models [71, 72] and macro-microscopic models [73, 74, 75, 11].
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The potential energy surface describes how energy changes in response to deforma-

tion and provides crucial insights into various properties related to fission, such as

fission barriers and mass asymmetry of fragments. Consequently, the PES is widely

employed to investigate the process after forming a compound nucleus up to scission.

Figure 3.2 exhibits a potential energy surface of 236U calculated in a microscopic

model [76] as functions of quadrupole Q20 and octupole moments Q30, which cor-

respond to nuclear elongation and mass asymmetry, respectively [70]. The poten-

tial energy dE is defined as the difference between the energies of the ground state

E(G.S.) and each configuration point E(Q20, Q30);

dE(Q20, Q30) = E(Q20, Q30) − E(G.S.). (3.1)

In Figure 3.2, the fission paths of asymmetric fission (indicated by a red line) and

symmetric fission (black broken line) are depicted, along with the nuclear density of

a nucleus at ground state, 2nd minimum, and scission points. The asymmetric path

is expected to be the main fission path because its barrier at the outsaddle point is

lower than that of the symmetric one. Given that experimental fission fragments of
235U(n,f) are predominantly mass asymmetric, the potential energy surface demon-

strates its significance in predicting mass distribution.

In the employed Langevin model, the nuclear shape is given in the two-center

shell model parametrization [77], and the potential energy is obtained in the macroscopic-

microscopic approach. The single-particle energy is calculated in a two-center Woods-

Saxon potential [78], and the PES is obtained by a combination of the liquid drop en-

ergy, the shell correction energy based on Strutinsky’s prescription, and the pairing

correction introduced by the BCS approximation.
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Figure 3.2: A potential energy surface as functions of Q20 and Q30,
calculated in microscopic model [70].

3.2 Precedence experimental research

It is widely recognized that the shell effect determines whether the fragment mass

distribution exhibits single or double-humped peaks. Moreover, the peak position

is considered to be determined by the competition between different magic shells.

Schillebeeckx et al. reported fission fragment yields of Pu isotopes, and the results

showed that increase (decrease) of only a few numbers of neutrons leads to a shift

in the peak positions [79]. Figure 3.3 represents the results of heavy fragments of

spontaneous fission for 238,240,242Pu, and the peak position shifts from the heavier

side to the lighter side by increasing the neutron number of fissioning nuclei. For

these Pu isotopes, the peak position is considered to be determined in the competition

between the doubly magic shell (the charge number Z = 50 and the neutron number

N = 82) and the deformed shell.
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Figure 3.3: The experimental fission fragment yield of spontaneous
fission for Pu isotopes [79].

3.3 Four-dimensional Langevin model

The Langevin approach is one of the methods that can describe part of the fission

process by using the potential energy surface, and the four-dimensional Langevin

model [11, 12, 80] is employed for simulating the deformation of a compound nu-

cleus up to scission in this work. This section introduces the four-dimensional Langevin

model in more detail.

3.3.1 Two-center shell model

The Langevin approach in this work employs the two-center shell model (TCSM)

parametrization to describe the shapes of compound nuclei. In the original two-center

shell model [77], the Hamiltonian H is given in a cylindrical coordinate system using

the radial distance ρ, the azimuth φ, and the axial coordinate z:

H = −
h̄2∇2

2m0
+ V(ρ, z) + VLS (r, p, s) + VL2(r, l). (3.2)

This Hamiltonian involves the kinetic energy term− h̄2∇2

2m0
, the momentum-independent

term V(ρ, z), the spin-orbit term VLS (r, p, s), and the L2 term VL2(r, l). The nuclear

shape is defined by the momentum-independent term. This term can be expressed

in two harmonic oscillator potentials connected smoothly, with twelve parameters
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zi,ωzi ,ωρi , ci, di, gi(i = 1, 2) and connecting function fi:

V(ρ, z) =



1
2mω2

z2
(z − z2)2 + 1

2mω2
ρ2
ρ2, z ≤ z2,

1
2mω2

z2
(z − z2)2 f1(z, z2) +

1
2mω2

ρ2
ρ2 f2(z, z2), z2 ≤ z ≤ 0,

1
2mω2

z1
(z − z1)2 f1(z, z1) +

1
2mω2

ρ1
ρ2 f2(z, z1), 0 ≤ z ≤ z1,

1
2mω2

z1
(z − z1)2 + 1

2mω2
ρ1
ρ2, z1 ≤ z,

f1(z, zi) = 1 + ci(z − zi) + di(z − zi)
2,

f2(z, zi) = 1 + gi(z − zi)
2, (i = 1, 2), (3.3)

where the suffix 1 is referred to the right potential centered at z1, and the suffix 2 to

the left potential centered at z2. The upper part of Figure 3.4 exhibits a schematic

view of the TCSM, and the lower part of Figure 3.4 depicts the contour of TCSM so

that it satisfies the volume conservation, namely, the volume equals 4/3πr3
0A.

E

E0

z1z2 ρ(z)

z

V (z)

a1a2
b1b2

Figure 3.4: A schematic description of the two-center shell model.
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By imposing a condition that the potentials are smoothly connected at z = z2,

z = 0, and z = z1, the relations between variables are expressed as follows:

z1 = −z0
ωz2

ωz1 +ωz2

, z2 = z0
ωz1

ωz1 +ωz2

,

c1 = c2 = 2 − 4ϵ,

d1 = d2 = 1 − 3ϵ,

g1 = −
ω2
ρ1
−ω2

ρ2

ω2
ρ1

ωz2

ωz1 +ωz2

, g2 =
ω2
ρ1
−ω2

ρ2

ω2
ρ2

ωz1

ωz1 +ωz2

, (3.4)

where the distance z0 is defined as z0 = z1 − z2, and ϵ is given by the ratio of the

intercept of two harmonic oscillators of the TCSM and that of a connecting function,

i.e., ϵ = E/E0. Consequently, z0 is the distance between the centers of two poten-

tials, and ϵ determines how smoothly two potentials are connected. The ratios of the

oscillator frequencies ωρi/ωzi are expressed using the major and minor axes ai, bi of

the fragments in Figure 3.4, or variables δi:

ω2
ρi

ω2
zi

=
ai

bi
=

(
1 −

2
3
δi

)
/

(
1 +

1
3
δi

)
(3.5)

The ratio of the oscillator frequencies ωρ1/ωρ2 is determined numerically by the

volume conservation condition as an extra constraint. The parameter α is defined as

α =
A1 − A2

A1 + A2
, (3.6)

where A1, A2 represent the mass numbers of right and left fragments, and this α is

used to designate mass asymmetry of the fission fragments after scission.

By imposing these constraints, the twelve variables are reduced to five variables.

The first variable ZZ0 ≡ z0/R0 represents nuclear elongation normalized by the ra-

dius of the compound nucleus R0 = r0A1/3, where A is the mass number of the com-

pound nucleus, and r0 is equal to 1.2. The second and third variables δi(i = 1, 2)

correspond to the deformations of the outer tip of each right and left fragment. The

fourth variable α denotes the mass asymmetry defined above. The fifth variable ϵ

shows the neck configuration defined as the ratio of the intercept of two harmonic

oscillators of the TCSM and that of a connecting function (ϵ = E/E0). Notice that

the neck radius (or thickness) depends on all five parameters. The physical meanings

of these five variables are shown in Figure 3.5.
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Figure 3.5: Five parameters in the two-center shell model.

3.3.2 Langevin equations

The Langevin equations are a set of stochastic differential equations that describe

the Brownian motion of collective variables interacting with a heat bath formed by

nucleons, which is mimicked by a random force acting on macroscopic coordinates.

The time evolution of nuclear shape, which is represented by a set of collective vari-

ables {q} ≡ {qµ : µ = 1 · · · 4} ≡ {ZZ0, δ1, δ2,α} is solved in the Langevin equations

on the corresponding free energy with transport coefficients:

dqµ
dt

=
(
m−1

)
µν

pν, (3.7)

dpµ
dt

= −
∂F(q, T )
∂qµ

−
1
2

∂
(
m−1

)
νσ

∂qµ
pνpσ − γµν

(
m−1

)
νσ

pσ +
√

T eff
µ gµνRν(t).

Notably, the sum is not taken on µ in the last term of the second equation. Otherwise,

the sum of repeated subscripts should be taken. In Equation (3.7), {qµ : µ = 1 · · · 4}
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is a set of time-dependent collective variables of nuclear shape as shown in Sec-

tion 3.3.1, and {pµ : µ = 1 · · · 4} is the corresponding conjugate momenta. In the

four-dimensional Langevin model, the calculations are restricted to a fixed value of

the neck parameter ϵ due to the limitations of computational time and resources.

Since ϵ affects the neck configuration, the nuclear shape and associated physical

quantities are considered to be strongly dependent on ϵ. Further details of the effects

of the ϵ parameter on the fission fragment yield and TKE are discussed in Section 3.5.

The free energy F(q, T ) in Equation (3.7) is temperature-dependent and is cal-

culated as:

F = V − TS , (3.8)

where V denotes the nuclear potential energy, T represents the intrinsic temperature

of the system, and S is the entropy. The temperature T governs the strength of the

shell effect, and T is connected to the intrinsic excitation energy Eint with the level

density parameter a:

Eint = Ex −
1
2

(
m−1

)
µν

pµpν − F(q, T = 0) = aT 2, (3.9)

where Ex is the excitation energy and is treated as the sum of the neutron sepa-

ration energy and the incident energy. Instead of the potential energy, F(q, T ) is

employed to accurately calculate the temperature dependence of the shell correction.

The temperature dependence of the shell and pairing corrections to the free energy

were investigated in the previous work [81] and F(q, T ) is expressed as follows:

F(q, T ) = ELDM + δFshell(T ) + δFpair(T ), (3.10)

where ELDM represents the liquid drop energy, Fshell denotes the shell correction,

and Fpair is pairing correction. The single-particle energy is calculated in the finite-

depth two-center Woods-Saxon potential, and the TCSM shape was expanded by

Cassini ovaloids. The shell and pairing corrections are introduced by Strutinsky’s

prescription and BCS approximation, respectively. Regarding transport coefficients,

a collective inertia tensor mµν is calculated under the Werner-Wheeler approxima-

tion [82, 83]. For the derivative of the transport coefficients, see Appendices B and C.

For a friction tensor γµν, the wall-and-window formula is used with the commonly

accepted reduction factor ks = 0.27 [84, 85, 86]. As for the random force, the sym-

bol Rν represents a stochastic force having a white-noise nature. The strengths gµν of

the random force are related to the friction tensor through the fluctuation-dissipation
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theorem at 1 MeV:

gµσgσν = γµν. (3.11)

The effective temperature T eff
µ is introduced for collective variables as below:

T eff
µ =

1
2

h̄ωµ coth
h̄ωµ
2T

, (3.12)

where ωµ is the local frequency of collective motion, and the sum on µ is not taken.

At T = 0, T eff
µ corresponds to the zero-point energy h̄ωµ/2, i.e., T eff

µ = h̄ωµ/2. The

effect of h̄ωµ on the fission fragment yield and TKE is discussed in Section 3.4.

