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Abstract

Modern advanced chips, such as 3D flash memory, feature numerous regularly placed

bonding pads used for communication between a CMOS chip and a flash memory chip.

These pads act as obstacles during routing, resulting in constrained horizontal capacity

within these layers. A routing layer with limited horizontal capacity is called a critical

routing layer. This research models a critical routing layer as a generalized channel. To

address limited horizontal capacity, a versatile routing framework is introduced to ac-

complish various routing objectives while minimizing track usage. The SDG algorithm

is designed to enhance chip performance by reducing the total vertical length. To alle-

viate local congestion, the UEO algorithm is proposed as an extension of SDG. These

strategies boost VLSI performance, supporting advanced and efficient electronics.
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Chapter 1

Introduction

1.1 Background

Global routing is a fundamental stage in very-large-scale integration (VLSI) physi-

cal design that determines the approximate paths of interconnections between circuit

components while considering routing constraints. It partitions the chip into a grid

structure and assigns nets to routing regions, ensuring that the total routing resource

usage is minimized while meeting design rules. Unlike detailed routing, which specifies

exact routing pattern, global routing provides a high level routing pattern that guides

the subsequent stages of physical design.

The effectiveness of global routing directly influences critical chip performance

metrics such as signal integrity, power consumption, and timing. Efficient global rout-

ing reduces wire length, minimizing signal delays and power dissipation. Additionally,

it helps prevent routing congestion, which can lead to timing violations and increased

manufacturing complexity. Poor global routing results in excessive detours, increased

via usage, and local congestion, ultimately degrading chip reliability and manufactura-

bility.

As semiconductor technology advances, global routing faces increasing challenges

due to shrinking feature sizes, higher integration densities, and complex design con-

straints. Modern chips, such as 3D integrated circuits and advanced memory architec-

tures, impose stricter limitations on routing resources, making congestion management
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more difficult. Additionally, manufacturing variations and multi-patterning constraints

further complicate the routing process. This complexity is not only reflected in the in-

tegration of more transistors within a chip but also in the routing design to obtain

high-performance chips [1]. As a result, conventional global routing techniques strug-

gle to meet the demands of emerging technologies, necessitating the development of

more sophisticated routing strategies.

This research proposes routing strategies tailored for critical routing layers in mod-

ern advanced chips that utilize new manufacturing technologies. The proposed strate-

gies effectively minimize track usage, enabling designers to maximize limited routing

resources. Additionally, they reduce total vertical wire length and alleviate local con-

gestion while maintaining minimal track usage. By optimizing routing efficiency, these

strategies contribute to achieving broader routing objectives, enhancing the overall

performance and manufacturability of advanced semiconductor designs.

1.2 Modern Advanced Chip

This section introduces CBA technology and the critical routing layer in modern ad-

vanced chips that adopt it. This research focus on modern advanced chip such as

3D flash memory. In recent years, the field of semiconductor technology has seen

tremendous advancements, particularly in the area of 3-dimensional (3D) chip manu-

facturing. This innovative approach allows for the stacking of multiple 2D chip layers

to form a 3D structure, which provides numerous benefits such as increased integra-

tion density, improved performance, and reduced power consumption. However, one of

the key challenges in achieving effective 3D integration is the development of reliable

interconnection technology between these vertically stacked 2D chips.

1.2.1 CBA Technology

To achieve reliable interconnection in vertically stacked 2D chips, a novel integration

technology known as CMOS Directly Bonded to Array (CBA) has been introduced [2,

3, 4]. In CBA, two silicon wafers one containing the CMOS circuit and another the

memory array are fabricated separately and then directly bonded together, as shown

in 1.1. This approach eliminates the need for conventional through silicon vias (TSVs)
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(a) CBA Flow (b) CBA Details (c) CBA SEM Image

Figure 1.1: CBA Technology[2]

or micro bumps, reducing parasitic resistance and enhancing signal integrity. Com-

munication between the CMOS and flash memory chips is achieved through bonding

pads, which serve as interconnection points. However, these bonding pads introduce

additional routing constraints, as they must be treated as obstacles during the global

routing process, thereby affecting routing resources allocation and increasing design

complexity.

1.2.2 Critical Routing Layer

The adoption of CBA technology introduces a significant number of regularly placed

bonding pads, which are treated as obstacles during the routing process. This results

in reduced routing flexibility and increased congestion, particularly in layers where

one direction routing resources are constrained. Additionally, due to the architectural

constraints of CMOS chips and the design policies of 3D flash memory, certain routing

regions within the CMOS chip inherently exhibit bottlenecks in one routing direction,

further exacerbating congestion.

In this research, a routing layer with limited horizontal routing capacity is termed

a cal routing layer. As shown in Fig. 1.2, the 2D top view of a routing layer within

a CMOS chip illustrates how bonding pads, arranged in a regular array for 3D in-

tegration, occupy significant routing space, further restricting the available routing

resources. The presence of these obstacles requires advanced routing strategies to effi-

ciently utilize the remaining routing capacity while minimizing congestion and ensuring

reliable interconnections.
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Figure 1.2: A routing layer for horizontal wires with tight capacity

due to regularly placed bonding pads.

1.3 Objective

This research develops effective routing strategies for the critical routing layer in ad-

vanced chips, addressing limited horizontal routing capacity through an efficient model

that captures resource constraints. Based on this model, a versatile routing framework

is introduced to minimize track usage and optimize resource utilization. To further

improve efficiency, a length minimization algorithm reduces global routing congestion,

while a local congestion alleviation algorithm enhances routing feasibility and increases

the completion rate in detailed routing.

In Chapter 1, this research highlights the growing importance of 3D integration

technology in modern semiconductor devices. Specifically, we discussed the use of

CBA technology, which are crucial in the development of advanced products such as

CMOS image sensors and 3D flash memory. However, these technologies introduce

new challenges, especially in routing design, where a huge number of bonding pads,

arranged regularly, obstruct traditional automated routing methods. This research

introduces innovative routing strategies to address these issues and improve routing

results in 3D IC implementations.
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Chapter 2 provides an overview of related research and introduces the Generalized

Channel Routing Problem (GCRP). In conventional two-layer standard cell routing,

pins are placed along channel boundaries. In contrast, in generalized channels of 3D in-

tegrated circuits, pins can also be inside the channel, while horizontal routing resources

are limited. These constraints challenge conventional automatic routing techniques.

To achieve efficient, high-quality routing, this research emphasizes a generalized single-

trunk channel routing method, where each net is routed using a single-trunk Steiner

tree.

Chapter 3 introduces the Greedy Routing Framework with Guarantee (GRFG),

a framework designed to address GCRP. GRFG sequentially assigns routing trunks,

ensuring no overlap while minimizing track usage. It guarantees routing completion

for each net and allows flexible net prioritization based on design objectives, enabling

diverse routing solutions tailored to various requirements.

Chapter 4 introduces the Symmetric Difference General (SDG) channel routing

algorithm, which minimizes total vertical wire length in GCRP. By assigning nets to

tracks based on symmetric difference priority, SDG effectively reduces vertical wire

length. Built upon GRFG, this heuristic algorithm achieves length minimization while

ensuring minimized track usage.

Chapter 5 introduces the Under, Enclose, Over (UEO) channel routing algorithm,

which addresses local congestion in GCRP. UEO reduces local congestion by defining

the range of tracks where net assignment could increase congestion and by avoiding

these tracks when assigning nets. While this results in a slight increase in total vertical

wire length compared to SDG, UEO significantly alleviates local congestion, ensuring

more efficient routing in congested areas.

Chapter 6 summarizes the key achievements of this research, highlighting the con-

tributions of the proposed routing strategies to 3D integrated circuit design. The chap-

ter discusses their role in improving routing efficiency for critical layers and explores

potential enhancements by integrating real world design constraints.
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Chapter 2

Channel Routing

The critical routing layer in modern advanced chips shares key characteristics with the

channel routing model, making it a suitable abstraction for addressing routing chal-

lenges. In CBA technology, the high density of regularly placed bonding pads severely

constrains routing resources, particularly in one direction. This research assumes lim-

ited horizontal routing capacity, creating a structured scenario where nets must be

assigned to tracks within a confined region, similar to a channel. In both cases, net

trunks are routed along predefined horizontal tracks, while vertical wires occupy other

metal layers. Modeling the critical routing layer as a generalized channel enables the

application of established channel routing techniques to minimize track usage, alleviate

congestion, and enhance routing efficiency in modern chip designs.

The concept of VLSI channel routing was first introduced by Hashimoto and

Stevens in their work [5]. In this context, a channel refers to a rectangular area desig-

nated for routing, bounded by two rows of pins positioned along the top and bottom

edges. Connections between pins are established using line segments that follow or-

thogonal grids, known as horizontal and vertical tracks. These tracks are kept separate,

with connections between them facilitated by holes located at the grid intersections.

A net is defined as a set of pins that need to be connected. Within the channel, pins

belonging to the same net are connected, while those of different nets remain isolated

from each other. The primary goal in channel routing is to minimize the channel height.

The number of horizontal tracks required to connect pins of each net. Channel density

is another critical factor, defined as the maximum number of nets intersected by a

vertical line drawn through the channel. A net is considered intersected by a vertical
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line if it has pins on both sides of the line or if a pin lies directly on the line. The

channel density provides a basic lower bound for the channel height.

2.1 Classical Channel Routing Problem (CCRP)

The Classical Channel Routing Problem (CCRP) addresses routing scenarios where

pins are strictly located along the upper and lower boundaries of a designated channel.

Numerous algorithms have been developed to optimize this problem, forming the foun-

dation of early VLSI routing techniques. Hashimoto and Stevens [5] pioneered channel

assignment optimization, while Deutsch [6] introduced the dogleg channel router, a

method allowing segment reallocation for improved flexibility. LaPaugh [7] analyzed

the complexity of circuit layouts through an analytical framework, providing deeper

insights into routing constraints. Yoshimura and Kuh [8] proposed efficient algorithms

that refined channel routing strategies. Szymanski [9] proved the NP-completeness of

dogleg channel routing, underscoring the problem’s computational difficulty. Ho et

al. [10] introduced a general greedy algorithm to enhance channel routing efficiency

under various constraints. Takahashi and Murata [11] extended routing strategies by

developing a three-layer L-shaped channel routing algorithm to accommodate complex

layouts. Sau et al. [12] later introduced a graph-based algorithm focused on minimizing

total wire length. Recent advancements in CCRP continue to refine its methodologies.

Taniguchi et al. [13, 14] explored bottleneck channel routing techniques to optimize

area utilization in analog VLSI designs. Further research by Taniguchi’s team [15,

16] introduced algorithms that leverage track sharing across adjacent layers, effectively

improving routing feasibility in high-density regions.

Despite extensive research and algorithmic advancements, CCRP remains inade-

quate for routing layers with a high density of obstacles, such as those in advanced

chip designs. Its primary limitation is the assumption that all pins are fixed along

the channel boundaries, making it unsuitable for complex routing layers with obstacles

and irregularly placed terminals. Since classical channel models routing as a localized

problem within predefined boundaries, applying it to critical routing layers necessitates

segmenting the design into multiple independent channels, leading to fragmented solu-

tions and increased computational overhead, as shown in Fig. 2.1. This segmentation

not only prolongs routing time but also introduces inefficiencies, including increased

wire length and suboptimal track utilization. Furthermore, CCRP lacks the flexibil-
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Figure 2.1: CCRP

ity to adapt dynamically to varying pin distributions and obstacle locations, making

it unsuitable for critical layers where resource allocation must be globally optimized.

Consequently, alternative routing models that generalize channel routing to accommo-

date real-world constraints are essential for addressing modern chip design challenges.

