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Abstract

Formalization of probability theory plays important roles as a foundation of formal verification
for systems with probabilistic behaviors such as probabilistic programs, stochastic processes,
and machine learning algorithms. Although basic probability theory has already been formal-
ized, existing library does not cover advanced theories used in some latest researches.

This thesis aims to formalize advanced topics of probability theory in the interactive theo-
rem prover Isabelle/HOL. Especially, we focus on the basis of higher-order probability theory.
We formalize the three theories: standard Borel spaces, the Lévy-Prokhorov metric, and
quasi-Borel spaces. The theory of standard Borel spaces is often used in applied probability
theory and theoretical basis of quasi-Borel spaces. We formalize standard Borel spaces and
prove Kuratowski’s theorem: any standard Borel space is either a countable discrete space or
isomorphic to R. The Lévy-Prokhorov metric is a metric between finite measures on a metric
space. The metric was introduced to analyze weak convergence of measures. We formalize
the Lévy-Prokhorov metric and prove Prokhorov’s theorem, giving an equivalent condition for
the relative compactness of sets of finite measures, and the Riesz representation theorem, a
theorem in functional analysis. The theory of quasi-Borel spaces is a new denotational model
for higher-order probabilistic programs. We formalize quasi-Borel spaces and the s-finite mea-
sure monad on it. We also apply our formalization to verify probabilistic programs, including
the Monte Carlo method and the Gaussian mean learning algorithm, and differential privacy.
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Chapter 1

Introduction

Formalization of mathematics is one of the important foundations of formal verification with
interactive theorem provers because formal methods rely on mathematics such as discrete
mathematics, algebra, analysis, and category theory. Probability theory is a fundamental tool
to analyze probabilistic programs, stochastic processes, and machine learning algorithms. The
semantics of probabilistic programs is naturally based on probability theory. The semantics is
applied to verify the implementation of probabilistic programming languages and reason about
probabilistic programs. Stochastic processes are usually used to model probabilistic systems
whose state changes depending on time. Probability theory is also applied to evaluate machine
learning algorithms by assuming that data are obtained from probability distributions.

The theory of higher-order probabilistic programs has been an actively studied research
area. The word “higher-order probabilistic programs” means that probabilistic programs
supporting higher-order functions, i.e., the program can receive functions as arguments. In
general, the semantics of probabilistic programs is based on measurable spaces and measurable
functions. However, semantics based on measure theory faces a technical difficulty when we
try to denote higher-order programs. It is known that there is no σ-algebra on RR (the set of
all measurable functions from R to R) that makes the evaluation function ev : RR × R → R,
ev(f, x) = f(x) measurable [3]. This result suggests that the standard semantics cannot treat
higher-order programs. In order to overcome this difficulty, Heunen et al. [25] introduced
the notion of quasi-Borel spaces. The theory enables us to denote higher-order probabilistic
programs because function spaces always exist and the s-finite measure monad on quasi-Borel
spaces is used to denote the type of probability distributions. Although the construction of
the s-finite measure is non-trivial, no paper provides its detailed proofs. In addition, the
definitions of the monad vary among prior studies [44, 52, 56]. Those situations make it
difficult to use the theory and check the correctness of the research results.

Basic probability theory (and also measure theory) has already been formalized in major
interactive theorem provers, e.g., Coq [1, 12], Isabelle/HOL [4, 8, 18, 26], and Lean [50, 53].
However, the existing library still does not cover advanced theories used in some recent re-
search works, such as the theory of quasi-Borel spaces. It is also sometimes difficult to check
the correctness of mathematical statements in new research results because the proof is com-
plicated or omitted even for non-trivial statements. Hence, formalizing advanced probability
theories plays important roles for studies related to probability theory because we can ensure
the correctness of the theory and easily check that theorems are valid by just executing proof
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scripts without reading complicated and lengthy proofs by ourselves.
This thesis aims to formalize advanced topics of probability theory in the interactive

theorem prover Isabelle/HOL. Especially, we focus on the basis of higher-order probability
theory. We formalize the three theories: standard Borel spaces, the Lévy-Prokhorov metric,
and quasi-Borel spaces. We also verify probabilistic programs using quasi-Borel spaces.

Standard Borel spaces Standard Borel spaces are a certain class of measurable spaces.
Standard Borel spaces are defined through Polish spaces, which are a class of topological
spaces. Those spaces are often used in applied probability theory and statistics area, includ-
ing the theory of quasi-Borel spaces, because they have good properties: any Polish space is
embedded into a compact space (Lemma 3.6) and any standard Borel space is either count-
able discrete space or isomorphic to R (Kuratowski’s theorem, Theorem 3.12). Although those
spaces are commonly used, they were not formalized until these days. Recently, Gouëzel for-
malized Polish and standard Borel spaces in Lean [50, 21]. Isabelle/HOL’s standard library
also has a formalization of the Polish spaces based on type classes. However, their formal-
ization has restrictions that it cannot treat the cases where there is no natural metric on the
type or the natural topology on the type does not form a Polish space.

In this thesis, we formalize the notion of Polish spaces and standard Borel spaces. We also
prove their useful properties: the fact that any Polish space is embedded into a compact space
(Lemma 3.6), and Kuratowski’s theorem (Theorem 3.12). Those theorems are used later in
this thesis. We finally apply Kuratowski’s theorem to prove the disintegration theorem, which
ensures the existence of a conditional probability kernel.

Compared to the existing Isabelle/HOL’s formalization of Polish spaces, our definition can
treat Polish spaces with any career sets and include advanced theorems. In general, a Polish
space is defined as a separable completely metrizable space, while the existing formalization
defines the Polish spaces as separable complete metric spaces using type classes. The existing
formalization cannot treat subspaces directly because type classes cannot do so. In addition,
their definition requires us to define a metric on the set. Hence, it is not suitable to interpret
a type as a Polish space when there is no natural metric on the type, e.g., R ∪ {∞,−∞},
or the natural metric is not complete. Our formalization does not have those restrictions
because we define Polish spaces in the same manner as the usual mathematical definition
using topological spaces defined by type definition (see Section 2.3.3) in Isabelle/HOL.

Lévy-Prokhorov metric Although this theory is independent of higher-order probability
theory, the formalization of the theory includes important results such as the Riesz repre-
sentation theorem and Prokhorov’s theorem. The Lévy-Prokhorov metric is a mathematical
tool to analyze asymptotic behaviors of distributions or measures in terms of weak conver-
gence. Such analysis is one of the important aspects of probability theory and a foundation
of statistics because the knowledge on asymptotic behaviors provides insights of what will be
likely to happen when we collect large data. One of the important consequence related to
the Lévy-Prokhorov metric is Prokhorov’s theorem. The theorem provides a condition for the
relative compactness of sets of finite measures: a set of (uniformly bounded) finite measures is
relatively compact if and only if it is tight. The theorem plays essential roles in proofs of the
central limit theorem, Sanov’s theorem in large deviation theory, and the existence of optimal
coupling in transportation theory.
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In this thesis, we formalize the Lévy-Prokhorov metric and related notions such as weak
convergence. We apply the Lévy-Prokhorov metric to formalize Prokhorov’s theorem and
show that the space of finite measures on a standard Borel space is also a standard Borel
space. We first formalize the notion of weak convergence including the Portmanteau theorem,
equivalent conditions of weak convergence, and the topology of weak convergence. We define
the notion of weak convergence using filters as convergence in Isabelle/HOL. We then formalize
the Lévy-Prokhorov metric. We prove the equivalence of the topology of weak convergence
and the topology induced by the Lévy-Prokhorov metric. Our proof is different from the
common textbook proofs (e.g. [10, 15]). We obtain a simpler proof thanks to the generalization
of weak convergence by filters. We then formalize Prokhorov’s theorem using the Lévy-
Prokhorov metric. In order to formalize Prokhorov’s theorem, we also prove (a special case of)
Alaoglu’s theorem and the Riesz representation theorem. The Riesz representation theorem is
an important result in functional analysis. While its proof, including related lemmas, consists
of around nine pages in Rudin’s book [38], our formalization takes more than 2,100 lines of
proofs. We finally show that the measurable space of finite measures on a standard Borel space
is a standard Borel space. The measurable space of measures on some measurable space is used
in stochastic processes and the semantics of probabilistic programs. The measurable space of
measures is defined independently from metrics or topologies. We prove that the measurable
space of finite measures is generated from the Lévy-Prokhorov metric. As a consequence, we
obtain that the measurable space of finite measures on a standard Borel space is a standard
Borel space.

Avigad et al. formalized the notion of weak convergence of probability measures on R
and a special case of Prokhorov’s theorem during the proof of the central limit theorem in
Isabelle/HOL [4]. Compared to their work, our formalization of weak convergence treats finite
measures on any metric spaces, and convergence is generalized by filters. While there is a
simpler proof for the special case of Prokhorov’s theorem that they formalized, Prokhorov’s
theorem that we formalize needs tools in functional analysis, such as the Riesz representation
theorem, and thus requires more effort. The Lean mathematical library, mathlib [50], includes
ongoing formalization of the weak convergence and the Lévy-Prokhorov metric by Kytölä [30].
Their definition of the weak convergence is also generalized by filters and treats not only
probability measures but also finite measures. They showed that the Lévy-Prokhorov metric
on the set of finite measures on a pseudo-metric space is a pseudo-metric. They proved
the equivalence of the topology of weak convergence and the topology induced by the Lévy-
Prokhorov metric on the space of probability measures. Our work contains more results than
their work, such as Prokhorov’s theorem (Theorem 4.20).

Quasi-Borel spaces The theory of quasi-Borel spaces provides a new denotational model
for higher-order probabilistic programs. Heunen et al. [25] introduced the notion of quasi-
Borel spaces and the probability monad on it. Later, the s-finite measure monad was devel-
oped [44, 52, 56]. The s-finite measure monad treats s-finite measures, while the probability
monad treats only probability measures. The s-finite measure monad enables us to denote
probabilistic programs with conditioning.

In this thesis, we formalize the notion of quasi-Borel spaces and the s-finite measure monad
on it. This is the first formalization of the theory of quasi-Borel spaces, to our best knowl-
edge. The probability monad is obtained by taking a subspace. We also formalize s-finite
kernels, which are used to denote first-order probabilistic programs because the s-finite mea-
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sure monad depends on s-finite kernels. The construction of the s-finite measure monad is
non-trivial. However, no paper provides its detailed explanation. Furthermore, the details of
the definition vary among previous studies [44, 52, 56]. We recover the omitted details during
formalization. In addition to formalizing the s-finite measure monad, we also implement qbs
prover, an automation for checking whether the term is a member of the quasi-Borel space
or not. In a typical situation of formal proofs in measure theory, we need to check measura-
bility of functions to apply equations or theorems because most of the theorems require that
functions are measurable. Working with quasi-Borel spaces also faces similar situations. The
qbs prover reduces the cost of proof by automatically solving this kind of side conditions.
In the usual definition, the morphisms (structure-preserving functions) between quasi-Borel
spaces are defined first, then the function spaces are constructed through morphisms. In our
formalization, we first construct the function spaces, then morphisms are defined through the
function spaces. This design works better with our proof automation.

Probabilistic program verification We apply quasi-Borel spaces to verify probabilistic
programs. The s-finite measure monad on quasi-Borel spaces enables us to denote proba-
bilistic programs which have three major functionalities: sampling, higher-order functions,
and conditioning. Other works based on measure theories, e.g., the s-finite kernel in Coq
by Affeldt et al. [2] or the Giry monad in Isabelle/HOL by Eberl et al. [18], cannot support
probabilistic programs with higher-order functions.

In this thesis, we verify four example programs including the Monte Carlo method and the
Gaussian mean learning algorithm. We prove that the distribution of the average of samples
converges in probability to the expected value in the Monte Carlo method example. In the
example of the Gaussian mean learning algorithm, we prove convergence and stability under
change of priors. We also formalize differential privacy using quasi-Borel spaces and show a
simple example. The definitions and properties of differential privacy using quasi-Borel spaces
are easily derived from the ones using measurable spaces.

1.1 Publications
The content of this thesis is based on the following publications.

Journal Article

J1 Michikazu Hirata, Yasuhiko Minamide, Tetsuya Sato, Program Logic for Higher-Order
Probabilistic Programs in Isabelle/HOL, Science of Computer Programming, Volume
230, 102993, Elsevier, 2023 (special issue of FLOPS2022).

Conference Papers

C1 Michikazu Hirata, A Formalization of the Lévy-Prokhorov Metric in Isabelle/HOL, In
15th International Conference on Interactive Theorem Proving (ITP 2024). Leibniz
International Proceedings in Informatics (LIPIcs), Volume 309, pp.21:1–21:18, Schloss
Dagstuhl – Leibniz-Zentrum für Informatik (2024).
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Standard Borel Spaces

S-Finite measure Monad on Quasi-Borel Spaces The Riesz Representation Theorem

Disintegration Theorem

Differential Privacy using Quasi-Borel Spaces

Coproduct Measure The Lévy-Prokhorov Metric

Fig. 1.1: Dependencies of AFP entries.

C2 Michikazu Hirata, Yasuhiko Minamide, Tetsuya Sato, Semantic Foundations of Higher-
Order Probabilistic Programs in Isabelle/HOL, In 14th International Conference on In-
teractive Theorem Proving (ITP 2023). Leibniz International Proceedings in Informatics
(LIPIcs), Volume 268, pp.18:1–18:18, Schloss Dagstuhl – Leibniz-Zentrum für Informatik
(2023).

C3 Michikazu Hirata, Yasuhiko Minamide, Tetsuya Sato, Program Logic for Higher-Order
Probabilistic Programs in Isabelle/HOL, In 16th International Symposium on Functional
and Logic Programming (FLOPS 2022). Lecture Notes in Computer Science, vol 13215,
pp.57–74, Springer, Cham (2022).

Chapter 3 is based on C2, Chapter 4 is based on C1, Chapter 5 is based on J1, C2, and C3,
and Chapter 6 is based on C2.

Archive of Formal Proofs The proof scripts are available on the official proof libraries of
Isabelle, the Archive of Formal Proofs (AFP). Theory dependencies are shown in Fig 1.1.

AFP1 Michikazu Hirata, Differential Privacy using Quasi-Borel Spaces, 2025.

AFP2 Michikazu Hirata, Coproduct Measure, 2024.

AFP3 Michikazu Hirata, The Lévy-Prokhorov Metric, 2024.

AFP4 Michikazu Hirata, The Riesz Representation Theorem, 2024.

AFP5 Michikazu Hirata, Disintegration Theorem, 2023.

AFP6 Michikazu Hirata and Yasuhiko Minamide, S-Finite Measure Monad on Quasi-Borel
Spaces, 2023.

AFP7 Michikazu Hirata, Standard Borel Spaces, 2023.

AFP8 Michikazu Hirata, Yasuhiko Minamide, and Tetsuya Sato, Quasi-Borel Spaces, 2022.
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Chapter 1

Chapter 2

Chapter 3, (AFP7)

Chapter 4, (AFP3, AFP4) Chapter 5, (AFP6, AFP8)

Chapter 6, (AFP1, AFP6) Appendix (AFP2)

Fig. 1.2: Chapter dependencies.

1.2 Thesis Outline
In Chapter 2, we review basic mathematics used in this thesis and Isabelle/HOL. In Chapter 3,
we formalize Polish spaces and standard Borel spaces. We also apply them to prove the
disintegration theorem. In Chapter 4, we formalize the Lévy-Prokhorov metric and show
Prokhorov’s theorem. We also prove that the space of all finite measures on a standard Borel
space is also a standard Borel space. In Chapter 5, we formalize quasi-Borel spaces and the
s-finite measure monad. We then implement the qbs prover, a proof automation for quasi-
Borel spaces. In Chapter 6, we apply quasi-Borel spaces to verify probabilistic programs. In
Appendix, we formalize the coproduct measurable spaces and coproduct measures. Chapter
dependencies and corresponding formalization in AFP entries are shown in Fig 1.2.

6



Chapter 2

Preliminaries

In this chapter, we introduce mathematical notions we use throughout this thesis and Is-
abelle/HOL. We first review the basis of topological, metric, and measurable spaces. Then,
we give an overview of Isabelle/HOL. Finally, we explain how the mathematical notions are
defined in Isabelle/HOL’s standard library.

2.1 Mathematical Preliminaries
We first review mathematical notions.

2.1.1 Topological Spaces

Topology is a way of expressing nearness of points in a set. Let X be a set and OX a set of
subsets of X. The pair (X,OX) is called a topological space when ∅ ∈ OX , X ∈ OX , and
OX is closed under finite intersections and arbitrary unions. We sometimes write just X for
(X,OX) when the structure is obvious from the context. We follow the standard definitions
of topology, such as,

• U ⊆ X is an open set of X def⇐⇒ U ∈ OX ,

• C ⊆ X is a closed set of X def⇐⇒ X − C is open, and

• f : X → Y is a continuous map def⇐⇒ ∀U ∈ OY . f
−1(U) ∈ OX

for topological spaces X and Y .

2.1.2 Filters and Limits

We introduce the notion of filter and limit according to the Isabelle/HOL’s standard library.
The notion of convergence is defined through filters. Filters describe “large” or “eventually”
elements. Let I be a set and F be a set of subsets of I, then we call F a filter on I when the
following hold.

1. I ∈ F .

2. If A ∈ F and B ∈ F , then A ∩B ∈ F .
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3. If A ∈ F and A ⊆ B ⊆ I, then B ∈ F .

A filter F is called proper if ∅ /∈ F and non-proper otherwise. This definition allows the
non-proper filter. The non-proper filter is trivial, meaning that it is the power set of I from
the third axiom of filters.

We define a new quantifier ∀F using filters1.

∀F x in F . P (x)
def⇐⇒ {x ∈ I. P (x)} ∈ F .

The predicate ∀F x in F . P (x) means that P (x) eventually holds with respect to F . The
quantifier ∀F is used to express notions such as “for sufficiently large n” and “for x sufficiently
close to a”. The axioms of filter correspond to the following rules.

1. ∀F x in F . T rue.

2. If ∀F x in F . P (x) and ∀F x in F . Q(x), then ∀F x in F . P (x) ∧Q(x).

3. If ∀F x in F . P (x) and (∀x ∈ I. P (x) =⇒ Q(x)), then ∀F x in F . Q(x).

For instance, let us define a filter on N as follows.

Fseq =
⋃
n∈N
{A ⊆ N. {n, n+ 1, n+ 2, . . . } ⊆ A}.

It is easy to check that Fseq forms a filter. Then,

∀F n in Fseq. P (n) ⇐⇒ {n ∈ N. P (n)} ∈ Fseq

⇐⇒ ∃N. {N,N + 1, N + 2, . . . } ⊆ {n ∈ N. P (n)}
⇐⇒ ∃N. ∀n ≥ N. P (n).

For a ∈ R, there exists a filter Fa on R expressing “for all x sufficiently close to a”. The filter
Fa has the following property.

∀F x in Fa. P (x) ⇐⇒ (∃δ > 0. ∀x. x 6= a ∧ |x− a| < δ =⇒ P (x)) .

Next, we define the notion of convergence. Let I be a set, F a filter on I, X a topological
space, {xi}i∈I a sequence, and x ∈ X. The notion of convergence is defined as follows.

(xi −→ x) F in X
def⇐⇒ (∀U : open in X. x ∈ U =⇒ (∀F i in F . xi ∈ U)) .

This definition means that for all neighborhoods of x, xi eventually belongs to the neighbor-
hood. Intuitively, xi is eventually close to x in X. If (xi −→ x) F in X, x is called the limit.
When the topology is trivial from the context, we omit the topological space and denote the
convergence by (xi −→ x) F . If (X, d) is a metric space, the convergence has the following
equivalent condition.

(xi −→ x) F in X ⇐⇒ ∀ε > 0. ∀F i in F . d(xi, x) < ε.

1Note that the subscript F of ∀F does not bind filters.
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For instance, the limit of a sequence and the limit of a function at a are expressed as the
following familiar forms.

lim
n→∞

xn = x ⇐⇒ (xn −→ x) Fseq in R

⇐⇒ ∀ε > 0. ∃N. ∀n ≥ N. |xn − x| < ε.

lim
x→a

f(x) = L ⇐⇒ (f −→ L) Fa in R

⇐⇒ (∀ε > 0. ∃δ > 0. ∀x. x 6= a ∧ |x− a| < δ =⇒ |f(x)− L| < ε) .

In addition to the limit, limit inferior and limit superior are also defined using filters.

LiminfF{xi}i∈I
def
= sup

A∈F
inf
i∈A

xi, LimsupF{xi}i∈I
def
= inf

A∈F
sup
i∈A

xi.

It is easy to check that those limit inferior and limit superior have the same meaning as the
usual definitions for Fseq, that is,

LiminfFseq{xn}n∈N = sup
N∈N

inf
n≥N

xn, LimsupFseq
{xn}n∈N = inf

N∈N
sup
n≥N

xn.

2.1.3 Metric Spaces

A metric space is a pair of a set X and a function d : X ×X → R such that

• For all x, y ∈ X, d(x, y) ≥ 0.

• For all x, y ∈ X, d(x, y) = d(y, x).

• For all x, y ∈ X, d(x, y) = 0 ⇐⇒ x = y.

• For all x, y, z ∈ X, d(x, z) ≤ d(x, y) + d(y, z).

We sometimes write just X for (X, d). Let (X, d) be a metric space, x ∈ X and ε > 0.
The set ballX(x, ε) = {y ∈ X. d(x, y) < ε} is called the open ball with center x and radius
ε. For x ∈ X and ε ≥ 0, the set cBallX(x, ε) = {y ∈ X. d(x, y) ≤ ε} is called the closed
ball with center x and radius ε. We assume that R is equipped with the standard distance
d(x, y) = |x− y| in this thesis.

Metric spaceX induces the topological space (X,Od) where Od consists of arbitrary unions
of open balls.

Definition 2.1. • A sequence {xn}n∈N on a metric space X is called a Cauchy sequence
if ∀ε > 0. ∃N. ∀n,m ≥ N. d(xn, xm) < ε.

• A metric space is complete if every Cauchy sequence has a limit.

• A topological space X is metrizable if there exists a metric d on X which induces X.

