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Abstract

Topological materials, characterized by their intrinsic topological invariants, exhibit in-
triguing response properties. While theoretical studies employing model computations
have successfully elucidated the response behavior of individual topological materials, a
comprehensive and universal understanding of these properties remains elusive. To ad-
dress this gap, we aim to explore and establish universal response properties of topological
materials through the framework of the effective field theory. The effective field theory
provides a powerful approach to simplifying complex many-body problems by focusing
only on the relevant degrees of freedom at a suitable energy scale. Its principal advan-
tage lies in its ability to capture universal characteristics that transcend the details of the
materials. In this thesis, we examine the universal response properties of the quantum
Hall systems and the Weyl semimetals as two prominent classes of topological materials.
The quantum Hall system is a relatively simple example of a topological material. Despite
its seemingly straightforward setup, it exhibits a variety of Hall responses, including the
Hall viscosity. Although numerous studies have explored individual quantum Hall states,
a comprehensive and unified framework remains elusive. On the other hand, the Weyl
semimetals offer an excellent platform for realizing relativistic physics in the context of
condensed matter systems since the low-energy physics of the Weyl semimetals is governed
by massless electrons. In particular, the axial anomaly emerges and gives rise to intriguing
response behaviors. Investigating these responses is valuable not only for enhancing our
understanding of the Weyl semimetals but also for deepening insights into other massless
electronic systems, such as the neutron stars, the quark-gluon plasmas, and so on.

In the first part of the thesis, we explore the quantum Hall systems with Galilean
invariance. To investigate all responses, including energy and momentum currents, we
introduce external fields conjugate to these currents by placing the system on a non-
relativistic curved spacetime, described by the Newton-Cartan geometry. This spacetime
features three metrics corresponding to external fields conjugate to energy current, mo-
mentum density, and stress tensor. Electrons on a Newton-Cartan spacetime exhibit
Milne symmetry in addition to the symmetries under U(1) gauge and general coordinate
transformations. We construct the effective action based on these symmetries, imposing
Milne invariance by dressing the external fields. Using a power counting scheme where
the electromagnetic fields are of order of unity, we investigate nonlinear responses. The
resulting action, up to next-to-next-to-leading order in the derivative expansion, includes
four terms, such as the dressed Chern-Simons and Wen-Zee terms. From this, we compute
the local currents induced by electromagnetic fields and identify the coefficients of these
terms as the Hall conductivity, Hall viscosity, energy density, and energy magnetization.
The dressing of external fields leads to universal relations between responses, with two
key results: one shows the Hall conductivity determining the longitudinal conductivity
at nonzero frequency, while the other shows the Hall viscosity contributing to nonlinear
electrothermal conductivity at nonzero wave number.
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In the second part of the thesis, we examine the Weyl semimetals using the low-energy
effective field theory of massless Dirac fermions coupled to an axial gauge field, which
describes the separation of the Weyl nodes. We compute the charge current density in
linear order in both vector and axial gauge fields. Regularization via the Pauli-Villars
method, introducing a ghost field with infinite mass, allows for the proper definition of
superficially divergent integrals. The resulting current density contains terms dependent
on temperature and chemical potential as well as terms independent of these variables.
The latter is just the Chern-Simons current, whose correct form is obtained owing to the
regularization. In the static limit, the chiral magnetic current vanishes, which is consistent
with the vanishing of the chiral magnetic effect in equilibrium. In the uniform limit, a
dynamical chiral magnetic current emerges, with a coefficient 2/3 smaller in magnitude
and opposite in sign compared to the chiral magnetic current. We further investigate
the current density driven by a uniform but time-dependent magnetic field. Our analysis
shows that the total transported charge is independent of both temperature and chemical
potential. Additionally, we find that a pulsed magnetic field gives rise to a temporal
Friedel oscillation, whose amplitude is determined by the temperature and the chemical
potential.

Lastly, we compute the electromagnetic linear responses of the Weyl semimetals using
chiral kinetic theory under the relaxation time approximation that ensures local charge
conservation. The resulting current density, including the Chern-Simons current, agrees
with the result of the low-energy field theory in the long wavelength and low frequency
limit. We couple the current density with Maxwell’s equation to investigate the dispersion
relation of collective excitations. At the linear order in wave vector, the dispersion relation
is determined by the anomalous Hall, chiral magnetic, and Ohmic conductivities. Impor-
tantly, one dispersion relation exhibits a positive imaginary part, suggesting exponential
growing modes akin to the chiral plasma instability, with propagation oriented along or
opposite to the direction of the Weyl node separation.
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Chapter 1

Introduction

In condensed matter physics, understanding the response properties of systems is cru-
cial for unraveling the fundamental characteristics of materials. Among these, topological
materials [1] have garnered significant attention due to their intriguing response proper-
ties. These materials are characterized by the topology of their electronic band structures,
which fundamentally distinguishes them from conventional materials. The topological
materials have the robustness against perturbations, which arises from their protection
by topological invariants. Theoretical investigations using model computations have suc-
cessfully elucidated the response behaviors of individual topological materials. However,
a comprehensive and universal understanding of their response properties remains elusive
in prior studies. In order to address this gap, this thesis aims to explore and establish the
universal response properties of the topological materials.

To achieve this, we adopt an effective field theory approach [2], which aligns naturally
with our objectives. An effective field theory provides a simplified framework by focusing
on the relevant degrees of freedom within an appropriate energy scale, while abstract-
ing away unnecessary microscopic details. This approach excels at capturing the univer-
sal properties of a system, making it a particularly valuable tool for studying complex
many-body systems. A well-known example of an effective theory is hydrodynamics [3].
Hydrodynamics describes the dynamics of fluids at long wavelengths and low frequencies
compared with a mean free path and a relaxation time of microscopic particles. Despite
the diversity of fluids ranging from water to oil and other substances, they are all governed
by a single universal framework: the Navier-Stokes equation. This equation encapsulates
the essence of fluid dynamics, with the specific details of each system encoded in its pa-
rameters. Such universality is a hallmark of effective theories, demonstrating their ability
to unify seemingly disparate phenomena under a common framework.

In this thesis, we specifically apply the effective field theory framework to two promi-
nent examples of topological materials: quantum Hall systems [4] and Weyl semimetals [5].
These systems not only exhibit fascinating physical phenomena but also serve as worth-
while platforms for exploring the universal response properties. The quantum Hall systems
display a wide range of intriguing Hall responses despite their seemingly simple setups.
While extensive studies have been conducted on specific quantum Hall states, there re-
mains a need for a comprehensive and unified formalism that encapsulates their diverse
response behaviors within a single theoretical framework. On the other hand, the Weyl
semimetals represent a distinct class of topological materials where relativistic physics
emerges at low energy scales, such as the axial anomaly, as discussed later. Investigat-
ing their unique response properties will not only deepen our understanding of the Weyl
semimetals but also shed light on their connections to other systems governed by relativis-
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CHAPTER 1. INTRODUCTION

tic principles. The following two sections of this chapter will delve into the details of these
systems.

1.1 Quantum Hall effect

1.1.1 History

In 1980, the Hall conductivity of MOSFETs (metal-oxide-semiconductor field-effect tran-
sistors) was experimentally studied by von Klitzing et al. [6]. In the MOSFETs, the
electrons can effectively be considered to exist in two spatial dimensions. By measuring
the Hall conductivity at low temperatures under a strong magnetic field, they discovered
that the Hall conductivity is quantized,

σH =
e2ν

2πℏ
, (1.1)

where ν is an integer. This phenomenon is known as the integer quantum Hall effect.
The integer ν, referred to as the filling factor, corresponds to the number of filled Landau
levels. Following this discovery, Tsui et al. observed the Hall conductivity of highly pure
GaAs-AlAs heterojunctions [7], which can also be considered as two-dimensional systems.
In this experiment, they observed that ν takes specific rational values, for example, 1

3 ,
2
5 ,

and so on. This phenomenon is called the fractional quantum Hall effect.
The integer quantum Hall effect was first theoretically suggested by Ando et al. [8].

After the experimental observation of the integer quantum Hall effect, Laughlin provided
the explanation of the quantization in a cylindrical system [9]. It was also shown that
the filling number ν is related to a topological invariant, the first Chern number [10, 11].
Thus, the integer quantum Hall effect can be viewed as a simple example of topological
phases.

In contrast, the theoretical explanation of the fractional quantum Hall effect is more
challenging because the Coulomb interaction plays a crucial role. Laughlin successfully
described the quantum Hall state with a filling number ν = 1/m (m ∈ Z) by a trial wave-
function [12]. In addition to Laughlin’s theory, various theories have been developed, such
as the Chern-Simons theory (see, e.g., Refs. [13,14]), the composite fermion approach [15],
and so on. The fractional quantum Hall effect remains an active area of research.

1.1.2 Hall viscosity

In addition to the Hall conductivity, quantum Hall systems exhibit other Hall responses,
such as the thermal Hall effect [16]. Here, we focus on the Hall responses in a viscosity
tensor, known as the Hall viscosity [17,18]. First, we review the concept of the viscosity [3].
We introduce the stress tensor T ij and the displacement vector ξi = x′i − xi. Using the
displacement vector, we also define the strain tensor uij = ∂iξj + ∂jξi. The stress tensor
T ij can be expanded with respect to uij as

T ij ≃ Pδij − λijklukl − ηijklu̇kl, (1.2)

where P is the pressure, λijkl denotes the elastic moduli, and ηijkl represents the viscosity
tensor. If the time-reversal symmetry is preserved, the viscosity tensor is symmetric
ηijkl = ηklij . On the other hand, if the time-reversal symmetry is broken, for instance, by
a magnetic field, the viscosity tensor acquires an antisymmetric part ηijklA = −ηklijA [17,18].

2



CHAPTER 1. INTRODUCTION

In two spatial dimensions, the antisymmetric part takes the form:

ηijklA = −ηH
2
(ϵikδjl + ϵjkδil + (k ↔ l)). (1.3)

The coefficient ηH is called the Hall viscosity or the odd viscosity.
The Hall viscosity has an intriguing property in quantum Hall systems. Specifically,

it is quantized as [19, 20]

ηH =
eκB

8π
, (1.4)

where κ takes specific values and is given by the product of the filling number ν and the
Wen-Zee shift S [21]. The Wen-Zee shift is defined as follows. First, we virtually place
the system on a closed surface with genus g. Then, the relation between the total number
of the electrons N and the total number of the magnetic fluxes Nϕ is given by

N = ν(Nϕ + S(1− g)). (1.5)

For example, for the integer quantum Hall state with ν = N , the shift is also given by
S = N , and for the Laughlin state with ν = 1/m, the shift is given by S = m [22].

Since the Hall viscosity encodes topological information through the Wen-Zee shift,
it has attracted much interest [22]. In particular, it has been shown that the Hall vis-
cosity contributes to the Hall conductivity at nonzero wave number (originally derived in
Refs. [25, 26], and subsequently derived by using various methods [27–30]). If we can ob-
serve the Hall viscosity, we can distinguish the different state with the same filling number.
For example, for the Pfaffian and anti-Pfaffian states, which are candidates for the 5/2
states, the Hall viscosity take the opposite sign [20]. Beyond the quantum Hall systems,
the Hall viscosity has been studied in other contexts, such as graphene systems [23] and
active matter systems [24].

1.2 Weyl semimetals

1.2.1 Overview

The semimetals are medium states between insulators and metals, in which the conduction
and valence bands slightly touch in the Brillouin zone. The semimetals whose band-
touching is point-like are classified as Dirac or Weyl semimetals [5]. The crossing points are
referred to as Dirac/Weyl nodes. The distinction between the Dirac and Weyl semimetals
lies in their symmetry. The Dirac semimetals have both the time-reversal and inversion
symmetries, leading to doubly degenerated crossing bands. In contrast, either the time-
reversal or inversion symmetry is absent in Weyl semimetals. As a result, the degeneracy is
lifted, and at least two Weyl nodes appear in the Brillouin zone [5]. The Weyl semimetal
phases are robust against small perturbations. The Weyl nodes are protected by the
topology of the band structure, with each node carrying a topological charge (the Chern
number) ±1 [5].

In the vicinity of the Weyl nodes, the dispersion relation is linear. Therefore, the
low-energy physics of the Weyl semimetals is described by the Weyl fermions, whose
Hamiltonian reads

H = ±p · σ (1.6)

with the sign ±1 denoting the chirality of the Weyl particles. The chirality corresponds to
the topological charge of the Weyl nodes. According to the Nielsen-Ninomiya theorem [31,

3



CHAPTER 1. INTRODUCTION

32], the total chirality is zero in periodic systems. Therefore, the Weyl nodes always appear
as pairs with the opposite chirality.

The Weyl semimetals were initially proposed as a gapless phase between trivial and
topological insulator phases [33]. The name “Weyl semimetal” was introduced in Ref. [34].
Various systems are theoretically proposed as theWeyl semimetals, such as a HgCr2Se4 [35],
a heterostructure of topological and normal insulators [36], and a Hg1−x−yCdxMnyTe
film [37]. In 2015, the inversion-breaking Weyl semimetal has been experimentally ob-
served in TaAs [38], where the distinctive band structure and surface state of the Weyl
semimetals have been observed.

1.2.2 Axial anomaly and chiral magnetic effect

The Weyl semimetals are excellent platforms for studying relativistic phenomena, such
as the axial anomaly [39]. The anomaly is a phenomenon where symmetries existing at
a classical level are broken by quantum effect. In (3+1)-dimensional massless electron
systems, the vector and axial U(1) symmetries exist classically, but the latter is broken.
This anomaly is called the axial anomaly. It results in a violation of the axial charge
conservation law when the electric and magnetic fields are applied in parallel,

∂µJ
µ
5 =

e3

2π2ℏ2
E ·B. (1.7)

The axial anomaly can be computed by the diagrammatic calculation [40, 41] or the Fu-
jikawa method [42, 43]. Intuitively, it can also be understood through the relativistic
Landau level [44], as we will review. The axial anomaly induces the transport phenom-
ena, referred to as anomalous transport phenomena (see Refs. [45, 46] for reviews). For
instance, the charge current is induced along the magnetic field in the presence of an
imbalance between the number of right-handed and left-handed fermions,

J =
e2µ5
2π2ℏ2

B, (1.8)

where µ5 is a difference of chemical potential between right-handed and left-handed fermions
and is called an axial chemical potential. This effect is called the chiral magnetic ef-
fect [47,48]. The coefficient 1/2π2 is completely determined by the anomaly coefficient [49].
The chiral magnetic effect was originally discussed in the context of the quark-gluon plas-
mas created by the heavy-ion collisions. It is now actively studied even in the condensed
matter physics [50].

The key to realizing the chiral magnetic effect is the axial chemical potential. Son
and Spivak proposed that the axial chemical potential is induced as µ5 ∝ (B ·E) in Weyl
semimetals if we apply the electric and magnetic field in parallel [51]. Under this condition,
the chiral magnetic conductivity exhibits a quadratic dependence on the magnetic field,
leading to a negative magnetoresistance. Experiments on Weyl semimetals [52, 53] have
indeed observed a large negative magnetoresistance, which is interpreted as a signature
of the chiral magnetic effect. It is also theoretically proposed that the chiral magnetic
effect can be induced in Weyl semimetals through alternative mechanisms, such as by
distorting a crystal with strain [54, 55] or heating Weyl nodes unequally under a strong
electric field [56].

1.3 Outline of this thesis

In this thesis, we analyze the quantum Hall systems and Weyl semimetals by the effective
theories. For the quantum Hall systems, we construct a low-energy effective field theory
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CHAPTER 1. INTRODUCTION

under the assumption of the Galilean invariance and investigate various responses, includ-
ing energy and nonlinear responses [Chapter 3]. For the Weyl semimetals, we begin with
the already known effective theories and analyze their electromagnetic linear responses
[Chapters 4 and 5].

We start with a review of effective theories of the quantum Hall systems and the Weyl
semimetals in Chapter 2. We first review the effective actions, which describe the Hall
effect and the Hall viscosity. We also review the derivation of the low-energy effective
action of the Weyl semimetals. Additionally, we review the chiral kinetic theory, which
incorporates the axial anomaly and serves as an alternative framework describing the Weyl
semimetals.

In Chapter 3, we focus on the quantum Hall systems with the Galilean invariance.
We construct the most general effective action which allows us to compute all responses,
including energy responses and all orders in an electric field. From the obtained effective
action, we compute electromagnetic nonlinear responses and reveal universal relations
between different types of responses.

In Chapters 4 and 5, we turn our attention to the Weyl semimetals and investigate
their electromagnetic linear responses. In Chapter 4, starting from the low-energy effective
action of the Weyl semimetals reviewed in Chapter 2, we compute the charge current
diagrammatically. We also employ the chiral kinetic theory with the relaxation time
approximation in Chapter 5. Furthermore, we investigate the collective excitations by
coupling the derived charge current with the Maxwell equations.

In Chapter 6, we summarize the findings of this thesis and provide an outlook on future
research directions.

We set ℏ = kB = q(= −|e|) = 1. The Minkowski metric is chosen with the mostly
negative convention. In Chapter 3, where we deals with (2+1)-dimensional systems, Greek
indices such as µ, ν, . . . are valued at t, x, y, whereas Latin a, b, . . . and i, j, . . . are valued at
x, y. In Chapters 4 and 5, which address (3+1)-dimensional systems, Greek indices such as
µ, ν, . . . are valued at t, x, y, z, whereas Latin i, j, . . . are valued at x, y, z. We implicitly
sum a pair of repeated indices regardless of their positions. The totally antisymmetric
symbols are denoted as ϵλρµν , ϵλµν , and ϵab with ϵtxyz = ϵtxy = ϵxy = 1. The round (square)
brackets enclosing two indices indicate their (anti-)symmetrization, such as C(µν) ≡ Cµν+
Cνµ and C[µν] ≡ Cµν − Cνµ.

5



Chapter 2

Review of low-energy effective
theories

In this chapter, we review four topics regarding effective theories. We first introduce
the Chern-Simons and Wen-Zee terms, both of which play crucial roles in quantum Hall
systems, in Sec. 2.1. Next, we review the derivation of the low-energy effective field theory
of Weyl semimetals from a lattice model in Sec 2.2. In Sec. 2.3, we discuss the anomaly
inherent in the effective action of Weyl semimetals. As an alternative way to describe the
Weyl semimetals, we also review the kinetic theory for Weyl fermions (the chiral kinetic
theory) in Sec. 2.4.

2.1 Chern-Simons and Wen-Zee terms

2.1.1 Low-energy effective action

To begin, we define the effective action. In a quantum field theory, physical quantities are
computed from the partition function defined by

Z[A] =
∫
DΨeiS[Ψ;A], (2.1)

where Ψ and A denote dynamical degrees of freedom and background fields, respectively.
The effective action is then defined by

Seff[A] = −i lnZ[A]. (2.2)

We now introduce a current J , which is conjugate to the external field A, via

δS =

∫
d3xJδA. (2.3)

It follows that J is obtained from

J =
δSeff[A]

δA
. (2.4)

For instance, if we introduce a U(1) gauge field Aµ, which couples to the current density
Jµ, then we have

Jµ =
δSeff[Aµ]

δAµ
. (2.5)

6



CHAPTER 2. REVIEW OF LOW-ENERGY EFFECTIVE THEORIES

Alternatively, if we couple a spatial metric hij , which couples to the stress tensor T ij , we
have

T ij = − 2√
h

δSeff[hij ]

δhij
, (2.6)

where h = dethij .
Therefore, to compute physical quantities in principle, one needs to obtain the effective

action by integrating out the dynamical degrees of freedom. However, performing the path
integral explicitly is generally impractical. Instead, an effective action is often constructed
using symmetry principles [57]. This approach rests on the idea that the effective action
should respect the same symmetries as the original action, allowing one to write down
all possible terms consistent with those symmetries. Because there are infinitely many
such terms, an additional organization scheme, such as a derivative expansion, is usually
introduced to systematically constrain the form of the effective action.

2.1.2 Chern-Simons term

We derive the effective action that describes quantum Hall systems. To this end, we
consider a free electronic system in two spatial dimensions, couples to an external U(1)
gauge field. The microscopic action for this setup is given by

S[Ψ,Ψ†;Aµ] =

∫
dtd2x

[
i

2
Ψ†←→D tΨ−

δij

2m
DiΨ

†DjΨ

]
, (2.7)

where we define the covariant derivative Dµ as DµΨ = (∂µ − iAµ)Ψ, DiΨ
† = (∂µ +

iAµ)Ψ
†, and Ψ†←→D µΨ = Ψ†DµΨ − (DµΨ

†)Ψ. This action is invariant under the U(1)
gauge transformation,

Ψ→ eiχΨ, Aµ → Aµ + ∂µχ. (2.8)

This action is also invariant under the spatial rotation,

x′ = Rx, R =

(
cos θ − sin θ
sin θ cos θ

)
. (2.9)

The effective action Seff = Seff[Aµ] is given by the functional of Aµ. Then, we write down
terms consistent with the U(1) gauge and rotational invariances by using Aµ. We can
write a term as

SCS[Aµ] =
ν

4π

∫
dtd2xϵµνλAµ∂νAλ. (2.10)

This term is called the Chern-Simons term [4]. At first glance, the presence of the gauge
field in the Chern-Simons term seems to break U(1) gauge invariance. However, this term
is actually gauge-invariant up to a total surface term, thereby preserving the underlying
gauge symmetry overall:

SCS[Aµ]→ SCS[Aµ] +

∫
dtd2xϵµνλ∂µχ∂νAλ

= SCS[Aµ] +

∫
dtd2x∂µ(ϵ

µνλχ∂νAλ). (2.11)

From this effective action, we can derive the following expression for the charge current:

J i =
ν

2π
ϵijEj . (2.12)

Hence, the Chern-Simons term encapsulates the quantum Hall effect described by Eq. (1.1).

