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Abstract

This dissertation proposes optimization-based methods for estimating time-varying sig-
nals over dynamic graph topologies by leveraging graph signal processing and proximal
splitting techniques. With the increasing demand for sophisticated data analysis across
various applications, the importance of effective data collection and utilization has under-
gone significant transformation. Extracting meaningful information from collected data is
crucial for enhancing conventional analyses and enabling unprecedented data utilization.

Time-varying signal processing focuses on extracting temporal relationships within
data, while graph signal processing leverages spatial relationships by interpreting data
points as nodes in a graph. By combining these techniques, time-varying graph signal
processing has emerged as a promising framework for handling data that can be rep-
resented as time-varying graph signals, with applications in environmental monitoring,
traffic optimization, finance, and more.

While data-driven methods—particularly those based on machine learning—are in-
creasingly common for handling complex data structures, they have notable drawbacks.
They often require large amounts of training data, which may be infeasible in domains
like environmental monitoring, where data collection is expensive. Additionally, their
black-box nature can limit transparency and interpretability.

To address these challenges, we focus on an optimization-based approach suitable
for limited time-varying graph signal data—one that does not require extensive train-
ing datasets and maintains high interpretability. Conventional optimization-based meth-
ods for time-varying graph signal processing have primarily assumed static graph topolo-
gies. However, in applications involving mobile sensor networks—such as sensor-equipped
drones or vehicles—it is more realistic to assume that the network topology changes over
time.

Accordingly, this dissertation proposes time-varying graph signal estimation methods
over dynamic graph topologies using proximal splitting techniques. We demonstrate the
effectiveness of dynamic graph assumptions over static ones in both physical and non-
physical sensing domains, namely environmental monitoring and finance.

In Chapter 3, we introduce a time-varying graph signal recovery method capable of
handling graph signals corrupted by various types of noise. With advancements in mo-
bile devices equipped with high-quality sensors, using networks of such devices for sensing
has become practical. Consequently, methods to recover such signals from various types
of noise and corruption have become increasingly important. Upon considering network
signal recovery, we leverage graph signal processing to effectively utilize the information
inherent in the network topology. Unlike conventional methods that assume static graphs,
we consider dynamic network topologies, which are more appropriate for mobile device
networks. Our proposed method effectively leverages the network’s dynamics by formu-
lating an optimization problem under the assumption that the graph is time-varying. In
addition to leveraging priors in the vertex domain, we also utilize priors in the temporal
domain to enhance recovery performance. The proposed formulation can handle Gaussian
noise, sparse noise, and missing values, making the method highly robust to corruption.
We then solve the problem using a primal-splitting-based algorithm. We evaluate the
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proposed method on both a synthetic dataset and a real-world dataset to show the effec-
tiveness of dynamic graph representations over static graph representations in time-varying
graph signal recovery.

In Chapter 4, we propose a sparse index tracking method that leverages market graphs
to reduce investment risk. Financial indices like the S&P 500 and NASDAQ 100 are known
for their stable growth and are attractive investment targets. However, investing directly
in an index requires distributing capital across all its constituent assets, and the true
weighting schemes used by index providers are often unknown. Investors must, therefore,
construct their own portfolios to track the performance of the target index.

Ideally, the portfolio should be sparse to reduce transaction costs. Conventional meth-
ods impose sparsity using ¢1-norm regularizations, but these methods lack the ability to
precisely control the number of nonzero weights in the portfolio. We introduce a sparse in-
dex tracking method based on an £yp-norm constraint, allowing easy control of the number
of nonzero weights by adjusting a single parameter. Furthermore, to mitigate risks associ-
ated with concentrated investments, we impose market graph neutrality in our formulation
to diversify the investment. We represent relationships among assets using a market graph
and apply graph clustering to partition them into groups. Our tracking method distributes
capital across all groups, effectively dispersing investments and helping investors avoid the
risks of concentrated portfolios. By reconstructing the groups frequently, we effectively
capture the dynamics of the market graph in our method.
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Chapter 1

Introduction

In this chapter, we will introduce the motivations for using proximal splitting optimization
based on graph signal processing to estimate time-varying graph signals over dynamic
graph topologies. This chapter will also establish the general objective of this Ph.D. study
and clarify the contributions of this study with its outline.

1.1 Background

Time-varying signal processing is a fundamental instrument for extracting temporal rela-
tionships within data to enhance signal estimation. Many approaches and methods have
been researched in the area to handle a wide variety of problems and data, e.g., the
moving-average method for market analysis [6,90], spectral analysis for speech process-
ing [83], the Kalman filter for tracking [22,80], and the autoregressive model for time-series
prediction (3], etc.

However, in light of recent advancements in sensor technology, data collected from
sensors are often spatially distributed, and the spatial relationships between data points are
essential for understanding the data. In the realm of physical sensing, a network of sensors
has been deployed to monitor environmental changes [59,/63|72], traffic conditions [34}/110],
and other phenomena. In the realm of non-physical sensing, SNS analysis [56] and financial
analysis [8,[18] are some examples where the data points can be distributed unevenly
in their respective spaces, which can be interpreted as spatial relationships. Utilizing
information inherent in these spatial relationships along with the temporal relationships
is essential for understanding the data and performing effective estimations.

Upon leveraging the spatial relationships between data points, graph signal processing
[69,/87,/92] has emerged as a powerful tool for analyzing data. While conventional signal
processing mainly targets data with regular structures, e.g., image processing that targets
spatially regular data and speech processing that targets temporally regular data, graph
signal processing can handle data with irregular structures, such as data observed on a
network of sensors unevenly distributed in space, using edges and weights to represent the
relationships between the data points. By interpreting signals with spatial relationships as
graph signals and a time series of such signals as time-varying graph signals, time-varying
graph signal processing has emerged as a promising framework for handling data that
included complex spatial and temporal relationships. Graph signal processing can also be
interpreted as a fusion of graph theory and signal processing, where graph theory is used
to represent the spatial relationships (graph structure) of the data, and signal processing
is used to analyze the data or signal itself. Graph signal processing fuses the two and
handles signals that are defined on the vertices of the graph.

There are two fundamental approaches when applying time-varying graph signal pro-
cessing: learning-based and optimization-based approaches. The learning-based approach



learns graph neural network models to capture the spatial and temporal relationships
of the data and then uses them for analysis [42,48,|101]. For instance, graph convolu-
tional networks (GCNs) have been extended to handle time-varying data by incorporating
recurrent or attention mechanisms, leading to architectures such as graph attention net-
works (GATSs) and spatio-temporal graph neural networks [97,106]. These methods excel
at learning complex nonlinear relationships in dynamic data, making them particularly
effective for applications like traffic flow prediction, social network evolution analysis,
and temporal anomaly detection. However, the learning-based approach requires a large
amount of training data to effectively train models, which is often unavailable in many
applications. For example, when considering data observed on a sensor network, the data
collection is often expensive due to the cost of deploying a large number of sensors and
maintaining a large number of sensors. Furthermore, because the training of GNN models
is often specific to each graph topology and its characteristics, transferring these trained
models to other datasets can be difficult.

On the other hand, the optimization-based approach has been studied as a powerful
tool that can handle a wide range of problems and data without the need for a large amount
of training data. In the optimization-based approach, the estimation tasks are formulated
as optimization problems, and then the estimation results can be obtained by solving
the optimization problems using optimization algorithms [38,85]. By incorporating prior
knowledge, such as spatial and temporal priors, signal corruption models, etc., into the
optimization problems, the optimization-based approach can provide effective estimation
results without having to extract such information by training with a large amount of
data.

Optimization problems that leverage numerous priors are often highly complex and
composed of a wide variety of regularizations and constraints that are not necessarily
differentiable. Due to the often non-differentiable nature of these problems, closed-form
solutions or simple gradient-based optimization algorithms cannot be used. To this end,
proximal splitting optimization algorithms have been applied in many studies to effectively
handle and solve such complex and non-differentiable problems.

1.2 Prior Arts

In the context of time-varying graph signal processing, there are two important steps to
effectively leveraging the spatial priors of the data: the preparation of the graph topology
and the incorporation of that topology into the optimization problem.

1.2.1 Graph Construction

In graph signal processing, graphs are used as the mathematical representation of the
spatial relationships between data points. Each data point is represented as a vertex in
the graph, and the relationships between the nodes are represented as edges with weights.
The construction of a graph that accurately reflects the spatial relationships of the data is
essential for effective analysis. Similarly to the two approaches to time-varying graph signal
processing, the preparation of the graph topology can be divided into two approaches,
namely, learning-based and algorithm-based approaches.

In the learning-based approach [35,47,84], the graph topology is learned from the data
to construct a graph that exhibits desirable traits for later use in graph signal processing.
For example, in physical sensing scenarios, graph topologies are often used to leverage sig-
nal smoothness priors in the spatial (vertex) domain to denoise corrupted data; therefore,
graphs that can house the observed data smoothly are often constructed. However, this
often falls into a chicken-and-egg problem since the graph is desired to estimate the cor-



rupted data, but it must be constructed from the already-denoised data. To handle this
problem, some studies have proposed methods to learn the graph from corrupted data
by simultaneously estimating the true data. Despite this problem, the learning-based
approach can deliver graphs that are tailored to the data and can be effective in many
scenarios.

On the other hand, algorithm-based graph construction methods have been widely used
in many studies for their simple implementations and relatively accurate approximations of
the true graph. Some examples that are used in physical sensing are the k-nearest neighbor
method, where the k-nearest neighbors of each data point are connected with edges, and
the e-radius method, where data points within a certain distance (¢) are connected with
edges. After the edges are defined, the weights of the edges are often defined by the
distance of the data points, e.g., the inverse of the distance or the Gaussian kernel of
the distance (physical coordinates of the sensors are often paired with the observations in
physical sensor network data).

1.2.2 Leveraging Graph Topology

Once the graph topology is constructed, it becomes a powerful tool for graph signal es-
timation by directly incorporating spatial relationships into data processing algorithms.
Conventional studies often leverage the graph topology to promote the smoothness of the
signal across the graph. This approach is based on the assumption that connected vertices
are likely to have similar signal values, which holds true in many physical sensing scenarios
where measurements at nearby locations are correlated [92].

One common method is to utilize the graph Laplacian, a matrix representation that
encapsulates the connectivity and edge weights of the graph. By incorporating the graph
Laplacian into optimization frameworks, researchers impose smoothness constraints on the
estimated signals. This is achieved by penalizing large differences between signal values
of connected vertices, effectively suppressing noise while preserving the intrinsic structure
of the data [32]. Such regularization techniques enhance the signal quality by aligning the
estimated signal with the underlying graph topology.

Another vertex-domain approach is total variation minimization on graphs, which
aims to reduce the total variation of the signal over the graph. This method balances the
need for smoothness with the preservation of important features, such as edges or abrupt
changes in the signal |21]. For time-varying signals, this approach can be extended by
incorporating temporal total variation, promoting smoothness not only across the graph
but also over time.

In the context of time-varying graph signals, where the signal values change over time,
leveraging the graph topology becomes even more crucial. A notable example is the
work by [85], who proposed a method for reconstructing time-varying graph signals by
incorporating both spatial and temporal smoothness. Their approach models the time-
varying signal as a sequence of graph signals and employs a joint optimization framework
that enforces smoothness over the graph at each time instance as well as smoothness over
time. This method effectively captures the dynamic nature of the signals while leveraging
the underlying graph structure, leading to improved estimation and denoising performance.

1.3 Limitations of Existing Methods

As mentioned in the previous section, constructing the graph and incorporating it into the
optimization problem to leverage spatial priors jointly with temporal priors is essential
for effective time-varying graph signal processing. This framework allows us to effectively
handle complex data structures and relationships and can be applied to a wide range of



applications, such as environmental monitoring, traffic optimization, and financial analysis.
However, the existing methods have several limitations that hinder their effectiveness in
handling complex data structures and relationships.

Existing time-varying graph signal estimation methods are mostly established based
on the assumption that the graph topology is static over time. This is due to the con-
ventional sensing scheme where the sensor networks were often fixed, e.g., a network of
climate observatories. However, in light of recent developments in sensor downsizing and
mobile devices that can house such sensors (e.g., smartphones, drones, 3D tracking suits),
the assumption of a static graph topology has become unrealistic in many cases. For
example, in environmental monitoring, drones equipped with various sensors are often
used to monitor environmental changes. In such a scenario, the network composed of
drones is constantly moving, causing the network topology to change over time as well. In
non-physical settings, for example, SNS analysis and financial analysis, the graph is often
defined in correspondence to the signals, in which case the graph should be updated as
the signals change over time.

When considering time-varying graph signal estimation on a dynamic graph, existing
methods often involve applying the conventional static-graph-based methods or disregard-
ing the temporal priors and applying spatial-prior-based methods to individual time in-
stances. Both cases fail to effectively leverage the dynamics of the graph topology, leaving
substantial room for improvement in estimation performance.

In the realm of learning-based approaches, a Graph Convolution Network (EvolveGCN)
[79] has been proposed as an extension of GCNs that can handle dynamic graphs by updat-
ing the GCN parameters over time using recurrent neural networks. This allows the model
to adapt to changes in the graph structure while learning from evolving signals. However,
like conventional learning-based methods, this method also requires a large amount of
training data to train the model effectively, and because the model is trained on specific
datasets or graph types, transferring it to other datasets or graph types is often difficult.
For example, in environmental monitoring or surveillance applications that use drones and
satellites for data collection, the collection process is often expensive, and the data is often
limited, making it difficult to train the model effectively. In financial domains, training
models with historical data is often difficult due to the non-stationarity of the data and
often failure to generalize to future data.

The concept of graph signal processing is relatively new in the signal processing domain,
and time-varying graph signal processing is even more recent. The idea and application
of time-varying graph signal processing on dynamic graphs is still in its infancy.

1.4 General Objective of This Study

In this dissertation, we propose optimization-based methods for estimating time-varying
signals over dynamic graph topologies by leveraging graph signal processing and proximal
splitting techniques. The discussion in the previous section brings us to the following
research question: How can we exploit the dynamics of the graph topology to enhance
time-varying graph signal estimation in situations where the underlying graph topologies
are explicitly dynamic? To this end, we take the following approaches.

First, we construct a time-varying graph that can reasonably approximate the true
dynamic graph. In doing so, we disregard overly sophisticated methods and focus on simple
algorithms like the k-nearest neighbor method. Complex graph construction methods often
require large amounts of data or uncorrupted data for accurate graph construction, which
is often unavailable in realistic applications.

Next, we use the constructed graph to effectively leverage the spatial relationships of
the data in the optimization problem. Unlike conventional methods, we utilize the dynamic



graphs so that the graph signals at each time instance are estimated in correspondence
with the graph of that time instance. Furthermore, the temporal priors of the data are
jointly leveraged in the optimization problem. Finally, we solve the optimization problem
using proximal splitting optimization algorithms, which are effective in handling complex
and non-differentiable problems. Since the methodology of leveraging these priors can
greatly differ depending on the application, we explore various tasks and applications to
demonstrate the effectiveness of the proposed methods.