3.3.3 Calculation conditions

The number of calculation points is 41 × 31 × 31 × 80 = 3, 152, 080 for the shape

configuration of each nuclide. To provide more detail, ZZ0 has 41 calculation points,

ranging from 0.080 up to 4.280 in increments of 0.105. This corresponds approxi-

mately to distances ranging from 0.60 fm up to 31.92 fm in the case of 240Pu, with

intervals of 0.78 fm. Both δ1 and δ2 each have 31 points, ranging from -0.75 up

to 0.75 in increments of 0.05. Regarding α, there are 80 calculation points ranging

from -0.79 up to 0.79 in increments of 0.02. This corresponds approximately to the

fragment mass numbers from A = 50 to A = 190 for 240Pu. The potential energy

and transport coefficients are computed at these mesh points and utilized to solve the

Langevin equation. The Langevin equations are solved in a time step of 0.1 fm/c

and the maximum time of 1 × 104 fm/c, where c is the speed of light. Each 5 × 106

fission trajectory is calculated from the initial point {q} = {0.2, 0, 0.2, 0} and accu-

mulated the phase-space data for all the events that reached scission. In the model,

the scission point is defined as a point where the neck radius becomes zero.

In each scission event, information such as collective variables qµ and kinetic en-

ergy at scission is recorded as well as other quantities such as dcm to be explained

shortly later, Q20, Q30 and so on. The fragment mass A and other quantities are

evaluated by using this information. The charge number Z of the fragment is deter-

mined under the assumption of unchanged charge distribution (UCD) at this point.

Under UCD, the fragment maintains the same N/Z ratio as the fissioning nucleus.

By utilizing the obtained Z, the Coulomb energy ECoul between a fragment pair is

calculated as follows:

ECoul = e2 ZlZh

dcm
, (3.13)
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where Zl,h represents the charge numbers of light and heavy fragments, e is the el-

ementary charge, and dcm is the distance between centers of mass of the light and

heavy fragments. The kinetic energy at scission is obtained using the mass tensor

mνσ:

Ekin =
1
2
(m−1)νσpνpσ. (3.14)

As a result, the total kinetic energy (TKE) of a fragment pair is expressed as the sum

of Coulomb energy and kinetic energy:

TKE = ECoul + Ekin. (3.15)

The kinetic energy of the translational component is only supposed to contribute to

the Coulomb energy because the other kinetic energy components correspond to the

vibration of fragments. Thus, only the kinetic energy component is summed up in

the ZZ0 variable to TKE. The counted scission events are normalized to two and are

presented as the fission fragment yield Yff(A, TKE), as functions of mass number

and TKE of fission fragments. The single distributions of the fission fragment yield

Yff(A) and TKE(A) are obtained by summing up Yff(A, TKE) at each A or TKE.

3.4 Approach for the improvement of the accuracy of

the fission fragment yield

The four-dimensional Langevin model has succeeded in understanding mode transi-

tions of the fission fragment yield and total kinetic energy (TKE) distribution over

a wide mass range from actinide to superheavy nuclei [11, 12, 80]. However, more

precise data is needed for the width and peak positions of the mass distribution for

nuclear applications than the previous approach. The width and peak positions of the

mass distribution were not well reproduced because the model restricts to one neck

parameter ϵ due to the limitations of calculation time and resources in the previous

calculations [87]. However, in the original concept of the TCSM, ϵ is also supposed

to be one of the dynamic variables, and a distribution of ϵ should exist at the scis-

sion point. Assuming that the competition between the magic shells influences the

fission fragment yield as shown in Figure 3.3, it is inferred that the yield consists

of different fission modes, each having distinct peak positions. To incorporate dif-

ferent fission modes in the Langevin model, the fission fragment yields and TKEs

of different fission modes are calculated by adjusting ϵ and h̄ω4 and are superposed.
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The important considerations are reproducing the fission fragment yield with as few

parameters as possible and based on a physical basis for the application to nuclides

with few experimental results. For this reason, Brosa’s notation [14] is employed for

the classification of fission modes. This approach enabled us to express the variations

in ϵ in the fission fragment yield and TKE.

Brosa et al. suggested a model on different fission paths: the superlong (SL), su-

pershort (SS), standard I (ST1), standard II (ST2), and standard III (ST3) modes [14].

The SL and SS modes represent symmetric fission components, and the nuclear shape

distinguishes them. The SL mode is a highly elongated fission component, and its

TKE is low because the distance between fission fragments is long due to its elonga-

tion. On the other hand, the SS mode is a compact fission component, and its TKE

is higher than that of the SL mode because the distance is short. The ST1, ST2, and

ST3 modes are asymmetric fission components and are classified by the peak posi-

tions. For heavy fragments, the peak position of ST1 mode is located near A = 134

due to the doubly magic shell, and its nuclear shape shows a spherical configuration

in the ground state. The peak position of ST2 mode is in the vicinity of A = 144

due to the deformed shell, and the shape exhibits deformed. The ST3 mode is also

called a super asymmetric fission component, and its peak is located on the heavier

side than the ST2 mode.

By using this classification, a method is developed to describe the fission frag-

ment yields of 238,240,242Pu(sf) and 239Pu(nth,f). In this study, assuming that the

contribution of the SS and ST3 modes is small in the fission fragment yields of
238,240,242Pu(sf) and 239Pu(nth,f). Therefore, the ST1, ST2, and SL modes are taken

into account in the calculations. As an example, a schematic result plotted with

Gaussian distributions of the ST1, ST2, and SL modes in Brosa’s notation is shown

in Figure 3.6. The red line corresponds to the SL mode, the blue lines represent the

ST1 mode, the green lines show the ST2 mode obtained from Gaussian distributions,

and the black line corresponds to the sum of these modes. The experimental result is

plotted to compare with the Gaussian result [88].
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Figure 3.6: The fission yield is divided into the Standard I, Standard
II, and Superlong modes in Brosa’s notation.

3.5 Influence of Langevin parameters on fission frag-

ment yield and TKE

The four-dimensional Langevin model has two kinds of parameters, one is the neck

parameter ϵ and the other one is the zero-point energy h̄ωµ. Previous studies have

reported that the peak position and width are affected by these parameters [89, 13].

In this section, the influence of these parameters on the fission fragment yield and

average TKE is clarified quantitatively.

3.5.1 Influence of neck parameter

The left panel of Figure 3.7 represents calculated fission fragment yields of heavy

fragments by changing ϵ, and the right panel exhibits calculated average TKE at

each mass number of fragments. Effects of the ϵ parameter are apparently seen in

these results. Namely, The peak position shifts to the lighter side by increasing the ϵ

value, while the peak width becomes smaller.

Regarding the average TKE, it increases overall with higher ϵ values. This is

because the distance between fragments becomes smaller and the Coulomb energy

becomes larger.

Figure 3.8 represents nuclear shapes with ϵ = 0.25, 0.50, 0.75, 1.00, respectively.

The results illustrate that as a ϵ value increases, the fragment shapes become more
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compact, suggesting a shorter distance between fragments at scission. Since the

Coulomb energy is calculated with Equation (3.13), an increase in ϵ leads to higher

Coulomb energy, consequently, resulting in higher TKE.
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Figure 3.7: The influence of the neck parameter ϵ on the fission frag-
ment yield (left) and average TKE (right).
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To clarify the relation between the peak position and ϵ, the fission fragment yield

is fitted by a Gaussian function YGaussian by using a least squares method:

YGaussian = exp
{
−
(x − µ)2

2σ2

}
, (3.16)

where µ corresponds to the peak position of the fission fragment yield, and σ cor-

responds to the width of the yield. Figure 3.9 represents the peak position of the

calculated fission fragment yield fitted in a Gaussian function. As noted above, the

result shows that the peak position shifts to the lighter side by increasing the ϵ value.
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Figure 3.9: The peak position of the calculated fission fragment yield
fitted in a Gaussian function.

3.5.2 Influence of zero-point energy

Since ωµ is the local frequency of collective motion, the zero-point energy h̄ωµ is

a set of parameters corresponding to collective variables. Each element of h̄ωµ is

investigated by changing values. As a result, it is found that the zero-point energy

for mass asymmetry (h̄ω4) has an impact on the fission fragment yield mainly. It

was also found that the effect of h̄ωµ(µ = 1, 2, 3) is small on the fission fragment

yield and TKE. Therefore, the effect of h̄ω4 is investigated in more detail, and the

same values as previous research are employed for the other h̄ωµ, namely, h̄ωµ(µ =

1, 2, 3) = 2 MeV. The left panel of Figure 3.10 displays the effect of h̄ω4 on the

fission fragment yield. The width of the fission fragment yield becomes wider by

increasing h̄ω4. The average TKE is presented in the right panel of Figure 3.10, and

the zigzag structure is seen in the TKE in 120 ≤ A ≤ 130 and A ≥ 145 in results
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with smaller h̄ω4. This phenomenon is attributed to the number of fission events in

Langevin calculations. As depicted in Figure 3.10, the yield of fission fragments in

120 ≤ A ≤ 130 and A ≥ 145 decreases with smaller h̄ω4. If the number of fission

events is small, the average TKE is considered easy to fluctuate, resulting in the

observed zigzag structure.
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Figure 3.10: The influence of the zero-point energy h̄ω4 on the inde-
pendent fission product yield and average TKE.

The width of the fission fragment yield is investigated in more detail by fitting

the yield with a Gaussian function and shown in Figure 3.11. It is observed that the

width increases with higher h̄ω4 values.
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Figure 3.11: The width of the calculated fission fragment yield fitted
in a Gaussian function and the plotted result of h̄ω4 coth (h̄ω4).
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3.6 Determination of the ST1 and ST2 modes

Currently, few fissile isotopes exist in experimental and evaluated data for the fis-

sion observables before and after prompt decay. The fission fragment yields are

reported for 238,240,242Pu(sf) and 239Pu(nth,f) from Reference [79]. For this reason,

the experimental fission fragment yield of 240Pu(sf) is decomposed into two fission

fragment yields corresponding to the ST1 and ST2 modes by fitting by two Gaussian

functions. As indicated above, the peak positions of the fission fragment yield are

highly influenced by the parameter ϵ, and the width of the yield is notably sensitive

to the parameter h̄ω4. By using the obtained results shown in Figure 3.9 and 3.11,

the Langevin parameters ϵ and h̄ωµ are determined to reproduce the two Gaussian

functions corresponding to the ST1 and ST2 modes. Then, the calculated ST1 and

ST2 modes are superposed by using a superposing ratio ζ:

Yff(A, TKE) = ζYST1(A, TKE) + (1 − ζ)YST2(A, TKE), (3.17)

where YST1(A, TKE) and YST2(A, TKE) are fission fragment yields of ST1 and ST2

modes. In this work, ζ is determined by a least squares method to reduce arbi-

trary elements and to minimize the error from the experimental data. The symmetric

components are included in the ST2 mode and tend to overestimate in the Langevin

calculations. For these reasons, the SL and SS modes are not superposed separately,

and a damping function is applied to the symmetric components of the SL mode at

thermal energy. It should be noted the SL mode is associated with the ST2 mode

since fragments in both modes are deformed.

The calculated fission fragment yield in Equation (3.17) is compared with the

experimental yield by using a least squares method. As a result, the parameters are

determined to be ϵ = 0.65 and h̄ωµ = (2, 2, 2, 1) MeV for the ST1 mode and to be

ϵ = 0.25 and h̄ωµ = (2, 2, 2, 2.7) MeV for the ST2 mode. Figure 3.12 represents

the calculated mass and TKE distributions of 240Pu(sf). A comparison between this

calculated result and the experimental one is discussed in more detail in Section 3.7.1.
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Figure 3.12: The fission fragment yield Yff(A, TKE) of the superpos-
ing result for the 240Pu(sf) system.