2.2 Generalized Channel Routing Problem (GCRP)

To optimize routing on critical layers with constrained horizontal capacity, this re-

search models such layers as generalized channels. Unlike CCRP, which divides the

routing area into multiple independent regions, the generalized channel provides a uni-

fied routing space where predefined horizontal tracks span the entire area while avoiding

bonding pads, which serve as routing obstacles. This approach preserves global hori-

zontal routing capacity and eliminates the need for explicit segmentation into smaller

channels, thereby improving routing efficiency in layers with a high density of regularly

placed obstacles, as shown in Fig. 2.2.

While the generalized channel resembles the classical channel model used in stan-

dard cell designs, it differs by supporting more complex routing constraints, making it

particularly suitable for modern integrated circuits with dense component placement.

The ability to handle obstacles efficiently without fragmenting the problem into multi-

ple sub-problems allows for greater flexibility in routing solutions, reducing unnecessary
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detours and optimizing wire length.

The routing challenges within this model constitute the generalized channel routing

problem (GCRP) [17], which extends CCRP formulations to handle highly constrained

environments. This problem requires careful track assignment to ensure efficient wire

utilization while mitigating congestion and ensuring minimal interference between nets.

A fundamental aspect of VLSI routing is the interconnection of multiple pins in

a net, typically addressed using Steiner trees. In an unrestricted Euclidean plane, the

Steiner minimal tree (SMT) provides the shortest interconnection between pins. How-

ever, due to the grid-based nature of VLSI layouts, the rectilinear Steiner minimal tree

(RSMT) is preferred [18, 19, 20]. While RSMT minimizes wire length in a rectilinear

space, it can lead to excessive horizontal wire usage, making it inefficient for critical

routing layers with limited horizontal capacity. This overuse of horizontal tracks can

cause congestion, reducing the feasibility of efficient solutions in dense layouts.

To alleviate horizontal congestion, dogleg routing [6] introduces additional ver-

tical segments by segmenting a trunk into several sections, facilitating more efficient

distribution of nets across available tracks. This technique, commonly used in CCRP,

optimizes track utilization under vertical constraints. However, while dogleg routing

reduces horizontal congestion, it increases the number of vias and vertical wires. Ex-

cessive via usage can degrade signal integrity, increase resistance and delay, and present

additional challenges during later stages of detailed routing.

An alternative approach, the single-trunk Steiner tree (STST), minimizes hori-

zontal routing resource usage. By maintaining a single trunk per net and minimizing

vertical connections, STST reduces both horizontal track consumption and via inser-

tion. This approach is particularly beneficial in routing environments with tight hori-

zontal capacity. Unlike RSMT, which may introduce multiple horizontal branches for

a single net, STST confines horizontal usage to a single track, ensuring better resource

allocation while simplifying subsequent routing stages.

The choice of routing strategy within GCRP has a significant impact on total wire

length, congestion. While conventional methods like RSMT and dogleg routing offer

certain benefits, their limitations are more apparent in dense routing environments

where horizontal resources are severely constrained. STST offers a viable alternative

by minimizing track consumption and via usage, making it an attractive option for

advanced VLSI designs with stringent constraints.
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Figure 2.2: GCRP

2.3 Routing Constraints

In VLSI routing, constraints define the allowed routing paths and influence the overall

efficiency, manufacturability and performance of the circuit. Among these, horizontal

constraints and vertical constraints are two fundamental factors that directly impact

the routing pattern of a chip. Properly handling these constraints ensures that routing

resources are optimally utilized while avoiding design rule violations and excessive

congestion.

2.3.1 Horizontal Constraint

A horizontal constraint occurs when two or more nets have horizontal segments that

would overlap if placed on the same track. In GCRP, where horizontal routing is con-

fined to predefined tracks, these constraints govern the assignment of nets to available

tracks, preventing conflicts. The main objective in addressing horizontal constraints is

to assign each net’s trunk to a unique track or use alternative strategies, such as dogleg

routing, to segment connections while preserving design feasibility.

Horizontal constraints are crucial for routing optimization, as violations can lead

to short circuits or design rule violations. Track assignment algorithms and heuristic
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based optimizations are commonly employed to efficiently distribute horizontal seg-

ments across available tracks while minimizing wire length and congestion.

2.3.2 Vertical Constraint

A vertical constraint exists when two nets have pins located in the same column,

requiring careful management of vertical wire segments. Unlike horizontal routing,

which is restricted to predefined tracks, vertical routing typically spans multiple metal

layers, offering greater flexibility in resolving conflicts. However, excessive vertical wire

usage can lead to increased via counts, higher resistance, and potential signal integrity

issues.

In the context of GCRP, we assume that vertical constraints do not exist. This

assumption is valid given the nature of GCRP, where the input netlist typically consists

of subnets, and pin locations are defined to allow flexibility. Specifically:

• Pins of nets are defined virtually in global routing, meaning their locations in the

input are not absolute but correspond to module placements or adjacent layers.

• Vertical wire segments required for interconnection are assumed to be imple-

mented on other metal layers, independent of the horizontal track assignment.

• If conflicts arise from vertical wire overlaps, they can be resolved through adjust-

ments in module design, placement flexibility, or modifications in the detailed

routing stage.

Since modern VLSI design methodologies allow flexibility in module placement

and inter-layer connectivity, it is reasonable to assume that pin positions are adjustable

enough to eliminate vertical constraints while still meeting strict horizontal connection

requirements. However, this flexibility is not unlimited. While minor adjustments can

prevent vertical conflicts, horizontal connectivity demands remain rigid due to track-

based routing constraints.

16



2.4 Summary

This chapter explored the evolution of channel routing methodologies, beginning with

the Classical Channel Routing Problem (CCRP), which restricts routing within prede-

fined channel boundaries. While CCRP has served as the foundation for early VLSI

routing techniques, its limitations, particularly its inability to handle obstacles and

irregular pin distributions, make it inadequate for modern routing layers with complex

constraints. To address these challenges, the Generalized Channel Routing Problem

(GCRP) extends the classical channle model by introducing a unified routing space

where horizontal tracks are predefined, ensuring efficient resource utilization while re-

ducing fragmentation.

A key aspect of GCRP is its ability to minimize horizontal track usage through

effective track assignment strategies. Unlike the Rectilinear Steiner Minimum Tree

(RSMT) and dogleg routing, which are not well-suited for GCRP due to their exces-

sive horizontal wire usage and reliance on vertical vias, the Single Trunk Steiner Tree

(STST) is a more efficient structure. STST minimizes available track resources by

assigning each net to a single trunk, ensuring optimal routing within the constraints

of GCRP.

Additionally, routing in both CCRP and GCRP is governed by horizontal and

vertical constraints. Horizontal constraints dictate track assignments and are critical to

ensuring design rule compliance. Vertical constraints, while typically managed through

multilayer routing, are assumed to be ignored in GCRP due to the flexibility in pin

placements and inter-layer connectivity.

Overall, this chapter establishes the theoretical framework for channel routing,

highlighting the fundamental challenges and strategies necessary for modern VLSI de-

signs. The insights presented here provide the foundation for subsequent discussions

on optimization techniques and advanced routing models tailored for contemporary

semiconductor technologies.
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Chapter 3

Routing Framework of GCRP

In GCRP, where routing capacity and tracks are predefined, minimizing track usage is

crucial to addressing tight horizontal capacity constraints. This is achieved by max-

imizing net assignments to tracks. This research models GCRP as an assignment

problem, where trunks of each net are assigned to tracks. To solve this, a Greedy

Routing Framework with Guarantee (GRFG) is proposed for sequential trunk assign-

ment. The framework ensures successful assignment as long as the number of available

tracks meets or exceeds the maximum congestion of the trunk, with the sole constraint

being that trunks must not overlap. This chapter presents the GCRP formulations,

critical zones, the details of GRFG, and a supporting theorem.

3.1 Formulations of GCRP

GCRP is governed by three key parameters: density, capacity, and slack. These param-

eters are critical in determining the feasibility of routing solutions and the efficiency of

track assignments. Density represents the number of nets passing through a given coor-

dinate, while capacity defines the total number of available tracks. Slack measures the

difference between capacity and density, indicating the flexibility available for routing.

A feasible routing solution ensures that track assignments respect these constraints,

preventing any region from exceeding its capacity. The following subsections formally

define these parameters and their interdependencies.
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Figure 3.1: Example of six nets

3.1.1 Density

The density at a given position x represents the number of nets that overlap with

position x. A net is considered to overlap with x if its routing interval spans the

coordinate x. This local density reflects the routing demand at each position within

the routing region.

Let N (⊆ Nin) be the set of unassigned nets, where each net corresponds to a set

of intervals representing the ranges on the tracks it occupies. Similarly, let T (⊆ Tin)

be the set of tracks that have not yet been assigned a net. The density at position x

with respect to the set N is defined as the number of nets in N whose intervals include

x. Mathematically, this can be written as:

d(x,N) = |{n ∈ N | x ∈ I(n)}| (3.1)

where I(n) represents the interval of net n along the track.

The maximum density of N is the highest density observed across all positions x,

and is given by:

D(N) = max
x

d(x,N) (3.2)

For example, in Fig. 3.1, the density at x1 and x2 are d(x1) = 2 and d(x2) = 1,

respectively, and the maximum density D(N) = 2.
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This maximum density represents the peak concentration of nets in the routing

region. A higher maximum density indicates a higher level of congestion in the rout-

ing channel, which may result in higher routing costs or the need for more tracks to

accommodate the nets without overlap.

3.1.2 Capacity

The capacity of a set of tracks T is the total number of available tracks in the channel

where the nets are to be assigned. A routing track corresponds to a physical path

through which a net can be assigned. The capacity is crucial because it limits how

many nets can be assigned to tracks without violating the physical constraints of the

routing environment.

Mathematically, the capacity of the track set T is represented by the cardinality

of T , which is simply the number of tracks in the set:

C(T ) = |T | (3.3)

For example, in Fig. 3.1, there are two tracks are t1 and t2 with a capacity of

C = 2.

This capacity defines the maximum number of nets that can be routed through the

available tracks in T . The routing capacity C(T ) must be sufficient to accommodate

the nets without exceeding the available resources. If the routing demand exceeds the

capacity, adjustments must be made either by redistributing the nets or increasing the

track set T .

3.1.3 Slack

Slack is a measure of the difference between density and capacity. At each position x,

the slack represents the difference between the available capacity at x and the actual

density of nets at x. A positive slack indicates that there is sufficient track capacity to

accommodate additional nets, while a negative slack means that the density exceeds

the available capacity at that position.
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The slack at position x, given the sets N and T , is defined as:

s(x, T,N) = C(T )− d(x,N) (3.4)

This equation captures the excess track capacity at position x, considering the

current density of nets in N . If the slack is positive, there is available capacity at

position x to accommodate more nets. Conversely, if the slack is negative, the routing

demand exceeds the available capacity, signaling a potential congestion problem.

For example, in Fig. 3.1, the slack at x1 and x2 are s(x1) = 0 and s(x2) = 1,

respectively.

The concept of slack is important in routing algorithms because it helps identify

regions where track resources are underutilized or overloaded. A routing solution with

high slack at all positions ensures that nets can be assigned without violating capacity

constraints. However, when slack is negative, adjustments are necessary to redistribute

nets or increase track capacity to alleviate congestion.

A feasible track assignment for N within T exists if and only if the maximum

density does not exceed the track capacity. This condition can be formally written as:

D(N) ≤ C(T ) (3.5)

This condition is referred to as the density constraint (DC). If a set of nets N

satisfies this constraint for a track set T , the routing can proceed without violating the

track capacity at any position.

