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A B S T R A C T

This paper studied vibration characteristics of sandwich beams with viscoelastic cores and different boundary
conditions. A higher-order layer-wise beam theory was presented to describe the displacement field of the
sandwich beams with viscoelastic cores. The top and bottom layers’ transverse shear stresses were thought to be
quadratic. And the viscoelastic core’s transverse shear stress was constant. It was believed that the transverse
shear stress and displacement at the layer interface are continuous. The equations of motion and boundary
conditions were established using Hamilton’s principle. A modified spectral collocation method was utilized to
solve the equations of motion with various boundary conditions by combining the integrated-based spectral
collocation method and conventional spectral collocation method. The modified method can implement multiple
boundary conditions at one boundary point. An iterative procedure was utilized to solve complex eigenvalue
problem with frequency-dependent material properties. The accuracy of the proposed method was verified by
contrasting the theoretical data with experimental and published data. Tensile test was conducted to obtain the
Poisson’s ratio of adhesive using Digital Image Correlation (DIC). The storage and loss modulus of adhesive were
measured using Oberst beam. Impact tests were conducted to estimate resonant frequencies and loss factors of
sandwich beams from Impulse response function (IRF). The measured results agreed well with the data calcu-
lated using the proposed method.

1. Introduction

Noise, vibration, fatigue may lead to serious problems in structures
subjected to dynamic loadings. Thus, reducing the vibration is crucial in
the design of machines. The soft, viscoelastic materials are good choice
to dissipate vibration energy. Hence, it is essential to estimate the dy-
namic characteristics of the sandwich structures precisely. To date, there
have been considerable research on the topic [1–3].

Some significant early developments to the free vibration of sand-
wich beams with viscoelastic cores are by made by Kerwin [4], DiTar-
anto [5], DiTaranto and Blasingame [6], Mead and Markus [7,8].
DiTaranto [5] obtained a sixth-order ordinary differential equation in
terms of in-plane displacement for sandwich beams with viscoelastic
cores based on Kerwin’s assumptions [4], and gave the analytical solu-
tions for finite beams with various boundary conditions [6]. Then, Mead
and Markus [7,8] derived the same equation in terms of lateral
displacement. Following Mead and Markus, Rao [9] derived the same
equation using energy approach, and calculated the responses of

sandwich beams subject to moving loads [10]. Hyer et al. [11] gave
approximate equations for nonlinear vibration of sandwich beams.
Oravský et al. [12] proposed an approximation method to estimate the
sandwich beams’ loss factors. Lifshitz and Leibowitz [13] applied the
sixth-order ordinary differential equation in optimal design of damping
sandwich beams. Ioannides and Grootenhuis [14] gave an integral
equation for sandwich beams based on the same assumptions. He and
Rao [15] utilized Rayleigh-Ritz approach to address the curved sand-
wich beams’ vibration. Fasana and Marchesiello [16] analyzed the dy-
namic issues of sandwich beams with three damped layers using
Rayleigh-Ritz approach. Sisemore and Darvennes [17] investigated the
compression effect of the viscoelastic core on the sandwich beams’ free
vibration. Cai et al. [18] used Rayleigh-Ritz approach to solve the free
vibration of beams with partial passive constrained layer damping.
Khalili et al. [19] proposed an improved dynamic stiffness method for
symmetric sandwich beams. Arikoglu and Ozkol [20] used differential
transform method to inspect the free vibration of sandwich beams.
Hamdaoui et al. [21] used a multi-objective optimization method in
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optimal design of sandwich beams for loss mass and high damping.
Hamdaoui et al. [22] developed an adjoint method to determine visco-
elastic material properties by comparing the loss factors and frequencies
determined from finite element method and experiments. The above
researches assumed that the displacement fields of the layers were
layer-wise and the two elastic beams were based on Euler-Bernoulli
beam theory. Rao [23] analyzed the free vibration of short unsym-
metric sandwich beams based on the first-order beam theory. Mead and
Markus [24] used the first-order layer-wise beam theory to analyze the
coupled vibration of sandwich beams. Rikards [25] applied finite
element method to analyze vibration and damping for sandwich beams.
Each layer’s displacement was based on Timoshenko beam theory. Lam
and Chun [26] gave the analytical solutions for the dynamic responses of
a sandwich beam with simply-supported boundary conditions subject to
an impulse loading. The effect of rotary inertia and transverse shear
deformation in each layer were considered. Ganapathi et al. [27]
investigated the linear and nonlinear dynamics of sandwich and com-
posite beams using the finite element method. The transverse shear
deformation was assumed to be trigonometric sine function. Plagianakos
and Saravanos [28] created a high-order layer-wise beam theory based
finite element to estimate the damping of composite laminated sandwich
beams. Tahani [29] presented two layer-wise beam theories to explore
the static and dynamic responses of laminated composite beams. Arvin
et al. [30] showed a higher order layer-wise beam theory for sandwich
composite beams. The transverse displacements in elastic layers were
independent, and the variable in the core layer was linear along the
thickness direction. Loja et al. [31] explored the free vibration of
sandwich beams using different layer-wise theories and kriging-based
finite element method. Ren and Zhao [32] proposed a layer-wise beam
theory with continuous transverse shear stress for sandwich beams with
soft core.

For the simple layer-wise beam theories, it is possible to get the
analytical solutions for the vibration and damping of sandwich beams
with viscoelastic cores. However, it is difficult to get the analytical or
semi-analytical solutions for the higher-order layer-wise theories of
sandwich beams with diverse boundary conditions. Most studies utilized
the finite element method to solve the problem. Spectral method is a
powerful tool to solve the problems [33]. The spectral collocation
method has been widely used in fluid mechanics [34–36] and solid
mechanics [37–41]. Mattei [42] used the Tchebycheff collocation
method to investigate the vibration and acoustic radiation of
fluid-loaded baffled plates. Sari et al. investigated the effect of damaged
boundaries on the vibration of rectangular plates using Mindlin plate
theory [43] and Kirchhoff plate theory [44]. Wang and Huang [45]
employed the Chebyshev collocation method to study the acoustic wave
propagation. Mohazzab [46] investigated the vibration of composite
laminated plates and shells using the spectral collocation method.
Mohazzab and Dozio [47] investigated in-plane vibration of skew plates.
Xie et al. [48] presented an integral method to study the free vibration of
coupled shells. Ji et al. [40] investigated the free vibration and transient
responses of fluid-loaded plates subjected to impact loadings. Ji et al.
[41] investigated the transient responses of cantilever plates subjected
normal and oblique impact loadings, and estimate the impact force
history inversely. Above all, few researches focus on the vibration of
layered structures using spectral collocation method. Tossapanon and
Wattanasakulpong studied the stability and vibration of functionally
graded beams [49] and plates [50] using the spectral collocation
method. Dong et al. [51] applied Chebyshev polynomials and Ritz
method to solve the travelling wave vibrations of a moderately thick
cylindrical shell subject to a spinning motion. Then, they [52] utilized
the similar method to deal with the coupled multi-mode vibrations of
cylindrical shells. Ji et al. [53] investigated the vibration of sandwich
plates using spectral collocation method and layer-wise plate theory.
Fernandes et al. [54] developed a layer-wise shallow shell theory taking
both translational and rotational effect into consideration to solve the
static and free vibration of thin and thick cross-ply laminated shells. The

radial basis function collocation methods in pseudospectral form were
used to solve the associated equations. Tornabene et al. [55] utilized the
Equivalent Layer Wise (ELW) method to derive the balance equations of
the hygro-thermo-magneto-electro-elastic problem for laminated
doubly-curved shells. The Generalized Differential Quadrature (GDQ)
numerical method was applied to solve the balance equations. Torna-
bene et al. [56] applied higher order Equivalent Layer-Wise formulation
to derive the thermo-mechanical governing equations of laminated
doubly-curved shells. The Fourier-based Generalized Differential
Quadrature (F-GDQ) and Taylor-based Generalized Integral Quadrature
(GTIQ) were adopted to calculate the governing equations numerically.