This dissertation is organized as follows. First, Chapter 2 provides mathematical pre-
liminaries for convex optimization and graph signal processing, which form the basis of the
proposed methods. Next, Chapter 3 and Chapter 4 explore the possibilities of applying
time-varying graph signal estimation over dynamic graphs to various tasks and applica-
tions. Chapter 3 focuses on physical sensing applications (i.e., environmental monitoring),
while Chapter 4 expands the scope to non-physical sensing applications (i.e., financial
analysis). The details are as follows.

e Chapter 3: We introduce a time-varying graph signal recovery method capable of
handling graph signals corrupted by various types of noise. With advancements in
mobile devices equipped with high-quality sensors, using networks of such devices for
sensing has become practical. Consequently, methods to recover such signals from
various types of noise and corruption have become increasingly important. In consid-
ering network signal recovery, we leverage graph signal processing to effectively uti-
lize the information inherent in the network topology. Unlike conventional methods
that assume static graphs, we consider dynamic network topologies, which are more
appropriate for mobile device networks. Our proposed method effectively leverages
the dynamics of the network topology by formulating an optimization problem based
on the assumption that the graph is time-varying. In addition to leveraging priors
in the vertex domain, we also leverage priors in the temporal domain to enhance
the recovery performance. The proposed formulation is generalized to accommodate
a wide variety of regularization terms, allowing us to explore the effects of these
terms on various data types. The proposed formulation can also handle Gaussian
noise, sparse noise, and missing values, making the proposed method highly robust
to corruption. We then solve the problem using a primal-splitting-based algorithm.
We evaluate the proposed method on both a synthetic and a real-world dataset to
demonstrate the effectiveness of the dynamic graph representation over static graph
representation in time-varying graph signal recovery. We also discuss the effects of
the various regularization terms on estimation performance.

e Chapter 4: We propose a sparse index tracking method that leverages market graphs
to reduce investment risk. Financial indices like the S&P 500 and NASDAQ 100 are
known for their stable growth and are attractive investment targets. However, in-
vesting directly in an index requires distributing capital across all its constituent
assets, and the true weighting schemes used by index providers are often unknown.
Investors must, therefore, construct their own portfolios to track the performance
of the target index. Before introducing the market graph, we first propose a novel
sparse index tracking method that will serve as the basis of the proposed market
graph-based method. Ideally, the portfolio should be sparse to reduce transaction
costs. Conventional sparse index tracking methods impose sparsity using ¢;-norm
regularization, but these methods lack the ability to precisely control the number
of non-zero weights in the portfolio. We introduce a sparse index tracking method
based on an fyp-norm constraint that allows easy control of the number of non-zero
weights by adjusting a single parameter. Based on the introduced method that
uses the fp-norm, we propose a sparse index tracking method that can mitigate risk



associated with concentrated investments by imposing market graph neutrality in
our formulation to diversify the investment. Conventional methods use fixed sec-
tors to diversify the investment. On the other hand, we represent the relationships
between assets using a market graph and apply graph clustering to partition them
into groups. Our tracking method distributes capital across all groups, effectively
dispersing investments and helping investors avoid the risks of concentrated portfo-
lios. By reconstructing the groups frequently, we effectively reflect the dynamics of
the market graph in our method. We evaluate the proposed method on real-world
financial datasets to demonstrate its improvements over existing methods.

In Chapter 5, we conclude the dissertation by summarizing the results obtained in the
earlier chapters and giving an outlook on future research directions.



Chapter 2

Preliminaries

In this section, we present the notation, definitions, and fundamental concepts in linear
algebra and convex optimization that will be used throughout this dissertation. Our goal
is to provide a self-contained reference, emphasizing properties that will be crucial in the
subsequent analyses and algorithmic developments. By elaborating on these foundational
elements, we aim to enhance understanding and ensure clarity for readers who may not
be familiar with all aspects of the subject matter.

2.1 Notation and Conventions

We work in finite-dimensional Euclidean spaces throughout this dissertation. Let R™
denote the n-dimensional real vector space. We adopt the following notational conventions:

e Vectors and Matrices: Bold lowercase letters (e.g., x € R™) denote vectors,
and bold uppercase letters (e.g., A € R™*") denote matrices. For a vector x =

(z1,22,...,2y), its components are denoted by z; for i« = 1,...,n. For a matrix
A = [A;;] € R™*" the element in the i-th row and j-th column is denoted by A;;
or [A]z]

e Zero Vectors and Matrices: The symbol 0 denotes zero vectors or zero matrices
of suitable dimensions; the specific dimension will be clear from the context.

e Identity Matrix: The identity matrix in R™*" is denoted by I,, or simply I when
the dimension is clear from the context.

Matrix and Block Matrix Representations

It is often convenient to represent matrices in block form, especially when dealing with
structured problems. Suppose A € R™*" is partitioned into blocks A;; € R™*" where
the row and column dimensions satisfy Y 7, m; = m and 2321 n; = n. Then we can
write A as:

(A1 A - Ay
A Az -+ Ay,

A =[Ajh<i<pigi<a=| |- (2.1)
_Apl Ap2 qu_

Block matrix representation is particularly useful in simplifying computations, exploit-
ing sparsity, and understanding the underlying structure of linear transformations.



Transpose and Diagonal Structures

Transpose: For a matrix A € R™*", the transpose AT € R™*™ is defined by
[AT];i = Ay, fori=1,....m;j=1,...,n. (2.2)

The transpose operation reflects the matrix across its main diagonal, interchanging rows
and columns.

Diagonal Matrices: A diagonal matrix is a square matrix where all off-diagonal ele-
ments are zero.

Given a vector x = (x1, 9, ..., 2, ), the corresponding diagonal matrix is
(¢ 0O - 0]
0 x9 -+ 0
diag(x) :== | - (2.3)
i 0 O T |

2.1.1 Selected Elements in Linear Algebra

Difinition 1 (Inner Product). The inner product is a fundamental operation that gen-
eralizes the dot product to higher dimensions and is central to many concepts in linear
algebra.

1. Vectors: For two vectors x1,x9 € R", their inner product is defined as

n

<X1,X2> = Z[Xl]i[XQ]i = XIXQ. (2.4)

i=1
This operation measures the degree of alignment between two vectors.
2. Matrices: For matrices X1, Xy € R™*™  their inner product is defined by
n m
(X1, Xg) 1= > [Xu]i;[Xali; = Tr(X] Xy). (2.5)
i=1 j=1

The inner product for matrices extends the concept to higher dimensions and is
essential in deriving many matrix-related properties.

Difinition 2 (Norms Induced by Inner Product). Norms provide a measure of the size or
length of vectors and matrices.

Vector Norms: The ly-norm (Euclidean norm) of a vector x € R", induced by the
inner product (2.4), is defined as

[1x[l2 == /(x, %) =

This norm measures the length of the vector in Euclidean space.



Matrix Norms: The Frobenius norm of a matrix X € R"*™  derived from the inner

product ([2.5)), is defined by

1X][[F == V(X,X) = (2.7)

This norm is analogous to the Euclidean norm for vectors and provides a measure of the
magnitude of a matrix.

2.2 Proximal Tools and Algorithms

Proximal operators and algorithms are powerful tools in convex optimization, particularly
for problems involving non-smooth functions. They generalize the concept of projections
and play a central role in designing efficient algorithms.

2.2.1 Proximity Operators

Difinition 3 (Proximity Operator). For a function f € I'o(R") and a parameter v > 0,
the prozimity operator of f is the mapping prox,; : R™ — R" defined by

proc () i= argmin { (3) + 5y - x| (2.9
yER” i
The proximity operator can be interpreted as a generalized projection that balances prox-
imity to x and the function value of f. It is a central concept in proximal algorithms for
optimization.
If the proximity operator prox.; can be computed efficiently, we say that f is proz-
1mable.

Proposition 2.2.1 (Moreau’s Identity). For a function f € To(R™) and v > 0, the
following identity holds between the proximity operators of f and its Fenchel conjugate f*:

Prox, « (x) = x — ’}/pI’OX%f (%) . (2.9)
Moreau’s identity provides a valuable relationship that allows computation of one proximity
operator from another and is often used in algorithm derivations.

Example 1 (Proximity Operator of the ¢;-Norm). Let f(x) = ||x]|1, the ¢;-norm, and
~v > 0. The proximity operator of vf corresponds to the soft-thresholding operation. For
each component j =1,...,n,

[prox, ¢ (x)]; = sign(z;) max{|z;| - ~,0}.

Here, sign(z;) denotes the sign of x;, which is 1 if ; > 0, —=1 if z; < 0, and 0 if z; = 0.
The soft-thresholding operator shrinks the components of x towards zero by =, setting
them to zero if they are within « of zero. This operation is fundamental in algorithms for
sparse recovery and regularization.

Difinition 4 (Metric Projection onto a Closed Convex Set). For any nonempty closed
convex set C' C R"™, the metric projection onto C is the mapping Po : R” — C defined by

Po(x) := argmin ||x — y|2. (2.10)
yeC

This means that P (x) is the closest point in C' to x with respect to the Euclidean norm.
In the context of convex sets, the projection is unique and nonexpansive, making it a
valuable tool in optimization algorithms.



Example 2 (Proximity Operator of an Indicator Function). For f = ¢, the indicator
function of a closed convex set C' C R"™, the proximity operator reduces to the metric

projection onto C"
prox,, . (x) = Po(x), Vy>0. (2.11)

This means that the proximity operator of the indicator function is independent of v and
is simply the closest point in C' to x. This relationship bridges the concepts of projections
and proximal operators.

2.2.2 Primal-Dual Splitting Methods

Primal-dual splitting methods are iterative algorithms designed to solve convex optimiza-
tion problems that involve both differentiable and non-differentiable functions, as well as
operations involving given matrices. These methods enable decomposing complex prob-
lems into simpler, more manageable subproblems.

Consider the convex optimization problem:

min fi(w) + fo(w) + f5(Au), (212)

where:

e f1:R" — R is differentiable with a S-Lipschitz continuous gradient, i.e., ||V f1(x) —
VA2 < Blx = yllz for all x,y € R™.

o fo € I'o(R™) is a proximable convex function.
o f3 € I'o(R™) is a proximable convex function defined on R™.
e A € R™ ™ ig a given matrix.

The presence of non-differentiable functions and a matrix transformation Au can pose
challenges in direct optimization. Primal-dual splitting methods address this by maintain-
ing a pair of variables that represent the primal and dual problems, respectively.

A typical primal-dual splitting iteration generates sequences {u(i),v(i)}izo according
to:

ult = Prox., r, (u(i) -MN (Vfl(u(i)) + ATV(i))) ) (2.13)
vt — ProX.,, f= (v(i) + ’YQA(QU-(HD - u(i))) ) (2.14)

where 71,72 > 0 are step sizes and f3 is the Fenchel conjugate of f3.

These updates alternate between the primal variable u and the dual variable v, lever-
aging proximal operators to handle non-differentiable terms. Under appropriate con-
ditions—such as convexity, lower semicontinuity, and properness of the involved func-
tions—along with suitable choices of the step sizes (which depend on 8 and the norm of
the matrix A), these iterations converge to a solution of the original problem.

PDS has played a central role in various signal estimation methods, e.g., [13,25,51,67,
74},75,093,|105]. A comprehensive review on PDS can be found in [28}50].

2.3 Fundamentals of Graph Signals

Difinition 5 (Graph and Graph Signals). Let G = (V,&,w) denote an undirected,
weighted graph:

e V={1,2,...,n} is the set of n vertices (nodes).
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o £ CV xV is the set of edges, representing connections between nodes.

o w: & — Ry is a weight function assigning a nonnegative weight w;; to each edge
(i,7) € &, quantifying the strength of the connection.

We assume that the graph is undirected, meaning that if (i,7) € &, then (j,i) € &,
and that there are no self-loops (edges from a node to itself) or multiple edges between
the same pair of nodes.

A graph signal is a function defined on the vertices of the graph, represented as a
vector x € R™. Each entry z; corresponds to the signal value at vertex i € V. Graph
signals generalize classical signals by considering data that is indexed by nodes in a graph
rather than time or spatial coordinates.

Difinition 6 (Adjacency and Degree Matrices). The structure of the graph G can be
represented algebraically using matrices:
Adjacency Matrix: The adjacency matric W € R™ "™ encodes the connectivity and
weights of the graph:
Wi, if (Zvj) Ega
Wij = (2.15)
0, otherwise.

Since the graph is undirected and has no self-loops, the adjacency matrix is symmetric
(Wi; = Wj;) and has zeros on the diagonal (W;; = 0).
An explicit representation of W is:

Degree Matrix:

0 Wi Win
War 0 Wan

W = (2.16)
_Wnl Wn2 0 i

The degree matriz D € R™™™ is a diagonal matrix reflecting the total

connection strength of each node:

n
Dii =Y Wy, and Djj=0fori#j.
j=1

(2.17)

This means that each diagonal entry D;; represents the sum of the weights of all edges
connected to node i.
An explicit representation of D is:

'D11 0o - 0 ]
0 Doy 0
D = diag(D11, D22, ..., Dpy) = (2.18)
|0 0o .- Dnn_

Difinition 7 (Graph Laplacian). The graph Laplacian is a central operator in GSP, cap-
turing the interplay between graph structure and signal variation.
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Standard Graph Laplacian: The Laplacian matrix L € R"*" is defined as
L:=D-W. (2.19)

This operator encapsulates the connectivity and weights of the graph, penalizing differ-
ences between connected nodes.
Alternatively, the entries of L can be expressed as

D,  ifi=j,
0, otherwise.

This formulation highlights how each off-diagonal entry accounts for the negative connec-
tion between nodes ¢ and j, while diagonal entries represent the ”degree” of each node.
An explicit representation of L is:

[ Dy —Wig oo =W,
—Wa1 Doy -+ =Wy,

L-| . e (2.21)
—V¥nl _WnQ e Dnn i

The graph Laplacian L is symmetric (L = L") and positive semidefinite, meaning that
for any x € R",
x'Lx > 0. (2.22)

This property is essential in defining notions of smoothness and variation of graph signals.

2.3.1 Graph Signal Smoothness

A key concept in GSP is the smoothness of a graph signal with respect to the underlying
graph structure.

A graph signal x € R” is considered smooth if neighboring nodes (connected by edges
with large weights) have similar signal values. In other words, the signal exhibits minimal
variation across edges with strong connections.

Graph Laplacian Quadratic Form: The smoothness of a graph signal can be quan-
titatively measured using the graph Laplacian quadratic form:

XTLX = Z Z m](.%@ — xj)2 = Z W,LJ(ZL‘,L - J}j)Q. (223)
=1 j=1 (3,7)€E

This expression sums the squared differences between signal values at connected nodes,
weighted by the edge weights. A smaller value indicates a smoother signal over the graph.

Total Smoothness for Multiple Signals: For a collection of m graph signals, repre-

sented as columns of a matrix X = [X1, X2, ..., X;,] € R™™ the total smoothness is given
by
m
3 x/Lx, = Tr (XTLX) . (2.24)
t=1

Here, Tr(-) denotes the trace of a matrix. This expression measures the aggregate smooth-
ness across all signals in X.
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Application in Signal Recovery: In optimization-based signal recovery, promoting
signal smoothness can improve reconstruction from noisy or incomplete observations. For
example, recovering a time-varying graph signal X from observations Y = ®(X) + N,
where N represents additive noise and & is a masking operator, can be formulated as the
optimization problem

: T a V2
Xérﬂélnnmer (X LX) + 5 IX-Y|5%, (2.25)

where o > 0 is a regularization parameter balancing the smoothness term and data fidelity.

Remark 2.3.1. The optimization problem ([2.25)) aims to find a signal X that is both smooth
over the graph (minimizing Tr(X"LX)) and close to the observed data Y (minimizing
[X — Y||%). The parameter a controls the trade-off between these two objectives.

Example 3 (Graph Total Variation). An alternative measure of signal variation is the
graph total variation (GTV), defined as

TVe(x) = Y Wilzi — ], (2.26)
(4,9)€€

Unlike the Laplacian quadratic form, which uses squared differences, the GTV uses abso-
lute differences, making it more robust to abrupt changes or discontinuities in the signal.