3.2 Critical Zone

Efficient track assignment is crucial in global routing to minimize vertical wire length

and optimize local congestion. A common approach involves greedily assigning tracks

to nets sequentially. However, this method requires careful attention to resource con-

straints, especially the critical zone (CZ) within generalized channel. CZ refers to re-

gions where routing demand exceeds available capacity and must be carefully managed

during track assignment. It is closely related to the concept of slack, which measures

the difference between a track’s capacity and local net density. Effectively managing

slack within the CZ is key to ensuring a feasible and efficient routing solution.
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3.2.1 Definition of Critical Zone

The Critical Zone (CZ) for a set of nets N and tracks T is defined as the set of x-

coordinates within the routing channel where the available slack is zero or negative,

indicating that the density at that position exceeds or matches the track capacity.

Mathematically, CZ is expressed as:

Z(T,N) = {x | s(x, T,N) ≤ 0}

where s(x, T,N) represents the slack at position x in the channel, calculated as the

difference between the track’s capacity and the number of nets occupying that position.

A slack value of zero or lower indicates a lack of available space for additional nets,

highlighting a congested area within the routing region. For example, in Fig. 3.2, the

slack at x1, x2, and x3 is s(x1) = s(x2) = s(x3) = 0, meaning that x1, x2, and x3 belong

to CZ.

For effective track assignment, a set of nets N ′ ⊆ N is said to be CZ-cover if their

corresponding trunks fully encompass the entire CZ. In other words, the set N ′ must

include trunks that span all positions in Z(T,N), ensuring that the critical region is

sufficiently covered by the nets in N ′:

Z(T,N) ⊆ I(N ′)

where I(N ′) denotes the union of the trunks corresponding to the nets in N ′. These

trunks represent the ranges of positions on the tracks occupied by the nets in N ′.

For any feasible track assignment A of nets N to tracks T , it is required that for

every position x ∈ Z(T,N), and for each track t ∈ T , there exists at least one net

n ∈ N such that net n is assigned to track t, and the interval of n includes x. This

condition ensures that no position in CZ is left uncovered, thereby guaranteeing that

all portions of the routing region are appropriately assigned to tracks:

A(n) = t and x ∈ I(n)
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Figure 3.2: Example of Critical Zone

where A(n) = t means that net n is assigned to track t, and x ∈ I(n) ensures that the

position x lies within the interval of net n.

3.2.2 CZ-cover

A subset N ′ ⊆ N is considered a CZ-cover for N and T if it satisfies two key conditions:

• The trunks of nets in N ′ cover the entire CZ, such as Z(T,N) ⊆ I(N ′). This

means that the trunks of the nets in N ′ must span all the positions where slack

is non-positive, effectively covering the critical areas of the channel.

• The subset N ′ satisfies the horizontal constraint (HC), which ensures that the

nets in N ′ are positioned in a way that does not violate any horizontal wiring limi-

tations or track capacity restrictions. This is necessary to maintain the feasibility

of the track assignments.

Together, these two conditions ensure that the critical areas of the routing path

are appropriately addressed and that the track assignments for the remaining nets in

N \N ′ continue to satisfy the overall density constraint (DC) for the remaining tracks.

Specifically, if the density constraint is satisfied for the entire set of nets N and tracks

T , and N ′ covers CZs, then assigning the nets in N ′ to a track t ∈ T guarantees that

the remaining nets in N \N ′ will still satisfy the density constraint for the reduced set

of tracks T \ {t}.
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(a) Not CZ-cover (b) CZ-cover

Figure 3.3: Comparison of CZ-cover

Fig. 3.3 illustrates the necessity of the CZ-cover. As shown in Fig. 3.3a, when

the CZ is not covered by a net at t1, an additional track is required to complete the

routing. However, if all of CZs are covered by nets, as shown in Fig. 3.3b, no additional

track is needed.

In practice, the designation of a CZ-cover is crucial for ensuring that critical re-

sources, such as track space, are optimally allocated in the routing process. By address-

ing the CZ first, the routing algorithm can avoid congestion in the most demanding

areas and ensure that the track assignments are efficient and feasible across the entire

design space. This approach helps achieve a balanced solution that minimizes the risk

of routing violations and ensures high quality, congestion free routing.

3.3 Greedy Routing Framework with Guarantee

The primary goal of GCRP is to complete routing while adhering to strict horizontal

capacity constraints. The Greedy Routing Framework with Guarantee (GRFG) [17] is

designed to ensure routing completion in GCRP when Nin meets the density constraint

(DC) for Tin, and no vertical constraints exist among the nets in Nin. The SDG

algorithm, which follows the GRFG, is guaranteed to complete the routing.

To successfully route under the condition where Nin satisfies DC for Tin and
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no vertical constraints exist among the nets, the set of nets assigned to each track

in Tin must form a CZ-cover. The GRFG introduces the concept of CZ-aware net

selection, which ensures that a CZ-cover is established for each track. In this framework,

nets are assigned to trunks within each track, starting from a designated position and

progressing in both left and right directions, prioritizing coverage of the CZ with higher-

priority nets. The pseudo code for the GRFG is provided in Algorithm 1, where, for

simplicity, the starting point of each track is set to the leftmost position, meaning that

trunks are assigned from left to right within each track. The following discussion is

based on this approach.

A set of nets N ′ is said to be CZ-aware in the track assignment of N to T if the

following condition holds:

[−∞, xmax(N
′)] ∩ Z(T,N) ⊆ I(N ′)

This means that for any CZ-aware N ′, the CZ to the left of the interval of a net

in N ′ is covered by I(N ′). Furthermore, for any point x in the CZ that is not covered

by I(N ′), there exists a net n ∈ N \ N ′ such that N ′ ∪ {n} satisfies the horizontal

constraint (HC) and x ∈ I(n). If a CZ-aware set N ′ covers the entire CZ, it is also

considered a CZ-cover.

In the CZ-aware net selection process, for any CZ-aware set N ′, a net n (where

n /∈ N ′) is selected to be added to N ′ only if the interval (xmax(N
′), xmin(n)) does not

overlap with the CZ, i.e.,

(xmax(N
′), xmin(n)) ∩ Z(T,N) = ∅

This ensures that the slack is positive for all x-coordinates within the open interval

(xmax(N
′), xmin(n)). CZ-aware net selection guarantees that there is no uncovered CZ

to the left of any assigned net, and that N ′ ∪ {n} remains CZ-aware.

In step 5 of Algorithm 1, the function Top Priority selects the top-priority net

for track ti among the unassigned nets. The net is not assigned to track ti if there

is an uncovered CZ to the left. This condition is checked by step 6. Note that, even

if a net is skipped for assignment to ti at this stage, it may be assigned later, once

lower-priority nets are assigned to track ti and cover the CZ.
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Algorithm 1 GRFG (left-to-right in each track)

Require: set of nets Nin, set of tracks Tin = {t1, t2, . . . , tk}
Ensure: track assignment A(n) for all n ∈ Nin

1: i← 0, N ← Nin, T ← Tin

2: while N ̸= ∅ do
3: T ← T \ {ti}, i← i+ 1, x← −∞, U ← N

4: while U ̸= ∅ do
5: n← Top Priority(U, ti), U ← U \ {n}
6: if x ≤ xmin(n) and (x, xmin(n)) ∩ Z(T,N) = ∅ then
7: A(n)← ti, x← xmax(n), N ← N \ {n}, U ← N

8: end if

9: end while

10: end while

An important variation of GRFG is the Left-Edge (LE) algorithm, where the

priority, referred to as LEP, is defined based on the leftmost principle, and nets are

assigned track-by-track. It is worth noting that the net selection process in LEP, when

choosing the highest priority net from the unassigned nets, always follows CZ-aware

net selection.

Fig. 3.4 illustrates an example of the GRFG. The figure shows the set of nets

and tracks as input, along with CZ indicated by the shaded region. In this example,

priority SDP is used for track t1, as defined in Section 4.3 of Chapter 4.

On the left side of Fig. 3.4, the track assignment without CZ-aware net selection

is depicted. First, according to SDP, nets n2, n4, and n6 are assigned to track t1. Then,

based on SDP, net n5 is assigned to track t2. However, due to the GRFG approach,

where nets are assigned to trunks from left to right within each track, nets n1 and n3

cannot be assigned to track t2 because net n5 has already been assigned to t2, and nets

n1 and n3 lie to the left of n5, requiring an additional track.

In track t1, the uncovered CZ between nets n4 and n6 remains, and to prevent a

failure, it is essential to ensure that no CZ is left uncovered.

On the right side of Fig. 3.4, the track assignment using the GRFG approach is

shown. With CZ-aware net selection, net n5 is assigned to track t1 instead of net n6.

In order to complete routing, track t2 is not initially selected for nets n6 and n3, and
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Figure 3.4: Examples of GRFG

net n1 is assigned first. Subsequently, nets n3 and n6 are assigned to track t2, ensuring

that the CZ is covered efficiently.

3.4 Theorem

This section presents a foundational theorem that guarantees the effectiveness of the

GRFG in finding a valid track assignment satisfying the HC when the set of input

nets Nin satisfies the DC for the available tracks Tin, and no vertical constraints are

imposed.

Theorem. The number of tracks used by Algorithm 1 to assign nets from Nin to Tin is

at most |Tin|, provided that the density of the input nets D(Nin) ≤ |Tin| and no vertical

constraints exist among the nets.

Proof. We prove this theorem by contradiction. Assume that there exists a net n∗ ∈ Nin

that is not assigned to any track in Tin by Algorithm 1. Let k = |Tin| be the number

of available tracks. Denote by Ni the set of nets assigned to track ti for 1 ≤ i ≤ k.

We also assume that n∗ has the smallest minimum x-coordinate xmin(n
∗) = x1

among all nets that have not yet been assigned to a track. This is done without loss

of generality.

Since all net trunks are positioned within the k tracks to the left of x1, and by

our assumption that n∗ has not yet been assigned, there must exist at least one track
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tj ∈ Tin that has no net trunk assigned at x1. Otherwise, if all tracks have net trunks

at x1, it would violate the assumption that D(Nin) ≤ |Tin|. We choose tj to be the

track with the largest index that satisfies this condition.

Next, consider the set N = Nj ∪ Nj+1 ∪ · · · ∪ Nk of nets assigned to tracks tj

through tk, and the corresponding set of tracks T = {tj, tj+1, . . . , tk}.

Since the x1-coordinate is covered by nets already assigned by Algorithm 1, adding

n∗ would increase the density at x1, yielding d(x1, N) ≥ |T |. This means that the

slack at x1, defined as s(x1, T,N) = |T | − d(x1, N), is less than or equal to zero:

s(x1, T,N) ≤ 0. Therefore, x1 lies within the CZ for the set of nets N and the tracks

T , although it may not yet be within the CZ for Nin relative to Tin.

Furthermore, since Nj is CZ-aware due to the net selection process in Algorithm 1,

no net trunks from Nj extend beyond x1 on track tj, because x1 is critical. Let x0 =

xmax(Nj) represent the maximum x-coordinate of the nets in Nj. By the definition of

Nj, we have x0 < x1.

Now, consider the interval (x0, x1). For any x in this interval, the slack s(x, T,N) >

0, meaning there is positive slack available to assign nets in this region. Therefore,

net n∗ satisfies the conditions required for assignment to track tj. Specifically, the

interval (x0, x1) does not intersect the CZ for the set N and the track set T , i.e.,

(x0, x1) ∩ Z(T,N) = ∅, ensuring that n∗ can be assigned to track tj without violating

any constraints.

This contradicts the assumption that n∗ is unassigned, as it would be assigned

to track tj based on the selection criteria of Algorithm 1. Since there are no vertical

constraints, we conclude that n∗ must be assigned, proving that the number of tracks

used by Algorithm 1 is at most |Tin|.

Thus, the theorem is proven by contradiction.

This theorem guarantees that GRFG will always find a valid track assignment

satisfying HC, as long as the input nets meet DC and there are no vertical constraints.