Attempting to handle the problem of the free vibration and damping
of sandwich beams containing viscoelastic cores using the spectral
collocation method is a challenging task, especially dealing with the
various boundary conditions. Thus, a higher-order layer-wise beam
theory was utilized to study the vibration characteristics of sandwich
beams containing viscoelastic cores. It was believed that the transverse
shear stress and displacement at the layer interface would be contin-
uous. The equations of motion and boundary conditions were estab-
lished using Hamilton’s principle. A modified spectral collocation
method was utilized to solve the equations of motion with various
boundary conditions by combining the integrated-based spectral collo-
cation method and conventional spectral collocation method. The
modified method can implement multiple boundary conditions at one
boundary point. An iterative procedure was utilized to solve complex
eigenvalue problem with frequency-dependent material properties. The
accuracy of the proposed method was verified by contrasting the theo-
retical data with experimental and published data. The measured results
agreed well with the data calculated using the proposed method. The
proposed method should be of use to researchers and designers to reduce
the vibration and noise of sandwich beams with various boundary
conditions using viscoelastic materials.

2. Higher-order layer-wise beam theory

A sandwich beam containing a viscoelastic core is shown in Fig. 1.
The length and width are represented by L and b, respectively. The ht

denotes the top layer’s thickness, hc denotes the core layer’s thickness,
and hb denotes the bottom layer’s thickness. The total thickness of the
sandwich beam is defined as h = ht + hc + hb. The x, y, z-axis are along
the length, width, and thickness directions of the beam, respectively.
The assumptions for the higher order layer-wise beam theory are as
follows:

(1) The sandwich beam’s neutral axis moves in a frequency-
dependent manner.

(2) The materials are taken to be homogenous and isotropic. The
bonded materials are linearly elastic, and the core’s material is
viscoelastic.

(3) The transverse displacements are the same.
(4) There is no slipping at the layer interface, and the transverse

shear stresses are continuous.
(5) The elastic layers’ transverse shear stresses are quadratic, and the

viscoelastic layer’s transverse shear stress is constant.

The displacement field is described by [32,67]

Fig. 1. Schematic of a sandwich beam containing a viscoelastic core.

M. Ji et al. Thin-Walled Structures 209 (2025) 112949 

2 



u(x, z) = uc0(x) − z
∂w0(x)

∂x + l(z)βc(x) +m(z)ϕt(x) + n(z)ϕb(x), (1)

w(x, z) = w0(x). (2)

The functions in the displacement field are

l(z) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩
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2
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2
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]
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−
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2
,
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2

]

Hb(z) − Hb(zb1 ) + zb1 , z ∈
[

−
hc

2
− hb, −

hc

2

]

, (3)

m(z) =

⎧
⎪⎪⎨

⎪⎪⎩

Γt(z) − Γt(zt2 ), z ∈
[
hc

2
,
hc

2
+ ht

]

0, z ∈
[

−
hc

2
− hb,

hc

2

] , (4)

n(z) =

⎧
⎪⎪⎨

⎪⎪⎩

0, z ∈
[

−
hc

2
,
hc

2
+ ht

]

Γb(z) − Γb(zb1 ), z ∈
[

−
hc

2
− hb, −

hc

2

] , (5)

where uc0 is the in-plane displacement at the middle surface of the core;
βc is the core’s slope of the normal; ϕt and ϕb are top and bottom’s third
order displacements, respectively; w0 is the transverse displacement;

Ht(z) =
(2zt1 z− z

2)Gc

2htGt ; Hb(z) =
(z2 − 2zb2 z)G

c

2hbGb ; Γt(z) =
2z3 − 3(zt2+zt1 )z

2+6zt1 zt2 z
6ht ;

Γb(z) =
2z3 − 3(zb2+zb1 )z

2+6zb1 zb2 z
6hb ; zt1 = hc

2 + ht; zt2 = hc
2 ; zb1 = − hc

2 ; zb2 = − hc
2

+ hb; the superscript ‘t’ means top, ‘c’ means core, and ‘b’ means bottom;
G represents the shear modulus. The strains can be given by

εx =
∂u
∂x, γxz =

∂u
∂z +

∂w
∂x . (6)

The stress-strain relationship is expressed as

σk
x = Ekεkx, τkxz = Gkγkxz, (7)

where E is the Young’s modulus; the superscript means the k layer (k= t,
c or b) of the sandwich beam. The sandwich beam’s equations of motion,
which take into account kinetic energy and potential energy, are ob-
tained using Hamilton’s principle [51,52,57–60].

δT − δV = 0, (8)

T =
∑

k=t,c,b

ρk
2

∫ t1

t0

∫

Ωk

((
∂u
∂t

)2

+

(
∂w
∂t

)2)

dΩkdt, (9)

V =
∑

k=t,c,b

1
2

∫ t1

t0

∫

Ωk

(
σk
xεkx + τkxzγkxz

)
dΩkdt, (10)

where T is the kinetic energy and V is potential energy; t is time; Ω is the
geometric domain; ρ is the density. The equations of motions are
expressed as

∂Nt
x

∂x +
∂Nc

x
∂x +

∂Nb
x

∂x = I11
∂2uc0
∂t2 + I12

∂3w0

∂x∂t2 + I13
∂2βc

∂t2 + I14
∂2ϕt

∂t2 + I15
∂2ϕb

∂t2 ,

(11)

∂2Mt
x

∂x2 +
∂2Mc

x
∂x2 +

∂2Mb
x

∂x2 = I12
∂3uc0
∂x∂t2 + I11

∂2w0

∂t2

+I22
∂4w0

∂x2∂t2 + I23
∂3βc

∂x∂t2 + I24
∂3ϕt

∂x∂t2 + I25
∂3ϕb

∂x∂t2

, (12)

∂Ptx
∂x +

∂Mc
x

∂x +
∂Pbx
∂x − Rt

xz − Rc
xz − Rb

xz =

I13
∂2uc0
∂t2 + I23

∂3w0

∂x∂t2 + I33
∂2βc

∂t2 + I34
∂2ϕt

∂t2 + I35
∂2ϕb

∂t2

, (13)

∂Qt
x

∂x − Stxz = I14
∂2uc0
∂t2 + I24

∂3w0

∂x∂t2 + I23
∂2βc

∂t2 + I44
∂2ϕt

∂t2 , (14)

∂Qb
x

∂x − Sbxz = I15
∂2uc0
∂t2 + I25

∂3w0

∂x∂t2 + I25
∂2βc

∂t2 + I55
∂2ϕb

∂t2 . (15)

The variables of force and moment terms in Eqs. (11) through (15)
are expressed in Eq. (A.1) in the Appendix. And the parameters of the
inertia in Eqs. (11) through (15) are expressed in Eqs. (A.2) through
(A.5) in the Appendix. The essential boundary conditions (fixed) are
described as

uc0 = w0 =
∂w0

∂x = βc = ϕt = ϕb = 0, (16)

The corresponding natural boundary conditions (free) are described
as

Nt
x + Nc

x + Nb
x = Mt

x +Mc
x +Mb

x

+I12
∂3uc0
∂x∂t2 + I22

∂3w0

∂x∂t2 − I23
∂2βc

∂t2 − I24
∂2ϕt

∂t2 − I25
∂2ϕb

∂t2

=
∂Mt

x
∂x +

∂Mc
x

∂x +
∂Mb

x
∂x = Ptx +Mc

x + Pbx = Qt
x = Qb

x = 0.

