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ABSTRACT
Adhesive fracture energy is often measured using the double 
cantilever beam (DCB) test method. However, opening a DCB 
specimen using a wedge differs the direction of the applied load 
from that of standard methods. The additional moment due to 
the longitudinal load alters the load-displacement-crack length 
relationship, requiring modifications in fracture energy calcula
tion. The energy release rate (ERR) approach and the J-integral 
approach have been proposed to evaluate the fracture energy 
in wedge-opening DCB tests. However, these theories have 
limitations regarding wedge angles. In this study, we extended 
these theories to accommodate arbitrary wedge angles and 
performed numerical analyses to evaluate the accuracy of the 
theories. When the additional moment effect is neglected, the 
more obtuse the wedge angle and the thinner the adherend, 
the greater the error in the ERR. The error was over 5% when the 
wedge angle exceeded 90°. However, using the proposed ERR 
method, the error was reduced to less than 2% for all the wedge 
angles. When pin blocks were introduced into the DCB speci
men, the additional moment effects increased the error to more 
than 5% even using the proposed ERR method. In this case, the 
modified J integral method yielded the lowest error results.
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1. Introduction

The demand for adhesive bonding as a structural joint continues to increase in 
several industries, such as automotive, aircraft, and marine.[1] Adhesive bond
ing offers advantages over other joining methods when joining dissimilar 
materials, designing lightweight products, or improving vibration absorption. 
Joints must transfer large loads for structural use; therefore, reliability is 
a primary factor. Accurate prediction of strength is essential in the joint design 
of structural parts, and numerical analysis using the finite element method 
(FEM) is considered an effective method for strength evaluation. In particular, 
when analyzing fractures involving crack propagation in FEM, the cohesive 
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zone model (CZM) has been widely adopted for the adhesive layer,[2] includ
ing the effects of strain rate,[3–5] fatigue,[6–8] and mode mixity.[9–11] One of the 
adhesive material parameters required for CZM is the critical energy release 
rate. Thus, several methods have been proposed and standardized to measure 
the energy release rate (ERR).[12–15] ERR is also known to be strain rate 
dependent[16–21] Therefore, tests should be performed under various loading 
conditions to evaluate the strain rate dependence of ERR.

Under static loading conditions, a double cantilever beam (DCB) test 
method was developed to measure the mode I critical energy release rate, 
GIC, of the adhesive joints.[13,14] Here, we refer to this as the standard DCB test. 
The ERR calculation using simple beam theory (SBT) or Timoshenko beam 
theory requires experimental measurements of the load, opening displace
ment, and crack length. However, optical crack length measurements contain 
uncertainties. Therefore, digital image correlation and mechanoluminescence 
are suggested for crack position determination.[22,23] Besides the challenges 
related to crack length measurement, the effective crack length is affected by 
the fracture process zone and root rotation. Therefore, crack length 
correction[24,25] and the compliance method[26] have been proposed to 
account for these effects in the effective crack length. Crack length correction 
is conducted by plotting one-third of the compliance versus the measured 
crack; this is called the corrected beam theory (CBT). Correction factors for 
the end block and large displacement were also introduced in the CBT.[27,28] 

The compliance method is a data reduction technique that uses beam theory to 
replace crack length with load and displacement and is called the compliance- 
based beam method (CBBM).[26] The ERR can also be calculated by differ
entiating the compliance with respect to the crack length, which is called the 
experimental compliance method (ECM). The J-integral approach was used to 
calculate the fracture energies in the DCB tests from a different perspective.[29– 

33] This approach requires measurements of the load and rotation angle at the 
load point.

Under dynamic loading conditions, the test methods significantly influ
enced the results of the DCB tests. In the standard DCB test method, increas
ing the loading rate leads to an asymmetric fracture as movement occurs only 
on one side of the loading point due to the effect of inertia, as shown in 
Figure 1a, resulting in mixed-mode fractures.[18] To address this issue, 
a freefall wedge was employed to open a DCB specimen symmetrically 
under dynamic loading conditions, as shown in Figure 1b.[20, 34–37] This 
method involves pushing a wedge in the same direction as the crack growth. 
A guided double-cantilever beam test method is also proposed for dynamic 
DCB tests.[38] In this method, the wedge is pulled in the opposite direction of 
crack growth. Regardless of the direction of wedge insertion, using the wedge 
to open the DCB specimen results in symmetric deformations in the adher
ends, which is advantageous, particularly under dynamic loading conditions. 
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However, the direction of the load applied to the ends of the specimens differs 
from that in the standard test method. For the standard DCB tests, only the 
load vertical to the longitudinal direction of the specimen was applied; thus, 
the moment at the crack front was expressed as the product of the crack length 
and load. Conversely, when the wedge was used to open the DCB specimen, 
the axial load was also applied, resulting in an additional moment related to 
beam deflection. Thus, it is important to discuss the effect of the axial load on 
the ERR for different wedge angles. Because the sign of the additional moment 
changes depending on the direction of wedge insertion, theoretical discussions 
were conducted separately.