Figure 3.13 shows the mass and TKE distributions of the ST1 and ST2 modes.

The results represent that the TKE of the ST1 mode is higher than that of the ST2

mode. TKE is calculated as the sum of Coulomb and kinetic energies at scission, as

mentioned above. In the ST1 mode, the distance between fission fragments is small

due to their shape given by ϵ. As the distance between fragments decreases, the

Coulomb energy increases, leading to a higher TKE. Consequently, the ST1 mode

has a higher ⟨TKE⟩ (A) than the ST2 mode. Regarding the peak position for heavy

fragments, it is located in the vicinity of A = 134 in the ST1 mode and of A = 144 in

the ST2 mode. These peaks are considered to be caused by different magic numbers,

and therefore the nuclear shapes are also different. It is confirmed that fragments in

the ST1 mode are spherical shapes and that in the ST2 mode are deformed shapes in

heavy fragments. Figure 3.14 shows the deformation at scission of fission fragments

in the ST1 and ST2 modes. The deformation is described in quadrupole Q20,i and

octupole Q30,i moments of fragments (i =right and left). See Appendix D for details

on the definition of Q20 and Q30. Figure 3.14 exhibits Q20 and Q30 values are small

in heavy fragments in the ST1 mode. On the other hand, the Q30 value in the ST2

mode is large, and the nuclear shape of fragments in the ST2 mode resembles a

pear shape. These deformations reflect the characteristics of the shell effect, and

calculation results reproduce the characteristics of double magicity in the ST1 mode

and of the deformed magic shell in the ST2 mode.
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Figure 3.13: The fission fragment yields YST1,ST2(A, TKE) of the ST1
and ST2 modes for the 240Pu(sf) system.
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Figure 3.14: Q20 and Q30 of the ST1 and ST2 modes for the left
fragments.

The same ϵ and h̄ωµ sets are used for 238,240,242Pu(sf) and 239Pu(n,f), and ζ is only

adjusted by using a least squares method to reproduce the fission fragment yields.

3.7 Calculation results of fission fragment yield and

TKE

The fission fragment yields Yff(A) and average TKEs (⟨TKE⟩ (A)) of both ST1 and

ST2 modes are calculated separately in the Langevin model. These results were then

superposed by using a superposing ratio ζ. The following subsections present the re-

sults for 238,240,242Pu(sf) and 239Pu(n,f) and discuss the accuracy by comparing them

with experimental and evaluated data. Additionally, the systematics in the superpos-

ing ratio ζ is discussed, and the calculated Yff(A) and ⟨TKE⟩ (A) are compared with

the previous Langevin calculations.
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3.7.1 Fission fragment yields and TKEs of 238,240,242Pu(sf)

The upper part of Figure 3.15 shows Yff(A), and the lower part of Figure 3.15 rep-

resents ⟨TKE⟩ (A) for 238,240,242Pu(sf). By adjusting ζ, the widths of Yff(A) are well

reproduced for 238,240,242Pu(sf). The peak positions of Yff(A) are also generally in

good agreement with experimental results. However, it is important to note that the

experimental data for 238Pu(sf) includes uncertainty in the peak position. Further

precise experimental results are needed for 238Pu(sf) to determine the exact peak

position. Regarding ⟨TKE⟩ (A), while the present ⟨TKE⟩ (A) for 242Pu(sf) is overes-

timated in the range around 130 ≤ A ≤ 140, the calculated ⟨TKE⟩ (A) is consistent

with experimental data, particularly for A ≥ 140, across all results. Table 3.1 shows

the calculated and experimental ⟨TKE⟩ for 238,240,242Pu(sf). The deviation between

the present results and the experimental data is approximately 2%, which indicates

the new proposed approach can provide relatively accurate TKE simultaneously with

Yff(A).
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Figure 3.15: (Upper) The calculated fission fragment yield Yff(A)
and (lower) the average TKE (⟨TKE⟩ (A)) for 238,240,242Pu(sf). The
green dotted lines are calculated ST1 modes (ϵ = 0.65, h̄ωµ =
(2, 2, 2, 1) MeV), the blue dotted lines are calculated ST2 modes
(ϵ = 0.25, h̄ωµ = (2, 2, 2, 2.7) MeV), and the black lines are the
superposing result of calculated ST1 and ST2 modes.
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Table 3.1: The calculated and experimental average TKE (⟨TKE⟩) for
238,240,242Pu(sf) systems (in MeV unit).

Standard I Standard II Average TKE

The neck parameter ϵ 0.65 0.25

The zero-point energy h̄ωµ (2, 2, 2, 1) (2, 2, 2, 2.7)
238Pu(sf) Present calc. 195.87 174.36 176.47

Demattè et al.[90] 176.4±0.3

Schillebeeckx et al.[79] 177.0±0.3
240Pu(sf) Present calc. 194.79 173.44 179.23

Demattè et al.[90] 178.5±0.1

Schillebeeckx et al.[79] 179.4±0.1
242Pu(sf) Present calc. 194.22 172.57 183.01

Demattè et al.[90] 180.5±0.1

Schillebeeckx et al.[79] 180.7±0.1

3.7.2 Fission fragment yields and TKEs of 239Pu(n,f)

The same ϵ and h̄ωµ obtained as above is applied to 239Pu(n,f) ranging from thermal

up to 5 MeV, and Figure 3.16 represents Yff(A) and ⟨TKE⟩ (A) for 239Pu(n,f) at ther-

mal energy, 3, and 5 MeV of incident energies. The superposing ratio ζ is adjusted

to reproduce the experimental fission fragment yield of 239Pu(nth,f), and the same ζ

is employed for the other incident energies. The increase of Yff(A) in the symmetric

region with increasing incident energy is well reproduced. The peak position and the

width of each fission fragment yield Yff(A) are generally in good agreement with the

experimental data although the peak position is out by a few mass numbers and is

overestimated in the vicinity of A = 137, 140, especially at thermal incident energy.

Regarding ⟨TKE⟩ (A), it is seen that the calculation results successfully reproduce the

experimental data in A ≥ 130 while they are underestimated around A = 120 − 130.

To improve the accuracy of ⟨TKE⟩ (A), a large amount of fission fragment yield

should be obtained from A = 120− 130 in the ST1 mode. The calculated ⟨TKE⟩ and

experimental values are tabulated in Table 3.2 and are in good agreement with the

reported data in less than 1%. It must be notable that the accuracy of obtained ⟨TKE⟩

in the present approach is quite high.
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Figure 3.16: (Upper) The calculated fission fragment yield Yff(A)
and (lower) the average TKE (⟨TKE⟩ (A)) for the 239Pu(n,f) system.
The green dotted lines are calculated ST1 modes (ϵ = 0.65, h̄ωµ =
(2, 2, 2, 1) MeV), the blue dotted lines are calculated ST2 modes
(ϵ = 0.25, h̄ωµ = (2, 2, 2, 2.7) MeV), and the black lines are the
superposing result of the calculated ST1 and ST2 modes.

Table 3.2: The calculated and experimental average TKE (⟨TKE⟩) for
239Pu(nth,f) system (in MeV unit).

Standard I Standard II Average TKE

The neck parameter ϵ 0.65 0.25

The zero-point energy h̄ωµ (2, 2, 2, 1) (2, 2, 2, 2.7)
239Pu(nth,f) Present calc. 194.78 173.65 176.88

Wagemans et al.[91, 92] 192 175

Schillebeeckx et al.[79] 177.93±0.01

Surin et al.[93] 177.7±0.1

Tsuchiya et al.[94] 176.2±1.4

Figure 3.17 shows ⟨TKE⟩ (E) as a function of incident neutron energy ranging

from thermal up to 5 MeV. While the decreasing trend is reproduced in ⟨TKE⟩ (E)

as the incident energy increases, the calculation indicates the underestimation of

⟨TKE⟩ (E) at thermal energy especially. One of the reasons for the underestimation

in ⟨TKE⟩ (E) is the underestimation of ⟨TKE⟩ (A) in A = 120 − 130. Furthermore,
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there is a discrepancy between the experimental and calculated results in the slope of

⟨TKE⟩ (E). The previous research reported that the average TKE in Langevin calcu-

lation decreases as increasing the excitation energy due to nuclear deformation [89].

Therefore, the decreasing slope of ⟨TKE⟩ (E) in Langevin calculations is primarily

determined by the reduction of the average TKE due to nuclear deformation. On

the other hand, there are some uncertainties in the experimental TKE because the

experimental TKE is obtained after processed by theoretical or phenomenological

procedures to correct the prompt decay process. Moreover, the number of experi-

mental TKE results is limited in actinide nuclei, and it remains incompletely under-

stood how the average TKE decreases. Therefore, the reasons cannot be concluded

for the discrepancy of the decreasing slope between the calculated and experimental

⟨TKE⟩ (E). The investigation of TKE using the Langevin model will be conducted

in the future.
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Figure 3.17: The average TKE (⟨TKE⟩ (E)) as a function of incident
energy for the 239Pu(n,f) system. The green dotted lines are calculated
ST1 modes, the blue dotted lines are calculated ST2 modes, and the
black lines are the superposing result of the calculated ST1 and ST2
modes. The right figure is an enlarged version of the left figure.

3.7.3 Systematics in superposing ratio

Figure 3.18 represents the superposing ratio ζ of the ST1 and ST2 modes as a func-

tion of (NCN − ZCN)/ACN of the fissioning nucleus. Here, ACN, NCN, and ZCN repre-

sent the mass, neutron, and charge numbers of the compound nucleus, respectively.

It is seen that ζ is in proportion to (NCN − ZCN)/ACN for 238,240,242Pu(sf). This result

shows the amount of YST1(A) increases linearly as (NCN − ZCN)/ACN increases.

The shift in the peak position is observed in the experimental results of Pu iso-

topes for spontaneous fission as shown in Figure 3.3. This is attributed to the shell ef-

fects, and a similar trend is seen in the experimental results of U isotopes for neutron-

induced fission. Hence, assuming that the slope of ζ for neutron-induced fission is
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the same as that for spontaneous fission of Pu isotopes, the superposing approach

might have the capability to calculate Yff(A) and TKE for neutron-induced fission of

other nuclides.
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Figure 3.18: The superposing ratio ζ of the ST1 and ST2 modes as
a function of (NCN − ZCN)/ACN for Pu isotopes. The dashed line
represents a fitting function calculated from Pu(sf) isotopes.

3.7.4 Comparison with previous Langevin approach

Figure 3.19 shows the comparisons of the calculated fission fragment yield Yff(A)

and ⟨TKE⟩ (A) with the previous Langevin calculations for 238,240,242Pu(sf) and 239Pu(nth,f).

The previous Langevin calculations are performed with one neck parameter ϵ = 0.35

and h̄ωµ = (2, 2, 2, 2) MeV. The comparison results demonstrate that the accu-

racy of peak positions and widths is enhanced by superposing the ST1 and ST2

modes. While the present ⟨TKE⟩ (A) for 242Pu(sf) is overestimated in the range

around 130 ≤ A ≤ 140, the accuracy of ⟨TKE⟩ (A) is improved for A ≥ 140 for all

results.

