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Abstract

Black-box continuous optimization is widely used for real-world problems be-
cause it does not require explicit information about the objective function (e.g.,
gradients or differentiability). This flexibility makes it suitable for complex prob-
lems where solution evaluation involves expensive numerical simulations. As a
result, techniques to accelerate the optimization process, such as parallel evalu-
ations, are important in practice. Among the factors that make black-box con-
tinuous optimization challenging, multimodality and noise are particularly sig-
nificant.

Evolution strategies (ES) is a promising framework for black-box continu-
ous optimization problems. ES employs a multivariate Gaussian distribution,
parameterized by a mean vector and covariance matrix, to guide optimization.
In each iteration, ES generates multiple candidate solutions, with the population
size indicating the number of solutions generated. These candidate solutions
are evaluated on the objective function and ranked. ES then updates the dis-
tribution parameters based on this ranking and a learning rate. This process
repeats until a predefined stopping criterion is met. The objective function value
and distribution parameters are used to define the stopping criterion. For ex-
ample, the algorithm may stop when the best evaluation value fails to improve
over a give period, or when the covariance matrix sufficiently shrinks (indicating
convergence) or expands (indicating divergence). Prominent methods within ES
include exponential natural evolution strategies (xNES) and covariance matrix
adaptation evolution strategy (CMA-ES), both of which are partially explained
by the information geometric optimization (IGO) framework.

A key practical issue for ES is determining the appropriate population size.
While a smaller population size generally performs well for many unimodal
problems, increasing the population size can be beneficial for more difficult tasks,
such as those involving multimodal landscapes and additive noise. However, in
a black-box scenario, understanding the problem structure of the objective func-



tion is challenging, which makes selecting the appropriate population size in
advance is also challenging. To address this, online adaptation of the population
size has been proposed to address the issue.

It has been observed that, in CMA-ES, increasing the population size has a
similar effect to decreasing the learning rate for the mean vector. Inspired by this
observation, this study focuses on learning rate adaptation rather than popula-
tion size adaptation. We argue that the learning rate adaptation is more advan-
tageous than the population size adaptation from a practical perspective, as the
former is better suited for parallel implementations. For example, practitioners
often want to set the population size to match a specific number of workers to
avoid wasting computational resources. However, the population size adapta-
tion may not always utilize resources efficiently, as the population size can fluc-
tuate throughout the optimization process. In contrast, learning rate adaptation
enables full exploitation of resources by fixing the population size at the max-
imum number of workers. Furthermore, with learning rate adaptation, param-
eter updates occur regularly, whereas ES with population size adaptation does
not progress until all evaluations are complete, complicating the determination
of an appropriate termination point.

This study consists of two works. In the first work, we propose a learning
rate adaptation method aimed at accelerating optimization, using xNES as the
optimization method. With a population size sufficient to solve the problem, the
proposed method measures tendencies of updates in the distribution parameters
and accelerates the optimization by increasing the learning rate appropriately
when a sufficient tendency is detected. Our method enables a larger learning rate
for relatively easy problems, resulting in faster search. Conversely, for more dif-
ficult problems (e.g., multimodal problems), it allows for a conservative learning
rate, leading to a robust and stable search. Experimental evaluations on both uni-
modal and multimodal problems demonstrate that the proposed method works
properly depending on a search situation and is effective over existing methods,
such as those using a fixed learning rate.

In the second work, we propose a learning rate adaptation method for solv-
ing difficult tasks, such as multimodal or noisy problems, using CMA-ES as the
optimization method. Unlike the first work, the second work accepts any popu-
lation size without assuming it is sufficiently large. This study comprehensively
explores the learning rate impact on IGO to demonstrate the necessity of a small
learning rate by considering ordinary differential equations. Thereafter, it dis-
cusses the setting of an ideal learning rate. Based on these discussions, we de-
velop a novel learning rate adaptation mechanism for CMA-ES that maintains a



constant signal-to-noise ratio. Additionally, we investigate the behavior of CMA-
ES with the proposed learning rate adaptation mechanism through numerical
experiments and compare the results with those obtained for CMA-ES with a
fixed learning rate and with population size adaptation. The results show that
CMA-ES with the proposed learning rate adaptation works well for multimodal
and/or noisy problems without extremely expensive learning rate tuning.

While the proposed method in the second work was designed to solve difficult
problems safely, we believe it can also be extended to accelerate optimization,
aligning with the goals of the first work. This study marks an important step
toward developing fully hyperparameter-free ES algorithms for general-purpose
optimization.
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Chapter 1

Introduction

1.1 Background

Black-box continuous optimization is widely used for real-world problems be-
cause it does not require explicit information about the objective function f(x)
(e.g., gradients or differentiability). This flexibility makes it suitable for complex
problems where solution evaluation involves expensive numerical simulations.
As a result, techniques to accelerate the optimization process, such as parallel
evaluations, are important in practice. Among the factors that make black-box
continuous optimization challenging, multimodality and noise are particularly
significant. Multimodality refers to the presence of multiple local optima, mak-
ing it important to identify the global optimum. In this work, we focus on well-
structured multimodal problems, which resemble unimodal functions with added
(deterministic) noise, making them relatively easy to solve. In noisy problems,
the observed function value is stochastically perturbed: y = f(x) + €, where y is
the observed value and € represents noise.

Evolution strategies (ES) (76} 83} (19, 34] forms a promising framework for
black-box continuous optimization problems. ES employs a multivariate Gaus-
sian distribution with parameters consisting of a mean vector m and a covariance
matrix X to guide the optimization process. In each iteration, ES generates A can-
didate solutions—where A, known as the population size, defines the number of
samples—from the distribution. These candidate solutions are evaluated on the
objective function, and their rankings are determined accordingly. Notably, this
evaluation step can be performed in parallel, highlighting the high parallelizabil-
ity of ES. This capability is particularly advantageous for black-box continuous

13



CHAPTER 1. INTRODUCTION 14

optimization, where evaluating candidate solutions is often computationally ex-
pensive and time-consuming. Based on this ranking, ES updates the distribution
parameters using the learning rate n: m = m + n,A,, and ¥ = X + nsAs, where
Nm and 5y are the learning rates for m and %, respectively, and A,, and Ay, are
their respective updates. This procedure is repeated until a predefined stopping
criterion is met. The objective function value and distribution parameters are
used to define the stopping criterion. For example, the algorithm may stop when
the best evaluation value fails to improve over a give period, or when the co-
variance matrix sufficiently shrinks (indicating convergence) or expands (indi-
cating divergence). Prominent methods within ES include exponential natural
evolution strategies (xNES) and covariance matrix adaptation evolution strategy
(CMA-ES), both of which are partially explained by the information geometric
optimization (IGO) framework.

A key practical issue for ES is determining the appropriate population size
A. While a smaller A generally performs well for many unimodal problems, in-
creasing A can be beneficial for more difficult tasks, such as those involving mul-
timodal landscapes and additive noise. However, in a black-box scenario, under-
standing the problem structure of f is challenging, which makes selecting the
appropriate A value in advance is also challenging. To address this, online adap-
tation of A has been proposed to address the issue [62}164},41,/61]]. One prominent
adaptation mechanism is population size adaptation (PSA)-CMA-ES [64], which
has demonstrated exhibited promising performance on difficult tasks, including
those with multimodal and additive noise characteristics.

It has been observed that, in CMA-ES, increasing A has a similar effect to de-
creasing the learning rate 1, for m [59]. Inspired by this observation, this study
focuses on learning rate n adaptation rather than population size A adaptation.
We argue that n adaptation is more advantageous than A adaptation from a prac-
tical perspective, as the former is better suited for parallel implementations. For
example, practitioners often want to set A to match a specific number of work-
ers to avoid wasting computational resources. However, A adaptation may not
always utilize resources efficiently, as A values can fluctuate throughout the opti-
mization process. In contrast, n adaptation enables full exploitation of resources
by fixing A at the maximum number of workers. Furthermore, with 1 adaptation,
parameter updates occur regularly, whereas CMA-ES with A adaptation does not
progress until all A evaluations are complete, complicating the determination of
an appropriate termination point.
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Table 1.1: Goals and requirements for A in the first work (Chapter [3) and the
second work (Chapter [4).

‘ Goal ‘ Requirement for A
Chapter 3| | Acceleration Large A
Chapter |4 | Multimodal & Noise | Any A

1.2 Contributions

This study consists of two works. In the first work, we propose a learning rate
adaptation method aimed at accelerating optimization, utilizing xNES as the op-
timization method. Given a population size A sufficient to solve the problem,
the proposed method assesses whether the learning rate should be increased by
measuring tendencies in the updates of distribution parameter updates. When a
sufficient tendency is identified, the method accelerates optimization by appro-
priately increasing the learning rate ny. The tendency measurement is inspired
by the approach used in the population size adaptation of CMA-ES [64]. In this
work, the mean vector learning rate 7, is fixed at the default value of n,, = 1
in xNES, as it is already large and widely used in the ES literature. Our method
enables a larger 55, for relatively easy problems, resulting in faster search. Con-
versely, for more difficult problems (e.g., multimodal problems), it allows for a
conservative 7y, leading to a robust and stable search. Experimental evalua-
tions on both unimodal and multimodal problems demonstrate that the proposed
method works properly depending on a search situation and is effective over ex-
isting methods, such as those using a fixed learning rate.

In the second work, we propose a learning rate adaptation method for solving
difficult tasks, such as multimodal or noisy problems, using CMA-ES as the opti-
mization method. While the first work emphasized strategies for increasing the
learning rate, the second focuses on methods for decreasing it. To demonstrate
the necessity of a small learning rate, this study comprehensively explores the 7
impact on IGO by considering ordinary differential equations. However, simply
setting a small learning rate can compromise the efficiency of optimization. To
address this, the work explores the ideal choice of 7, offering insights into the ra-
tional design of learning rates to enhance efficiency. Based on these discussions,
we develop a novel 1 adaptation mechanism for CMA-ES that maintains a con-
stant signal-to-noise ratio. Additionally, we investigate the behavior of CMA-ES
with the proposed  adaptation mechanism through numerical experiments and
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compare the results with those obtained for CMA-ES with a fixed  and with
population size adaptation. The results show that CMA-ES with the proposed 5
adaptation works well for multimodal and/or noisy problems without extremely
expensive 1 tuning. Importantly, while the first work requires determining a
sufficiently large population size A to solve the problem—particularly for multi-
modal tasks—the second study eliminates the need to predefine this value. This
advancement significantly reduces the time and effort involved in hyperparam-
eter tuning, making the approach more practical. Table[1.1|shows the summary
of the goals and requirements for A in the first and second works.

While the proposed method in the second work was originally designed to
safely address difficult tasks, such as multimodal and noisy optimization prob-
lems, a simple modification enables it to be extended for acceleration purposes,
aligning closely with the goals of the first work. Notably, the method’s inherent
flexibility makes it highly extensible, allowing for applications to a wide range
of optimization algorithms. We strongly believe that this study represents a sig-
nificant milestone toward the development of fully hyperparameter-free ES al-
gorithms suitable for general-purpose optimization tasks.

1.3 Organization of This Paper

Chapter |2 presents the background knowledge necessary for this study. We be-
gin by describing black-box continuous optimization, the problem setting of this
study. Next, we focus on multimodality and additive noise—specific character-
istics that make black-box continuous optimization particularly challenging. Fi-
nally, we introduce two prominent black-box continuous optimization methods,
xNES and CMA-ES, which are employed in this study.

Chapter [3|proposes the learning rate adaptation method for accelerating opti-
mization of xNES. In order to achieve efficient optimization, the proposed method
increases the learning rate when a sufficient tendency of updates in distribution
parameters is measured. The tendency measurement builds on the evolution path
in the distribution parameter space, which accumulates parameter movements.
Experimental evaluations on both unimodal and multimodal problems demon-
strate that the proposed method works properly depending on a search situation
and is effective over existing methods, such as those using a fixed learning rate.

Chapter 4| proposes the learning rate adaptation method for solving multi-
modal or noisy problems. To achieve this, we first explore and highlight the
importance of a small learning rate. Building on these discussions, we develop a
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novel learning rate adaptation mechanism for CMA-ES that maintains a constant
signal-to-noise ratio. We investigate the behavior of CMA-ES with the proposed
learning rate adaptation mechanism through numerical experiments and com-
pare the results with those obtained for CMA-ES with a fixed learning rate and
with population size adaptation. The results show that CMA-ES with the pro-
posed learning rate adaptation performs effectively for multimodal and/or noisy
problems, eliminating the need for extremely expensive learning rate tuning.
Finally, Chapter |5 concludes this study and presents the future works.



Chapter 2

Preliminaries

In Section (2.1} we first introduce black-box continuous optimization and then
focus on multimodality and additive noise, which constitute the problem set-
tings addressed in this work. After that, we present xNES [26] (Section and
CMA-ES [39] (Section [2.3), which are employed for our learning rate adaptation
mechanisms. Finally, we provide IGO [73] (Section , which is a generalized
framework that includes xNES and CMA-ES as its instances. In this study, we
consider minimizing the objective function f : R — R.

2.1 Black-Box Continuous Optimization

Black-box continuous optimization refers to a class of optimization problems
where the objective function f is treated as a "black box". This means we can
query the function to obtain an output f(x) for a given input x, but we have no
direct access to its internal structure, such as gradients or explicit algebraic rep-
resentations. These problems often arise in real-world scenarios where the ob-
jective function is costly to evaluate, non-differentiable, and reliant on numerical
simulations, making them challenging to solve effectively.

In the following, we describe two key aspects that make black-box continuous
optimization more challenging: multimodality and additive noise.

2.1.1 Multimodality

Multimodal problems are characterized by the presence of multiple local op-
tima, posing significant challenges for optimization algorithms in identifying

18



CHAPTER 2. PRELIMINARIES 19

the global optimum. Without careful design, optimization algorithms tend to
get trapped in local optima, often resulting in suboptimal solutions.

(a) Well-structured (b) Weakly structured

Figure 2.1: Illustrative examples of well-structured and weakly structured multi-
modal problems.

In this study, we classify multimodal problems into two categories: well-
structured and weakly structured. Well-structured multimodal problems resem-
ble unimodal functions with added (deterministic) noise, while weakly struc-
tured multimodal problems lack such clear structure. Figure [2.1| provides illus-
trative examples of well-structured and weakly structured multimodal problems.
In this work, we focus on well-structured multimodal problems. Addressing
weakly structured multimodal problems requires additional operations, such as
restart strategies, and is therefore considered an interesting direction for future
research.

2.1.2 Additive Noise

In Chapter |4, we also consider scenarios where the observed output of the ob-
jective function is given by:

y=fx)+e (2.1)

where f(x) represents the true objective function value and e denotes additive
(unbiased) noise. In this context, additive noise implies that the observed value
y is the true value f(x) perturbed by the noise term e. This type of noise is
prevalent in real-world problems, particularly those involving simulations and
physical experiments.
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2.2 xNES

Natural Evolution Strategies (NES) [95} 126, [88] [99] is a promising framework for
black-box continuous optimization problems. Instead of directly seeking the op-
timal solution x*, NES optimizes the parameter 0 of a probability distribution
p(x|0). The expectation of the objective function f(x) over the solution space
J(9) = / f(x)p(x|0)dx is minimized by repeatedly updating the parameter of
the probability distribution based on the estimated natural gradient [9]. This
process of taking the expectation is sometimes referred to as stochastic relax-
ation. NES has been applied across various domains [[87, 22} [42] (15| [40| [47| 96} 16
20, 186) 211,531, 98], 51]].

xNES [26] is simple and promising variant of NES. It employes a multivariate
normal distribution, N (m, 02BB"), as the probability distribution. Here, m € R4
is the mean vector, o € R is the step-size, and B € R4 is the normalization
transformation matrix where det(B) = 1. The update of xNES is performed by
using an estimated natural gradient in the parameter space of the multivariate
normal distribution.

xNES first initializes the parameters m(®, (% and B(?). Then, the following
steps are repeated until a stopping criterion is met.
Step 1. Sampling and Evaluation

Atiteration t+1 (where t begins at 0), A candidate solutions x; (i = 1,2, -+, 1)
are sampled independently from N (m®, (¢()2B®) (B®)T), as follows. Gener-
ate d-dimensional standard normal vectors z; ~ N'(0,I) and compute x; = m® +
oW BWz;. The solutions are evaluated on f and sorted in ascending order. Let x;.
be the i-th best candidate solution, that is, f(x;.1) < f(x2.1) < -+ < f(x).1) for
minimization. In addition, we let z;.; be the intermediate vectors corresponding
to xj.;.

Step 2. Estimate Natural Gradient
Estimate the natural gradient based on the evaluated solutions as follows:

A A
T
Gs = § Wiz, Gu = § Wi(zi:)kzi;/l -1,
i=1 i=1

Go' = Tl”(GM)/d, GB = GM - Go‘ . I,
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where w; is the weight function

max (0,ln (’%+1) —In (1)) 1
w; = - -

= 231:1 max (0, In (’% + 1) —1n (i)) A

The weight function holds Z?:l w; = 0. Note that xXNES uses the weight function
instead of using raw evaluation values. This technique is called fitness shaping,
and it improves the robustness of the algorithm due to the invariance for the
monotone transformation of the objective function.