This provides a solid foundation for the correctness and efficiency of the GRFG algo-

rithm in routing problems.
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3.5 Summary

This chapter provides an in depth exploration of the development of an efficient rout-

ing framework specifically designed for GCRP, with a focus on managing constrained

horizontal capacity. The primary aim is to optimize the routing process by minimizing

track usage while ensuring the maximum number of nets are successfully routed within

the available resources.

To accomplish this objective, the chapter introduces several key concepts: density,

capacity, slack, and critical zones, which are crucial for assessing routing feasibility and

guiding the routing procedure. These measures serve as the foundation for developing

strategies to handle routing constraints effectively.

The chapter begins by defining density, capacity, and slack within the context of

GCRP, establishing their roles in determining routing efficiency and feasibility. Density

refers to the number of nets that pass through a specific coordinate, reflecting the

congestion at that point. Capacity is defined as the total number of tracks available

within the routing channel, serving as a limiting factor for net assignments. Slack, on

the other hand, represents the difference between the available track capacity and the

actual density at a given point, offering crucial margins for adjusting track assignments

and mitigating congestion.

A pivotal concept introduced is the Critical Zone (CZ), which identifies regions

in the routing channel where the available tracks are fully utilized, leading to a bottle-

neck in the routing process. The CZ is a key concept for efficient track assignments,

particularly when the routing resources are under heavy constraint. By understanding

and managing these zones, the routing framework can optimize track usage and avoid

overloading any part of the channel.

The Greedy Routing Framework with Guarantee (GRFG) is then presented in

detail, offering a systematic approach to routing that guarantees effectiveness under

conditions where the density constraints are met and no vertical constraints are im-

posed. GRFG employs an innovative strategy known as CZ-aware net selection, where

nets are assigned based on their interaction with CZs, ensuring that track resources

are used efficiently. This approach allows the framework to prioritize the most critical

nets, ensuring they are routed effectively while avoiding congestion in the most heavily

utilized regions.
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A formal theorem underpinning GRFG is also provided, which mathematically

proves that the number of tracks used by the algorithm will not exceed the available

tracks, as long as the density constraints are satisfied and no vertical constraints are

imposed. The proof of this theorem establishes the efficiency and completeness of

the GRFG, ensuring that the routing process will always be feasible within the given

constraints.

In summary, this chapter lays the groundwork for an efficient routing strategy

for GCRP by introducing essential concepts such as density, capacity, slack, and CZs,

and presenting a robust routing framework in the form of GRFG. The theoretical

guarantee provided by the theorem ensures that the framework is not only effective

but also operates within the available resources, offering a reliable solution for routing

under constrained conditions.
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Chapter 4

Length Minimization Algorithm of

GCRP

Minimizing total wire length is a key objective in VLSI routing, as it directly impacts

circuit performance, power consumption, and manufacturability. Excessive wire length

increases parasitic resistance and capacitance, leading to higher signal delays, degraded

timing, and reduced operational speed. Longer wires also contribute to greater power

dissipation, exacerbating thermal and reliability concerns in densely packed chips.

From a fabrication perspective, reducing wire length improves routability by allevi-

ating congestion and minimizing design rule violations, thus enhancing the feasibility of

a successful routing solution. Given these critical considerations, this chapter presents

an efficient algorithm for GCRP with length minimization, optimizing wire length

while adhering to essential routing constraints. The proposed approach systematically

reduces unnecessary wire length, ensuring efficient utilization of routing resources and

achieving high-performance routing solutions.

GCRP is formulated as an assignment problem, where the input consists of a set

of nets Nin = {n1, n2, . . . , nm} and a set of horizontal tracks Tin = {t1, t2, . . . , tk} within
a given channel. A net is defined by a set of pins that must be interconnected via wire

segments. The spatial location of a pin p is denoted by (x(p), y(p)). For any net n, the

minimum and maximum x-coordinates of its pins are given by:

xmin(n) = min
p∈n

x(p), xmax(n) = max
p∈n

x(p).

31



Similarly, the minimum and maximum y-coordinates are denoted as ymin(n) and

ymax(n), respectively. The horizontal span and total vertical displacement of a net n

are defined as:

dx(n) = xmax(n)− xmin(n), dy(n) =
∑
p∈n

|y(p)− y(pmid)|,

where pmid represents the pin with the median y-coordinate, specifically the ⌈|n|/2⌉-
th largest among the pins of net n. In the case of STST, dx(n) corresponds to the

horizontal span, while dy(n) provides a lower bound on the cumulative vertical stretch

of the net.

The interval associated with a net n is defined as:

I(n) = [xmin(n), xmax(n)].

For a set of nets N , the union of their x-coordinate intervals is:

I(N) = {x | x ∈ I(n), n ∈ N},

and the maximum x-coordinate in N is:

xmax(N) = max
p∈n∈N

x(p).

By convention, if N is empty, then xmax(N) = −∞.

A horizontal constraint exists between two nets ni and nj if and only if their

intervals intersect, i.e.,

I(ni) ∩ I(nj) ̸= ∅.

In the context of STST, it is required that the trunks of connected nets be assigned

to tracks. Typically, a vertical constraint arises when two pins, p1 ∈ n1 and p2 ∈ n2,

have the same x-coordinate, such as x(p1) = x(p2). However, this work assumes no

vertical constraints, even in cases where the x-coordinates of pins overlap.

4.1 Definition of Length in GCRP

In GCRP, the length of a net determines its contribution to overall routing complexity

and congestion. When a net n is assigned to a track t, its total wire length is defined
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(a) X-Length (b) Y-Length.

Figure 4.1: Definition of Length

as

w(n, t) = wx(n) + wy(n, t), (4.1)

where wx(n) represents the horizontal length and wy(n, t) represents the vertical length.

These components are defined as follows:

wx(n) = xmax(n)− xmin(n), (4.2)

wy(n, t) =
∑
p∈n

|y(p)− y(t)|, (4.3)

where xmax(n) and xmin(n) denote the maximum and minimum x-coordinates of net n,

respectively, and y(t) is the y-coordinate of track t. Figs. 4.1a and 4.1b illustrate the

definitions of x-length and y-length, respectively.

Since the horizontal length wx(n) is determined solely by the net’s span in the

horizontal direction and remains unchanged during track assignment, the focus of this

chapter is on minimizing the total vertical wire length wy(n, t), which directly impacts

congestion and wire resource utilization.

A track assignment A is a function that assigns a net n to a specific track t,

denoted as A(n) = t. The total vertical wire length for a set of nets N under a given

track assignment A is then given by:

wy(N,A) =
∑
n∈N

wy(n,A(n)). (4.4)
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This metric is crucial in evaluating vertical congestion and optimizing resource

distribution across available tracks.

The objective of GCRP in this chapter is to minimize the total vertical wire

length while ensuring that all nets in the given set Nin are assigned to tracks in Tin

while satisfying horizontal constraints. This is formally expressed as the following

optimization problem:

min wy(Nin,A) =
∑
n∈Nin

wy(n,A(n)),

s.t. A(n) ∈ Tin, ∀n ∈ Nin,

I(ni) ∩ I(nj) = ∅ if A(ni) = A(nj), ∀ni, nj ∈ Nin.

(4.5)

This formulation ensures that all nets are assigned to feasible tracks while pre-

venting horizontal overlap violations. The next sections explore algorithmic strategies

to achieve this objective efficiently.

4.2 Algorithm for Two-Pin Nets

This research begins by focusing on two-pin nets, where the total wire length is given

by:

wy = |y(p1)− y(t)|+ |y(p2)− y(t)|.

To efficiently minimize the total wire length of two-pin nets, this work introduces

the BCA (Below, Cross, Above) channel routing algorithm [21]. The algorithm

assigns nets based on BCA priority, while minimizing track usage. It iteratively assigns

nets from the input set Nin to the track set Tin, ensuring compliance with the density

constraint (DC) when D(Nin) ≤ |Tin|. High-priority nets that satisfy both horizontal

and density constraints are given precedence.

Track assignment progresses from bottom to top, with minimal impact on wire

length. The BCA algorithm mitigates this by strategically prioritizing nets. While the

initial track assignment may not yield a locally optimal solution due to trunk shifts

and swaps, post-processing techniques can be applied to refine the results further.
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(a) B-type net. (b) C-type net. (c) A-type net.

Figure 4.2: Classification of nets based on the BCA priority scheme.

4.2.1 BCA Priority

The priority of a net in the BCA algorithm is determined by two factors:

1. The relative position of a net’s pins to the track, categorized as Below (B), Cross

(C), or Above (A).

2. The ascending order of ymax(n) within each category.

Given a track t, nets are classified as follows:

Bt = {n ∈ N | ymax(n) ≤ y(t)},
Ct = {n ∈ N | ymin(n) ≤ y(t) < ymax(n)},
At = {n ∈ N | y(t) < ymin(n)}.

(4.6)

The BCA algorithm processes nets in the order Bt → Ct → At, further prioritizing

within each category based on ascending values of ymax(n).

Fig. 4.2 illustrates the BCA classification. In Fig. 4.2a, the net is classified as type

B for both tracks t1 and t2, demonstrating that assigning B-type nets early minimizes

wire length. In Fig. 4.2b, the net is type C for both tracks t1 and t2, indicating that

C-type nets may remain in their category across multiple tracks. In Fig. 4.2c, the net

is type A for t1 and t2, showing that assigning A-type nets later results in shorter wire

lengths.
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Figure 4.3: Assignment comparison.

4.2.2 BCA Channel Routing Algorithm

Algorithm 2 outlines the BCA routing procedure, which uses BCA priority for wire

length minimization and incorporates CZ-aware net selection to ensure feasible assign-

ments. While the initial assignments may not be locally optimal due to trunk shifts

and swaps, post-processing can further refine the results.

For instance, consider the six-net example shown in Fig. 4.3a. The priority order

for track t1 is:

nB
2 , n

C
4 , n

C
6 , n

A
5 , n

A
1 , n

A
3 .

For track t2, the priority order is:

nB
2 , n

B
4 , n

B
5 , n

C
6 , n

C
3 , n

A
1 .

Fig. 4.3c demonstrates a case where applying only BCA priority, without consid-

ering GRFG, leads to infeasible assignments. Initially, nets n2, n4, and n6 are assigned

to track t1. However, this assignment fails since net n5 cannot be assigned on track

t2, necessitating an additional track. In this case, a CZ remains between n4 and n6 on

track t1. The GRFG mechanism resolves this by ensuring no uncovered CZ exists to

the left of a net at the time of assignment.

By integrating CZ-aware net selection and conflict resolution mechanisms, the

BCA routing algorithm achieves both optimality and feasibility in net assignments.

The proposed method effectively minimizes wire length while ensuring constraint com-

pliance, demonstrating superior performance compared to conventional approaches.
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Algorithm 2 BCA routing

Require: set of nets Nin, set of tracks Tin = {t1, t2, . . . , tk}
Ensure: track assignment A(n) for all n ∈ Nin

1: i← 0, N ← Nin, T ← Tin

2: while N ̸= ∅ do
3: T ← T \ {ti}, i← i+ 1, x← −∞, U ← N

4: while U ̸= ∅ do
5: n← Top BCA Priority(U, ti), U ← U \ {n}
6: if x ≤ xmin(n) and (x, xmin(n)) ∩ Z(T,N) = ∅ then
7: A(n)← ti, x← xmax(n), N ← N \ {n}, U ← N

8: end if

9: end while

10: end while

4.3 Algorithm for Multi-Pin Nets

For multi-pin nets, the Symmetric Difference General (SDG) channel routing algorithm

is proposed to minimize the total vertical wire length [22]. SDG follows a greedy

heuristic approach, making locally optimal choices at each step in an attempt to achieve

a near optimal global solution. While SDG does not guarantee absolute optimality, it

effectively reduces vertical wire length by leveraging the Symmetric Difference (SD)

metric to guide track assignments.