The residual sum of squares divided by the error value of the experimental result

χ2 is calculated to quantify the accuracy of Yff(A) and ⟨TKE⟩ (A), respectively. The

value χ2 is defined by the following equation:

χ2 =
∑

A

(
xexp.,A − xcalc.,A

δxexp.,A

)2

, (3.18)

where δxexp.,A represents the error value of experimental result at each A xexp.,A cor-

responds to the experimental Yff(A) or ⟨TKE⟩ (A) of Reference [79], and xcalc.,A is
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the present or previous Yff(A) or ⟨TKE⟩ (A). The subscript A refers to the fission

fragment mass number. The results for 238,240,242Pu(sf) and 239Pu(nth,f) are tabulated

in Table 3.3. The χ2 results demonstrate that the newly developed approach improves

the accuracy of both Yff(A) and ⟨TKE⟩ (A) for all investigated Pu reactions.

Moreover, the absolute valuesD⟨TKE⟩ of the difference between the experimental

⟨TKE⟩ and the calculated ⟨TKE⟩ are calculated:

D⟨TKE⟩ = | ⟨TKE⟩exp. − ⟨TKE⟩calc. |, (3.19)

where ⟨TKE⟩exp. is the experimental ⟨TKE⟩ from Reference [79], and ⟨TKE⟩calc.

is ⟨TKE⟩ of present or previous calculation. The present and previous ⟨TKE⟩ and

D⟨TKE⟩ are provided in Table 3.4. AlthoughD⟨TKE⟩ of the present result for 242Pu(sf)

is greater than that of the previous result due to the overestimation from 130 ≤ A ≤

140, the results indicate that the accuracy of ⟨TKE⟩ improves using the present ap-

proach, excluding 242Pu(sf).
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Figure 3.19: (Upper) The comparisons of the calculated fission frag-
ment yield Yff(A) and (lower) the average TKE (⟨TKE⟩ (A)) with pre-
vious ones for 238,240,242Pu(sf) and 239Pu(n,f). The black lines corre-
spond to the present results, and the purple lines show the previous
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Table 3.3: χ2 calculated from experimental results [79] and present or
previous calculation results.

Present calc. Previous calc.
238Pu(sf) Fission fragment yield 5.3 × 101 3.3 × 102

Average TKE 2.8 × 102 7.0 × 102

240Pu(sf) Fission fragment yield 1.1 × 102 9.8 × 102

Average TKE 4.2 × 102 1.5 × 103

242Pu(sf) Fission fragment yield 5.0 × 102 8.9 × 102

Average TKE 1.9 × 103 2.4 × 103

239Pu(nth,f) Fission fragment yield 3.4 × 100 3.9 × 101

Average TKE 1.9 × 103 1.1 × 105

Table 3.4: The comparisons of the average TKE (⟨TKE⟩) of
the present and previous Langevin results for 238,240,242Pu(sf) and
239Pu(nth,f) systems (in MeV unit).

⟨TKE⟩ D⟨TKE⟩
238Pu(sf) Present calc. 176.47 0.53

Previous calc. 183.29 6.29

Demattè et al.[90] 176.4±0.3

Schillebeeckx et al.[79] 177.0±0.3
240Pu(sf) Present calc. 179.23 0.17

Previous calc. 182.62 3.22

Demattè et al.[90] 178.5±0.1

Schillebeeckx et al.[79] 179.4±0.1
242Pu(sf) Present calc. 183.01 2.31

Previous calc. 181.45 0.75

Demattè et al.[90] 180.5±0.1

Schillebeeckx et al.[79] 180.7±0.1
239Pu(nth,f) Present calc. 176.88 1.05

Previous calc. 182.62 4.68

Schillebeeckx et al.[79] 177.93±0.01

Surin et al.[93] 177.7±0.1

Tsuchiya et al.[94] 176.2±1.4
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3.8 Conclusions of Chapter 3

In this section, a new method was proposed to improve the accuracy of the peak

position and width of fission fragment yields by superposing two different fission

modes corresponding to the ST1 and ST2 modes based on Brosa’s notation.

The Langevin model has the neck parameter ϵ and the zero-point energy h̄ωµ.

The influence of them on the fission fragment and TKE was investigated. The result

exhibited that ϵ has impacts on the peak position of fission fragments and overall

average TKE, and h̄ω4 influences the width of fission fragments mainly. The ST1 and

ST2 modes were determined based on these influences of parameters and calculated

separately in the four-dimensional Langevin model. The fission fragment yield and

TKE were obtained by superposing the ST1 and ST2 modes using a superposing

ratio and compared with experimental data.

The peak positions and widths of the fission fragment yields were generally in

agreement with experimental data for 238,240,242Pu(sf) and 239Pu(n,f). By comparing

χ2, it was confirmed that the accuracy of the fission fragment yield was improved for

a series of Pu isotopes compared to the previous Langevin calculations. Furthermore,

it was revealed that the proposed approach improved the accuracy of both the average

TKE as a function of the fragment mass number (⟨TKE⟩ (A)) and the whole average

TKE (⟨TKE⟩). The calculated ⟨TKE⟩ (A) reproduced the experimental results, es-

pecially in A ≥ 140 for all investigated Pu isotopes. Moreover, the calculated ⟨TKE⟩

reproduced the experimental results within approximately 2% for 238,240,242Pu(sf)

and less than 1% for 239Pu(nth,f). The improvements of ⟨TKE⟩ (A) for a series of Pu

isotopes were confirmed by comparing χ2. By comparing the absolute values of the

difference between the present and previous results, the improvements of ⟨TKE⟩ for
238,240Pu(sf) and 239Pu(nth,f) were also confirmed.

Consequently, it can be concluded that the newly proposed method achieved the

improvement of the peak positions and widths of the fission fragment yield and,

moreover, TKE. Furthermore, the proposed approach might have the capability to

apply to other nuclides, since the superposing ratio was in proportion to (NCN −

ZCN)/ACN for 238,240,242Pu(sf).
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Chapter 4

Connection of four-dimensional Langevin
model and Hauser-Feshbach statistical decay
model

This chapter presents the calculated prompt fission observables by connecting the

four-dimensional Langevin results to the prompt decay calculation using the Hauser-

Feshbach statistical decay model implemented in TALYS. To perform prompt decay

calculation, several physical quantities are required in addition to the fission fragment

data obtained from the Langevin results in Chapter 3. The required physical quan-

tities, namely, the charge distribution and the excitation energy of fission fragments

are explained. The parameter values of the spin-parity distribution and the number

of continuum states are determined based on the research from Chapter 2. The ac-

curacy of the calculated prompt fission observables is investigated for 239Pu(n,f) by

comparing them with the experimental and evaluated data.

4.1 Physical quantities required for prompt decay cal-

culations

The necessary information for the prompt decay calculation is not only Yff(A) and

⟨TKE⟩ (A) but also the charge distribution of mass distribution and TKE, the exci-

tation energy distribution, and the spin-parity distribution of fission fragments. The

methods of introducing the charge distribution and the excitation energy of fission

fragments in this study are shown below.

4.1.1 Charge distribution

In nuclear fission, fragments with different atomic numbers are produced, necessitat-

ing the preparation of the yield as a function of both mass and atomic numbers for

calculating prompt decay. As the nuclear interaction between protons and neutrons is
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stronger than in other cases, one can assume that the Z/N ratio of fission fragments

maintains the same ratio as that of the parent nucleus. This assumption is known as

the unchanged charge distribution (UCD) assumption, and in this case, it is expected

that fragments with the same Z/N ratio are the most probable charge, and the charge

distribution is generated around it by fission. However, it is known that the most

probable charge Zp(Al,h) deviates slightly from the UCD assumption due to factors

such as the shell effect. Therefore, Zp(Al,h) is expressed as follows:

Zp(Al,h) = ZUCD(Al,h) ± ∆Z(Al,h)

= Al,h × ZCN/ACN ± ∆Z(Al,h). (4.1)

The deviation from the UCD assumption is called charge polarization ∆Z(Al,h), and

∆Z(Al,h) is necessary to prepare precise charge distributions of fission fragments.

Wahl proposed the Zp model [15, 16] to describe the charge distribution. In

this model, it is assumed that the charge distribution follows a Gaussian distribution

function. Factors influencing the charge distribution, such as charge polarization,

even-odd effect, and dispersion, are expressed as functions of Z and A of the parent

nucleus and incident energy. These factors are expressed using several parameters,

and these parameters are determined using a least squares method applied to the

experimental fractional independent yield and fractional cumulative yield (after de-

layed neutron emission). For the parameter values, refer to Reference [16]. In the Zp

model, the fractional independent fission product yield FI(Z, A) is expressed using

the error function of x, erf(x):

FI(Z, A) = 0.5F(A)N(A)
{
erf(V) − erf(W)

}
, (4.2)

V =
Z(A) − Zp(A) + 0.5

σZ(A)
√

2
,

W =
Z(A) − Zp(A) − 0.5

σZ(A)
√

2
,

where F(A) is the even-odd factor, N(A) is the normalization factor, and σZ(A) is

the Gaussian dispersion. The even-odd factor is prepared separately for the numbers

of neutrons and protons, denoted as FN(A) and FZ(A), respectively. The functional

form of F(A) depends on whether the numbers of neutrons and protons are even or

odd. The division of cases for F(A) is tabulated in Table 4.1. Since using F(A)

breaks the normalization of FI(Z, A), the factor N(A) is introduced to restore the

normalization. By employing N(A), FI(Z, A) satisfies
∑

Z FI(Z, A) = 1 for each A.
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The yield FI(Z, A) is calculated using the Zp model, and it is multiplied to Yff(A)

obtained from the Langevin calculations to obtain Yff(Z, A), i.e.,

Yff(Z, A) = FI(Z, A) × Yff(A). (4.3)

In this work, the prompt decay calculations are performed for nuclides with FI(Z, A) ≥

10−10.

Table 4.1: The division of cases for F(A) in Zp model.

for Z for N F(A)
even even FZ(A) × FN(A)
even odd FZ(A)/FN(A)
odd even FN(A)/FZ(A)
odd odd 1/

{
FZ(A) × FN(A)

}

4.1.2 Excitation energy distribution

As introduced in Section 2.2.1, the excitation energy distribution is calculated in

TALYS. TALYS generates the excitation energy distribution of each fission fragment

in the form of a Gaussian distribution by using the average excitation energy and its

standard deviation as shown in Equation (2.10). When explicitly describing light and

heavy fragments, the energy distribution G(Ex) is expressed as follows:

G(Ex) =
1

√
2πσEl,h

exp

−(Ex − Ēl,h)2

2σ2
El,h

. (4.4)

whereσEl,h is the standard deviation of excitation energy for light or heavy fragments.

To construct this distribution, the TKE obtained in the Langevin calculations needs to

be converted to the total excitation energy (TXE), and the TXE should be distributed

to each fragment as excitation energy.

The average total excitation energy ⟨TXE⟩ and its standard deviation for each

fragment pair are calculated with the Langevin results. When explicitly describing

light and heavy fragments, ⟨TXE⟩ is obtained with Q-value and ⟨TKE⟩, as follows:

⟨TXE⟩ (Al, Zl; Ah, Zh) = Q(Al, Zl; Ah, Zh) + Einc − ⟨TKE⟩ (Al, Zl; Ah, Zh)

= [Mn(ACN, ZCN) −Mn(Al, Zl) −Mn(Ah, Zh)] c2

+Einc + Bn − ⟨TKE⟩ (Al, Zl; Ah, Zh), (4.5)
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where Mn is the nuclear mass of the parent nucleus and light and heavy fragments,

Einc is the incident energy, and Bn is the binding energy of the target nucleus.