First, we introduce the theory of driving a wedge in the direction of crack 
growth, that is, the wedge-inserted DCB (WDCB) method. Thorsson et al.[36] 

introduced a correction factor that accounted for the effect of the moment 
caused by the axial load acting on a pin block, which was limited to right- 
angled wedges. Oshima et al.[39] considered the effect of an additional bending 
moment generated by an axial load and a pin block on the ERR for arbitrary 
wedge angles. Zarifpour et al.[37] considered the effect of shear deformation on 
the strain energy using the Timoshenko beam theory, in addition to the 
additional moment due to the pin blocks. However, as the deformation 
increases, the opening displacement cannot be ignored compared with the 
distance of the load point shift by the pin block. Therefore, the additional 

Figure 1. Schematics of the beam deformation under (a) Asymmetric opening and (b) Symmetric 
opening.

THE JOURNAL OF ADHESION 1145



moment formed by the product of the axial load and opening displacement 
must be considered[40]; however, no closed-form solution has been proposed 
for the WDCB thus far.

Next, we introduce the theory of pulling a wedge in the direction opposite to 
the crack growth, that is, guided DCB (GDCB). The relationship between the 
load, opening displacement, and crack length in a simple beam subjected to 
normal and axial end forces was approximated by Awtar et al.,[41] summarized 
by Liu and Yan,[42] and applied by Medina et al.[30] to calculate the ERR of the 
GDCB in the approximate solution. Although the discussion of GDCB has 
been limited to right-angled wedges, this method has a great potential to be 
extended to the discussion of the arbitral wedge angle, including opposite 
wedge insertion.

The primary objective of this study is to establish an accurate calculation 
method for fracture energy in wedge-opening DCB tests. First, the ERR for 
wedge-opening DCB tests are investigated with arbitrary wedge angles. The 
J-integral method is investigated by considering the load in the longitudinal 
direction. Next, a numerical analysis is conducted with varying wedge angles 
to compare the load, crack length, and displacement results and examine the 
accuracy of the proposed method. Finally, the pin-block effect on the fracture 
energy is discussed.

2. Theory

2.1. ERR Calculation

In the standard DCB test, a load was applied at the end of the beam in 
a direction normal to the longitudinal direction of the specimen, as shown 
in Figure 2. Using SBT, the relation between the load P, opening displacement 
δ, and crack length a is given as 

Figure 2. Standard double-cantilever beam test configuration.
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where E is the Young’s modulus of the substrate. I is the moment of inertia of 
the substrate given by I ¼ bh3=12, where h and b denote the thickness and 
width of the substrate. According to linear elastic fracture mechanics, the 
energy release rate G of the cracked substrate is given as a function of the 
moments at the crack front[28,43] as 

where M1 and M2 are the moments at the crack fronts of the upper and lower 
substrates, respectively. Because the standard DCB test yields 

the ERR is derived as 

In contrast to the standard test methods, several methods for propagating 
cracks in DCB specimens using tools have been proposed, as shown in 
Figure 3. In these methods, the longitudinal movement of the angled tool 
generates symmetric deformation of the beams, which is an advantage, parti
cularly when testing at high speeds. However, the wedge applies a load that is 
not vertical in the longitudinal direction, resulting in an additional moment at 
the crack front. Therefore, the effect of axial load on the ERR must be 
considered.

Here, a wedge angle is denoted as 2 θj j, where the wedge faces away from the 
crack growth direction for θ> 0 and opposite for θ< 0, as shown in Figure 3. 
When θ> 0, the load, crack length and displacement are given as shown in 
Figure 4. The moment acting on the beam is given by 

Figure 3. Schematics of wedge-opening double-cantilever beam test for (a) θ > 0 and (b) θ < 0.
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where the moment is the function of x and the deformation in the longitudinal 
direction was assumed to be negligible. Therefore, ERR is obtained as follows: 

However, ERR is expressed as a function of three parameters: load, displace
ment, and crack length. Conversely, the simple beam theory yields the deflec
tion of the beam as 

Substituting Eq. (5) in Eq. (7) and solving the differential equations, the 
moment at the crack front can be expressed as follows: 

where α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P sin θ=EI

p
. Thus, ERR was obtained as a function of load and 

crack length: 

In addition, the relationship between the load, opening displacement, and 
crack length is given as 

Therefore, two of the three parameters must be measured to calculate the ERR 
in wedge-opening DCB tests.