4.3.1 Symmetric Difference (SD) of Pins of a Net

The vertical wire length of a net is determined by the track to which it is assigned.

When all pins of a net n are interconnected using STST, the total vertical wire length

is defined as:

wy(n, t) =
∑
p∈n

|y(p)− y(t)| (4.7)

where t represents the assigned track and y(p) denotes the vertical coordinate of pin p.
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To quantify the balance of a net’s pins around a given track, SD of net n at track

t is defined as:

SD(n, t) = |{p ∈ n | y(p) < y(t)}| − |{p ∈ n | y(p) > y(t)}|. (4.8)

This value represents the difference between the number of pins positioned below

and above the assigned track. A smaller absolute value of SD(n, t) corresponds to a

more balanced pin distribution, thereby reducing the total vertical wire length. The

optimal vertical wire length is achieved when SD(n, t) = 0, meaning the number of pins

above and below the track is equal. Therefore, minimizing |SD(n, t)| serves as a crucial

guiding principle for effective track assignment.

To illustrate the role of SD in track assignment, consider the case of two nets, n1

and n2, and their possible assignments to tracks t1 and t2, as depicted in Figure 4.4. The

corresponding vertical wire lengths for different assignments are as follows: wy(n1, t1) =

5, wy(n1, t2) = 7, wy(n2, t1) = 6, wy(n2, t2) = 10.

Although assigning either net to t1 yields a lower individual vertical wire length,

HC prevent both nets from occupying the same track. The global optimization per-

spective is required to minimize the total vertical wire length. Assigning n2 to t1

(Figure 4.4(b)) results in a lower total vertical wire length compared to assigning n1

to t1 (Figure 4.4(a)).

The increase in vertical wire length when a net is shifted from a lower track t to an

upper track t′ is directly proportional to SD(n, t), assuming SD(n, t) = SD(n, t′). This

observation leads to the following heuristic strategy for minimizing total vertical wire

length:

• Nets with larger SD values should be assigned to lower tracks, as this

placement minimizes their vertical extension.

• Nets with smaller SD values can be placed at higher tracks, as they

inherently contribute less to the overall vertical wire length.

By prioritizing nets with large |SD| for lower tracks, the SDG algorithm systemati-

cally reduces the aggregate vertical wire length, achieving an efficient routing solution.
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(a) wy = 15 (b) wy = 13

Figure 4.4: SD(n1, t1) = 1 < SD(n2, t1) = 2, SD(n1, t2) = 1, SD(n2, t2) = 2

(a) wy = 12 (b) wy = 10

Figure 4.5: SD(n1, t1) = SD(n2, t1) = 1, SD(n1, t2) = 1 < SD(n2, t2) = 3

In Fig. 4.5, we compare two track assignments for nets n1 and n2 on tracks t1 and

t2, with vertical wire lengths:

wy(n1, t1) = 5, wy(n1, t2) = 7,

wy(n2, t1) = 3, wy(n2, t2) = 7.

Assigning n2 which has a larger SD for t2 to t1 minimizes the total vertical wire

length, as shown in Fig. 4.5(b). Conversely, assigning n1 to t1, shown in Fig. 4.5(a),

results in a higher total vertical wire length, even though both nets have the same

SD for t1. This suggests that nets should be assigned lexicographically to lower tracks

based on their SD-sequence (SD(n, t1), SD(n, t2), . . . , SD(n, tm)), given y(t1) < y(t2) <

· · · < y(tm).

Similarly, Fig. 4.6 evaluates another assignment scenario with vertical wire lengths:

wy(n1, t1) = 3, wy(n1, t2) = 5,

wy(n2, t1) = wy(n2, t2) = 8.
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(a) wy = 11 (b) wy = 13

Figure 4.6: SD(n1, t1) = −1 < SD(n2, t1) = 0, SD(n1, t2) = 3 > SD(n2, t2) = 0

Assigning n1, which has a smaller SD for t1, to t1 yields a lower total vertical

wire length, as illustrated in Fig. 4.6(a), compared to placing n2 on t1, as shown in

Fig. 4.6(b). This example demonstrates that the previously suggested strategy does not

always guarantee an optimal solution, highlighting the complexity of net assignment

optimization.

4.3.2 Priority by Symmetric Difference

This subsection introduces the prioritization of nets in set N for track ti (1 ≤ i ≤ k),

given that y(ti) < y(ti+1) < · · · < y(tk).

The SD-sequence for a net n on track ti is defined as:

(SD(n, ti), SD(n, ti+1), . . . , SD(n, tk)).

As noted earlier, assigning nets with larger SD value for track ti in descending

lexicographical order is advantageous when y(ti) < y(ti+1) < · · · < y(tk). The priority

SDP for track ti is therefore determined by this descending lexicographical order, with

ties resolved arbitrarily using the net index.

For example, in Fig. 4.7, the SD-sequence of nets n1, n2, n3, n4, n5, and n6 on track

t1 are (−2,−2), (2, 2), (−3,−1), (0, 2), (−2, 2), and (0, 0), respectively. For track t2, the

SD-sequence are (−2), (2), (−1), (2), (2), and (0), respectively. Consequently, the SDPs

for tracks t1 and t2 are (n2, n4, n6, n5, n1, n3) and (n2, n4, n5, n6, n3, n1), respectively.

In Fig. 4.5, the SD-sequence of nets n1 and n2 on track t1 are (SD(n1, t1), SD(n1, t2)) =
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Algorithm 3 SDG Channel Routing Algorithm

Require: set of nets Nin, set of tracks Tin = {t1, t2, . . . , tm} where y(t1) < y(t2) <

. . . < y(tm)

Ensure: track assignment A(n) for all n ∈ Nin

1: i← 0, N ← Nin, T ← Tin

2: while N ̸= ∅ do
3: T ← T \ {ti}, i← i+ 1, x← −∞, U ← N

4: while U ̸= ∅ do
5: n← Largest SD(U, ti), U ← U \ {n}
6: if (x,∞) ∩ Z(T,N) = ∅ and SD(n, ti) < 0 then

7: break

8: end if

9: if x ≤ xmin(n) and (x, xmin(n)) ∩ Z(T,N) = ∅ then
10: A(n)← ti, x← xmax(n), N ← N \ {n}, U ← N

11: end if

12: end while

13: end while

(1, 1) and (SD(n2, t1), SD(n2, t2)) = (1, 3), respectively. The SDP for track t1 is therefore

(n2, n1).

In prior work [21], the BCA algorithm was introduced for two-pin nets, classifying

them into three categories Below, Cross, and Above based on their track assignments,

corresponding to SDs of 2, 0, and −2, respectively. Thus, the BCA priority used in the

BCA algorithm is a special case of SDP.

4.3.3 SDG Channel Routing Algorithm

The Symmetric Difference General (SDG) channel routing algorithm, presented in Al-

gorithm 3, is an efficient method for assigning nets within a channel. This algorithm

aims to accomplish routing when the given set of nets meets DC and no vertical con-

straints are enforced, and to minimize length by GRFG with the priority derived by

the symmetric difference of pins of a net.

In Algorithm 3, tracks are denoted as Tin = {t1, t2, . . . , tm}, with the condition that

the vertical positions of the tracks satisfy y(t1) < y(t2) < · · · < y(tm). The algorithm
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processes the nets and assigns them to tracks iteratively.

Step 5 uses the function Largest SD to identify the net with the highest priority for

track ti from the unassigned nets. This is determined by SD-sequence, which prioritizes

nets according to the top net in the symmetric difference priority (SDP) for track ti.

The core of the algorithm relies on the GRFG approach, which assigns nets to

tracks starting from the lowest track, progressing upward one by one. This sequence

of assignments ensures that nets are placed on tracks that adhere to HC of the routing

process. As a result, nets placed on lower tracks tend to exhibit smaller vertical wire

lengths. Specifically, a net n will have a smaller vertical wire length when assigned to

track ti if the absolute value of its symmetric difference |SD(n, ti)| is minimized.

However, the assignment to higher tracks is inherently associated with larger SD,

which can increase the vertical wire length. Despite this, if SD value of a net for a

track is negative (SD(n, ti) < 0), assigning it to a higher track might actually reduce the

overall vertical wire length. Therefore, Algorithm 3 incorporates a flexible approach

that considers net priority in combination with the potential reduction in vertical wire

length for specific assignments.

Track assignment is suspended when step 6 is reached, indicating that a CZ for

the track has been adequately covered, and no further assignment of nets with non-

negative SD values can occur without violating horizontal constraints. This ensures

that the track assignment process respects both vertical and horizontal constraints

while striving to minimize the total vertica wire length.

Additionally, the algorithm ensures that the final track assignments are optimal

by continuously updating the set of unassigned nets and revisiting previous decisions

as necessary. The SDG algorithm is capable of efficiently handling complex routing

tasks while maintaining the integrity of the routing design by strictly adhering to the

horizontal constraints and minimizing the vertical wire length.

4.4 Algorithm for Post Processing

While the SDG algorithm offers an efficient method for channel routing, it remains

a heuristic approach that does not guarantee the optimal total vertical wire length.
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(a) Input and critical zone (b) Priority LEP

(c) Priority SDP only (d) Priority SDP with GRFG

Figure 4.7: Track assignments by SDG.

To address this limitation, this research introduce a post-processing algorithm (Al-

gorithm 4) designed to iteratively reduce the total vertical wire length in a greedy

manner. This algorithm refines the initial routing solution produced by SDG, aiming

to achieve a local minimum for vertical wire length.

The post-processing algorithm begins by initializing the total vertical wire length,

denoted as w, and setting a flag to indicate whether further improvements are possible.

The algorithm iterates over all nets, n ∈ Nin, and attempts to reduce the total vertical

wire length by shifting or exchanging nets between tracks.

For each net n with a non-zero current SD value, the algorithm examines all tracks

t where the absolute SD value of n is smaller than its current SD value on the assigned

track, a(n). If there are no overlaps between the interval I(n) and the intervals of

nets already assigned to track t, the algorithm attempts to shift net n to track t. This

shift operation is performed only if the new track assignment, denoted as a′, results

in a reduction of the total vertical wire length, w(a′) < w, as shown in Fig. 4.8(a). If

the shift is successful, the total vertical wire length is updated, and the flag is set to

true to signal that further improvements are possible.
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Algorithm 4 Post-Processing for SDG

Require: track assignment a(n) for all n ∈ Nin

Ensure: track assignment a(n) for all n ∈ Nin

1: w ← w(a), flag ← T

2: while flag == T do

3: flag ← F

4: for all n ∈ N do

5: for all t ∈ {t ∈ Tin | |SD(n, t)| < |SD(n, a(n))|} do
6: if I(n) ∩ I({n′ | a(n′) = t}) = ∅ then ▷ try shift

7: a′ ← shift(a, n, t)

8: if w(a′) < w then

9: w ← w(a′), a← a′, flag ← T ▷ update

10: end if

11: else ▷ try exchange

12: a′ ← exchange(a, n, t)

13: if feasible(a′) and w(a′) < w then

14: w ← w(a′), a← a′, flag ← T ▷ update

15: end if

16: end if

17: end for

18: end for

19: end while

In cases where shifting is not feasible due to overlapping intervals, the algorithm

considers exchanging net n with another net n′ currently assigned to track t. This

exchange operation is performed only if the new assignment, a′, satisfies all feasibility

constraints and results in a reduction of the total vertical wire length. Examples in

Fig. 4.8(b) and (c) show the improved solution by exchange two nets and exchange two

tracks respectively.

The algorithm continues to iterate until no changes occur during a complete itera-

tion, at which point it terminates. The resulting track assignments are locally optimal

with respect to the vertical routing length.