(17)

3. Modified spectral collocation method

A fast numerical method known as the spectral collocation method is
employed to solve the equations of motion with boundary conditions. A
grid of Gauss-Chebyshev-Lobatto points in the interval [− 1, 1] is
introduced [33]. Thus, it is necessary to transfer the coordinate x to
interval [− 1, 1] with the relationship ξ = 2x

L − 1. However, there is a
problem using the conventional spectral collocation method when
solving the equations. For the variable w0, there are two boundary
conditions at each boundary. However, only one boundary condition
can be imposed at one node. To overcome the problem, a boundary
condition is imposed at the boundary node and another at the node next
to the boundary node [61]. Although the procedure is simple to use, it is
not exact. Mai-Duy [62] proposed an integration-based spectral collo-
cation method to handle the problem effectively. It proved that the
proposed integration-based spectral collocation method provides more
accurate results and faster convergence. Thus, the modified spectral
collocation method is developed to solve the free vibration problem of
sandwich beams based on a higher-order layer-wise beam theory by
combining the integration-based spectral collocation method for the
variable w0 and the conventional spectral collocation method for the
variables uc0, βc, ϕt , ϕb. The subsequent non-dimensional variables are
explained.

uc0 =
uc0
h
,w0 =

w0

h
, βc = βc,ϕt

= hϕt ,ϕb
= hϕb. (18)

The conventional spectral collocation method is applied to the var-
iables uc0,β

c
,ϕt

,ϕb. The Chebyshev differentiation matrix is described as
D1 [33]; the second-order differentiation matrix is expressed as D2 =

(D1)
2, and so on for the higher-order differentiation matrix. The

fourth-order derivative d4w0/dξ4 is approximated as

d4w0

dξ4
=
∑N

k=0
akTk(ξ), (19)

where Tk(ξ) is Chebyshev polynomial of first kind.
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d3w0

dξ3
=
∑N

k=0
akI(3)k (ξ) + c1, (20)

d2w0

dξ2
=
∑N

k=0
akI(2)k (ξ) + c1ξ + c2, (21)

dw0

dξ
=
∑N

k=0

akI(1)k (ξ) +
1
2
c1ξ2 + c2ξ + c3, (22)

w0 =
∑N

k=0

akI(0)k (ξ) +
1
6
c1ξ3 +

1
2
c2ξ2 + c3ξ + c4, (23)

where I(3)k (ξ) =
∫
Tk(ξ)dξ, I(2)k (ξ) =

∫
I(3)k (ξ)dξ, I(1)k (ξ) =

∫
I(2)k (ξ)dξ,

I(0)k (ξ) =
∫
I(1)k (ξ)dξ, and c1-c4 are four unknown constants. The jth-order

differentiation matrix is described as DIj, whose size is (N + 1)× (N +

5). The unknown vector is [ a0 a1 ⋯ aN c1 c2 c3 c4 ]T . Thus,
the unknown vector at the N + 1 collocation points is defined as

U =
[
uc0,0 ⋯ uc0,N a0 ⋯ aN c1 ⋯ c4

βc ,0 ⋯ βc ,N ϕt
,0 ⋯ ϕt

,N ϕb
,0 ⋯ ϕb

,N

]T , (24)

where the superscript “T” means “transpose”. Then, the sandwich beam
is assumed to vibrate at the angular frequency ω. The equations of
motion in Eqs. (11) through (15) can be written in the following forms
based on the mixed differentiation matrix.
⎡

⎢
⎢
⎢
⎢
⎣

L11 L12 L13 L14 L15
L21 L22 L23 L24 L25
L31 L32 L33 L34 L35
L41 L42 L43 L44 L45
L51 L52 L53 L54 L55

⎤

⎥
⎥
⎥
⎥
⎦
U = ω2

⎡

⎢
⎢
⎢
⎢
⎣

R11 R12 R13 R14 R15
R21 R22 R23 R24 R25
R31 R32 R33 R34 R35
R41 R42 R43 R44 R45
R51 R52 R53 R54 R55

⎤

⎥
⎥
⎥
⎥
⎦
U,

(25)

where the terms in the matrix are expressed in Eqs. (A.6) through (A.15)
in the Appendix. The boundary conditions are defined. Here the free-free
boundary conditions are defined as an example. From the Hamilton’s
principle, the natural boundary conditions mean the free boundary
conditions. The conditions at x = 0 can be expressed as
[

C11
2h
L
D1(N+ 1, :) C12

4h
L2
DI2(N+ 1, :) C13

2
L
D1(N+ 1, :)

− C14
2
Lh
D1(N+ 1, :) C15

2
Lh
D1(N+ 1, :)

]

U = 0
, (26)

[

− C12
4h
L2
D2(N+ 1, :) − C22

8h
L3
DI3(N+ 1, :) C23

4
L2
D2(N+ 1, :)

− C24
4
L2h

D2(N+ 1, :) − C25
4
L2h

D2(N+ 1, :)
]

U =

ω2
[

I12hI(N+ 1, :) − I22
2h
L
DI1(N+ 1, :) − I23I(N+ 1, :)

I24
h
I(N+ 1, :)

I25
h
I(N+ 1, :)

]

U

, (27)

[

− C12
2h
L
D1(N+ 1, :) − C22

4h
L2
DI2(N+ 1, :) C23

2
L
D1(N+ 1, :)

− C24
2
Lh
D1(N+ 1, :) − C25

2
Lh
D1(N+ 1, :)

]

U = 0
, (28)

[

C13
2h
L
D1(N+ 1, :) − C23

4h
L2
DI2(N+ 1, :) C33

2
L
D1(N+ 1, :)

− C34
2
Lh
D1(N+ 1, :) − C35

2
Lh
D1(N+ 1, :)

]

U = 0
, (29)

[

− C14
2h
L
D1(N+ 1, :) C24

4h
L2
DI2(N+ 1, :) − C34

2
L
D1(N+ 1, :)

C44
2
Lh
D1(N+ 1, :) 0(N+ 1, :)

]

U = 0
, (30)

[

C15
2h
L
D1(N+ 1, :) C25

4h
L2
DI2(N+ 1, :) − C35

2
L
D1(N+ 1, :)

0(N+ 1, :) C55
2
Lh
D1(N+ 1, :)

]

U = 0
. (31)