Figure 4. Wedge-opening double-cantilever beam test configuration.
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When the wedge is pushed toward crack growth to open the specimen, the 
wedge angle is considered negative (θ< 0). In this case, by given 
α0 ¼ iα ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� P sin θ=EI

p
, Eqs. (9) and (10) can be re-expressed as 

2.2. J integral method

The J integral for homogeneous linear and nonlinear elastic material in a two- 
dimensional deformation field is defined as 

where W;T; u; and ds denote the strain energy density, traction vector, dis
placement vector, and element length along the outer path Γ, respectively. For 
standard DCB tests, the J integral is obtained as: 

where θ0 is the rotation angle at the beam edge (see Figure 2).[30] In this case, 
the integral path is set inside the adherend. Therefore, if the adherend does not 
undergo plastic deformation, the J integral matches the ERR, that is J ¼ G. For 
wedge-opening DCB tests, the traction consists of axial and normal compo
nents when choosing the outer surface of the specimen as the integration path 
in the same manner as Paris and Paris.[29] Therefore, the J-integral is given as 

The contribution to the integral is zero everywhere on this integral path except at 
the load points. Due to the rotation of the beam end, dx of the load point changes 
by du ¼ 1 � cos θ0ð Þdx in the x-direction and dv ¼ sin θ0dx in the y-direction 
from the undeformed state, as shown in Figure 5.[40] At the load point, P sin θ in 
the x-direction and P cos θ in the y-direction are applied when the rotation angle 
of the beam end reaches θ0. Therefore, in the case of θ ¼ � 45�, 

is given, where P0 ¼ � P sin θ ¼ P cos θ.[40] Modifying Eq. (16) to arbitrary 
wedge angles, 
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is obtained.

3. Numerical analysis

A numerical analysis was conducted to evaluate the accuracy of the theoretical 
fracture energy evaluation of wedge-opening DCB tests. A finite element 
model of the wedge-opening DCB tests was created using a pre/postprocessor 
(LS-PrePost 4.11) and analyzed using the explicit method in Ansys LS-DYNA 
(ver. R9.1.0), which is suitable for solving nonlinear processes with large 
deformations and complex contact problems. The dimensions of the DCB 
specimen were 200 mm length, 25 mm width, and 0.1 mm adhesive thickness 
with a pre-crack length of 30 mm (see Figure 6). Three adherend thicknesses, 
h ¼ 2; 5; and 10 mm, were used to investigate the effect of bending stiffness, 
and h ¼ 2 mm was used to investigate the wedge angle effect. A half model was 
used to reduce the computing resources. The ends of the specimen were 
constrained for all translations and rotations.

The adherends were modeled as elastic bodies, with E ¼ 210 GPa and v ¼ 0:3, 
and formulated as one-integration-point solid elements. The minimum and max
imum mesh sizes of the adherend were 0.3125 and 2.5 mm, respectively, as shown 
in Figure 7. Loading pins, with a diameter of 1.5 mm, made of a rigid body were 
attached to the side of the adherend. The loading wedge, with tip angles 2θ from 
−150° to 150°, was modeled with the same material as the loading pins. The friction 
between the loading pin and wedge was assumed to be zero.

The adhesive was formulated as an 8-noded 4-integration point 
cohesive element and had the following parameters with reference to 
general epoxy adhesives: E ¼ 3711 MPa, v ¼ 0:36, tensile yield stress 
T ¼ 20 MPa, and mode I energy release rate GIC ¼ 500 J/m2. 
A cohesive zone model with a triangular traction separation law 
(MAT240 in LS-DYNA) was used to analyze the adhesive layer.

Figure 5. x and y components of the unit tangent vector at a load point.
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4. Results and discussion

4.1. Theoretical and numerical analysis

For a given ERR and load, the crack length can be obtained by applying 
Newton’s method to Eq. (9) for θ> 0 and Eq. (11) for θ< 0. The relationship 
between the normal load P cos θ and opening displacement for a constant ERR 
was obtained, as shown in Figure 7a. Furthermore, by applying these results to 

Figure 6. Dimensions of the DCB specimen with 2-mm thickness adherend.

