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1. Introduction 
Structural health monitoring and active control systems 
increasingly rely on real-time responses of a building. However, 
in practical engineering applications, installing sensors on every 
floor is rarely feasible due to cost, accessibility, and 
maintenance constraints1). This limitation motivates the need 
for accurate state estimation methods capable of reconstructing 
structural responses from a limited number of measured signals.  

She et al, proposed the equivalent-input disturbance (EID) 
approach to reject the disturbance induced response2). 
Miyamoto et al. extended the EID approach to the active 
structural control and disturbance estimation3). However, 
previous studies did not consider the response estimation of the 
system.   

The objective of this study is to propose a new method to 
estimate the responses of the system using EID-based approach. 
A numerical example using a 100-m high-rise base-isolated 
building with limited sensors to validate the effectiveness of the 
proposed method. From the numerical example, we confirmed 
that the proposed method has a relatively high estimation 
accuracy compared with the conventional observer.   
 
2. Mathematic model 
The dynamics of a multiple degree-of-freedom (DOF) system 
subjected to ground motion is  

𝑀𝑀s𝑥̈𝑥(𝑡𝑡) + 𝐶𝐶s𝑥̇𝑥(𝑡𝑡) + 𝐾𝐾s𝑥𝑥(𝑡𝑡) = −𝑀𝑀s𝟏𝟏𝒏𝒏𝑥̈𝑥g(𝑡𝑡) (1) 
where 𝑥𝑥(𝑡𝑡)  is the displacement vector, 𝑀𝑀s , 𝐶𝐶s , and 𝐾𝐾s  are 
the mass, damping, and stiffness matrices, respectively, 𝑥̈𝑥g(𝑡𝑡) 
is the ground acceleration, and 𝟏𝟏𝒏𝒏 is the all-ones vector. 

The state-space representation of (1) is 

{𝑧̇𝑧(𝑡𝑡) = 𝐴𝐴𝐴𝐴(𝑡𝑡) + 𝐵𝐵g𝑥̈𝑥g(𝑡𝑡)
𝑦𝑦(𝑡𝑡) = 𝐶𝐶𝐶𝐶(𝑡𝑡)  (2) 

in which 

𝑧𝑧(𝑡𝑡) = [𝑥𝑥(𝑡𝑡)
𝑥̇𝑥(𝑡𝑡)] (3) 

𝐴𝐴 = [ 𝟎𝟎𝒏𝒏×𝒏𝒏 𝑰𝑰𝒏𝒏×𝒏𝒏

−𝑀𝑀s
−1𝐾𝐾s −𝑀𝑀s

−1𝐶𝐶s] (4) 

𝐵𝐵g = [ 𝟎𝟎
𝒏𝒏

−𝟏𝟏𝒏𝒏] (5) 

where 𝑧𝑧(𝑡𝑡) is the state vector, 𝑦𝑦(𝑡𝑡) is the output of the system, 

𝐴𝐴 is the system matrix, and the input matrix 𝐵𝐵g is the input 

gain of 𝑥̈𝑥g, 𝐶𝐶 is the output matrix. 
 

3. Design of EID estimator 
This report uses EID approach3) to estimate all states of the 
system. The block diagram is shown in Fig. 1. In Fig. 1, 𝑧̂𝑧 is 
the estimated state, 𝑦̂𝑦  is the estimated output, and 𝑥̈̃𝑥g  is the 
estimated seismic excitation. 

The state observer gain 𝐿𝐿  is designed by linear quadratic 
regulator (LQR) using the following performance index:  

𝐽𝐽 = ∫ [Δ𝑧𝑧(𝑡𝑡)𝖳𝖳𝑄𝑄Δ𝑧𝑧(𝑡𝑡) + 𝑢𝑢𝖳𝖳(𝑡𝑡)𝑅𝑅𝑅𝑅(𝑡𝑡)]d𝑡𝑡
∞

0
 (6) 

Δ𝑧𝑧(𝑡𝑡) = 𝑧𝑧(𝑡𝑡) − 𝑧̂𝑧(𝑡𝑡) (7) 
where 𝑄𝑄  is the weighting matrix for Δ𝑧𝑧(𝑡𝑡) , 𝑅𝑅  is the 
weighting matrix for 𝑢𝑢(𝑡𝑡), The definition of 𝑢𝑢(𝑡𝑡) is 

𝑢𝑢(𝑡𝑡) = 𝐿𝐿𝖳𝖳Δ𝑧𝑧(𝑡𝑡) (8) 
Upon solving the optimal problem of (6), the observer gain 

𝐿𝐿 is 
𝐿𝐿 = 𝑃𝑃𝐶𝐶𝖳𝖳𝑅𝑅−1 (9) 

where 𝑃𝑃 = 𝑃𝑃𝖳𝖳 ≥ 0  is the solution of the following algebraic 
Riccati equation: 

𝐴𝐴𝐴𝐴 + 𝑃𝑃𝐴𝐴𝖳𝖳 − 𝑃𝑃𝐶𝐶𝖳𝖳𝑅𝑅−1𝐶𝐶𝐶𝐶 + 𝑄𝑄 = 0 (10) 
Also, in Fig. 1 an EID estimator is incorporated to estimate 

the seismic input and apply it to the observer to reduce the 
estimation error of the system.  