• A topological space X is called a completely metrizable space if there exists a complete
metric on X which induces X.
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2.1.4 Measure theory

Measure theory is a basis of modern probability theory. LetM be a set and ΣM a set of subsets
of M . A pair (M,ΣM ) is called a measurable space if ΣM is non-empty and closed under
complement and countable unions. We sometimes write M for a measurable space (M,ΣM ).
A member A ∈ ΣM is called a measurable set. A function f from a measurable space M to a
measurable space N is measurable if f−1(A) ∈ ΣM for all A ∈ ΣN . Let M be a measurable
space, µ : ΣM → [0,∞] is a measure on M if µ(∅) = 0 and µ(

⋃
n∈NAn) =

∑∞
n=0 µ(An)

for any disjoint family {An}n∈N ⊆ ΣM . A measure µ on M is called a probability measure
if µ(M) = 1, a sub-probability measure if µ(M) ≤ 1, a finite measure if µ(M) < ∞, and a
σ-finite measure if there exists a disjoint family {An}n∈N ⊆ ΣM such that

⋃
n∈NAn = M

and µ(An) < ∞ for all n. For a measure µ on M and a measurable function f : M → R,∫
fdµ denotes the Lebesgue integral of f with respect to µ. When we bind the argument

explicitly, we write
∫
fdµ for

∫
f(x)µ(dx). For a measurable function f : M → N and a

measure µ on N , the push-forward measure (or image measure) is a measure on M defined
by f∗µ(A) = µ(f−1(A)) for A ∈ ΣM .

We use topological space (X,OX) as the measurable space (X,σ[OX ]) where σ[OX ] is
the least σ-algebra including all open sets of X. The measurable space (X,σ[OX ]) is called
the Borel space. Notice that a metric space is also treated as the measurable space since a
metric space induces a topological space. The Borel space induced by a metric space (X, d)
is denoted by (X,Σd).

Measurable spaces and measurable functions form the category Meas. The Giry monad
G is a monad on Meas [20] which expresses stochastic processes by means of measurable
functions. The monad is also applied to semantics of probabilistic programs. For a measurable
space M , G(M) is the measurable space of all probability measures on M . For x ∈ M , the
unit (return) operator assigns the Dirac measure2 δx centered at x. For µ ∈ G(M) and a
measurable function f : M → G(N), the bind µ�=G f is the probability measure defined by
(µ�=G f)(A) =

∫
f(x)(A)µ(dx).

2.2 Isabelle/HOL
Formalization in this thesis are done with the interactive theorem prover Isabelle/HOL [35].
In this section, we give an overview and introduce the functionalities of Isabelle/HOL.

The syntax of Isabelle/HOL follows λ-calculus and functional programming languages.
The notation t :: τ means that t has the type τ . Isabelle/HOL supports type variables as in
ML and Haskell. Type variables are denoted by ′a, ′b, . . . . We denote the type of Boolean by
bool, the type of natural numbers by nat, and the type of real numbers by real. Some of the
types are built from existing types. We denote the function type from ′a to ′b by ′a ⇒ ′b, the
product type of ′a and ′b by ′a × ′b, and the type of set on ′a by ′a set. Both of ⇒ and × are
right-associative. The function type τ1 ⇒ τ2 ⇒ · · · ⇒ τn ⇒ τ is abbreviated to [τ1, τ2,. . . ,
τn] ⇒ τ .

The definition command introduces a new constant.

definition doublex-plus-y :: [real, real] ⇒ real where
doublex-plus-y ≡ (λx y. x ∗ 2 + y)
2δx(U) = 1 is x ∈ U and 0 otherwise.
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The following also defines the same function without explicit λ-abstraction.

definition doublex-plus-y :: [real, real] ⇒ real where
doublex-plus-y x y ≡ x ∗ 2 + y

The lemma command introduces a new theorem.

lemma conj:
assumes A and B

shows A ∧ B
— Proof scripts follow.

Although we must give a formal proof to introduce new theorems, we usually omit proof
scripts in this thesis. The proposition, corollary, and theorem commands have the same
meaning as lemma.

Standard Constants
UNIV :: ′a set The set of all elements on type ′a. That is, UNIV = {x:: ′a. True}.
A → B The set of all functions from A to B. That is, A → B = {f . ∀ x∈ A.

f x ∈B}.
f ‘ A The image of A under f. That is, f ‘ A = {y. ∃ a∈ A. y = f a}.
f −‘ B The inverse image of B under f. That is, f −‘ B = {x. f x ∈ B}.
undefined :: ′a An arbitrary element of type ′a.
SOME x. P x Some element x for which P x holds. We have the following rule:

If ∃ x. P x , then P (SOME x. P x).∑
i∈I . a i The finite sum of a i.∑
n. a n The sum over all natural numbers. That is,

∑
n. a n =

∑∞
n=0 a n.

2.3 Mathematical Structures in Isabelle/HOL
There are several ways of defining mathematical structures in Isabelle/HOL. We first compare
three ways by observing the definition of metric spaces. Then, we explain the quotient type
definition.

2.3.1 Type classes

Isabelle provides Haskell-like type classes [22]. The type class of metric spaces is defined as
follows3.

class metric-space =
fixes dist :: ′a ⇒ ′a ⇒ real
assumes dist-nonneg: dist x y ≥ 0

and dist-commute: dist x y = dist y x
and dist-eq-0-iff : dist x y = 0 ←→ x = y
and dist-triangle: dist x z ≤ dist x y + dist y z

3This definition is different from the standard library’s one.
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Type variables are annotated with (finitely many) classes such as ′a :: metric-space. Once we
define the class metric-space, the constant dist :: ( ′a :: metric-space)⇒ ′a⇒ real is introduced
in the global context. The formalization of some structure using type class is called type-based.

Type-based constructions work well in proof automation. However, we face a difficulty
when we want to define a metric space on subsets, e.g. [0, 1], which is not the set of the whole
elements of reals because type classes only work for types. In addition, there can only be
one metric-space instance. Hence, it is not suitable when there are no canonical metric or we
want to change the metric during the proof.

2.3.2 Locale

The locale command introduces a context. Isabelle/HOL’s standard library defines metric
spaces as follows.

locale Metric-space =
fixes M :: ′a set and d :: ′a ⇒ ′a ⇒ real
assumes nonneg:

∧
x y. 0 ≤ d x y

assumes commute:
∧
x y. d x y = d y x

assumes zero:
∧
x y. [[x ∈ M ; y ∈ M ]] =⇒ d x y = 0 ←→ x=y

assumes triangle:
∧
x y z. [[x ∈ M ; y ∈ M ; z ∈ M ]] =⇒ d x z ≤ d x y + d y z

In this case, a set M and a function d are fixed and the four assumptions hold, that is, (M, d)
forms a metric space in the context of Metric-space. This style of definition is called set-based
because we specify the underlying set of the metric space unlike type-based definition.

The locale declaration introduces the predicate Metric-space :: ′a set ⇒ ( ′a ⇒ ′a ⇒ real)
⇒ bool where Metric-space M d means that (M, d) is a metric space in the sense of the above
definition. The following are examples of how to define new constants and theorems inside
the context.

definition(in Metric-space) mball :: ′a ⇒ real ⇒ ′a set where
mball x r ≡ {y. x ∈ M ∧ y ∈ M ∧ d x y < r}

lemma(in Metric-space) mball-subset-concentric:
assumes r ≤ s
shows mball x r ⊆ mball x s

In contrast to the type-based definition, the set-based definition enables us to define the
metric space on any carrier set. However, we often need to show the membership relation x
∈ M which we do not need to show in the type-based development.

2.3.3 Type Definition

The typedef command allows users to define a new type which denotes a non-empty subset
of an existing type. The type of metric space is defined as the subset of pairs forming metric
spaces.

typedef ′a metric = {(M :: ′a set,d). Metric-space M d}
— Need to show that this type is non-empty.
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The typedef command automatically generates the following two constants (the abstraction
morphism and the representation morphism).

Abs-metric :: ′a set × ( ′a ⇒ ′a ⇒ real) ⇒ ′a metric
Rep-metric :: ′a metric ⇒ ′a set × ( ′a ⇒ ′a ⇒ real)

The typedef command introduces the following laws:

• For all m :: ′a metric, Abs-metric (Rep-metric m) = m.

• If Metric-space M d, then Rep-metric (Abs-metric (M ,d)) = (M ,d).

′a set × ( ′a ⇒ ′a ⇒ real) ′a metric

Abs-metric

Rep-metric

Each component of metric spaces is obtained by following projection functions.

definition mspace where mspace m ≡ fst (Rep-metric m)
definition mdist where mdist m ≡ snd (Rep-metric m)

Same as the set-based definition, the type definition allows us to use metric spaces on any
carrier set. However, it is tedious to write projection functions mspace and mdist many times.
For instance, the triangle axiom is stated as follows.

lemma
assumes x ∈ mspace m and y ∈ mspace m and z ∈ mspace m
shows mdist m x z ≤ mdist m x y + mdist m y z

2.3.4 Quotient Type

The quotient-type command [28] defines a quotient type when an equivalence relation over
a raw type is given. For instance, the type of integers is defined as follows.

quotient-type int = nat×nat / intrel
— Need to prove that intrel is an equivalent relation.

The relation intrel is an equivalent relation over the type nat×nat defined by intrel (x,y) (u,v) if
and only if x + v = y + u. The representative of a pair of natural numbers (x, y) denotes the
integer x − y. The quotient-type command generates the following constants and lemmas
related to those constants.

abs-int :: nat×nat ⇒ int, rep-int :: int ⇒ nat×nat.

Intuitively, rep-int is a function that takes an equivalence class (an integer number in this
example) and computes one of its representatives and abs-int is the natural surjection, which
maps an element to its equivalence class.
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nat × nat int

abs-int

rep-int

The lift-definition defines constants related to types defined by the quotient-type.

lift-definition zero-int :: int is (0, 0) .
lift-definition plus-int :: int ⇒ int ⇒ int

is λ(x, y) (u, v). (x + u, y + v)
— Need to prove that plus-int is well-defined.

Note that + in the definition of plus-int is the addition on nat.
In some situations, users want to define a quotient type over a subset of some type. For

instance, the type of real is obtained as a quotient type on the set of all Cauchy sequences on
rational numbers. In this case, the base set (the set of all Cauchy sequences) is a subset of
nat ⇒ rat. The quotient-type also provides a way to define such a kind of type. The type
of real numbers is defined in Isabelle/HOL as follows.

quotient-type real = nat ⇒ rat / partial: realrel
— Need to prove that realrel is a partial equivalent relation.

The relation realrel is a partial equivalence relation, that is, there exists a r such that realrel
r r and realrel is symmetric and transitive. The quotient-type command generates the
abstraction/representation functions and related lemmas as in the previous example.

nat ⇒ rat real

abs-real

rep-real

2.4 Topology, Metric Spaces, and Measure Theory in Isabelle/HOL
Isabelle/HOL’s standard library includes formalization of topology, metric spaces, and mea-
sure theory. The following table shows how each structure is defined in Isabelle/HOL.

Type classes Locale Type definition
Topology X X
Metric spaces X X X
Measure theory X
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The type-based topological spaces and metric spaces were formalized by Hölzl et al. [27].
The topological space library defined by type definition is ported from HOL-Light. Paulson
implemented metric spaces based on locale and type definition [36] by porting the HOL-Light’s
metric space library [34]. The current measure theory library was first formalized by Hölzl
and Heller [26] and has been extended by several other works [4, 18].

Topological spaces

There are two kinds of topological spaces: the type class ′a::topological-space and the type of
topological space ′a topology. In this thesis, we mainly work with not type-based topological
spaces but the type of topological spaces because we use topological spaces whose carrier sets
are not the type universe in general. We list basic operators for topological spaces.

topspace :: ′a topology ⇒ ′a set
topspace X = The carrier set of X.
openin :: ′a topology ⇒ ′a set ⇒ bool
openin X U ⇐⇒ U is an open set of X.
closedin :: ′a topology ⇒ ′a set ⇒ bool
closedin X C ⇐⇒ C is a closed set of X.
compactin :: ′a topology ⇒ ′a set ⇒ bool
compactin X K ⇐⇒ K is a compact set of X.
topology-generated-by :: ′a set set ⇒ ′a topology
topology-generated-by O = The topological space generated from O.
continuous-map :: ′a topology ⇒ ′b topology ⇒ ( ′a ⇒ ′b) ⇒ bool
continuous-map X Y f ⇐⇒ f is a continuous map from X to Y.
euclidean :: ′a::topological-space topology
euclidean = The abstract topology obtained from its type.
closure-of :: ′a topology ⇒ ′a set ⇒ ′a set
X closure-of A = The closure of A in X.

Filter and Limits

The type ′a filter denotes the type of filters.

sequentially :: nat filter
sequentially = Fseq

eventually :: ( ′a ⇒ bool) ⇒ ′a filter ⇒ bool
eventually P F ⇐⇒ ∀F i in F . P i
∀ F i in F . P i = eventually P F
(� −−−→ �) � :: ( ′a ⇒ ′b::topological-space) ⇒ ′b ⇒ ′a filter ⇒ bool
(xn −−−→ x) F ⇐⇒ (xn −→ x) F
limitin :: ′a topology ⇒ ( ′b ⇒ ′a) ⇒ ′a ⇒ ′b filter ⇒ bool
limitin X xn x F ⇐⇒ (xn −→ x) F in X

Note that there are two kinds of limits (� −−−→ �) � and limitin. While the former one
determines the topology from type classes, we specify the topology for the latter limit.
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Metric Spaces

We use the set-based metric spaces library because we will use metrics whose carrier sets are
not the set of all elements of the type and change metrics during proofs. The context of metric
space is defined as follows.

locale Metric-space =
fixes M :: ′a set and d :: ′a ⇒ ′a ⇒ real
assumes nonneg:

∧
x y. 0 ≤ d x y

assumes commute:
∧
x y. d x y = d y x

assumes zero:
∧
x y. [[x ∈ M ; y ∈ M ]] =⇒ d x y = 0 ←→ x=y

assumes triangle:
∧
x y z. [[x ∈ M ; y ∈ M ; z ∈ M ]] =⇒ d x z ≤ d x y + d y z

Notice that the non-negativity and commutativity must hold on not only M but the whole
type. These assumptions make it easier to use non-negativity and commutativity in proofs,
and do not change the essential structure of the metric space. Due to these assumptions, we
need to take care of non-negativity and commutativity even outside of the carrier set when
we define a metric space. We list standard constants in the context of Metric-space.

mtopology :: ′a topology
mtopology =The topological space induced by (M, d).
mball :: ′a ⇒ real ⇒ ′a set
mball x e =The open ball with center x and radius e.
mcball :: ′a ⇒ real ⇒ ′a set
mcball x e=The closed ball with center x and radius e.

Measure Theory

The type ′a measure denotes the type of measures. A measure consists of the measure and the
measurable space on which the measure is defined. We also use a measure as a measurable
space.

space :: ′a measure ⇒ ′a set
space M = The carrier set of M.
sets :: ′a measure ⇒ ′a set set
sets M = The σ-algebra of M.
emeasure :: ′a measure ⇒ ′a set ⇒ ennreal
emeasure M A = M(A)
measure :: ′a measure ⇒ ′a set ⇒ real
measure M A = M(A) as a real number4.
borel :: ′a::topological-space measure
borel = The borel space.
lborel :: ′a::euclidean-space measure
lborel = The Lebesgue measure5.
count-space :: ′a set ⇒ ′a measure

4If emeasure M A = ∞, then measure M A = 0.
5Strictly speaking, completion lborel is the Lebesgue measure.
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count-space I = The counting measure on I.
distr :: ′a measure ⇒ ′b measure ⇒ ( ′a ⇒ ′b) ⇒ ′b measure
distr M N f = The push-forward measure f∗M on N.
� →M � :: ′a measure ⇒ ′b measure ⇒ ( ′a ⇒ ′b) set
M →M N = The set of all measurable functions from M to N.
�
⊗

M � :: ′a measure ⇒ ′b measure ⇒ ( ′a × ′b) measure
M
⊗

M N = The binary product measure of M and N.
PiM :: ′i set ⇒ ( ′i ⇒ ′a measure) ⇒ ( ′i ⇒ ′a) measure
ΠM i∈I . M i = PiM I M
ΠM i∈I . M i = The product measure.
integralN :: ′a ⇒ ( ′a ⇒ ennreal) ⇒ ennreal∫

+x. f x ∂M = integralN M f∫
+x. f x ∂M = The non-negative Lebesgue integral of f with respect to M.

integrable :: ′a ⇒ ( ′a ⇒ ′b::{second-countable-topology,real-normed-vector}) ⇒ bool
integrable M f ⇐⇒ f is integrable with respect to M.
integralL :: ′a ⇒ ( ′a ⇒ ′b::{second-countable-topology,real-normed-vector}) ⇒ ′b∫
x. f x ∂M = integralL M f∫
x. f x ∂M = The Bochner integral of f with respect to M.

prob-space :: ′a measure ⇒ bool
prob-space M = M is a probability measure.
subprob-space :: ′a measure ⇒ bool
subprob-space M = M is a sub-probability measure.
prob-algebra :: ′a measure ⇒ ′a measure measure
prob-algebra M = The space of all probability measures on M.
subprob-algebra :: ′a measure ⇒ ′a measure measure
subprob-algebra M = The space of all sub-probability measures on M.
return :: ′a measure ⇒ ′a ⇒ ′a measure
return M x = The Dirac measure δx on M.
� >>= � :: ′a measure ⇒ ( ′a ⇒ ′b measure) ⇒ ′b measure
M >>= f = M�=G f.

We sometimes write M A for emeasure M A using coercion. The Bochner integral is equal to
the Lebesgue integral when ′b is real or complex.

2.5 Remark on Source Code
Throughout this thesis, we sometimes use usual mathematical symbols in Isabelle source code
for readability. For instance, we might write openin R U and f ∈ R →M R instead of openin
euclidean U and f ∈ borel →M borel.
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Chapter 3

Standard Borel Spaces

Standard Borel spaces and Polish spaces play an important role in applied probability theory
because they have useful properties (e.g., Kuratowski’s theorem), which do not hold for arbi-
trary measurable spaces and many practical spaces, e.g., N, R, and their countable products,
are both of Polish and standard Borel spaces. Especially, the theory of standard Borel spaces
is a theoretical basis of the theory of quasi-Borel spaces which we will discuss in Chapter 5.

We formalize Polish and standard Borel spaces and show Kuratowski’s theorem, one of
the important consequences related to standard Borel spaces. In Section 3.4, we apply Ku-
ratowski’s theorem to prove the disintegration theorem, which guarantees the existence of a
conditional probability kernel.

Contributions

The main contributions are formalization of Polish spaces and standard Borel spaces. The
existing formalization of Polish spaces in Isabelle/HOL, which is built as a type class, has
restrictions such as it works only with types and still lacks theorems required in the later
sections. Our formalization works with any carrier sets and includes advanced theorems such
as the fact that any Polish space is homeomorphic to a Gδ set of the Hilbert cube, and
Kuratowski’s theorem. In order to prove Kuratowski’s theorem, we use the product metric
spaces. The definitions of product metric vary depending on contexts, e.g., the metric could
be
∑

n∈N(1/2)
ndn(xn, yn) or

∑
n∈N(1/3)

nd′g(n)(xg(n), yg(n)), where d′ is indexed by a set I
and g : N → I is a bijection. We define the product metric with the coefficient, I, and g
parameterized, so that we can accommodate these definitions.

Reference

We refer to the textbook by Srivastava [46] and the lecture note by Biskup [11] for Polish
spaces, Standard Borel spaces, and Kuratowski’s theorem. The proof of disintegration theorem
is based on Chapter 14.D of the book by Baccelli et al. [5].

3.1 Polish Spaces
Standard Borel space is defined through Polish spaces. We explain standard definitions and
lemmas of Polish spaces. We also discuss our implementation of the product metric used in
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the proof of Kuratowski’s theorem.

Definition 3.1 (Polish Space). A topological space X is called a Polish space if X is separable
and completely metrizable.

For instance, R and countable discrete topologies are Polish spaces. In general, we need
to provide a specific metric to prove that a topological space is a Polish space. The following
lemma is convenient when we want to show that some topological space is a Polish space
without giving a metric.

Lemma 3.2. If X and Y are homeomorphic and X is a Polish space, then Y is a Polish
space.

Although there are no standard metric on extended real numbers R, R is a Polish space
because R is homeomorphic to [0, 1].

The following lemma tells us when the subspace topology of a Polish space is a Polish
space.

Lemma 3.3. Let X be a Polish space and A ⊆ X, then the subspace topology A is a Polish
space if and only if A is a Gδ subset1 of X.

Remember that if (X, d) is a complete metric space and C ⊆ X, then (C, d) is complete
if and only if C is closed. Hence, the metric on a Gδ subset of a Polish space Y which is
given as an evidence of the Polishness might be different from the one on Y . For instance,
the subspace topology (0, 1) of R is a Polish space. However, (0, 1) is not complete with the
standard metric because the Cauchy sequence an = 1

n+1 does not have a limit in (0, 1).

Lemma 3.4. Let I be a countable set and {Xi}i∈I are Polish spaces. Then,
∏

i∈I Xi is Polish
space.

Let H = [0, 1]N be the Hilbert cube and C = {0, 1}N the Cantor space. The following two
lemmas are used in the proof of Kuratowski’s theorem.

Lemma 3.5. If X is a separable metrizable space, then X is homeomorphic to a subset of
H . Furthermore, if X is a Polish space, then X is homeomorphic to a Gδ subset of H .

Lemma 3.6. If a Polish space X is uncountable, then C is homeomorphic to a Gδ subset of
X.

Polish Spaces in Isabelle/HOL

The definition of Polish space is a direct translation from the mathematical statement by
using existing constants.

definition Polish-space X ≡ completely-metrizable-space X ∧ separable-space X

Isabelle/HOL’s library includes the type class of Polish spaces. While the type-based Polish
spaces require us to define a specific metric, our definition only requires the metrizability. Our
definition is useful when there is no standard metric on a topological space, such as extended
reals and a set of all finite measures.

1A subset A of a topological space X is a Gδ subset of X if it is a countable intersections of open sets.
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Formalization of Product Metric

We define the product metric on product spaces with a countable index set. In order to
enumerate elements of a countable set, Isabelle/HOL defines a function embedding a countable
set into N and its inverse function.

to-nat-on :: ′a set ⇒ ′a ⇒ nat, from-nat-into :: ′a set ⇒ nat ⇒ ′a.

These two constants have the following properties.

• If I is countable and i ∈ I, then from-nat-into I (to-nat-on I i) = i.

• If I is finite and n < card I, then to-nat-on I (from-nat-into I n) = n.

• If I is countably infinite, then to-nat-on I (from-nat-into I n) = n for all n.

The type-based metric space defines the metric on product spaces as follows.

dist :: ( ′i :: countable ⇒ ′a :: metric-space) ⇒ ( ′i ⇒ ′a) ⇒ real
dist x y = (

∑
n. (1 / 2)n ∗ min (dist (x (from-nat n)) (y (from-nat n))) 1)

where from-nat = from-nat-into (UNIV :: ′i set). This definition uses the smaller value of
the distance and 1 because every coefficient of (1/2)n needs to be uniformly bounded to make
the sequence summable. If we define the set-based metric on product spaces the same as the
type-based one, we face some problems.

