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Chapter 1

Introduction

1.1 Regularization Methods for Data Science

1.1.1 What is Regularization?

Regularization methods [1]–[5] stand out as indispensable tools in contemporary
data science. In a broad sense, the term "regularization" pertains to the process that
imparts greater regularity (or simplicity) to the result of a mathematical problem.
However, within the realm of data science, our primary focus lies in the applica-
tion of regularization methodologies to enhance the performance of mathematical
optimization models.

To be precise, in many fields of data science (e.g., signal processing and machine
learning), most tasks can be categorized into the following three types:

• Inference: given an observation of a mathematical object (e.g., vector, matrix,
tensor, function, etc) and the underlying model (i.e., the relation between the
object and its observation), the goal is to deduce the true value of the object
from its observation.

• learning: given a number of instances of two related mathematical objects, the
goal is to learn the relation between these two objects from the set of instances.

• decision making: given a set of rules that evaluate the consequence of the
actions of a player, the goal is to find the optimal actions that the player should
take to yield the best consequence.

For each type of aforementioned tasks, the problem can usually be transformed into
a mathematical optimization model as follows:

minimize
x∈X

F(x) (1.1)

where x is the value of the expected output (i.e., the target of inference, the relation
function between two objects, or the actions that the player plans to take), X is a
set that x may take its value from, and the real-valued function F is a data fidelity
term which evaluates the quality of the current value x using the data or knowledge
given by the original (inference/learning/decision making) task.

In order for the optimization model (1.1) to yield a meaningful result, we gener-
ally hope (1.1) to have some favourable mathematical properties (e.g., the solution
set of (1.1) should be nonempty and bounded). Most importantly, we hope that ev-
ery minimizer of (1.1) can serve as a qualified answer to the original task. However,
in practice, such requirements usually cannot be satisfied for the following reasons:

• In inference tasks, the observation is usually noisy, and the amount of data can
be small compared to that required for reconstructing the target object [6], [7].
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• In learning or decision making tasks, the amount of training data or given
knowledge is usually too small1 compared to the complexity of the task [4],
[9].

Accordingly, in practical applications, the plain optimization model (1.1) is usually
ill-posed and the minimizer of (1.1) may behave poorly as an answer to the original
task. These motivate the use of regularization methods, i.e., to consider the following
regularized optimization problem instead:

minimize
x∈X

J(x) := F(x) + λΨ(x). (1.2)

Compared to the plain optimization model (1.1), the regularization model (1.2) in-
troduces an additional term λΨ(·) in the cost function J(·). The term Ψ(·) is called
a regularizer (or regularization term), which generally incorporates certain human
knowledge about what a good answer of the original task should be like. The tuning
parameter λ > 0 is called a regularization parameter, which trades off between the
data discrepancy evaluated by F(·) and the prior knowledge of Ψ(·).

By introducing proper human knowledge in the regularizer Ψ(·), one can easily
guarantee the nonemptiness and boundedness of the solution set of (1.2), and can
rule out undesirable solutions (those that disagree with human intuition) in the plain
optimization model (1.1). Hence the regularization model (1.2) usually proves to be
much more stable than the plain optimization model (1.1) [3], [5].

1.1.2 Sparsity-Based Regularization

As one can imagine, the performance of the regularization model (1.2) heavily de-
pends on the selection of the regularizer Ψ. Intuitively, human knowledge about
the expected output should vary from task to task, hence the regularizer Ψ is also
supposed to be case-specifically designed. In this view, it seems impossible to de-
velop a universal strategy for introducing proper regularizers in (1.2). Nevertheless,
in the past three decades [10], [11], it has been demonstrated that many real-world
problems exhibit certain “sparse" structures, and by exploiting sparsity, it is possi-
ble to develop regularizers that prove effective across a wide range of data science
applications.

Mathematically, we say a vector (or matrix, tensor) is “sparse" if most of its
elements are zeros, indicating that its nonzero elements are sparsely distributed
throughout the vector (or matrix, tensor). While sparsity may appear to be a strin-
gent condition that can only be satisfied by a small family of vectors (or matrices,
tensors) at first glance, surprisingly, it turns out that in many data science tasks, the
expected output usually either exhibits sparsity itself or can be readily represented
sparsely under a simple linear transform [10]–[13].