The GTV promotes piecewise smoothness and is particularly useful in applications
where preserving edges or sharp transitions is important, such as image denoising on
graphs or community detection.
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Chapter 3

Robust Time-Varying Graph
Signal Recovery for Dynamic
Physical Sensor Network Data

3.1 Introduction

The concept of a graph signal, defined by signal values observed on the vertex set V of a
graph G, has been intensely researched as an effective approach to representing irregularly
structured data. Conventional signal processing is based on spatially or temporally regular
structures (e.g., images and sounds), and thus, the relations between signal values are also
regular, which provides no further information for us to leverage. On the other hand, graph
signal representations and graph signal processing [69,[87,92] explicitly represent relations
between signal values with vertices and weighted edges, which we can exploit as priors in
the vertex domain. Irregularly structured data such as traffic and sensor network data,
geographical data, mesh data, and biomedical data all benefit from such representation.

Following the history of conventional signal processing, recovering the true graph sig-
nals from often corrupted observations is a necessity in processing the data for further use.
Many algorithms have been proposed to address the problem, most methods based on ei-
ther the vertex [10,19,[29,[31.|77] or the graph spectral domain [20,66L(78]. These methods
are proposed to exploit the smoothness of the signals on the vertex domain. Graph signals
are smooth when the signal values of two vertices connected by edges with large weights
are similar. Such traits can often be observed on various real-world graph signals, such as
temperature data observed on a network of sensors where the edges represent the physical
distances of the sensors. Sensors that are close by would be connected by edges with large
weights and would also most likely observe similar temperatures, which gives us a smooth
graph signal.

Although leveraging the graph signal smoothness can successfully recover the true
signals, these methods ignore the temporal domain. In real-life scenarios, many of the
above-mentioned data can easily be sampled continuously to form time-coherent data, and
therefore, priors based on the temporal domain should be effectively utilized to improve
recovery results.

3.1.1 Related Work

Several time-varying graph signal recovery methods have been discussed to leverage signal
smoothness priors in the temporal domain together with that of the vertex domain.

The earlier studies involve filtering and the Fourier transform of product graphs [88].
The more recent studies include spectral-based approaches like Joint time-vertex Fourier
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Table 3.1: The Feature of Time-Varying Graph Signal Recovery Methods

Method Spatial Temporal correlations — Sparse Topology Temporal signal Data fidelity Algorithm
correlations  Graph Signal outliers regularization
JFT [39] O X O X Known  (Spectral Filtering) (Spectral Filtering)  Off-line
TGSR |[85] O X O X Known Quadratic Cost Function Off-line
GTRSS |[38] O X O X Known Quadratic Cost Function Off-line
LRGTS |57 O X O X Known Quadratic Constraint Off-line
DLSRA |44 O X O X Known Quadratic Cost Function On-line
DAMRA [44] O X O X Known 0 Cost Function On-line
OLTVSG |[89] O A VAN X Unknown Quadratic Cost Function On-line
KKF [86] O O O X Known Quadratic Cost Function On-line
Proposed O O O O Known Quadratic or ¢; Constraint Off-line

transform (JET) [39,60,81] and vertex-domain-based approaches that leverage smoothness
on the vertex and temporal domains [38,49,64,[85]. JFT jointly applies the Fourier trans-
form to both the temporal direction and vertex direction to fully leverage the priors of
the two domains. In [49,85], the formulation is based on leveraging the smoothness of the
temporal difference signal on the underlying graph, which effectively utilizes both domains
for the signal recovery. This is generalized in [38] by leveraging the Sobolev smoothness
of the time-varying graph signals. Low-rank-based methods [57] further enhance recovery
performance by leveraging the low-rankness of the time-varying graph signals. Further-
more, distributed algorithms [44] have been proposed to avoid costly computations like
eigenvalue decomposition and matrix inversion. Other than optimization-based methods,
graph-neural-network-based methods [16,[17] have also been proposed as a more data-
driven approach to time-varying graph signal recovery.

Generally speaking, time-varying graph signal recovery methods are often discussed
under the assumption that the underlying graph is static, especially in cases of physical
sensing. This is because, in practical applications, the graph (the weights of the edges) is
pre-defined heuristically, usually by a Gaussian kernel of spatial coordinates. Whether the
graph represents a geographical network, or a cranial nerve system, or any other physical
network, as long as the physical coordinates of the vertices are static, the graph is also
static. Therefore, very little work has been done in the area of time-varying graph signal
recovery on a dynamic graph topology.

However, in the context of graph learning [35./47,[84], where graphs are learned from
the graph signals, it is much more natural to expect the graphs that house time-varying
graph signals to be dynamic, just like the signals |[103]. Under the assumption that dy-
namic graphs are better representations of the underlying structures that time-varying
graph signals are observed on, some recovery methods have been proposed to exploit the
dynamics of the graphs [86,[89].

The authors in [89] proposed a method to estimate time-varying graph signals while
also estimating dynamic graphs, which are unknown, based on an online strategy to keep
track of the temporal variation of both the graph and the graph signal. In [86], a space-time
kernel is proposed as an extension from kernel-based methods on static graphs [36,98.99| to
leverage both domains on a graph extended in the vertex domain to represent the temporal
domain. Although these methods allow an online estimation of the graph signals, they
force the following trade-offs to their formulations in order to consider online estimation:
The inability to capture the global temporal correlations in [89] and the limitation to
quadratic costs to adopt a Kalman filtering strategy in [86].

Outside of signal recovery, multiplex and multilayer graph signal processing have also
been considered [107,|108] and applied in tasks such as image segmentation and graph
learning. In multiplex and multilayer graph signal processing, the relation between the
signals in the temporal domain is represented by edges and weights.

To summarize, most time-varying graph signal recovery methods assume static graphs
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and the few that do consider dynamic graphs focus on online estimation and graph learning
based on the assumption that all of the dynamic graphs are not available.

3.1.2 Contributions and Chapter Organization

In this chapter, we focus on scenarios where the entire dynamically changing graph struc-
ture can be fully exploited. Conventional studies on static time-varying graph signal re-
covery typically assume that the graph is static and available. However, situations where
the complete dynamic graph structure is available have not been extensively studied.

With recent advances in sensor technology, dynamic sensor networks—such as those
constructed from sensor-equipped drones and smartphones—are becoming increasingly
relevant in real-world applications. Examples include: a) smart agriculture [68], where
drones and IoT sensors monitor crop health, soil moisture, and weather conditions to
optimize resource use and increase productivity; b) traffic and infrastructure management
[12], where sensor-equipped vehicles and drones are used in smart cities for real-time traffic
management and monitoring of road conditions; and c¢) environmental monitoring [45],
where drones equipped with sensors are employed to monitor air quality, assess pollution
levels, and track environmental changes. In these and other applications that handle
time-varying data from physical sensor networks, appropriate dynamic graphs can often
be generated using simple algorithms, such as k-nearest neighbors, by leveraging the time-
varying spatial locations of the sensors, similar to the static problem settings.

We formulate dynamic graph signal recovery as a constrained convex optimization
problem that simultaneously estimates both time-varying graph signals and sparsely mod-
eled outliers. The formulation involves time-varying graph-Laplacian-based and temporal-
difference-based regularizations that leverage the signal smoothness in both vertex and
temporal domains. Although sparse outliers are rarely addressed in time-varying graph
signal recovery, we consider it to be a realistic problem since physical sensors can easily be
affected by local environmental factors, which can lead to outliers. We also restore missing
values, which can represent sensor malfunctions or maintenance in real-world settings, to
achieve robust estimation from highly degraded data. Data fidelity and outlier sparsity
are imposed as hard constraints rather than as a part of the cost function to facilitate pa-
rameter tuning by decoupling the parameters, as has been addressed, e.g., in [2,23,/73,/76].
A primal-dual splitting (PDS) [24,/100] method-based algorithm is developed to efficiently
solve the optimization problem.

Table is a simple representation of where our method lies in relation to the con-
ventional methods. Although online estimation is a crucial task in some real-world ap-
plications, the global information of the signals that are disregarded for online estimation
should be effectively utilized to enhance the graph signal recovery performance.

The main contributions of this study are as follows.

e We tackle an unaddressed problem setting, that is, recovering time-varying graph
signals from noisy incomplete observations, possibly with outliers, when the under-
lying graph topology is dynamic.

e We establish an optimization-based recovery method that can handle both time-
varying graph-Laplacian-based and temporal-difference-based regularizations.

e We design a framework for experiments on time-varying graph signal recovery over
dynamic graphs based on synthetic data, which simulates signals observed using a
network of sensor-loaded drones.

e We conduct extensive experiments not only to validate the proposed method but
also for a comprehensive study of the performance of various regularization terms
over both synthetic and real-world data.
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We first the proposed method in Section[3.2]and then illustrate the experimental results
both quantitively and visually and discuss the obtained results in Section

3.2 Proposed Method

3.2.1 Problem Formulation

Consider the following graph signal observation model:
Y =®X+S+N), (3.1)

where Y = [y1,y2, ..., ¥p] € R"™P is the observation of an n vertices x p time-slots time-
varying graph signal, and X € R"™*? is the true signal. For the noises, S € R™*P and
N € R"*P are sparse outliers and some random additive noise, respectively. Missing
values are represented by a masking operator ®, where ®(X) projects the elements of X
to 0 at a given probability (random vertices are masked every time-slot). Each graph
signal y}. is observed on a graph corresponding to the kth graph Laplacian Ly.

We propose the following optimization problem to estimate the true graph signal in
the above model, under the assumption that the time-varying graph signals are smooth
in the vertex domain, and that the outlier S is sparse:

p

min > RP(P(X)) + AR(D(X))

XER"*P,SERNXP (3.2)

6. [[Y = ®(X +8)|[r <e, [IS[lh <,

where R, and R; indicate the graph-Laplacian-based and temporal-difference-based reg-
ularizations, respectively. Also, X = [x1, X2, ...,X,] € R™™P is the estimated time-varying
graph signal, P(X) := Xor D(X), S € R"*? is the matrix of estimated outliers, Ly € R™*"
is the graph Laplacian at time k, and A > 0 is the temporal regularization parameter. The
¢1-norm of a matrix is denoted by || - ||1, and € and 7 are the radii of the Frobenius and
£1-norm balls, respectively. The temporal difference operator D is defined by

D(X) == [X2 - X17X3 - X27 "'7Xp - Xp—l]- (33)

As for the first regularization term, which enforces the signal smoothness in the vertex
domain, RrP (P(X)) is defined as

RP(P(X)) := P(X); Ly P(X)y. (3.4)
The above equation generalizes the following two regularizations:

Rvk) (X) = XngXk,

RM(D(X)) = (3411 — k) "L (Xi1 — X5).- (3.6)

Graph signal smoothness is leveraged by penalizing the above two graph Laplacian quadratic
forms. Unlike many conventional works [21,85] that measure the smoothness of the time-
varying graph signal on a single graph (refer Eq. ), the proposed regularization mea-
sures the signal smoothness per time-slot (3°7_, R (P(X))). Such time-varying graph-
Laplacian-based regularization allows us to integrate the dynamics of the vertex domain
into the formulation. An alternative regularization Rg,k)(D(X)) leverages the smoothness
of the temporal difference signal on the vertex domain, proposed in [85] under the as-
sumption that real-world time-varying graph signals are not as smooth over the graph as

expected. On the contrary to [85], we consider a dynamic graph, which can question the
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smoothness of xx11 — xi on Lkm However, assuming that the graph changes smoothly
over time, the difference between Ly, and Li would be small, and the regularization
would be effective.

The main points of the proposed method are as follows:

e The time-varying graph-Laplacian-based regularization uses a different graph Lapla-
cian for every time-slot, unlike the conventional static-based methods.

e We allow the choice between two types of graph-Laplacian-based regularizations.

The temporal-difference-based regularization R;(D(X)) penalizes the temporal gradi-
ent of the graph signal X to leverage the signal smoothness in the temporal domain. We
consider R:(-) to be either ||+ |1 or || -||% depending on the nature of the signal of interest.

We impose data fidelity and noise sparsity as hard constraints in to facilitate
parameter tuning by decoupling the parameters, as has been addressed, e.g., in [2}[23}73]
70).

The main philosophy behind our formulation is that the underlying graph is often
available in many real-world graph signal recovery situations, in which case our method
would perform advantageously compared to the conventional methods [86}/89] that con-
sider graph learning and online estimations. Especially in physical sensing situations, (e.g.
using a dynamic network of sensor-loaded drones for physical sensing) the underlying dy-
namic graph topology can easily be generated per time-slot using the k-nearest neighbor
algorithm and weights defined by the Gaussian kernel of spatial coordinates. Therefore,
the conditions where our method can recover the graph signals well are when the tar-
get distribution that is being sampled is spatially and temporally smooth. The spatial
smoothness is necessary for the graph constructed by the k-nearest neighbor algorithm to
be a decent substitute for an ideal graph. The temporal smoothness is leveraged by Ry(-).

In cases where no dynamic graphs are available in any way (when Ly = Lo = ... = Ly),
our formulation would be the equivalent of the following formulation:

XGRng},iéleRnxp Ry (P(X)) + AR(D(X)) (3.7)

st [Y = (X +9)[|r < [[S]h <,

where R,(P(X)) := Tr(P(X)'LP(X)). Note that this is still a novel formulation for
time-varying graph signal recovery on static graphs in terms of temporal-difference-based
regularization and sparse noise estimation.

3.2.2 Algorithm

We use the primal-dual splitting method (PDS) [24] to solve (3.2). By vectorizing Y and

using indicator functions ¢ B
I

< d f
g,) an LBE?) O
BYY = {zeR™ |||z -yl < &}, (3.8)

B :i={z € R™ | |lzx < n}, (3.9)
we can reformulate (3.2)) as the following equivalent problem:

i v P(X D X
I R (vee(P(X))) + AR(D vee (X))

(3.10)
oo (P(vee (X) + vee (8)) + 1y (vee (5)),

Tt should be also noted that although we are calculating X1 —Xx on Ly, there is no essential difference
to calculating x; — xx—1 on Ly instead. If formulation applicable to online settings is desired, the latter
can be used.
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where R,(x) = x' Lx = x ' diag(Lq, - - - , Ly)x.
The matrix D € RMP~1)>"P and diagonal matrix ® € R™*™ are the temporal linear
difference operator and a masking operator for vectorized variables, respectively.

By defining u := [vec (X)" vec(S)"]T, and v := [v] v§]T (vi € RMP~1) v, € R™),
and flvf?af?)aA as
fi(a) := Ry (vec(P(X)))
= R, o vecoP(X),
fa(u) == L (vec(9)),
f3(v) = AR (V1) + L grvec (v).0) (V2),
£2
D 0
O D’

(3.11)

|

since f1(u) is differentiable and the gradient is Lipschitz continuous and ¢ ) (vec (S)) and
£1

ARi(V1) + ¢ givee (0).2) (V2) are proper lower-semicontinuous convex functions, the problem
02

in (3.10) is reduced to (2.12), which can be solved by PDS (refer to Algorithm . Note
that although the algorithm is written in the vectorized form, the actual implementation
is written in the matrix form.
The proximity operators of fo and f3 can be computed by the proximity operators of
Ly ARi(v1) and ¢ pvee (v).e) -
1 L. 02 . .
The proximity operator of fs is given by

Proxy, ., (z) = PB%” (z) = z — prox,.|.(z) (3.12)
£1
=z — [sgn(z;) min{|z;], s}li<j<s, (3.13)

where [z;]1<j<s is a vector consisting x; as the jth element and s € R is such that
J .
i1 max{0, [zj| — s} = (Eq. (6) in [26]).