• In a typical situation, we use the product metric with I = N. However, the product met-
ric is not so intuitive, meaning that the metric does not take the sum of (1/2)ndn(xn, yn)
but the sum of terms including from-nat-into I n.

• In the proof of Kuratowski’s theorem in a later section, we want to use (1/3)n instead
of (1/2)n for the coefficient of distance functions.

From these points, we define the set-based product metric using the locale command.

locale Product-metric =
fixes r :: real

and I :: ′i set
and f :: ′i ⇒ nat
and g :: nat ⇒ ′i
and Mi :: ′i ⇒ ′a set
and di :: ′i ⇒ ′a ⇒ ′a ⇒ real
and K :: real

assumes 0 < r and r < 1
and countable I
and

∧
i. i ∈ I =⇒ g (f i) = i

and finite I =⇒ bij-betw f I {..< card I} and finite I =⇒ bij-betw g {..< card I} I
and infinite I =⇒ bij-betw f I UNIV and infinite I =⇒ bij-betw g UNIV I
and

∧
n. infinite I =⇒ f (g n) = n

and
∧
i. i ∈ I =⇒ Metric-space (Mi i) (di i)

and
∧
i x y. 0 ≤ di i x y

and
∧
i x y. di i x y ≤ K

and 0 < K
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definition(in Product-metric) product-dist :: ( ′i ⇒ ′a) ⇒ ( ′i ⇒ ′a) ⇒ real where
product-dist ≡ (λx y. if x ∈ (ΠE i∈I . Mi i) ∧ y ∈ (ΠE i∈I . Mi i)

then (
∑

n. if g n ∈ I then r^n ∗ di (g n) (x (g n)) (y (g n)) else 0)
else 0)

sublocale Product-metric ⊆ Metric-space (ΠE i∈I . Mi i) product-dist

In the context Product-metric, g is some function embedding I into N, f is its inverse function, r
specifies the coefficient of the product metric, and K is an upper bound of distances. In typical
cases, we use the context Product-metric with I = N and g = f = id, or with g = to-nat-on I
and f = from-nat-into I. For instance, the following interpretation gives the metric on C
defined by d(x, y) =

∑
n∈N(1/3)

n|xn − yn|.

interpretation Cspace: Product-metric (1/3) (UNIV :: nat set) id id (λn. {0,1::real}) (λn x y. if
(x = 0 ∧ y = 1) ∨ (x = 1 ∧ y = 0) then 1 else 0) 1

3.2 Standard Borel Spaces
Let us see the definition of the standard Borel spaces and their properties.

Definition 3.7. A standard Borel space is the Borel space of a Polish space.

For instance, R, R and N are standard Borel spaces. The standardness is preserved by
isomorphism, subspace of a measurable set, countable product, and countable coproduct.

Lemma 3.8. If M and N are measurable isomorphic and M is a standard Borel space, then
N is also a standard Borel space.

Lemma 3.9. If M is a standard Borel space and A ∈ ΣM , then the subspace A is a standard
Borel space.

Proof Outline. Let OM be a topology on M such that (M,OM ) is a Polish space generating
(M,ΣM ). If A is a Polish space with respect to the subspace topology of (M,OM ), A is a
standard Borel space. However, A is Polish with respect to the subspace topology if and
only if A is a Gδ subset of (M,OM ) from Lemma 3.3. Hence, we cannot prove the lemma
directly when A is not a Gδ subset of (M,OM ). Thus, we need construct a topology O′

M on
M such that A is a Gδ subset of (M,O′

M ) and (M,O′
M ) generates M . The existence of such

a topology follows from the following claim.

Claim 3.10. Let (X,OX) be a Polish space and A a Borel measurable set of X. Then,
there exists a finer Polish topology O′

X on X such that A is closed and open in O′
X and

σ [OX ] = σ [O′
X ].

Lemma 3.11. Let I be a countable set. If Mi is a standard Borel space for all i ∈ I, then∏
i∈I Mi and

∐
i∈I Mi are standard Borel spaces.

The construction and formalization of coproduct spaces is found in Appendix A.1. We
explain our formalization of standard Borel spaces in the next section.
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3.3 Kuratowski’s Theorem
Kuratowski’s theorem tells us the essential structure of standard Borel spaces.

Theorem 3.12 (Kuratowski’s Theorem). A standard Borel space is either a countable dis-
crete space or isomorphic to R.

Corollary 3.13 (The Borel Isomorphism Theorem). Two standard Borel spaces are isomor-
phic if and only if they have the same cardinality.

Corollary 3.14. If M is a non-empty standard Borel space. Then, there exist measurable
functions f : M → R and g : R→M such that g ◦ f = idM .

Let us first observe the Schröder–Bernstein theorem for measurable functions.

Lemma 3.15 (Schröder–Bernstein Theorem for measurable functions). Let M and N be
measurable spaces, A ∈ ΣM , B ∈ ΣN , f : M → B and g : N → A measurable isomorphisms.
Then, there exist measurable isomorphisms f ′ : M → N and g′ : N →M which extend f and
g, respectively.

In general, the theorem mentions cardinality of sets without measurability assumptions as
|X| ≤ |Y | and |X| ≥ |Y | implies |X| = |Y |. The proof is almost the same as the standard proof
of the Schröder–Bernstein theorem because the isomorphisms are constructed by countable
operations.

Proof Outline. The proof of Kuratowski’s theorem is divided into three parts. If a standard
Borel space M is countable, then M is obviously the discrete space because every singleton
set, the closed ball with radius 0, is a measurable set. Let M be an uncountable standard
Borel space.

• M is isomorphic to a Borel subset of H by Lemma 3.5.

• C is isomorphic to a Borel subset of M by Lemma 3.6.

• C and H are measurable isomorphic (Proposition 15.9 in [11]2).

From these three facts, we conclude that any uncountable standard Borel spaces are isomor-
phic, especially isomorphic to R.

M

HC
∼=

2First, we prove that [0, 1] and C are isomorphic. Let f : [0, 1] → C be f(x)n = bx2n+1c mod 2. Then, f
is an isomorphic map from [0, 1] to a measurable set of C . Let g : C → [0, 1] be g(x) =

∑
n(1/3)

n+1xn. Then,
g is an isomorphic map from C to a measurable set of [0, 1]. Thus, [0, 1] ∼= C from the Schröder–Bernstein
theorem. Hence, C ∼=

(
{0, 1}N

)N ∼= H . In the proof, we metrize C by d(x, y) =
∑

n(1/3)
n|xn − yn|.
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Standard Borel Spaces in Isabelle/HOL

We define the notion of standard Borel spaces with the locale command.

locale standard-borel =
fixes M :: ′a measure
assumes Polish-space: ∃S . Polish-space S ∧ sets M = sets (borel-of S)

This definition allows a standard Borel space to be the empty space. The empty space is not
suitable to define an embedding function as in Corollary 3.14. Hence, we define the context
of a non-empty standard Borel space.

locale standard-borel-ne = standard-borel +
assumes space-ne: space M 6= {}

For a standard Borel space M , we define two measurable functions f : M → R and g : R→M
such that g ◦ f = idM .

definition to-real-on :: ′a measure ⇒ ′a ⇒ real where
to-real-on M ≡ (if uncountable (space M )

then (SOME f . measurable-isomorphic-map M R f )
else (real ◦ to-nat-on (space M )))

definition from-real-into :: ′a measure ⇒ real ⇒ ′a where
from-real-into M ≡ (if uncountable (space M )

then the-inv-into (space M ) (to-real-on M )
else (λr . from-nat-into (space M ) (nat brc)))

If the given standard Borel space M is uncountable, then to-real-on M returns an isomorphic
function from M to R and from-real-into M returns its inverse function. If the given stan-
dard Borel space M is countable, then to-real-on M and from-real-into M are defined using
to-nat-on and from-nat-into as follows.

M
to-nat-on (space M)−−−−−−−−−−−−→ N real−−→ R λr. nat brc−−−−−−−→ N from-nat-into (space M)−−−−−−−−−−−−−−−→M

In the context of standard-borel, we use abbreviations.

abbreviation(in standard-borel) to-real ≡ to-real-on M
abbreviation(in standard-borel) from-real ≡ from-real-into M

Constants to-real and from-real have the following properties.

lemma(in standard-borel) to-real-measurable: to-real ∈ M →M R
lemma(in standard-borel-ne) from-real-measurable: from-real ∈ R →M M

lemma(in standard-borel) from-real-to-real:
assumes x ∈ space M
shows from-real (to-real x) = x

lemma(in standard-borel) to-real-from-real:
assumes uncountable (space M )
shows to-real (from-real r) = r
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3.4 Disintegration Theorem
In this section, we apply the Kuratowski’s theorem to prove the disintegration theorem. Let
us see an example with the uniform distribution on the unit square [0, 1] × [0, 1]. Such
a distribution is exactly the Lebesgue measure ν on [0, 1] × [0, 1]. Each probability of an
event A ⊆ [0, 1] × [0, 1] is the area ν(A). We consider a conditional probability when x = a
is fixed (Fig. 3.1). What is the conditional probability κa for each a? A naive answer is
κa(B) = ν({a} × B). However, it is obvious that κa(B) = 0 for all B because {a} × B is
on the line {a} × [0, 1] and its area is 0. Thus, this κa is not what we want as a conditional
probability measure. From a perspective of requirements, we want the conditional probability
measure κa to have the following properties.

• κa is a probability measure on [0, 1] for all a ∈ [0, 1].

• ν(A × B) =
∫
A κa(B)ν ′(da) for all measurable sets A and B, where ν ′ is the marginal

measure of ν defined by3 ν ′(A) = ν(A × [0, 1]). Intuitively, ν(A × B) is equal to the
integral of “each probability of B at a” over A (Fig. 3.2).

A correct conditional probability measure satisfying those condition is κa = µ where µ is the
Lebesgue measure on [0, 1], that is, the conditional probability is length.

From this example, we observed that there is a conditional probability measure for the
uniform distribution on [0, 1] × [0, 1], but it is not the naive one. Natural questions are
(1) does the conditional probability measure exist for other cases? (2) Is the conditional
probability measure unique? The disintegration theorem tells us that under certain conditions,
a conditional probability measure exists and it is unique in the sense of almost everywhere.

A conditional probability is represented by a probability kernel. We only provide a neces-
sary definition here. In Section 5.1, we explain other kinds of kernels and details.

Definition 3.16. Let M and N be measurable spaces. A probability kernel from M to N is
a function κ : M × ΣN → R≥0 such that:

• for each B ∈ ΣN , (λx. κx(B)) is measurable, and

• for each x ∈M , (λB. κx(B)) is a probability measure on N .
3In this case, ν′ is equal to the Lebesgue measure on [0, 1].

O

1

1a

Fig. 3.1: Conditioning at x = a

O

1

1A

B

κa(B)

Fig. 3.2: An image of ν(A×B) =
∫
A
κa(B)ν′(da)
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Theorem 3.17 (Disintegration Theorem). Let M be a measurable space, N a standard Borel
space, ν a σ-finite measure on M × N , and νM be the marginal measure on M defined by
νM (A) = ν(A×N). Assume that νM is σ-finite, then there exists a probability kernel κ from
M to N such that

ν(A×B) =

∫
A
κx(B)νM (dx) for all A ∈ ΣM and B ∈ ΣN . (3.1)

Such a probability kernel is unique νN -almost everywhere.

Proof Outline. The theorem is derived from the special case when N = R. We skip the case
N = R in this thesis. Let us assume that the disintegration theorem holds for N = R. From
Kuratowski’s theorem, we have measurable functions f : N → R and g : R → N such that
g ◦ f = idN . Let ν ′ = (id × f)∗ν be the push-forward measure, then ν ′ is a σ-finite measure
on M × R and ν ′M (= νM ) is also σ-finite. Hence, there exists a probability kernel ι from M
to R such that ν ′(A×B) =

∫
A ιx(B)νM (dx) for all A ∈ ΣM and B ∈ ΣR and ι is unique νM

almost everywhere. Let κx = g∗ιx. Then, κx is a probability kernel from M to N and we
have the following for A ∈ ΣM and B ∈ ΣN .

ν(A×B) = ν ′(A× f−1(B)) =

∫
A
ιx(f

−1(B))νM (dx) =

∫
A
κx(B)νM (dx).

Next, we prove the uniqueness of κ. Let κ′ be a probability kernel from M to N satisfying the
equation (3.1). We define a probability kernel ι′x = f∗κ

′
X from M to R. Then, ν ′(A × B) =∫

A ι′x(B)νM (dx) for all A ∈ ΣM and B ∈ ΣR. Hence, ιx = ι′x holds for νM almost everywhere
x. Thus, we have κx = g∗ιx = g∗ι

′
x = κ′x for νM almost everywhere x.

We do not show Isabelle’s source code in this section because it is almost a direct trans-
lation of mathematical notations.
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Chapter 4

Measurable Space of Finite
Measures

Measurable space on a set of measures is used in stochastic processes and semantics of prob-
abilistic programs. In this chapter, we show the measurable space of all finite measures on a
standard Borel space is also a standard Borel space using the Lévy-Prokhorov metric, a metric
between finite measures on a metric space.

In Section 4.1, we formalize characterizations of closed sets, open sets, and topologies by
limits. In Section 4.2, we define the weak convergence of measures, the topology of weak
convergence, and the Lévy-Prokhorov metric. In Section 4.3, we explain Prokhorov’s theo-
rems and lemmas used in the proof of Prokhorov’s theorem. In Section 4.4, we discuss the
measurable space of finite measures.

Contributions

The main contributions are formalization of weak convergence, Prokhorov’s theorem, and
the fact that the measurable space of all finite measures on a standard Borel space is also a
standard Borel space, shown by using the Lévy-Prokhorov metric. Avigad et al. [4] formalized
weak convergence and a special case of Prokhorov’s theorem. Their formalization of weak
convergence treats only sequences of probability measures on R. We define weak convergence
for finite measures on any topological spaces. In addition, the weak convergence is defined
through filters. Thanks to this generalization of weak convergence, we obtain a simple proof
of the fact that the Lévy-Prokhorov metric induces the topology of weak convergence. We
also formalize important theorems such as Prokhorov’s theorem and the Riesz representation
theorem. We finally show that the measurable space of all finite measures on a standard Borel
space is also a standard Borel space. We give the proof because we could not find any proofs
of the statement.

Reference

Our formalization in this chapter is mainly based on the lecture notes by Gaans [54]. The
lecture notes include detailed proofs about the Lévy-Prokhorov on probability measures. We
extend their definitions and proofs for finite measures. We also refer to the lecture notes by
Heil [23, 24], book by Rudin [38], and book by Srivastava [46].
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4.1 Characterization of Topology by Filters
There is a characterization of closed sets using convergence with respect to nets (Exercise
A.48 [24]). We formalize the following characterization of closed sets by limit with respect to
filters because nets and filters are equally expressive in terms of convergence (Section 4 [45]).

Lemma 4.1. Let X be a topological space and C ⊆ X. Then, the following are equivalent.

1. C is closed in X.

2. For all sets I, proper filters F on I, {xi}i∈I ⊆ C, and x ∈ X such that (xi −→ x) F in X,
we have x ∈ C.

If X is first-countable, then these are also equivalent to the following.

3. For all {xn}n∈N ⊆ C, x ∈ X such that (xn −→ x) Fseq in X, we have x ∈ C.

We provide a proof of Exercise A.48 in the lecture notes by Heil [24], where they use limit
with respect to nets while we use limit with respect to filters.

Proof Outline. The implication that 1 implies 2 is easily shown from the definition of conver-
gence. To show 1 from 2, it is sufficient to prove C ⊆ C. Let x ∈ C and Vx the set of all
open neighborhoods of x. Then, we have C ∩ V 6= ∅ for all V ∈ Vx from the definition of the
closure. Hence, we obtain a sequence {xV }V ∈Vx ⊆ C such that xV ∈ C ∩ V for all V ∈ Vx.
Let us define a proper filter Fx on Vx by

Fx =
⋃

U∈Vx

{V ⊆ Vx | {V | V ∈ Vx ∧ V ⊆ U} ⊆ V}.

Then, we have (xV −→ x) Fx in X from the definition of Fx and {xV }V ∈Vx . Thus, x ∈ C
follows from the assumption.

The equivalence for the condition 3 is shown by using the axiom of first-countability.

The last condition of the above equivalence has already been formalized for metric spaces.
Since metric spaces are first-countable, our formalization is a relaxed version of the existing
one. There is also a characterization of open sets by limit with respect to filters. The
characterization is easily derived from that of closed sets.

Lemma 4.2. Let X be a topological space and U ⊆ X. Then, the following are equivalent.

1. U is open in X.

2. For all sets I, filters F on I, {xi}i∈I ⊆ U , and x ∈ U such that (xi −→ x) F in X.
Then, we have ∀F i in F . xi ∈ U .

If X is first-countable, then these are also equivalent to the following.

3. For all {xn}n∈N ⊆ U , and x ∈ U such that (xn −→ x) Fseq in X. Then, we have
∀F n in Fseq. xn ∈ U (equivalently, ∃N. ∀n ≥ N. xn ∈ U).

From the characterization of open sets and closed sets, we obtain a condition to decide
whether two topological spaces are equal using filters.
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Corollary 4.3. Let (X,OX) and (X,O′
X) be topological spaces. Then, the following are

equivalent.

1. OX = O′
X .

2. (xi −→ x) F in (X,OX) ⇐⇒ (xi −→ x) F in (X,O′
X) for all {xi}i∈I , x, and F .

If both of (X,OX) and (X,O′
X) are first-countable, then these are also equivalent to the

following.

3. (xn −→ x) Fseq in (X,OX) ⇐⇒ (xn −→ x) Fseq in (X,O′
X) for all {xn}n∈N and x.

The Characterizations in Isabelle/HOL

We start from constructing the filter Fx in the proof of Lemma 4.1. In the lecture notes by
Heil [24], they define the nets to characterize closed sets by limit with respect to nets. A net
uses a directed set as its index, while a sequence in Isabelle/HOL uses a filter as its index.
Hence, we first define a function that converts directed sets to filters according to the lecture
notes by Shi [45].

definition derived-filter :: [ ′i set, ′i ⇒ ′i ⇒ bool] ⇒ ′i filter where
derived-filter I op ≡ (

d
i∈I . principal {j∈I . op i j})

Given a directed set (I,≤I), derived-filter I (≤I) denotes the filter
⋃

i∈I{V | {j ∈ I | i ≤I

j} ⊆ V }. We obtain the filter Fx by applying the directed set (Vx,⊇) to derived-filter.

definition nhdsin-sets :: ′a topology ⇒ ′a ⇒ ′a set filter where
nhdsin-sets X x ≡ derived-filter {U . openin X U ∧ x ∈ U} (⊇)

The characterization of closed set given by Lemma 4.1 is stated as follows.

corollary closedin-iff-limitin-eq:
fixes X :: ′a topology
shows closedin X C
←→ C ⊆ topspace X ∧

(∀ xi x (F :: ′a set filter). (∀ i. xi i ∈ topspace X) −→ x ∈ topspace X
−→ (∀ F i in F . xi i ∈ C) −→ F 6= ⊥ −→ limitin X xi x F −→ x ∈ C)

Remark 4.4. In Isabelle/HOL, we cannot quantify filters as “for any filter F” due to Is-
abelle/HOL’s type system. For instance, when we want to show P ←→ (∀F :: � filter . Q F),
we need to specify some type � on which filters are defined. We state this lemma by quan-
tifying filters as the type F :: ′a set filter when the topology is X :: ′a topology because we
use the filter Fx on Vx to prove the lemma. The characterizations of open sets and topologies
(Lemma 4.2 and Corollary 4.3) are also stated by quantifying filters as the type F :: ′a set
filter for the same reason.

4.2 Lévy-Prokhorov Metric
Historically, Lévy first introduced a metric, known as the Lévy metric, between cumulative
distribution functions [32]. Later, Prokhorov defined the Lévy-Prokhorov metric between
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finite measures analogous to the Lévy metric [37]. In this section, we review the notion of
weak convergence and the Lévy-Prokhorov metric. At the end of this section, we discuss our
formalization of the topology of weak convergence and the Lévy-Prokhorov metric. For a
measurable space X,Mfin(X) denotes the set of all finite measures on X. Note that X can
be a metric space or a topological space since they both induce a measurable space.

4.2.1 Weak Convergence

We define the notion of weak convergence which treats finite measures on any topological
spaces. The convergence in our formalization is defined using filters.

Definition 4.5 (Weak Convergence). Let X be a topological space, I a set, F a filter on
I, {µi}i∈I ⊆ Mfin(X), and µ ∈ Mfin(X). We say that {µi}i∈I converges weakly to µ with
respect to F , denoted by (µi ⇒wc µ) F , if

(∫
fdµi −→

∫
fdµ

)
F for all f ∈ Cb(X), where

Cb(X) is the set of all bounded continuous functions from X to R.

The notion of weak convergence has several equivalent statements when X is a metric
space.

Theorem 4.6 (The Portmanteau Theorem). Let X be a metric space, I a set, F a filter on
I, {µi}i∈I ⊆Mfin(X), and µ ∈Mfin(X). Then, the following are equivalent.

1. (µi ⇒wc µ) F .

2. For all f ∈ UCb(X),
(∫

fdµi −→
∫
fdµ

)
F .

3. (µi(X) −→ µ(X)) F and for every closed set C, LimsupF{µi(C)}i∈I ≤ µ(C).

4. (µi(X) −→ µ(X)) F and for every open set U , LiminfF{µi(U)}i∈I ≥ µ(U).

5. For every measurable set A ∈ ΣX such that µ (∂A) = 0, (µi(A) −→ µ(A)) F .

The set UCb(X) denotes the set of all bounded uniformly continuous functions f : X → R.

The Portmanteau theorem is commonly stated for probability measures rather than fi-
nite measures. Notice that we require the condition (µi(X) −→ µ(X)) F in 3 and 4. This
condition does not appear in the Portmanteau theorem for probability measures. In the
proof for probability measures, we use µi(X) = µ(X) = 1. For finite measures, µi(X) is
not equal to µ(X) in general. Hence, we use the condition (µi(X) −→ µ(X)) F instead of
µi(X) = µ(X) = 1 in order to approximate µi(X) to µ(X) during the proof.

4.2.2 Topology of Weak Convergence

Let X be a topological space. The topology of weak convergence on X, denoted by OWCX
, is

the coarsest topology onMfin(X) which makes (λµ.
∫
fdµ) :Mfin(X)→ R continuous for all

f ∈ Cb(X). As the name suggests, convergence in the topology of weak convergence is equal
to weak convergence.

Lemma 4.7. Let X be a topological space, I a set, F a filter on I, {µi}i∈I ⊆Mfin(X), and
µ ∈Mfin(X). Then,

(µi −→ µ) F in (Mfin(X),OWCX
) ⇐⇒ (µi ⇒wc µ) F.
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4.2.3 Lévy-Prokhorov Metric

In the lecture notes by Gaans, they only treat the case whenMfin(X) is the set of all prob-
ability measures on X. We generalize their definitions and proofs to the set of all finite
measures.