One typical field of application for sparsity-based regularization is signal pro-
cessing [10], where many real-world signals are known to exhibit sparsity in certain
transform domains (e.g., Fourier domain, wavelet domain, etc.). Notably, it has been
established that if a band-limited signal is sparse in its Fourier domain, it can be ex-
actly reconstructed at a sampling rate much lower than the minimum sampling rate
required by the Nyquist-Shannon sampling theorem [14], [15]. This groundbreaking

1In the era of deep learning, one can easily find large datasets for several important machine learn-
ing tasks involving images, speech signals and texts [8]. However, there still remains many problems
(e.g., in geological exploration/medical imaging) for which it is difficult to collect a large amount of
data due to the high cost of data acquisition or privacy issues.
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discovery is now referred to as "compressed sensing", and it has spawned numer-
ous fascinating technologies in signal processing [16]. Additionally, the well-known
total variation (TV [17]) model for reconstructing an image from its noisy observa-
tion can also be interpreted as a special sparse regularization model that exploits the
sparsity of the gradient of the image signal.

Another important application of sparsity-based regularization is statistical learn-
ing [11], where the relation function between the covariates and the response vari-
able is usually expected to be a simple function, i.e., the vector of regression co-
efficients should be sparse. The idea of exploiting sparsity has been a significant
driving force behind the development of high-dimensional statistics [9] in the past
two decades, leading to the creation of prominent models such as LASSO [18] and
its variants [11].

Sparse regularization methods are also widely applied in training deep neural
networks [19], [20], control systems and reinforcement learning [21], [22].

1.2 A Long-Standing Difficulty in Regularization Design

As introduced in Sec. 1.1.1, in the regularized optimization problem (1.2), the data
fidelity term F(·) is usually given by the task that we want to resolve, whilst the reg-
ularizer Ψ(·) needs to be designed by human being. While designing a regularizer,
we naturally hope that it possesses both statistical and computational advantages:

1) Statistically, Ψ(·) should correctly represent the prior knowledge that we want
to exploit in the regularization model (1.2).

2) Computationally, introducing Ψ(·) into the cost function J(·) should not bring
too much difficulty in solving the regularization model (1.2).

However, in practice, the two requirements above usually conflict with each
other, and practitioners have to trade off between statistical and computational ad-
vantages. This constitutes a long-standing difficulty in regularization design.

In the sequel, as an example, we explain how such conflict happens for conven-
tional sparse regularization models.

1.2.1 Conventional Sparse Regularizers and Their Limitations

Consider the following unconstrained regularization problem with sparse prior:

minimize
x∈Rn

J(x) := F(x) + λΨ(x), (1.3)

where we assume F is convex2 and compare properties of the regularization problem
(1.3) with different choices of the sparse regularizer Ψ.

We start from a naive choice of Ψ. According to the definition of sparsity (see
Sec. 1.1.2), a straightforward design for Ψ is the ℓ0 pseudo-norm:

Ψ(x) := ∥x∥0 := |{i ∈ {1, 2, . . . , n} | xi ̸= 0}| ,

i.e., the number of nonzero components in the input vector. However, this naive
choice generally makes (1.3) a discontinuous (see the black curve in Fig. 1.1 for

2We note that the family of convex functions encompasses a large class of data fidelity terms en-
countered in real-world applications (e.g. generalized linear models, logistic regression; see [11, Sec.
2 and 3] for details), hence the convexity assumption of F does not lead to much limitation in the
applicability of (1.3).
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FIGURE 1.1: Conventional convex and nonconvex sparse regularizers
(1d case).

illustration) nonconvex optimization problem which is known to be NP-hard [23],
even if the data fidelity term F is a simple quadratic function. Accordingly, to yield a
solvable regularization model, one has to resort to some continuous approximation
of the ℓ0 pseudo-norm.