Figure 7. (a) Finite element model overview and (b) Finite element mesh of the specimen.
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Eq. (10) for θ> 0 and Eq. (12) for θ< 0, the relationship between the crack 
length and opening displacement was obtained, as shown in Figure 8b. In the 
wedge-opening DCB tests, an additional moment due to the axial load was 
generated compared with the standard DCB tests, and its impact increased as 
the wedge angle became more obtuse or the opening displacement increased. 
In particular, the larger the wedge angle, the larger the load, and the faster the 
crack propagation at the same displacement.

Figure 9 compares the theoretical and numerical results of the relationship 
between the load and displacement in the wedge-opening DCB tests for three 
different wedge angles. For both positive and negative wedge angles, the load – 
opening displacement curves of the theoretical and numerical analyses showed 
good agreement, even at large wedge angles. The theoretical model considered 
the moments generated by the normal and longitudinal loads but ignored the 
longitudinal deformation of the beam. Conversely, the numerical model 
considered both. Therefore, the effect of the longitudinal deformation was 
negligible. In addition, a theoretical model that considers additional moments 
can be applied to a wide range of wedge angles.

In the case of the wedge angle 2θj j ¼ 150�, the crack propagation stopped 
and the load started to oscillate after a certain opening displacement (see 
Figure 9c). When crack stagnation occurred, the internal strain energy calcu
lated in the numerical analysis suddenly decreased and subsequently 
increased, as shown in Figure 10. A similar phenomenon was observed even 
for small wedge angles when the cracks propagated sufficiently. This is because 
the shorter crack length increased the likelihood of bending deformation. 
However, the situation changed once the cracks propagated. The bending 
deformation of the beam was released, resulting in a complex stress state in 
the beam, as shown in Figure 11. Consequently, the crack propagation 
stopped.

Figure 8. (a) Load – displacement relationship and (b) Crack length – displacement relationship 
varying wedge angles in the case of G = 500 J/m2, h = 2 mm, b = 25 mm, and E = 210 GPa.
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4.2. Effects of the additional moment due to axial load

By introducing a theoretical model that considers the additional 
moment, the change in the relationship between the normal load, dis
placement, and crack length from the standard DCB case was derived in 
the previous section. Conversely, this section discusses the effect of the 
additional moment on the ERR by comparing these theories with and 
without an additional moment. A calculation error arises when applying 
the theoretical model neglecting the additional moment (that is, the 
model for the standard DCB) to calculate the ERR of the wedge- 
opening DCB tests. This error indicates the magnitude of the additional 
moment effect.

Figure 9. Relationship between the load and displacement in the case of G = 500 J/m2, h = 2 mm, 
b = 25 mm, and E = 210 GPa for (a) θ = ± 45°, (b) θ = ± 60°, and (c) θ = ± 75°.
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First, the specimen geometry and ERR of the adhesive were determined, and 
the load – displacement relationship was obtained using the numerical analy
sis of the wedge-opening DCB tests. The ERR was then back-calculated using 
the standard DCB test method. The difference between the input and calcu
lated ERR represents the calculation error due to an additional moment. 
Figure 12 shows the calculated ERR, neglecting the additional moment when 

Figure 10. Load and internal energy against opening displacement for θ = 75°.

Figure 11. The stress-displacement curve in the thickness direction of the adherend at a certain 
position.
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the input ERR was 500 J/m2. The load in the longitudinal direction increased 
with the obtuse wedge angle, and the opening displacement increased with the 
crack length. Because the additional moment is expressed as the product of the 
load in the longitudinal direction and the opening displacement, the more 
obtuse the wedge and the greater the displacement, the greater is the additional 
moment effect. The error value between the input and calculated ERR is 
defined as 

where Gcal is the back-calculated ERR, and Ginput is the input ERR. ERR in the 
plateau region of the R-curve was averaged and used for error evaluation. 
Figure 13 shows the error variation with respect to the wedge angle for 
Ginput ¼ 500 J/m2 and an adherend thickness of 2 mm. Back-calculation of 
ERR using the method that considers the additional moment was also con
ducted to check the validity of the proposed model. For θ ¼ 15 degrees, the 
errors were negligibly small enough, even when neglecting the additional 
moment effect. In addition, the error remained small over a wide range of 
wedge angles when the proposed model was used. However, the error 
increased to 5% or more with wedge angles above 90 degrees for the model 
without additional moments. Because 90-degree wedges are often used to 
equalize horizontal and vertical loads,[36–40] caution is required when discuss
ing ERR at such large wedge angles. For θ> 0, neglecting the axial load effect 