Definition 4.8 (Lévy-Prokhorov Metric). For a metric space (X, d), the Lévy-Prokhorov
metric dMfin(X) is a metric onMfin(X) defined by

dMfin(X)(µ, ν) = inf{α > 0 | ∀A ∈ ΣX . µ(A) ≤ ν(Aα) + α ∧ ν(A) ≤ µ(Aα) + α},

where Aα =
⋃

x∈A ballX(x, α).

Note that dMfin(X)(µ, ν) <∞ because∞ 6= max(µ(X), ν(X)) ∈ {α > 0 | ∀A ∈ ΣX .µ(A) ≤
ν(Aα) + α ∧ ν(A) ≤ µ(Aα) + α}. The Lévy-Prokhorov metric is also expressed using open
sets, closed sets, and compact sets.

Lemma 4.9.

dMfin(X)(µ, ν) = inf{α > 0 | ∀U : open. µ(U) ≤ ν(Uα) + α ∧ ν(U) ≤ µ(Uα) + α}
= inf{α > 0 | ∀C: closed. µ(C) ≤ ν(Cα) + α ∧ ν(C) ≤ µ(Cα) + α}.

If X is separable and complete, then

dMfin(X)(µ, ν) = inf{α > 0 | ∀K: compact. µ(K) ≤ ν(Kα) + α ∧ ν(K) ≤ µ(Kα) + α}.

The convergence with respect to the Lévy-Prokhorov metric is equivalent to the weak
convergence when X is separable.

Theorem 4.10 (Theorem 4.1 and 4.2 [54]). The following hold.

1. (Mfin(X), dMfin(X)) is a metric space.

Let I be a set, F a filter on I, {µi}i∈I ⊆Mfin(X) and µ ∈Mfin(X).

2. (µi −→ µ) F in (Mfin(X),OdMfin(X)
) implies (µi ⇒wc µ) F .

3. If X is separable, (µi −→ µ) F in (Mfin(X),OdMfin(X)
) if and only if (µi ⇒wc µ) F .

The proofs are similar to the one when Mfin(X) is the set of all probability measures
and F = Fseq (i.e., the sequences are only on N). The Lévy-Prokhorov metric metrizes the
topology of weak convergence when X is separable.

Corollary 4.11. If X is separable, the Lévy-Prokhorov metric induces the topology of weak
convergence, i.e., OWCX

= OdMfin(X)
.

The generalization by filters of weak convergence and Theorem 4.10 enables us to prove
this lemma easily.

Proof. The metrizability is shown from the equivalence of convergences. From Lemma 4.7 and
Theorem 4.10, convergences in (Mfin(X),OWCX

) and (Mfin(X),OdMfin(X)
) are equivalent for

all filters. Hence, we have OWCX
= OdMfin(X)

from Corollary 4.3.
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Even though Corollary 4.11 is a well-known result, only a few books include its proof. We
found two books showing Corollary 4.11. In the book by Billingsley [10], they directly prove
the equivalence by examining neighborhoods. In the book by Deuschel and Stroock [15], they
prove the equivalence by using the equivalence of convergence with respect to the filter Fseq

(i.e., sequences are defined on N such as {µn}n∈N). As we stated in Corollary 4.3, their proof
requires the assumption that (Mfin(X),OWCX

) is first-countable. They use the fact that
(Mfin(X),OWCX

) is second-countable (and thus also first-countable) without providing any
proof that it is second-countable. If we follow their proof, we will need additional efforts to
show the first countability of (Mfin(X),OWCX

). In our proof, we do not need the first count-
ability because we generalized the notion of weak convergence and equivalence of convergence
by filters.

Thanks to Corollary 4.11, we identify (Mfin(X),OdMfin(X)
) with (Mfin(X),OWCX

), when
X is a separable metric space.

Proposition 4.12 (Proposition 4.4 [54]). If X is a separable metric space, thenMfin(X) is
also a separable metric space.

The proof is similar to the one whenMfin(X) is the set of all probability measures on X.
If {an}n∈N is a dense subset of X, then⋃

k∈N
{r0δa0 + · · ·+ rkδak | r0, . . . , rk ∈ Q ∩ [0,∞)}

is a countable dense subset ofMfin(X), where δa denotes the Dirac measure centered at a.

Lévy-Prokhorov Metric in Isabelle/HOL

We explain our implementation of weak convergence and the Lévy-Prokhorov metric.

Weak Convergence We first define the topology of weak convergence by combining exist-
ing constants which generate topological spaces. Let f be a bounded continuous function on
X and Of the least topology onMfin(X), which makes (λN .

∫
x. f x ∂N ) continuous. Then,

(Mfin(X),Of) is written in Isabelle/HOL as follows:

(Mfin(X),Of) = pullback-topologyMfin(X) (λN .
∫
x. f x ∂N ) R,

where

pullback-topology :: ′a set ⇒ ( ′a ⇒ ′b) ⇒ ′b topology ⇒ ′a topology
pullback-topology A f Y = The least topology on A which makes f : A→ Y continuous.

The set of all open sets Of is extracted as follows:

Of = Collect (openin (pullback-topologyMfin(X) (λN .
∫
x. f x ∂N ) R)),

where

openin :: ′a topology ⇒ ′a set ⇒ bool, openin X U ⇐⇒ U is an open set of X.
Collect :: ( ′a ⇒ bool) ⇒ ′a set, Collect P = {x. P x}.

Finally, we define the topology of weak convergence (Mfin(X),O[
⋃

f∈Cb(X)Of]).
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definition weak-conv-topology :: ′a topology ⇒ ′a measure topology where
weak-conv-topology X ≡ topology-generated-by
(
⋃
f∈{f . continuous-map X R f ∧ (∃B. ∀ x∈topspace X . |f x| ≤ B)} .
Collect (openin (pullback-topologyMfin(X) (λN .

∫
x. f x ∂N ) R)))

The term continuous-map X R f means that f is a continuous map from X to R and
topology-generated-by receives a set of sets and returns the least topology, including the re-
ceived set. The topological space weak-conv-topology X meets the requirements of the topology
of weak convergence.

lemma continuous-map-weak-conv-topology:
assumes continuous-map X R f and

∧
x. x ∈ topspace X =⇒ |f x| ≤ B

shows continuous-map (weak-conv-topology X) R (λN .
∫
x. f x ∂N )

lemma weak-conv-topology-minimal:
assumes topspace Y =Mfin(X)

and
∧
f B. continuous-map X R f =⇒ (

∧
x. x ∈ topspace X =⇒ |f x| ≤ B)

=⇒ continuous-map Y R (λN .
∫
x. f x ∂N )

shows openin (weak-conv-topology X) U =⇒ openin Y U

The first lemma guarantees that weak-conv-topology X makes (λN .
∫
x. f x ∂N ) continuous and

the second lemma states that weak-conv-topology X is the least topology in such topologies.
From Lemma 4.7, weak convergence and convergence in the topology of weak convergence

are equivalent. Thus, we define the notion of weak convergence as an abbreviation for the con-
vergence in the topology of weak convergence. Then, the usual definition of weak convergence
(Definition 4.5) is shown as a lemma.

abbreviation weak-conv-on :: ( ′a ⇒ ′b measure) ⇒ ′b measure ⇒ ′a filter ⇒ ′b topology ⇒ bool
where weak-conv-on Ni N F X ≡ limitin (weak-conv-topology X) Ni N F

lemma weak-conv-on-def ′:
assumes

∧
i. Ni i ∈ Mfin(X) and N ∈ Mfin(X)

shows weak-conv-on Ni N F X ←→
(∀ f . continuous-map X R f −→ (∃B. ∀ x∈topspace X . |f x| ≤ B)

−→ ((λi.
∫
x. f x ∂Ni i) −−−→ (

∫
x. f x ∂N )) F)

The term limitin (weak-conv-topology X) Ni N F denotes (Ni −→ N) F in (Mfin(X),OWCX
).

Lévy-Prokhorov Metric To formalize the Lévy-Prokhorov metric in Isabelle/HOL, we
use the set-based metric space library. We introduced a new locale Levy-Prokhorov, which is
logically equivalent to Metric-space.

locale Levy-Prokhorov = Metric-space

Remember that the Lévy-Prokhorov metric is defined as follows.

dMfin(X)(µ, ν) = inf{α > 0 | ∀A ∈ ΣX . µ(A) ≤ ν(Aα) + α ∧ ν(A) ≤ µ(Aα) + α},

where Aα =
⋃
x∈A

ballX(x, α).

Hence, we define the Lévy-Prokhorov metric as follows:
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definition(in Levy-Prokhorov) P ≡ {N . sets N = sets (borel-of mtopology) ∧ finite-measure N}

definition(in Levy-Prokhorov) LPm :: ′a measure ⇒ ′a measure ⇒ real where
LPm N L ≡
if N ∈ P ∧ L ∈ P then

(
d
{e. e > 0 ∧ (∀A∈sets (borel-of mtopology).

measure N A ≤ measure L (
⋃
a∈A. mball a e) + e ∧

measure L A ≤ measure N (
⋃
a∈A. mball a e) + e)})

else 0

Notice that LPm returns 0 when one of the arguments is not a member of P because the
set to which we apply infimum might be empty when LPm receives an infinite measure. In
Isabelle/HOL, the infimum operator on real numbers does not return ∞ nor any specific
value when applied to the empty set; i.e., the value of

d
∅ is unknown. This is a problem

because LPm needs to be a non-negative function on the whole type due to the definition of
Metric-space.

We then prove that (P,LPm) is a metric space.

sublocale Levy-Prokhorov ⊆ LPm: Metric-space P LPm

The reader might wonder why we define a new locale Levy-Prokhorov, which is logically
equivalent to Metric-space, rather than using Metric-space directly. If we try to define the
Lévy-Prokhorov metric in the context of Metric-space without introducing a new locale, it
does not work.

context Metric-space
begin

definition P ≡ {N . sets N = sets (borel-of mtopology) ∧ finite-measure N}
definition LPm ≡ ...

sublocale LPm: Metric-space P LPm

end

The problem is that we try to instantiateMetric-space inside the context ofMetric-space. This
causes Isabelle to build an infinite chain; thus, Isabelle does not terminate. This workaround
is explained in the Isabelle tutorial on locales [6].

4.3 Prokhorov’s Theorem
One of the important results related to the Lévy-Prokhorov metric is Prokhorov’s theorem.
In a typical situation in probability theory or statistics, one may want to know whether
a sequence of measures has a limit or at least has a converging subsequence. Prokhorov’s
theorem is applied to prove the existence of a converging subsequence. The theorem is used
in proofs for various important results such as the central limit theorem, Sanov’s theorem,
and the existence of optimal coupling. The central limit theorem and Sanov’s theorem are
key concepts in probability theory. The central limit theorem states that under appropriate
conditions, the distribution of normalized sample means converges weakly to the standard
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normal distribution. Sanov’s theorem is an important result in the large deviation theory
(e.g. Section 3.2 [15]). The theorem describes the asymptotic behavior of atypical samples
and gives evidence why we use the relative entropy (Kullback-Leibler divergence) to evaluate
estimated distributions. Both the central limit theorem and Sanov’s theorem use Prokhorov’s
theorem. In transportation theory, a coupling is a plan how to move resources from supply
areas to demand areas. A coupling is represented as a measure satisfying certain conditions.
An optimal coupling is a coupling that minimizes the total cost of transporting resources. In
the proof of the existence of an optimal coupling, Prokhorov’s theorem is essential [55, 57].

In this section, we discuss Prokhorov’s theorem and related topics.

4.3.1 Regular Measures

We define the notion of regular measures and tightness of measures. The regularity of measures
gives ways to approximate a measured value µ(A) by open sets, closed sets, and compact sets.
The tightness of measures is used to express a condition in Prokhorov’s theorem.
Definition 4.13. Let X be a topological space. A measure µ on X is called:

1. inner regular if µ(A) = sup{µ(C) | C ⊆ A, C is closed} for all measurable sets A,

2. outer regular if µ(A) = inf{µ(U) | A ⊆ U , U is open} for all measurable sets A, and

3. regular if µ is inner regular and outer regular.
Proposition 4.14. Let X be a metrizable space. Then, any finite measure on X is regular.
Remark 4.15. This definition of inner regularity by Gaans is different from the standard
definition. In general, a measure µ on X is called inner regular if

1’. µ(A) = sup{µ(K) | K ⊆ A, K is compact} for all measurable sets A.
This definition is stronger than the condition 1 in Definition 4.13, when every compact set is
closed (e.g. when X is metrizable). As we will see soon, Proposition 4.14 still holds even if
we use the condition 1’ as inner regularity when X is a Polish space (Corollary 4.19).

Proposition 4.14 has already been included in the standard Isabelle/HOL’s library. They
assume that X is a Polish space and use the condition 1’ as the definition of inner regular.
Their formalization is restricted to measures on the Borel space of topological spaces on type
classes; thus, they treat only when X is the universal set such as R. We formalize the general
result when X is an arbitrary metrizable space or a Polish space.

Next, we define tightness.
Definition 4.16 (Tightness). Let X be a topological space and Γ ⊆ Mfin(X). We call Γ
tight if for every ε > 0, there exists a compact set K of X such that µ(X − K) ≤ ε for all
µ ∈ Γ. A measure µ on X is tight if {µ} is tight.

The existing definition of tightness in Isabelle/HOL’s library is restricted to when Γ is a
sequence on N of probability measures on R.
Lemma 4.17. If X is metrizable and µ is a tight measure on X, then µ(A) = sup{µ(K) |
K ⊆ A, K is compact} for all measurable sets A.
Theorem 4.18. If X is a Polish space, then any finite measure on X is tight.
Corollary 4.19. IfX is a Polish space and µ is a finite measure onX, then µ(A) = sup{µ(K) |
K ⊆ A, K is compact} for all measurable sets A.
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4.3.2 Prokhorov’s Theorem

We formalize Prokhorov’s theorem. LetMfin≤r(X) =Mfin(X) ∩ {µ | µ(X) ≤ r} for r ≥ 0.

Theorem 4.20 (Prokhorov’s Theorem). Let X be a Polish space and Γ ⊆ Mfin≤r(X) for
some r ≥ 0. Then, the following are equivalent.

1. Γ is relatively compact.

2. Γ is tight.

Remark 4.21. Actually, the assumption Γ ⊆ Mfin≤r(X) is relaxed to Γ ⊆ Mfin(X) in the
proof that 1 implies 2. The completeness assumption is not required in the proof that 2
implies 1.

The following corollary is applied to show the existence of a converging subsequence.

Corollary 4.22. Let X be a separable metrizable space and {µn}n∈N ⊆Mfin≤r(X) for some
r ≥ 0. If {µn}n∈N is tight, then there exists a subsequence {µnk

}k∈N and µ ∈Mfin≤r(X) such
that (µnk

⇒wc µ) Fseq.

Avigad et al. formalized the above corollary when {µn}n∈N is a sequence of probability
measures on R and applied it to prove the central limit theorem [4]. In the case of probability
measures on R, there is a simpler proof using Helly’s selection theorem. In the general case, we
need to prove in another way because the proof using Helly’s selection theorem uses cumulative
distribution function; i.e., X needs to be R.

The proof that 1 implies 2 in Prokhorov’s theorem is more straightforward. The proof
that 2 implies 1 requires more effort to prove for us. We do not discuss the details of the
proof. Instead, we explain a key lemma for the proof that 2 implies 1.

Lemma 4.23. If X is a compact metric space, thenMfin≤r is compact.

Once this lemma is proved, the direction that 2 implies 1 of Prokhorov’s theorem is derived
using the isomorphism between X and a subset of H (Lemma 3.5).

Proof of Lemma 4.23. The idea of the proof is to make a homeomorphism between Mfin≤r

and a compact space. Let Φ be

Φ =
(
RC(X)

)
∩ {ϕ | ϕ is a positive linear functional ∧ ϕ(1) ≤ r}. (4.1)

Remember that an element ϕ of RC(X) is a function ϕ : C(X) → R. We denote ϕ(f) by ϕf .
Then, the linearity of ϕ ∈ Φmeans that for all α, β ∈ R and f, g ∈ C(X), ϕαf+βg = αϕf+βϕg.
The positiveness means that for all f ∈ C(X) such that f ≥ 0, ϕf ≥ 0.

We assume that Φ is equipped with the subspace topology of the product topology RC(X)

(subspace topology of the weak* topology). We define the function T from Mfin≤r to Φ by
T (µ)f =

∫
fdµ. It is easy to check that T (µ) ∈ Φ, and T is a sequential homeomorphic

map. For instance, the linearity of the integral implies the linearity of T (µ). The function
T is bijective by the Riesz representation theorem (Corollary 4.31). As Gaans stated, Φ is
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metrizable1. Thus, T is a homeomorphism2. Furthermore, Φ is compact by the special case
of Alaoglu’s theorem (Theorem 4.28). Hence,Mfin≤r is compact.

Remark 4.24. In the lecture notes, Gaans stated that the sequential compactness of a closed
subset of Φ follows from its compactness. This statement is true because Φ is metrizable.
However, they did not mention that in their proof.

Prokhorov’s theorem is applied to prove the completeness of the Lévy-Prokhorov metric.

Corollary 4.25. If X is separable and complete, then (Mfin(X), dMfin(X)) is complete.

When we prove the existence of a limit of a Cauchy sequence {µn}n∈N ⊆Mfin(X), we use
Prokhorov’s theorem as Γ = {µn}n∈N. Hence, we need to show that {µn}n∈N ⊆ Γr for some
r ≥ 0. This follows from the fact that {µn}n∈N is a Cauchy sequence.

As a consequence of Corollary 4.11, Proposition 4.12, and Corollary 4.25, we have the
following.

Corollary 4.26. If X is a Polish space, then so isMfin(X).

4.3.3 Alaoglu’s Theorem

Alaoglu’s theorem (sometimes called the Banach-Alaoglu theorem) is an important result
in functional analysis. The theorem states that the closed unit ball of the dual space of a
normed vector space is compact. Let Y be a vector space over R and Y ∗ the dual space of
Y . The weak* topology is a topology on Y ∗, which is the coarsest topology that makes every
(λf. f(y)) : Y ∗ → R continuous. The original statement of Alaoglu’s theorem is the following.

Theorem 4.27 (Alaoglu’s Theorem). Let Y be a normed vector space and B∗ = {ϕ ∈ Y ∗ |
‖ϕ‖ ≤ r}. Then, B∗ is compact in Y ∗ with respect to the weak* topology.

We do not prove the above form of the theorem due to the lack of a set-based vector space
library in Isabelle/HOL. Instead, we prove a special case of Alaoglu’s theorem for our use.

Theorem 4.28. If a topological space X is compact, then Φ defined by (4.1) in the proof of
Lemma 4.23 is compact.

Remark 4.29. While the Alaoglu’s theorem says that {ϕ ∈ C(X)∗ | ‖ϕ‖ ≤ r} is compact,
Theorem 4.28 states that Φ = {ϕ ∈ C(X)∗ | ‖ϕ‖ ≤ r ∧ ϕ is positive} is compact. Note that
‖ϕ‖ = ϕ(1) when ϕ ∈ C(X)∗ is positive.

Proof Outline. We formalize the theorem following the proof in the lecture notes by Heil [23].
The proof is simple. We first observe that

∏
f∈C(X) [−r‖f‖, r‖f‖] is compact in RC(X) by

Tychonoff’s theorem. Note that every f ∈ C(X) is bounded because X is compact. We then
show that Φ ⊆

∏
f∈C(X)[−r‖f‖, r‖f‖] and Φ is closed. The fact that Φ is closed is shown by

the characterization of closed sets by limit (Lemma 4.1).
1Since X is compact, C(X) along with the topology of uniform convergence is separable (Theorem 2.4.3 [46]).

Let {gn}n∈N be a dense subset of C(X). Then, the metric on Φ is, for instance, given by

d(ϕ,ψ) =

∞∑
n=0

1

2n+1
min(1, |ϕ(gn)− ψ(gn)|).

2A function f from a first-countable space is continuous if and only if it is sequentially continuous.
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4.3.4 Riesz Representation Theorem

The Riesz representation theorem (sometimes called the Riesz-Markov representation theorem
or Riesz-Markov-Kakutani representation theorem) states that a real-valued (or complex-
valued) positive linear functional is represented by the Lebesgue integration with respect to a
unique measure. We prove the Riesz representation theorem following the book by Rudin [38].

Theorem 4.30 (The Riesz representation theorem). Let X be a locally compact Hausdorff
space and ϕ a real-valued positive linear functional on Cc(X), where Cc(X) is the set of all
continuous functions on X whose closed support is compact. Then, there exists a σ-algebra
N in X and a unique measure µ on (X,N ) such that:

• ϕ(f) =
∫
fdµ for all f ∈ Cc(X),

• ΣX ⊆ N ,

• µ(K) <∞ for all compact sets K,

• µ(A) = inf{µ(U) | A ⊆ U , U is open} for all A ∈ N ,

• µ(A) = sup{µ(K) | K ⊆ A, K is compact} for all open sets A and for all A ∈ N such
that µ(A) <∞, and

• µ is a complete measure, i.e., if E ∈ N , A ⊆ E, and µ(E) = 0, then A ∈ N .

In the book, the proof of the Riesz representation theorem is divided into ten steps and
uses two lemmas. Their proofs consist of around nine pages, whereas we spent more than
2,100 lines for their proofs. The proof requires Urysohn’s lemma on locally compact Hausdorff
spaces. Although Isabelle/HOL’s library has several forms of Urysohn’s lemmas and lemmas
related to locally compact spaces, the library does not include Urysohn’s lemma on locally
compact Hausdorff spaces. Hence, we formalized the lemma by ourselves.

We use the following corollary in the proof of Prokhorov’s theorem.

Corollary 4.31. Let X be a compact metric space and ϕ be a real-valued positive linear
functional on C(X). Then, there exists a unique measure µ on X such that for all f ∈ C(X),

ϕ(f) =

∫
fdµ.