The conditions at x = L are expressed as
[

C11
2h
L
D1(1, :) C12

4h
L2
DI2(1, :) C13

2
L
D1(1, :)

− C14
2
Lh
D1(1, :) C15

2
Lh
D1(1, :)

]

U = 0
, (32)

[

− C12
4h
L2
D2(1, :) − C22

8h
L3
DI3(1, :) C23

4
L2
D2(1, :)

− C24
4
L2h

D2(1, :) − C25
4
L2h

D2(1, :)
]

U =

ω2
[

I12hI(1, :) − I22
2h
L
DI1(1, :) − I23I(1, :)

I24
h
I(1, :)

I25
h
I(1, :)

]

U

, (33)

[

− C12
2h
L
D1(1, :) − C22

4h
L2
DI2(1, :) C23

2
L
D1(1, :)

− C24
2
Lh
D1(1, :) − C25

2
Lh
D1(1, :)

]

U = 0
, (34)

[

C13
2h
L
D1(1, :) − C23

4h
L2
DI2(1, :) C33

2
L
D1(1, :)

− C34
2
Lh
D1(1, :) − C35

2
Lh
D1(1, :)

]

U = 0
, (35)

[

− C14
2h
L
D1(1, :) C24

4h
L2
DI2(1, :) − C34

2
L
D1(1, :)

C44
2
Lh
D1(1, :) 0(1, :)

]

U = 0
, (36)

[

C15
2h
L
D1(1, :) C25

4h
L2
DI2(1, :) − C35

2
L
D1(1, :)

0(1, :) C55
2
Lh
D1(1, :)

]

U = 0
. (37)

Then, the first and (N + 1)th rows of Eq. (25) should be replaced by
Eqs (32) and (26). Similarly, the (2N+7)th and (3N+7)th rows of Eq.
(25) should be replaced by Eqs. (35) and (29). The (3N+8)th and
(4N+8)th rows of Eq. (25) should be replaced by Eqs. (36) and (30). The
(4N+9)th and (5N+9)th rows of Eq. (25) should be replaced by Eqs. (37)
and (31). In regard to the variable w0, Eqs. (27), (28), (33) and (34) are
added into the rows of Eq. (25). The 5N+9 equations of the standard
eigenvalue problem are obtained.

LU = ω2RU, (38)

where the sizes of matrix L and R are (5N + 9)× (5N + 9). The iterative
procedure [53] is utilized to handle the complex eigenvalue problem
considering the frequency-dependent material properties. In this paper,
only the examples of cantilevered and free-free beams are presented.
The modified spectral collocation method can handle various boundary
conditions, such as simply supported, elastically restrained, free end
with mass, and so on.
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4. Experiment

4.1. Measurement of material properties

For calculating the sandwich beams’ resonant frequencies and
damping ratios, the master curve of the viscoelastic material is obtained
first. The structural adhesive classified as a second-generation acrylic
(SGA) adhesive (HARDLOC, C-355–20, Denka) is used to make the
specimen. The adhesive is comprised of acrylic resins and acrylic
olygomer (rubber), for strength and tenacity. The adhesive is with high
viscosity thus, it can be used for vibration reduction. Poisson’s ratio is
assumed to be real and constant. To measure the Poisson’s ratio, the
tensile test machine (AGS-10 kN, Shimadzu Corporation) is used with
the tensile speed 1 mm/min. The tensile specimen according to JIS
K6251–3 (Fig. 3) is cured using the Polytetrafluoroethylene (PTFE) mold
at 60 ◦C for 120 mins as Fig. 2 shows. The surface of the specimen is
painted with white paint. Then, the speckle pattern was painted with
black paint (Fig. 3). The images of the specimen are captured during the
tensile test. The true tensile strain is measured using Digital Image
Correlation (DIC) technique [63]. The Poisson’s ratio is calculated from
the true strain along the tensile direction and that perpendicular to the
tensile direction. The variation of Poisson’s ratio with tensile strain is
shown in Fig. 4. The converged Poisson’s ratio is 0.389. The density of
the adhesive is 1110 kg/m3.

The frequency-dependent loss factor and storage modulus are
measured using the Oberst beam method [53] [64],. The adhesive is
cured on the top surface of the aluminum beam to make the composite
beams. Three composite beams are made. The length is 150 mm, and the
width is 10 mm. The thickness of the aluminum beam is 1.46 mm. The
thicknesses of the specimens’ adhesive layers are 1.099, 1.044, and
0.937 mm, respectively. The cantilevered specimens are clamped by the
fixture. The vibration of the specimen is excited by a steel ball. The steel
ball is stuck by an electromagnet, and then it dropped freely to the
surface of the aluminum beam. The velocity history of a point is
measured by a laser Doppler vibrometer (VibroGo, Polytec). The
experimental setup is shown in Fig. 5. The sampling frequency and time
are 50 kHz and 2 s, respectively. All the experiments are conducted at
room temperature (20◦C). The natural frequencies of specimen are ob-
tained by choosing local peaks from fast Fourier transform (FFT) results

of the measured velocity history. Then, the impulse response function
(IRF) of each mode is obtained by applying a band-pass filter to the
original data. The damping factor ξc at the natural frequency can be
determined through fitting an exponential decay function to the IRF

[53] [65],. Then, the loss factors ηc is obtained ηc = 2ξc
̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − ξ2c
√

. Fig. 6
(a) shows an example of original and filtered power spectral density
(PSD) functions. Fig. 6(b) shows an example of original and fitting IRF.
The measured frequency-dependent storage modulus and loss factor of
SGA are shown in Fig. 7. The fitting storage modulus and loss factor are
expressed as

Ec(f) = − 2× 10− 9f2 + 1.77× 10− 5f + 2.296[GPa] (39)

ηc(f) = 1.05× 107e− ((f − 9.334×10
5)/2.138×105)

2

+0.04924e− ((f − 804.8)/729.2)2
(40)

Fig. 2. Schematic of making tensile test specimen.

Fig. 3. (a) Configure of bulk specimen (b) Photo of bulk specimen.
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4.2. Experiments of sandwich beams

Experiments with two different boundary conditions: free-free and
clamped-free are conducted. The specimens are made of aluminum
beams (A6061-T6) bounded by SGA (HARDLOC, C-355–20, Denka). The
adhesive is cured at 60 ◦C for 120 mins. Four specimens are made for the
experiments with free-free boundary conditions. The thicknesses of the
four specimens are listed in Table 1. The specimens’ length and width
are 200 and 25 mm. The sandwich beam is placed on two rubbers to
simulate the free-free boundary conditions. The mallet is used to hit the
specimen. A bridge (SB 102 B, Tokyo Measuring Instruments Laboratory
Co., Ltd.), a strain gauge (FLA-2–11, Tokyo Measuring Instruments
Laboratory Co., Ltd.), and a DC strain amplifier (AS2101, NEC San-ei
Instruments, Ltd.) are utilized to record the strain history as Fig. 8
shows. The strain gauge is attached at the center of the beam. The
sandwich beams’ natural frequencies and loss factors were determined
using the same data analysis method presented in Section 4.1. Three
specimens are made for the experiments with clamped-free boundary
conditions. In Table 2, the thicknesses of specimens are provided. The
specimens’ length and width are 160 and 10 mm. The specimens are
clamped by the fixture. The specimens are struck by a steel ball near the
fixture. The velocity history of a point is measured by a laser Doppler
vibrometer (VibroGo, Polytec) as Fig. 9 shows. The measurement loca-
tion is 60 mm far away from the free end.