7
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2.1.3 Wen-Zee term

There is another Chern-Simons-like term responsible for the Hall viscosity. Since the Hall
viscosity appears as a coefficient in the stress tensor, we can extract it by computing the
stress tensor. To do this, we introduce a spatial metric hij . A microscopic action of free
electrons with a metric hij is

S0[Ψ,Ψ
†;Aµ, hij ] =

∫
dtd2x

√
h

[
i

2
Ψ†←→D tΨ−

hij

2m
DiΨ

†DjΨ

]
. (2.13)

If we take the flat space limit hij → δij , this action reduces to Eq. (2.7).
Before constructing the effective action, we introduce a vielbein for our convenience.

The vielbein eai is defined as

hij = eaie
a
j , (2.14)

where indices a = x, y refer to a local orthogonal coordinate. This definition of the vielbein
is not unique, because the metric remains invariant if we rotate the vielbein in the a space:

exi ± ie
y
i → e±iθ(exi ± ie

y
i). (2.15)

Such rotation is is known as an SO(2) local rotation. If we define the spin connection ωµ
as [25]

ωt =
1

2
ϵabeaj∂te

b
j , (2.16)

ωi =
1

2
ϵabeaj∇iebj , (2.17)

they acts as an Abelian gauge field under the SO(2) local rotation ωµ → ωµ + ∂µθ.
Using the spin connection and U(1) gauge field, we can construct the following term:

SWZ =
κ

4π

∫
dtd2xϵµνλωµ∂νAλ, (2.18)

which is invariant under the SO(2) transformation up to a surface term. This term is
known as the Wen-Zee term [21]. Following Ref. [25], we observe that the coefficient κ is
related to the Wen-Zee shift [21]. By performing integration by parts, one finds that the
Wen-Zee term contains

κ

4π
ϵµνλωµ∂νAλ =

κ

8π

√
hAtR+ · · · , (2.19)

where R is the scalar curvature, defined by

R =
2√
h
ϵij∂iωj . (2.20)

Combined with the contribution from the Chern-Simons term, the total charge Q is given
by

Q =

∫
d2x
√
hJ t =

∫
d2x

δSeff[Aµ, hij ]

δAt
=

∫
d2x
√
h

(
ν

2π
B +

κ

8π
R

)
, (2.21)

where B = ϵij∂iAj/
√
h is the magnetic field. On a closed surface where electrons reside,

the spatial integral of the scalar curvature is proportional to the Euler characteristic:∫
d2x
√
hR = 4πχ. (2.22)

8
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Hence, the total charge can be written as

Q = νNϕ + κ
χ

2
= νNϕ + κ(1− g), (2.23)

where Nϕ is the total number of magnetic fluxes and g is the genus. Compared with the
definition of the Wen-Zee shift [21], we conclude κ = νS. Moreover, the Wen-Zee term
gives rise to the Hall viscosity [25]. From the Wen-Zee term, one can compute the stress
tensor as

T ij = −κB
8π

(ϵikδjl + ϵjkδil)∂thkl +O
(
h2
)
. (2.24)

In a curved spacetime, the strain rate tensor u̇ij is defined by [58]

u̇ij =
1

2
[∇iu̇j +∇j u̇i + ∂thij ]. (2.25)

Thus, the coefficient of ∂thkl in Eq. (2.24) is identified as the viscosity tensor, leading to
the Hall viscosity ηH = κB/8π. Hence, the Wen-Zee term describes the Hall viscosity.
The Wen-Zee term also plays an important role as well as the Chern-Simons term in our
study.

2.2 Effective field theory of Weyl semimetals

2.2.1 Lattice model of Weyl semimetals

In this section, we review how to derive the low-energy effective action for Weyl semimetals,
starting from a microscopic lattice model that hosts precisely two Weyl nodes. Such
a Weyl semimetal phase has been proposed to occur in transition-metal-doped Bi2Se3
family [59]. Consequently, we begin our analysis with an effective lattice Hamiltonian
originally introduced to describe three-dimensional topological insulators in the Bi2Se3
family [60, 61],

H0 =
1

2

∑
x,j

ψ†(x+ aj)(itα
j − rβ)ψ(x) + 1

2

∑
x

ψ†(x)(m+ 3r)βψ(x) + (h.c.), (2.26)

where t, r, and m are the hopping parameters, and aj with j = x, y, z is the lattice basis
vector. Here, αi and β are the 4× 4 matrices defined as

β =

(
σz 0
0 −σz

)
, αx =

(
σx 0
0 σx

)
, αy =

(
σy 0
0 σy

)
, αz =

(
0 σz

σz 0

)
, (2.27)

where σi are the Pauli matrices. These matrices satisfy the following relations,

β2 = I2, {αi, αj} = 2δij , {β, αi} = 0. (2.28)

This model is also known as the Wilson fermion in the lattice QCD [62]. The Hamilto-
nian H0 respects both time-reversal and inversion symmetries. Performing the Fourier
transformation ψ(x) =

∑
k ψ(k)e

ik·x, we obtain

H0 =
∑
k,j

ψ†(k)(t sin(kja)α
j − r cos(kja)β)ψ(k) +

∑
k

ψ†(k)(m+ 3r)βψ(k), (2.29)

9
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(a) m/r = 0 (b) m/r = 1

Figure 2.1: The energy dispersion relation in kz direction, where the vertical axis is E/r
and the horizontal axis is kza ∈ [−π, π]. For simplicity, we set t/r = 1. In the left panel,
m/r = 0, and the gap closes, indicating a Dirac semimetal phase. In contrast, the right
panel, with m/r = 1, is gapped, corresponding to an insulator phase.

where a is a lattice constant. The Hamiltonian has two pairs of doubly degenerate en-
ergy eigenvalues, a degeneracy arising from the inversion and time-reversal symmetries of
the Hamiltonian. Figure 2.1 illustrates the energy dispersion along the kz direction at
(kx, ky) = (0, 0). When m/r = −2 or 0, a single Dirac cone appears in the Brillouin zone.
Otherwise, the system becomes gapped, indicating an insulating phase.

To realize the Weyl semimetal phase, one must break at least one of the time-reversal or
inversion symmetries [5]. We therefore add terms that explicitly break these symmetries.
A term that breaks the time-reversal symmetry can be written as [63–65]

Hbj =
∑
x,j

ψ†(x)bjα
jα5ψ(x) (2.30)

with

α5 =

(
0 I2
I2 0

)
. (2.31)

This term encapsulates the effect of doped magnetic impurities [36, 59]. Additionally, we
break inversion symmetry by adding [54,63]

Hb0 =
∑
x

ψ†(x)b0α
5ψ(x). (2.32)

We plot the band structure of H = H0+Hbj +Hb0 when (kx, ky) = (0, 0) and b = (0, 0, bz)
in Fig. 2.2. Consequently, a pair of Weyl nodes emerges, giving rise to a Weyl semimetal
phase.

2.2.2 Low-energy effective action of Weyl semimetals

We now derive the low-energy effective action from the Hamiltonian H by following [54,
64,65]. In matrix form, the Hamiltonian is given by

H(k) =
(
vp⊥ · σ + (bz +m(k))σz vpzσ

z + b0I2
vpzσ

z + b0I2 vp⊥ · σ + (bz −m(k))σz

)
, (2.33)

10
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Figure 2.2: The energy dispersion relation of the Hamiltonian H with (kx, ky) = (0, 0) and
b = (0, 0, bz). As in the previous figure, the vertical axis is E/r, and the horizontal axis is
kza ∈ [−π, π]. We choose m/r = 0, t/r = 1, b0/r = 1, and bz/r = 1.5.

where we define pi = sin(kia)/a, p⊥ = (px, py), v = ta, andm(k) = m+3r−r
∑

j cos(kja).

This Hamiltonian acts on the four-component spinor ψ(k) = (ψ1(k), ψ2(k))
T .

We denote the position of the Weyl nodes as (0, 0, λ±) and assume they lie close to the
origin of the Brillouin zone,

|λ±| ≪
π

a
. (2.34)

Expanding the Hamiltonian around k = (0, 0, 0), we obtain

H(k) ≃
(
vk⊥ · σ + (bz +m)σz vkzσ

z + b0I2
vkzσ

z + b0I2 vk⊥ · σ + (bz −m)σz

)
(2.35)

with k⊥ = (kx, ky). We further assume that the energy scale that we focus on is sufficiently
smaller than bz +m,

E ≪ bz +m. (2.36)

In this limit, we have

ψ1(k) ≃ −
vkzI2 + b0σz
bz +m

ψ2(k). (2.37)

Consequently, the low-energy effective Hamiltonian becomes

Heff =
∑
k

ψ†
2(k)

[
vk⊥ · σ +

1

bz +m
(b2z − b20 −m2 − v2k2z)σz −

2vkzb0
bz +m

I2
]
ψ2(k). (2.38)

The positions of the Weyl nodes denoted by (0, 0, λ±) are found by solving

b2z − b20 −m2 − v2k2z = 0, (2.39)

whose solutions are

λ± = ±λ, (2.40)

λ = ±
√
b2z − b20 −m2

v
. (2.41)

11
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The energies at the Weyl nodes are

E±(0, 0,±λ) = ∓2b0
√
b2z − b20 −m2

bz +m
. (2.42)

Expanding around the two Weyl nodes kz = ±λ+ δkz, we obtain

H±(k⊥, δkz) ≃ vk⊥ · σ ± ṽ(δkz ± λ)σz ±
2vλb0
bz +m

I2 (2.43)

with

ṽ =
2v
√
b2z − b20 −m2

bz +m
. (2.44)

Introducing the axial gauge field Aµ5 = ( 2vλb0bz+m
, 0, 0,−λ) and the velocity matrix V =

diag(v, v,±ṽ), we can write

H±(k) = Vij(k
i −Ai5)σj ±A0

5. (2.45)

This Hamiltonian describes the Weyl fermions with the anisotropic velocities [55,66] in the
presence of an axial gauge field. In the isotropic limit (V = diag(v, v, v) or −diag(v, v, v)),
the Hamiltonian simplifies to

Hχ(k) = χv(k −A5) · σ + χA0
5, (2.46)

where χ = ±1 is the chirality of the Weyl fermions. By combining both chiralities,
HWeyl = H+⊕H−, we see that the effective Hamiltonian for Weyl semimetals is equivalent
to that of massless Dirac fermions coupled to an axial gauge field. Hence, the effective
action for the Weyl semimetal can be written as

SWeyl =

∫
d4xψ̄(i/∂ − /A5γ

5)ψ, (2.47)

where /a = γµaµ, and γ
µ are the gamma matrices. If we additionally include a U(1) gauge

field, the effective action becomes

SWeyl =

∫
d4xψ̄(i/∂ − /A− /A5γ

5)ψ, (2.48)

which is analogous to a Lorentz-violating QED action [67–69]. One can also derive this
effective action from a lattice model composed of alternating layers of topological and
normal insulators [67,70]. We note if we distort the Weyl semimetal described by H with
the strain, we make the axial gauge fields space-dependent [54,64].

2.3 Axial anomaly

2.3.1 Axial anomaly from Landau levels

The action in Eq. (2.48) exhibits the axial anomaly. Before providing a formal derivation,
we offer an intuitive explanation based on Landau levels [44].

The axial anomaly arises when both electric and magnetic fields are present. For
simplicity, we choose A5

µ = (0, 0, 0, bz) with constant bz , and adopt the Landau gauge
Ay = Bzx. In this setup, relativistic Landau levels form

E0 = χpz, (2.49)

En = ±
√
p2z + 2Bzn (n = 1, 2, ...), (2.50)

12
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Figure 2.3: The relativistic Landau levels for χ = +1. The vertical and horizontal axises
are En/

√
B and pz/

√
B, respectively. The gray area is the Dirac sea, where the particles

are occupied. The red lines express the occupied states.

where χ is the chirality of the electrons and pz = kz − χbz. The spectrum is shown in
Fig. 2.3. Since we choose the Landau gauge, each Landau level degenerates along the y
direction, and the degeneracy per area is Bz/2π. In addition to the magnetic field, we
apply the electric field in the z direction. In the zeroth Landau level E0, the state above
the Dirac sea is initially empty, allowing electrons from the Dirac sea to be promoted by
the electric field. This corresponds to particle creation by the electric field. By contrast,
electrons in the negative-index Landau levels (En with n ≤ −1) cannot undergo such
particle creation because all those states are already filled.

Let us calculate the rate of creation of these particles. The density of the states is
given by dn = dkz/(2π). Meanwhile, the electric field changes the momentum at a rate
k̇z = Ez. Including the degeneracy of each Landau levels, we obtain

ṅ+ =
EzBz
4π2

, (2.51)

which can be generalized as

ṅ+ =
E ·B
4π2

. (2.52)

This derivation applies to electrons with chirality χ = +1. For χ = −1, the electrons are
annihilated instead of being created. Hence, the axial charge conservation law takes the
form

ṅ5 = ṅ+ − ṅ− =
E ·B
2π2

, (2.53)

which is precisely the axial anomaly Eq. (1.7).

2.3.2 Axial anomaly from Feynman diagrams

The axial anomaly can also be derived through a diagrammatic computation (originally
established in Refs. [40, 41]). We begin by decomposing the action SWeyl into its right-

13
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ρ, k

ν, q

µ, p

l + q

l

l − p

+
ρ, k

µ, p

ν, q

l + q

l

l − p

Figure 2.4: The Feynman diagrams corresponding to Tµνρ(p, q, k). The solid and wavy
lines express the fermion and the external gauge field, respectively.

handed and left-handed parts:

SWeyl =
∑
χ=±

Sχ, (2.54)

Sχ =

∫
d4xψ̄χ(i/∂ − /Aχ)ψχ, (2.55)

where we define

ψχ = Pχψ, (2.56)

Aχµ = Aµ + χA5
µ, (2.57)

Pχ =
1 + χγ5

2
. (2.58)

We consider the three-point function defined as

Tµνρχ (p, q, k) = −i δ3 lnZχ
δAχµ(p)δA

χ
ν (q)δA

χ
ρ (k)

, (2.59)

which is expressed by the Feynman diagrams as Fig. 2.4. Here Zχ =
∫
DψDψ̄ exp[iSχ]

is the partition function. In terms of the current density Jµχ = −i(δ lnZχ/δAχµ), the
three-point function can be written as

Tµνρχ =
〈
TJµχ (p)J

ν
χ(q)J

ρ
χ(k)

〉
, (2.60)

where T is the time-ordering operator. Thus, one might naively expect the following Ward
identities to hold:

pµT
µνρ
χ = qνT

µνρ
χ = kρT

µνρ
χ

?
= 0. (2.61)

We will see, however, that a subtlety arises in regularizing the loop integral, which leads
to the axial anomaly.

To check whether the Ward identities are satisfied, let us compute the three-point
function explicitly. By the Feynman rules, we obtain

iTµνρχ (p, q, k) = −
∫

d4l

(2π)4
tr

[
1

/l − /p
γµ

1

/l
γν

1

/l + /q
γρ

1 + χγ5

2

]
+ (µ, p↔ ν, q). (2.62)
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After evaluating the trace, one obtains

ikρT
µνρ
χ (p, q, k) = 2ϵµνρσ

∫
d4l

(2π)4

[
lρ(l − p)σ
l2(l − p)2

− lρ(l + q)σ
l2(l + q)2

]
+ (µ, p↔ ν, q). (2.63)

Taking into account the Lorentz invariance, the first (second) term in the square brack-
ets should be proportional to pρpσ (qρqσ), and thus vanish upon contraction with the
antisymmetric tensor. As a result, we have

kρT
µνρ
χ (p, q, k) = 0. (2.64)

Next, we examine the other Ward identities. One finds similarly

pµT
µνρ
χ (p, q, k) = 2ϵµνρσ

∫
d4l

(2π)4

[
lρqσ

l2(l + q)2
− (l − p)ρ(p+ q)σ

(l − p)2(l + q)2

]
+ (µ, p↔ ν, q). (2.65)

The first term again vanishes by the same argument. For the second term, a shift of the
integration variable l → l + p, suggests that the integrand would also vanish if we can
freely shift the loop momentum. But because the integral is linearly divergent, we must
be more careful about how we regulate it.

As discussed in Refs. [39,45,71], the final result of the integration depends on how one
chooses the internal loop momentum l. Concretely, if we replace l by l → l + c(p − q) +
d(p+q) with c, d being arbitrary real numbers, the Ward identities take the form [39,45,71]

ipµT
µνρ
χ (p, q, k) = χ

1

8π2
(1− c)ϵνρστqσkτ , (2.66)

iqνT
µνρ
χ (p, q, k) = χ

1

8π2
(1− c)ϵµρστpσkτ , (2.67)

ikρT
µνρ
χ (p, q, k) = χ

1

8π2
2cϵµνστpσqτ . (2.68)

The ambiguity of the Ward identity corresponds to how we choose the regularization
scheme. Because no single value of c can make all of Eqs. (2.66)-(2.68) vanish simultane-
ously, at least one of the Ward identities must be broken. This breakdown of the classical
Ward identities is the axial anomaly.

2.3.3 Consistent anomaly

One natural choice of c is c = 1/3, where we treat three identities equally. In this choice,
the conservation law in terms of the current density and the gauge field becomes

∂µJ µχ =
χ

96π2
ϵµνρσFχµνF

χ
ρσ (2.69)

with Fχµν = ∂µA
χ
ν − ∂νAχµ. This anomaly is referred to as the consistent anomaly [45]. We

rewrite these conservation laws in terms of the vector and axial currents as

∂µJ µ =
1

24π2
ϵµνρσFµνF

5
ρσ, (2.70)

∂µJ µ5 =
1

48π2
ϵµνρσ(FµνFρσ + F 5

µνF
5
ρσ), (2.71)

where

J µ = J µ+ + J µ− , J
µ
5 = J µ+ − J

µ
− . (2.72)
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The lack of vector charge conservation is problematic. By following Ref. [72], we can
remedy this by adding a local counterterm to the effective action:

Seff[A,A5]→ Seff[A,A5] +
1

12π2

∫
d4xϵµνρσAµA

5
νFρσ. (2.73)

With this addition, the conservation laws become

∂µJ
µ = 0, (2.74)

∂µJ
µ
5 =

1

16π2
ϵµνρσ

(
FµνFρσ +

1

3
F 5
µνF

5
ρσ

)
. (2.75)

The modified currents Jµ and Jµ5 are called the consistent currents.
The term“consistent”reflects that this anomaly satisfies the Wess-Zumino consistency

condition [45,73]. Following Ref. [45], we introduce the gauge transformation operator,

δλ =

∫
d4x∂µλ

δ

δAµ
. (2.76)

The effective action is not gauge invariant because of the anomaly,

δλSeff[A] = Aλ. (2.77)

The gauge transformation operators with different parameters obey the gauge algebra,

[δλ, δσ] = 0. (2.78)

Then the anomaly A should fulfill

δλAσ − δσAλ = [δλ, δσ]Seff = 0, (2.79)

which is the Wess-Zumino consistency condition. Here, by replacing the parameter λ with
a Grassmann number c, we introduce the BRST operator,

s =

∫
d4x∂µc

δ

δAµ
, (2.80)

which satisfies s2 = 0. Then, the anomaly can be expressed as

sSeff[A] = A. (2.81)

This is analogous to the differential form, where the field strength F is the exterior deriva-
tive F = dA. The Wess-Zumino consistency condition requires that the anomaly A is a
“closed one-form,”

sA = 0. (2.82)

The consistent anomaly is not gauge-invariant since the gauge transformation of the con-
sistent current is

sJµχ =
δ

δAµ
A = −χ 1

24π2
ϵµνρσ∂νcF

χ
ρσ. (2.83)

This reflects the fact that under a gauge transformation, the consistent current itself shifts
in a way that encodes the anomaly.
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2.3.4 Covariant anomaly

Let us go back to the Ward identities Eqs. (2.66)-(2.68). We have another choice to push
anomaly on the one vertex, i.e. c = 1. In this case, the conservation law is given by

∂µj
µ
χ =

χ

32π2
ϵµνρσFχµνF

χ
ρσ. (2.84)

which is called the covariant anomaly [45]. The covariant current is gauge-invariant,
sjµ± = 0. The conservation laws for the covariant current are given by

∂µj
µ =

1

8π2
ϵµνρσFµνF

5
ρσ, (2.85)

∂µj
µ
5 =

1

16π2
ϵµνρσ(FµνFρσ + F 5

µνF
5
ρσ). (2.86)

The covariant currents are related to the consistent current by

Jµ = jµ − 1

4π2
ϵµνρσA5

νFρσ, (2.87)

Jµ5 = jµ5 −
1

12π2
ϵµνρσA5

νF
5
ρσ. (2.88)

The difference between the consistent and covariant currents δjµ = Jµ − jµ given by

δjµ = − 1

4π2
ϵµνρσA5

νFρσ (2.89)

is called the Bardeen-Zumino polynomial [74] or the Chern-Simons current [45, 75]. In
Weyl semimetals, the Chern-Simons current plays a pivotal role in describing transport
properties. From the perspective of Landau levels, one can regard the Chern-Simons
current as the flow that emerges at the bottom of the Dirac sea, i.e., below a momentum
cutoff Λ [45].