Step 3. Update Distribution Parameters

Based on the estimated natural gradient, update the parameters of the multivari-
ate normal distributions as follows:

m = m® 4+ 5,6BVGs,
O-(t) = O-(t) ' eXP('?a/Z : Go);
B = B - exp(np/2 - Gp),

where nm, 5, and np are the learning rates for updating m, o, and B, respectively.
These learning rates above have default values [26]]; 7, = 1 and 5, = g =
3, (3+log(d))
5 dvd

2.3 CMA-ES

The covariance matrix adaptation evolution strategy (CMA-ES) [39,33]] is among
the most successful methods available for solving continuous black-box opti-
mization problems; its effectiveness has been confirmed through various real-
world applications (72| 50} [49, 58| 23, [28| 94} [89, [43| 74, [90] [75} 56} [17} 44} [45].
CMA-ES performs optimization by updating the multivariate Gaussian distribu-
tion; that is, it first samples candidate solutions from the distribution and then
updates the distribution parameters (i.e., the mean vector m and covariance ma-
trix £ = ¢?C) based on the objective function f. This update is partly based on
the natural gradient descent [6, [73]] of the expected f, and m and C in CMA-ES
are updated to reduce the expected evaluation value.

CMA-ES first initializes the m(®, ¢(®, and C(¥) parameters. Thereafter, the
following steps are repeated until a predefined stopping criterion is met.
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Step 1. Sampling and Evaluation
At iteration t + 1 (where t begins at 0), A candidate solutions x; (i = 1,2,---, 1)
are sampled independently from N (m®, (¢(V)2C(®), as follows:

yi = YOz, (22)
x; = m® + O'(t)yi, (2.3)

where z; ~ N(0,I) and I is the identity matrix. The solutions are evaluated on f
and sorted in ascending order. Let x;.) be the i-th best candidate solution, that is,
f(x12) < f(x22) < -+ < f(x).1) for minimization. In addition, we let y;.; and
z;.) be the intermediate vectors in Equations and corresponding to x;.;.
Step 2. Compute Evolution Paths

The weighted averages dy = Zél:l w;y;.y and dz = Zle w;z;.) of the intermediate
vectors are calculated using the parent number p < A and weight function w;,
where Y| w; = 1. The evolution paths are updated as follows:

Py = (1= co)pd + Voo (2 = co) i, (24)
p = (1= c)pl + BV Ve (2 = copudy, (2:5)

where u,, = 1/ Zle wf, ¢s, and ¢, are the cumulation factors, and h((,m) is the
Heaviside function, which is defined as follows [35]]:

i eI 4
RO = 1 it = (1-cg2m < (2+3q)d. (2.6)
0 otherwise.

Step 3. Update Distribution Parameters
The distribution parameters are updated as follows [35]]:

mttD) — (0 4 cma(t)dy, 2.7)

(t41)
(t+1) _ () . Co llps I
o =cexp[min|l, — =77 -1 , (2.8)
( ( d, (E[IIN(O, DI
) = (14 (1= hf™)eree(2 - )| OO (2.9)
(t+1) [ (t+1)\ o
+c1 | pe ) (Pc * ) -cW Ty Z Wi [yizayia - C(t)],

i=1

rank-one update rank-p update
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where E[||N(0,1)]|] ~ Vd (1 — ﬁ + Tlcﬂ) denotes the expected Euclidean norm

of the sample of a standard normal distribution and c,, is the learning rate for m,
which is typically set to 1. ¢; and ¢, are the learning rates for the rank-one and
-u updates of C, respectively, and d,; is the damping factor for the o adaptation.

2.4 1GO

The IGO [73] framework is a unified framework for stochastic search methods,
which has been actively studied in recent years [8} 2 18] 93, [1, 31} 84].

Given a family of probability distributions parameterized by 6 € ©, the orig-
inal objective function f is transformed into a new objective function Jy that is
defined in the distribution-parameter space ©.

For the family of Gaussian distributions, the IGO algorithms recover the pure
rank-p-update CMA-ES, eliminating the o adaptation and rank-one update from
the procedures in Section[2.3] To investigate the effects of learning rates on CMA-
ES, we focus on their properties within the context of the IGO framework with
a family of Gaussian distributions in Section[4.2] This section presents the back-
ground of the IGO framework.

Instead of minimizing the original objective f over the input domain R%, IGO
maximizes a new objective Jy over the distribution-parameter domain ©. Let
u : [0,1] — R be a bounded, non-increasing function, and Py be the Lebesgue
measure on R? corresponding to the probability density p(x;6). We define the

utility function Waf as

W/ (x) = u(go(x)), (2.10)

where gy(x) is the quantile function that is defined as gg(x) = Pyply : f(y) <
f(x)] for minimization. The objective updating 6, given the current distribution
parameters ), is defined as the expectation of the weighted quantile function

W(;;t) (x) over p(x;0):

Jo (0) = Ex () [W,) (0)]. (211)

The objective Jy) (0) is maximized based on the natural gradient [9,[10]. By
using the “log-likelihood trick” under some mild conditions, the vanilla gradient
can be calculated as

VoJow (0) = Expxgy (W, (x) Vo Inp(ax; 0)]. (2.12)
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The natural gradient is obtained through the product of the inverse of the Fisher
information matrix F at 8) and the vanilla gradient as follows:

VoJpo (0) = Erepirp) [Wé:n (x)Volnp(x; 0)], (2.13)

where Vg Inp(x;0) = F-'Vy1In p(x; 0).
In practice, the integral cannot be calculated in a closed form and is therefore
estimated using the Monte Carlo method as follows:

1

A
VoJy (6) = 5 D Wity (x) Vo In p(xi;0), (214)
i=1

where {xi}?zl are A ii.d. samples obtained from probability distribution p(x;; 6).
The IGO algorithms implement the IGO framework using the estimated natural
gradient, whose updated equation is as follows:

t ( l)
D) — p(O) 4 Z ( )

where 1 denotes the learning rate. In practice, Waf( , (x:) is also estimated based

2 Vylnp(x; W), (2.15)

on the ranking of {xl-}f:1

As elucidated herein, the IGO framework, with a family of Gaussian distribu-
tions, recovers the rank-p-update CMA-ES (67, [73]]. If the distribution parameter
0=(mT",vec(C)T)T, then [6]:

X—m

Volnp(x;0) = (Vec((x ) (x—m)T -0)] (2.16)
Thus, Eq. can be rewritten as
A
m(t+D) = (O Z 9“) (x, o m(t)), (2.17)
i=1
1 A 9([)( l)
D =47 ) 0 (= m) (- m )T - C0) . (218)
i=1

Consequently, by ignoring the ¢ adaptation and rank-one update in CMA-ES,
assuming ¢,, = ¢, (:= 1), and considering that w; in CMA-ES is an approximation
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of WQJ;) (x;)/A in the IGO update, the m and C updates through the IGO algo-

rithm (Egs. and (2.18), respectively) align with those of CMA-ES (Egs.
and (2.9), respectively). It should be noted that xNES can also be recovered by

employing the different parametrization [73]].



Chapter 3

Learning Rate Adaptation for
Acceleration

3.1 Introduction

As with other evolution strategies, one of the critical parameters of xNES is a
learning rate for the parameter of the probability distribution. If the learning
rate is too large, the parameter update will be unstable and the performance will
deteriorate. On the other hand, if the learning rate is too small, the speed of
approaching the optimal solution will be slow, resulting in poor performance.
Therefore, setting an appropriate learning rate is essential for maximizing the
performance of xNES.

There are a few studies on learning rate adaptation of evolution strategies.
The most closely related to ours is Self-CMA-ES proposed by Loshchilov et al. [57]].
Self-CMA-ES is a method that adapts the learning rate by backtracking into the
past and applying a maximum likelihood estimation approach to address the
question: "What value of the learning rate would have produced better solu-
tions?" Their experiments on unimodal benchmark problems have demonstrated
that Self-CMA-ES enables more efficient search compared to CMA-ES when a
sufficiently large population size is used. While promising, Self-CMA-ES re-
quires an additional instance of CMA-ES, referred to as the auxiliary CMA-ES,
which complicates the method and makes understanding the algorithm’s behav-
ior more challenging. Although a similar learning rate adaptation method based
on meta-learning exists [77, [79], it adapts only the learning rate of the step-size,
not the entire covariance matrix. Another related approach is DX-NES proposed

26
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by Fukushima [24]. DX-NES accumulates the movement of the mean vector
as an evolution path and classifies the current search phase into one of three
categories based on the norm of the path. Each phase has a predefined learn-
ing rate, and DX-NES dynamically switches between them during the search to
achieve efficient optimization. This learning rate switching has demonstrated
strong empirical performance and has been adopted in subsequent studies on
DX-NES [70, 67, [68]]. However, selecting a learning rate from only three candi-
dates is an ad hoc operation, and the discrete switching hinders a clear under-
standing of the algorithm’s behavior. Intuitively, it seems more reasonable for
the learning rate to transition continuously. In summary, we aim to achieve a
simpler and more refined approach to learning rate adaptation for xNES.

In this chapter, we develop the learning rate adaptation method for accelerat-
ing optimization of xXNES. To judge whether the learning rate should be increased
or not, the proposed method measures tendencies in distribution parameter up-
dates. Then, the proposed method accelerates the optimization by increasing
the learning rate appropriately when a sufficient tendency is detected. The ten-
dency measurement builds on the method utilized in the population size adap-
tation of CMA-ES [64]. Our method enables a larger learning rate for relatively
easy problems, resulting in faster search. Conversely, for more difficult problems
(e.g., multimodal problems), it allows for a small learning rate, leading to a robust
and stable search. Experimental evaluations on both unimodal and multimodal
problems demonstrate that the proposed method works properly depending on
a search situation and is effective over existing methods, such as those using a
fixed learning rate.

It is important to acknowledge that this study deals with well-structured
multimodal problems rather than weakly structured ones: To address weakly
structured multimodal problems, additional operations such as restart strate-
gies [12] [32] 55| 97] are required. We consider this an important direction for
future work.

The remainder of this chapter is organized as follows: Section [3.2|illustrates
the optimization landscape on multimodal problems in view of stochastic relax-
ation. Section [3.3| presents the proposed learning rate adaptation method for
acceleration. Section [3.4] evaluates the performance of the proposed method on
unimodal and multimodal problems. Finally, Section [3.5| concludes this chapter
by discussing the limitations of this study:.

This chapter is based on the author’s previous study [69].
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3.2 Landscape on Multimodal Problems

In this section, we explore the optimization landscape of multimodal problems
through the lens of xNES on the Rastrigin function. Section examines the
impact of stochastic relaxation, shedding light on the distinctive characteris-
tics of optimization in the Gaussian distribution’s parameter space. Next, Sec-
tion [3.2.2]investigates the influence of population size by presenting a stochasti-
cally estimated version of the exact landscape. This analysis highlights the need
to automatically calibrate the learning rate based on the population size. Finally,
Section emphasizes the importance of dynamically adapting the learning
rate. This is illustrated through the landscapes of the Rastrigin function across
different distribution parameters, motivating the need for dynamic learning rate
adaptation during the optimization process.

3.2.1 Optimization in x-space vs. 0-space

In Section we stated that the learning rate should be kept small for difficult
problems, such as multimodal ones. This might be confusing to readers unfamil-
iar with evolution strategies, as in other fields, the small learning rate is often
associated with the optimization getting trapped in local optima. For example,
in stochastic gradient descent (SGD) for deep neural networks (i.e., non-convex
optimization), it is widely known that a large learning rate can help escape lo-
cal optima [48]], which may seem to contradict our discussion To clarify why
the learning rate of evolution strategies should be small for multimodal prob-
lems, in this section, we illustrate the optimization landscape. This illustration
offers an intuition of the ideal search scenario for xNES to effectively solve such
multimodal problems.

The important difference between SGD and xNES lies in the search space:
SGD directly seeks the optimal solution x™ in the original search space, referred
to as the x-space in this work. In contrast, xXNES optimizes within the parameter
space of a multivariate Gaussian distribution, referred to as the 8-space. It should
be noted that the objective of xNES is the expectation of the objective function
J(0) = Ex_p(x9) [ f(x)] rather than the objective function f(x) itself. (Note that
the xNES objective corresponds the IGO objective using a Gaussian distribution

!In the context of SGD for deep neural networks, a large learning rate is also known to be ad-
vantageous for improving generalization, as it encourages convergence to flat minima. However,
this aspect is beyond the scope of our work, as our focus is on black-box continuous optimization.
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Figure 3.1: Rastrigin function.

and assuming Wef = —f.) Therefore, understanding the effect of this stochastic
relaxation leads to a deeper understanding of the ideal behavior for xXNES.

As a related note, the effect of the stochastic relaxation with Gaussian dis-
tribution is analyzed theoretically in [60]. However, their analysis treats the
(co)variance as a fixed parameter, which differs from ours. We believe that adapt-
ing the (co)variance is critical for understanding the effect of stochastic relax-
ation in xNES, as demonstrated below.

To illustrate the optimization landscape from a stochastic relaxation per-
spective, we employ the 1-dimensional Rastrigin function f(x) = 10 + x? —
10 cos(2mx), which is one of the representative well-structured multimodal bench-
mark problems (Fig. [3.1). For calculating the stochastic relaxation, we parame-
terize the Gaussian distribution by € = (m,v), where m is the mean the v is the
variance. Assuming that f is known, the expectation of the objective is calculated
as follows:

J(0) = Bxep(x:0=(mo)) [10 + x* — 10 cos(27x)] (3.1)
=10+ m® + v — 10 exp(—-27%0) cos(27m). (3.2)
Note that we used
exp(i27x) + exp(—i2mx)

cos(2mx) = 5 , (3.3)

where i is the complex number, and the moment-generating function of the ex-
ponential term is:

E[exp(ikx)] = exp (ikm - %kzv) . (3.4)
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For plotting the figure, we set the parameters’ range to m € [-3.0,3.0] and v €
[0.0,3.0]. A 100%x100 grid was created for each pair of m and v, and the evaluation

values were calculated for each.

Figure 3.2: Landscape of the Rastrigin function with stochastic relaxation (6-
space). The upper figure shows the 3D plot, while the lower figure presents the

2D plot with contour lines.
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Figure [3.2] illustrates the landscape of the Rastrigin function with stochastic
relaxation. (For reference, we present the case of the Sphere function in Ap-
pendix[A]) It should be noted that the dimension of the original landscape is one,
the landscape with the stochastic relaxation is two (the mean vector m and the
variance v). By comparing the original landscape (Fig. and the landscape
incorporating stochastic relaxation (Fig. [3.2), several key differences emerge. In
the original landscape, multimodality is present across the entire region. To over-
come local optima, the optimization method typically requires a large learning
rate, as highlighted in the literature of the deep neural network optimization [48]].
In contrast, in the landscape with stochastic relaxation, multimodality is confined
to specific regions, namely regions with small v values. Assuming the optimiza-
tion begins with a large v (i.e., an initial distribution with high entropy), the
multimodality does not pose significant challenges during the early stages of op-
timization. As the optimization progresses, multimodality may arise in regions
with small v values, at which point it becomes crucial to avoid local optima.
(Note that lims—0 By p/(m,02) [ f(x)] = f(m), provided that f(x) is continuous in
the vicinity of m.) In such situations, a small learning rate appears to help the op-
timization process avoid local optima and converge toward the global optimum.
A more detailed discussion of the behavior as the learning rate approaches zero
is provided in Chapter

Another interesting question might be: If the landscape in the x-space is uni-
modal, is the landscape in the 0-space always unimodal? It is unclear whether this
holds for general problems, but it can be proven in a restricted scenario. Consider
f as a quadratic convex function, f(x) = x'Ax, where A is a positive definite
matrix. In the 6-space with the multivariate Gaussian distribution 6 = (m, %), we
have J(0) = E[f(x)] = m"Am + Tr(AY). First, J is clearly convex with respect
to m since A is positive definite. Next, since the trace is a linear operator, J is
also convex with respect to ¥ (as Tr(AZX) is linear in ¥). Determining whether
this result can be extended to a broader class of functions remains an interesting
question.