For f3, when Ry is || - ||1, the proximity operator is equivalent to the soft-thresholding
operation:
[prox, ., (z)]; := sgn (2;) max {0, 2| — v}, (3.14)
and when R; is || - ||%, the proximity operator of f; is
Z
The proximity operator of ¢ B is given by
02
prOX%Bg,E) (z) = PBg’E) (z) (3.16)
1 (y,e)
_ )z ifze By, (3.17)
e(z—y) . .
Y+ oyl otherwise.

3.2.3 Computational Complexity

In this section, we discuss the computational complexity per iteration of the proposed

algorithm. The operations in our PDS-based algorithm (Algorithm (1)) that potentially
(k)

require complex computations are the three proximity operations and VRUk
line 2 of the algorithm. The two proximity operations in lines 6 and 7 can be computed
in the order of O(np). For the calculation of the ¢;-norm ball in line 3, it requires an

involved in
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Algorithm 1 Algorithm for solving
Input: Input signal Y, graph Laplacian Li(k = 1,2, ...,p)
Output: Output signal X
1: Initialization: X(©) =Y € R™*? S(0) =
2: while A stopping criterion is not satzsﬁed do
3: vec (X)(ZH) = vec (X)( ) _ yl(V(R ovecoP)(X) + DTV§i) + @Tvgi));

4 vee(8) = Py (vee (8) — 1@ vy);
5: (Z) — Vg) + 2D (2 vec (X) 1) _ vec (X)(i));
6: @ v 4@ ((2vee (X) ’+1> — vee (X)@) + (2vee (S)HY — vee (8)));
7. (H—l) (z) . 1
: Vi =V 72PI"OXAR( V )7
g V§¢+1) _ ng') — 4P e 0, E)(%V z) :

9: 1 1+1;
10: end whilereturn X

order of O(nplognp). For VR( ). the calculation of the gradient has to be performed for
all time-slots, therefore, requires a computational complexity of O(n?p). However, this is
dependent on how dense the graph Laplacian is. If it is sufficiently sparse, like in our case
where k-nearest neighbor (k = 4) is applied to construct the graph, the order is reduced to
O(np). Therefore, the overall computational complexity of our algorithm is O(nplognp)
per iteration.

3.3 Experimental Results

3.3.1 Dataset
Synthetic Dataset

To test the methods on a dynamic graph Laplacian setting, we constructed a synthetic
dataset that simulates a network of sensor-loaded drones remotely sensing a smooth land-
scape. In a 2D plane, 128 vertices, which represent drones, are generated randomly from
a uniform distribution. They observe signal values calculated by inputting their coordi-
nates to the underlying smooth distribution ([0, 1]), in this case, a combination of several
multivariate normal distributions (Fig. (a)). The vertices move across the 2D plane
at random degrees and a pre-set velocity v for 100 time-slots to generate a time-varying
graph signal X € R!28%100 A dynamic graph Laplacian L € R28x128x100
structed by applying the k-nearest neighbors algorithm (k = 4) to the time-varying graph
signal X. The weights are decided by the Gaussian kernel of the spatial coordinates of the
corresponding two vertices, where the variance in the Gaussian kernel is decided from the
average nearest neighbor distances.

Then, X is corrupted by adding S and N, and being masked by ® to generate an
observation Y. Outlier S is a matrix of impulsive noise that appears at each vertex at
a probability of P,, where each value of the noise is uniformly distributed in the interval
[-1,1]. Noise N, is an additive white Gaussian noise of variance ¢, and ® masks the
signals at a probability of P, (e.g., the sampling rate is 80% when P, = 0.2). The graph
construction is implemented by using GSPBox [82]. We also constructed a piece-wise flat
version of the dataset (Fig. (b)) by rounding the signal values of Fig. (a) to the
nearest fifth of the signal range.

is then con-

20



08 08

Figure 3.1: (a): The smooth distribution constructed by a combination of several multi-
variate normal distributions. (b): A piece-wise flat version of (a).

Real-world Dataset

We use the time-varying sea surface temperatureﬂ for our real-world data experiments.
The provided dataset is comprised of sea surface temperature data collected weekly at a
spatial resolution of 1° latitude x1° longitude. We first extract two subsets of the dataset,
which originally covers a large part of the Earth’s surface. The first subset represents
the South Pacific Ocean, spanning 170° west to 90° west and 60° south to 10° north.
The second subset represents the North Atlantic Ocean, spanning 60° west to 20° west
and 50° north to 70° south. Then, we randomly select 100 and 64 initiate points from
the respective cut-out data and simulate a dynamic graph by sequentially shifting these
points to adjacent positions at each timeslot. Using this method, we create two datasets
(100 nodes x 600 time-slots and 64 nodes x 300 time-slots, respectively) similar to the
synthetic dataset where the underlying graph is dynamic. The graphs at each time-slots
are constructed and the graph signals are corrupted in the same manner as the synthetic
dataset. Note that unlike the synthetic dataset, where the underlying distribution is static,
the sea temperature is also time-varying. The temperature data is scaled to [0 1].

3.3.2 Experimental Settings

In the experiments,we evaluate our method on synthetic and real-world datasets. Regard-
. . . . . L. . (1) _x (i—=1)
ing the implementation for Algorlthm the stopping criterion is set to % <

_4 Hs(i)_s(i%)”2
.U X ——
1.0 x 1074 A By

RMSE and MAE:

< 1.0 x 10~*. The performance of the methods is measured in

n p
RMSE = | —— 3 3 (X(i.) - X(i.1)* (318)
i=1 j=1
1 e
MAE = X(i |- 3.19
e 2o 2 .9 X ) (319)

2NOAA Physical Sciences Laboratory provides the weekly global sea temperature data from their
website at https://psl.noaa.gov/data/gridded/data.noaa.oisst.v2.html.
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Table 3.2: The List of Methods Used in The Experiments. THe Methods That Leverage
Static Graphs Are in Blue And Methods That Leverage Dynamic Graphs Are in Red.

Method Vertex domain Temporal domain
L, - IDX)|x
Lo - DX

S-TV [10] TVg(X) -

S-X [21] RU(X) -
D-X ) (x) -

TGSR [85] ( ( ) -

GTRSS [38] Tr(D(X ) T(L + 1) D(X))

S-DX-Ly F,(D(X)) ID(X)]1

D-DX-L; > RV (D(X)) ID(X)]4

S-DX-Ly < (X)) ID(X)|%

D-DX-L; >r) R (D(X)) ID(X)1%

S-X-I R,(X) ID(X)]1

D-X-Ly Zl $(x) IDX)Ix

S-X-Ly Ry (X) I DX)|1%

D-X-Ls r_ RP(X) IDX)|3

Table 3.3: The Average Recovery Performance on The Various Datasets Measured in
RMSE And MAE. The Noise Level Is Set to o = 0.1, P, = 0.1, P, = 0.1. Sensor Velocity
Is Set as v = 0.25 for The Synthetic Datasets. Methods That Leverage Static Graphs Are
in Blue And Methods That Leverage Dynamic Graphs Are in Red.

Method Syn. (smooth)  Syn. (piece-wise flat) SST Pacific SST Atlantic
RMSE MAE RMSE MAE RMSE MAE RMSE MAE
Ly 0.0582 0.0446 0.0614 0.0436 0.0643  0.0487 0.0796  0.0635
Lo 0.0507  0.0373  0.0587 0.0445 0.0516  0.0394 0.0668  0.0529

S-TV [10] 0.2791  0.1949  0.2807 0.1947 0.3691  0.2390 0.3486  0.2307
S-X |21 0.1443 0.1036  0.1539 0.1104 0.1763  0.1249 0.1128  0.0846
D-X 0.0956  0.0704 0.1035 0.0772 0.0826  0.0628 0.0729  0.0564
TGSR [85]  0.0727 0.0532  0.0780 0.0588 0.0761  0.0576 0.0802  0.0618
GTRSS [38] 0.0586 0.0424  0.0652 0.0492 0.0571  0.0440 0.0667  0.0521
S-DX-L; 0.0530  0.0390  0.0590 0.0431 0.0538  0.0408 0.0680  0.0531
D-DX-I; 0.0549  0.0404 0.0601 0.0436 0.0527  0.0405 0.0681  0.0533
S-DX-Loy 0.0494 0.0372  0.0579 0.0440 0.0511  0.0389 0.0643  0.0504
D-DX-Lo 0.0497 0.0374  0.0579 0.0440 0.0502  0.0388 0.0650  0.0511
S-X-Lg 0.0544  0.0402  0.0620 0.0456 0.0586  0.0445 0.0718  0.0573
D-X-Ly 0.0492 0.0365 0.0566 0.0410 0.0513 0.0394 0.0556  0.0444
S-X-Lo 0.0545 0.0403 0.0631 0.0480 0.0586  0.0445 0.0718  0.0573
D-X-Lo 0.0453 0.0335 0.0550 0.0417 0.0449 0.0347 0.0519 0.0413

Observ. 0.2371 0.1482  0.2368 0.1463 0.2383 0.1482  0.2787  0.0341

We compare several combinations of vertex- and temporal-domain regularizations. The
methods are labeled based on 1. whether it leverages a static or a dynamic graph (S/D-),
2. the content of P(X) used for the graph-Laplacian-based regularization (-X/DX-), and
3. whether || || or ||-||% is used for the temporal-difference-based regularization (-L; /Lz).
(refer to the method column of Table . Note that the Methods D-DX-L, D-DX-Lo,
D-X-Li, and D-X-Ly are the different implementations of the proposed formulation
where S-DX-L;, S-DX-Ls, S-X-Li, and S-X-Lo are their static counterparts, respectively.
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Figure 3.2: The graphs of RMSE vs various noise levels and sensor velocity on the 128 x 100
synthetic (smooth) dataset. The fixed noise levels are set as o = 0.1, P, = 0.1, P, = 0.1
and velocity v = 0.25.

Five trials are conducted for every setting and the averaged results are presented.
For all the methods that use the regularization parameter A, we conduct a linear search
for every trial. Then we determine a value that performs well for all trials on average.
The results of the trials that used the determined A are used to give the final averaged
results. For static methods that use only one graph Laplacian, we input L, 5, the graph
constructed at the middle of the time-slots (¢t = p/2).

We compare our methods with TGSR and GTRSS , which are state-of-the-art
time-varying graph signal recovery methods that leverage signal smoothness in the vertex
and temporal domains. For a fair comparison, all methods, including the comparison
methods, have been modified to support the same ¢1-norm ball constraint as the proposed
formulation.

All of the methods share the same constraints ||[Y — ®(X + S)||r <&, ||S|j1 < 7. This
is to avoid parameter tuning in cases where the noise level is known a priori or can be
estimated, and in our experiments, € and 7 are set to:

Py
€= 0.90\/np(1 — Ps)(1— Pp)) n=-

5 (3.20)

np.

All of the methods are implemented by PDS. The stepsizes are set as follows in correspon-

dence to the condition mentioned in Section Y = %, Yo = #;?TA)‘
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Figure 3.3: The graph of RMSE vs various network sizes on the synthetic (smooth) dataset.
The noise levels are set as 0 = 0.1, P = 0.1, P, = 0.1 and the sensor velocity is v = 0.25.

3.3.3 Results and Discussion
Dynamic vs Static Graph Laplacian

Looking at the results in Table and Figs. and the methods that integrate
time-varying graph-Laplacian-based regularization (the methods in red, namely, Methods
D-X, D-DX-L;, D-DX-Ly, D-X-L;, D-X-Ls) generally outperform their static counterparts,
which only consider a static graph (methods in blue, namely, Methods S-X, S-DX-L;, S-
DX-Lg, S-X-Lj, S-X-Lg). In particular, when comparing Methods S-X and D-X, which
represent a direct comparison between static and dynamic graph-based regularization, the
dynamic regularization consistently shows better performance.

Moreover, comparing Methods D-X-Lg and S-X-Ls to Methods Ly (15th and 10th row
to the 2nd row in Table , the static graph-Laplacian-based regularization even seems
to be hindering the overall recovery performance. This finding highlights that using a
constant L across all time slots should be avoided when the graph is inherently dynamic.

Regarding the methods that employed the regularization R,(D(X)) (Methods D-DX-
L;/Lg: 10th and 11th row in Table , the performance was not as strong as initially
expected. While we hypothesized that the dynamic versions would outperform their static
counterparts, the results indicate that the dynamic and static versions perform similarly
in most cases. We believe this may be due to the fact that the term x;,1 — Xy, is computed
using L in the dynamic version, while x;1 is actually observed on L. This mismatch
could result in suboptimal performance. However, we suspect that this effect is dataset-
dependent.
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Figure 3.4: The graphs of RMSE vs various noise levels and k for graph construction
on the sea surface temperature (Pacific) dataset. The fixed noise levels are set as o =
0.1,P,=0.1,F,=0.1, k =4.

By inspecting the results closely, we observed that the dynamic version does indeed
outperform the static version in the sea surface temperature dataset. The difference in
performance between the synthetic and sea surface temperature datasets seems to stem
from the level of smoothness in the vertex domain. The sea surface temperature dataset
exhibits significantly higher smoothness in the vertex domain compared to the synthetic
dataset, meaning the difference between Ly and Lyi; is smaller. When the difference
between Lj and Lk is smaller, the term xj 1 — xi is more likely to exhibit smoothness
on Lj, thereby improving the performance of the dynamic version.

Additionally, R,(D(X)) (=(x41 — %) Lg(Xg1 — Xx)) was originally designed to ad-
dress cases where the vertex domain is less smooth than typically assumed, while also
capturing temporal characteristics. In our experiments (both on synthetic and sea surface
temperature datasets), the vertex domain was found to be very smooth, and we explicitly
added regularization terms to handle the temporal domain. We expect that the perfor-
mance of R,(D(X)) would improve in datasets where the vertex domain is less smooth.

Finally, our method achieved superior results compared to the state-of-the-art static
graph-based methods TGSR and GTRSS (6th and 7th row in Table , which further

supports the advantage of incorporating dynamic graphs.
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Figure 3.5: The graph of convergence rate on the sea surface temperature dataset (Pacific).
The fixed noise levels are set as 0 = 0.1, P; = 0.1, P, = 0.1.

Vertex vs Temporal Domain Priors

In this section, we discuss the impact of vertex and temporal-domain priors on recovery
performance. Comparing Methods L; and Ly (which leverage only temporal-domain priors,
1st and 2nd row in Table to Methods S-X and D-X (which leverage only vertex-domain
priors, 4th and 5th row in Table , we observe that leveraging temporal-domain priors is
much more effective than leveraging vertex-domain priors for the synthetic dataset. This
is further supported by the relatively small performance gains between Methods Ly, Lo,
and Methods D-X-L;, D-X-Lg (which leverage priors from both domains). We speculate
that this is because the low velocity and noise levels make the graph signal extremely
smooth in the temporal domain, whereas the vertex domain is relatively less smooth even
in the noiseless case (Fig. (a)). Therefore, the temporal-domain prior is sufficient for
signal recovery, and the additional advantage of using the vertex-domain prior is relatively
small.

However, the benefits of leveraging the vertex-domain prior become more apparent in
the real-world dataset (4th and 5th row in Table |3.3). This is because the sea surface
temperature dataset is much smoother in the vertex domain compared to the synthetic
dataset. Although the difference in performance between the two regularizations (1st, 2nd
row and 4th, 5th row in Table depends on the nature of the dataset (specifically, the
smoothness of the signals in their respective domains), the proposed methods can balance
the effects of the two regularizations through the parameter A. Considering that our
dynamic methods generally performed better, especially in high-noise settings (Figs.
(a) and (a)), our methods demonstrate robustness to the varying nature of datasets.
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Supporting this, our method D-X-Ly (15th row in Table performed the best in most
settings.