2.4 Chiral kinetic theory

The kinetic theory is a macroscopic, low-energy effective framework that describes non-
equilibrium dynamics in a semiclassical manner. Because it is inherently semiclassical,
quantum effects such as the axial anomaly are absent. In what follows, we review how
to incorporate these anomalous effects and thereby construct a kinetic theory suitable for
Weyl semimetals.

2.4.1 Kinetic equation with Berry curvature

In this section, we review the derivation of the chiral kinetic theory based on Refs. [76–78],
(see also Ref. [79] for an alternative derivation). We begin with the Hamiltonian of the
right-handed Weyl fermion in the presence of an external electromagnetic field,

H = σ · (p−A) + Φ. (2.90)

Here, σ · p can be diagonalized by a suitable unitary matrix Vp as

V †
pσ · pVp = |p|σz. (2.91)
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We denote the eigenvector corresponding to the positive energy by up,

(σ · p)up = |p|up. (2.92)

We consider the transition amplitude between the two states i and f . The transition
matrix element can be written as a path integral,

⟨f |eiH(tf−ti)|i⟩ =
∫
DxDpP exp

[
i

∫ tf

ti

(p · dx− σ · (p−A)dt− Φdt)

]
, (2.93)

where P is the path-ordering operator. We insert the identity matrix I = VpV
†
p into each

step of the path integral, and then σ · p is diagonalized,

⟨f |eiH(tf−ti)|i⟩ = lim
∆t→0

∫ ∏
t

dx(t)dp(t)eip·∆xe−i|p|σz∆t−iΦ∆tV †
p e

iσ·A∆tVp−∆p (2.94)

with ∆p = p− p′ = p(t)− p(t−∆t). We now assume there is no transition between the
particle and antiparticle states and neglect the off-diagonal component. We focus on the
amplitude between the positive energy states. Then, we should evaluate

[V †
p e

iσ·A∆tVp−∆p]++ = u†pe
iσ·A∆tup−∆p. (2.95)

Here, we have the Gordon-like identity [80],

u†pσup′ =
1

|p|+ |p′|
[−iu†p(∆p× p′)up′ + (p+ p′)u†pup′ ]. (2.96)

By using this identity, we find

u†pe
iσ·A∆tup′ = u†p exp

[
1

|p|+ |p′|
[(∆p× p′) ·A+ i(p+ p′) ·A]∆t

]
up′

= u†pup′ exp

[
(∆p× p̂′)

2|p|
·A∆t+ ip̂ ·A∆t

]
+O

(
∆p2

)
, (2.97)

where p̂ = p/|p|. The second term in the square brackets in Eq. (2.97) combined with
e−i|p|∆t in Eq. (2.94) becomes e−i|p−A|∆t since |p−A| ≃ p− p̂ ·A up to O

(
A2
)
. We can

rewrite the first term in the square brackets in Eq. (2.97) as

exp

[
i
p̂ ·B
2|p|

∆t

]
. (2.98)

Lastly, we define the Berry connection A as u†pup′ = e−iA·∆p [81], which can be regarded
as a “vector potential” in momentum space. The field strength of the Berry connection is
called the Berry curvature, whose concrete form is given by

Ω = ∇p ×A =
p̂

2|p|2
. (2.99)

This formula shows the presence of the monopole at p = 0 in momentum space,

∇p ·Ω = 2πδ(p). (2.100)

If we introduce the gauge-invariant momentum P = p−A, we find

u†pup′ = (1 +Ω ·B)e−iA·∆P . (2.101)
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This factor
√
G = (1+Ω ·B) acts like the determinant of the metric. Indeed, the invariant

measure of the phase space with Berry curvature is given by
√
Gd3xd3P /(2π)3 [82].

The total effective action for a particle can be written as

S =

∫
dt[(p+A) · ẋ− (ϵp +Φ)−A · ṗ], (2.102)

where the dispersion relation is

ϵp = |p|(1−B ·Ω). (2.103)

The dispersion relation is modified by the magnetic moment coupling (the Zeeman ef-
fect). This modification is crucial for maintaining Lorentz invariance in the chiral kinetic
theory [77,78].

From this action, one can derive the equations of motion,

ẋ = vp + ṗ×Ω, (2.104)

ṗ = Ẽ + ẋ×B, (2.105)

where vp = ∂ϵp/∂p is the quasiparticle velocity, and Ẽ = E−∇ϵp. If the Berry curvature
is absent, they reduce to the usual equations of motion. By substituting Eq. (2.105) into
(2.104), we obtain

√
Gẋ = vp + Ẽ ×Ω+B(vp ·Ω), (2.106)
√
Gṗ = Ẽ + vp ×B +Ω(Ẽ ·B). (2.107)

Once the equations of motion are known, one can formulate a kinetic equation by in-
troducing the distribution function f(t,x,p). The Boltzmann equation for right-handed
particles takes the form

∂fR
∂t

+
1√
G

[
vp + Ẽ ×Ω+B(vp ·Ω)

]
· ∂fR
∂x

+
1√
G

[
Ẽ + vp ×B +Ω(Ẽ ·B)

]
· ∂fR
∂p

= C[fR], (2.108)

where C[fR] is the collision term. For left-handed particles, we should flip the sign of the
Berry curvature, Ω→ −Ω. For antiparticles, we should replace Aµ → −Aµ and Ω→ −Ω
in addition to the flip of the chemical potential in the distribution function µχ → −µχ.

The charge and current densities are given by [77,83]

ρχ =
∑
p,a

∫
d3p

(2π)3

√
Gfχ, (2.109)

jχ =
∑
p,a

∫
d3p

(2π)3

[
(vp + (vp ·Ω)B + Ẽ ×Ω)fχ +∇× fχϵpΩ

]
, (2.110)

where
∑

p,a denotes the summation over the contribution of the particles and antiparticles.
For antiparticles, we should change the total sign of the integrand in addition to the above
replacement. By applying the collisionless Boltzmann equation and using the definitions
of the charge and current densities, we obtain the continuity equations for the electric and
axial currents,

∂ρ

∂t
+∇ · j = 0, (2.111)

∂ρ5
∂t

+∇ · j5 =
1

2π2
E ·B, (2.112)

thereby reproducing the axial anomaly in the kinetic theory framework.
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2.4.2 Consistent chiral kinetic theory

We consider the situation in which an axial gauge field A5
µ(x) is present. Although such

a field does not exist as a fundamental gauge field in high-energy physics, it can arise
naturally in Weyl semimetals. In particular, the separation of the Weyl nodes can be
represented by a constant axial gauge field, and a spacetime-dependent axial gauge field
can emerge from strain [54,64].

In this case, we should replace the electromagnetic fields in the Boltzmann equation
and in the definition of the charge and current densities by the effective electromagnetic
fields,

B → Bχ = B + χB5, (2.113)

E → Eχ = E + χE5. (2.114)

Then, the continuity equations are modified as [84]

∂ρ

∂t
+∇ · j =

1

2π2
(E ·B5 +E5 ·B), (2.115)

∂ρ5
∂t

+∇ · j5 =
1

2π2
(E ·B +E5 ·B5). (2.116)

These equations coincide with the covariant conservation laws in Eq. (2.85) and (2.86),
where the charge current is no longer conserved. Since the conserved consistent current is
physical, we should add the Chern-Simons current [45, 75],

δjµ = − 1

4π2
ϵµνλρA5

νFλρ. (2.117)

The formulation of chiral kinetic theory that incorporates this prescription (i.e., adding
the Chern-Simons current) is known as the consistent chiral kinetic theory [84].

2.4.3 Chiral magnetic effect

Chiral magnetic effect

Even in the absence of any spacetime dependence of the axial gauge field (so that total
charge remains conserved), the Chern-Simons current still plays an essential role [45]. To
illustrate this, let us compute the charge current in equilibrium under a small constant
magnetic field. The distribution function for particles with the chirality χ is

fχ = nF (β(ϵp − µχ)) ≃ nF (β(|p| − µχ))− |p|(B ·Ω)n′F (β(|p| − µχ)) (2.118)

with nF (x) = 1/(ex + 1) being the Fermi-Dirac distribution function. The quasiparticle
velocity is given by

vp = p̂+ 2p̂(B ·Ω)−B(p̂ ·Ω). (2.119)

Up to O
(
B2
)
, the current density of particle is given by

jχ,p =

∫
d3p

(2π)3

[
p̂

(
nF (β(|p| − µχ))−

p̂ ·B
2|p|

n′F (β(|p| − µχ))
)

+ (2p̂(B ·Ω)−B(p̂ ·Ω))nF (β(|p| − µχ)) + (p̂ ·Ω)BnF (β(|p| − µχ))
]

=

∫
d3p

(2π)3
3p̂(B ·Ω)nF (β(|p| − µχ)). (2.120)
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Figure 2.5: Two Weyl cones in equilibrium. This figure is cited from T. Amitani and
Y. Nishida, “Dynamical chiral magnetic current and instability in Weyl semimetals,” Phys.
Rev. B 107, 014302 (2023), © 2023 American Physical Society.

By performing the angular integration, we obtain

jχ,p =
B

4π2

∫ ∞

0
dpnF (β(p− µχ)). (2.121)

Therefore, the total charge current is

j =
B

4π2

∫ ∞

0
dp[nF (β(p− µ+))− nF (β(p+ µ+))− nF (β(p− µ−)) + nF (β(p+ µ−))]

=
µ5
2π2

B, (2.122)

where µ5 = (µ+−µ−)/2 is the axial chemical potential. This result is known as the chiral
magnetic effect [48].

In Weyl semimetals in equilibrium where µ5 = −A5
0 (see Fig. 2.5), the chiral magnetic

current is given by

j = − A0
5

2π2
B. (2.123)

Hence, the chiral magnetic current is present even in equilibrium. However, such an
equilibrium current is problematic, and the chiral magnetic current must vanish in equi-
librium [45, 63, 85]. The resolution is to consider the consistent current rather than the
covariant current [45]. The consistent current is obtained by adding the Chern-Simons
current,

J = − A0
5

2π2
B︸ ︷︷ ︸

j

+
A0

5

2π2
B︸ ︷︷ ︸

δj

= 0. (2.124)

Thus, the Chern-Simons current precisely cancels with the covariant current, causing
the consistent chiral magnetic current to vanish in equilibrium. Therefore, including the
Chern-Simons current is indispensable for a complete description of Weyl semimetals. The
Chern-Simons current also contains the contribution of the anomalous Hall current [36,86]
in Weyl semimetals,

JAH = − 1

2π2
A5 ×E, (2.125)

which does not appear in conventional chiral kinetic theory without the Chern-Simons
current.
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Chiral plasma instability

We also review the chiral plasma instability [87], which is a phenomenon closely related to
the chiral magnetic effect, by following Ref. [88]. We couple the chiral magnetic current
Eq. (2.122) with Maxwell’s equation and investigate the behavior of the plasma. The
Ampère’s law with the chiral magnetic current is

∇×B =
µ5
2π2

B +
∂E

∂t
. (2.126)

By taking the curl on both sides and using the Faraday’s law, we find

∇× (∇×B) =
µ5
2π2

(∇×B)− ∂2B

∂t2
. (2.127)

For simplicity, we consider the following helical modes:

Bλ,k = B0(x̂+ iλŷ)e−iωt+ikz, (2.128)

where λ = ±1 is the helicity of the mode. These modes are the eigenstates of the curl
operator:

∇×Bλ,k = λkBλ,k. (2.129)

By substituting these helical modes in Eq. (2.127) and solving the equation, we obtain the
two solutions:

ω = ±
√
k
(
k − λ µ5

2π2

)
. (2.130)

We find one of the solutions with the helicity λ = sign(µ5) and small wave vector k < µ5
2π2

is a positive imaginary number. This solution implies the existence of the exponentially
growing mode, which is called the chiral plasma instability or the chiral magnetic insta-
bility. The chiral plasma instability can intuitively understood as follows. Initially, the
presence of an axial chemical potential allows a magnetic field to induce a chiral magnetic
current. In turn, this chiral magnetic current generates an additional magnetic field via
Ampère’s law. This induced magnetic field further enhances the chiral magnetic current,
establishing a feedback loop that leads to exponential growth of the magnetic field. As the
instability develops, it consumes the axial imbalance, thereby reducing µ5 [88]. Eventually,
once the axial chemical potential is depleted, the system stabilizes.

2.5 Summary

In this Chapter, we reviewed four topics related to our study. In Sec. 2.1, we reviewed
the low-energy effective action of the quantum Hall effect. The Chern-Simons term was
introduced, and we checked that it describes the Hall effect. We also introduced the Wen-
Zee term by considering the system on a curved space. The Wen-Zee term describes the
Hall viscosity, and its coefficient is related to the Wen-Zee shift. The Chern-Simons and
Wen-Zee terms play an important role in our study of the quantum Hall effect (Chap-
ter 3). In Sec. 2.2, we derived the low-energy effective action from the lattice model. The
Weyl semimetal is realized by the topological insulator without time-reversal and inversion
symmetries. The resulting action is the Weyl fermion with the axial gauge field. We also
discussed the anomaly of the Weyl fermion with the axial gauge field in Sec. 2.3. There
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are covariant and consistent anomalies, and the conserved consistent current is physical.
The difference between the covariant and consistent current is called the Chern-Simons
current. We will discuss responses derived from the effective action in Chapter 4. Lastly,
we reviewed the derivation of the chiral kinetic theory, which is a kinetic theory with the
axial anomaly. By introducing the Berry curvature, we reproduced the covariant anomaly.
Therefore, we should add the Chern-Simons current to the conventional chiral kinetic
theory to obtain the physical current. We also checked that the Chern-Simons current
is essential for the chiral magnetic current to vanish in equilibrium. We will employ the
chiral kinetic theory in Chapter 5.
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Chapter 3

Quantum Hall systems

In this chapter, we focus on the quantum Hall systems with the Galilean invariance.
Starting from the microscopic action, we will construct the general effective action based
on symmetries and compute various responses of the system. While similar attempts can
be found in previous works [25, 27, 29] (see also Refs. [89, 90] for cases without Galilean
invariance), we will extend these effort to allow for computation of an energy current and
nonlinear responses to full orders in an electric field.

3.1 Microscopic action

We begin with two spatial dimensional electrons under an external electromagnetic field,
whose microscopic action is given by

S = S0 + Sint (3.1)

with

S0 =

∫
dt d2x

(
Ψ†i
←→
D tΨ−

DiΨ
†DiΨ

2m
+
gB

4m
Ψ†Ψ

)
(3.2)

and Ψ†←→D µΨ ≡ [Ψ†(DµΨ) − (DµΨ
†)Ψ]/2. Here, DµΨ = (∂µ − iAµ)Ψ and DµΨ

† =
(∂µ + iAµ)Ψ

† are covariant derivatives, ϕ = −At and Ai are scalar and vector potentials,
respectively, and g is the g-factor. The interaction term Sint is arbitrary as long as it
is invariant under symmetries discussed in Sec. 3.4. We will discuss possible interaction
terms in Sec. 3.5.

Since this action couple with the U(1) gauge field, we can compute the charge current
by differentiating the action with respect to Aµ as we explained in Sec. 2.1. Additionally,
we are interested in energy and momentum currents. Therefore, we need to couple the
system with their external sources. For relativistic systems, this is achieved by placing
the system on a curved spacetime, where a Riemann metric acts as an external source of
the energy-momentum tensor. Similarly, for nonrelativistic systems, we should place the
system on a nonrelativistic curved spacetime, which is described by the Newton-Cartan
geometry. It is also possible to couple external fields conjugate to energy and momentum
currents without relying on the Newton-Cartan geometry [91, 92]. However, the Newton-
Cartan geometry provides the advantage of treating currents in a covariant manner [28].
Importantly, the choice of method for incorporating external fields does not affect our
results in flat spacetime.
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3.2 Newton-Cartan geometry

In this section, we review the Newton-Cartan geometry following Ref. [28, 30,93,94].
A Newton-Cartan spacetime is described by three metrics: a clock covector nµ, a

spatial metric hµν , and a velocity vector vµ, which are not independent. The clock covector
nµ is a zero eigenvector of hµν :

hµνnµ = 0, (3.3)

and the velocity vector vµ is normalized by nµ:

nµv
µ = 1. (3.4)

Since the spatial metric hµν does not have its inverse, we cannot define a spatial metric
with lower indices hµν as in the Riemann geometry. Instead, hµν is defined to satisfy the
following conditions,

hµλhλν = Pµν , (3.5)

hµνv
ν = 0, (3.6)

where Pµν = δµν − vµnν is the spatial projector.
We introduce a covariant derivative ∇µ with a connection Γλµν , which is determined

as follows [93]. At first, we require the metric compatibility conditions:

∇λhµν = 0, (3.7)

∇νnµ = 0. (3.8)

Additionally, we impose the following condition,

hλαT
α
µν = 0, (3.9)

where Tαµν = Γα[µν] is a torsion tensor. This condition expresses that the spatial compo-
nents of the torsion are zero. The connection is decomposed into components in parallel
and perpendicular to nµ:

Γλµν = vλΓvµν + hλρΓhρµν . (3.10)

Then, the condition Eq. (3.9) reduces to

Γhρ[µν] = nρAµν , (3.11)

where Aµν is an arbitrary antisymmetric tensor, A(µν) = 0. From Eqs. (3.7) and (3.8), we
find

Γhρµσ + Γhσµρ = ∂µhρσ + nρBσµ + nσBρµ, (3.12)

Γvµν = ∂µnν , (3.13)

where Bµν is an arbitrary tensor. By cycling the indices of Eq. (3.12), we have

−Γhµρσ − Γhσρµ = −(∂ρhσµ + nσBµρ + nµBσρ), (3.14)

Γhρσµ + Γhµσρ = ∂σhµρ + nµBρσ + nρBµσ. (3.15)
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By summing up Eqs. (3.12), (3.14), and (3.15) and using Eq (3.11), we obtain

Γhρ(µν) = ∂µhρν + ∂νhµρ − ∂ρhµν
+ nρB(µν) + nµ(Aρν +B[ρν]) + nν(Aρµ +B[ρµ]), (3.16)

which leads to

Γhρµν =
1

2
(Γhρ(µν) + Γhρ[µν])

=
1

2
(∂µhρν + ∂νhµρ − ∂ρhµν)

+
1

2
nρ
(
Aµν +B(µν)

)
+

1

2
nµ
(
Aρν +B[ρν]

)
+

1

2
nν
(
Aρµ +B[ρµ]

)
. (3.17)

From Eqs. (3.13) and (3.17), we obtain the explicit form of the connection,

Γλµν = vλ∂µnν +
1

2
hλρ(∂µhρν + ∂νhµρ − ∂ρhµν) +

1

2
hλρn(µfν)ρ, (3.18)

where fµν = −(Aµν +B[µν]) is an antisymmetric tensor.
In general, we have degrees of freedom to add an arbitrary tensor to a connection. In

this case, the combination of the first and second terms in Eq. (3.18) acts as a connection,1

while the third term is a tensor. Here, we employ the minimal connection2

Γλµν = vλ∂µnν +
1

2
hλρ(∂µhρν + ∂νhµρ − ∂ρhµν). (3.23)

This connection has a nontrivial torsion,

T λµν = vλ∂[µnν], (3.24)

which is called a temporal torsion since its spatial components are zero hρλT
λ
µν = 0. We

also introduce a torsionless connection by subtracting the torsion tensor,

Γ̊λµν =
1

2
vλ∂(µnν) +

1

2
hλρ(∂µhρν + ∂νhµρ − ∂ρhµν). (3.25)

1Under the general coordinate transformation xµ → yµ(x), the first and second terms transform as

vλ∂µnν → ∂yλ

∂xγ
∂xα

∂yµ
∂xβ

∂yν
vγ∂αnβ +

∂yλ

∂xγ
∂2xβ

∂yµ∂yν
vγnβ , (3.19){

λ
µ ν

}
→ ∂yλ

∂xγ
∂xα

∂yµ
∂xβ

∂yν

{
γ
α β

}
+ hαβh

γδδβδ
∂yλ

∂xγ
∂2xα

∂yµ∂yν

=
∂yλ

∂xγ
∂xα

∂yµ
∂xβ

∂yν

{
γ
α β

}
+
∂yλ

∂xα
∂2xα

∂yµ∂yν
− ∂yλ

∂xγ
∂2xα

∂yµ∂yν
vγnα, (3.20)

where we define {
λ
µ ν

}
=

1

2
hλρ(∂µhρν + ∂νhµρ − ∂ρhµν). (3.21)

Therefore, these combination transforms as a connection,

Γλµν → ∂yλ

∂xγ
∂xα

∂yµ
∂xβ

∂yν
Γγαβ +

∂yλ

∂xα
∂2xα

∂yµ∂yν
. (3.22)

2The ambiguity of the connection does not affect our final result because they can be absorbed into
arbitrary coefficients in Eq. (3.93).
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The covariant derivative with Γ has the following properties [28, 30]:

∇µhνλ = 0, (3.26)

∇µnν = 0, (3.27)

∇µhνλ = −1

2
τµ(νnλ), (3.28)

∇µvν =
1

2
τµλh

λν , (3.29)

vµ∇µvν = 0, (3.30)

∇[µvν] = 0, (3.31)

where we define τµν = vλ∂λhµν + hλν∂µv
λ + hµλ∂νv

λ and ∇µ = hµν∇ν .