The effectiveness of this post-processing algorithm is demonstrated in the example

shown in Fig. 4.6, where the improved solution is presented in Fig. 4.6(a).This solution
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(a) Shift

(b) Exchange Two nets

(c) Exchange Two tracks

Figure 4.8: Example of Shift and Exchange.

provides a better routing outcome compared to the original SDG solution shown in

Fig. 4.6(b).

4.5 Experimental Results

4.5.1 Experimental Setup

We conducted experiments to evaluate the performance of the SDG algorithm compared

to other methods. These experiments were implemented in Java 21.0.2 and executed

on an Apple M1 Pro CPU, with the largest benchmark tasks completed in under 5

minutes.

All benchmarks were generated randomly. Pin locations for each net were uni-

formly distributed, with x(p), y(p) ∼ U(0, 1) for all pins p ∈ n. Similarly, y-coordinates
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(a) Left-Edge (wy = 1937.1) (b) SDG (wy = 1377.4)

Figure 4.9: Results on gm-5 (#net=1000, D(Nin) = 4439).

for the D(Nin) tracks were randomly generated using the same uniform distribution.

The number of pins per net in the multi-pin benchmarks ranged from 2 to 10, chosen

randomly.

We generated two sets of random benchmarks for evaluating GCRP: two-pin

benchmarks, prefixed with ”gt-”, and multi-pin benchmarks, prefixed with ”gm-”. The

results for the two-pin benchmarks are presented in Tables 4.1 and 4.2, while the results

for the multi-pin benchmarks are shown in Tables 4.3 and 4.4.

In the tables, the entries ”LE”, ”BCA”, ”SDG w/o step6”, ”SDG”, and ”PP”

correspond to the Left-Edge algorithm [5], BCA [21], SDG excluding step 6, the com-

plete SDG, and SDG with post-processing, respectively. For multi-pin nets, BCA is

enhanced by categorizing nets as Below, Cross, and Above based on their SD values

(positive, zero, and negative, respectively).

”Distance” refers to the total x-distance
∑

n d
x(n) and total y-distance of nets∑

n d
y(n). ”y-length” denotes the total y-length of nets, with the total y-distance used

as a reference. ”Time” represents the computation time, with SDG post-processing

serving as the benchmark.
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4.5.2 Comparison with Conventional Methods

The experimental results show that SDG outperforms other methods in terms of total

y-length in most scenarios. SDG produces effective solutions in a relatively short time,

which can be further refined with post-processing. These results validate the efficacy

of the SDP priority in SDG and the benefits of the deferral approach used in step 6.

As the input size increases, the proportion of computation time devoted to post-

processing grows. Multi-pin benchmarks, with densities around 90%, present greater

constraints compared to two-pin benchmarks. This is due to the difficulty of assigning

multiple nets to the same track, which limits the possibility of achieving vertical lengths

close to the total y-distance. The results of the gm-5 benchmarks are shown in Fig. 4.9.
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4.6 Summary

This chapter presented the development and application of a length minimization al-

gorithm for the GCRP, aimed at reducing total vertical wire length to alleviate global

congestion. The approach begins with the BCA algorithm, optimized for routing two-

pin nets. The BCA priority system takes into account the relative positioning of a

net’s pins to the track, enhancing routing efficiency by minimizing wire length through

strategic net prioritization.

For multi-pin nets, we introduced the SDG algorithm, a greedy heuristic that uti-

lizes symmetric differences between pins to establish net priorities and manage track

assignments effectively. Although SDG does not guarantee global optimality, it consis-

tently outperforms traditional methods such as Left-Edge and BCA, leading to more

compact net configurations in test scenarios.

A key advancement is the integration of post-processing techniques, which itera-

tively refine net assignments to further reduce vertical lengths. This process uses shifts

and exchanges to reach a locally optimal solution, significantly enhancing solution qual-

ity. Experimental results show that SDG achieved a 50% reduction in vertical length

compared to Left-Edge and 13% compared to BCA for two-pin nets. For multi-pin

nets, the reductions were 30% and 20%, respectively.

Looking forward, while the current GCRP formulation provides a solid foundation,

future work will expand on it to tackle the complexities of routing in critical layers and

manage constraints like maximum congestion. SDG is expected to remain a key tool

in advanced chip design, particularly for addressing the intricate routing challenges in

critical layers.

52



Chapter 5

Local Congestion Alleviation

Algorithm of GCRP

In GCRP, horizontal capacity is tight, requiring vertical wires to be routed on alterna-

tive layers. However, vertical routing resources are also limited, and routing must be

completed within these constraints. If the demand for vertical wires exceeds the avail-

able vertical routing resources, routing becomes impossible, even if the total vertical

wiring required for net connections fits within the overall available resources.

High local congestion exacerbates this issue, as it leads to bottlenecks that prevent

the routing from being completed in the subsequent detailed routing phase. If local

congestion is not managed effectively, the design will fail during detailed routing, even

if it appears feasible at the global routing stage. Therefore, it is crucial to address local

congestion at this stage to ensure that routing can be successfully completed in later

phases.

To successfully achieve routing within these layers, local congestion must be kept

below the threshold of available vertical routing resources. Thus, the primary objectives

are to minimize the number of horizontal tracks utilized and reduce local congestion

within these layers, ensuring a smooth transition to the detailed routing phase and

preventing routing failure.
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5.1 Definition of Local Congestion

In this chapter, both congestion and local congestion are used as metrics to evaluate

track assignments. The congestion of a routing, resulting from a track assignment A,
is assessed by the total y-length as follows:

wy(Nin,A) =
∑
n∈Nin

wy(n,A(n)) (5.1)

Here, wy(n,A(n)) represents the y-length associated with a net n assigned to a

track A(n), and Nin is the set of nets under consideration.

Local congestion is a more refined evaluation of congestion, focusing specifically

on the common vertical segments between parallel wires of different nets that are in

close proximity. If the vertical wires v(p, t) and v(p′, t′) belong to different nets and

share a vertical section, and the horizontal distance between their respective pins is

smaller than a predefined threshold dth, we define this as causing local congestion. This

is expressed as:

|x(p)− x(p′)| ≤ dth (5.2)

In this case, the vertical wires v(p, t) and v(p′, t′) are considered to contribute to

local congestion by the overlapping parallel wire length. If this condition is not met,

no local congestion is considered to occur between the two wires. The threshold dth is

a user-defined parameter that can be adjusted to suit the specific design constraints.

Let P (N) represent the set of nearby pin pairs from the net set N , where the

horizontal distance between pins is below the threshold dth. This set is defined as:

P (N) = {(p, p′) | p ∈ n ∈ N, p′ ∈ n′ ∈ N, n ̸= n′, |x(p)− x(p′)| ≤ dth, y(p) ≥ y(p′)}.

Here, p and p′ are pins from nets n and n′, respectively, and their horizontal

distance must satisfy |x(p)− x(p′)| ≤ dth.

The length of parallel wire between two vertical wires v(p, t) and v(p′, t′), where

(p, p′) ∈ P (Nin), is defined based on their relative vertical positions as follows:
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- Case 1: y(t) > y(t′):

PL (v(p, t), v(p′, t′)) =


y(t′)− y(p) if y(t′) ≥ y(p) (a)

0 if y(p) > y(t′) ∧ y(t) > y(p′) (b)

y(p′)− y(t) if y(p′) ≥ y(t) (c)

- Case 2: y(t′) ≥ y(t):

PL (v(p, t), v(p′, t′)) =


y(t)− y(p) if y(t) ≥ y(p) (d)

min(y(p), y(t′))−max(y(p′), y(t)) if y(p) ≥ y(t) ∧ y(t′) > y(p′) (e)

y(p′)− y(t′) if y(p′) ≥ y(t′) (f)

Figure 5.1 illustrates six distinct cases based on the combinations of two vertical

wires, with the corresponding parallel wire lengths (PL) shown for each scenario. The

cases are categorized according to the relative positions of the vertical wires.

• Cases with y(t) > y(t′):

1. (a) y(t′) ≥ y(p), shown in Figure 5.1(a).

2. (b) y(p) > y(t′) ∧ y(t) > y(p′), shown in Figure 5.1(b).

3. (c) y(p′) ≥ y(t), shown in Figure 5.1(c).

• Cases with y(t′) ≥ y(t):

1. (d) y(t) ≥ y(p), shown in Figure 5.1(d).

2. (e) y(p) > y(t) ∧ y(t′) > y(p′), shown in Figure 5.1(e).

3. (f) y(p′) ≥ y(t′), shown in Figure 5.1(f).

Each scenario corresponds to a different geometric relationship between the vertical

wires, and the respective parallel wire lengths (PL) are determined by these configura-

tions.
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5.1.1 Total Parallel Length (TPL) Definition

Total Parallel Length (TPL) for a given set of nets, Nin, and a track assignment

A, is defined as the sum of the parallel wire lengths for each pair of nearby pins within

the set of nets. Formally, the TPL is given by:

TPL(Nin,A) =
∑

(p,p′)∈P (Nin)

PL (v(p,A(n(p))), v(p′,A(n(p′))))

where P (Nin) represents the set of pin pairs within proximity, and PL (v(p, t), v(p′, t′))

denotes the parallel wire length between vertical wires v(p, t) and v(p′, t′), as previously

described.

5.1.2 Conditions for No Parallel Wire

No parallel wire occurs between two vertical wires v(p, t) and v(p′, t′) under the follow-

ing conditions:

• If n(p) = n(p′), meaning both pins belong to the same net.

• If the horizontal distance between the pins exceeds the threshold: |x(p)−x(p′)| >
dth.

• If the vertical wires do not overlap according to the following conditions: y(t) >

y(t′) and the corresponding inequalities for the pins p and p′ are satisfied.

5.1.3 Pin Width Considerations

In the model described, pins are treated as points. However, in practical scenarios, pins

may have physical widths, which could affect the calculation of parallel wire lengths.

To accommodate this, the model can be adjusted to represent pins as intervals, with

corresponding modifications to the algorithm to handle the effects of pin widths.
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5.1.4 Objective of GCRP for Minimizing Total Local Conges-

tion

The primary goal of the GCRP in this context is to minimize the total local congestion,

as evaluated by the TPL, while assigning all nets in the set Nin to the available tracks

in Tin.

The GCRP for minimizing the total local congestion is defined as follows:

GCRP for Minimizing Total Local Congestion

Instance: A set of nets Nin and a set of tracks Tin.

Output: A track assignment function A : Nin → Tin.

Objective: Minimize the total parallel length TPL(Nin,A).

Constraints: 1. Each net n ∈ Nin is assigned to a track A(n) ∈ Tin.

2. The intervals I(ni) and I(nj) do not overlap if A(ni) = A(nj), for all nets

ni, nj ∈ Nin.

This problem is believed to be NP-hard, as there is evidence suggesting that a

simple greedy algorithm cannot guarantee an optimal solution. However, to the best

of our knowledge, this has not been formally proven yet.

While minimizing the TPL does not directly guarantee the elimination of actual

local congestion (which depends on the actual routing results), it serves as a critical

first step toward alleviating local congestion. By reducing the total parallel wire length,

the likelihood of routing conflicts, and thus the occurrence of congestion, is minimized.

This contributes to more efficient routing in the context of GCRP.

5.2 UEO Channel Routing Algorithm

The UEO (Under, Enclose, Over) routing algorithm [23], designed for generalized chan-

nels, aims to minimize the total parallel length (TPL) of vertical wires while using the
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fewest horizontal tracks. Based on the GRFG framework, UEO ensures that trunk

assignments for nets to tracks are completed when sufficient tracks are available.

The algorithm iteratively assigns trunks to tracks according to a prioritization

scheme that targets CZ of each track under the GRFG framework. While UEO is

a heuristic approach and does not guarantee optimality in terms of minimal TPL, it

effectively reduces the TPL.