Prokhorov’s Theorem in Isabelle/HOL

As we discussed, the proof of Lemma 4.23 relies on results from vector space theory such as
Alaoglu’s theorem and the Riesz representation theorem. Although these theorems need to be
stated in set-based vector spaces in Isabelle/HOL for our use, most of Isabelle/HOL’s vector
space library is based on type classes. The set-based vector space library by Lee [31] includes
only basic definitions. Thiemann and Yamada also formalized a set-based vector space [51].
However, their work treats only finite-dimensional spaces. Since we are interested in the Lévy-
Prokhorov metric rather than vector space theory, we leave the development of the set-based
vector space library for future work. Thus, we formalize positive linear functionals used in
proofs and their properties without mentioning vector spaces.
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definition has-compact-support-on :: ( ′a ⇒ ′b :: monoid-add) ⇒ ′a topology ⇒ bool
(infix has ′-compact ′-support ′-on 60) where
f has-compact-support-on X ←→ compactin X (X closure-of support-on (topspace X) f )

definition positive-linear-functional-on-CX :: ′a topology ⇒ (( ′a ⇒ ′b :: {ring, order , topologi-
cal-space}) ⇒ ′b) ⇒ bool

where positive-linear-functional-on-CX X ϕ ≡
(∀ f . continuous-map X euclidean f −→ f has-compact-support-on X

−→ (∀ x∈topspace X . f x ≥ 0) −→ ϕ (λx∈topspace X . f x) ≥ 0) ∧
(∀ f a. continuous-map X euclidean f −→ f has-compact-support-on X

−→ ϕ (λx∈topspace X . a ∗ f x) = a ∗ ϕ (λx∈topspace X . f x)) ∧
(∀ f g. continuous-map X euclidean f −→ f has-compact-support-on X

−→ continuous-map X euclidean g −→ g has-compact-support-on X
−→ ϕ (λx∈topspace X . f x + g x) = ϕ (λx∈topspace X . f x) + ϕ (λx∈topspace X . g x))

The special case of Alaoglu’s theorem (Theorem 4.28), the Riesz representation theorem
(Theorem 4.30), and Prokhorov’s theorem (Theorem 4.20) are stated as follows.

theorem Alaoglu-theorem-real-functional:
fixes X :: ′a topology and r :: real
defines prod-space ≡ RC(X)

defines B ≡ {ϕ∈topspace prod-space. ϕ (λx∈topspace X . 1) ≤ r ∧ positive-linear-functional-on-CX
X ϕ}

assumes compact: compact-space X and ne: topspace X 6= {}
shows compactin prod-space B

theorem Riesz-representation-real-complete:
fixes X :: ′a topology and ϕ :: ( ′a ⇒ real) ⇒ real
assumes locally-compact-space X and Hausdorff-space X

and positive-linear-functional-on-CX X ϕ
shows ∃M . ∃ !N . sets N = M ∧ subalgebra N (borel-of X)
∧ (∀A∈sets N . emeasure N A = (

d
C∈{C . openin X C ∧ A ⊆ C}. emeasure N C))

∧ (∀A. openin X A
−→ emeasure N A = (

⊔
K∈{K . compactin X K ∧ K ⊆ A}. emeasure N K))

∧ (∀A∈sets N . emeasure N A < ∞
−→ emeasure N A = (

⊔
K∈{K . compactin X K ∧ K ⊆ A}. emeasure N K))

∧ (∀K . compactin X K −→ emeasure N K < ∞)
∧ (∀ f . continuous-map X R f −→ f has-compact-support-on X

−→ ϕ (λx∈topspace X . f x) = (
∫
x. f x ∂N ))

∧ (∀ f . continuous-map X R f −→ f has-compact-support-on X −→ integrable N f )
∧ complete-measure N

lemma Prokhorov:
assumes Polish-space X
and Γ ⊆ {N . N (space N ) ≤ ennreal r ∧ sets N = sets (borel-of X)}

shows tight-on-set X Γ
←→ compactin (weak-conv-topology X) (weak-conv-topology X closure-of Γ)
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4.4 Space of Finite Measures
In this section, we discuss the measurable space of all finite measures. In stochastic pro-
cesses, measures are usually indexed by time or states. A stochastic process is interpreted as
a measurable function from its index set to the space of measures. In the semantics of prob-
abilistic programs, the Giry monad [20] G (or sub-Giry monad) gives a standard semantics
of probabilistic programs where G(M) is the measurable space of all probability measures on
M defined independently from metric or topology.

We will show that this type of measurable space of all finite measures is generated from
the topology of weak convergence when the underlying topological space is a Polish space.

Definition 4.32. Let M be a measurable space. The space of finite measures on M is
denoted by (Mfin(M),ΣMfin(M)), where ΣMfin(M) is the least σ-algebra that makes (λµ.µ(A))
measurable for all A ∈ ΣM .

Note that this definition does not use any metric or topology. In Isabelle/HOL’s library,
the space of all sub-probability measuresMsprob(M) and the space of all probability measures
Mprob(M) are already formalized by Eberl et al. [18] (subprob-algebra M and prob-algebra
M, respectively). We have formalized the space of all finite measures in the same way as
subprob-algebra. Subsequently, we have shown thatMsprob(M) andMprob(M) are subspaces
ofMfin(M).

The following lemma follows immediately from the Portmanteau theorem3.

Lemma 4.33 (Corollary 17.21 [29]). For an open set U ⊆ X, (λµ.µ(U)) : (Mfin(X),OdMfin(X)
)→

R is lower semi-continuous. For a closed set C ⊆ X, (λµ. µ(C)) : (Mfin(X),OdMfin(X)
) → R

is upper semi-continuous.

Corollary 4.34. ΣMfin(X) ⊆ ΣdMfin(X)
.

Proof. From the definition of ΣMfin(X), it is sufficient to show that for all A ∈ ΣX , (λµ.µ(A))
is a measurable function from (Mfin(X),ΣdMfin(X)

) to R. It is easy to check the measurability
because by Lemma 4.33, (λµ. µ(U)) : (Mfin(X), dMfin(X)) → R is lower semi-continuous for
all open sets U ⊆ X, hence measurable.

The inverse inclusion holds when X is separable and complete.

Theorem 4.35. If a metric space X is separable and complete, then ΣMfin(X) = ΣdMfin(X)
.

Corollary 4.36. If X is a Polish space, then ΣMfin(X) = Σ(Mfin(X),OWCX
).

We constructed the proof of Theorem 4.35 by ourselves because we could not find any
proof for the statement. We provide an informal proof here.

Proof of Theorem 4.35. Since ΣdMfin(X)
is generated from closed balls, it is sufficient to prove

that every closed ball is a member of ΣMfin(X). Let µ be a finite measure on X and ε ≥ 0.
Our goal is to show that cBallMfin(X)(µ, ε) ∈ ΣMfin(X). Let Ob be a countable base of X and
ObfU the set of all finite unions of elements of Ob. Then, ObfU is also countable.

3Remember that for a first-countable space X,
• f : X → R is lower semi-continuous iff (xn −→ x) Fseq in X implies f(x) ≤ LiminfFseq{f(xn)}n∈N.
• f : X → R is upper semi-continuous iff (xn −→ x) Fseq in X implies f(x) ≥ LimsupFseq

{f(xn)}n∈N.
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Claim 4.37.

cBallMfin(X)(µ, ε) =
⋂

U∈ObfU

(⋂
n∈N

(λν. ν(U))−1

(
−∞, µ

(
U

(
ε+ 1

1+n

))
+ ε+

1

1 + n

]
∩

(
λν. ν

(
U

(
ε+ 1

1+n

)))−1 [
µ(U)−

(
ε+

1

1 + n

)
,∞
))
(4.2)

If the above claim is shown, cBall(µ, ε) ∈ ΣMfin(X) follows from the definition of ΣMfin(X).
The inclusion ⊆ in Equation (4.2) is directly proven by unfolding the definition of the

Lévy-Prokhorov metric. Hence, we show ⊇ of (4.2). Let us assume that ν is a member of the
right hand side of (4.2). Then, for all U ∈ ObfU and n ∈ N, we have

ν(U) ≤ µ

(
U

(
ε+ 1

1+n

))
+ ε+

1

1 + n
, µ(U) ≤ ν

(
U

(
ε+ 1

1+n

))
+ ε+

1

1 + n
. (4.3)

We show ν ∈ cBallMfin(X)(µ, ε) by proving that dMfin(X)(µ, ν) < ε′ for all ε′ > ε. Let ε′ > ε,
then there exists n ∈ N such that ε+ 1

1+n < ε′. For an open set A ⊆ X, we have

µ(A) = sup{µ(K) | K ⊆ A, K is compact} (Corollary 4.19)
≤ sup{µ(U) | U ⊆ A, U ∈ ObfU} (4.4)

≤ sup

{
ν

(
U

(
ε+ 1

1+n

))
+ ε+

1

1 + n
| U ⊆ A, U ∈ ObfU

}
(by (4.3))

≤ ν

(
A

(
ε+ 1

1+n

))
+ ε+

1

1 + n
.

The inequality (4.4) above is shown as follows: Since Ob is a base of X, there exists O′ ⊆ Ob

such that A =
⋃

U∈O′ U . If K ⊆ A is compact, there exists a finite subset O′
fin ⊆ O′ such that

K ⊆
⋃

U∈O′
fin

U . By the definition of ObfU, we have
⋃

U∈O′
fin

U ∈ ObfU. Thus, (4.4) holds.

Similarly, we have ν(A) ≤ µ

(
A

(
ε+ 1

1+n

))
+ ε+ 1

1+n for all open sets A ⊆ X. Hence,

dMfin(X)(µ, ν) = inf{α > 0 | ∀A: open. µ(A) ≤ ν(Aα) + α ∧ ν(A) ≤ µ(Aα) + α}

≤ ε+
1

1 + n
< ε′.

Corollary 4.36 is applied to prove that the space of finite measures is a standard Borel
space, which is a measurable space generated from a Polish space. As a consequence of
Corollary 4.26 and Corollary 4.36, we obtain the following.

Corollary 4.38. If M is a standard Borel space, then so isMfin(M).

Corollary 4.39. If M is a standard Borel space, then Msprob(M) and Mprob(M) are also
standard Borel spaces.
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Chapter 5

Quasi-Borel Spaces

The theory of quasi-Borel spaces was introduced by Heunen et al. [25] in order to give a
denotational semantics for higher-order probabilistic programs. The theory is a suitable model
for the semantics of higher-order probabilistic programs because of the following reasons.

• Function spaces with desired properties always exist. In other words, the category of
quasi-Borel spaces QBS is Cartesian closed. The function spaces are necessary in the
semantics of higher-order programs. The existence of function spaces is the reason why
we use quasi-Borel spaces instead of measure theory. Because measurable spaces do not
have function spaces in general.

• Measures are defined on quasi-Borel spaces. Especially, any s-finite measures on a
standard Borel space is represented as a measure on the corresponding quasi-Borel
spaces. In addition, measurability and integral are equal to those in measure theory
when we consider only standard Borel spaces.

• There is the s-finite measure monad on quasi-Borel spaces. The monad gives a semantics
of probabilistic programs with conditioning.

In this chapter, we first formalize s-finite measures and s-finite kernels, which are the basis
of a semantics of first-order probabilistic programs. Then, we construct quasi-Borel spaces
and the s-finite measure monad using standard Borel spaces and s-finite kernels. We also
discuss a proof automation of our quasi-Borel spaces library.

Contributions

This is the first formalization of the theory of quasi-Borel spaces, to the best of our knowl-
edge. We construct quasi-Borel spaces and the s-finite measure monad on them. Although
the construction of the s-finite measure monad is non-trivial, no paper includes its details. In
addition, the details of the definition vary among previous studies [44, 52, 56]. We recover the
omitted details during formalization. We define the basic spaces, e.g., product spaces and func-
tion spaces, and construct the list spaces using the isomorphism List(X) u

∐∞
n=0

∏
0≤k<nX.

The probability monad is also included in our formalization, which is obtained by taking the
subspace of the s-finite measure monad. For usability, we implement a proof automation for
quasi-Borel spaces in ML. In the usual definition, the function spaces are defined through
morphisms (structure-preserving functions) between quasi-Borel spaces. In our definition, we
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first construct the function spaces, then define morphisms. This design works better with our
proof automation.

Reference

The definition of s-finite kernels is based on the work by Staton [47]. We refer to the paper
by Heunen et al. [25] for the definition and standard properties of quasi-Borel spaces and the
lecture notes by Yang [56] for the s-finite measure monad on quasi-Borel spaces.

5.1 s-Finite Measures and s-Finite Kernels
We formalize the s-finite measures and s-finite kernels which are used for a semantic model of
first-order probabilistic programs with soft conditioning.

5.1.1 s-Finite Measures

First, we define the s-finite measure.

Definition 5.1. A measure is called an s-finite measure if it is represented as a countable
sum of finite measures.

From the definition, all σ-finite measures, such as the Lebesgue measure, are also s-finite
measures. Note that there are s-finite measures which are not σ-finite. For instance, the
measure µ on {0} defined by µ({0}) =∞ is s-finite since µ =

∑∞
n=0 δ0, but not σ-finite.

One of the important theorems is a restricted Fubini-Tonelli theorem.

Theorem 5.2 (Restricted Fubini-Tonelli Theorem). Let M and N be measurable spaces,
and µ and ν s-finite measures on M and N , respectively.

• If f : M ×N → R≥0 is measurable, then∫ ∫
f(x, y)µ(dx)ν(dy) =

∫ ∫
f(x, y)ν(dy)µ(dx)

• If f : M × N → R is measurable and
∫ ∫
|f(x, y)|µ(dx)ν(dy) < ∞, (or equivalently,∫ ∫

|f(x, y)|ν(dy)µ(dx) <∞) then the above equation holds for f .

Note that we do not have the equation for the (binary) product measure µ ⊗ ν because
product measures of s-finite measures are not determined uniquely in general. However, it is
possible to define a product measure of s-finite measures and show the Fubini-Tonelli theorem.
We will explain this point in the implementation part.

5.1.2 s-Finite Kernels

Next, we define s-finite kernels and related notions. Intuitively, s-finite kernels are generaliza-
tion of probabilistic processes that return s-finite measures. Although the class of kernels is
not closed under composition in general, the class of s-finite kernels is closed.

Definition 5.3. Let M and N be measurable spaces and κ : M × ΣN → R≥0. The function
κ is called a measure kernel from M to N , denoted by κ : M  N , if
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• for all x ∈M , κx is a measure on N , and

• for all A ∈ ΣN , (λx. κx(A)) is measurable.

Furthermore, a measure kernel κ : M  N is called

• a probability kernel if κx is a probability measure for every x ∈M ,

• a sub-probability kernel if κx is a sub-probability measure for every x ∈M ,

• a finite kernel if there exists r <∞ such that κx(N) < r for all x ∈M , and

• an s-finite kernel if there exists a countable family of finite kernels {κ(n)}n∈N from M
to N such that κx =

∑∞
n=0 κ(n)x for all x ∈M .

Notice that the bound of a finite kernel and the choice of sequence of an s-finite kernel are
uniform across all arguments. The notions of probability kernel and sub-probability kernel
are expressed as measurable functions using the Giry monad.

Lemma 5.4. Let M and N be measurable spaces and κ : M × ΣN → R≥0. Then,

• κ is a probability kernel if and only if (λx A. κx(A)) is a measurable function from M
to G(N).

• κ is a sub-probability kernel if and only if (λx A. κx(A)) is a measurable function from
M to Gsub(N).

We define the binary operator receiving a measure and a kernel.

Definition 5.5. Let M and N be measurable spaces, µ a measure on M and κ a measure
kernel from M to N . We define a binary operator �=k. We write �=k in infix notation and
µ�=k κ is the measure on N defined by

(µ�=k κ) (A) =

∫
κx(A)µ(dx).

The operator �=k is an extension of the bind operator of the Giry monad. The Dirac δ
forms a unit of �=k.

Lemma 5.6. Let M and N be measurable space. Then, the following holds.

• δ : M  M is a probability kernel.

• If µ is a measure on M , then µ�=k δ = µ.

• If x ∈M and κ : M  N is a measure kernel, then δx�=k κ = κx.

The operator�=k has compositionality, associativity, and commutativity for s-finite mea-
sures and s-finite kernels. These properties are important for constructing the s-finite measure
monad on quasi-Borel spaces.

Lemma 5.7. Let M , N and L be measurable spaces.
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• (Compositionality) If κ : M  N and κ′ : M × N  L are s-finite kernels, then
(λ(x,A). (κx�=k (λy. κ

′
(x,y)))(A)) is an s-finite kernel from M to L.

• (Associativity) If µ is a measure on M , κ : M  N and κ′ : N  L are s-finite kernels,
then µ�=k (λx. κx�=k κ

′) = (µ�=k κ)�=k κ
′.

• (Commutativity) If µ is an s-finite measure on M , ν is an s-finite measure on N , and
κ : M×N  L is a s-finite kernel, then µ�=k (λx.ν�=k (λy.κ(x,y))) = ν�=k (λy.µ�=k

(λx. κ(x,y))).

s-Finite Measures and s-Finite Kernels in Isabelle/HOL

We define s-finite measures with the locale command same as other classes of measures.

locale s-finite-measure =
fixes M :: ′a measure
assumes ∃Mi :: nat ⇒ ′a measure.

(∀ i. sets (Mi i) = sets M ) ∧ (∀ i. finite-measure (Mi i))
∧ (∀A∈sets M . M A = (

∑
i. Mi i A))

As we mentioned, all σ-finite measures are s-finite measures.

sublocale sigma-finite-measure ⊆ s-finite-measure

In measure theory, the product measure is usually defined as the unique measure satisfying
(M

⊗
M N ) (A × B) = M A ∗ N B, while Isabelle/HOL’s library defines the product measure

as (M
⊗

M N ) A = (
∫
x. (
∫
y. indicator A (x,y) ∂N ) ∂M ). Using Isabelle/HOL’s definition,

we can prove the Fubini-Tonelli theorem in almost similar ways as the proofs for σ-finite
measures. For instance, we have the following theorems.

lemma nn-integral-fst:
assumes s-finite-measure M2
assumes f ∈ M1

⊗
M M2 →M R≥0

shows (
∫

+ x. (
∫

+ y. f (x, y) ∂M2) ∂M1) = (
∫

+ z. f z ∂(M1
⊗

M M2)

lemma nn-integral-snd:
assumes s-finite-measure M1 and s-finite-measure M2

and f ∈ M1
⊗

M M2 →M R≥0

shows (
∫

+ y. (
∫

+ x. f (x, y) ∂M1) ∂M2) = (
∫

+ z. f z ∂(M1
⊗

M M2)

Next, we define measure kernels.

locale measure-kernel =
fixes M :: ′a measure
and N :: ′b measure
and κ :: ′a ⇒ ′b measure

assumes
∧
x. x ∈ space M =⇒ sets (κ x) = sets N

and
∧
B. B ∈ sets N=⇒(λx. κ x B) ∈ M →M R≥0

and space M 6= ∅ =⇒ space N 6= ∅
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The third assumption space M 6= ∅ =⇒ space N 6= ∅ in measure-kernel is required in order
to define the operator >>=k in a convenient way, later. We formalize finite kernels, sub-
probability kernels, probability kernels, and s-finite kernels as sublocales of measure kernels.
Sub-probability kernels and probability kernels are expressed as measurable functions using
the Giry monad (Lemma 5.4).

locale finite-kernel = measure-kernel +
assumes ∃ r<∞. ∀ x∈ space M . κ x (space N ) < r

locale subprob-kernel = measure-kernel +
assumes

∧
x. x ∈ space M =⇒ subprob-space (κ x)

locale prob-kernel = measure-kernel +
assumes

∧
x. x ∈ space M =⇒ prob-space (κ x)

locale s-finite-kernel = measure-kernel +
assumes ∃ ki. (∀ i. finite-kernel M N (ki i) ∧

(∀ x∈space M . ∀A∈sets N . κ x A = (
∑

i. ki i x A)))

lemma subprob-kernel M N κ ←→ κ ∈ M →M subprob-algebra N
lemma prob-kernel M N κ ←→ κ ∈ M →M prob-algebra N

We define the operator M >>=k κ.

definition bind-kernel :: ′a measure ⇒ ( ′a ⇒ ′b measure) ⇒ ′b measure (infixl >>=k 54) where
bind-kernel M κ =

(if space M = {} then count-space {}
else
let Y = κ (SOME x. x ∈ space M ) in
measure-of (space Y ) (sets Y ) (λB.

∫
+x. (κ x B) ∂M ))

The measure M >>=k κ satisfies the following properties for a measure M and measure-kernel
M N κ when M is not an empty space.

sets (M >>=k κ) = sets N, (M >>=k κ) B = (

∫
x. (κ x B) ∂M)

If M is the measure on an empty space, we cannot obtain the measurable structure of N
from M and κ (recall the definition of measure-kernel). Hence, M >>=k κ is set to return the
discrete empty space as a default value. Due to this definition, we need the assumption space
M 6= ∅ =⇒ space N 6= ∅ in measure-kernel. Without this assumption, we will get stuck to
prove compositionality of s-finite kernels later.

The bind operator, which has been already defined in the Isabelle/HOL’s library, satisfies
the same equations as the above equation for >>=k when κ is a sub-probability kernel.

lemma bind-kernel-bind:
assumes κ ∈ M →M subprob-algebra N
shows M >>=k κ = M >>= κ

Unfortunately, bind is defined through the join operator of the Giry monad, and thus we do
not have the above equations for general measure kernels. Hence, we need to introduce the
operator >>=k and prove lemmas similar to ones of bind.
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5.2 Quasi-Borel Spaces
In this section, we formalize basic structures of quasi-Borel spaces.

5.2.1 Quasi-Borel Spaces

In the standard probability theory, we consider a measurable space (Ω,ΣΩ), where Ω is called
a sample space and ΣΩ is a set of random events. We observe random events through a
measurable function called a random variable. Thus, we first axiomatize measurable spaces
and then the notion of random variables comes later. In contrast, in the theory of quasi-Borel
spaces, we first axiomatize random variables where the sample space is restricted to R.

Definition 5.8 (Quasi-Borel Spaces). A quasi-Borel space is a pair of a set X and a set
MX ⊆ R→ X satisfying the following.

• If α ∈MX and f : R→ R is measurable, then α ◦ f ∈MX .

• If α is a constant map, then α ∈MX .

• If {αi}i∈N ⊆MX and P : R→ N is measurable, then (λr.αP (r)(r)) ∈MX .

Intuitively, MX is the set of random variables over the sample space R. We sometimes
write X for a quasi-Borel space (X,MX) if the structure is obvious from the context. As
an example, R is the quasi-Borel space (R,MR) where MR is the set of measurable functions
from R to R.

As an analogy of measurable functions, we define the structure-preserving functions be-
tween quasi-Borel spaces.

Definition 5.9. A function f : X → Y is called a morphism from (X,MX) to (Y,MY ) if
f ◦ α ∈MY for all α ∈MX .

Quasi-Borel spaces and morphisms between them form the categoryQBS. It has products,
countable coproducts, and function spaces, where the function space X ⇒Q Y is the set
QBS(X,Y ) of morphisms from X to Y (thus it is Cartesian closed).

Lemma 5.10. Products, coproducts, and functions spaces of quasi-Borel spaces have the
following structures.