3.3 Microscopic action on a Newton-Cartan spacetime

We now couple the action with Newton-Cartan metrics [28,93,94]. The microscopic action
incorporating the Newton-Cartan metric should be constructed in a covariant manner,
ensuring that all indices are fully contracted by other indices. Moreover, the action should
reduce to its original form in the flat spacetime limit. A minimal action satisfying these
conditions is given by

S0 =

∫
d3x
√
γ

[
vµΨ†i

←→
D µΨ−

(
hµν

2m
+
ig ελµνnλ

4m

)
DµΨ

†DνΨ

]
. (3.32)

Here the volume element is provided by
√
γ d3x with

γ = det(γµν), γµν = nµnν + hµν , (3.33)

where γµν has an inverse (γ−1)µν = vµvν + hµν , and the totally antisymmetric tensor
reads ελµν = ϵλµν/

√
γ. To recover the flat spacetime action Eq. (3.2), we should set

nµ = vµ = (1, 0, 0) and hµν = hµν = diag(0, 1, 1).
To confirm the Newton-Cartan metrics serve as external sources of energy and mo-

mentum currents, we vary the action with respect to the external fields (Aµ, nµ, v
µ, hµν).

Here we should be careful that we cannot vary the external fields arbitrary because of
the constraints Eqs. (3.3) and (3.4). If we choose δAµ and δnµ to be arbitrary, the other
variations are given by [28,93,94]

δvµ = −vµvνδnν + Pµν δv̄
ν , (3.34)

δhµν = −v(µhν)λδnλ + Pµρ P
ν
σ δh̄

ρσ, (3.35)

δhµν = −n(µhν)λδv̄λ − hµρhνσδh̄ρσ, (3.36)

where δAµ, δnµ, δv̄
µ, and δh̄µν are independent3. We now introduce currents conjugate

to the external fields as

δS =

∫
d3x
√
γ

(
J µδAµ − Eµδnµ − Pµδv̄µ −

1

2
Tµνδh̄µν

)
, (3.37)

3We can choose δvµ or δhµν to be arbitrary. In Appendix A, we examine that our computations are
not affected if we choose δvµ arbitrarily.
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where J µ, Eµ, Pµ, and Tµν are to be identified as the electric current, energy current,
momentum density, and stress tensor, respectively. Differentiations of S0 in Eq. (3.32) are
given by

J µ = vµΨ†Ψ− hµν

m
Ψ†i
←→
D νΨ+

g ελµνnλ
4m

∂ν(Ψ
†Ψ), (3.38)

Eµ =
vµhνλ − v(νhλ)µ

2m
DνΨ

†DλΨ+
ig εµνλ

4m
DνΨ

†DλΨ, (3.39)

Pµ = −P νµΨ†i
←→
D νΨ, (3.40)

Tµν = hµν

(
vλΨ†i

←→
D λΨ−

hρσ

2m
DρΨ

†DσΨ

)
+
P ρµP σν
2m

D(ρΨ
†Dσ)Ψ. (3.41)

These expressions in a flat spacetime reduce to familiar forms of the currents (see, e.g.,
Ref. [95]) under the equations of motion for Ψ and Ψ†. This confirms that the Newton-
Cartan metrics serve as external fields conjugate to the energy and momentum currents.
We note ϕg in nµ = (1 + ϕg, 0, 0) and vµ = ((1 + ϕg)

−1, 0, 0) corresponds to Luttinger’s
gravitational potential conjugate to the energy density [96].

3.4 Symmetries

3.4.1 Milne boost

We now investigate the symmetries of the action Eq. (3.32). This action is invariant under
both the U(1) gauge transformation,

Ψ→ eiχΨ, Aµ → Aµ + ∂µχ, (3.42)

and the general coordinate transformation,

xµ → x′µ = x′µ(x), (3.43)

where the fields with upper (lower) indices transform contravariantly (covariantly).
The constrains Eqs. (3.3) and (3.4) are preserved under a boost of the velocity vector:

vµ → vµ + hµνψν , (3.44)

hµν → hµν − n(µP λν)ψλ + nµnνh
ρσψρψσ. (3.45)

Under these transformations combined with

Aµ → Aµ +mP νµψν −
m

2
nµh

ρσψρψσ +
g

4
nµε

νρσ∂ν(nρP
λ
σψλ), (3.46)

the action Eq. (3.32) is invariant. This set of the transformations is called Milne boost [93,
94]. We note that γ is invariant under the Milne boost.4

4This invariance can be demonstrated for an infinitesimal Milne boost. Under the infinitesimal Milne
boost, the inverse of γµν transforms as

(γ−1)µν
′
= (γ−1)µν + v(µhν)λψλ, (3.47)

which leads to

∂(γ−1)µν
′

∂ψλ
= v(µhν)λ. (3.48)
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The transformation laws of the fields under the infinitesimal transformations are given
as follows. For the infinitesimal U(1) transformation parameterized by χ, we have

δχnµ = 0, δχh
µν = 0, δχv

µ = 0, δχhµν = 0,

δχAµ = ∂µχ, δχΨ = iχΨ.
(3.50)

For the infinitesimal general coordinate transformation xµ → xµ + ξµ(x), we have

δξnµ = −ξν∂νnµ − nν∂µξν ,
δξh

µν = −ξλ∂λhµν + hλν∂λξ
µ + hµλ∂λξ

ν ,

δξv
µ = −ξν∂νvµ + vν∂νξ

µ,

δξhµν = −ξλ∂λhµν − hλν∂µξλ − hµλ∂νξλ,
δξAµ = −ξν∂νAµ −Aν∂µξν ,
δξΨ = −ξµ∂µΨ.

(3.51)

For the infinitesimal Milne boost parametrized by ψµ, we have

δψnµ = 0, δψh
µν = 0, δψv

µ = hµνψν ,

δψhµν = −(nµP λν + nνP
λ
µ)ψλ,

δψAµ = mP νµψν +
g

4
nµε

νρσ∂ν(nρP
λ
σψλ),

δψΨ = 0.

(3.52)

The Galilean boost is a special case of these transformations in a flat spacetime:

ψi = V i, ξi = −V it, χ =
1

2
mV 2t−mV ixi, (3.53)

where V i is the boost velocity. Therefore, the Milne boost can be understood as the local
extension of the Galilean boost. While the Milne symmetry remains hidden in a Galilean-
invariant flat spacetime, it becomes explicitly manifest in a Newton-Cartan spacetime.
However, as we will see later, the constraints imposed by the Milne symmetry persist even
in a flat spacetime, leading to nontrivial consequences. We also note the nonrelativis-
tic general coordinate transformation [98] can also be reproduced by the combination of
specific cases of the general coordinate and Milne transformations [93].

3.4.2 Ward identities

The symmetries of the action lead to the Ward identities (the conservation laws). The
Ward identities can be derived by requiring δS = 0 under the transformations Eqs. (3.50)-
(3.52), combined with the equations of motion for Ψ and Ψ†. The U(1) gauge invariance
implies the charge conservation law [28,93,94],

(∇µ +Bµ)J µ = 0, (3.54)

This implies

γ−1′ ∂γ
′

∂ψλ
= γ′

µν
∂(γ−1)µν

′

∂ψλ
= 0. (3.49)

Thus, γ is invariant under the infinitesimal Milne boost, ∂ψλγ
′ = 0.
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where Bµ = T λµλ. The general coordinate invariance leads to the energy and momentum
conservation laws [28,93,94],

(∇µ +Bµ)Eµ = FµνJ µvν −GµνEµvν −
1

2
(∇µvν +∇νvµ)P ρµP σνTρσ, (3.55)

(∇νvµ)P ρµPρ +∇µ(vµP νρPρ) + (∇µ +Bµ)(P
ρ
µP

σ
νTρσ) = −F ν

µ J µ +G ν
µ Eµ, (3.56)

where Fµν = ∂[µAν] and Gµν = ∂[µnν]. The Milne invariance establishes a relationship
between the charge current and the momentum density [93,94],

mP λµJ µ −
g

4
ϵνρσ∂ν(J µnµ)nρP λσ = hµλPµ. (3.57)

In a flat spacetime, these conservation laws reduce to the familiar forms,

∂µJ µ = 0, (3.58)

∂µEµ = J iFit, (3.59)

∂tPi + ∂jTij = J µFiµ, (3.60)

Pi = mJ i − g

4
ϵij∂jJ t. (3.61)

3.5 Interaction

The various interaction can be incorporated into the theory while preserving the U(1)
gauge, general coordinate, and Milne invariance. For instance, the Coulomb interaction,
which propagates in three spatial dimensions, can be introduced via an auxiliary field
a0 [22],

Sint =

∫
d3x
√
γa0Ψ

†Ψ+ 2πε0

∫
d3xdz

√
γ[hµν∂µa0∂νa0 + (∂za0)

2], (3.62)

where ε0 is the dielectric constant. The interaction by the power law potentials can
similarly be introducing by employing auxiliary fields that live in higher dimensions [97].
As another example, an attractive interaction of range m−1

ϕ can be incorporated as [22,98],

Sint =

∫
d3x
√
γ

(
λΨ†Ψϕ− 1

2
hµν∂µϕ∂νϕ−

m2
ϕ

2
ϕ2

)
. (3.63)

Therefore, the above discussion on symmetries in Sec. 3.4 remains valid for interacting
electrons. This ensures that our framework is available for the fractional quantum Hall
states.

3.6 Preparation to construct effective action

In this section, we make some preparations to construct the effective action of quantum
Hall systems which respects the U(1) gauge, general coordinate, and Milne invariance.

3.6.1 Power counting scheme

To systematically construct the effective action, we introduce a power counting scheme
based on the assumption that external fields vary slowly over spacetime. This allows
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us to perform a derivative expansion, treating spacetime derivatives as small expansion
parameters compared with the energy gap:

∂µ ∼ O (∂) . (3.64)

In the quantum Hall systems, the energy gap is characterized by the cyclotron frequency,
ωc = B/m. If we assume the magnetic field is B ∼ 1T and use the mass of electrons in
vacuum, the cyclotron frequency is of the order of 1011 s−1. Therefore, our theory remains
valid in the regime, where ω ≪ ωc ∼ 1011 s−1.

The electromagnetic and Newton-Cartan fields are assumed to be order of unity,

Fµν , nµ, v
µ, hµν ∼ O (1) . (3.65)

Since the electromagnetic field Fµν involves derivatives of the gauge field, the U(1) gauge
field is regarded as

Aµ ∼ O
(
∂−1

)
. (3.66)

3.6.2 Spin connection

To facilitate our calculations, we introduce the vielbein and spin connection, as outlined
in Sec. 2.1.3. The vielbein is define as

hµν = eaµeaν , nµe
aµ = 0. (3.67)

The spatial metric is invariant under the SO(2) rotation,

exµ ± ieyµ → e±iθ(exµ ± ieyµ). (3.68)

The spin connection is defined as

ωµ =
1

2
ϵabhλνe

aλ∇µebν , (3.69)

where ∇µ is the covariant derivative with the connection Eq. (3.23). Under a local SO(2)
rotation of the vielbein, the spin connection transforms as an Abelian gauge field:

ωµ → ωµ + ∂µθ. (3.70)

3.6.3 Milne invariant objects

To construct the Milne invariant effective action, it is inconvenient that the external fields
vµ, hµν , Aµ transform under the Milne boost. Then, we modify the external fields to be
invariant under the Milne boost. To achieve this, we introduce a Milne invariant vector
uµ, which is normalized as nµu

µ = 1. The corresponding covector uµ = hµνu
ν and the

scalar product u2 = hµνu
µuν are not Milne invariant:

uµ → uµ, (3.71)

uµ → uµ − P νµ + nµh
νλ(ψνψλ − uνψλ), (3.72)

u2 → u2 + hµν(ψµψν − 2uµψν). (3.73)

Using uµ and u2, we construct Milne invariant objects [94],

h̃µν = hµν − n(µuν) + nµnνu
2, (3.74)

Ãµ = Aµ +muµ −
m

2
nµu

2 +
g

4
nµε

νρσ∂ν(nρuσ). (3.75)
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The connection and spin connection are also not Milne invariant. To make them invariant,
we should replace (vµ, hµν) with (uµ, h̃µν),

Γ̃λµν = uλ∂µnν +
1

2
hλρ(∂µh̃ρν + ∂ν h̃µρ − ∂ρh̃µν), (3.76)

ω̃µ =
1

2
ϵabh̃λνe

aλ∇̃µebν , (3.77)

where ∇̃µ is the covariant derivative with Γ̃λµν .
The properties of the Newton-Cartan geometry remain valid when replacing (hµν , nµ, v

µ,∇µ)
with (hµν , nµ, u

µ, ∇̃µ) [94]:

nµu
µ = 1, (3.78)

h̃µνu
ν = 0, (3.79)

h̃µλh
λν = P̃ νµ = δνµ − uνnµ, (3.80)

∇̃λhµν = 0, (3.81)

∇̃νnµ = 0, (3.82)

∇̃λh̃µν = −τ̃λ(µnν), (3.83)

∇̃νuµ =
1

2
τ̃ναh

αµ, (3.84)

uλ∇̃λuµ = 0, (3.85)

∇̃[µuν] = 0. (3.86)

We note γ̃ = γ and Γ̃λµλ = Γλµλ.
We construct uµ order by order in derivative expansion,

uµ = uµ(0) + uµ(1) + · · · , (3.87)

where uµ(n) ∼ O (∂n). The leading term is uniquely determined by the symmetries and is
given by

uµ(0) =
εµνλ∂νAλ

B
, (3.88)

with B = εµνλnµ∂νAλ. Under the Milne boost, the U(1) gauge field transforms as Aµ →
Aµ + O (1), which leads to ∂µAν → ∂µAν + O (∂). Thus, uµ(0) is Milne invariant up to

O (∂). The vector uµ(0) corresponds to the drift velocity of the quantum Hall systems in a

flat spacetime. The drift velocity also appeared in Refs. [29,99,100] to serve similar roles.
Although we cannot determine the next-to-leading term uµ(1) uniquely, it does not

appear in our effective action as we will show later.

3.7 Construction of effective action

We construct the effective action up to O
(
∂2
)
based on the symmetries. We sum-

marize available data for constructing effective action in Table. 3.1, where we define
B̃ = εµνλnµ∂νÃλ, Gµν = ∂[µnν], G

µ = εµνλ∂νnλ, G = εµνλnµ∂νnλ, and B̃µ = uλGµλ.
From these data, scalars up to O

(
∂2
)
can be constructed as in Table. 3.2. This table

contains scalars that are not independent or are zero up to O
(
∂2
)
. By the evaluation

presented in Appendix B, Table. 3.2 is simplified as Table. 3.3. In this table, we have not
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Leading order Data

∂−1 Ãµ

∂0 F̃µν , h
µν , h̃µν , nµ, u

µ, εµνλ

∂1 ∇̃µ, ω̃µ, B̃µ, Gµν , Gµ, G

Table 3.1: Available data for constructing effective action.

Leading order Scalar

∂0 B̃, F̃µνF̃
µν , h̃µρε

µνλF̃νλε
ρστ F̃στ

(∇̃µεµνλ)F̃νλ, εµνλ(∇̃µF̃νλ), εµνλF̃νλ∂µB̃,

hµν(∇̃µuλ)F̃νλ, hµνuλ(∇̃µF̃νλ), hµνuλF̃νλ∂µB̃,

∂1 hµν(∇̃µuλ)h̃νλ, hµνuλ(∇̃µh̃νλ), hµνuλh̃νλ∂µB̃

∇̃µuµ, uµ∂µB̃, εµνλB̃µF̃νλ, h
µνuλB̃µF̃νλ,

B̃µu
µ, GµνF̃

µν , GµuνF̃µν , G
µuν h̃µν , G

Table 3.2: Scalars constructed from the data.

yet considered total derivative terms, which are the surface term in the action. In general,
a total derivative term is written as

∂µ(
√
γV µ) =

√
γ(∇µ +Bµ)V

µ =
√
γ(∇̃µ + B̃µ)V

µ, (3.89)

where V µ is a vector. Using this formula, we find that ∇̃µuµ and uµ∂µB̃ are not indepen-
dent because they differ by a total derivative term:

(surface) =
√
γ(∇̃µ + B̃µ)(f(B̃)uµ)

=
√
γf ′(B̃)uµ∂µB̃ +

√
γf(B̃)∇̃µuµ +

√
γf(B̃)uµB̃µ

=
√
γf ′(B̃)uµ∂µB̃ +

√
γf(B̃)∇̃µuµ, (3.90)

where we use uµB̃µ = 0. Moreover, we observe that uµ∂µB̃ itself is a surface term:

(surface) = ∂µ(
√
γf(B̃)B̃uµ)

= ∂µ(
√
γf(B)Buµ(0)) +O

(
∂2
)

= ∂µ(f(B)ϵµνλ∂νAλ) +O
(
∂2
)

= ϵµνλ∂νAλ∂µf(B) +O
(
∂2
)

=
√
γBf ′(B)uµ(0)∂µB +O

(
∂2
)

=
√
γBf ′(B)uµ∂µB̃ +O

(
∂2
)
. (3.91)

We also have the Chern-Simons and Wen-Zee terms as we reviewed in Chapter 2. They
should be modified to be Milne invariant as εµνλÃµ∂νÃλ and εµνλω̃µ∂νÃλ.

From the above evaluation, we finally find that the scalars we can use in the effective
action are

εµνλÃµ∂νÃλ, εµνλω̃µ∂νÃλ, B̃, G = εµνλnµ∂νnλ. (3.92)
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Leading order Scalar

∂0 B̃

∂1 ∇̃µuµ, uµ∂µB̃, G

Table 3.3: Non-vanishing and independent scalars constructed from the data.

Therefore, the effective action which respects U(1) gauge, general coordinate, and Milne
invariance up to O

(
∂2
)
is given by

Seff =

∫
d3x
√
γ

[
ν

4π
εµνλÃµ∂νÃλ +

κ

4π
εµνλω̃µ∂νÃλ − E(B̃)−M(B̃)ελµνnλ∂µnν +O(∂2)

]
,

(3.93)

where ν and κ are arbitrary constants, and E(B̃) andM(B̃) are arbitrary functions of B̃.
Their physical meanings implied already by their symbols will be identified later, whose
expressions for free fermions are also presented in Appendix C.

Since the Chern-Simons term is O
(
∂−1

)
at its leading order, uµ(1) could potentially

contribute to the effective action at O (∂). Its contribution is proportional to

m(u(1)µ − u(1)ρ uρ(0)nµ)ε
µνλ∂νAλ = mB(u(1)µ − u(1)ρ uρ(0)nµ)u

µ
(0) = 0. (3.94)

Thus, uµ(1) does not contribute to the effective action.
The Wen-Zee term is expressed in terms of the vielbein rather than the spatial metric.

Here, the variation of the vielbein constrained by Eq. (3.67) is provided by

δeaµ = −vµeaνδnν + Pµν δē
aν , (3.95)

where δēaµ relates to δh̄µν = ea(µδēaν). The stress tensor is then obtained from

Tµν = −
hµλe

aλ

√
γ

δSeff
δēaν

, (3.96)

which is guaranteed to be symmetric in µ↔ ν by the invariance of the effective action
under the local rotation in Eq. (3.68). We note that the Wen-Zee action can also be
expressed with the spatial metric as shown in Appendix D, although its gauge invariance
up to a surface term is obscured.

3.8 Responses

We can compute the charge, energy, and momentum currents straightforwardly by dif-
ferentiating the effective action (3.93) according to Eqs. (3.37) and (3.96) and using for-
mulae presented in Appendix E. Below, we present their expressions in flat spacetime
for two cases: equilibrium and out-of-equilibrium. General expressions are available in
Appendix F.

In the equilibrium case, there is no electric field Ei = ∂[iAt] = 0, and a static and
inhomogeneous magnetic field B = ∂[xAy] is applied. The charge current is given by

J t = ν

2π
B + ∂i

[{
mE ′′(B) +

νg

8π
− κ

8π

} ∂iB
B

]
+O

(
∂3
)
, (3.97)

J i = −ϵij∂jE ′(B) +O
(
∂3
)
. (3.98)
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The energy current is

E t = E(B) +O
(
∂2
)
, (3.99)

E i = ϵij∂jM(B) +O
(
∂2
)
. (3.100)

The stress tensor is

Tij = δij [BE ′(B)− E(B)] +O
(
∂2
)
. (3.101)

The momentum density is provided by Eq. (3.61). From Eq. (3.99), E(B) is identified as
the energy density. We also identifyM(B) as the energy magnetization from Eq. (3.100),
whereas −E ′(B) is identified as the charge magnetization from Eq. (3.98). We find the
internal pressure (the diagonal elements of the stress tensor) is given by P (B) = BE ′(B)−
E(B), which is consistent with the formula in Refs. [26, 101]. Since κ represents the Hall
viscosity as we will show later, the formula Eq. (3.97) provides the relationship between
the charge density and the Hall viscosity. A similar formula is found in Ref. [30].