Earlier studies typically adopt convex approximations of the ℓ0 pseudo-norm
(e.g., ℓ1-norm [18], Huber function [24]; see the red curves in Fig. 1.1), which ensure
efficient and reliable solution of (1.3). Especially, when F is quadratic and Ψ is the
ℓ1-norm, the resultant regularization model (1.3) reproduces the well-known LASSO
model [18], which has achieved great success in a wide range of applications [11].
However, since most convex regularizers are coercive (i.e., Ψ(x) goes to +∞ if ∥x∥2
goes to +∞; see Fig. 1.1), they usually overpenalize the ith component xi when |xi|
is large, leading to underestimation of the true solution [25].

To reduce the estimation bias of convex models, continuous nonconvex regular-
izers (e.g., ℓp pseudo-norm with 0 < p < 1, SCAD [26] and MCP [25]; see the blue
curves in Fig. 1.1) have been proposed, which empirically show superior statisti-
cal performance [27]. Nevertheless, conventional nonconvex regularizers generally
destroy the overall-convexity of (1.3), i.e., convexity of the cost function J. Hence
while such nonconvex regularization models are much more tractable compared to
the naive ℓ0 regularization model, when adopted in application, existing optimiza-
tion algorithms can possibly get stuck in local minima, which poses a concern on the
reliability and efficiency of solving nonconvex regularization models.

1.2.2 Dilemma: Overall-Convexity or Representability?

From the discussion above, we can deduce the following characteristics of conven-
tional convex and nonconvex regularizers:

1) Convex regularizers can attain overall-convexity of the regularization model
(1.2) when the data fidelity term is convex, which leads to attractive computa-
tional properties. However, since the shape of convex functions is not so flexi-
ble as that of nonconvex functions, the representability of convex regularizers
can be limited, which may yield less satisfactory statistical performance.

2) Nonconvex regularizers enjoy greater representability than convex ones, lead-
ing to attractive statistical properties. But they usually sacrifice overall-convexity
of the regularization model (1.2), thereby losing computational advantages of
convex regularization models.
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Accordingly, for conventional approaches of regularization design, practitioners
typically face a dilemma of choosing either overall-convexity of the regularization
model or representability of the regularizer. In consequence, conventional regular-
ization models generally cannot possess good computational properties and statis-
tical properties at the same time.

1.3 Nonconvexly Regularized Convex Models

In order to resolve the dilemma between overall-convexity and representability, par-
ticular convexity-preserving (CP) regularizers have been proposed to yield improved
convex regularization [28]–[33]. The so-called CP regularizer is a special param-
eterized nonconvex regularizer. Although the CP regularizer itself is nonconvex,
its shape can be adjusted by certain tuning parameter so as to induce the overall-
convexity3 of the regularization problem (1.2), leading to an unusual nonconvexly
regularized convex (NRC) model. Therefore, different from conventional convex
and nonconvex regularization models, one can imagine that NRC models enjoy both
computational and statistical advantages.

In the sequel, we briefly introduce the development of CP regularizers and NRC
models, and elucidate their underlying mechanism. Our analysis will show that
most CP regularizers and cost functions of NRC models are difference-of-convex
(DC [34]) functions, i.e., they can be decomposed as the difference between two con-
vex functions (see Sec. 2.2.1 for details). This observation naturally leads to a special
interest in such DC type NRC models, i.e., our central object of study in this thesis.

1.3.1 Early Studies

The idea of CP regularizers and NRC models dates back to over three decades ago
[28]–[30]. However, early studies [28]–[30], [35], [36] usually assume the presence
of a strongly convex term in the regularization problem (1.2) (e.g., a strongly con-
vex data fidelity term F or ℓ2-norm contained in the regularization term Ψ), hence
are fundamentally limited. For example, in [29], the author proposed the following
nonconvex regularizer:

ΨBI (x; α) = ∑
i∼j

βi,j|xi − xj| − α ∑
i

(
xi −

1
2

)2

(1.4)

for estimating binary images4, where x :=
[
x1, . . . , xn

]⊤ ∈ Rn is the estimate of
the unknown binary image, i ∼ j means that xi and xj are neighbouring pixels,
β :=

(
βi,j

)
i∼j ⊂ R+, α > 0 is the shape-controlling tuning parameter.