5. Results and discussion

5.1. Convergence test

The convergence test of the proposed method was investigated by
comparing the calculated natural frequencies and loss factors with the
published experimental results [66]. The thickness of the sandwich
beam is defined as ht − hc − hb mm, where ht is the thickness of the top
layer, hc is the thickness of the core, and hb is the thickness of the bottom
layer. In this case, the thickness of the sandwich beam is 1–1–1 mm. The
length and width of the cantilevered sandwich beam are 475 mm and 30
mm. The viscoelastic core is Polyurethane dielectric resin: RE 12,461
Polyol – RE 1010 Isocyanate, which is sandwiched by two aluminum
beams. The Poisson’s ratio and density of the viscoelastic layer are 0.3
and 1500 kg/m3. The Young’s modulus, Poisson’s ratio, and density of
the aluminum are 70 GPa, 0.33, and 2700 kg/m3, respectively. The
core’s shear modulus G∗ and loss factor η are

G∗ = 106 + 2.9907× 104ω + 0.637ω2[Pa], (41)

η = − 0.1912 −
50.2153

ω +
3.2341

ω2 . (42)

The modified spectral collocation method (MSCM) convergence test
of the first seventh natural frequencies and loss factors for the sandwich
beam is presented in Table 3. When N= 16, the results have converged.
Table 4 shows the convergence test of first seventh natural frequencies

Fig. 4. Measured Poisson’s ratio.

Fig. 5. (a) Schematic of experimental setup for measuring storage modulus and loss factor of adhesive (b) Photo of experimental setup.

Fig. 6. An example of (a) original and filtered PSD (b) original and fitting IRF.
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and loss factors using conventional spectral collocationmethod. It shows
that there are some differences between the results obtained using
conventional spectral collocation method and experimental results and
those obtained using FEM [67] and modified spectral collocation
method. In the following calculations, the point number N= 20 is used.

5.2. Validation

To validate the modified spectral collocation method, the numerical
studies of sandwich beams containing viscoelastic cores with constant
viscoelastic model and frequency dependent viscoelastic model are
conducted [68]. The length and width of the cantilevered sandwich
beam are 177.8 mm and 12.7 mm. The sandwich beam’s thcikness is
1.524–0.127–1.524 mm. The used Young’s modulus, Poisson’s ratio,
and density of the aluminum are 69 GPa, 0.3, and 2766 kg/m3,
respectively. The Young’s modulus, Poisson’s ratio, and density of the
viscoelastic core are 1.794 MPa, 0.3, and 968.1 kg/m3, respectively. The
different constant loss factors ηc are used. Table 5 shows the first six
modes’ natural frequencies f and loss factor’s ratios η/ηc of cantilevered
beams for various core’s loss factors. The MSCM means the modified
spectral collocation method. The RM is the real eigenmodes. The ACM is
the approached complex eigenmodes [68]. The results in Bilasse et al.’s
paper [69] are obtained by using diamant approach, a generic and
efficient automatic differentiation implementation of asymptotic nu-
merical method (ANM). The results in Abdoun et al.’s paper [70] are
obtained by performing the forced harmonic vibration using an
asymptotic numerical method. The results obtained using MSCM are in
excellent agreement with ACM [68] and Bilasse et al.’s results [69]. As
stated in the reference [68], RM underestimates the natural frequencies
and overestimates the loss factors for large core’s loss factors. MSCM
based on a higher-order layer-wise beam theory can exactly estimate the
loss factors and resonant frequencies of cantilevered sandwich beams.
Then, the numerical results for frequency dependent materials are
compared. The 3 M ISD112 is used first [68]. The complex shear
modulus of 3 M ISD112 is expressed as [68,71,72]

Gc(ω) = G0

(

1+
∑3

k=1

Δkω
ω − iΩk

)

(43)

where the fitting parameters at 20 and 27 ◦C are shown in Table 6. The
density and Poisson’s ratio of 3 M ISD112 are 1600 kg/m3 and 0.5,
respectively. Then, Polyvinyl-Butyral (PVB) is used. The complex shear
modulus of PVB is expressed as [73]

Gc(ω) = G∞ + (G0 − G∞)
[
1+ (iωτ)1− α]− β (44)

Fig. 7. (a) Frequency-dependent storage modulus (b) Frequency-dependent loss factor.

Table 1
Thicknesses of specimens with free-free boundary conditions.

Top [mm] Core [mm] Bottom [mm]

Specimen 1 1 0.421 1
Specimen 2 1 0.991 1
Specimen 3 1 0.393 1.5
Specimen 4 1 0.952 1.5

Fig. 8. (a) Schematic of experimental setup for free-free sandwich beams (b)
Photo of experimental setup.

Table 2
Thicknesses of specimens with clamped-free boundary conditions.

Top [mm] Core [mm] Bottom [mm]

Specimen 1 0.47 0.701 0.93
Specimen 2 0.47 0.903 0.93
Specimen 3 0.47 1.265 0.93
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where G0 = 0.479 MPa, G∞ = 0.235 GPa, τ = 0.3979, α = 0.46, and β =

0.1946. The density and Poisson’s ratio of PVB are 999 kg/m3 and 0.4,
respectively. Table 7 shows the results of the first four modes of canti-
levered sandwich beams with various frequency-dependent viscoelastic
cores. Table 8 shows results of the first modes of clamped-clamped
sandwich beams with various frequency dependent viscoelastic cores.
The IRM means improved real eigenmodes. The ECM means exact
complex eigenmodes, in which ANM is used to solve the eigenvalue
problem without any approximation. The details of the different
methods are in Bilasse et al.’s paper [68]. The MSCM can get closer
results compared with ACM and ECM for different frequency dependent
viscoelastic materials. The RM is not suitable to estimate the natural
frequencies and loss factors of sandwich beams with PVB core. Above
all, the MSCM based on a higher-order layer-wise beam theory is accu-
rate and efficient to estimate the sandwich beams’ resonant frequencies
and loss factors with various viscoelastic cores and various boundary
conditions.

5.3. Experimental results and discussion

In the theoretical calculations, the Young’s modulus, Poisson’s ration
and density of aluminum are 70 GPa, 0.33, 2711 kg/m3, respectively.
Table 9 shows the experimental and theoretical natural frequencies and
loss factors of first five modes for free-free sandwich beams. The present
theory can predict the natural frequencies of symmetric (Specimens 1
and 2) and asymmetric (Specimens 3 and 4) sandwich beams accurately.
The difference between theoretical and experimental results increases as
the natural frequency increases. The present theory can predict the loss
factors accurately for low modes. However, there are large differences
between experimental and theoretical loss factors for high modes,
especially for asymmetric sandwich beams. It is because that large
variations of loss factors exist for high frequency as Fig. 7(b) shows.
Table 10 shows the experimental and theoretical natural frequencies
and loss factors of first fivemodes for clamped-free sandwich beams. The
present theory can predict the natural frequency and loss factor for
clamped-free sandwich beams accurately. The thickness of the core of
the three specimens are 0.701, 0.903, and 1.265 mm. The experimental
natural frequencies of the three specimens’ fifth mode are 3640.4,

Fig. 9. (a) Schematic of experimental setup for clamped-free sandwich beams (b) Photo of experimental setup.