As shown in Equation (3.9), the excitation energy can be expressed using the

level density parameter and nuclear temperature. If the light and heavy fragments

have the same nuclear temperature, the temperature ratio should be 1. However, it is

not believed that the pair of fission fragments necessarily are at the same tempera-

ture when fission fragments reach full acceleration because of their different nuclear

deformation. An anisothermal parameter RT [95, 96, 97, 29, 30] is introduced to

adjust the temperature ratio of fragments, and the obtained ⟨TXE⟩ is distributed into

each fission fragment based on RT using nuclear temperatures Tl,h of light and heavy

fission fragments:

RT =
Tl

Th
=

√
Ulah(Uh)

Uhal(Ul)
, (4.6)

where a(Ul,h) are the level density parameters obtained from Reference [98], and Ul,h

are the excitation energies corrected by the pairing energies. The energy dependence

of RT is introduced as in the previous research [30]:

RT =

 RT0 + EnRT1 , RT0 + EnRT1 ≥ 1,

1, otherwise,
(4.7)

where RT0 and RT1 are model parameters, and the values are RT0 = 1.30 and RT1 =

−0.0507 respectively for the 239Pu(n,f) reaction [30].

In addition, the distribution also necessitates the standard deviation of the exci-

tation energy. In this work, σEl,h is determined from the Langevin results. The mass

and TKE distributions Y(A, TKE) are obtained through the Langevin calculations as

detailed in Chapter 3. The TKE standard deviation σTKE is obtained as follows:

σ2
TKE = ⟨TKE2⟩ (A) − ⟨TKE⟩2 (A). (4.8)

By using σTKE, σEl,h is calculated in the same procedure as Reference [29]:

σEl,h =
σTKE√
E2

l + E2
h

El,h. (4.9)

4.1.3 Spin-parity distribution and the number of continuum states

TALYS presents the spin-parity distribution in the form of the Fermi-gas model as

shown in Equation (2.11). The parameter values are determined through the research
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detailed in Chapter 2 and set to f 2 = 4 and fs = 1.0 to reproduce the neutron

multiplicity at thermal incident energy. Additionally, the number of continuum states

is set to N = 300.

4.2 Prompt fission observables

The fission neutron observables and the independent fission product yield are cal-

culated by performing the Hauser-Feshbach statistical decay calculations with the

Langevin results and compared with experimental and evaluated data. One of the

TALYS inputs for the calculations is shown in Appendix E. The following subsec-

tions present the respective prompt fission observables.

4.2.1 Neutron multiplicity

Figure 4.1(a) shows the prompt fission neutron multiplicity ν̄n(A) for 239Pu(n,f) as

a function of mass number at the incident energies of thermal energy and 5 MeV.

The calculated ν̄n(A) reproduces successfully the known tendencies while calculated

results overestimate (underestimate) the experimental data in the light (heavy) frag-

ments. At the thermal energy, the calculated ν̄n(A) shows the saw-tooth shape as

widely known in experimental results for actinide nuclei. Compared to ν̄n(A) at the

incident energies of the thermal energy and 5 MeV, ν̄n(A) increases mainly from the

heavy fragments owing to the energy-dependent RT value. The trend of increasing

ν̄n(A) from heavy fragments has been reported for several actinide nuclei in Refer-

ences [99, 100] for experimental results and several computational approaches such

as GEF, PbP [101], FIFRELIN [102], and CGMF with time-dependent superfluid

local density approximation (TDSLDA) results [71, 72]. It must be noted that the

saw-tooth shape and its energy dependence depend on how RT is parameterized [28].

Figure 4.2(b) shows ν̄n(E) for 239Pu(n,f) as a function of the incident energy

ranging from thermal up to 5 MeV, and the calculated ν̄n at the thermal energy is

tabulated with experimental and evaluated data in Table 4.2. The calculated ν̄n(E)

is in fairly good agreement with experimental and evaluated data ranging from ther-

mal up to 5 MeV even though there is a discrepancy of 1% in the calculated and

experimental TKE. There are several reasons why calculated ν̄n(E) reproduces the

reported data: (1) The discrepancy of the TKE is approximately 1 MeV, and it is

small compared to the threshold energy of the prompt neutron evaporation, i.e., the

neutron separation energy. (2) The excitation energy affects ν̄n(E), and other con-

ditions also have an influence on it, such as the spin-parity distribution of fission
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fragments, the fission fragment yield, and the RT value. Various conditions over-

lapped, and the calculated result is in good agreement with the known data. (3) In

the present calculation, the overestimation and underestimation in ν̄n(A) cancel out

each other, consequently, ν̄n(E) reproduces the reported data. In terms of the rate

of increase in ν̄n(E), it almost reproduces that of experimental and evaluated data,

while the rate is different between the range from 0 to 1 MeV and that from 1 to

5 MeV. As previously discussed in (2) above, it is crucial to acknowledge that the

calculation conditions significantly impact ν̄n. The slope also changes in the balance

of the conditions; thus, several input conditions should be taken into account more

carefully.
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ber at thermal and 5 MeV.



4.2. Prompt fission observables 65

 2

 2.5

 3

 3.5

 4

 0  1  2  3  4  5

239
Pu(n,f)

A
v
e
ra

g
e
 p

ro
m

p
t 
n
e
u
tr

o
n
 m

u
lt
ip

lic
it
y

Incident neutron energy [MeV]

ENDF/B-VIII

JENDL-5

Nurpeisov(1975)

Volodin(1972)

Savin(1970)

Present
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Table 4.2: The calculated neutron multiplicity ν̄n and ⟨ϵn⟩ at thermal
energy for the 239Pu(n,f) system.

ν̄n ⟨ϵn⟩[MeV]

Present calc. 2.87 2.02

ENDF-B/VIII.0 [56] 2.87 2.12

JEFF-3.3 [57] 2.86 2.12

JENDL-5 [58] 2.87 2.05

4.2.2 Prompt fission neutron spectrum

Figure 4.3 shows the calculated prompt fission neutron spectrum (PFNS) in the lab-

oratory frame, and the inset is that of a ratio to a Maxwellian spectrum. Although

the calculated PFNS underestimates the reported data from 3 MeV up to 10 MeV,

the calculated one approximately reproduces the shape of the reported ones on a log-

arithmic scale. The PFNS is influenced by the spin-parity distributions of fission

fragments [103, 33], and it is known that the fission fragment yield also affects the

tail of the PFNS [103]. It is necessary to determine the fission fragment yield and

the spin-parity distribution while keeping the accuracy of other fission observables,
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such as the neutron multiplicity and the independent fission product yield. The so-

lution for it has not been found, and the investigation for the PFNS and other fission

observables is in progress.
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Figure 4.3: The calculated prompt fission neutron spectrum (PFNS)
in the laboratory frame for the 239Pu(nth,f) system. The inset figure
represents the PFNS as a ratio to a Maxwellian spectrum at T = 1.32
MeV.

4.2.3 Independent fission product yield

Figure 4.4 represents the independent fission product yield Y(A) for 239Pu(n,f) at

thermal energy. The accuracy of Y(A) has improved from the previous research [87]

by employing two Langevin calculations of ST1 and ST2 modes. While the current

approach partially reproduces fine structure in Y(A), the peak positions are slightly

out by a few mass numbers compared to the experimental and evaluated data. The

calculated Y(A) is overestimated in the vicinity of A = 97 for the light fragment and

A = 141 for the heavy fragment. The overestimations in Y(A) are derived from the

overestimations in the fission fragment yield Yff(A) in the vicinity of A = 137, 140.

The calculation suggests that an accurate fission fragment yield Yff(A) is necessary

to obtain an accurate independent fission product yield Y(A).
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239Pu(nth,f) system.

Figure 4.5 illustrates the independent fission product yields Y(Z, A) at the thermal

energy as functions of charge and mass numbers. The present investigation focused

on specific isotopes and revealed a notable discrepancy in Pd isotopes compared to

the evaluated data. This discrepancy arises from the fact that the determination of

Yff(A) relies on a least squares method, and the small amount of Yff(A) in the sym-

metric region has not been adjusted to reproduce the known data. In principle, it is

possible to adjust zeta to be in good agreement with the experimental independent

fission product yield for a certain nuclide. However, the effectiveness of the adjust-

ment for a certain nuclide is unknown for the independent fission product yields of

the other nuclides and other neutron-induced fission systems. For this reason, ζ is

determined by a least squares method to reduce arbitrary elements and to minimize

the error from the experimental data in this work. However, these calculation results

emphasize the necessity of modifications within the symmetric region to enhance the

accuracy of both Y(Z, A) and Yff(A). For the other isotopes, the calculated Y(Z, A)

exhibits good agreement with the evaluated data on the lighter side. However, the

overestimations are seen in Y(Z, A) on the heavier side, i.e., the neutron-rich side.

For further investigation of this phenomenon, the charge distribution of Y(Z, A) is

investigated at specific mass numbers, namely A = 100, 103, 134, corresponding to
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the characteristic peaks in the evaluated Y(A).

Figure 4.6 shows the calculated Y(Z, A) as a function of charge number Z at

A = 100, 103, 134. While each Y(Z, A) shows a decent agreement with reported

data on the heavier charge number side, the results are overestimated on the lighter

charge number side. The lighter charge number side at the same A corresponds to

neutron-rich fragments. It can be concluded that Y(Z, A) calculated in the present

approach tends to overestimate Y(Z, A) on the neutron-rich fragments by using the

original Wahl’s Zp model for 239Pu(nth,f). The yield of neutron-rich fission products

exerts a significant influence on the amount of delayed neutron by β− decay, thus

an accurate evaluation is necessary. It clarified the necessity of adjusting the width

parameters of the charge distribution to be in good agreement with the evaluated data

of Y(Z, A).
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4.3 Conclusions of Chapter 4

In this chapter, a method was developed to perform the Hauser-Feshbach statistical

decay calculations in TALYS using the Langevin results obtained in Chapter 3 and

parameter values based on the discussion in Chapter 2, and the calculation accuracy

was investigated for 239Pu(n,f) across the incident energy ranging from thermal up

to 5 MeV by comparing the obtained results with the experimental and evaluated

data. Wahl’s Zp model was utilized to introduce the charge distribution of mass and

TKE distribution. The excitation energy was partitioned by an energy-dependent

anisothermal parameter RT , and the same values as reported in the previous study

were applied to the present calculations. While further improvements are necessary

for the accurate calculation of the prompt fission observables, the results success-

fully captured the known trends and reproduced the experimental and evaluated data.

More details for each fission observable are shown following.

The calculated mass-dependent neutron multiplicity reproduced the well-known

saw-tooth shape and the incident energy dependence. At the thermal energy, the

average neutron multiplicity was 2.87 in the present calculation, aligning well with

the evaluated data. This approach successfully reproduced the value of the evaluated

data in the neutron multiplicity. However, discrepancies were shown in the mass-

dependent neutron multiplicities such as overestimation in light fragments and un-

derestimation in heavy fragments. The calculated PFNS reproduced the shape of the

evaluated data although it had a discrepancy between the evaluated data. It is worth

noting that this discrepancy was considered correlated with not only the spin-parity

distribution but also the yields of fission fragments. Further investigation into these

factors is necessary for a comprehensive understanding of the PFNS. The indepen-

dent fission product yield as a function of fragment mass showed the overestimations

derived from the fission fragment yield. The calculation suggested that an accurate

fission fragment yield is necessary to obtain the accurate independent fission product

yield. The analysis of independent fission product yield as functions of charge and

mass revealed that calculation with Wahl’s Zp model resulted in slight overestima-

tions in the yield of the neutron-rich side. The calculation results indicated the need

for further improvement of charge distribution.
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Physical quantities derived from the nuclear fission reaction, referred to as fission ob-

servables in this dissertation, are critically important in the field of nuclear engineer-

ing. These observables play crucial roles in the accurate design of nuclear reactors

and nuclear transmutation technology. From a physics viewpoint, they are also essen-

tial for comprehending the underlying mechanisms of the fission reaction itself and

for understanding process of nucleosynthesis, such as the fission recycling system

in the r-process. However, experiments for nuclear fission reactions are difficult to

conduct due to radiation and its associated factors. Consequently, experimental data

of fission observables are limited for many nuclides. Hence, the theoretical approach

is necessary for evaluating the fission observables. In this work, a comprehensive

framework was introduced to systematically compute the fission observables after

forming a compound nucleus up to the prompt decay process, and its effectiveness

was evaluated.