Since the first term in (1.4) is convex and the second is concave, ΨBI is the differ-
ence between two convex functions, i.e., ΨBI is a DC function. Let us consider the
quadratic data fidelity Fquad(x) := 1

2 ∥y− Ax∥2
2 and the following cost function

JBI(x; α) := Fquad(x) + λΨBI(x; α).

then since Fquad is convex, it is evident that JBI is also a DC function.

3More precisely, given a proper data fidelity term F and weight parameter λ in (1.2), one can always
find some proper tuning parameter value such that the resultant cost function J in (1.2) is convex.

4One can verify that the first term of ΨBI is a convex term which promotes the correlated structure
of the image, and the second term is a concave term which promotes the binarity of pixels.
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FIGURE 1.2: Illustration of the GMC model (2d case, where the con-
tour graph of each component function is plotted).

It has been proven in [29] that if the shape-controlling parameter α satisfies5

λmin(A⊤A) ≥ λα > 0, (1.5)

then the concave second term of λΨBI would be overpowered by Fquad, whereby the
cost function JBI(·; α) is convex.

This example reveals an important fact, that is: if there exists a strongly convex
term in the cost function J, then we can introduce some concave terms into the regularizer
Ψ to improve its regularizing properties while maintaining the overall-convexity of the cost
function. However, (1.5) implies the nonsingularity of A⊤A, which usually fails to
hold in applications such as sparse signal reconstruction [14], [15].

1.3.2 The Generalized Minimax Concave (GMC) Model

The first CP regularizer that does not require strong convexity of Fquad (i.e., nonsin-
gularity of A⊤A) is the generalized minimax concave (GMC) penalty [31] proposed
by I. Selesnick in 2017:

ΨGMC(x; B) := l1(x)− (l1□qB)(x), (1.6)

where l1(x) := ∥x∥1 is the ℓ1-norm, qB(x) := 1
2 ∥Bx∥2

2 is a quadratic function with
B ∈ Rp×n being the shape-controlling tuning parameter, □ is the infimal convolution
operator6. Indeed, the subtrahend function in (1.6) can be regarded as a convex
smooth approximation of the ℓ1-norm, where qB serves as a smoothing function (see
Sec. 2.3.1 for details), hence as ΨBI in (1.4), ΨGMC is also a DC function. From a
similar discussion as above, one can verify that the following cost function

JGMC(x; B) := Fquad(x) + λΨGMC(x; B) :=
1
2
∥y− Ax∥2

2 + λΨGMC(x; B) (1.7)

is also a DC function.
We note that the GMC penalty is a nonseparable7 multidimensional generaliza-

tion of the minimax concave penalty (MCP [25]), more precisely, if B⊤B is diagonal,

5λmin(·) is the smallest eigenvalue of the input matrix.
6For f , g : Rn → R∪ {+∞}, ( f□g)(x) := infz∈Rn ( f (z) + g(x− z)).
7A multivariate function f : Rn → R ∪ {+∞} is separable if there exists n univariate functions

f1, f2, . . . , fn such that f (x) = ∑n
i=1 fi(xi).
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then ΨGMC reproduces a weighted sum of MCP, which accounts for the name of the
GMC penalty. In contrast to the standard MCP, the shape of ΨGMC(·; B) can be ad-
justed flexibly via changing B. Particularly, for the cost function JGMC in (1.7), it is
proved in [31] that if B satisfies

A⊤A ⪰ λB⊤B, (1.8)

then the concave term −λ(l1□qB)(x) is overpowered by Fquad(x) (see Fig. 1.2 for
illustration), and the cost function JGMC(·; B) is convex.