In summary, the landscape with stochastic relaxation differs from the orig-
inal landscape, leading to distinct optimization scenarios. Furthermore, based
on the preceding discussion, keeping a small learning learning rate appears cru-
cial for successful optimization within the stochastic relaxation regime. This
contrasts with the non-convex optimization for deep neural networks, where a
larger learning rate is typically necessary.
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3.2.2 Effect of Population Size

In the actual optimization of xNES, the exact expectation of the objective function
value with respect to the distribution parameters cannot be computed, as the
objective function is black-box and thus must be estimated from samples. In
order to gain an intuitive understanding of the effect of the population size in the
context of stochastic relaxation, we illustrate the estimation version of Figure
using estimated evaluation values instead of the exact values. The evaluation
value is computed using the Monte Carlo method:

A
J(0) =EB[f()] ~ = > f(x), (3.5)
i=1

N

where x; are samples drawn independently and identically distributed (i.i.d.)
from the Gaussian distribution N (m,v). We vary the population size A across
{10, 100, 1000, 10000}. It is important to note that, in actual optimization, xNES
utilizes ranking information rather than raw estimated evaluation values. Thus,
the actual landscape from the perspective of xXNES differs to some extent. Never-
theless, we believe the discussion in this section remains valuable, as it provides
an intuitive understanding of the effect of population size.

Figure illustrates the landscape with A € {10, 100, 1000, 10000} for the
Rastrigin function with stochastic relaxation. As expected, we observe that the
landscape becomes severely rugged, especially for small values of A. This sug-
gests that maintaining a small learning rate is necessary for tackling such difficult
problems. However, determining appropriate values of A in advance is impracti-
cal, as it is time-consuming. Moreover, practitioners often prefer to set A equal to
the number of available workers for parallelization. This discussion emphasizes
the importance of learning rate adaptation in practical situations.

3.2.3 Importance of Adaptive Learning Rate

An interesting aspect of optimization on the Rastrigin function is that the diffi-
culty changes dynamically depending on the location of the distribution parame-
ters [82]. Figure[3.4]illustrates how the landscape varies with different parameter
settings. We assume that the initial distribution has sufficient entropy (i.e., alarge
variance).

In the early stage (Fig]3.4 (a)), the landscape is observed to be unimodal. As
a result, the optimization is expected to be relatively easy. As the optimization
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(c) A = 1000 (d) A = 10000

Figure 3.3: Landscape with 1 € {10, 100, 1000, 10000} for the Rastrigin function
with stochastic relaxation.
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progresses, the search phase transitions to a new stage (Fig[3.4/(b)). In this stage,
the landscape becomes multimodal, making the optimization significantly more
challenging compared to the early stage. Finally, after converging to a single
valley, the search phase transitions to the final stage (Fig.[3.4](c)). In this stage,
the landscape reverts to being unimodal, and the optimization becomes easier
again.

This discussion highlights that optimization difficulty can shift dynamically
depending on the problem structure. It also implies that a fixed learning rate,
even if well-tuned, is insufficient to achieve optimal performance. Adaptivity of
the learning rate is therefore essential in this context, motivating the develop-
ment of an efficient learning rate adaptation method rather than relying solely
on hyperparameter tuning.

= (m,v))
(m.v))
(m,v))

J(o
J(e

= e

m m

(a) Early Stage (b) Middle Stage (c) Final Stage

Figure 3.4: Lanscape of the Rastrigin function with different regions. (a) Early
Stage corresponds to the region with m € [-5,5] and v € [3,8]. (b) Middle
Stage corresponds to the region with m € [-1,1] and v € [0, 1]. (c) Final Stage
corresponds to the region with m € [-0.1,0.1] and v € [0,0.1].

3.3 Learning Rate Adaptation

While default values of the learning rates are presented in xNES, Fukushima et al.
have pointed out that the default values are too conservative in a certain situation



CHAPTER 3. LEARNING RATE ADAPTATION FOR ACCELERATION 35

and there is much room for improvement [24]. However, simply increasing the
learning rate causes performance degradation in problems where it is difficult
to estimate the natural gradient. It is thus important to adapt the learning rate
according to the search situation in order to maximize the performance of xNES.

In this work, we try to adapt the learning rates 5, and np. That is, we focus
on only the learning rates related to the covariance matrix. We fix 5, = 1, which
is the default value presented in [26] and widely used in the literature of the
CMA-ES [38,33] as well.

To this end, we introduce a learning rate adaptation mechanism that dynam-
ically adapts the learning rates based on the tendencies of updates in the distri-
bution parameters. To quantify the tendencies of the updates, we introduce an
evolution path in the distribution parameter space [64], which accumulates suc-
cessive parameter movements. The length of the evolution path in the parameter
space, described in detail in Section [3.3.1} is used to measure the tendencies of
the updates. We believe that, if the length of the evolution path is larger than its
expectation under a random function, the tendency is strong. On the contrary,
we believe that, if the length of the evolution path is close to its expectation un-
der a random function, the estimation is dominated by noise, and the tendency
is weak.

In this study, we consider an evolution path in the parameter space of only the
covariance matrix, not the mean vector, because the learning rate for the mean
vector is fixed. This is different from existing studies that use the evolution path
in the parameter space [62} 64]].

3.3.1 Evolution Path for Covariance Matrix

In this work, we introduce an evolution path in the parameter space of the covari-
ance matrix to quantify the tendencies of updates in the distribution parameters.
We use a modification of the evolution path proposed in [64], which considers
both the mean vector and the covariance matrix. Let 6 = vech(X) represent the
parameter vector of the covariance matrix, where ¥ := ¢?BB" and vech(A) de-
notes the vector consisting of the upper triangular elements of the symmetric ma-
trix A. We also denote the parameter movement vector §8(*+!) = vech(5x(+),
where

52(t+1) — (G(t+1))2B(t+l)B(t+l)T _ (O'(t))zB(t)B(t)T. (36)

We then define the evolution path in the parameter space of the covariance
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matrix.

) 59(t+1)
P = (1= ppy) + VB2 = ) ?“ -, (3.7)
B[||FZ,, 80+ 2] 2

where f is a cumulation factor of the evolution path and Fs.() is the Fisher infor-
mation matrix of the covariance matrix of the multivariate normal distribution.
The expectation E[:] is taken under a random function f(x) = €, where € is in-
dependently drawn from the identical distribution for each evaluation. We use

the approximation of E[ ||F2(t) 53+D12] 2, which will be derived in Section 3.3.3
In the implementation, we adopt the matrix representation for clarity an
convenience, as shown below:

»(0)=3 53+ (2() =3
P = (1= p)p + VB = B) (&) (Z)z (3.8)
[IIFZ 80D 2]

Using the result from Eq. (21) and Appendix B in [62], the squared norm of
the evolution path is expressed as:

((p;”D) )
||P(t+1)||2 =

. (3.9)

It is important to note that this squared norm is associated with the Kullback-
Leibler (KL) divergence of the parameter movements [62]].

Due to the independence pé;) L 80D the expectation of the squared norm
under the random function is given by:

Elllpy 1% = (1= B’ELlipg I + (2 - B). (3.10)
Defining yé? = E[|| pet) |I%], the value of Ye ) can be computed sequentially:

yet) = (1= Py + p2- ). (3.11)

We analyze the tendencies of updates in the distribution parameters by com-
paring || p(m)H2 (ie., Tr((p(m) )2)/2) with y(m) Notably, when initialized with

(0) =0 (ie., p = O; as in our study), it follows that y( ) =0
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3.3.2 Updating Learning Rate

In this section, we give a procedure for the learning rate adaptation. When the
tendency of the updates in the distribution parameters is strong, the learning rate
should be increased, and when the tendency is weak, the learning rate should be
decreased.

The learning rate adaptation is performed as follows:

(t+1) 112
(t+1) _ (1) g,

ne ™ =ni exp| fo | —— -y, (3.12)
Oq
Ipg. 117
(t+1) (1) O, (t+1)
= — , 3.13
M Ny exp| P . Yo, (3.13)

where ag, ap, fs, and Bp are pre-defined hyperparameters. It is possible to set
different hyperparameters for 7, and np, respectively, if needed. In this study,
we employ the same value for easier interpretation, i.e., @ := @y = ag and f :=
Bs = Ps.

We clip the learning rates to prevent them from being updated to unexpected
ranges by the following equations:

n(()_t+1) - Clip(i]((ytﬂ), U?in’ UamaX)’ (3.14)
ny ™ e clip(ny ™, pEn, pme), (3.15)
where 7% and ™" are the maximum and the minimum values of the learn-

ing rate for step-size o, respectively. Similarly, nz®* and rygﬁn are the maxi-

mum and the minimum values of the learning rate for the normalized trans-
formation matrix B, respectively. The clip function is defined as clip(u, a,b) =
min(max(u, a), b).

To prevent extrapolation in the update of the parameter, we set the maximum
value of the learning rates to 1, i.e., 757 = n5®* = 1. This maximum value setting
is based on the intuition that np should not exceed 1, (= 1), given that the degrees
of freedom in the covariance matrix are O(dz)EI Also, the minimum value of the
learning rates is set to the default value of xNES, as it is pointed out that the
setting of the learning rates in xNES is often too conservative [24]. Therefore,

we use the values recommended in [26] for 7™ and rygﬁn, ie., pmin = qglin =
3, (3+log(d))

5 dvd

2Although the ideal settings of the learning rates in xXNES are discussed in [80]], the analysis
assumes the covariance matrix to be an identity matrix, making it inapplicable to our discussion.
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3.3.3 Derivation of Approximation Value

1
In this section, we derive an approximation of }E[llF;1 ( t)59(t+1) 1] 2, which repre-
sents a change of the KL divergence in terms of the covariance matrix.
Let C(V = B(t)B(t)T’ 53 = gD+ _ U(t)zc(t), -1 — G(t)_zc(t)_l, So =
o™ /6 and §C = C*D — ¢ To derive the approximation, we use the
Slepian-Bangs formula [85] [14] and obtain

1 1
2 _ -1 -1
IF2,, 501l —ETr(ézz 55571

We will derive the expectation of this equation. From the result provided by
Nishida and Akimoto [[64], we can obtai

E[Tr (6537165371)] = E[80*] Tr (E [(CW‘” 2osc.cY 2)2])
+d(E[Sc*] - 2E[667]) + d.

We then need to derive the approximation of E[§c*], E[§5?], and
Tr (E [(C(t)_l/z -6C - C(t)_l/z)z]) '

Derivation of E[50¢] (a = 2,4):
The update equation of step-size in xXNES can be rewritten as

*Here, we have corrected the minor typos that appeared in [69].
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We will thus calculate the expectations in the above equation. First, from E[[z;]?] =
V(lzi]] +E[[z]] =1, E[wi([zi]? —1)] = 0. Next, noting that V [zz] = 2 and the
independence,

where p,, = Z?‘zl 1/w?. By combining these results, E[60°] ~ 1+ Cllz We thus

4du,,
obtain
4 2 2
E[dc*] ~ 1+ &,E[&rz] ~1+ ’7—0,
dtyy dpyy
4 2 2n;
E[dc%] — 2E[d0°] = —= — 1.
dy

- 179\ 2
Derivation of Tr (]E [(C(t) /2 sC.c® 1/2) ])

Let A =Tr (Z?zl wi(ziz] =1 )) The first order Taylor expansion of C in xXNES

can be obtained as

CUH) < (1) 4 pcn Y (A _ MI) oKL
y .

From §C ~ UBC(t)l/Z (A B %I) C(t)l/z, C(t)—l/chc(t)—l/z ~ s (A B %1),

_ _ 2
Tr (E[(C(” V2 sc.c® 1/2) ])

-T2

2
Tr (173 (A - Tr;A) 1)) ] =7’ {E [Tr(a%)] - éE[Tr(A)Z]} .

~Tr|E

=E

Derivation of E [Tr(Az)] and E[Tr(A)?]:
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E [Tr(A%)]

A A
(ZZWWJ(Z‘ I)(z]z —I)”

=17

.M”
M»

I
—
.
I
—

wiw;E [Tr ((ziziT - I)(zszT - I))]

‘M*

wiw,E [Tr (zlz zjz ) Tr(ziz] ) — Tr(z;z T)+Tr(I)]

Mp

w,-wj(E[(zisz)z] - E[z]zi] - E[z]

j Zj] +d)

- 1

Il
—
.

Il
—

Note that E[zz;] = d. Then, Vi, j > 1(i # j), E[(z]2j)*] = d,E[(z] z:)*] =
d? + 2d. Therefore,

A
E([Tr(A%)] = ) wi(d®+2d—d-d+d wid—d-d+d
[Tr(A?)] ;wl( +2 +d)+ Y wiw( +d)

iji#]j —0

~

= > wH(d +d) = (d +d)/p.

i=1

We then derive E [Tr(A)z]. First, A = Tr (Z;Ll wi(ziz] — I)) is written as

Tr (i wi(ziz] — 1)) Z wi(Tr(ziz]) - d)
i=1 i=1
= wTeGai)

i=1

~

willzil|.

M-

I
—

In the second line, we used 2;121 w; = 0. Then, E[Tr(A)?] = E[Z?:1 w2||z;||* +
D jiizj WiWj [||Zz|| 1E[ll2;11?] = (d*+2d)/p—d? |t = 24/ ptny. We used 3 ;i ; wiw; =

2 Wiwj — 2o 1w = —1/p,, due to 2?21 w; = 0.
By combining these results,

— _ 2
Tr(E[(c“) V2. s5c.c 1/2) ]) ”B(d +d-2).
Hw
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Approximation Result:
From the results above,

E[Tr (62=7'62%71)]

_ _ 2
= E[§0*] Tr (E[(C(” V2 sc.c 1/2)

) +d(E[60%] - 2E[60%]) +d

————
14 20 ~ e
T dpw zr]JZB(d2+d—2)//1w Sdpw
1 2 ( 4’1?;) 2 2
~ —ing(1+=—=(@d*+d—-2)+2n5;.
Hw { i dty
Therefore,
2 2
1 1 |1p 4n
E[|[F},, 60"V |*] ~ - {7 (1 + d—" (d®+d-2)+n%}. (3.16)
w Hw

We recalculate this approximation every iteration because it depends on the dy-
namically changing learning rates, 1, and 7.

3.3.4 Hyperparameter Effects

In this section, we discuss the effect of the hyperparameters « and . We present
an empirical analysis of the sensitivity of these hyperparameters in Appendix [A]

For a, an intuitive choice is a value in 1.2 < @ < 2. The reasoning is as fol-
lows: When a = 1, taking the expectation over a random function, the following
unbiased condition holds:

E[lnn{™ | pP] = Inpl?, (3.17)
where In 755 represents either Inn, or In UBEI This unbiased condition implies
that if there is even a slight tendency, the learning rate is increased This is too
aggressive and thus undesirable, especially for challenging problems (e.g. multi-
modal ones), where maintaining a small learning rate is often crucial. Therefore,
a value greater than 1 (e.g., 1.2 or larger), yet not too large (e.g., 2.0 or smaller),
is considered desirable. A larger « is preferable when aiming for greater stabil-
ity. Nevertheless, determining the optimal « remains formidable, as it heavily
depends on the structure of the problem.

“Note that ]E[né”l) | r]g)] > ryg) even over a random function.
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Note that in our approach, the tendency of updates in the distribution param-
eters becomes more pronounced as the population size A increases, as explained
below. We assume the weights are optimal [3], i.e., w; = —E[Nj.1] /Z?zl |E[Niall,
where N;.; is the i-th smallest random variable among A independently and stan-
dard normally distributed random variables, i.e., N1, < --- < Nj.1. Under the

optimal weights, p,, ~ (2/7)A € O(A). This means that E[||FZ%U)59(”1)||2] ~
O(1/2). Therefore, the learning rate tends to increase more readily as A increases.
For B, it emphasize the tendency of updates across iterations. We consider
the case where the updates are drawn i.i.d. from the distribution D (v, Cov[v]),
where D (A, B) denotes a distribution with expectation A and (co)variance B.
In this scenario, the expectation of the squared norm of the evolution path is
approximated as follows [62]]:
Bl 1] = ZZ ol + Tr(Cov(a). (3.18)
(We ignored (1 — f)! and (1 — B)?* by considering a sufficiently large t.) Thus, if
there is a tendency (i.e., ||o|| > 0), the squared norm tends to become larger by
taking a small § < 1 value.

3.3.5 Overall Procedure

The overall procedure of xXNES with the proposed learning rate adaptation mech-
anism is shown in Algorithm [1| The parameters 7 and Ugef are the recom-
mended setting of the learning rates in [26]], and O is the zero matrix. The pro-
cedures in line 3-14 are the same as xNES. In line 15, the covariance movement
matrix is updated. In line 16, the expectation of the length of the evolution path
under a random function is approximated by using Eq. (3.16). In line 17, the evo-
lution path in the parameter space of the covariance matrix is updated. In line
18, the length of the evolution path is calculated. In line 19, the normalization
factor for the evolution path is updated. In line 20-21, the learning rates for the

step-size and the normalization transformation matrix are updated with clipping.

3.4 Experiments and Discussions

In this section, we investigate the following research questions (RQs).

RQ1. When the learning rate is fixed, how does the evolution path in Eq.
of xNES behave on unimodal and multimodal functions?
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Algorithm 1 xNES with the learning rate adaptation.