In Fig. 1, 𝐵𝐵g+ is a pseudo-inverse of 𝐵𝐵g and is given by the 
following equation2): 

𝐵𝐵g+ =
𝐵𝐵g𝖳𝖳
𝐵𝐵g𝖳𝖳𝐵𝐵g

 (11) 

Furthermore, a low pass filter, 𝐹𝐹(𝑠𝑠), is used to remove high-
frequency noise. This study uses the following first-order low-
pass filter: 

𝐹𝐹(𝑠𝑠) = 𝑁𝑁F
𝑇𝑇F𝑠𝑠 + 1 (12) 

where 𝑁𝑁F  is the filter gain, 𝑇𝑇F  is cut-off period of the filter 
and 𝑠𝑠 is the Laplace operator. 

2025 2025年度日本建築学会
関東支部研究報告集Ⅰ

2026年3月

― 313―



2025年度日本建築学会 
関東支部研究報告集  

2026 年 3 月  

 
2 

 

 

Figure 1. Block diagram of system. 
 

4. Numerical example 
This study uses a high-rise base-isolated building model with a 
total of 100-m height (Fig. 2(a)). The building is modeled as a 
25 DOFs shear-building model (Fig. 2(b)). Tables 1 and 2 shows 
the parameters of the superstructure and base-isolated story, 
respectively. 
 

Table.1 Parameter of superstructure. 
Parameter Symbol Valve 

Height 𝐻𝐻 100 m 

Height of each story 𝐻𝐻𝑖𝑖 4 m 

Width 𝐵𝐵 25 m 

Depth 𝐷𝐷 25 m 

Density 𝜌𝜌 200 kg/m3 

DOF - 25 

1st natural period 𝑇𝑇 2 s 

1st damping ratio ℎ 0.01 

 
Table.2 Parameter of base-isolated story. 

Parameter Symbol Valve 

Width 𝐵𝐵0 25 m 

Depth 𝐷𝐷0 25 m 

Mass per unit area 𝜌𝜌0 3000 kg/m3 

DOF - 1 

Isolated period 𝑇𝑇0 4 s 

Isolated damping ratio ℎ0 0.20 

 
Thus, the definitions of 𝑥𝑥(𝑡𝑡), 𝑀𝑀s, 𝐶𝐶s, and 𝐾𝐾s in (1) are 

𝑥𝑥(𝑡𝑡) = [𝑥𝑥0(𝑡𝑡) 𝑥𝑥1(𝑡𝑡)  ⋯  𝑥𝑥25(𝑡𝑡)]𝖳𝖳 (13) 

𝑀𝑀s =

[
 
 
 
 𝑚𝑚0

𝑚𝑚1
⋱

𝑚𝑚24
𝑚𝑚25]

 
 
 
 
 (14) 

 
 

(a) Building (b) Model 
Figure 2. Building and mathematic model. 

 

𝐾𝐾s =

[
 
 
 
 
 𝑘𝑘0 + 𝑘𝑘1 −𝑘𝑘1

−𝑘𝑘1 𝑘𝑘1 + 𝑘𝑘2 −𝑘𝑘2
−𝑘𝑘2 ⋱ ⋱

⋱ 𝑘𝑘24 + 𝑘𝑘25 −𝑘𝑘25
−𝑘𝑘25 𝑘𝑘25 ]

 
 
 
 
 

 (15) 

𝐶𝐶s =

[
 
 
 
 
 𝑐𝑐0 + 𝑐𝑐1 −𝑐𝑐1

−𝑐𝑐1 𝑐𝑐1 + 𝑐𝑐2 −𝑐𝑐2
−𝑐𝑐2 ⋱ ⋱

⋱ 𝑐𝑐24 + 𝑐𝑐25 −𝑐𝑐25
−𝑐𝑐25 𝑐𝑐25 ]

 
 
 
 
 

 (16) 

in this model, 𝑥𝑥𝑖𝑖 represents the displacement of the 𝑖𝑖𝑡𝑡ℎ story; 
𝑚𝑚𝑖𝑖, 𝑘𝑘𝑖𝑖 and 𝑐𝑐𝑖𝑖  are the mass, stiffness coefficient and damping 
coefficients of the 𝑖𝑖𝑡𝑡ℎ  story, respectively. Note that 𝑖𝑖 = 0 
represents the isolation layer. The calculation of 𝑘𝑘𝑖𝑖 follows the 
method proposed by Sato et al4). 𝑚𝑚𝑖𝑖 and 𝑐𝑐𝑖𝑖  are defined as 