5.2.1 Relief Zone

The occurrence of parallel wires in vertical wire assignments depends on nearby pin

pairs. Parallel wires emerge from the track assignments of net trunks, and proper

assignments can prevent such occurrences.

To address this, we introduce the concept of the relief zone for a pin, which

indicates tracks that minimize the likelihood of parallel wires. The relief zone for pin

p, denoted as R(p), is a range of y-coordinates. Ideally, the trunk of the net containing

pin p is assigned to a track within R(p). The relief zone for a net n, denoted as R(n),

is defined based on the relief zones of its pins.

If all net trunks are assigned within their relief zones, parallel wires will not occur.

Our algorithm seeks to assign trunks within their relief zones to minimize parallel wire

occurrence, though this may not always be feasible.

The relief zone for pin p is defined as:

R(p) = [Rmin(p), Rmax(p)],

where

Rmin(p) = max

(
max

(p,p′)∈P (Nin)
y(p′),−∞

)
and
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Rmax(p) =

y(p) if {p′ | (p′, p) ∈ P (Nin)} is empty,

∞ otherwise.

The relief zone of a pin represents the range of track assignments for that pin. To

extend this concept to the net level, the relief zone of a net is defined as follows: If the

intersection of the relief zones of the net’s pins is non-empty, this intersection forms

the relief zone for the net. If the intersection is empty, the relief zone for the net is

defined by the relief zone of the pin whose upper boundary Rmax(n) is the minimum

among the relief zones of the net’s pins. Thus, the relief zone for net n is:

R(n) = [Rmin(n), Rmax(n)].

Assigning a net trunk to a track within its relief zone does not guarantee minimal

TPL, but it is expected to reduce parallel wire occurrences for at least one pin of the

net.

In Fig. 5.1, the relief zones of pins p and p′ are shown as R(p) = [y(p′),∞] (shaded

blue) and R(p′) = [−∞, y(p′)] (shaded orange), respectively. In Fig. 5.1(b), the trunks

of nets n(p) and n(p′) are assigned to tracks t3 and t1, respectively. Here, y(t3) ∈ R(p)

and y(t1) ∈ R(p′), preventing parallel wires. In contrast, in Figs. 5.1(a), (d), and (e),

the trunk of n(p′) is assigned to a track outside R(p′), causing parallel wires. Similarly,

parallel wires occur in Figs. 5.1(c) and (f).

5.2.2 UEO Priority

In GRFG based algorithms [22], net trunks are assigned according to a specified net

priority. The UEO (Under, Enclose, Over) net priority aims to minimize the total

parallel length (TPL) by assigning trunks sequentially from the bottom track to the

top track.

Nets are classified into three categories based on the relative position of their relief

zone to the assigned track: type-U, type-E, and type-O. The priority order is as follows:

type-U nets have the highest priority, followed by type-E nets, and finally type-O nets.
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Additionally, within each type, nets are prioritized to further reduce TPL and total

vertical wire length.

The classification of a net n for track t is determined as follows:

1. Type-U: Rmax(n) ≤ y(t),

2. Type-E: Rmax(n) > y(t) ≥ Rmin(n),

3. Type-O: Rmin(n) > y(t) (i.e., the net’s relief zone is entirely below the track).

Type-U nets have the highest priority because they are located above the current

track. Assigning these nets to tracks above their relief zone prevents parallel wires,

thus minimizing parallel length. Within type-U nets, priority is given based on the

number of pins whose relief zones lie below track t, denoted as:

RB(n, t) = |{p ∈ n | Rmax(p) < y(t)}|.

In case of ties, the symmetric difference (SD) is used to measure the difference

between the number of pins above and below the track [22], defined as:

SD(n, t) = |{p ∈ n | y(p) < y(t)}| − |{p ∈ n | y(p) > y(t)}|.

If ties persist, the leftmost position principle is applied. Type-E nets are given

second priority. While assigning their trunk to the current track can help avoid parallel

wires, they can still be placed on tracks outside their relief zone without causing parallel

wire occurrences.

For type-E nets, ties are resolved using the SD-sequence, followed by the leftmost

position principle.

Type-O nets receive the lowest priority. Since their relief zone is below the current

track, placing their trunk there would cause parallel wires. However, if the trunk is

not assigned to the current track, it can still be placed within the relief zone.

For type-O nets, priority is assigned based on the number of pins whose relief

zones lie above track t, expressed as:

RA(n, t) = |{p ∈ n | Rmin(p) > y(t)}|.

As with the other types, ties are resolved first by the SD-sequence, then by the

leftmost position principle.
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(a) y(t′) ≥ y(p) (b) y(p) > y(t′) ∧
y(t) > y(p′)

(c) y(p′) ≥ y(t)

(d) y(t) ≥ y(p) (e) y(p) ≥ y(t) ∧
y(t′) > y(p′)

(f) y(p′) ≥ y(t′)

Figure 5.1: The length of parallel wire (PL).
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(a) Within the relief zone (b) Outside the relief-zone

Figure 5.2: Relief-zone and track assignments

(a) Two parallel wires (b) One parallel wire

Figure 5.3: Relief-zone and track assignments
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(a) Type-U assigns below

(#PW = 0, TPL = 0)

(b) Type-U assigns above

(#PW = 2, TPL = 2)

(c) Type-E assigns below

(#PW = 0, TPL = 0)

(d) Type-E assigns below

(#PW = 0, TPL = 0)

(e) Type-O assigns below

(#PW = 1, TPL = 1)

(f) Type-O assigns above

(#PW = 0, TPL = 0)

Figure 5.4: Three Types of Net

63



(a) Input with Relief Zone (b) LE (wy=50, #PW=5, TPL=8)

(c) SDG (wy=36, #PW=4, TPL=6) (d) UEO (wy=39, #PW=1, TPL=3)

Figure 5.5: Track assignments

In Figs. 5.4(a) and (b), the relief zones of nets n and n′ are R(n) = [−∞, 1] (blue

arrow) and R(n′) = [2,∞] (orange arrow), respectively. Net n is classified as type-U,

and net n′ as type-O with respect to tracks t1 and t2.

In Fig. 5.4(a), the trunks of n and n′ are assigned to lower track t1 and upper

track t2, respectively, resulting in no parallel wires (#PW=0) and a total parallel

length (TPL) of 0. In Fig. 5.4(b), the trunks of n and n′ are swapped to upper track

t2 and lower track t1, leading to two parallel wires (#PW=2) and a TPL of 2. This

suggests that assigning the trunk of a type-U net to a lower track is advantageous.

In Figs. 5.4(c) and (d), the relief zones of n and n′ are R(n) = [−∞, 3] and

R(n′) = [4,∞], respectively. Net n is type-E, and n′ is type-O with respect to tracks

t1 and t2. In both Figs. 5.4(c) and (d), the trunks of n and n′ are assigned to tracks
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Algorithm 5 UEO Channel Routing Algorithm

Require: set of nets Nin, set of tracks Tin = {t1, t2, . . . , tm} where y(t1) < y(t2) <

. . . < y(tm)

Ensure: track assignment A(n) for all n ∈ Nin

1: i← 0, N ← Nin, T ← Tin

2: while N ̸= ∅ do
3: T ← T \ {ti}, i← i+ 1, x← −∞, U ← N

4: while U ̸= ∅ do
5: n← Top UEO Priority(U, ti), U ← U \ {n}
6: if (x,∞) ∩ Z(T,N) = ∅ and Rmin(n) > y(t) then

7: break

8: end if

9: if x ≤ xmin(n) and (x, xmin(n)) ∩ Z(T,N) = ∅ then
10: A(n)← ti, x← xmax(n), N ← N \ {n}, U ← N

11: end if

12: end while

13: end while

within their respective relief zones, resulting in no parallel wires. This demonstrates

that even when the trunk is not assigned to a lower track, parallel wires can still be

avoided.

In Figs. 5.4(e) and (f), the relief zones for n and n′ are R(n) = [4,∞] and R(n′) =

[−∞, 2], respectively. Net n is type-O, and n′ is type-E relative to tracks t2 and t1.

In Fig. 5.4(e), the trunks of n and n′ are assigned to upper track t2 and lower track

t1, resulting in parallel wires. However, in Fig. 5.4(f), when the trunks are assigned to

upper track t3 and lower track t1, no parallel wires occur. This indicates that assigning

the trunk of a type-O net to a higher track is more favorable.

In Fig. 5.5, the relief zones of six nets n1, n2, n3, n4, n5, and n6 are depicted, with each

net’s relief zone highlighted by colored arrows. The UEO net priority for track t1 is

given as (n5, n1, n4, n2, n6, n3), where the nets are classified into three categories: type-

U, type-E, and type-O. Specifically, nets n1, n4, and n5 are classified as type-U, nets

n2 and n6 as type-E, and n3 as type-O.

Among the type-U nets, net n5 holds the highest priority due to its superior relief zone

representation, characterized by RB(n5, t1) = 2, which is greater than the relief zone
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values of nets n1 and n4, both of which have RB(n1, t1) = RB(n4, t1) = 1. This higher

relief zone representation of n5 reflects its more favorable positioning relative to track

t1, making it the first to be assigned.

Within the type-U nets, the priority between n1 and n4 is determined by their SD

value with respect to track t1. Net n1 is ranked higher than n4 because its SD value

SD(n1, t1) = 2 exceeds SD(n4, t1) = 1, indicating that n1 is less constrained and more

adaptable in its track assignment.

Among the type-E nets, net n2 ranks higher than n6 despite both nets having the same

SD value SD(n2, t1) = SD(n6, t1) = −2. This is because the minimal x-coordinate of n2,

represented by xmin(n2), is smaller than that of n6, i.e., xmin(n2) < xmin(n6), giving it

a higher priority in the track assignment.

The UEO net priorities for tracks t2 and t3 are given as (n4, n5, n1, n6, n2, n3) and

(n4, n5, n1, n2, n6, n3), respectively. For track t2, net n4 takes precedence due to its

favorable relief zone, followed by n5, n1, and so on. Similarly, for track t3, the priority

order is adjusted based on the relative positioning of nets in their respective relief

zones, with n4 and n5 again at the top, and n3 being the last to be assigned.

This procedure ensures that nets are assigned in a way that minimizes congestion and

optimizes the overall routing efficiency by respecting the priority of each net according

to its relief zone characteristics and SD value.

5.2.3 UEO Channel Routing Algorithm

The UEO channel routing algorithm is designed to assign the trunks of nets to tracks

within the framework of GRFG. The primary objective of this algorithm is to minimize

the total parallel length (TPL) by leveraging UEO net priority, thereby enhancing the

efficiency of the routing process.

Given a set of nets Nin and a set of tracks Tin, the UEO algorithm determines the

priority of each net for every track in Tin. The algorithm begins by invoking the

function Top UEO Priority in Step 5, which selects the highest-priority unassigned

net for a particular track ti. This step ensures that the most critical nets are assigned

first, allowing for a more efficient and optimized routing process.
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The assignment strategy within the UEO framework is driven by the classification of

nets into three types: type-U, type-E, and type-O. Type-U and type-E nets are prior-

itized for track assignment based on their UEO net priority. Since earlier assignments

tend to reduce the total parallel length by preventing unnecessary overlaps, type-U

and type-E nets are assigned first. These assignments help minimize congestion and

facilitate more efficient use of available tracks.

In contrast, type-O nets are treated differently. These nets are not assigned immedi-

ately but are instead carefully managed to reduce the likelihood of creating parallel

wires, which would increase the total parallel length. The presence of type-O nets is

monitored throughout the routing process to ensure that their assignment does not

negatively impact the overall routing quality by introducing excessive parallelism.

The net assignment process for any given track terminates in Step 6 when CZ of that

track is fully occupied by previously assigned nets. At this point, no further assignments

except for type-O nets can be made without violating HC. This constraint ensures that

all nets are assigned in a way that preventing illegal overlaps and minimizing the risk

of congestion or routing violations.