Table 3
Convergence of results using modified spectral collocation method.

Mode 1 2 3 4 5 6 7

Experiment [66] Frequency [Hz] 10.79 67.18 186.74 363.98 598.15 885.37 1214.99
Loss factor 0.061 0.070 0.082 0.041 0.041 0.049 0.015

FEM [67] Frequency [Hz] 10.43 62.99 177.76 349.27 579.29 868.59 1218.10
Loss factor 0.027 0.083 0.063 0.050 0.040 0.032 0.026

N= 10 Frequency [Hz] 10.43 62.92 177.61 349.02 580.95 864.69 1415.05
Loss factor 0.027 0.083 0.063 0.050 0.040 0.031 0.026

N= 12 Frequency [Hz] 10.43 62.92 177.64 349.05 578.99 867.77 1240.71
Loss factor 0.027 0.083 0.063 0.050 0.040 0.033 0.026

N= 14 Frequency [Hz] 10.43 62.92 177.66 349.09 579.05 868.31 1218.61
Loss factor 0.027 0.083 0.063 0.050 0.040 0.033 0.027

N= 16 Frequency [Hz] 10.43 62.92 177.66 349.11 579.08 868.35 1217.88
Loss factor 0.027 0.083 0.063 0.050 0.040 0.033 0.026

N= 18 Frequency [Hz] 10.43 62.92 177.66 349.11 579.11 868.39 1217.86
Loss factor 0.027 0.083 0.063 0.050 0.040 0.033 0.026

N= 20 Frequency [Hz] 10.43 62.92 177.66 349.12 579.12 868.41 1217.90
Loss factor 0.027 0.083 0.063 0.050 0.040 0.033 0.026

Table 4
Convergence of results using conventional spectral collocation method.

Mode 1 2 3 5 6 7

N= 16 Frequency [Hz] 10.92 65.97 186.56 364.94 608.39 906.17 1280.48
Loss factor 0.029 0.079 0.060 0.046 0.038 0.030 0.024

N= 18 Frequency [Hz] 10.92 65.97 186.56 364.94 608.39 906.17 1280.48
Loss factor 0.029 0.079 0.060 0.046 0.038 0.030 0.024

N= 20 Frequency [Hz] 10.92 65.97 186.56 364.94 608.39 906.17 1280.48
Loss factor 0.029 0.079 0.060 0.046 0.038 0.030 0.024
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3998.2, and 4421.6 Hz. The experimental loss factors of the three
specimens’ fifth mode are 0.0094, 0.0136, and 0.0212. It can conclude
that as the thickness of the core increases, the natural frequencies and
loss factors increase. Moreover, the difference between the theoretical
and experimental results increases, as the thickness and natural fre-
quency increase. Generally, the present theory can predict natural fre-
quences and loss factors of symmetric or asymmetric sandwich beams
with thin or thick viscoelastic cores. Up until now, only sandwich beams
with stiff faces and soft cores have been discussed. The problem of hard
cores still needs further discussion.

6. Conclusions

In the paper, vibration characteristics of sandwich beams containing
a viscoelastic core with different boundary conditions were investigated.
A higher-order layer-wise beam theory was presented to describe the
displacement field of the sandwich beams with viscoelastic cores. The
Hamilton’s principle was used to derive the equations of motion and
boundary conditions. A modified spectral collocation method was used
to solve the equations of motion with different boundary conditions by
combining the integrated-based spectral collocation method and con-
ventional spectral collocation method, which can implement multiple
boundary conditions at one boundary point. The present theory was
accurate and efficient to estimate the loss factors and resonant fre-
quencies of sandwich beams containing viscoelastic cores with constant
viscoelastic model and frequency dependent viscoelastic model. More-
over, the present theory can predict natural frequences and loss factors
of symmetric or asymmetric sandwich beams with thin or thick visco-
elastic cores and different boundary conditions. The present method is
also accurate when the thickness of the core to that of the sandwich
beam equals 0.475.

It was found that the storage modulus and loss factor of the adhesive

Table 5
Natural frequencies and loss factors of cantilevered sandwich beams for different core’s loss factors.

ηc MSCM RM [68] ACM [68] Bilasse et al. [69] Abdoun et al. [70]

f [Hz] η/ηc f [Hz] η/ηc f [Hz] η/ηc f [Hz] η/ηc f [Hz] η/ηc

0.1 64.1 0.281 64.1 0.283 64.1 0.281 64.1 0.281 64.5 0.281
296.5 0.242 296.6 0.243 296.6 0.242 296.7 0.242 298.9 0.242
743.5 0.154 744.3 0.154 744.4 0.154 744.5 0.154 746.5 0.154
1392.5 0.089 1395.2 0.089 1395.6 0.088 1395.7 0.089 1407.7 0.089
2256.4 0.057 2263.4 0.057 2264.5 0.057 2264.5 0.057 2286.2 0.057
3332.2 0.039 3347.3 0.039 3349.5 0.039 3349.8 0.039 3385.7 0.039

0.6 65.5 0.246 64.1 0.283 65.5 0.246 65.5 0.246 65.9 0.247
299.0 0.232 296.6 0.243 299.1 0.232 299.2 0.232 303.1 0.224
745.3 0.152 744.3 0.154 746.2 0.152 746.3 0.153 752.3 0.150
1393.5 0.088 1395.2 0.089 1396.6 0.088 1396.6 0.089 1412.7 0.088
2257.0 0.057 2263.4 0.057 2265.1 0.057 2265.2 0.057 2290.6 0.057
3332.6 0.039 3347.3 0.039 3350.1 0.038 3350.2 0.039 3389.5 0.039

1 67.5 0.202 64.1 0.283 67.4 0.202 67.5 0.202 67.8 0.204
302.9 0.217 296.6 0.243 303.0 0.217 303.1 0.218 309.1 0.201
748.5 0.150 744.3 0.154 749.4 0.150 749.4 0.150 761.1 0.142
1395.1 0.088 1395.2 0.089 1397.9 0.088 1398.3 0.088 1420.6 0.086
2258.2 0.057 2263.4 0.057 2266.3 0.057 2266.3 0.057 2297.9 0.057
3333.4 0.039 3347.3 0.039 3350.9 0.038 3350.9 0.039 3395.9 0.037

1.5 69.9 0.153 64.1 0.283 69.9 0.153 69.9 0.153 70.3 0.155
308.9 0.197 296.6 0.243 309.1 0.197 309.1 0.198 317.4 0.176
754.3 0.146 744.3 0.154 755.2 0.145 755.2 0.146 777.2 0.131
1398.2 0.087 1395.2 0.089 1401.4 0.087 1401.4 0.087 1432.8 0.083
2260.3 0.057 2263.4 0.057 2268.4 0.056 2268.5 0.057 2310.1 0.056
3334.8 0.039 3347.3 0.039 3352.3 0.038 3352.3 0.039 3307.0 0.039

Table 6
Material parameters of 3 M ISD 112 at 20 and 27 ◦C [68,71,72].

k 20 ◦C 27 ◦C

G0 [Pa] Δk Ωk [rad/s] G0 [Pa] Δk Ωk [rad/s]

1 0.0511E6 2.8164 31.1176 0.5E6 0.746 468.7
2 13.1162 446.4542 3.265 4742.4
3 45.4655 5502.5318 43.284 71,532.5

Table 7
Natural frequencies and loss factors of cantilevered sandwich beams for frequency dependent core materials.