M∏
i∈I Xi

= {α : R→
∏

i∈I Xi | ∀i ∈ I. πi ◦ α ∈Mi},

M∐
i∈I Xi

= {λr.(f(r), αf(r)(r)) | f : R→ I is measurable, ∀i ∈ image(f). αi ∈MXi},

MX⇒QY = {α : R→ Y X | uncurry(α) ∈ R×X ⇒Q Y )}.

Remark 5.11. Note that the evaluation function ev : RR × R → R, ev(f, x) = f(x) is a
morphism. It is easily shown by unfolding the definitions because the product spaces and
function spaces are constructed in a simple way.1

1On the other hand, ev cannot be measurable for an arbitrary σ-algebra on RR [3]. The difficulty comes
from the fact that the structure of the product measurable spaces is not simple, unlike quasi-Borel spaces. The
structure of product spaces is ΣX×Y = σ[{A×B | A ∈ ΣX ∧B ∈ ΣY }], not {A×B | A ∈ ΣX ∧B ∈ ΣY }. The
operators σ generate a σ-algebra by taking complements and countable unions, and that makes it impossible
to construct a σ-algebra on RR making ev measurable.
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Quasi-Borel Spaces in Isabelle/HOL

We first introduce a predicate that ensures that a given pair forms a quasi-Borel space.

definition qbs-closed1 :: (real ⇒ ′a) set ⇒ bool
where qbs-closed1 Mx ≡ (∀ a ∈ Mx. ∀ f ∈ real-borel →M real-borel. a ◦ f ∈ Mx)

definition qbs-closed2 :: [ ′a set, (real ⇒ ′a) set] ⇒ bool
where qbs-closed2 X Mx ≡ (∀ x ∈ X . (λr . x) ∈ Mx)

definition qbs-closed3 :: (real ⇒ ′a) set ⇒ bool
where qbs-closed3 Mx ≡ (∀P::real ⇒ nat. ∀Fi::nat ⇒ real ⇒ ′a.

(P ∈ R →M N) −→ (∀ i. Fi i ∈ Mx) −→ (λr . Fi (P r) r) ∈ Mx)

definition is-quasi-borel X Mx
←→ Mx ⊆ UNIV → X ∧ qbs-closed1 Mx ∧ qbs-closed2 X Mx ∧ qbs-closed3 Mx

Then, we define the type of quasi-Borel spaces with the typedef command.

typedef ′a quasi-borel = {(X :: ′a set, Mx ). is-quasi-borel X Mx}

We extract components of quasi-Borel spaces by the following projections.

definition qbs-space :: ′a quasi-borel ⇒ ′a set
where qbs-space X ≡ fst (Rep-quasi-borel X)

definition qbs-Mx :: ′a quasi-borel ⇒ (real ⇒ ′a) set
where qbs-Mx X ≡ snd (Rep-quasi-borel X)

We sometimes write X instead of qbs-space X using coercion.
In mathematical definition, we first define morphisms of quasi-Borel spaces, then construct

function spaces. In our implementation, we first construct function spaces, then define the
set of morphisms as an abbreviation.

definition exp-qbs :: [ ′a quasi-borel, ′b quasi-borel] ⇒ ( ′a ⇒ ′b) quasi-borel (infixr ⇒Q 61) where
X ⇒Q Y ≡ Abs-quasi-borel

({f . ∀α ∈ qbs-Mx X . f ◦ α ∈ qbs-Mx Y },
{g. ∀α∈ R →M R. ∀β∈ qbs-Mx X . (λr . g (α r) (β r)) ∈ qbs-Mx Y })

abbreviation qbs-morphism :: [ ′a quasi-borel, ′b quasi-borel] ⇒ ( ′a ⇒ ′b) set (infixr →Q 60)
where X →Q Y ≡ qbs-space (X ⇒Q Y )

Since we construct function spaces before defining morphisms, the structures of function spaces
are written with the definition of morphisms unfolded. We chose this style of definition for
the proof automation presented in Section 5.4.

Besides function spaces, our formalization includes binary products, binary coproducts,
products, and countable coproducts. We denote a binary product space by X

⊗
Q Y, a binary

coproduct space by X
⊕

Q Y, a product space by ΠQ i∈I . X i, and a coproduct space by
qQ i∈I . X i, respectively. For a product space and a coproduct space , every X i has to be a
quasi-Borel space over the same type due to Isabelle’s type system.
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5.2.2 List Spaces

List is one of the most important data structure in programming languages. We define the
space of lists to use lists in probabilistic programs. The space of lists is constructed using the
following isomorphism.

List(X) u
∞∐
n=0

∏
0≤k<n

X = {(n, (x1, . . . , xn)) | n ∈ N, x1, . . . , xn ∈ X}.

A pair (n, (x1, . . . , xn)) corresponds to [x1, . . . , xn]. We also prove that standard constants on
lists are morphisms. For instance, the primitive recursive operator rec_list is the following
morphism.

rec_list ∈ Y ⇒Q (X ⇒Q List[X]⇒Q Y ⇒Q Y )⇒Q List[X]⇒Q Y. (5.1)

In the proof, we first use the product and coproduct style definition where we can use prop-
erties of coproduct and product. Then, we convert the statement to the list style one using
the isomorphic map.

(5.1)

⇐⇒ (λl y f. rec_list y f l) ∈ List[X]⇒Q Y ⇒Q (X ⇒Q List[X]⇒Q Y ⇒Q Y )⇒Q Y

⇐⇒ ∀ n ∈ N,
(
λl′ y f. rec_list y f (n, l′)

)
∈
∏

0≤k<n

X ⇒Q Y ⇒Q (X ⇒Q List[X]⇒Q Y ⇒Q Y )⇒Q Y

The last equivalence is derived from the universal property of coproducts of quasi-Borel
spaces2.

List Spaces in Isabelle/HOL

In Isabelle/HOL, we define the space of lists as follows.

definition list-qbs :: ′a quasi-borel ⇒ ′a list quasi-borel where
list-qbs X ≡ map-qbs to-list (qQ n∈(UNIV ::nat set). ΠQ i∈{..<n}. X)

The constant map-qbs::( ′a ⇒ ′b) ⇒ ′a quasi-borel ⇒ ′b quasi-borel generates the following
quasi-Borel space.

qbs-space (map-qbs f X) = f ‘ (qbs-space X),

qbs-Mx (map-qbs f X) = {f ◦ α |α. α ∈ qbs-Mx X}.

The function to-list maps (n, (x1, . . . , xn)) to [x1, . . . , xn]. Note that every ΠQ i∈{..<n}. X
has quasi-Borel spaces over the same type (nat ⇒ ′a) quasi-borel. The following lemmas are
used to prove that standard list operators are morphisms from the coproduct space’s one.

lemma map-qbs-morphism-f : f ∈ X →Q map-qbs f X

lemma map-qbs-morphism-inverse-f :
assumes

∧
x. x ∈ qbs-space X =⇒ g (f x) = x

shows g ∈ map-qbs f X →Q X
2Let I be a countable set and Xi (i ∈ I), Y quasi-Borel spaces, then f :

∐
i∈I Xi → Y is a morphism if and

only if (λx. f(i, x)) : Xi → Y is a morphism for every i ∈ I.
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5.3 Connection between Measurable Spaces and Quasi-Borel
Spaces

There are conversions (called functors in category theory) between measurable spaces and
quasi-Borel spaces. Using the conversions, we can easily derive from theorems in measure
theory that basic functions, such as + and −, are morphisms. The conversions L : QBS →
Meas and R : Meas→ QBS return the following structures.

ΣL(X) = {A | ∀α ∈MX . α−1(U) ∈ ΣR}, MR(N) = Meas(R, N).

The conversions are functors because we haveQBS(X,Y ) ⊆Meas(L(X), L(Y )) andMeas(M,N) ⊆
QBS(R(M), R(N)). We use a measurable space M as a quasi-Borel space R(M).

The functors L and R have the following properties.

Lemma 5.12. 1. Meas(L(X),M) = QBS(X,R(M)). Thus, (L,R) forms an adjunction
between Meas and QBS.

2. L(R(M)) = M if M is a standard Borel space.

3. R preserves products and countable coproducts.

The connection in Isabelle/HOL

We define the functors L and R with the following structures.

L :: ′a quasi-borel ⇒ ′a measure
space (L X) = qbs-space X
sets (L X) = {U ∩ qbs-space X |U .∀α∈qbs-Mx X . α −‘ U ∈ sets R}

R :: ′a measure ⇒ ′a quasi-borel
qbs-space (R M ) = space M
qbs-Mx (R M ) = R →M M

We define abbreviations which denote Borel spaces and discrete spaces as quasi-Borel spaces.

abbreviation qbs-borel (borelQ) where borelQ ≡ R borel
abbreviation qbs-count-space (count ′-spaceQ) where qbs-count-space I ≡ R (count-space I )

The following lemma is used to prove that basic operators are morphisms.

lemma
assumes uncurry f ∈ M

⊗
M N →M L

shows f ∈ R M ⇒Q R N ⇒Q R L

For instance, we obtain (+) ∈ R ⇒Q R ⇒Q R from (λ(x,y). x + y) ∈ R
⊗

M R →M R.
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5.4 Proof Automation
The Isabelle/HOL’s measure theory library provides the automated measurability prover. In
the context of measure theory, one often needs to show measurability: A ∈ sets M or f
∈ M →M N. In pen-and-paper mathematics, measurability proofs are often omitted since
they are trivial, while one needs to show measurability each time in the formal proof. The
measurability prover automates such proofs of measurability and greatly reduces the cost of
proofs. Similar to measure theory, we often need to prove that some function is a morphism,
f ∈ X →Q Y, in the context of quasi-Borel theory. We have implemented an automated qbs
prover. Unlike measurable spaces, quasi-Borel spaces have function spaces, hence our qbs
prover is similar to type checking of a simply-typed functional programming language.

We construct the qbs prover which tries to prove x ∈ qbs-space X automatically. The
qbs prover can also be used to solve morphism statements f ∈ X →Q Y and α ∈ qbs-Mx X
because we have X →Q Y = qbs-space (X ⇒Q Y ) and qbs-Mx X = R →Q X.

We regard (λx. e) ∈ X ⇒Q Y as the typing judgment x : X ` e : Y, and e ∈ qbs-space X
as ` e : X. Then, solving x ∈ qbs-space X is equivalent to solving the corresponding typing
judgment. The qbs prover tries to solve typing judgments with the following method:

Algorithm We prepare two sets of introduction rules: Rule1 and Rule2. Then, repeat
the following steps.

• Try to apply a rule in Rule1.

• If none of the rules in Rule1 is applied, then try to apply a rule in Rule2.

Rule1 and Rule2 consist of (at least) the following inference rules.

• Rule1

x : X ` x : X
ID

` e : Y
x : X ` e : Y

CONST (x does not occur free in e)

After e ∈ qbs-space X is proved, it may be added as an axiom of Rule1.

` e : X
AXIOMS

• Rule2

` f : X ⇒Q Y ` x : X
` f x : Y

APP1

x : X ` e1 : Y ⇒Q Z x : X ` e2 : Y
x : X ` e1 e2 : Z

APP2

z : X
⊗

Q Y ` f [fst z/x, snd z/y] : Z
x : X ` (λy. f ) : Y ⇒Q Z

CURRY

For CURRY, we need to have fst ∈ X
⊗

Q Y ⇒Q X and snd ∈ X
⊗

Q Y ⇒Q Y as axioms
of Rule1. There are mainly two reasons why we divide the rules. First, the rule CONST
might overlap with APP2 or CURRY. Because the rule CONST should be applied first,
we add CONST to Rule1. The other reason is to prevent terms from being split in certain
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situations. We sometimes add rules for composition of terms, for example emeasure M A ∈
R≥0, to Rule1. If we apply a rule in Rule2 first, then the composed term will be split by the
rule APP1 or APP2, that is not what we want the prover to do.

The following code is an example usage of the qbs prover.

lemma
assumes [qbs]: f ∈ R ⇒Q R
shows (λx. 1 + f x) ∈ R ⇒Q R
by qbs

In the above code, we add f ∈ R⇒Q R to the axioms of Rule1 using the attribute [qbs]. Rule1
is configured by our library so that the axioms contain r ∈ R and +. Then, we call the qbs
prover by the tactic qbs, which immediately solves the goal.

However, it cannot handle assumptions on typing of lambda abstraction well. It fails for
the following example.

lemma
assumes [qbs]: (λx. f x c) ∈ X ⇒Q Y
shows (λx z. f x c) ∈ X ⇒Q Z ⇒Q Y

Implementation Note We have implemented the qbs prover using raw ML code. There
are some points to be noted.

• The following theorem corresponds to the rule APP2 in Isabelle/HOL.
lemma

assumes f ∈ X ⇒Q Y ⇒Q Z and g ∈ X ⇒Q Y
shows (λx. f x (g x)) ∈ X ⇒Q Z

When applying the rule APP2, we need to instantiate f and g in the lemma so that
higher-order unification achieves an intended unification.

• When applying the rule CURRY, we should check by pattern matching that the goal
is a lambda abstraction. Otherwise, it may overlap with APP2 by eta-expanding e1 e2
when the term has a function type.

We expect that this typing algorithm works in a similar situation where we want to restrict
function spaces and constants in Isabelle/HOL. In our situation, function spaces are restricted
to the set of morphisms.

5.5 The s-Finite Measure Monad
The s-finite measure monad on QBS is an extension of the probability monad. The s-finite
measure monad is required to denote semantics of probabilistic programs with soft condition-
ing, where we need to treat measures possibly infinite.

The s-finite measure monad on quasi-Borel spaces was introduced by Ścibior et al. [44] as
the σ-finite measure monad. Then, it was reformulated as a submonad of the continuation
monad [0,∞][0,∞](−) by Vákár et al. [52]. The details of the definition vary among these

51



previous studies3, and we could not find detailed proofs of monad laws and commutativity
in any of them. We thus recover the detailed proofs first, and then we formalize them. We
choose the definition given in Yang’s lecture slide [56], because it is suitable for formalization
in Isabelle/HOL. Its definition is quite similar to the probability monad introduced by Heunen
et al. [25]. The probability monad is derived from the monad laws and the commutativity of
the Giry monad, while the s-finite measure monad is derived from the properties of s-finite
kernels and �=k.

5.5.1 Measures on Quasi-Borel Spaces

First, we define measures on quasi-Borel spaces to treat infinite measures such as the Lebesgue
measure. Intuitively, a measure is a pair consisting of an s-finite measure µ on R and a random
variable α ∈ MX . We also introduce the equivalence relation ∼ of measures on quasi-Borel
spaces defined by relating pairs with equal push-forward measures.

Definition 5.13 (Measures on Quasi-Borel Spaces). A measure on quasi-Borel space X is an
equivalence class [α, µ]∼X where α ∈MX and µ is an s-finite measure on R. The equivalence
relation is defined by4 (α, µ) ∼X (β, ν) ⇐⇒ α∗µ = β∗ν.

We call a measure on a quasi-Borel space a qbs-measure in order to distinguish it from
measures in measure theory.

Any qbs-measures is converted to s-finite measures by lX([α, µ]∼X ) = α∗µ. The function
lX is injective by the definition of qbs-measures. Furthermore, lX is bijective ifX is a standard
Borel space. The function lX is a measure kernel from R(M (X)) to R(X) and lX(p) is an
s-finite measure on R(X) for every qbs-measure p on X.

5.5.2 Integral

Integral with qbs-measure is defined through the Lebesgue integral. Let f : X → R be a
morphism and p a qbs-measure on X. Then, the integral of f with respect to p is defined as5∫
fdp

def
=
∫
fdlX(p). The notions of integrability and almost everywhere are also defined in

the same way.
Integral with respect to an s-finite measure on a standard Borel space is represented as an

integral in quasi-Borel theory. Let µ be an s-finite measure on a standard Borel spaceN . Then,
we have a pair of measurable functions N f−→ R g−→ N such that g ◦f = idN from Kuratowski’s
theorem. Since the push-forward measure g∗µ is s-finite and f ∈ MN , [f, g∗µ]∼N is a qbs-
measure on N . Hence, we have

∫
hd[f, g∗µ]∼N =

∫
hdlN ([f, g∗µ]∼N ) =

∫
hd(f∗g∗µ) =

∫
hdµ

for measurable functions h : M → R.

5.5.3 Density Measure

In measure theory, the density measure µ∫
f is defined by µ∫

f (A) =
∫
A fdµ, where µ is a

measure on a measurable space M , f : M → R≥0 a measurable function, and A ∈ ΣM .
3Thanks to Kuratowski’s theorem and the fact that s-finite measures can be rewritten as push-forward of

σ-finite measures, those definitions are essentially equivalent.
4The measure α∗µ is a measure on L(X) because α ∈MX = QBS(R, X) ⊆ Meas(R, L(X)).
5Since f ∈ QBS(X,R) ⊆ Meas(L(X),R), f is measurable.
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Similarly, we define the density qbs-measure. Let p = [α, µ]∼X be a qbs-measure on X and
f : X → R≥0 a morphism. The density qbs-measure p∫ f is defined by p∫ f = [α, µ∫

(f◦α)]∼X .
The density qbs-measure is well-defined because α∗µ∫

(f◦α) = (α∗µ)∫ f . As density measures,
we have

∫
gdp∫ f =

∫
fgdp for every morphism g : X → R.

The normalizer of qbs-measure is defined by normalize(p) = p∫ (1/lX(p)(X)).

5.5.4 The s-Finite Measure Monad

Next, we construct the s-finite measure monad.

Lemma 5.14. The quasi-Borel spaces of qbs-measures on X has the following structure.

M (X) = {s. s is a qbs-measure on X},
MM (X) = {(λr. [α, κ(r)]∼X ) | α ∈MX ∧ κ : R R is an s-finite kernel}.

Notice that we use the s-finite kernel in the definition of MM (X). We reconstruct the proof
because there is no literature including the proof.

Proof. We show the third condition in Definition 5.8 as the other conditions are easy to check.
Let {βi}i∈N ⊆ MM (X) and P : R→ N be measurable. Then, there exists {αi}i∈N ⊆ MX and
s-finite kernels {κi : R  R}i∈N such that βi = λr. [αi, κi(r)]∼X . Our goal is to show
λr. [αP (r), κP (r)(r)]∼X ∈MM (X).

Since N×R is a standard Borel space, we have measurable functions N×R a−→ R b−→ N×R
such that b ◦ a = idN×R from Kuratowski’s theorem. Let α′ = λ(i, r). αi(r). Then, we have
the following equation for r ∈ R.

αP (r)∗κP (r)(r) = (α′ ◦ (λl. (P (r), l)))∗κP (r)(r)

= α′
∗((λl. (P (r), l))∗κP (r)(r))

= α′
∗((b ◦ a)∗(λl. (P (r), l))∗κP (r)(r))

= (α′ ◦ b)∗(a∗(λl. (P (r), l))∗κP (r)(r))

It is easy to check α′ ◦ b ∈MX and λr. a∗(λl. (P (r), l))∗κP (r)(r) : R R is an s-finite kernel.
Hence, (λr. [αP (r), gP (r)(r)]∼X ) = (λr. [α′ ◦ b, a∗(λl. (P (r), l))∗κP (r)(r)]∼X ) ∈MM (X).

Next, we introduce the return (unit) and bind operators.

Definition 5.15. The return (unit) operator is defined by ηX(x) = [λr. x, ν]∼X where ν is
an arbitrary probability measure on R.

The operator η is well defined because (λr. x)∗ν = δx for any probability measures ν on
R.

Definition 5.16. The bind operator is defined by [α, µ]∼X �= f = [β, µ�=k κ]∼Y where
α ∈ MX , f : X → M (Y ) is a morphism, β ∈ MY and κ : R  R is an s-finite kernel such
that f ◦ α = λr. [β, κ(r)]∼Y .

Lemma 5.17. The bind operator is well defined.
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Proof. Let (α, µ) ∼X (α′, µ′), f : X →M (X) be an morphism, f ◦ α = (λr. [β, κ(r)]∼Y ), and
f ◦ α′ = (λr. [β′, κ′(r)]∼Y ). Then,

β∗(µ�=k κ) = µ�=k (λr. β∗(κ(r)))

= µ�=k (λr. lY ([β, κ(r)]∼Y ))

= µ�=k (λr. lY ((f ◦ α)(r)))
= α∗µ�=k (λx. lY (f(x)))

= α′
∗µ

′�=k (λx. lY (f(x)))

= µ′�=k

(
λr. lY ((f ◦ α′)(r))

)
= µ′�=k

(
λr. lY ([β

′, κ′(r)]∼Y )
)

= µ′�=k (λr. β
′
∗(κ

′(r)))

= β′
∗(µ

′�=k κ
′).

The injection l preserves return and bind operators.

lX(ηX(x)) = δx, lY (p�= f) = lX(p)�=k lY ◦ f. (5.2)

Theorem 5.18. The triple (M , η,�=) forms a commutative strong monad on QBS.

Proof. Monad laws and commutativity of M follow from the properties of s-finite kernels
(Lemma 5.7), the equations 5.2, and the injectivity of l. For instance, the associativity is
shown as follows.

[α, µ]∼X �= f1�= f2 = [γ, µ�=k κ1�=k κ2]∼Z

= [γ, µ�=k (λr. κ1(r)�=k κ2)]∼Z

= [α, µ]∼X �= (λx. f1(x)�= f2).

In the above equation, γ, κ1, and κ2 satisfy f ◦α = (λr.[β, κ1]∼Y ) and f2◦β = (λr.[γ, κ2(r)]∼Z .
The strength stX,Y : X × M (Y ) → M (X × Y ) is defined by stX,Y (x, [β, µ]∼Y ) =

[(λr. (x, β(r))), µ]∼X×Y . We show that stX,Y is a morphism. Other axioms of strength are
easily proved.

Since R×R is a standard Borel space, we have measurable functions R×R a−→ R b−→ R×R
such that b ◦ a = idR×R from Kuratowski’s theorem. Let γ ∈ MX×M (Y ), then we have
α ∈ MX , β ∈ MY , and an s-finite kernel κ : R  R such that γ = (λr. (α(r), [β, κ(r)]∼Y )).
We need to show stX,Y ◦ γ = (λr. [λl. (α(r), β(l)), κ(r)]∼X×Y ) ∈ MM (X×Y ). Let us denote
λ(r1, r2). (α(r1), β(r2)) by α× β. We have the following equation for r ∈ R.

(λl. (α(r), β(l)))∗κ(r) = ((α× β) ◦ (λl. (r, l)))∗κ(r)
= (α× β)∗(λl. (r, l))∗κ(r)

= (α× β)∗(δr × κ(r))

= (α× β)∗(b ◦ a)∗(δr × κ(r))

= ((α× β) ◦ b)∗(a∗(δr × κ(r))).

It is easy to check that (α × β) ◦ b ∈ MX×Y and (λr. a∗(δr × κ(r))) : R  R is an s-finite
kernel. Thus, stX,Y ◦ γ = (λr. [(α× β) ◦ b, a∗(δr × κ(r))]∼) ∈MM (X×Y ).
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As a corollary, we obtain that the bind operator is a morphism.