Sensor Velocity

From Fig. (d), we can observe that all methods leveraging the temporal domain show
a decline in performance as the velocity v of the sensors increases. This decline occurs
because, as the velocity increases, the signals become less smooth in the temporal domain.
Consequently, the performance of Methods L; and Ly deteriorates, while Method D-X
remains largely unaffected. Similarly, the performance gap between Methods D-X-Lo and
Ly (Fig. (d)) widens as the velocity increases, further demonstrating the advantage of
incorporating dynamic graph-based regularization.

Methods that rely on static graphs also experience a decrease in performance as the
sensor velocity increases. This is because the higher the sensor velocity, the greater the
mismatch between the single static graph these methods use and the actual, time-varying
graphs on which the signals are observed. Thus, static methods struggle to capture the
true dynamics of the signals in high-velocity scenarios.

In practical settings, differences in sensor velocity are often equivalent to variations in
sampling frequency. A sensor sampling at a constant frequency while moving at different
velocities is essentially equivalent to a sensor moving at a constant velocity but sam-
pling at different frequencies, assuming the underlying signal distribution remains time-
invariant. Our method demonstrates the ability to tolerate higher velocities compared to
the temporal-domain-only methods L; and Ly, meaning it can also tolerate lower sampling
frequencies. This indicates that leveraging both vertex and temporal domains can lead to
a more cost-efficient recovery method by allowing for lower sampling frequencies without
a significant drop in performance.

Noise Levels

We conducted extensive experiments across various noise levels, including o, Py, and P,
(see Fig. and Fig. . As expected, the recovery performance degrades as the noise
level increases. However, the proposed method consistently outperforms the state-of-the-
art time-varying graph signal recovery methods across all noise settings. It is important to
note that the comparison methods were modified to support recovery from sparse outliers
to ensure a fair comparison. We anticipate an even larger performance gap when compared
to the original, unmodified formulations of these methods.

Vertex and Edge Density

As shown in Fig. [33] methods using graph-Laplacian-based regularizations generally
perform better as the number of vertices (sensors) increases. This is because, in our
synthetic setting, a larger number of vertices leads to a spatially denser sensor network.
We generate the graph Laplacians using the k-nearest neighbors algorithm (k = 4) and
Gaussian kernels based on spatial coordinates, under the assumption that vertices in close
spatial proximity have similar signal values. While graph Laplacians generated in this way
are known to provide smooth and accurate representations of graphs in many situations,
the quality of the representation can vary depending on the data. In our case, a denser
graph implies that the four vertices each vertex is connected to are spatially closer and,
therefore, more likely to have similar signal values. As a result, the setting with more
vertices aligns more closely with the assumptions used to generate the data, improving
performance.

We also investigated the impact of edge density on the sea surface temperature dataset
(Fig. (d)). Although performance varies slightly depending on the value of k used
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Table 3.4: The Average Running Time for Method D-X Implemented With ADMM And

PDS

Dataset size

Time (sec.) / per iteration (x10~* sec.)

ADMM PDS
64 x 100 0.3137 / 4.140 0.1118 / 4.395
64 x 200 0.6776 / 8.846 0.2688 / 8.889
128 x 100  1.0780 / 18.40 0.6297 / 18.21
128 x 200  2.4727 / 42.38 1.4246 / 41.47
256 x 100 4.3046 / 93.89 3.3033 / 81.89
256 x 200  8.6370 / 181.1 6.2086 / 158.5
512 x 100 45.194 / 604.2 30.144 / 584.1
1024 x 100 147.12 / 2057 127.31 / 2024

in the k-nearest neighbor algorithm to generate the graph Laplacians, the overall trend
and performance of the proposed method remain consistent. Thus, we can confirm that
the proposed method is robust to the choice of k, and the standard coordinate-to-graph
generation scheme is sufficient to support graph-based signal recovery.

Smooth and Piece-wise Flat Signals

For methods that leverage the temporal prior, we initially expected those using Frobenius-
norm regularization to perform better on smooth datasets, and methods using the || - ||
regularization term to excel on piece-wise flat datasets, given that || - ||; regularization
typically performs better on data with staircase-like structures. However, contrary to our
expectations, methods using || - ||; and || - ||% regularizations performed comparably on the
piece-wise flat dataset (1st and 2nd row in Table .

We speculate that this outcome is due to high noise levels and sensor velocity, which
likely disrupted the sparsity of the temporal difference signal. As a result, the smoothing
ability of Frobenius-norm regularization may have outweighed the advantages of || - [|1
regularization in this scenario.

Visual Analysis

Referring to the visual results of the experiments (Figs. and , we can
observe that our methods are able to recover the graph signals fairly well. In these figures,

the area of each node is proportional to the magnitude of the error, with larger areas indi-
cating larger errors. It is important to note that, while the color range for the observations
is clipped to [0,1] to standardize the color bars across all figures, the magnitude of the
error represented by the node sizes is not clipped. As a result, some nodes may have the
same color but different sizes, indicating different error magnitudes.

In Fig. we see that a small region in the top middle of the graph, where signal
values are high, is being overly smoothed. Beyond the challenge posed by the high noise
level, the underlying distribution characteristics (Fig. also contribute to the difficulty
of the problem. The part of the distribution with high values manifests as spike signals in
both the vertex and temporal domains, making accurate recovery harder.

For the same reason, lower sensor velocities help preserve signal smoothness in the
temporal domain, thereby improving the performance of methods that leverage temporal-
domain priors.
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Algorithm Efficency

We present the computational time of a PDS-based algorithm in comparison to a com-
monly used Alternating Direction Method of Multipliers (ADMM)-based algorithm [14].
Method D-X was reimplemented using ADMM, and the running times are compared in
Table [3.4] (dataset: synthetic, o, Py, P, = 0.5). Unlike ADMM, the PDS algorithm avoids
matrix inversions, leading to faster computation times. This difference becomes more pro-
nounced in the time per iteration as the data dimension increases, since matrix inversions
for larger data sizes can be computationally complex.

Additionally, we provide a figure showing the convergence of the PDS-based algorithm
in Fig. It is important to note that the comparison methods were reformulated and
reimplemented to handle the same constraints as our method, ensuring a fair comparison.

3.4 Concluding Remarks

In this chapter, we proposed a novel time-varying graph signal recovery problem based on
an explicitly dynamic graph model, where the underlying graph is assumed to vary over
time, similar to the signals. Our formulation incorporates time-varying graph-Laplacian-
based regularization and temporal-difference-based regularization, effectively leveraging
priors from both the vertex and temporal domains, while also accounting for the dynamic
nature of the graph. By jointly estimating sparsely modeled outliers with the graph signals,
our method achieves robustness against various types of noise.

Through experiments on both synthetic and real-world data, we compared our method
with existing approaches that apply regularization in the vertex and temporal domains.
We discussed how the priors from both domains contribute to recovery performance under
different conditions. The proposed problem setting is practical, especially in applications
such as remote sensing using mobile sensors, where dynamic graph Laplacians can be easily
generated to represent spatial correlations between sensors. Dynamic sensor networks offer
a practical and feasible approach to sensing, and we view our research as a foundational
step toward addressing this emerging problem.
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Figure 3.6: Graph signal recovery results of the synthetic (smooth) 128 x 100 dataset
(0,Ps, P, =0.1,v = 0.25). The area of the nodes is proportional to the magnitude of the
error, where larger areas indicate larger errors. Note that although the color range for the
observations is clipped to [0,1] to unify the colorbars of all the figures, the magnitude of
error represented by the size of the nodes is not clipped, therefore, some nodes may be
colored the same but differently sized.
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Figure 3.7: Graph signal recovery results of the synthetic (piece-wise smooth) 128 x 100
dataset (o, Ps, P, = 0.1,v = 0.25). The area of the nodes is proportional to the magnitude
of the error, where larger areas indicate larger errors. Note that although the color range
for the observations is clipped to [0,1] to unify the colorbars of all the figures, the magnitude
of error represented by the size of the nodes is not clipped, therefore, some nodes may be
colored the same but differently sized.
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Figure 3.8: Graph signal recovery results of the sea surface temperature data (Pacific
Ocean) (o, Ps, P, = 0.1). The area of the nodes is proportional to the magnitude of the
error, where larger areas indicate larger errors. Note that although the color range for the
observations is clipped to [0,1] to unify the colorbars of all the figures, the magnitude of
error represented by the size of the nodes is not clipped, therefore, some nodes may be
colored the same but differently sized.
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Figure 3.9: Graph signal recovery results of the sea surface temperature data (Atlantic
Ocean) (o, Ps, P, = 0.1). The area of the nodes is proportional to the magnitude of the
error, where larger areas indicate larger errors. Note that although the color range for the
observations is clipped to [0,1] to unify the colorbars of all the figures, the magnitude of
error represented by the size of the nodes is not clipped, therefore, some nodes may be
colored the same but differently sized.
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Chapter 4

Market Graph Integrated Sparse
Index Tracking

4.1 Introduction

Sparse index tracking [8,9,37,53,109] is a prominent passive investment strategy [61] that
aims to replicate the performance of a financial index. Since markets are empirically
known to experience long-term growth [5], reasonable returns can be expected by tracking
an index representative of the market. In order to track and invest in an index, an investor
must distribute their capital across the numerous assets that constitute the index (e.g.,
500 assets in the case of the S&P500). To accomplish this, the investor must construct a
portfolio, a vector of weights that indicates how the total capital is allocated.

Sparse index tracking is reduced to a regression problem where the goal is to construct a
portfolio based on sparsity and other criteria. One such criterion is sector neutrality [8}/18],
proposed to reduce the risk of biased portfolios that heavily invest in specific industries.
Assets typically belong to one of the sectors defined by the Global Industry Classification
Standard (GICS). For instance, the S&P500 comprises 11 sectors: consumer discretionary,
consumer staples, energy, financials, health care, industrials, information technology, ma-
terials, telecommunications, utilities, and real estate. A portfolio constructed without
consideration of the sector information can be biased towards specific industries. This
bias could pose a significant risk, as an industry-wide event can impact all assets within
the corresponding sector, potentially causing catastrophic damage to the capital.

Although sector neutrality does succeed in reducing the investment risk, it has some
drawbacks, namely, the potential bias in the number of assets included in the sectors.
In the case of the S&P500 index, there is a more than eight times difference between the
sectors with the most and least number of assets (this difference varies on the time period).
This raises the question: Could we construct a new sparse index tracking framework that
can diversify our investments more effectively based on entirely new, less biased asset
groups?

4.1.1 Contributions and Chapter Organization

In this study, we propose a risk-managed sparse index tracking framework that can strictly
diversify investments based on asset groups constructed from actual data. To this end,
we first introduce a new sparse index tracking formulation that enhances the usablity of
the conventioal tracking algorithms. Conventional tracking methods involved using either
an {p-norm (0 < p < 1) regularization or an {yp-norm constraint based on an algorithm
that separates asset selection and capital allocation into two steps. We propose a new
fo-norm-constraint-based formulation and an algorithm that can simultaneously handle
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asset selection and capital allocation. This allows us to directly control the number of
assets in the portfolio, which is a significant advantage in actual asset management.

Building upon this formulaiton, we then introduce a new risk-managed sparse index
tracking method that leverages market-graph neutrality. First, we perform graph cluster-
ing [4,30] on a market graph [46,94.95] to divide the assets into groups that we can use
instead of sectors, which we refer to as market-graph clusters.

Then, the clusters are used to impose market-graph neutrality on the sparse index
tracking problem. We hypothesize that clusters that are less biased and derived from
actual data can better reflect the connections between assets and better reduce portfolio
risks compared to using heuristically pre-defined sectors. Furthermore, in the context
of graph representation, the conventional sectors are seldomly updated, therefore can be
interpreted as a static graph representation of the market. In contrast, the market graph
is updated at every rebalancing to reflecting the latest correlations between the assets,
which is based on the idea of a dynamic graph representation. However, using clusters
that may change at every rebalancing could potentially increase the number of assets
traded, increasing the transaction costs. To solve this, we also impose turnover sparsity
to our market-graph neutral sparse index tracking problem to minimize the transaction
costs. We formulate the tracking problem so that the diversity of the portfolio is ensured
by hard constraints. A primal-dual splitting (PDS) [241|100] based algorithm is developed
to handle the formulated problem. The main contributions of this study are as follows.

e We develop a PDS-based algorithm that can directly handle an £y-norm constraint
while performing asset selection and capital allocation simultaneously.

e We propose a risk-managed sparse index tracking method, which constructs portfo-
lios based on market-graph neutrality and turnover sparsity.

The chapter is organized as follows. In Section we introduce some basic concepts
related to sparse index tracking and graph clustering. In Section [4.3] we present the
proposed method, along with its benefits and optimization algorithm. Finally, in Section
[4.4] we evaluate our method on real-world datasets.

4.2 Related Work

4.2.1 Sparse Index Tracking

The objective of sparse index tracking [8,(9}/37,/53/109] is to construct a sparse portfolio
w € RY, matching the performance of the benchmark market index, with K(<< N)
nonzero weights out of IV total assets.

The conventional approach to this was to divide the problem into two phases, namely,
asset selection and capital allocation. Numerous methods for asset selection have been
proposed. A typical approach was to select K largest assets in terms of market capitaliza-
tion [71]. Other methods include selecting assets that exhibit similar performance to the
target index [11,133] or selection based on the cointegration between log-prices of the K
assets and the index value [1]. However, the impact of the two-step approach on tracking
performance remained uncertain, prompting the development of one-step methods [8,9] as
alternatives. The LAIT (Linear Approximation for Index Tracking) algorithm proposed
in [9] confirmed the positive effects of simultaneous asset selection and capital allocation
by solving the following regression problem:

w > 0,

1
min T||rb — Xw|)3 + AR(wW) s.t. {1T (4.1)

w=1.
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where R(w) is set to an £,-norm regularization (0 < p < 1)|I| to enforce portfolio Sparsityﬂ
The benchmark index returns across T’ days are denoted by r® = [rP, .. 2] € RT and the
asset-wise returns across 7' days are denoted by X = [ry,...,r7]" € RT*N, The nonneg-
ative constraint prohibits short-selling (negative weights), and the sum-to-one constraint
is enforced to allocate weights based on a constant capital.

However, in the formulation of , there is no explicit relationship between the
hyperparameter A\ and the number of assets in the portfolio, making it difficult to search
for a A that would maintain a certain number of assets. This means that the investor
cannot directly set the desired number of assets, which hinders actual asset management.

To solve this, an algorithm named NNOMP-PGD [53] that combines nonnegative or-
thogonal matching pursuit [102] and projected gradient descent |70] has been proposed.
The method separates the sparse index tracking problem into two stages:

1y 9 [wllo < K1,
—|lr® = X t. 4.2
min [+ — XwlB s {WZO’ 4.2
and
1y 9 w >0,
— - X .t. 4.3
min [ — Xwl} s {ﬂwzl_ (4.3

The first stage solves the asset selection problem with an fg-norm [41,52,[54} 55|58, 73]
constraint (i.e., the number of nonzero entries in w is less than or equal to a user-set
parameter) by NNOMP, and the second stage solves the capital allocation problem by
PGD. By solving a formulation enforced with an £y-norm constraint, investors can easily
control the number of assets that compose the portfolio by the parameter K.

Although NNOMP-PGD does succeed in directly controlling the sparsity of the port-
folio through the fp-norm constraint, we believe that the tracking performance can be
improved by conducting the asset selection and capital allocation simultaneously. This is
due to the nonnegative orthogonal matching pursuit algorithm, wherein the value of the
nonzero element added to w per iteration directly influences the selection of the nonzero
element in w for the following iterations. The nonzero element values do not necessarily
satisfy the sum-to-one constraint or even the upper limit.