Input: m® e R, 60 e R.,, B € RdXd,A €N

min ,,max
Ny B

Input ao‘, aB, ﬁo‘s ﬁB’ mln’ UB ’ ’70'
(0) def  (0) def -1

0 0
1 t=0,py" =0,y = 0.0 = 3ty = pif p,, =

2: while stopping criterion not met do
3: forie {1,---,1} do
~ N(0,I)

x; = m® + OB,
end for
Evaluate the solutions and sort {(z;, x;)}
Gs = Z?:l Wiz;
Gy = X wilziz] — 1)
10: G, =Tr(Gy)/d
11: Gg=Gpy—-Gy-1
122 m) =m® 4y cWBOGs
13: o) = 50 . exp(ry((,t)/Z - Gy)
14: B+ = Bt exp(iyg)/Z - Gp)
15: S3(+1) — (O.(t+1))2B(t+1)B(t+1)T _ (O.(t))ZB(t)B(t)T

16:  Approximate E[||F2 560+V||2]% by Eq. (3.16
17: pg+1) ( ﬂ)P(t) + ,8(2 —ﬂ) (z(t) 252(”1)(2(;))

[IIF2 59(‘“)”2]

R A A

18: l(t+l) T (p(f'l'l) )/2
19 ““>—<1 By + B2 - p)

(t+1) (t) (t+1) min ,,max

] l(t+1)
200 Mo —chp(n eXp(ﬁa( ~ Yo, )),ng Mo )

1 l(t+1) 1
2. gy =clip (n(” exp (/33 ( ~ v || g
22: te—t+1
23: end while
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RQ2. How is the learning rate adapted in xNES with the proposed learning rate
adaptation mechanism?

RQ3. Does xNES with the proposed learning rate adaptation mechanism achieve
better performance than xXNES with fixed learning rates?

We first describe the experimental setups in Section [3.4.1] In Section[3.4.2] we
investigate the behavior of the evolution path in xNES with a fixed learning rate
(RQ1). We then investigate the behavior of the evolution path and the learning
rate in xNES with the adaptive learning rate mechanism (RQ2) in Section [3.4.3]
Finally, we compare the performance of xNES with the proposed adaptive learn-
ing rate mechanism and that with fixed learning rates (RQ3) in Section[3.4.4] The
code for running the proposed method is available at GitHu

3.4.1 Experimental Setups

Table [3.1| shows the definition of benchmark problems used in the experiment.
We employ two unimodal functions (Sphere and Ellipsoid) and two multimodal
functions (Rastrigin and Bohachevsky). While the Rastrigin function has strong
multimodality, the Bohachevsky function has relatively weak multimodality. In
this experiment, we set the dimension to d = 10. The initial parameters are set
tom® = [3,--- ,3],0'(0) = 2.0,B9 = [ in the Sphere, Ellipsoid, and Rastrigin
functions, and m® = [8,-- -, 8],¢'® = 7.0, BY) = I in the Bohachevsky function.
The hyperparameters for the proposed learning rate adaptation mechanism

=1, r;amm = lygﬁ“ = % . %, as described in Section|3.3.2] We

are: g = ng™

set @ = 1.3 and f§ = 0.2 based on the preliminary experiments (See Appendix [A]
for the sensitivity analysis of these hyperparameters.). 7% and pdf are set to

o B
. : def _ ,def _ 3 (3+log(d))
their default values, i.e., n5¢ = Mg =5 g

3.4.2 Evolution Path with Fixed Learning Rate

Figure shows a typical behavior of the best evaluation value f(xpest) and
the length of the evolution path Iy of xNES with a fixed learning rate on the
benchmark problems. We use the default learning rate and set the population
size A = 400 to obtain a reliable estimation of the evolution path.

Shttps://github.com/nomuramasahir0/xnes-adaptive-Ir
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Table 3.1: Definitions of benchmark problems used in the experiments described
in Chapter

Definition

féphere(x) = 2?:1 xiz L

Fettipsoia (x) = L& (100071 x;)?

ﬁ{astrigin(x) = 10d + Z?:l (x,2 — 10 cos(27x;))

fBohachevsky (X) = Z?;ll (x?+ 2xl.2+1 — 0.3 cos(37mx;) — 0.4 cos(4mxiy1) +0.7)

In the result of the Sphere and Ellipsoid functions where f(xpest) is improved
quickly, the length of the evolution path /(8) becomes long (> 1). We believe this
is because detecting the tendency of updates is easy on such unimodal problems.

On the other hand, in the multimodal functions where f(xpest) may not be
improved easily, different behavior from that of the unimodal functions appears.
In the Bohachevsky function, which is a relatively weakly multimodal function,
we can observe that the length of the evolution path slightly decreases once.
In the Rastrigin function, which has strong multimodality, such a decreasing
behavior is prominent in the beginning of the optimization. In fact, the length
of the evolution path takes a value close to 1, which is the expected amount of
change in KL divergence in a random function, in the period where the number
of evaluations is between about 0.5 x 10° and about 1.2 X 10°.

3.4.3 Behavior of Learning Rate Adaptation

A typical behavior of xXNES with the proposed learning rate adaptation mecha-
nism is depicted in Figure In addition to the learning rates 1, and np, the
corresponding objective function value f(xpest) and the length of the evolution
path [y are also shown. We employ A = 30 for the Sphere and Ellipsoid functions,
A =300 for the Rastrigin function, A = 50 for the Bohachevsky function, respec-
tively. It is observed in each function that the learning rates also increase when
the length of the evolution path increases.

To investigate the effect of the setting of the population size, we conduct an
experiment with A = 10, 20, 30, 40, and 50 on the 10-dimensional Sphere function.
Figure 3.7/ shows the result of the experiment. In A = 10, the length of the evo-
lution path Iy does not increase and the learning rates, 1, and np, are then not
changed at all. We believe this is due to the tendency of updates in the distribu-
tion parameters to be weak when using a small population size. We observe that,
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Sphere Ellipsoid Rastrigin Bohachevsky
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Figure 3.5: Typical behavior of xNES with a fixed learning rate on the 10-
dimensional benchmark problems. The horizontal axis represents the number
of evaluations. The vertical axes represent the best evaluation value f (xpest) and
the length of the evolution path Iy, respectively.

as A is increased, the length of the evolution path increases, and, as a result, the
learning rate also increases. The result suggests that the proposed mechanism
can adapt the learning rate appropriately, measuring the tendency of updates
in the distribution parameters. This dynamic learning rate adaptation depend-
ing on the population size is an advantage over DX-NES [24], which statically
injects the population size into the setting of the learning rate.

3.4.4 Fixed Learning Rate vs. Adaptive Learning Rate

To check the effectiveness of the proposed mechanism, we compare the perfor-
mance of xNES with the proposed learning rate adaptation mechanism and that
of xNES with fixed learning rates (= the default value X1, 2,4, 6, 8, and 10). The
performance metrics is the SP1 value, which is the average number of evaluations
until f(xpest) reaches a target function value over successful trials divided by the
success rate [13, [12]. The SP1 value estimates the expected number of evalua-
tions needed to meet the success criterion, assuming that the expected number of
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evaluations for successful and unsuccessful runs are identical’] The target func-
tion value is set to 1078, A trial is successful if the target function value is found.
We set the maximum number of evaluations to 5 x 10°. For the Sphere function
and the Ellipsoid function, we employ the population size A = 10, 20, 30, 40, and
50. Note that the recommended value of the population size presented in [26]]
is included, i.e., 4 + [31n(10)] = 10. For the Rastrigin function, we employ the
population size A = 200, 250, 300, 350, and 400. For the Bohachevsky function,
we employ the population size A = 30, 40, 50, 60, and 70. We perform 50 trials
to calculate the performance metrics for the Sphere and Ellipsoid functions. We
perform 200 trials to calculate it for the Rastrigin and Bohachevsky functions.

Figure [3.8/shows the result of the experiment. We first compare the proposed
mechanism (red) and xNES with the default learning rate (blue). In the Sphere
and Ellipsoid functions, when A = 10, the performance is almost the same, which
is consistent in Section As A increases, the proposed mechanism shows
better performance than xXNES with the default learning rate. This is because the
tendency of updates in the distribution parameters becomes strong when A is
large, increasing the learning rate and accelerating the search. In the Rastrigin
and Bohachevsky functions, the proposed mechanism outperforms xNES with
the default learning rate due to the adaptive learning rate.

Next, we compare the proposed mechanism (red) and xNES with other fixed
learning rates. In all the benchmark problems, when A is large, the performance
of the proposed mechanism is close to that of xNES with the fixed learning rate
of the default value times 8 (pink). However, xXNES with the fixed learning rate
of the default value times 8 fails to find the optimum in the Sphere and Ellipsoid
functions with small population sizes (1 = 10, 20, and 30) because the learning
rate is too high. On the other hand, the proposed mechanism avoids significantly
increasing the learning rate when the population size is small, enabling a stable
search.

From the result in the multimodal functions, we can observe that the pro-
posed mechanism is competitive with xNES with high learning rates when the
population size is large. In particular, in the Rastrigin function, the proposed
mechanism and xNES with the fixed learning rate of the default value times 8
and 10 achieve almost the same performance in terms of the average number

SWhen applying CMA-ES to well-structured multimodal problems in practical situations, the
expected number of evaluations for unsuccessful runs may be smaller than for successful runs.
This is because unsuccessful runs are often terminated early based on a predefined stopping
criterion. In such cases, the SP1 value provides an upper bound on the expected number of
evaluations needed to meet the success criterion.
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of evaluations of successful trials divided by the success rate. This means that
the number of evaluations required to find the optimum is about the same if an
appropriate restart is performed when the optimum is failed to find. Figure
shows the success rate of the proposed mechanism (red), xXNES with the fixed
learning rate of the default value times 8 (pink), and xNES with the fixed learn-
ing rate of the default value times 10 (cyan). While these methods are competitive
when the population size is large, xNES with the fixed learning rates are more
likely to fail when the population size is small. This result suggests that the pro-
posed mechanism is more robust than xNES with a fixed learning rate. A higher
success rate in the proposed mechanism is also practically beneficial, as it is often
difficult to implement an appropriate restart strategy.

3.5 Conclusion

In this chapter, we proposed a novel learning rate adaptation mechanism for
xNES. The mechanism dynamically adapts the learning rate based on tenden-
cies observed in the updates of the distribution parameters. The method for de-
tecting these tendencies draws inspiration from the population size adaptation
mechanism of CMA-ES [62, [64]. Specifically, we introduced an evolution path
in the parameter space of the covariance matrix. By evaluating the length of
this evolution path, we adapt the learning rates associated with the covariance
matrix accordingly. Numerical experiments conducted on both unimodal and
multimodal benchmark functions demonstrate that the proposed mechanism ef-
fectively adapts the learning rates based on the tendencies of the updates of the
distribution parameters. Furthermore, xNES equipped with the proposed mech-
anism achieved performance comparable to that of xNES with a carefully tuned
fixed learning rate, eliminating the need for extensive parameter tuning. The
proposed mechanism can be extended to high-dimensional problems. We believe
that integrating the proposed learning rate adaptation mechanism into separa-
ble NES (81} 78] offers a straightforward approach to addressing such problems,
making it a promising direction for future work.

However, this study has several limitations that should be addressed in fu-
ture work. While we focused on proposing a simple and extensible learning
rate adaptation mechanism, exhaustive experiments were not conducted. Thus,
an important direction for future research is to evaluate the performance of the
proposed mechanism across a broader range of benchmark problems and exper-
imental settings.
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Additionally, the current approach requires an approximation of the expected
value of the KL divergence between updates in distribution parameters in up-
dating the learning rate. Obtaining such an approximation may be challenging
for more complex optimization algorithms (e.g., DX-NES [24]), as these meth-
ods often rely on search histories during optimization, which can invalidate the
assumptions made during derivation. Relaxing these assumptions presents an
interesting direction for future work.

The proposed method partially alleviates the burden of tuning the population
size by automatically adapting the learning rate according to the given popula-
tion size. However, it does not fully address the dependency on population size.
In our experiments, we predefined a sufficient population size for solving the
benchmark problems (e.g., selecting the population size A € {200, 250, 300, 350,400}
for the Rastrigin function). In a black-box scenarios, such prior information is
not available in general, necessitating tedious trial and error. Since our focus
of this study is the optimization efficiency, this limitation was not addressed. A
more thorough treatment of this issue will be provided in Chapter [4
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Figure 3.6: Typical behavior in xNES with the proposed learning rate adaptation
mechanism on the 10-dimensional benchmark problems. The green dotted line
in the learning rate graphs indicates the default value. The horizontal axis repre-
sents the number of evaluations. The vertical axes represent the best evaluation
value f(xpest), the learning rates 1, and np, and the length of the evolution path
ly, respectively.
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Figure 3.7: Typical behavior in xXNES with the proposed learning rate adaptation
mechanism on the 10-dimensional Sphere function. The experiment is performed
with the population size A = 10, 20, 30, 40, and 50. The green dotted line in the
learning rate graphs indicates the default value.



CHAPTER 3. LEARNING RATE ADAPTATION FOR ACCELERATION

# Evaluation / Success Rate

10° 4

—*— adaptive  —>— fixed (x1) —4— fixed (x2) O fixed (x4) —¥— fixed (x6) O fixed (x8) D fixed (x10)
Sphere : Ellipsoid X Rastrigin _ Bohachevsky
10° 10° 10°
Y
i}
x/(/(/(,/x /X
—4 ‘/‘/Q/‘/—’
—x
DY — o —r—
o — _’542
e} P ﬁ
o T e — ol =+
o —F
— 10° = ! 10% 4

10% 4

1

0 20

30

10

50 10 20

30 10 50 200

Population Size

250

300

350

100

30 10 50 60 70

52

Figure 3.8: Performance comparison of xNES with the proposed learning rate
adaptation mechanism (red) and xXNES with the fixed learning rates (blue, green,
yellow, purple, pink, and cyan) on 10-dimensional benchmark problems. The
horizontal axis represents the population size. The vertical axis represents the
average number of evaluations divided by the success rate, which is the smaller,
the better it is. Note that, if no successful trials exist at a population size, nothing
is plotted at the population size.
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Figure 3.9: Success rate of xNES with the proposed learning rate adaptation
method (red), xXNES with the fixed learning rate of the default value times 8 (pink),
and xNES with the fixed learning rate of the default value times 10 (cyan) in the
multimodal functions.



Chapter 4

Learning Rate Adaptation for
Multimodal and Noisy Problems

4.1 Introduction

CMA-ES is practically useful as it is a quasi-hyperparameter-free algorithm; prac-
titioners can use it without hyperparameter tuning because default values are
provided for all hyperparameters through theoretical analysis and extensive em-
pirical evaluations. Specifically, the hyperparameter values are automatically
computed using dimension d and population size A, where A = 4 + [31n(d)] by
default.

Although the default A value works well for various unimodal problems, in-
creasing it can help solve difficult tasks, such as solving multimodal and additive
noise problems [37, 62} [64]. However, in a black-box scenario, determining the
problem structure of f is challenging. Thus, determining the appropriate A value
in advance is also challenging, and online adaptation of A has been proposed to
address the issue [62] 64,41} [61]]. Population size adaptation (PSA)-CMA-ES [64]
is a representative A adaptation mechanism that has exhibited promising perfor-
mance for difficult tasks, including multimodal and additive noise problems.

It has been observed that, in CMA-ES, increasing A has an effect similar to
decreasing the m learning rate, that is, 1, [59]ﬂ Indeed, the m and ¥ learning
rates, that is, 7, is another hyperparameter that critically affects performance.
An excessively large 1 value results in unstable parameter updates, whereas an

INote that, in Ref. [59], the rank-one update was excluded from CMA-ES. In this study, how-
ever, we consider CMA-ES including the rank-one update.

53
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excessively small value degrades search efficiency. Miyazawa and Akimoto [59]
reported that CMA-ES with even a relatively small A (e.g., A = Vd) solves mul-
timodal problems through an appropriate setting of . However, determining
the appropriate 7 value is difficult in practice because prior knowledge is often
limited and hyperparameter tuning entails expensive numerical investigations.

Therefore, online adaptation of 1 based on the problem difficulty constitutes
an important advancement as it will allow practitioners to safely use CMA-ES
without requiring prior knowledge or expensive trial-and-error calculations. In
particular, we believe that n adaptation is more advantageous than A adapta-
tion from a practical perspective because the former is more suitable for parallel
implementations. For example, practitioners often wish to specify a certain num-
ber of workers as the value of A value to avoid wasting computational resources.
However, A adaptation may not always effectively utilize the available resources,
as the values vary during the optimization process. By contrast, n adaptation al-
lows complete exploitation of the available resources because the value of 1 is
fixed as the maximum number of workers. Moreover, in n adaptation, the pa-
rameters are regularly updated, whereas CMA-ES with A adaptation does not
progress until all A solutions are evaluated, making it difficult to determine the
search termination point.