In the out-of-equilibrium case, a spacetime-dependent electric field and a constant
magnetic field are applied. First, the stress tensor is

Tij =
νm

2π

[
ϵikϵjlEkEl

B

(
1 +m

∂nEn
B2

)
+mϵ(ikEk

B∂tEj) − 1
2ϵ
j)l∂lE

2

B3
− g

4m
δij∂kEk

]
+

κ

8π
[∂(iEj) − δij∂kEk] + δij [BE ′(B)− E(B)− E ′′(B)m∂kEk] +O

(
∂2
)
. (3.102)

The second term (the term with κ) comes from the Wen-Zee term and can be expressed
as

T WZ
ij = −κB

8π

1

2
[ϵikδjl + ϵjkδil + (k ↔ l)]∂kul, (3.103)

where ui = ϵijEj/B is the drift velocity. From the definition of the Hall viscosity Eq. (1.3),
we find

ηH =
κB

8π
. (3.104)

The charge current is

J t = ν

2π

[
B −m∂iEi

B
+m2∂i

(
1
2∂iE

2 − Ei∂jEj
B3

)]
+O

(
∂3
)
, (3.105)

J i = ν

2π

[
ϵijEj +m

B∂tEi − 1
2ϵ
ij∂jE

2

B2
+
g

4

ϵij∂j∂kEk
B

−m2∂t

(
ϵijB∂tEj +

1
2∂iE

2 − Ei∂jEj
B3

)
+m2ϵij∂j

(
Ek

ϵklB∂tEl +
1
2∂kE

2 − Ek∂lEl
B4

)]

− κ

8π

ϵij∂j∂kEk
B

+ E ′′(B)m
ϵij∂j∂kEk

B
+O

(
∂3
)
. (3.106)

The linear response in the charge current is

J i = ν

2π

(
ϵijEj +m

∂tEi
B
−m2 ϵ

ij∂2tEj
B2

)
+
[
mE ′′(B) +

νg

8π
− κ

8π

] ϵij∂j∂kEk
B

+O
(
E2
)
+O

(
∂3
)
. (3.107)
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The second line of Eq. (3.107) shows the Hall viscosity contributing to the Hall conductivity
at nonzero wave number [25–30].

The first term in the first line allows us to identify ν/2π as the Hall conductivity,

σH =
ν

2π
. (3.108)

The second and third terms in the first line show that the Hall conductivity contributes
to other responses, such as the longitudinal response at nonzero frequency. This can be
understood as follows. We consider the equation of motion for a single electron under a
dynamical but homogeneous electric field and a constant magnetic field,

mu̇i = Ei + ϵijujB. (3.109)

This equation can be solved as

ui =
1

B2 +m2∂2t
(BϵijEj +m∂tEi)

=
1

B
ϵijEj +

m

B2
∂tEi +

m2

B3
ϵij∂2tEj +O

(
∂3t
)
. (3.110)

The charge current is obtained by multiplying the charge density νB/2π,

J i = νB

2π
ui

=
ν

2π

(
ϵijEj +m

∂tEi
B
−m2 ϵ

ij∂2tEj
B2

)
+O

(
∂3t
)
, (3.111)

which is consistent with the first line of Eq. (3.107). Although this discussion is for free
electrons, our result is also applicable to interacting electrons, which is consistent with
Kohn’s theorem [102]. The same result is reported in Ref [26], which is derived by the
Kubo formula.

The energy current is found to be

E t = νm

2π

(
E2

2B
−mEi

ϵijB∂tEj +
1
2∂iE

2 − 1
2Ei∂jEj

B3

)
+ E(B)− E ′(B)m

∂iEi
B

+O
(
∂2
)
,

(3.112)

E i = νm

2π

[
ϵijEj
B

(
E2

2B
−mEk

ϵklB∂tEl +
1
2∂kE

2 − Ek∂lEl
B3

− g

4m
∂kEk

)

+
m

2
E2

(
B∂tEi − 1

2ϵ
ij∂jE

2

B4

)]
− κ

8π

ϵijEk∂kEj + ϵjkEj∂kEi
B

+ E ′(B)

(
ϵijEj +m

B∂tEi − 1
2ϵ
ij∂jE

2

B2

)
− E ′′(B)m

ϵijEj∂kEk
B

+O
(
∂2
)
. (3.113)

The second term in the second line (the term with κ) of E i shows that the Hall viscosity
contributes to the nonlinear electrothermal response at nonzero wave number. This is a
main result of our work.
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We note that the terms without derivatives in the currents are consistent with the
ideal hydrodynamics (see, e.g., Ref. [95]), where

J ihydro = J tui, (3.114)

E thydro = E(B) +
m

2
J tu2, (3.115)

E ihydro = [P (B) + E t]ui, (3.116)

T ijhydro = P (B)δij +mJ tuiuj (3.117)

hold. We also note that the terms with κ arising from the Wen-Zee term are consistent
with the parity-violating hydrodynamics in two dimensions [94, 103,104],

E iWZ = T ijWZu
j . (3.118)

3.9 Summary

Let us summarize this chapter. We studied quantum Hall systems with Galilean invariance
and their charge, energy, and momentum currents induced by electromagnetic fields with
an effective field theory rooted entirely in symmetries. The resulting local currents are
completely determined by the Hall conductivity and viscosity and the energy density
E(B) and magnetizationM(B) up to the next-to-next-to-leading orders in the derivative
expansion. We found universal relations among distinct kinds of responses.

To highlight our key findings, we consider the case when an electric field is applied in x
direction under a constant magnetic field. Then, the longitudinal conductivity at nonzero
frequency is determined by the Hall conductivity according to

J x|O(∂E) =
σHm

B
∂tEx =

σH
ωc
∂tEx. (3.119)

If we assume an electric field with a frequency of a few hertz, this frequency is significantly
smaller than the cyclotron frequency, ωc ∼ 1011Hz. Therefore, this effect cannot be
observed in such a situation.

Furthermore, the Hall viscosity contributes not only to the Hall conductivity at nonzero
wave number as

J y|O(∂2E) = −
[
mE ′′(B) +

g

4
σH −

ηH
B

] ∂2xEx
B

, (3.120)

but also to the nonlinear electrothermal conductivity at nonzero wave number as

Ey|O(∂E2) =

[
mE ′(B)

B
+mE ′′(B) +

g

4
σH +

ηH
B

]
∂xE

2
x

2B
. (3.121)

The result Eq. (3.121) can be anticipated from Eq. (3.120) and the conservation law
Eq. (3.59) except for the first term mE ′(B)/B.
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Chapter 4

Weyl semimetals from low-energy
effective field theory

In this chapter, we investigate the electromagnetic linear responses of Weyl semimetals.
Starting from the low-energy effective action Eq. (2.48), we will compute the expectation
value of the current density at the linear order both in electromagnetic and axial gauge
fields in Sec. 4.1. In Sec. 4.2, we will investigate the property of the current density driven
by time-dependent magnetic fields. We will summarize this chapter in Sec. 4.3.

4.1 Current density from field-theoretical computation

As we reviewed in Sec. 2.2, the effective action of the Weyl semimetals is given by [67,70]

SWeyl =

∫
d4xψ̄(x)(i/∂ − /A(x)− /A5γ

5)ψ(x) (4.1)

with Aµ = (ϕ/v,−A) and A5µ = (ϕ5/v,−A5). As discussed in Chap. 2, this effective
theory is valid in the regime ω ≪ v

a , where a is the lattice constant. In general, the lattice
constant of a Weyl semimetal is several angstroms, and the Fermi velocity is of the order
of 105m/s [5]. This gives ω ≪ 1015 s−1 ∼ 102meV.

Starting from this effective action, we compute the current density in the absence of
the axial imbalance, µ5 = −ϕ5, as illustrated in Fig. 2.5. Moreover, we do not consider
the effect of the collision. The current density is expressed as

Jµ(x) =
〈
ψ̄(x)γµψ(x)

〉
= − lim

x′→x
tr[γµG(x− x′)], (4.2)

where G(x− x′) is the full Green function under the vector and axial gauge fields:

G(x− x′) = i

i/∂ − /A(x)− /A5γ5
δ(x− x′). (4.3)

We are interested in the linear order both in Aµ and A5µ. Then, we expand the current
density as

Jµ(x) ≃ −i lim
x′→x

tr

[
γµ

1

i/∂
/A5γ

5 1

i/∂
/A(x)

1

i/∂
δ(x− x′) + γµ

1

i/∂
/A(x)

1

i/∂
/A5γ

5 1

i/∂
δ(x− x′)

]
.

(4.4)
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jµ = +

A5λ

Aν

Figure 4.1: Feynman diagrams contributing to the current density in Eq. (4.4). This
figure is cited from T. Amitani and Y. Nishida, “Dynamical chiral magnetic current and
instability in Weyl semimetals,” Phys. Rev. B 107, 014302 (2023), © 2023 American
Physical Society.

In terms of the Feynman diagram, the current density is represented as shown in Fig. 4.1.
We perform the Fourier transformation of the delta function and the gauge field as

Jµ(x) = −i lim
x→x′

∫
l,k

tr

[
γµ

1

i/∂
/A5γ

5 1

i/∂
/A(k)e−ik·x

1

i/∂
e−il·(x−x

′) + γµ
1

i/∂
/A(k)e−ik·x

1

i/∂
/A5γ

5 1

i/∂
e−il·(x−x

′)

]
= −i

∫
l,k

tr

[
γµ

1

/l + /k
γλγ5

1

/l + /k
γν

1

/l
+ γµ

1

/l + /k
γν

1

/l
γλγ5

1

/l

]
Aν(k)A5λe

−ik·x, (4.5)

where
∫
l =

∫
d4l

(2π)4
. Since the l-integral is linearly divergent at first glance, we should

regularize the integral.1 We now employ the Pauli-Villars regularization, where a ghost
field with infinite mass is introduced [105]. In this regularization, we replace the integral
as∫

l
tr

[
γµ

1

/l + /k
γλγ5

1

/l + /k
γν

1

/l
+ γµ

1

/l + /k
γν

1

/l
γλγ5

1

/l

]
→
∫
l
tr

[
γµ

1

/l + /k −m
γλγ5

1

/l + /k −m
γν

1

/l −m
+ γµ

1

/l + /k −m
γν

1

/l −m
γλγ5

1

/l −m

]
reg

(4.6)

with ∫
l
[f(l;m)]reg = lim

M→∞

∫
l
[f(l; 0)− f(l;M)], (4.7)

where the limit is taken after the integration [39]. Then, the regularized current density
in Fourier spacetime is given by

Jµ(k) = −i
∫
k
tr

[
γµ

1

/l + /k −m
γλγ5

1

/l + /k −m
γν

1

/l −m

]
reg

Aν(k)A5λ

− i
∫
k
tr

[
γµ

1

/l + /k −m
γν

1

/l −m
γλγ5

1

/l −m

]
reg

Aν(k)A5λ. (4.8)

Intuitively, the Pauli-Villars contribution corresponds to the contribution from the bottom
of the band, where the right-handed and left-handed bands merge. Indeed, in the presence
of Pauli-Villars regularization, the right-handed and left-handed contributions cannot be
computed separately.

1In fact, the integral is not divergent, but the regularization is essential, as will be shown later.
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In order to obtain the current density at finite temperature and density, we employ
the imaginary time formalism [106] by replacing

l0 → iνn + µ, (4.9)

k0 → iωn, (4.10)∫
dl0
2π
→ iT

∑
n

, (4.11)

where νn = (2n + 1)πT and ωn = 2nπT are the fermionic and bosonic Matsubara fre-
quencies, respectively. After the frequency summation, ωn is analytically continued into
iωn → ω+ = ω + i0+.

After the trace computation, Matsubara frequency summation, and angular integration
(see Appendix. G for details), we find

Jµ(k) = − v

2π2
ϵµλκνA5λikκAν(k) +

1

2π2

∫ ∞

0
dεN ′

+(ε)fε(ω
+, |k|)δµiϕ5Bi(k) (4.12)

with

N+(ε) = nF (β(ε− µ)) + nF (β(ε+ µ)), (4.13)

fε(ω, k) =
ω2 − (vk)2

4(vk)2

[
ω

vk
ln

(
(ω + vk)2[(ω − vk)2 − 4ε2]

(ω − vk)2[(ω + vk)2 − 4ε2]

)
+

2ε

vk
ln

(
ω2 − (vk − 2ε)2

ω2 − (vk + 2ε)2

)]
.

(4.14)

While the massless Dirac fermion contributes to both terms on the right-hand side of
Eq. (4.12), the Pauli-Villars ghost contributes only to the first term. The first term is
just the Chern-Simons current (Bardeen-Zumino polynomial), which we introduced in
Sec. 2.3. Its correct form is unavailable without the regularization, which is consistent
with the observation in a lattice model of Weyl semimetals [107].

4.2 Dynamical chiral magnetic current

The limits ω → 0 and k → 0 of fε(ω, k) do not commute as observed in Refs. [108, 109].
First, we take the static limit, where k → 0 is taken after ω → 0:

lim
k→0

lim
ω→0

fε(ω, k) = lim
k→0

ε

2vk
ln

(
(vk + 2ε)2

(vk − 2ε)2

)
= 1, (4.15)

which leads to

Jstatic = −
1

2π2
A5 ×E. (4.16)

In this case, only the anomalous Hall current survives, and the chiral magnetic current
vanishes in equilibrium.

Next, we take the uniform limit, where ω → 0 is taken after k → 0:

lim
ω→0

lim
k→0

fε(ω, k) = lim
ω→0

4ε2(4ε2 − 3ω2)

3(4ε2 − ω2)2

=
1

3
, (4.17)
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which leads to

Juniform = − 1

2π2
A5 ×E +

1

3π2
ϕ5B. (4.18)

In this case, the current density along the magnetic field is driven. This current is referred
to as the dynamical chiral magnetic current or the gyrotropic magnetic current [110,
111]. Compared with the chiral magnetic current Eq. (2.122), the coefficient is smaller in
magnitude by 2/3 and opposite in sign for µ5 = −ϕ5. In this effect, a dynamical magnetic
field is applied, and then the system is driven out of equilibrium. In contrast, a static
magnetic field is applied to non-equilibrium systems with µ5 ̸= 0 and ϕ5 = 0 in the chiral
magnetic effect. We emphasize that the dynamical chiral magnetic effect occurs even when
µ5 = 0 if ϕ5 is finite, while the static chiral magnetic effect requires the axial chemical
poteintial. This indicate that the mechanism driving the generation of the dynamical
chiral magnetic current differs from that of the static chiral magnetic current. We note
that the dynamical chiral magnetic current is also reported in cubic noncentrosymmetric
superconductors, and it leads the negative refractive index [112].

We further analyze the dynamical chiral magnetic current. We now apply a uniform
but time-dependent magnetic field B(t). In this case, the current density is given by

J(ω) =
1

2π2
ϕ5B(ω)

[
1 +

∫ ∞

0
dεN ′

+(ε)
4ε2(4ε2 − 3ω+2)

3(4ε2 − ω+2)2

]
, (4.19)

in addition to the anomalous Hall current. The total transported charge density is∫ ∞

−∞
dtJ(t) =

ϕ5
3π2

∫ ∞

−∞
dtB(t), (4.20)

which is independent of both temperature and chemical potential. In particular, we apply
the pulsed magnetic field B = bδ(t). The resulting current density is

J(t) =
1

2π2
ϕ5b

[
δ(t) +

∫ ∞

0
dεN ′

+(ε)
4ε

3
[sin(2εt) + εt cos(2εt)]Θ(t)

]
. (4.21)

We show the time evolution of the current density for various values of µ/T in Fig. 4.2.
We find the temporal Friedel oscillation. Roughly speaking, the oscillation frequency
is determined by the typical energy scale ε ∼ max(µ, T ). The integral

∫
t>0 dtJ(t) =

−ϕ5b/(6π2) is independent of T and µ.
Lastly, we estimate a magnitude of this dynamical chiral magnetic current as |J | ∼

e3ϕ5|B|/(2π2ℏ2). Here, eϕ5 typically has a magnitude of the order of 1meV [54]. If
we assume |B| ∼ 1T, the estimated current density is approximately of the order of
107A·m−2.

4.3 Summary

In this chapter, we field-theoretically computed the current density, which is linear both
in Aµ and A5µ. To properly define the divergent integrals encountered in the calculation,
we employed the Pauli-Villars regularization. This is the novelty of this study. The
regularization is essential to obtain the correct form of the Chern-Simons current. The
ω → 0 and k → 0 limits of the resulting current density does not commute. In the static
limit, we confirmed that the chiral magnetic current is absent, which is consistent with
the vanishing of the chiral magnetic effect in equilibrium. By taking the uniform limit,
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Figure 4.2: J(t) = b̂ · J(t) at t > 0 resulting from Eq. (4.21). In the top panel, J(t) is
shown in units of J0 = ϕ5bT/(2π

2) as a function of Tt for µ/T = 0, 1, . . . , 5. In this case,
the amplitude increases as µ/T increases. In the bottom panel, J(t) is shown in units of
J1 = ϕ5bµ/(2π

2) as a function of µt for µ/T = 1, . . . , 5.

we showed the existence of the dynamical chiral magnetic current, which is driven by a
time-dependent magnetic field in its direction. The dynamical chiral magnetic current
is driven even when µ5 = 0, and its mechanism differs from that of the static chiral
magnetic current. We analyzed the properties of the dynamical chiral magnetic current.
In particular, we found that the total transported charge is universal for a uniform field
in the sense of its independence from temperature and chemical potential. Moreover, the
temporal Friedel oscillation is observed when we apply the pulsed magnetic field.
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Chapter 5

Weyl semimetals from chiral
kinetic theory

In this chapter, we analyze the electromagnetic linear responses of the Weyl semimetals
using the framework of the chiral kinetic theory. In Sec. 5.1, we discuss the relaxation
time approximation that ensures the charge conservation. Using this approximation, we
compute the charge and current densities in Sec. 5.2. In Sec. 5.3, we couple the resulting
current with Maxwell’s equation and investigate the collective excitations. Finally, we
summarize this chapter in Sec. 5.4.

5.1 Relaxation time approximation

We recall the chiral kinetic equation reviewed in Sec. 2.4 [76, 79]:

∂fp,χ
∂t

+
1√
G

[
vp + Ẽ ×Ω+B(vp ·Ω)

]
· ∂fp,χ
∂x

+
1√
G

[
Ẽ + vp ×B +Ω(Ẽ ·B)

]
· ∂fp,χ
∂p

= Cp,χ[fp,χ, fa,χ], (5.1)

where the subscript p (a) denotes the (anti)particles. We expand the distribution function
as

fλ,χ(t,x,p) = nF (β(ϵp − λµχ)) + δfλ,χ(t, x,p), (5.2)

δfλ,χ(t,x,p) = −hλ,χ(t,x,p)n′F (β(vp− λµχ)), (5.3)

where δfλ,χ(t, x,p) is the perturbation at the linear order in the electromagnetic field:
δfλ,χ(t, x,p) ∼ O (E,B). We now employ the relaxation time approximation. The mini-
mal approximation

Cλ,χ[fp,χ, fa,χ] = −
δfλ,χ(t,x,p)

τ
(5.4)

violates the local charge conservation [113, 114]. Instead, we adopt the modified collision
term:

Cλ,χ[fp,χ, fa,χ] =
1

τ
n′F (β(vp− λµχ))(hλ,χ(t,x,p)− λδµ(t,x)), (5.5)
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where δµ(t,x) is a local shift of the chemical potential. We determine δµ(t,x) to ensure the
charge conservation [113]. At the linear order in the electromagnetic field, the Boltzmann
equation is simplified to(

∂

∂t
+

1

τ
+ vp̂ · ∂

∂x

)
hλ,χ(t,x,p) =

(
E · p̂− ∂

∂t
p(B ·Ω)

)
+
λδµ(t,x)

τ
. (5.6)

By the Fourier transformation, we find

hλ,χ(ω,k,p) =
E · p̂+ (iω)p(B ·Ω) + λδµ(ω,k)/τ

−iω + 1/τ + ivp̂ · k
. (5.7)

The condition for the local charge conservation requires [113,114]∫
p

√
G(Cp,χ[fp,χ, fa,χ]− Ca,χ[fp,χ, fa,χ]) = 0, (5.8)

which leads to the expression for δµ(ω,k) as

δµ(ω,k) =
1

X

∫
p

√
G[hp,χ(ω,k,p)n

′
F (β(vp− µχ))− ha,χ(ω,k,p)n′F (β(vp+ µχ))] (5.9)

with

X =
µ2χ
2π2

+
T 2

6
. (5.10)

By substituting hλ,χ(ω,k,ω), we obtain

δµ(ω,k) = − 1

X

∫
p

[
E · p̂+ δµ(ω,k)/τ

−iω + 1/τ + ivp̂ · k
(n′F (β(vp− µχ)) + n′F (β(vp+ µχ)))

]
, (5.11)

where we use ∫
p̂

B · p̂
−iω + 1/τ + ivp̂ · k

= 0, (5.12)

which can be shown by using ik ·B = 0 and Eq. (H.4). By performing p-integration, we
finally obtain the expression of δµ(ω,k):

δµ(ω,k) =
1

1− i
2τv|k|G(ωτ , |k|)

ivE · k̂
2|k|2

(ωτG(ωτ , |k|)− 2v|k|), (5.13)

where ωτ = ω + i/τ and

G(ω, k) = ln

(
ω + vk

ω − vk

)
. (5.14)

5.2 Charge and current densities

As reviewed in Sec. 2.4, the charge and current densities are given by [77,83]

ρχ =
∑
p,a

∫
d3p

(2π)3

√
Gfχ, (5.15)

jχ =
∑
p,a

∫
d3p

(2π)3

[
(vp + (vp ·Ω)B + Ẽ ×Ω)fχ +∇× fχϵpΩ

]
. (5.16)

44



CHAPTER 5. WEYL SEMIMETALS FROM CHIRAL KINETIC THEORY

In the previous section, we computed the distribution function under the relaxation time
approximation:

fλ,χ(ω,k,p) = nF (β(ϵp − λµχ))−
E · p̂+ (iω)p(B ·Ω) + λδµ(ω,k)/τ

−iω + 1/τ + ivp̂ · k
n′F (β(vp− λµχ)).