𝑚𝑚𝑖𝑖 = 𝜌𝜌𝐵𝐵𝐵𝐵𝐻𝐻𝑖𝑖  (17) 

𝑐𝑐𝑖𝑖 = ℎ𝑇𝑇
𝜋𝜋 𝑘𝑘𝑖𝑖 (18) 

In this study, the acceleration sensors are installed on the BIS-
story, 5th story, 10th story, 15th story, 20th story, 25th story, and 
the displacement sensor is only installed on the BIS-story. 

Thus, 𝐶𝐶, 𝐶𝐶OD, 𝐶𝐶OA, and 𝐶𝐶A are defined as follows: 

       
  ( )   

 

    

     
  

 
   

 

Building

State Observer

  
+   

EID Estimator

  ( )
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𝐶𝐶 = [ 𝐶𝐶OD
𝐶𝐶OA𝐶𝐶A] (19) 

𝐶𝐶OD = [1 0 0 ⋯ 0]1×26 (20) 
𝐶𝐶OA = [𝑒𝑒1𝖳𝖳 𝑒𝑒6𝖳𝖳 𝑒𝑒11𝖳𝖳 𝑒𝑒16𝖳𝖳 𝑒𝑒21𝖳𝖳 𝑒𝑒26𝖳𝖳 ]𝖳𝖳 (21) 

𝐶𝐶A = [−𝑀𝑀s
−1𝐾𝐾s −𝑀𝑀s

−1𝐶𝐶s] (22) 
in which, 

 
𝑒𝑒𝑘𝑘 = [0 ⋯ 0 1 0 ⋯ 0]1×26 

(23) 

where 𝐶𝐶OD and 𝐶𝐶OA are the matrix representing locations of 
sensors of displacement and acceleration, respectively, 𝐶𝐶A  is 
the acceleration-output matrix.  

The weighting matrices for designing the observer gain and 
the parameters low-pass filter are given below:  

𝑄𝑄 = [10−10𝐼𝐼26 0
0 1015𝐼𝐼26

] (24) 

𝑅𝑅 = 1 (25) 
𝑁𝑁F = 22 (26) 
𝑇𝑇F = 0.01 (27) 

The input ground motion used in this study is a code 
earthquake motion, with a pseudo velocity-response spectrum 
(pSv) of 100 cm/s (damping ratio = 5%). And phase 
characteristics are based on the Hachinohe 1968 NS5). 

 
Figure 3. Time-history wave of Code Hachinohe.    

  
Figure 4 Pseudo velocity-response spectrum of Code 

Hachinohe. 
 

We compare two different cases:  
Case 1: A system contains only a state observer without 

the EID estimator (see Fig. 5).  
Case 2: A system contains a state observer and EID 

estimator. The EID signal is subjected to the state 
observer (proposed method, see Fig. 1).  

  

Figure 5. Block diagram of case 1. 
5. Simulation Results 
Fig. 6 illustrates the comparison of the estimated and the 
original input wave. From Fig. 6, earthquake wave simulated by 
the EID consistently exhibits great agreement with the original 
earthquake wave.  

  
Figure 6. Estimation of input wave: original wave vs. 

estimated wave  
 
Fig. 7 presents a comparison of the maximum response of 

each floor under seismic excitation among the actual structural 
responses (building), the observer with EID (case 2), and the 
observer without EID (case 1). 
(1) Displacement and inter-story drift 

Fig. 7(a) and 7(d) indicate that the displacement responses 
are accurately estimated for all cases. 

(2) Velocity and acceleration 
For velocity and acceleration estimation, the observer 
without EID exhibits noticeable estimation errors. In 
contrast, the proposed method shows significantly 
improved estimation accuracy. 

Fig. 8 shows the comparation of the time-history waves of 
actual structural responses and cases 1-2. From Fig. 8, it can be 
confirmed that the time-history waves of the proposed method 
are in close agreement with those of the actual building. 
 
6. Conclusion 
This paper presented a response estimation approach based on 
the EID method for buildings with limited number of sensors. 
Simulation results show that the proposed method achieves high 
estimation accuracy. 
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(a) Displacement (b) Velocity (c) Acceleration (d) Inter-story drift 

Figure 7. Max responses of each story (building vs. observer with and without EID). 
 

   

   

   

 (a) Displacement  (b) Velocity  (c) Acceleration 
Figure 8. Time history waves of base-isolated, middle and top layer. 
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