Remarkably, (1.8) does not require A⊤A to be nonsingular as (1.5) does. Instead,
by (1.8), ΨGMC is able to exploit the "partially strong convexity" of Fquad, more pre-
cisely, if the data fidelity term is strongly convex in certain direction (e.g. the eigenvectors
of A⊤A with nonzero eigenvalues), then one can introduce concavity into ΨGMC in this
direction to achieve better approximation of the ℓ0 pseudo-norm.

1.3.3 Extensions of the GMC Model

Certain efforts have been made to broaden applicability of ΨGMC. One notable ex-
tension is the linearly involved generalized Moreau enhanced (LiGME) model [32],
[37]:

ΨLiGME(x; B) = ψ(Lx)− (ψ□qB)(Lx), (1.9)

where L ∈ Rq×n is the analysis matrix which encodes the sparsifying domain of
the interested signal (e.g., Fourier matrix, wavelet matrix, discrete difference opera-
tor), B ∈ Rp×q is the shape-controlling tuning parameter; ψ ∈ Γ0(Rq) is a convex8

kernel function which is no longer restricted to the ℓ1-norm, but can be any prox-
imable9 function. Accordingly, the LiGME model allows applying the construction
technique of the GMC penalty to more general convex kernel functions. A variant
of the LiGME model with split feasibility type constraints 10 is studied in [39].

Another useful extension of GMC is the sharpening sparse regularizers (SSR)
framework [33]:

ΨSSR(x; B) := l1(x)− ((l1 ◦ L)□(Φ ◦ B))(x), (1.10)

where L ∈ Rq×n is the analysis matrix which is embedded at a different posi-
tion from the LiGME model, B ∈ Rp×n is the shape-controlling tuning parameter,
Φ(z) := ∑

p
i=1 ϕ(zi) with ϕ ∈ Γ0(R) is an isotropic smoothing function which is not

restricted to the ℓ2-norm. While the SSR model does not consider variability of the
kernel function, it allows adopting a different smoothing function Φ, thus can adjust
the shape of the regularizer more delicately.

So far, overall-convexity conditions and proximal splitting type [40] algorithms
have been developed independently with respect to the GMC [31], LiGME [32] and
SSR [33] models.

8More precisely, Γ0(R
q) is the set of all proper, lower semicontinuous convex function from Rq to

R∪ {+∞}; see Sec. 2.1.2 for details.
9For f in Γ0(R

n), we say that f is proximable if its proximity operator Proxγ f (x) :=

arg minz∈Rn

[
γ f (z) + 1

2 ∥x− z∥2
2

]
can be computed to high precision efficiently for every γ > 0.

10A constraint set C is of split feasibility type [38] if C can be rewritten as

C := {x ∈ Rn | Aix ∈ Ci, for i = 1, . . . , s} .

where for i = 1, . . . , s, Ai is a linear operator and Ci is a “simple" nonempty closed convex set (by
“simple", we mean the projection onto Ci can be computed to high precision efficiently).



8 Chapter 1. Introduction

1.3.4 DC Type Nonconvexly Regularized Convex Models

From aforementioned examples of CP regularizers and NRC models, one can verify
that all of them are DC functions and their DC structure plays a critical role in at-
taining overall-convexity. This naturally raises our interest in studying the class of
NRC models that have DC type regularizers and cost functions.

Here we would like to present a brief summary on how a DC type NRC model
works, which gives a clearer image of the central object of study in this thesis. For a
given real-world problem, it generally takes three steps to construct a DC type NRC
model for solving the target problem:

1) We need to find a proper regularizer Ψ to encode the prior information about
the true solution. Notably, a DC type CP regularizer Ψ should be a parameter-
ized DC function of the following form:

Ψ(x;P) := Ψ1(x)−Ψ2(x;P), (1.11)

where Ψ1(·) and Ψ2(·;P) are convex, P is a tuning parameter (which can be a
vector, matrix or tensor) that can adjust the shape of Ψ2(·;P) flexibly.