MSCM RM [68] IRM [68] ACM [68] ECM [68]

f [Hz] η f [Hz] η f [Hz] η f [Hz] η f [Hz] η

3 M ISD112 core at 20 ◦C
64.27 2.28E-01 65.97 7.32E-01 58.31 3.61E-01 61.96 2.62E-01 63.07 1.96E-01
319.87 2.04E-01 340.04 3.98E-01 309.04 2.16E-01 314.58 1.98E-01 316.54 1.87E-01
833.68 1.59E-01 845.85 2.51E-01 813.76 1.75E-01 821.85 1.69E-01 823.29 1.60E-01
1535.75 8.76E-02 1562.42 1.26E-01 1526.99 9.71E-02 1530.85 9.63E-02 1530.60 9.48E-02
3 M ISD112 core at 27 ◦C
65.31 1.60E-01 63.74 2.39E-01 63.38 1.86E-01 65.04 1.59E-01 65.34 1.56E-01
325.95 2.71E-01 317.33 4.06E-01 312.34 3.02E-01 322.47 2.60E-01 326.08 2.55E-01
851.37 2.96E-01 827.62 4.19E-01 814.19 3.25E-01 839.97 2.88E-01 849.49 2.78E-01
1568.70 2.83E-01 1540.09 3.52E-01 1523.79 2.91E-01 1556.38 2.70E-01 1567.53 2.69E-01
PVB core at 20 ◦C
81.79 1.34E-03 488.78 2.12E-01 81.78 1.54E-03 81.80 1.48E-03 81.79 1.37E-03
503.83 5.12E-03 2082.08 1.55E-01 503.95 6.12E-03 504.17 5.98E-03 504.16 5.43E-03
1377.89 8.71E-03 4183.69 1.29E-01 1379.56 1.04E-02 1380.38 1.02E-02 1380.34 9.38E-03
2618.56 1.25E-02 6090.64 1.13E-01 2626.08 1.48E-02 2627.92 1.46E-02 2627.87 1.36E-02
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varied greatly for high frequency. Thus, the uncertainties of the adhe-
sive’s frequency-dependent storage modulus and loss factor can be
further considered in the present theory [74,75]. Besides, the present
method can be extended to solve the problem of sandwich laminated
beams.
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Table 8
Natural frequencies and loss factors of clamped-clamped sandwich beams for frequency dependent core materials.

MSCM RM [68] IRM [68] ACM [68] ECM [68]

f [Hz] η f [Hz] η f [Hz] η f [Hz] η f [Hz] η

3 M ISD112 core at 20 ◦C
289.86 1.90E-01 289.24 2.28E-01 285.06 1.88E-01 287.38 1.83E-01 288.07 1.80E-01
779.33 1.36E-01 781.95 1.77E-01 769.52 1.42E-01 773.39 1.39E-01 774.05 1.36E-01
1484.39 7.62E-02 1494.62 9.70E-02 1480.16 8.21E-02 1482.51 8.17E-02 1482.42 8.09E-02
2379.85 4.01E-02 2398.41 4.88E-02 2385.10 4.31E-02 2386.03 4.31E-02 2385.94 4.30E-02
3 M ISD112 core at 27 ◦C
293.02 2.58E-01 288.11 2.91E-01 286.88 2.59E-01 291.38 2.47E-01 292.70 2.49E-01
786.36 2.55E-01 774.38 3.05E-01 768.85 2.61E-01 781.34 2.46E-01 784.94 2.45E-01
1502.56 2.43E-01 1485.64 2.79E-01 1476.96 2.44E-01 1492.02 2.34E-01 1502.34 2.34E-01
2434.31 2.36E-01 2412.39 2.62E-01 2401.45 2.34E-01 2428.93 2.26E-01 2436.94 2.27E-01
PVB core at 20 ◦C
504.34 7.53E-03 1631.84 1.56E-01 506.46 9.14E-03 506.79 8.94E-03 506.77 8.03E-03
1350.34 1.16E-02 3382.00 1.28E-01 1357.71 1.38E-02 1358.75 1.36E-02 1358.71 1.25E-02
2560.52 1.52E-02 5280.18 1.11E-01 2579.46 1.79E-02 2571.56 1.77E-02 2581.50 1.65E-02
4080.60 1.83E-02 7241.05 9.88E-02 4120.84 2.14E-02 4124.21 2.12E-02 4124.14 2.00E-02

Table 9
Comparison between experimental and theoretical results for free-free sandwich beams.

Specimen 1 Specimen 2

Theoretical Experimental Theoretical Experimental

f [Hz] η f [Hz] η f [Hz] η f [Hz] η

332.0 0.0028 329.2 0.0022 425.0 0.0023 427.6 0.0028
908.8 0.0039 917.1 0.0059 1152.5 0.0036 1154.3 0.0046
1762.4 0.0039 1779.6 0.0096 2204.4 0.0036 2210.2 0.0061
2872.7 0.0033 2908.7 0.0138 3532.4 0.0036 3546.5 0.0109
4218.8 0.0037 4131.3 0.0187 5088.0 0.0940 5127.3 0.0115

Specimen 3 Specimen 4

Theoretical Experimental Theoretical Experimental

f [Hz] η f [Hz] η f [Hz] η f [Hz] η

389.5 0.0037 394.4 0.0026 478.4 0.0033 480.3 0.0025
1065.5 0.0040 1076.1 0.0030 1294.7 0.0036 1300.0 0.0090
2064.1 0.0821 2092.4 0.0028 2470.0 0.0035 2487.2 0.0087
3360.0 0.0794 3353.1 0.0061 3946.5 0.0793 4005.8 0.0084
4927.1 0.0795 5030.1 0.0075 5667.4 0.0712 5701.4 0.0072

Table 10
Comparison between experimental and theoretical results for clamped-free
sandwich beams.

Theoretical Experimental

f [Hz] η f [Hz] η

Specimen 1 71.0 0.0035 69.4 0.0059
441.2 0.0070 428.4 0.0040
1218.4 0.0118 1172.6 0.0066
2340.8 0.0129 2255.2 0.0128
3778.1 0.0181 3640.4 0.0094

Specimen 2 78.3 0.0038 78.2 0.0049
485.3 0.0085 479.1 0.0041
1334.5 0.0137 1314.2 0.0073
2549.7 0.0157 2494.4 0.0254
4089.0 0.0224 3998.2 0.0136

Specimen 3 91.0 0.0043 95.4 0.0042
560.8 0.0112 552.7 0.0050
1530.5 0.0163 1493.5 0.0077
2896.3 0.0206 2822.9 0.0346
4595.0 0.0296 4421.6 0.0212
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Appendix

The variables of force and moment terms in Eqs. (11) through (15) can be expressed as