Chapter 1 introduced the applications of nuclear fission reactions and the impor-

tance of the fission and fission observables. The objective, novelty, and structure of

this dissertation were explained.

In Chapter 2, a method was established to evaluate prompt fission observables

employing the Hauser-Feshbach statistical model implemented in a nuclear reaction

code TALYS. To accomplish this, the influence of the spin-parity distribution and

the number of continuum states on the neutron and γ-ray observables and indepen-

dent fission product yield were clarified. The impact of these quantities was stud-

ied by changing parameter values in TALYS for the 235U(nth,f) reaction, which has

numerous available experimental data. Although the parameters of the spin-parity

distribution affected both neutron and γ-ray multiplicities, the investigation led to the

optimization of the suitable spin-parity distribution for reproducing the neutron mul-

tiplicity. Additionally, these optimal values approximately matched the shape of the

prompt fission neutron spectrum (PFNS) on a logarithmic scale. Regarding the num-

ber of continuum states, its impact on neutron multiplicity was minimal, but higher
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values improved the agreement of γ-ray observables between the calculated results

and reported data.

In Chapter 3, a novel method was proposed to improve the accuracy of the fis-

sion fragment yield data. In this work, the peak positions and widths of the fission

fragment yield were determined by leveraging insights obtained from previous exper-

iments. The experimental results revealed that even a small change in neutron num-

bers could cause peak shifts due to the delicate balance among different magic shells.

To account for this shift, assuming that fission yields could be described as a super-

position of different fission modes, including the effect of magic shells. In this new

approach, two fission modes corresponding to the Standard I and II modes in Brosa’s

notation were derived by independently adjusting the neck parameter and zero-point

energy within the four-dimensional Langevin model. These results were then super-

posed using a superposing ratio to reproduce the experimental fission fragment yields

of 238,240,242Pu(sf) and 239Pu(n,f). This method successfully described the peak po-

sitions and widths of the fission fragment yield for 238,240,242Pu(sf) and 239Pu(n,f)

across the incident energy ranges at thermal, 3, and 5 MeV. While slight discrepan-

cies were observed in TKE as a function of fragment mass number, the calculated

average TKE closely matched with experimental data within 2% in 238,240,242Pu(sf)

and within 1% in 238,240,242Pu(nth,f). Notably, a systematic trend was found in the

superposing ratio of 238,240,242Pu(sf). Assuming the applicability of this systematic to

neutron-induced fission, this novel approach allows for accurately calculating fission

fragment yield and TKE across a wide range of nuclides undergoing neutron-induced

fission.

In previous studies, the fission fragment yield and total kinetic energy (TKE)

were calculated separately using phenomenological methods or experimental data.

Consequently, predicting the prompt fission observables for energy regions where

no experimental data exists or for nuclides that have been never measured has been

challenging. To address this issue, the calculated fission fragment yield and TKE in

the four-dimensional Langevin model were utilized for prompt decay calculations.

In Chapter 4, a method was developed to perform the Hauser-Feshbach statistical de-

cay calculations using the established method in Chapter 2 and the Langevin results

obtained from Chapter 3. The calculation accuracy of prompt fission observables

was investigated on the 239Pu(n,f) reaction across the incident energy ranging from

thermal to 5 MeV. The charge distribution and excitation energy were calculated us-

ing Wahl’s Zp model and energy-dependent RT model, respectively, for the obtained

fission fragment yield and TKE. The parameter values for the spin-parity distribution
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and the number of continuum states were adjusted to reproduce the neutron multi-

plicity at the thermal incident energy. The calculated neutron multiplicity, PFNS,

and independent fission product yield were compared with experimental and evalu-

ated data and investigated the present accuracy. While further improvement is still

needed, this new approach demonstrated promising results. It successfully captured

known trends and reasonably reproduced the experimental and evaluated data. Par-

ticularly noteworthy was the accurate reproduction of the neutron multiplicity, which

exhibited strong agreement with the evaluated values.

It has succeeded in constructing a theoretical framework for the systematical

computation of prompt fission observables. It is possible to discuss how reliable

the evaluated data are for MA nuclides from the point of view of nuclear physics

with limited experimental data or MA nuclides with large uncertainties by comparing

the results of this approach with the current evaluated data. Furthermore, although

calculations are currently limited to first-chance fission, this approach enables calcu-

lations for any incident energy, and it is effective for expanding the data on the fission

observables.

On the other hand, there is still room for improvement in the accuracy of fis-

sion observables obtained from this method, and further improvements are required.

From the perspective of energy partitioning, the RT model that does not depend on

the mass number of the fission fragments is employed in this work. Some research

group uses a mass-dependent RT model based on the idea that the nuclear deforma-

tion of each fission fragment at scission is different [23, 19, 27]. The latest research

using a different prompt decay calculation code has confirmed that the use of a mass-

dependent RT model for total excitation energy calculated using the Langevin model

improves the accuracy of mass-dependent neutron multiplicity [104]. The investiga-

tion of the accuracy of independent yields with changes in the neutron multiplicity

is also a future work. In addition to the above, improvement of the accuracy of the

primary fission fragment yield and TKE is imperative since these observables af-

fect prompt decay calculations. Presently, my research group is in the process of

developing a five-dimensional Langevin model, where the neck parameter is treated

as one of the collective variables. This model enables the incorporation of diverse

neck configurations, allowing various fragment deformations. It is anticipated that

the discrepancies observed in this study would be solved by the ongoing research.
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Appendices

A Influence of other TALYS parameters on prompt

fission observables

TALYS has a lot of parameters that might affect prompt fission observables. The

following shows the results of investigating the maximum J value Jmax of the spin-

parity distribution and the E1 γ-ray strength function.

A.1 The maximum J value

The symbol Jmax affects the maximum J value of the spin-parity distribution in Equa-

tion (2.11). Following are the calculation results by setting Jmax to 40 or 50, N to

150 or 300, f 2 to 4 or 6, and fs between 0.3 and 0.5. Other calculation conditions

are the same as Chapter 2.

Table A.1 gives a summary of the calculated neutron and γ-ray multiplicities (ν̄n,

ν̄γ) and the average energies (⟨ϵn⟩, ⟨ϵγ⟩) of the emitted neutron or γ-ray. The table

shows that while Jmax influences ν̄γ when f 2 = 6, the impact of changing Jmax is

small, especially for ν̄n.

The calculated results are plotted in the following figures. Figure A.1 represents

ν̄n(A), Figure A.2 exhibits ν̄γ(A), Figure A.3 shows the PFNS, Figure A.4 indicates

the PFGS, and Figure A.5 illustrates the independent fission product yield. It is

shown that Jmax affects ν̄γ(A) slightly when f 2 = 6, and it has a small impact on the

other prompt fission observables. To summarize the investigation of the influence of

Jmax, it affects γ-ray multiplicity. In the current TALYS code, the default is set to

Jmax = 40.
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Table A.1: Sensitivity of the maximum J value on prompt neutron
and γ-ray multiplicities (ν̄n and ν̄γ, respectively) and average energies
(⟨ϵn⟩ and ⟨ϵγ⟩, respectively) for the 235U(nth,f) reaction. ⟨ϵn⟩ is given
in the laboratory frame (LAB), while ⟨ϵγ⟩ is given in the center-of-
mass system (CMS).

TALYS(HF3D)

Jmax N f 2 fs νγ νn ⟨ϵγ⟩[MeV] ⟨ϵn⟩[MeV]

40 150 4 0.3 5.12 2.37 0.88 2.22

4 0.4 5.48 2.42 0.84 2.06

4 0.5 5.94 2.42 0.81 1.97

6 0.4 6.42 2.31 0.78 2.12

6 0.5 7.02 2.31 0.75 1.99

50 150 4 0.3 5.13 2.37 0.88 2.22

4 0.4 5.49 2.42 0.84 2.06

4 0.5 5.95 2.42 0.81 1.97

6 0.4 6.62 2.30 0.77 2.12

6 0.5 7.23 2.30 0.74 1.99

40 300 4 0.3 5.66 2.37 0.81 2.23

4 0.4 6.05 2.41 0.77 2.08

4 0.5 6.54 2.41 0.75 1.99

6 0.4 7.45 2.30 0.68 2.13

6 0.5 8.13 2.30 0.66 2.00

50 300 4 0.3 5.67 2.37 0.81 2.23

4 0.4 6.06 2.41 0.77 2.08

4 0.5 6.55 2.41 0.75 1.99

6 0.4 7.67 2.29 0.67 2.14

6 0.5 8.38 2.29 0.65 2.00

ENDF-B/VIII.0 [56] 8.58 2.41 0.85 2.00



83

 0

 0.5

 1

 1.5

 2

 2.5

 3

 70  80  90  100  110  120  130  140  150  160

235
U(nth,f)

N=150
P

ro
m

p
t 
n
e
u
tr

o
n
 m

u
lt
ip

lic
it
y

Mass number

Jmax=40, f 
2
=4, fs=0.3

Jmax=40, f 
2
=4, fs=0.4

Jmax=40, f 
2
=4, fs=0.5

Jmax=40, f 
2
=6, fs=0.4

Jmax=40, f 
2
=6, fs=0.5

Jmax=50, f 
2
=4, fs=0.3

Jmax=50, f 
2
=4, fs=0.4

Jmax=50, f 
2
=4, fs=0.5

Jmax=50, f 
2
=6, fs=0.4

Jmax=50, f 
2
=6, fs=0.5

 0

 0.5

 1

 1.5

 2

 2.5

 3

 70  80  90  100  110  120  130  140  150  160

235
U(nth,f)

N=300

P
ro

m
p
t 
n
e
u
tr

o
n
 m

u
lt
ip

lic
it
y

Mass number

Jmax=40, f 
2
=4, fs=0.3

Jmax=40, f 
2
=4, fs=0.4

Jmax=40, f 
2
=4, fs=0.5

Jmax=40, f 
2
=6, fs=0.4

Jmax=40, f 
2
=6, fs=0.5

Jmax=50, f 
2
=4, fs=0.3

Jmax=50, f 
2
=4, fs=0.4

Jmax=50, f 
2
=4, fs=0.5

Jmax=50, f 
2
=6, fs=0.4

Jmax=50, f 
2
=6, fs=0.5

FigureA.1: The influence of maximum J value on ν̄n(A). The number
of continuum states N is 150 on the left figure, while N is 300 on the
right figure.
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Figure A.2: The influence of maximum J value on ν̄γ(A). The num-
ber of continuum states N is 150 on the left figure, while N is 300 on
the right figure.
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Figure A.3: The influence of maximum J value on the PFNS. The
number of continuum states N is 150 on the left figure, while N is 300
on the right figure.
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Figure A.4: The influence of maximum J value on the PFGS. The
number of continuum states N is 150 on the left figure, while N is 300
on the right figure.
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Figure A.5: The influence of maximum J value on the independent
fission product yield. The number of continuum states N is 150 on the
left figure, while N is 300 on the right figure.