(5.17)

By using the integration formulae presented in Appendix H, we find the charge density is
given by

ρ(ω,k) = ρ0 + ρ1(ω,k), (5.18)

ρ0 =
π2T 2 + µ2 + 3µ25

3π2v3
, (5.19)

ρ1(ω,k) = 3ϵ0Ω
2
e

1

1− i
2τvkG(ωτ , |k|)

E · k
2iω2

τ

(g1(ωτ , |k|)− g3(ωτ , |k|)), (5.20)

and the current density is

j(ω,k) =
µ5
2π2

B +
µ5
2π2

g1(ωτ , |k|)
ω

ωτ
B +

v

8π2

[
2

3
+ g1(ωτ , |k|)

ω

ωτ

]
ik ×B

+
3ϵ0Ω

2
e

2

[
g1(ωτ , |k|)

E

iωτ
− g3(ωτ , |k|)

k̂(k̂ ·E)

iωτ

]
− 3ϵ0Ω

2
e

2

v2k(k ·E)

2τω4
τ

1

1− i
2τvkG(ωτ , |k|)

(g1(ωτ , |k|)− g3(ωτ , |k|)). (5.21)

Here, Ω2
e = (π2T 2/3 + µ2 + µ25)/(3π

2ϵ0v) is the plasma frequency, and we define

gn(ω, k) =
ω

vk

[
nω2 − (vk)2

2(vk)2
G(ω, k)− nω

vk

]
. (5.22)

We can check the charge and current densities satisfy the conservation law:

−iωρ1(ω,k) + ik · j(ω,k) = 0. (5.23)

By following the prescription of the consistent chiral kinetic theory, we should add the
Chern-Simons current δjµ, which is given by

δρ =
1

2π2
A5 ·B, (5.24)

δj = − 1

2π2
A5 ×E +

ϕ5
2π2

B. (5.25)

Unlike in Chapter. 4, Jµ = jµ + δjµ includes the contribution of collisions through the
relaxation time τ and a finite axial imbalance, where µ5 + ϕ5 ̸= 0.

We compare the results of Chapters 4 and 5. In Chapter 4, we computed the current
density at the linear order both in Aµ and A5µ:

J(k) = − 1

2π2
A5 ×E +

ϕ5
2π2

B +
1

2π2

∫ ∞

0
dεN ′

+(ε)fε(ω
+, |k|)ϕ5B. (5.26)

The corresponding result from the consistent chiral kinetic theory is

J(k)|O(AA5) = −
1

2π2
A5 ×E +

ϕ5 + µ5
2π2

B +
µ5
2π2

g1(ωτ , |k|)
ω

ωτ
B. (5.27)
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To evaluate the consistency of these two results, we recall the kinetic theory is valid when
the external fields vary sufficiently slowly compared to µ, T . The particles and antiparticles
have the typical energy ε ∼ T, µ. Therefore, the kinetic theory assumes ω, v|k| ≪ ε. In
equilibrium µ5 = −ϕ5 and the collisionless regime 1/τ = 0+, the current density Eq. (5.26)
reduces to Eq. (5.27) since

lim
ε→∞

fε(ω, k) = 1 + g1(ω, k) (5.28)

holds. Therefore, our two approaches are indeed consistent.
In the next section, we will investigate the collective excitation in long wavelengths

regime. As its preparation, we examine the uniform limit, k→ 0. In this limit, the current
density simplifies to

lim
k→0

J(k) = −σHÂ5 ×E +

[
σM −

µ5
3π2

ωτ

ωτ + i

]
B + σE

i

ωτ + i
E, (5.29)

where we use

lim
k→0

gn(ω, k) =
n− 3

3
+O

(
(vk/ω)2

)
, (5.30)

and σH = |A5|/(2π2), σM = (ϕ5 + µ5)/(2π
2), and σE = ϵ0Ω

2
eτ are the anomalous Hall,

chiral magnetic, and Ohmic conductivities, respectively. The Ohmic conductivity takes
the Drude form. The chiral magnetic conductivity remains finite only out of equilibrium
ϕ5 ̸= −µ5. The anomalous Hall conductivity is independent of the relaxation time. The
dynamical chiral magnetic current is found to be valid for ωτ ≫ 1 but suppressed by the
dissipation for ωτ ≪ 1.

5.3 Chiral magnetic instability

The dynamics of the electromagnetic field is governed by Maxwell’s equation,

∇×B(x)− µ0ϵ0
∂E(x)

∂t
= µ0J(x), (5.31)

which is coupled with the current density in Eq. (5.29). We now adopt the temporal gauge
ϕ(x) = 0 and assume a plane wave A(x) = Ãe−iωt+ik·x. The left-hand side is the second
order in derivative with respect to A(x), while the right-hand side is the first order. Thus,
the right-hand side must vanish by itself at O (ω,k):

J(ω,k) = 0. (5.32)

At |ω|, v|k|,≪ 1/τ , this equation can be written as

−iωÂ5 ×A+ σM ik ×A+ σEiωA = 0. (5.33)

The characteristic equation is given by

det

 ωσE ωσHÂ5z − kzσM −(ωσHÂ5y − kyσM )

−(ωσHÂ5z − kzσM ) ωσE ωσHÂ5x − kxσM
ωσHÂ5y − kyσM −(ωσHÂ5x − kxσM ) ωσE

 = 0, (5.34)

which is simplified to

σE(σ
2
E + σ2H)ω

3 − 2Â5 · kσEσHω2 + |k|2σEσ2Mω = 0. (5.35)
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Re[ω] < 0

Im[ω]

-1.0 -0.5 0.5 1.0
k⟂

-1.0

-0.5

0.5

1.0

k||

Figure 5.1: Directional dependence of real and imaginary parts of ω(k⊥, k∥) resulting from

Eq. (5.36) for σM > 0 and σH = 3σE . Their magnitudes in units of ω0 ≡ σM |k|/
√
σ2H + σ2E

are represented by distances from the origin in the direction of (k⊥, k∥). This figure is cited
from T. Amitani and Y. Nishida, “Dynamical chiral magnetic current and instability in
Weyl semimetals,” Phys. Rev. B 107, 014302 (2023), © 2023 American Physical Society.

There are two nontrivial solutions:

ω =
σHσMk∥ ± iσM

√
σ2Ek

2
∥ + (σ2H + σ2E)k

2
⊥

σ2H + σ2E
(5.36)

with k∥ = k · Â5 and k2⊥ = |k|2 − k2∥. The dispersion relations are determined by the
conductivities. Importantly, one of them has a positive imaginary part. The positive
imaginary part implies the exponential growth of electromagnetic fields.

The imaginary part shows the anisotropy, which depends on the direction of k relative
to A5 as illustrated in Fig. 5.1. The imaginary part is maximal when k∥ = 0, where the
real part vanishes. In this case, the unstable modes do not propagate. When k∥ ̸= 0, these
modes become propagating waves. Notably, when k⊥ = 0, where the imaginary part is
minimal, the unstable modes are circularly polarized. The sign of the real part depends
on σMk∥ so that the propagation of unstable modes is toward ±k̂ for ±σMk∥ > 0 and thus
oriented to the direction of σMA5. Both chiral magnetic and anomalous Hall conductivities
are essential for the propagating wave. This instability of the electromagnetic fields is
analogous to the chiral plasma instability [87]. However, there are differences between
our instability and the chiral plasma instability: the latter was predicted at ω ∼ k2 in
the absence of dissipation. The resulting exponential growth of electromagnetic fields is
considered to reduce Weyl node populations toward equilibrium µ5 → −ϕ5 [87, 115, 116],
so as to gradually attenuate our chiral magnetic instability. We note that the collective
excitations are diffusive in µ5 = −ϕ5, i.e., no instability occurs in this case since the chiral
plasma instability requires the axial imbalance for its growth [87,115,116].1

1We also note that the instability by the dynamical chiral magnetic current can be predicted even when
µ5 = −ϕ5 if we use an incorrect dispersion relation εp = |p|. Therefore, the correction to the energy
dispersion relation −p(B ·Ω) is essential.
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CHAPTER 5. WEYL SEMIMETALS FROM CHIRAL KINETIC THEORY

5.4 Summary

We first investigate the electromagnetic linear responses in Weyl semimetals from the
framework of the consistent chiral kinetic theory. To consider the effect of the collision, we
employ the modified relaxation time approximation, which ensure the charge conservation.
The resulting current density is consistent with that obtained from the field-theoretical
computation. We also studied dispersion relations of collective excitations coupled with
Maxwell electromagnetic fields at low frequencies and long wavelengths. The dispersion
relations are determined only by electric, chiral magnetic, and anomalous Hall conductivi-
ties, which predict unstable modes when Weyl node populations deviate from equilibrium.
If the wave vectors are perpendicular to the direction of Weyl node separation, the unstable
modes are nonpropagating and otherwise become propagating waves. Their propagation
is not radial but oriented to or opposite to the direction of Weyl node separation, depend-
ing on the sign of the chiral magnetic conductivity. Therefore, whereas the instability is
caused by the chiral magnetic effect, the anomalous Hall effect causes propagation. As an
observable signature of the instability, the anomalous reflectance of the surface of the Weyl
semimetal was proposed [117]. It was found that the reflectance of the Weyl semimetal
with pumped axial charge can exceed unity. However, the practical observation of this
phenomenon remains challenging. Therefore, future work is needed to propose alternative
setups to observe this instability.
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Chapter 6

Summary and outlook

Summary

In this thesis, we applied the effective field theory approach to the quantum Hall systems
and the Weyl semimetals. The effective field theory captures the universal properties of a
system while abstracting away unnecessary details. To investigate the universal nature of
these materials, we analyzed their electromagnetic responses.

In Chapter 2, we reviewed four topics related to effective field theory. First, we dis-
cussed the Chern-Simons and Wen-Zee terms in the quantum Hall systems. The former
relates to the Hall conductivity, while the latter relates to the Hall viscosity. Next, we de-
rived the low-energy effective action of the Weyl semimetals starting from a lattice model.
The derived action corresponds to that of a massless Dirac fermion coupled to an axial
gauge field. We then explained how such systems exhibit the axial anomaly. Additionally,
we reviewed the consistent chiral kinetic theory, an alternative framework for describing
the Weyl semimetals.

In Chapter 3 with Appendix A-F, we constructed the effective action of the quantum
Hall systems with the Galilean invariance base on symmetries. To compute all currents
including the energy current, we consider the system on a Newton-Cartan spacetime. This
framework introduces three metrics corresponding to the external fields conjugate to the
energy current density, momentum density, and stress tensor. The quantum Hall sys-
tem on a Newton-Cartan spacetime has the U(1) gauge, general coordinate, and Milne
invariance, the last of which can be regarded as the generalization of the Galilean invari-
ance. To enforce the Milne invariance, we dressed the external fields. The resulting action
is Eq. (3.93), which contains four unknown coefficients. Using this effective action, we
computed the electromagnetic responses. We first identified four coefficients from the ob-
tained current densities: the Hall conductivity, Hall viscosity, energy density, and energy
magnetization. We also provided explicit expressions for the energy density and energy
magnetization in the case of free electrons. We then found the relations among differ-
ent kinds of the responses. Notably, two key findings emerged. First, the longitudinal
conductivity at nonzero frequency is determined by the Hall conductivity [Eq. (3.120)],
which is consistent with the result from the equation of motion of a single electron and
Kohn’s theorem. Second, the Hall viscosity contributes to the nonlinear electrothermal
conductivity at nonzero wave number [Eq. (3.121)]. This result aligns with the energy
conservation law and the parity-violating hydrodynamics in two spatial dimensions.

In Chapter 4 with Appendix G, we investigated the electromagnetic linear responses
of the Weyl semimetals by using the low-energy effective action Eq. (4.1). We employed
the Pauli-Villars regularization to define the superficially divergent integral. The result-
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ing current density [Eq. (4.12)] comprises terms dependent on temperature and chemical
potential as well as terms independent of these variables. The latter is consistent with the
Chern-Simons current. We confirmed that the chiral magnetic current vanishes in equilib-
rium by taking the static limit of the current density. On the other hand, in the uniform
limit, we found the dynamic magnetic field drives the current density in its direction (the
dynamical chiral magnetic current). We analyzed the properties of the dynamical chiral
magnetic current under the uniform magnetic field. In particular, we applied the pulsed
magnetic field and observed the temporal Friedel oscillation.

In Chapter 5 with Appendix H, we computed the electromagnetic linear responses
by using the consistent chiral kinetic theory. We adopted the modified relaxation time
approximation to ensure the local charge conservation. The resulting charge and cur-
rent densities [Eqs. (5.18) and (5.21)] are consistent with those obtained from the field-
theoretical computation in Chapter 4. By coupling the resulting current with Maxwell’s
equation, we investigated the collective excitations. In the long wavelength regime, the
plasmon dispersion relation is determined only by the chiral magnetic, anomalous Hall,
and Ohmic conductivities [Eq. (5.36)]. The dispersion relation has a positive imaginary
part, indicating the existence of the exponentially growing modes. It is an analogy of
the chiral plasma instability although there are some differences. If the wave vectors are
perpendicular to the direction of the Weyl node separation, the modes do not propagate.
Otherwise, the modes become propagating waves. The propagation of the unstable modes
is anisotropic, and the direction is parallel or antiparallel to the Weyl node separation.
The growth of these modes requires an axial imbalance, which subsequently reduces the
Weyl node populations toward equilibrium (µ5 → −ϕ5), eventually stabilizing the system.

Outlook

There are several intriguing prospects for extending our studies. In Chapter 3, we derived
the effective action of the quantum Hall systems with Galilean invariance, grounded in the
symmetries of the microscopic action. An exciting avenue for future exploration would be
to determine whether the same effective action can emerge from the non-relativistic limit
of the effective action of relativistic quantum Hall systems. The relativistic counterpart
has already been constructed in Ref. [118], providing a strong foundation for such an
investigation. However, the process of taking the non-relativistic limit is nuanced, as there
are multiple formalisms available, such as those proposed in Refs. [99,119]. Identifying the
most appropriate framework for reproducing the non-relativistic action is far from trivial.
If we succeed in identifying a suitable limiting procedure, the implications would extend
beyond the quantum Hall systems. For instance, the methodology could be applied to
derive non-relativistic hydrodynamics from its relativistic counterpart, thereby broadening
our understanding of fluid dynamics in non-relativistic regimes.

Another direction worth pursuing is the extension of our studies in Chapters 4 and
5, where we focused on the electromagnetic responses of the Weyl semimetals, to include
responses induced by other types of external fields. For example, as discussed in Sec.2.2,
strain in the Weyl semimetals generates a spacetime-dependent axial gauge field. Further-
more, it has been established that a constant axial magnetic field B5 can induce a current
density: j ∝ µB5 [120]. Extending this framework to the case of a spacetime-dependent
B5 would provide new insights into the interplay between strain-induced gauge fields and
electromagnetic responses in the Weyl semimetals. The strain in the Weyl semimetals
induces not only charge currents but also stress, leading to intriguing phenomena such
as the anomalous Hall viscosity [64]. However, existing evaluations of this viscosity lack
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rigor, necessitating a precise computation. To address this, a field-theoretical calculation
of the stress tensor under axial gauge fields is essential. Such an approach would deepen
our understanding of the stress-strain responses in the Weyl semimetals, including the
anomalous Hall viscosity.

In Sec.5.4, we highlighted the need for future work to propose experimental setups
capable of observing signatures of the chiral magnetic instability. As an initial step, a
promising approach would involve numerical simulations to study the growth of electro-
magnetic fields by solving the set of Maxwell’s equations and the kinetic equations, similar
to the methodologies used in the context of supernovae [121]. Beyond the chiral magnetic
instability, exploring other potential instabilities in the Weyl semimetals offers a rich field
of inquiry. For instance, the anomalous Hall instability [122], which is the instability of
Alfvén waves in the presence of chiral magnetic and anomalous Hall currents, could be
particularly relevant. This instability is predicted under conditions analogous to those we
study, suggesting its occurrence in the Weyl semimetals is plausible. Another interesting
possibility is the chiral magnetovortical instability [123], a plasma instability driven by the
interplay of chiral magnetic and vortical currents. While the realization of this instability
in the Weyl semimetals might be challenging due to the need for a vorticity, a detailed
evaluation of its feasibility in such systems is worthwhile. Understanding these instabilities
deepens our comprehension of the dynamical properties of the Weyl semimetals.

Lastly, we will be able to integrate our understanding of the quantum Hall systems
and the Weyl semimetals to explore the quantum Hall effect in the Weyl semimetals. The
quantum Hall effective action for two-dimensional Dirac semimetals has been constructed
based on symmetries [124]. Building on this, we could similarly derive the quantum Hall
effective action for the Weyl semimetals. This effective action is expected to include terms
that describe the anomalous Hall viscosity. Thus, this approach would enable the inves-
tigation of the universal properties of the anomalous Hall viscosity, advancing theoretical
understanding. Moreover, extending this analysis from two to three dimensions would
provide deeper insights.

In conclusion, this thesis has uncovered universal physical phenomena in both the
quantum Hall systems and the Weyl semimetals. Thanks to the universality inherent in
the effective field theory approach, these findings are broadly applicable, extending be-
yond specific material details. Notably, the formalism employed for the quantum Hall
systems relies entirely on symmetries, suggesting that this methodology can be extended
to other topological materials. While the approach employed for the Weyl semimetals is
somewhat more restricted, the Weyl semimetals themselves offer potential applications. As
mentioned in Chapter. 1, the Weyl semimetals serve as excellent platforms for realizing rel-
ativistic effects that are challenging to achieve in high-energy physics experiments. Conse-
quently, further exploration of universal phenomena in the Weyl semimetals is worthwhile,
and achieving their experimental detection is an important objective for future research.
We hope that this thesis will not only foster a more comprehensive understanding of the
topological materials, but also provide deeper insights into the high-energy physics.
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Appendix A

Another choice of variation

In this appendix, we choose δvµ to be arbitrary instead of δnµ. The other variations are
given by

δnµ = −nµnνδvν + P νµ δn̄ν , (A.1)

δhµν = −v(µhν)λδn̄λ + Pµρ P
ν
σ δh̄

ρσ, (A.2)

δhµν = −n(µhν)λδvλ − hµρhνσδh̄ρσ, (A.3)

where δn̄µ, δv
µ, and δh̄µν are independent. We introduce the current densities conjugate

to the external fields as

δS =

∫
d3x
√
γ

(
J µδAµ − E ′µδn̄µ − P ′

µδv
µ − 1

2
Tµνδh̄µν

)
, (A.4)

where the action is given by

S0 =

∫
d3x
√
γ

[
vµΨ†i

←→
D µΨ−

(
hµν

2m
+
ig ελµνnλ

4m

)
DµΨ

†DνΨ

]
. (A.5)

We now compute E ′µ and P ′
µ. The volume element varies as

δ
√
γ =

√
γ

2
(γ−1)µνδγµν

= −√γ
[
nµδv

µ +
1

2
hµνδh̄

µν

]
. (A.6)

Then, we obtain

E ′µ = − 1
√
γ

δS0
δn̄µ

= −v
(ρhσ)µ

2m
DρΨ

†DσΨ+
ig

4m
Pµλ ε

λρσDρΨ
†DσΨ (A.7)

and

P ′
µ = − 1

√
γ

δS0
δvµ

= −P νµΨ†iDνΨ− nµ
(
hρσ

2m
DρΨ

†DσΨ+
igελρσ

4m
nλDρΨ

†DσΨ

)
. (A.8)
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Compared with the expressions in Eqs. (3.39) and (3.40), we find the energy current
density is given by

Eµ = E ′µ − vµvνP ′
ν , (A.9)

and the momentum density is given by

Pµ = P νµP ′
ν . (A.10)

Therefore, E ′µ and P ′
µ themselves are not the energy current and momentum densities,

respectively. Thus, the choice in this appendix is not efficient since we should compute
both E ′µ and P ′

µ to obtain the energy current density.
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Evaluation of scalars to construct
effective action

This appendix summarizes the steps to simplify Table 3.2 into Table 3.3 by examining the
dependence and order of scalars.

• Dependence of B̃ and F̃µνF̃
µν :

B̃2 =
1

2
F̃µνF̃

µν . (B.1)

• Higher-order nature of h̃µρε
µνλF̃νλε

ρστ F̃στ :

h̃µρε
µνλF̃νλε

ρστ F̃στ

= h(0)µν ε
µνλFνλε

ρστFστ + h(1)µν ε
µνλFνλε

ρστFστ + 2h(0)µν ε
µνλFνλε

ρστF (1)
στ +O

(
∂2
)

= 4B2h(0)µν u
µ
(0)u

ν
(0) + 4B2h(1)µν u

µ
(0)u

ν
(0) + 4Bh(0)µρ u

µ
(0)ε

ρστF (1)
στ +O

(
∂2
)

= O
(
∂2
)
, (B.2)

where we define

h(0)µν = hµν − n(µu
(0)
ν) + nµnνu

2
(0), (B.3)

h(1)µν = −n(µu
(1)
ν) + 2nµnνu

(0)
ρ uρ(1), (B.4)

F (1)
µν = ∂[µA

(0)
ν] , (B.5)

A(0)
µ = mu(0)µ −

m

2
nµu

2
(0), (B.6)

and use h
(0)
µν u

µ
(0) = h

(1)
µν u

µ
(0)u

ν
(0) = 0.

• Vanishing of (∇̃µεµνλ)F̃νλ = 0: since ∇̃µεµνλ = 0, this term is identically zero.