Figure 12. Back-calculated energy release rate using the standard DCB test method for θ = 45, 60, 
and 75°.
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leads to overestimating the ERR, whereas the opposite is true for θ< 0. In 
Figure 14, the effect of adherend thickness was shown in the case of 
Ginput ¼ 500 J/m2 and the wedge angle θ ¼ 45. The thicker the adherend, 
the smaller the additional moment effect. Figure 15 shows the comparison 
of Ginput ¼ 500 J/m2 and 1500 J/m2 with the same adherend geometry for the 
adherend thickness of 2 mm and θ> 0. For the same adherend thickness, an 
increase in ERR leads to an increase in the load and deformation, resulting in 
an increase in the additional moment. Thus, the error increases with a larger 
ERR when the additional moment effect is neglected. Increasing the adherend 
thickness is effective in reducing the error when the ERR is large, but the 
proposed ERR method can sufficiently reduce the error even when the ERR is 
large and the adherend is thin.

4.3. Pin block effect

Pin blocks are commonly used in DCB tests, especially for thin adherends; 
however, the load point shifts, necessitating compensation (Figure 16). 
Displacement correction using an end-block correction factor, N, was applied 
for standard DCB tests.[13,24] In the case of the wedge-opening DCB tests, the 
moment and displacement were affected by the pin block. In particular, the 
additional moment effect owing to the load point shift was significant. 
However, modifying Eq. (5) to account for the additional moment from the 
pin block makes the differential equation unsolvable, preventing ERR 
determination.

The ERR calculation was affected by the moment at the crack front. 
Therefore, several models have been proposed from the perspective of 

Figure 13. Error in the energy release rate calculation against half-wedge angles in the case of GIC = 500 
J/m2 and h = 2 mm.
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moment correction owing to the load point shift by introducing bin 
blocks.[36,37,39,40] However, a solution that considers both the pin block and 
large deformation effects has not yet been proposed. Conversely, the J integral 
approach is not affected by the pin block effect because the rotation angle of 
the beam edge, rather than the moment, is used to calculate the fracture 
energy. To verify the applicability of the J-integral approach, the pin block 
effect was evaluated by back-calculating the fracture energy using finite 

Figure 14. Error in the energy release rate calculation against adherend thickness in the case of 
GIC = 500 J/m2 and θ = 45°.

Figure 15. Error in the energy release rate calculation with a critical energy release rate of 
GIC ＝500 and 1500 J/m2 for θ > 0°.
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element analysis. The pin block, with a distance of load point shift d ¼ 6 mm 
and a half width l ¼ 2:5 mm, was modeled using the same material as the 
adherend, as shown in Figure 17. The model with an adherend thickness h ¼ 2 
mm and a half-wedge angle θ ¼ �45 degrees was used. The rotation angle of 
pin blocks was determined by calculating the slope between points on the 
block. Eq. (4), (9), (11), (14), and (17) were used for the fracture toughness 
calculation, and Eq. (18) was used to calculate the error. The error values are 
shown in Figure 18. Without a pin block, the errors in Eq. (4), (9), and (11) 
were less than 2% (see Figure 14); however, with the pin block, the errors 
increased to more than 5%. Conversely, for the modified J-integral approach, 
the error in the fracture energy was less than 2% even when the pin block was 
installed. Therefore using the modified J approach appears to be the most 
promising method for calculating the fracture toughness in wedge-opening 
DCB tests when pin blocks are employed.

Figure 16. Schematic of the pin block for the DCB specimen.

Figure 17. Finite element model with pin block.
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5. Conclusion

The fracture energy calculation for the wedge-opening DCB test method 
was performed from two perspectives. First, the energy release rate is 
discussed. This approach required two of the three experimentally mea
surable parameters (load, displacement, and crack length) for the calcula
tion. A calculation method was proposed to consider the additional 
moment owing to the axial load for any wedge angle. Although the energy 
release rate calculation for the standard DCB test can be applied with 
a low error if the wedge angle is sufficiently small and the adherend is 
sufficiently thick, the proposed method, specific to the wedge-opening 
DCB test method, yields more accurate results. Next, we discussed the 
J-integral approach, which requires a load and rotation angle at the beam 
edge. This method was modified to consider additional moments. 
Although this approach requires the measurement of the angle at the 
beam end instead of displacement, the modified J-integral method 
emerged as a promising approach when pin blocks are employed. 
Experiments are often limited to measurable parameters, limiting the 
choice of calculation methods. Therefore, it is crucial to select a method 
with minimal error from the available experiments; the results presented 
here will help in making this decision.

Disclosure statement

No potential conflict of interest was reported by the author(s).

Figure 18. Error in the fracture energy calculations when the pin block is installed.
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