Sector Neutrality

Let M € RN (S is the number of sectors) be a binary mask, where m;; = 1 if the
Jj-th asset belongs to the i-th sector, and m;; = 0 otherwise (a normalized version M =
Diag(M1)~'M, is used in the actual formulation). A sector neutral sparse index tracking
problem can be formulated as follows [8]:

w >0,

1Tw =1, (44

1 —
min — [|r® — Xw||2 4 0| MZy||3 s.t. {
w T

where Z, € RY indicates the nonzeros elements of w, i.e. Zwj = 1if w; > 0, 0 otherwise.
Matrix Diag(-) denotes a diagonal matrix with - as its principal diagonal.

By leveraging sector neutrality, we can avoid biased portfolios, where the weights are
only distributed to some of the sectors. It should be noted, however, that since sector
neutrality is imposed as a regularization term in [£.4] it only promotes sector neutrality
and does not guarantee strict diversity across all sectors.

! Although || - || is strictly speaking not a norm when 0 < p < 1, it is conventionally referred to as the
{p-norm.

2To avoid nonconvex optimization, the £1-norm is commonly used as a surrogate function of the £o-
norm. However, due to the short-selling and sum-to-one constraints, the ¢;-norm of the portfolio is always
a constant (||w||1 = 1). Therefore, the {i1-norm regularization cannot be used in this formulation.
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4.2.2 Tracking Error Measure

Several measures of tracking error (TE) have been proposed, the most common measure
being the empirical tracking error (ETE) [7,9,43,62]:

1
ETE(w) := THrb — Xwl|2. (4.5)
The empirical tracking error is convex and differentiable as
2
VETE(w) = —TXT(rb — Xw). (4.6)

The gradient VETE(w) is 8-Lipschitz continuous, where 3 = 2/T'A\1 (X "X) (A1 () denotes
the maximum eigenvalue of -).

Considering the original purpose of index tracking, which is to make a profit by in-
vesting, ETE that penalizes even when the portfolio beats the benchmark index is not
desirable. Therefore, the measure downside risk (DR) [9}37] has been proposed to penal-
ize only when the returns are behind that of the benchmark index:

DR(w) (r” — Xw) "3, (4.7)

=1
T

where [(r? — Xw)T]; = max{[r® — Xw];,0}. The downside risk is also convex and differ-
entiable. Consider g;(w') = ||(W/)T||2/T and g2(w) = r® — Xw so that DR = g;(g2(W)).
The derivatives are

/ e
[Vor(wli = {ETVi/Tj ftl:trv%iso(;, (4.8)
S Vg (w') =2(w')"/T,
and
Vga(w) = -XT, (4.9)
respectively. Therefore:

VDR(w) = V(g1 0 g2)(w)

= Vg2(w)Vg1(g2(w)) (4.10)
_ _%XT(rb — Xw)*t

Furthermore, when comparing ETE and DR, the gradient of DR clearly does not exceed
that of ETE. Therefore, DR can be considered §-Lipschitz continuous for at least the same
value of 8 as ETE.

4.2.3 Transaction Costs

The typical transaction costs model applied in the U.S. markets is $0.005 x v with a mini-
mum cost of $1, where v is the trading volume. When the total capital is sufficiently large
(making the volume-wise cost predominant), the total transaction cost is not influenced
by the number of assets traded. Conversely, with smaller capital amounts, where the min-
imum cost prevails, the number of traded assets directly impacts transaction costs. Thus,
a sparse portfolio is desired.

In the same context, a turnover constraint [8,9] has been introduced to cap the number
of assets traded during each rebalancing period, defined as ||[wg — wl|o < Ks, with wy
representing the portfolio prior to rebalancing. By imposing this constraint, only a limited
number of assets are updated, limiting the number of assets traded, therefore reducing
transaction costs.
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4.2.4 Portfolio Cut Framework

The portfolio cut framework [4L30] performs portfolio cut (a graph clustering method) on
a market graph.

Market Graph

We can use the N assets that compose an index to construct a market graph [46}94,95],
where the weight adjacency matrix [69,87,/92] is defined based on absolute correlation
coeflicients:

0 lo12] . loan| T
V011022 VO110ONN
lo21] 0 . loan |
g110 09220
A — V011022 VO220NN , (411)

loni] lon2| . 0
L V/0o11022 \/ONNO22

so that the weight of the connection between assets n and m is ap,,. The covariance
between the returns of asset n and asset m is denoted by oy,,,. Therefore, statistically
dependent assets are strongly connected on the market graph, and independent assets are
connected by negligible weights or not connected at all (0 weight).

Vertex Clustering

The goal of vertex clustering is to divide the vertices of a graph into an arbitrary number of
clusters, where the vertices of the same group are strongly connected and weakly connected
to the vertices of other clusters. This can be achieved by minimizing RatioCut [40}96],
which has been proposed to calculate the strength of the connections between clusters.
Although minimizing RatioCut is combinatorial and NP-hard, it can be relaxed to the
following problem:

ceRN clc= 1,

.
1=
min ¢ Le s.t. {C 0 (4.12)

where L € RV*Y denote the graph Laplacian. The solution to the above problem is given
by the Fiedler vector, the eigenvector corresponding to the second smallest eigenvalue of L,
and in the case where the task is to divide the graph into two clusters, the membership of
a vertex to each cluster can be determined by the polarity of the Fiedler vector. This can
be extended to K > 2 clusters, in which case the solution is given as the K eigenvectors
of L corresponding to the smallest eigenvalues. Then, the set of eigenvectors is clustered
by K-means clustering.

4.3 Proposed Method

4.3.1 Problem Formulation
An /{y-norm-based sparse index tracking

We formulate a new fp-norm-based index tracking problem that allows the selection of
portfolio and turnover sparsity constraints.
The formulation is as follows:
w € S,
min TE (w) s.t. ¢ w € Sp,, (4.13)
" 1Tw = 1.
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Here, w represents the portfolio weights, Ss embodies the sparsity constraints, and S,
represents the box constraints. The tracking error, denoted as TE is either ETE or DR
introduced in Section The sparsity constraint is denoted by Ss = Sp or S5 = Sy,
where

So = {w e RV | |wllo < K1}

N (4.14)
Swo = {W eR ’ HW — W()”o < KQ}.

When S; = Sp, the formulation imposes sparsity on the portfolio in order to output a
portfolio of K; sparseness. On the other hand, when Sy = Sy, the sparsity applies to
the turnover, thus producing a portfolio that only requires Ky trades from the previous
portfolio (wg). Note that although Sy is a special case of Sy, when wo = 0, we distinguish
the two for clarity and to differentiate K7 and Ko.

The set S, is a box constraint with a lower bound of / and an upper bound of u. The
lower bound is set to [ = 0 to prohibit short selling, and an upper bound is set to avoid
extreme capital allocations, which is often risky in investment.

Martket graph neutrality-imposed sparse index tracking

Based on the fp-norm-based sparse index tracking, proposed in the previous section, we
introduce a risk-managed sparse index tracking method that leverages market-graph neu-
trality instead of the conventional sector neutrality. To replace the sector neutrality, we
first perform vertex clustering on the market graph in order to divide the assets into K
clusters denoted as Cy, ...,Cg. Furthermore, in the final part of the RatioCut minimization
introduced in Section we perform a constrained K-means clustering [15] instead of
the typical K-means clustering. Constrained K-means clustering allows us to strictly con-
strain each cluster to contain at least IN,,;, assets. We then use the clusters to construct
a market-graph neutral sparse portfolio based on the following formulation:

1
min |r — Xw |3 + Alw — wyrel1,

st.{1Twe =b;, Vie{l,.., K},
W € Sl,u,

where we, € RYi is the vector of weights corresponding to the assets composing cluster C;
(N; is the number of assets composing cluster C;). The first constraint enforces sparsity
within each of the clusters, where the number of nonzero weights is constrained to less
than k;; therefore, the investment is diversified across all sectors and is sparsifed within all
sectors. The second constraint ensures that the weights are distributed under the given
total capitals that are allocated per cluster (b;). The third constraint is a box constraint
introduced in the previous section.

To set k; and b;, we first set the total number of nonzero weights in the portfolio w,
denoted by k. Then k; is calculated by k; = Lk%J (|-] indicates the floor function). The
remaining k — ). k; is added to the cluster with the most number of assets. Therefore,
Zi k; = k. Next, b; is given by b; = kl/k (Zl b, = 1).

Furthermore, we impose a turnover sparsity constraint (||w—wpy¢||1) to the formulation
to reduce transaction costs |[104]. Unlike the pre-defined sectors, the calculated clusters
may change their components every rebalancing. Rebalancing the portfolio to adapt to
such clusters could potentially lead to an increase in the number of assets that need to be
traded, thus resulting in inflated transaction costs.
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Algorithm 2 PDS-based algorithm for solving
Input: r?, X
Output: Output signal w
1: Initialize w =0
2: while A stopping criterion is not satisfied do
3: w1  Pg (wk) —~ (V TE(W(k))—i-VEk) —i—vgk)))
. vi#) v ) 4oy (2w — (k)
volF) v (k) 4~y (2w kD) — wi(k)

VD U0 g (1)

4
5
6
P () 1y (k)
8
9

“ vy —7Ps(55v57)
: k+k+1
. end whilereturn w*

4.3.2 Algorithm: /)-norm-based sparse index tracking

We use the primal-dual splitting method (PDS) to solve (4.13). We can use indicator
functions ¢g,, LS)., and tg,, where

Sp={weR"|1Tw =1}, (4.16)
to reformulate (4.13)) as
m“i/n TE (W) + t5,(W) +ts,,, (W) + 15, (W). (4.17)

By defining v := [v{ vg]" (vi,ve € RY), and fi, fo, f3, A as

fi(w) :=TE (w),

fa(w) := vg, (W),

f3(v) i=1g,,(v1) + 15, (v2),
A= 1,

(4.18)

where I € RV*V is an identity matrix, the problem in is reduced to . Note
that all of the tracking error measures introduced are S-Lipschitz continuous, differen-
tiable convex functions, therefore satisfy the conditions on f; mentioned in Section [2.2.2]
Although the PDS algorithm is guaranteed to converge when is convex, this is not
the case for our formulation because of the ¢p-norm constraint. Although empirically the
PDS algorithm converges most of the time, we gradually restrict the stepsizes v; and 7o
to stabilize the algorithm for nonconvex optimization. This is supported by studies of
ADMM and PDS algorithms for nonconvex cases, where stepsizes are diminished every
iteration [41,52,(73] or lowered in case of nonconvergence [27].

When S5 = Sp, the proximity operator of f; : prox,, s is a projectionﬂ onto the set Sy,
which is as follows:

[pI‘OXVLSU (Z)]l = [PSO (Z)]l

e ifie {(1), (KD}, (4.19)
)0, if i e {(Ki+1)..(N)},

where we denote the elements of z sorted in descending order in terms of their absolute
values by z(1), ..., 2wy, 1., |z = |22)] = ... = |2yl In short, a projection onto the

3Strictly speaking, since Sp is a nonconvex set, the projection onto this set cannot be defined as a one-
to-one mapping, but fortunately, one of the projected points can be computed analytically as in (4.25]).
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set Sp can be calculated by leaving the K largest absolute values and projecting the
remaining elements of the vector to 0.
When S5 = Syw,, the proximity operator (Algorithm [2|line 2) is given by

ProX. (z) = Ps,,, (2z) = wo + Ps,(z — Wo). (4.20)
For f3, the proximity operator of tg, , (v1) (line 5) is given by
PrOXyg (z) = Ps,,(z) = [max{l, min{z;, u} }|1<i<n, (4.21)
and the proximity operator of tg, (v2) (line 6) is given by

1-1"z

e (4.22)
1113

prox,, o (z) = Ps,(z) =z+

Simultaneous Asset Selection and Capital Allocation

When ETE is chosen as the tracking error measure and S5 = Sy, our method essentially
solves the same problem as NNOMP-PGD (given that u is large enough), and the differ-
ence is reduced to the optimization algorithm. We argue that the inherent ability of our
algorithm to perform asset selection and capital allocation simultaneously endows it with
superior index tracking performance—a claim substantiated in the experimental section
(Section [4.4.2). NNOMP-PGD, in contrast, separates capital allocation into two steps:
asset selection and capital allocation. While the impact of such a process on tracking accu-
racy is unclear, we suspect that even if this two-step procedure could, in theory, generate
an optimal portfolio, it might not apply to NNOMP-PGD.

The NNOMP phase (responsible for asset selection) of the algorithm does not impose
the sum-to-one constraint. Therefore, when a nonzero value is assigned to one of the
elements of the portfolio, the value of the element is not restricted in any way. The as-
signed value directly affects the asset selection in the following iteration, since the updated
portfolio is incorporated into the residual update of the current iteration. The updated
residual is used in the next iteration to select the asset.

Hence, asset selection may proceed under less-than-ideal conditions, lacking necessary
constraints on values assigned in each iteration. We hypothesize that this could impair the
tracking performance and that simultaneous asset selection and capital allocation might
prove beneficial.

4.3.3 Algorithm: Martket graph neutrality-imposed sparse index track-
ing

We use the primal-dual splitting method (PDS) [24,{100], an optimization method that can
handle nondifferentiable terms by employing proximity operators [65], to solve . We
can use indicator functions s, , ts, and tg, ,, where Sy, := {z € RN | Vi€ {1,2,...K},|zio <
ki} and S := {z € RN |Vi € {1,2,...,K},1"z; = b;}, to reformulate as

- Lb 2
ZlrP - Xw AMlw — w
min e — X[+ A — el )
+L5k(“) + st(“) + LSz,u(“’ )7

a formulation that can be handled by the PDS-based algorithm (Algorithm (3])).
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Algorithm 3 PDS-based algorithm for solving (4.15))
Input: r?, X
Output: Output signal w
1: Initialization: w =0
2: while A stopping criterion is not satisfied do
3: w(ntl) = Prox, (W — 4 (= 2XT(xP — Xw(™)) + vﬁ") + Vén) + vgn))

4: Vl(n) — Vl(n) + ’72(2W(n+1) - W(n))

5. v vy 4 ,},2(2W(n+1) _ W(n))

6: Vg(n) — V3(n) + ’72(2W(n+1) - W(n))

n+1 n n
mo = o g, (V)
Vén—H) _ v;n) _ 72P5b(712V§n))

9. vt =y ’szsl,u(%"én))
10: n+—n-+1

11: end whilereturn w(™

By defining v := [vlT v2T VST]T (vi,vo,v3 € RY), and fi1, f2, f3, A as

filw) = i~ XwlB.
fo(w) := 15, (W), (4.24)
f3(v) = Avi = Wprell1 + s, (V2) + L5, (V3),

A= 171",

where I € RV*V is an identity matrix, the problem in 1) is reduced to 1)
For fy, proximity operator prox,, 5 is a series of projections of w¢, onto sets Sy, :=

{z € RN | ||z|lo < k;}, which is as follows:

zj, i j e {(1), .. (ka)},

Y (4.25)
0, ifje{(ki+1)...(N;)},

[Psy, (2)]; = {

where the suffix [-]; denotes the j-th element of the given vector. We denote the elements
of z sorted in descending order in terms of their absolute values by z(q), ..., 2(x,), 1€,
[zl = [22)] =, > |2(n,)|- In short, a projection onto the set S, can be calculated by
leaving the k; largest absolute values and projecting the remaining elements of the vector
we, to 0. Similarly for the proximity operator of g, (v2) in f3, it is a series of projections
of we, onto sets Sy, := {z € RVi,| 17z = b;}, which is given by

b — 17
Ps, (z) =2+ (4.26)
: 1]z
The proximity operator of A||vi — wp||1 is given by
PIOX||.—w,, |1 (Z) = Wpre + Proxy ||, (z — Wpre), (4.27)
where prox,., (z) is equivalent to the soft-thresholding operation:
[proxy.|, (2)]; = sgn (zj) max {0, |z;| — A}. (4.28)

The proximity operator of tg, , (v3) is given in (4.21]).