Corollary 5.19. The bind operator is a morphism, that is, (λp f. p�= f) ∈ M (X) ⇒Q

(X ⇒Q M (Y ))⇒Q M (Y ).

Proof. We first observe that for a morphism f : X → Y , the functorial action of M is defined
by M (f)([α, µ]∼X ) = [f ◦ α, µ]∼Y . The join operator joinX : M (M (X))→M (X) is defined
by joinX(p) = p�=id. It is easy to check that both of M (f) and joinX are morphisms. Then,
we have

(λ(f, p). p�= f) = joinX ◦M (ev) ◦ stX⇒QM (Y ),M (X) (5.3)

where ev is the evaluation function. The right hand side of the equation 5.3 is a composition
of morphisms, thus a morphism. Hence, �= is a morphism.

5.5.5 The Probability Monad

The probability monad P on QBS introduced by Heunen et.al. [25] is obtained by taking a
subspace of M . For a quasi-Borel space X and a set A ⊆ X, the subspace has the structure
MA = {α ∈MX | ∀r. α(r) ∈ A}.

Lemma 5.20. Let P(X) = {p ∈ M (X). lX(p) is a probability space}. Then, the subspace
P(X) has the same structure as the probability monad on QBS. That is,

MP(X) = {(λr. [α, g(r)]∼X ) | α ∈MX ∧ g ∈Meas(R, G(R))}.

The triple (P, η,�=, ) also forms a commutative strong monad on QBS.

The measurable function lX : L(P(X)) → G(L(X)) forms a monad opfunctor from the
probability monad P on QBS to the Giry monad G on Meas (Proposition 22 [25]) because
it satisfies the following equations.

lX(ηX(x)) = δx, lY (p�= f) = lX(p)�=G lY ◦ f. (5.4)

The s-Finite Measure Monad in Isabelle/HOL

We define the type of qbs-measure. We first define the partial equivalence relation ∼.

type-synonym ′a qbs-s-finite-t = ′a quasi-borel ∗ (real ⇒ ′a) ∗ real measure

definition qbs-s-finite-eq :: [ ′a qbs-s-finite-t, ′a qbs-s-finite-t] ⇒ bool where
qbs-s-finite-eq p1 p2 ≡
(let (X , α, µ) = p1;

(Y , β, ν) = p2 in
qbs-s-finite X α µ ∧ qbs-s-finite Y β ν ∧ X = Y ∧
distr µ (qbs-to-measure X) α = distr ν (qbs-to-measure Y ) β)

Notice that we define the relation ∼ on triple (X, α, µ) rather than (α, µ) because X cannot
be inferred from α in a simple type system. In the definition of qbs-s-finite-eq, the predicate
qbs-s-finite X α µ means that α ∈ qbs-Mx X and µ is an s-finite measure on R. The type of
qbs-measure is defined using the quotient-type command.
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quotient-type ′a qbs-measure = ′a qbs-s-finite-t / partial: qbs-s-finite-eq
morphisms rep-qbs-measure qbs-measure

We explicitly give names for abstraction/representation functions as qbs-measure/rep-qbs-measure,
respectively with the keyword morphisms. We abbreviate qbs-measure X α µ as [[X , α,
µ]]sfin. Let us define the function which extracts the quasi-Borel space on which the measure
is defined, and l.

lift-definition qbs-space-of :: ′a qbs-measure ⇒ ′a quasi-borel
is fst

lift-definition qbs-l :: ′a qbs-measure ⇒ ′a measure
is λp. distr (snd (snd p)) (qbs-to-measure (fst p)) (fst (snd p))

We define two kinds of integrals following two integrals in the measure theory library: non-
negative integral and Bochner integral.

lift-definition qbs-nn-integral :: [ ′a qbs-measure, ′a ⇒ ennreal] ⇒ ennreal
is λ(X ,α,µ) f .(

∫
+x. f x ∂distr µ (qbs-to-measure X) α)

lift-definition qbs-integral :: [ ′a qbs-measure, ′a ⇒ ( ′b :: {banach,second-countable-topology})] ⇒
′b
is λp f . if f ∈ fst p →Q qbs-borel then (

∫
x. f (fst (snd p) x) ∂ (snd (snd p))) else 0

Although we define the integrals using lift-definition, they are essentially same as
∫
fdp

def
=∫

fdlX(p) which we used in their definition.

lemma qbs-nn-integral s f = integralN (qbs-l s) f
lemma qbs-integral s f = integralL (qbs-l s) f

The density qbs-measure is defined as follows.

lift-definition density-qbs :: [ ′a qbs-measure, ′a ⇒ ennreal] ⇒ ′a qbs-measure
is λ(X ,α,µ) f . if f ∈ X →Q R≥0

then (X , α, density µ (f ◦ α))
else (X , SOME a. a ∈ qbs-Mx X , null-measure borel)

The density qbs-measure density-qbs returns the null measure when the argument is not a
morphism. The normalizer is defined with density-qbs.

definition normalize-qbs :: ′a qbs-measure ⇒ ′a qbs-measure where
normalize-qbs s ≡ (let X = qbs-space-of s;

r = qbs-l s (qbs-space X) in
if r 6= 0 ∧ r 6= ∞
then density-qbs s (λx. 1 / r)
else qbs-null-measure X)

If the received measure is null-measure or infinite measure, normalize-qbs returns the null
measure.

The inverse function of qbs-l is defined as follows.

definition qbs-l-inverse :: ′a measure ⇒ ′a qbs-measure where
qbs-l-inverse M ≡ [[measure-to-qbs M , from-real-into M , distr M R (to-real-on M )]]sfin
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For instance, the Lebesgue measure is represented as a qbs-measure.

definition lborelQ ≡ qbs-l-inverse lborel
lemma qbs-l lborelQ = lborel
corollary (

∫
Q x. f x ∂lborelQ) = (

∫
x. f x ∂lborel)

Next, we define the s-finite measure monad. The space of qbs-measure, the unit operator,
and the bind operator are defined as follows.

definition monadM-qbs :: ′a quasi-borel ⇒ ′a qbs-measure quasi-borel where
monadM-qbs X ≡ Abs-quasi-borel

({s. qbs-space-of s = X},
{λr . [[X , α, k r ]]sfin |α k. α ∈ qbs-Mx X ∧ s-finite-kernel R R k})

definition return-qbs :: ′a quasi-borel ⇒ ′a ⇒ ′a qbs-measure (returnQ) where
returnQ X x ≡ [[X , λr . x, SOME µ. real-distribution µ]]sfin

definition bind-qbs :: [ ′a qbs-measure, ′a ⇒ ′b qbs-measure] ⇒ ′b qbs-measure where
bind-qbs s f ≡ (let
(X , α, µ) = rep-qbs-measure s;
Y = qbs-space-of (f (α undefined));
(β, k) = (SOME (β, k). f ◦ α = (λr . [[Y , β, k r ]]sfin) ∧ β ∈ qbs-Mx Y ∧ s-finite-kernel R R k)
in [[Y , β, µ >>=k k]]sfin)

The predicate real-distribution µ means that µ is a probability measure on R. We write
bind-qbs s f for s >>= f.

The probability monad P is defined by taking subspace.

definition monadP-qbs X ≡ sub-qbs (monadM-qbs X) {s. prob-space (qbs-l s)}

In the end of this section, we observe that many constants related to qbs-measures are
morphisms.

lemma qbs-almost-everywhere ∈ monadM-qbs X ⇒Q (X ⇒Q B) ⇒Q B

lemma qbs-nn-integral ∈ monadM-qbs X ⇒Q (X ⇒Q R≥0) ⇒Q R≥0

lemma qbs-integral ∈ monadM-qbs X ⇒Q (X ⇒Q qbs-borel)
⇒Q (qbs-borel :: ( ′b :: {second-countable-topology,banach}) quasi-borel)

lemma density-qbs ∈ monadM-qbs X ⇒Q (X ⇒Q R≥0) ⇒Q monadM-qbs X

lemma normalize-qbs ∈ monadM-qbs X ⇒Q monadM-qbs X
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Chapter 6

Applications

In this chapter, we apply our quasi-Borel space library to program verification of probabilis-
tic programs. We also demonstrate a formalization of differential privacy using quasi-Borel
spaces.

Contributions

We verify several examples from previous studies. We first show four examples of probabilistic
programs: “two dice”, “what time is it?”, “Monte Carlo approximation”, and “Gaussian
mean learning”. The first two examples are toy problems, while the latter two are more
practical. The example of the Monte Carlo approximation states that the average of samples
converges in probability to the expected value. This property is a variant of the weak law of
large numbers. Gaussian mean learning algorithm infers the unknown mean of a Gaussian
distribution with a data sampled from the distribution. We formalize two properties of the
algorithm: convergence and stability under change of priors. We also apply quasi-Borel spaces
to formalize differential privacy and show a simple example. The definitions and properties of
differential privacy using quasi-Borel spaces are easily derived from the ones using measurable
spaces.

One of the benefits of using quasi-Borel spaces as the semantics of probabilistic programs is
that we can treat higher-order programs. Another benefit is that we can use Isabelle/HOL’s
terms as probabilistic programs. Most of Isabelle/HOL’s constants are defined as curried
forms, e.g., the type of (+) is ′a⇒ ′a⇒ ′a, not ′a × ′a⇒ ′a. We can directly use Isabelle/HOL
terms as probabilistic programs without uncurrying terms, e.g., (+) ∈ R ⇒Q R ⇒Q R ,
because quasi-Borel spaces have function spaces.

Reference

Examples in Section 6.2.4, and Section 6.2.5, and the semantics of the higher-order proba-
bilistic programs are based on the work by Sato et al. [41]. Other examples are taken from
the work by Staton [48, Section 2.2] and Sampson [40, Section 2.3]. We refer to the work
by Dwork et al. [16], Barthe and Olmedo [7], and Dwork and Roth [17] for the definition,
properties, and example of differential privacy. Our formalization of differential privacy is
based on the work by Sato and Minamide [43], where they formalized differential privacy
using measure theory.
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data {
int N;
real X[N];
real sigma;

}

parameters {
real mu;

}

model {
for (n in 1:N) {

X[n] ~ normal(mu,sigma);
}

}

Fig. 6.1: Stan program ex.stan.

N = 100000
sd = 1
samples <- rnorm(N, mean=1, sd=sd)

data <-
list(N=N, X=samples , sigma = sd)

fit <- stan(file='ex.stan', data=data)
ms <- rstan::extract(fit)

> ms$mu[1]
[1] 1.005344

Fig. 6.2: Above: R program executing the Stan
program. Below: a sample from the posterior
distribution

6.1 Probabilistic Programming Languages
Before we formalize probabilistic programs in Isabelle/HOL, let us review what is a probabilis-
tic programming language. Probabilistic programming languages are usually domain-specific
languages to describe probabilistic models. Users input a generative probabilistic model and
data. Then, the implementation of the language infers unknown parameters of the model
automatically. In a typical situation of Bayesian data modeling1, one repeats the following
tasks until obtaining good results.

1. Construct a probabilistic model.

2. Implement an inference algorithm according to the model.

3. Estimate parameters using the algorithm.

The step 2 requires more effort to consider and write complex inference algorithms every time
they design a probabilistic model. Probabilistic programming languages reduce the cost of
modeling by automating the step 2. As a simple example, let us consider the situation that
we try to guess the mean of a Gaussian (normal) distribution with a known deviation. The
probabilistic model is written as follows.

Xn ∼ Gauss(µ, σ) (n = 1, . . . , N) (6.1)

The inference task is done with the probabilistic programming language Stan [13]. Stan has
interfaces with popular data analysis programming languages, e.g., R and Python. We run
Stan using R in this example. Fig. 6.1 is the Stan program denoting model (6.1) and Fig. 6.2 is
an R program that executes the Stan program. In this example, we prepare a dataset sampled
from the Gauss distribution with the mean 1 and the standard deviation 1. The function
stan runs an inference algorithm automatically, then generates a sample sequence obtained
from the posterior distribution. As we can observe, probabilistic programming languages

1In Baysian data modeling, we assume that parameters are distributed under some distributions. We try
to guess the conditional distribution of the parameters after obtained dataset. The posterior distribution is
calculated according to the Bayes’ rule: posterior ∝ prior × likelihood.
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hide complex details of inference algorithms and enable users to concentrate on designing
probabilistic models rather than implementing inference algorithms by themselves.
Remark 6.1. We omit details about how the inference tasks are done in this thesis because we
focus on the denotational semantics of probabilistic programs rather than the implementation
of probabilistic programming languages. Roughly speaking, probabilistic programming lan-
guages first compute an unnormalized density function of the posterior distribution according
to the model. In a complex model, we can directly specify the density function by writing
likelihood functions. Then, probabilistic programming languages run an inference algorithm
to obtain a sample sequence from the posterior distribution. Typical inference algorithms are
Markov chain Monte Carlo (MCMC) methods. MCMC methods try to construct a Markov
chain which quickly reaches its stationary distribution equal to the posterior distribution.
Remark 6.2. The word “probabilistic programming languages” means the programming lan-
guages for Bayesian modeling, introduced in this section. The word “probabilistic programs”
refers to randomized programs and/or programs written in probabilistic programming lan-
guages. We also use the word “probabilistic programs with conditioning” for programs written
in probabilistic programming languages.

6.2 Higher-Order Probabilistic Programs
Let us implement a programming language supporting higher-order functions, sampling from
distributions, and conditioning with quasi-Borel spaces and the s-finite measure monad. We
discuss four examples in this section.

6.2.1 The Language

We use Isabelle/HOL terms as programs. The language design is inspired by HPProg intro-
duced by Sato et al. [41]. The language is a higher-order functional programming language
based on simply-typed lambda calculus along with the monadic operators for distributions
and an operator for conditioning (inference tasks). We first briefly review the type system
and semantics of HPProg. Types are defined inductively as follows.

T ::= nat | bool | real | preal | list[T ] | T × T | T ⇒ T |M [T ].

The type preal denotes the type of R≥0 and M [T ] denotes the type of distributions (measures)
on T . In the semantics, types are interpreted as quasi-Borel spaces.

JnatK = N, JboolK = B, JrealK = R, JprealK = R≥0, Jlist[T ]K = list-qbs JT K,
JT1 × T2K = JT1K

⊗
Q JT2K, JT1 ⇒ T2K = JT1K ⇒Q JT2K, JM [T ]K = monadM-qbs JT K.

A typing judgment Γ ` t : T is interpreted as “JtK is a morphism from JΓK to JT K”. A typing
judgment ` t : T is interpreted as “JtK ∈ JT K”.

According to this semantics, an Isabelle/HOL term is interpreted as a probabilistic pro-
gram. We say that an Isabelle/HOL term t is a program of type T if t ∈ qbs-space T. Many
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standard constants in Isabelle/HOL are programs.

(+) ∈ R ⇒Q R ⇒Q R , (−) ∈ R ⇒Q R ⇒Q R , (∗) ∈ R ⇒Q R ⇒Q R

[] ∈ list-qbs X , Cons ∈ X ⇒Q list-qbs X ⇒Q list-qbs X

rec-list ∈ Y ⇒Q (X ⇒Q list-qbs X ⇒Q Y ⇒Q Y ) ⇒Q list-qbs X ⇒Q Y

Operators for distributions are also programs.

returnQ X ∈ X ⇒Q monadM-qbs X

(>>=) ∈ monadM-qbs X ⇒Q (X ⇒Q monadM-qbs Y ) ⇒Q monadM-qbs Y

(
⊗

Qmes) ∈ monadM-qbs X ⇒Q monadM-qbs Y ⇒Q monadM-qbs (X
⊗

Q Y )

Uniform ∈ R ⇒Q R ⇒Q monadM-qbs R , Gauss ∈ R ⇒Q R ⇒Q monadM-qbs R

The program (
⊗

Qmes) is defined for p ∈ monadM-qbs X and q ∈ monadM-qbs Y by

p
⊗

Qmes q = p >>= (λx. q >>= (λy. returnQ (X
⊗

Q Y ) (x,y)))

which denotes their product distribution2. The program Uniform a b denotes the continu-
ous uniform distribution between a and b. The program Gauss µ σ denotes the Gaussian
distribution with the average µ and the standard deviation σ.

Our implementation uses Isabelle/HOL terms directly. This approach is similar to CryptHOL
by Basin et al. [8, 33], where they have embedded functional probabilistic programs for dis-
crete distributions in order to verify cryptographic algorithms. The benefit is that it is much
more readable and easier to work with terms when writing programs and reasoning about
programs. Our qbs prover presented in Section 5.4 almost automates type checking. As we
will demonstrate in later sections, program verification can be done directly in Isabelle/HOL.

The query Command

The language HPProg supports conditioning with the query command. The query command
works as a subroutine that describes a conditional distribution. The query has the following
type:

query ∈ monadM-qbs X ⇒Q (X ⇒Q R≥0) ⇒Q monadM-qbs X .

For a prior distribution s and a likelihood f, query s f returns the posterior distribution.
The query command is defined through two operators: density-qbs (scale in HPProg) and
normalize-qbs.

definition query ≡ (λs f . normalize-qbs (density-qbs s f ))
2Because the s-finite measure monad is commutative, we have

p
⊗

Qmes q = q >>= (λy. p >>= (λx. returnQ (X
⊗

Q Y ) (x,y))).

61



As we observed at the end of Section 5.5, density-qbs and normalize-qbs have the following
types and property.

densityQ ∈ monadM-qbs X ⇒Q (X ⇒Q R≥0) ⇒Q monadM-qbs X

normalizeQ ∈ monadM-qbs X ⇒Q monadM-qbs X

(

∫
Q x. g x ∂(densityQ s f )) = (

∫
Q x. f x ∗ g x ∂s)

The operator density-qbs returns the unnormalized conditional distribution. It takes a qbs-
measure s and a non-negative function f and rescales s with the density function f. The
operator normalize-qbs normalizes a qbs-measure s on X. If qbs-l s X = 0 or ∞, then nor-
malize-qbs s returns the null-measure on X.

As a simple example, the Gauss distribution is expressed with its density function and
lborelQ ∈ monadM-qbs R.

Gauss µ σ = query lborelQ (normal-density µ σ)

Remark 6.3. Our language does not support inputs of probabilistic models as in Stan (Fig. 6.1).
We need to specify a prior and a likelihood function explicitly.

The condition Command

We introduce the condition command, which produces a conditional distribution with a predi-
cate. The condition command has the following type and is defined using the query command
and the indicator function as follows.

definition condition s P ≡ query s (λx. if P x then 1 else 0)
lemma condition ∈ monadM-qbs X ⇒Q (X ⇒Q B) ⇒Q monadM-qbs X

6.2.2 Example: Two Dice

Let us start with a simple example by Sampson [40, Section 2.3]. This example uses two
language features: sampling and conditioning. We consider the following problem.

• We roll two dice.

• We observe at least one die is 4.

• What is the sum of the two dice?

We describe the distribution of the sum of the two dice as follows.

definition two-dice :: nat qbs-measure where
two-dice ≡ do {

let die1 = die;
let die2 = die;
let twodice = die1

⊗
Qmes die2;

(x,y) ← condition twodice (λ(x,y). x = 4 ∨ y = 4);
returnQ N (x + y)
}
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Here, die ∈ monadM-qbs N denotes the distribution of rolling a fair die. The program picks
a sample from the conditional distribution, then returns the sum of the dice. The program
two-dice has the following type.

lemma two-dice ∈ monadM-qbs N
by(simp add: two-dice-def )

We show the probabilities where the program takes each possible value.

lemma
P(x in two-dice. x = 5) = 2 / 11 P(x in two-dice. x = 6) = 2 / 11
P(x in two-dice. x = 7 ) = 2 / 11 P(x in two-dice. x = 8) = 1 / 11
P(x in two-dice. x = 9) = 2 / 11 P(x in two-dice. x = 10) = 2 / 11

6.2.3 Example: What time is it?

We formalize the example from Staton [48, Section 2.2]. This example uses two language
features: higher-order functions and conditioning. Let us consider the following situation.

• We want to know what time it is.

• We know the rate of bikes per hour, which depends on time.

• We observed a 1 minute gap between two bikes.

• What time is it?

This situation is described as the following model.

T ∼ Uniform(0, 24),

X ∼ Exponential(f(T )).

The variable T denotes the time and X corresponds to the observed gap (X = 1 minute in
this case). The value f(T ) is the rate of bikes per hour at time T . Thus, the gap between
two bikes at time T follows the exponential distribution with the parameter f(T ).

We write this situation as the program whattime.

definition whattime :: (real ⇒ real) ⇒ real qbs-measure where
whattime ≡ (λf . do {

let T = Uniform 0 24 in
query T (λt. let r = f t in

exponential-density r (1 / 60))
})

The program whattime receives a function f which determines the rate of bikes per hour.
Then, the program returns the posterior after observing a 1 minute (1/60 hour) gap between
two bikes. The likelihood is calculated using the density function exponential-density of the
exponential distribution. The term whattime is a program with the following type.

lemma whattime ∈ (R ⇒Q R) ⇒Q monadM-qbs R
by(simp add: whattime-def )
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As explained by Staton, the posterior is calculated as follows.

lemma
assumes f ∈ R ⇒Q R and U ∈ sets R and

∧
t. f t ≥ 0

defines N ≡ (
∫
t∈{0<..<24}. (f t ∗ exp (− 1/ 60 ∗ f t)) ∂lborel)

defines N ′ ≡ (
∫

+t∈{0<..<24}. (f t ∗ exp (− 1/ 60 ∗ f t)) ∂lborel)
assumes N ′ 6= 0 and N ′ 6= ∞

shows P(t in whattime f . t ∈ U ) = (
∫
t∈{0<..<24}∩U . (f t ∗ exp (− 1/ 60 ∗ f t)) ∂lborel) / N

Note that N has the type reals, and N ′ has the type extended non-negative reals.

6.2.4 Example: Monte Carlo Approximation

The third example is the Monte Carlo approximation presented in the work by Sato et al. [41].
The Monte Carlo approximation tries to infer the expected value µ = Ex∼d[h(x)] from n
samples. For a sample sequence [x0, . . . , xn−1], the approximation value is µ̂n =

∑
i<n

1
nh(xi).