• Dependence of εµνλ(∇̃µF̃νλ), uµ∂µB̃, and ∇̃µuµ:

f(B̃)εµνλ(∇̃µF̃νλ) = f(B)εµνλ(∇̃µFνλ) +O
(
∂2
)

= f(B)∇̃µ(εµνλFνλ) +O
(
∂2
)

= 2f(B)∇̃µ(Buµ(0)) +O
(
∂2
)

= 2f(B)uµ(0)∂µB + 2Bf(B)∇̃µuµ(0) +O
(
∂2
)

= 2f(B̃)uµ∂µB̃ + 2B̃f(B̃)∇̃µuµ +O
(
∂2
)
, (B.7)

where f is an arbitrary function.
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• Dependence of εµνλF̃νλ∂µB̃ and uµ∂µB̃:

εµνλF̃νλ∂µB̃ = εµνλFνλ∂µB +O
(
∂2
)

= 2Buµ(0)∂µB +O
(
∂2
)

= 2B̃uµ∂µB̃ +O
(
∂2
)
. (B.8)

• Vanishing of hµν(∇̃µuλ)F̃νλ: since ∇̃[νuλ] = 0, this term vanishes.

• Higher-order nature of hµνuλ(∇̃µF̃νλ):

hµνuλ(∇̃µF̃νλ) = hµνuλ(0)(∇̃µFνλ) +O
(
∂2
)

= hµν∇̃µ(uλ(0)Fνλ)− h
µν(∇̃µuλ)Fνλ +O

(
∂2
)

= O
(
∂2
)
, (B.9)

where we use uλ(0)Fνλ = 0.

• Higher-order nature of hµνuλF̃νλ∂µB̃:

hµνuλF̃νλ∂µB̃ = hµνuλ(0)Fνλ∂µB̃ +O
(
∂2
)

= O
(
∂2
)
, (B.10)

where we use uλ(0)Fνλ = 0.

• Dependence of hµν(∇̃µuλ)h̃νλ and ∇̃µuµ:

hµν(∇̃µuλ)h̃νλ = P̃µλ (∇̃µu
λ)

= ∇̃µuµ − uµnλ∇̃µuλ

= ∇̃µuµ + uµuλ∇̃µnλ
= ∇̃µuµ. (B.11)

• Dependence of hµνuλ(∇̃µh̃νλ) and ∇̃µuµ:

hµνuλ(∇̃µh̃νλ) = uλ(∇̃µhµν h̃νλ)
= −uλ(∇̃µnλuµ)
= −∇̃µuµ. (B.12)

• Vanishing of hµνuλh̃νλ∂µB̃: since uλh̃νλ = 0, this term is identically zero.

• Dependence of εµνλB̃µF̃νλ and Bµu
µ:

εµνλB̃µF̃νλ = εµνλB̃µFνλ +O
(
∂2
)

= 2Buµ(0)B̃µ +O
(
∂2
)

= 2BuµB̃µ +O
(
∂2
)
. (B.13)

• Higher-order nature of hµνuλB̃µF̃νλ:

hµνuλB̃µF̃νλ = hµνuλ(0)B̃µFνλ +O
(
∂2
)
= O

(
∂2
)
, (B.14)

where we use uλ(0)Fνλ = 0.
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• Vanishing of B̃µu
µ = uνGµνu

ν : this term is identically zero since Gµν is anti-
symmetric under µ↔ ν.

• Dependence of GµνF̃
µν and G:

BG =
1

2
GµνF̃

µν . (B.15)

• Higher-order nature of GµuνF̃µν :

GµuνF̃µν = Gµuν(0)Fµν +O
(
∂2
)
= O

(
∂2
)
, (B.16)

where we use uν(0)Fµν = 0.

• Vanishing of Gµuν h̃µν : this term vanishes since uν h̃µν = 0.
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Free electrons

We compute functional forms of E(B̃) and M(B̃) in this appendix. The effective action
Eq. (3.93) contains four unknown coefficients: ν, κ, E(B̃), and M(B̃). While ν and κ
are constants and independent of interactions, E(B̃) andM(B̃) depends on interactions.
Although the functional forms of E(B̃) andM(B̃) are not universal, we can compute them
for free electrons (the integer quantum Hall systems).

We consider an electron under a constant magnetic field B and nontrivial metrics

nµ = (1,−Ci), (C.1)

hµν =

(
C2 Ci
Cj δij

)
, (C.2)

vµ = (1, 0, 0), (C.3)

hµν = diag(0, 1, 1). (C.4)

In this setup, the energy density is given by

E = nµEµ = E(B)− 2M(B)ϵij∂iCj +O
(
∂2
)
. (C.5)

Then, we employ the perturbation theory in Ci and compute the energy eigenvalue up
to O

(
C2, ∂2C

)
. The free Hamiltonian under the same background fields is given by

H = H0 +H1 +O
(
n2i
)
, (C.6)

H0 =

∫
d2x

[
DiΨ

†DiΨ

2m
− gB

4m
Ψ†Ψ

]
, (C.7)

H1 = −
∫
d2xCiE i, (C.8)

where

E i = −
D(tΨ

†Di)Ψ

2m
− ig ϵij

4m
D[tΨ

†Dj]Ψ (C.9)

is the energy current density. We expand the field operators as

Ψ(x) =
∑
n,m

ψn,k(x)αn,k, (C.10)

Ψ†(x) =
∑
n,k

ψ∗
n,k(x)α

†
n,k, (C.11)
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where α
(†)
n,k is the annihilation (creation) operator of electrons with the (n, k) state, which

satisfy

{αn,k, α†
n′,k′} = δnn′δkk′ . (C.12)

The expansion coefficient ψn,k(x) is the one-body wavefunction,

ψn,k(x) = ⟨x|n, k⟩ , (C.13)

where n and k are the Landau level and intra-Landau quantum numbers, respectively. We
now introduce the complex coordinates,

z = x+ iy, z̄ = x− iy, (C.14)

∂z =
1

2
(∂x − i∂y), ∂z̄ =

1

2
(∂x + i∂y), (C.15)

Az = Ax + iAy, Az̄ = Ax − iAy, (C.16)

Cz = Cx + iCy, Cz̄ = Cx − iCy. (C.17)

The ladder operators between Landau levels can be written as

a† = i
√
2lBDz =

i√
2
lB(Dx − iDy), (C.18)

a = i
√
2lBDz̄ =

i√
2
lB(Dx + iDy). (C.19)

The ladder operators intra Landau levels are

b† = −i
√
2lBDz̄ +

i√
2lB

z, (C.20)

b = −i
√
2lBDz −

i√
2lB

z̄. (C.21)

These operators satisfy the commutation relations [a, a†] = [b, b†] = 1. In this coordinates,
the Hamiltonian can be written as

H0 =

∫
d2x

[
1

m
(DzΨ

†Dz̄Ψ+Dz̄Ψ
†DzΨ)− gB

4m
Ψ†Ψ

]
, (C.22)

H1 = −
∫
d2x

[
Cz

2m2i
(DzΨ

†(DzDz̄ +Dz̄Dz)Ψ) +
Cz̄

2m2i
(Dz̄Ψ

†(DzDz̄ +Dz̄Dz)Ψ) (C.23)

− Cz
2m2i

((DzDz̄ +Dz̄Dz)Ψ
†DzΨ)− Cz̄

2m2i
((DzDz̄ +Dz̄Dz)Ψ

†Dz̄Ψ) (C.24)

− igCz
4m2

(DzΨ
†(DzDz̄ +Dz̄Dz)Ψ) +

igCz̄
4m2

(Dz̄Ψ
†(DzDz̄ +Dz̄Dz)Ψ) (C.25)

− igCz
4m2

((DzDz̄ +Dz̄Dz)Ψ
†DzΨ) +

igCz̄
4m2

((DzDz̄ +Dz̄Dz)Ψ
†Dz̄Ψ) (C.26)

+
gBCz
8m2i

(DzΨ
†Ψ−Ψ†DzΨ) +

gBCz̄
8m2i

(Dz̄Ψ
†Ψ−Ψ†Dz̄Ψ) (C.27)

− ig2B

16m2
Cz(DzΨ

†Ψ+Ψ†DzΨ) +
ig2B

16m2
Cz̄(Dz̄Ψ

†Ψ+Ψ†Dz̄Ψ)

]
, (C.28)

where we also use the equations of motion for Ψ and Ψ†. Here, Cz(z̄) is expanded as

Cz = C0
z + z∂zC

0
z + z̄∂z̄C

0
z , (C.29)

Cz̄ = C0
z̄ + z∂zC

0
z̄ + z̄∂z̄C

0
z̄ , (C.30)
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where the subscript 0 means we substitute (z, z̄) = (0, 0) after the differentiation.
Using the ladder operators, we compute the covariant derivatives of the wavefunctions

as

Dzψn,k(x) = −
i√
2lB

√
n+ 1ψn+1,k(x), (C.31)

Dz̄ψn,k(x) = −
i√
2lB

√
nψn−1,k(x). (C.32)

We also find

zψn,k = −i
√
2lB(
√
nψn−1,k +

√
k + 1ψn,k+1), (C.33)

z̄ψn,k = i
√
2lB(
√
n+ 1ψn+1,k +

√
kψn,k−1). (C.34)

Then, the zeroth-order Hamiltonian H0 is written as

H0 =
∑
n,k

B

m

(
n+

1

2
− g

4

)
α†
n,kαn,k, (C.35)

while the first-order Hamiltonian H1 is

H1 =
∑
n,k

[(
− B

4m2
(2n+ 1)2 +

gB

4m2
(2n+ 1)− g2B

16m2

)
i(∂zC

0
z − ∂z̄C0

z̄ )

]
α†
n,kαn,k

+ (off-diagonal part). (C.36)

Here the off-diagonal part expresses the terms proportional to α†
n′,k′αn,k with (n, k) ̸=

(n′, k′). These terms do not contribute to the final computation of energy eigenvalues in
the first-order perturbation theory as shown later.

We now employ the perturbation theory for a one-body state |n, k⟩. The zeroth-order
energy eigenvalue for the n-th Landau level is given by

E(0)
n = ⟨n, k|H0 |n, k⟩

= ⟨vac|αn,kH0α
†
n,k |vac⟩

=
B

m

(
n+

1

2
− g

4

)
. (C.37)

Since the system is degenerated, the first-order correction of the energy eigenvalue for the
n-th Landau level is obtained by diagonalizing the matrix

Vn;k1k2 = ⟨n, k1|H1 |n, k2⟩ . (C.38)

First, we show the off-diagonal part does not contribute to this matrix:

⟨n, k1|Hoff
1 |n, k2⟩ ∝ ⟨vac|αn,k1α

†
m,kαm′,k′α

†
n,k2
|vac⟩

= ⟨vac| δn,mδk,k1δn,m′δk′,k2 |vac⟩ (C.39)

= 0, (C.40)

where we use Eq. (C.12), αn,k |vac⟩ = 0, and m ̸= m′. Therefore, we find

Vn;k1k2 = −
(

B

4m2
(2n+ 1)2 − gB

4m2
(2n+ 1) +

g2B

16m2

)
Gδk1,k2 (C.41)
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with G = −ϵij∂iCj = i(∂zCz−∂z̄Cz̄). Since this matrix is already diagonal, the first-order
correction is directly given by

E(1)
n = −

(
B

4m2
(2n+ 1)2 − gB

4m2
(2n+ 1) +

g2B

16m2

)
G. (C.42)

The total energy density E is calculated by summing up the contributions from all occupied
Landau levels up to the filling factor ν:

E =
B

2π

ν−1∑
n=0

(E(0)
n + E(1)

n )

=
B2

4πm
ν2 − gB2

8πm
ν −

(
B2

24πm2
(4ν3 − ν)− gB2

8πm2
ν2 +

g2B2

32πm2
ν

)
G, (C.43)

where B/2π accounts for the degeneracy of each Landau level. Compared with Eq. (C.5),
we finally find

E(B) =
B2

4πm
ν2 − gB2

8πm
ν, (C.44)

M(B) = −1

2

(
B2

24πm2
(4ν3 − ν)− gB2

8πm2
ν2 +

g2B2

32πm2
ν

)
. (C.45)
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Appendix D

Wen-Zee term

In this appendix, we rewrite the Wen-Zee term in terms of the spatial metric. To do this,
we recall the torsionless connection Eq. (3.25),

Γ̊λµν =
1

2
vλ∂(µnν) +

1

2
hλρ(∂µhρν + ∂νhµρ − ∂ρhµν). (D.1)

The spin connection Eq. (3.69) can be expressed as

ωµ =
1

2
ϵabhλνe

aλ∇̊µebν , (D.2)

where ∇̊µ is the covariant derivative with the connection Γ̊λµν . Here the anti-symmetrized
derivative of the spin connection is

∂[µων] = ∇̊[µων] (D.3)

=
1

2
ϵabeaσ∇̊[µ∇̊ν]ebσ +

1

2
ϵabeaσ(∇̊[µv

σ∇̊ν]nτ )ebτ

+
1

2
ϵab(∇̊[µe

a
σ)P

σ
τ (∇̊ν]ebτ ). (D.4)

By employing ∇λhµν = 0 and eaλebλ = δab, the last term is found to vanish,

1

2
ϵab(∇̊[µe

a
σ)P

σ
τ (∇̊ν]ebτ )

=
1

2
ϵab(ecσ∇[µe

a
σ)(e

cτ∇ν]ebτ ) = 0, (D.5)

because eaλ∇µebλ = −ebλ∇µeaλ vanishes for a = b. We now define the Riemann curvature
of the torsionless connection Γ̊λµν as

R̊στµν = ∂[µΓ̊
σ
ν]τ + Γ̊σ[µρΓ̊

ρ
ν]τ . (D.6)

Since the Riemann curvature is also given by the commutation relation of the covariant
derivatives as ∇̊[µ∇̊ν]ebσ = R̊στµνe

bτ , we obtain

∂[µων] =
1

2
εκρτnκhρσ(R̊

σ
τµν + ∇̊[µv

σ∇̊ν]nτ ), (D.7)

where we also use ϵabeaρebτ = εκρτnκ.
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Therefore, the Wen-Zee term turns out to be expressed as

ελµνAλ∂µων = AµJ
µ
Euler, (D.8)

JλEuler =
1

4
ελµνεκρτnκhρσ(R̊

σ
τµν + 2∇̊µvσ∇̊νnτ ), (D.9)

where JλEuler is a Newton-Cartan analog of the Euler current introduced to describe rel-
ativistic quantum Hall systems [118, 125]. The Milne invariant expression is given by
replacing vµ, hµν , and Aµ with uµ, h̃µν , and Ãµ, respectively. We can check that this
Euler-like current is indeed conserved,

(∇λ +Bλ)J
λ
Euler = 0. (D.10)
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Appendix E

Formulae of variations

In this appendix, we present the formulae of the variation to derive the current densities
from the effective action. Under the variations of the external fields,

δAµ, (E.1)

δnµ, (E.2)

δvµ = −vµvνδnν + Pµν δv̄
ν , (E.3)

δhµν = −v(µhν)λδnλ + Pµρ P
ν
σ δh̄

ρσ, (E.4)

δhµν = −n(µhν)λδv̄λ − hµρhνσδh̄ρσ, (E.5)

δeaµ = −vµeaλδnλ + Pµρ δē
aρ, (E.6)

δh̄µν = eaµδēaν + eaνδēaµ, (E.7)

we have the following formulae:

δ
√
γ =
√
γ

(
vρδnρ −

1

2
hρσδh̄

ρσ

)
, (E.8)

δεµνλ = −εµνλ
(
vρδnρ −

1

2
hρσδh̄

ρσ

)
, (E.9)

δB = −B
(
vρδnρ −

1

2
hρσδh̄

ρσ

)
+ εµνλδnµ∂νAλ + εµνλnµ∂νδAλ, (E.10)

δuλ =
εµνλ − uµnρερνλ

B
∂νδAλ − uµuνδnρ, (E.11)

δuµ = −(nµuν + hµν)δv̄
ν − hµνuρδh̄νρ +

hµρ − uµnρ
B

ερνλ∂νδAλ − uµuρδnρ, (E.12)

δu2 = −2uρδv̄ρ − uρuσδh̄ρσ +
2uρ − 2u2nρ

B
ερνλ∂νδAλ − 2u2uρδnρ. (E.13)
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Appendix F

Full expressions of currents

In this appendix, we present the full expressions of the currents.

F.1 Charge current

The charge current from the Chern-Simons term is given by

J µCS =
1
√
γ

ν

2π

(
ϵµνλ∂ν(Aλ +mu

(0)
λ −

1

2
mu2(0)nλ)

+mϵγνλ∂β(hγρ
1

B2
ερσκ∂σAκε

αβµnα∂ν(Aλ +mu
(0)
λ −

1

2
mu2(0)nλ))

−mϵκνλ∂σ(hκρ
1

B
ερσµ∂ν(Aλ +mu

(0)
λ −

1

2
mu2(0)nλ))

−mϵγνλ∂β(hρτuτ(0)nγ
1

B2
ερσκ∂σAκε

αβµnα∂ν(Aλ +mu
(0)
λ −

1

2
mu2(0)nλ))

+mϵκνλ∂σ(
1

B
ερσµhρτu

τ
(0)nκ∂ν(Aλ +mu

(0)
λ −

1

2
mu2(0)nλ))

− g

4
∂ρ

(
∂α(
√
γBεαβγ)nβhγδ

1

B
uδ(0)ε

κρµnκ

)
+
g

4
∂ρ

(
∂α(
√
γBεαβγ)nβhγδ

1

B
εδρµ

)
+
g

4
ϵµνλ∂ν(nλε

αβγ∂α(nβuγ))

)
, (F.1)

that from the E term is given by

J µE = − 1
√
γ
(−∂β(E ′(B)ϵαβµnα)−m∂β(E ′′(B)εαβµnα(ϵ

ρνλnρ∂νu
(0)
λ −

1

2
u2(0)ϵ

ρνλnµ∂νnλ)

−m∂β(E ′(B)ϵσνλ∂νnσhλρ
1

B
uρ(0)ε

αβµnα) +m∂σ(E ′(B)ϵτνλ∂νnτhλρ
1

B
ερσµ)

−m∂β(E ′′(B)ϵσνλnσ∂νBhλρ
1

B
uρ(0)ε

αβµnα) +m∂σ(E ′′(B)ϵτνλnτ∂νBhλρ
1

B
ερσµ)

−m∂β(ϵσνλnσ∂νnλE ′(B)hρτu
τ
(0)

1

B
uρ(0)ε

αβµnα) +m∂σ(ϵ
ζνλnζ∂νnλE ′(B)hρτu

τ
(0)

1

B
ερσµ))),

(F.2)
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that from the Wen-Zee term is given by

J µWZ =
1
√
γ

κ

4π

(
1

2
∂β(∂γ(ϵ

γνλ∂νAλϵ
abeaη)ebρ

1

B
uρ(0)ε

αβµnαnη)−
1

2
∂σ(∂κ(ϵ

κνλ∂νAλϵ
abeaη)ebρ

1

B
ερσµnη)

− 1

2
ϵγνλ∂β(∂η(∂νAλϵ

abeaηebρ)hγζ
1

B
uζ(0)ε

αβµnαnρ) +
1

2
∂σ(∂η(ϵ

κνλ∂νAλϵ
abeaηebρ)hκζ

1

B
εζσµnρ)

− 1

2
ϵγνλ∂β(∂η(∂νAλϵ

abeaηebρ)hρζ
1

B
uζ(0)ε

αβµnαnγ) +
1

2
∂σ(∂η(ϵ

κνλ∂νAλϵ
abeaηebρ)hρζ

1

B
εζσµnκ)

+ ϵγνλ∂β(∂η(∂νAλϵ
abeaηebρ)hτζu

τ
(0)

1

B
uζ(0)ε

αβµnαnγnρ)

− ∂σ(∂η(ϵκνλ∂νAλϵabeaηebρ)hτζuτ(0)
1

B
εζσµnκnρ)− ϵλνµ∂ν ω̃λ

)
, (F.3)

and that from theM term is given by

J µM = − 1
√
γ
(−∂β(M′(B)εαβµnαϵ

ρνλnρ∂νnλ)). (F.4)

F.2 Energy current

The energy currents are given by

EµCS = − 1
√
γ

ν

2π

(
((−ϵρνλmu(0)ρ uµ(0) + ϵρνλmu2(0)u

µ
(0)nρ − ϵ

µνλ 1

2
mu2(0))∂ν(Aλ +mu

(0)
λ −

1

2
mu2(0)nλ)

− g

4

(
ϵµνλ∂νAλε

αβγ∂α(nβu
(0)
γ )−√γBvµεαβγ∂α(nβu(0)γ )− ∂α(

√
γBεαµγ)u(0)γ

+ ∂α(
√
γBεαβγ)nβu

(0)
γ uµ(0)

))
, (F.5)

EµE =
1
√
γ
(
√
γvµE(B) + (

√
γE ′(B) +mE ′′(B)(ϵανλnα∂νu

(0)
λ −

1

2
u2(0)ϵ

ανλnα∂νnλ))B(uµ(0) − v
µ)

+mE ′(B)ϵµνλ∂νu
(0)
λ +m∂ν(E ′(B)εανλnα)u

(0)
λ uµ(0)

+mE ′(B)u2(0)u
µ
(0)ϵ

ανλnα∂νnλ −
1

2
mE ′(B)u2(0)ϵ

µνλ∂νnλ +
1

2
m∂ν(E ′(B)u2(0)ϵ

λνµnλ)),

(F.6)

EµWZ = − 1
√
γ

κ

4π

(
− ϵσαβ∂αAβ

1

2
ϵabvνeaµ∂σ ẽ

b
ν + ∂σ(ϵ

σαβ∂αAβ
1

2
ϵabeaν)ebρ(−u

ρ
(0)u

µ
(0)nν + uρ(0)δ

µ
ν )

+ ϵσαβ∂αAβ
1

2
ϵabvνeaµebρ∂ν h̃σρ + ϵσαβ∂αAβ

1

2
ϵabeaνvρebµ∂ν h̃σρ

+ ∂ν(ϵ
σαβ∂αAβ

1

2
ϵabeaνebρ)(−δµσuρ − nσ(−u(0)µ uτ(0)δ

µ
τ )− δµρuσ − nρ(−u(0)σ uτ(0)δ

µ
τ )

+ 2(−u2(0)u
τ
(0)δ

µ
τ )nσnρ + u2δµσnρ + u2nσδ

µ
ρ )

)
, (F.7)

EµM =
1
√
γ
(M′(B)B(uµ(0) − v

µ)ϵανλnα∂νnλ +M(B)ϵµνλ∂νnλ − ∂ν(M(B)ϵλνµnλ)).