42



Table 4.1: The Tracking Performance Measured in MDTE[bps] and Normalized Accu-
mulated Returns (Ret.). Dataset: S&P500, Initial Capital: $40000. Note that LAIT is
Not Included in Tables [£.1] and [£.2] due to the Difficulties Encountered in Adjusting the
Sparsity to an Exact Value Using LAIT.

2012 - 2017 2017 - 2022
Method K> K =40 K; =60 K =80 K =40 K; =60 K =80
MDTE Ret. MDTE Ret. MDTE Ret. MDTE Ret. MDTE Ret. MDTE Ret.
£o-ADMM [91] — 1.73 1.68 .77 1.59 1.82 1.53 3.72 1.28 3.76 1.27 3.74 1.22
NNOMP-PGD |[53] — 0.85 1.71 0.79 1.64 0.75 1.60 1.43 1.38 1.21 1.49 1.06 1.50
Proposed[P, ETE| — 0.74 1.75 0.64 1.71 0.48 1.73 1.13 1.43 0.79 1.46 0.68 1.47

K 0.39 1.87 033 1.77  0.24 1.72 0.52 1.49  0.42 1.39 035 1.34

Proposed[T, ETE] K;/2 0.47 1.93 0.37 1.81 0.31 1.81 0.61 1.62 0.55 1.48 0.41 1.41
K,/3 0.51 1.89 0.41 1.81 0.32 1.80 0.66 1.69 0.59 1.61 0.46 1.47

Proposed[P, DR] — 0.81 1.83 0.67 1.91 0.59 1.95 1.19 1.58 0.95 1.58 0.83 1.55
K 0.42 1.92 0.35 1.76 0.31 1.76 0.64 1.49 0.46 1.36 0.40 1.36

Proposed|[T, DR]  K;/2 0.50 1.94 0.41 1.86 0.37 1.77 0.72 1.57 0.57 1.59 0.48 1.48
K,/3 0.52 1.99 044 1.89 0.39 1.86 0.84 1.67 0.59 1.50 0.56 1.57

Benchmark — — 1.38 — 1.38 — 1.38 — 1.02 — 1.02 - 1.02

4.3.4 Computational Complexity

In this section, we discuss the computational complexity of the proposed algorithm.The
operations in our PDS-based algorithm for the ¢y-norm-based sparse index tracking (Algo-
rithm that potentially requires complex computations are the three proximity operations
(projections), namely, Ps,, Ps, , and Pg,, and V TE involved in the line 2 of the algorithm.
The projection Pg, is composed of two steps. The sorting process can be computed in
the order of O(N log N) (we use the sort() function implemented in MATLAB, which uses
quicksort), and the projection process in the order of O(NV). For the remaining Ps, , and
Pg,, both can be computed in the order of O(N). Gradient VTE can be computed in
the order of O(NT'). Therefore, the overall computational complexity of the proposed
algorithm per iteration can be simplified to O(NT), since T is generally large enough such
that other operations can be disregarded.

For the computational complexity of the market graph neutrality-imposed tracking
algorithm (Algorithm , the main difference between the basic sparse index tracking
complexity-wise is the addition of the turnover regularization (proxyj._v,,.|,(z)) to the
objective function. Since its computational complexity is O(N), the overall computa-
tional complexity of the proposed algorithm per iteration can be simplified to O(NT),
as in the basic sparse index tracking algorithm. We should take into consideration the
computational cost of performing the market graph clustering, which is performed prior
to the optimization process. The bottleneck of the clustering process lies in the eigen-
value decomposition of the market graph Laplacian matrix, which has a computational
complexity of O(N?), where N is the number of assets. However, the clustering process
is required only once unlike the iterative optimization process. In practice, the required
number of iterations for the optimization process is generally much larger than the num-
ber of assets, and through our experiments, we have confirmed that the computational
complexity of O(N?) is comparable to the computational complexity of the full optimiza-
tion process. Therefore, the overall computational complexity is not bottlenecked by the
clustering process.

4.4 Experiments

4.4.1 Dataset and Settings

To test the performance of the index tracking methods, we adopt the rolling window
scheme [9,53]. The first Tiyain time-frames are used to design the first portfolio, which will
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Table 4.2: The Tracking Performance Measured in MDTE[bps] and Normalized Accumu-
lated Returns (Ret.). Dataset: Russell3000, Initial Capital: $40000. Note that LAIT is
Not Included in Tables [£.1] and [£.2] due to the Difficulties Encountered in Adjusting the
Sparsity to an Exact Value Using LAIT.

2010 - 2014 2015 - 2019
Method K> K; =100 K; =150 K =200 K; =100 K =150 K =200
MDTE Ret. MDTE Ret. MDTE Ret. MDTE Ret. MDTE Ret. MDTE Ret.
£o-ADMM [91] — 3.21 2.11 3.21 2.01 3.20 1.97 2.44 1.64 2.48 1.70 2.49 1.60
NNOMP-PGD |[53] — 0.78 1.78 0.75 1.65 1.89 1.69 1.07 1.59 1.03 1.52 1.62 1.48
Proposed[P, ETE| — 0.83 228 0.65 2.20 0.54 1.92 0.88 1.53 0.68 1.47 0.58 1.57

K 0.51 1.97 042 1.85 0.33 1.81 0.55 1.70 0.40 1.56 035 1.60

Proposed[T, ETE] K;/2  0.56 1.92 0.47 1.80 0.37 1.79 0.61 1.68 0.46 1.64 0.40 1.60
K./3  0.60 1.96 0.51 1.78 0.40 1.76 0.63 1.68 0.48 1.63 0.43 1.67

Proposed[P, DR] — 1.20 2.25 0.99 2.07 0.86 1.96 1.11 1.64 0.84 1.57 0.71 1.43
K 0.58 1.99 0.44 2.00 0.36 1.90 0.62 1.55 0.49 1.55 0.41 1.46

Proposed[T, DR] K;/2  0.64 2.04 0.50 2.07 0.41 1.94 0.64 1.70 0.55 1.63 0.42 1.48
K1/3 071 2.02 0.51 2.00 044 199  0.69 1.60 0.57 1.57 0.44 1.48

Benchmark — — 1.37 — 1.37 — 1.37 — 1.18 — 1.18 - 1.18

Table 4.3: The Comparison Between Different Initialization Methods, Tracking Perfor-
mance Measured in MDTE[bps| and Normalized Accumulated Returns (Ret.). Dataset:
S&P500, Initial Capital: $10000, K; = 40.

S&P500 (2012 - 2017) Russell3000 (2010 - 2014)
Method K Init. A Init. B Init. C Init. A Init. B Init. C
MDTE Ret. MDTE Ret. MDTE Ret. MDTE Ret. MDTE Ret. MDTE Ret.
Proposed[P, ETE] — 0.74 1.75  0.58 2.03 0.61 1.93 1.13 1.43  0.76 1.65 0.78 1.78

K, 0.39 1.87 0.37 1.85 0.42 1.83 0.52 1.49 0.46 1.40 0.51 1.63

Proposed|T, ETE] K;/2 0.47 1.93 0.43 1.93 0.52 1.89 0.61 1.62 0.57 1.46 0.67 1.63
K,/3 0.51 1.89 0.46 1.96 0.58 1.77 0.66 1.69 0.61 1.53 0.73 1.71

Proposed[P, DR] - 0.81 1.83 0.63 2.08 0.64 2.03 1.19 1.58 0.90 1.68 0.86 1.55
K 0.42 1.92 0.35 1.86 0.44 1.88 0.64 1.49 0.50 1.49 0.63 1.56

Proposed|[T, DR] K;/2 0.50 1.94 0.41 1.98 0.50 1.90 0.72 1.57 0.61 1.60 0.78 1.67
K,/3 0.52 1.99 0.46 1.95 0.54 1.99 0.84 1.67 0.62 1.65 0.79 1.60

Benchmark — — 1.38 — 1.38 — 1.38 — 1.02 — 1.02 — 1.02

be used for out-of-sample testing in the next Ties; time-frames. At the end of the testing
period, we use the last Tiyan time-frames to design the next portfolio. We continue the
training and testing cycle n times. Therefore, a total of Tiyain + nliest time-frames are
used for each experiment. The parameters are set to n = 10, Tipain = 200, and Tiest = 100.

We use the S&P500 (September 2012 - August 2022) and Russell3000 (January 2010
- December 2019) index datasets, commonly used datasets for index tracking [9, 53] for
the experiments. Assets not covering the entire period are excluded, resulting in final
datasets comprising 463 and 1624 assets for the S&P500 and Russell3000, respectively.
The adjusted closing prices of the assets are used, and the return of an asset j at time-
frame t is given by

X, price, ; - prlcet,lvj. (4.29)
price;_; j
We split both S&P500 and Russell3000 index datasets into two, September 2012 - October
2017 and November 2017 - August 2022 (S&P500), and January 2010 - October 2014
and March 2015 - December 2019 (Russell3000), respectively. Note that each time-frame
represents a trading day, and because the stock exchange is closed on weekends, the dataset
is not sampled regularly in the time direction.
We measure how well the portfolio replicates the benchmark index by computing the
magnitude of the daily tracking error (MDTE) defined as

1

T L test

MDTE = | diag(XW) — rP||3, (4.30)

44



Table 4.4: The Tracking Performance Measured in MDTE[bps] and Sharpe Ratio. Dataset:
S&P500, Initial Capital: $10000.

Sector neutrality Market-graph neutrality

Time period Metric Turnover LAIT 5] Ours EW [30] Ours  Ours Ours Ours Ours
: K=1 K=7 K=9 K=11 K=13 K=15

MDTE w/o 0.60 1.07 0.33 1.23 0.95 1.08 1.07 1.23

9012-2017 w/ - 0.86 - 0.77 0.75 0.75 0.72 0.70

Sharpe w/o 1.21 0.73 0.60 0.65 0.95 0.87 0.78 0.88

ratio w/ - 0.99 - 1.30 1.16 1.20 1.18 0.98

MDTE w/o 0.78 1.68 0.68 1.74 1.55 1.53 1.78 1.80

92017-2022 w/ - 1.78 - 1.77 1.55 1.37 1.75 1.60

Sharpe w/o 0.28 0.31 0.14 0.37 029 0.28 0.29 0.31

ratio w/ - 0.30 - 0.30 0.35 0.34 0.34 0.37

where diag(-) indicates a vector consisting of the diagonal elements of a given matrix.
W e RVxnTiest is a matrix where the portfolio designed at the end of a training period is
stacked for the following test period, so that column ¢ contains the portfolio used in time-
frame t. Note that the MDTE value is presented in basis points (1bps = 10~%). Portfolio
risk is evaluated by the Sharpe ratio (i.e., the ratio of the mean to the standard deviation of
portfolio returns, the higher the better). Since we could not obtain the asset-wise weights
from the index sponsors, we use a uniform portfolio b as a benchmark index, where all of
the capital is allocated evenly across all NV assets. The benchmark index return is given
by r? = Xb.

Furthermore, we conduct a simulation of actual investments made based on the com-
puted portfolios. We simulate rebalancing based on a new portfolio at the start of every
test period. The acquired returns are reinvested. We apply a transaction costs model
common in the U.S. markets: the cost per transaction is $0.005 x v with a minimum cost
of $1. The Ret. columns of Tables and show the normalized accumulated return
at the end of the entire testing period.

As for the comparison methods, in addition to the aforementioned NNOMP-PGD [53]
and LAIT [9], the state-of-the-art sparse index tracking methods, we also compare our
method with £o-ADMM (Alternating Direction Method of Multipliers) [91]. Despite how
Lo-ADMM focuses on optimizing between return and risk, making it distinct from typical
index tracking approaches, its implementation of an £y-norm constraint mirrors that of
NNOMP-PGD and our proposed method, warranting its inclusion in our comparison.
Regarding our methods, portfolio-sparse methods (Proposed[P, TE]) allocate the capital
from scratch every rebalancing, in other words, S5 = Sp. For turnover-sparse methods
(Proposed[T, TE]), the turnovers are sparsified instead of the portfolio (S5 = Sw,) with
K5 set to various values. Note that turnover-sparse methods adopt S = Sy for the
first training period since there is no previous portfolio to refer to. We also evaluate the
performance of different tracking error measures (ETE and DR).

Regarding the other settings of the experiment, the stopping criterion is set to

||w(k) _ W(krfl)”2

< 1. -5, )
T <1.0x 10 (4.31)

For the box constraint in (4.13)) and (4.15)), the lower and upper bounds are set tol = 0, u =
4/ K. The stepsizes v, and 9 of the proposed algorithm are first set to sufficiently meet
the conditions mentioned in Section and then multiplied by 0.999 every iteration.
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Figure 4.1: The graph of MDTE[bps] across different sparsity on S&P500, 2012 - 2017.
The vertical axis indicates MDTE[bps| and the horizontal axis indicates the sparsity. To
avoid parameter tuning on A (which controls sparsity in LAIT), we fixed the value of A
per data point. Therefore, the exact sparsity of per training period differs. The sparsity
of Proposed[P, ETE] (K;), NNOMP-PGD and ¢y-ADMM is adjusted to be the same as
that of LAIT. As for Proposed[T, ETE], Ko = K;. Parameter K in the graph indicates
the sparsity of the portfolio at n = 10.
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Figure 4.2: The graph of the investment simulation on S&P500, 2012 - 2017. The vertical
axis indicates the normalized accumulated return and the horizontal axis indicates the
time period. The sparsity of Proposed[P, ETE| (K;), NNOMP-PGD and /;,-ADMM is
adjusted to be the same as that of LAIT. As for Proposed|T, ETE], Ky = K;/3. The
graph indicates an investment simulation based on one of the data points of Fig. [£.1] The
initial capital is $10000.
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Figure 4.3: The visual presentation of the dynamics of the correlation matrix used for
market graph clustering via heatmaps.

48



—— LAIT
— EW (K=11)

Ours (K=7) w/o Turnover
——— Ours (K=7) w/ Turnover
—— Benchmark Index

1.2 i '/\ e w

Normalized return accumulation
>
T
=

08 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000

Day

Figure 4.4: The graph of the investment simulation on S&P500, 2012 - 2017. The vertical
axis indicates the normalized accumulated return and the horizontal axis indicates the
time period. The initial capital is $10000, and the applied cost per transaction is $0.005 x
tradevolume with a minimum cost of $1.
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4.4.2 Results
Tracking Performance

We first evaluate the tracking performance of the proposed fy-norm-based sparse index
tracking method compared to the conventional tracking methods.

Across all evaluated settings, our proposed method surpassed both f3-ADMM and
NNOMP-PGD in performance on the S&P500 and Russell3000 datasets, as detailed in
Tables and (MDTE). This supports our hypothesis that concurrent asset selection
and capital allocation can be advantageous. Both Proposed[P, ETE| and NNOMP-PGD
strategies utilize similar £y-norm constraints and tracking error measures. The primary
difference between them lies in the algorithms used for solving these constraints. Note
that LAIT is not included in Tables A.1] and [£.2] due to the difficulties encountered in
adjusting the sparsity to an exact value using LAIT. Regarding LAIT (Fig. , while
the turnover-sparse (Proposed|T, ETE]) method achieved better tracking performance, the
portfolio-sparse (Proposed[P, ETE]) method slightly underperformed LAIT. The superior
performance of LAIT likely stems from its guaranteed convergence to an optimal solution.
The proposed portfolio-sparse method’s slight underperformance should be considered as
a trade-off between its ability to directly control the sparsity of the portfolio.