2) Combining the data fidelity term F (which is assumed to be convex) and the
regularizer Ψ, we can obtain the cost function J of the regularization model
(1.2), which again is a parameterized DC function:

J(x;P) := F(x) + λΨ(x) = (F(x) + λΨ1(x))− λΨ2(x;P). (1.12)

3) For a given regularization parameter λ > 0 to work with, we need to find
a proper value of the shape-controlling parameter P such that the subtra-
hend function λΨ(·;P) in (1.12) can be dominated by the minuend function
(F(·) + λΨ1(·)), whereby the overall-convexity of the cost function J(·;P) can
be attained.

From the analysis above, one can imagine that the idea of DC type NRC models is
indeed not limited to sparse regularization, but can be applied to any regularization
problem in principle.

1.4 Organization

The favourable properties of DC type NRC models motivate the current study, aim-
ing to address fundamental problems encountered in the design, solution and prac-
tical application of this unusual and attractive class of regularization models. More
precisely, we consider the following four issues:

1) Design of DC type NRC models: for an arbitrary regularization problem, is
there a general approach to design proper DC type CP regularizers and NRC
models for solving the target problem? Moreover, given the value of the reg-
ularization parameter λ in a DC type NRC model, how should we select the
shape-controlling parameter to yield overall-convexity?

2) Optimization algorithm for DC type NRC models: is there a unified approach
for solving general DC type NRC models? If such approach exists, how reliable
and how efficient is it?
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3) Statistical analysis of DC type NRC models: what do we know about statisti-
cal performance of DC type NRC models? Interesting questions in this aspect
include, e.g., does every solution of a DC type NRC model serve as a good
answer to the original problem we want to solve? How does the performance
of a DC type NRC model change with the regularization parameter λ and how
should we select the optimal λ?

4) Extensions for stochastic regularization problems: if the data fidelity term is
a random function (e.g., adaptive filtering problems [41]), can we apply the
idea of DC type NRC models to such stochastic regularization problems?

This study provides very encouraging results for every issue mentioned above:

1) In Chapter 3, we propose a general framework for designing DC type CP regu-
larizers and NRC models, which provides a widely useful approach for resolv-
ing the issue 1). Additionally, we propose a unified solution algorithm based
on DC optimization theory (cf. Sec. 2.2) for solving the proposed class of DC
type NRC models, which partially addresses the issue 2).

2) In Chapter 4, we point out a practical problem (i.e., the inner loop terminating
issue; see Sec. 4.3 for details) that may be encountered in applying DC op-
timization algorithms, and we propose a novel DC algorithm for resolving it.
The proposed DC algorithm further refines our solution algorithm for DC type
NRC models in Chapter 3 and completes our answer to the issue 2).

3) In Chaper 5, we focus on a representative DC type NRC model termed sGMC
model (which is a significant instance of the GMC model introduced in Sec.
1.3.2; see Sec. 2.4.1 for details) for sparse linear regression, and we analyze
its solution-set geometry and regularization path. Our study indicates that de-
spite nonconvexity of the sGMC penalty, the sGMC model preserves all the cel-
ebrated properties of the conventional LASSO [18] model, hence can serve as
a less biased surrogate of LASSO. Notably, our study reveals a couterintuitive
fact: while the sGMC penalty is a nonconvex extension of the LASSO penalty,
the minimum ℓ2-norm sGMC regularization path11 remains to be piecewise
linear in the regularization parameter λ. Based on this finding, we propose an
efficient iterative algorithm for computing the entire minimum ℓ2-norm regu-
larization path, which is useful in finding the optimal λ for the sGMC model.
Chapter 5 addresses the issue 3) for the sGMC model.

4) In Chapter 6, we further discuss extensions of DC type NRC models to sparse
adaptive filtering problems. It turns out that in the realm of stochastic regular-
ization problems, it can be difficult to exploit the overall-convexity of an NRC
model. However, the DC optimization techniques studied in this thesis is still
useful, based on which we propose a less biased sparse adaptive filtering al-
gorithm exploiting the DC structure of a novel sparse regularizer. Chapter 6
addresses issue 4) for sparse adaptive filtering problems.

Finally, Chapter 7 concludes the results obtained in this thesis.

11A regularization path (or solution path) of a regularization model (1.2) is the solution of (1.2) as a
function of the regularization parameter λ.
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