(F.8)
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F.3 Stress tensor

The stress tensors are given by

T CS
ρσ =

1
√
γ

νm

2π
eaσ

(
ϵµνλ(u(0)ρ eaµ + hµρe

a
αu

α
(0) − u

(0)
ρ uα(0)e

a
αnµ)∂ν(Aλ +mu

(0)
λ −

1

2
mu2(0)nλ)

− g

4

(
√
γBeaρε

αβγ∂α(nβhγδu
δ
(0)) + ∂α(

√
γBεαβγ)nβ(hγρe

a
δ + hδρe

a
γ)u

δ
(0)

))
,

(F.9)

T E
ρσ =

1
√
γ
eaσ(−

√
γE(B)eaρ +

√
γE ′(B)Beaρ

+mE ′′(B)Beaρ(ϵ
µνλnµ∂νu

(0)
λ −

1

2
u2(0)ϵ

µνλnµ∂νnλ)

+ (m∂ν(E ′(B)ϵµνζnµ)u
η
(0) +

1

2
mE ′(B)uζ(0)u

η
(0)ϵ

µνλnµ∂νnλ)(hζρe
a
η + hηρe

a
ζ),

(F.10)

T WZ
ρσ = − 1

√
γ

κ

8π
ecσ

(
ϵµαβ∂αAβϵ

cbP γρ∂µẽ
b
γ − ∂µ(ϵµαβ∂αAβϵabeaγ)(−ebρecγ + ebρe

c
σu

σ
(0)nγ)

− ϵµαβ∂αAβϵcbP νρ ebγ∂ν h̃µγ − ϵµαβ∂αAβϵaceaνP γρ∂ν h̃µγ
+ ∂ν(ϵ

µαβ∂αAβϵ
abeaνebγ)(−hµρecγ − hγρecµ + nµ(u

(0)
ρ ecγ + hργe

c
τu

τ
(0)) + nγ(u

(0)
ρ ecµ + hµρe

c
τu

τ
(0))

− 2u(0)ρ uτ(0)e
c
τnµnρ)

)
, (F.11)

TM
ρσ =

1
√
γ
M′(B)Beaσe

a
ρϵ
µνλnµ∂νnλ. (F.12)

F.4 Momentum Density

The momentum density is given according to Eq. (3.57).
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Derivation of current

In this appendix, we derive Eq. (4.12) from the following expression (Eq. (4.8)):

Jµ(k) = −i
∫
l
tr

[
γµ

1

/l + /k −m
γλγ5

1

/l + /k −m
γν

1

/l −m

]
reg

Aν(k)A5λ

− i
∫
l
tr

[
γµ

1

/l + /k −m
γν

1

/l −m
γλγ5

1

/l −m

]
reg

Aν(k)A5λ

= −i
∫
l
tr

[
γµ

1

/l −m
γλγ5

1

/l −m
γν

1

/l − /k −m

]
reg

Aν(k)A5λ

− i
∫
l
tr

[
γµ

1

/l + /k −m
γν

1

/l −m
γλγ5

1

/l −m

]
reg

Aν(k)A5λ. (G.1)

For simplicity, we set v = 1 throughout this appendix.
The trace of gamma matrices is computed as follows:

tr

[
γµ

1

/l −m
γλγ5

1

/l −m
γν

1

/l − /k −m

]
=

4i

((l − k)2 −m2)(l2 −m2)2
[(l2 −m2)(l − k)αϵµνλα − 2m2kαϵ

µνλα + 2lλlαkβϵ
µναβ ],

(G.2)

tr

[
γµ

1

/l + /k −m
γν

1

/l −m
γλγ5

1

/l −m

]
= − 4i

((l + k)2 −m2)(l2 −m2)2
[(l2 −m2)(l + k)αϵ

µνλα + 2m2kαϵ
µνλα − 2lλlαkβϵ

µναβ ].

(G.3)

The current density can now be expressed as

Jµ(k) = −i
∫
l

[
−4i

((l + k)2 −m2)(l2 −m2)2
[(l2 −m2)(l + k)αϵ

µνλα + 2m2kαϵ
µνλα − 2lλlαkβϵ

µναβ ]

− (k → −k)
]
reg

Aν(k)A5λ. (G.4)

Then, we divide the current into two components:

Jµ(k) = JµI (k) + JµII (k) (G.5)
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with

JµI (k) = −i
∫
l

[
−4i

((l + k)2 −m2)(l2 −m2)2
[(l2 −m2)(l + k)αϵ

µν0α + 2m2kαϵ
µν0α − 2l0lαkβϵ

µναβ ]

− (k → −k)
]
reg

Aν(k)A5,0, (G.6)

JµII (k) = −i
∫
l

[
−4i

((l + k)2 −m2)(l2 −m2)2
[(l2 −m2)(l + k)αϵ

µνiα + 2m2kαϵ
µνiα − 2lilαkβϵ

µναβ ]

− (k → −k)
]
reg

Aν(k)A5i. (G.7)

G.1 Matsubara frequency summation formulae

Before computing the current density, we present the formulae for the Matsubara frequency
summations. In general, we can rewrite the Matsubara frequency summation as a contour
integral:

T
∑
l0

f(l0) =

∮
C

dz

2πi
f(z)nF (β(z − µ)) =

∑
zn

Res
z=zn

(f(z)nF (β(z − µ))), (G.8)

where zn are the poles of f(z). By using this formula, we obtain

T
∑
l0

1

((l + k)2 −m2)(l2 −m2)

=
nF (β(El − µ))

2El((k0 + El)2 − E2
l+k)

− nF (β(−El − µ))
2El((k0 − El)2 − E2

l+k)

+
nF (β(El+k − µ))

2El+k((k0 − El+k)2 − E2
l+k)

− nF (β(−El+k − µ))
2El+k((k0 + El)2 − E2

l+k)
, (G.9)

T
∑
l0

1

((l + k)2 −m2)(l2 −m2)2

= − nF (β(El − µ))
4E3

l ((k0 + El)2 − E2
l+k)

+
nF (β(−El − µ))

4E3
l ((k0 − El)2 − E2

l+k)

− (k0 + El)nF (β(El − µ))
2E2

l ((k0 + El)2 − E2
l+k)

2
− (k0 − El)nF (β(−El − µ))

2E2
l ((k0 − El)2 − E2

l+k)
2

+
n′F (β(El − µ))

4E2
l ((k0 + El)2 − E2

l+k)
+

n′F (β(−El − µ))
4E2

l ((k0 − El)2 − E2
l+k)

+
nF (β(El+k − µ))

2El+k((k0 − El+k)2 − E2
l )

2
− nF (β(−El+k − µ))

2El+k((k0 + El+k)2 − E2
l )

2
, (G.10)

T
∑
l0

l0
((l0 + k0)2 − E2

l+k)(l
2
0 − E2

l )

=
ElnF (β(El − µ))

2El((k0 + El)2 − E2
l+k)

+
ElnF (β(−El − µ))

2El((k0 − El)2 − E2
l+k)

+
−(k0 − El+k)nF (β(El+k − µ))
2El+k((k0 − El+k)2 − E2

l )
+

(k0 + El+k)nF (β(−El+k − µ))
2El+k((k0 + El+k)2 − E2

l )
, (G.11)
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T
∑
l0

l0
((l + k)2 −m2)(l2 −m2)2

= − (k0 + El)nF (β(El − µ))
2El((k0 + El)2 − E2

l+k)
2
+

(k0 − El)nF (β(−El − µ))
2El((k0 − El)2 − E2

l+k)
2

+
n′F (β(El − µ))

4El((k0 + El)2 − E2
l+k)

−
n′F (β(−El − µ))

4El((k0 − El)2 − E2
l+k)

− (k0 − El+k)nF (β(El+k − µ))
2El+k((k0 − El+k)2 − E2

l )
2

+
(k0 + El+k)nF (β(−El+k − µ))
2El+k((k0 + El+k)2 − E2

l )
2
. (G.12)

Here, we define El =
√
|l|2 +m2 and k0 = iωn, the latter of which is analytically continued

to ω+.

G.2 Computation of JµI (k)

We now compute JµI (k), which can be written as

JµI (k) = −i
∫
l

[
−4i

((l + k)2 −m2)(l2 −m2)2
[(l2 −m2)(l − k)k − 2|l|2kk + 2l0lkk0]

− (k → −k)
]
reg

ϵµν0kAν(k)A5,0

= T
∑
l0

∫
l

[
−4i

((l + k)2 −m2)(l2 −m2)2
[(l2 −m2)(l − k)k − 2|l|2kk + 2l0lkk0]

− (k → −k)
]
reg

ϵµν0kAν(k)A5,0, (G.13)

where
∫
l =

∫
dl

(2π)3
. After the Matsubara frequency summation and straightforward calcu-

lations, we find

JµI (k) = JµI,vac(k) + JµI,mat(k), (G.14)

JµI,vac(k) = −4i
∑
u=±

∫
l

[
m2

2E3
l (Ω

2
u − E2

l+k)
+

um2k0
E2

l (Ω
2
u − E2

l+k)
2

]
reg

ϵµν0kkkAν(p)A50,

(G.15)

JµI,mat(k) = −4i
∑
u=±

∫
l

[
−Elkk + ulkk0
2El(Ω2

u − E2
l+k)

N ′
+(El)

]
reg

ϵµν0kAν(p)A50, (G.16)

where we define N+(k) = nF (β(k − µ)) + nF (β(k + µ)) and Ωu = k0 + uEl with u = ±.
Here, JµI,vac(k) has only the Pauli-Villars contribution while the Pauli-Villars contribution

of JµI,mat(k) is exponentially suppressed by the Fermi-Dirac distribution function with
infinite energy.

To proceed with the computation, we first rescale |l| as |l| → |l|/M . Next, we take the
M → ∞ limit. Under this limit, the integrand reduces to a simpler form, allowing us to
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perform the integration analytically. After these steps, we finally obtain

JµI (ω,k) = −
1

2π2
ϵ0kµν(ikk)Aν(ω,k)A50

− 1

2π2

∫ ∞

0
dlN ′

+(l)
k20 − k2

4k3

[
k0 ln

(
(k0 + k)2((k0 − k)2 − 4l2)

(k0 − k)2((k0 + k)2 − 4l2)

)
+2l ln

(
k20 − (k − 2l)2

k20 − (k + 2l)2

)]
ϵ0kµν(ikk)Aν(ω,k)A50 (G.17)

with k0 = ω+ and k = |k|.

G.3 Computation of JµII(k)

Next, we compute JµII (k), which can be divided into four components:

JµII (k) = JµII-1(k) + JµII-2(k) + JµII-3(k) + JµII-4(k), (G.18)

JµII-1(k) = −i
∫
l

−4i
((l + k)2 −m2)(l2 −m2)2

((l2 −m2)(l + k)0 + 2m2k0)ϵ
µνl0Aν(k)A5l − (k → −k),

(G.19)

JµII-2(k) = −i
∫
l

−4i
((l + k)2 −m2)(l2 −m2)2

((l2 −m2)(l + k)k + 2m2kk)ϵ
µνlkAν(k)A5l − (k → −k),

(G.20)

JµII-3(k) = −i
∫
l

−4i
((l + k)2 −m2)(l2 −m2)2

(−2lll0kβ)ϵµν0βAν(k)A5l − (k → −k), (G.21)

JµII-4(k) = −i
∫
l

−4i
((l + k)2 −m2)(l2 −m2)2

(−2lllkkβ)ϵµνkβAν(k)A5l − (k → −k). (G.22)

After the Matsubara frequency summation and straightforward calculations, we find

JµII-n(k) = JµII-n,vac(k) + JµII-n,mat(k) (G.23)
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with

JµII-1,vac(k) = 4i
∑
u=±

∫
l

[
|l|2k0

2E3
l (Ω

2
u − E2

l+k)
− um2k20
E2

l (Ω
2
u − E2

l+k)
2

]
reg

ϵµνl0Aν(k)A5l, (G.24)

JµII-1,mat(k) = −4i
∑
u=±

∫
l

[
k0N+(El)

2El(Ω2
u − E2

l+k)

]
reg

ϵµνl0Aν(k)A5l, (G.25)

JµII-2,vac(k) = 4i
∑
u=±

∫
l

[
|l|2

2E3
l (Ω

2
u − E2

l+k)
− um2k0
E2

l (Ω
2
u − E2

l+k)
2

]
reg

ϵµνlkkkAν(k)A5l, (G.26)

JµII-2,mat(k) = −4i
∑
u=±

∫
l

[
|l|2N+(El)

2E3
l (Ω

2
u − E2

l+k)

]
reg

ϵµνlkkkAν(k)A5l, (G.27)

JµII-3,vac(k) = −4i
∑
u=±

∫
l

[
Ωu

El(Ω2
u − E2

l+k)
2

]
reg

|k|ϵµν0kk̂lkkAν(k)A5l, (G.28)

JµII-3,mat(k) = −4i
∑
u=±

∫
l

[
− ΩuN+(El)

El(Ω2
u − E2

l+k)
2
|k| − x|l|N+(El)

2El(Ω2
u − E2

l+k)

]
reg

ϵµν0kk̂lkkAν(k)A5l,

(G.29)

JµII-4,vac(k) = −4i
∑
u=±

∫
l

[
1

4E3
l (Ω

2
u − E2

l+k)
+

uk0
2E2

l (Ω
2
u − E2

l+k)
2

]
reg

(1− x2)|l|2ϵµνlβkβAν(k)A5l

− 4i
∑
u=±

∫
l

[(
1

4E3
l (Ω

2
u − E2

l+k)
+

uk0
2E2

l (Ω
2
u − E2

l+k)
2

)
(1− 3x2)|l|2

+
1

El(Ω2
u − E2

l+k)
2
(2|l||k|x− |k|2)

]
reg

k̂lk̂kϵ
µνk0k0Aν(k)A5l, (G.30)

JµII-4,mat(k) = −4i
∑
u=±

∫
l

[
− N+(El)

4E3
l (Ω

2
u − E2

l+k)
− uk0N+(El)

2E2
l (Ω

2
u − E2

l+k)
2
+

N ′
+(El)

4E2
l (Ω

2
u − E2

l+k)

]
reg

× (1− x2)|k|2ϵµνlβkβAν(k)A5l

− 4i
∑
u=±

∫
l

[(
− N+(El)

4E3
l (Ω

2
u − E2

l+k)
− uk0N+(El)

2E2
l (Ω

2
u − E2

l+k)
2
+

N ′
+(El)

4E2
l (Ω

2
u − E2

l+k)
2

)
(1− 3x2)|k|2

− N+(El)

El(Ω2
u − E2

l+k)
2
(2|l||k|x+ |k|2)

]
reg

k̂lk̂kϵ
µνk0k0Aν(k)A5l. (G.31)

Here, we define x = cos θ, where θ is the angle between l and k. Similar to JµI,mat, the

contribution from the Pauli-Villars ghost in JµII-n,mat vanishes due to the suppression by
the Fermi-Dirac distribution function. From

From Eqs. (G.24)-(G.27), we obtain

JµII-1,vac(k) + JµII-2,vac(k) = 4i
∑
u=±

∫
l

[
|l|2

2E3
l (Ω

2
u − E2

l+k)
− um2k0
E2

l (Ω
2
u − E2

l+k)
2

]
reg

ϵµνlβkρAν(k)A5l,

(G.32)

JµII-1,mat(k) + JµII-2,mat(k) = −4i
∑
u=±

∫
l

[
|l|2N+(El)

2E3
l (Ω

2
u − E2

l+k)

]
reg

ϵµνlβkρAν(k)A5l (G.33)

Then, we can divide terms in JµII (k) into two part: one is proportional to ϵµνlβkρAν(k)A5l

and the other is proportional to k̂lk̂kϵ
µν0kAν(k)A5l. We denote the former as Jµ

II′
(k) and
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the latter as Jµ
II′′
(k). Following the same steps as in the computation of JµI , we obtain

Jµ
II′,vac

(k) =
1

π2

−k2 − k202k3

(
k − k0 tanh−1

(
k

k0

))
︸ ︷︷ ︸

D

− k0
2k3

(
kk0 − (k2 − k20) tanh−1

(
k

k0

))
︸ ︷︷ ︸

PV

 ϵµνlβkρAν(k)A5l

= − 1

2π2
ϵµνlβ(ikβ)Aν(k)A5l, (G.34)

Jµ
II′,vac

(k) = 0, (G.35)

Jµ
II′′,vac

(k) = − 1

π2

−k2 − k202k4

(
3kk0 − (k2 − 3k20) tanh

−1

(
k

k0

))
︸ ︷︷ ︸

D

−k
2 − k20
2k4

(
3kk0 − (k2 − 3k20) tanh

−1

(
k

k0

))
︸ ︷︷ ︸

PV

 k̂l(ikk)ϵµν0kAν(k)A5l

= 0, (G.36)

and

Jµ
II′′,vac

(k) = 0, (G.37)

where D and PV denote the contribution from the massless Dirac fermion and Pauli-Villars
ghost, respectively. Then, we finally find

JµII,vac = −
1

2π2
(ikβ)ϵ

µνlβAν(k)A5l, (G.38)

JµII,mat = 0. (G.39)

G.4 Result

From the above calculations, we find that the current density is given by

Jµ(ω,k) = − 1

2π2
ϵµνλρA5ν(ikλ)Aρ(ω,k)

− 1

2π2

∫ ∞

0
dlN ′

+(l)
k20 − k2

4k3

[
k0 ln

(
(k0 + k)2((k0 − k)2 − 4l2)

(k0 − k)2((k0 + k)2 − 4l2)

)
+2l ln

(
k20 − (k − 2l)2

k20 − (k + 2l)2

)]
ϵ0kµν(ikk)Aν(ω,k)A50. (G.40)

This expression is consistent with Eq. (4.12) under utilizing ϵ0βµν(ikβ)Aν(ω,k) = −δµiBi(ω,k)
and restoring the Fermi velocity v.
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Appendix H

Integration formulae

In this appendix, we present the integration formulae used in the computation of the
charge and current densities within the framework of the chiral kinetic theory.

H.1 Angular integral

The following angular integration formulae are used:

1

4π

∫ π

0
sin θdθ

∫ 2π

0
dφp̂i = 0, (H.1)

1

4π

∫ π

0
sin θdθ

∫ 2π

0
dφp̂ip̂j =

1

3
δij , (H.2)

1

4π

∫ π

0
sin θdθ

∫ 2π

0
dφ

1

ω − vp̂ · k
=

1

2v|k|
G(ω, |k|), (H.3)

1

4π

∫ π

0
sin θdθ

∫ 2π

0
dφ

p̂i

ω − vp̂ · k
=

1

ω
[g1(ω, |k|)− g3(ω, |k|)]k̂i, (H.4)

1

4π

∫ π

0
sin θdθ

∫ 2π

0
dφ

p̂ip̂j

ω − vp̂ · k
=

1

2
[g3(ω, |k|)k̂ik̂j − g1(ω, |k|)δij ]. (H.5)

H.2 Radial integral

The radial integration formulae are∫ ∞

0
dpnF (β(p− µ)) = T ln(1 + eµ/T ), (H.6)∫ ∞

0
dp[nF (β(p− µ))− nF (β(p+ µ))] = T ln(1 + eµ/T )− T ln(1 + e−µ/T )

= µ, (H.7)∫ ∞

0
dpp[nF (β(p− µ)) + nF (β(p+ µ))] =

π2T 2

6
+
µ2

2
, (H.8)∫ ∞

0
dpp2[nF (β(p− µ))− nF (β(p+ µ))] =

2

3
(π2T 2 + µ2)µ, (H.9)∫ ∞

0
dpp2[n′F (β(p− µ)) + n′F (β(p+ µ))] = −

∫ ∞

0
dpp[nF (β(p− µ)) + nF (β(p+ µ))]

= −
(
π2T 2

6
+
µ2

2

)
. (H.10)
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We note the following general formula [126]:∫ ∞

0
dppn[nF (β(p− µ))− (−1)nnF (β(p+ µ))] =

(2πiT )n+1

n+ 1
Bn+1

(
1

2
+

µ

2πiT

)
, (H.11)

where Bn(x) is the Bernoulli polynomial:

B0(x) = 1, (H.12)

B1(x) = x− 1

2
, (H.13)

B2(x) = x2 − x+
1

6
. (H.14)
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