Furthermore, comparing the tracking performance of portfolio-sparse (Proposed|P,
ETE]) methods and turnover-sparse (Proposed|[T, ETE]) methods, we can see that turnover-
sparse methods always performed better. We believe this is because portfolios constructed
using turnover-sparse methods are composed of more nonzero weights compared to those
of portfolio-sparse methods. Because turnover-sparse methods only enforce the sparseness
of the turnover, the sparsity of the portfolio itself is not considered. Therefore, as the sim-
ulation progresses, the portfolio gradually becomes fuller. A fuller portfolio can replicate
the target index with more nonzero weights, which should affect the tracking performance
positively. Turnover-sparse methods with K9 = K7 tracked the index more effectively than
other K values did for the same reason: larger Ky values densify the portfolio faster than
smaller K» values. Similarly, a larger K; performed better for portfolio-sparse methods
since portfolios constructed from larger K7 values have more nonzero weights.

Next, we evaluate the tracking performance of the market graph neutrality-imposed
sparse index tracking (Table . It should first be noted that the tracking performance
(MDTE) was generally worse compared to the conventional methods (LAIT [§] and EW
[30]). In comparison with LAIT, the inferior tracking performance is due to our method
imposing much more harsh constraints than LAIT. Since the imposed constraints deprive
the method’s ability to freely choose the assets, the ability to neutralize the portfolio
and the ability to track the index are in relation to a trade-off. In fact, how little the
tracking performance has degraded with and without sector neutrality for LAIT (4.1{ and
emphasizes how poorly sector neutrality is imposed in LAIT. As for the fact that our
method was outperformed by EW, this is due to the benchmark index being constructed
from a full and uniform portfolio (EW is also full).

Return Accumulation

Our proposed methods outperformed the benchmark index and other comparative meth-
ods in terms of return accumulation across most settings, as detailed in Tables [£.1] and [£.2]
(Ret.). It is also clear that sparse portfolios are much more efficient compared to bench-
mark (full) portfolios (Fig. . However, regarding comparisons between portfolio-sparse
and turnover-sparse methods and the various tracking measures, we acquired varying re-
sults depending on the dataset and period.

First, when we applied the empirical tracking error (ETE) as the tracking measure,
turnover-sparse methods (Proposed[T, ETE]) generally performed better than portfolio-
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sparse methods (Proposed[P, ETE]). This seems intuitive since turnover-sparse methods
sparsify the turnover, which directly affects the transaction costs. In the worst-case re-
balancing scenario, portfolios constructed by portfolio-sparse methods sell all assets in
possession and newly buy completely different assets. In this case, the transaction cost
would be $2K (assuming the minimum cost is dominant). In comparison, the worst-case
scenario for portfolios constructed by turnover-sparse methods is always Ko.

However, results became more varied and inconsistent when applying the downside
risk (DR) as the tracking measure. At present, we lack a definitive explanation for these
inconsistencies, though we speculate they may stem from the challenges associated with
the nonconvex nature of the formulation, a topic we further discuss in Section In
addition to the above behavior, DR-applied methods performed moderately in comparison
to ETE-applied methods. We expected DR to accumulate more returns than ETE, but
there are some results where ETE outperformed the DR counterpart. While DR is designed
to trade tracking accuracy for potentially higher returns, our results indicate that this
trade-off does not consistently yield the expected benefits.

Portfolio Neutrality

Here, we discuss the method’s ability to reduce investment risks by imposing sector and
market graph neutrality constraints.

e Market-graph neutrality achieved a higher Sharpe ratio compared to sector neutrality
(Ours with sector neutrality vs Ours with market-graph neutrality (Table [4.4).
Both methods construct portfolios based on the proposed formulation; therefore, the
comparison is a genuine comparison between sector and market-graph neutrality.

e The proposed framework (market-graph neutrality with turnover sparsity) achieved
a higher Sharpe ratio compared to benchmark methods (LAIT vs market-graph
neutrality with turnover sparsity (Table |4.4))).

We should also address the fact that our methods without turnover sparsity did not
outperform LAIT in the 2012-2017 time period, which at first glance may imply the
inferiority of our formulation compared to LAIT. It should be noted that LAIT constructs
portfolios based on much looser conditions (refer ) compared to our formulation.
The main differences are: 1) portfolio sparsity and sector neutrality are imposed by a
regularization, and 2) the constraint on capital allocation (the sum-to-one constraint) is
imposed on the entire portfolio and not on each of the sectors. Therefore, investments
made by portfolios constructed by LAIT are not strictly diversified across all sectors
(e.g., there were cases where some sectors were not invested in at all). Even in the
case where the nonzero elements are evenly distributed across the sectors, since there
are no sector-wise constraints on capital allocation, there is no way to prevent biased
investment. Consequently, we speculate that the high Sharpe ratio was achieved based
on higher returns gained by concentrated investment in high-performing assets. However,
such portfolios are naturally more risky, which can also be asserted by the fact that Ours
without turnover was able to outperform LAIT in the 2017-2022 dataset, which was a
time period more difficult to accumulate returns by index tracking (lower Sharpe ratio
compared to 2012-2017). This also supports the advantages of the proposed market-graph
neutrality & turnover-sparsity method since it can accumulate more returns without giving
up the trade-off between portfolio performance and diversity.

Furthermore, it should be noted that our method allows the choice of K, namely, the
number of clusters. The parameter K defines how the investment is diversified, and it
completely disregards portfolio neutrality when K = 1. Where the use of conventional
sectors only allows the choice between whether to diversify the investment or not, our
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framework allows the investor to control the trade-off between pursuing higher returns or
reducing the risk by diversifying the investment.

By referring to Fig. we can visually confirm the dynamics of the correlation matrix
used for market graph clustering. The heatmaps show the correlation matrix at different
time periods, and we can observe how the correlation between the assets changes over time.
The clustering of the assets based on the correlation matrix is expected to change over
time, and by diversifying our investment across these clusters, we can effectively leverage
the dynamics of the market.

Initialization

Given the nonconvex nature of our formulation, convergence cannot be guaranteed by our
proposed algorithm. Therefore, the method of initializing the parameter w may potentially
impact the results. To understand how initialization impacts our algorithm’s performance,
we evaluated three distinct initialization strategies for the fy-norm-based sparse index
tracking algorithm: Init. A: w = 0, the original initialization adopted in our algorithm
(Algorithm [2)). Init. B: initialize all elements of w to 1/N. Init. C: initialize w as w = wy
(w = 0 for the first training period).

The varied outcomes, as detailed in Table[4.3] underscore the effect of the chosen initial-
ization method on the algorithm’s performance. Given the inconsistency of results across
different datasets, identifying a universally superior initialization method proved challeng-
ing. It is noteworthy, however, that our method consistently outperformed NNOMP-PGD
across the majority of settings, irrespective of the initialization technique employed.

Furthermore, we present the convergence behavior of our algorithm in Fig. Our
algorithm converged in a similar manner across all experimental settings. Despite lacking a
formal convergence guarantee, the observed convergence behavior and compelling tracking
performance allow us to conclude that our method is capable of generating competitive
portfolios, which is on par with methods like LAIT that guarantee convergence.

Summary of the Experimental Results

Through extensive numerical experiments on S&P500 and Russell3000 datasets, we have:

e Confirmed our hypothesis that simultaneous asset selection and capital allocation
can be beneficial in terms of tracking accuracy.

e Presented the merits of turnover sparsity in both index tracking and wealth accu-
mulation.

e Confirmed the advantages of market-graph neutrality over sector neutrality.

e Analyzed the convergence behavior and how various initialization methods influence
the effectiveness of the proposed algorithm.

4.5 Concluding Remarks

In this chapter, we proposed a sparse index tracking method that addressed both asset
selection and capital allocation simultaneously, based on an £yp-norm constraint, enhancing
tracking performance compared to the conventional method that handled these two aspects
separately. Building on this, we introduced a novel sparse index tracking framework
that used market-graph neutrality instead of conventional sector neutrality. Through
extensive experiments, we demonstrated the effectiveness of our £p-norm-constraint-based
formulation and the benefits of market-graph neutrality.
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Figure 4.5: The graph of the proposed algorithm’s ([P,ETE]) convergence behavior on the
S&P500 (2012 - 2017) dataset (K = 40, Init. A). The vertical axis indicates %
and the horizontal axis indicates the number of iterations.
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Chapter 5

General Conclusion

This dissertation has explored the methodology of leveraging the dynamics of the graph
topology in time-varying graph signal estimation. By examining how to expand the con-
ventional static graph assumptions to dynamic graph assumptions in various domains, we
have addressed the following research question: How can we exploit the dynamics of the
graph topology to enhance time-varying graph signal estimation in situations where the
underlying graph topologies are explicitly dynamic? Specifically, we have introduced ap-
proaches to exploit the dynamic nature of the graph by constructing time-varying graphs
and incorporating them into the estimation process. Through experiments in two different
domains (environmental monitoring and finance), we have demonstrated the effectiveness
of dynamic graph assumptions over static ones.

In Chapter 3, we extended the conventional problem setting, in which the sensor
network was assumed to be static, to a scenario where the sensor network is explicitly
dynamic. We achieved this by formulating an optimization problem that can handle a dy-
namic graph. To evaluate our method, we constructed a synthetic dataset that accurately
reflects the characteristics of a dynamic sensor network. Through extensive experiments
on both the synthetic dataset and real-world datasets, we confirmed the advantages of
dynamic graph representations over static graph representations in time-varying graph
signal recovery.

In Chapter 4, we proposed a method for reducing investment risks in sparse index
tracking by introducing a notion called market graph neutrality. By frequently redefining
new groups through graph clustering on the dynamic market graph, we achieved a grouping
of assets that is updated in real-time to reflect the market’s dynamics. This is an extension
of the conventional sector-based grouping, which can be interpreted as static. Furthermore,
to enable effective sparse index tracking, we introduced an fp-norm-constrained tracking
method that allows for easy control of the number of non-zero weights by adjusting a single
parameter. This served as the foundation for formulating the market-graph-neutrality-
based sparse index tracking method. Through experiments on real-world financial data,
we demonstrated the effectiveness of our method in reducing investment risks and achieving
higher returns while maintaining high tracking accuracy.

5.1 Limitations

As described in the previous section, this dissertation explores leveraging the dynamics of
the graph topology in time-varying graph signal estimation. However, there are several
limitations to this study that must be addressed in future research. In this section, we
discuss these limitations and propose directions for future work.
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5.1.1 Graph Construction for Inexplicit Cases

In both Chapter 3 and Chapter 4, we assumed that the graph topology is either explicitly
known or can be easily constructed based on available information, such as physical coor-
dinates or correlations between price movements. This is a reasonable assumption because
physical coordinates are often available in physical sensing scenarios, and non-physical set-
tings often allow us to construct graphs from uncorrupted data. However, there are two
cases where graph construction is not straightforward.

First, in some situations, the physical coordinates themselves constitute the obser-
vations (e.g., 3D point cloud data). In tasks such as 3D point cloud signal denoising
or recovery, the observed signals (the sensor coordinates) may be corrupted by various
types of noise. In these cases, graph construction from coordinates or uncorrupted data is
not possible, demanding more sophisticated methods. Possible solutions include applying
graph learning techniques that can handle corrupted data or initially denoising the data
without spatial priors and then constructing the graph from the partially denoised data
for subsequent estimation.

Next, because we avoid overly sophisticated graph construction methods (e.g., graph
learning) in our study, the edge weights must be defined heuristically. If we leverage
a smoothness prior to physical sensing scenarios, a natural choice would be a Gaussian
kernel or the inverse of the Euclidean distance. However, this is not always the case, and
defining such weights can be challenging when no obvious definition exists. This challenge
is closely related to one of the limitations of the optimization-based approach—mnamely,
the need to handcraft a formulation that sufficiently captures the meaningful priors in the
data. To effectively leverage spatial priors for signal estimation, constructing a graph that
reflects the data’s characteristics is essential.

5.1.2 Variations in Graph Dynamics

Our studies extend static graph representations to dynamic ones to capture changes in
the graph topology more effectively. However, our assumption regarding graph dynamics
focuses on edges and weights. For example, in Chapter 3, the problem setting involved
moving sensors that change position over time, making the graph dynamic. This assump-
tion excludes other potential changes to the network, such as adding or removing sensors.
Similarly, in Chapter 4, the turnover prior was introduced under the assumption that
the same assets remain in the index from one-time instance to the next. Our proposed
methods cannot handle such alterations in graph attributes and would require splitting
the data before and after each change, applying our methods separately.

Another type of graph dynamic involves irregular structures in the temporal dimension
of the time-varying graph. In our studies, we assumed a constant update frequency, i.e.,
the graph is updated at fixed intervals. Although this assumption is reasonable in many
cases, there are scenarios where the graph is updated irregularly. For instance, in a network
of drone-based sensors, data collection might pause for recharging or refueling at irregular
intervals. Ideally, we want a method that can handle data observed before and after such
intervals seamlessly; however, our methods are not designed to manage such temporal
irregularities.

5.2 Future Works

5.2.1 Introducing Prior Knowledge of Graph Dynamics

As noted in Section our work is limited in its ability to handle a wide range of
graph dynamics. Although we have extended static graph representations to dynamic
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ones in both Chapter 3 and Chapter 4, we have not fully explored the possibility of
incorporating priors related to graph dynamics, such as changes in the set of sensors,
evolving relationships among them, or irregularities in update intervals. By incorporating
such priors, we can develop more sophisticated methods that accommodate a broader
range of graph dynamics.

5.2.2 Consideration of Irregular Structures in the Temporal Domain

Our work applies graph signal processing to time-varying data while leveraging graph
dynamics. This approach effectively captures the irregular structure of the data in the
spatial domain. To widen the scope of our methods, we could extend these concepts to
address irregular structures in the temporal domain as well.

In this regard, multiplex and multilayer graph signal processing [107,[108] hold great
potential. They model the temporal dimension as additional layers of connectivity, ef-
fectively creating a 3D graph. Unlike conventional time-varying graph signal processing,
which treats time as a series of discrete, uniformly sampled snapshots (2D graphs), mul-
tiplex and multilayer approaches represent temporal relationships as weighted edges in
another dimension. If those temporal edges are constant, we revert to conventional time-
varying graph processing. By leveraging multiplex and multilayer frameworks, we can
manage irregular temporal structures more effectively.

5.2.3 Range of Applications

In Chapter 3 and Chapter 4, we demonstrated our methods in both physical (environ-
mental monitoring) and non-physical (finance) scenarios. Although the philosophy be-
hind leveraging graph topology dynamics is universal, our specific methods are limited to
time-varying graph signal recovery and sparse index tracking. We have yet to establish
a generalized framework applicable to a wider range of tasks. As future work, we envi-
sion expanding these methods to additional domains—such as traffic management, smart
cities, or bandwidth optimization—where dynamic graph modeling can provide substan-
tial benefits. By doing so, we can move toward a more versatile framework that applies
to a broader range of applications.

5.3 Closing Remarks

We have outlined the limitations of our current study and highlighted directions for fu-
ture research to advance time-varying graph signal estimation over dynamic graphs. We
conclude with a brief reflection on the implications of our research.

Our work explored the methodology of leveraging graph topology dynamics in time-
varying graph signal estimation. Dynamic graph scenarios have often been overlooked in
time-varying graph signal processing; thus, our contributions significantly advance this
field by illuminating the advantages of dynamic over static graph representations. With
the rapid development of sensor technology and data-collection methods, vast datasets
are now representable as time-varying graph signals, and demand for effective methods
to handle these data will continue to grow. Our research establishes a foundation for
developing such methods and opens new avenues for future work in this domain.
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