Although online n adaptation itself is not new and several studies have at-
tempted to adapt 5 values in CMA-ES variants, these adaptations targeted speed-
up [691125,57]. One notable exception is the 1 adaptation proposed by Krause [54]
that aims to solve additive noise problems through new evolution strategies.
However, it estimates the problem difficulty through resampling, that is, by re-
peatedly evaluating the same solution; thus, it is not suitable for solving (noise-
less) multimodal problems. Furthermore, as it involves significant modifications
of the internal parameters of the evolution strategies, applying it directly to
CMA-ES is challenging.

This study aimed to develop CMA-ES to solve multimodal and additive noise
problems without extremely expensive 5 tuning or adjusting any other CMA-ES
parameters except 1. To achieve this, we first examined the impact of learning
rate. Our results suggest that (i) difficult problems can be relatively easily solved
by decreasing the learning rate and aligning the parameter behavior with the
trajectory of an ordinary differential equation (ODE), and (ii) the optimal learn-
ing rate is approximately proportional to the signal-to-noise ratio (SNR). Based
on these observations, we propose an n adaptation mechanism for CMA-ES—
called the learning rate adaptation (LRA)—that adapts 7 to maintain a constant
SNR. The key feature of the proposed method is that it does not require specific
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knowledge of the internal mechanism of the distribution-parameter update to es-
timate the SNR. Consequently, the proposed method is widely applicable to vari-
ous CMA-ES variants, such as diagonal decoding (dd)-CMA [5], even though this
study considers the most commonly used CMA-ES, which combines weighted
recombination, step-size o adaptation, rank-one update, and rank-y update.

It should be noted that our work focuses on well-structured multimodal prob-
lems rather than weakly structured ones, as in the previous studies on A adapta-
tion in CMA-ES [64]. Using our method alone cannot solve the weakly structured
multimodal problems and may even be detrimental to these problems. To address
such problems, we believe the integration of restart strategies (e.g., BIPOP-CMA-
ES [32]) is necessary, which is beyond this study; thus, we have left it for future
work.

The remainder of this chapter is organized as follows: Section[4.2] closely ex-
amines and explains the impact of the learning rate and presents the discussion
for determining the ideal learning rate. In particular, Section explains why
the learning rate adaptation described in Chapter [3| cannot be directly applied
to this study. We believe this discussion highlights the need for a new learning
rate adaptation mechanism to effectively address multimodal and noisy prob-
lems. Section |4.3| presents the proposed 1 adaptation mechanism based on SNR
estimation. Section [4.4] evaluates the performance of the proposed 1 adaptation
for noiseless and noisy problems. Finally, Section |4.5|concludes the chapter and
suggests future research directions.

This chapter is based on the author’s previous study [65} 66]].

4.2 Learning Rate Impact

In this section, we discuss the impact of the learning rate on CMA-ES. First, Sec-
tion summarizes existing research on adjusting the population size, which
is a common practice for difficult tasks, such as multimodal problems, and the
relation between the population size and learning rate. In Section we dis-
cuss the behavior from the perspective of ODEs for small learning rates. Con-
sequently, we demonstrate that difficult problems can be solved by reducing the
learning rate (i.e., closer to the solution of the ODE). However, it should be noted
that an excessively small learning rate can reduce the search efficiency. There-
fore, Section [4.2.3|discusses the determination of the optimal learning rate.
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4.2.1 Relation Between Population Size and Learning Rate

Previous studies generally focused on increasing the population size A to solve
multimodal problems. Hansen and Kern [37]] reported that CMA-ES with a suf-
ficiently large population size can often solve multimodal problems with high
probability. Based on this observation, Auger and Hansen [12]] proposed IPOP-
CMA-ES, which doubles the population size with each restart. Although these
studies considered CMA-ES with default learning rates, Miyazawa and Akimoto [59]
experimentally evaluated the performance of CMA-ES using small learning rates
and showed that multimodal problems, such as the Rastrigin function, can be
solved by setting sufficiently small learning rates without using a large popula-
tion size. This empirical observation suggests that the effect of increasing the
population size is similar to that of decreasing the learning rate.

Here, we organize the relation between the population size and learning rate
more formally. First, we examine the relation based on the results of quality
gain analysis. For the infinite-dimensional Sphere function, the optimal value
of the normalized step-size 6", whose normalized step-size is defined as ¢ :=
onmd/|Im = x*|| = O(onm), is 6* = =y X, wiE[Nia] = V2/7A € O(X) [11,3].
Hence, the optimal step-size is ¢* € O(A/n,,), which clearly demonstrates that
increasing A corresponds to decreasing 1,,. In other words, as the population size
increases or learning rate decreases, the optimal step-size increases. Miyazawa
and Akimoto [59] hypothesized that CMA-ES with small learning rates can solve
multimodal problems owing to the effect of maintaining a large step-size.

Next, we offer another characterization of the relation between the popula-
tion size and the learning rate, by viewing IGO algorithms as discretizations of
stochastic differential equations (SDEs) [46]]. For conciseness, we define the natu-

ral gradient g(0) := Exp(x0) [W({(x)@g In p(x; 0)] and let its Monte Carlo estima-
tion g (0) := (1/A) X1, G:(6), where §;(8) = Wef (xi) Vg In p(x;; 0), where §;(6)
is an unbiased estimator of g(6). Note that, in practice, ng must also be estimated
using the Monte Carlo method; thus, §;(8) does not necessarily provide an unbi-
ased estimation of g(0). However, we assume the availability of Wef for this dis-
cussion. Subsequently, we denote the covariance of §;(0) as S(8). By using this
notation, the IGO update in Eq. can be written as "+ = ) 4 pgH (pM),
Given a sufficiently large population size A, the following is valid according to
the central limit theorem:

3(0) ~ N (4001, 350)). @)
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Based on this result, we can rewrite Eq.(2.15) as follows:
01 =01 +ng(0") + (g (0") - g(6")), (4.2)

where W (81) —g(8®) ~ N (0, (1/1)S(6)). Hence, using the newly introduced
random variable ey ~ N(0,S(8)), the IGO update can be rewritten as follows:

o+ — o) 4 Ug(e(t)) + %69“)_ (4.3)

Consequently, we consider the following SDE:

do = g(0)dt + \/gR(G)dW(t), (4.4)

where R(O)R(0)T = S(0) and {W(t)} is the standard Wiener process. By dis-
cretizing the SDE using the Euler-Maruyama method [52], with the learning
rate 7, we obtain an equation identical to Eq. (4.3). Therefore, from the SDE per-
spective, the learning rate and the population size appear only in the form of
the ratio n/A, which implies that the effect of increasing A is similar to that of
decreasing 7.

In summary, although previous studies primarily adjusted the population size
for solving multimodal problems, we empirically and theoretically observed that
increasing the population size and decreasing the learning rate have similar ef-
fects on the optimal step-size and noise.

4.2.2 Effect of Decreasing the Learning Rate from an ODE
Perspective

When the learning rate approaches zero, the IGO algorithm is reduced to the
following ODE [4]]:

do .
= = Exopixo) [W] (0)Vg Inp(x: 0)]. (45)

To illustrate the algorithm behavior from an ODE perspective, we consider min-
imizing the 1-dimensional Rastrigin function frastrigin(x) = 10 +x%—10 cos(2mx),

which is a well-structured multimodal problem (Fig. . Assuming that ng =
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Trajectory and gradient flow on Rastrigin Trajectory with various learning rates
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Figure 4.1: ODE trajectories and gra- Figure 4.2: Typical parameter tra-
dient flows of the Rastrigin func- jectories of the Rastrigin function

tion. The different colors (red, under various learning rates (3 =

, , and ) of 107°,107%,1073,1072). The ODE solu-
the ODE trajectories indicate different tion (black) is also illustrated for refer-
attractors. ence.

—f and parameterizing our Gaussian distribution using 6 = (m,v), where m is
the mean and v is the variance, the ODEs are calculated as follows:

dm

i —2mo — 2070 sin(27rm) exp(—27%0), (4.6)
d
d_zt) = —20% — 407%0% cos(27rm) exp(—271%0). (4.7)

Figure shows the ODE trajectories and gradient flows of the Rastrigin
function. The experiments were conducted using initial distribution parameters
m =3.0andov € [0.02,2.0]. It is evident that ODEs with large initial variances ex-
hibit trajectories converging to the optimal solution (m*,v*) = (0,0). Given that
the algorithm behavior tends to approach the trajectory of the corresponding
ODE, as the learning rate decreases, we hypothesize that such multimodal prob-
lems can be solved by adequately decreasing the learning rate and employing a
sufficiently large variance.

To verify this hypothesis, we evaluated the behavior of the distribution pa-
rameters for various learning rates. For this, we employed the following dis-

cretized versions of Eq. and using the Euler method:
m*) = @ n(2mo + 2070 sin(27rm) exp(—2720)), (4.8)
oD = o) _ 5(20% + 407%0% cos(27rm) exp(—27%0)), (4.9)
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where 1 denotes the learning rate; we used 1 values of 107°,107%,107%, and 1072
The initial distribution parameters were set as (m,0) = (3.0,2.0). Figure
shows the typical behaviors of the parameter trajectories for various learning
rates. It is evident that as the learning rate decreases, the corresponding trajec-
tory approaches the ODE solution, which is also evident from the design of the
Euler method. However, as the learning rate increases, the trajectory deviates
from the ODE trajectory and tends to become trapped in the local optima, failing
to find the optimal solution. These findings suggest the importance of setting a
small learning rate for multimodal problems that can be solved by moving the
distribution parameters along the ODE trajectory.

Although earlier discussions focused on multimodal problems, we believe
that decreasing the learning rate is equally important for problems with unbi-
ased additive noise, represented as f(x) + €, where € is an unbiased random
variable, that is, E[e] = 0. This is because, in cases with unbiased noise, the cor-
responding ODE remains unchanged compared with noiseless ones. That is, by
decreasing the learning rate and aligning the parameter updates with the corre-
sponding ODE trajectory, the distribution-parameter value can be guided closer
to the optimal solution.

4.2.3 Optimal Learning Rate

Although setting a small learning rate can be beneficial for solving multimodal
and noisy problems, as discussed in Section[4.2.2] using an excessively small value
can result in slow convergence. In this section, we explore the optimal value of
the learning rate.

For simplicity, we consider the minimization of E[ f (x)] = / f(x)p(x;0)dx =:
J(0) and assume that J is twice differentiable. Additionally, we let A be an unbi-
ased estimator of VJ(6). In this case, the one-step update is 6 — 5 - A. Using the
Taylor approximation, we obtain the following:

1
JO—=n-A)=J()-nV6) A+ EUZATHA +o(n*[|1Al1%) (4.10)
~ J(0) —nVJ(0)TA+ %UZATHA, (4.11)

where H := V2J(0). Considering the expectations over A, we obtain the follow-
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ing:

- 1,/ -
BAlJ(0 =1+ 0)] ~ J(0) = nVJ(0) VI (0) + 5u* (VI (0) HYJ(6) + Te(H Cov[A]) ).
(4.12)
Thereafter, the expected improvement is approximated as follows:
. 1., (= -
J(O) = BalJ(0 =1 M) ~ 1¥](0) ¥J(6) - 2 (VJ(6) HYJ(6) + Tr(H CovIAl)).
(4.13)

By taking the derivative w.r.t. 1 and solving it for zero, we approximate the
optimal learning rate as follows:

VI(0)TV](0) -1 (% T(O)THY () + Tr(H COV[A])) 0 (414)

. vJ(0)TVJ ()
N x = —~ (4.15)
VJ(0)THVJ(6) + Tr(H Cov[A])
Y 2
VIO (4.16)

" I9J(O)[14 + Tr(H Cov[A])’

where F is the Fisher information matrix at 8, and || VJ(0) ||y := (VJ(8)TMVJ(6))!/2
is the norm under M.

To obtain crucial insights into the determination of the optimal learning rate,
we first assume H = cF for a positive constant c. This assumption is partially
relevant in scenarios where the covariance matrix of CMA-ES successfully learns
the shape of a quadratic function. This concept can be illustrated as follows: For
a function f(x) = 3x" Ax, the Hessian H is diag(A, 0). Consequently, given that
F = diag(Z™1,27'®%71/2),if A «c X7}, then, to a certain extent, the Hessian H in
the m-part approximates cF for some ¢ value; however, this does not apply to H
in the X-part. Based on this assumption, the optimal learning rate can be written
as

1 1
. oC .
1+SNR™!  1+SNR™!

*

1
Nt~ -
C

(4.17)

v, 2
where SNR := %. A high SNR increases the n* value, which aligns with

our intuitive expectations. In the next section, we propose an LRA mechanism
based on these insights into the optimal learning rate.
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4.2.4 Limitation of Learning Rate Adaptation Proposed in
Chapter

One might wonder whether the learning rate adaptation method proposed in
Chapter [3| can be applied to this study. However, to the best of our knowledge,
the answer is not straightforward. In this section, we discuss the underlying
reasons.

The goal of this chapter is to address difficult problems, such as multimodal
and noisy optimization tasks. To tackle these problems effectively, enhancing
the estimation accuracy of updates is critical, as elaborated in Section [4.2.2] We
can easily see that the population size A has a direct impact on the estimation
accuracy of updates. For example, in noiseless scenarios, when sampling from
an independent and identically distributed (i.i.d.) distribution, the standard de-
viation of the estimate decreases as O(1/V2). In contrast, the learning rate does
not directly influence the estimation accuracy of updates (at least on a single
iteration). To establish such a connection, it is necessary to consider the con-
centration of updates over multiple iterations rather than focusing on a single
iteration. This aspect will be discussed in detail in Section This critical
consideration was not addressed in the method described in Chapter (3| Conse-
quently, we required a new learning rate adaptation approach that integrates this
novel insight.

It should be noted that the learning rate adaptation proposed in Chapter [3|is
not necessarily unusable in our case. For instance, when optimizing multimodal
or noisy problems using the method from Chapter[3] the tendencies of updates in
the distribution parameters weaken, leading to a decreased learning rate. Con-
sequently, the method may exhibit behavior similar to that of the new approach
introduced in this chapter. However, the method in Chapter [3| does not explic-
itly address estimation accuracy. In contrast, this chapter establishes a direct
connection between the learning rate and estimation accuracy and addresses it
explicitly in the proposed method. Thus, the method introduced in this chapter
is more principled and sophisticated.

4.3 LRA Mechanism

We consider the updating of the distribution parameters 6,, = m and 05, = vec(X),
where vec is the vectorization operator and ¥ = ¢*C for the standard CMA-ES.

Let AY) = mt+) — m® and A(zt) = vec(Z(*V) — ) be the original updates
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of m and X, respectively. Subsequently, we introduce the learning rate factors

iyfrf) and ryg). The modified updates are performed as 9,(nt+1) = Qr(,f) + r;,(,f)Aﬁr? and

9;”1) = Qg) + ryg)Ag). Finally, ryf,f) and I]g) are adapted individually.

It is important to clarify that the learning rate 5 used in this chapter differs
from its definition in Chapter (3| In this chapter, the learning rate is applied as a
multiplier to the original update, which already incorporates the (original) learn-
ing rate implicitly. As a result, setting 75 = 1 in this chapter recovers the original
CMA-ES. In contrast, in Chapter [3| the learning rate 5y directly corresponds to
the learning rate included in the original update.

4.3.1 Main Concept

We adapt the learning rate factor 5 for the component 0 (either 6,, = m or 65 =
vec(2)) of the distribution parameters based on the SNR of the update as follows:

2 2
SR - IE[ATI: IE[A]I

. Tr(F Cov[A]) E[||AlI2] - [[E[A]])2 (4.18)

The Fisher metric is selected as it offers invariance against probability distribu-
tion parameterization. We attempt to adapt 1 such that SNR = an, where a > 0
is a hyperparameter that determines the target SNR.

The following rationale is employed for selecting this concept: We assume
that 7 is sufficiently small such that the distribution parameters do not change
significantly over n iterations. Thus, we assume 0Uk) ~ oW for k = 1,...,n.
Subsequently, {A(”k)}z;é are roughly considered as i.i.d. Hence, n steps of the
update are as follows:

n—1

o) = o) 4 p Z A+ (4.19a)
k=0
~ 0 +D (nnE[A], np* Cov[A]), (4.19b)

where D (A, B) is a distribution with expectation A and (co)variance B. Thus, by
setting a small 1 value and considering the results of n = 1/n updates, we ob-
tain an update that is more concentrated around the expected behavior than that
expected for an update using n = 1. The expected change in 0 over n = 1/p
iterations, measured using the squared Fisher norm, which approximates the
Kullback-Leibler (KL) divergence between 0 and ", is |[E[A]||2+n Tr(F Cov[A]),
where the former and latter terms come from the signal and noise, respectively.
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% = %SNR. Therefore, maintaining SNR =
an implies maintaining the SNR at @ over n = 1/ iterations, independent of 7.