Nt
x =

∫ hc/2+ht

hc/2
σt
xdz,N

c
x =

∫ hc/2

− hc/2
σc
xdz,N

b
x =

∫ − hc/2

− hc/2− hb
σb
xdz,

Mt
x =

∫ hc/2+ht

hc/2
zσt

xdz,M
c
x =

∫ hc/2

− hc/2
zσc

xdz,M
b
x =

∫ − hc/2

− hc/2− hb
zσb

xdz,

Ptx =
∫ hc/2+ht

hc/2
l(z)σt

xdz,P
b
x =

∫ − hc/2

− hc/2− hb
l(z)σb

xdz,

Qt
x =

∫ hc/2+ht

hc/2
m(z)σt

xdz,Q
b
x =

∫ − hc/2

− hc/2− hb
n(z)σb

xdz,

Rt
xz =

∫ hc/2+ht

hc/2

∂l(z)
∂z τtxzdz,Rb

xz =

∫ − hc/2

− hc/2− hb

∂l(z)
∂z τbxzdz,

Rt
xz =

∫ hc/2+ht

hc/2

∂l(z)
∂z τtxzdz,Rc

xz =

∫ hc/2

− hc/2
τcxzdz,Rb

xz =

∫ − hc/2

− hc/2− hb

∂l(z)
∂z τbxzdz,

Stxz =
∫ hc/2+ht

hc/2

∂m(z)
∂z τtxzdz, Sbxz =

∫ − hc/2

− hc/2− hb

∂n(z)
∂z τbxzdz.

(A.1)

The parameters of the inertia in Eqs. (11) through (15) are expressed as

I11 =
(

ρtht + ρchc + ρbhb
)
, I12 = −

ρtht
2
(
ht + hc

)
+

ρbhb
2

(
hb + hc

)
,

I13 = ρtht
(
Gcht

3Gt +
hc

2

)

+ ρbhb
(
Gchb

3Gb +
hc

2

)

, I14 = −
ρt
(
ht
)3

12
, I15 =

ρb
(
hb
)3

12
,

(A.2)

I22 = −

(
ρt
24

((
2ht + hc

)3
− (hc)3

)
+

ρc(hc)3

12
+

ρbhb
24

((
2hb + hc

)3
− (hc)3

)
)

,

I23 = ρtht
(
Gcht

(
5ht + 4hc

)

24Gt +
hc
(
ht + hc

)

4

)

+
ρc(hc)3

12

+ ρbhb
(
Gchb

(
5hb + 4hc

)

24Gb +
hc
(
hb + hc

)

4

)

,

I24 = −
ρt
(
ht
)3( 7ht + 5hc

)

120
, I25 = −

ρb
(
hb
)3(

7hb + 5hc
)

120
,

(A.3)

I33 = ρtht
(

2
15

(
Gcht

Gt

)2

+
Gchcht

3Gt +
(hc)2

4

)

+
ρc(hc)3

12

+ ρbhb
(

2
15

(
Gchb

Gb

)2

+
Gchchb

3Gb +
(hc)2

4

)

,

I34 = − ρt
(
ht
)3
(
13Gcht

360Gt +
hc

24

)

, I35 = − ρb
(
hb
)3
(
13Gchb

360Gb +
hc

24

)

,

(A.4)

I44 =
13ρt

(
ht
)5

1260
, I55 =

13ρb
(
hb
)5

1260
. (A.5)

The terms in the matrix in Eq. are expressed as

L11 = C11
4h
L2
D2,L12 = C12

8h
L3
DI3,L13 = C13

4
L2
D2 ,

L14 = − C14
4
L2h

D2,L15 = C15
4
L2h

D2,

(A.6)
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L21 = C12
8h
L3
D3,L22 = − C22

16h
L4

DI4, L23 = C23
8
L3
D3,

L24 = − C24
8
L3h

D3,L25 = − C25
8
L3h

D3,

(A.7)

L31 = C13
4h
L2
D2,L32 = − C23

8h
L3
DI3,L33 = C33

4
L2
D2 − F33I,

L34 = − C34
4
L2h

D2 +
F34
h
I,L35 = − C35

4
L2h

D2 +
F35
h
I,

(A.8)

L41 = − C14
4h
L2
D2,L42 = C24

8h
L3
DI3,L43 = − C34

4
L2
D2 + F34I,

L44 = C44
4
L2h

D2 −
F44
h
I,L45 = 0,

(A.9)

L51 = C15
4h
L2
D2,L52 = C25

8h
L3
DI3,L53 = − C35

4
L2
D2 + F35I,

L54 = 0, L55 = C55
4
L2h

D2 −
F55
h
I,

(A.10)

R11 = − I11hI,R12 = − I12
2h
L
DI1,R13 = − I13I,R14 = −

I14
h
I,R15 = −

I15
h
I, (A.11)

R21 = − I12
2h
L
D1,R22 = − I11hDI0 − I22

4h
L2
DI2,R23 = − I23

2
L
D1,

R24 = − I24
2
Lh
D1,R25 = − I25

2
Lh
D1,

(A.12)

R31 = − I13hI,R32 = − I23
2h
L
DI1,R33 = − I33I,R34 = −

I34
h
I,R35 = −

I35
h
I, (A.13)

R41 = − I14hI,R42 = − I24
2h
L
DI1,R43 = − I23I,R44 = −

I44
h
I,R45 = 0, (A.14)

R51 = − I15hI,R52 = − I25
2h
L
DI1,R53 = − I25I,R54 = 0,R55 = −

I55
h
I, (A.15)

where I is an identity matrix, 0 a zero matrix, and the parameters used in Eqs. (A.6) through (A.15) can be expressed as

C11 = Etht + Echc + Ebhb,C12 = −
1
2
Etht

(
ht + hc

)
+
1
2
Ebhb

(
hb + hc

)
,

C13 = Etht
(
Gcht

3Gt +
hc

2

)

− Ebhb
(
Gchb

3Gb +
hc

2

)

,C14 =
Et
(
ht
)3

12
,C15 =

Eb
(
hb
)3

12
,

C22 =

(
Et

24

((
2ht + hc

)3
− (hc)3

)
+
Ec(hc)3

12
+
Ebhb

24

((
2hb + hc

)3
− (hc)3

)
)

,

C23 = Etht
(
Gcht

(
5ht + 4hc

)

24Gt +
hc
(
ht + hc

)

4

)

+
Ec(hc)3

12

+ Ebhb
(
Gchb

(
5hb + 4hc

)

24Gb +
hc
(
hb + hc

)

4

) ,

C24 =
Et
(
ht
)3( 7ht + 5hc

)

120
,C25 =

Eb
(
hb
)3(

7hb + 5hc
)

120
,

C33 = Etht
(

2
15

(
Gcht

Gt

)2

+
Gchcht

3Gt +
(hc)2

4

)

+
Ec(hc)3

12

+ Ebhb
(
2
15

(
Gchb

Gb

)2

+
Gchchb

3Gb +
(hc)2

4

) ,

C34 = Et
(
ht
)3
(
13Gcht

360Gt +
hc

24

)

,C35 = Eb
(
hb
)3
(
13Gchb

360Gb +
hc

24

)

,
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C44 =
13Et

(
ht
)5

1260
,C55 =

13Eb
(
hb
)5

1260
,

F33 = Gc

(
Gcht

3Gt + hc +
Gchb

3Gb

)

, F34 =
Gc
(
ht
)2

12
, F35 =

Gc
(
hb
)2

12
,

F44 =
Gt
(
ht
)3

30
, F55 =

Gb
(
hb
)3

30
.

Data availability

Data will be made available on request.
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