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Thesis Summary (approx.800 English Words )

The formation of stable or optimal coalitions in multi-agent systems is a computational problem that has several variations with different conditions
on the coalition size and preferences of the agents. The study of computational coalition formation problems began in 1962 with Gale and Shapley,
who introduced the Stable Marriage Problem in which two disjoint sets are to be stably matched according to their preferences. A matching is stable
if no unmatched pair prefers each other over their assigned partners in the matching. Gale and Shapley also provided an algorithm that computes a
stable matching, which is guaranteed to exist, in polynomial time. Additionally, Gale and Shapley introduced the Stable Roommates Problem, which is
essentially the Stable Marriage Problem but with only one set. Unlike the Stable Marriage Problem, a stable matching is not guaranteed to exist in
the Stable Roommates Problem. Irving constructed a polynomial time algorithm that returns a stable matching, if one exists. Both the Stable Marriage
Problem and the Stable Roommates Problem consider coalitions of size two. Knuth initiated the study of three— or multidimensional variants of these
problems. We study two variants of the Multidimensional Stable Roommates problem.
There are various notions that define the stability or optimality of a partitioning of agents. The notion of popularity, which blends elements of
both stability and optimality, was introduced by Gdrdenfors in 1975. A partitioning of agents is popular if there does not exist another partitioning
in which more agents are better off than worse off. Furthermore, a partitioning of agents is strictly popular if it is preferred by a majority of
agents over any other partitioning. A probability distribution p over all possible partitionings of agents is mixed popular if the partitioning
returned by p is expected to be at least as popular as the partitioning returned by any other probability distribution.
Computing a popular partition in a Stable Roommates game is NP-hard, even if the preferences are strict. One method of obtaining tractability results
from intractable coalition formation problems is to put restrictions on the agents’ preferences for which the associated computational problems
become tractable. The two variants of the multidimensional Stable Roommates problem we study, called the Roommate Diversity Problem and the 3D-
Euclidean Stable Roommates Problem, fall into the same type of approach.
Boehmer and Elkind introduced a restricted variant of the multidimensional Stable Roommates problem called the roommate diversity problem: each agent
belongs to one of two types, and the agents’ preferences over the rooms solely depend on the fraction of agents of their own type among their
roommates. Ties are allowed in the preferences of the agents. The roommate diversity problem has been studied with the notions envy freeness, exchange
stability, core stability, and Pareto optimality. For most of these notions, computing a stable or optimal partitioning in a roommate diversity game
is NP-hard or co-NP-hard. On the other hand, for some of the stability notions the problem is FPT when using the room size as parameter. We show that
popularity on the roommate diversity problem, with the room size fixed to 2, is tractable. Particularly, a popular partitioning of agents is guaranteed
to exist and can be computed in polynomial time. Additionally, a mixed popular partitioning of agents is guaranteed to exist in any roommate diversity
game. By contrast, when no restrictions are placed on the room size in a roommate diversity game, a popular partitioning may not exist and the problem
becomes intractable. Our intractability results are summarized as follows:

- Determining the existence of a popular partitioning is co-NP-hard, even if the agents’ preferences are trichotomous.

- Determining the existence of a strictly popular partitioning is co-NP hard, even if the agents’ preferences are dichotomous.

- A mixed popular outcome for a roommate diversity game is not computable in polynomial time, even if the agents’ preferences are

dichotomous, unless P=NP.

Arkin et al. introduced a restricted variant of the Stable Roommates problem called the Geometric Stable Roommates: each agent is associated with a
point in d-dimensional metric space B9 and an agent prefers to be matched with an agent located close to it over an agent that is located far from
it. Chen and Roy investigated a restricted variant of the Geometric Stable Roommates, called the Euclidean d-Dimensional Stable Roommates (Euclid-d-
SR) problem, where every agent is associated with a point in 2-dimensional Euclidean space. The agents are partitioned into rooms of size d. Chen
and Roy found that determining the existence of a core stable outcome for d>3 is NP-complete for the Euclid-d-SR problem. We study a modified version
of the Euclid-d-SR problem, called the 3D Euclidean Multidimensional Stable Roommates problem, where we consider 3-dimensional space instead of 2-
dimensional, with the notion of popularity. We show that determining the existence of a strictly popular outcome in a 3D-Euclidean Multidimensional

Stable Roommates game with room size 3 is co-NP-hard.
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