The rationale for using SNR can also be elucidated from the perspective of
the optimal learning rate n* derived in Section The results showed that
n* o< 1/(1+SNR™1) approximately holds under some assumptions. Additionally,
we assume a relatively small SNR, for example, SNR < 1 (this assumption is
validated in Appendix . In this case, the approximation 1/(1 + SNR™!) =
SNR is roughly valid. Thus, n* o« SNR can be considered to be valid. As stated
previously, we controlled n such that SNR = an. Consequently, this leads to
n o< SNR, which is considered to be nearly optimal.

The SNR over n iterations is

4.3.2 SNR Estimation

We estimate ||E[A]||? and E[||A||?] for each component (m and ¥) using moving
averages. We let &) = 0 and V(®) = 0, and update them as follows:

g+ _ (1- ﬂ)g(t) + ﬂA(t), (4.20a)
A (t+1) _ (1— ,B)(V(t) +,B||A(t)||§, (4.20b)

where f is a hyperparameter; A®) is the update at iteration ¢ in the local coordi-
nate at which the F at ) becomes the identity; ||-|, is the £-norm. Thereafter,

o 2ﬁ||8||2 - m(V and V are considered estimates of IE[A]]l5 and E[||All5],
respectively (the derivation is included in Appendix [B.1).

The rationale for our estimators is as follows. Suppose that 1, and 55 are
sufficiently small for us to assume that the parameters m and ¥ do not change
significantly over n iterations. Subsequently, the A+ (i=0,.,n—1) are consid-
ered to be located on the same local coordinates and distributed independently

and identically. Then, ignoring the (1 — )" terms, we obtain

st - D |E[A] iﬂccw [A]]. (4.21)
(Again the derivation is presented in Appendix ) Thus, we have E[[|E]3] =
IE[A]|I? + Tr(Cov[N]). Similarly, it is apparent that E[V] ~ E[||A]|4] =

IELATIS + Tr(COV[ A).
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The SNR is then estimated as

_UBIAIE __ EAIE w2
Tr(Cov[A])  E[lA|*] - [IE[A]][?
slz- L
i —: SNR. (4.22b)
V-&ll3

4.3.3 Learning Rate Factor Adaptation

We attempt to adapt 77 such that SNR = an, where a > 0 is the hyperparameter.
This adaptation is expressed as follows:

SNR

1 ) , (4.23)

1 < nexp (min(m P11

where II|_y 1) is the projection onto [~1, 1] and y is a hyperparameter. If SNR >
amn, n increases, and vice versa. Owing to these feedback mechanisms, SNR/ (an)
is expected to remain near 1. In the above expression, the projection ITj_; i
is introduced to prevent a significant change in 1 during an iteration, and the
damping factor min(yn, f) is introduced because of the following reasons. First,
the factor f is introduced to allow for the effect of the change in the previous
n value to appear in SNR. Second, the factor yn is introduced to prevent the n
value from changing more than exp(y) or exp(—y) over 1/n iterations. Based on
the 1 update through Eq. (4.23), the upper bound is set to 1 using n « min(, 1),
to prevent unstable behavior. Although allowing n values >1 would accelerate
the optimization, we do not consider this because we aim to safely solve diffi-
cult problems. Extending this method for acceleration represents an intriguing
avenue for future work, as elaborated in Section

4.3.4 Local Coordinate-System Definition

Although we estimate the SNR based on the updates A"), naively accumulat-
ing these updates A) may result in unintentional behavior, as illustrated in
the following example. Consider a scenario wherein p(x;0®) = N(0,100I),
p(x;0+)) = N(0,501), and p(x; 01*) = N(0, 25I). In this case, the covariance
matrix of the distribution decreases at a constant rate. Consequently, each KL
divergence is Dxr (p(x; 8D)[|p(x; 0%+V)) = Drp(p(x; 04| [p(x; 67*2)). This
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implies that the distribution is moving at a uniform pace in terms of the KL diver-
gence. However, the updates are Vec_l(A(zt)) = —50[ and Vec_l(AgH)) = —25I,
whose scales are differentﬂ Thus, accumulating these effects will result in unin-
tentional behavior.

To address these issues, we ensure parameterization invariance by defining
the local coordinate system [62] [64] such that the Fisher information matrices,
F,, and Fs, corresponding to each component of the distribution parameters, m
and 3, respectively, are the identity matrices. It is well-known that F,, = %!

and Fs = 27'371 ® 7!, and their square roots are VF,, = \/E_l and VFs =
2_%\/5_1 ® \/f_l. Therefore, we define

Am=VS A, (4.24a)
As = 273 vec(VE  vecl(An)VE ). (4.24D)

Actually, in the previous example, the local coordinate system allows us to eas-
ily verify that vec™! (A(Zt)) = vec™! (Agﬂ)). This observation aligns with intuitive
expectations in view of the KL divergence and suggests the validity of accumu-
lating the updates A instead of the original A.

4.3.5 Covariance Matrix Decomposition

After updating the covariance matrix %+ = () 4 ng) Vec_l(Ag)), it must be

split into o and C. For this, we adopt the following strategy:

o) = det(x(+D) 7, (4.25a)
ct+) — (O'(t+1))_22(t+1)~ (4.25b)

4.3.6 Step-size Correction

Updating the learning rate for the m, i.e., n,,, changes the appropriate o. Through
a quality gain analysis that analyzed the expected f value improvement in a sin-
gle step, a previous study [3] demonstrated that the optimal ¢ value is propor-
tional to 1/#,, for infinite-dimensional convex quadratic functions. Therefore,
to maintain the optimal o value under 7, variations, we correct ¢ after each 7,

2Here, we have corrected the minor typos that appeared in [66].
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update as follows:

(t)

o) m _(+1) (4.26)
(t+1)
Nm

4.3.7 Overall Procedure

Algorithm 2] presents the overall LRA-CMA-ES procedure. At Line 2, the old pa-
rameters m", ¢, and C) are input into CMA(-), which outputs new parameters
m*D, ¢+ and C(*) by executing Steps 1-3 described in Section[2.3]

Note that the internal parameters such as the evolution paths p, and p,, are
updated and stored in CMA(:). However, these values were omitted for simplic-
ity. The subscript -(,, 5} (e.g., as in 17y, 5}) indicates that there are parameters for

m and 2, respectively. For example, 8&12} — (1- ﬂ{m’z})SEZ,Z} +ﬁ{m,z}A§2,z} is

an abbreviation for the following two update equations: 8,(,f+1) — (1- ﬁm)&(,f) +
frnA and EXV  (1- B5)EY + pAL.

4.4 Experiments and Discussions

This study included various experiments to investigate the following research
questions (RQs):

RQ1. Does the n adaptation in LRA-CMA-ES behave appropriately in accordance
with the problem structure?

RQ2. Can LRA-CMA-ES solve multimodal and noisy problems even though a
default A value is used? How does its efficiency compare to that of CMA-
ES with a fixed 1 value?

RQ3. How does the performance change with changes in LRA-CMA-ES hyper-
parameters?

RQ4. How does the performance depend on the population size A?

RQ5. What are the differences in the performances of LRA-CMA-ES, which adapts
the learning rate, and PSA-CMA-ES [64], which adapts the population size?

The remainder of this section is organized as follows. The experimental se-
tups are described in Section Section demonstrates n adaptation in
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Algorithm 2 LRA-CMA-ES

Input: m® e RY 0 e Ry, 1 € N, a, Pimzyy €R

Set: 1 =0,C" =1, ’7&2} =180 =0,V =0

1: while stopping criterion not met do
2: mt+) gD ct+) . CMA(m®, o™, c®)

3: // calculate parameter one-step differences
g AP mt) 0

5. xtH) (0(t+1))2C(t+1)

AD  vec (z(tn) _ zm)

// local coordinate

AD V30 AW

Ag) — 27 2yec ( SO e (A(zt)) \/W_l)
10: // update evolution paths and estimate SNR
11: 8?22} — (1- ﬂ{m,z})ggz’z} + ﬂ{m)z}AEQL,Z}

(t+1) (1) A
12: (V{m,Z} — (1 - ,B{m,Z})(V{m’z} + ﬁ{m,Z}”A{m’z}”%

Y & 3

(t+1) 2 Bm3) q,(+1)
18 3y o =5y Vimy

(2+1) (t+1) |12
(V{m’z}—na{m,z} ”2

14: // update learning rates
(t+1) ()
B Ty T Timsy

. SNR{,,
- exp mln(yng’z},ﬁ{m’z})l'[[_l’l] ( (m>} _ 1))

13: ﬁ{m,z} —

aN{m3}

1 . 1
16: EZ,Z)} — m1n(17g:’2)}, 1)
17: // update parameters with adaptive learning rates
18: mt+) () 4 m(rfﬂ)A’(Ti)
19: >t 30 4 I]gﬂ) Vec_l(A(zt))
20: /! decompose X to o and C
21: oD det(Z(Hl))ﬁ, Ct+l) (O_(t+1))—22(t+1)
22: // o correction
93 o) U(Hl)(’?r(rf)/nr(rfﬂ))
24: t—t+1

25: end while
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LRA-CMA-ES for noiseless and noisy problems (RQ1). Section compares
LRA-CMA-ES with CMA-ES with fixed r values (RQ2). Section[4.4.4investigates
the effects of LRA-CMA-ES hyperparameters (RQ3). Additional experimental
results for the hyperparameters are presented in Appendix Section [4.4.5]
evaluates the performance differences under various different population sizes
(RQ4). Finally, Section compares LRA-CMA-ES with PSA-CMA-ES (RQ5).
Our code is available at GitHubPH

4.4.1 Experimental Setups

The benchmark problem definitions and initial distributions are presented in Ta-
ble and Table In each case (except for the Rosenbrock function), the
global optimal solution is at x = 0. However, for the Rosenbrock function, it is
at x = 1. As unimodal problems, we employ the Sphere, Ellipsoid, and Rosen-
brock functions. The reason for using unimodal problems is to ensure that the
performance of LRA-CMA-ES does not degrade significantly compared to CMA-
ES with the default learning rate. The Ellipsoid function is an ill-conditioned
problem, whereas the Rosenbrock function has dependencies between variables.
Although the Rosenbrock function has local minima, in our study, it can be re-
garded as an almost unimodal problem. As well-structured multimodal prob-
lems, we employ the Ackley, Schaffer, Rastrigin, Bohachevsky, and Griewank
functions. These problems are composed of a quadratic convex function and
oscillatory nonconvex function, which resembles the noise. In the Ackley, Rast-
rigin, Bohachevsky, and Griewank functions, the oscillatory function is added to
the convex function, whereas in the Schaffer function, the oscillatory function
affects the convex function multiplicatively. This causes the Schaffer function to
have fine oscillations around the optimal solution. Noteworthy, the optimization
for the Griewank function gets easier as the dimension increases [37]. Similar
to [37], we imposed additional bounds on the Ackley function. For noisy prob-
lems, we considered an additive Gaussian noise € ~ N (0, 02) with o2 variance.
It is worth noting that the proposed method maintains the affine invariance of
CMA-ES because LRA-CMA-ES does not rely on a specific parameterization, as
discussed in Section[4.3.4] Consequently, although many of the employed bench-
mark problems are separable, the experimental results obtained from a bench-
mark function can still be generalized to the experimental results of its rotated

Shttps://github.com/nomuramasahir0/cma-learning-rate-adaptation
*https://github.com/CyberAgentAlLab/cmaes [71]
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Table 4.1: Definitions of benchmark problems used in the experiments described
in Chapter 4, For ease of reference, we have reproduced even the benchmark

problems that overlap with Table

Definitions

féphere(x) = Z;j:l xi2 )

Fotipsoia(x) = T, (100071 x;)?

ﬁ{osenbrock(x) = Z;'iz_ll(loo(xiﬂ - x?)z + (xi - 1)2)

fAckley (x) =20 — 20 - exp(—O.Zwlé Z?:l xlz) +e-— exp(% Z?:l cos(27x;))
féchaffer(x) = Zidz_ll (xlz + xi2+1)0'25 : [Sil’lz(so : (x12 + xl‘2+1)0'1) + 1]
rastrigin(x) = 10d + X4 (x? - 10 cos(27x;))

fBohachevsky (X) = Z?z_ll (xl2 + 2xl.2+1 — 0.3 cos(37rx;) — 0.4 cos(47mxi1) +0.7)
fGriewank(x) = m Z?ﬂ xi'z - H;‘izl cos(xi/\/f) +1

version.

In all the experiments (except for those in Section [4.4.5), we set the default
A = 4+ |3Ind]. The result when changing A can be found in Ref. [37] and
Section For the dimension d, we employed d € {10, 20, 30,40} for noiseless
problems and d = 10 for noisy problems. Additionally, we set the LRA-CMA-
ES hyperparameters as a = 1.4, f,, = 0.1, s = 0.03, and y = 0.1 based on
preliminary experiments. As noted above, Section presents an analysis of
the hyperparameters sensitivity. || The values of other internal parameters of
CMA-ES were set to those recommended in [35]].

4.4.2 Learning Rate Behavior

Figure[4.3]shows the typical LRA-CMA-ES behaviors for noiseless problems, wherein
s maintained relatively large values for the Sphere function. However, it ex-
hibits significantly smaller values for the Ellipsoid and Rosenbrock functions.
We believe that this behavior is undesirable, because the default n value already
works well for these unimodal problems. Although 7 can be increased by chang-
ing the hyperparameters of the proposed n adaptation, this change may be detri-
mental for multimodal problems.

SWhile this setting was chosen to ensure stable performance of LRA-CMA-ES, a more effective
configuration may be achievable if the problem structure is known; see Appendixfor details.
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Table 4.2: Initial distributions for each benchmark problem.

Functions ‘ Initial Distributions

Sphere m® =13,...,3],6@ =2
Ellipsoid m® =1[3,...,3],6 =2
Rosenbrock | m® =0,...,0],6® =0.1
Ackley m©® =[15.5,...,15.5],0(” = 145
Schaffer m©® =[55,...,55],0(® =45
Rastrigin m® =13,...,3],6® =2
Bohachevsky | m©® =[8,...,8],6® =7
Griewank m©® = [305,...,305],0® =295

It is evident that n,, is slightly smaller for multimodal problems than for uni-
modal problems. Particularly, for the Rastrigin function, n,, and 55 clearly de-
crease at the beginning of the optimization, which reflects the difficulty of multi-
modal problem optimization. Subsequently, 1 increases as optimization becomes
as easy as that for a unimodal problem. This behavior demonstrates that LRA-
CMA-ES can adapt 5 according to the search difficulty.

Figure 4.4 shows the typical  adaptation behavior for noisy problems. The
noise has a negligible effect in the early stages; thus, the n behavior for noisy
problems is similar to that for noiseless problems. However, as the optimiza-
tion proceeds and the function value approaches the same scale as that of the
noise value, the noise starts having a critical effect. Consequently, the n value
decreases. This adaptation ensures that the SNR remains constant. Notably, sim-
ilar behavior can be observed for the noisy Rastrigin function, which features
both noise and multimodality.

4.4.3 Effects of LRA

Figures[4.5|and [4.6]show the performances of LRA-CMA-ES and that of CMA-ES
with a fixed learning rate (77, 75 € {10° 1071, 107%}) for the noiseless problem:s.
Note that CMA-ES with n,, = 1.0 and 5z = 1.0 is the original CMA-ES with
the default 5 value. Each trial was considered successful if f(m) reached the
target value 1078 before 107 function evaluations or before a numerical error
occurred because of an excessively small o. In addition to the success rate, we
employed the SP1 value [13| [12], which is the average number of evaluations
among successful trials until achieving the target value divided by the success
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Figure 4.3: Typical LRA-CMA-ES behaviors for 10-dimensional (10-D) noiseless
problems. The coordinates of m and the square roots of the eigenvalues of ¢>C

(denoted by 4/eig) are indicated with different colors.

rate. 30 trials were conducted for each setting.

To compare the performances of these strategies for the noisy problems, we
employed the empirical cumulative density function (ECDF) of COCO, a plat-
form for comparing continuous optimizers in a black-box setting [36]. Using
Niarget target values, we recorded the number of evaluations until f(m) (noise-
less) reached each target value for the first time, and set the maximum function
evaluation to 10%. We collected data by running Ny, independent trials, and
obtained a total of Niarget + Nirial targets for each problem. Thereafter, we set the
target values to 1067901/ WNearger=D) for j = 1, .. ., Ntarget, With Niarger = 30. By ex-
ecuting Nija1 = 20 trials, 600 targets were obtained for each problem. Figure
shows the target value percentages obtained for each number of evaluations.

Noiseless Problems

We compared the success rates of LRA-CMA-ES and CMA-ES with fixed 5 values,
as shown in Figure For the multimodal problems, CMA-ES with a large 7
often failed to reach the optimum. However, CMA-ES with a small 5 exhibited a
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Figure 4.4: Typical LRA-CMA-ES behaviors for 10-D noisy problems. The noise

variance o2 was set to 1.

high success rate, indicating a clear dependence on 1. By contrast, LRA-CMA-ES
exhibited a relatively good success rate, even though no 5 tuning was required. It
is noteworthy that LRA-CMA-ES succeeded in all trials for the Rastrigin function
even though the default population size (e.g., A = 15 for d = 40) was used and 75
was not tuned in advance.