A.2 E1 γ-ray strength function

TALYS has several options for the γ-ray strength function. Here, two types of the

E1 γ-ray strength function are investigated. One is the Simple Modified Lorentzian

(SMLO) model [49, 50], and the other one is the Hartree-Fock Bogoliubov+quasi-

particle random phase approximation (HFB+QRPA) model using the D1M Gogny

force [105]. In TALYS, the SMLO model is set as the default of the E1 γ-ray strength

function for the prompt decay calculations. Below, the influence of the E1 γ-ray

strength function is shown on the prompt fission observables. In this calculation, f 2,

fs, and N are set to 4, 0.4, and 300, respectively.

Table A.2 represents the sensitivity of the E1 γ-ray function on prompt multiplic-

ities and average energies. The sensitivity is investigated using the fission fragment

data from HF3D and GEF, and it is found that the difference caused by the E1 γ-ray

function is quite small.
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Figure A.6 to A.10 show the calculated ν̄n(A), ν̄γ(A), PFNS, PFGS, and inde-

pendent fission product yield. In these results, no notable differences are observed.

Table A.2: Sensitivity of the E1 γ-ray function on prompt neutron
and γ-ray multiplicities (ν̄n and ν̄γ, respectively) and average energies
(⟨ϵn⟩ and ⟨ϵγ⟩, respectively) for the 235U(nth,f) reaction. ⟨ϵn⟩ is given
in the laboratory frame (LAB), while ⟨ϵγ⟩ is given in the center-of-
mass system (CMS).

νγ νn ⟨ϵγ⟩[MeV] ⟨ϵn⟩[MeV]

TALYS(HF3D) HFB+QRPA 6.03 2.41 0.77 2.08

SMLO 6.05 2.41 0.77 2.08

TALYS(GEF) HFB+QRPA 6.11 2.31 0.76 1.99

SMLO 6.13 2.30 0.76 1.99

ENDF-B/VIII.0 8.58 2.41 0.85 2.00
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Figure A.6: The influence of E1 γ-ray function on ν̄n(A).
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Figure A.7: The influence of E1 γ-ray function on ν̄γ(A).
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Figure A.8: The influence of E1 γ-ray function on PFNS.



87

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

 0  2  4  6  8  10

235
U(nth,f)

P
F

G
S

 [
 ν−

γ
 /

fi
s
s
io

n
/M

e
V

]

Outgoing photon energy [MeV]

Peelle(1971)

Oberstedt(2013)

Makii(2019)

ENDF/B−VIII.0

HFB+QRPA

SMLO

0

5

10

15

 0  0.5  1  1.5

Figure A.9: The influence of E1 γ-ray function on PFGS.
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Figure A.10: The influence of E1 γ-ray function on the independent
fission product yield.

B Mass tensor

The mass tensor is calculated under Werner-Wheeler approximation in the four-

dimensional Langevin model. Here, the derivation of the mass tensor is introduced.
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Assuming that a nucleus is an incompressible fluid, the total kinetic energy T of

the system is given by

T =
1
2
ρm

∫
v2d3r, ρm =

M0
4
3πR3

0

, (B.1)

where M0 represents the mass of nucleus, ρm denotes its density, and R0 is its radius.

Assuming that the velocity v2 is independent of time but dependent on the collective

variables qµ, it can be expressed as:

v = ṙ =
∑
µ

∂r
∂qµ

q̇µ (B.2)

Substituting this equation into the expression for T :

T =
1
2
ρm

∑
µ,ν

[∫
d3r

∂r
∂qµ

∂r
∂qν

]
q̇µq̇ν ≡

1
2

∑
µ,ν

mµνq̇µq̇ν, (B.3)

where mµν is:

mµν = ρm

∫
d3r

∂r
∂qµ

∂r
∂qν

. (B.4)

The velocity v in the cylindrical coordinate system is given as:

v = ρ̇êρ + żêz, (B.5)

where êρ and êz are unit vectors for radial and axial directions, respectively. Under

Werner-Wheeler approximation, ż is independent of ρ, and ρ̇ is independent of z but

linearly dependent on ρ. This relation can be expressed as:

ż = A(z; q, q̇) =
∑
µ

Aµ(z; q)q̇µ,

ρ̇ = ρB(z; q, q̇) =
ρ

P(z; q)

∑
µ

Bµ(z; q)q̇µ, (B.6)

where P(z; q) denotes the value of ρ on the nuclear surface at z. In these equations,

the relation between Aµ and Bµ is derived from the equation of continuity (∇ · v = 0):

Bµ = −
1
2

P(z; q)
∂Aµ(z; q)

∂z
. (B.7)
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By using Equation (B.5), the total kinetic energy T is also expressed as

T =
1
2
ρm

∫
v2d3r =

1
2
ρm

∫ P

0

∫ 2π

0

∫ zmax

zmin

(
ρ̇2 + ż2

)
ρdρdθdz (B.8)

By comparing Equation (B.3) with the equation obtained from Equation (B.6) and (B.7),

the mass tensor mµν is given by:

mµν = πρm

∫ zmax

zmin

P2
(
1
8

P2∂Aµ
∂z

∂Aν
∂z

+ AµAν

)
dz. (B.9)

The value of Aµ is determined by the condition that the total time derivative becomes

zero under the assumption of the incompressible fluid nature of the nucleus. The

volumes of the right and left sides of the nucleus, denoted as V+(z; q) and V−(z; q)

respectively, are given by:

V+(z; q) = π

∫ zmax

z
P2(z

′

; q)dz
′

,

V−(z; q) = π

∫ z

zmin

P2(z
′

; q)dz
′

. (B.10)

By using the condition that the total time derivative becomes zero and by comparing

the obtained equation with Equation (B.6), Aµ should be:

Aµ =
1

P2(z; q)
∂

∂qµ

∫ zmax

z
P2(z

′

; q)dz
′

. (B.11)

C Friction tensor

In the four-dimensional Langevin model, the friction tensor is introduced by the wall-

and-window formula. The friction tensor can be obtained from the rate dE/dt of

dissipation of energy:

dE
dt

=
∑
µ,ν

γµνq̇µq̇ν, (C.1)

The wall-and-window formula consists of a wall formula and a window formula

depending on the nuclear shape. The wall formula takes into account taking into

account a nucleus before neck formation, while the window formula considers a

nucleus after neck formation. Below, each formula is derived and how these formulas

are incorporated into the wall-and-window formula.
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C.1 Wall formula

In the wall formula, energy is transferred from the “wall”, namely, the nuclear surface

to nucleons. Therefore, dE/dt should be considered in the form of the whole nuclear

surface:

dE
dt

= ρmv
∮

ṅ2dS , (C.2)

where ρm is the mass density, v̄ is the average nucleon speed relative to the drift

velocity of the nucleus, and ṅ is the relative normal velocity of the nuclear surface.

Below, Equation (C.2), ṅ2, and the surface integral are derived.

First, the derivation of Equation (C.2) is shown below. The number of nucleons

in the velocity interval from vz to vz + dvz is expressed using the number density of

nucleons ρ0 and normalized velocity distribution f (
∫

f (v)d3v = 1):

g(zv)dvz = ρ0

∫
f (v)dvzdvθvρdvρ. (C.3)

Here, Jacobian (dv3 = dvzdvθvρdvρ) is used to transform the coordinate system.

Since the integration range of θ is from 0 to 2π, g(vz) can be obtained using the

relation v =
√

v2
z + v2

ρ:

g(vz) = 2πρ0

∫ ∞

vz

v f (v)dv. (C.4)

Therefore, the derivative of g(vz) is given by:

dg(vz)

dvz
= −2πρ0vz f (vz). (C.5)

The number of nucleons dN that hit the nuclear surface element dxdy during dt is

given by dN = vzdtdxdyg(vz). When the nuclear surface moves in the positive

direction of the z-axis with velocity ṅ, dN becomes as follows:

dN = dxdydt(vz − ṅ)g(vz). (C.6)

Assuming that nucleons hit elastically on the nuclear surface, the transferred mo-

mentum is 2Mnucl(vz − ṅ), where Mnucl is the mass of a nucleon. The momentum

transferred to the surface element dxdy during dt, namely, the pressure p is expressed
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as:

p = 2Mnucl

∫ ∞

ṅ
(vz − ṅ)2g(vz)dvz. (C.7)

By performing a partial integration and using Equation (C.5), p becomes:

p =
4π
3
ρm

∫ ∞

ṅ
(vz − ṅ)3vz f (vz)dvz. (C.8)

Here, assuming limvz→∞ v3
z g(vz) = 0 and utilize the relation ρm = Mnuclρ0. To

integrate the term in p, vn is defined as follows:

vn = 4π
∫ ∞

0
vn+2 f (v)dv (C.9)

If p is expressed for each order of ṅ, p can be written as:

p =
1
3
ρmv2 − ρmv̄ṅ + ρmṅ2 −

1
3
ρm

(
1
v

)
ṅ3 + pcorr, (C.10)

where pcorr is a term generated by changing the range of integration:

pcorr = −
4π
3
ρm

∫ ṅ

0
(v − ṅ)3v f (v)dv. (C.11)

When the nuclear surface moves a displacement δn in the z-axis direction, the energy

δE transferred from the nuclear surface to the nucleons is expressed as follows:

δE = −

∮
pδndS

= −
1
3
ρmv2

∮
δndS + ρmv

∮
ṅδndS +O(ṅ3/v3), (C.12)

where dS = dxdy. In this equation,
∮
δndS represents the volume change, which

vanishes due to the conservation of the volume of the nucleus, and the termO(ṅ3/v3)

is neglected. The remaining term for δE is:

δE = ρmv
∮

ṅδndS . (C.13)

Equation (C.2) is derived by dividing both sides of this equation by δt.
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The next derivation is for ṅ2. The displacement during dt in the normal direction

can be expressed with the radial and axial displacements dρ, dz:

ṅdt =
√
(dz)2 + (dρ)2 = dz

√
1 +

(
dρ
dz

)2

= dz

√
1 +

(
∂ρ

∂z
+
∂ρ

∂t
dt
dz

)2

. (C.14)

In the second equation, the relation between partial and ordinary derivatives is em-

ployed. Since dρ/dz is perpendicular to ∂ρ/∂z,(
∂ρ

∂z
+
∂ρ

∂t
dt
dz

)
×
∂ρ

∂z
= −1. (C.15)

By transforming the equation, ṅ should be:

ṅ =
∂ρ

∂t

1 + (
∂ρ

∂z

)2−1/2

. (C.16)

By using collective variables qµ explicitly, this equation can be transformed as fol-

lows:

ṅ =
∑
µ

q̇µρ
∂ρ

∂qµ

ρ2 +

(
ρ
∂ρ

∂z

)2−1/2

=
1
2

∑
µ

q̇µ
∂ρ2

∂qµ

ρ2 +
1
4

(
∂ρ2

∂z

)2−1/2

. (C.17)

Therefore, ṅ2 is expressed as:

ṅ2 =
1
4

∑
µ,ν

q̇µq̇ν
∂ρ2

∂qµ

∂ρ2

∂qν

ρ2 +
1
4

(
∂ρ2

∂z

)2−1

. (C.18)

The final derivation is for the surface integral. This integral can be converted into

a line integral by using the circumference length 2πρ in radial direction:

∮
dS = 2πρ

∫ zmax

zmin

dz

√
1 +

(
∂ρ

∂z

)2

= 2π
∫ zmax

zmin

dz

√
ρ2 +

1
4

(
∂ρ2

∂z

)2

. (C.19)
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The friction tensor γ(wall)
µν from the wall formula is obtained by substituting Equa-

tion (C.18) and (C.19) into Equation (C.2) and comparing the obtained result with

Equation (C.1):

γ
(wall)
µν =

πρmv
2

∫ zmax

zmin

dz
∂ρ2

∂qµ

∂ρ2

∂qν

ρ2 +
1
4

(
∂ρ2

∂z

)2−1/2

. (C.20)

In cases where the nuclear shape is close to scission, the wall formula is applied to

both the right and left parts of the nucleus. Additionally, the center-of-mass velocities

of the right and left parts should be considered. The friction tensor γ(wall2)
µν is:

γ
(wall2)
µν =

πρmv
2

(∫ zN

zmin

IL(z)dz +
∫ zmax

zN

IR(z)dz
)

, (C.21)

where zN is the position at which the neck radius is the smallest. The symbol Ii

(where i denotes right and left) is expressed as:

Ii =

(
∂ρ2

∂qµ
+
∂ρ2

∂z
∂Di

∂qµ

) (
∂ρ2

∂qν
+
∂ρ2

∂z
∂Di

∂qν

) ρ2 +
1
4

(
∂ρ2

∂z

)2−1/2

, (C.22)

where Di is the center-of-mass distance of each fragment to zN .