The algorithm montecarlo receives a distribution d, a morphism h, and a natural number n,
then returns the approximation value.

primrec montecarlo :: ′a qbs-measure ⇒ ( ′a ⇒ real) ⇒ nat ⇒ real qbs-measure where
montecarlo - - 0 = returnQ R 0 |
montecarlo d h (Suc n) = do {

m ← montecarlo d h n;
x ← d;
returnQ R ((h x + m ∗ real n) / (real (Suc n)))
}

We can prove that montecarlo is a program of the following type just by unfolding the defi-
nition3 thanks to our qbs prover (Section 5.4).

lemma montecarlo ∈ monadM-qbs X ⇒Q (X ⇒Q R) ⇒Q N ⇒Q monadM-qbs R
by(simp add: montecarlo-def )

According to the weak law of large numbers, µ̂n converges in probability to the true expected
value µ if Ex∼d[(h(x)− µ)2] <∞. More concretely, limn→∞ Pr[|µ̂n − µ| ≥ ε] = 0 holds for all
ε > 0. The statement is proved in two steps. First, we show that both the expected value
and the variance of montecarlo d h n are finite.

lemma
assumes d ∈ monadP-qbs X and h ∈ X ⇒Q R

and qbs-integrable d h and qbs-integrable d (λx. h x ∗ h x)
shows qbs-integrable (montecarlo d h n) (λx. x)

and qbs-integrable (montecarlo d h n) (λx. x ∗ x)

The integrability assumptions ensure that the expectation and the variance of h with respect
to d exist as finite values.

Next, we show the main statement.
3Internally, the primrec command defines a primitive recursive function using recursors such as rec-nat

and rec-list.
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lemma
assumes d ∈ monadP-qbs X and h ∈ X ⇒Q R

and qbs-integrable d h and qbs-integrable d (λx. h x ∗ h x)
and e > 0 and n > 0
and (

∫
Q x. h x ∂d) = µ and (

∫
Q x. (h x − µ)2 ∂d) = σ2

shows P(y in montecarlo d h n. |y − µ| ≥ e) ≤ σ2 / (real n ∗ e2)

Notice that the statement gives an upper bound of the probability for each n > 0. The
probability converges to 0 as n→∞.

6.2.5 Example: Gaussian Mean Learning

As the final example, let us formalize the example from Sato et al. [41, Section 8.2]. We
implement the Gaussian Mean Learning algorithm and prove two properties: convergence and
stability under change of priors. In a common situation in statistical modeling or machine
learning, we try to infer unknown parameters from a sample list. For instance, let us consider
the following situation.

• We want to know the mean of a Gaussian distribution with a known standard deviation.

• We have a sample sequence from the Gaussian distribution.

• What is the posterior of the mean?

This situation is described as the following model.

Xi ∼ Gauss(µ, σ), i = 1, . . . , n

The following algorithm does Bayesian learning of the mean of a Gaussian distribution with
a known standard deviation σ from a sample list.

primrec GaussLearn ′ :: [real, real qbs-measure, real list] ⇒ real qbs-measure where
GaussLearn ′ - p [] = p
| GaussLearn ′ σ p (y#ls) = query (GaussLearn ′ σ p ls) (normal-density y σ)

The term normal-density y σ is the density function of the Gaussian distribution Gauss y σ
with mean y.

The program GaussLearn ′ receives a standard deviation σ, a prior p and a sample list
L. In each iteration, the program picks a sample from L, then updates the prior. Our qbs
prover can show that GaussLearn ′ is a program because GaussLearn ′ is a primitive recursive
function.

lemma GaussLearn ′ ∈ R ⇒Q monadM-qbs R ⇒Q list-qbs R ⇒Q monadM-qbs R
by (simp add: GaussLearn ′-def )

From now on, we fix σ > 0 and abbreviate GaussLearn ′ σ as GaussLearn.
The first property, convergence, is described as follows.

lemma
assumes ξ > 0 and n = length L
shows GaussLearn (Gauss δ ξ) L =

Gauss ((Total L ∗ ξ2 + δ ∗ σ2) / (n ∗ ξ2 + σ2)) (sqrt ((ξ2 ∗ σ2) / (n ∗ ξ2 + σ2)))
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Here, the program Total sums up all elements of a list. The above statement says that if the
prior of the mean is Gauss δ ξ, then the posterior is also a Gaussian distribution. Furthermore,
its mean and standard deviation are close to the average of the samples and 0, respectively,
when n is sufficiently large.

Next, let us see the second property, stability under change of priors. We show that
if we run GaussLearn from two different priors and give a large sample list whose average
is bounded, then the resulting posteriors will be close. We measure the difference between
distributions by the Kullback-Leibler (KL) divergence. The KL divergence is provided as
KL-divergence in the standard Isabelle/HOL library. If p and q are probability distributions
on IR which have positive density functions f and g, respectively, then we have the following
well-known form of KL divergence.

KL-divergence (exp 1) p q = (
∫
x. g x ∗ ln (g x / f x) ∂lborel)

The second property is stated as follows.

lemma GaussLearn-KL-divergence:
fixes a b c d ε K :: real
assumes ε > 0 and b > 0 and d > 0
shows ∃N . ∀L. length L > N −→ |Total L / length L| < K −→

KL-divergence (exp 1) (GaussLearn (Gauss a b) L) (GaussLearn (Gauss c d) L) < ε

Intuitively, the above property says that if we run GaussLearn with two different Gauss
distributions, then we can make the distance of posteriors as close as we want with a large
sample list whose average is bounded.

6.3 Differential Privacy
Differential privacy is a mathematical definition to express the privacy of databases. In
general, differential privacy is discussed with measurable spaces. Sato and Katsumata showed
that quasi-Borel spaces are also used to define differential privacy [42]. In this section, we
formalize differential privacy using quasi-Borel spaces.

6.3.1 Definition of Differential Privacy

The notion of privacy is defined as follows. Let M be a randomized algorithm which receives
a dataset (e.g., a list or a finite vector). The algorithm M is private if for any adjacent
datasets D and D′, then M(D) and M(D′) behave similarly. Since M(D) and M(D′) are
interpreted as probability measures in the semantics, we evaluate the similarity of them using
these measures.

Definition 6.4 (Differential Privacy [16]). Let X and Y be measurable spaces, R a symmetric
relation on X, and M : X → G(Y ) measurable function. Then, M is (ε, δ)-differentially
private (DP) with respect to R if for all (D,D′) ∈ R and A ∈ ΣY ,

M(D)(A) ≤ eεM(D′)(A) + δ.

The differential privacy is also defined through the divergence4 ∆ε.
4A divergences is a kind of metrics. However, it might not be a metric in the mathematical sense. For

instance, the KL divergence does not satisfy the symmetry and triangular-inequality.
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Definition 6.5 (Divergence ∆ε [7]). Let X be a measurable space, ε ≥ 0, and µ, ν ∈ G(X).
Then, the divergence ∆ε is defined as follows.

∆ε
X(µ, ν)

def
= sup{µ(A)− eεν(A) | A ∈ ΣX}.

Lemma 6.6.
∆ε

X(µ, ν) ≤ δ ⇐⇒ ∀A ∈ ΣX , µ(A)− eεν(A) ≤ δ.

Corollary 6.7.

M is (ε, δ)-DP w.r.t. R ⇐⇒ ∀(D,D′) ∈ R, ∆ε
Y (M(D),M(D′)) ≤ δ.

The differential privacy and the divergence ∆ε have several basic properties. They enable
us to prove the privacy of large algorithms from its small components. We only show the
properties of the divergence ∆ε.
Lemma 6.8. Let µ, ν ∈ G(X) and f, g : X → G(Y ) measurable functions. Then, the
following hold.

• (Non-negativity) 0 ≤ ∆ε
X(µ, ν).

• (Reflexivity) ∆0
X(µ, µ) = 0.

• (Anti-monotonicity) If ε ≤ ε′, then ∆ε
X(µ, ν) ≥ ∆ε′

X(µ, ν).

• (Composability) If∆ε
X(µ, ν) ≤ δ and∆ε′

Y (f(x), g(x)) ≤ δ′ for all x ∈ X, then∆ε+ε′

Y (µ�=G

f, ν�=G g) ≤ δ + δ′.

6.3.2 Differential Privacy using Quasi-Borel Spaces

The differential privacy is also discussed with quasi-Borel spaces and the probability monad
P by using the measurable function lX : L(P(X))→ G(L(X)).
Definition 6.9. (Differential Privacy in QBS) Let X and Y be quasi-Borel spaces, R a sym-
metric relation on X, and M : X → P(Y ) a morphism. Then, M is (ε, δ)QBS-differentially
private (DP) with respect to R if lY ◦M is (ε, δ)-DP with respect to R.
Definition 6.10. Let X be a quasi-Borel space, ε ≥ 0, and p, q ∈ P(X). Then, the
divergence Q∆ is defined by Q∆

ε
X(p, q)

def
= ∆ε

L(X)(lX(p), lX(q)).

Remark 6.11. If M : X → P(Y ) is a morphism, then lY ◦ M is measurable since M ∈
QBS(X,P(Y )) ⊆Meas(L(X).L(P(Y ))) and lY is also measurable. Thus, Definition 6.9 is
well-defined.
Remark 6.12. When we use only standard Borel spaces, quasi-Borel spaces can treat usual
differential privacy because l−1

Y ◦ M : R(X) → P(R(Y )) is a morphism for a non-empty
standard Borel space Y and a measurable function M : X → G(Y ).

The properties of differential privacy and the divergence ∆ε still hold in a quasi-Borel
setting thanks to l being a monad opfunctor (equation (5.4)). Most of them are easily obtained
from ones in measure theory. For instance, the composability of Q∆ is derived using the
following equation.

Q∆
ε+ε′

Y (p�= f, q�= g) = ∆ε+ε′

L(Y )(lY (p�= f), lY (q�= g))

= ∆ε+ε′

L(Y )(lX(p)�=G lY ◦ f, lX(q)�=G lY ◦ g)
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6.3.3 Implementation in Isabelle/HOL

We formalize the differential privacy using quasi-Borel spaces. We built our formalization on
the work by Sato and Minamide [43]. They define the constants denoting ∆ε and differential
privacy as follows.

DP-divergence :: ′a measure ⇒ ′a measure ⇒ real ⇒ ereal
DP-divergence µ ν ε = ∆ε(µ, ν)
differential-privacy :: ( ′a ⇒ ′b measure) ⇒ ′a rel ⇒ real ⇒ real ⇒ bool
differential-privacy M R ε δ ⇐⇒ M is (ε, δ)-DP w.r.t. R

We define the divergence Q∆ and differential privacy through those constants.

definition DP-qbs-divergence :: ′a qbs-measure ⇒ ′a qbs-measure ⇒ real ⇒ ereal
(DP ′-divergenceQ) where
DP-divergenceQ p q ε ≡ DP-divergence (qbs-l p) (qbs-l q) ε

definition DP-qbs :: ( ′a ⇒ ′b qbs-measure) ⇒ ′a rel ⇒ real ⇒ real ⇒ bool
(differential ′-privacyQ) where
differential-privacyQ M ≡ differential-privacy (λx. qbs-l (M x))

6.3.4 Example: Naive Random Noisy Max

As an example, we prove the differential privacy of the naive random noisy max algorithm.
This algorithm is a simplified version of the Report Noisy Max algorithm, where argmax is
replaced by max, presented by Dwork and Roth[17]. The algorithm works for ε > 0 as follows.

• Input a dataset [x0, . . . , xn] as a list of real numbers.

• Add noise by Laplace distribution to each elements. More precisely, take an independent
sample sequence x′i ← Laplace(1/ε, xi).

• Return the maximum value of [x′0, . . . , x′n].

In Isabelle/HOL, this algorithm is written as a primitive recursive function.

primrec qbs-NaiveRNM :: real ⇒ real list ⇒ real qbs-measure where
qbs-NaiveRNM ε [] = returnQ R 0 |
qbs-NaiveRNM ε (x # xs) =
(case xs of
Nil ⇒ Lap-mechanismQ (1 / ε) x |
y#ys ⇒ do {

x1 ← Lap-mechanismQ (1 / ε) x;
x2 ← qbs-NaiveRNM ε xs;
returnQ R (max x1 x2)

})

When the dataset is empty, the function returns the default value. The function qbs-DP-NaiveRNM
has the following type. This is automatically proved by the qbs prover.

lemma qbs-NaiveRNM ∈ RQ ⇒Q list-qbs R ⇒Q monadP-qbs RQ

The program qbs-DP-NaiveRNM satisfies the following differential privacy.
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definition adj-naive-RNM :: real ⇒ (real list × real list) set where
adj-naive-RNM r ≡ {(xs,ys). length xs = length ys ∧ (

∑
i<length xs. |nth xs i − nth ys i|) ≤ r}

theorem qbs-DP-NaiveRNM :
assumes ε > 0
shows differential-privacyQ (qbs-NaiveRNM ε) (adj-naive-RNM r) (r ∗ ε) 0

The proof is almost the same as the measurable one.
The benefit of using quasi-Borel spaces in the differential privacy is that we can treat

higher-order programs. Although this example is a first-order algorithm, one sometimes
wants to use higher-order functions, e.g., abstracting weight functions. Quasi-Borel spaces
are convenient in such situations. Another benefit is that it is easy to check morphismness of
functions. Proving measurability of recursive functions on lists is sometimes tedious. Primi-
tive recursive functions on lists are defined using the term rec-list :: ′a ⇒ ( ′b ⇒ ′b list ⇒ ′a ⇒
′a) ⇒ ′b list ⇒ ′a, which is a higher-order term whose arguments include a function. Hence,
showing measurability of programs containing rec-list is not so straightforward because mea-
surable spaces do not have function spaces in general. In the theory of quasi-Borel spaces,
the morphismness of programs including rec-list is shown in the same way as other programs.
Our qbs prover also automates solving morphismness.
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Chapter 7

Conclusion

We have formalized standard Borel spaces, the Lévy-Prokhorov metric, and quasi-Borel spaces
in Isabelle/HOL. Formalization of standard Borel spaces and the Lévy-Prokhorov metric in-
cludes important results which are often used in applied probability theory, e.g., Kuratowski’s
theorem, Prokhorov’s theorem, and the Riesz representation theorem. We also formally con-
structed the notion of quasi-Borel spaces and the s-finite measure monad. Then, we applied
them to verify several probabilistic program examples and differential privacy. When working
with our quasi-Borel space library, our qbs prover reduces the cost of proofs showing that
terms are members of quasi-Borel spaces.

Efforts

Our formalization consists of around 36,400 lines of code (LOC), including comments and
blank lines1. The line number is measured by the wc -l command.

AFP entry LOC
Differential Privacy using Quasi-Borel Spaces 430
Coproduct Measure 1,761
The Lévy-Prokhorov Metric 6,598
The Riesz Representation Theorem 4,410
Disintegration Theorem 2,853
S-Finite Measure Monad on Quasi-Borel Spaces 11,896
Standard Borel Spaces 8,451
Total 36,399

Future works

Algorithms terminating in probability 1 Probabilistic programs sometimes treat almost-
sure terminating algorithms, i.e., algorithms halt in probability 1. An approach to give
semantics to almost-sure terminating algorithms is using the least fixed-point as in the stan-
dard semantics of While programs. Basin et al. implemented discrete probabilistic programs
[8] which can treat almost-sure termination in Isabelle/HOL by showing that the set of sub-
probability mass functions forms a complete partial order (cpo). The semantics of almost-sure

1The entry “Quasi-Borel Spaces” is omitted from the list because “S-Finite Measure Monad on Quasi-Borel
Spaces” contains most of reconstructed contents of it.
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terminating programs with quasi-Borel spaces is studied by Vákár et al. [52] and Geoffroy [19],
where they use ω-quasi-Borel spaces which are quasi-Borel spaces with ωcpo structures. In
order to use these semantics in Isabelle/HOL, we need to implement ω-quasi-Borel spaces and
prove their properties, such as the existence of the least fixed-point.

Advanced theories There are still many topics which have not been formalized. For
instance, transportation theory and large deviation theory could be interesting future works
because important theorems in their theory depend on theorems we have formalized in this
thesis, e.g., Prokhorov’s theorem. There are also other applications of quasi-Borel spaces. For
instance, Sabok et al. applied quasi-Borel spaces to the semantics of the ν-calculus [39], a
calculus for name generation. They showed that the semantics based on quasi-Borel spaces
is fully abstract at first-order, i.e., two first order programs are observationally equivalent if
and only if their interpretations are the same.

Application to implementation of probabilistic programs In this thesis, we only
mention denotational semantics of probabilistic programs. Besides denotational semantics,
verification of operational semantics and implementation of probabilistic programs are impor-
tant future works. The execution of probabilistic programming languages normally consists
of two parts. In the first part, the compiler transforms the density function of the posterior
distribution. Then, in the second part, an MCMC algorithm generates samples from the
posterior distribution. Some previous works formalized the first step. Tassarotti and Tristan
verified a compiler for a subset of the Stan probabilistic programming language using Coq [49].
In Isabelle/HOL, Eberl et al. formalized a density compiler [18], which is developed by Bhat
et al. [9]. We expect that quasi-Borel spaces would benefit verifying the implementation of
higher-order probabilistic programming languages.
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Appendix A

Appendix

A.1 Coproduct Measures
The category of measurable spaces Meas has coproducts. We explain its construction and
measures on coproduct spaces.

Definition A.1. Let I be a set and {Mi}i∈I measurable spaces. The coproduct measurable
space

∐
i∈I Mi = {(i, x) | i ∈ I ∧ x ∈Mi} consists of the following σ-algebra.

Σ∐
i∈I Mi

= {A | ∀i ∈ I. Ai ∈ ΣMi}, where Ai = {x | (i, x) ∈ A}.

It is easy to check that
(∐

i∈I Mi,Σ∐
i∈I Mi

)
forms a measurable space.

Lemma A.2. Let I be a set, {Mi}i∈I measurable spaces, and N a measurable space. A
function f :

∐
i∈I Mi → N is measurable if and only if (λx. f(i, x)) : Mi → N is measurable

for all i ∈ I.

The countable coproduct space of standard Borel spaces is also a standard Borel space.

Lemma A.3. Let I be a countable set and {Mi}i∈I a family of standard Borel spaces. Then,∐
i∈I Mi is a standard Borel space.

Proof. Without loss of generality, we assume that I = N. From Kuratowski’s theorem (The-
orem 3.12) and Lemma 3.9, we have a family of Borel measurable sets {An}n∈N such that
An ⊆ [n, n + 1) and Mn

∼= An for all n ∈ N. Then,
∐

i∈I Mi
∼=
⋃

n∈NAn and
⋃

n∈NAn is a
standard Borel space. Thus,

∐
i∈I Mi is a standard Borel space by Lemma 3.8.

There is the natural measures on coproduct spaces.

Lemma A.4. Let I be a set, {Mi}i∈I measurable spaces, and µi a measure on Mi for all
i ∈ I. Then, there is the unique measure

∐
i∈I µi on

∐
i∈I Mi such that(∐

i∈I
µi

)
(A) =

∑
i∈I

µi(Ai) for A ∈ Σ∐
i∈I Mi

(A.1)
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Notice that the sum in the equation (A.1) is defined on an arbitrary set1. The coproduct
measure satisfies axioms of measure because the exchange of order of sum holds for sequences
of extended non-negative values. The uniqueness is obvious from its definition.

Similar to the measure, the integral is also decomposed into the sum of integrals.

Lemma A.5. Let I be a set, {Mi}i∈I measurable spaces, µi a measure on Mi for all i ∈ I.

• If f :
∐

i∈I Mi → R≥0 is a non-negative measurable function, then∫
fd

(∐
i∈I

µi

)
=
∑
i∈I

∫
f(i, x)µi(dx).

• If f :
∐

i∈I Mi → R is measurable and integrable with respect to
∐

i∈I µi, then the above
equation holds.

Coproduct Measures in Isabelle/HOL

We define the coproduct measure in Isabelle/HOL. Same as the product measure, binary
coproduct measures and general coproduct measures are defined separately.

definition copair-measure :: [ ′a measure, ′b measure] ⇒ ( ′a + ′b) measure (infixr
⊕

M 65) where
M
⊕

M N = measure-of (space M <+> space N )
({Inl ‘ A |A. A ∈ sets M} ∪ {Inr ‘ A|A. A ∈ sets N})
(λA. emeasure M (Inl −‘ A) + emeasure N (Inr −‘ A))

definition coPiM :: [ ′i set, ′i ⇒ ′a measure] ⇒ ( ′i × ′a) measure where
coPiM I Mi ≡ measure-of

(SIGMA i:I . space (Mi i))
{A. A⊆(SIGMA i:I . space (Mi i)) ∧ (∀ i∈I . Pair i −‘ A ∈ sets (Mi i))}
(λA. (

∑
∞i∈I . emeasure (Mi i) (Pair i −‘ A)))

The term measure-of M A µ denotes the measure µ on (M,σ[A]).
Since we formalize both of the coproduct quasi-Borel spaces and the coproduct measurable

spaces, we are ready to prove the statement 3 in Lemma 5.12.

lemma r-preserve-copair : R (M
⊕

M N ) = R M
⊕

Q R N

lemma r-preserve-coproduct:
assumes countable I
shows R (coPiM I M ) = (qQ i∈I . R (M i))

In the proof of Lemma A.4, we use the following lemmas to show the change of orders of
the infinite sum.

lemma infsum-Sigma:
fixes A :: ′a set and B :: ′a ⇒ ′b set

and f :: ′a × ′b ⇒ ′c::{comm-monoid-add, t2-space, uniform-space}
assumes uniformly-continuous-on UNIV (λ(x:: ′c,y). x+y)
assumes f summable-on (Sigma A B)
assumes

∧
x. x∈A =⇒ (λy. f (x, y)) summable-on (B x)

shows infsum f (Sigma A B) = infsum (λx. infsum (λy. f (x, y)) (B x)) A
1The sum of {xi}i∈I is defined as the limit of (λA.

∑
i∈A xi) with respect to a filter on 2I . The details are

found in the book by Conway (Definition 4.11 [14]) or Isabelle/HOL’s library HOL/Analysis/Infinite_Sum.thy.
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corollary compact-uniformly-continuous:
fixes f :: ′a :: metric-space ⇒ ′b :: metric-space
assumes continuous-on S f and compact S
shows uniformly-continuous-on S f

Hence, we need to interpret ennreal as a metric space if we try to show the change of orders
by using the above lemmas. However, there is no natural metric on R≥0, although R≥0 is a
Polish space (thus, a metrizable space). In order to avoid the instantiation of metric-space by
ennreal with an unnatural metric, we define a copy of ennreal. Then, we prove the change of
order for the copied type.

typedef ennreal ′ = UNIV :: ennreal set

instantiation ennreal ′ :: metric-space
begin
...
end

lemma infsum-swap-ennreal ′:
fixes f :: - ⇒ - ⇒ ennreal ′
shows infsum (λx. infsum (λy. f x y) B) A = infsum (λy. infsum (λx. f x y) A) B

Finally, we obtain the change of order for ennreal by transferring the above theorem with the
following lemma.

lemma infsum f A = Rep-ennreal ′ (infsum ((λx. Abs-ennreal ′ (f x))) A)

Note that the infsum on the left-hand side is on ennreal while the infsum on the right-hand
side is on ennreal ′.
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