However, LRA-CMA-ES performance for the Schaffer function degraded at
d = 40. From the results indicating that CMA-ES with an appropriately tuned,
small n achieved a relatively high success rate, the LRA-CMA-ES result may have
been obtained because n was not appropriately adapted in that case. This will be
investigated in future work.

Figure [4.6| shows the SP1 results for LRA-CMA-ES and CMA-ES with fixed
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Figure 4.5: Success rates according to the number of dimensions (noiseless prob-
lems).

n values. CMA-ES with the default n values (1, = 1.0, 53 = 1.0) outperformed
the other methods for unimodal problems; however, the performance degraded
significantly for multimodal problems owing to optimization failures. By con-
trast, the CMA-ES with a small 7 sometimes exhibited good performance for such
multimodal problems; however, it was not efficient for unimodal and relatively
easy multimodal problems. Therefore, for CMA-ES with a fixed 7 value, a clear
trade-off in efficiency exists based on the 7 setting. By contrast, LRA-CMA-ES
exhibited stable and relatively good performance for unimodal and multimodal
problems. Again, n was not tuned, which is significantly expensive in practice.
There is scope for improvement of the LRA-CMA-ES performance on unimodal
problems; however, the current sub-par performance can be somewhat mitigated
by changing the hyperparameters. The effects of the hyperparameters are dis-
cussed in Section

Noisy Problems

Figure[4.7|shows the ECDF results for both LRA-CMA-ES and CMA-ES with fixed
n values. We considered two noise strengths, weak and strong, that is, a,f =1
and 10, respectively.

Under the weak-noise setting, CMA-ES with a small  value reached all the
target values. By contrast, CMA-ES with a large n value failed to approach the
global optimum and yielded a sub-optimal solution. LRA-CMA-ES achieved sim-
ilar performance to CMA-ES with a small 5 value without tuning. However,
under the strong-noise setting, even CMA-ES with a small 1 stopped improv-
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Figure 4.6: SP1 values according to the number of dimensions (noiseless prob-
lems). A missing point indicates the algorithm’s failure in all trials.

ing the f value before reaching the global optimum. By contrast, LRA-CMA-ES
continued improving the f value. Notably, the results for the noisy Rastrigin
function suggest that LRA-CMA-ES can simultaneously handle both noise and
multimodality.

4.4.4 Effects of Hyperparameters

Figure 4.8 shows the success rates and SP1 values with respect to « for the 30-
dimensional (30-D) noiseless Sphere, Schaffer, and Rastrigin functions. For the
Sphere function, a lower SP1 value could be achieved with a smaller « value.
However, an excessively large a results in optimization failures for multimodal
problems. Therefore, the current setting of « = 1.4 seems reasonable; however,
further investigations are required.

Figure shows the success rates and SP1 values with respect to fx. We
observe that an excessively large f5 causes optimization failures in the Rastrigin
function. Conversely, an excessively small fs results in slow convergence. An
additional result (S5 € {0.01,0.02,...,0.05}) is presented in Appendix B.5|

We also conducted similar experiments on the hyperparameters f,, and y, to
confirm their effects. These hyperparameters mildly impacted the overall perfor-
mance compared to « and S, (these results are also presented in Appendix B.5).
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Figure 4.7: Empirical cumulative density function for 10-D noisy problems, with
o2 set to 1 or 10°.
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Figure 4.8: Success rates and SP1 values with hyperparameter « for 30-D noise-
less problems (30 trials).

4.4.5 Effects of Population Size

Although we used the default population size, A = 4 + |3log(d)], in all the ex-
periments, practitioners may want to employ different population sizes to fully
utilize their parallel environments. In this section, we describe the experiments
conducted to investigate the effects of population size.

Figure shows the success rates and SP1 values with respect to the pop-
ulatioon size A € {14, 28,42,56,70} for the 30-D noiseless Sphere, Schaffer, and
Rastrigin functions. Although the SP1 value worsens with a larger A for the Rast-
rigin function, it appears to have a mild impact for the Sphere and Schaffer func-
tions. Figure shows typical behaviors of LRA-CMA-ES with A € {14,42,70}
on the 30-D Sphere function. As A increases, it can be observed that the learn-
ing rates (especially 71,,) also generally increase linearly. This is because, as A
increases, the SNR also increases, allowing for a larger learning rate to maintain
the target SNR. This phenomenon can also be theoretically explained as follows:
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Figure 4.9: Success rates and SP1 values with hyperparameter S5 for 30-D noise-
less problems (30 trials).
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Figure 4.10: Success rates and SP1 values with A € {14, 28, 42, 56,70} for 30-D
noiseless problems (30 trials).

The SNR analysis for the infinite-dimensional Sphere function in Appendix
shows that under the assumption of the optimal step-size, SNR ~ O(1/d). In this
case, increasing A can linearly increase the SNR; therefore, it is expected that the
learning rate can be kept linearly larger, which is consistent with our empirical
findings. However, this analysis was conducted using the (infinite-dimensional)
Sphere function; thus, this discussion cannot be directly applied to multimodal
problems.

Additionally, we investigated the behavior for larger population sizes using
various values of A € {500, 1000, 1500, 2000, 2500}, as shown in Figure[4.12] Com-
pared to the results for A € {14, 28,42, 56,70}, the SP1 value remains almost con-
stant for the Rastrigin function with respect to the A value. However, in the
Sphere and Schaffer functions, the SP1 value deteriorates slightly for larger A
values. This may be partially because the proposed method is designed to solve
difficult problems (e.g., s, 75 < 1). Although more aggressive learning rate up-
dates may improve the performance, such strategies were beyond the scope of
this study.
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Figure 4.11: LRA-CMA-ES behaviors on the 30-D Sphere function with A €
{14,42,70}. nm, 13, and the histograms of the estimated SNR w.r.t. m and X,
in this order from the top. The y-axes in 1, and 5 are shown on the linear scale
rather than the log scale.

4.4.6 LRA-CMA-ES vs. PSA-CMA-ES

We compared the performance of the proposed LRA-CMA-ES with that of PSA-
CMA-ES [64], which is a state-of-the-art population size adaptation method. For
a fair comparison, we employed almost the same procedure and hyperparameters
for PSA-CMA-ES as those for the CMA-ES described in Section[2.3] The only dif-
ference was that PSA-CMA-ES required additional normalization factors (Egs. (6)
and (7) in [64]) to derive an approximate value for the parameter movement. For
the step-size correction in PSA-CMA-ES, we used Blom’s approximation to cal-
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Figure 4.12: Success rates and SP1 values with A € {500, 1000, 1500, 2000, 2500}
for 30-D noiseless problems (30 trials).
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Figure 4.13: Performances of LRA-CMA-ES and PSA-CMA-ES: success rates ac-
cording to the number of dimensions (noiseless problems).

culate the weighted average of the expected value of normal-order statistics [3]].
Additionally, we used the recommended values for the PSA-CMA-ES hyperpa-
rameters [64]. The experimental settings were the same as those described in
Section[4.4.3] All LRA-CMA-ES results were obtained from Section [4.4.3

Figures and [4.14 show the success rates and SP1 values, respectively, for
the noiseless problems, wherein it is evident that PSA-CMA-ES exhibits better re-
sults than LRA-CMA-ES for most problems. Figure illustrates the ECDF for
noisy problems. The performance of LRA-CMA-ES is better than that of PSA-
CMA-ES in most of the tested cases. For example, for the Rastrigin function
with a strong-noise setting (bottom right of Figure [4.15), PSA-CMA-ES stopped
improving the function value, whereas LRA-CMA-ES continued improving it.
These results suggest that LRA-CMA-ES and PSA-CMA-ES are suitable for dif-
ferent problems. However, these performance differences can be mitigated to
a certain degree by adjusting the hyperparameters of each method and do not
necessarily suggest that there is a fundamental performance difference between
learning rate and population size adaptations. Although we still argue that LRA
is more practically useful than population size adaptation, as described in Sec-
tion[4.1] a detailed comparison of these methods will be an interesting direction
for future work.
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Figure 4.14: Performaces of LRA-CMA-ES and PSA-CMA-ES: SP1 values accord-
ing to the number of dimensions (noiseless problems).

4.5 Conclusion

This study presented the design principles and practices of LRA for CMA-ES. We
first demonstrated that difficult problems can be solved relatively easily by de-
creasing the learning rate and ensuring that the parameter behavior was closer
to the ODE trajectory. However, decreasing it excessively worsened the search
efficiency. Therefore, we attempted to determine the optimal learning rate for
maximizing the expected improvement, which was nearly proportional to the
SNR under some assumptions. Based on these observations, we developed a new
LRA mechanism to solve multimodal and noisy problems using CMA-ES with-
out extremely expensive learning-rate tuning. The basic concept of the proposed
algorithm, LRA-CMA-ES, is to adapt the learning rate such that the SNR can be
kept constant, which is nearly optimal based on the optimal learning rate dis-
cussion. Experiments involving noiseless multimodal problems revealed that the
proposed LRA-CMA-ES can adapt the learning rate appropriately depending on
the search situation, and it works well without tuning the learning rate. Addi-
tionally, LRA-CMA-ES provided better solutions for noisy problems, even under
strong-noise settings, which yielded problems that could not be solved by CMA-
ES with a fixed learning rate. In conclusion, LRA-CMA-ES effectively facilitates
the solving of multimodal and noisy problems to a certain extent, eliminating the
need for tuning the learning rate.

However, the proposed LRA-CMA-ES has some limitations, which will be
addressed in future research. First, it experienced several failures for the 40-D
Schaffer function, although CMA-ES with an appropriately small learning rate
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succeeded with a high probability. We believe that a detailed analysis of the SNR
adaptation behavior is crucial to determine the reasons for this failure. On a re-
lated note, our understanding of the appropriate hyperparameter settings in the
proposed LRA mechanism remains limited. Our experiments revealed that the
hyperparameter settings affect the trade-off between stability and convergence
speed. Through experiment, we identified the hyperparameters that perform
relatively well for noiseless and noisy problems; however, better configuration
methods must be developed. For example, the constant value O(1) is used for
the cumulation factors f,, and fs; however, it may be more reasonable to con-
sider that these factors depend on the parameter degrees of freedom, that is,
Bm = O(1/d) and Bs = O(1/d?). In addition, the method for determining the
appropriate value of the target SNR « can be refined further. The SNR analysis
presented in Appendix [B.3|implies that & = O(1/d) is reasonable for an infinite-
dimensional Sphere function. On the other hand, because this analysis cannot be
directly applied to multimodal or noisy problems, there is still room to discuss the
best method for determining a. A deeper understanding of the hyperparameter
effects is crucial for improving the reliability of the proposed LRA-CMA-ES.

Additionally, LRA-CMA-ES, which mainly focuses on well-structured mul-
timodal problems, alone cannot solve weakly structured ones, as discussed in
Section[4.1] To address these situations, integrating restart strategies with LRA-
CMA-ES is a promising direction.

Finally, developing a more rational LRA approach is an intriguing topic for
future research. Although our discussion in Section offers valuable insights
into designing an ideal learning rate, it was based on several assumptions and



CHAPTER 4. LEARNING RATE ADAPTATION FOR MULTIMODAL AND NOISY PROBLEMS81

has the potential for improvement. A more detailed theoretical study could result
in a more rational design for learning rates, which is crucial for advancing this

line of research.



Chapter 5

Conclusion

5.1 Summary of Contributions

Throughout this doctoral dissertation, we pursued learning rate adaptation for
evolution strategies (ES). Despite the practical importance of the learning rate,
there are few studies to automatically adapt it and thus this had remained sig-
nificant obstacle to be addessed. To deal with this issue, we conducted two
learning rate adaptation works, employing exponential natural evolution strate-
gies (xNES) and covariance matrix adaptation evolution strategy (CMA-ES) as
promising ES variants.

The first major contribution of this dissertation is the introduction of the
learning rate adaptation method for acceleration. In Chapter 3| we utilized xNES
as the underlying optimization algorithm. Our investigation began with analyz-
ing the impact of stochastic relaxation, which provided critical insights into why
the learning rate adaptation is essential for enhancing xNES. Subsequently, we
proposed a novel learning rate adaptation method tailored for xXNES. The main
concept of our approach is to dynamically adapt the learning rate by increasing
it when sufficient tendencies are detected in the updates of the distribution pa-
rameters. To quantify these tendencies, we introduced an evolution path in the
distribution parameter space, inspired by its use in population size adaptation
within CMA-ES [62]64]. The experimental results on unimodal and multimodal
problems demonstrated that the proposed method works properly depending on
a search situation and is effective over the existing method, i.e., using the fixed
learning rate.

The second major contribution of this dissertation is the introduction of the

82
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learning rate adaptation method for solving difficult problems such as multimodal
and noisy ones. In Chapter[4} we utilized CMA-ES as the underlying optimization
algorithm. This study first comprehensively explored the impact of learning rate
on CMA-ES performance and demonstrated the necessity of a small learning
rate by considering ordinary differential equations. Thereafter, it discussed the
setting of an ideal learning rate. Based on these discussions, we developed a
novel learning rate adaptation mechanism for CMA-ES that maintains a constant
signal-to-noise ratio (SNR). Additionally, we investigated the behavior of CMA-
ES with the proposed learning rate adaptation mechanism through numerical
experiments and compare the results with those obtained for CMA-ES with a
fixed learning rate and with population size adaptation. The results show that
CMA-ES with the proposed learning rate adaptation works well for multimodal
and/or noisy problems without extremely expensive learning rate tuning.

Although the learning rate plays a critical role in the performance of evolu-
tion strategies, research on learning rate adaptation methodologies has remained
relatively unexplored. We hope that this study marks a significant step forward
in advancing practical and impactful research in this promising area.

5.2 Relationship Between First and Second Works

One might wonder whether the methods proposed in the first and second works
can be combined. Unfortunately, such integration appears challenging. For in-
stance, the main concept of the method introduced in the second work (Chap-
ter [4) is maintaining a constant SNR by dynamically adapting the learning rate.
Incorporating a different learning rate adaptation mechanism, such as the one
proposed in the first work, would introduce conflicting mechanisms, thereby
undermining the core concept of the second method. However, extending the
method from the second work to achieve acceleration—the focus of the first
work—appears more feasible. Technically, this can be achieved by modifying
the LRA-CMA-ES to remove the upper bound of one in Eq. (4.23). While this ex-
tension is conceptually straightforward, it remains untested, and further refine-
ments, such as hyperparameter tuning, may be necessary to achieve satisfactory
performance. Exploring this direction represents an important step toward de-
veloping a truly general-purpose learning rate adaptation method.
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5.3 Future Work

This work established a solid foundation and introduced practical mechanisms
for learning rate adaptation. However, several challenges and open questions
remain for future exploration. In this section, we highlight key directions for
turther research.

5.3.1 Beyond Continuous Optimization

While this study focused on black-box optimization in continuous domains, the
proposed methods can be extended to other domains. For instance, the learn-
ing rate adaptation approach introduced in Chapter [3| can be integrated into the
general IGO framework, provided the expectation of the KL divergence between
updates can be computed or reasonably approximated.

Moreover, the approach introduced in Chapter [4] is highly general and can
be extended to a broad range of optimizers. Notably, while it was applied to the
CMA-ES in Chapter [4] the method does not rely on any specific implementation
details of CMA-ES for learning rate adaptation. This inherent flexibility makes
it well-suited for integration into more complex and sophisticated optimization
algorithms, presenting an exciting direction for future research.

Another avenue worth exploring is the integration of the learning rate adap-
tation approach into the CMA-ES with Margin [29]30], which applies CMA-ES to
mixed-integer black-box optimization problems. Notably, the CMA-ES with Mar-
gin has yet to be tested on multimodal or noisy problems, highlighting its exten-
sion to these challenging scenarios via the learning rate adaptation as a promis-
ing direction for future research. Exploring the application of our approach to
CMA-ES-SoP [91]], which extends beyond integers to handle generalized discrete
spaces, represents another compelling direction for the same reason.

5.3.2 Beyond Well-Structured Multimodal Problems

This study focused on well-structured multimodal problems and did not address
weakly structured ones. However, in black-box scenarios, such problem struc-
tures cannot be assumed in advance. Therefore, it is desirable to extend our
method to handle general optimization problems, including weakly structured
multimodal ones.

To address this issue, we plan to enhance our learning rate adaptation method
by incorporating restart strategies (e.g., [32]) and learning rate scheduling. These
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additions are expected to improve the method’s reliability and robustness. No-
tably, the PSA-CMA-ES with a restart strategy [63] has already demonstrated
successful performance, further motivating this approach.

5.3.3 Beyond Additive Noise

While this study focused on additive noise, exploring other types of noise offers
an intriguing direction for future research. Recently, Uchida et al.[92] proposed a
reevaluation-based approach for efficiently managing multiplicative noise. Their
method integrates our learning rate adaptation approach[65], demonstrating its
effectiveness in improving performance on multimodal problems. Building on
this foundation, developing new methods that leverage our approach as a core
component represents a promising avenue for further exploration.