C.2 Window formula

The wall formula cannot be applied when the nascent fragments are almost separate

and only connected by a small area. In this scenario, the small area is considered

a “window”, and the friction tensor is derived by the window formula considering

forces resulting through this window and the nuclear surface. The window formula

assumes that the small area ∆σ is situated on the x, y-plane and is perpendicular to

the z-axis. The forces on A can be divided into three factors, namely, the force acting

from A to B, the force acting from B to A, and the force on the nuclear surface. Here,

A and B denote the volumes on the left and right sides of the small area, respectively.

Each factor is explained below.

Force acting from A to B

The number of nucleons in ∆σ during dt is represented as dN =

∆σdt(vz− ṅ)g(vz), similar to the wall formula. Each nucleon trans-

fers the momentum Mnuclv from A. The velocity v remains in the

z-direction by averaging over the x, y-plane. The force FAB act-

ing in the z-direction is expressed using Equation (C.5) and (C.9)
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through the same procedure as the wall formula:

FAB = −

∫ ∞

ṅ

dN
dt

Mnuclvzêzdvz

= −Mnucl∆σ
∫ ∞

ṅ
(vz − ṅ)vzêzg(vz)dvz

= −2πρm∆σ
∫ ∞

ṅ

{
1
3

v3
z −

1
2

v2
z ṅ

}
vzêz f (vz)dvz

= −
1
2
ρm∆σ

(
1
3

v2 −
ṅ
2

v
)

êz, (C.23)

where êz represents the unit vector for z-direction.

Force acting from B to A

The number of nucleons in ∆σ during dt is represented as dN =

∆σdt(v
′

z + ṅ− Ḋz)g(v
′

z), where v
′

z is the z-component of the veloc-

ity concerning the moving frame of B, and Ḋz is the z-component

of the relative velocity of B with respect to A. Since each nucleon

transfers the momentum Mnucl(−v′ + Ḋ) = Mnucl([Ḋz − v
′

z]êz +

Ḋρêρ), the force FBA acting from B to A is:

FBA = Mnucl∆σ
∫

(v
′

z + ṅ − Ḋz)(−v
′

zêz + Ḋzêz + Ḋρêρ)g(v
′

z)dv
′

z

=
1
2
ρm∆σ

[
−

1
3

v2êz +
1
2

v[(2Ḋz − ṅ)êz + Ḋρêρ]
]

(C.24)

where êρ represents the unit vector for ρ-direction.

Force acting on the nuclear surface
A net force Fsurf caused by nucleon collisions on the surface ΣA −

∆σ for A is expressed as:

Fsurf = −

∫
ΣA−∆σ

pstatdσ, (C.25)

where pstat is the static pressure and pstat = (1/3)ρmv2 as obtained

from Equation (C.10).

The sum of three forces FA should be:

FA =
ρm

2

−2v2

3

(∫
ΣA−∆σ

dσ+ ∆σêz

)
+ ∆σv

(
Ḋzêz +

Ḋρ

2
êρ

) . (C.26)



95

The first term in the bracket vanishes since it acts on the whole surface on A. There-

fore, dE/dt of A can be expressed as:

dE
dt

= FA Ḋ =
1
2

∆σρmv
(
Ḋ2

z +
1
2

Ḋ2
ρ

)
=

1
2

∆σρmv
(
∂Dz

∂qµ

∂Dz

∂qν
+

1
2
∂Dρ

∂qµ

∂Dρ

∂qν

)
q̇µq̇ν. (C.27)

From the point of view of asymmetry degree of freedom, namely, the influence

of the rate of change of volume, dE/dt is expressed with the volume V1 and the

mass number A1 in A. By using the relation A1 = ρm/MnuclV1, dE/dt is written as

follows:

dE
dt

=
dE
dA1

dA1

dt
=

[
dE
dA1

/
dA1

dt

] (
dA1

dt

)2

=

(
ρm

Mnucl

)2 [
dE
dA1

/
dA1

dt

] (
dV1

dt

)2

. (C.28)

Assuming that the nucleon is Fermi gas characterized by approximately equal Fermi

energies T1 and T2, and associated flux factors ρ1v̄1 and ρ2v̄2 and that A and B are

filled with them, where the subscript 1 and 2 correspond to A and B, respectively.

The rates of change in Equation (C.28) are expressed as follows:

dE
dA1

= T2 − T1

dA1

dt
=

1
4

∆σ
Mnucl

(ρ2v̄2 − ρ1v̄1). (C.29)

Substituting these two results into Equation (C.28) yields the following:

dE
dt

=

(
ρm

Mnucl

)2 4Mnucl

∆σ
T2 − T1

ρ2v̄2 − ρ1v̄1

(
dV1

dt

)2

≃
4ρ2

m

Mnucl∆σ
/

d(ρmv̄)
dT

(
dV1

dt

)2

. (C.30)

Here, utilizing the relations that v̄ is proportional to ρ1/3
m , and T is proportional to

ρ2/3
m results:

d(ρmv̄)
dT

=
ρmv̄
T

d(ln ρmv̄)
d(ln T )

=
ρmv̄
T

d(ln ρ4/3
m )

d(ln ρ2/3
m )

=
2ρmv̄

T
. (C.31)
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From the relation of Fermi speed, T can be expressed as:

T =
1
2

Mnucl

(
4
3

v̄
)2

. (C.32)

Consequently, dE/dt becomes:

dE
dt

=
4ρ2

m

Mnucl∆σ

1
2 Mnucl

(
4
3 v̄

)2

2ρmv̄

(
dV1

dt

)2

=
16
9
ρmv̄

1
∆σ

(
dV1

dt

)2

=
16
9
ρmv̄

1
∆σ

∑
µ,ν

∂V1

∂qµ

∂V1

∂qν
q̇µq̇ν. (C.33)

By combining with Equation (C.27), the friction tensor γ(window)
µν obtained by the

window formula is:

γ
(window)
µν =

1
2
ρmv

(
∆σ

∂R
∂qµ

∂R
∂qν

+
32
9

1
∆σ

∂V1

∂qµ

∂V1

∂qν

)
, (C.34)

where

∂R
∂qµ

∂R
∂qν

=
∂Dz

∂qµ

∂Dz

∂qν
+

1
2
∂Dρ

∂qµ

∂Dρ

∂qν
. (C.35)

C.3 Wall-and-window formula

The friction tensors obtained in the wall and window formulas need to be smoothly

connected. The tensors are linked with an arbitrary function c(q):

γµν = [1 − c(q)] γ(w+w)
µν + c(q)γ(wall)

µν , (C.36)

where

γ
(w+w)
µν = γ

(wall2)
µν + γ

(window)
µν . (C.37)

The function should be c(q) = 1 for the nuclear shape without a neck and c(q) = 0

for the separated shape. In the Langevin model adopted in this work, c(q) =

sin2 (πϕ/2) is employed, and ϕ is defined as ϕ = (rneck/Rmin)
2 where rneck is the

neck radius, and Rmin is the minimal semi-axes of the two outer ellipsoids. Previous

research indicated that the contribution from the wall formula is excessively strong.

Consequently, a reduction factor ks is introduced and multiplied to the friction ten-

sor. The specific value of ks is determined through the analysis of the experimental
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width of giant resonances. The same methodology as outlined in previous studies is

employed, and the value is ks = 0.27.

D Definition of Q20 and Q30 in Langevin calculations

Figure 3.14 shows the deformation at scission of fission fragments in the ST1 and

ST2 modes. The deformation is described in quadrupole Q20,i and octupole Q30,i

moments of fragments (i =right and left) and defined as:

Q20,i =

√
5

16π

∫
ρi(r)(2z2 − x2 − y2)d3r,

Q30,i =

√
7

16π

∫
ρi(r)

[
2z3 − 3z(x2 + y2)

]
d3r, (D.1)

where ρi(r) represents the volume density of right and left fragments. The volume

density ρi(r) is defined as:

ρi(r) = Ai
1r⊂Vi

Vi
, 1r⊂Vi =

 1 : r ⊂ Vi,

0 : r ⊊ Vi,
(D.2)

where Vi is the volume of right and left fragments. In this description, Q20 and Q30

correspond to the elongation and mass asymmetry of each fission fragment. The nu-

clear shape is spherical when Q20 = Q30 = 0, and the shape becomes prolate when

Q20 > 0. When Q30 , 0, the nuclear shape resembles a pear, and the deformation

increases with a larger Q30 value.

E Input for TALYS

One of the examples of TALYS input is shown below. The keywords fission and

massdis are flags for fission calculation, and fymodel 4 is for the Hauser-Feshbach

statistical decay calculation of fission fragments using fission fragment data. The ini-

tial fission fragment data is selected through ffmodel, and ffmodel 1 is for the GEF,

2 is for HF3D, and 3 is for SPY fission fragment databases. By using yieldfile

and putting the corresponding file in the execution directory, the prompt fission ob-

servables are calculated using arbitrary fission fragment data.

The reaction is specified using projectile, element, mass, and energy. The

ejectile particle and the maximum number of them are specified by ejectiles and

maxchannel. The threshold of decay calculation is determined by Rfiseps, i.e., if
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the fission cross-section of the fission fragment is smaller than the specified value,

the decay calculation is skipped.

The value of the number of continuum states N is specified using bins, and the

values of f 2 and fs in the spin-parity distribution are specified using Rspincutff

and Rspincut, respectively.

1 projectile n

2 element Pu

3 mass 239

4 energy 2.53E-08

5 fission y

6 ejectiles g n

7 massdis y

8 yieldfile Pu240_RT1.3_thermal

9 fymodel 4

10 #ffmodel 1

11 elow 1.e-5

12 Rfiseps 1.e-9

13 outspectra y

14 bins 300

15 channels y

16 maxchannel 8

17 Rspincutff 4

18 Rspincut 1.0