The UEO channel routing algorithm strikes a balance between efficiency and constraint

satisfaction, making it a highly effective tool for global routing in complex grid-based

systems. By prioritizing the assignment of type-U and type-E nets and carefully man-

aging type-O nets, the algorithm optimizes the routing solution to minimize parallel

wire lengths while maintaining the integrity of the routing constraints.

5.2.4 Time Complexity Analysis

The time complexity of the UEO algorithm is analyzed under the assumption that each

net has a constant number of pins and that D(Nin) = |Tin|, where m represents the

number of nets.

Step 1 of the algorithm is executed once, leading to a time complexity of O(m). In

this step, N is initialized as Nin, and nets are iteratively removed from N while Steps 2

through 13 are executed until N is empty.

The time complexity for executing each step once (excluding Step 5) is O(m). Step

5, which selects the top-priority net, requires sorting the nets based on their priority.
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Since the priority values for each net can be computed inO(1), the sorting process takes
O(m logm). Sorting is performed for each set of nets N , resulting in O(m) executions

of Step 5. Therefore, the total time complexity for Step 5 is O(m2 logm).

During each iteration of the while loop, encompassing Steps 4 through 12, at least one

net is assigned to a track, ensuring that the number of iterations is O(m2). Con-

sequently, the total time complexity for Steps 2 through 13 (excluding Step 5) is

O(m2)×O(m) = O(m3).

Combining these results, the overall time complexity of the UEO algorithm is O(m3).

The effectiveness of the UEO net priority is demonstrated in Fig. 5.5(d), where the total

parallel length (TPL) is reduced to 3 using the UEO algorithm. This is a significant

improvement compared to the Left-Edge algorithm (TPL = 8) and the SDG algorithm

(TPL = 6), highlighting the efficiency of the UEO net priority in minimizing TPL.

5.3 Experimental Results

5.3.1 Experimental Setup

The UEO routing algorithm, along with the Left-Edge [5] and SDG [22] algorithms for

comparison, was implemented in Java using OpenJDK 22.0.2. All experiments were

conducted on macOS, utilizing a 10-core Apple M1 Pro CPU with 16GB of mem-

ory. Each algorithm ran on a single CPU thread throughout the tests. The largest

benchmark, consisting of 10,000 nets, completed in approximately 10 seconds.

The benchmark evaluation includes eight groups with varying net counts, all la-

beled with the prefix ”gm-” to indicate multi-pin configurations. Each group contains

10 instances. The pins are uniformly distributed with x(p), y(p) ∼ U(0, 1) for all pins
p in net n. The number of pins per net is randomly distributed between 2 and 10.

The number of tracks in Tin equals D(Nin), and the y-coordinates of the tracks are

uniformly distributed within the same range, i.e., ∼ U(0, 1). The threshold dth for the

benchmark is set as dth = 0.012/#nets.

Table 5.1 presents the total y-lengths, while Table 5.2 displays the total parallel

lengths (TPL) and average computation times.
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(a) Left-Edge (wy:2,045.1) (b) UEO (wy:1,653.3)

Figure 5.6: Vertical wires in gm-6-0 (#net:1,000).

(a) Left-Edge

(#PW:319, TPL:63.8)

(b) UEO

(#PW:120, TPL:9.3)

Figure 5.7: Parallel wires in gm-6-0 (#net:1,000).

In these tables, ”LE,” ”SDG,” and ”UEO” represent the Left-Edge [5], SDG [22],

and the proposed UEO algorithm, respectively.

The ”Total Distance” is the sum of the total x-distance,
∑

n∈Nin
dx(n), and

the total y-distance,
∑

n∈Nin
dy(n), where dx(n) = xmax(n) − xmin(n) and dy(n) =∑

p∈n |y(p) − y(pmid)|. Here, pmid is the pin with the ⌈|n|/2⌉-th largest y-coordinate

among pins in net n.

The ”Ratio to Total y-Distance” refers to the ratio of the total y-length of the nets

to their total y-distance. The ”Total Parallel Length (TPL)” refers to the cumulative

parallel lengths of the nets, using the average values from ”LE” as a reference. TPL

serves as a metric to assess local congestion in this research. For each group instance,

three values are provided: average (ave.), minimum (min), and maximum (max).
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5.3.2 Comparison with Conventional Methods

The results in Table 5.1 show that the UEO algorithm reduces the total y-length

(wy) by approximately 20% compared to the Left-Edge algorithm, but increases it

by 16% relative to SDG. Table 5.2 further demonstrates that UEO reduces the total

parallel length (TPL) by 85% compared to Left-Edge and 68% compared to SDG.

However, the computation times for both SDG and UEO are longer than for Left-

Edge.

The results from Tables 5.1 and 5.2 are visually summarized in Fig. 5.8(a), (b),

and (c), where it is evident that the variability in total y-length, TPL, and computation

time decreases as the number of nets increases.

Figures 5.6 and 5.7 compare the vertical wires for the ”gm-6-seed-0” benchmark

(1,000 nets) generated by Left-Edge and UEO, shown as red lines.

In Figs. 5.6(a) and (b), UEO results in a shorter vertical wire length (wy = 1, 653.3)

compared to Left-Edge (wy = 2, 045.1).

Additionally, Figs. 5.7(a) and (b) display the parallel vertical wires. Left-Edge has

319 parallel wires, while UEO has only 120. UEO also achieves a significantly reduced

total parallel length (TPL) of 9.1, compared to Left-Edge’s 63.8. These results confirm

UEO’s effectiveness in reducing both the number of parallel wires and TPL.

5.3.3 Time Complexity Analysis

Figure 5.8(c) illustrates the computation times, which are typically under one sec-

ond for smaller problem sizes, due to low-order terms or measurement limitations.

This includes cases with m = 50, 000 and m = 100, 000. However, as the problem

size increases, the computation times for larger instances become more pronounced.

Specifically, for m = 100, 000, the computation times for Left-Edge, SDG, and UEO

are approximately 13 seconds, 1,900 seconds, and 1,800 seconds, respectively.

To estimate the time complexity of each algorithm, we analyze the differences in average

computation times between m = 50, 000 and m = 100, 000. This approach yields the

following time complexity estimates: - Left-Edge: O(m2.37) - SDG: O(m2.29) - UEO:

O(m2.29)
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(a) Total y-Length (wy) (b) Total Parallel Length

(TPL)

(c) Computation time

Figure 5.8: Experimental results.

These results indicate that the UEO and SDG algorithms exhibit similar time com-

plexities, with a polynomial growth rate of approximately O(m2.29). In contrast, the

Left-Edge algorithm has a slightly higher polynomial growth rate at O(m2.37). Despite

the similar complexities between UEO and SDG, UEO demonstrates better perfor-

mance in terms of computation time for large-scale instances, with its execution time

being notably shorter than SDG’s.

In conclusion, while UEO and SDG have comparable time complexities, UEO offers

a more efficient routing solution, especially for larger problem sizes. These findings

emphasize UEO’s potential for scalability in handling more complex routing instances,

making it a viable option for large-scale VLSI designs.
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5.4 Summary

This chapter introduces the UEO (Under, Enclose, Over) routing algorithm, specifically

designed to address the unique challenges posed by routing layers with tight horizontal

capacity, commonly modeled as generalized channels. These layers present specific

constraints, particularly regarding the limited availability of horizontal tracks, which

necessitate efficient routing strategies to minimize congestion and optimize overall wire

length. The UEO algorithm provides an efficient routing solution by connecting nets

through a single-trunk Steiner tree structure, which is carefully tailored to meet these

challenges while maintaining minimal wire length. The algorithm’s design accounts for

both the spatial constraints and the need to ensure that nets are routed in a manner

that minimizes interference and congestion within the channel.

Experimental results demonstrate the efficacy of the UEO algorithm in reducing

the total parallel length (TPL), a critical metric for evaluating local congestion in rout-

ing problems. Specifically, UEO achieves a reduction of approximately 85% in TPL

compared to the Left-Edge algorithm and around 68% when compared to the SDG

algorithm. These results highlight UEO’s superior performance in managing routing

efficiency, especially within environments where horizontal capacity is constrained. By

significantly minimizing TPL, UEO not only enhances the quality of the routing solu-

tion but also reduces the potential for local congestion, a critical factor in ensuring the

performance and manufacturability of integrated circuits.

Despite the substantial improvements achieved by UEO, there remains room for

further optimization. In particular, while UEO effectively reduces congestion and wire

length, it still has opportunities to improve in terms of addressing actual local con-

gestion issues. Local congestion occurs when multiple nets share the same routing

resources, potentially leading to interference and inefficiencies in the final layout. To

further improve its performance, UEO could be enhanced to better handle these situ-

ations by incorporating dynamic routing strategies that adapt to changing congestion

levels during the routing process. Moreover, refining the algorithm to be more flexible

and adaptable to a broader range of design constraints, such as varying track densi-

ties, technology-specific restrictions, and noise considerations, could further extend its

applicability to real-world VLSI design challenges.

Potential improvements to UEO could also involve integrating additional routing
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strategies, such as multi-path routing or adaptive track assignment techniques, which

may allow the algorithm to more effectively address complex scenarios where multiple

routing layers and varying degrees of congestion must be managed simultaneously.

Further optimization could also focus on improving the algorithm’s scalability to handle

larger, more complex routing tasks, as well as reducing its computational overhead in

high-density environments.

In conclusion, the UEO algorithm demonstrates significant promise as a founda-

tional tool for advanced chip designs, particularly in the context of emerging three-

dimensional (3D) integration techniques in VLSI systems. As the demand for more

compact and efficient circuit layouts grows with advances in chip manufacturing tech-

nologies, UEO’s ability to efficiently manage complex routing scenarios and minimize

congestion will make it a valuable asset for the ongoing evolution of VLSI technology.

Its application in 3D IC design, where the need for efficient routing is amplified by the

increased number of layers, positions it as a key technology in the development of next-

generation chip designs. Ultimately, the advancements enabled by UEO could pave the

way for more efficient, reliable, and compact circuit layouts, driving innovation in VLSI

systems and contributing to the continued progress of semiconductor technology.
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Chapter 6

Conclusion

This research addresses the challenges associated with routing design in three-

dimensional (3D) integrated circuits, specifically focusing on the critical routing layers

of advanced chips. The proposed strategies significantly enhance routing efficiency and

effectiveness, particularly for high-performance and low-cost applications.

To tackle the challenges in critical routing layers, this research models the rout-

ing problem in generalized channels, which we refer to as the Generalized Channel

Routing Problem (GCRP). Due to the tight horizontal capacity inherent in GCRP, a

versatile routing framework, the Greedy Routing Framework with Guarantee (GRFG),

is introduced. GRFG ensures the minimization of track usage while achieving vari-

ous objectives such as minimizing total wire length and reducing local congestion. To

further minimize vertical wire length in GCRP, the BCA channel routing algorithm

is proposed for two-pin nets, followed by the Symmetric Difference General (SDG)

channel routing algorithm for multi-pin nets. The SDG algorithm reduces vertical wire

length by approximately 30%-50% compared to the Left-Edge algorithm. Additionally,

the UEO channel routing algorithm is introduced to alleviate local congestion, achiev-

ing an 85% reduction in local congestion compared to the Left-Edge algorithm and a

68% reduction compared to SDG.

The methods and strategies proposed in this thesis have broad applications in 3D

IC design, paving the way for more efficient routing algorithms and design automation

tools. These strategies contribute to the advancement of 3D IC implementation and

have significant implications for both engineering and industrial applications.
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Future work will explore additional constraints and refine these methods to im-

prove their applicability and effectiveness in practical design scenarios, further enhanc-

ing their role in modern chip design.
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