5.3.4 Beyond Synthetic Benchmark Problems

In this study, we employed benchmark problems to gain a precise understand-
ing of the problem structure, enabling a detailed and thorough discussion of our
approach. Moving forward, it is crucial to validate the practical effectiveness of
our method in real-world optimization problems.

Encouragingly, following the publication of our conference paper [65], sev-
eral successful applications of our approach have already emerged. For instance,
Zhang and Chen [100] applied our learning rate adaptation methodology to rigid
2D/3D registration for robotic navigation in spine surgery. Their results show
that LRA-CMA-ES achieves more than twice the speed of standard CMA-ES. Sim-
ilarly, Green and Lundgren [27] utilized our learning rate adaptation approach to
enhance gravitational-wave search efforts. They reported that the combination
of CMA-ES with increasing population restart and our learning rate adaptation
approach delivered the best performance. We believe that applying the method to
such real-world problems is essential for uncovering significant but unresolved
practical challenges in the learning rate adaptation approach.
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Appendix A

Additional Details in Chapter

A.1 Landscape with stochastic relaxation for Sphere
Function

Figure illustrates the landscape of the Sphere function with stochastic relax-
ation. Note that the expectation of the objective function value on the Sphere
function is E[x] = m? + v. It can be observed that the landscape is globally uni-
modal, making the optimization easier compared to the Rastrigin function, as
expected.

A.2 Sensitivity Analysis of Hyperparameters

The proposed learning rate adaptation method in Chapter [3| has two hyper-
parameters, ¢ and f. In this section, we present an empirical analysis of the
hyperparameters sensitivity. We evaluate the sensitivity to « over the range
a € {1.2,1.3,1.4,1.5} for several values of A, with S fixed at 0.2. Next, we evalu-
ate the sensitivity to  over the range f € {0.1,0.2,0.3,0.4} for several values of
A, with « fixed at 1.3. The other experimental settings are the same as those in
Chapter

Figure and shows the SP1 values and success rates with respect to
a for the benchmark problems. In terms of the SP1 values, the different « val-
ues mildly impacted the overall performance. However, in terms of the success
rates, an excessively small « leads to failure on the Ellipsoid function. Therefore,
further investigation into how to appropriately set the rationale « is required to
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Figure A.1: Landscape of the Sphere function with stochastic relaxation (6-
space). The upper figure shows the 3D plot, while the lower figure presents the
2D plot with contour lines.

achieve stable optimization.
Figure [A.4 and [A.5]shows the SP1 values and success rates with respect to 3
for the benchmark problems. We can observe that  has a greater impact on the
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Figure A.2: SP1 values with hyperparameter o for 10-D problems (20 trials). In
the experiments, we set = 0.2.

performance than a. For example, an excessively small § tends to be an signifi-
cant failure on the Ellipsoid and Bohachevsky functions. While the success rates
are not primary goal of this study, it is important to find a safer configuration of
the hyperparameters.
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Figure A.3: Success rates with hyperparameter « for 10-D problems (20 trials).
In the experiments, we set f = 0.2.
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the experiments, we set ¢ = 1.3.
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Additional Details in Chapter

B.1 Derivation for Section 4.3.2

B.1.1 Derivations of Eq. (4.21)

This section presents the detailed derivation of Eq. (4.21). By ignoring (1 — f)",
&M can be approximately calculated as follows:

glt+n) _ (1 _ﬁ)a(tw—l) +ﬁA(t+n—1)
= (1 — ’B) {(1 _’B)S(Hn—z) +IBA(t+n—2)} +ﬂA(t+n—1)

n—1
(1 _ ﬁ)na(t) + Z(l _ ﬂ)iﬂA(tﬂl—l—i)
i=0

n-1
~ Z(l _ ﬂ)iﬁA(Hn_l_i).
i=0

Here, we assume the A() are uncorrelated with each other; this corresponds to
the scenario where 7 is sufficiently small. In this case, we can ignore the depen-
dence of t, that is, E[A(**"~1-)] =: E[A]. Thus,

n-1

B[] = > (1- p)'BE[A].

i=0

where

o L 1 {1-(1-p" 1-(1-p)"
(1—ﬁ)l: — .
2 —ap) 7
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Subsequently, ignoring (1 — )", we approximate E[&(#"] as

E[&"™] = [1- (1 - A"]E[A] ~ E[A].
Next, we consider the covariance Cov[&*]:
Cov[E(HM] = B[EH+M) () T] Z E[&(+M ] (B[&(H™])T.
We first determine the exact expression for &+ ()T a5 follows:
n-1
gt+n) (8(t+n))‘l' _ ﬁz Z(l _ IB)ZiA(Hn—l—i)(A(Hn—l—i))‘l'

i=0
n—1
+ﬂ2 Z (1 —ﬁ)i(l _ﬂ)jA(tHl—l—i)(A(t+n—1—j))T'

i, j=0:i% ]

Note that, fori, j € {0,...,n—1}(i # j),E[A<f+"—1—i>(A<f+"—1—f>) 1= E[A](E[A])T_ |
because we assume that they are not correlated. Fori € {0,...,n-1},E E[Al+n=1=0 (A(t+n=1-0)T] =

E[A](E[A])T + Cov[A]. Thus,

E[S(Hn) (8(t+n))T]

= p Z(l B* (EIAI(E[A] + Cov]A])

+f Z (1-B)'(1- B/E[AI(EIA]T,

i, j=0:i%j

= B[] (B[ + 2(1 B)* Cov[A

Therefore,
COV[S(Hn)]: [8(t+n)(8(t+n))‘l']_ [8(t+n)](E[8(t+n)])T

=p Z(l B)? Cov[A

Here,

T w 1-(=p 1-(1-p*
2P =g = Thap
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Thus, by ignoring (1 — 8)?", Cov[E*™] can be approximated as

Cov[6)] = [1 - (1 - /f)“]% Cov[A],

Cov[A].

Therefore, &**" approximately follows the following distribution:

p

g L p E[A],Z cOv[A]).

Thus, the derivation of Eq. is complete.

B.1.2 Derivation of Estimates for ||E[A] 13

We organized the relation between & and A using the following equation:

E[lI€ll3] = E[E]TIE[&] + Tr(Cov[&])

~ |E[A]II3 +Tr(
p
2-p
Now, we apply the same arguments to V and obtain:
E[V] = [1-(1- /™ E[IAI3]
~E[lIAll3] = IE[A]]]; + Tr(Cov[A]).

5 fﬁ COV[A])
Tr(Cov[A]).

= [E[A]II; +

By reorganizing these arguments, we obtain

< 2-p B
E[A]ll5 ~ E[l&]3] - E[V].
BB ~ 5 =5 zBUIEIE] - 725 El V]
This provides the rationale for estimating %HSH% - %(V for ||[E[A] 3.

B.2 On the Twice Differentiability of J(6)

In Section [4.2.3} we assumed that J(0) (= Exy(x6) [f (x)]) is twice differentiable.
In this section, we formally determine the conditions that J(0) is twice differen-
tiable. Assume the following conditions, where i and j are indices for distribution
parameters:
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1. p(x;0) is twice differentiable with respect to 6.
2. The following integrals converge:

. / |f(x)p(x;0)|dx < oo (finite expected value)

. f |f(x )ap (x 6) |dx < oo (1st-order partial derivative)

. f |f(x) aag,-(;e;f) |dx < oo (2nd-order partial derivative)

Here, we prove these are necessary and sufficient conditions for the twice differ-
entiable of J(0).

Sufficiency: Assume the stated conditions hold. We prove that J(0) is twice
differentiable. For the first derivative, by using the definition of the derivative,
we write:

21(O) _ . JO0+A0e) - ](O)
89,- _AH,-—>0 AGl ’

(B.1)

where e; is the unit vector in the i-th direction. Expanding J(60), we have:

J(0+ Abie;) — J(0)
A6; B

1
0 / F(x)(p(x; 0 + Abse;) — p(x;0))dx. (B.2)
1
Since p(x; 0) is continuously differentiable, the following pointwise limit exists:

lim p(x; 0+ Abie;) — p(x;0)  ap(x;0)
AO;—0 A@i Bl a@i '

(B.3)

Furthermore, the condition / |f (x) =7 ap (x %) |dx < oo ensures that the dominant
convergence theorem applies, allowmg ‘the interchange of the limit and the in-
tegral:

8](9) /f( )ap(x 9 ix (B.4)

Next, the second derivative is computed as:

2°J(0) 3p(x 9)
90,00, ae /f( )%, (B:5)
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The partial derivative inside the integral is given by:

op(:6) &p(x:6)

) O (B.6)

(f()

2 .
By the condition / |f(x) aaj(;(géé) |dx < oo, the integral is finite and the domi-
idUj
nant convergence theorem again allows the interchange of the integral and the
derivative:

] (0) /f( )azp(x 9 ix (B.7)

00;00; 00;00;

This proves that J(0) is twice differentiable under the given conditions.

Necessity: Assume J(60) is twice differentiable. To ensure the validity of the
derivatives, for the first derivative:

0O _ [ 20, 5

to exist, the term / |f(x )ap(x 0) |dx must converge. Thus, / |f(x )8p(x :0) |dx < oo
is necessary.
Similarly, for the second derivative:

*J(0) Ip(x0)
96,00 /f() 36,00

(B.9)

to exist, the term | |f(x) a;gi(;éf) |dx must also converge. Thus, [ |f(x) a;gf;éf) |dx <
oo is necessary.

Therefore, the stated conditions are both sufficient and necessary for J(6) to
be twice differentiable with respect to to 6.

We then focus on the case where p(x;6) is multivariate Gaussian distribu-
tion, as it applies to our scenario. It is clear that p(x; 0) is twice differentiable, as
the multivariate Gaussian is infinitely differentiable with respect to both x and
0. Furthermore, the rapid decay of p(x;0) at the tails ensures that f(x) only
contributes significantly in regions where p(x; #) has non-negligible density. As
a result, if f(x) is bounded, the smoothing effect of p(x; 6) ensures that J(0) is
twice differentiable. On the other hand, if f(x) is unbounded or its discontinu-
ities induce divergence in the integrals for the derivatives, J(f) may fail to be
twice differentiable.
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It is worth noting that the discontinuity of f(x) does not necessarily imply
that J(6) is non-differentiable. This is because the smoothing effect of p(x;0)
mitigates discontinuities in f(x) during the integration. Consider, for example,
the piecewise constant function with a finite number of discontinuities, such as:

1 ifx>0,
= B.10
f(X) {0 ifx <0. ( )

The product f(x) azz_(;f) remains well-behaved because p(x;0) is smooth, and
i0Uj
the discontinuity in f(x) does not have a critical effect for the result. Thus, J(6)

is twice differentiable.

B.3 Theoretical and Empirical Insights into SNR

In Section[4.3] we assumed that the signal-to-noise ratio (SNR) is relatively small,
for example, SNR < 1, which validates the approximation 1/(1+SNR™!) ~ SNR.
In this section, we theoretically and empirically discuss the validity of SNR < 1.

To obtain useful insights into this SNR from a theoretical perspective, we con-
sidered observing it in a situation wherein the objective function is the sphere
function f(x) = ||x||* and the covariance matrix is ¥ = %I, where o = 6@
and & is called the normalized step-size. The quality gain analysis [11} 3] implies
that for a sufficiently large d, the distribution of the ith ranked solution among
the A candidate solutions is approximated as X;., = m + oN;. AI% +oN;", where
N is the ith order statistics among A normally distributed random variables
and N;- is an independently distributed d dimensional normal random vector

T
with covariance matrix I — ﬁ%z if m # 0. Using this approximation, we ob-

tain A, = o (Z?:l wiNM) ﬁ +0 (Z;Ll wl-Nl.l). Letw = (wy,...,w)), n =
(E[N1al, ..., E[Nja]). Ny is a matrix whose (i, j)th element is E[N; Nj.a].
Then, we obtain

E[An] = a(an(A))ﬁ, (B.11a)

mmT

[[m||?

T
+ 0% |jw|)? (1— mm ) . (B.11b)

E[AnA,] = c* (W N yw) e
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Because F,, = 0721, we obtain

-2 E A 2
SNR = g ”T LAn] (B.12a)
o2 Tr(E[AmAp]) — 0 2|[E[Am] 2
_ (wing)® (B.12b)
wINw + (d — 1)||w]|?2 — (wTn(y))?
(win(y))?
~ o D) (B.12¢)
(d-1)|lw||?
1 (WTn(A))Z
- B.12d
a1 [P (B.12d)
A__wing)” (B.12¢)

T d=1wlPling 12

Here, we used the following asymptotically true approximations for A (See Eq. (A2)
provided in [3]]):

WTN(A)W N and

Inyll?
(WTn(;L))Z /1

~ 1. (B.13)

It should be noted that I(IZTIIZ% is upper bounded by 0.25 if only non-negative
weights are used for the m-update, which aligns with our weight scheme. There-
fore, we can expect that SNR < 1 holds if A is not considerably large relative to d;
for example, A < 4(d —1). Importantly, in difficult problems, such as multimodal
problems, the SNR tends to be smaller than that in the sphere functions. There-
fore, it should be noted that the assumption of SNR < 1 becomes more easily
valid for such difficult problems.

It should be noted that the aforementioned analysis only considers The main
limitation of the aforementioned analysis is to the assumption that the dimen-
sion d and the population size A are sufficiently large. To verify whether the
assumption SNR < 1 works in practice, we conducted experiments using the
LRA-CMA-ES for 30-dimensional Sphere, Schaffer, and Rastrigin functions us-
ing the same settings as those mentioned in Section[4.4.1] and A = 14 for d = 30.
Figure |B.1|illustrates the typical behavior of the estimated SNR where it was es-
timated using the method described in Section [4.3.2] It should be noted that this
value includes estimation errors. Although the estimated SNR for the covariance
in the Sphere function tends to be slightly larger, it often remains under 1, par-
ticularly for more difficult problems such as the Rastrigin function. These results
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Figure B.1: Histogram of the estimated SNR in typical trials on 30-D noiseless
problems. Estimated SNR with respect to (top) the mean vector m and (bottom)
the covariance matrix X. The SNR was estimated using the method described in

Section

suggest that the assumption of SNR to be small, e.g., SNR § 1, appears to be valid
to a certain degree even under finite dimensions and population sizes.

B.4 Guidelines for Hyperparameter Settings

In this section, we discuss the guidelines for hyperparameter settings of LRA-
CMA-ES. As described in the main text, a particular point of LRA-CMA-ES is
that it does not basically require hyperparameter tuning of the sample size A.
The reason is that LRA-CMA-ES behaves as if it adapts the population size to
maintain a constant update speed (although, in practice, it adapts the learning
rate instead, leading to similar behavior). Therefore, the only rule to follow when
setting the population size is straightforward: if our parallel environment has a
preferred sample size (e.g., the number of workers), use it; otherwise, leave it
unspecified, and the recommended default value [35] (A = 4+ [3log(d)]) will be
applied.

However, we can utilize the knowledge about the problem structure (e.g.,
multimodality) if available to accelerate the optimization. A relatively easy way
to do that is to set an appropriate , which corresponds to the target SNR. Fig-
ure [4.8| shows the success rates and SP1 values (the average number of evalua-
tions among successful trials until achieving the target value divided by the suc-
cess rate) with respect to « for the 30-dimensional (30-D) noiseless Sphere, Schaf-
fer, and Rastrigin functions. We can observe that for the Sphere function (i.e., an
unimodal problem), a better performance could be achieved with a smaller «
value. However, an excessively large « results in optimization failures for multi-
modal problems. Based on this result, we determined the recommended value to
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Figure B.2: Success rate and SP1 values with hyperparameter fz €
{0.01,0.02, ...,0.05} on 30-D noiseless problems.

B vs. Success Rate and SP1 (d = 30, 30 trials)
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Figure B.3: Success rate and SP1 values with hyperparameter f,, for 30-D noise-
less problems.

be o = 1.4 in the paper, a conservative setting better suited for difficult problems.
However, if the problem is known to be nearly unimodal, using a smaller « (e.g.,
a = 0.2 or 0.6) could accelerate the optimization process.

B.5 Additional Experimental Results

Figureshows the success rate and SP1 values with respect to iz € {0.01,0.02, ...,0.05}
for the 30-D noiseless Sphere, Schaffer, and Rastrigin functions. Clearly, the per-
formance is not significantly affected by S5 values within this range. However,
as shown in Figure[4.9] an excessively small S5, value decelerates the convergence
for the Rastrigin function.

Figures and show the success rates and SP1 values for f3,, and y, re-
spectively. The results show that the performance is relatively stable against
these hyperparameters.



APPENDIX B. ADDITIONAL DETAILS IN CHAPTER 115
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Figure B.4: Success rate and SP1 values with hyperparameter y for 30-D noiseless
problems.



